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Abstract

This PhD thesis is concerned with the continuum modelling of fluid-saturated granular
mixtures, with particular emphasis on constant-density stratified flows. It tackles the theoret-
ical description of these mixtures (which are treated as non-Brownian granular suspensions),
the development of suitable computational algorithms and the simulation of flows of interest.

The first Chapter of this thesis contains a brief introduction to suspension modelling,
and delineates its application to a continuum description of sedimentation processes. The
motivation for this work is presented and the final objectives are discussed.

In the second Chapter, test problems of granular transport are studied with the help of
a recently-developed two-phase continuum model. More specifically, this Chapter concerns
channel flows over compacted granular beds. The predictive capabilities of the model and
its limits are investigated; particular attention is devoted to the evolution equation for the
volume fraction, which is of primary importance in the description of sedimentation and
erosion phenomena.

The third Chapter is concerned with the derivation of a new model for two-phase flows
of granular suspensions. This model, which is based on a generalization of the classical
theory of irreversible processes, is developed in order to account for a number of physical
phenomena that are of particular relevance to granular transport; notably, it accounts for
compaction, which has a profound impact on granular rheology.

The fourth Chapter presents the application of the newly-derived model to channel flow
at low-Reynolds number. This flow is chosen as a benchmark since particle migration plays a
crucial role in the definition of its particle-concentration profile. Numerical results are com-
pared with existing experimental measurements and particle-resolved simulations, finding
good agreement. Further, the role of intergranular and nonlocal stresses in particle migration
is investigated.

The fifth Chapter describes the derivation of a general numerical algorithm, based on a
two-phase fractional-step projection method, which can be applied to the governing equa-
tions of the proposed flow model for the description of unsteady multi-dimensional flows.
The specific numerical challenges presented by the new equations are discussed and a suit-
able treatment is proposed.

The sixth Chapter presents numerical results relative to sedimentation processes. First,
the sedimentation and settling of a suspension into a granular bed is investigated in order to
validate the particle-migration model. Subsequently, computations are presented relative to
the collapse of a granular column submerged under water. This flow is used to validate the
modelling of suspension rheology, and further to provide insight into a benchmark flow for
applications involving granular transport due to gravity.



ii



Acknowledgments

This work is the result of a four-year research period at Universitè catholique de Louvain,
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Notation

1.1.1 Numbers separated by dots denote Chapters, Sections and Subsections

(1.1) Numbers inside parentheses denote Equations

ˆ The hat superfix denotes dimensional quantities

Tf temperature of the fluid phase

Ts temperature of the granular phase

ef specific internal energy of the fluid phase

es specific internal energy of the granular phase

etf specific total energy of the fluid phase

ets specific total energy of the granular phase

pf pressure of the fluid phase

ps pressure of the granular phase

qd auxiliary pressure of the granular phase

q′f auxiliary pressure of the fluid phase

sf specific entropy of the fluid phase

ss specific entropy of the granular phase

βs integranular stress

γs scalar coefficient for the nonlocal stresses of the granular phase

δ interphasial drag coefficient
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ζf second (bulk) viscosity coefficient of the fluid phase

ζs second (bulk) viscosity coefficient of the granular phase

µc compaction viscosity coefficient of the granular phase

µf first (shear) viscosity coefficient of the fluid phase

µs first (shear) viscosity coefficient of the granular phase

ρf density of the fluid phase

ρs density of the granular phase

φf volume fraction of the fluid phase

φs volume fraction of the granular phase

χa coefficient in the nonlinear viscous stresses of the granular phase

χb coefficient in the nonlinear viscous stresses of the granular phase

ψf specific Helmholtz free energy of the fluid phase

ψs specific Helmholtz free energy of the granular phase

g gravity acceleration

hs vector coefficient for the nonlocal stresses of the granular phase

uf velocity of the fluid phase

us velocity of the granular phase

Cs configuration stress tensor of the granular phase

Vf strain-rate tensor of the fluid phase

Vs strain-rate tensor of the granular phase

Vd
f deviatoric part of the strain-rate tensor of the fluid phase

Vd
s deviatoric part of the strain-rate tensor of the granular phase
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Chapter 1

Introduction

1.1 Properties of granular materials

This thesis is concerned with the description of granular materials, defined as conglomer-
ates of solid particles that present dissipative interactions [1]. An important characteristic of
these materials is that they generate an extremely rich and unexpected phenomenology even
when the physics of particle interaction at the granular level are well understood; one can
for instance observe segregation, jamming, dilatancy. In fact, their behaviour at the macro-
scopic scale can be so different from what is common for liquids and solids, that it has been
proposed to consider the granular state as a new state of matter [2].

Solid matter is often present in granular form, both in industrial environments and in
nature, where it typically originates from mechanical fracturing of fragile materials such
as rocks. As a matter of fact, the industrial processing of grains constitutes approximately
10% of the global energy consumption [1], and granular aggregates are the second most
manipulated material after water [3].

Due to the rich phenomenology that granular materials present and because of the wealth
of potential applications, different fields of research have been dedicated to the study of
specific aspects of granular matter. This effort has generated an impressive body of literature
which spans over a century since the appearance of seminal works such as the treatment of
dilatancy due to Reynolds [4]. However, in spite of the attention received, an unequivocal
theory remains elusive, with a direct impact on human activities: nearly 40% of the industrial
capacity of transport and storage of granular materials is lost due to poorly developed theory
[5].

A primary obstacle towards the development of a comprehensive framework is that prob-
lems related to granular matter can cover an extremely wide range of sizes, shapes, me-
chanical and chemical properties; as a result it is often difficult to determine a priori which
physical phenomena are to be modeled and which can instead be neglected. In the case of
small particles in air, for instance, electrostatic effects due triboelectric charging can play a
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significant role [6, 7]. For particles mixing with water, surface wetting is a complex phe-
nomenon that can increase cohesion or result in the entrainment of air [8].

1.2 Modelling of granular suspensions

In most problems of practical interest, granular materials are immersed in a carrier fluid
phase such as air or water. Even for dry compacted grains, the presence of air can seldom
be neglected outside of statics [9–12]. In the presence of a dense liquid phase such as wa-
ter, particle interactions are always fluid-mediated. The presence of a carrier fluid tends to
increase the mobility of the granular phase, so that natural flows of sediment, which involve
particle transport, generally concern suspensions in water. Conversely, combining particles
with a fluid provides a practical way of transporting and handling granular matter; exam-
ples include the production of slurries, suspensions and pastes in the context of energy pro-
duction, coatings, fluidized-bed reactors, pharmaceutical and agricultural processing. The
picturesque example of a dredging ship in operation at sea is shown in Figure 1.1.

Figure 1.1: The Vasco Da Gama suction-dredging ship in operation. Dredging consists in the
aquatic excavation of a granular bed; the increased fluid content of the mobilized sediment
allows to easily manipulate it as a fluid.

This work is concerned with fluid-saturated granular materials; these can be seen as
heterogeneous mixtures of two or more phases, consisting of solid particles in a fluid. In
the case, common in applications, that particles are large enough for sedimentation, these
mixtures can be classified as suspensions [13].

Focusing on suspensions allows for a great simplification of the flow physics; for ex-
ample, electrostatic charging can typically be neglected for suspensions where the carrier
fluid is water. Furthermore, the fact that particle interactions are fluid-mediated reduces the
importance of the mechanical properties of the solid particles. Nevertheless the physics of
suspensions is deceptively simple; for instance, even smooth rigid spheres exhibit a markedly
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non-Newtonian behaviour when they are suspended in a Newtonian liquid [14–16]. In addi-
tion, the range of possible flow conditions is still wide; the particle size and the properties
of the carrier fluid can change over orders of magnitude, with a profound impact on the flow
physics. As an example, Brownian motion typically becomes observable for particles below
the micron scale; an entire field of research is dedicated to the study of these fine suspen-
sions, which border on colloidal behaviour [17, 18]. In this respect, in view of the multitude
of different definitions used in the literature, a clarification is made: the work presented
in this thesis is concerned with non-Brownian suspensions in a Newtonian fluid, which are
henceforth referred to as granular suspensions.

Flows of granular suspensions can differ sharply from flows of simple fluids: these mix-
tures can support shear stress at equilibrium, compact, clog, segregate, collapse in avalanches
etc. Because of this complexity a considerable effort has been made towards their modelling,
both from a discrete-element perspective and from the continuum point of view.

Discrete-element modelling has progressed to the point that significant insight can be
gained into the rheological properties of flows at the laboratory scale [19–21]. However, the
computational cost of particle-resolved discrete-element methods is currently far too high to
model flows of practical interest. Moreover, even particle-resolved methods require a model
for the short-range “lubrication” interactions that mediate contact between particles. The role
of short-range interactions, which are known to play an important part in loss of reversibility
and dissipation, is not completely clear yet [22–24].

A continuum description is often sufficient in applications, where one is not interested
in the kinematics of single particles and all that is needed is global information. Continuum
models can be derived either as limits of of kinetic theories, or alternatively via an axiomatic
mixture-theoretic approach that treats the suspension as a multi-component continuum. In
kinetic-theory-based modelling, spatial averaging is used in order to obtain expressions for
the macroscopic variables [25]. An advantage of this approach is that it is based on first prin-
ciples and, therefore, requires few initial postulates; the principal drawback is the necessity
of modelling particle interactions, which is often performed in a rudimentary way. Moreover
the averaging process relies on assumptions that are sometimes questionable. Mixture the-
ories, on the other hand, derive balance equations for each phase by leveraging the entropy
inequality, which expresses the second principle of thermodynamics [26–30]. This approach
has the advantage of providing governing equations in a straightforward and elegant way;
its limitations are scale-related, as the continuum hypothesis requires the length scale of the
problem to be much greater than the particle size, cf. Figure 1.2. A self-contained presenta-
tion of both approaches can be found in [31] and [32].
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Figure 1.2: A static pile of potatoes which is at the edge of applicability of continuum mod-
elling: the position of a single potato is not fundamental for a global description of the
geometry, yet the length scale corresponding to the diameter of a potato is still appreciable
compared with the dimensions of the pile.

1.3 Application to sedimentation processes

A thorough understanding of the mechanisms of granular transport is a fundamental step
towards the accurate modelling of flows which are stratified due to sedimentation, such as
the geophysical flows describing the evolution of fluvial, lacustrine and coastal morphology.
This type of flows typically involves mineral sediments and water, with the implication that
grains are significantly denser than the fluid phase and tend to settle under gravity. As a
result, these flows are generally stratified and present a lower dense region surmounted by
a dilute region which is mainly occupied by the fluid phase; these regions are sometimes
denoted as granular bed and fluid-flow region, respectively.

Motion inside the granular bed is limited as the grains are densely packed; in the fluid-
flow region far from the bed, on the other hand, the particle concentration tends to be low
due to gravity (which promotes sedimentation). As a result, if the water depth is sufficiently
high, sediment transport is often limited to a layer close to the interface between the two
regions. This transport layer is further subdivided in bed load, which represents a thin dense
layer flowing over the interface, and suspended load, which refers to the particles kept in
suspension by turbulence in the fluid-flow region [33].

This type of schematic description, which Figure 1.3 illustrates in a laboratory setting,
has been the basis of a great number of research efforts aimed at characterizing the mech-
anisms of sediment transport. For bedload, classical approaches consider a single phase of
clear water flow, coupled with an equation for bed evolution which employs empirical rela-
tions to compute the rate of sediment transport [34–36]. For suspended load, the theoretical
framework of Rouse provides a description in equilibrium conditions [37]; this framework
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Figure 1.3: Granular transport over a compacted bed in a laboratory flume; suspended parti-
cles in the fluid-flow region are visible. In addition, the top half of the granular bed appears
blurry in the picture since it is in motion; this corresponds to bedload transport. The red line
marks the approximate depth of the mobile region. Image from a video of prof. G. Parker,
University of Illinois.

has been used to develop a wide range of transport formulae. From a global perspective,
however, there is no agreement on a general sediment transport formula to be adopted in
numerical simulations [38].

More recently, the development of detailed rheological models for two-phase suspension
flows has encouraged new modelling efforts towards a more detailed investigation of the
transport layer [39–42]. This different approach, which aspires to develop a full-field contin-
uum description of sediment transport, is supported by experimental observation suggesting
that in many cases there is a smooth transition between the granular bed, the bed load and the
fluid-flow region; in particular, one can observe particle suspension and sediment transport
in laminar flow [43, 44].

As an example, the authors of [39] analyzed laminar flow with a two-phase suspension
model. Their approach is based on the locally-averaged flow equations derived in [45],
which are applicable to general three-dimensional flow; nevertheless, the analysis focuses on
one-dimensional flow, as it exploits the specific flow structure. The authors tested different
constitutive models for the stresses of the granular phase, including a Coulomb friction model
and a more sofisticated inertial rheology, cf. [46], and were able to match experimental
measurements for bed load transport in laminar pipe flow. This approach was extended
in [40] to include turbulence modeling; the authors matched a turbulence model for the
clear water region with a rheological description of the bed load; assuming a sheet-flow
regime, the authors were able to capture the transition between the dense bed and the dilute
suspension. A similar analysis was performed by the authors of [41], which relaxed some
of the assumptions relative to the flow structure, and investigated the interaction between
the bed load and the turbulent flow above it. In particular, they were able to capture the
volume-fraction variations inside the bed load.

A full-field description of sediment transport is also desirable since it is the only practical
approach to unsteady multi-dimensional flows, where one can not easily take advantage of
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simplifications due to geometry or flow regime. To this end, more general formulations have
been proposed, based on a mixture-theoretic formalism, which are applicable to general flow
[26, 47, 48]. While the resulting governing equations are currently too computationally-
expensive to be directly applied to large-scale natural flows, these models serve two im-
portant functions. To begin with, they can be used to clarify the mechanisms of sediment
transport and help develop more accurate correlations to be used in simplified models. In
addition, fully-resolved simulations remain the only possible treatment for flows that are
inherently three-dimensional. This is the case of many application of engineering interest
where one is concerned with the flow around bluff bodies such as piles, locks and pipe out-
lets, and further of a myriad of natural flows such as those which generated the impressive
erosion patterns shown in Figure 1.4.

Figure 1.4: The earth pyramids of Segonzano, Italy constitute a stunning example of three-
dimensional erosive process. A number of stones compact and protect the ground below
from erosion, resulting in the formation of columns with a maximum height of 40 meters.

1.4 Motivation and objectives of this work

The purpose of this thesis is to develop a general full-field flow model for granular suspen-
sions that can be used to investigate the mechanics of particle transport in dense stratified
flows and to perform numerical simulations of unsteady multi-dimensional flows. Simula-
tions of unsteady flows at high particle concentration are currently a challenging endeavour,
which requires specific assumptions both modelling- and algorithm-wise. The main impetus
for the research presented herein is the enticing prospect of a description of particle transport
which, on one hand, isolates the fundamental physics of suspension flow inside the transport
layer and, on the other hand, avoids the strong modelling assumptions associated with a two-
layer description of particle transport. The mixture-theoretic approach used in this work is
not new; it is due to two main reasons that it is meaningful to undertake this effort now.
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To begin with, a considerable number of experimental studies on the fundamental physics
of suspension flow have become available in recent years [49–56]. This development has a
direct impact on the derivation of flow models, as one of the main obstacles in this direction
is that conclusive validation is unfortunately still difficult: suspensions are complex continua
that require a wealth of information to be fully characterized, and it is problematic to provide
constitutive relations that are univocally determined on the basis of simple flow experiments.
In fact, the description of suspension rheology derived in Chapter 3 of this work has been
formulated in light of experimental information [57–59] that was obtained only recently.

The other reason lies in the refinement of modelling ideas in the field of mixture-theory.
As an example, models that consider each phase as a separate thermodynamic system have
recently clarified the role of phasial-pressure nonequilibrium [26, 60, 61]. Another important
development has been the clarification of the incompressible regime for suspensions [62]; it
is quite surprising that a thorough consideration of incompressibility, in the form of low-
Mach-number asymptotics, can actually provide useful information towards the modelling
of dilatancy in constant-density flows of suspensions [63].

In order to attain the desired full-field description of granular suspensions, three primary
objectives have to be reached. In particular, this work aims to:

1) develop a consistent continuum description of particle migration,

2) integrate a nonlinear rheology into the continuum formalism of mixture theory,

3) provide a numerical algorithm that can be used to study granular transport.

With respect to the first objective, it is important to notice that sedimentation and erosion
processes inherently involve divergent flow, in the sense that the velocity fields of both the
fluid and the particulate phases are not solenoidal (even though the velocity of the suspension
is); this is an important aspect to be considered when modelling the evolution of the particle
concentration. In particular, a theory that aims to provide a general description of sediment
transport must necessarily deal with sediment suspension or deposition in the region between
the granular bed and the fluid flow; these processes entail a non-solenoidal velocity field.

With respect to the second objective, one must take into account that in non-solenoidal
flows normal stresses have a direct impact on the divergence of the velocity field, and con-
sequently on the evolution of the particle concentration. Further, it is known from exper-
iments that granular suspensions can exhibit dilatancy, developing viscous normal stresses
as a response to shear (deviatoric) deformation [4]. Because of its potential influence on
the evolution of the particle concentration, this non-Newtonian phenomenon has to be con-
sidered in detail; in fact there are flows where the non-Newtonian stresses are of primary
importance, such as the low-Reynolds-number Poiseuille flow considered in Chapter 4. The
determination of the functional dependence of the viscous stresses on the strain-rate has been
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the objective of a wealth of studies that rest on a wide body of experimental measurements,
cf. also Section 3.1. This work aims to develop a thermodynamically-consistent formulation
of suspension rheology which conforms with available experimental data, while resting on
general physical assumptions which do not depend on a specific experimental geometry.

With respect to the third objective it is important to mention that a number of specific nu-
merical challenges arise due to the fact that sedimentation is associated with non-solenoidal
velocity fields for both the liquid carrier and the granular phase. In particular, popular algo-
rithms developed for incompressible simple fluids are concerned with solenoidal flows, so
that a different numerical treatment is in principle needed here in order to solve the resulting
flow equations. Further, since non-Newtonian stresses can influence the divergence of the
velocity fields and thus the evolution of the particle concentration, a suitable algorithm must
account for the additional coupling displayed by the governing equations. For this reason,
this work aims to develop numerical algorithms and procedures that can be applied to the
numerical simulation of non-solenoidal constant-density flows.

The structure of this thesis is as follows. In Chapter 2 the two-phase continuum model of
[26] is applied to channel flows over compacted granular beds. The numerical predictions of
this model are evaluated, and the role of dilatancy with respect to granular transport is dis-
cussed. In Chapter 3 a new continuum model for two-phase flows of granular suspensions is
developed, with the purpose of providing a more accurate description of granular compaction
and dilatancy; this model provides a thermodynamically-consistent continuum description of
suspension rheology. Further, equations for the important case of constant-density flow are
derived from the low-Mach-number limit of the model. Finally, the model is applied to ho-
mogeneous Couette flow, where it is compared with existing modelling approaches. In Chap-
ter 4 the proposed model is applied to channel flow at low-Reynolds number. The numerical
predictions are validated against existing experimental measurements and particle-resolved
simulations. In addition, parametric studies are performed in order to investigate the role of
intergranular and nonlocal stresses with respect to particle migration. In Chapter 5 an algo-
rithm is presented for the numerical solution of the governing equations which is applicable
to general flow. This algorithm is based on a two-phase projection method and is tailored
on the specific structure of the governing equations. In Chapter 6 the proposed algorithm is
used to study example problems involving sedimentation processes; in addition, the collapse
of a submerged granular column is studied numerically to provide further validation of the
rheological model; the computed results are discussed and the predictions for the final shape
of the column are compared with experimental data.
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Chapter 2

A simple model of particle transport
based on mixture theory

2.1 Mixture-theoretic modelling of granular suspensions

This work aims to develop a continuum description of granular suspensions which can be
employed to perform numerical simulations of sedimentation processes; that is, of flows
which exhibit significant concentration variations in time and space due to some external
forcing such as gravity. To this end it relies on a mixture-theoretic approach, which considers
each phase of a multi-component continuum as coexisting in space: all phases are present at
every material point with a specific concentration, expressed by their local volume fraction.
Classical mechanics provides local conservation laws for the mass, momentum and energy
of each of phase; however additional constitutive relations, describing the material properties
of the specific medium and the transport coefficients, have to be introduced in order to obtain
a closed system of governing equations.

A non-equilibrium thermodynamic formalism, which exploits the second principle of
thermodynamics, can be leveraged in order to constrain the constitutive relations that de-
scribe the complex behaviour of multi-phase continua. An important advantage of this type
of modelling is that it provides a general framework for deriving constitutive relations, which
does not invoke specific phenomenological or geometric assumptions. Depending on the
thermodynamic formalism of choice, it is possible to describe a wide range of dissipative
phenomena; for instance, the Theory of Irreversible Processes (TIP) has been succesfully
employed in applications involving Newtonian flow, Fourier thermal conduction, thermo-
electricity, piezoelectricity, thermochemistry etc. [64, 65].

The numerical results presented in this Chapter have been published in: C. Varsakelis, D. Monsorno, and
M.V. Papalexandris, (2015), ”Projection methods for two-velocity, two-pressure models for flows of heteroge-
neous mixtures”, Computers & Mathematics with Applications, Vol.70, pp. 1024-1045.
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In the case of suspensions, the primary task of mixture-theoretic modelling is describing
the evolution of the granular volume fraction. This quantity plays a fundamental role in flows
of suspensions and is generally recognized as a separate degree of freedom [27–30, 66–68].
Nevertheless the exact role of this quantity as a thermodynamic variable and, by extension,
the form of the compaction equation (which describes the evolution of the volume fraction)
are still under debate.

This Chapter discusses the capabilities of a specific model that applies the linearized ap-
proach of TIP to granular suspensions and explicitly takes into account the granular volume
fraction as a state variable [26]. This approach is an approximation, since it is known that
granular suspensions can exhibit non-Newtonian behaviour, with scalings that cannot be cap-
tured by a linear theory. Nevertheless, there are important conclusions to be drawn from this
modelling effort. In particular, the corresponding governing equations provide a very simple
description of granular rheology, which allows to focus on the evolution of the volume frac-
tion. In this Chapter and in Chapter 3 it is shown that an accurate description of the volume
fraction is a prerequisite for the development of a general rheological model. This is due to
the fact that the viscosity coefficients are functions of the volume fraction and, conversely, to
the fact that non-Newtonian stresses can contribute to the evolution of the volume fraction.

This Chapter is structured as follows. Section 2.2 provides a brief description of the flow
model of choice for the case of constant-density flow (where the density of the fluid carrier
and of the suspended particles can be assumed constant). Section 2.3 presents numerical
results relative to fluid flow over compacted granular beds, which were obtained with a nu-
merical algorithm specifically developed for this purpose. Finaly, Section 2.4 discusses the
capabilities and shortcomings of the flow model and delineates the fundamental challenges
involved with the numerical description of flows which are stratified due to sedimentation.

2.2 A two-phase modelling approach

In this Chapter, the model presented in [26] is employed in order to perform a preliminary
study of test problems concerning flow over compacted granular beds. This model is a two-
phase continuum description, which introduces the granular volume fraction and its gradient
as thermodynamic state variables; this is done axiomatically through an extension of the
Gibbs relations.

Without entering the details of the derivation, it is simply mentioned that the Gibbs rela-
tions provide a formal definition of the specific entropies sf and ss for the fluid and granular
phases, respectively. Taking the time derivative of these relations and introducing the mass,
momentum and energy balances, one obtains two expressions for the entropy production
rates dsf

dt
and dss

dt
which are constrained by the second principle of thermodynamics. By

suitably exploiting this constrain, the model obtains constitutive relations which are used to
provide closure for the system of governing equations. In particular, the model predicts a
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Newtonian rheology law for both phases and Fourier heat conduction; in addition it provides
an equation for the evolution of the granular volume fraction ∂φs

∂t
.

2.2.1 Governing equations for constant-density flows

The governing equations derived in [26] apply to general compressible flow. However, flows
of granular suspensions can often be considered at constant density; this is almost always
the case in the context of sedimentation processes, which are typically concerned with solid
particles suspended in a liquid. For this reason it is useful to consider simplified equations
that are specific to the case of constant-density flow. This derivation is deceptively easy;
proper care has to be taken when considering the relative magnitude, or scale, of the various
terms in the equations. This is even more critical for granular suspensions when compared
to the case of simple fluids, since multiple different scales, representing different physical
phenomena, are involved.

One approach towards the specialization of the flow equations to the case of constant-
density is to employ the so-called “rescaling method” [69]. This procedure essentially
amounts to comparing the scale of the different terms in the equations, which are expanded
in series with respect to a small parameter; in this case an asymptotic expansion is performed
with respect to the Mach number. For the model proposed in [26], the constant-density limit
has been derived in [62]. The resulting flow equations are listed here as reference in non-
dimensional form; for a detailed description of the non-dimensionalization procedure the
reader is referred to [62].

Fluid phase

∇ · (φf (us − uf )) = 0 , (2.1)

ρf
∂φfuf
∂t

+ ρf∇ · (φfuf ⊗ uf ) +∇(φfpf ) =
1

Re
∇ · (2µfφf Vd

f )

− pf∇φs − δ (uf − us)

+ ρfφfg , (2.2)

Granular phase

∇ · us = 0 , (2.3)

ρs
∂φsus
∂t

+ ρs∇ · (φsus ⊗ us) +∇(φsps) =
1

Re
∇ · (2µsφsVd

s)

−∇ · (γs∇φs ⊗∇φs)

+ pf∇φs + δ (uf − us)

+ ρsφsg , (2.4)
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Compaction equation

∂φs
∂t

+ us · ∇φs = 0 , (2.5)

Saturation relation

φf + φs = 1 , (2.6)

In the above equations, the subscripts “f” and “s” denote the fluid and granular phase, re-
spectively. The symbols pf and ps represent the “dynamic” pressures of the fluid and granular
phases; they are the first-order terms of the pressures with respect to the low-Mach-number
expansion, analogously to the pressure term that appears in the incompressible Navier-Stokes
equations for a simple fluid. In addition, φf and φs are the fluid and granular volume frac-
tions and µf and µs are the shear viscosities; it can be observed that the model predicts a
Newtonian rheology for both the fluid and the granular phases. δ is the interphasial drag
coefficient and ρs is the solid density (ρf = 1 since the reference state used in the non-
dimensionalization is relative to the fluid phase). The quantity γs measures configuration
stresses that arise due to concentration gradients. Finally, us and uf are the velocity vectors,
g is the gravity vector and Vd

α stands for the deviatoric part of the strain-rate tensor of phase
α,

Vd
α =

1

2

(
∇ua + (∇u)T

a

)
− 1

3
∇·ua I, α = f, s, (2.7)

where I is the identity tensor.

Physically, equations (2.1)–(2.2), and (2.3)–(2.4) describe the balance of mass and of
linear momentum for the fluid and the granular phase, respectively. Also, the compaction
equation (2.5) governs the evolution of the volume fraction φs, whereas (2.6) is the saturation
relation which expresses the assumption that the two phases saturate the space.

The combined term pf∇φs + δ(uf −us) which appears, with opposite sign, on the right-
hand side of the momentum equations (2.2) and (2.4) represents the momentum exchange
between the two phases. More specifically, δ(uf − us) models the interphasial drag exerted
on the solid particles and can be identified with the interphasial drag coefficient. On the
other hand, the term pf∇φs models nozzling effects due to volume-fraction inhomogeneities
[26, 29].

The term γs∇φs ⊗ ∇φs, whose divergence enters the momentum equation of the gran-
ular phase (2.4), describes Korteweg-type stresses1 which are due to rearrangements of the

1This term is alternatively denoted as configuration stress or nonlocal stress in the literature. It expresses a
component of the stress tensor which is of non-viscous nature and is essentially an interface term. By configu-
ration it is meant that this stress depends on the granular microstructure; by nonlocal it is meant that it depends
on a reference length related to the particle diameter, and that it describes interaction between particles at the
mesoscopic level.
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granular interfacial area density; it emerges due to the dependence of the free energy of the
granular material on the gradient of the volume fraction ∇φs. At equilibrium it allows the
granular material to support strain-rate independent shear stresses which are related to the
normal stresses by a Coulomb-Mohr type criterion.

2.2.2 A compaction equation without particle migration

An interesting feature of the above model is the form of equation (2.3); in particular, this
equation implies that the velocity field of the granular phase is solenoidal. The constant-
density limit of the model presented in [26] does not allow a divergent velocity field for the
granular phase, which is necessarily a feature of sedimentation processes. More specifically,
mass conservation for the granular phase at constant density can be written as

∂φs
∂t

= −us · ∇φs − φs∇ · us. (2.8)

The first term on the right-hand side of this equation represents advective transport due to
bulk motion; in the case of uniform velocity, it is the only term present. The second term
describes additional variations of the volume fraction which are associated with a divergent
velocity field. Particle migration is described by this term, which is assumed to vanish in the
compaction equation (2.5).

Equation (2.5) expresses a fundamental property of the model; it predicts that the gran-
ular phase flows solenoidally as an incompressible fluid (with material properties that de-
pend on the local value of the volume-fraction). Several numerical methods are available
to tackle solenoidal flow of simple fluids, among which a popular choice is the Chorin-
Temam fractional-step projection method [70, 71]. An algorithm based on an extension of
this method has been developed in [42], which can be used to solve equations (2.1)–(2.6); it
is presented in Appendix A. In the following Section 2.3 this algorithm is used to analyze
test flows of granular suspensions and further investigate the implications of equation (2.5).

2.3 Numerical results

This Section discusses the outcome of a number of numerical tests, performed in order to
assess the predictive capacity of the flow equations (2.1)–(2.6). These tests, which were orig-
inally conceived with the primary purpose of validating the numerical algorithm presented
in Appendix A, actually provide significant insight into the implications of the compaction
equation (2.5). In fact, the outcome of these tests is one of the reasons for the development
of a more general flow model which is presented in Chapter 3.
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2.3.1 Mixture parameters

The material properties of the suspension considered in the tests of this Section are listed
here; the hat symbol ˆ is used to denote dimensional quantities. The suspension consists of
monodisperse sand in water, with a grain diameter d̂p = 3.5× 10−4 m; the densities of sand
and water are ρ̂s = 2500 kg/m3 and ρ̂f = 1000 kg/m3, respectively.

For the shear viscosity coefficient of the granular phase a Krieger-Dougherty type corre-
lation is used,

µ̂s =
µ̂′sφs

(φm − φs)2
, (2.9)

where the parameter φm represents the value of the volume fraction at maximum packing.
Following [72], these parameters are set as µ̂′s = 720 kg/(m · s) and φm = 0.635. Equa-
tion (2.9) is quite stiff and diverges as φs → φm. This divergence expresses the jamming
phenomenon that the grains experience upon reaching their maximum packing; for such con-
centrations the motion of the granular conglomerate resembles that of a rigid body. From the
physical point of view, it is worth noting that the above relation and its subsequent extensions
have been successfully tested against numerous experimental measurements for a multitude
of suspensions. The interstitial fluid, water, is treated as a Newtonian fluid, with constant
viscosity µ̂f = 1× 10−3 kg/(m · s).

Choosing an expression for the configuration stress coefficient γs is less straightforward.
This quantity is a material property of the granular continuum (it is a derivative of the
Helmholtz free energy with respect to |∇φs|, cf. [26] and the related discussion in Chap-
ter 3). For this reason its functional expression should be given by experimentally-acquired
state equations. However, to the best of the author’s knowledge, systematic experimental
measurements for γs have yet to appear in the literature. Thus, various authors have em-
ployed ad hoc relations, which nonetheless satisfy the convexity requirements for the stabil-
ity of thermodynamic equilibria. In this Section the functional relation proposed in [28] is
adopted. In that article the authors argue that, as φs → φm, γs should diverge to infinity at
the same rate as µs. On this premise, and since they employed a Krieger-Dougherty rheology
law for the granular rheology, they propose the following relation,

γ̂s =
γ̂0φs

(φm − φs)2
. (2.10)

Here, γ̂0 is a (strictly positive) material-dependent constant. In view of the results of [73],
who estimated numerically the value of γ̂0 by computing the equilibrium distributions of
granular materials and the forces acting on them, this value is set as γ̂0 = 4×10−5 kg ·m/s2.

The last expression to be specified is for the drag coefficient δ̂. Herein the expression
proposed in the numerical study of [74] is adopted, which constitutes a generalization of the
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well-known Stokes law for the case of suspensions,

δ̂ = φs 18
µ̂f

d̂2
p

Q(Rep) , (2.11)

where Q(Rep) is given by the following empirical relationship, [75],

Q(Rep) =

 1 + 0.15 Re0.687
p , Rep < 1000 ,

0.01833 Rep, Rep ≥ 1000 .
(2.12)

In the above relation, Rep is the particle Reynolds number, defined with respect to the relative
grain velocity, i.e.,

Rep =
ρ̂f d̂p
µ̂f
|ûs − ûf | . (2.13)

2.3.2 Poiseuille flow over a granular bed

This test simulates Poiseuille flow of water over and through a dense granular bed. The flow
domain is a horizontal channel in the x, y-Cartesian plane with height ĥref = 0.015 m, which
is taken as the reference length for the problem. The bottom third of the channel is occupied
by the granular bed, with a particle concentration φbed = 0.58. The initial concentration in
the water stream, above the bed, is set at φstream = 5.8× 10−7; with this choice the viscosity
of the granular material is approximately 10−10 so that contribution of grains to the flow is
negligible. Both phases are initially at rest and motion is induced by a horizontal forcing
term f so that, in the Poiseuille approximation with respect to the distance between the top
wall and the bed, the Reynolds number is Re = 1000. More precisely, the forcing is applied
to the fluid phase as a uniform body force with magnitude φff , while for the granular phase
this is φsf . Accordingly, the reference velocity is taken as ûref =

Re·µ̂f
ρ̂f ·ĥref

. In order to decrease
computing time, the flow is initially accelerated with a forcing term facc = 5×103f until the
fluid velocity reaches the value ufx = 1 at the centerline, and then evolves under a forcing
term f .

As regards boundary conditions, the flow is assumed to be periodic in the streamwise
direction with period L̂. The top and bottom boundaries are modelled as solid, impermeable
walls; more specifically, at these boundaries wall boundary conditions are imposed on both
the granular and the fluid velocities whereas a zero-Neumann condition is prescribed for the
volume fraction.

Preliminary simulations indicate that, for this value of the Reynolds number, the varia-
tions of the quantities are confined to the normal direction independently of the value of L̂
and of the resolution in the streamwise direction. For this reason, the numerical predictions
presented herein are obtained with a uniform one-dimensional grid with 1024 cells across the
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channel. Figures 2.1a–2.1d show the granular and fluid streamwise component of the veloc-
ities at t = 1, 5, 10, and 200; in this test the wall-normal component of the velocity vanishes.
Due to the very high viscosity of the granular material inside the bed, the motion therein is
very slow. This implies that the material interface essentially imposes a solid–wall boundary
condition to the above–flowing fluid, so that the flow over the bed constitutes a good approx-
imation of a classical Poiseuille flow. Consequently, in the stream region and as the flow
evolves, both the granular and the fluid velocity become parabolic with height. Further,due
to interphasial drag, the differences between the phasial velocities are non-negligible only in
the vicinity of the material interface; away from it the velocities are practically equal. The
simulation is continued up to t = 200, at which point the the forcing pressure term and the
wall shear stress are balanced up to 0.1%.
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(c) t = 10
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(d) t = 200
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Figure 2.1: Profiles of superimposed granular and fluid streamwise velocities, usx and ufx
plotted against height y at t = 1, 5, 10, 200. The continuous horizontal line represents the po-
sition of the material interface. Inside the granular bed, the phasial velocities are negligible.
In the pure-fluid region, as the flow evolves, both velocities assume the familiar parabolic
profiles. Moreover, due to interphasial drag, disparities between usx and ufx are confined in
the neighborhood of the material interface.

