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ABSTRACT

Unstable Periodic Orbits (UPOs) were used to identify regimes, and transitions between regimes, in a reduced-order coupled atmosphere-
land spectral model. In this paper, we describe how the chaotic attractor of this model was clustered using the numerically derived set of
UPOs. Using continuation software, the origin of these clusters was also investigated. The flow of model trajectories can be approximated
using UPOs, a concept known as shadowing. Here, we extend that idea to look at the number of times a UPO shadows a model trajectory over
a fixed time period, which we call cumulative shadowing. This concept was used to identify sets of UPOs that describe different life cycles
of each cluster. The different regions of the attractor that were identified in the current work, and the transitions between these regions, are
linked to specific atmospheric features known as atmospheric blocks.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0268852

Atmospheric blocking describes particular weather patterns that
can cause prolonged extreme weather, such as heat waves or cold
spells, in the midlatitudes. Currently, the physical mechanisms
behind atmospheric blocking are not fully understood. In this
paper, we study atmospheric blocking events—specifically their
onset and decay—using a simple climate model. Such models
can play a useful role in identifying the key physical behaviors
that lead to blocking. In this model, specific regimes in phase
space correspond to different atmospheric blocking conditions.
We focus on solutions of the system that can explain why these
regimes exist in the chaotic attractor. These solutions are known
as unstable periodic orbits (UPOs), which are densely distributed
in the chaotic attractor. This means that any trajectory is finitely
close to a UPO at any given time. UPOs, therefore, provide a
means of describing properties of the attractor and, by exten-
sion, the model climate. In this paper, we use UPOs to classify
the regimes in the model climate and to identify the transi-
tions between them. We then link these regimes and transitions
to specific blocking patterns in the model, showing that persis-
tent visits of the trajectory to regions of phase space associated
with blocking events occur through well-defined channels. The
resulting behavior in the model climate indicates that the onset

and decay of persistent blocks produce predictable weather pat-
terns. We also show that UPOs can serve as a simple early warning
indicator for the onset and decay of such persistent blocking
events.

I. INTRODUCTION

The atmosphere, while characterized by chaotic behavior, can
exhibit some level of repetition over time spans of weeks or months.1

This quasi-repeating behavior is called Low Frequency Variability
(LFV). One example of LFV is midlatitude atmospheric blocking
(from here referred to as blocks or blocking). Blocking causes the
jet stream to be deflected, and in the midlatitudes, this deflects
the eastward moving low pressure systems, while the area in the
trough of the deflection experiences persistent weather.2 This usu-
ally leads to heat waves and cold snaps in the midlatitudes. Heat
waves are responsible for tens of thousands of excess deaths across
the midlatitudes,3,4 and numerical weather prediction methods still
struggle with predicting the onset and decay of such events.5 This
is believed to be caused by missing subgrid processes and regional
specific features, but there is still no clear consensus on the exact key
physical processes that cause blocking.6–8
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Climate change will increase the intensity, frequency, and dura-
tion of heat waves.9 However, it is not clear what the impact of
climate change will be on blocking events.5,8,10,11 This is due to the
lack of a comprehensive theory of blocking12 and because climate
change is expected to alter the magnitude of baroclinic instability at
different levels of the atmosphere,13 resulting in opposing influences
on the atmospheric circulation.14,15 Therefore, to fully understand
the nature of blocking, it should also be studied from a conceptual
point of view.

One way to tackle this problem conceptually is to use reduced
order models to look at new approaches to describe and predict
the dynamical properties of the atmosphere. This is the core con-
cept of “bottom-up” analysis, which tries to identify fundamen-
tal dynamical mechanisms from fluid mechanics, thermodynamics,
and dynamical system theory. Low-order models build upon a min-
imal set of key physical ingredients believed to be at the origin of the
mechanisms of interest. They can, therefore, act as a testing ground
to investigate new concepts for understanding and predicting LFV
(see, e.g., Vautard and Legras,16 Mak,17 Nauw and Dijkstra,18 Vannit-
sem et al.,19 and Vannitsem et al.20). These models provide a cheap
and flexible platform upon which to test concepts and can be simple
enough to understand the underlying dynamics, which produce the
climatological behavior. Once such behavior is understood, the aim
is to then test whether similar behavior exists in more complex mod-
els and whether the same dynamical processes are present. Thus,
this helps isolate and understand the key dynamical processes in the
governing equations.21,22

Consistent with this strategy, we aim to study the onset and
decay of blockings from a dynamical systems perspective by using
the qgs (quasi-geostrophic spectral) model framework,23 which we
describe below. Our objective is to link features of the state space of
the attractor, to the climatology of the model, with the aim of then
describing the atmospheric behavior that we see from the dynamics
of the model.

Weather regimes and LFV have been studied from a dynam-
ical systems perspective in low order models since the early days
of numerical weather prediction.24,25 However, caution needs to be
taken when interpreting results from low order models. On top of
the obvious fact that these models only reproduce select behavior of
the real atmosphere, they can also be highly susceptible to which
wave modes (or model resolution) are included. This means that
the resulting chaotic attractor, and in turn repeating behavior in
the attractor, can differ wildly.26 Convergence of the structure of the
attractor with model resolution should, therefore, be checked.27

Work on reduced order models led to the hypothesis that per-
sistent weather phenomena, and different weather regimes, could be
explained by proximity of the trajectory to different fixed points with
differing stability properties.28–30 These fixed points correspond to
different weather regimes, and as the trajectory is attracted to par-
ticular fixed points, the trajectory may remain in these regimes for
some time before the unstable manifold repels the trajectory, and it
continues its path on the chaotic attractor. The idea has since been
expanded to look at areas of periodically repeating behavior,31 and
other regions of quasi-stationary, or very slowly altering behavior.6

Our aim is to better understand how trajectories evolve through
these systems, and how parameter changes will alter the chaotic
attractor. These questions can be addressed using periodic orbit

theory, which considers the periodic orbits of a dynamical system
as building blocks of its attractor, helping to construct a skeleton of
the dynamics.32

It was conjectured by Poincaré in the 19th century that chaotic
systems could be approximated by periodic motions that are densely
distributed within the attractor.33 Unstable Periodic Orbits (UPOs)
are closed loops in state space that provide a kind of topological
invariant characterization of the attractor.34 This means that they
preserve topological relations between periodic orbits, such as their
relative inter-windings, allowing for at least a partial organization of
the state space. The use of these orbits to investigate the state space
has since been called periodic orbit theory32 and has been used in a
wide range of fields to help describe properties of the attractor,35–37

in particular, in the study of turbulent flows.38–43

Though numerically finding all of the UPOs in the chaotic
attractor of a system is impossible, as they form a dense set, it has
been found that usually a limited number of them—likely of low
period44,45—can be used to describe the predominant behavior of the
system. In simple systems, Maiocchi et al.46 found that UPOs could
help predict transitions between wings of the Lorenz 1963 attrac-
tor, among other important stability properties of the attractor. This
work was expanded to the Lorenz 96 model in Maiocchi et al.,47

where the authors suggest that Lyapunov analysis should be com-
plimented with the use of UPOs to provide a global picture of the
attractor.

