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Abstract

This thesis addresses resource allocation (RA) problems in orthogonal fre-
quency division modulation or multiple access (OFDM or OFDMA) systems.

This thesis contains three parts. In the first part, general optimization the-
ory and methods are presented. First, some fundamental optimization theory
is reviewed. Next, the successive convex approximation (SCA) method, which
iteratively solves convex approximations of an optimization problem, is gen-
eralized to the successive approximation (SA) method. Then, general methods
are proposed to construct a convex upper bound approximation (CUBA) for
a nonconvex function, which is the key to the SCA method. Finally, two in-
teresting applications of the SA and CUBA construction methods, namely the
expectation-maximization (EM) algorithm and the successive geometric pro-

gram (GP) approximation algorithm are given.

In the second part, two RA problems for interference-corrupted OFDM(A)
systems are investigated. The first one is a weighted sum rate (WSR) max-
imized dynamic spectrum management (DSM) problem for point-to-point
OFDM systems subject to per transmitter sum power constraints. Specifically,
SCA-based DSM algorithms are revisited to show how they can be derived
from the SCA and CUBA construction methods. The second one is a RA
problem to maximize weighted sum of per cell minimal user rates (WSMR)
in a multi-cell OFDMA downlink system subject to per base station (BS) sum
power constraints. An iterative algorithm is proposed to jointly optimize BSs’
carrier and power allocation alternatively.

In the last part, two RA problems for multiple decode-and-forward (DF)
relays aided OFDM(A) systems are investigated. The first one is a sum rate
maximized RA problem for a point-to-point OFDM system aided by multiple
DF relays subject to per device sum power constraints. Two RA algorithms



have been proposed to find globally optimum and suboptimum RAs, respec-
tively. The second one is a WSR maximized RA problem for an OFDMA
downlink system aided by multiple DF relays under a system sum power
constraint. A two-step algorithm is proposed to find a globally optimum RA
based on a divide-and-conquer strategy.
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Introduction

This chapter first explains motivations behind this thesis, then shows the-

sis outline and contributions, and finally lists related publications.

1.1 Motivations

Orthogonal frequency division modulation (OFDM) transforms a
frequency-selective fading channel into parallel flat-fading channels, each at
a different carrier. When used in cellular systems, orthogonal frequency divi-
sion multiple access (OFDMA) can be adopted to eliminate intra-cell interfer-
ence, i.e., each carrier of a base station (BS) is exclusively allocated to a user in
the cell served by that BS. The OFDM(A) transmission naturally enables use
of vast flexibility coming from multiple carriers and users for performance
improvement. Therefore, OFDM(A) transmission has not only been widely
accepted in many current wireless communication standards such as Wireless
Fidelity (WiFi), but is also a strong candidate for future wireless communica-
tion systems [FK88, PH09].

When channel state information (CSI) is available at the OFDM(A) trans-
mitters, the key to realizing performance improvement is dynamic resource al-
location (RA) i.e., optimizing carrier and power allocations to improve certain
performance metrics. In the past decade, plenty of RA problems have been
proposed and solved for single-cell OFDMA systems. In general, those prob-
lems can be classified into two categories. One is margin-adaptive which min-
imizes the sum power consumption subject to prescribed rate requirements
for users [WCLM99]. The other is rate-adaptive which maximizes the sum rate
subject to a sum power constraint [JLO3]. In addition, application-dependent
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user-rate constraints may be prescribed [YL0O, ZL04]. When there are no such
constraints, proportional rate constraints can be imposed to guarantee propor-
tional fairness among users [SAE05,SVLO05, SLV08]. To achieve the maximum
fairness among users, a max-min problem can be solved to provide similar
rates to users [RC00, KPLO06].

In this thesis, RA for the following two types of OFDM(A) systems is in-
vestigated:

B Interference-corrupted OFDM systems

Specifically, two kinds of interference corrupted OFDM systems are con-
sidered. The first has multiple pairs of transmitter and receiver communicat-
ing simultaneously with OFDM. The other is a multi-cell OFDM system serv-
ing multiple users. The performance of these systems is impaired by cochan-
nel interference (CCI), i.e., the transmission at a carrier to a user is interfered
by that at the same carrier to another user.

A traditional way of mitigating CCI is to use frequency division multi-
plexing (FDM), i.e., adjacent users use nonoverlapping subsets of carriers.
Pushed by increasing demand of higher data rate wireless services, full spec-
trum reuse is envisioned in next-generation systems.

Lately, two CCI mitigation methods have been attracting intensive re-
search interest. The first is to use signal coordination, i.e., all users’ data are
first encoded and then transmitted simultaneously at each carrier [GKH'07].
This method in effect establishes multiple input and multiple output (MIMO)
links in a distributed way to increase data rate. However, all users” data need
to be collected at a central controller. Moreover, new signal processing hard-
ware and algorithms have to be implemented. The second method is to use
joint RA, also called dynamic spectrum management (DSM) for point-to-point
OFDM systems, to increase data rate. This leads to an easier implementation
in current systems [GKGb07]. Chapters 5-6 of this thesis propose joint RA al-
gorithms for CCI mitigation in the above mentioned interference corrupted
OFDM systems.

B Relay-aided OFDM(A) systems

Relay-aided cooperative transmission finds plenty of promising applica-
tions when it is difficult to install multiple antennas at the same radio equip-
ment, and therefore has been attracting intensive research interest in both
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academia and industry lately [PWST04]. From the information theory point of
view, the capacity bounds for a general three-node relay channel were stud-
ied in [vdM71,CG79]. A full-duplex relaying based communication system
has been studied in [SEA03].

Half-duplex relaying based transmission protocols, such as amplify and
forward (AF) as well as decode and forward (DF), have been proposed and
become the focus of recent research works, since they can simplify the imple-
mentation with practical half-duplex devices that can not transmit and receive
simultaneously [LW03, LTW04]. Typically, both protocols propose to carry out
a relay-aided transmission within two time slots, namely a broadcasting slot
and a relaying slot. In [LTWO04], the AF/DF which fixes every transmission in
the relay-aided mode independently of source-relay channel conditions is re-
ferred to as fixed relaying AF/DEF. In fact, improved protocols may be built for
better performance. For instance, selection relaying AF/DF, which selects ei-
ther the direct or relay-aided transmission mode depending on channel condi-
tions, has been proposed to improve spectral efficiency [LTWO04]. In particular,
the direct mode, which refers to the direct source to destination transmission
without any relay assisting, is used when the source-destination channel gain
is higher than the source-relay channel gain. Most interestingly, not fixed but
selection relaying DF can achieve full diversity [LTWO04].

Compared to conventional OFDM(A) transmission, the relay-aided
OFDMA transmission raises more complicated RA problems, since it intro-
duces extra tasks such as deciding the transmission mode of each carrier, de-
termining assisting relays and the power allocation to them for each relay-
aided carrier, besides assigning source power (and destination for OFDMA)
at each carrier. Therefore, novel efficient RA algorithms are solicited for relay-
aided OFDM(A) transmission systems. Chapters 7-8 of this thesis propose
novel RA algorithms for DF relays aided OFDM(A) systems.

1.2 OQOutline and contributions
In Chapter 2, definitions of convex sets and functions, as well as methods
to recognize a convex function are briefly reviewed.

In Chapter 3, optimality conditions and the dual method are presented for
an optimization problem in general form.
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In Chapter 4, the successive convex approximation (SCA) method is gen-
eralized to successive approximation (SA) method for solving a general op-
timization problem. General methods are proposed to construct for a non-
convex function a convex upper bound approximation (CUBA) that satisfies
tightness and differentiation conditions, which is the key to the SCA method.
To illustrate the effectiveness of the SA method, two interesting applications
for parameter estimation and geometric programming are shown.

In Chapter 5, a weighted sum rate (WSR) maximized DSM problem is ad-
dressed to mitigate CCI in point-to-point OFDM systems subject to per trans-
mitter sum power constraints. Specifically, SCA-based DSM algorithms are
revisited to show how they can be derived from the SCA and CUBA construc-
tion methods introduced in Chapter 4.

In Chapter 6, a weighted sum of per cell minimal user rates (WSMR) maxi-
mized DSM problem is addressed to mitigate CCI in a multi-cell OFDM down-
link system subject to per BS sum power constraints. A RA algorithm is pro-
posed to jointly optimize BSs’ carrier and power allocation alternatively.

In Chapter 7, a sum rate maximized RA problem is addressed for a point-
to-point OFDM system aided by multiple DF relays subject to per device sum
power constraints. Two RA algorithms are proposed to find the globally opti-
mum RA.

In Chapter 8, a WSR maximized RA problem is addressed under a system
sum power constraint for an OFDMA downlink transmission system aided by
multiple DF relays. A two-step RA algorithm is proposed to find the globally
optimum RA.

In Chapter 9, a summary and perspectives for future work are presented.

1.3 Related publications

The content of Chapter 4 and 5 has been published or submitted as
e [WVI1Ic] T. Wang and L. Vandendorpe, Successive convex approximation based
methods for dynamic spectrum management, to be presented in IEEE ICC 2012,
Sep. 2011.
e [WVI11b] T. Wang and L. Vandendorpe, On the SCALE algorithm for multiuser
multicarrier power spectrum management, submitted to IEEE Trans. Signal Pro-
cessing, Jun. 2011.

The content of Chapter 6 has been published in
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[WV11a] T. Wang and L. Vandendorpe, Iterative resource allocation for maximiz-
ing weighted sum min-rate in downlink cellular OFDMA systems, IEEE Trans. Sig.
Proc., vol. 59, no. 1, p.p. 223-234, Jan. 2011.

[WV10c] T. Wang and L. Vandendorpe, Resource Allocation for Maximizing
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p-p- 1-6, May 2010.
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Convex sets and
functions

This chapter briefly reviews definitions of convex sets and functions, and

methods to recognize a convex function.

2.1 Convex sets

A set Cx € RN is convex if
axq + Bxo € Cx (2.1)

always holds V x1,xp € Cx and V , B € [0, 1] satisfying « + = 1.
Geometrically speaking, Cx is convex if the line segment between any two
points in Cy is still contained in Cx. A convex set and a nonconvex set are

illustrated in Figure 2.1.

x ¢ Cy
(a) a convex set Cy (b) anonconvex set C

Figure 2.1 Illustration of a convex set and a nonconvex set.
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Il
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Cx

(a) a convex function f(x) over Cx

J'(x)

(x2, f'(x2)

Y,
B AN
EA

Cx

(b) a nonconvex function f'(x) over Cy

Figure 2.2 Tllustration of convex and nonconvex functions over Cx.

2.2 Convex or concave functions

A function f(x) is convex over a convex set Cx C RN if

af(x1) + Bf(xa) > f(axy + pxa) (2.2)

always holds V x1,x € Cx and V «a,p € [0,1] satisfying « + = 1. In
particular, f(x) is strictly convex over Cy if strict inequality holds in (2.2),
V0 < a,B < 1. Geometrically speaking, f(x) is convex over Cy if the line
segment between any two points (x1, f(x1)) and (xp, f(x2)) is always above
the curve (x, f(x)) when x runs from x; to x,. A convex function and a non-
convex function are illustrated in Figure 2.2. f(x) is (strictly) concave over Cx
if —f(x) is (strictly) convex over Cx.

Properties of a convex function have been studied thoroughly in Chapter
3 of [BV04]. Some of them that will be used later are listed as below:
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f(x)

————————— its first-order Taylor approximation around xq

=V

Figure 2.3 Illustration of the right-hand side of (2.5) as a global underestimator of

f(x) which is convex on Cx.

1. Jensen’s inequality. Specifically, V x3, - - - ,xp1 € Cx,

M M
Z_:l O f (xm) > f( Z_)l OnXm) (2.3)

holds V 61, - - -, 0y € [0, 1] satisfying ZnAle 0,n = 1. More generally, when x is
a random vector,

Epx)(f(x)) = f(E,(x)(x)) 2.4)

holds for any probability density function (PDF) p(x) over Cx, where [E,((-)
represents the expectation with p(x). When f(x) is strictly convex, the in-
equality in (2.3) holds strictly when V m, 0 < 6, < 1. This property is a gen-
eralization of (2.2) used to define a convex function. Obviously, the inequality
is tightened when f(x) is equal to a constant independently of x.

2. Global bound property. Suppose f(x) is differentiable over Cy, then it
is convex over Cx if and only if

W, x € G, f(X) > £(x) + (Vaf ()T (X~ x) 2.5)

holds. Moreover, f(x) is strictly convex over Cy if and only if the inequality in
(2.5) holds strictly when x # x'.

In other words, f(x) is convex over Cy if and only if its first-order Taylor
approximation around any point in Cy is a global underestimator of itself, or
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equivalently Vf(x) is a subgradient! of f(x) with respect to x € Cx. This
property is illustrated in Figure 2.3.

3. Hessian related property. Suppose f(x) is twice differentiable over Cy,

then it is convex over Cy if and only if
Vx€Cy, Vif(x) =0 (2.6)

holds. Moreover, f(x) is strictly convex if the inequality in (2.6) holds strictly.
It is important to that the converse, however, is not true. For instance, the
function f(x) = x* defined over x € R is strictly convex of x, but V2 f(x) =0
when x = 0.

The corresponding properties of a concave function can also be described
as in the above after every word “convex", “underestimator”, “>"in (2.3), (2.4)
and (2.5) and the “>" in (2.6) are replaced with “concave"”, “overestimator”,
“<"and “=", respectively.

2.3 Recognition of convex or concave functions

To examine if a given function is convex (respectively, concave), we can
check if it satisfies the differentiation or Hessian related properties. Except
for a few functions with simple structures, these methods often lead to very
involved and demanding mathematical procedures, not to mention that they
are only applicable to differentiable functions.

In practice, a more efficient way to recognize a convex (resp., concave)
function is to check if that function can be transformed from certain convex
or concave functions through operations that preserve the convexity (resp.,
concavity). Therefore, it would be very helpful to get familiar with typical
convex or concave functions as well as convexity (resp., concavity) preserving
operations, in order to recognize convex (resp., concave) functions efficiently.

2.3.1 Typical convex or concave functions

A number of typical convex or concave functions are listed in Chapter 3
of [BV04]. A few of them in their original or generalized forms that will be
used in this thesis, are summarized as follows:

! For a convex (respectively, concave) function g(x) defined over x € Cx, s(x) is a subgradient
with respect to x if ¥ X' € Cx, g(X') > g(x) + (s(x))T(X' — x) (respectively, g(x') < g(x) +
(s())"(x' =x)).
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1. Affine function, i.e.,
f(x)=alx+b (2.7

is convex over RN,V a € RN,V b € R. Most interestingly, this function is
also concave over RN.

2. Exponential function, i.e.,

flx) =" .3)

is convex over R1.

3. Logarithm function, i.e.,

f(x) = log(x) 2.9)

3 1
1S concave over R++.

4. Vector norm function of mth order (im =1,2,---), i.e,,
N 1/m
FO) = [Ix[m = (Y [xal™) """, (2.10)
n=1

is convex over RN.

5. Log-weighted-sum-exponential function, i.e.,

N
f(x) =log(z+ )_ dne™) (2.11)
n=1
is convex over RN ifV n,d, > 0and z > 0.

When V n,d, = 1 and z = 0, the convexity of f(x) has been proved in
Page 74 of [BV04]. For f(x) expressed in the general form (2.11), its convexity
was proved in [WV10c, WV11a] by verifying that V2f(x) = 0,V x € RN.
Moreover, it was shown there f(x) is strictly convex when z > 0 and d,, > 0,
Y n.

2.3.2 Typical convexity- or concavity-preserving operations

A number of typical convexity or concavity preserving operations are
listed in Chapter 3 of [BV04]. A few of them in their original or generalized
forms that will be used in this thesis consist of:
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Figure 2.4 Illustration of the pointwise maximum operator, where the lower border

of the grey area represents f(x) = max{g(x,y1),g(x,y2)}.

1. Weighted summation. Specifically,
f(x) =} wifi(x) (2.12)
i

is convex (resp., concave) over Cy if V i, one of the following two conditions is
satisfied:
« w; > 0and f;(x) is convex (resp., concave) over Cy,

o w; <0and fj(x) is concave (resp., convex) over Cy.

2. Pointwise maximum (resp., minimum). Specifically,

£00 = maxg(x,y) - (resp. f(x) = ming(xy)) 2.13)

yeCy

is convex (resp., concave) over Cx if V 'y € Cy, g(x,y) is convex (resp., concave)
over Cx. Note that Cy can be either continuous or discrete, and g(x,y) can
be nondifferentiable. The proof of this claim is given in Page 80 of [BV04].
A caveat deserving attention is that f(x) might be nondifferentiable over Cx
evenif Vy € Cy, g(x,y) is differentiable over Cy.

This operation is illustrated in Figure 2.4, where f(x) =

max{g(x,y1),8(x,y2)} is convex over Cx, but nondifferentiable at x;
and xp even though the two functions inside the max operator are both
differentiable over Cx. For this operation, an important property that will be
used later is given as follows:
Corollary 2.1. Suppose V' 'y, g(x,y) is convex (resp., concave) and differentiable
of x € Cx. Then Vxg(x,yx) is a subgradient of the convex function f(x) =
maxyec, §(x,y) (resp., the concave function f(x) = minycc, g(x,y)) with respect
to x € Cx, where yx € argmaxyec, §(X,y) (resp., yx € argminyec, g(x,y))-
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This corollary in the convex case is true because V x' € Cy,

fX) =8( yx) = g(xyx) = f(x) + (X = %) T Vg (x, yx) (2.14)

holds, where the first inequality is because y,» = argmaxyec, g(x',y), and the
second one is due to the global bound property of g(x, yx) with respect to x.
The concave case can easily be proved in a similar way.

Note that a generalization of this corollary is Danskin’s Theorem (see Page
737 in [Ber03]), where a directional derivative that is more general than the
subgradient is considered. Nevertheless, this corollary is simpler and thus
more readily used for the analysis shown later.

3. Composition of functions. Specifically,

f(x) =h(z1(x),- -, zL(x)) (2.15)

is convex (resp., concave) over Cx, when h(z) is convex (resp., concave) over
RL and V I, one of the following conditions is satisfied:
o h(z) is increasing of z; and z;(x) is convex (resp., concave) in Cy,
o h(z) is decreasing of z; and z;(x) is concave (resp., convex) in Cx.
The method in the convex case is valid because

h(zy(ax) + Bxa), - -+, zr(axg + Bxz))
< h(azi(x1) + Bz1(x2), -+, azp(x1) + BzL(x2)) (2.16)
<wah(zi(x1), -+ ,zL(x1)) + Bh(z1(x2), -+, zL(x2)),

holds V x1,x; € Cx and V &, B € [0,1] satisfying « + p = 1, where the first
inequality is due to the convexity or concavity of every z;(x) together with the
monotonicity of h(z), while the second one is because of the convexity of 11(z).
The concave case can be proved in a similar way.

Note that this operation is a simple generalization of those introduced in
[BV04], which only consider the cases where h(z) is uniformly increasing or
decreasing of all zj, - - -, z;, and meanwhile all z;(x),- - -, z1 (x) are uniformly
convex or concave of x.

4. Perspective functions. Specifically, when f(x) is convex (resp. concave)
over Cy,

sty.t) = tF(¥) 217)
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named as a perspective of f(x) with respectto t > 0, is convex (resp. concave)
over the set {(y, ) € RN*1|¥ € Cy,t > 0}. Note that this property is the key
to developing a RA algorithm in [WV11le, WV11f].



Optimality conditions
and dual method

3.1 Overview of this chapter
This chapter briefly reviews optimality conditions and dual method to
solve the problem

min fo(x)
st. xe Cx C RN, (3.1)
f}(x) 201]:1/ /]/

which is feasible and has a finite optimum objective value. Note that Cx is a
subset of the definition domain of f]-(x), Vj=0,1,---,]. When Cx is convex
andvVj=0,1,---,], f](x) is convex, (3.1) is a convex problem.

The Lagrangian of (3.1) is defined as

]
L(u,x) = fo(x) + 21 #ifi(x) (32)
=

where u = [uy,--- )T € Ri with p; > 0 being the dual variable, also
named as the Lagrange multiplier for the jth constraint.

In this chapter, necessary conditions are first introduced for a local opti-
mum of (3.1). Next, global optimality conditions that are both sufficient and
necessary for (3.1) are derived when the problem has a zero duality gap. Then,
the duality gap of (3.1) is studied. After that, sufficient and necessary global
optimality conditions when (3.1) is convex are summarized. Finally, the dual

method is introduced to find a global optimum for (3.1) when it has zero du-
ality gap.
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3.2 Necessary conditions for local optimality

First, the Karush-Kuhn-Tucker (KKT) conditions that are necessary for a
local optimum of (3.1) are presented as follows:

Theorem 3.1 (Proposition 3.3.1 in [Ber03]). Suppose Cx = RN and V j, fi(x)
is continuously differentiable of x € RN for (3.1). Let x° be locally optimum and
reqular, i.e, all inequality constraints are satisfied strictly at x°. Then it satisfies the
KKT conditions, i.e., there exists y' = [y}, - - - r.”ﬂT > 0, together with x° satisfying
simultaneously:

o feasibility condition: x° is feasible for (3.1),

o first-order differentiation condition: VxL(p',x°) =0,

o complementary slackness condition: ¥ j > 1, ],t; fi(x) =0.

Let us now consider the case where Cf, representing the feasible set of (3.1),
is convex and fy(x) is differentiable over Cf. In this case, a necessary condition
for local optimality is given as follows:

Theorem 3.2 (Proposition 2.1.2 in [Ber03]). Suppose CL is convex and fo(x) is
differentiable over C%. Then, a local optimum x° for (3.1) must satisfy that

Vxecl, (Vifo(x*)T(x—x°) >0, (3.3)

This theorem indicates a powerful global feature for a local optimum of
(3.1) when it has a convex feasible set. Thanks to this feature, the following
claims are true:

« Suppose x° is in the interior of Cf, then Vf(x°) = 0 must hold.
« Suppose V x € CL, x = x°, then Vxf(x°) = 0 must hold.
« Suppose V x € CL, x < x°, then Vxf(x°) < 0 must hold.

These claims can be proved by contradiction method, i.e. suppose a given
condition on Vyfy(x°) is not satisfied, then there always exists a x € Cf that
does not satisfy (3.3). When Cf C R, these claims are illustrated in Figure 3.1.
It is very important to note that the global feature in (3.3) might not remain

once Cf becomes nonconvex.

3.3 Optimality conditions in case of zero duality gap

Most interestingly, a global optimum of (3.1) must satisfy conditions that
are both necessary and sufficient when (3.1) has zero duality gap. In the
following, the duality gap related basic concepts and analysis are first intro-
duced. These concepts and analysis are very important since they lead to the
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Figure 3.1 x;, x5 and x3 illustrates the three claims on Vy f(x°) when C{ C R due to
the global feature (3.3), respectively.

dual method shown in Section 3.6. Then, the global optimality conditions are

presented.

3.3.1 Basic concepts and analysis
Let’s denote a global optimum for (3.1) as x*. The Lagrangian relaxation
problem (LRP) of (3.1) is defined as the problem

]
min L(n,x) = folx) + Y. 1.(x) G4
j=1
s.t. x € Cx.

The dual function d(p) is defined as the optimum objective value of (3.4),
ie.,

d(p) = min L(p, x) = L(p, xp), (3.5)

where x, represents a global optimum for (3.4) when p is fixed. The dual
problem is defined as
max d(pu), (3.6)
n
st. u=0.

It can be easily seen that the dual problem is equivalent to a convex prob-
lem, since its feasible set is convex and d(u) is concave of u € R/. This is
because d(p) is a pointwise minimum over x € Cx of L(y, x) that can be re-
garded as a concave function of g € R/ when x is fixed.
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feasible set of (2.1) {p|p = 0}

Figure 3.2 Illustration of basic duality related concepts.

The duality gap of (3.1) is defined as fo(x*) — d(u*), where y* =
i, ‘uﬂT represents a global optimum for (3.6). Most importantly, the
duality gap is always nonnegative because of

]
d(p") = L(p", %) < L(p",x") = fo(x") + X:lﬂffj(X*) < fox7),  (B7)
=

where the first inequality is because x,« and x* are globally optimum and
feasible for (3.4), respectively. The second inequality is because of V j, ;4]* >0
and f;(x*) < 0 since x* is feasible for (3.1). Note that V x € Cland V u > 0,
d(p) < d(5*) < folx*) < fo(x) holds.

These concepts are illustrated in Figure 3.2 intuitively. As will be shown
later, the inequality in (3.7) is the key for developing the dual method in Sec-
tion 3.6.