Figure 2.2 depicts the profiles of the phasial pressures ps and pf and that of the mixture
pm = φsps + φfpf , superimposed to the (scaled) concentration profile. In order to facilitate
comparison, the integration constants stemming from the solution of the Neumann problems
are set so that ps = pf = 0 at the top boundary. First, it is observed that the fluid pressure
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pf is linear. In fact, for this particular flow and due to the presence of the nozzling term
in the momentum equation of the fluid phase (2.2), jumps in the granular concentration are
irrelevant to the determination of the fluid pressure. The granular pressure inside the bed
is also linear with slope equal to ρsg. At the material interface, ps = pf , a property that is
dictated by the balance of linear momentum along the normal direction, cf. (2.4). Indeed,
since the flow is one–dimensional and the normal component of the phasial velocities is
zero, momentum conservation across the material interface implies that φs · (ps − pf ) ≈ 0

and hence ps ≈ pf . The mixture pressure pm, being the weighted average of ps and pf ,
is piecewise linear and its slope is equal to (ρsφs + ρfφf )g which, away from the material
interface, constitutes a piecewise constant function.
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Figure 2.2: Predicted phasial pressures ps, pf and mixture pressure pm plotted against height
at t = 200. The continuous horizontal line represents the position of the material interface.
Inside the bed, the granular pressure ps is linear and, due to conservation of momentum, it
equals pf at the material interface. The fluid pressure pf is linear both inside the bed and
in the stream region; its variation is independent of the concentration due to the nozzling
term. On the other hand, the mixture pressure pm is piecewise-linear with a slope equal to
(ρsφs + ρfφf )g.

Numerical grid-convergence study

For this test, a grid-convergence study has also been performed in order to validate the nu-
merical algorithm; the outcome is reported here as reference. More specifically, the normal-
ized, mesh-dependent L2-norm of the error is computed for the granular pressure ps and the
phasial velocities us and uf at t = 200. This error norm is defined as follows,

Err(H) =

√√√√ 1
N2

∑N
i=1 |hi −Hi|2

1
N2

∑N
i=1 |Hi|2

. (2.14)

Here, N stands for the total number of computational cells while h is the numerical predic-
tion for the corresponding resolution. In this study, grids with 32, 64, 128 and 256 points
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have been employed. Further, H is the “true” solution, which in this study is replaced by the
numerical prediction obtained on a finer grid with 1024 points.

The results of the grid–convergence study are reported in Figure 2.3. It can be readily
inferred that the error decreases with the density of the grid, suggesting numerical conver-
gence. The data shows a convergence rate that varies between O(∆x) and O(∆x2).

Interface thickness

The algorithm of Appendix A, which is employed in the computations of this Chapter, adopts
a parabolic regularization method in order to treat sharp interfaces for the volume fraction,
such as the transition between the granular bed and the fluid region. Numerical solutions ob-
tained by parabolic regularization methods have an inherent dependence on the thickness of
the regularized interface. For this reason, simulations have been run with different interface
thicknesses in order to exemplify the role of this parameter. Figure 2.4 illustrates the effect
of the interface thickness on the velocity profile. It can be seen that, while the shape of the
velocity profile is qualitatively unchanged, there is a difference with respect to the magnitude
of the corresponding maxima. This behavior is rationalized as follows: as is well known, the
Poiseuille parabolic profile attains a maximum that depends quadratically on the channel
width. Variations of the interface thickness translate into channels with slightly different
widths and thus different velocity maxima. In the limit of vanishing interface thickness, the
velocity maximum is expected analytically to reach the maximum value usx = ufx = 1.5;
according to Figure 2.4, this is also verified with good approximation.

2.3.3 Couette flow over a granular bed

This test simulates unidirectional Couette flow of water over and through a dense granular
bed. The geometry of the flow, the boundary and the initial conditions are identical to the
one used for the Poiseuille flow discussed in the previous Subsection. However, in this case,
the motion of the suspension is induced by the impulsive acceleration of the upper plane,
which is presumed to move at a constant horizontal velocity Uw = 0.1 m/s; this constitutes
the reference velocity for this problem. With these values, the shear rate of the flow is 10 s−1

and the Reynolds number of the fluid is 1000. As for the Poiseuille flow case, with this
parameters the flow is one-dimensional and the wall-normal velocity component vanishes.

Figure 2.5 shows the predicted velocity profiles usx and ufx at t = 200, at which point
the simulation has reached steady state. The velocity profiles are piecewise linear, and inside
the bed they are very close to zero due to the high viscosity in that region. Similarly to the
Poiseuille case, due to interphasial drag, the differences between the phasial velocities are
small and limited to the vicinity of the material interface.

The phasial and the mixture pressure distributions are shown in Figure 2.6. The results
are completely analogous to the Poiseuille flow case; the reasons for this similarity are dis-
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Figure 2.3: Grid-convergence study at t = 0.5 s. (a) ps, (b) us, (c) uf . The dashed line
slopes are obtained with least-square interpolation.

cussed in more detail in Section 2.4. From a numerical perspective, this test shows that the
algorithm recovers the requirement that ps = pf at the interface very accurately, in spite of
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Figure 2.4: Predicted granular velocity and volume fraction profiles plotted against height y
for different interface thicknesses. The qualitative trend remains invariant with changes in
the interface thickness. However, due to the nonlinear dependence of the maximum velocity
with respect to the height of the domain, the resulting maxima differ. This result adduces that
the choice of the thickness of the interface has to be the result of a specific analysis, which
takes into account the length of the domain and the density of the grid.

the interface regularization method.
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Figure 2.5: Predicted granular and fluid streamwise velocities, usx and ufx plotted against
height y at tad = 200. The continuous horizontal line represents the position of the material
interface. The velocities are piecewise linear but inside the bed their values are very small.
The interphasial drag maintains small the difference between the two velocities everywhere
in the domain, away from the material interface.

2.3.4 Transient flow over two-dimensional dunes

This test simulates forced flow of water over and through two–dimensional sinusoidal dunes.
The previous tests show no discernible vertical movement of the granular phase in the case of
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Figure 2.6: Predicted granular, fluid and mixture pressures, ps, pf and pm plotted against
height y at tad = 200. The continuous horizontal line represents the position of the material
interface. The profiles are completely analogous to those obtained for Poiseuille flow. Fur-
ther, even though the numerical interface is quite steep, the requirement that ps = pf (at the
limit of discontinuity) is very accurately recovered.

flow over a flat bed, in the sense that they predict the wall-normal velocity to be negligible.
This is an important feature of the model proposed in [26] which is further discussed in
Section 2.4. In order to investigate if the shape of the bed surface plays a role with respect
to particle suspension in laminar flow, this test considers a sinusoidal interface. The flow is
confined in an horizontal channel of height ĥref = 0.1 m. A dense granular bed with constant
concentration φs = 0.58 is placed at the bottom of the flow domain. The material interface is
given by a sinusoidal wave of amplitude 0.0125 m and the average bed thickness is 0.02 m.
The flow is assumed to be periodic with a period of 0.1 m. A resolution of 128×128 points
is used. The concentration value in the stream above the bed is φstream = 5.8× 10−7.

In this test, the two phases are initially at rest and motion is induced by an horizontal
forcing term f such that, in the Poiseuille approximation with respect to the average height
of the channel, the Reynolds number is Re = 2000; this induces the reference velocity
ûref =

Re·µ̂f
ρ̂f ·ĥref

. The flow is initially accelerated with a forcing term facc = 103f to a maximum
non-dimensional velocity ufx = 1, and then evolves under a forcing term f . At the top
and bottom of the domain wall boundary conditions are imposed for both phases; a zero-
Neumann boundary condition is prescribed for the volume fraction.

Figure 2.7 shows the vorticity field of the fluid phase at various non-dimensional times.
One observes that, due to the acceleration of the fluid phase, a shear layer is formed at the
material interface. However, the phasial velocities inside the bed remain very small through-
out the duration of the simulation. The abrupt change of the fluid velocity across the material
interface results in the onset of a Kelvin-Helmholtz instability and thus the formation of vor-
tical structures. These structures detach from the crests and propagate downstream, inducing
counter–vortices while convected over the throughs. Subsequently, these vortices reach the
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Figure 2.7: Contour plots of the fluid vorticity at t = 0.9, 1.8, 2.7 and 3.6. Two periods in
the streamwise direction are shown. Negative and positive vorticity values are represented
by continuous and dashed contour lines, respectively. Further, the thick continuous line
represents the material interface. Due to the fluid velocity differences inside the bed and
at the stream region a Kelvin-Helmholtz instability is onset. The resulting vortices propa-
gate downstream, give rise to counter-vortices while in the troughs and are confined in the
neighborhood of the dunes.

downstream dune; interestingly, they do not move upwards (towards the center of the chan-
nel), but remain confined to the vicinity of the material interface.

In all three tests performed so far, the phasial velocities normal to the interface are neg-
ligible right at the interface throughout the simulation; consequently there is no transport
of grains away from the interface. The next Section discusses the origin of this behaviour,
which is at odds with experimental data showing particle transport even in the laminar regime
[43, 76].

2.4 A critical examination of modelling issues

The flow model expressed by (2.1)–(2.5) has the desirable property of providing a two-phase
continuum description of suspension flow which is numerically tractable; for instance, the
algorithm proposed in [42] can be used for the solution of these equations for general flow.
This model has been used with success to describe flows where particle transport is primarily
due to advection [74, 77].
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On the other hand, the numerical tests of Section 2.3 show that this model does not
capture particle entrainment from the surface of a granular bed. This is a consequence of
equation (2.3), which essentially forces the component of the granular velocity normal to the
bed surface to vanish on the bed surface; to be more precise, if the normal component of
the velocity on the bottom side of the interface between the granular bed and the fluid-flow
region vanishes (as is usually the case since the granular bed is very densely packed) then this
component vanishes on the top side as well. In the case where the flow is one-dimensional
with wall boundary conditions, such as in the case of Poiseuille and Couette flow, equation
(2.3) actually implies that the vertical velocity component of both phases vanishes throughout
the flow domain.

By the same token, the interface treatment is deceptively simple: the initial thickness of
the interface has to be specified as an arbitrary parameter which for one-dimensional flows,
does not vary in time. In particular, gravity does not generate a vertical velocity component
and thus it does not have a direct effect on the vertical distribution of the volume fraction, so
that the interface can not vary its thickness and “settle”. It follows that, although the results
shown in Subsection 2.3.2 compare favorably against the experimental results of [39, 40]
throughout the channel width, within the interface region the results rely on the choice of a
predetermined interface thickness.

Another consequence of the vanishing wall-normal velocities is the similarity of the pres-
sure profiles for the Poiseuille and Couette tests shown in Figures 2.2 and 2.6. In particular,
in the wall-normal direction there can not be any interphasial momentum exchange due to
drag, so that, in both cases, the fluid and granular pressures simply increase with slope ρfg
and ρsg according to equations (2.2) and (2.4). In this respect, it is important to notice that
equations (2.2) and (2.4) express a Newtonian rheology law, so that there are no viscous
stresses in the wall-normal direction.

Finally, an important limitation of models that present the solenoidality constraint (2.3)
is related to the fact that particle migration is not only important in the context of granular
transport, but also plays an important role with respect to granular rheology. In fact, there
is a class of flows where volume-fraction variations are important even when granular trans-
port is negligible; this is due to the fact that the viscosity coefficients of the granular phase
are nonlinear functions of the volume fraction. Near maximum packing, small variations of
the volume fraction can induce significant viscosity variations; in dense granular flows, it
can be necessary to capture viscosity variations which are quite small relative to the actual
volume fraction. The limited scope of equation (2.3) is also apparent if one considers the
non-Newtonian character of suspensions, since they exhibit normal stresses due to shear that
can change the volume fraction. In other words they exhibit dilatancy, which necessarily im-
plies a divergent velocity field: the granular phase can dilate and reduce its volume-fraction
under the influence of non-Newtonian stresses. Under the constraint of equation (2.3) this
phenomenon is not possible.
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Collapse of a submarine granular column

In order to elucidate some of the implications of the solenoidality constraint (2.3) on granu-
lar rheology, an additional numerical test case is considered: a two-dimensional column of
sand, submerged under water, collapses due to gravity. In this flow, viscosity variations in
the dense regime are of paramount importance. In fact, if the initial particle concentration
inside the column is sufficiently close to maximum packing, the collapse presents a compli-
cated structure which exhibits different flow regimes: a central portion of the sand column
remains essentially rigid, whereas the sides of the column flow freely to the bottom [78–81].
This configuration provides a good test of rheological models, as it is very sensitive to vis-
cosity variations and allows to draw qualitative comparisons between different rheological
descriptions.

Figure 2.8 compares numerical predictions obtained with two different rheology formu-
lations. The initial shape of the two-dimensional granular column is shown in Figure 2.8a. In
one case the volume-fraction-dependent rheology expressed by (2.9) is employed; the state
of the collapse at a representative time instant is shown in Figure 2.8b. The other case em-
ploys the well-known µ(I) inertial rheology formulation, which provides a direct connection
between shear and normal stresses [46, 82–84]; a representative instant of the collapse for
this case is shown in Figure 2.8c.

It is known from experiments that, if the initial column is sufficiently dense, a static
pile is left after the collapse, with steep sides at an inclination that resembles the angle
of repose [79, 80]. This is incompatible with the behaviour predicted by the Newtonian
rheology shown in Figure 2.8b. The main reason for this discrepancy lies in the description
of the volume-fraction evolution expressed by equation (2.5). According to this equation, the
volume fraction inside the dense column, initially uniform, remains uniform; as a result that
the viscosity of the suspension inside the column remains uniform, and the column behaves
as a very viscous simple fluid, slowly relaxing to the bottom.

The second test, which employs a µ(I) formulation, shows better agreement with ex-
periments in the sense that it presents both a central region that does not move during the
collapse, and it leaves a static pile when the collapse is complete, with two vortices that
propagate away from the point of collapse. It is not surprising that this type of rheology law
performs well for this test problem, where it has been shown to be a good representation
[78]. In fact, this flow satisfies a fundamental assumption of the µ(I) formulation: volume-
fraction variations inside the dense column are fairly limited [83]; the dense region remains
dense throughout the collapse and volume-fraction variations are only relevant because they
correspond to variations of the viscosity coefficients. In this case, the µ(I) rheology formu-
lation allows to bypass entirely the volume-fraction dependency of the viscosity coefficients
by expressing the shear stresses directly as a function of normal stresses. There is, however,
a price to pay for this simplicity: it is conceptually difficult to reconciliate the µ(I) inter-
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(a) (b) (c)

Figure 2.8: Collapse of a submarine granular column. (a) initial condition, (b) collapsed
shape with a Newtonian volume-fraction dependent viscosity, (c) collapsed shape with µ(I)
rheology.

tial rheology formulation with a continuum formalism that is thermodynamically-consistent,
such as the one of TIP. Furthermore, it has been shown that this type of rheology is not al-
ways well-posed from a mathematical perspective [85]; it is not yet clear if the two issues
are connected.

The comparison of the two different formulations of granular viscosity is particularly
interesting since it has been shown that, at least for the simple case of homogeneous Couette
flow, the two formulations should be equivalent [57]. In order for this to hold, the volume
fraction can not follow exactly equation (2.5). Its evolution has to be linked with the phasial
stresses, so that the contribution of the normal stresses mirrors the behaviour predicted by
the µ(I) rheology. It turns out that it is indeed possible to derive, on theoretical grounds, a
compaction equation which is thermodynamically-consistent and depends explicitely on the
phasial pressures; such a model is presented in Chapter 3. Finally, it is useful to provide
some context relative to the compaction equation (2.5), in order to clarify its origin from a
modelling standpoint, and to further comment on its implications.

Incompressibility and dilatancy

The model proposed in [26], derived for general compressible flow, actually provides an
evolution equation for the volume fraction which explicitly depends on the phasial stresses,
and more specifically on the phasial pressures. In fact, the compaction equation (2.5) orig-
inates from the low-Mach-number limit of the energy balance for the granular phase [62].
The reason why equation (2.5) is used in place of the low-Mach-number limit of the com-
paction equation, is that this limit is dependent on the phasial temperatures and, in particular,
it couples mechanical and thermal degrees of freedom; this complicates the solution of the
resulting governing equations. It is, in fact, quite peculiar that the energy balance of the
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granular phase simplifies to equation (2.5); one could reasonably expect, in analogy to what
happens for incompressible flow of multiphase simple fluids, some sort of heat transport
equation for this phase.

It turns out that the specific form of equation (2.5) is a consequence of a choice rela-
tive to the characterization of dissipative phenomena, which is made in the derivation of the
model presented in [26]. In particular, the second principle allows some freedom in this
characterization, and it is possible to proceed in a different way [63, 86]. More precisely,
it is possible to derive a compaction equation which decouples pressures and temperatures
in the low-Mach limit, and which maintains an explicit dependence on the phasial pressures
in this limit. Moreover, this alternative approach provides an energy balance with a low-
Mach-number limit which is essentially a heat transport equation. The flow model presented
in Chapter 3 conforms to this different derivation. It is remarkable that the two approaches
produce models with a very similar structure for general compressible flow, while for in-
compressible flow they exhibit a fundamental difference; this unexpected property has been
discussed in [63].
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Chapter 3

A new thermomechanical model for
granular suspensions

3.1 Introduction

This Chapter is concerned with the derivation of a continuum model for two-phase flows
of granular suspensions. This derivation, which is based on an ad hoc modification of the
framework of classical irreversible thermodynamics, is performed in order to obtain a flow
description that accounts for granular dilatancy. The outcome of this derivation is a flow
model that i) describes divergent flows, ii) links the compaction equation with the pressures
of the fluid and granular phases, and iii) describes the non-Newtonian suspension rheology
in a thermodynamically-consistent manner.

3.1.1 Overview of continuum modelling of granular materials

An important preliminary question to be considered concerns the relevance of continuum
modelling. In other words, whether a collection of macrosopic particles can be described as
a continuum, and its constitutive relations be properly accommodated into a comprehensive
continuum theory, and if yes then what the predictive capacity of such a theory is. This
question has a long history, as attempts to develop continuum theories for the mixtures of
interest go back more than 50 years ago and are still ongoing; see, for example, [26], [28],
[30, 66], [87], [88], [89] and references therein. However, providing a conclusive answer
has proven to be an extremely challenging task. In fact, since an unequivocally accepted
continuum theory for granular suspensions does not exist, to a large extent this question
remains open [16, 24].

The results presented in this Chapter have been published in: D. Monsorno, C. Varsakelis, and M.V.
Papalexandris, (2016), ”A thermomechanical model for granular suspensions”, Journal of Fluid Mechanics,
Vol.808, pp. 414-440.
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Ever since the onset of the development of continuum theories for granular suspensions,
it has been recognized that the volume fraction of the particles constitutes a separate degree
of freedom [90–92]. However, these early modelling efforts were unsuccessful in coupling
this kinematic independence with their theoretical framework and thus suffered from un-
derdeterminacy problems [93]. Employing additional assumptions as a remedy such as, for
example, pressure equilibrium between the granular material and the fluid, turned out to be
problematic as well since it often resulted in ill-posed systems [94]. The authors of [27] were
probably the first that assigned to the volume fraction its own evolution equation. Although
this equation was postulated essentially on an ad hoc basis, pre-assuming the existence of a
balance law that the volume fraction obeys (balance of equilibrated forces), it nonetheless
provided the necessary closure to the system of balance laws. This approach was subse-
quently employed, among others, in [28] and [30, 66].

It is interesting to note that in their later work, the authors of [27] tried to remove the
ad hoc character of the balance of equilibrated forces by resorting to variational arguments
[95]. Still, this issue was resolved in [96], by asserting that the balance of equilibrated forces
can be recovered if one assumes that the volume fraction is an internal degree of freedom. A
similar approach was employed by the authors of [67], who were able to derive an equation
for the volume fraction based on purely entropic arguments. Interestingly, this study contains
certain inconsistencies related to the consequences of introducing the volume fraction as a
thermodynamic variable which were identified and rectified in [29]. This point of view, i.e.

treating the volume fraction as an internal degree of freedom, has been also adopted in [26]
and [68]. Nonetheless, the status of the volume fraction as a thermodynamic variable and,
by extension, the form of the compaction equation are still under debate.

An additional challenge concerns the rationalization of the constitutive relations for the
dissipative properties, and in particular for the granular rheology, in a way that is consistent
with the second law. Experimental measurements [49–54, 97, 98] and numerical simulations
[21, 99–107] have produced an extensive load of data; see, also [17] for a succinct review.
Based on these data, various theoretical analyses have been carried. These analyses assert
that empirical correlations for the viscosity coefficients having the volume fraction of the
particles and the shear rate as control parameters accord very well to the data [16, 24].

However, no study has thus far incorporated these constitutive relations into a continuum
theory that is additionally thermodynamically consistent. In fact, available continuum the-
ories typically ignore the normal viscosity of the granular phase [26, 28, 30, 89], employ
them in an ad hoc fashion [19, 40, 41, 108], or obtain scalings that do not match experi-
mental data [109, 110]. This can be traced to the fact that the normal viscosity is associated
with a shear-induced pressure that engenders a non-Newtonian behavior. From shear-flow
experiments it is known that, for a large range of shear rates γ̇, shear-induced pressure scales
linearly with |γ̇| [102, 108, 111]. This range is usually referred to as the viscous regime. As
commented in [112], this observed scaling cannot be described by a simple linear relation
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between the viscous stress and strain-rate tensors, which is often assumed in existing mod-
elling efforts. Existing thermodynamic frameworks for other types of non-Newtonian fluids,
e.g. polymer melts, are also of little help to granular suspensions as the scalings are utterly
different; indeed, for such fluids normal-stress differences scale quadratically with the shear
rate.

An alternative point of view was proposed by the authors of [46] and [82], which is based
on a dimensional analysis of homogeneous shear flows of dry granular materials. These
collective efforts resulted in the scalar version of the popular µ(I)-rheology that was sub-
sequently extended to 3D in [83, 84]. The µ(I)-rheology provides a representation of the
granular viscous stresses in terms of the shear rate and the normal stress (pressure). In other
words, the µ(I)-rheology is a type of friction law and thus the control parameter is no longer
the volume fraction but the pressure. The satisfactory agreement between experimental data
for shear flows and the predictions of the µ(I)-rheology led to a number of subsequent gen-
eralizations [113–115], and to its extension to granular suspensions [57]. A rationalization of
one of these extensions, that takes into account nonlocal effects, into a continuum mechanical
framework was performed in [116].

The results reported in [57] are of particular interest since, for the case of homogeneous
shear flow, they demonstrate the equivalence between the two representations: the µ(I)-
rheology law and the “traditional” one that utilize the pressure and the volume fraction as
the control variable, respectively. Thus, in principle, when developing continuum theories or
performing numerical simulations, one may opt for either of the two representations. How-
ever, some caution needs to be exercised prior to making the choice of the representation.
Indeed, in [85] it is reported that the µ(I)-rheology can exhibit an ill-posed behavior in cer-
tain flow regimes. Moreover, when implementing the µ(I)-rheology in an incompressible
solver, as done in [78], certain artificial modifications are required so that the negativity of
the pressure field does not conflict with the constitutive relation. On the other hand, it is well
known that viscosity correlations based on the volume fraction representation have a sin-
gularity at the jamming transition point where they diverge to infinity. This singularity can
cause severe numerical issues and the reader is referred to [42] for a thorough discussion.

3.1.2 A thermodynamically-consistent approach

This Chapter presents the derivation of a thermomechanical, two-phase model for granular
suspensions that properly accommodates the constitutive relations for the granular stresses
in a thermodynamically-consistent manner. The approach is based on the non-equilibrium
thermodynamic formalism for immiscible two-phase mixtures proposed in [26]. Accord-
ing to this formalism, the carrier fluid and the granular material are treated as two separate
thermodynamic continua but the latter is endowed with an augmented state vector so that
its microstructure can be captured. Constitutive relations for the dissipative and relaxation
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phenomena, including granular viscous dissipation, are derived by exploiting the constraints
imposed by the entropy inequality on the entropy production rate. The resulting theory is
general enough to account for thermal, mechanical and kinematic non-equilibrium between
the phases. It is, therefore, conforming to the analysis of [117], which argues that flowing
suspensions constitute systems out of equilibrium and, as such, display differences between
the intensive thermodynamic variables of the fluid and particulate phases. Moreover, the re-
sulting model, being endowed with a compaction equation for the granular volume fraction,
captures both compaction and dilatational effects.

Opting for the rationalization of the constitutive expressions into a thermodynamically-
consistent theory offers a number of compelling advantages over their direct inclusion into
the pre-constitutive governing equations. Indeed, even though shear-flow experiments con-
stitute the starting point for many efforts to describe the non-Newtonian behavior of granular
suspensions, the majority of them relies heavily on the specific properties of this flow. As
a consequence, extending the corresponding models to other types of flows is not straight-
forward. By contrast, when constitutive relations are derived, and in a way that conforms
with the second law, the resulting post-constitutive equations are formally valid for a broad
class of flows. This is well exemplified by the thermodynamic theories for polymer melts
where efforts to properly accommodate the non-Newtonian rheological characteristics pro-
vided important insights into their properties [65].

As mentioned above, in order to derive the constitutive relations that conform a priori to
the observed scaling, one needs to depart from the usual linear current-force relations and
consider more elaborate expressions. The present theory utilizes a subtle, non-linear cou-
pling between thermodynamic currents and forces and a thorough a posteriori exploitation
of the resulting phenomenological coefficients. The complexity of this analysis is necessary
to remove undesirable aspects such as singularities and to guarantee the vanishing of the
viscous stresses at thermodynamic equilibrium. On the other hand, it is in view of this com-
plexity that additional corollaries are obtained. For example, as a by-product one obtains a
result against the validity of a Stokes hypothesis for the bulk viscosity. In turn, this result
theoretically corroborates the numerical analysis reported in [106].

In the development of the present thermomechanical model it is not assumed that the
particulate phase or the fluid have a constant density. Rather, one starts from a fairly general
setting where compressibility effects are allowed and then arrives at the incompressible and
constant-density limits via multi-phase low-Mach-number asymptotics [62]. Although it is
possible to proceed under the constant-density assumption, the passage from compressible
to incompressible and then to constant-density flows entails a number of details and critical
points that have to be underlined.

The proposed two-phase model is quite general, however, its strengths and advantages
become more evident when dealing with flows that involve concentration gradients, the onset
of hydrodynamic instabilities and a strong non-equilibrium between the two phases. Typical
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examples of such flows include the erosion of granular beds and the subsequent formation
of dunes or ripples, subaqueous granular column collapses and suspension flows in chan-
nels. Consequently, this model is well-adapted for the modelling and simulation of natural
phenomena like sediment transport in coastal and fluvial environments, avalanches and py-
roclastic density currents. Furthermore, the two-phase theory is applicable to a number of
industrial and technological applications that involve fluidized beds, dense particulate flows
inside bead mills, transport of bulk agricultural materials and others.

The derivation of the thermomechanical model is presented according to the following
structure. Section 3.2 presents the basic principles and balance laws of thermomechanics
of granular suspensions based on the mixture-theoretic approach that has been adopted.
Section 3.3 presents the derivation of constitutive relations for granular suspensions, with
particular emphasis on the description of the viscous stresses acting on the granular phase.
Section 3.4 presents the complete, post-constitutive form of the proposed thermomechan-
ical model. Section 3.5 presents the incompressible limit of the complete model, derived
via low-Mach-number asymptotics. The reduced equations for the important special case of
constant-density flows are also shown. Section 3.7 discusses the model predictions for the
case of steady shear flow. Section 3.6 compares the model description of particle migration
with two existing popular approaches. Finally, Section 3.8 concludes.

3.2 Thermomechanics of granular suspensions

This derivation considers a two-phase mixture consisting of a granular material and a car-
rier fluid. The assumptions upon which this mixture-theoretic formalism is based are the
following.

i. Each phase is treated as a continuum thermodynamic system.

ii. The two thermodynamic continua are immiscible but occupy the same space. More
specifically, they fill completely the space that they occupy (saturation condition).

iii. The two thermodynamic continua are open to each other and at non-equilibrium. As
such, they interact with each other in the form of momentum and energy exchanges.
Herein, the absence of chemical reactions or phase transformations is assumed.

iv. The momentum and energy exchanges between the two continua are pure, i.e. their
sum vanishes.

v. The postulate of phase separation holds. In other words, dissipative phenomena asso-
ciated with only one phase depend exclusively on the variables of this phase.

vi. Both phases are macroscopically isotropic.
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As in the previous Chapter, the indices f and s are used to denote quantities attributed
to the fluid and granular phase, respectively. φf and φs stand for the volume fractions of the
two phases. Then, the saturation condition of Assumption (ii) reads

φf + φs = 1 . (3.1)

The local form of the mass, momentum and energy balance laws for each phase are derived
in the standard manner, i.e. by first writing the integral balance laws over an arbitrary control
volume and then by applying successively the Reynolds transport and divergence theorems.
As shown in [31], this procedure yields the following equations,

∂(ραφα)

∂t
+∇ · (ραφαuα) = 0 , (3.2)

∂(ραφαuα)

∂t
+∇ · (ραφαuα ⊗ uα) +∇(pαφα) =∇ · (φαPα) + fα , (3.3)

∂(ραφαe
t
α)

∂t
+∇ · (ραφαetαuα) +∇ · (pαφαuα) =∇ · (φαPα · uα)−∇ · (φαqα) + Eα .

(3.4)

In the above equations α = f, s. Using standard notation, ρα, uα, pα, and etα, denote the
density, velocity vector, thermodynamic pressure and total energy, respectively, of phase α.
Further, Pα stands for the (pressure-less) stress tensor and qα for the heat-flux vector of
phase α. Finally, fα and and Eα represent the interphasial momentum and energy exchanges,
respectively.

In view of Assumption (iii) the following relations are set,

f , ff =− fs , (3.5)

E , Ef =− Es . (3.6)

It is also convenient to decompose the interphasial energy exchange into a term related to the
momentum exchange plus a remaining part,

E = E + f · us . (3.7)

Next, the total energy of each phase is expressed as the sum of internal and kinetic ener-
gies, etα = eα + 1

2
u2
α. Then, the above balance laws for the fluid phase are written as,
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d(ρfφf )

dtf
+ ρfφf∇ · uf = 0, (3.8)

ρfφf
duf
df t

+∇(pfφf ) =∇ · (φfPf )− f , (3.9)

ρfφf
def
df t

+ pfφf∇ · uf = φfPf : Vf −∇ · (φfqf )− E − f · (us − uf ) , (3.10)

whereas the balance laws for the granular phase are written as,

d(ρsφs)

dst
+ ρsφs∇ · us = 0, (3.11)

ρsφs
dus
dst

+∇(psφs) =∇ · (φsPs) + f , (3.12)

ρsφs
des
dst

+ psφs∇ · us = φsPs : Vs −∇ · (φsqs) + E. (3.13)

In the above equations, Vα denotes the strain-rate tensor, Vα = 1
2

(
∇uα +∇uT

α

)
. Also,

the double-dot symbol, (:), represents the double interior product between two second-order
tensors. Finally, the material time derivative with respect to the velocity of phase α is defined
as,

d(·)
dαt

=
∂(·)
∂t

+ uα · ∇(·) . (3.14)

One might argue that the energy equations in (3.4) are symmetric whereas equations
(3.10) and (3.13) are not. However, this is merely an apparent asymmetry and is due to the
particular decomposition of E that was introduced in (3.7). More specifically, it is straight-
forward to show that all decompositions of the form E = E + f · (c1us + c2uf ), with c1 and
c2 constants, result in the same constitutive relations. In other words, the particular choice of
the constants c1 and c2 is inconsequential to the final results.

The thermodynamic state of each phase is specified by its state vector and thus its Gibbs
relation. The fluid phase is assumed to consists of a simple, homogeneous fluid. As such, its
state vector is (ef , ρf )

T and the corresponding Gibbs relations reads,

Tfdsf = def −
pf
ρf 2

dρf , (3.15)

where sf stands for the entropy of the fluid.

As regards the granular phase, one must consider that it can perform additional reversible
work due to its microstructure and that this work will depend on the volume that grains
occupy and on the properties of the fluid-granular conglomerate interface. For this reason, an
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adequate description of the state of the granular material requires additional field variables.
The exact number of such variables remains an open question but a consensus in literature is
being built that the standard state vector of simple fluids, here (es, ρs)

T , should be augmented
by at least two variables: the volume fraction, φs, and its gradient, ∇φs, [26–28, 30, 48,
66, 72, 89, 96, 118–120]. Then, the usual Gibbs relation is modified to accommodate the
reversible work of the additional variables as follows,

Tsdss = des −
ps
ρs2

dρs −
βs
ρsφs

dφs −
1

ρsφs
hs · d(∇φs) . (3.16)

In this equation ss stands for the entropy of the granular phase. The quantities βs and hs are
defined as the partial derivatives of ss with respect to φs and ∇φs, respectively. They can
equivalently be defined with respect to the Helmholtz free energy ψs of the solid phase, so
that

βs = ρsφs

(
∂ψs
∂φs

)
Ts,ρs,∇φs

, hs = ρsφs

(
∂ψs
∂∇φs

)
Ts,ρs,φs

. (3.17)

According to the Gibbs relation (3.16), βs is the force conjugate to the variable φs to
φs. It is often referred to as intergranular stress or configuration pressure; see, for example,
[27], [121] and [122] for dry granular materials, as well as [28], [30, 66] and [123] for
fluid-saturated ones. Physically, it describes the continuum manifestation of contact stresses
resulting from strains due to integranular interactions and, in particular, the resistance of
grains to compaction. Herein, these contact stresses are modeled as purely elastic ones
and thus the third term on the right-hand-side of the Gibbs relation (3.16) accounts for the
total work of these stresses; a more elaborate discussion can be found in [29]. Quasi-static
compaction experiments have shown that βs ≥ 0 [124, 125]. In other words, the intergranular
stress is of purely repulsive nature.

As regards hs, the presumed macroscopic isotropy of the granular material implies that
its free energy is an isotropic function, so that hs can be written as

hs = γs∇φs , γs = 2ρsφs

(
∂ψs

∂|∇φs|2

)
Ts,ρs,φs

. (3.18)

In this manner, the term γs is the quantity conjugate to |∇φs|2. This quantity is related to
stresses that are developed due to rearrangements of the interfacial area density. At this point,
a couple of comments regarding the introduction of ∇φs as an additional variable are due.
First it is noted that, as shown in [31], ∇φs is a measure of the interfacial area density and,
as such, relates directly to the microstructure of the system. Also, as demonstrated by [126],
the description of stresses related to variations of the interfacial area density within thermo-
dynamically consistent theories requires that the free energy of the material is a function of
the volume fraction gradient. As regards the physical meaning of these stresses, it should
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be noted that macroscopically the interface between a granular material and the interstitial
fluid is not a sharp discontinuity; instead it has a non-zero thickness, thus constituting a thin
transition layer. Within this layer, the steep volume fraction gradients result in Korteweg
stress, i.e. a weak interfacial tension that resembles surface tension, [127].