UPOs have also been used in reduced order models of the
climate. Using a barotropic ocean model, Kazantsev31 found that,
even with only a few low order UPOs, some key properties of
the attractor, such as the PDF of model trajectories, could be pre-
dicted. This work was built on by Selten and Branstator,48 using
the Lorenz 84 model, who found that particular transition paths
exist between weather regimes, and they hypothesize that the cycle
seen in the weather patterns corresponds to a particular periodic
orbit. Later, Gritsun,49 using a more realistic barotropic atmosphere
model, found that the most common paths of trajectories could also
be explained in terms of particular orbits.

Kazantsev50 investigated the impact of forcing on the model by
analyzing the impact of the forcing on a small set of UPOs (∼20–30).
This method allowed them to find the magnitude of forcing that
caused the largest change in the averaged dynamics, allowing them
to identify which forcings would have the largest impact on the cli-
mate of the model. Gritsun,51 using a barotropic atmosphere model,
attempted to use UPOs to calculate the response of the system to
small external forcings. They concluded that the method could be
utilized for understanding local sensitivity on specific orbits but
likely cannot be used to understand the global behavior. This is a
result of the computational cost in finding the UPOs, and the fact
that it is impossible to know in more complex systems if all UPOs
up to a period of T have been found.

Lucarini and Gritsun52 extended the approach of using UPOs
to structure the state space in an intermediate complexity model.
They found that blockings occur when the model trajectory is
in the neighborhood of a particular set of UPOs, and that these
UPOs generally have higher instability compared to the set of UPOs
that describe zonal flows. This result could explain the local insta-
bility associated with blocking events. However, these promising
results from periodic orbit theory become challenging to use in high
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Lyapunov dimensional systems (or the Kaplan–Yorke dimension).37

Therefore, the requirement for the orbits to be closed has been
relaxed in some studies and extended to quasi-recurrent patterns in
the attractor.6

In this paper, we use UPOs to provide an explanation
to the structure of the chaotic attractor of a reduced-order
land–atmosphere model and explain the persistence seen in differ-
ent parts of the attractor. We use the UPOs to also define transition
regions in the attractor. The onset and decay of blockings are also
investigated to see whether collections of UPOs can be used to iden-
tify these events. In Sec. II A, we introduce the model used and
then discuss in Sec. II C how we numerically found the UPOs. In
Sec. III B, we describe the UPOs found in the model and how they
appear to center around two clusters, and then in Sec. III C, we
describe the origin of these clusters for certain parameter values. In
Sec. III D, we describe how we use the UPOs to cluster the attractor,
the transitions between these clusters (Sec. III E), and, finally, how
we can use the UPOs to predict transitions (Sec. III F).

II. METHODS

A. Model

The qgs (quasi-geostrophic spectral) model framework53 pro-
vides a pipeline in Python for building model equations, where a
two layered quasi-geostrophic atmosphere is coupled to a choice of
different bottom layers, with different degrees of interactions. The
framework also allows for a flexible spectral resolution. This frame-
work has been modified as part of this study (v1.0) and provides
two key improvements over the previous version. The first is that
parameters are no longer fixed with their numerical value when
building the model equations,54 allowing the parameters to be fixed
when integrating the equations instead. Second, the model equations
can now be returned in any desired programming language. Com-
bined together, these two features allowed us to create a pipeline
that directly feeds the model equations into continuation software
to study the dynamics of the model.

In the model, the atmospheric component consists of a channel
quasi-geostrophic atmosphere on a β-plane.29,30 The model aims to
simulate large scale dynamics of the midlatitudes and approximately
covers the latitudes ±20◦ of the central latitude at 50◦.

In this study, we are coupling this atmosphere to a land bottom
layer, where the two components are coupled through wind stress
and a thermal energy balance scheme.55 The equations describing
the evolution of the barotropic (ψa) and baroclinic (θa) streamfunc-
tions are

∂

∂t

(

∇2ψa

)

+ J
(

ψa, ∇2ψa

)

+ J
(

θa, ∇2θa

)

+
1

2
J
(

ψa − θa, f0h/Ha

)

+ β
∂ψa

∂x
= −

kd

2
∇2 (ψa − θa) ,

(1)
∂

∂t

(

∇2θa

)

+ J
(

ψa, ∇2θa

)

+ J
(

θa, ∇2ψa

)

−
1

2
J
(

ψa − θa, f0h/Ha

)

+ β
∂θa

∂x
= −2k

′
d∇2θa +

kd

2
∇2 (ψa − θa)+

f0

1p
ω,

where J is the Jacobian J(f, g) = ∂xf ∂yg − ∂yf ∂xg, kd is the friction

between the ground and the atmosphere, k
′
d is the internal friction

of the atmosphere, h controls the height of the orography, and Ha

is the characteristic depth of the atmospheric layers. ω is the verti-
cal velocity, which is assumed to be small in comparison with the
horizontal velocity. In addition, f0 is the Coriolis parameter, β is the
linear approximation from the β-plane approximation, and 1p is
the difference in pressure between the two layers.

The ground (Tg) and atmosphere (Ta) temperatures are mod-
eled using an energy balance model,

γa

(

∂Ta

∂t
+ J (ψa, Ta)− σω

p

R

)

= −λ
(

Ta − Tg

)

+ εaσBT4
g

− 2εaσBT4
a + Ra

(2)

γg
∂Tg

∂t
= −λ

(

Tg − Ta

)

− σBT4
g + εaσBT4

a + Rg;

here, γa and γg are the heat capacities of the atmosphere and the land,
σ is the static stability of the atmosphere, λ combines both latent
and sensible heat fluxes, and σB is the Stefan–Boltzmann constant.
The pressure p is later substituted using the ideal gas law. The solar
insolation absorbed by the atmosphere (Ra) and ground (Rg) is fixed
parameters. To remove the non-linear terms in the longwave radia-
tion terms, the temperature equations are linearized (T = T0 + δT),
where T0 is a fixed spatially uniform temperature and δT is the tem-
perature anomaly. This results in a set of equations that track the
temperature anomaly.

Last, to reduce the number of model variables, a rela-
tion between the baroclinic streamfunctions and the atmospheric
temperature19 is derived from a hydrostatic relation and the ideal
gas law (δTa = 2f0θa/R, where R is the ideal gas constant). We
then eliminate the vertical velocity ω by combining the equations
for baroclinic streamfunctions and the atmospheric temperature
equations.

