CORE DISCUSSION PAPER
2002/70

ENDOGENOUS QUALIFICATIONS AND FIRMS’
AGGLOMERATION

Pierre M. PICARD!, Eric TOULEMONDE?

December 2002

Abstract
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1 Introduction

The nature of ..rm agglomeration into industrial clusters is the subject of
numerous studies. It is often argued that when ..rms locate together, they
bene..t from costs reductions through the ecects of economies of agglomer-
ation. According to Marshall’s theories of industry agglomeration, agglom-
eration in a cluster ..rstly allows ..rms to save transport costs on both ..nal
products and intermediate goods. Second, agglomeration facilitates indus-
trial spill-over. Finally, it induces workers to acquire the quali..cations that
are needed by the industry. Whereas the ..rst two explanations of agglomer-
ation have been under extensive study (see e.g. Henderson (1988), Krugman
(1991), Matsuyama (1995), Ottaviano and Puga (1998), Feldman and Au-
dretsch (1999) and Fujita, Krugman and Venables (1999)), theoretical issues
about quali..cation acquisition remain relatively uncovered.

Empirically, Dumais, Ellison and Glaeser (2002) show that in the U.S.,
the adequacy of regional labor supply is a more important predictor of new
plant location than the proximity of ..rms to consumers and suppliers. In
Hanson (2001), the evidence of ‘localized human capital externalities’ is
presented as one of the most robust results in the estimation of the nature
of agglomeration ecects. Hence, there is a need to explore the relationship
between plant location and quali..cation.

The theoretical literature on industry agglomeration and labor quali-
.cation is divided in two views. On the one hand, some authors argue
that agglomeration is grounded on human capital externalities. Accord-
ingly, workers acquire human capital at a lower cost in a region with large
human capital. For instance, Glaeser (1999) and Desmet (2000) postulate
that increasing returns to scale in the acquisition of human capital at the
regional or urban level stem from more ecective and more numerous in-
teractions in denser areas. Also, in dynamic contexts, it is often assumed
that within a district, the human capital is acquired at a lower cost by one
generation when the human capital accumulated by previous generations is
large. Hence human capital externalities between generations are viewed as
important elements in the city formation and industry agglomeration (see
e.g. Stokey (1991), Redding (1996)).

The second view does not exclude the ..rst. Accordingly, agglomeration
of economic activity can be grounded on matching processes in labor mar-
kets. Indeed, matches between workers and ..rms present a circular causal-
ity: the workers’ probability to ..nd a good match is higher in locations with
more ..rms whereas the ..rms’ probability to ..nd a good match is higher in
locations with more workers. Here, the complementarity between workers



and employers provides the rationale for economic clustering.® This idea
follows a well established literature in which input complementarities foster
concentration of economic activities (see Matsuyama (1995) for a review).

In a ..rst approach, the location eaects of labor market matching is stud-
ied under the assumption of exogenous and diversi..ed quali..cations and
job requirements (see e.g. Helsley and Strange (1990), Abdel-Rahman and
Wang (1995, 1997), Brueckner, Thisse and Zenou (2002), Hamilton, Thisse
and Zenou (2000)). Perfect complementarity between workers’ quali..cations
and employers’ needs can be obtained through costly training of workers. In
this approach, the assumption of imperfect labor markets ensures that the
bene..ts of a better match are shared between ..rms and workers. Hence, it
is in the interests of ..rms and workers to agglomerate. Another important
assumption in these models is the workers’ mobility: workers can ..nd a job
in a location that is dicerent from their initial location. However, in the ab-
sence of migrations between regions, workers cannot move towards the region
with the better matches: the agglomeration process breaks down. Although
workers” mobility is a relevant assumption for the analysis of economic activ-
ity in a small or medium geographical area such as a city, it is questionable
in a larger geographical area. Hence, this ..rst approach hardly justi..es eco-
nomic agglomeration at the regional level in the European socio-economic
context where language, cultural and institutional dicerences hinder worker
mobility (see Decressin and Fatas (1995)).

We follow a second approach, stressing the role of endogenous and indus-
try speci..c quali..cation and introducing a role for uncertainty in the labor
market matching. Using this approach we relate labor market matching to
economic agglomeration even in the absence of labor mobility and/or imper-
fections in the labor market, which, to our knowledge, has not been covered
in the literature. In the present model, workers choose to educate themselves
for industry-speci..c skills that are required in a modern industry. The type
and level of industry speci..c skills obviously vary according to the industry
under study. Thus, skills can be acquired either in technical colleges, or
though apprenticeship and professional training, or in under-graduate and
post-graduate university programs. Whereas education quali..es workers to
the production tasks in the industry, workers remain uncertain about the
match between the production tasks and their idiosyncratic abilities and/or
acnities. Indeed, although each ..rm asks for industry-speci..c skills, it
also asks for ..rm-speci..c abilities and/or acnities that cannot be acquired

! Davidson, Martin and Matusz (1991) study the industry specialization when ..rms
need to match two complementary types of workers.



through education. The specialization in speci..c tasks, the personal a¢nity
with a job, the relationship with the ..rm’s manager, the adherence to the
..rm’s culture and the work environment are factors that acect each worker
personal productivity.

By allowing movements in the supply of labor, endogenous formation of
human capital and uncertainty in the labor matching replace the assumption
about the mobility of workers that is made in the above mentioned litera-
ture. Relocation of ..rms has indeed two opposite ecects. In the region where
..rms agglomerate, relocation of ..rms ...rstly increases the labor demand and
pushes wages up. Secondly, it raises each worker’s probability to ..nd a job
that ..ts his/her abilities and/or a¢nities, which increases the worker’s mo-
tivation to qualify. The labor supply increases in that region and wages fall.
In the deserted region, these two exects take place in the reverse directions.
Therefore, when a group of ..rms relocate from one region to the other, the
direction of the changes in the wage dicerential between regions is no longer
as clear. At the equilibrium, the two erects can be balanced such that each
region ends up with asymmetric populations of ..rms and quali..ed workers.
One region might attract the largest part of the industry, which induces the
population of that region to acquire the right quali..cation for that industry
because of better matches. Since few ..rms locate in the other region, the
matching process is bad in that region: the quali..cation for that industry
remains poorly attractive and people prefer to work in alternative sectors.
Thus, the complementarity between job requirements and the quali..cation
and ac¢nities of workers plays a crucial role in ..rms’ location.