3.3.2 Global optimality conditions
When (3.1) has zero duality gap, global optimality conditions that are both

necessary and sufficient are given as follows:
Theorem 3.3 (Proposition 5.1.5 in [Ber03]). Suppose (3.1) has zero duality gap. x'
and p' are globally optimum for (3.1) and (3.6), respectively, if and only if they satisfy
the following conditions:

o feasibility condition: x' is feasible for (3.1) and ' = 0,

o Lagrangian optimality condition: X' € argmin . L(p',x),

»  complementary slackness condition: ¥ j > 1, uifi(x') = 0.
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3.4 Analysis of duality gap and sensitivity

This section introduces a visualization method to study the duality gap of
(3.1), the Slater constraint qualification to justify zero duality gap of a con-
vex problem, and the sensitivity analysis. The visualization method and the
sensitivity analysis are the keys to the duality based RA algorithm proposed
in [WV11d].

3.4.1 Duality gap analysis

For a general (not necessarily convex) problem (3.1), its duality gap can be
studied with a visualization method proposed in [Ber03]. To introduce this
method, all constraint functions are stacked into a vector function

f(x) = [i(x), -, f1(0)]". (3:8)

Then, a cloud of points in the set S = {(p, w)|p = f(x), w = fo(x),x € Cx}
can be plot in the hyperplane of (p, w) as shown in Figure 3.3. Most interest-
ingly, d(p) is equal to the w-coordinate of the lowest intersection between the
line p = 0 and a line passing through S and perpendicular to the vector (p, 1).

As shown in Fig. 3.3, the duality gap is equal to zero if the w-coordinate
of the lower border of § is a convex function of p. Mathematically, a point on
the lower border of S has the coordinate (p, fo(xp)), where

Xp € arg szeégifrgx)zpfo(x). (3.9)

In a word, (3.1) has zero duality gap provided that fy(xp) is convex of p.

When Cy is convex and V j, f](x) is convex over Cy, (3.1) becomes a convex

problem!

. A convex problem has zero duality gap, as long as it satisfies a
simple condition known as Slater constraint qualification shown as follows:
Theorem 3.4 (Proposition 5.3.1 in [Ber03]). Suppose Cx is convex and V j, f;(x)
is convex over Cx. The duality gap of (3.1) is zero, if there exists a feasible x that
satisfies all inequality constraints strictly.

It is important to note that a problem with zero duality gap might be non-
convex. As an example, the RA problems considered in [WV11d, YLO6] are
nonconvex, but have zero duality gap as the number of carriers is sufficiently

large.

IWhen Cy is convex and ¥ j=01---,], f](x) is concave, the problem of maximizing fo(x)
subject to the constraints that V j =1,---, ], fi(x) > 0, is equivalent to a convex problem.
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fo(xu)
[ / d(w*) = fo(x)
1 T d(p) = fo(xu) + pTf(x,)
: : s /
f (>‘<H) f(;(w) 0 9

(v 1) s

=

(b) fo(xp) is nonconvex of p

Figure 3.3 The visualization of duality gap in the hyperplane of (p,w), where the

gray area represents the set S.
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3.4.2 Sensitivity analysis

To introduce the sensitivity analysis, the following problem

min  fo(x)
st xeCx C RN, (3.10)
f](x) S uj/j == 1/' o /]/

is considered. Note that (3.1) is a special case of (3.10) when V j, u; = 0.

Let us stack all u; into a vector u = [ug,- -, uj]T. Assume (3.10) has zero
duality gap ¥V u € R/. The optimum x for (3.10) and the optimum dual vari-
able for the dual problem of (3.10) are denoted as x*(u) and u*(u), respec-
tively. Then, the following equality

V), %u](“)) T (3.11)

holds when p*(u) is unique, where y}f(u) is the jth entry of pu*(u) [BVO4].
Note that y]*(u) > 0 since y#*(u) = 0.

In other words, the increment of u; by A leads to a reduction of the op-
timum objective value of (3.10) by 7 (u)A when p7(u) > 0. This can be in-
terpreted by the fact that when y5(u) > 0, fj(x*(u)) = u; follows from the
complementary slackness condition according to Theorem 3.3. This means
that the jth constraint is tightened at x*(u). In such case, increasing u; relaxes
this constraint and expands the feasible set of (3.10), thus results in a further
reduction of the optimum objective value.

3.5 Optimality conditions for a convex problem

As shown earlier, a convex problem has many good features, e.g., the
global bound property as explained in Section 2.2, and the zero duality gap
property when the Slater constraint qualification is satisfied. These features
lead to necessary and sufficient global optimality conditions. The first one is
described as follows:
Corollary 3.5. Suppose the feasible set C of (3.1) is convex, and fo(x) is differen-
tiable and convex over CL. Then, x' is a global optimum for (3.1) if and only if

vxecll, (Vifo(d)T(x=x') > 0. (3.12)
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This theorem indicates that any local optimum of a convex problem is also
a global optimum. The “only if" part of this theorem is due to Theorem 3.2.
The “if" part is because

Vx,x' eCl, f(x) > F(X)+ (Vxf ()N (x —x') > F(X)

where the first inequality is due to the global bound feature (2.5).

The second one is given as follows:

Corollary 3.6. Suppose Cx is convex, ¥V j, fi(x) is convex over Cx, and the Slater
constraint qualification is satisfied. Then, X' and y' are globally optimum for (3.1)
and its dual problem, respectively, if and only if they satisfy the same three conditions
as in Theorem 3.3.

This theorem is due to Theorem 3.3 because the duality gap of (3.1) is zero
according to the given conditions. In particular, when Cx = RY, the La-
grangian optimality condition is equivalent to VxL(y/,x) = 0, as can readily
be derived from Corollary 3.5 and the fact that L(p/, x) is convex of x € RN.
In this case, the three conditions correspond to the KKT conditions for (3.1)
as said earlier in Theorem 3.1. This means that the KKT conditions are both
sufficient and necessary to justify global optimality for (3.1) when Cy = RV.

Finally, it should be pointed out that there exists a unique global optimum
for (3.1) when Cf is convex and fy(x) is strictly convex over Cf. This can easily
be proved as follows. Suppose there exist two different global optimum in
Cl, say X and X" # ¥, ie., fo(X") = fo(xX') = min, ¢ fo(x). In this case,
XX (x”2+x/) < f(x”);f(xl) _ minXGC,f(f<x)

- € ¢! (since Cf is convex), while f
holds from Jensen’s inequality, leading to a contradiction. Therefore, the claim

is true.

3.6 The dual method

The dual method is a powerful tool to find a global optimum x* for (3.1)
when it has zero duality gap. This means that it can be used to solve a convex
problem if the problem satisfies the Slater constraint qualification. Note that
interior-point method (IPM) usually runs faster than the dual method to solve
a convex problem [BV04]. However, the development of IPM is highly compli-
cated and problem specific, thus it is not introduced in this chapter. In practice,
software packages are usually developed based on IPM to solve certain opti-
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mization problems cast in standard forms, such as the MOSEK or gpcvx pack-
ages applicable to solving a geometric program (GP) [BKVHO05, KKMBO06].

The key to the dual method is to solve the dual problem (3.6) for a globally
optimum solution p*, and then use x,+ that is feasible for (3.1) and satisfies
the complementary slackness condition as x*. The effectiveness of the dual
method is justified by Theorem 3.3. Specifically, the inequality (3.7) always
holds no matter the duality gap is zero or not. In case the duality gap is zero,
meaning that d(p*) = fo(x*), all inequalities in (3.7) must be tightened, there-
fore

J
L0 5e) = oloae) + L1 fibe) = o) 613)
£

must be satisfied. For a x,~ that is feasible and satisfies the complementary
slackness condition, Z{Zl I fj(xu=) = 0holds, and therefore fo(x,+) = fo(x*)
follows, meaning that x,+ is indeed a global optimum for (3.1).

The dual problem (3.6) is equivalent to a convex problem as said in Section
3.3.1. Note that d(u) might be nondifferentiable and a subgradient of d(u)

with respect to p can be computed as

s(u) = VuL(p,xu) = £(xu) (3.14)

according to Corollary 2.1. Since d(u) is concave and s(u) is a subgradient

with respect to p, the following inequality is satisfied:

Vu,we R, d) <d(u)+ (s(w)" (' — ). (3.15)

Either subgradient or ellipsoid methods can be used to find the optimum
dual variable y* iteratively. Both methods make use of s(p). This means that
one of the tasks for the dual method is to solve the LRP (3.4) for x,,. To facilitate
description, a superscript i + 1 put to a variable indicates it is produced at the
end of the ith iteration (i > 0). The subgradient and ellipsoid methods are
introduced as follow:

1. The subgradient method is based on the idea that when # moves along
the subgradient direction iteratively with sufficiently small step size, the
distance of # and p* reduces gradually [Ber03].

Specifically, # is iteratively updated with g’ ™! = [u' + §'s’|* where s' =
s(p') and &' is the step size at the ith iteration. When &' is sufficiently
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small, ¢’ converges to p* [Ber03]. A common criterion for choosing ¢’ is
that it must be square summable, but not absolute summable [Boy04].
In practice, §' = &, 0' =  or §' = %

sufficiently small [YLO6]. In general, the subgradient method converges

may be chosen where x must be

very slowly.

. The ellipsoid method is a generalization of the bisection method to the

multi-dimensional case [Boy04]. Specifically, it is known at the begin-

ning of the ith iteration that #* is contained in the ellipsoid
E' = {pl(n—p)"(A) 7 (u—p) <1} (3.16)

Obviously, #* must be confined within S; = E/ N {u|(s')T(p — p') > 0},
otherwise d(u*) < d(p') + (s')T (u* — p') < d(u') follows, contradicting
the fact that d(u*) > d(u'). Based on this idea, u'*! and (A"*1)~! can be

computed as

”H-l _ ”i o —Aigi (317)

2
]2]_ : (Al — _2_aig (s")TAH) (3.18)

Ai+1 —
J+1

__ s
/(si)TAisi

can be shown that the volume of Ei*! reduces as i increases, therefore

where 8 = , to generate a new ellipsoid E‘*! containing S;. Tt

the convergence to p* is guaranteed [Boy04]. The ellipsoid method is
illustrated intuitively in Figure 3.4.

In practice, it is often difficult to find a x,, that satisfies simultaneously the

feasibility condition and the complementary slackness condition exactly. To

address this issue, we can terminate the dual method when x, is feasible and

]

y)

_1#ifj(xu) < €, where e > 0 is a very small value prescribed. Once the

dual method is terminated according to this condition, it can be shown that

< folxu) — d(p) (3.19)
]
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Ei+1

Figure 3.4 Illustration of the ellipsoid method as a generalization of the bisection

method to the multi-dimensional case.

which means that x; is approximately optimum, since fo(x*) < fo(xu) <
fo(x*) + € is satisfied. In summary, the procedure of the dual method is sum-

marized in Algorithm 1.

Algorithm 1 The dual method

Initialize p;
repeat
solve the LRP (3.4) for a globally optimum x;
update p with either subgradient or ellipsoid method;
until x, is feasible and Z{Zl Hifilxu) <e
output x, as an approximately optimum solution for (3.1).
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Successive
approximation based

optimization method

4.1 Related works and chapter overview

This chapter centers around solving the problem

min fo(x)
st xe RN, (4.1)
f](X) S 0/]: 1/' o /]/

where V j = 0,1, -, ], the definition domain of f](x) is RN. Suppose (4.1)
has a finite optimum objective value, and there exists a function f;(x) that is
nonconvex of x € RN, which makes (4.1) be a nonconvex problem.

One of the possible ways to solve (4.1) is to use the successive convex ap-
proximation (SCA) method, first proposed and named as inner approxima-
tion method in [MW?78]. In fact, the SCA method is a generalization of a few
works reported in 1970s to solve a nongeometric program through successive
GP approximations [AW70,DP72,RW74]. This SCA method solves a sequence
of convex approximations of (4.1). As long as the objective/constraint func-
tions of every approximate problem all satisfy tightness and differentiation
conditions, convergence of the SCA method is guaranteed, and the solution
at convergence satisfies the KKT conditions of (4.1). Note that this solution is
not always a global optimum for (4.1).

In this chapter, the SCA method is generalized to a more general form,
namely the successive approximation (SA) method. In particular, this general
SA method does not require every approximation of (4.1) to be convex. More-
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over, this SA method starts with change of variable (COV), which initially was
not considered in [MW78].

Next, a general method is proposed to construct for a nonconvex function
a convex upper bound approximation (CUBA) that satisfies tightness and dif-
ferentiation conditions. Most interestingly, the CUBA construction method to-
gether with the COV often makes it easier to construct successive approxima-
tions of (4.1), as illustrated by an example shown later. Moreover, a general-
ized version of that CUBA can be constructed by incorporating a convex func-
tion. These ways provide plenty of degrees of freedom to improve the perfor-
mance of the SA method, as illustrated by the design of novel dynamic power
spectrum management algorithms in Chapter 5. Then, the SA method is com-
pared with the Difference of Convex functions Algorithms (DCA), which is
applicable to solve the problem of minimizing a difference of two convex func-

tions.

Finally, two interesting applications of the SA method are shown. The first
one is the expectation-maximization (EM) algorithm well known for param-
eter estimation. It will be shown that this algorithm can be derived from the
SA method by using Jensen’s inequality. Note that every approximate prob-
lem solved by the EM algorithm is not necessarily convex. This indicates that
the SA method is indeed more general than the SCA method which requires
every approximate problem to be convex. The second one is the successive
GP approximation method proposed in [CTP*07] to approach a nongeomet-
ric problem, which was first derived from the arithmetic-geometric mean in-
equality. It will be shown that this method can readily be derived by making
COV and using the proposed CUBA construction method.

4.2 The SA method

To solve (4.1), the SA method starts with making a COV from x to y (with
[y]i = vi), which initially was not considered in [MW78]. This COV needs
to satisfy that every y is mapped to only one x. x(y) represents the x corre-
sponding to a given y. The COV is motivated by the fact that the COV bet-
ter generalizes the SA method, since it together with the CUBA construction
method shown later often makes it easier to construct successive approxima-
tions of (4.1). Note that the COV can be regarded as a general procedure that
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is always taken, since the case where the COV is unnecessary can be regarded
as making the COV from x to itself.

After the COV and some mathematical arrangements, solving (4.1) is
equivalent to finding a globally optimum y to

min. go(y)
st. ye R/, (4.2)
gily) <0,j=1..],

and then compute the corresponding x(y) as a global optimum for (4.1).

Initialized by a given y° feasible for (4.2), the SA method solves approx-
imations of (4.2) successively. To facilitate description, a superscript (m + 1)
put to a variable indicates that variable is produced at the end of the mth itera-
tion hereafter (m > 0). At the mth iteration, yerl is found as a global optimum
for

min gg'(y)
st. yeR/, (4.3)
&) 0, =1,m ],
where V' j, ¢i"(y) is an upper bound approximation of gi(y), i.e., V'y € R/,
gily) < 8 (y). It is assumed that (4.3) can readily be solved by certain meth-
ods.
It can easily be seen that every y" 1 (m = 0,1,...) is feasible for (4.2) be-

cause V j, gi(y"*™!) < g]’-”(ym“) < 0. Suppose V m,j, g/ (y) satisfies the
tightness condition at y” that

g (y") =g(y"), (4.4)

then

go(y"*) < gf'(y™*) < gf'(y") = go(y") (4.5)

follows, where the second inequality is because for (4.3) y"*! is globally op-
timum and y™ is feasible since V j, g}“(y’”) = gj(y") < 0. This means that
{go(y™)|m = 0,1, ...} is a monotonically decreasing sequence. Since (4.1) has
a finite optimum objective value, go(y™) is bounded below. Therefore, go(y™)
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Figure 4.1 Illustration of the idea behind the SA method.

must converge as m increases (see Proposition A.3 in [Ber03]). The idea behind
the SA method is illustrated in Figure 4.1.

Furthermore, when go(y"*!) = go(y™), all inequalities in (4.5) is tight-
ened, indicating that gt (y"™!) = g/ (y™) must hold. This means that y” is
a global optimum for (4.3), i.e., y" is a fixed point for the SA method. An
important property of this fixed point is shown as follows:

Theorem 4.1. Suppose ¥ m, j, &' (y) satisfies the tightness condition and the differ-
entiation condition at y™ that

70" agly
i ay;

Vi, ) (4.6)

then a fixed point y™ that is regular for (4.3) satisfies the KKT conditions for (4.2).

Proof. For the fixed point y™, it is a global optimum for (4.3). Since y™ is reg-
ular for (4.3), the KKT conditions of (4.3) must be satisfied, i.e., y" is feasible
for (4.3) and there exist nonnegative real values yq, ..., ji] satisfying
agr(y™) & 98'(y")
vi, 280 g B, 4.7)

ayi j=1 / a]/z

V>0 pgi(y") =0. (4.8)
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From the tightness and differentiation conditions, it can easily be seen that
y" is feasible for (4.2), and

m ] 9o (y™
vy, 800 | g 2G0T @9)
ayi j=1 a]/z
Vi>0ug8i(y") =0, (4.10)
meaning that y™ satisfies the KKT conditions for (4.2). O

The above property for the SA method was first shown in [MW78]. Some
new properties, which later prove useful for studying SA based RA algo-
rithms, are presented as follows:

Theorem 4.2. Suppose ¥V m, |, g]”‘(y) satisfies the tightness and differentiation con-
ditions (4.4) and (4.6) at y™, The following claims are true:

1. Suppose gi'(y) is a strict upper bound approximation of go(y) except at y™,

ie, go(y) < gi'(y) in case'y # y". Then if y"*1 # y", go(y"*!) <
g0(y™) holds. Moreover, go(y™*1) = go(y™) if and only if y"+1 = y™.

2. Suppose gj(y) = fi(x(y)) and every y; is one-to-one mapped to x; indepen-

dently of other entries. Then x™ = x(y™), where y™ is a fixed point satisfying
the KKT conditions for (4.3), must satisfy the KKT conditions for (4.1).

3. Suppose

go(y’) < min go(y) (4.11)
yeCy—C5

where Cy and C3 represent the solution set satisfying KKT conditions and the
set of global optimum for (4.2), respectively. Then y™" € C5 must hold when
go(y"*) = go(y")
Proof. Proof of claim 1): if y" 1 # y™, go(y"™*1) < git(y™™!) < gl'(y™) =
go(y™) follows, thus go(y"*!) < go(y™) holds. Suppose when go(y"*!) =

go(y™), y"tl # y™. As said earlier, go(y"!) < go(y™) holds, leading to a
m+1 m+1 _ ym'

Proof of claim 2): since g;(y) is the composition of f;(x) and x(y) and every

contradiction. Therefore, go(y" ") = go(y™) if and only if y

;i is one-to-one mapped to x; independently of other entries,

og"(y") _ 9gi(y") _ afi(x"™) axi(y}")
y; ;i ox;  dy;

Y, (4.12)
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follows from the differentiation condition at y” and the chain rule of deriva-
tion, where x;(y;) is the x; corresponding to y;. Since y™ is a fixed point and
satisfies the KKT conditions for (4.2), (4.7) and (4.8) are also satisfied. It can
easily be seen that x™ is feasible for (4.1) and there exist nonnegative real val-
ues vy, ..., vy satisfying

x")

xi

- 9fo(x™) _
b o, +2 j =0 (4.13)

Vj>0,vfi(x" ) =0, (4.14)

meaning that x”” satisfies the KKT conditions for (4.1).

Proof of claim 3): when go(y™) = go(y"™"!), y" € Cy follows. Suppose
y" & Cy, theny™ € Cy — C§ holds, meaning that g0(y") < minyec,—c; go(y) <
go(y™). This is a contradiction with the fact that go(y™) is decreasing with m.
Therefore, y" € CJ follows. O

In practice, the right-hand side of (4.11) is rarely known a priori. Thus,
it is desirable to find a y with as small as possible gy(y) as y’, to enhance
the possibility to satisfy (4.11). Note that the idea behind the SA method is
successive refinement, thus a solution produced by any other method, either
rigorous or heuristic in nature, can be used as y'.

The key to the SA method is to build upper bound approximations of all
objective/constraint functions in (4.2). To this end, mathematical inequalities,
e.g., the Jensen’s inequality, play important roles, as illustrated by the deriva-
tion of the EM algorithm from the SA method.

4.3 The SCA and CUBA construction methods

The SCA method is a special case of the SA method when the objec-
tive/constraint functions in (4.3) are all CUBAs of their counterparts in (4.2).
In this case, the problem (4.3) is a convex approximation of (4.2) at the mth
iteration, thus it can be solved by state-of-the-art optimization methods, e.g.,
the dual method as introduced in Chapter 3

For the trivial case where g;(y) is convex, its CUBA g}”(y) is simply itself,
ie., g}"(y) = gi(y). The key to applying the SCA method is to construct a
CUBA for a nonconvex function.

A general method is presented to construct a CUBA for a nonconvex func-
tion g;(y) as follows. This method starts with writing ¢;(y) as either a whole
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or the sum of multiple parts. Then, the CUBA of each part is constructed, and
the sum of the CUBAs of all parts is taken as g (y). For a part that is convex
of y, its CUBA is simply itself. For another nonconvex part of y, denoted by
g(y), its CUBA ¢"(y) can be constructed with one of the following methods.

4.3.1 Concavity-based method
This method is applicable when ¢(y) is concave of y. As a result,

I
a m
g(y) <g(y")+ ). Lé; ) (vi—y!") (4.15)
i=1 i
follows from the property that the first-order Taylor approximation of g(y)
around y™ is a global overestimator of g(y). It can easily be seen that the
right-hand side of (4.15) is convex of y, therefore it can be taken as ¢"(y).
Note that this g™ (y) satisfies the tightness and differentiation conditions at

y"
4.3.2 Composition of a concAVe Function with con-

cave/convex functions (CAVF) method
This method is applicable when g(y) can be written as

g(y) = h(z1(y), - ,zL(y)) (4.16)

where h(z) is concave of z = [z1,- -+ ,z1]T and every z;(y) satisfies one of the

following two conditions:

o h(z) is increasing and differentiable of z;, i.e., V 2, agglz) >0, and z/(y) is

convex of y,

o h(z) is decreasing and differentiable of z;, i.e., V z, ag(;) <0, and z(y) is

concave of y.
Due to the concavity of h(z) with respect to z,
L
oh(z™
i) < b + 3 2 - () @.17)

=1

follows, where z" = [z(y™),- -+ ,zL(y™)]T. Replacing every z; in both sides
of (4.17) with z;(y),

P (a(y) - 2(y™). @18)

L
gly) <h(z")+ )

I=1
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holds. It can easily be seen that the right-hand side of (4.18) is convex of y,
therefore it can be taken as the CUBA ¢"(y). Note that this g™ (y) satisfies the
tightness and differentiation conditions at y"".

4.3.3 Composition of a convEX Function with concave/convex

functions (CEXF) method
This method is applicable when g(y) can still be written as (4.16), while
h(z) is a convex function of z = [z1,---,z;]T, and every z(y) satisfies one of
the following two conditions:
o h(z) is increasing of z;, and z(y) is concave and differentiable of y,
o h(z) is decreasing of z;, and z;(y) is convex and differentiable of y.
When z,(y) is concave (resp. convex) of y, z;(y) is smaller (resp. greater)
than

1 > m
z(y) =z(y") + ) M (vi—vl"), (4.19)

which is an affine function of y. Based on this property and the monotonicity
of h(z) with respect to every z;, it can easily be shown that

8(y) <h(zi(y), -, z1(y)- (4.20)

Note that the right-hand side of (4.20) is convex of y. To see this more
clearly, it can be seen that V y,, y, and V o, B € [0, 1] satisfyinga + =1,

w-h(Z(ya), -, 21(ya)) + B-h(z1(yp), -, 21 (¥p))
> h(a-21(ya) +B-21(yp), -+ & 21 (ya) + B - 21(yp))
=h(zy(@-ya+B-yp), -, zL(a-ya+B-¥p)) (4.21)

follows from the convexity of #(z) with respect to z and the linearity of every
z)(y) with respect to y. Therefore, the right-hand side of (4.20) can be taken as
the CUBA ¢™(y). Note that this g"(y) satisfies the tightness and differentia-
tion conditions at y”.