This collection of coupled partial differential equations is non-
dimensionalized and then converted to a set of ordinary differential
equations (ODEs) by projecting the model variables onto a set of
basis functions, Fi. To force the model, we model baroclinic insta-
bility using the basis function F1 =

√
2 cos y, which simulates the

north–south temperature gradient, giving the solar forcing on the
atmosphere as δRa(y) = Ca,1F1(y) and similarly for the solar inso-
lation on the ground layer. In this paper, we configure the model
as described in Xavier et al.,56 where we set the model resolution
to be of wavenumber 2 in the x and y direction, resulting in ten
basis functions. Here, the domain has been non-dimensionalised by
dividing the coordinates by the characteristic length L. The model’s
domain is then defined over (0 ≤ x ≤ 2π , 0 ≤ y ≤ π), where n is
the aspect ratio between the meridional and zonal extents, defined
by n = 2Ly/Lx. The land and atmosphere use the same basis. The key
parameter values used are given in Table I. The resulting final model
equations, and the basis modes used in this study, are presented in
Sec. S-I.A of the supplementary material.

Zonal flow corresponds to times when the flow is directed from
west to east. The atmosphere is considered blocked where a high
amplitude ridge exists either to windward or leeward of the ide-
alized orography, which is analogous to blocking patterns seen in
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TABLE I. Unless otherwise stated, the model is set with the above parameter values.

Parameter Value Description

εa 0.76 (nondimensional) Atmospheric emissivity
kd 0.085 (nondimensional) Friction between the atmosphere and the ground
k

′
d 0.02 (nondimensional) Internal friction between the two layers of the atmosphere

Cg,1 300 Wm−2 North–south gradient of solar forcing on ground

Ca,1
4

10
Cg,1 Wm−2 North–south gradient of solar forcing on atmosphere

γ a 1 × 107 Jm−2K−1 Heat capacity of atmosphere
γ g 1.6 × 107 Jm−2K−1 Heat capacity of ground
λ 10 Wm−2K−1 Sensible and turbulent heat transfer
σ B 5.67 × 10−8 Jm−2 s−1 K−4 Stefan–Boltzmann constant
σ 0.2 (nondimensional) Static stability of the atmosphere
n 1.3 (nondimensional) Aspect ratio (n = 2 Ly/Lx)
f0 1.032 × 104 s−1 Coriolis parameter
β 1.3594 × 10−11 m−1s−1 2� cos (φ0) /a (φ0: reference latitude, a: radius of the Earth)
1p 500 hPa Difference in pressure between the two layers

the North Pacific.57 Here, the orography is modeled as a moun-
tain and valley, using the F2 = 2 cos(nx) sin(y) mode, where the
resulting orography profile is shown in Fig. 9. As in Charney and
DeVore,28 specific barotropic streamfunction modes can provide a
description to determine the atmospheric state of the atmosphere.
Blocking in the atmosphere, or the presence of a large amplitude
wave, points toward an east–west orientated double gyre in the
barotropic streamfunctions. Given the highly truncated nature of
this model, this points toward high amplitudes of the barotropic
modes ψa,2 and/or ψa,3, which correspond to modes F2 and
F3 = 2 sin(nx) sin(y). On the other hand, zonal flow is expected to
have low magnitudes over these modes.

Further information on the bifurcation structure of the fixed
points and sensitivity to model properties can be found in Li et al.55

For further information on predictability of the different regimes for
altering parameter values, see Xavier et al.56

B. Lyapunov analysis

To analyze the stability properties of the chaotic attractor, we
have calculated the Lyapunov exponents of the system. In this study,
we calculate the backward Lyapunov exponents, using QR factoriza-
tion of the tangent linear propagator,58 or orthogonalization. This
involves integrating the system and the tangent linear model for-
ward in time and factorizing the matrix basis of perturbations of the
linear model. At each time step of the integration, we can calculate
the instantaneous (also called local or finite-time over one time step)
Lyapunov exponents by taking the natural logarithm of the expand-
ing and contracting directions and dividing by the length of the
time step, λ̃i = ln(rii)/(tn+1 − tn), where rii is the ith diagonal entry
of the matrix R, which is obtained from the QR factorization. The
Lyapunov exponents are of decreasing magnitude. Each column of
the matrix Q provides the instantaneous Lyapunov vector. As time
goes to infinity, the average of λ̃i will approach the ith backward
Lyapunov exponent.59

The instantaneous Lyapunov horizon can be used to understand
the regions of the state space that display greater levels of

predictability, compared with the remainder of the chaotic attrac-
tor. The instantaneous Lyapunov horizon is calculated by taking the
inverse of the instantaneous Lyapunov exponent and is, therefore,
measured in units of time. The Kaplan–Yorke dimension60 measures
the dimension of the chaotic attractor. Here, we define an instanta-
neous (or local) Kaplan–Yorke dimension as D = j +

∑j
i=1 λ̃i/|λ̃j+1|

where j is the largest index such that
∑j

i=1 λ̃i > 0. The dimen-
sion of the attractor provides information about the number of
expanding dimensions and, thus, provides a way of quantitatively
characterizing the stretching and contracting regions of state space.61

C. Numerically finding UPOs

In this paper, we have used two methods for finding UPOs: the
Newton–Raphson method and the continuation software AUTO.62

The Newton–Raphson method63,64 aims to solve the equation
St(x0) = x0, where the unknowns are the starting location in state
space (x0) and the time t. This method has been described in
numerous studies to numerically calculate UPOs.46,65–68 Following
Gritsun,51 we have used the second order tensor method, which aids
in finding UPOs in this system where there are a large number of
close to zero Lyapunov exponents.69 In this case, due to unstable
dimension variability70 or a breakdown in hyperbolicity, the region
of convergence can be very small, and the second order method,
though approximately ten times more computationally expensive,
can aid with finding UPOs71 in these circumstances. The algorithm
used, and convergence criteria, is described in Sec. S-II of the
supplementary material.

We also used the software AUTO to find UPOs via continu-
ation across parameters. This software was chosen for its extensive
track record for bifurcation analysis in relatively high dimensional
systems, but several other suitable continuation software options
are available (for example, Veltz72 and Clewley et al.73). This was
done by first numerically finding the fixed points of the model. We
tracked these fixed points for several key parameter values. At any
Hopf bifurcation points, we then branched and followed the peri-
odic orbit branches. We continued to follow branches at branching
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points or period doubling from these periodic branches. This pro-
cess was done for up to 50 branches deep. This process was aided
by the auto-AUTO Python package.74 This package acts as a layer
on top of AUTO and automates the branching and identifies which
branches to follow.

D. Initial conditions

The Newton–Raphson method can be very sensitive to initial
conditions. This means that which UPO you end up on, or whether
you end up on a UPO at all, is highly dependent on the initial con-
ditions fed into the algorithm. The initial conditions refer to the
starting location of the closed loop in state space and the initial guess
at the period of the closed loop. If the state space is of dimension n,
the initial condition is of dimension n + 1. In this study, we used the
following four methods to guess initial conditions:

1. Random initial conditions

The initial conditions, the starting location in space and the
period, were chosen randomly. We used a uniform distribution,
where the bounds of the uniform distribution were set by finding
the bounds of the attractor. Here, we set the maximum period to be
225 days. This upper bound on the period was set as the probability
of finding longer period UPOs is low.