In equilibrium, ..rms may agglomerate in a single cluster, or they may
spread across regions. In the latter case, ..rms can spread evenly (symmetric
clusters) or unevenly across regions (asymmetric clusters). Because ..rms can
freely re-locate, wages of workers with good matches are equal across regions.
Workers with bad matches also bene..t from the same wage in all regions. In
asymmetric clusters, many quali..ed workers have a good match and a high
wage in the region where ..rms agglomerate, whereas most workers from
the other region do not bene..t from a good match and must be content
with low wages. Since more workers are quali..ed in the region where ..rms
cluster, the mean wage is higher there. This result con..rms the literature
that shows that mean wages are larger in the region where agglomeration
takes place (see Henderson (1988), Ciccone and Hall (1996) and Mdller and
Haas (2002)) and is consistent with wages being equalized between the two
regions.

We build on Ottaviano, Tabuchi and Thisse (2002) who present a model
of a modern industry in which ..rms sell dicerentiated products to customers



located in several regions. The analytical tractability of the model allows
to identify all equilibria, including those with asymmetric clusters. We also
derive the comparative statics with respect to all economic parameters. In
contrast to most of the literature on labor matching and economic cluster-
ing, we are able to study the impact of the characteristics of the matching
process, product demand and wages in the alternative sector on the ..rms’
location and on the regional workers’ level of quali..cation. We ultimately
study the welfare implications of the equilibria. We show that when prod-
uct demand is not too large, there is too much dispersion from the point
of view of all groups of agents, i.e. workers, consumers and ..rms’ owners.
Indeed, when more ..rms are present in a region, the improvement of the
matching process overcomes the disadvantage caused by the use of workers
in one region only. In contrast, when product demand is large, the wel-
fare implication are less clear-cut and there may exist conficts of interest
between groups of agents. For instance, the symmetric equilibrium can be
preferred by consumers and ..rms owners but not by workers. The reverse
set of preferences is also possible.

The paper is organized as follows. Section 2 presents the model and Sec-
tion 3 studies the location equilibria. Section 4 provides some comparative
statics on the location equilibria. Section 5 studies the welfare of workers,
consumers and ..rms’ owners. A conclusion follows.

2 The Model

In this paper we build on the Ottaviano, Tabuchi and Thisse (2002) model
of imperfect competition with dicerentiated products. We consider a model
with a continuum [0, 1] of dicerentiated varieties of a commodity. Each
variety ¢ of the commodity is produced by a single ..rm. This continuity as-
sumption allows a characterization of the ..rms’ location choices in a simpler
way than models with a ..nite number of ..rms.

2.1 Consumers

The representative consumer uses a quantity ¢(¢) of variety ¢ € [0,1] and
a quantity go of the numéraire. She is endowed with g, > 0 units of the
numéraire. The initial endowment g, is supposed to be large enough for the
optimal consumption of the numéraire to be strictly positive at the market



outcome. The budget constraint can be written as:

1
A p(i)q(@)di + g0 = Go

where p(7) is the price of variety i.
The representative consumer’s utility function is quadratic:

Ulgosa() = a Alq(ﬂdz’—ﬁ - / (6)2di— / / (G)didj +40 (1)

where o > 0 and 3 > 6 > 0. In this expression, o measures the intensity of
preferences for the dicerentiated product with respect to the numéraire. The
condition 3 > ¢ implies that the representative consumer prefers a dispersed
consumption of varieties.

Solving the budget constraint for the numéraire consumption, plugging
the corresponding expression into (1) and solving the ..rst order conditions
with respect to ¢(7) yields

1
a— (B—6)q(i) & A dG)dj =p(@), i€[0,1]

The demand function for variety i € [0,1] can be written as

1
a(0) = a = toi) + | pli) =i @
where a = /3, b=1/Fand d= 6/3(3 —9).

Parameter a measures the size of the product market. Parameter b
gives the link between individual and industry demand. When b increases,
consumers are more sensitive to the output price. Parameter d retfects
the degree of product dicerentiation between varieties. When varieties are
perfect substitute, d — oo, whereas, when they are independent, d = 0, and
..rm ¢ has monopoly power on variety i.

2.2 Workers

Decressin and Fatas (1995), Bentolila (1997) and Faini, Galli, Gennari and
Rossi (1997) show that migration between European countries or within
each European country is quite low. Mobility is hindered not only between
regions of distinct cultural and language characteristics, but also within such
regions because of the high propensity to house ownership in Europe and



because of the presence of working partners (see Henley (1998) and Oswald,
Gardner and Pierre (2001)). Hence, in accordance with this stylized fact of
European labor markets, we assume that workers are immobile in the sense
that they cannot move between regions.

We assume that there are two regions A and B and we focus on agglom-
eration patterns of an industry that requires acquisition of speci..c skills.
In any region, workers who do not acquire the industry-speci..c skills are
employed in a traditional sector that ozers a wage v. Workers who invest
in education qualify for a job in the industry but face some uncertainty.
Although each ..rm asks for the industry-speci...c skills, it also asks for ..rm-
speci..c abilities and/or a€nities that cannot be acquired through education.
The specialization in speci..c tasks, the personal a¢nity with a job, the re-
lationship with the ..rm’s manager, the adherence to the ..rm’s culture and
the work environment are factors that acect each worker’s personal produc-
tivity. In the sequel, we ..rstly present a stylized model for this matching
process. This model ozers a function for the probability of a good job match
that is simple and analytically tractable. We ..nally present the quali..ca-
tion choice that workers face before they apply to a quali..ed job and hence
before the matching uncertainty is realized. We derive the workers’ ecort to
qualify for professional skills as well as their labor supplies.