Finally, with respect to the Gibbs relation for the granular phase, it is remarked that this
work is concerned with granular suspensions that are by definition non-colloidal, i.e. the
Péclet numbers are high. For this reason, the Gibbs relation (3.16) does not contain any term
related to Brownian effects.

Next, the mass-averaged density ρ, velocity u and entropy s of the mixture are defined
as follows,

ρ =ρsφs + ρfφf , (3.19)

u =
ρsφsus + ρfφfuf

ρ
, (3.20)

s =
ssρsφs + sfρfφf

ρ
. (3.21)

As is the case for any observable field, the mixture entropy obeys a balance law of the form

ρ
ds

dt
+∇ · Js = σ , (3.22)

where Js represents the entropy flux and σ the entropy production rate. In this relation the
material derivative of the entropy is taken with respect to the mass-averaged velocity, that is,

d(·)
dt

=
∂(·)
∂t

+ u · ∇(·). (3.23)

According to the second thermodynamic axiom, the entropy production rate is non-negative,

σ ≥ 0 . (3.24)

Upon combination of equations (3.8) and (3.11) with the definitions of the mass-averaged
quantities (3.19), (3.20) and (3.21), the following expression for the material derivative of
the mixture entropy s is obtained.

ρ
ds

dt
= ∇ · (ρfφfsf (uf − u) + ρsφsss(us − u)) + ρfφf

dsf
dtf

+ ρsφs
dss
dts

. (3.25)

3.3 Derivation of the constitutive relations

In this Section constitutive relations are derived for the dissipative and relaxation phenom-
ena that occur in granular suspensions, by exploiting the constraints imposed by the second
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thermodynamic axiom (3.24).

The starting point is the rate equation for the mixture entropy (3.25). This equation can be
expanded further upon introduction of the Gibbs relations (3.15) and (3.16) and the balance
laws (3.8) – (3.13). By doing so and by collecting terms, one obtains the balance equation
for the mixture entropy. This equation has the form of (3.22) with the entropy flux Js given
by

Js =ρfφfsf (uf − u) + ρsφsss(us − u) +
φf
Tf

qf +
φs
Ts

qs +
γs
Ts

dφs
dst
∇φs ,

and the entropy production rate σ given by

σ = E

(
1

Ts
− 1

Tf

)
+

dφs
dts

(
ps − βs
Ts

− pf
Tf

+∇ ·
(
γs
Ts
∇φs

))
+ f · (uf

Tf
− us
Ts

)−

pf
Tf
∇φs · (uf − us) + φfqf · ∇

(
1

Tf

)
+ φsqs · ∇

(
1

Ts

)
+
φf
Tf

Pf : Vf +

1

Ts
(φsPs + Cs) : Vs . (3.26)

In the last equation, the second-order tensor Cs is defined as

Cs , hs ⊗∇φs = γs∇φs ⊗∇φs . (3.27)

where the symbol ⊗ denotes the dyadic product between two vectors.

The next step follows the proposition of [29], who advocated to treat the differences
(Ts − Tf ), (ps − βs − pf ), and (us − uf ) as independent forces that drive the system to-
ward equilibrium. This amounts to collecting the terms related to these differences in the
expression for σ above. Accordingly, the following two decompositions are performed,(

ps
Ts
− pf
Tf

)
=

(
1

Ts
− 1

Tf

)
pf +

1

Ts
(ps − pf ), (3.28)(

us
Ts
− uf
Tf

)
=

(
1

Ts
− 1

Tf

)
us +

1

Tf
(us − uf ). (3.29)

As will be shown below, these decompositions have important implications to the rate equa-
tion for φs, especially in the incompressible limit; see also [63]. To be more explicit, this
decomposition was chosen so as, in the limit, the thermomechanical model be able to pre-
dict dilatancy of the granular medium; see Section 3.5 below. By contrast, in the model
proposed by [26] this particular grouping of terms was not introduced. Consequently, that
model cannot predict dilatancy of the granular material for constant-density flows, as has
been mentioned in Chapter 2; cf. also [62].

Further, the deviatoric parts of Vf and Pf are denoted as Vd
f and Pd

f , respectively. They
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are defined by the standard decompositions

Vd
f = Vf −

1

3
(trVf ) I, Pd

f = Pf + pvf I , (3.30)

with pvf being the bulk viscous pressure of the fluid phase. The reason for not applying
this decomposition to the granular phase will become evident below in the Chapter. By
substituting relations (3.28), (3.29) and (3.30) to (3.26), the following expression is obtained
for σ,

σ =

(
E +

dφs
dst

pf

)(
1

Ts
− 1

Tf

)
+

dφs
dts

(
ps − βs − pf

Ts
+∇ ·

(
γs
Ts
∇φs

))
−

φf
Tf
pvf∇ · uf +

1

Tf
(f − pf∇φs) · (uf − us) + φfqf · ∇

(
1

Tf

)
+ φsqs · ∇

(
1

Ts

)
+

φf
Tf

Pd
f : Vd

f +
1

Ts
(φsPs + Cs) : Vs . (3.31)

Next it is observed that, in view of (3.31), the entropy production rate is expressed as a
sum of products with each product being associated to a particular dissipative process. In
other words, the entropy production rate σ can be written as

σ =
8∑
i=1

XiYi . (3.32)

In this expression, the quantities Xi are identified as the thermodynamic forces, while the
quantities Yi are identified as the thermodynamic currents. More specifically, in view of
(3.31), the thermodynamic forces are

Xi ∈
{(

1

Ts
− 1

Tf

)
,

1

Ts

(
ps − βs − pf + Ts∇ ·

(
γs
Ts
∇φs

))
, ∇ · uf ,

(uf − us), ∇
(

1

Tf

)
, ∇

(
1

Ts

)
, Vd

f , Vs

}
, (3.33)

whereas the thermodynamic currents are

Yi ∈
{(

E +
dφs
dst

pf

)
,

dφs
dst

, −φf
Tf
pvf ,

1

Tf
(f − pf∇φs) , φfqf , φsqs,

φf
Tf

Pd
f ,

1

Ts
(φsPs + Cs)

}
. (3.34)

It should be noted that both thermodynamic forces and currents vanish at equilibrium. More-
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over, the entropy inequality (3.24) is written as

σ =
8∑
i=1

XiYi ≥ 0 . (3.35)

At this point the thermodynamic currents are expressed as function of the forces. For
all but the last of the currents above linear relationships between currents and forces are
assumed. This is equivalent to considering the Taylor expansions of these currents with
respect to the forces around an equilibrium state and keeping the first-order terms of these
expansions. In this manner the following relation is obtained,

Yi =
∑
j

LijXj, i = 1, . . . 7 . (3.36)

The coefficients Lij are the so-called phenomenological coefficients. By virtue of the pre-
sumed macroscopic isotropy of the two phases and of the representation theorem of linear
isotropic tensors, the phenomenological coefficients above are scalars. Actually, the decom-
positions given by (3.30) were introduced so as to make more convenient the application of
the representation theorem for the viscous stresses acting on the fluid.

As regards the off-diagonal elements of the matrix of phenomenological coefficients, it
is remarked that coefficients that couple a current and a force of difference tensorial order
vanish; this is a consequence of the representation theorem of linear isotropic tensors. Fur-
ther, according to the principle of phase separation, coefficients that couple currents related
to only one phase (such as the heat fluxes qf and qs) with forces that depend on state vari-
ables of the other phase, vanish as well. Consequently, the only non-vanishing off-diagonal
phenomenological coefficients are L12 and L21. Also, by assuming the validity of Onsager
reciprocity relations, these two coefficients are equal. Then, the only non-zero phenomeno-
logical coefficients are the following,

Lii , i = 1, . . . 7 , and L12 = L21 . (3.37)

By virtue of the above equation and the linear relations (3.36), the entropy inequality
(3.35) yields

σ =
7∑
i=1

LiiX
2
i + 2L12X1X2 +X8 Y8 ≥ 0 , (3.38)

with

X8 = Vs, Y8 =
1

Ts
(φsPs + Cs) . (3.39)

The current Y8 has been singled out and will be treated separately because it represents the
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viscous stresses acting on the granular phase (divided by Ts). These stresses have a mani-
festly non-Newtonian behaviour that cannot be described by a purely linear theory. Accord-
ingly, the detailed derivation of their constitutive relations is provided separately in the next
Subsection. For the time-being it is remarked that, by the principle of phase separation, Y8

can only be a function of X8 and possibly X6 = ∇T−1
s . If the dependence on tempera-

ture gradients is assumed to be linear then, by virtue of the representation theorem of linear
isotropic tensors, the dependence of Y8 on X6 vanishes. Therefore, Y8 becomes a function of
X8 only.

Furthermore, since X8 is independent of the other thermodynamic forces, the entropy
inequality (3.38) requires that the matrix of phenomenological coefficients Lij be positive
definite and that the product X8Y8 be positive. In other words, the entropy inequality (3.38)
is equivalent to the following conditions that should be independently satisfied,

Lii ≥ 0 , i = 1, . . . 7 ,

L2
12 ≤ L11L22 ,

X8Y8 ≥ 0 .

(3.40)

Finally, before deriving the constitutive relation for Y8, it is worth pointing out that the
phenomenological coefficients Lii and L12 can be recast in terms of transport coefficients.
Those involving only one phase can be written as

L44 = φfT
2
f κf , L55 = φsT

2
s κs , L66 =

φf
Tf

ζf , L77 =
φf
Tf

µf . (3.41)

where κf and κs are the thermal conductivities of the two phases, while µf and ζf are the
first and second viscosity coefficients of the Newtonian stress tensor of the fluid phase, re-
spectively.

The remaining phenomenological coefficients are related to interactions between the two
phases and can be cast in the form of transport coefficients via the following definitions,

L11 = TfTs ξ, L22 = φfφsTs
1

µc
, L33 =

1

Tf
δ, L12 = L21 = TfTsφfφsλ. (3.42)

In the above, ξ represents the interphasial heat transfer coefficient while δ represents the
coefficient of interphasial drag. Also, µc has dimensions of viscosity and is commonly re-
ferred to as compaction viscosity. It expresses responsiveness of the granular material to
compaction. Finally, λ is a coefficient for cross effect of the variation of φs due to thermal
non-equilibrium between the two phases; in other words, λ expresses the capacity of the
granular material to compact due to thermal loadings. According to the first of inequalities
(3.40), all these transport coefficients are positive except for λ whose sign cannot be con-
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strained on the basis of thermodynamics. Nonetheless, its amplitude is constrained by the
second of inequalities (3.40) according to which,

λ2 ≤ ξ

φsφf Tf µc
. (3.43)

3.3.1 Constitutive relations for the viscous stresses of the granular phase

As mentioned above, the current Y8 is a function of X8 only. The starting point for the
derivation of a constitutive relation for Y8 is the general representation theorem for isotropic
tensors, [128]. According to it, the expression for Y8 reads,

Y8 =
1

Ts
(φsPs + Cs) = G(Vs) = g0I + g1Vs + g2Vs ·Vs , (3.44)

where the coefficients g0, g1 and g2 are functions of the principal invariants of the strain-rate
tensor Vs and of the state variables of the granular phase.

In the derivation of the sought-after nonlinear constitutive expression for Y8 it is further
required that Y8 be non-singular and tend to zero as Vs vanishes, i.e. at equilibrium. It is
also noted that the component Cs of Y8 is a function of the state variable ∇φs, cf. definition
(3.27), which implies that it describes elastic stresses. As such, Cs does not vanish at equi-
librium. In other words, the pressure-less stress tensor Ps consists of an elastic component
stemming from Cs plus a viscous component stemming from Y8 which should tend to zero
at equilibrium.

Additionally, according to accumulated experimental and numerical evidence, the vis-
cous stresses acting on granular suspensions admit a “first-order scaling” with respect to the
shear rate γ̇. More specifically, in experiments of simple shear flow in the viscous regime,
these stresses are found to be linear with respect to |γ̇|, [57], [58] and [59]. The same has
also been predicted in the simulations of [102], [108] and [103] that were based on Stokesian
dynamics.

Guided by this evidence, a constitutive relation is sought for Y8 that extends this scaling
with respect to the shear rate to more general flows. Actually, this idea is not new and has
been examined before by, among others, [129] and [83] who proposed a linear scaling with
√
Vs : Vs. It should be noted, however, that a scaling with this quantity cannot provide by

itself a tensorial representation of the stresses because this quantity is a scalar.

Herein, it is proposed to extend this scaling to the tensorial representation (3.44) by
considering positive homogeneous functions of degree one in Vs, so that

G(kVs) = k G(Vs) , ∀ k ≥ 0 . (3.45)
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Next, the following invariants l1, l2 and l3 of Vs are introduced,

l1 = Ivs , l2 = (Jvs)
1
2 = (−2 IIvs +

2

3
Ivs

2)
1
2 , l3 = (IIIvs)

1
3 , (3.46)

where Ivs , IIvs and IIIvs are the principal invariants of Vs. It can be directly verified that l1,
l2 and l3 are homogeneous of degree one. Also, the following identity holds for Jvs ,

Jvs , Vd
s : Vd

s . (3.47)

Since Jvs is positive, there are bijective relations between the following invariant triplets,

(Ivs , IIvs , IIIvs) ⇐⇒ (Ivs , Jvs , IIIvs) ⇐⇒ (l1, l2, l3) (3.48)

so that the quantities g0, g1 and g2 appearing in equation (3.44) can be considered as functions
of the invariants l1, l2 and l3. Further, in view of the tensorial representation (3.44), equation
(3.45) implies the following homogeneity constraints on these quantities,

g0(kl1, kl2, kl3) = k g0(l1, l2, l3), (3.49)

g1(kl1, kl2, kl3) = g1(l1, l2, l3), (3.50)

g2(kl1, kl2, kl3) =
1

k
g2(l1, l2, l3) . (3.51)

Since g2 is homogeneous of degree −1, one has to verify that the boundedness constraint of
Y8 holds for any finite Vs. To this it is noted that, since

Vs : Vs =

(
l21
3

+ l22

)
, (3.52)

one can define

g̃2 = g2

√
l21
3

+ l22 , (3.53)

with g̃2 homogeneous of degree zero. Then, the third term on the right-hand side of (3.44) is
written as

g2Vs ·Vs =
g̃2√
l21
3

+ l22

Vs ·Vs . (3.54)

According to this equation, if g̃2 is bounded, then the term g2Vs ·Vs is always bounded and
vanishes as Vs → 0.

A simple choice to satisfy the homogeneity requirements on g0, g1 and g̃2 would be to
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take the series expansions of these quantities up to the degree of homogeneity. This would
yield

g0 = (c1l1 + c2l2 + c3l3), g1 = c4, g̃2 = c5 , (3.55)

with the coefficients ci being functions of the state variables of the granular phase but inde-
pendent of Vs. However, as it turns out, this simple choice is unsatisfactory because it leads
to the appearance of the third-order term

(Vs ·Vs) : Vs =
3

2
l1l

2
2 + l33 (3.56)

in the product X8Y8.The sign of this term is undetermined and so would be the sign of the
product X8Y8, since (3.56) is the highest-order term. This, in turn, implies that the entropy
inequality would not be satisfied.

This conundrum can be circumvented by modifying the expressions (3.55), so as to re-
move the third-order term (3.56) from the entropy inequality. This is achieved by splitting
the term (3.56) into two components and by subtracting one component from g0 and the
other component from g1, respectively. In this manner, the proposed expressions for g0 and
g1 read,

g0 = (c1l1 + c2l2 + c3l3)− 3

2

g̃2√
l21
3

+ l22

l22 (3.57)

g1 = c4 − g̃2
l33(

l21
3

+ l22

) 3
2

. (3.58)

By introducing the above expressions for g0 and g1 and the aforementioned expression g̃2 =

c5, one arrives at the following expression for the pressure-less stress tensor Ps,

(φsPs + Cs) =

c1l1 + c2l2 + c3l3 − c5
3 l22

2

√
l21
3

+ l22

 I+

c4 − c5
l33(

l21
3

+ l22

) 3
2

Vs + c5
1√
l21
3

+ l22

Vs ·Vs . (3.59)

It is straightforward to verify that this representation satisfies the homogeneity requirements
(3.49)–(3.51). Furthermore, it is continuous with respect to its arguments, non-singular and
tends to zero at equilibrium.

Also, with the above representation, the third inequality in (3.40) stemming from the
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second thermodynamic axiom reads,

1

Ts
(φsPs + Cs) : Vs =

1

Ts
(c1l1 + c2l2 + c3l3)l1 +

1

Ts
c4

(
l1

2

3
+ l2

2

)
≥ 0. (3.60)

This implies the following constraints on the coefficients ci,

c3 = 0, c4 ≥ 0,
(
c1 +

c4

3

)
≥ 0, c2

2 ≤ 4c4

(
c1 +

c4

3

)
. (3.61)

Next, the second term on the right-hand side of (3.59) can be decomposed into a devia-
toric and an isotropic component so that this equation is written in the following form,

(φsPs + Cs) =

(
c1 +

c4

3
− c5

3

detVs

(Vs : Vs)
3
2

)
(∇ · us) I+

(
c4 − c5

detVs

(Vs : Vs)
3
2

)
Vd
s +

(
c2

√
Vd
s : Vd

s −
3

2
c5

Vd
s : Vd

s√
Vs : Vs

)
I+(

c5
1√

Vs : Vs

)
Vs ·Vs . (3.62)

According to the above relation, two generalized Newtonian stress components can be iden-
tified by setting,

ζsφs =

(
c1 +

c4

3
− c5

3

detVs

(Vs : Vs)
3
2

)
, 2µsφs =

(
c4 − c5

detVs

(Vs : Vs)
3
2

)
. (3.63)

The coefficients µs and ζs are interpreted as the first and second (bulk) viscosity of the
granular phase. It is interesting to observe that the representation (3.62) reduces to that of a
Newtonian fluid when c2 = c5 = 0. In this limiting case, the constraints (3.61) translate to
µs ≥ 0 and ζs ≥ 0, as expected. Nonetheless, according to (3.63), in the general case and
for three-dimensional flows where detVs 6= 0, there are additional contributions to µs and
ζs that depend on the strain rate.

Also, the sum of the remaining terms in (3.62),(
c2

√
Vd
s : Vd

s −
3

2
c5

Vd
s : Vd

s√
Vs : Vs

)
I +

(
c5

1√
Vs : Vs

)
Vs ·Vs , (3.64)

represents additional non-Newtonian viscous stresses of the granular phase. Its isotropic
component is commonly referred to as the suspension pressure, see for example [108], and
is responsible for the shear-induced dilatancy that is a characteristic feature of granular sus-
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pensions. Also, its deviatoric component gives rise to normal stress differences under simple
shear that are discussed in Section 3.7.

It is also noted that, in view of (3.63), if the bulk viscosity was assumed to be zero, then
the following conditions would be true: c5 = 0 and (c1 + c4

3
) = 0. These conditions must

hold simultaneously because the coefficients ci do not depend on the velocity gradients. But
then, the fourth constraint in (3.60), implies that c2 = 0 also. In this case, the non-Newtonian
viscous stresses given by (3.64) should vanish as well. However, this goes against prepon-
derant experimental evidence that has established shear-induced dilatancy and normal-stress
differences in granular suspensions. One can therefore conclude that this model excludes the
possibility of a Stokes-type hypothesis for the granular phase. Bulk viscosity is notoriously
difficult to measure but the prediction of a non-zero bulk viscosity is consistent with the
findings of [106] who predicted non-zero ζs via Stokesian dynamics simulations.

Finally, for the sake of clarity of exposition, the following short-hand notation is intro-
duced,

φsχa =

(
c2

√
Vd
s : Vd

s −
3

2
c5

Vd
s : Vd

s√
Vs : Vs

)
, φsχb = c5

1√
Vs : Vs

, (3.65)

which allows to express the stress tensor Ps in a concise manner,

(φsPs + Cs) = φsζs(∇ · us) I + 2φsµsV
d
s + φsχaI + φsχbVs ·Vs . (3.66)

It should be stressed that since the coefficients ci are functions of the state variables, so are
the coefficients ζs, µs, χa and χb. In particular, they can depend on both φs and ∇φs.

3.4 Post-constitutive equations

The balance laws for the two phases, (3.8)–(3.10) and (3.11)–(3.13), supplemented by the
constitutive equations (3.36) and (3.66), the saturation condition (3.1), and by appropriate
equations of state for each phase, constitute a closed system of governing equations for
granular suspensions. Further, by combining these relations, and upon introduction of the
expressions for the transport coefficients (3.41) and (3.42), the following post-constitutive
equations are obtained,

Fluid phase

d(ρfφf )

df t
+ ρfφf∇ · uf = 0, (3.67)

ρfφf
duf
df t

+∇(pfφf ) =∇ ·
(
(ζf∇ · uf )φfI + 2µfφfV

d
f

)
−

(δ(uf − us) + pf∇φs) , (3.68)
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ρfφf
def
df t

+ pfφf∇ · uf = 2µfφfV
d
f : Vd

f + ζfφf (∇ · uf )2 +

∇ · (κfφf∇Tf )− ξ(Tf − Ts) +

(δ(uf − us) + pf∇φs) · (uf − us) + pf
dφs
dst
−

λTfφfφs

(
ps − βs − pf + Ts∇ ·

(
γs
Ts
∇φs

))
. (3.69)

Granular phase

d(ρsφs)

dst
+ ρsφs∇ · us = 0, (3.70)

ρsφs
dus
dst

+∇(psφs) =∇ ·
(
(ζs∇ · us + χa)φsI + 2µsφsV

d
s + χbφsVs ·Vs

)
−

∇ ·Cs + (δ(uf − us) + pf∇φs) , (3.71)

ρsφs
des
dst

+ psφs∇ · us = 2µsφsV
d
s :Vd

s + ζsφs(∇ · us)2 + χaφs∇ · us−

Cs : Vs + χbφs(Vs ·Vs) : Vs +∇ · (κsφs∇Ts) +

ξ(Tf − Ts)− pf
dφs
dst

+

λTfφfφs

(
ps − βs − pf + Ts∇ ·

(
γs
Ts
∇φs

))
. (3.72)

Compaction equation

dφs
dst

=
φsφf
µc

(
ps − βs − pf + Ts∇ ·

(
γs
Ts
∇φs

))
+ λφfφs(Tf − Ts). (3.73)

The compaction equation (3.73) describes the evolution of the volume fraction of the granu-
lar phase. It is remarked that this equation is not derived by a conservation principle; instead
it is follows directly from the constitutive relations (3.36) between thermodynamic currents
and forces.

An interesting property of the system is that at the limit φs → 0, all terms in equations
(3.70)–(3.72) for the granular phase become zero, while equations (3.67)–(3.69) for the fluid
reduce to the compressible Navier-Stokes equations.

It is also worth commenting on the form of the term that describes the interphasial mo-
mentum exchanges. This term reads

f = δ(uf − us) + pf∇φs , (3.74)

with δ being the interphasial drag coefficient, cf. (3.42). [130] proposed the decomposi-
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tion of the interphasial momentum exchange into a drag and an Archimedean-type force
that actually agrees with (3.74). This expression was subsequently employed by a number
of modelling efforts, such as, for example, in [40] and [41], which further report that this
decomposition is really a postulate. The results of this chapter, however, show that this de-
composition is dictated by the second law of thermodynamics. More specifically, discarding
this term leads to a system of governing equations that violates the positivity of the entropy
production rate σ. In other words, the particular form of (3.74) is not an ad hoc assumption
but a necessary condition for thermodynamic consistency.

Actually, the inclusion of the term pf∇φs has a long history that seems to be underes-
timated by some contemporary studies. This term is usually referred to as nozzling term or
non-conservative product; see the discussion in [68] and [131]. Further, in [29] it is remarked
that changes in the volume fraction can accelerate or decelerate the flow, thereby acting as
a nozzle. In turn, this can engender a relative motion between the two phases. The label-
ing of pf∇φs as a non-conservative product is also of interest. If one considers the inviscid
limit of the above equations, then it is straightforward to show that, due to the presence of
pf∇φs, these equations cannot be cast into a conservative form. As a consequence, even
weak solutions cannot be defined and the corresponding Riemann problem is ill posed [132].

At this point, some remarks about the calibration of the various parameters that appear in
the post-constitutive equations are appropriate. The parameters related to the fluid phase are
the shear and bulk viscosities, µf and ζf , and the thermal conductivity κf . They have been
measured for a wide class of Newtonian fluids in a variety of thermodynamic conditions and
their values are readily available. The situation with the parameters related to the granular
phase is more complex. Due to the structure of this phase at the grain (mesoscopic) level,
these parameters generally depend on φs. For constant-density flows, various expressions
for the viscosities µs, χa and χb are available, mostly derived from shear flow experiments;
see, for example, [58] , [83] and [108]. On the other hand, data for the bulk viscosity ζs are
available only for very dilute mixtures, [106]. Also, the variation of these viscosities with
temperature is largely unexplored. For the thermal conductivity κs, experimental correlations
are available in the literature, cf. [133] and [134]. As regards βs, relations based on quasi-
static compaction experiments have been provided in [124] and [125]; see also the analysis in
[29]. By contrast, no detailed experimental data are available for γs. For this reason, people
often assume a power-law dependence on φs based mostly on physical intuition. As regards
the parameters related to phase interactions, various correlations have been proposed for
the interphasial drag and heat-transfer coefficients, δ and ξ, that are readily available in the
literature. Much less is known for the compaction viscosity µc. It is often considered to be a
constant whose magnitude is approximated via simplified transport models, [67]. Similarly,
no data are available for the off-diagonal coefficient λ. In many situations, however, one
may assume that the evolution of the volume fraction φs depends only weakly on the thermal
non-equilibrium between the two phases, especially in view of constraint (3.43). In any case,
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it is expected that numerical simulations based on this model, combined with available and
forthcoming experimental data, will yield more accurate estimations of these parameters.

This Section is concluded with a discussion on the boundary conditions that are needed
to close the above system of equations. The assignment of boundary conditions for the
variables related to the fluid phase, uf and pf does not pose any problem and it can be
performed in the same way as in single-phase flows. For example, at rigid walls, one can
assume zero slip for the fluid velocity and Neumann condition for the fluid pressure. The
same is true for the pressure of the granular phase ps. On the other hand, the assignment of
boundary condition for us at walls requires more attention because of the possibility of slip.
Appropriate slip conditions are hard to derive and are material dependent; nonetheless, some
data is available in the literature [135]. Similarly, the derivation of wall conditions for the
volume fraction φs is quite challenging. Often a Neumann condition is employed, but the
value of the normal derivative is determined via the compaction equation or is zet to zero.
However, these choices are dictated by convenience and the issue is still open; additional
physical evidence is required in order to derive more accurate boundary conditions for φs.
Finally, as regards thermal boundary conditions at walls, quite often one may assume that the
two phases are in thermal equilibrium since they are both in contact with the walls. Then, the
prescription of thermal conditions can be performed in a similar manner as in single-phase
flows.

3.5 The incompressible limit

The thermomechanical model given by equations (3.67)–(3.73) is valid for both compressible
and incompressible flows. Nonetheless, in many practical applications, the velocities of
the two phases are very small with respect to the speed of sound of the two phases and,
consequently, compressibility effects are negligible. This is identified as the incompressible
limit. In this case, one can employ the square of the smallest of the two Mach numbers as
a perturbation parameter and perturb the governing equations with respect to this parameter.
The result of this procedure is a system of equations, referred to as the “low-Mach-number
approximation”, that is simpler than the original one in several important aspects.

In this Section, the derivation of the low-Mach-number approximation for the model
given by (3.67)–(3.73) is presented. The procedure is laborious but straightforward. For this
reason, herein only the basic steps and the final result are described. For a more detailed
explanation on the low-Mach-number approximation for two-phase flow models, the reader
is referred to [62].

Step 1. A reference length lr and a reference velocity ur are specified. Also, for the
purpose of non-dimensionalization, one considers reference values of the thermodynamic
variables ρr, Tr, pr, specific heats cpr and cvr, and transport coefficients µr and κr with
respect to a reference state of the phase with the smallest speed of sound. In most practical
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cases, this is the fluid phase. Herein this assumption is made as well.

Step 2. Equations of state are introduced for each phase. For example, the fluid can be
considered to obey the ideal-gas law, so that pr = (cpr − cvr) ρrTr.

Step 3. A reference Mach numberM is defined as the ratio between the reference velocity
and the fluid speed of sound at the reference state. Under the ideal-gas law,

M =
ur√
γ̂pr
ρr

, γ̂ =
cpr
cvr

. (3.75)

Then, the perturbation parameter ε is defined as

ε , γ̂M2 , (3.76)

Step 4. The governing equations and the equations of state are non-dimensionalized with
respect to the reference quantities.
Henceforth in this Chapter, in order to avoid the introduction of additional symbols, every

variable is understood to be non-dimensionalized (except for the reference quantities).

Step 5. All variables are expanded in perturbation series of powers of ε. For example,

ps = p0
s + εp1

s + . . . , us = u0
s + εu1

s + . . . , etc. (3.77)

where the superscript refers to the order of a term in the expansion.

Step 6. The perturbation expansions of all variables are inserted into the governing sys-
tem of equations and the terms of the same order are collected.

The results are presented below. Henceforth, in order to avoid unnecessary complexity in

the notation, all quantities are supposed to represent the zero-order term of the expansions

and, therefore, the superscript zero is dropped. For example, p0
s is now written as ps etc. The

only exception to this convention is for the first-order terms of the pressures which will still
be denoted as p1

s and p1
f . These are typically referred to as “dynamic pressures”, whereas the

zeroth-order terms are referred to as “thermodynamic pressures”.

At order O(ε−1) the momentum equations of the two phases (3.68) and(3.71) yield,

∇(pfφf ) + pf∇(φs) = 0 , (3.78)

∇(psφs)− pf∇(φs) = 0 . (3.79)

Since pf , ps and φs are independent variables, equations (3.78) and (3.79) reduce to

∇ps = 0 = ∇pf , and p , ps(t) = pf (t) . (3.80)

Also, in view of this equation, the compaction equation is identically satisfied at order
O(ε−1). Further, at order O(1), one obtains the following equations.
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Fluid phase

d(ρfφf )

df t
+ ρfφf∇ · uf = 0 , (3.81)

ρfφf
duf
df t

+∇(p1
fφf ) =

1

Re
∇ ·
(
(ζf∇ · uf )φfI + 2µfφfV

d
f

)
−(

δ(uf − us) + p1
f∇φs

)
, (3.82)

ρfφf
dhf
df t

=
1

Re Pr
∇ · (κfφf∇Tf )− ξ(Tf − Ts) + φf

γ̂ − 1

γ̂

∂p

∂t
. (3.83)

Granular phase

d(ρsφs)

dst
+ ρsφs∇ · us = 0 , (3.84)

ρsφs
dus
dst

+∇(p1
sφs) =

1

Re
∇ ·
(
(ζs∇ · us + χa)φsI + 2µsφsV

d
s + χbφsVs ·Vs

)
−∇ ·Cs +

(
δ(uf − us) + p1

f∇φs
)
, (3.85)

ρsφs
dhs
dst

=
1

Re Pr
∇ · (κsφs∇Ts) + ξ(Tf − Ts) + φs

γ̂ − 1

γ̂

∂p

∂t
. (3.86)

Compaction equation

dφs
dst

= Rec φsφf

(
p1
s − βs − p1

f + Ts∇ ·
(
γs
Ts
∇φs

))
+ λφfφs(Tf − Ts) . (3.87)

In the above equations, hf and hs stand for the specific enthalpies of the two phases. Also
Re and Pr stand for the Reynolds and Prandtl number, respectively, based on the reference
variables. Further, the non-dimensional number Rec is the Reynolds number based on the
compaction viscosity, µc. Finally, it is noted that in the derivation of these results, it is
assumed that βs and γs scale with ρru2

r and ρru2
rl

2
r , respectively; see the relative discussion

in [62].

The most important simplification in the incompressible limit is that the thermodynamic
pressures no longer appear in the momentum equations. In this sense, the energy equation
for each phase is essentially decoupled from the corresponding momentum equation. An
interesting feature of the model is that it predicts thermal non-equilibrium between the two
phases even at low-Mach numbers, cf. (3.83) and (3.86). Moreover, when the thermody-
namic pressure p remains constant, as in the case of open domains, the energy equations
above reduce to the standard advection-diffusion equations for Tf and Ts with the additional
relaxation term representing interphasial heat exchange.
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3.5.1 Special case: constant-density flows

The important special case is now considered, where the densities of the two phases are
constant and the two temperatures Ts and Tf are also constant and equal to each other. Then,
the energy equations (3.83) and (3.86) are trivially satisfied and the remaining equations
simplify to the following system,

dφf
df t

+ φf∇ · uf = 0 , (3.88)

ρfφf
duf
df t

+∇(p1
fφf ) =

1

Re
∇ ·
(
(ζf∇ · uf )φfI + 2µfφfV

d
f

)
−(

δ(uf − us) + p1
f∇φs

)
, (3.89)

dφs
dst

+ φs∇ · us = 0 , (3.90)

ρsφs
dus
dst

+∇(p1
sφs) =

1

Re
∇ ·
(
(ζs∇ · us + χa)φsI + 2µsφsV

d
s + χbφsVs ·Vs

)
−∇ ·Cs +

(
δ(uf − us) + p1

f∇φs
)
, (3.91)

dφs
dst

= Rec φsφf
(
p1
s − βs − p1

f +∇ · (γs∇φs)
)
. (3.92)

The above constant-density model has the important property that it does not constrain
the velocity field of either phase to be divergence-free. This is a direct consequence of the
compaction equation (3.92) which stipulates that the volume fraction φs is not conserved
along streamlines of the granular phase. It is further noted that, in a manner analogous to the
Navier-Stokes equations which require that the dynamic pressure be determined only up to
an additive constant, the above model requires that the two dynamic pressures p1

s and p1
f be

determined up to the same additive constant. This is due to the structure of the compaction
equation (3.92) which requires that the difference (p1

s − p1
f ) be uniquely determined.

Also, the above model has the property that at the single-phase limit, φs → 0, the equa-
tions for the fluid phase reduce to the Navier-Stokes equations, as they should. Finally, it is
worth mentioning that algorithms for the numerical integration of systems of equations of
this type have been recently proposed in [77] and [42].

3.6 Comparison with other particle-migration models

In this Section the structure of the compaction equation (3.92) for the constant-density model
is compared with two popular descriptions of particle migration, the diffusive-flux model
proposed in [136] and the suspension-balance model proposed in [108]. Equation (3.92)
consists of an advection-diffusion equation for the volume fraction that contains the differ-
ence between the phasial pressures and the integranular stress, ps − pf − βs, as a source
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term.

The diffusive flux model proposed in [136], when applied to non-colloidal suspensions,
provides an evolution equation for φs which, in non-dimensional form, reads

∂φs
∂t

+ u · ∇φs =
d2
p

2
Kc∇ ·

(
φ2
s∇ ·V + φsV∇φs

)
+

d2
p

2
Kµ∇ ·

(
φ2
s

1

µ

∂µ

∂φs
V∇φs

)
. (3.93)

In this equation dp is the particle diameter, V is the strain-rate tensor for the suspension and
µ is the suspension viscosity. Also Kc and Kµ are two empirically determined constants.