2. Near misses

We first ran a very long trajectory. We then passed a sliding
window of length 225 days over this trajectory, and by calculating
a norm between every point within this sliding window, we deter-
mined points (x0) where after some time ti, the trajectory passes
sufficiently close to itself again:

∥

∥Sti(x0)− x0

∥

∥ < ε. This provided us
with a guess of the period (T0 = ti) and the starting point in space x0.

3. Perturbed UPOs

Starting from a UPO, we take a random point on the UPO and
perturb the point and the period. We use this perturbed point as a
new initial condition and feed this to the algorithm. This utilizes the
fact that UPOs should be dense in the attractor, so there should be
another UPO living close to the given one. Usually, this will result in
the method producing the original UPO, so a filter needs to be used
to ignore the result if it does not produce a new UPO.

4. UPO continuation

UPOs could be found for certain parameter values more eas-
ily than others, in certain regions of the state space. This can occur
when there is a change in the stability landscape of the attractor
for different parameter values, specifically when the attractor is not
hyperbolic or when there are UPOs present with different numbers
of stable dimensions or unstable dimensional variability.75–77

This method takes advantage of this by first finding a UPO at
parameter values where it is easier to do so. Continuation software
is then used to track the UPO back to the sought after parameter
values. In our case, we used the work of Xavier et al.56 to understand
for which parameter values the largest Lyapunov exponent was close
to zero, suggesting that the flow is diverging more slowly at these
values. We then used the Newton–Raphson method to find UPOs

for these parameter values and tracked these branches back to the
original values using AUTO. This method will fail when the branch
does not extend to the desired parameters either due to a fold bifur-
cation or the continuation software not being able to track the
branch.

III. RESULTS

A. Model behavior

The model climate displays both zonal as well as blocked
weather regimes. These differing weather regimes occur quasiperi-
odically, as the trajectory travels around the single attractor. The
blocked regimes consist of two distinct behaviors: one where the
blocking occurs to windward of the orography and the other to
leeward. The model is chaotic and has three positive Lyapunov expo-
nents [Fig. 1(a)] but is dissipative with large negative exponents.
There exists a plateau of close to zero Lyapunov exponents, likely
resulting from the longer timescales in the ground heat capacity,
compared with the atmosphere.56 This plateau results in regions
of the attractor that display significant differences in an instan-
taneous Kaplan–Yorke dimension. This, along with information
about the instantaneous Lyapunov exponents, shows that regions
of the chaotic attractor display differing rates of convergence and
divergence and, as a result, persistence.

There are particular projections of the 30 dimensional state
space that make intuitive sense for studying atmospheric blocking
regimes. As discussed in Sec. II A, we are interested in the magni-
tudes of the barotropic streamfunctions (ψa,2, ψa,3). By analyzing
the climatology of the model, we found that there is a temperature
anomaly in the ground, which displays low frequency variability,
moving from east to west with quasiperiodic behavior. This anomaly
results in, on average, a greater level of blocking in the region
of the atmosphere above the temperature anomaly. This can be
tracked by observing the magnitude of the variable δTg, 3. When
the temperature anomaly transitions from one side of the domain
to another, the atmosphere can display zonal atmospheric behav-
ior, or transitions between leeward and windward blocking regimes.
A projection on the variables (ψa,2,ψa,1) has been used before for
studying similar baroclinic two layer atmospheres.30 This projection
identifies a particular large magnitude barotropic streamfunction
that corresponds to blocking systems. However, this projection does
not cleanly present the low frequency variability in the ground
temperature. When the chaotic attractor is projected onto the vari-
ables (δTg, 3,ψa,2), shown in Fig. 2(a), two main clusters are visually
present. The clusters seen on the left and right designate regions
where averaged behavior displays, on average, atmospheric block-
ing behavior, driven by the orography and the temperature in the
ground. Last, we also analyzed the results using the projection
(δTg, 3,ψa,1), and while we found the same two distinct clusters, the
transitions between these clusters could not be as cleanly disen-
tangled. We present the different combinations of the projections
in Fig. S2 of the supplementary material. We present the block-
ing in the model atmosphere in Fig. 9 and the ground temperature
anomalies in Fig. S1 of the supplementary material.

B. Key unstable periodic orbits

We found 6818 UPOs in total, using the methods described in
Sec. II C. These UPOs are primarily centered on top of the two dense
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FIG. 1. Lyapunov analysis of the chaotic attractor. Subplot (a): The Lyapunov
spectra. Subplot (b): Instantaneous Kaplan–Yorke dimension. Subplot (c): Binned
instantaneous Lyapunov horizon, or the inverse of the binned instantaneous Lya-
punov exponents, averaged over each pixel. The averaged transition trajectories
(see Sec. III E) are shown, with two transitions from the left to right cluster (LR)
and one from right to left (RL).

clusters, designating a high temperature anomaly in the ground,
which results in one of the two key weather regimes described above.
The Newton method primarily found UPOs in regions where model
trajectories remain for extended time periods. This is likely due to
adequate initial conditions being more probably to encounter. We
could not find any UPOs that link the two central clusters. This is
likely because such orbits would either have periods longer than the
maximum searched for (set to 225 days as beyond this, the algorithm
converged extremely slowly), or either because no such orbits exist

or they exist in a narrow band in space and period length making it
difficult to find numerically.

In Fig. 2(b), we show the projection of the UPOs that we found
on the attractor. This shows how the UPOs appear to form dense sets
over the dense areas in the attractor. It is expected that such numer-
ical searches for UPOs will be biased toward short period UPOs, as
long as period UPOs are numerically more difficult to find.32 In our
case, however, we have found a similar number of UPOs between
periods of 4–100 days, as shown in Fig. 2(c). In addition, we see a
large range in the largest Floquet exponent [Fig. 2(d)], meaning that
there is a large range in the stability properties of the clusters. This is
clearly not a complete set of UPOs for these periods, and the skew in
the period of the resulting UPOs found is likely due to the most com-
mon repeating cycles in the key variables (δTg, 3, ψa,2). This is not
unexpected, as the numerical method we employ is highly sensitive
to the initial conditions used. In our case, the initial conditions were
primarily found by looking for close recurrences in the trajectory,
which, in turn, is driven by natural cycles in these variables.

C. Origin of blocking clusters

To understand why our model contains these two regimes, we
undertook bifurcation analysis of the model for varying kd and Cg,1,
as varying these parameters resulted in the finding of stable periodic
solutions in the center of these clusters, in the work by Xavier et al.56

We have developed on this previous work by using AUTO62 to inves-
tigate the bifurcation structure that originates from these two stable
windows. Figure 3 shows the bifurcation diagram as a function of
kd. The same analysis for altering Cg,1 is presented in Sec. III of the
supplementary material. These bifurcation diagrams were produced
by numerically finding fixed points of the model and continuing
along all branches, and following any subsequent branching points.
We branched at any detected Hopf bifurcation points, again con-
tinuing along branches originating from periodic orbit branching
points or period doubling bifurcations. This process was automated
using the auto-AUTO package. Last, we also continued the periodic
orbit branches, from the UPOs found numerically using the New-
ton–Raphson method, described in Sec. II C, and included these in
the bifurcation diagram.