4.3.4 Regularization by a convEX Function (REXF) method
This method is applicable in one of two following ways:
« Suppose a strongly convex function ¢;(y) can be chosen to guarantee
that ¢ (y) — g(y) is convex of y. Here “strongly convex" means that
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¢1(y) must satisfy ¥V y € R/, V5 (¢1(y) — g(y)) = 0. In such a case,
§(y) can be expressed as g(y) = ¢1(y) — (¢1(y) — &(y)), By using the
concavity of —(¢1(y) — g(y)) with respect to y, a CUBA of g(y) can
be built as

m _ - my _ myy _ L a¢1<ym) _ag(ym) L m
") =)~ (0™ —26™) - L (T 3y Wi~ )

(4.22)

« Suppose a strongly convex function ¢, (y) can be chosen to ensure that
¢2(y) + g(y) is convex of y € R/, g(y) can be expressed as g(y) =
(p2(y) + g(y)) — ¢2(y), leading to another CUBA of g(y) as

I m
£0) = a(y) 480~ oy — L2 ). w29
ie

The above ways of regularizing g(y) to be the difference of two convex
functions were first proposed in [Pha88]. Most interestingly, ¢(y) is kept as
a constituting part of g"(y) in (4.23), while ¢"(y) in (4.22) is independent of
<(y). Nevertheless, both forms of ¢"(y) satisfy the tightness and differentia-
tion conditions at y”.

As said earlier, after constructing the CUBA of each part, the sum of the
CUBAs of all parts is taken as g}“(y). It can readily be shown that such a
g]’-” (y) satisfies the tightness and differentiation conditions at y™.

Most interestingly, by incorporating any convex function, say ¢(y), a gen-
eralized version for g;-"(y) can be constructed. Specifically, the single or mul-
tiple parts that make up g;(y) can well be added with ¢(y) and —¢(y). Then,
the above described method is applied to construct a generalized CUBA of

8j(y) as

m

) (vi—vi"), (4.24)

I
) =5 0) + 0ly) — p") - 1 el
iz

where g]m(y) is the CUBA constructed when ¢(y) is a zero function. Obvi-
ously, g}-’j(y) is a more general CUBA than g}"(y), and g}‘:(y) still satisfies the
tightness and differentiation conditions at y"".

In practice, the above CUBA construction method in combination with dif-
ferent convex functions ¢(y) provide plenty of degrees of freedom to improve

the performance of the SCA method. For instance, they can be exploited to
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construct different sequences of convex approximations of (4.2), each leading
to a solution satisfying the KKT conditions of (4.2). Then, the solution with
the minimum objective value can be chosen.

4.4 Comparison of the SA method and the DCA
The DCA algorithm was first proposed in [Pha88] to solve

n’;,in f(x) —r(x) (4.25)
s.t. x € Cy,

where f(x) and r(x) are both convex of x and Cy is a convex set. The procedure
of the DCA algorithm is very simple. First, the conjugate function of f(x) is
defined as

f*(s) = sup (s'x — f(x)), (4.26)
xeCx
and x; as the maximizer to the right-hand side given a fixed s. Note that f*(s)
is convex of s since it is a pointwise supremum over x of s”x — f(x) that can
be regarded as a convex function of s.
Initialized by a given x° € Cy, the DCA algorithm at the mth iteration first
computes a subgradient of r(x) at x = x™, denoted by s™. Then, a subgradient

of f*(s) ats = s™ is computed and assigned to x"*!

. According to Corollary
2.1, xgm is a subgradient of f*(s) ats = s™. Therefore, the x € Cx minimizing
f(x) — (s™)Tx should be found as x"*1. It was shown that in general the DCA
converges to a locally optimum solution.

When using the SA method to solve (4.25), the COV is unnecessary since a
CUBA of f(x) —r(x) at the mth iteration can easily be constructed as f(x) —
r(x™) — (s™)T(x — x™). Thus, the SA method also needs to find the x € C
minimizing f(x) — (s")x as x”*1. Obviously, using the SA method leads to
the same procedure as using the DCA to solve (4.25).

Note that the DCA algorithm can be used to solve (4.1) when all constraint
functions are convex, since the objective function can always be written as
a difference of two convex functions, e.g. with the REXF method. In con-
trast, the SA algorithm is applicable to solve (4.1) when after COV all ob-
jective/constraint functions in (4.2) take any forms (not necessarily as a dif-
ference of two convex functions) that allow their (not necessarily convex)
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upper bounds satisfying the tightness and differentiation conditions to be
constructed, using certain inequalities or the proposed CUBA construction
method. From the theoretical point of view, the DCA and the SA method
were derived in different ways. As elaborated in [PT97], the DCA algorithm
was developed based on convex analysis of the duality and local optimality
conditions for (4.25), while the SA algorithm was developed based on succes-
sive approximations as explained earlier.

4.5 Application in parameter estimation

The EM algorithm, initially proposed based on probability analysis, is
a well known method for parameter estimation from incomplete measure-
ments [MS00]. For instance, one of its successful applications is to design syn-
chronization algorithms for coded communication systems [Wan08, Her06]. In
fact, the EM algorithm is a special case of the SA method. To show this point
explicitly, the EM algorithm is first described briefly, and then derived from
the SA method as below.

Let’s say x represents a set of unknown parameters to be estimated from
the data d and z. The joint PDF of d and z conditional on x is denoted as
p(d, z|x). Suppose the measurement of d is available while that of z is not. In
this case, the maximum-likelihood (ML) estimator of x is the X that maximizes

the log-likelihood function of d, i.e., a global optimum to
max L(x) = log p(d|x) (4.27)
X

st. xe RN,

where p(d|x) = [ p(d, z|x)dz, ie., p(d|x) is computed from p(d,z|x) by
marginalization over z.
The EM algorithm is an iterative method. At the mth iteration (m > 0 and

0 is a prescribed initial point in RN), x" ! is computed as a global optimum

X

for
max By ja e (108 p(d,21x) = [ (plald,x")log p(d,zix)dz,  (4.29)
st. xe RN,

where [E,,(;q.m) (+) represents the expectation with respect to z with the PDF
p(z|d,x™). It is shown that V m > 0, L(x"*1) > L(x™), i.e., the EM algorithm
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iteratively produces parameter values with increasing log-likelihood. There-
fore, the EM algorithm is guaranteed to converge.

The EM algorithm can be derived from the SA method as follows. For any
PDF g(z) of z,

—L(x) = —log/ (d, z|x)dz

— log / 4(z d z"‘ (4.29)
(d Z|X)
< - /Zq(z) log I](Z)

follows from the Jensen’s inequality due to the concavity of the logarithm
function. This means that the right-hand side of (4.29) can naturally be re-
garded as an upper bound approximation of —L(x). For a fixed x, the in-
equality (4.29) is tightened when g(z) satisfies that

p(d z[x)
vz, =t (4.30)

where « is a constant, or equivalently when

p(d, z[x)

q(z) = T p(d,zlx)dz = p(z]d, x). (4.31)

According to the above analysis, an upper bound approximation —L™(x)
of —L(x) satisfying the tightness condition L"(x™) = L(x™) can be con-
structed as

: d, z|x)
~L"(x) = — [ plzld,x")1 pldizp)
() = = |, plzld x")log gy 42
and the SA method requires to compute the x minimizing —L"(x), or equiva-
lently a global optimum for (4.28), as x”**1. This means that the EM algorithm
can indeed be derived from the SA method. Moreover, it can be shown that

Y m,i,
/p z|d,x™) dp(d, z|x" ) iz
d, z|x’” ox;
_ 1 dp(d,z|x™)
- /Z A e (4.32)
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and
I(L(x")) _ 1 / ap(d,z\xm)dz
0x; fz p(d, z|x™)dz Jz ox;
__ 1 / op(d z[x") , (4.33)
b o ox,
where x; = [x|;, meaning that —L" (x) satisfies the differentiation condition at

x"". Therefore, the x produced at convergence satisfies the KKT conditions of
(4.27) according to Theorem 4.1.

Note that each approximate problem solved by the EM algorithm is not
necessarily convex. This means that the SA method, which incorporates the
EM algorithm as a special case, is indeed more general than the SCA method
which solves convex approximate problems successively .

4.6 Application in GP

A GP in standard form is expressed as
min fo(x)
st fix)<Lj=1,.,], (4.34)
xe RN, x;>0,i=1,..,N,

where V j, f(x) is a posynomial of x.

Specifically, a posynomial of x can be expressed as

A N '
p(x) = Zl U (x) with 1, (x) = ﬁaqx?‘m

where B; > 0and a,; (i = 1,-- -, N) are real constants. It is very important to
note that

A
s(y) = log (p(e")) = 10g(;€"”("))

where p,(y) = log(us(e¥)) = log(Ba) + LN, asy; is convex of y =
V1, -, YN] T eRN according to the analysis in Section 2.3.1. This means that
although a GP in standard form is not convex, after making the COV from x
to y satisfying x = €Y, it can be transformed to its equivalent convex form

min. go(y) = log (fo(e”))

st. gj(y) =log (fj(e¥)) <0,j=1,...], (4.35)
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which can be solved by GP solvers (e.g. the MOSEK or gpcvx package). These
solvers are able to solve large-scale problems based on the state-of-the-art IPM
[BKVHO05, KKMBO06].

Suppose a constraint function f;(x) in (4.34) is not a posynomial but a ratio
of two posynomials, say f;(x) = % where g(x) is also a posynomial of x.
This means that (4.34) is not a GP. It was shown in [CTP*07] that successive
GP approximation could be used in this case, where the arithmetic-geometric
mean inequality could be used to construct a GP approximation in standard
form for (4.34). Specifically, the mth GP approximation is the same as (4.34)

except that f;(x) is replaced by

F1(x) = q(x) _ q(x) _ q(x)

PN () T ()™ ) e T ()™
(4.36)

where v! = (") and x™ is the solution to the GP approximation at the

(x™)
(m — 1)th iteration. It can be shown by simple mathematical arrangements

that V m, f]’”(x) satisfies the tightness and differentiation conditions at x™.

That GP approximation can also be derived from applying the CUBA con-
struction method to build the mth approximation of (4.35), where g;(y) corre-
sponding to that f;(x) is expressed as

8j(y) = log(g(e”)) —s(y)-

The mth convex approximation of (4.35) is the same as (4.35) except that
gj(y) is replaced with its CUBA g]’-”(y) built around y™. Obviously, the first
part of g;(y) is convex of y, and —s(y) can be treated as a composition of
h(z) = —log(X2 %) that is decreasing and concave of z = [z,---,z4]7,
and z, = p,(y) that can be regarded as a concave function of y. Therefore,
the CAVF method can be used to construct a CUBA for —s(y). Based on the
above idea, g}-"(y) can be derived as

A
8j'(y) = log(g(e”)) —s(y") — ;ﬁ(;ta(y) — Ha(y"))-

Obviously, g}“(y) = log( f]m(ey)). This means that the mth approximate
problem with respect to y derived from the CUBA construction method is
equivalent to the one with respect to x developed in [CTP*07].
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5.1 Related works and chapter overview

Dynamic power spectrum management (DSM) for multiuser multicarrier
systems has lately been attracting much research interest, especially in the
context of crosstalk-corrupted digital subcarrier line systems. The reported
works can be categorized into two classes. The first one is to formulate the
problem as a noncooperative Nash game with multiple conflicting objectives.
Along this direction, significant effort has been made to study existence and
uniqueness of a Nash equilibrium solution, derive algorithms and establish
convergence conditions for them (see e.g. [YGC02, LP12, SPB08]). The sec-
ond one is to optimize a certain system-wide performance metric subject to
resource constraints, e.g., the WSR of all receivers subject to per-transmitter
sum power constraints.

This chapter addresses the WSR maximized DSM problem subject to per
transmitter sum power constraints. The DSM problem is NP-hard due to its
nonconvexity [LZ08]. When there is a big number of carriers, the duality gap
of this problem was proven to be zero [YLO06]. In this case, duality based al-
gorithms, e.g., Optimum Spectrum Balancing (OSB) and Iterative Spectrum
Balancing (ISB) algorithms [CMO05, LY05, YL06], were proposed.

Lately, a Successive Convex Approximations for Low-complExity
(SCALE) algorithm, which is applicable independently of the problem’s du-
ality gap, was proposed in [PE06, PE09]. This algorithm solves convex ap-
proximations of the DSM problem successively, each derived from an inequal-
ity shown later. Based on the same idea, a Convex Approximation for Dis-
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tributed Spectrum Balancing (CA-DSB) algorithm was proposed in [TDMO08].
For both algorithms, low-complexity water-filling (WF) like implementation
approaches were proposed according to the KKT conditions of each approxi-
mate problem. Based on the DCA proposed in [Pha88], a new approach was
proposed in [HLLN] recently. This DCA based DSM (DCA-DSM) algorithm
is similar to the CA-DSB algorithm, in that both were developed from writing
the WSR as a difference of two convex or concave functions.

In the rest of this chapter, the system model and DSM problem are first
presented. Next, the SCALE, CA-DSB and DCA-DSM algorithms are revis-
ited to show how they can be derived from the SCA and CUBA construction
methods introduced in Chapter 4. Finally, the performance and complexity of
these algorithms are compared with those of the ISB algorithm and the modi-
fied iterative water-filling (MIWF) algorithm, which was developed in [Yu07]
based on directly pursuing the power allocation satisfying the KKT conditions
of the DSM problem.

5.2 System model and DSM problem

The system under consideration consists of K pairs of transmitter and
receiver communicating simultaneously with OFDM using N carriers with
cochannel interference. Each of the transmitter and receiver is equipped with
a single antenna. Transmitter k (k = 1,---,K) emits data symbols to re-
ceiver k over all carriers, using the transmission power py ,p, for carrier n
(n =1,---,N) where p, and py , represent the sum power and fraction of
assigned to that carrier. To facilitate analysis, all power variables are stacked
into the K x N matrix P with [P]; , = py - The channel power gain at carrier n
from transmitter [ to receiver k is denoted by gy ; , > 0, and the additive white
Gaussian noise (AWGN) power at carrier # of receiver k is U']%, ,- For illustration
purposes, an example of two interfering systems is shown in Figure 5.1.

Assume every receiver decodes its own data by treating interference as
noise. Every coherence period in which all channels remain unchanged is
sufficiently long, so that a DSM algorithm can be implemented to optimize P.
The SNR at carrier n of receiver k can be expressed as

Gk nPkn
P)= ——~— 5.1
lYk,Tl( ) Ik,n(P) ( )
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Figure 5.1 An example of interfering multicarrier systems when K = 2.

where Grin = SkinP and Ik,n<P) = U']%’n + Zl;ék Gk np1n- Note that (5.1) is
equivalent to

G o2
Pin = Ve (B) L Z Piaw = i (B) 2 (52)
, kkn

Let’s stack 7y , (P), V k, n into a K x N vector I'(P) with [I'(P)]i, = Yin(P).
Let’s denote the nth column of P and I'(P) by p, and 1,,(P), respectively. From
(5.2), it can easily be seen that -y, (P) and p,, satisfy

where A(7, (P)) is a diagonal matrix with the kth diagonal entry equal to
2
Ykn(P). 17, is a vector with [n, ], = gk";:’n. and G, is a matrix with all diago-

nal entries equal to zero and [Gli; = g}’:iz if k # 1. Obviously, V n, G, is

nonnegative.
As said earlier, the DSM problem under consideration is to maximize the
WSR subject to per-transmitter sum power constraints, i.e.,

Vin(P)
kr )

mPin —R(P) = — ) wyilog(1+
kn

s.t. Zpk,n —1<0,Vk,
n

(5.4)

Pk,n € [Olﬁk,n]/v k/ Tl,

where wy, I' and p, , represent the prescribed positive weight for the rate of
receiver k, the SNR gap between the adopted modulation and coding scheme
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and the one achieving channel capacity, and the ratio of the power mask for
carrier n of transmitter k to p,. It is assumed that }_, Pin = 1 to ensure the
sum power constraint for transmitter k can not be removed.

The SCALE, CA-DSB and DCA-DSM algorithms are revisited in the fol-
lowing sections, to show how they can be derived from the SCA and CUBA
construction methods. To facilitate the description of each algorithm here-
after, the superscript m put to a variable indicates that variable is produced at
the end of the mth iteration (m > 0). Moreover, the following functions are
defined:

Apn(P) = wilog(Gykupin + Tl un(P)), (5.5)
By (P) = wy log ('l ,(P)), (5.6)
O Lizk Arn(P)) WGy gl
C,,(P) = . = — , 5.7
kn(P) WP, iZ GuinpPin + Tl n(P) 52)
O( L1k Biu(P)) WGy g
Dy, (P) = : = sy 5.8
k,n( ) apk,n £k Il,n<P) ( )
A, ,(P w
Fon(p) = 22(P) _ . (59)

WPrn  Prnt+ %Ik,n(lj)'

5.3 Reuvisit of the SCALE algorithm
The SCALE algorithm was initially derived in [PE06] based on succes-

sively maximizing lower bounds of R(P), each built from the inequality
z

log(1+z) > log(1+zp) + log(—). (5.10)

14z %

Specifically, the mth iteration of the algorithm is to find P"*! that maxi-

mizes
m o m m lYk,Tl (P)
RI'(P) = R(P") + ) _wa}, log ——=—"- (5.11)
kn ! ')/k,n<P )
where o, = % subject to per transmitter sum power constraints. Ac-

cording to the inequality, R (P) is a lower bound of R(P) satisfying the tight-
ness condition at P”*. Moreover, after making the COV from P to Q satisfying
P = ¢ ie, Qisa K x N matrix with [Ql;, = gr, = log(pk,), the mth
problem becomes convex since V k, n, a, > 0 and

log(7k,4(€9)) = qin +10g(Grin) — log (I, (e9))
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is concave of Q since log (I ,(¢2)), as a log-weighted-sum-exponential func-
tion, is convex of Q as said in Section 2.3.1.

The SCALE algorithm can also be derived from the SCA and CUBA con-
struction methods. To this end, the COV from P to Q is first made. Now, the
objective function of (5.4) becomes ¢o(Q) = —R(e?), which can be regarded
as the composition of

g¢k,n
h(®) = — kak log(1 + T) (5.12)
n
which is strictly concave of ® and decreasing with ¢y ,,, V k,n, (Pisa K x N
matrix with [®];,, = ¢k ), and ¢, = log(7yx,(€2)), V k, n, which is concave
of Q. Thus, a CUBA of g¢(Q) can be built from the CAVF method as

gl'(Q) = —R(e?") — kzwk“an (10g(’rk,n(€Q)) - 108(’Yk,n(€Qm)))' (5.13)

Obviously, g(Q) = —R"(eQ), thus the mth iteration of the SCA method is
to minimize — R (¢Q) subject to per transmitter sum power constraints. This
means that the SCALE algorithm indeed can be derived from the SCA and
CUBA construction methods.

If ¢ (Q) is a strict CUBA of ¢0(Q) exceptat Q = Q™, ¢o(Q™) < go(Q"*1)
if Q" # Q"*1, and ¢o(Q™) = go(Q" 1) if and only if Q" = Q"*! according
to the first claim of Theorem 4.2. Since h(®) is strictly concave of ®, gI*(Q) is
a strict CUBA of go(Q) except at Q = Q™, provided that I'(P) is a one-to-one
mapping from P € Cp to T’ € Cr, where Cp = {P|P > 0} and Cr = {T'(P)|P €
Cp}. In Section 5.7, it is shown that I'(P) is a one-to-one mapping from P € Cp
to I' € Cr, under the assumption that V n, G, is primitive, i.e., there exists
a positive integer i such that (G,)~0 according to Theorem 8.5.2 of [H]85].
Note that this assumption is mild since it can readily be satisfied in practice.

Theoretical analysis has been made in [PE06, PE09] to show that when
f(P"+1) = f(P™), P™ satisfies the KKT conditions for (5.4). In fact, this can
also be proved according to the second claim of Theorem 4.2, because ¢*(Q) is
a CUBA satisfying the tightness and differentiation conditions, and the COV
from P to Q satisfies the conditions specified there.

To implement the SCALE algorithm, a low-complexity approach! was pro-
posed in [PE06, PE09]. The key for this approach is to solve the mth ap-

1This approach was also summarized as Algorithm 2 in [TDMO08].
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proximate problem based on its KKT conditions. To this end, let’s define
the Lagrange multipliers corresponding to the constraints ), efkn —1 < 0,
Gk < log(Py,,) and qi, > 6 as A3, 11§ and p3, respectively. Then P = Q"
and the optimum Lagrange multipliers should satisfy:

am
Yk 1, P (Ai +) Gz,k,ni> = — it (5.14)
1k Il,n(P)
Vkn, ﬂli(pk,n - ﬁk,n) =0, Vi(Pk,n - 5) =0, (5‘15)
Vk A3 prn—1) =0. (5.16)
n

It can readily be shown that those conditions are equivalent to

Vikn, pr,=Qp[P,A7), and Vk, A} <Z Pkn — 1) =0, (5.17)
n

where

?k,n
m
O (P, A3) = B
in (P, A) = - (5.18)

o

AL+ Y4k Wk G g %

)

The low-complexity approach is summarized in Algorithm 2, where € > 0
is a very small tolerance prescribed. At the beginning, p? = 0andal =1,
V k,n are used. At the mth iteration, the A} > 0 satisfying

A (L O (P, A7) —1) =0
n

is found, then pﬁ'l is assigned with Q' (P™,A%), V k,n, after which the
(m + 1)th iteration starts. The above iteration proceeds until P converges
or prescribed M iterations have been executed. It was shown in [HLLN] that
the SCALE algorithm has a complexity of O(K*N).

Note that it was not proved if the low-complexity implementation ap-
proach for the SCALE algorithm always has guaranteed convergence as M
approaches infinity [PE06, PE09], even though in practice convergence is usu-
ally observed. Nevertheless, every P"" computed satisfies the per-transmitter
sum power constraints, meaning that this approach can be implemented in
a distributed manner with message passing as elaborated in [PE06, PE09].
Specifically, every transmitter k collects the channel gain {G; ,|V k} at the
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beginning by certain methods, e.g., by feedback from receivers or estimating
uplink channel power gains if the channels are reciprocal. At each iteration,
every receiver k can measure {Ij ,(P)|V n} (or equivalently {7 ,(P)|V n}) and
feed them back to all transmitters, then every transmitter k can locally update
{p}, IV n} according to Algorithm 2.

Algorithm 2 Implementation of the SCALE algorithm.

m=0;Vk,mn, p%n =0; zx%n =1,
repeat
fork=1— Kdo
compute py, = Qff (P™,0), ¥ n;

if ), pry < 1then

m+1 __ .
pk,n = Pkns Vo

else
)Lmin =0;
find Amax > 0 satisfying Y-, OFf (P™, Amax) < 1;
repeat
_— )\min+)\max .
A= Sl omax

compute py, = Q,@I(Pm,)\), Y n;
if ), prn <1 — € then

Amax = A;
elseif ), pr, > 1then
)Lmin = A
end if
until1 —e <3}, pry <1
pi;jl = Pk v n;
end if
end for
m+1 __ 'Yk,n(Pm+1)

Y k, n, compute « ym=m+1;

k7 Ty, (Pt
until P" = P"lorm=M

output P™ as a solution to (5.4).
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5.4 Reuvisit of the CA-DSB algorithm
The CA-DSB algorithm was initially derived in [TDMO08] based on the
same idea as for the SCALE algorithm, i.e., maximizing lower bounds of R(P),

each built from writing R(P) as
R(P) =) Axn(P) =) Biu(P). (5.19)
kn k.n

Based on the convexity of — Y , By ,,(P) with respect to P, the lower bound
of R(P) maximized in the mth iteration is

RE(P) = X (Au (P) = Bia(P") = D (P")pi = ). (520
N
Obviously, the CA-DSB algorithm is a special case of the SCA method in-
troduced in Chapter 4, since —R!(P) corresponds to a CUBA of —R(P) that
can be built by the concavity-based method described in Section 4.3. It was
shown in [TDMO08] that when R(P™) = R(P"*!) holds, P™ satisfies the KKT
conditions of (5.4). In fact, this can also be proved according to Theorem 4.1.
To implement the CA-DSB algorithm, a WF-like low-complexity ap-
proach? was developed in [TDMO8]. The key for this approach is to solve (2?)
based on its KKT conditions. To this end, let’s define the Lagrange multipliers
corresponding to the constraints }_, pxn —1 < 0, pru < Pi,, and pi, > 0 as
A 1, and pu , respectively. Then P = P"*1 and the optimum Lagrange
multipliers should satisfy:

v k/ n, /\; + Dk,n(Pm) - Ck,'rl(P) = Ek,'rl(P) + .ui,n - W}i,nl (521)

Yk, by aPen =0, Mg, (Pkn — Prn) =0, (5.22)

Vi AUY pen— 1) =0. (5.23)
n

Moreover, it can readily be shown that those conditions are equivalent to

Pin = ¥ (P, A7) and V k, ALY pin—1) =0, (5.24)
n
where
¥ (P AS) = . LA o (5.25)
k" Tk /\i + Dk,n(Pm) - Ck,n(P) Gk,k,n o 0 '

2This approach was summarized as Algorithm 4 in [TDMO8].
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The WEF-like implementation approach is summarized in Algorithm 3. At
the beginning, pg,n = 0,V k,n is used. At the mth iteration, V k, the Ay > 0
satisfying

Ag( Z‘Pkm’n(Pm, Ap)—1)=0 (5.26)

n

is found in the same way as described for the SCALE algorithm, then p,’:‘:l is
updated with ¥} (P™, A7), V k, n, after which the (m + 1)th iteration starts.
The complexity of the CA-DSB algorithm scales up with respect to K and N
in a similar way as that of the SCALE algorithm. Note that it was not proved
if Algorithm 3 always has guaranteed convergence as M approaches infinity,
even though in practice convergence is usually observed. Nevertheless, every
P" computed satisfies the per-transmitter sum power constraints, meaning

that Algorithm 3 can also be implemented in a distributed manner as Algo-
rithm 2.