Consider ..rst each worker after quali..cation. For simplicity, we assume
that quali..ed workers are able to contemplate all ..rms in their own region
K € {A,B}. If a quali..ed worker is lucky, he ..nds the ..rm that ..ts his
abilities and/or acnities in his own region. The worker works at a high
productivity, say 1 e®ciency unit, and gets the wage wg. If the quali..ed
worker is unlucky, there exists no ..rm that ..ts his abilities and/or a¢nities
in his region. The worker may still ..nd a job in the industry at a lower
productivity, say 6 eCciency unit (6 < 1). We assume that both types of
workers are perfect substitutes. In this case, the unlucky worker receives the
wage fwg. Finally, quali..ed workers work in the traditional sector at wage
v when there is no industry in the region or when their wage is too low, i.e.
when Qwg < v.

Quiali..ed workers are more likely to ..nd the jobs with high productivity
when more ..rms locate in their region. Let each set of abilities and/or
acnities be indexed by s € [0, I]. Because abilities and/or a¢nities are also
speci..c to the ..rms and their industry, a worker can be informed about
his set of abilities and/or a¢nities only after quali..cation. A same set of
abilities and/or a¢nities s can be shared by many workers. For tractability,
we assume that, in every region, workers are uniformly distributed across
the sets of abilities and/or a¢nities. As will be explained in Section 2.3, we



also assume that each ..rm produces one variety of the commodity. Each
..rmis then indexed according to the variety i € [0, 1]. Since the distribution
of variety is uniform, the distribution of ..rms is also uniform. We say that
worker with abilities and/or a¢nities s ..nds the job that ..ts his abilities
and/or a€nities in the ..rm i if and only if s = 7. If the number of ..rms
in region K is Ng, the probability that a worker s ..nds the job with the
high productivity 1 in his/her region, is g(Nx) = Nk/I. The probability
of getting a job at productivity 6 is 1 — g(Nk) = 1 — Nk /I. Under these
assumptions, the parameter I represents the amount of uncertainty in the
job match. A larger [ yields a lower probability of a good match, g(Nk).
Obviously, I must be greater than N4, + Ng = 1 to keep the probability
g(Ng) lower than 1.2

Consider now workers before quali..cation choice. Investing in industry-
speci..c education is costly. The ecort e > 0 to acquire the needed skills
varies across people in the region. For analytical tractability, we assume
that each worker’s utility function is linear in income and ezort:

V(iwe)=w—v—e,

where the utility of workers who do not qualify for the industry-speci...c skills
(e = 0) and who work in the traditional sector (w = v) is normalized to zero.
Workers choose to qualify when their expected utility from quali..cation is
larger than the utility of working in the traditional sector (V (w, e) > 0).

When there is no industry in the region, or when the wage of high-
productivity workers in the industry is lower than the wage in the traditional
sector, all workers ..nd a job in the traditional sector and get the wage v.
Thus, workers have negative expected utility levels if they qualify:

—e <0, if Ny =0 orwg <w.

When the wage of low-productivity workers (Pwg) is larger than v, any
worker who quali..es gets a job in the industry. Thus, his expected utility is

(wg —v)g(Nk) + (Owrg —v)(1 —g(Nk)) —e, if N > 0and Qwg > v.

When the wage of low-productivity workers is equal to v, a worker who
quali..es but who does not ..nd a ..rm that ...ts his abilities and/or aCnities,

2These assumptions can be altered. In this case, more complicated formula for the
probability g(Nx) will be derived. In general, g(Nx ) needs only to be increasing in Ny
and equal to zero at Nx = 0 for the model to be valid.



gets a wage v in the traditional sector or in the industry. His expected
utility is
(v/0 —v)g(NK) —e, if Nk > 0and Qwg = v.

Finally, when the wage of low-productivity workers is lower than v, a
worker who quali..es but who does not ..nd a ..rm that ..ts his abilities
and/or aCnities, gets a wage v only in the traditional sector. Thus, his
expected utility is

(wg —v)g(Ng) —e, if Ny >0and v < wg < v.

As a result, the ecort of the last worker who quali..es in region K is
given by
0if Nk =0 or wg <w,
- é}( if Nk >0 and Qwg > v,

K= &2 if Ng >0 and Qwg = v,
3. if Nx >0 and v < wg < v,
where
éx = wg [9(Ng)+0(1—g(Ng))] -, 3
g 1-6
& = v 2 9(Nk)
& = (wg—v)g(Ng).

In this paper, we assume that the ecort needed for quali..cation is uni-
formly distributed and independent of the set of abilities and/or aCnities
of workers. We denote F'(e) = e the number of workers who need an ecort
that is lower than e to qualify. Hence, the number of workers who qualify
in region K is F(ék).

The number of e€ciency units supplied in region K is equal to the num-
ber of e€ciency units ocered by the sum of quali..ed workers who ..nd a
job that ..ts their abilities and those who do not. The labor supply in the
industry is either given by all workers or only by the lucky. When there
is no industry or when the wage is not attractive enough, the labor supply
falls to zero:

Ly =0 if Nx =0 or wg <wv.

When the wage in the industry is high enough to attract the low-productivity
workers, the labor supply includes high- and low-productivity workers:

L3 =& [9(Nk) +6(1 — g(Nk))] if N >0and Qwx >v.  (4)



When the wage of low-productivity workers in the industry is just equal to v,
these workers are indiaerent between getting a job in the industry and in the
traditional sector. Low-productivity workers supply at most é%.6(1 —g(Nk))
eCciency units. Hence, the total labor supply is given by

Ly € [¢%9(Nk), é% (9(Nk) +0(1 — g(Nk)))] if N >0 and fwy = v.

Finally, when the wage of low productivity workers is too low, the labor

supply is
L3 = &g(Ng) if Nx >0 and 6v < fuwg < v.