There exists a window, at approximately kd ≈ 0.1045 and kd ≈
0.115, where periodic orbits living in the LHS cluster become sta-
ble. We used AUTO to track these orbits to investigate how they
destabilize and whether they can give a hint at how chaos emerges.
In Fig. 3, we show these regions of stability on the bifurcation dia-
gram. The continuation parameter is plotted against the maximum

L2-norm. The L2-norm
(

|xi| =
√

∑

j

[

ST
i

]2

j
, where j is an index over

the dimension and i is an index over the collection of UPOs
)

was

chosen to retain continuity with previous studies.19 We see that
there is a closed branch (shown in light blue), which goes through
a period doubling bifurcation, and leads to another branch (shown
in dark blue) that has a small window of stability before destabi-
lizing through a torus bifurcation. The bifurcation diagram shows
that this structure has a similar value in L2 norm space to the other
periodic orbit branches. This means that while we cannot see how
these key branches connect to the rest of the bifurcation diagram,
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FIG. 2. Key UPO properties for all UPOs found. Subplot (a) shows the chaotic attractor of the model, with points showing the time steps of a trajectory, where the two colors
(pink and orange) show the clustering of the attractor using the distance from UPOs. The Gaussian mixture clustering clusters are shown in blue, calculated as described in
Xavier et al.56 We present the climatology of the three centroids in Fig. S1 of the supplementary material. The gray inset boxes display the extents of (1): Fig. 4 and (2): is
shown in Fig. S4 of the supplementary material. Subplot (b) shows the UPOs projected on top of the attractor, again colored based on the clusters. Subplots (c) and (d) show
compiled information on the periods and largest Floquet exponents of the identified UPOs. The number of unstable dimensions of the collection of UPOs range between 1
and 6, pointing to violations of hyperbolicity.47 Subplot (a) was modified from Xavier et al., Earth Syst. Dyn. 15(4), 893–912 (2024). Copyright 2024 Author(s), licensed under
a Creative Commons Attribution (CC BY) License.56

we hypothesize that these branches originate from a torus bifur-
cation of another branch, a guess that is reinforced by the visual
similarity between these orbits and other orbits that we found in this
cluster.

In Fig. 4 we show key UPOs, from the left hand cluster, for
decreasing values of kd. Two particular UPOs are colored to match
the coloring in the bifurcation diagram shown in Fig. 3, all other
periodic orbits are shown in gray. The blue UPOs appear to occupy
the central section of the cluster defined by the UPOs, and we see
that this structure remains even once the colored periodic orbit
branches go through a fold bifurcation and disappear for lower val-
ues of kd. Similar analysis for the right hand side cluster is provided
in Sec. S-III of the supplementary material, with the bifurcation dia-
gram for Ca,1 shown in Fig. S3 of the supplementary material and
the change in UPOs as a result of altering the value of this parameter

shown in Fig. S4 of the supplementary material. This analysis shows
that key branches provide a hint at the origin of the cluster dynamics
that we find in this model.

D. Clustering the attractor

In this study, we use the UPOs to assign each point of a tra-
jectory into the left and right hand clusters identified and shown in
Fig. 2(a). We are interested in doing this, as it provides a classifi-
cation of whether we are in a windward or leeward blocking regime,
and allows us to identify the onset and decay, or transitions, between
these regimes. This is done by first splitting the UPOs into two clus-
ters dependent on if they have positive or negative values of δTg, 3.
More precisely, we analyze the maximum and minimum values of
each UPO on the variable δTg, 3, which is the ground heat projected

Chaos 35, 083126 (2025); doi: 10.1063/5.0268852 35, 083126-7

© Author(s) 2025

 13 N
ovem

ber 2025 10:39:07

https://pubs.aip.org/aip/cha
https://doi.org/10.60893/figshare.cha.c.7932068
https://doi.org/10.60893/figshare.cha.c.7932068
https://doi.org/10.60893/figshare.cha.c.7932068
https://doi.org/10.60893/figshare.cha.c.7932068
https://doi.org/10.60893/figshare.cha.c.7932068


Chaos ARTICLE pubs.aip.org/aip/cha

FIG. 3. Bifurcation diagram of all fixed points (shown in purple) and the branching periodic orbits (shown in orange and pink to visualize the two separate clusters) of the

model for varying kd with a value of Ca,1 = 300Wm−2. Dotted lines represent unstable regions, and solid lines represent stable regions. Bifurcation points are shown for the
fixed point continuations. The black rectangle is zoomed in and shown in the inset and focuses on two key branches shown in blue. These two periodic branches were found
by continuing periodic orbits that have a small window of stability. The light blue branch is stable at kd ≈ 0.112 and the dark blue at kd ≈ 0.1045.

onto the mode F3 = 2 sin(nx) sin(y),

LHS Cluster UPOs : CUPO
LHS =

{

ST
i : max

δTg, 3
ST

i < 0, i ∈ I

}

,

RHS Cluster UPOs : CUPO
RHS =

{

ST
i : min

δTg, 3
ST

i > 0, i ∈ I

}

,

where ST
i is a UPO with a period T and an index i, and I is an

indexing of all UPOs found. This results in 3425 UPOs in the left
hand cluster and 3361 on the right (32 UPOs do not fall into either
cluster and are ignored). Next, for a given trajectory St(xj) with ini-
tial condition xj, we cluster the points of the trajectory (Stk(xj)) by

calculating which cluster the UPO, that is closest to the trajectory
point, is a member of

LHS Cluster Trajectory : CSt

LHS

=
{

Stk (xj) : min
i∈I

∥

∥

∥
Stk(xj)− ST

i

∥

∥

∥
, ST

i ∈ CUPO
LHS

}

,

RHS Cluster Trajectory : CSt

RHS

=
{

Stk (xj) : min
i∈I

∥

∥

∥
Stk(xj)− ST

i

∥

∥

∥
, ST

i ∈ CUPO
RHS

}

,

where the notation ‖·‖ stands for the Euclidean norm.
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FIG. 4. State space for variables (δTg, 3, ψa,2) for decreasing values of kd . The orbits shown in blue correspond to the branches shown in the inset plots of Fig. 3. Gray orbits
show that the other branches found that do not directly branch from the key orbits. On the left, we show the parameter values where a stable orbit was found, and we then
decrease the parameter values to end up with the clusters, as shown in Fig. 2(b). Extents, relative to the entire attractor, are shown in Fig. 2(a).