Algorithm 3 Implementation of the CA-DSB algorithm.

m=0;Vk,n, pg,n =0;
repeat
fork=1— Kdo
find the A} > 0 satisfying (5.26) in the same way as described for the

SCALE algorithm,
PZZH = Tgn(Pm, AL,V o,
end for

until P = P"lorm = M
output P as a solution to (5.4).

5.5 Reuvisit of the DCA-DSM algorithm

The DCA-DSM algorithm3 was initially derived in [HLLN] by writing
—R(P) as

—R(P) = $1(P) — (S1(P) + R(P)), (5.27)

3This algorithm was summarized as Algorithm 8 in [HLLN].
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where 51(P) = %d Yk p,%,n. It can easily be shown that when ¢4 >
maxp p(V3R(P)), V3(S1(P) + R(P)) = 0 holds V P, meaning that S;(P) +
R(P) is convex of P. Then the DCA algorithm is used to minimize —R(P).

Specifically, the mth iteration of the DCA-DSM algorithm is to solve the
quadratic program

mI}n S1(P) =) (8apiy + Exn(P") + Cn(P™) — Dy (P™)) p
k.n

s.t. EPk,n —-1<0,Vk, (5.28)
n

pk,l’l € [OI ?k’n]/ v k/ n,

and use its optimum solution as P"*+1.

Specifically, minimizing the objective function of (5.28) is equivalent to
minimizing a CUBA of —R(P) constructed with the REXF method introduced
in Section 4.3. This means that the DCA-DSM algorithm can also be derived
by using the SCA method. It was shown in [HLLN] that P satisfies the KKT
conditions of (5.4) when R(P™) = R(P"*!) holds. This can also be derived
according to Theorem 4.1.

Note that {4 needs to be carefully chosen for the DCA-DSM algorithm.
However, it is hard to determine analytically which value of ¢4 leads to the
best performance. In practice, extensive off-line simulations have to be carried
out to choose a ¢4 corresponding to a good average WSR.

Algorithm 4 The DCA-DSM algorithm.

m=0;Vk,n, pg,n =0;
repeat
fork=1— Kdo
find the A > 0 satisfying (5.29) in the same way as described for the

SCALE algorithm,
ppiit =TI (P, A, Y n,
end for

until P = P"lorm = M
output P as a solution to (5.4).

(5.28) can be easily solved based on its KKT conditions. To this end, let’s
define the Lagrange multiplier corresponding to the constraint ), px,, —1 <0
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as A]‘?. It can readily be derived from the KKT conditions of (5.28) that V k, n,
pit =11 (P™,AY) where

1 pk,n
I, (P, AR) = | pity + z (Exn(P™) + Cin(P™) = Dyu(P™) = A7) |
0
and /\g is the nonnegative value satisfying
AT (P Ad) —1) =o. (5.29)
n

Based on these conditions, an implementation algorithm is given in Algo-
rithm 4. This algorithm has guaranteed convergence if {4 is sufficiently large
to ensure 51 (P) + R(P) is convex of P. The complexity of the DCA-DSM algo-
rithm scales up with respect to K and N in a similar way as that of the SCALE
algorithm.

5.6 Numerical experiments

To illustrate the performance of the above mentioned DSM algorithms,
numerical experiments have been carried out for a realistic scenario where
K = 15 transmitter-receiver pairs use OFDM with N = 64 carriers to commu-
nicate simultaneously. Transmitter k and receiver k are located at coordinates
(x =0,y = k) and (x = 10,y = k), respectively. These coordinates are in the
unit of meter. The parameters are setasI' = 0 dB, e = 1072,V k,n, wy = 1,
U]%’n = —50 dBm and p;,, = 0.8. The following experiments are conducted
with Matlab v7.1 on a laptop equipped with an Intel Duo CPU of 2.2 GHz and
a memory of 2 GBytes.

Every channel is generated as follows. First, it is modeled as a 6-tap delay
line, and the average received power at a distance of d is equal to d 3. This
means that the transmitted power is attenuated by 30 dB in average when
received at a distance of 10 meter apart. Second, the amplitude of the ith tap
is a circularly symmetric complex Gaussian random variable with zero mean
and variance as (71-2 = 0’56731‘, i=0,1,---,5.

The performance of the SCALE, CA-DSB and DCA-DSM algorithms is
compared with those of the MIWF algorithm and the ISB algorithm. Note
that the ISB algorithm is based on finding the optimum dual variable x* =
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arg minyo d(x) where
d(x) = max L(x,P) =R(P)+ ) _x(1 =Y _ pinu) (5.30)
k n
st. Pru € (0,7, Vikom,

and ¥ = [xy,---,kk]. The right-hand side of (5.30) is the LRP as said ear-
lier in Chapter 3. When N is sufficiently large, a globally optimum P for the
LRP when x = «* is also globally optimum for (5.4) according to the analysis
in [YLO06]. The OSB algorithm proposed in [CYM™06] uses nested bisections to
find x*, and exhaustive grid search to find a globally optimum P for the LRP.
To reduce complexity, the ISB algorithm in [YL06] uses subgradient based el-
lipsoid method to find x*, and computes the subgradient by solving the LRP
through sequentially optimizing every py , with grid search over [0, p; | (our
implementation discretizes that range into 20 grid points for the search). This
might lead to a locally optimum P for the LRP and thus imprecise subgradient.
Therefore, the ISB algorithm is actually an approximate method that produces
estimates of x*. However, it is more suitable for practical application, since
it performs well as illustrated in [YL0O6] and runs much faster than the OSB
algorithm which might take days for realistic scenarios.

When P, = 70 dBm, the average WSRs for the SCALE, CA-DSB and DCA-
DSM algorithms over 200 random channel realizations have been computed,

'WSR performance
800 T

[ DCA-DSM

[ SCALE [

700| C__]CA-DSB
[ MIwF
. sB

WSR (nats/OF DM-symbol)

10 15 20
iteration number M

Figure 5.2 The average WSRs for all algorithms. In each bar group, the bars from the
left to the right represent the performance of DCA-DSM, SCALE, CA-DSB, MIWF and
ISB algorithms, respectively.
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Table 5.1 Average execution time in seconds of each algorithm when M = 20

| SCALE | CA-DSB | DCA-DSM | MIWF | ISB

K=10,N =64 0.5 0.9 0.9 0.9 36.6
K=10,N =128 0.9 1.8 1.8 1.8 87.6
K=20,N =64 1.9 3.7 3.8 3.7 282.2
K =20,N =128 3.8 7.5 7.5 7.5 676.6

and are shown in Figure 5.2 when the iteration number M increases. Note that
for the DCA-DSM algorithm, the average WSRs for different ¢4 between 0 and
2000 have been computed, and {q = 750 corresponding to the best average
WSR is chosen. The average WSR for the MIWF algorithm using the same
iteration number, and that for the ISB algorithm is also shown in Figure 5.2. It
can be seen that the SCALE, CA-DSB and MIWF algorithms lead to the similar
average WSRs, which is higher than that for the DCA-DSM algorithm, when
M is fixed. When M is small, the SCALE, CA-DSB and MIWF algorithms lead
to smaller average WSRs than the ISB algorithm, while they lead to the similar
average WSRs as the ISB algorithm when M = 20.

To compare the complexity of the studied algorithms, the average execu-
tion time of each algorithm is shown in Table 5.1 when different combinations
of K and N are used. It can be seen that when K and N are fixed, the CA-DSB,
DCA-DSM and MIWF algorithms have the similar execution time, which is
higher than that for the SCALE algorithm, but lower than that for the ISB al-
gorithm.

5.7 Appendix

Suppose V 1, G, is primitive. Proving I'(P) is a one-to-one mapping from

P € Cp toT € Cr, is equivalent to show P is the unique one mapping to the
I'(P), or equivalently

Vn,PeCp, Au(P) =1-A(y,(P))Gx (5.31)

is invertible. This is proved as follows:
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Theorem 5.1. V n,P € Cp, A, (P) is invertible. The unique P mapping to T can be
computed as

“+o00

pr =Y (A(7,)Gu)' Alv,)n,),V 1. (5.32)
i=0

where vy, is the nth column of T.

Proof. It can readily be shown that V n, v, (P) > 0 when P € Cp. Hence,
A(,)Gy is primitive according to Theorem 8.5.2 of [HJ85]. Moreover, it can
easily be seen that p,, = (A(7,,(P))Gy)pn. This means that p(A(y,, (P))Gy) <
1 according to Corollary 8.1.29 in [HJ85], where p(X) is the maximum magni-
tude of the eigenvalues, which are in general complex, of the matrix X. There-
fore,

lim (A(y,(P))G,)" = lim p'L = 0 (5.33)

i—»00 i—00

follows from Theorem 8.5.1 in [H]85], where L is a deterministic matrix de-
pending on A(+,,(P))G,. Note that this theorem is a generalization of Per-
ron’s Theorem from the class of positive matrices to that of nonnegative prim-
itive matrices. This means that V n, V P € Cp, A, (P) = I — A(7,(P))Gy
is nonsingular, since its inverse exists and can be computed from Neumman
Series, i.e., (Ay(P))"! = 15 (A('yn(P))Gn)i [Ste98]. Therefore, (5.32) fol-
lows. O
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systems

6.1 Related works and chapter overview

This chapter considers joint RA for BS coordination in the downlink of
a multi-cell OFDM-based system. Recently, some margin-adaptive joint RA
algorithms have been proposed for the downlink of multi-cell OFDMA sys-
tems [PJ04, AADMO7]. In case that the joint RA is optimized for each car-
rier individually, the rate-adaptive algorithms in [KOG07,KG08, GGbK08] can
be adopted. However, a joint RA over all carriers is preferred in order to
better exploit the frequency and multiuser diversity inherent in OFDMA sys-
tems. To this end, two rate-adaptive joint RA algorithms have been proposed
in [VPWO07] and [VPWO08]. Both algorithms optimize carrier allocation and
power allocation iteratively, such that the WSR of all users keeps increasing
until convergence. In particular, the weight of each user represents the prior-
ity of that user’s rate. However, it is not clear how to determine the weights

so as to fulfill a prescribed fairness criterion among users.

In this chapter, a novel RA problem is considered to maximize the WSMR
of coordinated cells for the downlink of a multi-cell OFDMA system subject
to per BS sum power constraints. Most interestingly, this problem leads to a
RA that guarantees users in each cell have similar rates, which is of interest
in practice. An coordinate-ascent (CA) based iterative algorithm is proposed
to optimize the carrier allocation and the power allocation alternatively, so
that the WSMR keeps increasing until convergence. In each iteration, the
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Jukkn
BSk

communication link ------- interference link

Figure 6.1 An example system setup.

power allocation is optimized by fixing the carrier allocation and using the
SCA method introduced in Chapter 4. After that, the carrier allocation is up-
dated by fixing the power allocation and solving a linear program for each
cell.

The rest of this chapter is organized as follows. First, the system model and
the RA problem are described. Then, the proposed algorithm is presented.
Finally, the effectiveness of the proposed algorithm is illustrated by numerical
experiments.

6.2 System model and problem formulation
Consider the downlink of a multi-cell OFDM system with K BSs coor-

dinated by a central controller running the proposed RA algorithm. Using
OFDM with N carriers, BS k serves a group of users belonging to the user set
Uy, for cell k. The channel power gain of carrier n from BS I to a user u in cell k
is denoted as g, k1, and assume g, 1, > 0, Vu € Uy, k, I, n. Ui,k,n represents
the total power of the AWGN and the interfering signals coming from unco-
ordinated BSs for carrier n at user u in cell k. Figure 6.1 shows an example
system with 3 cells for illustration purposes.

The following assumptions are made for the considered system. First,
the controller is assumed to know {g, x; ,|Vu,k,1,n} and {‘Ti,k,n \Vu,k,n} pre-
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cisely. Second, the channel between each BS-user pair is assumed to remain
static over a sufficiently long duration, so that the RA can be carried out for
that duration.

Power-allocation related notations are denoted as follow. Pj denotes the
sum power available to BS k, and py , represents the proportion of P allocated
to carrier n by BS k. py ,, V k, n are stacked into a K X N matrix P with p; , =
[P]jen-

The following notations related to the carrier allocation are defined. A
continuous variable A, ;, which is between 0 and 1 is defined to repre-
sent the proportion of the whole transmission time allocated to user u in
cell k for data transmission. V n, A, , are stacked into the vector A, ; =
[Aux1, - Aurn)t, and Ay, V u € Uy are stacked into a matrix Ay column
by column. Finally, all Ay, ¥ k are stacked into a matrix A = [Aq, - - -, Ag] that
indicates how carriers are allocated to all users.

The rate of user u in cell k, as a function of A, and P, is expressed as

N
Ru,k(Au,k/ P) = Z Au,k,nRu,k,n(P) = Z Ru,k,n(P) (6.1)
n=1 n:Au,k/n:1
where
P
Ry i (P) =log (1+ %"’"7"()) (6.2)

r

stands for the rate of carrier n when allocated to user u in cell k in the unit
of nats/OFDM-symbol. 7, i ,(P) is the SNR and T represents the SNR gap
between the adopted modulation and coding scheme and the one achieving
channel capacity [SCS99]. Particularly, v, i ,(P) is evaluated by

PrPrn&ukkn P

Yuon(P) = L Prnus - 63)
0w+ 112k P1PLnSuidn  Lukn(P)

h I P) — K l _ Tikm d _
where L jon(P) = Xyin + Xjm1 ik Pl ujens Xujn = Petvrrn’ A Yukn =
flgu,k,l,n
Pkgu,k,k,n

The RA problem that maximizes the WSMR subject to per BS sum power
constraints is considered. Specifically, the objective function is expressed as

K
f(A,P) =Y wj-minR, (A, P) (6.4)
k=1 ueuk
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where wy > 0 represents the weight assigned to cell k’s minimal user rate. In
particular, increasing wy leads to a higher priority assigned to cell k.
Mathematically, the RA problem is formulated as

max f(A,P)
N
s.t. 2 Pen <1, VK, (6.5)
n=1
Z Au,k,n <1, Vk,n,
uely

Aukn € [0, 1}, Pkn = 0,V uel,kn.

Proposing (6.5) is motivated by the following consideration. As shown
in [RC00,KPLO06], the problem of maximizing the minimal user rate in a single
cell was studied, in order to achieve the maximum fairness among the users
in this cell. Since the considered system consists of multiple coordinated cells,
the problem of maximizing the WSMR f (A, P) is considered, so that the max-
imum fairness is achieved among the users in each cell, and in the meanwhile
different priorities can be assigned to those cells.

Note that (6.5) is a constrained nonlinear program incorporating both in-
teger and continuous variables. In addition, the objective function, as the sum
of the minimums of multiple rate functions, might not be differentiable with
respect to the power allocation. As a result, simple algorithms like steepest
descent method can not be directly applied [Ber03]. Furthermore, f(A, P) is
not a concave function of A and P, meaning that (6.5) might have multiple
local optima. Therefore, it is difficult to find a global optimum for (6.5).

6.3 Algorithm Development

An iterative algorithm is proposed to optimize the carrier allocation and
the power allocation alternatively. This algorithm is depicted in Algorithm 5,
where the superscript m indicates the associated variable is produced at the
end of the mth iteration.

The proposed algorithm starts with computing respectively initial power
and carrier allocations P? and A° based on the methods proposed in Section
6.3.1. At the beginning of each iteration, it is desirable to compute the op-
timum P for (6.5) when A = A". However, it is hard to solve this prob-

lem due to its highly nonconvex structure. Alternatively, the SCA method
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Algorithm 5 Proposed RA algorithm

m = 0, compute PY and A° with the initialization methods in Section 6.3.1;
repeat
find a suboptimum solution for (6.5) when A = A" using Algorithm 6 in
Section 6.3.2, and assign it to P""*1;
solve (6.5) when P = P"*! for the optimum A using the method in Sec-
tion 6.3.3, and assign it to A"*1;
m=m-+1;
until P" = P" lorm=M

P" and A™ are adopted for the considered system.

introduced in Chapter 4 is used to compute a suboptimum P’ satisfying
f(A™,P")>f(A™ P™), then P’ is assigned to P"*!. This step can be inter-
preted as finding a power allocation P"'*! better than P™ for the tentative
carrier allocation A™.

Then the optimum A for (6.5) when P = P"*+1 is evaluated. This optimum
carrier allocation is assigned to A”*!. It will be show in Section 6.3.3 that this
optimum A can be found by solving a linear program for each cell. This step
can be interpreted as finding the optimum carrier allocation for the tentative
power allocation P"*1.

Note that Algorithm 5 is CA-based, and it yields increasing WSMRs as
the iterations continue, thus convergence is guaranteed. The iteration is ter-
minated until P" converges or when the number of iterations exceeds a pre-
scribed value M that is sufficiently large while affordable in practice.

6.3.1 Initialization methods

The uniform power allocation (UPA) is used for initialization, i.e., [P]y, =
%, V n,k. This is motivated by two considerations. One is that if the sum
power at each BS is very small so that the CCI can be neglected, the multi-
cell RA problem can be decomposed into K single-cell subproblems, each to
find the optimum RA that maximizes the minimal user rate subject to a sum
power constraint for the corresponding BS. This problem has been investi-
gated in [RCO00], and it was shown there through numerical experiments that
the UPA and the associated optimum carrier allocation yield slightly degraded
performance compared to the optimum RA. The other one is that the perfor-
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mance of a RA adopting the UPA is often used by default to benchmark the
performance of another RA. Initialized by a UPA-based RA, the proposed al-
gorithm should be able to find a better RA, and the performance improvement
can be used to evaluate the efficiency of the proposed algorithm.

Two different methods are considered for computing A°. One is to let users
in each cell choose in turn the carrier that is not yet assigned and corresponds
to the highest SNR. In this way, each user will be allocated almost the same
number of carriers. This method is named as the even selection based carrier
allocation (ESA). The other one is to compute A® as the best carrier alloca-
tion that maximizes the WSMR when P = P°. This method is called the best
selection based carrier allocation (BSA). Note that this carrier allocation can
be obtained by solving a linear program for each cell, which is elaborated in
Section 6.3.3.

6.3.2 Power allocation optimization
When A = A", solving (6.5) is equivalent to minimizing — f (A", P) sub-
ject to per BS sum power constraints. Note that when A = A",

K K
—f(A™,P) = k; wy( — f}é}/{nk R,k (A}, P)) = k; wk(IuIé?jk( —R, (A}, P))
holds, where A’;f,k is the A,y contained in A™. As said earlier, it is hard to
find a global optimum for (6.5) when A = A™ due to the nonconvexity of the
problem.

The SCA method proposed in Chapter 4 is used to find a suboptimum P
better than P when A = A™. To this end, a COV from P to Q satisfying
P =¢9Q (ie., gk = [Qlkn = log(pk)) is first made. Now, (6.5) when A = A"
is equivalent to

ngn — f(A™,€9Q) (6.6)

s.t. Zeqk'" <1, Vk.
n
Then, an inner loop is executed to produce a set of Q with decreasing ob-
jective values for (6.6). In the following, a superscript (m,t) put to a variable
indicates that variable is produced at the tth inner iteration (f > 0). At the
beginning, Q"¥ = log(P™). At the tth iteration, Q"*! is found as a global
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optimum for a convex approximation of (6.6). To build this approximation,

we define

—frt(AM, 2 Zwkmax —R™ ( ka,eQ)
uely

where —R" t(A:’f 1 ¢2) is a CUBA of —R, k(A e Q). Specifically, we can use

the same method as for the SCALE algorlthm to construct Rm t(Am eQ) as

u,k’
_RZ[kt uk’ ZAukn R?ktn(eQ)) (6‘7)
where

R?ktn(eg) = “Zf}(t,n log(l)’u,k,n( )) + ,Bu n

“T,f,n (qkr” - 10g Iu,k,n( )) + ABM kn (6.8)
Pm,t
Wi = ant (6.9)
" I+ 7k n(P ¢ )
Bt = Ruin(P™) — s 10g(71in(P™)). (6.10)

It can readily be shown that —f™(A™, Q) is a CUBA of —f(A",eQ)
and satisfies the tightness condition at Q™, i.e., V Q, —f"!(A™, Q) >
—f(A™,€9) and this inequality is tightened at Q = Q™. Therefore, the
convex approximation of (6.6) at the tth iteration can be built by replacing
—f(A™,eQ) with —f"!(A™, Q). Note that the feasible set of Q for this ap-
proximate problem is unbounded below, thus its optimum solution might
have negative entries of large magnitude beyond hardware’s precision limit,
leading to overflow. To address this problem, we add extra constraints V k, 7,
Jkn > log(d) where ¢ is a prescribed very small positive value. Then, the
approximation of (6.6) at the tth iteration with the added constraints can be
formulated as the following equivalent problem

K
min Z Wi Cr
QG Kk} =

st. —Cp— ZAuknR’;j,jn Q) <0,V u €Uk, (6.11)

Y el —1<0,Vk,
n

Jkn = 10g(5), Yk, n.
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We use geometric programming to find a global optimum for (6.11), and
then assign it to Q"1 To this end, (6.11) is first reformulated into an equiv-
alent GP in the convex form introduced in Section 4.6. Then, that GP can be
solved by GP solvers such as MOSEK or gpcvx. Specifically, we first reformu-
late the first constraint in (6.11) as

—Cj — Za';jj’n(qkﬁ —log I 1. (e2)) — b;j;j <0,Y u €Uk, (6.12)
n
where aukn = Al ';ktn and kat =Y, uknlBukn It is equivalent to the
constraints
—Cj — Zaukn G = fujen) = bje <0, u € U, k, (6.13)
jointly with
log Ly n(e2) <iypn, ¥V u € Uk, m, (6.14)

because (6.12) corresponds to the same feasible set of {Q,Cy,...,Ck|V k} as
(6.13) and (6.14). Furthermore, (6.14) and (6.14) are respectively equivalent to

log (e—ck—Zn G jon) — uk) <O, u ek (6.15)
and
10g<elog(xu,k,n)_iu,k,n + 2 elog(yilk,n)+ql,n*iu,k,n) S 0[ v uec Uk, k/ n. (616)
17k

Based on the the above analysis, we can finally reformulate (6.11) into an

equivalent GP in the convex form as follows:
ofEiy B
s.t. log(de kn) <0,V k,n,
(6.15),V u € Uy, k, (6.17)
(6.16), Y u € Uy, k,n,
log(} ) <0,Vk.
i

In summary, the power allocation algorithm when A = A" is given in
Algorithm 6, where T represents a prescribed value.
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Algorithm 6 Power allocation optimization algorithm

t =0,Q"0 = log(P™);
repeat

solve (6.17) for its global optimum, and assign it to Q"*1;
t=t+1;

until Q" = Q"ttlort =T

output P71 = Q™"

6.3.3 Carrier allocation optimization

The problem of finding the optimum carrier allocation A”*! when P =
P"+1 can be decomposed into K subproblems, the kth of which is to maxi-
mize the minimal user rate in cell k by finding the associated optimum carrier
allocation. More specifically, the kth subproblem is formulated as

max min R, (A, prtl)

Ay uelly
st Y A <1, Vn, (6.18)
MEZ/{k
Au,k,n € [O, 1], Yue Z/Ik,n.

Let’s denote the optimum Ay for (6.18) by Azﬁl. Then the optimum carrier
allocation is constructed by A"+1 = [ATH, e, A"K”l}. In fact, (6.18) can be

reformulated into an equivalent form:

max Sp
A Sk
s.t. Ay Rk Pm+1 > Sk, Yu e Yy,
Z wkn - Ry, n( ) (6.19)
Z Aukn ~ \V/Tl,
uely
Au,k,n € [O, 1}, Yu e U,n.

where Sy is the extra optimization variable introduced to guarantee the equiv-
alence between (6.18) and (6.19). Note that (6.19) is a linear problem, which
can easily be solved by existing solvers, e.g., Lindo or linprog in Matlab.