A notable similarity between the two models is that they both contain a diffusion operator
for the volume fraction φs. On the other hand, an important difference is that the advection
term for the model presented in this Chapter, equation (3.92), involves the velocity of the
granular phase us, whereas (3.93) is written in terms of the suspension velocity u. This is
due to the fact that, in the present model, each phase is endowed with its own velocity. For
certain flows, the two phasial velocities us and uf can be assumed equal. However, this is
not always the case; typical examples are flows with significant density ratios between the
two phases, such as sedimentation processes.

An additional difference is that the strain-rate tensor V appears in all terms on the right-
hand side of (3.93), whereas it does not appear at all in equation (3.92). It is worth noting that
since the terms on the right-hand side of (3.93) are linear with respect to V, they vanish when
V goes to zero. Consequently, the diffusive-flux model does not incorporate any mechanism
for resisting particle migration in flow regions where the shear rate is zero. As an example,
as mentioned in [136], equation (3.93) predicts that, in pressure-driven channel flows at low
Reynolds number, φs attains a cusp at the centerline where it reaches the maximum packing
treshold φm; however, such a cusp has not been observed in experiments. On the other
hand, the right-hand side of (3.92) does not vanish with the shear rate and, consequently,
the diffusion operator therein does not allow the formation of cusps. This point is further
discussed in Chapter 4, where pressure-driven flow is considered in detail.

The formalism behind the derivation of the governing system (3.88)– (3.92) is concep-
tually closer to the suspension-balance approach, in the sense that each phase is assigned its
own momentum equation. In both approaches, the migration model consists of an equation
for the material derivative of φs with respect to the velocity of the granular phase us. Also,
in both cases, the right-hand side of the migration model involves stresses acting on the gran-
ular phase. For example, the suspension-balance model proposed in [108] reads, neglecting
body forces,

∂φs
∂t

+ u · ∇φs = −
d2
p

18
Re∇ · (f(φs)∇ · Σs) . (3.94)
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In this equation Σs stands for the stress tensor of the granular phase and it is given by

Σs = −µn
√

2Vs : VsQ + 2µsVs , (3.95)

where Q is a constant tensor that takes into account the anisotropy of normal viscous stresses.
Also, f(φs) is the so-called “sedimentation hindrance function” and its expression is pro-
vided in [108].

One difference between the two models is that the right-hand side of (3.94) contains the
divergence of the viscous stress tensor of the granular phase, whereas the present model
(3.92) contains the difference of the phasial pressures ps − pf .

Further, similarly to equation (3.93), the right-hand side of (3.94) also becomes zero at
flow regions with zero shear rate. As explained above, this leads to the prediction of cusps
in the profiles of φs with in these regions. Recent variants of the suspension-balance model
(3.94) - (3.95), such as the one proposed in [60], address this issue with the introduction of
additional nonlocal stresses that depend on a suitable correlation length linked to the particle
diameter dp. In the present model, such nonlocal phenomena are represented via the quantity
γs that appears in the diffusion term in (3.92). As already mentioned above, γs appears in the
expression (3.27) for the configuration stress tensor Cs, which describes nonlocal stresses
related to the interaction between particles at the mesoscopic level.

A final observation is that the expression for the viscous stresses, equation (3.95), relies
on information relative to the flow direction for determining Q. On the other hand, the
present model does not depend on such information.

3.7 Example: steady shear flow

In this Section, in order to gain insight into the structure and the predictive capacity of
the model, the constant-density equations (3.88)–(3.92) are applied to steady homogeneous
shear flow between parallel plates. More specifically, in this example the bottom plate re-
mains at rest whereas the upper plate is moving at a constant (non-dimensional) velocity.
The shear rate, γ̇, is then defined as the ratio between the velocity of the upper plate divided
by the distance between the two plates. Assuming no-slip boundary conditions at the wall, it
is easy to verify that the solution to this problem consists of linear velocity profiles given by

us = uf = γ̇ y êx , (3.96)

ex being the unit vector pointing to the streamwise direction. The dynamic pressures and
solid volume fraction φs are also constant and satisfy the following relation,

p1
s − p1

f = βs(φs) = const. (3.97)
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By virtue of the above relation, the compaction equation (3.92) is also satisfied. Then, the
strain-rate tensors are given by

Vf = Vs = γ̇

 0 1
2

0
1
2

0 0

0 0 0

 (3.98)

and have the following invariants, cf. (3.46).

l1 = 0 , l2 =
1√
2
|γ̇| , l3 = 0 . (3.99)

Further, the non-dimensional stress tensors reduce to the following expressions, cf. (3.62),

Pf =
γ̇

Re

 0 1 0

1 0 0

0 0 0

 , (3.100)

Ps =
µsγ̇

Re

 0 1 0

1 0 0

0 0 0

− µn|γ̇|
Re

 1 0 0

0 1 0

0 0
c2− 3

2
c5

c2−c5

 . (3.101)

In the last expression, the shear viscosity of the granular phase µs is given by (3.63). Morevoer,
µn is the so-called normal viscosity, defined by [108]. In the context of the proposed ther-
momechanical model, µn is given by

µn =
1√
2φs

(c5 − c2) . (3.102)

Herein, both µs and µn are understood to have been non-dimensionalized by shear viscosity
of the fluid.

The stress tensor of the granular phase φsPs can also be written as a function of the
anisotropy coefficients, following the procedure of [108]. Accordingly, the expression for
Ps reads,

Ps =
2µs
Re

Vd
s −

µn|γ̇|
Re

Q̂ , with Q̂ =

 1 0 0

0 λ2 0

0 0 λ3

 , (3.103)

where λ2 and λ3 are the anisotropy coefficients. For the presented model, their values are the
following.

λ2 = 1 , λ3 =
c2 − 3

2
c5

c2 − c5

. (3.104)
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Then, the first and second normal-stress differences become proportional to (λ2 − 1) and
(λ3 − λ2), respectively.

As regards the second normal-stress difference, which scales with (λ3 − λ2), it is re-
marked that in the present model λ3 depends on the ratio c5/c2 which has to be measured
experimentally. Nonetheless, if one sets

c5 =
1

2
c2 , (3.105)

then λ3 = 0.5, which gives the same normal stresses that are predicted by the model of [102].
There is also a general agreement that λ3 = 0.5 and that the value of λ2 is close to unity,
which is the prediction of this model. For example, [129] and [137] set explicitly λ2 = 1 in
their computations and [138] reached a similar conclusion with the constitutive model that
they proposed. On the other hand, the experimental measurements of [49], [50] and [58]
are compatible with λ2 ' 0.85 and λ3 = 0.5 . Also, the simulations of [108] are in good
agreement with these values of the anisotropy coefficients.

As regards the first normal-stress difference, since it scales with (λ2 − 1), this model
predicts that it equals to zero. Actually, it can be shown that the representation theorem
(3.44), upon which this model is based, implies a priori that is zero. It is noted that this has
been explicitly assumed in a number of previous studies. In any case, there is a consensus
that the first normal-stress difference is much smaller than the second one. However, while
definite conclusions cannot be drawn yet, there is experimental evidence that the first normal-
stress difference admits a small albeit non-zero value; see, for example, [49], [50] and [58].

A likely cause is the slow relaxation of the internal ordering of the granular phase. In
fact, as is known from experimental observations and discrete-element simulations, flowing
granular suspensions present a partially-ordered structure because the macroscopic motion of
the particles cannot be completely decoupled from their microscale configuration; a review
on this issue has been provided by [139]. In the derivation of this model, the assumption that
Ps is an algebraic function of Vs is equivalent to assuming that the dynamics controlling
the microscale configuration are very fast with respect to the characteristic time-scales of the
flow. In other words, this assumption implies that any additional internal degree of freedom
at the grain level relaxes very fast with respect to the flow time-scales, so that effectively the
stresses are determined by φs, ∇φs and the deformation tensor Vs.

This assumption, however, can be removed by the introduction of an additional tensorial
order parameter that relates to the microstructure of the granular phase; say As. Possible
candidates of such an order parameter include fabric tensors, [140], [141] and [142], a mi-
crostructure tensor based on the mean-free path length, [47], and others. This approach
allows for the description of time-dependent stresses related to relaxation phenomena. It is
remarked that within the framework of non-equilibrium thermodynamics, the introduction
of an order parameter As provides an extra term to the Gibbs equation, −Bs : dAs, with Bs
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being the partial derivative of the Helmholtz free energy of the granular phase with respect
to As. Consequently, by exploiting the entropy inequality, one can derive a rate equation for
As and a constitutive equation for Ps that depend both on Vs and on Bs. This procedure has
already been used in [117] and [143] for the case of colloidal suspensions.

In the present work, the choice has been made to refrain from the introduction of a ten-
sorial order parameter related to the granular microstructure for the following two reasons.
First, currently there exists no univocal definition of such a tensorial order parameter and, to
the best of the author’s knowledge, there is not sufficient experimental guidance about how
the free energy of the granular phase should depend on it. Second, from a trade-off point
of view, the first normal-stress difference has been measured to be quite small, yet the in-
troduction of a tensorial order parameter would increase considerably the complexity of the
governing equations.

3.8 Conclusions

This Chapter presented a mixture-theoretic formalism for granular suspensions, i.e. for mix-
tures of a granular material and a carrier fluid at high Péclet numbers. According to this
formalism, the two phases are treated as coexisting but open thermodynamic continua that
interact with each other. As such, each phase is endowed with its own set of thermodynamic
variables and conservation laws. This formalism has been applied for the derivation of a ther-
momechanical model for the mixtures of interest. Constitutive equations for the dissipative
and relaxation phenomena occurring in both phases are derived by exploiting the constraints
imposed by the entropy inequality when applied to the entire mixture.

The proposed model is valid for both compressible and incompressible flows. Herein, the
incompressible limit of the model has also been derived via low-Mach asymptotic expansion.
The resulting system of equations is substantially simpler than the full model and, therefore,
more convenient for flows where compressibility effects are negligible. For the important
special case of constant-density flows, the reduced equations have also been presented and
discussed.

In the derivation, particular emphasis has been placed on three objectives. First, the
model should be able to handle thermal non-equilibrium even at low-Mach numbers. To
this end, each phase has been endowed with its own temperature field. Second, the model
should provide an evolution equation for the solid volume fraction. Moreover, this evolution
equation should yield divergent velocity fields even for constant density flows so that the
dilatancy of the granular phase can be predicted. To this end, the solid volume fraction has
been introduced as an additional thermodynamic variable. Then, both the first and second
objectives have been achieved by writing the entropy-production rate in a convenient form
of sum of products. The third objective is to capture as accurately as possible the non-
Newtonian behavior of the viscous stresses acting on the granular phase. To this end, the
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general representation theorem of isotropic tensors has been leveraged and the following
requirements have been imposed: i) the representation should yield the same scaling with
respect to the shear rate as the one observed in experiments, ii) it should remain bounded at
equilibrium, and iii) it should satisfy the entropy inequality. This provides a well defined,
shear-rate dependent constitutive relation for the granular viscous stress tensor.

When compared with existing particle-migration models for constant-density flows, the
predictions of this model for the evolution of the granular volume fraction present a number
of important differences. In particular, when comparing the compaction equation (3.92) with
the diffusive-flux model presented in [136], it is shown that the present model can predict
phasial velocity nonequilibrium and avoid singularities in the limit of vanishing shear-rate,
which can not be achieved with that model. The case of vanishing shear-rate is also relevant
to the comparison with the suspension-balance model presented in [108]; in fact that model
has more recently been modified in this sense [60]. In addition, that model connects di-
rectly the viscous stresses to the evolution of the volume fraction, whereas the present model
predicts a connection with the phasial pressures through equation (3.92).

When applied to the problem of steady shear flow, the present model predicts a zero
value for the first normal-stress difference and a negative value for the second one. These
predictions match previous numerical studies and are in good agreement with experimen-
tal observations. However, available experimental data show a small non-zero value for the
first normal-stress difference. A likely explanation for this discrepancy is the presence of
relaxation phenomena at the grain level that are unaccounted for in the present model. Even
though the macroscopic effects of these phenomena are expected to be small, they can in
principle be captured via the introduction of an additional order parameter of tensorial char-
acter that is related to the microstructure of the granular phase.
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Chapter 4

Channel flow of a dense suspension

4.1 Introduction

In this Chapter, the flow model developed in Chapter 3 is used to numerically investigate
the plane Poiseuille flow of a dense granular suspension at low Reynolds numbers. The
objective of this analysis is two-fold: first, to provide additional validation of the proposed
model via comparisons with existing experimental data and numerical results. Second, to
provide new insight into the physics of particle migration; particular attention is devoted to
the interplay between the various mechanisms that contribute to particle migration towards
the central region of the channel. To this end, the role of non-Newtonian viscous stresses and
of nonlocal stresses is investigated, including the case of suspensions close to the jamming
transition.

In Section 3.7 the governing equations for constant-density flow have been applied to
plane Couette flow, where it has been shown that the predictions for viscous stresses and
granular rheology are in good agreement with experimental data. The Poiseuille flow con-
sidered in this Chapter is another convenient benchmark that is still relatively simple to
describe, yet presents a varying velocity gradient which allows to observe particle migration
due to the presence of non-Newtonian stresses. Over the years, this flow has been the subject
of numerous experimental studies, ranging from early works such as [144] to the well-known
studies reported in [145], [146] and [147]. More recent experimental results have been ob-
tained by the group of Gilchrist, cf. [55] and [56]. Experimental measurements of the group
of Gilchrist and numerical results obtained via a discrete-element method have recently been
reported in [20]. Herein the predictions of the model are compared against those results.

A first reason for which fully-developed flows at low Reynolds numbers have been the

The results presented in this Chapter have been published in: D. Monsorno, C. Varsakelis, and M.V. Pa-
palexandris, (2017), ”Poiseuille flow of dense non-colloidal suspensions: the role of intergranular and nonlocal
stresses in particle migration”, Journal of Non-Newtonian Fluid Mechanics, Vol.247, pp. 229-238.
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object of a wealth of relevant studies is that they can be consistently reproduced in an exper-
imental setting; this ease of reproduction has contributed to the availability of a reliable set
of experimental results. In addition, fully-developed flows afford a relatively simple mathe-
matical description. Indeed, for such flows, governing equations typically reduce to a set of
time-independent ordinary differential equations that are easier to treat numerically.

Another reason that renders such flows representative paradigms is the fact that, despite
their conceptual simplicity, they exhibit complex features that typify the behaviour of suspen-
sions. For example, in the early study of pipe-flow reported in [144], the authors observed
the formation of a central plug region. Further, shear-induced particle migration was ob-
served and investigated both in plane-flow [145, 147] and pipe-flow measurements [146];
see also the more recent experimental results in [55] and [56]. Additionally, experimental
measurements assert that the particle concentration (equivalently, the granular volume frac-
tion) exhibits a peak at the centerline due to particle migration from the walls towards the
bulk of the channel. Another interesting observation is that this peak is not very sharp but,
instead, fairly smooth. Moreover, for moderate concentrations, this peak is bounded below
the critical value φm of the volume fraction at the jamming transition.

As elucidated in [136], capturing the aforementioned features via continuum modelling
is far from trivial. In fact the authors of [136], whose study is based on a diffusive-flux
model, remarked that the volume fraction cannot be bounded below φm by viscous terms
alone.

Further challenges are induced by the fact that particle interactions result in the develop-
ment of additional stresses that must also be taken into account in a continuum model. These
stresses are of nonlocal nature in the sense that they depend on the size of the particles which
is finite, i.e. non-zero. Typically, diffusive-flux models tackle this issue with the introduction
of stress terms that depend on a suitable correlation length, [148]. Suspension-balance type
models also include extra terms for the description of these stresses. For example, in [19]
the representation of these additional stresses was given in terms of the granular tempera-
ture, which is closely related to the shear rate. In [108] an additional stress component was
introduced by means of a nominal shear rate. Subsequently, this approach was adopted in a
number of studies; see, for instance, [60] and references therein.

A well-established approach for taking into account mesoscopic phenomena is the in-
troduction of suitable order parameters. As regards suspensions, this translates into the in-
troduction of order parameters for the representation of the additional stresses acting on the
granular phase. This methodology was followed in [47], where these additional stresses are
represented in terms of a tensorial order parameter that depends on the mean free path of the
particles. Also, in [149] the authors combined the equations for the granular stresses pro-
posed in [47] with the migration model proposed in [60], to which they added an extra term
that depends on the gradient of the volume fraction. The gradient of the volume fraction can
also be introduced as an order parameter. In fact, it has been frequently employed in such a
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context for the derivation of continuum theories of granular suspensions [26–28, 30, 62].

This Chapter is structured as follows. In Section 4.2 the continuum model developed in
Chapter 3 is specialized to its unidirectional, constant-density, steady-state limit. Further,
this Section contains a discussion on the choice of boundary conditions for fully-developed
channel flows. Section 4.3 presents the numerical results, and the comparisons with exper-
imental data and with computations based on a particle-resolved method reported in [20].
This Section also includes an analysis of the role of the stresses acting on the granular phase.
Finally, Section 4.4 concludes.

4.2 Governing equations

4.2.1 Equations for Poiseuille flow

The study presented in this Chapter is based on the two-phase continuum model derived in
Chapter 3, and more specifically on the constant-density equations (3.88)–(3.92). In princi-
ple one can solve these equations directly as a system for the unknown velocity vectors uf
and us, the phasial dynamic pressures p1

f and p1
s and the granular volume fraction φs; algo-

rithms for the numerical integration of systems of equations of this type have been recently
proposed in [42, 77].

In this Chapter, however, the simple geometry of Poiseuille flow is exploited with the
purpose of simplifying this system and providing an easier numerical treatment. More
specifically, in order to derive the reduced equations that govern plane Poiseuille flow, time-
independent solutions of these equations are sought that are in addition unidirectional, i.e.
the variables are functions of the wall-normal coordinate only. Given that the problems con-
sidered in this Chapter are at small channel size and high particle concentrations, following
experimental observation the flow is assumed laminar and the effect of gravity is neglected
[20, 55, 56].

In addition, further simplification can be achieved with respect to the modelling of non-
Newtonian rheology: one can take advantage of the numerous experimental measurements
of the second normal-stress difference that suggest a link between the coefficients χa and χb
in equation (3.91), as per the relative discussion in Section 3.7 and in particular equations
(3.65) and (3.105). More specifically, following equation (3.105) one obtains simplified
expressions for χa and χb as follows,

χa =−
√

2µn

(
2
√

Vd
s : Vd

s −
3

2

Vd
s : Vd

s√
Vs : Vs

)
, (4.1)

χb =−
√

2µn√
Vs : Vs

, (4.2)

where the double-dot symbol : denotes the double interior product between two second-order
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tensors. These expressions both depend on the single scalar coefficient µn, which is denoted
as normal stress viscosity, according to the terminology introduced by the authors of [108].

The above assumptions are now introduced into equations (3.88)–(3.92). To begin with,
the unidirectionality requirement implies that the velocity vectors are aligned in the stream-
wise direction ex, so that

uf = uf (y) ex, us = us(y) ex , (4.3)

with x and y denoting the streamwise and wall-normal coordinates, respectively. Next, for
the granular volume fraction one has φs = φs(y).

The above assumptions, together with equation (3.92), imply that the phasial pressures
p1
f and p1

s can be decomposed as follows,

p1
f = pf (y)− Fx, p1

s = ps(y)− Fx, (4.4)

where F represents the constant pressure gradient in the streamwise direction that drives the
flow. Integration of the momentum equation of the fluid phase along the y-direction then
yields that pf is constant. Without loss of generality, one can set its constant value equal to
zero so that

pf = 0 . (4.5)

In view of the above relations, the continuity equations (3.88) and (3.90) are satisfied identi-
cally, whereas equations (3.89), (3.91) and (3.92), combined with equations (4.1) and (4.2),
reduce to the following system.

Fluid phase
1

Re

d

dy

(
(1− φs)

duf
dy

)
= δ (uf − us)− F (1− φs) , (4.6)

Granular phase

1

Re

d

dy

(
µsφs

dus
dy

)
=− δ(uf − us)− F φs , (4.7)

1

Re

d

dy

(
µnφs

∣∣∣∣dusdy

∣∣∣∣)=− d

dy

(
γs

(
dφs
dy

)2
)
− d

dy
(psφs) , (4.8)

Compaction equation

ps − βs +
d

dy

(
γs

d

dy
φs

)
= 0 . (4.9)
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Equations (4.6)–(4.9) constitute a system of coupled, nonlinear ODEs for the four unknowns
uf , us, ps, and φs. This system is closed once appropriate experimental correlations are
provided for the material parameters; this is done below.

Material parameters

In order to be solved numerically, the system of equations (4.6) - (4.9) requires to be sup-
plemented with correlations for the transport coefficients δ, µs, µn and with appropriate
expressions for the thermodynamic derivatives βs and γs. The relations employed in this
numerical study are listed here.

For the drag coefficient δ, the Hill-Koch-Ladd correlation proposed in [150] is chosen;
this correlation is applicable for a wide range of Reynolds numbers and volume fractions.
According to it, the coefficient δ is a function of the local volume fraction φs, the particle
diameter dp and the particle Reynolds number Rep (which is defined in terms of the particle
diameter and the slip velocity ‖uf − us‖),

δ = f(φs, dp,Rep) . (4.10)

The exact expression for (4.10) is too long and cumbersome to reproduce herein, com-
prising several cases and containing various numerical constants, Still, the authors of [150]
undertook the challenge to write their correlation in a code-friendly manner so the interested
reader is directly referred to this work for more information.

For the viscosity coefficients µs and µn the formulation proposed in [108] has been em-
ployed. The adaptation of this formalism to the two-phase flow model of Chapter 3 results
in the following expressions, non-dimensionalized with respect to the shear velocity of the
carrier fluid,

µs =
2.5

φm − φs
+ 0.1

φs
(φm − φs)2

, (4.11)

µn = 0.75
φs

(φm − φs)2
, (4.12)

where φm represents the critical value of the granular volume fraction at the jamming transi-
tion; in this study the value φm = 0.6 is assumed. The above expressions have the advantage
of being simple yet sufficiently accurate for the flows under study. More elaborate experi-
mental correlations can be found in [58, 59].

As regards βs and γs, it is first remarked that these quantities are defined as thermody-
namic derivatives, so that constitutive relations for them have to be derived via experimental
measurements; see the relevant discussions in [27, 29, 62, 63, 73]. Also, since they relate
to the microstructure of the granular phase, their constitutive relations should depend on the
parameters that characterize this microstructure.
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Further, the intergranular stress βs expresses the resistance of solid particles to com-
paction and, at least for rigid particles, is expected to vanish for small values of φs and to
diverge at φm [84, 121, 122]. In this study the following expression has been employed,
which is based on the relation proposed in [122],

βs = −β0 log

(
φm − φs
φm

)
, β0 = 2.08× 103. (4.13)

The coefficient β0 also depends on the microstructure of the particulate phase. The above
(non-dimensional) value β0 has been calibrated with respect to the experimental data reported
in [20] that are used in the comparisons presented in Section 4.3 below.

Experimental measurements for γs are particularly scarce. This quantity, which is de-
fined in the second of (3.17) as the derivative of the Helmholtz free energy of the granular
phase with respect to ∇φs, enters the expression (3.27) for Cs, a stress-tensor component
that appears in the momentum equation (3.91) for the granular phase. This tensor describes
Korteweg-type stresses which are developed in the granular phase due to variations in the
contact-area density between grains. Although few data is available regarding γs, this quan-
tity is also expected to vanish as φs → 0. Moreover, since it is a thermodynamic derivative, it
has to increase monotonically with φs in order to satisfy the convexity requirement for stabil-
ity of equilibrium states of the granular medium [62]. In this study, due to lack of available
experimental data, a simple power law is assumed, namely,

γs = −γ0φ
r
s, γ0 = 5.2× 104, (4.14)

with r a positive exponent. Different exponents were tested and better agreement with exper-
iments was found for higher values of r. In particular, the numerical results presented in this
Chapter have been obtained with r = 6. It is worth mentioning that linear expressions for γs
have been used in a number of earlier studies [74, 151]. Expressions that diverge at φm have
also been employed [28, 127, 152]. This study refrains from adopting the later approach due
to absence of conclusive evidence regarding the behaviour of γs near the point of jamming
transition.

The low-Reynolds limit

Since this study deals with flows at low Reynolds number, it is appropriate to examine how
the various stresses scale at the limit Re → 0. To this end, the scaling of the terms in the
momentum equation of the granular phase (4.8) is considered; it is remarked that in this
equation there are two non-dimensional groups. These are the Reynolds number Re, and the
coefficient γ0 which enters (4.8) by virtue of the expression (4.14) for γs. These two groups
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are given by

Re =
ûr l̂r ρ̂r
µ̂r

, γ0 =
γ̂0

ρ̂r û2
r l̂

2
r

, (4.15)

where the hat symbol ˆ denotes dimensional quantities. The second of (4.15) is essentially
the non-dimensionalisation of γ̂0; see for example the discussion in [62, 86]. On a side
note, this scaling suggests that if the particle diameter is the only characteristic length of the
microstructure of the granular phase, then γ̂0 scales quadratically with the particle diameter.

On the basis of (4.15), the ratio between the viscous and nonlocal stress in (4.8) is deter-
mined by the following non-dimensional group

r , γ0Re =
γ̂0

µ̂rûr l̂r
. (4.16)

Considering that the fluid density ρ̂r cannot be zero, the limit Re → 0 can be attained by
letting the reference length l̂r or the reference velocity velocity ûr go to zero, or by letting
the fluid viscosity µ̂r go to infinity. Then, in view of (4.16), one distinguishes the following
cases.

i) µ̂r →∞. In this case r → 0, which means that the viscous stresses dominate over the
nonlocal stresses.

ii) l̂r → 0. Then r → ∞, which means that the nonlocal stresses become dominant over
the viscous stresses.

iii) ûr → 0. In this case r → ∞ and, therefore, the nonlocal stresses dominate over the
viscous stresses. At this limit, relation (4.8) essentially reduces to the balance of forces
for hydrostatics of granular mixtures, i.e. when both phases are at rest [73, 153].

It should be clarified that since these estimates are based on scaling arguments, i.e. on
dimensional considerations, they do not necessarily hold at boundary layers or interfaces
because therein one term may dominate due to high gradients of us or φs. Finally it is
remarked that, since the Reynolds number does not enter the compaction equation (4.9),
the contribution of the integranular stress βs cannot be neglected even at the limit of low
Reynolds number.

4.2.2 Boundary conditions

Numerical solution of the system of equations (4.6) - (4.9) requires the assignment of suitable
boundary conditions. First it is remarked that, since the half-width of the channel is taken as
reference length for the non-dimensionalisation purposes, the walls are located at y = ±1.
A no-slip condition is applied for the velocities of both phases at the walls, i.e.

uf (±1) = 0 , us(±1) = 0 . (4.17)
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This boundary condition is often employed in numerical studies of moderately dense suspen-
sions [28, 30, 60, 83]. It is considered to be a good approximation for wall-bounded flows
insofar as the granular volume fraction near the walls is not too close to maximum packing;
this is corroborated by the experimental measurements reported in [135]. Evidently, it is
possible for non-zero grain slip to occur in certain types of granular flows. The derivation
of appropriate wall conditions for granular media is an area of active study, which however
goes beyond the scope of the present work.

The boundary condition for the volume fraction φs requires more attention because, from
a physical standpoint, it is generally not possible to control φs at the wall. Nevertheless, due
to its simplicity, a Dirichlet condition has been imposed in a number of previous studies, e.g.
[30, 154]. When the migration model can be cast in conservative form, a number of authors
apply zero particle flux, i.e. impermeability, across solid boundaries. This approach has been
implemented for diffusive-flux [136, 148] and suspension-balance models [60, 149].

In the present case however, the compaction equation (4.9) cannot be cast in conservative
form, which renders the application of that approach cumbersome. For this reason, a different
strategy is adopted that takes into account the one-dimensional character of the flow and the
knowledge of the average particle concentration. More specifically, an integral constraint is
applied for φs, with the additional requirement that the values of φs at the two channel walls
be equal, ∫ +1

−1

φs dy = 2φs, φs(−1) = φs(+1) , (4.18)

where φs is the y-averaged volume fraction and is assumed to be known a priori. In the
present case, for the comparisons with experiments included in Section 4.3 below, this value
is determined by the experimental data. It should be clarified that this integral constraint
is to be employed in a discrete sense, i.e. for numerical purposes. More specifically, the
discretization of the above integral provides a relation for the values of φs at the wall in terms
of the average volume fraction φs. This choice has the additional advantage of not being
affected by the well-documented uncertainties regarding the interpretation of measurements
of φs at very short distances from the wall (distances at the order of the particle diameter)
that have been documented in [20, 60, 146, 147].

It is worth noting that mass continuity could also be used as an integral constraint for φs.
More specifically, one could impose∫ +1

−1

φsus dy = const., (4.19)

where the value of the integral is again determined from experimental data. In this study it is
chosen to employ equation (4.18) as an additional constraint for φs instead of equation (4.19)
because the iterative algorithm for the system (4.6)–(4.9) converged faster when equation

64



(4.18) was used.

The prescription of boundary condition for the granular pressure ps also requires atten-
tion. Inside the flow domain the compaction equation (4.9) links ps with φs. Then, if the flow
variables are sufficiently smooth up to the boundary, one can obtain a boundary condition for
ps by assuming that the compaction equation remains valid at the boundary. This provides a
value for ps at the wall through extrapolation of φs. More specifically, for the computations
of this chapter the following condition for ps is set,

ps = βs −
d

dy

(
γs

d

dy
φs

)
, at y = 1 , (4.20)

where the right-hand side of the above equation is discretized via one-sided differences.

4.3 Numerical results

The present study examines the same flow considered in the discrete-element simulations
of [20] which, in turn, replicate the experimental studies of [55] and [56] and their more
recent extensions performed by Gilchrist and his collaborators. The first part of this Section
presents a comparison of the numerical results with the experimental data reported in [20].
In the second part the role of the intergranular and nonlocal stresses is investigated via a
series of parametric studies.

4.3.1 Comparison with experiments

In the experiments of Gilchrist that have been reported in [20], an initially homogeneous
granular suspension with a mean particle diameter of 1µm is pumped through a long channel
with a width of 40µm. Herein, the channel width is discretized on a uniform grid of 500
points and the governing system (4.6)–(4.9) is integrated numerically via an iterative under-
relaxation algorithm; the outline of this algorithm is provided in the Appendix to this Chapter.
The Reynolds number of the flows under study is very small; its value is not mentioned in
[20] but similar experiments presented in [55] were conducted at Re = 1.2 × 10−4 with
respect to the centerline velocity. This is the value of the Reynolds number that is used in
the computations of this Section.

Fig. 4.1 presents the profiles of φs for two different average volume fractions, namely
φs = 0.298 and φs = 0.411. For comparison purposes the experimental data of Gilchrist for
the same values of φs is also included, as well as the numerical results of [20] for slightly
different values of average volume fractions (φs = 0.30 and φs = 0.40, respectively). From
the plots of the experimental data one can clearly observe the formation of a zone of high
particle concentration in the central region of the channel. The phenomenon is explained as
follows. As the flow develops, the velocity gradients become higher near the walls, which
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implies that the amplitude of the normal viscous stresses acting on the granular phase varies
across the channel. This, in turn, causes particle migration from the wall region towards
the centerline of the channel. As a result, the volume fraction φs at the centerline increases
progressively until the full development of the flow. The clear symmetry of the experimental
profiles adduces the assumption to treat the suspension as neutrally buoyant.

It can readily be inferred that the model predictions match very well the experimental
data for the volume fraction φs in the bulk of the channel and that the concentration peak
at the centerline is accurately computed. Reproducing this peak is not a trivial task, as it
requires to take into account the (Korteweg-type) nonlocal stresses that are developed during
inter-particle interactions, [60, 148]. As mentioned above, in the present model, this is taken
into account via the introduction of the configuration stress tensor Cs, cf. equation (3.27).

On the other hand, there is a noticeable discrepancy in the vicinity of the wall. In this
region, the experimental data show a large drop of the volume fraction whereas the compu-
tations of the present study predict a much milder decrease. These computations also differ
from those of [20] that predict a drop of φs to zero at the wall, albeit in an oscillatory manner.
One may ostensibly associate this discrepancy with the choice of boundary conditions for φs.
Nonetheless, previous numerical studies, based on different continuum models and with dif-
ferent boundary conditions, [60, 136, 148, 149, 151, 155] resulted in similar predictions.
The collective inability to capture this concentration drop underscores the difficulty in pre-
scribing accurate boundary conditions at solid boundaries. On the other hand, it should not
go unnoticed that the region where the numerical predictions deviate from the experimental
data spans only 2 to 3 grain diameters. This suggests that the observed discrepancy might as
well be attributed to the inherent limitation of continuum theories to capture structures at the
particle scale. Finally, as discussed in a wide number of studies [55, 60, 145, 147, 149, 155],
the volume fraction in the wall region is notoriously difficult to measure, which could also
contribute to the observed deviation.

The velocity profiles for the two cases mentioned above are plotted in Fig. 4.2. In this
figure, the parabolic profile for the corresponding pure-fluid flows are also superimposed. It
can be observed that, with respect to the latter, the velocity profiles exhibit some flattening
in the vicinity of the centerline. This flattening, which is somewhat more pronounced in the
case of higher φs, is attributed to the increase of the viscosity coefficients in areas of high
particle concentrations, cf. equations (4.11) and (4.12). Another interesting point is that the
profiles of the two phasial velocities, uf and us, almost coincide. In fact, in the flows under
consideration, the suspension is quite dense and the particle diameter is very small. As a
result, the interphasial drag force becomes important, which leads to velocity equilibration
during the development of the flow. The effect of the drag coefficient on the velocity profiles
is discussed further in Section 4.3.2. Also, from Fig. 4.2 one can readily infer that the
present numerical results for the velocity profiles agree very well with the ones of [20]. The
small differences between these two sets of computations can be attributed to the fact that
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Figure 4.1: Volume fraction profiles for fully-developed channel flow of granular suspen-
sions. Comparison between the computations of the present study and the results reported in
[20]. (a) φs = 0.298. (b) φs = 0.411. The computations of [20] were performed for φs = 0.3
and φs = 0.4, respectively.

the computations of [20] were performed at slightly different average volume fractions.

4.3.2 The role of integranular and nonlocal stresses

This Section presents the results of an analysis regarding the role of the intergranular and
nonlocal stresses in particle migration. First, it examines the balance of stresses acting on
the granular phase in the y direction for the two cases discussed above, i.e. φs = 0.298 and
φs = 0.411. To this end, Fig. 4.3 shows the profiles of the amplitude of all terms entering
equation (4.8) normalized by the applied streamwise pressure gradient F . In this figure it can
be observed that in both cases the normal viscous stress is almost constant and much higher
than the other stresses, except in the central region where it drops rapidly. This drop is
explained by the fact that the velocity gradients become smaller approaching the centerline,
whereas the normal viscosity µn remains bounded since the granular phase is away from the
jamming transition. In fact, right at the center, the velocity gradient vanishes and the value
of the normal viscous stress drops to zero.

On the other hand, the pressure term psφs follows exactly the opposite trend. In particu-
lar, at the wall it is considerably smaller than the viscous stress and increases slowly moving
towards the centerline. However, in the central region of the channel, which is characterized
by high values φs due to particle migration, the term psφs starts to increase significantly
as soon as the amplitude of the viscous stress starts to drop. Consequently, the term psφs

becomes dominant in the central region of the channel with high particle concentration.