The clustering is visualized by the color scheme (pink and
orange) in Fig. 2(b). As we see, this is not as simple as just clus-
tering the points of the trajectory by the value of δTg, 3 as in other
projections, the UPOs are not neatly separated. We think that this
clustering method is optimal as the UPOs form a dense skeleton in
the dense region of the attractor, and by clustering on which UPO a
trajectory point is closest to, it is expected that the UPO should pro-
vide some description as to the flow in that neighborhood. Of course,
this approach is dependent on the number of UPOs found and how
close the trajectory is to a given UPO. If few UPOs are found, the
attractor is not described in any real detail, and if the trajectory is far
from a UPO, then there is no reason to believe that the closest UPO
will have any influence on the trajectory.

We expect that our approach is robust to the above concerns.
It has been found in that a surprising low number of UPOs still
provides reasonable results.44 In our case, there are clearly multiple
distinct regimes within the single attractor,56 and the clusters found
here overlap well with those found in this earlier study. We believe
that our clustering method provides a cleaner method for isolating
transitions as it is not a probabilistic clustering method and provides
information influenced by the system dynamics. In addition, it pro-
vides a measure between a point of the trajectory and the cluster
of UPOs that covers the dense regions of the attractor. This dis-
tance, therefore, provides a useful metric for identifying transitions,
as well as providing information on how much we expect the cluster
of UPOs to affect the behavior of a trajectory.

On average, trajectories in the pink regime of the attractor cor-
respond to a windward blocking pattern in the atmosphere, which
can be visualized in the first panel of Fig. 9(a) and the last panel
of Fig. 9(c). The orange regime corresponds to leeward blockings,
which can be seen in the last panel of Fig. 9(a) and the first panel of
Fig. 9(c).

E. Transition paths

Transitions between the two regimes of the attractor occur
through specific regions, or channels, of the state space, shown in

Figs. 5(a) and 5(b). These transitions correspond to a shift in the
ground temperature anomaly and, thus, whether the climate dis-
plays windward or leeward blocking behavior. The transitions are
identified by the points in the state space where a trajectory passes
from one cluster to another and by analyzing the points on the
trajectory that precede and follow the transition. To analyze the
properties of these transitions, we began by running a long trajec-
tory and then isolating the occurrences where a transition occurs.
To ensure that we are capturing transitions between the regimes, we
filter the points to ensure that a trajectory remained in one cluster
for at least 56 days before and 56 days in the other cluster after tran-
sitioning. This threshold is set to remove points that are in between
the two sets of UPOs and are, therefore, not described well by our
clustering method (approximately 0.07% of points).

By parameterizing on δTg, 3, we created averaged transition tra-
jectories to analyze the climatology of these paths. Transitions from
the LHS (left hand side) to RHS cluster appear to pass through
two regions, and the averaged trajectories shown are the transi-
tions between two blocking regimes. This is primarily driven by
the ground temperature anomaly shifting between the east and
west. The transition in the lower portion of the attractor, shown in
Fig. 6(a), displays the blocking regime moving to the west, which
can be seen in the model climatology shown in Fig. 9(a). The
other left to right transition taking place in the upper part of the
attractor [Fig. 7(a)] shows the blocking regime moving to the east
[Fig. 9(b)].

Transitions from the RHS to LHS are not as clearly defined
in state space [shown in Fig. 5(b)], but the averaged transition
[Fig. 8(a)] shows that the transitions between the two blocking
regimes result in averaged zonal behavior in the atmosphere. This
is not surprising as the transition paths pass close to the Hadley
circulation or the origin. In Xavier et al.,56 the zonal regime was
identified as a separate cluster, but in our analysis, we find that this
atmospheric regime primarily occurs during transitions between
the RHS cluster and the LHS cluster, as shown in Fig. 9(c). The
difference between transition types has been observed before by
Grafke and Vanden-Eijnden,78 who used an action minimization
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FIG. 5. Transitions from one cluster to the other: Fig. 5(a) shows transitions from left to right and Fig. 5(b) from right to left. The trajectory is shown 11 days before the
transition (in pink or orange, where the saturation increases toward the transition). The transition points are shown in navy blue, and the post-transition trajectory is shown in
light blue for 11 days after the transition.
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FIG. 6. Left to right transitions, taking place in the lower section of the attractor. Figure 6(a) shows the filtered trajectories that transition from left to right in the lower portion
of the attractor. The mean of these trajectories is shown in light blue. The transition points are shown in navy blue. Figure 6(b) displays the binned instantaneous Lyapunov
horizon, calculated by taking the inverse of the binned instantaneous Lyapunov exponent.

algorithm to find the most likely noise induced transition paths
between blocked and zonal states in the barotropic model of Char-
ney and DeVore.28 They found that transitions from blocked to
zonal and zonal to blocked regimes are not merely the time-reversed
forward transition, implying that time-reversal symmetry is broken
and highlighting the nonequilibrium nature of the transition.

Finally, 55% of transitions between regimes do not occur
through the regions described above. These transitions occur for tra-
jectories that spend short time in a given regime (less than 56 days).
These transitions do not appear to follow predictable behavior and
are probably due to the trajectory making diversions in other dimen-
sions, and the transitions only appear to occur due to the projection
we make onto two dimensions.

The paths of the transitions were found to occur through rela-
tively stable regions of the state space. This is shown in Figs. 6(b),
7(b), and 8(b), which show the Lyapunov horizon, calculated by

taking the instantaneous Lyapunov exponent for each transition,
binning the results in state space, and then taking the inverse of
the results. This shows that while the onset of the transition occurs
through an unstable region, once the trajectory begins transition-
ing from one regime to another, the path it takes, and therefore, the
atmospheric behavior is more predictable.

The transition paths identified in this study have qualitative
similarities with transition channels seen in other systems with
self-induced switching behaviors. Ansmann et al.79 found that, in
a network of diffusively coupled FitzHugh–Nagumo oscillators,
switching between different dynamics was facilitated by channel-like
structures on a chaotic saddle,80 and the opening of the channel can
be studied by computing the stable and unstable manifolds of the
fixed point associated with the mechanism of the emergence.81,82 In
the context of climate models, similar channels have been found in
paths of extreme events in an ENSO model.83
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FIG. 7. Upper left to right transition. Figure 7(a) shows the filtered trajectories that transition from left to right in the upper section of the attractor, shown in Fig. 5(a), with the
same color scheme. Figure 7(b) shows the same as Fig. 6(b), but again for the upper left to right transition.

F. UPO shadowing

The trajectory moves between the two clusters, sometimes
spending a long time in one regime (up to 1000 days in the RHS
cluster and 600 days in the LHS), other times quickly returning
back to the previous regime. Above, we showed that when a trajec-
tory spends long times in one regime and then transitions to the
other regime, it tends to pass through a well-defined region in the
state space. We now look at which collection of UPOs the trajec-
tory passes close to during its visit to a cluster. The idea being that if
the transition path appears to be confined in state space, the trajec-
tory must pass close to a specific set of UPOs while transitioning. As
UPOs are dense in the attractor, the UPOs can provide an arbitrarily
accurate approximation for a given trajectory.46 The idea of looking
at UPOs close to the trajectory, to gain some understanding of the
future path the trajectory will take, is referred to as UPO shadowing.
In our case, we have only found a small selection of UPOs so the

accuracy of any shadowing will be limited, but the idea remains the
same; a UPO will shadow a trajectory if they are close to one another,
and for some limited time, the evolution of the trajectory is similar
to that of the UPO.