2.3 Firms

The production of one unit of variety 7 requires the use of one eciency
unit of labor. Since in region K, lucky workers earn a wage wg for a unit
productivity whereas unlucky workers receive a wage fwy for a productivity
#, the marginal cost is equal to wx regardless of the type of worker who is
employed.

We study here the process of competition between ..rms for a given
spatial distribution (N4, Ng) of ..rms. Since there is a continuum [0, 1] of
a dicerentiated variety ¢ of a commodity and since each ..rm produces one
variety, Na + Np = 1. In the continuous interval [0,1], each ..rm has a
zero mass and has no direct impact on the market (see Ottaviano, Tabuchi
and Thisse (2002)). Hence, ..rms neglect the impact of their price decision
over the regional price indices. In addition, the demand for the variety
produced by ..rm i has a ..nite elasticity. However, in the determination
of its own price, each ..rm accounts for the price index of each region. As
a consequence, the market solution is given by a Nash equilibrium with a
continuum of players in which prices are interdependent: each ..rm neglects
its impact on the market but is aware that the market as a whole has a
non-negligible impact on its behavior.

The absence of transport costs implies that ..rms do not discriminate
consumers by setting dicerent prices across regions (see Belletamme, Picard
and Thisse (2000) for the role of transport costs in a similar model). The
price of variety  is the same in both regions. We adopt the following notation
for the price index in region K:

e K

By (2), demands for ..rm i € K are given by:
qx (i) = a— (b+ d)pk (i) + d(Px + Pr) where K # L, L € { A, B}.



Firm i sells in both regions and its pro..t is equal to:

k(i) = 29k (1)[pk (i) — wi] (5)

where wy is the marginal cost in region K.

We ..rst dicerentiate (5) with respect to prices pg (i) to obtain the ..rst
order conditions for a representative ..rm ¢. We then integrate the corre-
sponding expressions across ..rms ¢ located in K, to obtain the following
equation:

[2(b+ d) — dNK]PK — dNg Py, = NK[CL + (b +d)w}{] where K AL (6)

Since pro..t functions are concave in own price and varieties are symmet-
ric, solving the system of equations (6) for K € {A, B} yields the equilibrium
prices and quantities:

_ wg | 2a+d(Nyws + Ngwp)
Pk = 5 2(2b+ d) )
gk = (b+d)(px — wk) (8)

Insofar as cost conditions are dicerent between regions (w4 # wg), the
prices and quantities of varieties produced in region A may dicer from those
produced in region B. Using (7) and (8), the labor demand (in e¢ciency
units) in region K is equal to

2a + d (Nswa + Npwp)
ID — 99k Ng =2 _ UK Nx VK.
K qx Nk (b+d){ 5 + 22+ d) x VK. (9)

The pro..ts of any ..rm located in region K are thus

2(b —l—d)(pK —’LUK)2 if PK > WK

g = 2(px — wK)qKx = { 0 otherwise.

Our objective is to highlight regional asymmetries in the context of struc-
turally identical regions. We assume that whatever the number of ..rms in
one region, production would generate some surplus in that region, that is,
the highest valuation of any variety (a/b) is always greater than marginal

cost:
a

b
This assumption simpli..es the presentation by avoiding binding constraints
on quantities, i.e. gx = 0. Hence, in the rest of the paper, ¢qx > 0 and,
therefore px > ck.

> wg VK and VNg € [0, 1] (A1)

10



If the pro..ts of ..rms located in region A are larger than those of ..rms
located in region B, ..rms relocate from region B to region A, and vice versa.
Therefore, the dicerence in pro..tability between the two regions is the key
indicator that determines the location of ..rms. Using (7), the dicerence in
pro..tability between regions A and B may be written as

All = II4—1IIp
= 2(b+d) [(pa —wa)’ — (B —wp)’]
= (b+d)[wp —wa][(pa —wa)+ (pp —wp)]. (10)

Note that under Al, the last bracket in this expression is strictly positive.
From these expressions, it is clear that the dicerence in pro..tability between
regions depends on the wages w, and wg. Thus labor markets play a major
role in the ..rms’ location choices.

3 Location and Labor Market Equilibria

In this model two forces drive the ..rms’ location decisions and the workers’
decisions with respect to their education. First, private ..rms are attracted
by low wages. Thus they choose to locate in the region with the lowest
wages. Second, workers are more likely to invest in education if they live in
a region with more ..rms. They are indeed more likely to ..nd a job that ..ts
their abilities and / or a€nities in such a region. In this section, we show
that ..rms may locate in one cluster, symmetric clusters or even asymmetric
clusters. Relocation of ..rms has indeed two ecects on the demand and
supply of labor. Labor demand increases in the region where ..rms relocate.
This tends to push wages up in that region. However, labor supply increases
in that region because the larger set of ..rms improves the likelihood of a
good job match. This tends to push wages down. Therefore, the net exect
of a relocation of ..rms on wages is unknown.

To analyze the location and labor market equilibria, we ..rst de..ne loca-
tion equilibrium and stability, we then derive the interior equilibria where
..rms do not agglomerate in a single cluster. We ..nally derive the corner
equilibria where ..rms agglomerate in a single cluster.

3.1 De..nitions

The labor market is in equilibrium when the wage wx equalizes the labor
supply and the labor demand in each region K: L3 = L2 VK € {A, B}.
Before proceeding to the characterization of the location equilibrium, it is

11



convenient to take advantage of the symmetry of the problem by setting
AN = Ny — Np. Thus, N4 =(1/2)(1+ AN) and Ng = (1/2)(1 — AN). A
location equilibrium is de..ned as follows:

De..nition 1 A location equilibrium is such that (i) no locational deviation
by a single ..rm is strictly pro..table and (ii) the labor markets clear in both
regions.

Hence, there must be no incentives for ..rms to relocate. If pro..ts of
..rms located in one region are larger than those of ..rms located in the
other region, ..rms will move to the former region until the pro..t dicerential
ATI(AN) between the regions falls to zero or until all ..rms are located in
that region. A location equilibrium is interior if AII(AN) = 0 at AN €
(—1,1). By (10), this occurs when w4 = wg. A location equilibrium arises
at corner points N4 =0 when AII(—1) <0, and N4 =1 when AII(1) > 0.