Further, it can be observed that the amplitude of the nonlocal stress γs(dφs
dy

)2, is very
small. More precisely, its value is close to zero everywhere except for the central region
of high particle concentration. Finally, it is remarked that the normalized stress profiles
shown in Fig. 4.3 are similar for both cases, i.e. φs = 0.298 and φs = 0.411. However,
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Figure 4.2: Profiles of the non-dimensional phasial velocities uf and us across the channel.
(a) φs = 0.298. (b) φs = 0.411. The numerical predictions of [20] were obtained for
φs = 0.3 and φs = 0.4, respectively.

the amplitude of these stresses in absolute terms rises significantly with the average particle
volume fraction. For example, when φs = 0.298, the normal viscous stress at the wall is
approximately 9% of the applied pressure gradient F . However, when the average volume
fraction is increased to φs = 0.411, then the normal viscous stress at the wall becomes equal
to 25% of F .

Next, the sensitivity of the particle concentration profiles with respect to γs is examined.
As mentioned above, this quantity plays the role of a thermodynamic derivative and appears
in the expression for the nonlocal stress tensor of the granular phase Cs = γs∇φs ⊗ ∇φs,
as well as in the diffusion operator ∇ · (γs∇φs) on the right-hand side of the compaction
equation (3.92). Herein the case with average volume fraction φs = 0.298 is considered and
the value of the coefficient γ0 is varied, cf. (4.14).

The computed profiles of the volume fraction for different values of γ0 are plotted in
Figure 4.4. It can be observed that the variations in γ0 do not impact at all the volume
fraction close to the wall but have a dramatic effect in the central region of the channel. More
specifically, as γ0 decreases, the peak of φs at the centerline become steeper and sharper. By
contrast, higher values of γ0 result in lower gradients of φs and in more diffuse profiles.

In other words, γs influences significantly the distribution of the volume fraction across
the channel despite the fact that, as shown above, the nonlocal stress γs(dφs

dy
)2 is much smaller

than both the granular pressure and the normal viscous stress. Actually, γs exerts this in-
fluence via the diffusion operator in the compaction equation (3.92). This implies that γ0

essentially plays the role of a diffusivity constant that controls the amplitude of the volume
fraction gradients in regions of particle agglomeration and clustering. It is remarked that
this analysis is based solely on the specific correlation (4.14) that is used for γs, which is a
simple power law of φs. Nonetheless, other correlations that have appeared in the literature
also assume that γs increases with φs [28, 30]. For this reason, one can anticipate a similar
trend to be observed even for different correlations.
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Figure 4.3: Balance of stresses in the normal direction: profiles of the amplitude of the terms
entering the momentum equation (4.8) normalized by the streamwise pressure gradient F .
(a) φs = 0.298. (b) φs = 0.411.

Figure 4.4: Dependence of the profile of the volume fraction accross the channel on the
amplitude of the nonlocal stresses. Average volume fraction φs = 0.298. The dots show the
experimental data reported in [20].

Next, the parameter β0 is considered, which controls the amplitude of the intergranular
stress βs, cf. equation (4.13). The computed volume fraction profiles for different values of
β0 are plotted in Fig. 4.5. One can observe that as β0 increases, particle migration is inhibited
and the volume fraction in the central region of the channel, where particles agglomerate,
becomes smaller. Also, the maximum value and the gradient of φs decrease. In other words,
the increase of β0 flattens out the volume fraction profiles. From a physical standpoint, this is
to be expected since βs expresses the resistance of grains to compaction. Further, it is noted
that βs does not appear in the momentum balance law of the granular phase, but only in the
compaction equation (3.92) as a negative source term (sink) that mediates particle migration,
which corroborates the observed trend.

The role of the interphasial drag coefficient δ is now considered. In the previous Subsec-
tion it was mentioned that, for the flows considered herein, this coefficient is so stiff that the
velocities of the two phases equilibrate during the development of the flow. It is therefore
interesting to examine the sensitivity of the velocity equilibration with respect to δ. To this

69



Figure 4.5: Dependence of the profile of the volume fraction across the channel on the
amplitude of the integranular stress. Average volume fraction φs = 0.298. The dots show
the experimental data reported in [20].

end, the computations for the case of φs = 0.298 are repeated by multiplying the value of δ
with a shrinkage factor ε.

In Fig. 4.6 the velocity and volume fraction profiles are presented for ε = 1, which
corresponds to the physical value of δ for φs = 0.298, as well as ε = 0.01 and 0.001. From
these figures one can observe that the volume fraction and the velocity of the granular phase
us remain practically unaffected by the shrinkage of the drag coefficient. Also, it can be
seen that for ε = 0.01 the two phasial velocities remain equilibrated. In fact, δ has to be
contracted by three orders of magnitude, i.e. ε = 0.001, in order to observe a significant
difference between us and uf . More specifically, from the plots shown in Fig 4.6(a), it can
be observed that for ε = 0.001 the fluid velocity uf is uniformly higher than us. Also in this
case and in the central region of the channel with high particle concentrations, uf is almost
constant and approximately 10% higher than the maximum value of us at the centerline.
On the other hand it should be acknowledged that ε = 0.001 represents an extreme and,
most likely, physically unrealistic case. One may therefore conclude that, in the flows under
consideration, the phasial velocities remain equilibrated.

The analysis of this Section concludes with the presentation of computations at very high
particle concentrations, close to the maximum packing treshold φm. This parameter enters
the expressions for the viscosity coefficients of the granular phase, cf. Equations (4.11) and
(4.12), as well as the correlation for the integranular stress βs, cf. (4.13). All three of these
quantities diverge as φ approaches φm. In the cases examined so far, the values of the volume
fraction were sufficiently below the critical value φm; it would therefore be informative to
see how the flow profiles change as the particle concentration approaches maximum packing.
To this end computations are repeated with φs = 0.3, 0.4 and 0.5. The numerical results for
the volume fraction and velocity us are shown in Fig. 4.7a. It is interesting to observe
that in fact for φs = 0.5 the volume fraction at the central region of the channel is almost
uniform and very close to the critical value φm. Further, it can be observed that the velocity
profile in this area is almost uniform. In other words, one has the formation of an effectively
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Figure 4.6: Sensitivity analysis with respect to the drag coefficient δ. The value of δ is
multiplied by a shrinkage factor ε. (a) volume fraction φs. (b) non-dimensional phasial
velocities us and uf . It can be observed that φs and us remain practically unaffected by the
shrinkage of the drag coefficient. Further, appreciable differences between the two phasial
velocities appear only when δ is contracted by a factor of ε = 0.001.

rigid plug moving at constant velocity. This is a well known phenomenon which has been
often reported in the literature since the early works [144] and [154]. It is interesting to
mention that the central rigid plug is formed independently of the actual value of γ0. In fact
computations were repeated for γ0 = 0 and still predicted the formation of this plug.

It is also worth mentioning that φs gets very close to critical value φm but it does not
become equal to it anywhere in the flow domain. This is due to the presence of the intergran-
ular stress βs in the compaction equation (4.9) which also diverges at φm. More specifically,
according to the algorithm presented in Appendix B, the profile of φs is computed via a Pois-
son equation that contains βs on its right-hand side. As φs approaches the jamming value
φm, the right hand side of the Poisson equation becomes negative due to βs, which prevents
φs from reaching φm. It should be noted, however, that this is not a numerical cutoff; on
the contrary, the presence of βs in (4.9) expresses the physical property of granular materi-
als to resist compaction. In incompressible flows of rigid particles, when the concentration
approaches the maximum packing treshold, the resistance of particles to further compaction
can become arbitrarily large.

4.4 Conclusions

This Chapter presented a numerical study of Poiseuille flow of dense non-colloidal suspen-
sions in a narrow channel. This study is based on the two-phase continuum model developed
in Chapter 3. The computations capture accurately the particle migration towards the central
region of the channel and are in good agreement with experimental data and earlier discrete-
element computations. Also, for very dense suspensions, they predict the formation of an
effectively rigid plug in the central region of the channel moving at constant velocity, in ac-
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Figure 4.7: Flow profiles for different average volume fractions φs. (a) volume fraction φs.
(b) non-dimensional velocity of the granular phase us. For φs = 0.5 one can observe the
formation of an effectively rigid plug moving at constant velocity.

cordance with existing experimental observations. The study has been supplemented by an
analysis of the role of the integranular and nonlocal stresses acting on the granular phase.
According to it, both of these parameters influence significantly particle migration, hence
the concentration profiles across the channel. In particular, when their amplitude increases,
particle migration becomes weaker thereby resulting in smoother concentration profiles.
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Chapter 5

A numerical algorithm for the solution of
the proposed two-phase flow model

5.1 Introduction

The system of governing equations (3.88)–(3.92), which express the model of Chapter 3 for
the case of constant density, possess a complex structure that requires specific consideration
in order to be solved numerically. In particular, when attempting to devise a numerical
algorithm for the integration of this system, one is confronted with the following issues.

i. Size and complexity. With the saturation relation φf = 1 − φs, three scalar and two
vector differential equations remain to be solved in space and time. It is not obvious
how to discretize the system in time and space and, in particular, there are multiple
choices relative to the order in which to integrate the various equations.

ii. Equation coupling. The governing equations are strongly coupled. Most notably, the
phasial dynamic pressures p1

s and p1
f appear explicitly on the right-hand side of the

compaction equation (3.92), and the nonconservative product p1
f∇φs appears on the

right-hand side of the momentum equations (3.89) and (3.91). This can be contrasted
with the Navier-Stokes equations for a simple fluid, where only the gradient of the
pressure appears, and only in the momentum balance. These differences considerably
complicate the numerical solution, as further discussed in Section 5.3.

iii. Nonlinear rheology. The momentum equation for the granular phase (3.91) contains
a nonlinear expression for the viscous stresses of the granular phase, which must be
considered with care due to the high viscosity of dense suspensions.

iv. Stiff material coefficients. The majority of the experimental expressions for the mate-
rial properties of the granular phase are stiff nonlinear functions of the volume fraction
φs which present a singularity at maximum packing, requiring specific numerical treat-
ment.
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v. Divergent velocity fields. From the continuity equations (3.88) and (3.90) and the
compaction equation (3.92), it can be seen that the velocity fields us and uf are not
solenoidal even in the constant-density limit. In particular, the divergence of us can be
expressed as the following non-vanishing expression,

∇ · us = −Rec φf
(
p1
s − βs − p1

f +∇ · (γs∇φs)
)
. (5.1)

Projection methods, originally developed by Chorin [70] and independently by Temam
[71] for the solution of the incompressible Navier-Stokes equations, have been shown to be
capable of treating divergent flows of simple fluids. In fact there are extensions of the stan-
dard Chorin-Temam method, which leverage the Helmholtz decomposition of vector fields,
[156], that apply to variable-density low-Mach-number flows [157–159]. These approaches
provide a way to to cope with the source term ∂ρ

∂t
which appears in the elliptic equation for

the pressure if the flow is not solenoidal, as this term can be destabilizing with respect to
time integration [160].

In the same vein, algorithms for two-phase flow have been developed. In [42] a suit-
able generalization of the projection method, based on Ladyzhenskaya’s decomposition the-
orem [161], was shown to be applicable to two-phase flow equations such as the system
(2.1)–(2.6). In fact this is the algorithm which was used in the numerical computations of
Chapter 2. This algorithm is particularly interesting since, with the only exception of a dif-
ferent rheology formulation, the new equations (3.88)–(3.92) reduce to equations (2.1)–(2.6)
in the limit Rec → 0 where compaction is negligible.

One could then attempt to extend the method presented in [42] to equations (3.88)–(3.92).
In fact, this Chapter presents such an attempt and proposes an algorithm for the integration of
the system (3.88)–(3.92), which describes two-phase divergent flow of suspensions. It should
be stressed, however, that such extension is not direct, as there are a number of fundamen-
tal differences to be addressed. In particular the coupling between the various equations,
mentioned in point (ii) above, proves to be particularly challenging.

The structure of the Chapter is as follows. First, a comprehensive description of the algo-
rithm is given in Section 5.2; the time and space discretizations are discussed and integration
techniques for the various terms in the equations are proposed. Then, in Section 5.3, a more
detailed analysis of time-integration is performed, with the aim of providing insight into the
behaviour of the compaction equation (3.92). This is particularly important since this equa-
tion presents a peculiar structure that does not appear in previous flow models: it couples
directly the evolution of the volume fraction with the phasial pressures. It turns out that this
coupling generates a peculiar interaction with the projection method, which has not been
previously addressed in the literature and requires specific numerical treatment.
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5.2 Structure of the algorithm

5.2.1 Selection of unknown variables

Projection algorithms for the Navier-Stokes equations solve these equations whith respect to
the velocity and pressure variables; in the case of (3.88)–(3.92), there is more flexibility in
the choice of solution variables. One can, in principle, proceed analogously and solve the
system (3.88)–(3.92) with respect to the phasial velocities uf and us, the phasial pressures
pf and ps and volume fractions φf and φs. However, as discussed in [42], such choice might
not be desirable for a number of reasons. Most notably, the momentum equations (3.89)
and (3.91) contain the non-conservative product p1

f∇φs on their right-hand side; this can
jeopardize the performance of a projection method because, in general, pf is not bounded
in the L∞-norm; cf. [161] for theoretical and [77] for numerical evidence. In addition,
in many cases of practical interest, equations (3.88)–(3.92) include a term expressing the
gravitational acceleration which can be dominant, so that it is convenient to group it directly
with the phasial pressures before solving the system.

To this end, the system (3.88)–(3.92) is rearranged. More specifically, the gravity vector
g and the body-force terms ρfφfg and ρsφsg, corresponding to the fluid and granular phases,
are introduced, and the auxiliary variables pd and p′f are defined as follows,

pd = (p1
s − p1

f )φs, p′f = p1
f − ρfΦ, with Φ = ∫ g · dx. (5.2)

In the above expression the integration constant for the potential Φ is immaterial, as only the
gradient of p′f enters the equations; for instance, denoting the components of g = (g1, g2, g3),
One can set Φ = (g1x1, g2x2, g3x3). The system (3.88)–(3.92) can then be cast into the
following equations for the unknowns uf , us, p′f , pd and φs,

dφf
df t

+ φf∇ · uf = 0 , (5.3)

ρfφf
duf
df t

+ φf∇p′f =
1

Re
∇ ·Tf − δ(uf − us) , (5.4)

dφs
dst

+ φs∇ · us = 0 , (5.5)

ρsφs
dus
dst

+∇pd =
1

Re
∇·Ts −∇·Cs + δ(uf − us)− φs∇p′f + (ρs − ρf )φsg , (5.6)

dφs
dst

= Rec φsφf

(
pd
φs
− βs +∇ · (γs∇φs)

)
. (5.7)

This system is supplemented by the saturation relation,

φf + φs = 1 . (5.8)
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In the above system the following shorthand notation has been employed for the viscous
components of the stress tensors Tf and Ts and for the nonlocal stresses Cs,

Tf = (ζf∇ · uf )φfI + 2µfφfV
d
f , (5.9)

Ts = ((ζs1+ζs2)∇·us + χa)φsI + 2(µs1+µs2)φsV
d
s + χbφsVs ·Vs, (5.10)

Cs = γs∇φs ⊗∇φs. (5.11)

In equation (5.10), the terms µs1, µs2, ζs1 and ζs2 are obtained by splitting the generalized
Newtonian viscosity coefficients µs = µs1 + µs2 and ζs = ζs1 + ζs2 which were defined in
(3.63),

µs1 =
c4

2φs
, µs2 = − c5

2φs

detVs

(Vs : Vs)
3
2

, ζs1 =
3c1 + c4

3φs
, ζs2 = − c5

3φs

detVs

(Vs : Vs)
3
2

. (5.12)

The above decomposition is performed in order to separate the nonlinear components µs2 and
ζs2, which depend on the velocity gradients, since these components are treated separately
with respect to time integration, cf. also Subsection 5.2.3. According to the analysis of
Section 3.7, µs1 and ζs1 can be identified with the Newtonian viscosity coefficients measured
for planar flow, whereas µs2 and ζs2 can be expressed as functions of Vs and of a single
normal viscosity coefficient µn according to equations (3.102) and (3.105),

µs2 =
µn√

2

detVs

(Vs : Vs)
3
2

, ζs2 =
µn
√

2

3

detVs

(Vs : Vs)
3
2

. (5.13)

The terms χa and χb in equation (5.10) assume the analogous expressions derived in equa-
tions (4.1) and (4.2). It is important to notice that all the nonlinear expressions µs2, ζs2, χa
and χb are proportional to the single viscosity coefficient µn, so that the rheological descrip-
tion is completely defined by the three coefficients µs1, ζs1 and µn.

Further, it can be observed that in equations (5.4) and (5.6) only the gradients of the
phasial pressures appear. In addition, gravity does not explicitly enter the equations for the
fluid phase, and its effect is limited to a buoyancy term appearing on the right-hand side of
the momentum equation (5.6) for the granular phase; in particular, if the two phases have the
same density, this term vanishes.

5.2.2 Time discretization

The algorithm presented herein is, as usual for projection algorithms, a fractional-step method.
To this end, a semi-implicit time-marching scheme is employed; the flowchart of this scheme
is summarized now for the case of an equidistant temporal mesh with time-step ∆t1. The
superscripts n, and n + 1 are used to denote values computed at time n∆t and (n + 1)∆t,
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respectively.

1) The updated value of the volume fraction φn+1
s is computed from the compaction equa-

tion (5.7) with the following scheme,

φn+1
s − φns

∆t
=

1

2
Rec φ

n
sφ

n
f∇ · (γns∇φn+1

s + γns∇φns ) + Res
n+1/2
φ , (5.14)

where the residual Resφ corresponds to the following expression,

Resφ = − us · ∇φs + Rec φf (pd − φsβs) . (5.15)

2) The time-integration scheme for the velocity of the granular phase is as follows,

φn+1
s un+1

s − φnsuns
∆t

+
∇pn+1/2

d

ρs
=

1

ρsRe
∇·
(
µn+1
s1 φn+1

s (Vd
s)
n+1 + µns1φ

n
s (Vd

s)
n
)

+

1

2ρsRe
∇·
(
ζn+1
s1 φn+1

s (∇·us)n+1I + ζns1φ
n
s (∇·us)nI

)
+

Resn+1/2
s +

ρs − ρf
ρs

φn+1
s g , (5.16)

where the residual Ress is given by,

Ress = −∇ · (φsus ⊗ us) +∇ ·
(
γs
ρs
∇φs ⊗∇φs

)
− φs∇

(
p′f
ρs

)
+

δ

ρs
(uf − us)

+
1

ρsRe
∇ ·
(
(ζs2∇ · us + χa)φsI + 2µs2φsV

d
s + χbφsVs ·Vs

)
. (5.17)

In order to avoid the inversion of the nonlinear equation (5.16), a fractional projection
is employed. In a preliminary “advection–diffusion step”, a provisional value of the
granular velocity ũs is computed as follows,

φn+1
s ũs − Ls = φnsu

n
s +Rs + ∆tResn+1/2

s (5.18)

with Ls and Rs defined as

Ls =
∆t

ρsRe
∇ · (µn+1

s1 φn+1
s Ṽd

s) +
∆t

2ρsRe
∇ · (ζn+1

s1 φn+1
s (∇·ũs)I) (5.19)

Rs =
∆t

ρsRe
∇ · (µns1φns (Vd

s)
n) +

∆t

2ρsRe
∇ · (ζns1φns (∇·us)nI) (5.20)

It can be observed from equation (5.18) that the proposed method belongs to the class
of pressure-free methods.

1For the sake of simplicity, the algorithm is presented here as a simple fractional-step time iteration. This
algorithm can be directly cast in terms of a predictor-corrector method, by repeating the iteration twice; to this
end, it is sufficient to mirror the procedure described in [77].
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Subsequently, the projection step is performed,

φn+1
s ũs = φn+1

s un+1
s +

∆t

ρs
∇qn+1

d −∆t
ρs − ρf
ρs

φn+1
s g . (5.21)

The quantity qn+1
d is not the same as the pressure pn+1/2

d appearing in (5.16). Rather,
it is an auxiliary numerical variable that enforces the Helmholtz decomposition and is
denoted as “granular auxiliary pressure” in this Chapter. Of course, qn+1

d and pn+1/2
d

are closely related; in fact qd and pd can be identified up to first order in time, [162],

p
n+1/2
d = qn+1

d + εn+1
d , εd = O(∆t). (5.22)

Later in this Section, a second-order accurate expression is obtained for εd. Never-
theless, the computation of this quantity is quite cumbersome in the present case, due
to the fact that a Poisson equation has to be solved for this quantity at each time step
(with third-order differential operators in the source term on the right-hand side). For
this reason, and in view of the complexity of the system, in what follows, pn+1/2

d is
identified with qn+1

d , so that the proposed algorithm computes the pressure field with
first-order accuracy.

Further, it can be seen that equations (5.21) contains the gravity term on the right-hand
side, which might come as a surprise because its presence is not customary in the liter-
ature of projection methods; typically, this term is incorporated in the computation of
the provisional velocity ũs. The rationale behind this choice is that it allows an efficient
implementation of boundary conditions, as elaborated in the discussion of boundary
conditions below. In this respect, it can be observed that (5.21) actually constitutes the
Helmholtz–Marsden decomposition of the vector field φsũs + ∆t

ρs−ρf
ρs

φsg, cf. also
[156].

The granular auxiliary pressure qn+1
d is computed as the solution to the elliptic prob-

lem that emerges upon projecting equation (5.21) over the subspace of fields with a
specified divergence. More specifically, by virtue of the continuity and compaction
equations (5.5) and (5.7), at every time step the term ∇ · (φsus) has to satisfy the
following relation,

∇ · (φsus) = us · ∇φs−Rec φsφf

(
qd
φs
βs +∇ · (γs∇φs)

)
. (5.23)

Consequently, taking the divergence of equation (5.21) allows to enforce the diver-
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gence constraint (5.23). The following equation is obtained,

∇ · (φn+1
s ũs)=uns · ∇φn+1

s −Rec φ
n+1
s φn+1

f

(
qn+1
d

φn+1
s

−βn+1
s +∇·(γn+1

s ∇φn+1
s )

)
+

∆t

ρs
∇2qn+1

d −∆t
ρs − ρf
ρs

∇φn+1
s · g . (5.24)

This specific choice of time integration is crucial for the performance of the method;
in particular, it is remarked that the value of qd on the right-hand side of the divergence
constraint (5.23) is computed implicitly with respect to time. The implications of this
choice are further discussed in Section 5.3.

Equation (5.24) is rearranged in order to obtain the following elliptic problem for qn+1
d ,

∇2qn+1
d −

ρsRec φ
n+1
f

∆t
qn+1
d =

ρsRec φ
n+1
s φn+1

f

∆t

(
∇·(γn+1

s ∇φn+1
s )− βn+1

s

)
+

(ρs − ρf )∇φn+1
s · g +

ρs
∆t
∇ · (φn+1

s ũs) . (5.25)

Once the granular auxiliary pressure qn+1
d has been calculated as the solution of the

corresponding linear system, the granular velocity is updated via (5.21),

un+1
s = ũs −

∆t

ρsφn+1
s

∇qn+1
d + ∆t

ρs − ρf
ρs

g . (5.26)

3) In analogy to the granular phase, the time–integration scheme for the fluid phase reads,

φn+1
f un+1

f − φnfunf
∆t

= −
φn+1
f

ρf
∇p′n+1/2

f

+
1

ρfRe
∇ ·
(
µn+1
f φn+1

f (Vd
f )
n+1 + µnfφ

n
f (Vd

f )
n
)

+
1

2ρfRe
∇ ·
(
ζn+1
f φn+1

f (∇·uf )n+1I + ζnf φ
n
f (∇·uf )nI

)
+ Res

n+1/2
f , (5.27)

where the residual Resf is given by,

Resf = −∇ · (φfuf ⊗ uf )−
δ

ρf
(uf − us) . (5.28)

In the “advection–diffusion” step of the fluid phase, the provisional fluid velocity ũf

is computed as follows,

φn+1
f ũf − Lf = φnfu

n
f +Rf + ∆tRes

n+1/2
f (5.29)
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with Lf and Rf defined as

Lf =
∆t

ρfRe
∇ · (µn+1

f φn+1
f Ṽd

f ) +
∆t

2ρfRe
∇ · (ζn+1

f φn+1
f (∇·ũf )I) (5.30)

Rf =
∆t

ρfRe
∇ · (µnfφnf (Vd

f )
n) +

∆t

2ρfRe
∇ ·
(
ζnf φ

n
f (∇·uf )nI

)
(5.31)

The projection step for the fluid phase assumes the form,

φn+1
f ũf = φn+1

f un+1
f + ∆t

φn+1
f

ρf
∇q′n+1

f , (5.32)

where, analogously to the granular phase, q′f is the “fluid auxiliary pressure”. From
equations (5.3), (5.5) and (5.8), one obtains that the term ∇ · (φsuf ) has to satisfy the
following relation,

∇ · (φn+1
f un+1

f ) = −∇ · (φn+1
s un+1

s ). (5.33)

Since un+1
s has been already updated, equation (5.33) can be used to compute the fluid

auxiliary pressure directly. More precisely, the fluid auxiliary pressure is computed as
the solution of the following elliptic problem,

∇ · (φn+1
f ∇q′n+1

f ) =
ρf
∆t
∇ · (φn+1

f ũf ) +
ρf
∆t
∇ · (φn+1

s un+1
s ) . (5.34)

Following the computation of the fluid auxiliary pressure q′n+1
f , the fluid velocity is

updated via (5.32),

un+1
f = ũn+1

f − ∆t

ρf
∇q′n+1

f . (5.35)

Explicit integration of the residuals Resφ, Ress and Resf

The time-marching scheme just described is essentially a Crank-Nicolson method for the
integration of the diffusive operator inside the compaction equation (5.7) and for the Newto-
nian component of the viscous fluxes of both phases.

On the other hand the remaining residuals, denoted as Resφ, Ress and Resf in equations
(5.14), (5.16) and (5.27), are evaluated explicitly at n + 1/2. Resφ contains the convective
term uns · ∇φns and the source term Rec φf (qd − φsβs), while Ress and Resf contain the
convective fluxes ∇ · (φαuα ⊗ uα) as well as source terms that describe the momentum
exchange between the phases, the nonlinear rheology and the divergence of the configuration
stress tensor γs∇φs ⊗∇φs. Following [163], the approximation of these terms is performed
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with a second-order Adams-Bashforth scheme so that,

Res
n+1/2
φ ≈ 3

2
Resnφ −

1

2
Resn−1

φ , (5.36)

Resn+1/2
α ≈ 3

2
Resnα −

1

2
Resn−1

α , α = s, f . (5.37)

Boundary conditions

The use of a Crank-Nicolson scheme, and actually of any implicit or semi-implicit scheme,
for the time integration of the diffusive operator in equation (5.14) and of the viscous fluxes
in (5.16) and (5.27) presumes that the volume fraction φs and the provisional velocities ũa be
endowed with appropriate boundary conditions. For the volume fraction the prescription of
boundary conditions concerns an advection-diffusion scalar equation and is not particularly
problematic from a numerical perspective; on the other hand, the choice of proper boundary
conditions for the provisional velocity is crucial for the correct implementation of tangential
boundary conditions for the true velocity [162].

An application of the analysis of [162] to equations (5.3)–(5.8) dictates that the tangential
components of the provisional velocities be assigned the following boundary conditions,

ũn+1
s |∂Ω · τ = un+1

s |∂Ω · τ +
∆t

ρsφn+1
s

∇qn+1
d |∂Ω · τ −∆t

ρs − ρf
ρs

g · τ , (5.38)

ũn+1
f |∂Ω · τ = un+1

f |∂Ω · τ +
∆t

ρf
∇q′n+1

f |∂Ω · τ , (5.39)

where ∂Ω denotes the boundary of the domain Ω and τ is a versor oriented as the velocity
component tangential to the boundary. In fact, relations (5.38) and (5.39) simply express the
tangential component of equations (5.26) and (5.35), respectively.

The quantities un+1
s |∂Ω ·τ and un+1

f |∂Ω ·τ are known since they are specified as boundary
conditions; φn+1

s is also known, as the volume fraction is the first variable to be updated.
However, neither qn+1

d nor q′n+1
f are known at this stage of the algorithm and, therefore, they

need to be approximated. It can be shown that employing qnd and q′nf instead of qn+1
d and

q′n+1
f in equations (5.38) and (5.39) does not alter significantly the convergence properties of

the scheme, cf. also the relevant discussion in [163]; this choice is followed here. Thus, the
boundary conditions for the tangential components of ũs and ũf read,

ũn+1
s |∂Ω · τ = usb · τ +

∆t

ρsφn+1
s

∇qnd |∂Ω · τ −∆t
ρs − ρf
ρs

g · τ , (5.40)

ũn+1
f |∂Ω · τ = ufb · τ +

∆t

ρf
∇q′nf |∂Ω · τ . (5.41)

On the other hand, the boundary conditions for the normal components of ũs and ũf are
inherited from the Helmholtz decomposition and, in particular, from the requirement that the
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decomposition is orthogonal. One obtains

ũn+1
s |∂Ω · n = un+1

s |∂Ω · n = usb · n , (5.42)

ũn+1
f |∂Ω · n = un+1

f |∂Ω · n = ufb · n , (5.43)

where n denotes the versor normal to the boundary. Finally, as regards the boundary condi-
tions for the phasial pressures, they are directly induced by combining (5.42) and (5.43) with
(5.26) and (5.35), respectively. This yields,

∇qn+1
d |∂Ω · n = φn+1

s (ρs − ρf )g · n, (5.44)

∇q′n+1
f |∂Ω · n = 0 . (5.45)

In other words, each phase is endowed with a different Neumann problem.

A note on the role of the auxiliary pressures

The relation between the auxiliary pressures qnd and q′nf and the pressures pnd and p′nf is quite
delicate and constitutes one of the most difficult parts in the analysis of projection methods.
In order to clarify this point it is first noted that, for the case of the Navier-Stokes equations,
the pressure term computed by projection methods can exhibit artificial boundary layers due
to the boundary conditions that it inherits from the Helmholtz decomposition. More specifi-
cally, the normal component of the momentum equation at the wall provides a constraint for
the pressure which depends on residual terms such as the viscous stresses and is not neces-
sarily compatible with the constant Neumann condition which is imposed on the Helmholtz
decomposition. A detailed analysis of this point is performed in [164], the authors of which
additionally establish the thickness of such layers as a function of ∆t. As shown in [165],
the computed pressure converges to the solution only on the average, a type of convergence
for which boundary layers are inconsequential.

The same manifestation of boundary layers in the pressure fields is expected for the
governing system (5.3)–(5.8) as well. More precisely, this is due to the fact that ∇p′f and
∇pd are constrained by equations (5.4) and (5.6), which are not automatically compatible
with boundary conditions on ∇q′f and ∇qd imposed through equations (5.26) and (5.35).
For the case of the Navier-Stokes equations, the discrepancy between the auxiliary pressure
that is used in the projection and the actual pressure is not a fundamental issue since the
algorithm only requires the auxiliary pressure for time integration; if one is not interested
in the value of the pressure field it is not even necessary to compute it. On the other hand,
for the system (5.3)–(5.8), the values of the phasial pressures pn+1/2

d and p′n+1/2 are required
in order to advance the algorithm, since they enter the expressions for Resφ and Ress in
equations (5.14) and (5.16), respectively. As mentioned with respect to equation (5.22),
these quantities do not exactly coincide with qn+1

d and q′n+1, as they differ by first-order
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terms in ∆t,

p
n+1/2
d = qn+1

d + εn+1
d , p′n+1/2 = q′n+1 + ε′n+1, (5.46)

with εd and ε′ of order O(∆t). Following the procedure proposed in [162], it is possible to
obtain second-order accurate expressions for the gradient of the quantities εn+1

d and ε′n+1.
These are derived by combining equations (5.16), (5.18) and (5.26), as well as equations
(5.27), (5.29) and (5.35). The following relations are obtained,

∇εn+1
d = − ∆t

2ρsRe
∇ ·
(
µn+1
s1 φn+1

s Qd + ζn+1
s1 φn+1

s Rd

)
, (5.47)

∇ε′n+1 = − ∆t
2ρfφfRe

∇ ·
(
µn+1
f φn+1

f Q′ + ζn+1
f φn+1

f R′
)
, (5.48)

where,

Qd = ∇
(
∇(qn+1

d )

φn+1
s

)
+∇

(
∇(qn+1

d )

φn+1
s

)T
− 2

3
∇ ·
(
∇(qn+1

d )

φn+1
s

)
I , (5.49)

Rd = ∇ ·
(
∇(qn+1

d )

φn+1
s

)
I , (5.50)

Q′ = ∇∇q′n+1
f +

(
∇∇q′n+1

f

)T
− 2

3
∇ · (∇q′n+1

f )I , (5.51)

R′ = ∇ ·
(
∇(q′n+1)

)
. (5.52)

As shown in [162], in the case of the Navier-Stokes equations the same procedure is sufficient
to obtain second-order accuracy for the pressure term, due to the fact that only the gradient
of the pressure correction appears in the equations. In the present case, on the other hand,
the auxiliary pressures pd and p′ appear directly in the governing equations (5.3)–(5.8), so
that it is not sufficient to know the gradients of εd and ε′ and the values of εd and ε′ have
to be known instead. In order to determine them, taking the divergence of equations (5.47)
and (5.48) provides two Poisson equations for εd and ε′, which can be used to compute these
quantities if appropriate boundary conditions are known. However, this is not a trivial task:
for instance, Neumann conditions for pd and p′ are not sufficient: these boundary conditions
provide Neumann conditions for εd and ε′ through equations (5.44), (5.45) and (5.46), but
the integration constants remain to be determined. In view of this complexity, and further of
the fact that it is challenging to compute accurately the right-hand sides of equations (5.47)
and (5.48) since they contain third-order differential operators, the pressure-correction terms
εd and ε′ are neglected in the computation of the following numerical results presented in
Chapter 6. In the case that second-order convergence for the pressure terms must be enforced,
it is preferable to cast the proposed algorithm as a predictor-corrector method, cf. [77, 158].
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5.2.3 Spatial discretization

In order to describe the spatial discretization, a uniform mesh is introduced on a rectangular
domain. More precisely this mesh consists of a finite collection of equidistant 3-dimensional
rectangles Ki,j,k, i = 1, ...Mx1 , j = 1, ...,Mx2 , k = 1, ...,Mx3 , lexicographically ordered
with respect to the Cartesian coordinates of their cell centers (x1i , x2j , x3k). The length of
the cells in each dimension is denoted by ∆x1, ∆x2 and ∆x3, respectively. Throughout this
Section, the following standard notation convention is adopted: for every quantity f ,

f(i, j, k) ≡ f(x1i , x2j , x3k) , (5.53)

f(i± 1
2
, j ± 1

2
, k ± 1

2
) ≡ f(x1i ± ∆x1

2
, x2j ± ∆x2

2
, x3j ± ∆x3

2
) . (5.54)

Further, two discrete operators are introduced. First, the finite-difference operator acting on
a function f(x1i , x2j , x3k). When applied to the x1-direction is given by,

δnf(i, j, k)

δx1

=
f(x1i + n∆x1

2
, x2j, x3k)− f(x1i − n∆x1

2
, x2j, x3k)

n∆x1

. (5.55)

Second, the linear interpolation operator, whose action along the x1-direction reads,

f
nx1

(i, j, k) =
f(x1i + n∆x1

2
, x2j , x3k) + f(x1i − n∆x1

2
, x2j , x3k)

2
. (5.56)

Expressions for the above operators acting on the other directions can be directly obtained
by symmetry.