More concretely, a UPO ST
i shadows the trajectory at time t if

it is the closest UPO, of all UPOs found, to the location of the tra-

jectory at time t: mini∈I

∥

∥

∥
ST

i − St(xj)

∥

∥

∥
, where I is an index of all the

UPOs. Here, we are assuming that we can create an index of the
UPOs as numerically we can only find a finite number of UPOs,
the method of indexing the UPOs is arbitrary. We are interested in
which UPO is the closest at a given time, so we define a function
ind(St(xj)), which returns the index of the UPO, given the trajec-
tory point St(xj), where ind : R

n → I, and I is the indexing set of the
UPOs.

We define the number of times that a given UPO shadows
a trajectory over a set period of time, which we call cumulative
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FIG. 8. Right to left transition. Figure 8(a) shows filtered transition trajectories. The mean of these trajectories is shown in light blue. The transition points are shown in navy
blue. Figure 8(b) displays the same as Fig. 6(b), but for the right to left transition.

shadowing (CS). This is done by counting the number of times a

given UPO ST
i shadowed the trajectory in the time range (t1, t2),

expressed as

�

(

ST
i , t1, t2

)

=
∑

t∈[t1 , t2]

δ

(

i, ind
(

St(x0)
)

)

, (3)

where δ is the Kronecker delta, and returns 1 if the closest UPO has
index i, otherwise returns 0.

Looking at trajectories that spend long time periods (at least
110 days) in only one cluster, we found at least three distinct sets
of UPOs: one where the CS increases primarily when the trajectory
first enters the cluster (called Pre-Blocking), another set where the
CS mainly increases before a transition (called Transition), and a
final set where the CS mainly increases in between entering and tran-
sitioning from the regime (called Blocking). We show these three
distinct sets of UPOs for the LHS cluster in Fig. 10. In this figure, we

also show the CS for each set of UPOs, during the time period just
after a transition and just before a transition. We see that there is a
step change in the slope of the CS for the different sets, depending
on the proximity to a transition. We present similar analysis for the
RHS in Fig. S5 of the supplementary material. We set a minimum
time for the trajectory to spend in one cluster because, as we showed
in Sec. III E, trajectories that do not spend enough time in either
cluster tend to not transition through the specified regions, mean-
ing that one cannot predict these transitions with only three groups
of UPOs.

In Fig. 11, we show three example time series of the trajec-
tory and the CS for each one. We see in these examples that before
the transition, there is a clear increase in the CS of the Transition
set of UPOs, while the CS of the Blocking set plateaus. In addi-
tion, we show the CS of the Pre-Blocking set shows that the largest
increase before the trajectory settles onto the set of Blocking UPOs.
This method is dependent on the trajectories traveling along the
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FIG. 9. Snapshots of the climatology of the averaged transition trajectories. The model time of each snapshot is shown in the title. The contours show the 500 hPa height
anomaly, and the grayscale shading shows the relative height of the orography in meters. The 500 hPa height anomaly is commonly used to determine regions of blocking,
as higher anomalies correspond to high pressure systems.8 (a) Transition from left to right in the lower portion of the attractor, shown in Fig. 6(a). Here, the average blocking
behavior transitions from the windward side of the orography to the leeward side by traveling to the west. (b) Transition from left to right in the upper portion of the attractor,
shown in Fig. 7. The blocking transitions from above the orography to the leeward side by traveling to the east. (c) Transition from right to left, as in Fig. 8(a). Here, the blocking
moves from the leeward side of the orography to the windward side through zonal atmospheric behavior.

described channels in state space. Transitions of trajectories that do
not remain in one cluster for long periods of time transition through
other, less predictable, regions, and this method cannot be used
to provide a warning signal. In addition, depending on where the
trajectory exits the cluster of UPOs, the early warning indicator pro-
vides more or less warning of the impending transition. An example
of this can be seen in Fig. 11, where the Transition set increases at

a different number of days before the transition occurs, thus not
providing a regular warning. Last, the accuracy of this method is
dependent on the number of UPOs used, and it is possible that we
are missing some orbits that would further improve the accuracy.
Overall, the proposed method of using CS could provide a use-
ful early warning indicator for transitions between clusters of the
attractor.
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FIG. 10. Figure (a) shows the three sets of UPOs, color coded by which set they are in, the shade of the color displays the magnitude of CS overall, with darker shades
representing UPOs that are shadowed more frequently. (b) Each curve represents a UPO, and the y axis shows the proportion of time that the UPO shadows the trajectory.
The shading is the UPO period, showing that there is a wide range in the period of the UPOs shadowing the trajectory. This subplot shows the CS of the UPOs in the
Pre-Blocking set [those in orange in (a)], for the first 100 days of the time in the cluster, where we see that the CS increases mainly in the first 25 days. Subplot (c) is for the
same time period as (b), but showing the CS of the Blocking set of UPOs, shown in pink in (a). Here, we see that the CS increases relatively linearly after 25 days. Subplot
(d) shows the CS of the set of Blocking UPOs for the final 100 days before transitioning. We see that the CS plateaus approximately 25 days before the transition. Finally,
(e) shows the same as (d), but for the Transition set of UPOs, shown in blue in (a). Here, we see that the transition is captured by the exponential increase in the CS.
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FIG. 11. Examples of CS of three trajectories in the left hand cluster. A time series of δTg, 3 is shown in pink when in the left hand cluster and orange when in the other cluster,
a dot is shown where this transitions to the RHS cluster. The blue lines are the sum of the individual cumulative shadowing curves presented in Figs. 10(b)–10(e). The solid
blue line shows the CS of the transition set, the dashed line shows the CS of the set associated with blocking, and the dotted line shows the CS of the pre-blocking set.
We see before the transition the blocking set flattens out, while the CS of the transition set begins to increase considerably. All three CS curves are normalized and scaled
for visualization purposes.

IV. CONCLUSIONS

In this paper, identification of unstable periodic orbits and con-
tinuation methods were used to explain the dynamical behavior of
a reduced order land–atmosphere model. While the use of UPOs
to characterize atmospheric blocking has been studied before,51,52 in
both barotropic and baroclinic models, this study has built on this by
using the UPOs to cluster the attractor into specific regions. These
clusters were then used to identify transition regions and link these
with atmospheric behavior.

The clusters in this model are of interest as they represent
areas where the ground heat shows an anomaly in either the east or
west regions of the domain. Through the heat transfers between the
land and the atmosphere, this anomaly causes, on average, higher
temperatures in the atmosphere, which can reinforce atmospheric
blocking situations, which result from Rossby wave deflections
induced by the orography.