It is interesting to examine the complexity of the proposed algorithm. For
each optimization of carrier allocation, K linear programs need to be solved
separately, and each is solved in polynomial time by state-of-art methods, e.g.,
simplex or interior-point methods [BV04]. For each optimization of power
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allocation, T geometric programs need to be solved, and the state-of-the-art
interior-point method to solve it has a polynomial complexity [BV04]. The
complexity of the proposed algorithm depends on the specific methods imple-
mented by the solvers to solve the linear program and GP. In the next section,
the complexity of the proposed algorithm will be shown for certain solvers

used.

6.4 Numerical Experiments

For illustration purposes, the downlink of a cellular OFDMA system with
K = 3 coordinated cells and N = 64 carriers is considered. BS 1, 2 and 3
are located at the coordinates (—100, —100), (100, —100), and (0, 100), respec-
tively. Each BS serves 3 users, which are randomly and uniformly distributed
in the regions {(x,y)| —70 < x < —10,-70 < y < —10}, {(x,y)]10 <
x <70,-70 <y < —10}, and {(x,y)| =30 < x < 30,10 < y < 70} for
the three cells, respectively. All the aforementioned coordinate related values
have the unit of meter. The parameters are setasw; = wp = w3 =1, I' =1,
Op iy = —50dBm,Y u € Uy, k,n, Py = Py, YV k, 6 =107, M = 4and T = 3.
The channel between each BS-user pair is generated in the same way as ex-
plained in Section 5.6. The following experiments are conducted with Matlab
v7.1 on a laptop equipped with an Intel Duo CPU of 2.2 GHz and a memory
of 2 GBytes. In particular, the linprog in Matlab and gpcvx are used to solve
(6.19) and (6.17), respectively.

A set of user positions was first randomly chosen, and the associated sys-
tem setup is shown in Figure 6.2. For this setup, a random realization of
the BS-user channel gains was generated. Algorithm 1 has been run when
Py = 70 dBm. After Algorithm 1 terminates, the power allocation and the
carrier allocation for the first cell after optimization are shown in Figures 6.3
and 6.4, respectively. The computed WSMR for every iteration, as well as user
rates at initialization and after optimization are shown in Figure 6.5. In par-
ticular, each line segment with the same mark shows the WSMRs when the
carrier allocation is fixed.

It can be seen that both initialization methods lead to similar WSMRs after
optimization, even though the BSA initialization results in a higher WSMR at
the beginning. Besides, the power and carrier allocations after optimization
lead to a significant WSMR increase than the initial allocations. Despite the
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Figure 6.2 A random realization of system setup.
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Figure 6.3 The power allocation after optimization with the BSA/ESA initialization

for the random realization of channel gains.
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Figure 6.4 The carrier allocation for the first cell after optimization with the

BSA/ESA initialization for the random realization of channel gains.
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Figure 6.5 The computed results for the random realization of channel gains. In each
bar group, the left and right bars represent the performance for the initial and final
RAs, respectively.



6.4 Numerical Experiments 67

The WSMR with the BSA initialization, initial(left), final(right)

300
©
o
£
(?>‘ 200
=
z
) 100
)
©
j=
30 40 50 60 70
Py (dBm)
The WSMR with the ESA initialization, initial(left), final(right)
300 T T T . .
©
o)
IS
? 200
=
2
) 100
)
©
[=
30 40 50 60 70
Py (dBm)

Figure 6.6 Average WSMR over 100 random realizations of channel gains. In each
bar group, the left and right bars represent the performance for the initial and final
RAs, respectively.

initialization method, the average time spent for solving each particular in-
stance of (6.19) and (6.17) is around 0.2 second and 25.2 seconds, respectively.
The power allocation after optimization shows that each BS allocates the dom-
inant part of its power to a few carriers. Once a BS allocates a significant part
of its power to a carrier, the other BSs usually allocate only a small part of
its power to this carrier, so as to reduce CCI. After optimization, the minimal
user rate in each cell is enhanced, and the users in each cell have similar rates
after optimization. These observations illustrate the efficiency of the proposed
algorithm.

The proposed algorithm was also run for 100 random realizations of the
BS-user channel gains, when Py, varies from 30 to 70 dBm. The average value
of the WSMR at initialization and after optimization are shown in Figure 6.6.
Regardless of the initialization method, the average WSMR after optimization
is slightly higher than the average initial WSMR when Py, is below 40 dBm.
This is because the CCl is relatively low due to the relatively low sum power
of each BS, and therefore the UPA is nearly optimal as explained earlier. How-
ever, the average initial WSMR increases slightly, while the average WSMR
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Table 6.1 Average execution time in seconds for solving (6.19) with the linprg.

[u=3N=64| U=6N=64| U=3N=128
o | 02 | 0.56 | 0.60

Table 6.2 Average execution time in seconds for solving (6.17) with the GP.

| K=3N=64| K=6N=64 | K=3,N =128
x| 7.8 | 65.0 | 62.0

after optimization increases significantly when Py increases from 50 dBm to
70 dBm. Besides, the average WSMR after optimization is significantly higher
than the average initial WSMR when Py is greater than 50 dBm. These ob-
servations show that the proposed algorithm can effectively produce power
and carrier allocations that lead to a significantly better WSMR performance
than the UPA and the BSA/ESA, especially when the sum power of each BS is
high.

It is interesting to examine the complexity of the proposed algorithm.
When the power allocation is fixed, the carrier allocation is optimized on a
per-cell basis. The total time spent for optimizing the carrier allocation is equal
to M * K x p, where p represents the average time for solving (6.19) with the
linprog. The p for different combinations of N and U which denotes the num-
ber of users in a cell is shown in Table 6.1. It can be seen that p scales up with
increasing N at a similar rate as with increasing U.

When the carrier allocation is fixed, the power allocation is jointly opti-
mized over all cells. The total time spent for optimizing the power allocation
is equal to M = T x x, where ) represents the average time for solving (6.17)
with the GP. The y for different combinations of N and K is shown in Table 6.2.
X scales up with increasing N at a similar rate as with increasing K. Moreover,
X scales up at a much faster speed than p does when N increases. It can be
seen that x is much greater than p, indicating that to reduce the complexity of
the proposed algorithm, the key is to solve (6.17) with a more efficient method
than the GP.
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relays aided OFDM
systems

7.1 Related works and chapter overview

This chapter addresses RA for a point-to-point OFDM transmission system
aided by multiple DF relays. To date, some related research works have been
reported. To name a few, RA algorithms have been proposed in [JJL10,PNT10,
DTM*10, DHH"10] for OFDM systems aided by AF relays. As for OFDM
systems aided by DF relays, RA algorithms have been proposed in [GCJ]08]
to minimize sum power under rate constraints, and in [LWK™08, VDL 08] to
maximize sum rate subject to power constraints, when a single relay exists.
However, at a carrier in the direct mode the source is idle during the relaying
slot, which wastes spectrum resource. To address this issue, rate-optimized
RA algorithms, which allow for the source to destination transmission during
the two slots at the carrier in the direct mode, have been proposed in [VLOT 08,
VLO"09a, VLOT,VLO*(09b].

So far, the majority of proposed RA algorithms, as the aforementioned
ones, restrict that at most one relay can assist the source at every relay-aided
carrier. In fact, when there are multiple relays available, allowing not just one,
but each of them to be eligible for assisting can exploit all degrees of freedom
in the system to improve performance. For illustration purposes, example
patterns of selecting single or multiple assisting relays are shown in Figure
7.1
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Figure 7.1 Example patterns of selecting (a) one relay or (b) multiple relays assisting

at each relay-aided carrier, where a black block at the i-th row and j-th column indicates

the j-th relay r; assists the transmission at the i-th carrier s;.

In this chapter, a sum rate maximized RA problem is addressed for an

OFDM system aided by multiple DF relays subject to the individual (per de-

vice, i.e. a source or a relay) sum (over all carriers) power constraints! of the

source and the relays. In particular, one or several relays may cooperate with

the source to transmit at every relay-aided carrier. Specifically, the contribu-

tions of this chapter lie in the following aspects:

when a big number of carriers is used, it is shown that the duality
gap of the RA problem is approximately zero, based on the same idea
first proposed in [YL06]. Assuming the number of carriers is suffi-
ciently large, a duality-based algorithm is developed to find a globally
optimum RA for the considered problem. Most interestingly, the sen-
sitivity analysis introduced in Chapter 3 is used to derive a closed-form
optimum solution to a related convex optimization problem, for which
the method based on the KKT conditions is not applicable.

a CA-based iterative algorithm, which is always applicable regardless
of the duality gap of the RA problem, is developed to find a subopti-
mum RA. Specifically, this algorithm produces a successive set of RAs

with increasing sum rate until convergence.

The rest of this chapter is organized as follows. First, the OFDM system

and the RA problem are introduced. Then, the duality-based algorithm and

! In this chapter, the word “individual” will mean per device and “sum" will refer to a sum-

mation over all carriers, unless otherwise stated.
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Table 7.1 Channel coefficient at carrier n between any two of the source, r;, and the

destination.

source to destination ‘ source to r; ‘ r; to destination

hoa(n) | horn(n) | hya(n)

the iterative algorithm are developed. Finally, the effectiveness of the pro-

posed algorithms is illustrated by numerical experiments.

7.2 System description and RA problem

Consider an OFDM transmission system from a source to a destination
aided by K DF relays collected in the set ¥ = {r;|i = 1,---,K}. All links
are assumed to be frequency selective, and OFDM is used to transform every
link into N parallel channels, each at a different carrier facing flat fading. At
every carrier, the transmission of a symbol is in either the direct mode, or the
relay-aided mode spanning across two equal-duration time slots, namely the
broadcasting slot and the relaying slot.

The following assumptions are made about the RA in the system. First,
the RA is determined by an algorithm running at a central controller, which
knows precisely the noise power at each node, as well as the channel coef-
ficients at every carrier from the source to every r;, from the source to the
destination, and from every r; to the destination. Second, all channels remain
unchanged within a sufficiently long duration, over which RA can be carried
out accordingly. Third, the RA information can be reliably disseminated to the
source, every relay, and the destination.

Let’s consider the transmission of a unit-variance symbol 6 at carrier n.
The coefficient of the channel between any two of the source, r;, and the desti-
nation, are notated according to Table 8.1. The transmission in the relay-aided
mode is first described. The source first emits in the broadcasting slot the
symbol /PsPs 0 as illustrated in Figure 7.2.a, where Ps and Ps ,, represent the
source sum power and the fraction of that sum power allocated to the trans-
mission at carrier n, respectively. At the end of this slot, both the destination

and the relays receive the source signal. The signal samples received at the
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destination and r; can be expressed respectively by

Yn = \/PsPs uhg q(n)0 + 1 (7.1)
and
Yein = / PsPs,nhs,ri (7’1)9 + Ny, ms (7-2)

where 77, and 1, , represent the corruption of the AWGN at the destination
and 1;, respectively. We assume Vi, 1, , is a zero-mean circularly Gaussian
random variable with the variance 0. The SNR at r; can be computed as
Ps yGsr,(n), where Ggr,(n) = Pblhs;i’z(n)‘z represents the normalized channel
power gain from the source to r;.

For carrier n, ¥, is defined as the set containing all relays sorted in the
increasing order of G, (1), rj(n) as the i-th relay in ¥, and ¥ (i) as the set
containing relays in ¥, with indices from i to N. Assume the r; that has the
minimum Gg (1) among all assisting relays for carrier n is 1, (1) where b,
represents the index of that r; in ¥, and all r; in ¥, (b,) decode the received
samples to recover 6.

After the recovery of 0, all relays in ¥, (b, ) transmit simultaneously to the
destination in the relaying slot, which in effect establishes a distributed mul-
tiple input and single output (MISO) transmission link as illustrated in Figure
7.2.b. Specifically, r; € ¥, (by) transmits w;,6, where w, is the complex weight
for transmit beamforming and satisfies |wr, |2 = P, Py, n. Py, and Py, , represent
the sum power of r; and the fraction of that sum power allocated to carrier 7,

respectively. To have the relays’ signals add coherently when received at the
destination, wy, = /Py, Py, ne”’ arg (r,a(1) 5 used, where arg (hy, q(n)) stands

(a) In the broadcasting slot (b) In the relaying slot

Figure 7.2 Illustration of a relay-aided transmission where r, and r3 assist relaying

at carrier n.
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for the phase of h, q(n). It should be noted that this transmission protocol
enables a flexible use of all relays opportunistically through a general form of
r; € ¥u(by)} are deter-
mined by the RA algorithm depending on channel state information, as will

adaptive transmit beamforming, in that b, and {P, »

be developed later. At the end of the relaying slot, the signal sample received
at the destination is denoted by

Zn = 2 \/Pripri,n

I','E‘I"n (hn)

By, q(1)]0 + vn, (7.3)

where v;, represents the AWGN corruption at the destination. We assume 7,
and v, are independent zero-mean circularly Gaussian random variables with
the same variance ¢2.

Finally, y, and z, are processed at the destination. From (7.1) and (7.3),
it can be seen that the relay-aided transmission at carrier 7 is in effect over
a channel with a single input and two outputs. To achieve the capacity of
this channel, the maximum ratio combining (MRC) should be used, i.e., the
destination combines y,, and z, to construct a decision variable

¢k = \/PsPon(hsa () yn + ( Z \/ PriPrin hq,d(”)‘)*zm (7.4)

r;e¥y, (hn)

which is then decoded. After mathematical arrangements, the SNR for decod-

ing cy is derived as

2
Cn = Ps,nGs,d(n) + ( Z Pr,',nGri,d(n)) (7.5)
r,'ElYn(bn)
2 Py, |hy, 2
where G 4(n) = %ﬂ and G, 4(n) = w represent the normal-

ized channel power gains from the source to the destination and from r; to the
destination, respectively.

To ensure reliable recovery of 6 at every relay in ¥, (b, ), the source trans-
mission rate at carrier n should not be higher than log(1 + PS/"Gs,rb”(n)<n))
nats/two-slots. Moreover, the source transmission rate should not be higher
than log(1 + ¢») to ensure reliable decoding of ¢y at the destination. There-
fore, the source transmission rate at carrier # in the relay-aided mode should
be [LTW04]

R, =min (log(1+ PonGer, (n) (n)),log(1+¢n))
=log (1+min(gu, PsuGgy, (n)(n)))- (7.6)
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As for the direct transmission mode at carrier 1, the source emits two in-
dependent symbols in the two slots, respectively, and only the destination de-
codes the corresponding two received signal samples. This protocol is more
efficient than restricting the source to emit only in the broadcasting slot as in
the related works [LTW04,GCJ08,LWK08,VDL*08]. Assume the AWGN cor-
ruptions for the two received samples are independent zero-mean circularly
Gaussian distributed with variance 02, and the source uses the power PsPs
in total to transmit the two symbols. The maximum source transmission rate
at carrier 7 in the direct mode can be derived as

G
Ruo = 2log <1 + Ps,n%M)) (7.7)

and it is achieved when the source uses the power @ to transmit each sym-
bol.

To formulate the RA problem, a binary variable ¢, is defined to indicate
the transmission at carrier # is in the relay-aided mode (resp. the direct mode)

if t, = 1 (resp. t, = 0). Mathematically, the RA problem is formulated as

N
max Y (taRp1+ (1= ta)Rp2)
n=1
N N
st. Y Pu<1, Pon<1Vr ey, (7.8)
n=1

n=1
P, >0,Vn, Py >0,Vn,Vr €Y,
t, € {0,1},Vn, b, €{1,--- ,K},Vn,

where {t,, by, Psu, P, n|V1; € ¥,V n} are the optimization variable to be deter-
mined by the RA algorithm.

7.3 The duality-based RA algorithm

To facilitate analysis in the following sections, (7.8) can be formulated into
the following equivalent form

max  f(x) (7.9)

X

st. x€ Dy, g(x) =1,

where x represents the vector stacking all optimization variables, Dy stands
for the definition domain of x, f(x) denotes the sum rate, g(x) =
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[§1(%), -+, gn+1(x)]T where g1(x) = Yf_; Psu and gi1(X) = Ly Prn (i =
1,---,N) stacks the sum power of the source and those of the relays, and 1
represents an (N + 1) x 1 vector with every entry equal to 1.

The Lagrangian for (7.9) is defined as

Lo p) = () +p" (1= 3(x), (7.10)
where u = [ps, piry, -+, er]T, with us and ., representing the dual variables
related to the sum power constraints of the source and r;, respectively. The
dual function is defined as d(u) = maxyep, L(x, ), and a x that maximizes
L(x,p) is denoted as x,. A subgradient of d(u) at p is equal to 1 — g(xy)
according to Corollary 2.1 in Chapter 2.

Note that Dy is nonconvex, and therefore the duality gap of (7.9) might
not be zero. Interestingly, it is shown in Section 7.6 based on the same idea
proposed in [YLO06] that, (7.9) has zero duality gap when N is sufficiently large.

Assuming sufficiently large N, a duality-based RA algorithm is developed
in this section to find a global optimum for (7.9). The overall duality-based
RA algorithm is summarized in Algorithm 7, where €; > 0 and §; > 0 are
both very small values prescribed to guarantee convergence. This algorithm
is a special instance of the dual method, namely Algorithm 1 introduced in
Section 3.6. Specifically, u is initialized with 1 at the beginning, and x, is
found as the optimum solution to the LRP

max L(x,p) =Y (taRp1 + (1 — tn)Ry ) +

n
ps (1 - ZPS/”) + Z,ur,.(l - Zprif”)'
n i n

st. Py >0,¥n, Prp>0,¥nVreY, (7.11)
ti’le{oll}/vn/ bne{ll"'/K}rvn/

with Algorithm 8 developed in Section 7.3.1. Then, p is iteratively updated ac-
cording to the subgradient method until the specified conditions are satisfied.
Finally, the x,, is output as an approximately optimum solution. According
to the analysis in Section 3.6, f(x;) is above f* — e where f* is the optimum
objective for (7.9).

7.3.1 Algorithm to solve the LRP

It can be seen that the optimum solution to (7.11) can be found on a per
subcarrier basis, i.e., {f, (), bu(#), Psu(pt), Pr,n(p)|V1; € ¥} representing the
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Algorithm 7 The duality-based RA algorithm

=lLpu=1

repeat
p=n— (1 - g0w)]"
g=q+1

Find Xy with Algorithm 8;
until g(x,) < Tand u7(1—g(xu)) < &
output x, as an approximately optimum solution.

{tn, bu, Psn, Pr,u|Vr; € ¥} contained in x, for carrier n, can be found as an
optimum solution to

max L, = tan,l + (1 - tn)Rn,z - Hsps,n - Z,urjpr,',n

1

st. Py >0, Pn>0,Vr €Y, (7.12)
by€{1,---,K}, t,€{0,1}.

When ¢, and b, are fixed, (7.12) is reduced to a convex optimization prob-
lem. When t, = 0, the maximum Ly is not influenced by b,,, while this not the
case when t, = 1 and b;, is fixed. Based on the above analysis, an exhaustive-
search based algorithm is designed to solve (7.12). To facilitate the algorithm
design, let’s denote the maximum L, when ¢, = 0 by L, o, the maximum
L, and the optimum {Ps;, P, |V r; € ¥} when t, = 1 and by, is fixed by
Ly1(bn) and {Ps ;i (by), Pr,n(bn)|V 1; € ¥}, respectively. Note that L, 1 (b,) and
{Psu(bn), Pr,n(by)|V 1; € ¥} can be evaluated with Algorithm 9 developed in
Section 7.3.2.

It is important to note that L, 1 (b)) < L, o if Gsry, (1) (n) < Gg4(n), because

of
Lt (bn) = log(1+ min(ch, Py (bu) o, () (1)) + s,
<log(1+ Ps(bn)Gsa(n)) + Xy, (7.13)
<2log (1 + Ps,n(bn)c;s%(n)) + Xy,
< Lup,
where X;, = —psPsu(by) — L pir; P, n(bn), and ¢, represents the ¢, corre-

sponding to ¥, (b,) and {Ps ;,(by), Pr,n(bn)|V 1; € ¥}.
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Algorithm 8 Algorithm to solve (7.11) when p is fixed
forn =1to N do
if Gg 4(1) > maxy,cy Gy, q(1) then

tu(p) = 0;
Ps »(p) and Py, (p),V r; € ¥ are evaluated by (7.14) and (7.15), respectively;
else

Compute L, o with (7.16);

Find i, as the minimum i satisfying G, (,)(1) > Gsa(n);

for b, = i, to K do
Find {Ps u(by), Pr,n(by)|V 1r; € ¥} with Algorithm 9 when t, = 1 and b, is
fixed, then compute the L, 1(by);

end for

if L, o > maxp g, Ly 1(by) then

ta(u) = 0;
P, (p) and Py, (), V r; € ¥ are evaluated by (7.14) and (7.15), respectively;
else
ta(p) =1
bn(p) = argmaxy, e, L1 (bn);
{Psu(bn), Pryn(bn)|Y 1r; € ¥} when b, = by(p) is assigned to
{Psn(p), Prn(u) |V 1 € ¥}
end if
end if

end for
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Based on the above analysis, t,(p), bu(#t), Psn(p), and {Pr, n(p)|Vr; € ¥}
can be found with one of the following procedures:

1. when max;; G, (1) < Gg4q(n), tu(p) = 0, because Ly, o > Ly 1(by) holds
for every feasible value of b, according to (7.13). In this case, it can be
derived according to the KKT conditions that

P ()z[l—#]+ (7.14)
s = Hs Gs,d(n) ’ .

Pon(p) =0,Y1 € ¥, (7.15)

Lyo=2log(1+G (n){l—Lr (7.16)
S U TN e ) |

2. when max;, Gsr,(1) > Ggq(n), tu(p) can be determined by an
exhaustive-search based method, i.e., if maxy, c(i,... k} Ln,1(bn) > Luo,
ty(p) = 1, otherwise t,(u) = 0. Let’s denote i, as the minimum i satisfy-
ing Gg 1, (n)(n) > Gsq(n). Note that when 1 < b, <i, —1, Gs,rbn(n)(n) <
Gsa(n), hence L, 1(by) < Lo holds for sure according to (7.13).
This means that the comparison of Lo with maxy, c(1,... ky Ln,1(0n)
is equivalent to comparing L, with maxy, g, Ln,1(by) where B, =
{in,---,K}. Based on this idea, L, is evaluated with (7.16), and
Ly1(by) is computed for all values of b, € B, with Algorithm 9. If
Ly > maxy,cp, Lyi(bn), ta(p) = 0, and Ps ,;(p) and { Py, »(u)|V 1r; € ¥}
are computed with (7.14) and (7.15), respectively. Otherwise, t,,(u) = 1,
bu(u) = argmaxy, cp, Lyi(bn), and the {Ps,(by), Pryn(bn)|V 1; € ¥}

Vr; € T}

when b, = b, (p) is taken as {Ps , (p), Pr;n(pt)

In summary, the overall algorithm of finding x, is summarized in Algo-
rithm 8. The next section will proceeds with developing Algorithm 9 to find
LTl,l (bn) al’ld {Ps,n(bn)/ Pri,n(bn) |V I'l E T}.

7.3.2 Algorithm to solve (7.12) when t, = 1 and b, is fixed

When t, = 1 and b, has a fixed value in B, (7.12) is equivalent to
max L, = Rn,l - ,usps,n - Z,ur,-Pr,-,n
i

=log(1+ vn) — psPsn — Z‘uriprif"
i
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s.t. ’)/n S PS,?l Gs/rbn (Vl) (1’1), (7.17)

2
Yn < PsnGgg(n) + ( Z Pri,nGri,d(”)) ’
riG‘Yn(hn)

’)/'rl Z 0/
Pr,»,n > O,‘v’ri €Y,

where 7, is an intermediate variable to guarantee the equivalence.

It can readily be shown that (7.17) is a convex optimization problem. To
solve it, one may formulate a set of equations based on the KKT conditions
and then solve them for { Ps ;(by), Pr,n(bn)|V 1; € ¥}. It is very important to note
that this method is effective only when the objective function and all the constraint
functions are differentiable at the optimum solution. However, the second term
in the right hand side of the second constraint in (7.17) is not differentiable at
Pen = 0,Vr; € ¥y(by). This means thatif 3 r; € ¥, (by), Pr,n(bn) = 0, which
might happen as shown later, the KKT conditions based method is not capable
of finding that optimum solution.