Compaction equation and volume-fraction regularization

The time integration of the compaction equation (5.7) requires to compute the advective
transport term in Resφ which appears in equation (5.14). Since the volume fraction φs

can formally be a discontinuous function and, even from a physical standpoint, exhibits very
sharp variations in problem of practical interest, an adequate treatment of the convective term
is required. This can be accomplished with an upwind scheme such as the Corner-Transport-
Upwind (CTU) algorithm proposed in [166], which constitutes a second-order generalization
of the standard upwind scheme to multiple dimensions.

Discontinuities in the volume fraction φs are also problematic since most coefficients
in the system (5.3)–(5.8) depend on the volume fraction φs. In turn, discontinuities can
trigger severe numerical instabilities that may not be remedied unless a prohibitively small
time–step ∆t is adopted. Moreover, from the analytical point of view, there is no a priori

guarantee that the governing equations are well-posed for discontinuous values of φs. For
these reasons, a treatment of these instabilities is performed with a regularization method.

The idea behind any regularization method is to replace the values of the discontinuous
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function in the vicinity of the discontinuity by those of a smoother, and preferably compactly
supported, one. These methods, usually referred to as diffuse–interface methods, are backed
with a solid theoretical framework; see, for example, the recent discussions of [167, 168] and
references therein. In particular, the perturbations induced by the use of the regularization
lead to well-posed problems whilst the corresponding numerical schemes converge to the
original solutions as the support of the regularization approaches zero.

However, despite their conceptual simplicity, regularization methods are not easy to im-
plement when the interface is multi-dimensional and time-evolving. Moreover, the width
of the regularization and its dependence on the spatial resolution of the numerical method
remain a contentious topic, [77, 169].

In the present case a simple regularization technique is employed, which is easy to imple-
ment and able to treat complicated geometries: the so-called parabolic regularization. More
specifically, at every step of the algorithm, and following the update of the volume fraction
φn+1
s , the next sequence of operations is performed.

1) For every computational cell Kijk, the differences between the value of φn+1
s in K

with the values of φn+1
s in the adjacent cells |φn+1

s (Kijk) − φn+1
s (K ′)| , is computed,

i.e. compute for all cells K ′ that possess a common face with Kijk. An interface exists
in the direction normal to the common face of A and B if,

|φn+1
s (Kijk)− φn+1

s (K ′)| > δ1 ,

where δ1 > 0 is the parameter that differentiates between a discontinuity and a regular
transition.

2) Regularized values φrs are computed by iterating the following parabolic problem,

φr+1
s − φrs

∆t
= ε∇2φrs , (5.57)

φ0
s = φn+1

s , (5.58)

where ε is a suitably chosen regularization parameter until,

|φr+1
s (Kijk)− φr+1

s (K ′)| ≤ δ2 , ∀Kijk. (5.59)

In this expression δ2 ≤ δ1. If δ2 = δ1 the regularization procedure can potentially per-
formed at every time iteration; by choosing a lower δ2 the amount of artificial diffusion
can be controlled depending on the specific problem.

3) The regularized values φr+1
s are used as updated values of the volume fraction.
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Convective fluxes and odd-even decoupling

The numerical computations presented in this work have been performed with finite differ-
ences on a collocated grid. It is well-known that this type of spatial discretization requires
additional treatment in order to cope with a velocity-pressure numerical instability usually
denoted as “odd-even decoupling”. Herein a specific interpolation of the convective fluxes
is employed, the Rhie-Chow interpolation, which addresses this issue in a systematic way
[170–174].

The core idea of this procedure is to compute the velocity at the cell interfaces by combin-
ing values of both the velocity and the gradient of the pressure. In this case, an interpolation
scheme can be deduced from equations (5.21) and (5.32). Indeed, conservation of momen-
tum dictates that (5.21) and (5.32) are valid both at the cell centers and interfaces. For the
sake of brevity, the consequences of this fact are listed below for an interface normal to the
(x1, x2) plane. At such interface, equations (5.21) and (5.32) assume the following form,

φns (i, j, k ± 1
2
)uns3(i, j, k ± 1

2
) = φns (i, j, k ± 1

2
)ũns3(i, j, k ± 1

2
)

− ∆t

ρs

∂qnd
∂x3

(i, j, k ± 1
2
)

+ ∆t
ρs − ρf
ρs

φns (i, j, k ± 1
2
)e3 · g , (5.60)

φnf (i, j, k ± 1
2
)unf3

(i, j, k ± 1
2
) = φnf (i, j, k ± 1

2
)ũnf3

(i, j, k ± 1
2
)

− ∆t

ρf
φnf (i, j, k ± 1

2
)
∂q′nf
∂x3

(i, j, k ± 1
2
) . (5.61)

in these equations and in what follows, all instances of the± symbol in each equation specify
the same sign (either all positive or all negative). The quantities on the right-hand side of the
above equations can be approximated as follows,

φns (i, j, k ± 1
2
)ũns3(i, j, k ± 1

2
) ≈ φns (i, j, k ± 1

2
) ũns3(i, j, k ± 1

2
)
1x3

, (5.62)

φnf (i, j, k ± 1
2
)ũnf3

(i, j, k ± 1
2
) ≈ φnf (i, j, k ± 1

2
) ũnf3

(i, j, k ± 1
2
)
1x3

, (5.63)

∂qnd
∂x3

(i, j, k ± 1
2
) ≈

δ1qnd (i, j, k ± 1
2
)

δx3

, (5.64)

φnf (i, j, k ± 1
2
)
∂q′nf
∂x3

(i, j, k ± 1
2
) ≈ φnf (i, j, k ± 1

2
)
1x3 δ1q′nf (i, j,±1

2
)

δx3

, (5.65)

φns (i, j, k ± 1
2
)e3 · g ≈ φns (i, j, k ± 1

2
)
1x3

e3 · g . (5.66)
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Next, the following short-hand notation is introduced,

M3
s (i, j, k ± 1

2
) = φns (i, j, k ± 1

2
) ũns3(i, j, k ± 1

2
)
1x3 − ∆t

ρs

δ1qnd (i, j, k ± 1
2
)

δx3

+ ∆t
ρs − ρf
ρs

φns (i, j,±1
2
)
1x3

e3 · g , (5.67)

M3
f (i, j, k ± 1

2
) = φnf (i, j, k ± 1

2
) ũnf3

(i, j, k ± 1
2
)
1x3

− ∆t

ρf
φnf (i, j, k ± 1

2
)
1x3 δ1q′nf (i, j,±1

2
)

δx3

. (5.68)

Then, by combining (5.60), (5.61) with (5.67) and (5.68), one readily obtains the following
interpolation for φaua,

φs(i, j, k ± 1
2
)us3(i, j, k ± 1

2
) ≈M3

s (i, j, k ± 1
2
) , (5.69)

φf (i, j, k ± 1
2
)uf3(i, j, k ± 1

2
) ≈M3

f (i, j, k ± 1
2
) . (5.70)

The quantitiesM1
α(i, j, k± 1

2
) andM2

α(i, j, k± 1
2
) can be defined by direct analogy. Then, the

final expressions for cell interfaces normal to the other planes assume the following form,

φα(i± 1
2
, j, k)uα3(i± 1

2
, j, k) ≈M1

α(i± 1
2
, j, k) , (5.71)

φα(i, j ± 1
2
, k)uα3(i, j ± 1

2
, k) ≈M2

α(i, j ± 1
2
, k) , α = s, f . (5.72)

The interpolation scheme provided by equations (5.69)–(5.72) introduces a coupling be-
tween the phasial velocities and pressures that is sufficient to remedy the odd-even decou-
pling problem. In particular, the divergence theorem yields, for an arbitrary cell Kijk,∫

Ki,j,k

∇ · (φαuα ⊗ uα)dx =

∫
∂Ki,j,k

φαuα ⊗ uα · dS , α = s, f . (5.73)

Then, by combining (5.69)–(5.72) with the right-hand side of (5.73), the following discretiza-
tion scheme for the convective fluxes is obtained,∫

∂Ki,j,k

φαuα ⊗ uα·dS ≈
M1

α(i+ 1
2
, j, k)u1x1

α (i+ 1
2
, j, k)−M1

α(i− 1
2
, j, k)u1x1

α (i− 1
2
, j, k)

∆x1

+

M2
α(i, j+ 1

2
, k)u1x2

α (i, j+ 1
2
, k)−M2

α(i, j− 1
2
, k)u1x2

α (i, j− 1
2
, k)

∆x2

+

M3
α(i, j, k+ 1

2
)u1x3

α (i, j, k+ 1
2
)−M3

α(i, j, k− 1
2
)u1x3

α (i, j, k− 1
2
)

∆x3

.

(5.74)
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Diffusive fluxes

For the discretization of the second-order linear operators, conservative second-order cen-
tered finite differences are employed; this is the typical choice in the literature of projection
methods. More specifically, this is done for the operators Vd

α,∇·uα and∇· (γs∇φs) appear-
ing in equations (5.4), (5.6) and (5.7).

The partial viscosities µfφf , ζfφf , µs1φs and ζs1φs, and the coefficient γs have to be
computed at the cell interfaces; this matter is not trivial, since these expressions are nonlinear
functions of the volume fraction φs which can exhibit large variations near the jamming limit.
For the flows considered in this thesis, preliminary computations were performed in order
to compare linear and harmonic interpolation, showing only minor differences. As a result,
herein linear interpolation is chosen.

Nonlinear viscous stresses

The present model predicts that the granular phase exhibits non-Newtonian viscous stresses;
more precisely, the following term is part of the viscous stress Ts on the right-hand side of
equation (5.6),

1

ρsRe
∇ ·
(
(ζs2∇ · us + χa)φsI + 2µs2φsV

d
s + χbφsVs ·Vs

)
, (5.75)

and enters the expression for the residual Ress in equation (5.16). The following shorthand
notation is introduced,

trVs = a1, Vs : Vs = a2, detVs = a3. (5.76)

Then, the term in (5.75) can be written as

1

ρsRe
∇ · (µnφsN) (5.77)

where N denotes the following quantity,

N=

(√
2

3

a3

a
3/2
2

∇·us +
3a2 − a2

1√
2a2

− 2
√

2

√
a2−

a2
1

3

)
I +
√

2
a3

a
3/2
2

Vd
s −

√
2

a2

Vs ·Vs. (5.78)

In order to compute this expression, the derivatives of the velocity field us have to be ob-
tained at the cell faces. Linear interpolation is employed, together with conservative second-
order centered finite differences, analogously to the scheme used for the computation of the
diffusive fluxes.

An important consideration regards the stability of the expression (5.78) in the limit
a2 → 0, as this quantity appears in the denominators of this expression. From a mathemati-
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cal standpoint there is no singularity in this limit, as explained in Subsection 3.3.1. However,
the numerical behaviour of the discretized expression is not as clear-cut due to truncation
errors relative to the specific implementation. For this reason expression (5.78) is regular-
ized with the introduction of a treshold τ for a2. More precisely, in pseudo-code notation,
a2 = max(a2, τ). This treshold can typically be set as a very small number; as an example,
the computation of Chapter 6 have been obtained with τ = 10−10.

Finally, it is remarked that the viscosity coefficients of suspensions close to maximum
packing can assume extremely high values, cf. for instance the expression (4.12) for µn.
This implies the necessity of considering the following parabolic-type constraint,

∆t .
Re min ∆xj

2

µn
, j = 1, ..., 3 , (5.79)

which can become quite stringent in the case of dense small-scale flows. It is often the
case in applications that flow is limited to regions where the volume fraction is far from
maximum packing, and that the region which is densely packed can be considered immobile
relatively to the time scale of the primary flow. In this case, an artificial treshold for the
coefficient µn can be introduced close to maximum packing in order to mitigate the issue.
For example, in pseudo-code notation, the treshold µn = min(µn, µn|φs=0.59) has been used
for the computations discussed in Section 6.4.

Configuration stress tensor

The divergence of the configuration stress tensor ∇ · (γs∇φs ⊗ ∇φs) is a highly nonlinear
differential operator and, as such, its discretization requires particular attention. Herein the
following identity is employed,

∇ · (γs∇φs ⊗∇φs) = (∇ · (γs∇φs)I + γsH(φs))∇φs , (5.80)

where H(φs) is the Hessian of φs; the discretization is then performed as follows. The
diagonal tensor∇ · (γs∇φs)I is approximated via the divergence theorem,

∇ · (γs(i, j, k)∇φs(i, j, k))I '(
γ1x1(i+ 1

2
, j, k)

δ1φs(i+
1
2
,j,k)

δx1
− γs1x1(i− 1

2
, j, k)

δ1φs(i− 1
2
,j,k)

δx1

∆x1

+
γs

1x2(i, j + 1
2
, k)

δ1φs(i,j+
1
2
,k)

δx2
− γs1x2(i, j − 1

2
, k)

δ1φs(i,j− 1
2
,k)

δx2
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+
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2
)
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2
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δx3
− γs1x3(i, j, k − 1

2
)
δ1φs(i,j,k− 1

2
)

δx3

∆x3

 I . (5.81)
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Both the diagonal and the off-diagonal components of the Hessian operator H(φs) are ap-
proximated via cell centered, second-order finite differences. Finally, the multiplier ∇φs is
also approximated via the divergence theorem as follows,


∂φs(i,j,k)

∂x1

∂φs(i,j,k)
∂x2

∂φs(i,j,k)
∂x3

 ≈


1
2

(
δ1φs(i+

1
2
,j,k)

δx1
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δ1φs(i− 1
2
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δx1

)
1
2

(
δ1φs(i,j+

1
2
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δx2
+
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2
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)
1
2

(
δ1φs(i,j,k+ 1

2
)

δx3
+

δ1φs(i,j,k− 1
2

)

δx3

)

 (5.82)

5.3 Coupling between compaction and projection

As previously mentioned in Subsection 5.2.2, the specific time discretization of equation
(5.24) has a profound impact on the performance of the numerical algorithm. In fact, the
application of a projection method to the system of equations (5.3)–(5.8) entails a peculiar
structure which is, to the best of the author’s knowledge, new to the literature. More pre-
cisely, the compaction equation (5.7) explicitly contains the phasial pressures, which results
in a strong coupling with the projection equation (5.24). In this Section the interaction of
equations (5.7) and (5.24) is investigated, in order to gain insight into its implications from
the numerical standpoint. Identifying pd and qd in equation (5.22), the compaction equation
(5.7) can be written as

∂φs
∂t

= −us · ∇φs + Rec φsφf

(
qd
φs
− βs +∇ · (γs∇φs)

)
. (5.83)

Further, combining the projection equation (5.21) with mass conservation for the granular
phase, (2.8), the elliptic problem for qd can be written as

∇2qn+1
d =

ρs
∆t

[
∇(φn+1

s ũs) +
∂φs
∂t

]
+ (ρs − ρf )φsg. (5.84)

The right-hand side of equation (5.83) explicitly contains the auxiliary granular pressure qd
and, in turn, the left-hand side of this equation is a source term in the elliptic equation (5.84)
for qd. This direct coupling constitutes a fundamental difference with respect to existing
algorithms for solenoidal flows such as the one employed in Chapter 2 and described in
Appendix A; it turns out that it can originate a strong numerical instability, and that a specific
treatment is required. In particular, the presence of the time derivative of the volume fraction
∂φs
∂t

inside equation (5.84) can not be avoided, whereas in the case of solenoidal flow it is
possible to obtain a Poisson equation for qd by dividing the projection equation by φs and
exploiting the constraint∇ · us = 0, cf. also the corresponding equation (A.14).
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Time-integration properties

In order to contextualize the numerical treatment implemented in Subsection 5.2.2, a linear
stability analysis is performed. In principle, one should evaluate the entire system (3.88)–
(3.92), as all the equations in that system are coupled; this is a long and tedious task due
to the complexity of the system, especially if the semi-implicit time-integration scheme of
5.2.2 is maintained. Nevertheless, on the basis on numerical experiments, it is possible to
identify the terms whose integration is problematic; in turn, this allows to analyze explicitly
a simplified system which maintains only the important terms.

In the present case, the challenge stems from the coupling of equations (5.83) and (5.84),
and the important terms appear in the following reduced versions of equations (5.83) and
(5.84),

∂φs
∂t

= Rec φsφf

(
qd
φs
− βs +∇ · (γs∇φs)

)
, (5.85)

∇2qd =
ρs
∆t

∂φs
∂t

. (5.86)

In these equations, the terms involving velocities and body force have been dropped. The
rationale behind this choice is that, according to numerical experiments, the time integration
of equations (5.83) and (5.84) is problematic due to a strong instability that is present irre-
spectively of these terms. This reduced system is sufficiently tractable that it can be analyzed
explicitly, yet it maintains the terms of the original system that are challenging to integrate.

The behaviour of the system (5.85)–(5.86) is examined for a perturbation around equi-
librium at uniform volume fraction φs,

qd
φs

= βs, φs = φ0, qd = q0. (5.87)

This simple state is a solution of both equations (5.85)–(5.86) and of the original system
(3.88)–(3.92), and corresponds to a suspension at rest with uniform concentration. A small
perturbation in φs and qd is considered,

φs = φ0 + εφ(x, t), qd = q0 + εq(x, t). (5.88)

After linearization around the equilibrium state, replacing the time derivative in equation
(5.86) through equation (5.85), one obtains

∂εφ
∂t

= Rec φ0(1− φ0)

(
εq
φ0

− εφ
∂βs
∂φs

+ γs∇2εφ

)
, (5.89)

∇2εq =
Rec φ0(1− φ0)ρs

∆t

(
εq
φ0

− εφ
∂βs
∂φs

+ γs∇2εφ

)
. (5.90)

It is now possible to compare different time-integration schemes. The above system is linear
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in εφ and εq; a perturbation mode of wavenumber λ in direction x is considered, so that

εφ = cφ(λ, t)eiλx, εq = cq(λ, t)e
iλx. (5.91)

To begin with, an explicit time-integration scheme is examined,

εn+1
φ = εnφ + ∆tRec φ0(1− φ0)

(
εnq
φ0

− εnφ
∂βs
∂φs

∣∣∣∣
φ0

+ γs|φ0
∇2εφ

)
, (5.92)

∇2εn+1
q =

Rec φ0(1− φ0)ρs
∆t

(
εnq
φ0

− εnφ
∂βs
∂φs

∣∣∣∣
φ0

+ γs|φ0
∇2εφ

)
. (5.93)

This scheme constitutes the natural generalization of a fractional-step projection algorithm
for solenoidal flows such as the one described in Appendix A. Introducing the perturbation
mode (5.91), and employing centered second-order differences with uniform spacing ∆x for
the space discretization of the Laplacian operator, the following linear system is obtained for
the modal coefficients cφ and cq,(

cn+1
φ

cn+1
q

)
= M1

(
cnφ
cnq

)
, (5.94)

where the matrix M1 is given by

M1=

1 + ∆tRecφ0(1− φ0)

(
−∂βs
∂φs

∣∣∣
φ0

+
2γs|φ0

(cos(λx)−1)

∆x2

)
∆tRec(1− φ0)

−Rec φ0(1−φ0)ρs
∆t

∆x2

2(cos(λx)−1)
∂βs
∂φs

∣∣∣
φ0

+
Rec φ0(1−φ0)ρs γs|φ0

∆t
Rec(1−φ0)ρs

∆t
∆x2

2(cos(λx)−1)

 .

(5.95)

A necessary requirement for stability is that the modulus of the eigenvalues of M1 can not
exceed one. However, this can not be guaranteed for small wavenumber λ: the expression
cos(λx)−1 is present in the denominators of the entries of the row relative to cq. In particular,
the zero-th order mode corresponding to λ = 0 is singular.

An alternative approach to the integration of the system (5.85)–(5.86) is to exploit its
linearity and solve the second equation implicitly with respect to qn+1, so that

εn+1
φ = εnφ + ∆tRec φ0(1−φ0)

(
εnq
φ0

−εnφ
∂βs
∂φs

∣∣∣∣
φ0

+ γs|φ0
∇2εφ

)
, (5.96)

∇2εn+1
q −Rec(1−φ0)ρs

∆t
εn+1
q = −Recφ0(1−φ0)ρs

∆t

(
εnφ
∂βs
∂φs

∣∣∣∣
φ0

+ γs|φ0
∇2εnφ

)
. (5.97)

This approach is the basis for the time-integration algorithm that was previously proposed in
5.2.2. One obtains the following matrix M2 for the system relative to the mode of wavenum-
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ber λ,

M2 =

 1 + ∆tRecφ0(1− φ0)

(
− ∂βs

∂φs

∣∣∣
φ0

+
2γs|φ0

(cos(λx)−1)

∆x2

)
∆tRec(1− φ0)

Rec φ0(1−φ0)ρs∆x2

2∆t
(

cos(λx)−1−Rec(1−φ0)ρs∆x2

2∆t

)
(
− ∂βs

∂φs

∣∣∣
φ0

+
2γs|φ0

(cos(λx)−1)

∆x2

)
0

 .

(5.98)

In this case, the denominator of the term on the cq line now contains the factor
cos(λx)− 1− Rec(1−φ0)ρs∆x2

2∆t
, which is never singular. In the limit of ∆t → 0, the matrix

M2 converges to the following matrix,

M ′
2 =

 1−∆tRecφ0(1− φ0) ∂βs
∂φs

∣∣∣
φ0

∆tRec(1− φ0)

φ0

(
∂βs
∂φs

∣∣∣
φ0

− 2γs|φ0
(cos(λx)−1)

∆x2

)
0

 . (5.99)

One of the eigenvalues of M ′
2 tends to one, while the other one is proportional to ∆t, so that

the solution scheme is conditionally stable in the ∆t → 0 limit. In fact, with the additional
assumption that the coefficient γs is negligible (which is often the case in applications, as γs
is inversely proportional to the squares of the reference length and velocity), the eigenvalues
can be computed explicitly. More precisely, the matrix M ′

2 then reduces to the following
matrix,

M ′′
2 =

 1−∆tRecφ0(1− φ0) ∂βs
∂φs

∣∣∣
φ0

∆tRec(1− φ0)

φ0
∂βs
∂φs

∣∣∣
φ0

0

 , (5.100)

which presents the two eigenvalues 1 and φ0(φ0 − 1)Rec∆t, respectively.
Although it would be desirable to devise a scheme where both eigenvalues vanish for

∆t → 0, the discretization expressed by equations (5.96) and (5.97) turns out to be suffi-
ciently stable to handle several flows of practical interest, due to stabilization by numerical
viscosity. In any case, given the approximate nature of the above considerations and the
complexity of the complete system of equations (5.3)–(5.8), the applicability of the above
integration scheme has to be verified for the cases of interest. In particular, herein this algo-
rithm is employed with success in the computations of Chapter 6.
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Chapter 6

Numerical results for sedimentation flows

In Chapter 4 of this thesis, a numerical study was presented for pressure-driven channel flow
where the width of the channel was only two orders of magnitude greater than the grain diam-
eter; as a result, this was effectively a neutrally-buoyant flow. However, the relevant length
scales in geophysical phenomena and in many practical applications are much larger than the
grain diameter, so that buoyancy effects can not usually be neglected. In fact, when the gran-
ular phase undergoes sedimentation, the resulting hydrostatic pressure promotes compaction
and one observes stratification, with a high particle concentration at the bottom of the flow
domain and a low concentration at the top. For instance, one can observe this behaviour at
lake- or sea beds, where stratification is so strong that the granular bed is compacted almost
to maximum packing, and the interface between the highly-compacted bed and the clear
water above it is as thin as few grain diameters.

In the present Chapter, the projection algorithm of Chapter 5 is applied to example prob-
lems concerning compacted granular beds, with two main objectives. On one hand, the anal-
ysis constitutes an important test for the proposed algorithm, in conditions that are closer to
practical applications concerning sediment transport. In particular, modelling can be chal-
lenging due to the presence of sharp interfaces where the volume fraction (and the material
coefficients that depend on it) changes abruptly. Furthermore, several material coefficients
depend nonlinearly on the volume fraction and can vary by orders of magnitude between the
high-concentration and dilute regions of the flow, requiring specific numerical treatment.

On the other hand, the governing equations for constant-density flow (5.3)–(5.8) allow
to describe granular compaction with a higher level of detail than generally available to
earlier models, such as the one of [26] which was used in the computations of Chapter 2.
More specifically, the results of this Chapter show that the proposed model can capture the
relaxation mechanism associated with the settling of a dense granular layer into a compacted
bed. This relaxation can have an important effect on the rheological properties of dense
suspensions, [80], due to the stiff dependence of the viscosity coefficients on the volume
fraction close to maximum packing [58, 59, 108].

The structure of this Chapter is as follows. Section 6.1 provides a brief description of an
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implementation of the algorithm of Chapter 5, which is used for the following computations.
Section 6.2 contains a numerical study of the settling of a dense submerged granular bed, and
further a discussion of the convergence properties of the integration algorithm. Section 6.3
is concerned with the analysis of the sedimentation of an initially uniform suspension into
a dense granular bed. In addition, in this flow a sharp volume-fraction interface is formed
at the top of the dense bed; for this reason it is also used as a test in order to evaluate the
impact of the interface-regularization method. Finally, Section 6.4 presents computations
relative to the collapse of a granular column submerged under water. This test showcases
the capabilities of the proposed flow model with respect to unsteady stratified flows, in a
geometry that is a benchmark for applications involving gravity-induced granular transport.

6.1 Towards an efficient algorithm implementation

The solution algorithm described in Chapter 5 is fairly demanding from a computational
perspective. To begin with, at each time iteration five linear systems have to be solved
(which correspond to second-order elliptic problems): one system for each of the semi-
implicit computations of φs, ũs and ũf expressed by equations (5.14), (5.16) and (5.27),
plus two systems for the elliptic equations (5.25) and (5.34) for the auxiliary pressures qd
and q′f . In addition, the explicit computation of the residuals Resφ, Ress and Resf , which
appear in equations (5.14), (5.16) and (5.27), requires a considerable number of operations,
and the arrays that store the matrices for all the linear systems have to be updated at each
iteration.

In order to achieve reasonable performance under such circumstances, it is currently nec-
essary to combine a fast linear solver with a parallelization technique. The performance of
the linear solver is especially critical, since it turns out that the linear systems associated
with the elliptic problems for the velocities and pressures are the bottleneck of the algo-
rithm. Furthermore, due to the fact that the matrices of the linear systems need to be updated
at every iteration, the usage of direct solvers is impractical and an iterative procedure is
preferable. The well-known PETSc toolkit, [175–177], contains a wide selection of iterative
Krylov solvers in a convenient MPI implementation designed for computing purposes. In
addition, it provides a practical way of indexing the arrays corresponding to the matrices of
the linear systems, a task which can otherwise be challenging since the algorithm of Chap-
ter 5 requires to populate a great number of entries (it uses a box stencil). For this reasons
PETSc is choosen as the basis for the development of a solver program specifically tailored
to equations (5.3)–(5.8).

The solver has been developed as part of this thesis at Université Catholique de Louvain
and at the University of Patras under a secondment for SEDITRANS, an ITN project of the
Marie Curie Actions of the 7th Framework Programme. It is written in C/C++ and inherits
the MPI capabilities of the underlying PETSc environment. For the computations of this
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Chapter, it employs a Biconjugate-Gradient-Stabilized method with Jacobi preconditioning
in order to solve the linear systems appearing in the integration algorithm.

6.1.1 Physical parameters

In order to be solved numerically, the system of governing equations for constant-density
flow, (5.3)–(5.8) requires to be supplemented with experimental correlations for the material
and transport coefficients. The relations employed in the computations of this Chapter are
listed here as reference; the hat symbol ˆ is used to denote dimensional quantities.

Densities, granulometry and drag

A monodispersed granular suspension of sand in water is considered, with a grain diameter
d̂p = 3.5× 10−4 m and maximum packing at φm = 0.6. The mass density of the fluid phase
is ρ̂f = 103 kg/m3, while the density of the granular phase is ρ̂s = 2.5 × 103 kg/m3. The
gravity acceleration is ĝ = |ĝ| = 9.81 m/s2. For the interphasial drag coefficient δ̂, the
same formulation is used as in the computations of Chapter 4. In particular, the Hill-Koch-
Ladd correlation proposed in [150] is used for δ̂, cf. (4.10). The functional form of this
correlation is quite cumbersome, and the reader is referred directly to [150] for a code-
friendly representation. Nevertheless, it is interesting to notice that, for sufficiently small
particle Reynolds number Rep, the drag coefficient δ̂ depends quadratically on the particle
diameter d̂p.

Microstructural parameters

For the parameters β̂s and γ̂s which measure the intergranular stress and the nonlocal stresses,
the same approach used in Subsection 4.2.1 is followed, with expressions analogous to (4.13)
and (4.14). However, some additional considerations are needed here in order to account for
the fact that the suspension considered here has a larger grain diameter d̂p than the suspension
considered in Chapter 4, and further to comment on the modelling of the intergranular stress
close to the maximum packing.

Following the scaling considerations of Subsection 4.2.1, it is assumed that β̂s does not
depend on d̂p, whereas γ̂s depends quadratically on it; this follows from the hypothesis that
the grain diameter is the only characteristic length for the microstructure. Then, the following
expressions are derived from (4.13) and (4.14),

β̂s = − β̂0 log

(
φm − φs
φm

)
, β̂0 = 1.0× 10−1 Pa , (6.1)

γ̂s = − γ̂0 φ
6
s, γ̂0 = 1.2× 10−4 N. (6.2)

Expression (6.1) presents a stiff behaviour with respect to the volume fraction φs, with a
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logarithmic asymptote at the maximum-packing treshold φm. It is useful to comment further
on this behaviour, as the intergranular stress β̂s encodes an important part of the granular
dynamics. In particular, in the case where the particles can be assumed rigid, β̂s is ex-
pected to vanish for small values of φs and to present a singularity corresponding with the
maximum-packing treshold φm [84, 121, 122]. The singularity at φm expresses the exper-
imental observation that rigid grains can not be compacted over a certain volume-fraction
(the actual value of φm is somewhat dependent on the randomness of the packing, for rigid
spheres one can assume 0.55 < φm < 0.65).

Herein the assumption that the grains are rigid is encoded in (6.1), which also implies
that grain deformation and fracturing are neglected. It is stressed that this assumption is
additional to considering that the flow is incompressible, and has to be verified depending on
the specific application. In particular it is known that, under strong compression, particles
can actually deform or fracture [124, 125], so that a different constitutive law for β̂s may be
required in those circumstances.

The stiffness of the integranular stress close to maximum-packing can present a signif-
icant numerical challenge. In fact, at equilibrium, the compaction equation (5.7) predicts
that the integranular stress is of the same order of magnitude as the phasial pressures; then,
the constitutive law (6.1) for the intergranular stress implies that the difference φm − φs is
exponentially small with respect to this magnitude.

One possible way to tackle the numerical integration of (6.1) is to artificially reduce its
stiffness close to jamming, with a milder divergence that is amenable to numerical treatment.
A modified intergranular stress β′s is defined,

β̂′s =

{
β̂s : φm − φs ≥ ε

β̂0

(
0.5 ε2

(φm−φs)2 − log( ε
φm

)− 0.5
)

: φm − φs < ε
, (6.3)

where ε is a small parameter that controls the width of the modified region; herein the value
ε = 10−2 is used, which corresponds to modifying the original expression (6.1) in the interval
0.59 < φs < 0.6. This expression essentially connects, at φs = 0.59, the original expression
for β̂s with a second-order asymptote at φm.

The above expression (6.3) replaces the logarithmic asymptote with a polynomial one
which can be handled by the numerical method, and maintains a maximum-packing treshold.
This is a computational compromise: resistance to compaction is artificially increased in
the regularization interval φm − ε < φs < φm, which is controlled by the value of the
regularization parameter ε in (6.3).

Another way of treating the stiff coefficient β̂s is to introduce a cutoff for the volume
fraction φs, so as to remove the stiff parameter region; this approach is easy to implement
and allows to employ the unmodified expression (6.1). Furthermore, it permits significantly
faster numerical integration due to the possibility of a larger time step ∆t. However, the
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cutoff effectively limits the intergranular stress and, due to the stiffness of (6.1), practical
cutoff tresholds, e.g. φmax = 0.599, do not typically resolve hydrostatic equilibrium in
large-scale applications. This drawback can be tolerated if compaction after the cutoff limit
does not have to be resolved, however the choice depends on the specific application.

In the following sections, both treatments are tested; the modified expression (6.3) for β̂′s
is used in the next Section 6.2, where it is important to capture the transition to equilibrium
conditions. In Sections 6.3 and 6.4 the faster cutoff method is employed, and the differences
between the two treatments of the integranular stress are discussed.

Viscosity coefficients

The shear viscosity of the water phase is µ̂f = 8.9 × 10−4 Pa, while its bulk viscosity is
assumed three times greater at ζ̂f = 2.7 × 10−3 Pa, [178]. The bulk viscosity has to be
specified a priori since the fluid velocity is not solenoidal, so that the contribution of this
parameter can potentially be significant (in contrast to flows of simple fluids, where a Stokes
hypothesis is usually well justified).

For the viscosity coefficients of the granular phase the situation is more complex. In
the flows considered in this Chapter, detVs ≡ 0 and there is no ambiguity in the selection
of an empirical law for the generalized Newtonian viscosities µ̂s = µ̂s1 and ζ̂s = ζ̂s1, cf.
(5.12); in other words, the generalized Newtonian viscosities coincide with the Newtonian
viscosities. However, a general expression for the bulk viscosity ζ̂s is not easily obtained
since this quantity is difficult to measure. It is expected that ζ̂s depends on φs similarly to
µ̂s, cf. also the relevant discussion in [106]; herein we assume this two quantities to be
proportional with the proportionality constant k, so that ζ̂s = kµ̂s.

Nonetheless, some information can be gathered from the model derivation of Chapter 3,
as the value of ζ̂s is constrained on thermodynamic grounds by the last of relations (3.61).
More precisely, when detVs = 0, this constraint can be expressed as

ζ̂s ≥
µ̂2
n

µ̂s
. (6.4)

For µ̂s and µ̂n the relations (4.11) and (4.12) that were proposed in [108] are employed, so
that the inequality (6.4) above becomes

ζ̂s ≥ µ̂f
9φ2

s

40 (φm − φs)3 + 1.6φs(φm − φs)2
. (6.5)

From equation (6.5), in the limit φs → φm one obtains the constraint k ≥ 45
8

. Herein
the more conservative value k = 45

2
is chosen, which is four times the minimum limit for

φs → φm.
Finally, one must specify an expression for the compaction viscosity µ̂c; this quantity

enters the compaction Reynolds number Rec appearing in the compaction equation (5.7).
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This is a particularly challenging task, as information about this coefficient is scarce; in fact,
the appearance of Rec in equation (5.7) is a novel feature of the proposed flow model. The
compaction viscosity controls the relaxation of the volume fraction due to phasial-pressure
nonequilibrium, a complex phenomenon that depends, a priori, on the microstructural prop-
erties of the specific suspension. Nevertheless, a comparison with existing suspension mod-
els both of the diffusive-flux and of the suspension-balance type, [60, 97, 108], suggest that
this quantity may be proportional to µ̂f ; for sufficiently low particle-Reynolds number Rep,
this scaling is plausible due to the fact that particle interaction is then dominated by vis-
cous effects. Herein, in absence of more precise information, the constant value µ̂c = µ̂f is
chosen. Actually, the above-mentioned comparison suggests the (untested) hypothesis of a
proportionality constant scaling as (d̂p)

−2, cf. also Section 3.6. This can be contrasted with
the behaviour of the shear, normal and bulk viscosity coefficients, which do not depend on
the particle diameter d̂p [58, 83, 106, 108].