This paper has also introduced a significant modification of
the qgs framework,23 which uses symbolic Python to construct the
model equations. This modification allowed us to export the model
equations in Julia (the language used for numerically finding the
UPOs) and Fortran (formatted for using in the AUTO continua-
tion software). In addition, it facilitated exporting certain parameter
values as variables.

Through the use of continuation software, we have also been
able to provide a more comprehensive understanding of the origin
of the structure of the attractor that lead to atmospheric blocking.
We found the paths to chaos from two stable orbits (for parameter
values found in Xavier et al.56).

Finally, we explored the possibilities offered by the concept of
shadowing of UPOs46 to define cumulative shaddowing (CS) and
identification of three sets of UPOs associated with different times of
the blocking regime lifecycle. As the accuracy of numerical weather
prediction’s ability to forecast the onset and decay of atmospheric
blocks still lags behind other features of the atmosphere, other meth-
ods that can forecast the onset or decay are of particular interest.

While the approach that we used here is somewhat simplistic, we
believe that proximity to particular UPOs or the rate of change of
the CS could be useful as a training parameter in a machine learning,
or more traditional forecasting approach, for forecasting transitions
in state space.

Shadowing has been used with success in simple models to
understand transitions,47 and we believe that there is untapped
potential to do similar for more complex models. In higher dimen-
sional models, however, it could be more fruitful to analyze the
shadowing of collections of UPOs rather than individual UPOs. This
is because in higher dimensional systems, we will usually have fewer
UPOs to study, and there are a larger number of unstable directions
that the trajectory could diverge from the UPO.

Future work is required to investigate if similar techniques to
those shown in this paper can expand to more complex models that
more accurately model atmospheric blocking. In addition with the
increase of global temperatures, and the change in north–south tem-
perature gradients as a result of an anthropogenic climate change,
such models and techniques could help understand how atmo-
spheric blocking events will differ in the future, a topic that models
and observations still differ largely on.5,84

SUPPLEMENTARY MATERIAL

The supplementary material includes four sections, which pro-
vide some additional information and details to the main text.
Section S-I provides additional details on the model used, as men-
tioned in Sec. II A, and includes additional projections of the model
attractor. Section S-II describes the Newton–Raphson algorithm for
finding the UPOs and the Tensor correction method. The conver-
gence criteria used are also included in this section. Section S-III
continues the bifurcation analysis for the right hand side cluster, as
shown for the LHS in Sec. III C. Section S-IV provides information
on the key shadowing UPOs for the RHS cluster, as done for the LHS
in Sec. III F.
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34P. Cvitanović, “Invariant measurement of strange sets in terms of cycles,” Phys.
Rev. Lett. 61, 2729–2732 (1988).
35C. Grebogi, E. Ott, and J. A. Yorke, “Unstable periodic orbits and the dimen-
sions of multifractal chaotic attractors,” Phys. Rev. A 37, 1711–1724 (1988).
36J. L. Pughe-Sanford, S. Quinn, T. Balabanski, and R. O. Grigoriev, “Computing
chaotic time-averages from a small number of periodic orbits,” arXiv:2307.09626
(2023).
37D. L. Crane, R. L. Davidchack, and A. N. Gorban, “Minimal cover of high-
dimensional chaotic attractors by embedded recurrent patterns,” Commun. Non-
linear Sci. Numer. Simul. 140, 108345 (2025).
38E. Sasaki, G. Kawahara, and J. Jiménez, “Bifurcation structure of unstable peri-
odic orbits in plane Couette flow with the Smagorinsky model,” Phys. Rev. Fluids
6, 084608 (2021).
39G. J. Chandler and R. R. Kerswell, “Invariant recurrent solutions embedded
in a turbulent two-dimensional Kolmogorov flow,” J. Fluid Mech. 722, 554–595
(2013).
40T. Kreilos and B. Eckhardt, “Periodic orbits near onset of chaos in plane Couette
flow,” Chaos 22, 047505 (2012).
41G. Kawahara, S. Kida, and L. Van Veen, “Unstable periodic motion in turbulent
flows,” Nonlinear Process. Geophys. 13, 499–507 (2006).
42G. Kawahara and S. Kida, “Periodic motion embedded in plane Cou-
ette turbulence: Regeneration cycle and burst,” J. Fluid Mech. 449, 291–300
(2001).
43S. Kato and M. Yamada, “Unstable periodic solutions embedded in a shell model
turbulence,” Phys. Rev. E 68, 025302 (2003).
44B. R. Hunt and E. Ott, “Optimal periodic orbits of chaotic systems,” Phys. Rev.
Lett. 76, 2254–2257 (1996).
45B. R. Hunt and E. Ott, “Optimal periodic orbits of chaotic systems occur at low
period,” Phys. Rev. E 54, 328–337 (1996).
46C. C. Maiocchi, V. Lucarini, and A. Gritsun, “Decomposing the dynamics of
the Lorenz 1963 model using unstable periodic orbits: Averages, transitions, and
quasi-invariant sets,” Chaos 32, 033129 (2022).
47C. C. Maiocchi, V. Lucarini, A. Gritsun, and Y. Sato, “Heterogeneity of
the attractor of the Lorenz ’96 model: Lyapunov analysis, unstable periodic
orbits, and shadowing properties,” Phys. D: Nonlinear Phenom. 457, 133970
(2024).
48F. M. Selten and G. Branstator, “Preferred regime transition routes and evidence
for an unstable periodic orbit in a baroclinic model,” J. Atmos. Sci. 61, 2267–2282
(2004).
49A. Gritsun, “Statistical characteristics, circulation regimes and unstable periodic
orbits of a barotropic atmospheric model,” Philos. Trans. R. Soc. A 371, 20120336
(2013).

50E. Kazantsev, “Sensitivity of the attractor of the barotropic ocean model to
external influences: Approach by unstable periodic orbits,” Nonlinear Process.
Geophys. 8, 281–300 (2001).
51A. S. Gritsun, “Unstable periodic trajectories of a barotropic model of the
atmosphere,” Russ. J. Numer. Anal. Math. Model. 23, 345–367 (2008).
52V. Lucarini and A. Gritsun, “A new mathematical framework for atmospheric
blocking events,” Clim. Dyn. 54, 575–598 (2019).
53J. Demaeyer, L. De Cruz, and O. Hamilton (2025). “Qgs,” Version v1.0.0.
Zenodo. https://doi.org/10.5281/ZENODO.15102613
54A. Meurer, C. P. Smith, M. Paprocki, O. Čertík, S. B. Kirpichev, M. Rocklin, A.
Kumar, S. Ivanov, J. K. Moore, S. Singh, T. Rathnayake, S. Vig, B. E. Granger,
R. P. Muller, F. Bonazzi, H. Gupta, S. Vats, F. Johansson, F. Pedregosa, M. J.
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