To address this issue, we solve (7.17) based on the idea that P, (b;) is the
optimum solution to

max log(1+vn) — psPsn
s.t. u < PS/"GS,rbn (n)(l’l),
Yn < PsnGgq(n) + x, (7.18)
,)/'rl Z 0/
and { Py, (bn)|V r; € ¥} is the optimum solution to

max (i, Prn)
i

s.t. Y P, nGya(n) = Vx, (7.19)

riG‘Yn(bn)

Py >0,Vr €Y,

when x = x, with

x0:< Z ,/Pri,n(bn)Gri,d(n)>2.

I','E‘I"n (hn)
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Specifically, x, is first determined, and then (7.18) and (7.19) with x =
X, are solved to compute {Ps,(bn), P, n(by)|V 1r; € ¥} At first glance,
this method seems confronted with a chicken-and-egg dilemma: though
{Psu(bn), Pryu(by)|V 1; € ¥} can be computed by solving (7.18) and (7.19)
once X, is known, it seems that { P, (b,)|V r; € ¥} needs to be known first
in order to compute x,. In fact, this dilemma can be elegantly circumvented
by using the sensitivity analysis introduced in Chapter 3 to first determine x,
without knowing {Ps ;:(bn), Pr,n(bn)|V r; € ¥}, as elaborated in the following.

7.3.2.1 Solutions to (7.18) and (7.19) given x

Let’s denote the optimum objective values of (7.18) and (7.19) by f(x) and
f2(x), respectively. Obviously, (7.18) is a convex optimization problem. Let’s
denote the optimum 7, and the optimum dual variables associated with the
first and second constraints of (7.18) by v, (x), ax(x), and B, (x), respectively.
According to the KKT conditions of (7.18),

ps = Ggr, () (m)an(x) + Gsa(n)pn(x) (7.20)
and
1 +
n(x) = m -1 (7.21)
should be satisfied.

As for (7.19), it can readily be derived that
o whenVr; € ¥,(bu), pr, > 0, fo(x) = —%, and the optimum Py, , to

(7.19) is
0 ifr; ¢ ¥a(by),
Pon=19q o, , (7.22)
! W‘b(n))zx ifr; € ¥y (bn),

where 0, = Zr,-e‘l’n(bn) Gq,d(”)/]“‘ri'

o when3r; € ¥, (bn), pir; = 0, f2(x) = 0, and the optimum P;, ,, to (7.19)
is equal to 0 if r; & ¥, (by) orif r; € ¥, (by) with pr; > 0. The opti-
mum {P;,

V rj € Yu(bu), pr, = 0} is any set of nonnegative values

Z A/ Pr,-,'rl Gr,»,d(n) - \/E (7.23)

ri:rie‘l’n(bn),yrizo

satisfying
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Moreover, it can readily be shown based on the Cauchy-Schwartz
inequality that, V r; : 1; € ¥,(b,) and pr, = 0, the optimum P;,

satisfying (7.23) and minimizing the sum power of relays is P, , =
Gri,d(n)xz
(Er,'ir,'E‘Fn(bn),llr]-:[) Gr,-,d ("))

5.

7.3.2.2 Finding x, based on the sensitivity analysis

Let’s denote the L, in (7.17) computed with the optimum {7, Ps,} to
(7.18) and the optimum {P; .|V r; € ¥} to (7.19) by L, 1(x,by) when
x > 0. Obviously, L,1(x,by) = fi(x) + fo(x) and L, 1(x,bn) < Ly1(bn),
since L, 1 (by) is defined in Section 7.3.1 as the maximum L, for (7.17), while

Ly1(x,by) is the L, computed with the above mentioned {7, Ps,} and
{Pr,n|V 1; € ¥} which are feasible for (7.17). When x = x,, the P, and
{P;,n|V 1r; € ¥} used for computing L, 1(x,b,) are equal to Ps,(b,) and
{Pr;n(by)|V 1r; € ¥}, respectively, and therefore Ly, 1 (Xo,bn) = Ly1(bn). This
means that x,, is the x > 0 that maximizes Ly, 1(x, by).

To determine x,, let’s consider L! ,(x, b,) which represents the first order
derivative of L, 1 (x, b, ) with respect to x. According to the sensitivity analysis,
f1(x) = Bu(x). Therefore,

Bu(x)—1/6y, ifVr; € ¥yu(bn), pr, >0,

na(x,by) = 7.24
n,l (x ) { ﬁn(x) if EIri S ‘Yn(bn)’ Hr; = 0. ( )

Based on the above analysis, the determination of x,, B (Xo), &n(x,) and
P; ,(by) falls into one of the following cases:

e whenV r; € ¥u(bu), pr, > 0 and % < %, Xo = 0. This
is because L, 1(x,by) is a nonincreasing function of x since B,(x) €
[0, s/ Gsa(n)] and L; ;(x,by) < 0 for any x > 0. In this case, the
first constraint in (7.18) when x = x, is relaxed, whereas the second

one is tightened, since Gq 4(n) < Gs,rbn(n)(”)' Therefore, ay,(x,) = 0,

S GS +
Bu(x0) = g, (o) = [242 1] 7, and

_ ) _[1 1 -
Ps,n(bn) B Gs,d(n) B [E - Gs,d(n)] ' (7‘25)

o whenV r; € ¥,(bu), pr; > 0 and ﬁ > i, Bn(xo) = i

since L;/l (x0,by) = 0 should be satisfied. In this case, an(xo) =
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stcs,d(n)/ebn
Gs,rbn(n)(n)
puted with (7.21). This means that both constraints in (7.18) when

X = X, are saturated, and therefore

> 0 because (7.20) is satisfied, and 7, (x,) can be com-

Py, (by) %)

G rbn(n)(n)
1 1]
= , 7.26
Hs + Ap, /an STy, ( )(”)‘| ( )

and

Xo :Ps,n (bﬂ)Abn

1 A "
b
— n , 7.27
Vs/Abn - 1/9bn Gs,rbn(n)(n)‘| ( )

where A, = Gs,rbn(n)(”) — Gga(n).
« when 3 1; € ¥u(bn), pr;, = 0, Bu(xo) = 0 since L ;(xo,bn) = 0
should be satisfied. In this case, a,(xo) = ~———, and 7, (xo) =

Gs,rbn (n) (”)
Gs,rb (n)(n) + . . . .
Z‘is — 1| . This means that the first constraint in (7.18) when

X = X, is saturated, whereas the second one is relaxed. Therefore,

+

Yn(xo0) 1 1

Pou(by) = =122 — |~ | | (7.28)
sn( n) Gs,rbn(n)<n) [VS Gs,rbn(n)<n)

and x, can be any value satisfying xo > 7, (xo) — Ps n(bn)Gs,a(n) = x4

where

+
1 1
X =4y | —— —| . (7.29)
‘ [VS Gs,rbn(n)(n)‘|

After knowing x,, the optimum {P;, ,|V r; € ¥} for (7.19) when x = x,
can be found and assigned to { Py, »(b,)|V r; € ¥}. Note that in the third case
Xo can be any value no smaller than xy,, and { Py, (bn)|V r; € ¥, (by), pr; = 0}
can be any set of nonnegative values satisfying (7.23) with x = x,. To improve

the system energy efficiency, the following values are chosen: x, = xy,, and
G, 2
Vrjiri € ¥Yy(by) and pr, = 0, Pru(by) = L (1)

(Eri:rie‘l’n(bn),yrizo Gri,d(n
the sum power of the relays.

e to minimize
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Algorithm 9 Algorithm to solve (7.17) when p is fixed

i 1; € ¥u(bn), pr, > Oand gl < % then
Ps ;,(by) is evaluated by (7.25);
Prn(bn) =0,V r1; €Y;
else if V r; € Yy, (by), pr, > 0and #g(n) > i then
Ps 1 (by) is evaluated by (7.26);
Vri ¢ Tn(bn)r Pr,,n(bn) =0;
Vr; € ¥u(bn), Pr,n(bn) is evaluated by (7.22) with x equal to x, computed with
(7.27);
elseif 3r; € ¥,,(by), pr;, = 0 then
P, (by) is evaluated by (7.28),
Vr; & ¥u(by), Prou(bn) =0;
Vr; € ¥y(by) with py, >0, Pr, n(bn) =0;
V1 € ¥y (by) with py, =0, Py, u(bn) =

end if

Grya(m)xw”
(X ¥t pury =0 Gy (1))

The overall algorithm of finding {Ps (bn), Pr,n(bn)|V r; € ¥} is summa-
rized in Algorithm 9. Based on the above analysis, it can be seen that the
¢n corresponding to {Ps ,(bn), Pr,n(bn)|V r; € ¥} and b, must be equal to or
smaller than P ,(by,) Gery, (n) (n).

It is interesting to examine the complexity of the duality-based algorithm.
Suppose T is the average number of iterations to update the Lagrange multi-
pliers. In each iteration, the number of operations is proportional to N and K.
Therefore, the complexity of the duality-based algorithm is O(TKN).

7.4 The iterative RA algorithm
In case (7.8) has a nonzero duality gap, Algorithm 7 fails to find a global

optimum. To address this issue, a CA-based iterative algorithm, which is sub-
optimum but always applicable regardless of the duality gap of (7.8), is devel-
oped in this section.

7.4.1 The CA-based iterative RA algorithm

First of all, it should be noted that R, ; < R,,» always holds independently
of {Psu, Pr,n|Vr; € ¥} when b, satisfies Gs,rbn(n)(n) < Ggg4(n). This means
that when max;,cy G r, (1) < G 4(n), tn = 0is the optimum independently of
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by and {Ps n, Py, n|Vr; € ¥}, ie., the direct transmission mode should always

be used for carrier 7.

To simplify algorithm design, assume t; is fixed as 0 for every n € D, =
{n|max, Gsr,(n) < Ggq(n)}. If n ¢ Dy, the optimum t,, and b, must lie in the
set {0,1} x B, where x represents the Cartesian product. Furthermore, when
{tn, bp|Vn & D,} is fixed, (7.8) is reduced to a convex optimization problem,
which has zero duality gap since the Slater constraint qualification is satisfied.
Thus a globally optimum {Ps ,;, Pr, »

Vr; € ¥,Vn} and the maximum sum rate
when {t,,b,|Vn ¢ D,} is fixed can be found with a duality based algorithm
as shown in Section 7.4.2.

Now the difficulty of solving (7.8) lies in finding the optimum {t,, b,|Vn ¢
D,}. To this end, one may use an exhaustive-search based algorithm.
Specifically, this algorithm finds the maximum sum rate for every possible
{tu, bu|Vn ¢ Dy} in [T¢p, ({0,1} x By), then chooses the best one as the
optimum {t,,b,|Vn ¢ D,}. However, the complexity of exhaustive search
might be unaffordable for practical systems using a big number of carriers.

To address this issue, a coordinate-ascent based iterative algorithm is de-
veloped to produce a successive set of RAs with increasing sum rate until
convergence. In the following, a superscript m added to a variable indicates
that variable is produced at the m-th iteration to facilitate description. At the
beginning, V n ¢ D,, t% and b}l are initialized as 1 and N, respectively, i.e. ev-
ery carrier not in D, is set in the relay-aided mode with only the relay having
the highest source-relay channel gain enabled for assisting. In the m-th iter-
ation, {PJ}, PI,,|Vr; € ¥,V n}, which is the optimum solution to (7.8) when
tp = it and b, = b}, V n & D,, is first found with a duality based algorithm,
namely Algorithm 11 developed in Section 7.4.2. This step can be interpreted
as finding the optimum source/relay power allocation when {t,,, b, |V n ¢ D,}
is fixed as {t, b)'|V'n & D,}.

Then, {t"*1, b0+l ¥n ¢ D,} which maximizes the sum rate is found
when the power allocation is fixed as {P[}, P!, |Vr; € ¥,Vn}. This step
can be interpreted as finding the optimum mode and assisting relays when
the source/relay power allocation is prescribed by {PZ}, P{",|Vr; € ¥,V n}.
Note that this can be accomplished on a per carrier basis, i.e., for every
carrier n ¢ D,, "1 and b"*! are found to maximize the rate when the

power allocation is fixed as {P{}, P{",|Vr; € Y¥}. In this case, the rate is
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Algorithm 10 The iterative RA algorithm

VnGDg,tn:O;VnéDa,t}lzlandb},:N;
m=1;

repeat
Find {Pl}, P",|V1; € ¥,V n} as the optimum solution to (7.8) when t, = t}! and
by = b}, ¥V n ¢ D, with Algorithm 11;
forevery n ¢ D, do
if 7 = 0 then
g+l = o;
else
Compute ¢y (b}'), R} (b)), and R}
i R, (b) < R, then
tm+l = o;
else
t;,”'*‘l =1
b1 is set as the minimum i satisfying ¢ (b!") < PG 1 (my(n);
end if
end if
end for
m=m+1;
until V n ¢ D,, {71,071} is equal to {t, b/}
{tn = 0|V k € Do} U{t;", b)) IV k & Dy} and {PL},, P",|V1; € ¥,V n} produced in the

last iteration are a suboptimum solution.
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denoted by R, = 2log(1 + 532G 4(n)) if the direct mode is used. If the
relay-aided mode with a given by, is used, the rate is denoted by R}/, (bx) =
log(1 + min(g’,f(bn),PgnGsfrbn(n)(n))) where ¢”(b,) represents the ¢, corre-
sponding to ¥y (b,) and { P, P, |Vr; € ¥}.

Let’s first consider the evaluation of #/"+1 and b*! when t = 0, meaning

that carrier n was set in the direct mode when {P{},, P",|Vr; € ¥,Vk} was
evaluated. Suppose the relay-aided mode with any b/ *! is now used instead,
the rate is reduced independently of b!**! because of

m (b ™) =log(1+ min(cy (b7™1), P, Goyr oy () (1))

< log(1+ ¢l (b))
= log(1+ P Gsa(n)) < Ry,

where the equality in the third line is because of V r; € ¥, P{,, = 0 as will be
shown in Section 7.4.2. In order to maximize the rate, t;”“ = 0, i.e. carrier n
remains in the direct mode.

Next, let’s consider the evaluation of 7! and b+ when /! = 1, mean-
ing that carrier n was set in the relay-aided mode with b, = b} when
{PL,, P,V € ¥,Vk} was evaluated. As will be shown in Section 7.4.2,
gn(by) < PgnGs,rb”m(n)(n) always holds and thus R} (b)) = log(1 + ¢}/ (b))
It can readily be seen from (7.5) that

< (b) < gy (by) if by > by
=Gy (by) if by < b,

because V 1; ¢ Y, (b1), P", = 0 as will be shown in Section 7.4.2. This
means that V by, € {1,---, N}, R, (bn) <log(1+ ¢} (bn)) < R}y (b)) always
follows, i.e., if carrier n remains in the relay-aided mode, the rate can not be
increased no matter which value is assigned to by. In this case, 7! and b1
are determined with one of the following procedures:

« if R}, > R (b)), tm+1 is set as 0 since the rate is increased if the
direct mode is used,;

o if R, < RP (D), £t s still set as 1. byt is assigned as the
smallest b, satisfying R, (b;) = R}, (b}}). Obviously, bjt! < by,
and ¥, (b*+1) is the biggest set of assisting relays that leads to the
same rate as ¥,(b'). The motivation behind this assignment is
twofold. One is to guarantee the rate when b, = b/ *! is not smaller
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than when b, = b)}. The other is to increase the degrees of free-
dom for optimizing the power allocation in the next iteration, since
Voror o€ Ya(bth) and 1y & ¥, (b)), P, = 0 always holds but
Py, n is free to be optimized in the (m + 1)-th iteration. It can eas-
ily be shown that b}’ ! is actually equal to the minimum i satisfying
G (b) < PG, ) (n). Note that Gy () (1) > % > Gyq(n),

which means that b’ ! € 13,. '
It can easily be seen that a successive set of RAs with nondecreasing sum
rate are produced as the iteration proceeds. After the algorithm converges,
the RA produced by the last iteration is output as a suboptimum solution. In

summary, the iterative algorithm is described in Algorithm 10.

7.4.2 The algorithm to solve (7.8) when t,, and b, are fixed
When t, =t and b, = b)),V n & Dy,and t, = 0,V n € D,, (7.8) is
equivalent to
max Y (6/Ru1+(1—£)Ru2) + Y Rup
né¢D, neD,
st. Y Pu<1l, Y P.<1VreV, (7.30)
n n

P, >0,Vn, P,,>0VnVrcV,

which has zero duality gap as shown earlier, and therefore can be solved with
a duality based algorithm. To this end, let’s define the dual variables vs and v,
related to the sum power constraints of the source and r;, respectively. Let’s

stack vs and {v,|Vr; € ¥} into a vector v, and {Ps, Py, n|Vr; € ¥,Vn}into a

vector P. Then, we define the Lagrangian as

W(P,v) =) (E/Ru1+(1—1)Ru2) + Y Ry
n¢D, HGDH

s (1= Y Pow) + Y vr (1= Y. Pry).-
n i n

The duality based algorithm looks for the optimum v with the subgradi-
ent based method. In each iteration, the optimum P that maximizes W(P,v)
subject to the constraints P, > 0, Pr,, > 0,V n,V r; € ¥, denoted by Py, is
found when v is fixed. Let’s denote Ps, and P, contained in P, as Ps,(v)
and Py, (v), respectively. Specifically, for carrier n with ¢} = 1 and b, = b}/,
the problem of finding {Ps,(v), P, »(v)|V 1; € ¥} is equivalent to (7.17) with
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Algorithm 11 The duality based RA algorithm to solve (7.8) when t,, = t}} and
by =0b,Yn¢& Dy,andt, =0,VneD,
I=1v=1;
repeat
vs = [vs — de(l =Y Pou(v)] T
vr, = [y, = (1= Ly Pru(v))] Vs € ¥
I=1+41;
forn =1to N do
ifn € D, or n ¢ D, with )} = 0 then
Ps(v) and Py, (v), V r; are found with (7.14) and (7.15) after replacing ps
with vg;
else if k ¢ D, with £} = 1 then
Psy(v) and Pru(v), V r1; are found with Algorithm 9 after replacing
{bn, s, pir; |V 1r; € ¥} with {07, vs, v, |V 1r; € ¥};

end if
end for
until P, is feasible for (7.30) and v5(1 — ) Psu(v)) + Y v, (1 =) Pru(v)) < e
n r,eY n

Psn(v),and Py, (v), Vr; € ¥ produced in the last iteration are the optimum solution
to (7.8) when t, =t and by, = b},Vn ¢ Dy,and t, =0,V n € D,.

by = b)), us = vs, and pr, = vy, V r; € ¥, and therefore can be solved with
Algorithm 9 after replacing {by, ps, pir, |V 1; € ¥} with {b}}, vs, vy, |V 1r; € ¥} It
is important to note that the ¢, corresponding to {Ps (v), Pr,n(v)|V 1r; € ¥}

and b, = b} must be equal to or smaller than Ps,(v)G;,, ,(n)(1), according

S,rpm
to the analysis at the end of Section 7.3.2. For carrier n wiiﬁ " = 0 orin D,,
the problem of finding {Ps,(v), P, »(v)|V 1; € ¥} is equivalent to (7.12) with
tn =0, us = vs, and pr; = vy, V 1; € ¥, and therefore can be solved with (7.14)
and (7.15) after replacing jis with vs. Note thatif k € Dy or t)! = 0, Py, n(v) =0

follows Vr; € ¥, and if t)} =1, P;, »(v) = 0 follows Vr; ¢ ¥,,(b}}).

The overall algorithm is summarized as Algorithm 11, where e, > 0 and
dy > 0 are both very small values prescribed to guarantee convergence. The
step size and the termination condition are chosen in the same way as in Al-
gorithm 7.

It is interesting to examine the complexity of Algorithm 10. Suppose Ty
and T; are the average number of outer iterations for Algorithm 10 and that of
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Figure 7.3 A DF relays aided OFDM transmission system considered in numerical

experiments.

iterations for updating Lagrange multipliers by Algorithm 11. The complexity
of the duality-based algorithm is O(T;T,KN).

7.5 Numerical experiments

For illustration purposes, consider an OFDM transmission system aided
by 6 DF relays shown in Figure 8.1. The source is located at the origin, the
destination is located at the coordinate (0, —15),and r;,i = 1,- - - , 6, is located
at the coordinates (—6,—7), (—4,-7), (=2,-7),(2,-7), (4,—7), and (6, —7),
respectively. Note that all the aforementioned coordinate-related values have
the unit of meter. The parameters are set as 02 = —50dBm, € = 0.1, &, =
dy = 0.01 and N = 256 for which the convergence of Algorithm 7 was always
observed. Every channel is generated in the same way as explained in Section
5.6. The following experiments are conducted with Matlab v7.1 on a laptop
equipped with an Intel Duo CPU of 2.2 GHz and a memory of 2 GBytes.

In order to illustrate the effectiveness of the proposed algorithms, a heuris-
tic RA algorithm was implemented and compared with the proposed RA algo-
rithms. This heuristic algorithm allocates the source sum power uniformly to
all carriers, ie., Ps;, = % Then, for every r;, O, = {n|n & Dy, Gsr,(n) =
maxy;cy Gsr;(n)} which contains every carrier not belonging to D, and at
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channel gain from the soure to a relay or the destination

|
|
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channel gain from a relay to the destination
T

channel gain in dB
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carrier number

Figure 7.4 A random realization of channel gains |hg 4(n)|?, |hsy, (1)|?, and |k, q(1)[?,

Vr;e¥,Vk.

which r; has the maximum source to relay channel gain, is first found. The
sum power of 1; is uniformly allocated to all carriers in €, (i.e., if n & (),
Py,n = 0, otherwise Py, , = IOer\ where [Q);,| denotes the number of carriers
in Q). For every carrier n € D,, the direct transmission mode is used. For
every carrier n ¢ Dy, R, 2 is first computed, and then the R, ; when a single 1;
with the maximum G r, (1) assists relaying is computed. If R, » is equal to or
greater than the computed R, 1, the direct mode is used. Otherwise, the relay

mode is used, and only the r; used for computing R,, ; assists relaying.

The three RA algorithms were first tested for a single random channel re-
alization shown in Figure 7.4 when Ps = P, V r; € ¥, and P varies from 10
to 50 dBm. For the RA evaluated by each algorithm, the sum rate is shown in
Figure 7.5. It can be seen that for each P, both Algorithm 7 and Algorithm 10
produce better RAs with a higher sum rate than the heuristic algorithm, and
Algorithm 7 produces a better RA than Algorithm 10. The RAs evaluated by
the three algorithms for the random channel realization when Ps = P, = 20
dBm, V r; € ¥, are shown in Figure 7.6, 7.7, and 7.8, respectively. When the
RA evaluated by Algorithm 7 is used, r3 and r4 are enabled to assist relaying
simultaneously at a few carriers, while only r; does when the RA computed
by Algorithm 10 or the heuristic algorithm is used.
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Figure 7.5 The sum rate for each algorithm when Ps = P;, V r; € ¥, and Ps varies
from 10 to 50 dBm. In each bar group, the bars from the left to the right represent the
performance for the heuristic algorithm, Algorithm 10 and Algorithm 7, respectively.

Transmission Mode
Direct T T

Relayed
Y 0

50 100 150 200 250
carrier number
source power allocation PSPs K

0 i i i i i
0 50 100 150 200 250
carrier number
relay power allocation P_P .
ri rik
3 T T T
L I'4 I'5 R I's ]
= 2
S
1 ’,’—-‘
0 i = |
0 50 100 150 200 250

carrier number

Figure 7.6 The RA evaluated by Algorithm 7 for the random channel realization
when P; = P, =20dBm, Vr; € Y.
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Figure 7.7 The RA evaluated by Algorithm 10 for the random channel realization
when Ps = P;, =20dBm, Vr; € Y.
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Figure 7.8 The RA evaluated by the heuristic algorithm for the random channel real-
ization when P; = P;, =20 dBm, Vr; € Y.
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Figure 7.9 The average sum rate for each algorithm when P; = P;, V r; € ¥, and
Ps varies from 10 to 50 dBm. In each bar group, the bars from the left to the right
represent the performance for the heuristic algorithm, Algorithm 10 and Algorithm 7,
respectively.

Table 7.2 Average execution time in seconds for the two algorithms.

K,N | 3256 | 625% | 6,512
Algorithm 7/10 || 6.2/28.4 | 10.8/54.3 | 23.5/112.9

The three RA algorithms have also been tested over 100 random channel
realizations, when P; = Py, V 1; € ¥ and Ps varies from 10 to 50 dBm. For the
RAs evaluated by each algorithm, the average sum rates are shown in Figure
7.9. It can be seen that for each Ps, both Algorithm 10 and Algorithm 7 produce
better RAs with a higher average sum rate than the heuristic algorithm, and
Algorithm 7 produces better RAs than Algorithm 10.

To show the complexity of the proposed two-step algorithm, the average
execution time is shown in Table 7.2. It can be seen that Algorithm 7 takes
much longer time than Algorithm 10, and the execution times of the two algo-

rithms scales up at a similar rate as N and K increase.