6.2 Compaction of a dense bed

The first flow case involves the compaction of a flat granular bed; a submerged dense layer,
initially at uniform volume fraction, is allowed to settle under gravity until equilibrium is
reached. The accurate computation of the settling process is challenging, due to the stiffness
of the material coefficients with respect to the volume fraction. In fact, at equilibrium the sus-
pension is highly compacted due to gravity, so that the volume fraction is close to maximum
packing. In these conditions, even small variations of the volume fraction are associated
with significant changes in the pressure and velocity distributions, due to the nonlinearity
of material coefficients measuring viscosity, drag and resistance to compaction. This test
allows to explore the capabilities of the particle-migration model with respect to compacted
suspensions, and to gain insight into the stratification dynamics of dense granular beds.

Problem set-up

A flat granular bed with an initial height of 0.2 m fills the bottom half of the flow domain;
over the bed a clear water region with the same height is present. Due to the stable stratifica-
tion of this initial condition the flow can be assumed to be one-dimensional; in fact this was
tested in preliminary computations. Hence, a one-dimensional domain in the wall-normal
direction is considered, with a height of 0.4 m.

In the granular bed, interphasial drag is quite strong, which results in slow relaxation.
In order to reduce the settling time to an extent that is practically computable, a very dense
initial condition is considered with φs = 0.5998, which is close to the maximum-packing
treshold φm = 0.6. In order to resolve compaction at such high concentration, in this test
the modified expression for the intergranular stress β̂′s defined in (6.3) is employed. The
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clear water region above the bed consists of practically pure water, with a volume fraction
φs = 10−5. The interface separating the bed from the fluid above is regularized in order to
present a smooth transition region. The resulting initial condition for φs as a function of the
(non-dimensional) vertical coordinate z is shown in Figure 6.1 for t = 0.

Both phases are initially at rest; the reference velocity for this problem is the uniform-
flow sedimentation velocity at φs = 10−5 which is determined by the drag law and, at this
low concentration, is approximately the sedimentation velocity of a single particle. With the
physical parameters of Subsection 6.1.1, this reference velocity is ûr = 2.62× 10−2 m/s.

The domain presents a wall boundary condition at the bottom and a zero-Neumann con-
dition at the top for both phasial velocities us and uf . For the volume fraction φs and the
auxiliary pressures qd and q′f , zero-Neumann conditions are used. The domain is discretized
on a uniform grid with 512 points.

Discussion of the numerical results

Figure 6.1 shows the initial volume fraction profile as a function of the non-dimensional
vertical coordinate, together with its evolution after 5 non-dimensional times. The granular
phase moves downwards and, conversely, the fluid flows upwards; however, motion is quite
limited due to the fact that the dense bed is already very close to maximum packing. The
most visible effect is the evolution of the transition region between the compacted bed and
the fluid, which becomes a sharp interface as the granular phase settles at the bottom. In
fact, from a numerical standpoint, at t = 5 the interface is so sharp that the regularization
treatment (which limits the maximum variation ∆φs between successive nodes) impedes
further evolution.

In order to observe the small variation of the volume fraction φs throughout the granular
bed, Figure 6.1b provides a closeup near the maximum packing treshold φm = 0.6. In
particular the volume fraction, which was initially uniform, has increased throughout the
granular bed and has reached a profile with finite slope which corresponds to hydrostatics.
While the increase of φs inside the bed is limited, it nevertheless corresponds to a significant
increase of the integranular stress β̂′s and of the viscosity coefficients µs, ζs and µn; this is
due to the fact that the expressions for these coefficients are stiff with respect to φs. As
an example, at the bottom of the domain (where φs is largest, cf. Figure 6.1b), all these
coefficients increase by one order of magnitude between t = 0 and t = 5.

In order to better appreciate the transition to equilibrium, it is necessary to consider the
evolution of the phasial velocities and pressures; Figure 6.2 shows the wall-normal compo-
nent of the fluid and solid non-dimensional velocities at different times. Figure 6.2a refers to
the early state of the flow, at t = 0.01. At this time, the bed has not yet settled and its relaxation
is controlled by drag. In the fluid region above the bed the granular phase moves downward
at the reference velocity, determined by drag, corresponding to settling at φs = 10−5; inside
the bed the downward velocity is smaller due to the higher drag coefficient. Conversely, the
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(a)

y

(b)

y
Figure 6.1: Initial and equilibrium volume-fraction profiles. (a) volume fraction as a function
of the (non-dimensional) vertical coordinate, (b) close-up of the volume fraction profile near
the maximum packing limit φm = 0.6.

fluid phase moves upwards; in fact, inside the bed the volume fraction is almost constant
down to the bottom wall, so that by continuity the phasial velocities are inversely propor-
tional to the phasial volume fractions, φsus + φfuf ≈ 0. This can be readily observed in
Figure 6.2a, for z < 0.4 .

Figure 6.2b shows the velocities at a later time, t = 2. At this time, most of the bed has
settled, but the granular phase is still moving downwards in a wide transition region which
occupies about a fifth the flow domain.

Finally, at t = 5 sufficient time has passed that the suspension has settled; the correspond-
ing velocity profiles are shown in figure 6.2c. The transition region between the bed and the
fluid has become a sharp interface. It is interesting to observe that, through the interface,
there is a narrow peak of the fluid velocity which does not disappear with time; it is due to
the continuous sedimentation of the dilute suspension at φs = 10−5 above the bed. From a
physical perspective, this behaviour is a consequence of approximating the pure fluid above
the bed with a dilute suspension; if the fluid were pure, with φs = 0, the solid velocity would
not be defined above the bed and the fluid velocity would vanish everywhere in the flow
domain.

Figure 6.3 shows the phasial pressures ps and pf , together with analytic expressions for
the mixture pressure pm and the granular hydrostatic pressure ph. The mixture pressure pm
is herein defined as the pressure that would be present in a single-phase fluid with density
equal to the average density of a compacted bed at maximum packing, while the granular
hydrostatic pressure ph is the pressure that the granular phase would assume if the fluid
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(a) t = 0.01 (b) t = 2 (c) t = 5

Figure 6.2: Evolution of the wall-normal non-dimensional phasial velocities us and uf . (a)
at t = 0.01 the settling is controlled by drag and there is significant motion inside the granular
bed. (b) at t = 2 the suspension has almost settled inside the granular bed, where the phasial
velocities vanish; however the suspension is still settling in a wide transition region at the
top of the bed which occupies approximately one fifth of the flow domain. (c) at t = 5 the
suspension has settled, and a sharp transition region is present at the top of the bed. The
dashed grid line at y = 0.5 in all figures marks the initial position of the granular bed.

phase were absent. More specifically, inside the granular bed they are defined as

pm = pf |y=ytop + (ρf (1− φm) + ρsφm)g(ytop − y), (6.6)

ph = pf |y=ytop + ρsg(ytop − y), (6.7)

where ytop denotes the height of the granular bed, here ytop = 0.5.

The profiles of the phasial pressures ps and pf corroborate the analysis relative to the
evolution of the velocity profiles; In particular, Figure 6.3a shows the pressure profiles at
t = 0.01. At this time, buoyancy is entirely balanced by interphasial drag, and the two phases
have the same pressure ps = pf = pm. In Figure 6.3b the phasial pressures are shown at
the later time t = 5. At this later time, the granular bed is at mechanical equilibrium and the
bed has settled, cf. Figure 6.2c. Consequently the granular phase “supports itself”; more
precisely, the buoyancy term in the momentum balance of the granular phase is counterbal-
anced by a corresponding increase in the granular pressure ps, whose gradient is now ρsg

inside the dense bed. Since the interphasial momentum flux now vanishes inside the bed,
the fluid phase pf increases differently from ps, with gradient ρfg; this implies that a signif-
icant phasial pressure difference can exist for sufficiently deep granular beds in hydrostatic
equilibrium.
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The pressure plots of Figure 6.3 can be compared with the pressure profiles shown in
Figures 2.2 and 2.6, which were obtained in Chapter 2 with a flow model that does not
account for particle migration. In particular, it can be observed that the pressure profiles
shown in 2.2 and 2.6 show the same structure as those of Figure 6.3b, and resemble the
pressure profiles at equilibrium. This is a consequence of the fact that the flow model used in
Chapter 2 predicts a solenoidal granular velocity, ∇ · us = 0, so that in this flow the phasial
velocities vanish identically. On the other hand, the flow model employed herein provides a
more accurate description of the settling process, as it captures the interphasial momentum
transfer associated with phasial velocity differences.
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(a) t = 0.01
y

(b) t = 5

y

Figure 6.3: Evolution of phasial pressure profiles at (a) t = 0.01, (b) t = 5. The phasial pres-
sures pf and ps are shown, together with the mixture pressure pm and the granular hydrostatic
pressure ph defined in (6.6) and (6.7). The dashed grid line at y = 0.5 marks the position of
the bed-fluid interface.

Numerical grid-convergence study

In order to assess the performance of the solver, a grid-convergence study is performed for
this flow case. More precisely, different grid resolutions are tested and the relative L2 norm
of the error with respect to a reference solution, which uses a refined grid with 1024 points,
is evaluated at t = 1. As an example, for φs this value is Err(φs) =

||φs−φref ||2
||φref ||2

, where φref
is the reference solution. The observed convergence rates for the volume fraction φs, the
granular velocity us and the auxiliary pressure pd = φs(ps − pf ) are shown in Figure 6.4,
together with two black lines corresponding to second- and third-order convergence.

The volume fraction and velocity plots exhibit a similar trend. In particular, at least 128
points are required in order to achieve the expected second-order convergence rate. More-
over, as the resolution increases, the convergence rate increases, due to the fact that the
reference solution is not the exact one. For this reason the asymptotic convergence rates in
these figures, corresponding to the dashed lines, are computed relative to the resolutions of
128, 180 and 256 points (with a least-square interpolation).

For the case of the phasial pressure difference pd the convergence is less regular; its plot
is shown in Figure 6.4c. In particular, convergence is not monotonic at medium resolutions,
and it appears that a resolution higher than 256 points should be used in order to avoid a local
peak of the error.
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Figure 6.4: Grid-convergence study at t = 1 s. The relative L2 norm of the error with respect
to a reference solution with 1024 points is shown for (a) φs, (b) us, (c) pd. The two thick
lines in all figures correspond to second- and third-order convergence. Further, the dashed
line, shown for cases (a) and (b), is obtained with least-square interpolation relative to the
resolutions of 128, 180 and 256 points.
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6.3 Sedimentation of a dense suspension

This section considers the sedimentation of a dense suspension, which settles into a com-
pacted granular bed. This test case serves to assess the efficiency of the algorithm in han-
dling large volume-fraction variations, and also provides important insight into the numerical
treatment of the intergranular stress βs near maximum packing. Further, as the granular bed
is formed, the flow develops a sharp interface at the top of the bed; this interface is used as a
benchmark in order to demonstrate the effects of the interface regularization treatment.

Problem set-up

An initially uniform suspension with volume fraction φs = 0.1 fills the entire flow domain,
and the liquid and granular phases are initially at rest. The same domain geometry is used as
in the previous analysis of Section 6.2; in particular, one-dimensional flow is considered in
a domain with a height of 0.4 m.

The boundary conditions are also similar, with a wall condition for the velocities at the
bottom and zero-Neumann conditions elsewhere for all variables; the only exception is that a
Dirichlet condition with φtop = 10−5 is used for the volume fraction φs at the top boundary.

The properties of the suspensions also conform to the previous case, and the reference
velocity is again the uniform-flow sedimentation velocity at φs = 10−5 (which is close to the
sedimentation velocity of a single particle). For this test, however, the unaltered expression
for the intergranular stress βs defined in (6.1) is used, and the maximum volume fraction
is limited with a cutoff treshold at φmax = 0.599. As discussed in Subsection 6.1.1, this
treatment of the intergranular stress improves the numerical tractability of compaction and
allows to use a significantly larger time step, which is a desirable feature for the problem at
hand since sedimentation can be a very slow process.

The domain is discretized on a uniform grid with 1024 points in the wall-normal direc-
tion. In addition, results for the volume fraction φs are also shown for coarser grids with 128,
256 and 512 points, in order to evaluate the impact of the interface regularization treatment.

Discussion of the numerical results

The evolution of the volume fraction φs with time is shown in Figure 6.5, where it is labeled
φ1024 since it is computed on a grid with 1024 points. Together, the variables φ128, φ256 and
φ512 are shown, which represent the same quantity computed on coarser grids with 128, 256
and 512 points, respectively.

Initially, the volume fraction has the uniform distribution plotted in Figure 6.5a. Shortly
after, at t = 1, sedimentation has progressed slightly; Figure 6.5b shows that boundary layers
begin to form at the top and bottom boundary. The process is very slow due to the fact that
the suspension experiences high interphasial drag; in fact, after 50 non-dimensional times,
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only half of the suspension has settled, as shown in Figure 6.5c. As the suspension settles,
it leaves a layer of clear fluid on top of it. In the computations this is approximated by a
dilute region at φs = 10−5; this value follows from the boundary condition for φs at the top
boundary.

Figure 6.5d shows the final state of the process: after 80 non-dimensional times the entire
suspension has stratified to the bottom of the domain and a compacted granular bed has beed
formed, with a volume fraction close to the maximum-packing treshold φm.

In the flow under consideration, a sharp interface for the volume fraction is naturally
formed at the top of the granular bed. By comparing the predictions of the model at various
resolutions, the effects of the interface regularization procedure described in Subsection 5.2.3
can be evaluated. In particular, it can be observed that this procedure has a notable impact at
low resolutions if the flow exhibits strong stratification. According to Figure 6.5 the effect is
minor when the volume fraction is still fairly uniform, however once the bed is compacted
the interface becomes appreciably diffused for the lower resolution. It is well-known that the
presence of discontinuities can degrade grid-convergence properties; in the case of Figure
6.5d, it appears that the interface regularization dominates the error for the lower resolution.

Computational errors with respect to the volume fraction directly affect mass conserva-
tion, since the mass of the granular phase inside the domain is proportional to the integral
of its volume fraction. For the problem at hand, this integral should be constant, as the
mass flow through the boundaries of the domain is negligible. In order to assess the mass-
conservation properties of the implemented algorithm, the relative variation of this quantity
has been computed at various resolutions. After an initial transient, the error is found to
increase linearly with time for all resolutions considered; the relative error per time-step and
the cumulative error per non-dimensional time are shown in Table 6.1. The numerical error
can be compared with (∆y)2 = 9.5× 10−7 and ∆t = 5× 10−5, which are the characteristic
values for the accuracy of the implemented algorithm (which is second-order in space, but
first-order in time for the phasial pressures). In particular, it appears to scale weakly with ∆y,
but linearly with ∆t. While the error per time-step is small compared with these quantities,
the global error is not entirely negligible for the problem at hand after sufficient time has

Resolution (pts.) ∆t Error per time-step Error per non-dimensional time
256 5× 10−5 9.8× 10−8 2.0× 10−3

512 1× 10−4 1.4× 10−7 2.9× 10−3

512 5× 10−5 7.2× 10−8 1.4× 10−3

1024 5× 10−5 5.9× 10−8 1.2× 10−3

Table 6.1: Mass-conservation properties: the relative variation of the granular phase inside
the domain is computed at different resolutions. The data refer to asymptotic conditions:
after an initial transient, the error is linear in time at all resolutions.
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(a) t = 0 (b) t = 20 (c) t = 50 (d) t = 80

Figure 6.5: Granular volume fraction at t = 0, 20, 50, 80. The top figures show the volume
fraction distributions, computed on a grid with 1024 points; the corresponding bottom figures
compare this results with the results obtained at different resolutions. (a) the volume fraction
is initially uniform, with a value of 0.1 across the domain. (b,c) the granular phase settles on
the bottom under gravity, leaving behind a region of clear fluid. (d) the final configuration
presents a sharp interface at the top of the bed; the numerical thickness of the interface
depends on the resolution due to the regularization treatment.

passed; this is due to the fact that it cumulates in time, and sedimentation lasts a long time
in the case considered. In fact, a manifestation of the mass-conservation error can be seen
in Figure 6.5d: after 80 non-dimensional times, which correspond to 1600000 time-steps,
the height of the granular bed is computed to be approximately 0.18, whereas it should be
approximately 1/6 ≈ 0.17 based on the initial condition for the volume fraction1.

At the end of the sedimentation, for t = 80, the suspension inside the dense bed has com-
pacted enough for the volume fraction φs to reach the cutoff value φmax = 0.599. While
the cutoff is marginal with respect to the volume-fraction profile, it nevertheless has an im-
portant effect on the phasial velocities and pressures. To better appreciate the consequences,
it is useful to consider the phasial velocity profiles. Figure 6.6 shows the non-dimensional

1It is possible that the gradual increase of mass is particularly noticeable due to the specific flow pattern
considered in this analysis, in the sense that the error might not be cumulative for a less regular flow; nev-
ertheless, this test shows that for simulations involving a significant number of non-dimensional times, mass
conservation should be monitored closely.
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velocity profiles at t = 80. In the fluid region above the dense bed, the granular phase moves
downward at the reference velocity corresponding to sedimentation, as could be expected by
analogy with the flow discussed in the previous Section. However, inside the granular bed
the velocities do not exactly vanish and the granular phase continues to move downwards,
albeit extremely slowly. This is due to the fact that the integranular stress βs is finite for
φs = 0.599, and its value is too low for the granular phase to “support itself”. More pre-
cisely, at steady-state the auxiliary pressure pd = φs(ps − pf ) coincides with βs inside the
bed, cf. (5.7). Then, the buoyancy term in the momentum equation for the granular phase
can not be counterbalanced by the gradient of the auxiliary pressure∇pd (which vanishes in
the cutoff region), and is instead opposed by interphasial drag.

The profiles of the phasial pressures are in agreement with the analysis of the phasial
velocities; in particular, Figure 6.7 shows the phasial pressures for t = 80. Both pf and ps
have the same value which coincides with pm , so that pd = φs(ps − pf ) ≈ 0. This pressure
distribution is similar to that of Figure 6.3a, which refers to the early stages of settling of a
granular bed. In that case the modified intergranular stress β̂′s was used in order to resolve
hydrostatics, so that the computed flow gradually transitioned to equilibrium. On the other
hand, the numerical cutoff of the volume fraction employed herein, φmax = 0.599, does not
allow to reach hydrostatic equilibrium and the bed is kept in a state of very slow relaxation.

6.4 Collapse of a submerged granular column

In this Section, the collapse of a two-dimensional dense granular column under water is in-
vestigated. As previously discussed in Section 2.4, this flow is particularly challenging from
a modelling perspective, since the collapse exhibits a complex flow structure with different
flow regimes [78–81]. More specifically, this problem is dominated by spatial variations of
the viscosity coefficients: the compacted column is significantly more viscous than the sur-
rounding fluid and, further, different regions of the column present different viscosity. As
a result, an accurate representation of the granular rheology is necessary in order to capture
even qualitatively the phenomenology that is observed in experiments. Therefore, this flow
provides a useful validation of the proposed volume-fraction based rheology formulation for
the case of unsteady stratified flows. Furthermore, this benchmark test provides insight into
applications involving dense granular transport due to gravity.

Problem set-up

The flow domain is a two-dimensional rectangle, with a vertical height ĥ = 0.3 m and a
horizontal length of 1.8 m. A square granular column with aspect ratio a = 2 (the top radius

is used in the literature to compute this value) stands at the center of this domain; the height of
the column is 0.18 m and the volume fraction inside the column is φs = 0.59. Additionally,
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Figure 6.6: Wall-normal non-dimensional phasial velocities at t = 80. In the fluid region,
the granular phase settles with the free-flow velocity at φs = 10−5, which is essentially the
settling velocity of an isolated grain. Due to the artificial cutoff for the volume fraction at
φmax = 0.599, in the dense granular bed the granular phase moves downwards with a very
small, albeit non-vanishing, velocity, and the fluid correspondingly moves upwards.

on the bottom of the flow domain a dense granular layer is introduced, in order to circumvent
the difficult problem of assigning continuum boundary conditions for the volume fraction on
a bare wall. The height of this layer is 4×10−2 m , with an initial volume fraction φs = 0.59.
The remaining part of the domain is essentially clear fluid, with a volume fraction φs = 10−5.
At the beginning of the simulation, the interface between the dense and the dilute regions of
the flow domain is smoothened with a parabolic regularization, until this interface covers 15
points. The two phases are initially at rest and the initial guesses p′f = 0, pd = βs are used
for the auxiliary pressures. Due to the symmetry at the center of the domain, only the right
half of the domain is simulated; the initial distribution of φs in this half-domain is shown in
Figure 6.8a.

The half-domain, consisting of the right half of the original domain, is limited by wall
boundary conditions for the phasial velocities on the top and bottom sides; on the same top
and bottom sides the phasial pressures have a zero-Neumann condition, while the granular
volume fraction has a zero-Neumann condition at the bottom and a Dirichlet condition at
the top, φtop = 10−5. On the left side of the half-domain, corresponding to the centerline
of the column, a symmetry (mirror) condition is applied, with the horizontal component of
the velocities set to zero and zero-Neumann conditions for the other variables; on the right
side of the domain, a zero-Neumann condition is used for all variables. The half-domain is
discretized with a uniform structured grid that consists of 256 points in the vertical direction
and 512 points in the horizontal direction.

The properties of the suspension are the same as in the previous problem and are listed
in Subsection 6.1.1. In particular, herein the unmodified expression for the intergranular
stress βs is used and the maximum volume fraction is limited with a cutoff treshold at
φmax = 0.599. In addition, in order to reduce the computational cost of the simulation, a
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Figure 6.7: Profiles of the phasial pressures at t = 80. Due to the artificial cutoff for the
volume fraction at φmax = 0.599, the integranular stress βs is bounded and buoyancy due
to phasial density differences is balanced by interphasial drag. As a result, the two phases
have the same pressure, which coincides with the mixture pressure pm. The dashed grid
line at y = 0.17 marks the final position of the bed-fluid interface that is predicted by mass
conservation.

treshold is applied for the non-Newtonian stresses at φs = 0.59 according to the proce-
dure presented in Subsection 5.2.3. The reference velocity for the non-dimensionalization is
ûr = (2ĝĥ)0.5 = 2.4 m/s.

Discussion of the numerical results

The evolution of the granular volume fraction in time is shown in Figure 6.8 at the successive
instants t = 0, 2, 7, 14. Figure 6.8a shows the initial condition, consisting of a square column
adjacent to a dense granular bed. The granular column begins to collapse, due to the fact
that its sides are unsupported. Figure 6.8b shows a contour plot of φs during the early stages
of the collapse, at t = 2. The lateral side of the column begins to slide to the bottom, with
local instabilities forming along the sliding region. At the base of the column, a plume of
ejected material rises due to the impact of the collapsing column wall. Figure 6.8c shows a
further state of the collapse; at t = 7 enough material has moved that the column reduces to
a pile of (half) triangular shape. The collapsing material does not enter the bulk of the flow
domain and instead flows close to the surface of the adjacent granular bed, creating a vortex
sheet parallel to the surface of the bed which generates a number of consecutive vortices.
According to Figure 6.8d, at t = 14 the collapse is practically completed. This Figure shows
that the initial column is reduced to a triangular pile that remains at the point of collapse,
with a basal layer of flowing material propagating towards the right along the surface of the
granular bed. The particle concentration of this moving layer remains dense, φs ≈ 0.4, and
the mobile material is confined to the bottom half of the flow domain.
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Figure 6.8: Collapse of a submarine granular column; distribution of volume fraction φs at
t = 0, 2, 7, 14. (a) initial condition. (b) at an early stage, local instabilities form on the side
of the column and a plume is ejected at the base. (c) at a later stage, the column morphs
into a triangular shape, and the collapsed material flows away over the adjacent granular
bed. (d) at the end of the collapse, a (half) triangular pile remains, with a dense mobile layer
propagating away from the pile.
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The computations predict that the remaning triangular pile has a slope of approximately
35◦, which is slightly reduced close to the apex. This can be compared with the experimental
study reported in [79], in which the authors provide an extensive set of measurements for a
wide range of aspect ratios, relative to non-cohesive quartz sand sorted for a grain diameter
d̂p < 5× 10−4 m. In particular, the authors of [79] report values of the apex angle that are
scattered around 32◦ for two-dimensional column collapse under water at aspect ratios less
than a = 5. Figure 6.9 shows contours for the granular volume fraction at t = 14, superim-
posed with a red dashed line at a slope of 32◦ corresponding to the experimental data for
the apex angle. This line is in good agreement with the numerical results, especially if one
observes that the lateral side of the pile is also slightly concave in the experiments.

Additionally, the height of the pile can be compared with the experimental data, although
this is complicated by the fact that a shallow granular bed is present in the numerical sim-
ulation (which is not the case in the experiments). According to the computations of this
Section, at t = 14 the height of the column is approximately 50% of the initial height if mea-
sured with respect to the surface of the bottom layer and approximately 65% of the initial
height if measured with respect to the bottom wall. In the experiments a taller pile is observed
at 74% of the original height.

Figure 6.9: Contours of the granular volume fraction at t = 14; contour lines are drawn for
φs = 0.1, 0.2, 0.3, 0.4, 0.5. The inclination of the red dashed line is 32◦, corresponding to
the experimental data for the apex-angle reported in [79] relative to 2D collapse under water
with aspect ratio a = 2.

A possible reason for the difference lies in the sensitivity of this value with respect to
the initial volume fraction inside the granular column, [80, 81]. In fact, the authors of [80]
conclude, on the basis of their experimental tests, that the initial volume fraction strongly
influences the final height of the collapse; this factor was not considered in the measurements
reported in [79]. As an example, both studies provide data for a column with aspect ratio
a = 0.67; the authors of [79] observe a final height that is 100% of the initial, while in [80]
it is shown that a variation of initial volume fraction by 0.05 can change the final height by
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50%. This observation agrees with the numerical simulations performed for this test case:
several values of the initial concentration have been tested, and no final pile was observed
for initial concentrations less than about φs = 0.55, in which case the dense suspension that
constitutes the column behaves as a simple fluid and slumps to the bottom.

This behaviour, which may seem puzzling at first, has a direct explanation related to the
time scale of the flow. In particular, the viscosity is a nonlinear monotonic function of the
volume fraction, and the final granular pile must be at high volume fraction in order to resist
collapse. As discussed in Sections 6.2 and 6.3, the settling of a dense mixture is a slow
process due to the high value of the interphasial drag coefficient. It turns out that, if the
initial volume fraction is sufficiently low, the suspension inside the column does not have
time to compact significantly (thus increasing its viscosity) before the collapse is complete,
[81].

Next, the velocity fields are examined; for the flow under consideration, this analysis
is particularly significant since the flow exhibits a characteristic structure that crucially de-
pends on the rheological properties of the suspension. In fact, it is known from experimental
observation that underwater collapse (in which the phasial densities are of the same order of
magnitude) evolves very differently from collapse in air, although both cases end with the
formation of a granular pile of similar shape [79, 179, 180]. More precisely, in the case of
underwater collapse motion is limited to the lateral sides of the column, where the granular
phase slides to the bottom and exhibits a peak of the downward velocity (on the other hand,
for collapse in air the whole column flows at the same time). Recovering this feature is thus
a primary task for the numerical method.

The computations for the phasial velocities, shown below, confirm that the solver is capa-
ble of capturing the experimentally-observed features of underwater collapse. In particular,
Figure 6.10 shows a close-up of the column, with the vertical (y) component of the non-
dimensional phasial velocities plotted at t = 2. It can be observed that motion in the vertical
direction is essentially limited to the lateral side of the column, with a thin region of dense
material close to the interface that “slides” off the side of the column. In this dense region
interphasial drag is strong and, as a result, the velocity plots of both phases are similar.

At a later stage, the column collapses into a triangular pile; the non-dimensional vertical
velocity of the granular phase is shown in Figure 6.11 at t = 7 and t = 14. For t = 7, Figure
6.11a shows that a significant portion of the lateral region of the column is still mobile; fur-
ther, a series of alternating peaks on the surface of the adjacent granular bed are indicative of
the presence of vortical structures where the collapsed material flows away from the column;
in fact the presence of vortical structures is also visible in the corresponding volume-fraction
plot of Figure 6.8c. On the other hand, at t = 14 the collapse is close to completion; Figure
6.11b shows that only a thin mobile layer remains at the surface of the pile, and the maximum
value of the vertical velocity is reduced.

The analysis of the streamwise (x) velocity component also reveals an interesting detail.
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In particular, the collapsed material has formed a dense layer over the surface of the adjacent
granular bed, which has propagated quite far from the initial position and which maintains a
high velocity at large distances compared with the dimensions of the column. This is visible
in Figure 6.12, which shows the streamwise component of the phasial velocities at t = 14.
The mobile region is fairly dense and, as a result, the phasial velocities are similar due to
strong interphasial drag.

(a) t = 2

usy

-0.3

-0.2

-0.1

0

(b) t = 2

ufy

-0.3

-0.2

-0.1

0

Figure 6.10: Collapse of a submarine granular column: vertical (y) component of the non-
dimensional phasial velocities usy and ufy at t = 2. Collapse is limited to the lateral interface
of the column, where the suspension presents a lower viscosity. The velocities of the two
phases are similar due to strong interphasial drag in the dense mobile region.

Finally, it is appropriate to investigate the interaction between the collapsing material and
the granular bed adjacent to the column. During the collapse, the bed is scoured in proximity
of the column; Figures 6.13 and 6.14 show the magnitude of the non-dimensional velocity
field and the volume fraction in that region, respectively. In particular, in Figure 6.13 a
significant velocity can be observed below the initial height of the bed, which indicates
mobilization of the granular phase and thus erosion. Correspondingly, Figure 6.14 shows
important variations of the granular volume fraction inside the bed. At t = 7, a flowing
layer of collapsed material with a volume fraction φs ≈ 0.4 is visible for 0.05 . y . 0.15;
underneath the granular phase remains more compact. Later, at t = 14, most of the material
of the column has been advected out of the region of interest; the interface of the bed is
no longer flat, and low concentration regions are present below the initial position of the
interface.
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(a) t = 7
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Figure 6.11: Collapse of a submarine granular column: vertical (y) component of the non-
dimensional granular velocity usy at t = 7, 14. (a) at t = 7, the mobile region has widened,
while the maximum of the velocity is reduced due to the decreased slope. One the surface of
the adjacent bed, the velocity profile with alternating peaks is typical of a train of vortices.
(b) at t = 14, the mobile region is significantly reduced and only a thin moving layer remains.

6.5 Conclusions

This Chapter presented a numerical study of dense stratified flows of granular suspensions;
this study is based on the numerical algorithm developed in Chapter 5, which is used to solve
the flow equations provided by the two-phase continuum model derived in Chapter 3.

First, results have been shown for the compaction of a dense granular bed under water,
obtained with a specific numerical treatment of the integranular stress which allows to cap-
ture the transition of the flow to hydrostatic equilibrium. In particular, the flow exhibits a
relaxation dynamic, with the granular phase settling downwards and the fluid phase moving
upwards, which continues until the bed is sufficiently compacted and the flow stops. In ad-
dition, the performance of the numerical solver has been evaluated with a grid-convergence
study.

Subsequently, the sedimentation of a uniform suspension into a granular bed has been
studied; this is a particularly challenging problem from the computational standpoint, as
there are significant variations of the granular volume fraction with time. The suspension
settles to the bottom of the flow domain, creating a compacted bed close to maximum pack-
ing; the flow is controlled by interphasial drag. In addition, this flow naturally generates
a sharp interface corresponding to the top of the compacted granular bed; for this reason
it has also been used as a benchmark in order to evaluate the performance of the interface
regularization treatment which is implemented by the numerical algorithm of Chapter 5.
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Figure 6.12: Collapse of a submarine granular column: streamwise (x) component of the
non-dimensional phasial velocities usx and ufx t = 14. A dense basal layer is present which
propagates away from the point of collapse with high velocity, and the velocities of the two
phases are similar due to strong interphasial drag in the dense high-velocity region.

Finally, the collapse of a submerged granular column has been simulated. The computa-
tions capture accurately the complex flow structure observed in experiments, and match the
angle of repose for the granular pile that is left behind when the collapse is completed. It is
more difficult to match the final height of the remaining pile, due to the high sensitivity of
this parameter with respect to the initial volume fraction inside the granular column. With
regards to practical applications, it is particularly noteworthy that a dense basal layer with
high horizontal velocity is observed after the collapse; this type of flow structure is known
to appear in submarine collapse events such as submarine landslides [181, 182]. The prop-
agation of a dense layer of mobilized sediments can be critical with respect to engineering
installations located on the sea floor, such as submarine pipes and cables, since the dense sed-
iment can impart significant forces on these installations. In turn, the full-field description
developed in this thesis provides a way to resolve the internal structure of this dense layer,
potentially allowing to compute the interaction with these installations without additional
modelling assumptions.

118



(a) t = 7

us

0

0.1

0.2

0.3

0.4

(b) t = 14

us

0

0.1

0.2

0.3

Figure 6.13: Collapse of a submarine granular column: magnitude of the non-dimensional
granular velocity |us| in the adjacent granular bed at t = 7,14. The white arrows represent
velocity vectors. The red dashed line at y = 0.1 corresponds to the initial height of the
granular bed. Significant velocity can be observed under this line, indicating mobilization of
the granular phase inside the bed.
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Figure 6.14: Collapse of a submarine granular column: distribution of volume fraction φs
in the granular bed adjacent to the column at t = 7, 14. The red dashed line at y = 0.1
corresponds to the initial height of the bottom layer. Significant volume-fraction variations
can be observed inside this layer, which is partly advected away during the collapse.
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Chapter 7

Concluding remarks

7.1 Summary of results

This thesis concerns the theoretical and numerical analysis of granular flows, with empha-
sis on the description of sedimentation processes in constant-density flows. In Chapter 2,
numerical results have been presented for fluid flow over compacted granular beds. These
results are obtained with a flow model that provides a simplified (Newtonian) description of
granular rheology and does not account for compaction. The analysis of the results shows
that this simplified description is able to capture a number of relevant flow features. However
it also shows that a more general approach, which considers compaction, is required in order
to describe physical processes such as sedimentation and shear-induced particle migration,
which can play an important role in granular transport.

In order to develop a more accurate description of particle migration, a novel two-phase
continuum theory for granular suspensions has been derived. This theory, presented in Chap-
ter 3, is the first to incorporate a non-Newtonian suspension rheology in a thermodynamically-
consistent formalism. Further, the governing equations have been specialized to the case of
constant-density, which is of great importance in practical applications. The constant-density
equations agree with state-of-the-art rheological models when applied to Couette flow, and
provide a rheology formulation which is directly applicable to general flow. This is a no-
table achievement, as models for granular rheology are often experiment-based and rely on
a specific flow geometry.