De...nition 2 A location equilibrium AN* is stable if, in the neighborhood
of AN*, no locational deviation by a group of ..rms (with non zero mass) is
strictly more pro..table.

For interior solutions AN* where AII(AN*) = 0, stability requires that
IT4 — I1p decreases (resp. increases) if a group of ..rm moves from B to
A (resp. A to B). That is, the slope of AII(AN) must be negative in the
neighborhood of the equilibrium. At the corner point N4 = 0, the location
equilibrium is stable either if ATI(—1) < 0 or if AII(—1) = 0 and the slope
of AII(AN) is negative in the neighborhood of AN = —1. At the corner
point Ny = 1, the location equilibrium is stable either if AII(1) > 0 or if
AII(1) = 0 and the slope of AII(AN) is negative in the neighborhood of
AN = 1.

Several kinds of equilibria may arise in this setting. Either all ..rms
agglomerate in one region (corner solution) or they spread across regions
(interior solution) in a way that equalizes pro..ts. In the latter case, ..rms
can spread evenly (AN = 0) or unevenly across regions. We start by char-
acterizing the interior stable location equilibria; we then study the corner
location equilibria.

3.2 Interior Location Equilibria

First, suppose that the wages w4 and wp are larger than v/6. The labor
market equilibrium requires that L3! = LE VK € {A, B}. Solving these two

12



conditions for w4 and wp and plugging the results in the pro..t dicerential
de..ned by (10) (see Appendix 1), we get

All = K1 (AN)(wp — wa) = —K2(AN) x AN [(AN)* — X],
where K;(AN) and K5(AN) are strictly positive and where

2(a/v) I(b+d) [(1-0)? —(201)?]+(1—6) (201 +(1—6) )*(2b4-d)+-8613 b(b+d) 1
(1-0)2[2(a/v) I(b+d)+(1—0)(2b+d)] : (11

X =

Interior location equilibria are given by AN =0if X <0and by AN €
{0,£VX} if 0 < X < 1. These equilibria are stable when AII decreases
with AN. Therefore interior stable location equilibria are AN = 0if X <0
and AN = +V/X if 0 < X < 1.

Note that X decreases with a/v (see Appendix 3). It takes values in
[0,1) when a/v € (b,b] where b is the value of a/v that yields X = 1 and b
is the value of a/v that yields X = 0. This gives the following proposition:

Proposition 1 Stable interior equilibria with wages strictly greater than
v/0 exist for a/v > b. (i) For a/v € (b, b) ..rms locate in partially asymmet-
ric clusters; the stable interior location equilibria are AN = +vV X € (0, 1).
(ii) For a/v > b .rms locate in symmetric clusters: AN = 0.

Figure 1 illustrates the Proposition. Stable interior equilibria are repre-
sented by the bold curves on the right of b. In case of asymmetric clusters,
wages of workers with a good (or with a bad) match are equal in the two re-
gions: w4 = wp and fw 4 = wp. However, more workers have a good match
in the region where ..rms agglomerate. Hence, the mean (or expected) wage
(wrg(Nk) + 0wk [1 — g(Nk)]) is higher in that region. In other words, the
inter-regional mean wage dicerences that are presented in e.g. Henderson
(1988), Ciccone and Hall (1996) and Modller and Haas (2002), are consistent
with wages of each type of workers being equalized between the two regions.

INSERT FIGURE 1 HERE

Second, suppose that the wages wa = wp are strictly lower than v/6.
The labor market equilibrium requires that L3? = LE VK € {A, B}. Solving
these two conditions for w4 and wp and plugging the results in the pro..t
dicerential de..ned by (10) (see Appendix 1) gives

All = K1(AN)(wp —wa) = K3(AN) x AN,
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where K3(AN) is strictly positive. The interior equilibrium at AN =0 is
therefore not stable.

Finally, suppose that the wages w4 = wp are equal to v/0. The labor
market equilibrium requires that Ly? = LR VK € {A, B}. That is, LE €
[€%9(Nk), €% (9(Nk) + 0(1 — g(Nk)))] VK € {A,B}. Atws = wp = v/0
the low-productivity workers are indicerent between working in the industry
and working in the traditional sector. Hence, for any small change in the
location of ..rms, the labor supply automatically matches the new labor
demand at the same wage v/0. However, if too many ..rms establish in
region K, the industry exhausts the labor supply at wage v /6. Therefore,
the number of ..rms in a location equilibrium at wage v/6 is constrained
upward; as shown in Appendix 1, this amounts to

R 20t d)I* (26 —b)

Nk (1—6)(2b+ d)

(12)
In contrast, if few ..rms settle in region K, the labor demand falls below the
labor supply at wage v /6 and none of the low-productivity workers ..nd a job
in the industry. The number of ..rms in a location equilibrium at wage v/6
is therefore constrained downward. As shown in Appendix 1, this constraint
is

. 212 (%0 —-b) (b+d)—0(1—0) (20 +d)I

(1-0)"(2b+4d)

Both constraints hold for the two regions: N < N4 <N and N < Np <N.
Therefore, interior location equilibria with w4 = wp = v/ lie in the set

(13)

T:{ANs.t. 2N—1gANg?ﬂ—land1—2N2AN21—2N}.

Since, in the interior of this set, wages are equal to v/#, any locational
deviation from an equilibrium changes neither the costs nor the pro..ts. So
equilibria are stable in this set. One can show that N increases more with
a/v than does N. We denote B the value of a/v that solves 2N —1 = 0. This
yields the following Proposition.

Proposition 2 Stable interior equilibria with wages equal to v/6 exist and
satisfy AN € T. There are no stable interior equilibria at a wage strictly
lower than v/6.