7.6 Appendix: justifying the zero duality gap of (7.9)

The duality gap of (7.9) can be studied with the visualization method
earlier introduced in Section 3.4.1. Specifically, a cloud of points in the set
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A J

oY

(b) f(xp) is not a concave function of p

Figure 7.10 The visualization of the duality gap in the hyperplane of (p, w), where
the grey area represents S = {(p,w)|p = g(x), w = f(x),x € Dx}.

S = {(pw)|lp = g(x),w = f(x),x € Dx} can be plot in the hyperplane
of (p,w) shown in Figure 7.10. Most interestingly, d(u) is equal to the w-
coordinate of the highest intersection between the line p = 1 and a line pass-
ing through S and perpendicular to the vector (—p,1). As shown in Fig. 7.10,
the duality gap is equal to zero if the w-coordinate of the upper border of S is
a concave function of p. Mathematically, a point on the upper border of S has
the coordinate (p, f(xp)), where

Xp = arg x:xege:z)gx):pf(x). (7.31)
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Based on the same idea first proposed in [YLO06], it can be shown that f(x)
is a concave function of p when N is very large. This is equivalent to show
that forany 0 € [0,1],

f(Xgp,4(1-0)p,) = 0f (xp,) + (1 —0) f(xp,) (7.32)

holds for any p; and p; stacking the sum power of the source and relays. Note
that the above condition can be interpreted in a very interesting way as fol-
lows. Let’s adopt the RAs xp, and xp, in the 6 and 1 — 6 portions of the whole
transmission duration, respectively, which is called 6 time sharing of xp, and
Xp, hereafter. In this way, an average sum rate 6f(xp, ) + (1 — ) f(xp,) can be
achieved with an average sum power 0p1 + (1 — 0)pa. This means that showing
the validity of (7.32) for any 6 € [0,1], is equivalent to show that the optimum RA
for the sum power 0p1 + (1 — 0)py provides a higher sum rate than 6 time sharing of
Xp, and Xp,.

When N is very large, a RA x’ € Dy, which is of the sum power 6p; +
(1 —6)p> and yields a sum rate equal to 6 time sharing of xp, and xp,, can be
constructed by 0 spectrum sharing of xp, and Xp,, i.e., taking the entries of xp, at
0 portion of all carriers, and the entries of xp, at all the other carriers to construct
x'. Specifically, all carriers are first divided into S subbands, each consisting
of N adjacent carriers experiencing the same channel conditions. Suppose N
is sufficiently large so that N is also very large, and V 6 € [0,1] there exists
an integer Ny in {1,---,Ns} satisfying 0 ~ %ﬁ Since the carriers in each
subband experience the same channel conditions, the entries of xp, (or xp,) at
the carriers in the same subband should be the same. Let’s construct x’, which
in every subband adopts for the first Ny carriers the same entries as in xp,, and
for the remaining Ns — Ny carriers the same entries as in xp,. It can easily be
seen that the conditions x’ € Dy and

g(x') = 0p1+ (1-0)py,
f(X) = 0f(p1) + (1 - 0)f(p2)

are all satisfied. Thus f(Xgp,+(1-6)p,) >f(X') = 0f(p1) + (1 —6) f(p2) follows.
Therefore, the duality gap of (7.9) is equal to zero when N is very large.
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WSR maximized RA in
multiple DF relays
aided OFDMA systems

8.1 Related works and chapter overview

This chapter addresses RA for an OFDMA downlink transmission system
from a single source to multiple destinations aided by multiple DF relays. For
the point-to-point OFDM transmission aided by DF relays, some RA algo-
rithms, e.g., those earlier said in Chapter 7, have been proposed lately. For
the OFDMA downlink transmission aided by DF relays, some RA algorithms
have been proposed as well. For example, power constrained RA algorithms
proposed in [NCC*07, KP07, KC07] and [CLW09] consider respectively the
maximization of the sum rate and the weighted sum goodput, whereas the
one in [SART10] aims at maximizing a metric depending on the rates and
queue lengths of the source and relays. Using those algorithms, each destina-
tion may decode the source transmitted signals, each at a distinct subcarrier
in the broadcasting and relaying (except for [CLW09]) slots, as well as the re-
lays transmitted signals, each at a distinct subcarrier from a single relay in
the relaying slot. Note that when the source transmits signals to relays in the
broadcasting slot, every destination discards the received signal replicas and
thus spatial diversity is not exploited. In [NY07], a RA algorithm is proposed
to maximize the sum utility of multiple uplink/downlink data streams aided
by a single destination adopting selection relaying AF or DF.

So far, the majority of the proposed RA algorithms, as the aforementioned
ones, restrict that at most one relay can assist the source for every relay-aided
transmission. When there are multiple relays available, allowing not just one

but each of them to be eligible for assisting at every subcarrier, can better ex-
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ploit the degrees of freedom in the system for performance improvement as
said earlier in Chapter 7.

In this chapter, the WSR maximized RA problem is addressed under a
system sum power constraint for an OFDMA downlink transmission system
aided by multiple DF relays. In particular, multiple relays may cooperate with
the source for every relay-aided transmission. A two-step algorithm is pro-
posed to find the globally optimum RA based on a divide-and-conquer strat-
egy. In particular, it is shown that the optimum RA in the second step can be
easily derived when the system sum power is very high.

The rest of this chapter is organized as follows. First, the considered sys-
tem and the RA problem are introduced. Next, the two-step RA algorithm
is proposed, and the optimum RA for the second step is derived when the
system sum power is very high. Finally, the effectiveness of the proposed al-

gorithm is illustrated by numerical experiments.

8.2 System description and RA problem

Consider an OFDMA downlink transmission system from a source to U
destinations aided by K DF relays collected in the set ¥ = {r;|i = 1,--- ,K}.
All links are assumed to be frequency selective, and OFDM with sufficiently
long cyclic prefix is used to transform every link into N parallel channels,
each at a different carrier facing flat fading. At each carrier, the transmission
of a symbol is in either the direct mode, or the relay-aided mode spanning
across two equal-duration time slots, namely the broadcasting slot and the
relaying slot. Due to the OFDMA, each carrier is allocated to one destination
exclusively.

The following assumptions are made for the considered system. First,
assume the carrier frequency and symbol timing of the source are perfectly
synchronized with those of the relays, e.g. with the techniques in [MKP07].
Second, every channel in the system remains unchanged within a sufficiently
long duration, over which the RA algorithm can be implemented at a central
controller knowing precisely the CSI of the system. Furthermore, the RA in-
formation can be reliably disseminated to the source, every relay, and every
destination.

The transmission of a unit-variance symbol s at a carrier to a destination,
say at carrier n to destination u, is exactly the same as that considered in Chap-
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ter 7. Let’s first describe the transmission in the relay-aided mode. The coeffi-
cient of the channel between any two of the source, r;, and destination u, are
notated according to Table 8.1. Suppose a set of relays, collected in the set
Rn(u), are selected by the RA algorithm to assist relaying. Using the transmit
power Ps ,(n), the source first emits the symbol /P, (1)s, while each relay
does not transmit anything in the broadcasting slot. At the end of this slot,
both destination 1 and every relay receive the source signal. The signal sam-
ples at destination u and r; can be expressed by

Yup (1) = \/ Psu(n)Asu(n)s + 1, (n) (8.1)

and

e, (1) = \/Pon(m)hos, (n)s + e (), (52)

respectively, where 1, ,() and #;,,, represent the corruption of the additive
white Gaussian noise (AWGN) at destination u and r;, respectively.

After decoding and then reencoding s, all relays in R, (u) transmit si-
multaneously to destination u in the relaying slot, which in effect establishes
a distributed MISO transmission link. Specifically, r; € R, (u) transmits
ar,s, where &, is the complex weight for transmit beamforming and satis-
fies |ar,[?> = Py u(n), with Py, ,(n) denoting the transmit power allocated to
r;. To have the relays’ signals add coherently when received at destination
U, by, = /P u(n)e”’ arg (Au(M) s used, where arg (Ar,u(n)) stands for the
phase of A, ,(n). Note that the above described relay-aided transmission en-
ables a flexible use of all relays opportunistically through a general form of
adaptive transmit beamforming, in that R (u) and {Py, ,(n)|r; € Ru(u)} are
determined dynamically by the RA algorithm based on the CSI, as will be de-
veloped later. At the end of the relaying slot, the signal sample at destination
u is denoted by

Yur(n) = Z \/ Prou(n)[Aryu(n) s + tux(n), (8.3)

r,-eRn(u)

Table 8.1 Channel coefficients at carrier n.

source to destination u ‘ source to r; ‘ r; to destination u

A1) | b)) | Agun)
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where 17, (1) represents the corruption of AWGN at destination u.
Finally, destination u combines y,,,(1) and y,, () based on the maximum
ratio combining (MRC), and the output is denoted by

Yue(n) = \/Psu(n)(Asu(n)) yup(n) \/Prz,u A u(n yw(”)-

r, GRn
(8.4)

Assume {1, n

r; € Ru(u)}, nyp(n), and n,,(n) are independent zero-
mean circular Gaussian random variables with the same variance . By some
mathematical arrangements, the SNR associated with decoding s from y, ,, at
r; € Ry(u) in the broadcasting slot is

Yrin = Ps,u(n)Gs,r,-(”)/ (8.5)

and the SNR associated with decoding s from y,, (1) at destination u is
Yue(n) = Pou(WGsu(m) + (¥ /Pra(m)Cru(m)®,  (86)
riGRn(u)
2
where G, (n) = |hs,rt,'7(2fl)| , Gsu(n) = M, and Gy, y(n) = w repre-
sent the noise power normalized channel gains from the source to r;, from the

source to destination u, and from r; to destination u, respectively.
To guarantee reliable decoding at destination u and every relay in R, (u),
the maximum achievable rate at carrier 7 is

Rypny = min{ min {log(l + Yrin) }10g(1+ Yuc(n)) } = log(1 + vu(n))

1€ R (1)
(8.7)
in nats/two-slots, where
Yu(n) = min{yyc(n), 7r(n)} (8.8)
and
Ye(n) = Psu(n)- min  Ger,(n). (8.9)

1 €Ru(u)

As for the direct transmission, the source emits two independent symbols
with transmit powers Ps, , (1) and P, (1) in the two slots, respectively, and
only destination u decodes the transmitted symbols from the two received sig-
nal samples. Assume the AWGN corruption associated with the two received
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samples are independent zero-mean circular Gaussian distributed with vari-
ance 02, By simple mathematical arrangements, the sum achievable rate to
destination u in nats/two-slots can be evaluated as

Rynp =1og(1+4 Ps;u(n)Gsu(n)) +1In(1 + Psyu(n)Gsu(n)). (8.10)

The RA problem under consideration is to maximize the WSR of all des-
tinations by optimizing the optimum assignment of destination, transmission
mode, and source power for each carrier, as well as the optimum assisting
relays and their transmit powers for every relay-aided carrier, when the con-

sidered system consumes a sum power no greater than P;.

8.3 The two-step RA algorithm

A two-step algorithm is proposed to solve the RA problem based on a
divide-and-conquer strategy. An overview of this algorithm is first given.
Then, the algorithm is developed.

8.3.1 An overview of the two-step algorithm

In the first step, the optimum R, (u), Psy(n), and {Py, ,(n)|Vr; € Ry(u)}
that maximize Ry, ,1, and the optimum Ps, ,(n) and Ps,,(n) that maximize
Ry n2, are found for every combination of carrier n and destination u, assum-
ing that a sum power P is used by the transmission at carrier # to destination
u in the relay-aided mode and the direct mode, respectively. Such maximized
Ry 1 and Ry, are denoted by Ry, ,, 1(P) and Ry, ,2(P), respectively. The as-
sociated algorithm will be developed in Section 8.3.2.

To simplify the RA in the second step, two user sets, namely Up(n) =
{ulvP € [0,P],Ryn2(P) > Ryni(P)} and Ur(n) = {ulVP €
[0, P], Ry, 1(P) > Ry n2(P)}, are found for every carrier n. Once a destina-
tion u € Up(n) (resp. u € Ug(n)) is allocated with carrier n, the direct mode
(resp. the relay-aided mode) should always be used to maximize the WSR,
since it results in a rate no smaller than the relay-aided mode (resp. the direct
mode), independently of the sum power allocated to this carrier.

To formulate the maximum WSR with the R, , 1(P) and Ry, ,2(P) derived
in the first step, define for every destination u in Ug(n) (resp. Up(n)) a bi-
nary variable t, , 1 (resp. t, ,2) and a nonnegative variable P, ,, 1 (resp. P, 2),

where t,,1 = 1 (resp. t,,2 = 1) indicates that carrier # in the relay-aided



102 Chapter 8. WSR maximized RA in multiple DF relays aided OFDMA systems

(resp. direct) mode is allocated to destination u, and P, ,, 1 (resp. Py ,2) rep-
resents the corresponding sum power allocated to carrier n. For every desti-
nation u ¢ Up(n) UUR(1), tyni, tun2, Puni, and Py, o are defined with the
same interpretations as explained above. Note that ¢, , 1 and P, , 1 are defined
for every destination u ¢ Up(n), and t,, and P, ,» are defined for every
destination u ¢ Ug(n). Now, the maximum WSR can be expressed by

f = 2( Z wutu,n,lRu,nJ(Pu,n,l) + 2 wutu,n,ZRu,n,2<Pu,n,2)) (8-11)
nuglp(n) ugUr (n)

where w, > 0 satisfying YU, w, = 1 is the weight assigned by system de-
signers to the rate of destination u. In particular, increasing w, leads to a
higher priority given to destination u.

In the second step, for every carrier n the optimum {t, 1, Py, 1|Vu ¢
Up(n)} and {t, 42, Pyn2|Vu ¢ Ug(n)} that maximize f are found subject to
the system sum power constraint

Z( Z tu,n,lpu,n,l + Z tu,n,ZPu,n,Z) S Pt/ (8-12)
o uglp(n) ugUg (n)

as well as the constraint

Yo tumat Y, tun2<1Vn, (8.13)
uélip(n) udly (n)

due to the OFDMA. It is important to note that there exist default constraints
that vV n,u, R, (1) should be a subset of ¥, and every power (resp. indicator)
variable should be non-negative (resp. binary). This problem, consisting of
both binary and continuous optimization variables, is not convex since the
feasible set for the binary variables is not convex. In Section 8.3.3, an algorithm
is developed to find the globally optimum solution. Combining the RAs found
in the two steps, the globally optimum RA for maximizing the WSR can be

found.

8.3.2 RA algorithm in the first step

First, let’s consider the maximization of R,,, under the constraint
Ps, u(n) + Psyu(n) = P. According to the Jensen’s inequality, the maximum
Ry n2 in this case can be easily found as

P
Ryup(P) =2log <1 + Gs,u(”)i) , (8.14)
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and the optimum RA is to allocate the sum power P equally to P, (1) and
P, u(n).

Next, consider the maximization of R, , 1 with respect to R (u), Psu(n),
and { Py, ,(n)|Vr; € Ru(u)} constrained by

Ps,u(”) + Z Pr,',ll(n) =P (8.15)
r;i€Ru(u)

To facilitate derivation, define Gg,, () 4(1) = Ly,eR,,(u) Gr;u(n), which rep-
resents the sum of the channel gains from all assisting relays to destination
u. ¥, is defined as the set incorporating all relays sorted in the increasing
order of Gsr, (1), and the i-th relay in ¥, is denoted by r, (7). In particular,
G r,(N) (1) = maxyey Gsr,(n). Let’s define ¥, (i) as the set containing all re-
lays in ¥, with indices from i up to N. When Gsu(n) < Gqy,(n)(1), Xun is
defined as the smallest i satisfying Gsu(1) < Gq, i) (1).

By means of intuitive figure illustrations, the procedure of maximizing
R, 41 is derived and put in Section 8.6 for clarity. In particular, it is found
that

Ru,n,l(P) = log(l + Gu,l(”)P)/ (8.16)
where G, 1(n) can be evaluated by one of the following formulas:

1. when Gsu(n) > G, (n)(n), Gy1(n) = Gy vy (n). In this case, V P €
[0, Pt], Ry n2(P) > Ry (P) holds.

2. when Gy, (x, )u(1) < Gsu(n) < Gy, (n)(n), Gy1(n) = Gsu(n). In this
case,V P € [0, P, Ry u2(P) > Ry, 1(P) holds.

3. when Gg ,(n) < Gs,rn(N)(”) and Gg,(n) < G\Yn(xw),u(n),

G, (h)(”)G‘P (b) u(1)
G _ An n 4 , 8.17
u,l (n) X,,,nrélba;(]/u,n G‘Y”(b),u(n) + Gsrrn(b)(n) N GS,L{ (n) ( )

where vy, is the greatest i satisfying Gy, ;) ,(1) > Gsu(n). In this
case, Gy 1(n) > Gsyu(n) always holds as shown in Appendix A. Sup-
pose b = z, , is the maximizer for the right-hand side of (8.17), the op-
timum Ry (1) is ¥y (zy,n). The optimum Ps, (1) is computed by (8.46)
with b = z,, ,, and the optimum Py, ,(n), V 1; € ¥, (zun) is

(P = Puu(1)Guyuln)

Pr,-,u(n) - G‘I’n(zu,n),u (1’1)

(8.18)
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The above analysis reveals the fact that, the relay-aided mode with the
optimum RA in effect transforms all channels at carrier n into a source to
destination # channel with normalized gain G, 1(n) and half of the system
bandwidth. As a matter of fact, only one symbol can be sent during the two
slots, while the system bandwidth can actually support sending two inde-
pendent symbols per two slots. When G, 1(n) < Ggu(n), the direct mode
should always be used. When G, 1(1) > Gs (1), using the relay-aided mode
leads to an increased channel gain but sacrificing half of the bandwidth, com-
pared to using the direct mode. In this case, R, ,1(P) > Ry ,2(P) holds if

P < W, otherwise Ry, ,2(P) > R, ,1(P), which means that the
relay-aided and direct modes should be used for the low and high power
regimes, respectively. The interpretation is that, in the low power regime,
it is more beneficial to increase the received power, while in the high power
regime, it is better to increase the number of channel uses per time unit [TVO05].
Based on the above analysis, Up(n) and Ug(n) for every carrier n can be ex-

pressed as
uD(”) = {M|Gu,l<n) < Gs,u(n)} (819)

and

Un(n) = {1|Gur (1) > Gon(n), Py < HCut®) = Csuln))

< (Gon(m))2 }. (8.20)

8.3.3 RA algorithm in the second step

An algorithm is proposed to solve the RA problem in the second step
based on the following strategy. First, for every carrier n, t, ,1 and t, , » are
relaxed to be real variables between 0 and 1. Now, t,,1 (resp. t,,2) can
be interpreted as the fraction of the whole duration allocated to transmit-
ting at carrier n to destination u in the relay-aided (resp. direct) mode, and
Nun1 = tun1Run1 (Pun1) (tesp. un2 = tun2Run2(Puny2)) can be interpreted
as the rate averaged over the whole duration for transmitting to destination u
at carrier 7 in the relay-aided (resp. direct) mode. Then, the relaxed RA prob-
lem can be transformed with change of variables into a convex optimization
problem, and its globally optimum RA can be found as will be shown later.
Most interestingly, it will be shown that every optimum ¢, , ; and ¢, ,, » for the
relaxed problem are still equal to either 0 or 1, which means that the globally
optimum RA to the relaxed problem is also globally optimum to the original
RA problem.
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To make the change of variables, P, , 1 is substituted with ‘t)“—”ll for every

u ¢ Up(n), and P, ,» with £ “'”'22 for every u ¢ Ug(n). Now, the sum power

Fun,

constraint, #,, , 1, and 7, , » are respectively expressed as

2( 2 Puna+ 2 Pu,n,Z)SPt, (8.21)

n ugUp(n) ugUy (n)
_ Pun
a1t = tupa In | 14 Gy (k)% , (8.22)
un,l1
Gsu(n
Hun2 = 2tyu2In (1 + %()%) . (8.23)
un,2

Note that 7,1 (resp. 7,,,2) is a concave function of t,,,1 > 0 and py, 1
(resp. tyn2 > 0 and p,,2), since it is a perspective of the concave func-
tion Ry 1(Pyn1) (resp. Ryn2(Pun2)). One delicate issue is that after the
change of variables, 77, , 1 (resp. 77, ,2) can not be evaluated at t,, ,, 1 = 0 (resp.
tun2 = 0). To address this issue, the domain of 7, ,, 1 is expanded to incor-
porate t, ,1 = 0, and define 1, ,,1 = 0 when t, ,,1 = 0. After the expansion
and definition, #, , 1 is still a concave and continuous function of t,,1 > 0,
because limtu/n/lﬁo Nun1 = 0. Motivated by the same consideration, the do-
main of 7, 2 is expanded to incorporate t,,> = 0, and define 7,0 = 0
when t, ,» = 0, so as to ensure 77, , 2 is a concave and continuous function of
tu,n,z > 0.

Based on the above analysis, the relaxed RA problem with new variables,
i.e., maximizing f subject to the constraints (8.13) and (8.21), is a convex op-
timization problem. Obviously, this problem satisfies the Slater constraints
qualification, i.e. there exists at least one feasible solution satisfying all in-
equality constraints strictly. This justifies the zero duality gap for the prob-
lem [Ber03]. Therefore, the dual method introduced in Chapter 3 can be used
to solve this problem for a globally optimum RA. Specifically, dual variables
are defined for certain constraints, then an iterative algorithm consisting of
an inner loop and an outer loop is implemented. In the inner loop, the La-
grangian maximization problem (LMP), which is to find the optimum RA vari-
ables that maximize the Lagrangian, is solved with the dual variables fixed. In
the outer loop, the optimum dual variables are found by iteratively updating
the dual variables with the subgradient method, until the KKT conditions are
satisfied. The optimum RA variables for the LMP given the optimum dual
variables, are the globally optimum solution for the relaxed RA problem.
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To use the dual method, a nonnegative dual variable y is introduced for
the system sum power constraint (8.21), and the associated LMP is

max  L(u) = f+ p (P — Py)
s.t. (8.13), (8.24)
tun1 > 0,041 >0,YnVu ¢ Up(n),
tun2 20,0402 > 0,Yn,Yu ¢ Ur(n),

where L(j) represents the Lagrangian given i, and Py is the left-hand side of
(8.21). The optimum dual variable denoted by u*, must satisfy the KKT con-
ditions consisting of (a) u* > 0, (b) u* (P — Px(p*)) = 0, and (c) Px(p*) < P,
where Py(p) represents the Py evaluated with the optimum power variables
to (8.24) given u [BV04, Ber03]. It is important to note that #* must be strictly
positive, which can be justified as follows. Suppose p* = 0. In this case, the
maximum L(p*) subject to the constraints of (8.24) is infinity, since f, as a func-
tion of 77, , 1 and 77, , 2, is monotonically increasing with p,, ,, 1 and p,, ,, 2, which
can be increased unboundedly while remaining feasible to (8.24). This means
that Py (p*) is infinity, which contradicts (c) of the KKT conditions. Therefore,
u* # 0, and the KKT conditions are reduced to pt > 0 and P = Py(p*).

Let’s now find the optimum RA variables to (8.24) given 1 > 0. To this
end, let’s find for every carrier n, Vu ¢ Up(n), the optimum p,, ,, 1 given t,, , 1,
and Vu ¢ Ur(n), the optimum p, ,,» given t, 2, to maximize L(p). After
mathematical arrangements, it can be shown that these optimum values are

+
wy 1 I
tu’n’l |: I Gu,l("):| 1fl o 1’

Ouni = e {% . %@J * ien (8.25)
where [x]p = max{x,0}. Using (8.25), L(y) is reduced to
L(p) = Xn:Ln(V) + uP, (8.26)
where
La(w) = 3 tumiXa(W)+ Y tunaYu(u), (8.27)

u¢Up(n) u¢Ug(n)
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and
Wy 1 * Wy 1 1
Xn(u) = wy log <1 + Gy,1(n) {7 - m} ) K [7 C Gua(m)] 7
(8.28)
wy 1 7" 2wy 2 1"
Y (u) = 2w, log <1 + Gs,u(n) {7 - m] ) —H [7 C Gsu(n)]
(8.29)

Now, the problem of finding the optimum {t, ,1|Yu ¢ Up(n),Vn} and
{tun2|Vu & Ur(n),¥n} for (8.24) can be decomposed into K subproblems,
the n-th of which is to find the optimum {¢t,,, 1|V u ¢ Up(n)} and {t, 2|V u ¢
Ur(n)} for maximizing L, (p) subject to the constraints in (8.24). It can be
readily shown that the optimum {¢t,, ,1|Vu & Up(n)} U{t,n2|Yu & Ur(n)}
has all entries equal to 0, except for one entry ¢, ,; equal to 1. Obviously,
(4, iy) is the (u, i) with the maximum metric m,, ;(n), expressed as

() = Xo(u) ifi=1, 630)
’ Yo(u) ifi=2.