The proposed theory has been validated against experiments in Chapter 4, which presents
an analysis of pressure-driven flow of a dense suspension in a microchannel (a flow which
depends crucially on the non-Newtonian properties of the suspension). To this end, a specific
iterative algorithm has been developed. The computations match accurately the available
experimental data for the volume fraction and velocity distributions, which is a challenging
task for continuum descriptions due to the fact that the particle size is not negligible with
respect to the width of the channel.
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Subsequently, a general numerical algorithm has been developed for the integration of
the governing equations, which can be applied to arbitrary flow. This algorithm, presented
in Chapter 5, is based on a fractional-step projection method and is tailored to the structure
of the governing equations. In fact, the compaction equation for the proposed model is
coupled directly with the phasial pressures; this is a new feature in the literature of projection
methods. A specific numerical treatment has been derived, which allows to cope with this
new feature and to integrate this equation in a stable manner.

Finally, in order to provide further validation, in Chapter 6 the proposed algorithm has
been applied to example problems concerning sedimentation processes. The numerical re-
sults demonstrate the predictive capabilities of the algorithm, and show that it can capture
granular compaction and the transition to hydrostatic equilibrium. Further, computations
have been performed for the collapse of a submerged granular column, a flow where granu-
lar rheology plays a dominant role; the numerical predictions match available experimental
data with good accuracy, and showcase the capability of the proposed description with re-
spect to unsteady granular flows with large volume-fraction variations.

7.2 Future work and perspectives

Theoretical developments

The two-phase theory developed in this thesis includes a complex rheological description,
which conforms with state-of-the-art rheological models for simple flows such as Cou-
ette flow, while proposing a generalization to arbitrary flows which is thermodynamically-
consistent. However, similarly to other models it predicts that the first normal-stress differ-
ence (NSD) vanishes, as detailed in the relative discussion at the end of Chapter 3. This
is known from experiments to be only an approximation, since the first NSD can assume a
small non-vanishing value. Presently, there is not sufficient experimental data to characterize
the behaviour of this quantity; once this data becomes available, it will be possible to obtain
a generalization of the proposed formalism through the inclusion of order parameters that
describe additional microstructural degrees of freedom.

In addition, the continuum description of turbulent suspensions requires further theo-
retical exploration. At high concentration flow is laminar due to strong dissipation, and at
the other end of the concentration spectrum the granular phase evolves as a passive scalar.
However, one can expect an intermediate concentration range where turbulence is present
and there is strong coupling between the fluid and granular phases. In this case, the smallest
scales of fluid motion can be smaller than the particle diameter, a length scale which is not
directly accessible to continuum modelling; it is not clear yet how to incorporate turbulence
at the sub-grain scale into a consistent continuum description. Further, a clear understanding
of this flow regime is a necessary step towards the development of turbulence models for
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large-scale flows.

Numerical developments

The numerical results for flow in a microchannel show that a continuum description can
be practically useful even at a scale which is not too distant from the grain diameter; in
particular, a channel with a half-width of 20 grain diameters was considered herein. Due
to sedimentation, even in large-scale flows material interfaces can form, where the volume
fraction changes abruptly over a distance of few grain diameters. While it may in principle
be possible to resolve the narrow transition region with a continuum model, the target of a
continuum description is to employ a resolution which is significantly larger than the grain
diameter. In fact, this is the case of the numerical studies of sedimentation flows presented
in this thesis, where an interface-regularization method is used. It is important to assess the
impact of interface-regularization procedures in more complex flow geometries, as granular
transport in stratified flows happens in close proximity of material interfaces. In particular,
further characterization of the interplay between the granular rheology and the regularization
treatment will allow to significantly improve the efficiency of numerical simulations of large-
scale flows.

In addition, a detailed investigation of material interfaces will provide an important test of
the theory with respect to particle entrainment from compacted granular beds, a phenomenon
which is particularly important in sediment-transport applications. It is known from experi-
ments that in certain flow conditions entrainment can be quite modest, and is due to turbulent
fluctuations of the fluid velocity around individual particles protruding from the top of the
granular bed. As previously mentioned, a continuum description of sub-grain turbulence is
still an open problem, so that capturing particle entrainment in these circumstances is chal-
lenging. Nevertheless, the proposed flow model has not been tested in these conditions, and
in any case it might be possible to introduce ad hoc modifications on empirical grounds. In
order to evaluate the capabilities of the proposed theory, it will be instrumental to perform
numerical simulations of fully-developed turbulent fluid flows over compacted granular beds.

Another useful development concerns the integration of the compaction equation. It has
been shown that this equation requires a specific treatment, due to the fact that it contains ex-
plicitly the phasial pressures (which affects the projection method used for time integration).
A treatment of this equation has been proposed and employed succesfully in the computa-
tions of this thesis; however, there is still considerable room for performance improvements.
In particular, it has been shown that common time-integration schemes can exhibit very weak
stability in this context, with an attenuation coefficient for the numerical error that does not
depend on the time increment ∆t. It is desirable to further investigate the numerical integra-
tion of the compaction equation, in order to derive robust integration schemes applicable to
general flow.

Finally, it is important to investigate extensions of the proposed algorithm which are fully
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second-order with respect to time integration. As mentioned in Chapter 5, the proposed algo-
rithm computes the phasial pressures with first-order accuracy in time unless suitable coun-
termeasures are introduced; a possible remedy is to cast the algorithm in a predictor-corrector
procedure. The numerical results of Chapter 6 indeed suggest that the mass-conservation er-
ror increases linearly with the time-step ∆t; this can be a limitation for sufficiently long
simulations, so that it is important to further assess the time-dependency of the numerical
errors for the case of higher-order implementations.

Experimental developments

The development of theoretical models for complex materials goes hand in hand with the
availability of accurate experimental measurements; in fact, it is often more difficult to de-
rive a description that is unambiguously constrained by existing experimental observation,
rather than providing a good fit of available results. The theory that was developed in this
thesis rests on fairly general physical assumptions which are not flow specific; nevertheless
it contains a large number of material coefficients, and for some of these coefficients direct
experimental measurements are not available. While particular attention was dedicated in
this work, so as to avoid using these coefficients as fitting parameters on a case-specific ba-
sis, to the best of the author’s knowledge there are currently no direct measurements of the
bulk viscosity ζs and of the compaction viscosity µc for general volume fractions. Further,
the thermodynamic derivatives βs and γs require additional experimental characterization in
order to clarify the impact of particle deformation and fracturing. The experimental investi-
gation of flows where these coefficients can be measured directly will contribute significantly
towards a rigorous validation of the proposed theory.

Finally, it has been mentioned that the current theory, similarly to several contemporary
modelling attempts, predicts that the first NSD should vanish (in fact, it can be shown that
this is a consequence of the assumed isotropy of the constitutive relations). While sufficient
data is available to assert that this is only an approximation, presently there is not enough
information to unambiguously characterize this behaviour from the theoretical standpoint.
Experimental studies that precisely identify the role of the relevant microstructural order
parameters will directly enable a more accurate modelling of suspension rheology.
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Appendix A

A projection algorithm for solenoidal
granular flows

This appendix outlines the main steps of the algorithm, originally proposed in [42], that
has been used for the computations of Chapter 2. This algorithm is a fractional-step two-
phase projection method,based on a generalization of the classical Chorin-Temam approach
[70, 71]. The governing equations (2.1)–(2.6), expressing the model of [26] for the case
of constant density, constitute a superset of the incompressible Navier-Stokes equations and
share a similar structure; in particular, equation (2.3) predicts the velocity of the granular
phase to be solenoidal. It has been shown in [42] that a suitable generalization of the projec-
tion method, based on Ladyzhenskaya’s decomposition theorem, [161], can be succesfully
applied to equations (2.1)–(2.6).

A.1 Selection of unknown variables

Projection algorithms for the Navier-Stokes equations typically solve these equations for the
velocity and pressure unknowns. One can in principle proceed along these lines and attempt
to solve (2.1)–(2.6) for the phasial velocities uf and us, the phasial pressures pf and ps and
volume fractions φs and φf . However, as thoroughly discussed in [42], such choice might not
be desirable for a number of reasons. Most notably, the momentum equations (2.2) and (2.4)
contain the non-conservative product pf∇φs on the right-hand side; this can jeopardize the
performance of a projection method because, in general, pf is not bounded in the L∞-norm;
cf. [161] for theoretical and [77] for numerical evidence. In addition, hydrostatic pressure
due to gravity is often a dominant term for stratified flows, so that it is useful to remove this
component from the phasial pressures before solving the system. To this end, the system

The content of this Appendix has been published in: C. Varsakelis, D. Monsorno, and M.V. Papalexan-
dris, (2015), ”Projection methods for two-velocity, two-pressure models for flows of heterogeneous mixtures”,
Computers & Mathematics with Applications, Vol.70, pp. 1024-1045.
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(2.1)–(2.6) can be rearranged. More specifically, one can define the auxiliary variables p and
p′f as follows,

p =
(ps − pf )φs

ρs
, p′f = pf − ρfΦ, with ∇Φ = ρfg. (A.1)

The system (2.1)–(2.6) can then be cast into the following equations for the unknowns uf ,
us, p′f , p, φf and φs,

∇ · (φf (us − uf )) = 0 , (A.2)
∂φfuf
∂t

+∇ · (φfuf ⊗ uf ) + φf∇p′f =
1

Re
∇ · (2φf Vd

f )

− δ (uf − us) , (A.3)

∇ · us = 0 , (A.4)
∂φsus
∂t

+∇ · (φsus ⊗ us) +∇p =
1

ρsRe
∇ · (2µsφsVd

s)

−∇ ·
(
γs
ρs
∇φs ⊗∇φs

)
− φs∇

(
p′f
ρs

)
+

δ

ρs
(uf − us)

+

(
1− 1

ρs

)
φsg , (A.5)

∂φs
∂t

+ us · ∇φs = 0 , (A.6)

φf + φs = 1 . (A.7)

In this system the state of the fluid phase has been chosen as reference state for the non-
dimensionalization, so that ρf = 1, µf = 1.

It can be observed that in equations (A.3) and (A.5) only the gradients of the phasial
pressures appear. In addition, gravity does not enter the equations for the fluid phase, and its
effect is limited to a buoyancy term appearing on the right-hand side of equation (A.5); in
particular, if the two phases have the same density, this term vanishes.

A.2 Time discretization

Similarly to most projection algorithms, this algorithm is a fractional-step method. To this
end it employs a second-order semi-implicit time-marching scheme; the flowchart of this
scheme is summarized now for the case of an equidistant temporal mesh with time-step ∆t.
The superscripts n, and n+1 are used to denote values computed at time n∆t and (n+1)∆t,
respectively.

1) The updated value of the volume fraction φn+1
s is computed from the compaction equa-
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tion (A.6),

φn+1
s − φns

∆t
= − uns · ∇φns . (A.8)

2) The time-integration scheme for the granular phase has the following form,

φn+1
s un+1

s − φnsuns
∆t

+∇pn+1/2 =
1

Re
∇ ·
(
µn+1
s φn+1

s (Vd
s)
n+1 + µnsφ

n
s (Vd

s)
n
)

Resn+1/2
s + φn+1

s

(
1− 1

ρs

)
g , (A.9)

where Ress is given by the following expression,

Ress = −∇ · (φsus ⊗ us) +∇ ·
(
γs
ρs
∇φs ⊗∇φs

)
− φs∇

(
p′f
ρs

)
+

δ

ρs
(uf − us) . (A.10)

In order to avoid the inversion of the nonlinear equation (A.9) a fractional projection
is employed. In a preliminary “advection–diffusion step”, a provisional value of the
granular velocity ũs is computed as follows,

φn+1
s ũs −

∆t

Re
∇ · (µn+1

s φn+1
s Ṽd

s) = φnsu
n
s +

∆t

Re
∇ · (µnsφns (Vd

s)
n)

+ ∆tResn+1/2
s . (A.11)

It can be observed from equation (A.11) that the proposed method belongs to the class
of pressure-free methods.

Subsequently, the projection step is performed,

φn+1
s ũs = φn+1

s un+1
s + ∆t∇qn+1 −∆tφn+1

s

(
1− 1

ρs

)
g . (A.12)

The quantity qn+1 is not the same as the pressure pn+1/2 appearing in (A.9). Rather,
it is an auxiliary numerical variable that enforces the realization of the Helmholtz
decomposition and is denoted as “ granular auxiliary pressure” in this Chapter. Of
course, qn+1 and pn+1/2 are closely related; this relation is quantified below. The pres-
ence of the gravity term on the right-hand side of the above equation might come as a
surprise because its presence is not customary in the literature of projection methods;
typically, this term is incorporated in the computation of the provisional velocity. The
rationale behind this choice is given below, when the boundary conditions of the vari-
ous quantities are discussed. Moreover, it can be observed that (A.12) constitutes the
Helmholtz–Marsden decomposition of the vector field ũs + ∆t

(
1− 1

ρs

)
g, [156].
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The granular auxiliary pressure qn+1 is computed as the solution to the elliptic problem
that emerges upon projecting equation (A.12) over the solenoidal fields. More specifi-
cally, by virtue of equation (A.4), at every time step∇ ·us has to satisfy the following
relation,

∇ · un+1
s = 0. (A.13)

Consequently, one can divide each member of equation (A.12) by φs and then take
the divergence of this equation to enforce the solenoidality constraint (A.13). One can
then compute qn+1 as follows,

∇ ·
(

1

φn+1
s

∇qn+1

)
=
∇ · ũs

∆t
. (A.14)

Once the granular auxiliary pressure qn+1 has been calculated, the granular velocity is
updated via (A.12),

un+1
s = ũn+1

s −∆t
1

φn+1
s

∇qn+1 + ∆t

(
1− 1

ρs

)
g . (A.15)

3) In analogy to the granular phase, the time–integration scheme for the fluid phase reads,

φn+1
f un+1

f − φnfunf
∆t

+ φn+1
f ∇p′n+1/2

f =
1

Re
∇ ·
(
φn+1
f (Vd

f )
n+1 + φnf (Vd

f )
n
)

+ Res
n+1/2
f , (A.16)

where Resf is given by the following expression,

Resf = −∇ · (φfuf ⊗ uf )− δ (uf − us) . (A.17)

In the “advection–diffusion” step of the fluid phase, the provisional fluid velocity ũf

is computed as follows,

φn+1
f ũf −

∆t

Re
∇ · (φn+1

f Ṽd
f ) = φnfu

n
f +

∆t

Re
∇ · (φnf (Vd

f )
n)

+ ∆tRes
n+1/2
f , (A.18)

The projection step for the fluid phase assumes the following form,

φn+1
f ũf = φn+1

f un+1
f + ∆tφn+1

f ∇q′n+1
f , (A.19)

where, analogously to the granular phase, q′f is the “fluid auxiliary pressure”. In view
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of equation (A.2), the term∇ · (φsuf ) has to satisfy the following relation,

∇ · (φn+1
f un+1

f ) = ∇ · (φn+1
f un+1

s ). (A.20)

Since un+1
s has been already updated, equation (A.20) can be used to compute the fluid

auxiliary pressure directly. More precisely, the fluid auxiliary pressure is computed as
the solution to the following elliptic problem,

∇ · (φn+1
f ∇q′n+1

f ) =
∇ · (φn+1

f ũf )

∆t
−
∇ · (φn+1

f un+1
s )

∆t
. (A.21)

Following the computation of the fluid auxiliary pressure q′n+1
f , the fluid velocity is

updated via (A.19) as follows,

un+1
f = ũn+1

f −∆t∇q′n+1
f . (A.22)

Explicit integration of the Resα terms

The time-marching scheme just described is essentially a Crank-Nicolson method for the
integration of the viscous fluxes of both phases, which is employed in order to circumvent
the following quite-restrictive parabolic-type constraint,

∆t . min
α=s,f

Re min ∆xj
2

max(µα)
, j = 1, ..., 3 , (A.23)

which may be become stringent since the ratio between µs and µf can be gargantuan.

On the other hand the remaining terms, expressed by the multi-component expressions
Resα in equations (A.9) and (A.16), are evaluated explicitly at n+1/2. These terms contain
the convective fluxes ∇ · (φαuα ⊗ uα) as well as source terms that describe the momentum
exchange between the phases, and the divergence of the configuration stress tensor γs∇φs⊗
∇φs. Following [163], the approximation of Resa

n+1/2 is performed with a second-order
Adams-Bashforth scheme so that,

Resn+1/2
a ≈ 3

2
Resna −

1

2
Resn−1

a . (A.24)

Boundary conditions

The use of a Crank-Nicolson scheme, and actually of any implicit or semi-implicit scheme,
for the time integration of the viscous fluxes presumes that the provisional velocities ũa

are endowed with appropriate boundary conditions. Although not frequently mentioned,
the choice of proper boundary conditions for the provisional velocity in the Navier–Stokes
is crucial for enforcing correct tangential boundary conditions for the true velocity and to
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secure second-order convergence of the pressure field in time [162].

A generalization of the analysis of [162] to equations (A.2)–(A.7) dictates that the tan-
gential components of the provisional velocities be assigned the following boundary condi-
tions,

ũn+1
s |∂Ω · τ = un+1

s |∂Ω · τ + ∆t
1

φn+1
s

∇qn+1|∂Ω · τ −∆t (1− 1/ρs)g · τ , (A.25)

ũn+1
f |∂Ω · τ = un+1

f |∂Ω · τ + ∆t∇q′n+1
f |∂Ω · τ , (A.26)

where τ is a versor oriented as the velocity component tangential to the boundary.

The quantities un+1
s |∂Ω ·τ and un+1

f |∂Ω ·τ are known since they are specified as boundary
conditions; φn+1

s is also known, as the volume fraction is the first variable to be updated.
However, neither qn+1 nor q′n+1

f are known at this stage of the algorithm and, therefore, they
need to be approximated. It was shown in [163] that employing qn and q′nf instead of qn+1

and q′n+1
f in (A.25) still results in a second-order-accurate scheme; this choice is followed

here. Thus, the boundary conditions for the tangential components of ũs and ũf read,

ũn+1
s |∂Ω · τ = usb · τ + ∆t

1

φn+1
s

∇qn|∂Ω · τ −∆t (1− 1/ρs)g · τ , (A.27)

ũn+1
f |∂Ω · τ = ufb · τ + ∆t∇q′nf |∂Ω · τ . (A.28)

On the other hand, the boundary conditions for the normal components of ũs and ũf are
inherited from the Helmholtz decomposition and, in particular, from the requirement that the
decomposition is orthogonal. One obtains

ũn+1
s |∂Ω · n = un+1

s |∂Ω · n = usb · n , (A.29)

ũn+1
f |∂Ω · n = un+1

f |∂Ω · n = ufb · n . (A.30)

Finally, as regards the boundary conditions for the phasial pressures, they are directly in-
duced by combining (A.29), (A.30) with (A.14) and (A.21), respectively. This yields,

∇qn+1|∂Ω · n = φn+1
s

(
1− 1

ρs

)
g · n, , (A.31)

∇q′n+1
f |∂Ω · n = 0 . (A.32)

In other words, each phase is endowed with a different Neumann problem.

Updating the pressure

The relation of qn and q′nf to pn and p′nf and p(n∆t), p′f (n∆t) is quite delicate and constitutes
one of the most difficult parts in the analysis of projection methods. First, in the Navier–
Stokes equations, the pressure term computed by projection methods typically exhibits ar-
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tificial boundary layers due to the boundary conditions that it inherits from the Helmholtz
decomposition, see [164] that also establishes the thickness of such layers as a function of
∆t. Still, as shown in [165], the computed pressure does converge to the solution but only
on the average, a type of convergence for which boundary layers are inconsequential. The
manifestation of boundary layers in the pressure fields is expected herein as well.

It should now be stressed that the time-integration algorithm described in Section A.2
does not require the values of the pressures pn+1/2, p′n+1/2. However, knowledge of the
phasial pressures is often useful; a relevant example consists of inertial rheology laws such
as the µ(I)-rheology of [83], which requires the pressure field as an input. In order to express
the relation between qn, q′nf , pn+1/2 and p′n+1/2

f one has to combine (A.9) with (A.15) and
(A.11) as well as (A.16) with (A.22) and (A.18), respectively; The following relations are
obtained.

∇pn+ 1
2 = ∇qn+1 − ∆t

2Re
∇ ·
(
µn+1
s φn+1

s Qs

)
(A.33)

∇p′n+ 1
2

f = ∇q′n+1
f − ∆t

2Reφf
∇ ·
(
µn+1
f φn+1

f Qf

)
, (A.34)

where,

Qs = ∇
(
∇(qn+1)

φn+1
s

)
+∇

(
∇(qn+1)

φn+1
s

)T
− 2

3
∇ ·
(
∇(qn+1)

φn+1
s

)
I ,

Qf = ∇∇q′n+1
f +

(
∇∇q′n+1

f

)T
− 2

3
∇ · (∇q′n+1

f )I .

A.3 Spatial discretization

In order to describe spatial discretization, a uniform mesh is introduced on a rectangular
domain; more precisely this mesh consists of a finite collection of equidistant 3-dimensional
rectangles Ki,j,k, i = 1, ...Mx1 , j = 1, ...,Mx2 , k = 1, ...,Mx3 , lexicographically ordered
with respect to the Cartesian coordinates of their cell centers (x1i , x2j , x3k). The length of
the cells in each dimension is denoted by ∆x1, ∆x2 and ∆x3, respectively. Throughout this
Section, the following standard notation convention is adopted: for every quantity f ,

f(i, j, k) ≡ f(x1i , x2j , x3k) , (A.35)

f(i± 1
2
, j ± 1

2
, k ± 1

2
) ≡ f(x1i ± ∆x1

2
, x2j ± ∆x2

2
, x3j ± ∆x3

2
) . (A.36)

Further, two discrete operators are introduced. First, the finite-difference operator acting on
a function f(x1i , x2j , x3k). When applied to the x1-direction is given by,

δnf(i, j, k)

δx1

=
f(x1i + n∆x1

2
, x2j, x3k)− f(x1i − n∆x1

2
, x2j, x3k)

n∆x1

. (A.37)
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Second, the linear interpolation operator, whose action along the x1-direction reads,

f
nx1

(i, j, k) =
f(x1i + n∆x1

2
, x2j , x3k) + f(x1i − n∆x1

2
, x2j , x3k)

2
. (A.38)

Expressions for the above operators acting on the other directions can be directly obtained
by symmetry.

Compaction equation & regularization

The accurate and efficient integration of the compaction equation (A.6) is of profound im-
portance for the overall performance of the numerical method; this algorithm employs the
Corner-Transport-Upwind (CTU) algorithm proposed in [166]. This well-known algorithm
constitutes a second-order generalization of the standard upwind scheme to multiple dimen-
sions.

From a formal standpoint, the volume fraction φs is, generally, a discontinuous func-
tion; even from a physical standpoint experience shows that this quantity can exhibit very
sharp variations, for instance in the case of stratified flows. In turn, this can trigger severe
numerical instabilities that may not be remedied unless a prohibitively small time–step ∆t

is adopted. Moreover, from the analysis point of view, there is no a priori guarantee that
such discontinuities will not affect the well–posedness of the equations of interest. For these
reasons, a treatment of these instabilities and hence the avoidance of such well-posedness
issues is performed with a regularization method.

The idea behind any regularization method is to replace the values of the discontinuous
function in the vicinity of the discontinuity by those of a smoother, and preferably compactly
supported, one. These methods, usually referred to as diffuse–interface methods, are backed
with a solid theoretical framework; see, for example, the recent discussions of [167, 168] and
references therein. This asserts that the perturbations induced by the use of the regularization
lead to well-posed problems whilst the corresponding numerical schemes converge to the
original solutions as the support of the regularization approaches zero.

However, despite their conceptual simplicity, regularization methods are not easy to im-
plement when the interface is multi-dimensional and time-evolving. Moreover, the width
of the regularization and its dependence on the spatial resolution of the numerical method
remain a contentious topic, [77, 169].

In the present case a very simple regularization technique is employed, which is easy to
implement and able to treat complicated geometries: the so-called parabolic regularization.
More specifically, at every step of the algorithm, and following the update of the volume
fraction φn+1

s , the next sequence of operations is performed.

1) For every computational cell Kijk, the differences between the value of φn+1
s in K

with the values of φn+1
s in the adjacent cells |φn+1

s (Kijk) − φn+1
s (K ′)| , is computed,
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i.e. compute for all cells K ′ that possess a common face with Kijk. An interface exists
in the direction normal to the common face of A and B if,

|φn+1
s (Kijk)− φn+1

s (K ′)| > δ ,

where δ > 0 is the parameter that differentiates between a discontinuity and a regular
transition.

2) Regularized values φrs are computed by iterating the following parabolic problem,

φr+1
s − φrs

∆t
= ε∇2φrs , (A.39)

φ0
s = φn+1

s , (A.40)

where ε is a suitably chosen regularization parameter until,

|φr+1
s (Kijk)− φr+1

s (K ′)| ≤ δ , ∀Kijk. (A.41)

3) The regularized values φr+1
s are used as updated values of the volume fraction.

Convective fluxes and odd-even decoupling instability

The numerical computations discussed in Chapter 2 have been performed on a collocated
grid. It is well known that this type of spatial discretization requires additional treatment in
order to cope with the odd-even decoupling numerical instability. In this case a particular
interpolation of the convective fluxes is employed, the so-called Rhie-Chow interpolation,
which addresses this issue in a systematic way [170–174].

The core idea is to compute the velocity at the cell interfaces by combining values of both
the velocity and the gradient of the pressure. In this case, an interpolation scheme can be
deduced from equations (A.12) and (A.19). Indeed, conservation of momentum dictates that
(A.12) and (A.19) are valid both at the cell centers and interfaces. For the sake of brevity,
the consequences of this fact are listed below for an interface normal to the (x1, x2) plane.
At such interface, equations (A.12) and (A.19) assume the following form,

φns (i, j, k ± 1
2
)uns3(i, j, k ± 1

2
) = φns (i, j, k ± 1

2
)ũns3(i, j, k ± 1

2
)

−∆t
∂qn

∂x3

(i, j, k ± 1
2
)

+ ∆t

(
1− 1

ρs

)
φns (i, j, k ± 1

2
)e3 · g , (A.42)

φnf (i, j, k ± 1
2
)unf3

(i, j, k ± 1
2
) = φnf (i, j, k ± 1

2
)ũnf3

(i, j, k ± 1
2
)

−∆tφnf (i, j, k ± 1
2
)
∂q′nf
∂x3

(i, j, k ± 1
2
) . (A.43)
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The quantities on the right-hand side of the above equations can be approximated as follows,

φns (i, j, k ± 1
2
)ũns3(i, j, k ± 1

2
) ≈ φns (i, j, k ± 1

2
) ũns3(i, j, k ± 1

2
)
1x3

, (A.44)

φnf (i, j, k ± 1
2
)ũnf3

(i, j, k ± 1
2
) ≈ φnf (i, j, k ± 1

2
) ũnf3

(i, j, k ± 1
2
)
1x3

, (A.45)

∂qn

∂x3

(i, j, k ± 1
2
) ≈

δ1qn(i, j, k ± 1
2
)

δx3

, (A.46)

φnf (i, j, k ± 1
2
)
∂q′nf
∂x3

(i, j, k ± 1
2
) ≈ φnf (i, j,±1

2
)
1x3 δ1q′nf (i, j, k ± 1

2
)

δx3

, (A.47)

φns (i, j, k ± 1
2
)e3 · g ≈ φns (i, j, k ± 1

2
)
1x3

e3 · g . (A.48)

Next, the following short-hand notation is introduced,

M3
s (i, j, k ± 1

2
) = φns (i, j, k ± 1

2
) ũns3(i, j, k ± 1

2
)
1x3 −∆t

δ1qn(i, j, k ± 1
2
)

δx3

+ ∆t

(
1− 1

ρs

)
φns (i, j,±1

2
)
1x3

e3 · g , (A.49)

M3
f (i, j, k ± 1

2
) = φnf (i, j, k ± 1

2
) ũnf3

(i, j, k ± 1
2
)
1x3

−∆tφnf (i, j, k ± 1
2
)
1x3 δ1q′nf (i, j,±1

2
)

δx3

. (A.50)

Then, by combining (A.42), (A.43) with (A.49) and (A.50), one readily obtains the following
interpolation for φaua,

φs(i, j, k ± 1
2
)us3(i, j, k ± 1

2
) ≈M3

s (i, j, k ± 1
2
) , (A.51)

φf (i, j, k ± 1
2
)uf3(i, j, k ± 1

2
) ≈M3

f (i, j, k ± 1
2
) . (A.52)

The quantities M1
α(i, j, k) and M2

α(i, j, k) can be defined by direct analogy. Then, the final
expressions for cell interfaces normal to the other planes assume the following form,

φα(i± 1
2
, j, k)uα3(i± 1

2
, j, k) ≈M1

α(i± 1
2
, j, k) , (A.53)

φα(i, j ± 1
2
, k)uα3(i, j ± 1

2
, k) ≈M2

α(i, j ± 1
2
, k) , α = s, f . (A.54)

The interpolation scheme provided by equations (A.51)–(A.54) introduces a coupling
between the phasial velocities and pressures that is sufficient to remedy the odd-even de-
coupling problem. In particular, the divergence theorem is applied on an arbitrary cell Kijk,
which yields,∫

Ki,j,k

∇ · (φαuα ⊗ uα)dx =

∫
∂Ki,j,k

φαuα ⊗ uα · dS , α = s, f . (A.55)
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Then, by combining (A.51)–(A.54) with the right-hand side of (A.55), the following dis-
cretization scheme for the convective fluxes is obtained,∫

∂Ki,j,k

φαuα ⊗ uα·dS ≈
M1

α(i+ 1
2
, j, k)u1x1

α (i+ 1
2
, j, k)−M1

α(i− 1
2
, j, k)u1x1

α (i− 1
2
, j, k)

∆x1

+

M2
α(i, j+ 1

2
, k)u1x2

α (i, j+ 1
2
, k)−M2

α(i, j− 1
2
, k)u1x2

α (i, j− 1
2
, k)

∆x2

+

M3
α(i, j, k+ 1

2
)u1x3

α (i, j, k+ 1
2
)−M3

α(i, j, k− 1
2
)u1x3

α (i, j, k− 1
2
)

∆x3

.

(A.56)

Viscous fluxes

For the discretization of the viscous fluxes, conservative second-order finite differences are
employed; this is the typical choice in the literature of projection methods. The only matter
of debate concerns the computation of the phasial partial viscosities µsφs and µfφf at the
cell interfaces. Indeed, these functions support considerable variations. Further, µs, which
accounts for the rheology of the granular material, is nonlinear in the volume fraction φs
and can become arbitrarily large near the jamming limit. Consequently, the appropriateness
of using standard linear interpolation should be put under scrutiny, [183]. In the results of
Chapter 2, both linear and harmonic interpolations have been tested. However, the numerical
results have indicated that the differences in the performances of both interpolations are
minor for the flows under examination.

Configuration stress tensor

The divergence of the configuration stress tensor ∇ · (γs∇φs ⊗ ∇φs) is a highly nonlinear
differential operator and, as such, its discretization requires particular attention. Herein the
following identity is employed,

∇ · (γs∇φs ⊗∇φs) = (∇ · (γs∇φs)I + γsH(φs))∇φs , (A.57)

where H(φs) is the Hessian of φs; the discretization is then performed as follows. The
diagonal tensor∇ · (γs∇φs)I is approximated via the divergence theorem,

∇ · (γs(i, j, k)∇φs(i, j, k))I '(
γ1x1(i+ 1

2
, j, k)

δ1φs(i+
1
2
,j,k)

δx1
− γs1x1(i− 1

2
, j, k)

δ1φs(i− 1
2
,j,k)

δx1

∆x1

+
γs

1x2(i, j + 1
2
, k)

δ1φs(i,j+
1
2
,k)

δx2
− γs1x2(i, j − 1

2
, k)

δ1φs(i,j− 1
2
,k)

δx2

∆x2

+
γs

1x3(i, j, k + 1
2
)
δ1φs(i,j,k+ 1

2
)

δx3
− γs1x3(i, j, k − 1

2
)
δ1φs(i,j,k− 1

2
)

δx3

∆x3

 I . (A.58)
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Both the diagonal and the off-diagonal components of the Hessian operator H(φs) are ap-
proximated via cell centered, second-order finite differences. Finally, the multiplier ∇φs is
also approximated via the divergence theorem as follows,


∂φs(i,j,k)

∂x1

∂φs(i,j,k)
∂x2

∂φs(i,j,k)
∂x3

 ≈


1
2

(
δ1φs(i+

1
2
,j,k)

δx1
+

δ1φs(i− 1
2
,j,k)

δx1

)
1
2

(
δ1φs(i,j+

1
2
,k)

δx2
+

δ1φs(i,j− 1
2
,k)

δx2

)
1
2

(
δ1φs(i,j,k+ 1

2
)

δx3
+

δ1φs(i,j,k− 1
2

)

δx3

)

 (A.59)
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Appendix B

A simple algorithm for steady
one-dimensional flow

This appendix outlines the main steps of the algorithm that has been used for the compu-
tations of Chapter 4, and more precisely for the integration of the system (4.6)–(4.9). It is
an iterative under-relaxation method that employs second-order centered differences for the
computation of the differential operators.

1. First-guess values are introduced for the unknown uf , us, ps, φs,

uf = 0, us = 0, φs = φs, ps = βs(φs), (B.1)

where φs is the average granular volume fraction.

2. An intermediate value φs? is computed for the volume fraction from the compaction
equation (4.9), via the following semi-implicit scheme,

(
γs
n
i + γs

n
i+1

)
φs

?
i+1−(

γs
n
i+1 + 2γs

n
i + γs

n
i−1

)
φs

?
i +(

γs
n
i−1 + γs

n
i

)
φs

?
i−1 =

− 2(∆y)2 (ps − βs)ni . (B.2)

The superscript n represents the iteration number and the index i refers to the compu-
tational point.

3. An intermediate value uf ? is computed for the fluid velocity from equation (4.6) via
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the following semi-implicit discretization,

−
(
φs

n
i + φs

n
i+1

)
uf

?
i+1+(

φs
n
i+1 + 2φs

n
i + φs

n
i−1

)
uf

?
i −(

φs
n
i−1 + φs

n
i

)
uf

?
i−1 =

2 Re (∆y)2 (δ(uf − us)− F (1− φs))ni . (B.3)

4. Similarly, an intermediate value us? is computed for the velocity of the granular phase
from (4.7) via the following discretization,

(
(µsφs)

n
i + (µsφs)

n
i+1

)
us

?
i+1−(

(µsφs)
n
i+1 + 2(µsφs)

n
i + (µsφs)

n
i−1

)
us

?
i +(

(µsφs)
n
i−1 + (µsφs)

n
i

)
us

?
i−1 =

− 2 Re (∆y)2 (δ(uf − us) + F φs)
n
i . (B.4)

5. An intermediate value ps? is computed for the granular pressure from equation (4.8).
First the combined term (psφs)

?
i is computed via quadrature of (4.8). Then the value

of ps? follows from

ps
?
i =

(psφs)
?
i

φs
n
i

. (B.5)

6. The relative error ε in the l2-norm of the unknown variables is computed. For example,
for φs,

ε =
||φs? − φsn||2
||φsn||2

. (B.6)

7. The magnitude of the error is checked. The iterative procedure terminates when the
relative error for all variables is smaller than a treshold value.

8. If the convergence criterion is not met, the variables are upgraded for the next iter-
ation step n + 1, with a small under-relaxation parameter λ that is used to control
convergence. For example, for φs,

φs
n+1
i = (1− λ)φs

n
i + λφs

?
i . (B.7)
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