Figure 1 illustrates the Proposition. Stable interior equilibria where high
productivity workers earn v/6 are represented by the black diamond on the
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left of B. Under these equilibria, the workers who qualify but who do not
..nd the job that ..ts their abilities are indicerent between working in the
traditional sector and working in the industry at the wage v. For any small
change in the location of ..rms, labor supplies automatically matches the
new labor demand at the same wage because the labor supply is locally
in..nitely elastic. Therefore, ..rms are indicerent between both locations. In
these equilibria, the agglomeration and dispersion forces of labor markets
become so weak that they do not intuence the location of ..rms. Of course,
once a new centripetal or centrifugal force is introduced in the model, these
equilibria could degenerate.

3.3 Corner Equilibria

In this section we study the interior equilibria at which ..rms agglomerate
in region K, leaving region L deserted. In region L no ..rm demands labor
and no worker quali..es for a job in the industry. Thus the labor market in
that region always clears but the market wage is unde..ned. In that case,
we assume that the wage is the opportunity cost of labor in that region, i.e.
the wage that a ..rm would face by settling in that region. Formally, let
N, =e¢ >0and Ng = 1—¢. The market wage in region L is given by

lim wy (¢)

e—0
where wj (¢) is continuous and solves the labor market clearing conditions:
Lg(wK,wL,e) = Lf((w[(, E) and LE(U}L,H}K,é) = LE(U)L,E). Obviously, in

the region where ..rms agglomerate, the market wage is well de..ned and is
equal to lim,_,y wi.(¢) = wj,. Thisallows to derive the following proposition.

Proposition 3 Stable corner equilibria exist if and only if a/v < b where

20+ d)(1—0) (0+1F2) +2(b +d)bI
200 +d)1

b

Proof. See Appendix 2.

Figure lillustrates the Proposition. Firms agglomerate in a single cluster
for low product demand and / or high wage in the traditional sector. If
b< a/v < b, ..rms hire high productivity workers at wage v/6 and some
low productivity workers at the wage v. If a/v <B, ..rms hire only high
productivity workers at a wage lower than v/6.
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4 Comparative Statics

In this section we analyze how ..rms location responds to changes in the
parameters. Quite naturally, we focus on the interior stable equilibria X €
(0,1). We derive the following proposition.

Proposition 4 Suppose that b < a/v < b. Thus ..rms locate in asymmetric
clusters (X € (0,1)). An increase in the global demand (a), in the prod-
uct substitutability (d), in the uncertainty in the job match () or in the
productivity of the unlucky quali..ed workers (#) induce ..rms to locate more
symmetrically. In contrast, an increase in the wage in the traditional sector
(v) or in the sensitivity of the product demand to the output price (b) induce
..rms towards more agglomeration.

Proof. See Appendix 3.

Changes in parameters have dicerent ecects on the labor demand curves
and the labor supply curves according to the number of ..rms in each region.
The direction of the (upward or downward) pressure on wages depends not
only on the position but also on the slopes (or elasticities) of these curves.
Since the ..rms’ location decisions depend on the wage dizcerential, the result-
ing changes in the location equilibrium depend on which of the supply and
demand exects dominates. Fortunately, Proposition 6 shows that changes
in the parameters (a,b,d,1,0,v) lead to clear-cut exects. For the sake of
clarity, we explain the impact of changes in these parameters by presenting
the dominating ecect behind these changes.

The eaect of changes in the parameters (a,b,d) can be explained by the
dominating force behind the changes in production levels. Indeed, for given
equilibrium wages and location of ..rms, ..rms directly change their output
only if the parameters of the consumer utility function (a,b,d) vary (see
equations (7) and (8)). Output does not directly change if the parameters
of labor supply (v,1,6) vary. We ..rst explain that larger a, d and b must
increase production. We then explain that increases in production entice
..rms to locate more symmetrically.

It is obvious that the production in each ..rm increases when product
demand (a) rises. Also, larger product substitutability (d) induces ..rms
to produce more because it increases the ercect of competition. Firms are
less able to use their market power and to restrain production. Finally, a
larger sensitivity of the product demand to the output price (b) leads to
more production. Indeed, in this model with quadratic utility function of
consumers, a decrease in b raises the ..rms’ marginal revenues, which has a
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positive impact on production. From equations (7) and (8), one can show
that dgx /db < 0.

The reason why increases in production entice ..rms to locate more sym-
metrically is the following one. Suppose that, in an initial equilibrium, each
..rm has one worker and that one ..rm locates in region A whereas 100 ..rms
locate in region B. Suppose also that, because of a change in (a,b, d), the
output rises so that each ..rm wants to increase its production by doubling
its labor force. In region B the increase in the labor force is equal to 100
workers whereas it is equal to one worker in region A. If ..rms do not re-
locate, wages must increase more in region B than in region A because the
ecort made by the 100th additional worker to qualify in region B is larger
than that made by the single additional worker needed in region A3. Since it
is less costly to get additional workers in region A, ..rms in region B wish to
relocate in region A. Suppose that one ..rm does so. Then the probability to
have a good match doubles in region A whereas it diminishes only by 1% in
region B. The incentive to qualify increases therefore much more in region
A than it decreases in region B, which still attracts more ..rms in region A.
Hence, an increase in production attracts ..rms toward the deserted region
A.

The above comparative statics contrast with results of similar economic
geography models where higher product demand («) and substitutability
(d) increase the likelihood of agglomeration. For instance, in Belletamme,
Picard and Thisse (2000) and in Ottaviano, Tabuchi and Thisse (2002),
the dispersion force comes from the existence of transport cost and from
the ..rms’ desire to reduce competition. The agglomeration forces emanate
either from the existence of Mashallian externalities or from (perfect) mobil-
ity of entrepreneurs between regions. In any case, the labor supply remains
perfectly elastic in these models. Hence, higher product demands have no di-
rect impact on wages. However, higher product demands reduce the relative
size of transport cost to product price and thus reduce the dispersion force
caused by ..rm competition. By contrast, our model does not include those
dispersion and agglomeration forces. Indeed, here, the matching process in-
duces agglomeration whereas dispersion is induced by the inelastic property
of the labor supply. For higher product demand and substitutability, ..rms
must provide larger wages in order to entice many workers to qualify for the

3Since N4 # Ng, the labor supply is dicerent in both regions. Hence, a larger increase
in the labor demand in region B could theoretically be associated with wages in region B
increasing less than in region A. This could be the case if the labor supply is more elastic
in region B than in region A. However, in our framework, the dicerence in the elasticities
of labor supply is not succient to yield this ecect.
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industry skills. Because of such large wages, ..rms prefer dispersion in order
to exploit the labor pool of both regions.