Note that when computing m,, (), i can only be 1 (resp. 2) if u € Ugr(n)
(resp. u € Up(n)), while i may be either 1 or 2 if u ¢ Ugr(n) UUp(n). There
might exist multiple combinations of (u,i) corresponding to the maximum
my i(n). In this case, any combination of them can be chosen to be (uy,iy).
According to (8.25), the optimum power variables related to carrier n are all
equal to zero, except for P, , ; computed with

+
wy 1 e
Wy 1 fi, =1
Gu k 1y 7
Py iy = {‘;u "'1(1)} . (8.31)
2 [ u —Gw(k)} ifi, = 2.

The procedure of finding the optimum RA variables to (8.24) is summa-
rized in Algorithm 12. Next, let’s address the problem of finding y* in the
outer loop iteratively. To speed up the convergence rate, y is first initialized
by a value close to p*. To this end, define

P(p) =) [%{w} - MU(”)] + (8:32)
+
Py(p) =Y {% - Mdn)} : (8.33)
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Algorithm 12 Procedure to solve (8.24)
forn =1to N do
V1 and the associated i, compute 1, ; (1) defined in (8.30);
{un,in} = argmax, ; m, ;(n);
ty,ni, = 1and compute P, ,; by (8.31);
P,ni=0andt,,;=0if either u # u, ori # iy.

end for

Algorithm 13 The RA algorithm in the second step

Find py satisfying Py (py) = Py

Find py satisfying Pp (py) = Py;

For each pin S = {up + ﬁs(yu —up),n =0,1,---,N; — 1}, use Algorithm 12 to
find the optimum RA variables to (8.24), and compute Py ();

Initialize y with the € S satisfying Px(y) < P and having the minimum P; — Py (j);

repeat
Update p with [p — 6(Pe — Px(1))]o;
Use Algorithm 12 to find the optimum solution for (8.24);
Compute Py(p);
until y > 0and 0 < Pt — Py(p) <€
The optimum solution for (8.24) found in the last iteration corresponds to the opti-

mum sum power and mode for each carrier in the second step.
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where

1 2
My (n) =max < max , max 8.34
ol =max{ max ot max o) (539

1 2
M (n) =min< min , min . 8.35
L( ) {M¢UD(H) Gu,l (”) udUg(n) Gs,u(n) } ( )

It can be readily shown that Pp(u*)<Py(u*)<Py(u*) always holds. Sup-
pose uy and pp satisfy Py(py) = Prand Pp(up) = P, respectively. Since
Py(py) = Py = Py(p*)<Py(p*) and Py(p) is a non-increasing function of
W, pu > w*. Similarly, it can be shown that y* > yp, thus p* is confined in
the interval [y, uy]. To initialize p with a value close to p*, this interval is
sampled uniformly at N; points to build the set S = {p + x (pu — pr), n =
0,1,---,Ns; —1}. Given each u in S, (8.24) is solved and Py () computed, then
u is initialized with the y € S satisfying Px(p) < P; and having the minimum
Py — Py(p).

After initialization, p is iteratively updated based on the subgradient
method, i.e., y is updated with [y — §(P; — Py())]o where ¢ is a sufficiently
small value to guarantee convergence, until ;i* is found when Py = Py(y) and
u > 0. The RA algorithm in the second step is summarized in Algorithm 13.
Due to numerical issues, let’s regard the KKT conditions to be satisfied when

u>0and 0 < Py — Px(pt) < €, where € is a very small positive value.

It is interesting to examine the complexity of the proposed two-step al-
gorithm. For the first-step algorithm, the average number of operations for
computing the G, 1(n) for a given combination of # and n is proportional to
the number of relays, i.e., K. Since there are U destinations and N carriers,
the complexity of the first step algorithm is O(KUN). For the second-step al-
gorithm, suppose T represents the average number of iterations for updating
u. For each iteration, the number of operations is proportional to N and U.
thus the complexity of the second step algorithm is O(TUN). From the above
analysis, the complexity of the proposed algorithm is O((K + T)UN).
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8.4 The optimum RA in the second step for a special

case

We will show the optimum RA in the second step can be easily derived
when P; is very high so that the associated yy; satisfies

min, wy, 1 1
v, DO max{max{ ———, —}}, 8.36
s max{max( 5 s, o) (8.36)
v, ““27” > max{max{Gy1 (1), Gou(m)}}. (8.37)
18)

Since (8.36) holds and y* < py, the optimum sum power Py, for carrier n
satisfies

w oC
y“*” ifi, =1
Vn, P, ~

(8.38)
B ifi, =2,

according to (8.31), where (uy,i,) corresponds to the optimum destination
and mode for carrier n found by the RA algorithm in the second step. From
(8.36), (8.37), and (8.38), the conditions

Vn,u, PnGS,u(n) > 1P, > Gs,u(”)/ (8.39)
Vn,u, PnGu,l(n) > 1,0 > Gu,l(”)/ (8.40)

hold. This means that in the high power regime, even though the optimum
sum power for each subcarrier is not precisely known, it is for sure that vV n, u,

the following approximations hold:

Gsyu(n
Wy Ry (Pn) ~2wy (log(Py) + In %U) ~ 2wy log(Pn), (8.41)

Wy Ry (Pn) ~wy (log(Py) +1InGyq(n)) ~ wylog(Py). (8.42)

By comparing (8.41) and (8.42), it can easily be seen that the direct mode
for each carrier 7 is the optimum for maximizing the WSR, independently of
the destination assigned. All this confirms the former interpretation that, for
the high power regime, increasing the number of channel uses per time unit is
more beneficial than increasing the received power. If equal weights are used
for all destinations, the optimum destination for carrier » is the one with the
maximum Gg ,(n). Otherwise, the optimum destination for all subcarriers is
the same and given by the one with the maximum weight w,,. In either case,
the optimum sum power to carrier n is P, ~ % in order to satisfy the KKT
conditions according to (8.38).
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8.5 Numerical experiments

In numerical experiments, consider a multiple DF relays aided OFDMA
downlink transmission system with N = 4 relays. The source is allocated at
the origin, and the relays ry, rp, r3, and r4 are located at coordinates (—15, —5),
(=5,-5), (5, —5), and (15, —5), respectively. Note that all the aforementioned
coordinate-related values have the unit of meter. The random channel be-
tween every two of the source, the relays, and the destinations is generated
in the same way as explained in Section 5.6. The following experiments are
conducted with Matlab v7.1 on a laptop equipped with an Intel Duo CPU of
2.2 GHz and a memory of 2 GBytes.

To illustrate the effectiveness of the optimum RA found for the proposed
protocol, it is compared to the optimum RA for a reference protocol. Both
protocols are the same except that with the reference protocol, at every sub-
carrier in the direct mode the source only transmits in the broadcasting slot
(and remains idle during the relaying slot). Interestingly, when the destina-
tions use equal weights, the optimum RA for the reference protocol can easily
be derived on a per subcarrier basis. For carrier n, the optimum destination
Uy is the one with the maximum G, (k) where G, (k) = max{G,, 1(n), Gs.(n)},
i.e., the relay-aided mode is optimum only if G,, 1(k) > G, (k). The opti-
mum per subcarrier sum power can be calculated according to water filling of
the system sum power P to K parallel channels with normalized gain Gy, (k)
for the n-th channel. It is important to note that for the reference protocol,
the above RA might not be optimum when destinations use unequal weights.
In this case, the RA needs to be optimized jointly over all subcarriers with
the same two-step optimization strategy as proposed in Section 8.3, which is
not developed here. On the contrary, the RA for the proposed protocol always
needs to be jointly optimized over all subcarriers.

8.5.1 Results for a random realization of channels

For clarity of presentation, assume N = 32 subcarriers are used, 0> = —30
dBm, U = 4 destinations exist with equal weights, Ns = 100, 0 = 10‘3(;4U —
ur), and € = 0.1. For the randomly generated destination coordinates shown
in Figure 8.1, a random realization of all channels has been generated, for
which the optimum RAs for the proposed and reference protocols are eval-
uated. For every destination u, the G, (1) computed by the proposed RA
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Figure 8.1 The OFDMA system considered in numerical experiments.

algorithm in the first step, and G (1) are shown in Figure 8.2 for every car-
rier n and destination.

First, P, is set as 35 dBm which corresponds to the low power regime, since
if P; is uniformly allocated to the subcarriers of the source, the average SNR
is 2.17, 5.80, —2.38, and 5.23 dB at four destinations, respectively. The corre-
sponding Up(n) and Ur(n) are found and visualized in Figure 8.3 for every
subcarrier. The optimum RA and the corresponding WSR have been evalu-
ated for the proposed protocol with the RA algorithm developed in Section
8.3, and for the reference protocol with the aforementioned method. The re-
sults are shown in Figure 8.4. It can be seen that for the reference protocol,
the optimum destination and mode at every carrier n are u,, = 4 with the
maximum Gy (k) = max{G,1(n), Gsu(n)} and the relay-aided mode, respec-
tively. The uniform sum power allocation to all subcarriers is optimum. The
reason is that G, 1(n) for destination 4 varies slightly over all subcarriers. It
is very interesting to note that, compared to the reference protocol, assigning
a few subcarriers to destination 2 or 4 in the direct mode with a higher per
subcarrier sum power, leads to a higher optimum WSR for the proposed pro-
tocol, even though at those subcarriers Gg ;, (1) for destination 2 or 4 is smaller
than G, 1(n) for destination 4. For both protocols, the optimum Ps_ , (1) and
{Pr,u(n)|V r;} computed by the RA algorithm in the first step are shown in
Figure 8.5. It is shown that r3 and 4 assist relaying simultaneously at a few

subcarriers for both protocols.
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Figure 8.2 (a) Gs(n) and (b) G, 1 (1) computed by the proposed RA algorithm in the
first step, at each carrier n for every destination.

Next, P; is set as 60 dBm, which satisfies the conditions (8.36) and (8.37).
For each carrier 1, the Up (1) is the same as when P; = 35 dBm, since it is deter-
mined independently of P; according to the conditions in (8.19). The Ug(n) is
visualized in Figure 8.6 for every subcarrier. Now, U (1) contains none of the
destinations at most of the subcarriers, since P; is so high that the conditions
in (8.20) are not satisfied by any destination at many subcarriers. The opti-
mum RAs and WSRs have been evaluated for the two protocols and shown in
Figure 8.7. It is shown that the optimum RA for the proposed protocol leads
to a much higher WSR compared to that for the reference protocol. For the
reference protocol, the optimum mode and destination at each subcarrier are
the same as when P; = 35 dBm. This is because when the destinations have
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Figure 8.3 When P; = 35 dBm, (a) the visualization of Up(n), V k, where a dot
marked at the coordinate (1,u) indicates destination u € Up(n), otherwise u & Up(n).
(b) the visualization of Ug (1), V k, where a dot marked at the coordinate (n,u) indicates
destination u € Ug(n), otherwise u ¢ Ug(n).

equal weights, the optimum mode and destination for the reference protocol
only depends on the Gg (1) and G, 1 (1) of the destinations. The uniform sum
power allocation to all subcarriers is still optimum, as explained for the case
when P; = 35 dBm. For the proposed protocol, the optimum destination and
mode for every carrier n are the destination with the maximum G, (1) and
the direct mode, respectively, and the uniform sum power allocation is also
optimum. For the reference protocol, the optimum Ps, ,,(n) and { Py, . (1)|V r;}
computed by the RA algorithm in the first step are shown in Figure 8.8. It is
shown that r3 and r4 assist relaying simultaneously at a few subcarriers. Note
that for the proposed protocol, the optimum sum power at carrier 7 is equally
allocated to Ps, (1) and Ps, (1), which is not shown here.

For the considered channel realization, the above observations illustrate
the effectiveness of the proposed protocol and algorithm to adapt the RA dy-
namically for WSR maximization. They also support the analysis of Section
8.4 for the high power regime. When P; = 60 dBm and the weights for desti-
nation 1, 2, 3, and 4 are 0.4, 0.2, 0.2, 0.2, respectively, the optimum RA for the
proposed protocol has also been evaluated, and it was found that destination
1 with the maximum weight and the direct mode are optimum for each sub-
carrier. The uniform sum power allocation is optimum. These observations
illustrate the effectiveness of the analysis of Section 8.4 for unequal destina-

tion weights in the high power regime.
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Figure 8.4 For the reference and proposed protocols, the optimum RA found in the

second step for each carrier n when Py = 35 dBm.
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The optimum source/relay power for the reference protocol
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Figure 8.5 The optimum source and relay power in the broadcasting slot for the two
protocols when P; = 35 dBm.
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Figure 8.6 The visualization of Ug(n) for each carrier n when Py = 60 dBm, where
a dot marked at the coordinate (1,u) means that destination u € Ug(n), otherwise

u ¢ Ug(n).
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8.5.2 Results for a set of random realizations of channels

For comprehensive illustration of scenarios close to reality, 1000 random
channel realizations have been generated. For each realization, the optimum
RAs and the corresponding WSRs for the reference and proposed protocols
are evaluated. Assume N = 64 subcarriers are used, c> = —30 dBm, U = 8
destinations exist with equal weights, Ny = 100, 6 = 10‘3(;4U —up),and e =
0.1. To produce each channel realization, the destination coordinates are first
generated in the region {(x,y)| —10 < x < 10,—30 < y < —10} uniformly
and independently of each other, then the random channels are produced.

For better clarity, the optimum WSRs for only the first 100 channel realiza-
tions, and the average WSR for all channel realizations are shown in Figure
8.9 for both protocols when P; is 35 and 60 dBm, respectively. It is found that
for every channel realization, the optimum WSR of the proposed protocol is
equal to or greater than that for the reference protocol. The reason is that the
set of feasible RAs searched for the optimum RA of the reference protocol, is a
subset of that of the proposed protocol, since extra constraints are imposed on
the RA optimization for the reference protocol, i.e. Ps, (1) must be zero for
every subcarrier in the direct mode. Compared to the reference protocol, the
optimum RA for the proposed protocol leads to either the same or a slightly
greater optimum WSR for each channel realization when P; = 35 dBm. How-
ever, a much higher optimum WSR results from the optimum RA and the
proposed protocol for the majority of channel realizations when P; = 60 dBm.
As a result, the average optimum WSRs for the two protocols are very close

The optimum source/relay power for the reference protocol
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Figure 8.8 The optimum source and relay power in the broadcasting slot for the ref-
erence protocol when P; = 60 dBm. Note that for the proposed protocol, the optimum
sum power at each carrier 7 is equally allocated to Ps, , (1) and Ps, (1), which is not

shown here.
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Table 8.2 Average execution time in seconds for the two-step algorithm.

KUN | 4864]4,8128] 41664
average time 56.3 115.6 110.3
K,U,N 8,8,64 | 8,8,128 | 8,16,64
average time || 1101 | 2102 | 2126

when Py = 35 dBm, while the proposed protocol and RA result in a much
higher average optimum WSR than the reference protocol when P; = 60 dBm.
As already said, this is due to the better exploitation of channel uses by the
direct mode of the proposed protocol in the high power regime.

To show the complexity of the proposed two-step algorithm, the average
execution time is shown in Table 8.2 when different combinations of U and N
are used. It can be seen that the increase of any one of N, U and K leads to a

similar up-scaling of the execution time.

8.6 Appendix: maximization of R, ;

When Gsu(n) > Gy ) (1), 7r(n) < yuc(n) always holds, thus Ry, 1 =
In(1 + Psu(n) - ming cg, (4) Gsr;(n)), which means that R,,,1 is equal to the
maximum rate allowed for reliable transmission from the source to all relays
in Ry (u). In this case, the maximum Ry, ;1 is Ry ,1(P) = In(1+ G 1, () (1) P).
To achieve it, R, (u) and Ps,(n) should be equal to {r,(N)} and P, respec-
tively.

Now consider the case when G, (n)(n) > Gsu(n). The maximization
of Ry ;1 is equivalent to the maximization of 7,(n), as the minimum of
Yuc(n) and r(n). Note that y.(n) depends on Ps,(n) and R, (u), while
besides them 7, (1) depends on {P;, ,(n)|r; € Ru(u)} as well. To maxi-
mize 7y, (n) given P, ,(n) can be first maximized with Ps, (1) and R, (u)
fixed, by finding the optimum allocation of the sum relay power P — P ,(n)
to {P,u(n)|r; € Ru(u)}. Denoting such maximized y,c(n) by v (1), the
optimum {Ps (1), Ry (u)} that maximizes min{~y;, (1), vr(n)} is then found.
Finally, that {Ps (1), R, (1)}, as well as the associated optimum allocation of
P — Psy(n) to {Pr,u(n)|r; € Ru(u)}, constitute the optimum solution to max-

imizing v, (n) given P.
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To facilitate derivation, assume the relays in R, (u) are sorted in the in-
creasing order of Gg (1), and the first relay in R, (1) is r,,(b), namely the b-th
relay in ¥,,. This means that R, (u) is a subset of ¥, (b), and Gg,, ;). (1) <
Gy, (b)u(1). It is important to note that G, , (;)(n) is an increasing function of
i, while Gy, ;) ,(1) is a decreasing function of .

Now, 7r(1) = Psu(n)Gsy,p) (1), and according to the Cauchy-Schwartz
inequality,

Yue(n) < Pou(n)Gsu(n) + (P — PS,M(”))GR,,(u),u(n)' (8.43)
where the equality holds when

(P — Psu(n))Gy,u(n)
Vri € Ruy(u), Pru(n) = ’ i
l ( ) 1 ( ) ZriGRn(u) Gri,u(n)

Obviously, the right hand side of (8.43) is equal to 7}, .(n). As Ps,(n) in-
creases from 0 to P, (Ps (1), vr(n)) moves along the line from the origin to A,

(8.44)

whereas (Ps,(n),7),(n)) along the line from B to C in the coordinate space
shown in Figure 8.10, where the coordinates of A, B, and C are given in Table
8.3. Note that C is fixed, while both A and B depend on R, (u). In particular,
with R, (u) and P fixed, the maximum of min{~y; (1), y:(n)} with respect
to Ps,(n), denoted by v;,(n), is achieved at A, C, and D for a given R, (u)

satisfying respectively
1. b < xu,n, where xy,, is the smallest i satisfying G; ;) (1) > Gsu(n).
2. b>x,,and GR”(M),M(H) < Ggu(n),
3. b>xy,and GR”(M),M(n) > Ggyu(n).

It can be seen that only in case 3, 7y}, (1) is greater than Gs,(1)P. Among
all R, (u)’s having the same first relay as r,(b) and corresponding to case 3,
the Ry (1) with the maximum Gg,,(, (1) corresponds to the greatest height
of D, which suggests that ¥, (D) is the one achieving the maximum 7}, (1) in
that set. The corresponding ), (1) and Ps , (1) are computed respectively as

_ Gs,rn(b)(”)G‘Yn(b),u(”)P
Gy, (b),u(11) + G p, (1) (1) — Gsu(11)

V(1) (8.45)

and

_ Gy, (b),u(1)
Gy, (b)u(1) + G () (1) — Gsu(n)

Ps (1) P. (8.46)
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Table 8.3 Coordinates of A, B, and C.

| A [ B | ¢
Ps,u(n) P 0 P
SNR Gs,rn(b)(n)P GRn(u)/u(n)P Gs,u(n)P

Based on the above analysis, the optimum R (u), Ps 4(n), and Py, (1) can
be decided. When Gy, (y, ,),u(1) < Gs.u(n), every possible R, (u) corresponds
to either case 1 or 2, which means that the 7/, (1) maximized over R, (u) and
P, (n) is equal to G (1)P. In this case, the maximum R, 1 is Ry ,1(P) =
In(1+ Gsu(n)P), and to achieve it Ps , (1) should be equal to P.

When Gy, (x, )u(n) > Gsu(n), every possible R, (u) corresponds to one
of cases 1, 2, and 3. Obviously, the optimum R, (1) should correspond to case
3. To have R, (u) corresponding to case 3, b must be between x,,, and vy,
where yu,, is the greatest i satisfying Gy, () ,(1) > Gsu(n). As pointed out
before, ¥, (b) is the R, (1) achieving the maximum 7}, (n) among all R, (u)’s
having the same first relay as r,(b). Therefore, the optimum R, () should
be ¥, (zu,n), where z,, , is the b between x,, , and y,,, and maximizing v} (n),
namely the maximizer of the right-hand side of (8.17). In this case, the maxi-
mum R, ,, 1 and the optimum RA can be evaluated with the formulas for the
third case shown in Section 8.3.2.
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Figure 8.10 Illustrations of <y, (1), 7:(n), and 7, (1) versus Psy(n). v, (1) is high-

lighted by painting the area it bounds in light grey.
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Summary and future
work

9.1 A summary of the thesis

In Chapters 2 and 3, some fundamental optimization theory has been re-
viewed. In particular, the focus was put on optimality conditions, duality-gap
related concepts and the dual method, which were extensively used in the
remaining part of the thesis.

In Chapter 4, the SCA method has been generalized to the SA method
for solving a general optimization problem. Then, general methods was pro-
posed to construct a CUBA for a nonconvex function, which is the key to the
SCA method. Finally, the EM algorithm and the successive GP approximation
algorithm were given as two interesting applications of the SA and CUBA
construction methods.

In Chapter 5, the WSR maximized DSM problem has been addressed
for a CCI corrupted point-to-point OFDM system under per-transmitter sum
power constraints. The SCA-based DSM algorithms, namely the SCALE, CA-
DSB and DCA-DSM algorithms, were revisited to show how they can be de-
rived from the SCA and CUBA construction methods. They were also com-
pared with the MIWF and ISB algorithms.

In Chapter 6, the WSMR maximized RA problem has been addressed for
the downlink of a multi-cell OFDMA system subject to per BS sum power con-
straints. A CA-based algorithm, namely Algorithm 5 was proposed to jointly
optimize BSs’ subcarrier and power allocation alternatively. The effectiveness
of the algorithm was illustrated by numerical experiments.

In Chapter 7, the sum rate maximized RA problem has been addressed for
a point-to-point OFDM system assisted by multiple DF relays subject to per
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Table 9.1 A summary of algorithms studied in this thesis

H based on | converg. complexity

EM algorithm SA yes problem specific

Successive GP approx. SCA yes problem specific
SCALE algorithm SCA unproved low
CA-DSB algorithm SCA unproved low
DCA-DSM algorithm SCA yes low
Algorithm 5 CA yes high
Algorithm 7 dual yes high
Algorithm 10 CA yes high
the two-step algorithm dual yes high

device sum power constraints of the source and relays. A duality-based al-
gorithm, namely Algorithm 7, and a CA-based algorithm, namely Algorithm
10, were proposed. The effectiveness of these algorithms was illustrated by
numerical experiments.

In Chapter 8, the WSR maximized RA problem has been addressed for an
OFDMA system assisted by multiple DF relays subject to a system sum power
constraints. A two-step algorithm was proposed to find the globally optimum
RA. The effectiveness of the proposed algorithm was illustrated by numerical
experiments.

A summary of the algorithms studied in this thesis is given in Table 9.1.
Note that an algorithm is marked as being of high complexity when its aver-

age execution time is greater than 5 seconds.

9.2 Perspectives for future work

In Chapter 5, interesting future work can be carried out to design SCA-
based DSM algorithms using the general SCA and CUBA construction meth-
ods.

In Chapter 6, the power allocation is optimized by using lower bounds
built in the same way as that for the SCALE algorithm. It is interesting to
investigate if using lower bounds built in other ways, e.g., as those for the
CA-DSB or DCA-DSM algorithms, can lead to better performance.
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In Chapters 7-8, a carrier in the first time slot is always used together with
the same carrier in the second slot, when either the direct or relay-aided trans-
mission mode is used. In fact, carrier pairing optimization, i.e., finding the
best carrier in the second slot used along with every carrier in the first slot,
can be further incorporated to improve performance. In addition, source may
be allowed to participate beamforming in the second slot for the relay-aided
mode. In future, it is interesting to design improved RA algorithms consid-
ering carrier pairing optimization and source’s participation in beamforming.
Moreover, it deserves much attention to develop RA algorithms under per-
device sum power constraints for the system studied in Chapter 8.

As shown in Table 9.1, the algorithms developed in Chapters 6-8 have high
complexity. Moreover, all the algorithms in Chapters 5-8 require perfect CSI.
In future, it is interesting to develop low-complexity algorithms using imper-
fect CSL.
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