The exect of changes in the uncertainty in the job match (7) and in the
productivity of the unlucky quali..ed workers (6) is explained by the dom-
inating force behind the changes in labor supply. That is, the unbalanced
shift of labor supply curves. For given equilibrium wages and locations of
.rms, only the labor supply curves vary if the parameters (v, I) change.
Labor supply in region K is given by the ecort level and the average pro-
ductivity in that region. Indeed, using (3) and (4), the labor supply can be
written as

LSl = (wKéK - U) éK

where 0 is the average productivity in region K:

0y = NE Nk

Note that the labor supply increases with the average productivity in the
region.

The average productivity 0 obviously decreases with the uncertainty in
the job match (7). It decreases more in the region that counts the highest
number of ..rms (dfx /dI = — Nk (1 — ) /I?). Hence, when the uncertainty
in the job match (I) rises, labor supplies in both regions diminish, but the
labor supply decreases more in the region where more ..rms agglomerate
(say region B, Np > N4). Wages in that region B increase more than in
the other region*. Firms quit region B where they were agglomerated and
move to the deserted region. Hence, more uncertainty in the job match (1)
induces ..rms to locate more symmetrically.

The average productivity rises with the productivity of the unlucky qual-
i..ed workers (#). It increases more in the region that counts the lowest
number of ..rms (df /df = 1 — Nx /I). Hence an increase in 6 raises both
labor supplies, but the labor supply rises less in the region where more ..rms
agglomerate (say region B). Wages decrease less in that region B than in
the other region. Firms quit region B for the deserted region. Hence, a
higher productivity of the unlucky quali..ed workers (#) induces ..rms to
locate more symmetrically.

4Since Ny # Ng, the labor demand is dizerent in both regions. Hence, a larger
decrease in the labor supply in region B could theoretically be associated with wages in
region B increasing less than in region A. This could be the case if the labor demand is
more elastic in region B than in region A. However, in our framework, the dicerence in
the elasticities of labor demand is not su¢cient to yield this exect.
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Moreover, when @ tends to 1, ..rms spread evenly across both regions.

Indeed,
2
th:hm—< 21 > <“ b”><o.
=1 0—1 1—-0 a

When 6 = 1, unlucky workers receive the same wage as lucky workers.
Uncertainty about productivity disappears and the average productivity 6x
is equal to 1 in both regions. In contrast to the general case with 6 < 1,
we have L3 (wk) = (wx —v) when § = 1. The position of the labor
supply curve does not directly depend on the ..rms’ location Nx. Moreover,
both regions have identical labor supply curves. If ..rms did not locate in
symmetric locations, the labor demand would be larger in the region where
..rms agglomerate. This would imply higher wages in that region and a
relocation of ..rms towards the other region, until the symmetric location
equilibrium is reached.

To end up, let us look at the evect of a change in the wage in the
traditional sector (v). Unfortunately this eaect cannot be explained only
by the unbalanced shift of labor supplies as for parameters (Z,0). The
direction of the pressure on wages also depends on the dicerences in labor
demand elasticities. The unbalanced shift of the labor supply curves would
lead to more symmetric location equilibrium when v rises. Indeed, when v
rises, labor supply in both regions decreases, but it diminishes more in the
region where more ..rms agglomerate (say region B) because the average
productivity is larger in that region. Thus, one would expect wages to
increase more in region B than in the other region. Firms should quit the
region where ..rms agglomerate. However, this is not true. The elasticity
of labor demand indeed plays the dominant role in the location pattern of
..rms.

Since Np > N4, the labor demand is dicerent in both regions. Indeed,
using equations (7), (8) and the property that at an interior equilibrium,
wa = wp = w, the demand for labor in region K can be written as LY =
2Nk (a — bw)(b +d)/(2b+ d), or

20+d D
2b(b +d) N K
The demand for labor is clearly more elastic in the region where ..rms ag-
glomerate. Therefore, an equal decrease in the labor supply in both regions
has more ecect on wages in the deserted region. Wages increase more in
region A than in region B. This ecect through labor demand elasticity
dominates the ecect through the unbalanced shift in the labor supplies.
Firms quit region A to further agglomerate in region B.

we
b
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5 Welfare

In this section, we examine whether the decentralized location decision max-
imizes the consumer surplus, the pro..ts and the welfare of workers. Unfor-
tunately, it is not possible to derive algebraic expressions without making
further assumptions. For this reason, we assume that goods are perfectly
dicerentiated, that is, we set d = 0. As discussed in the previous section,
although product dicerentiation contributes to the agglomeration, all the
qualitative properties of the model are retained under perfect product dif-
ferentiation.

The total consumer surplus is measured by the total consumption, Nxqrx+
Nrqr, the total pro..t by Ngllx+ NIz, and the total welfare of workers by
Vi + V1, where Vi the utility of all workers residing in region K. The utility
of workers in each region is equal to their utility derived from wages minus
their educational cost. In each region, the last worker who quali..es exerts
an ewort ex and, because of the uniform distribution of ecort, ex workers
qualify for the industry. Thus, the educational cost is equal to [;* exderx =
(5[{)2/2. Furthermore, e¢x workers qualify for the industry in region K
and get an expected utility g (Nk) (wx —v) + (1 — g (Nk)) (Awg — v) or
g (Nk) (wix — v) according to the situation of the labor market. By the as-
sumption of uniform distribution of exort, the expected utility is also equal
to the number of workers €. Thus, the utility derived from wages is equal
to (€x)? and the utility of all workers in region K is Vi = (€x)? /2.

Under these de..nitions, we are able to derive the following proposition.

Proposition 5 (i) Corner equilibria: when ..rms agglomerate in one region,
the welfare of consumers, ..rms’ owners and workers cannot be improved by
re-locating some ..rms.

(ii) Interior equilibrium with wages equal to v/6: the welfare of consumers
and ..rms’ owners is unchanged whereas workers are better o when agglom-
eration is increased.

(iti) Partially asymmetric stable equilibria: the welfare of consumers and
..rms’ owners increases when agglomeration is increased.

(iv) Symmetric stable equilibria: workers, consumers and ..rms’ owners may
prefer more or less agglomeration according to the parameters of the model.
They may have conficting interests with respect to the equilibrium location
of ..rms.

In relation to Figure 1, the proposition suggests that there may exist
too much dispersion particularly in industries with small product demand

20



and high wages in the alternative sector. The explanation of the proposition
goes as follows. Welfare depends critically on the behavior of wages.

(1) When full agglomeration is a stable equilibrium, wx decreases around
Nk = 1 and is smaller than wy, (see Appendix 4). In fact, wages behave like
in the left panel of Figure 2. Hence, any departure from full agglomeration
raises wages in both regions. Costs therefore increase in all ..rms, which
reduces pro..ts, production and, as a result, consumer surplus.

INSERT FIGURE 2 HERE

Two opposite forces avect the welfare of workers when some ..rms leave
the industrialized region K. On the one hand, as mentioned in the pre-
vious paragraph, wages increase in that region. On the other hand, the
matching process worsens for a large number of workers. The net egect is
a priori ambiguous. The welfare of workers is equal to Vi = (’éﬁ()2 /2 =

[(wg — v) g (Nk)]? /2. The derivative of Vi with respect to N is

_ deY 52 (W
Vi =&k Nf; = (¢k) <—wai -+ 1) (14)

where we applied the de..nition of g(Ngk) at Nx = 1 in the last equality.
Since there are no job opportunities in the deserted region L, workers do
not educate in that region: ¢ = 0. As a consequence, we have that V/ =
’éQL* d’é%/dNL = 0. In words, although a marginal re-location of ..rms in the
deserted region L may increase the individual education and utility levels
of quali..ed workers, it applies only to an in..nitely small mass of workers
and has no impact on total welfare. In sum, the total welfare of workers
increases with Ny at the equilibrium if and only if (Vx + V7)) = Vi > 0.
Therefore, as shown in (14), the total welfare of workers will increase as
long as the elasticity of wages to ..rms’ location is not too high. As shown
in Appendix 4, this happens to be true in our model. Hence, agglomeration
is a local maximum for the total welfare of workers.

(i) In interior equilibrium with wages equal to v/6, a re-location of ..rms
from region K toregion L does not alter wages in any region. Hence marginal
costs, production, pro..ts, and consumer surplus remain unchanged. There
is however too much dispersion from the workers’ point of view. Indeed, the
welfare of workers is

2
Vet Vi =3 @) +3 @) =5 (757 [0 + (- M)

21



This function is symmetric around Nx = 1/2 and convex in Nk. Thus, the
welfare of workers increases with Ng if Ng > 1/2. In other words, the fact
that agglomeration improves the matching process in one region is su€cient
to induce workers to prefer more agglomeration. Note that this result holds
for any value of the dicerentiation parameter d.

(i) In Appendix 4, it is shown that under d = 0, wages in region K
increase for low values of Nx and may eventually decrease for larger values.
Partially asymmetric stable equilibria are depicted in the right panel of
Figure 2. When agglomeration is increased, wages are reduced in both
regions. Costs therefore decrease in all ..rms, which raises pro...ts, production
and, as a result, consumer surplus.

The impact of more clustering on the total welfare of workers is di¢cult
to track. Indeed, an increase in agglomeration in the region K where ..rms
are already more agglomerated have two opposite exects. On the one hand,
the total welfare of workers may decrease because workers in both regions
get lower wages and because workers in the less industrialized region get
lower matching probabilities. On the other hand, the welfare of workers in
the more industrialized region may rise because of a better matching. Still,
we were not able to track the dominating ecect using the above analytics.
The impact of more clustering on the total welfare of workers remains thus
undetermined.

(iv) At the symmetric location, changes in ..rms’ location have no ..rst
order exects on welfare: V), = (Nkqx) = I = 0 YK at Nx = 1/2. The
welfare analysis must therefore focus on the second order exects, that is, on
the concavity or convexity of the total welfare of workers, total consumer
surplus and total pro..ts. The total welfare of workers is given by V =
Vic + Vi, where Vi = (E%)Q /2. Agglomeration is preferred by workers if

and only if the function V is convex, that is, if and only if V}/ = (’é}é)2 +

erex > 0. Similarly, the consumer surplus is convex at Nxg = 1/2 if

and only if (Ngqx)' > 0 at Nx = 1/2 and the total pro..t is convex if
" = (2Ngqk/b)" >0 at Ng =1/2.

The analysis presents serious analytical problems. For the sake of clarity,
we restrict the current presentation to the discussion of a speci..c example
which illustrates the richness induced by the various parameter con..gura-
tions.

The following picture gathers these results for the case where d = 0 and
I = b=1. The area above the bottom bold curve b represents the parameter
con..gurations that generate stable symmetric equilibria (a/v > b < X < 0).
The areas below the three curves V7, Q' and IT7; represents parameter con-
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..gurations for which the total welfare of workers, consumers and producers
are convex at Nx = 1/2. The areas below these curve therefore show where
agglomeration is preferred respectively by workers, consumers and produc-
ers. For parameter con..gurations like A and B, there exist no contict of
interest between workers, consumers and producers. At A, they all agree
to depart from the symmetric equilibrium whereas, at B, they all agree on
staying in symmetric clusters. There exist many intermediate situations in
which the interests of workers, consumers and ..rms’ owners do confict. For
instance, at C, consumers and ..rms’ owner would favor agglomeration but
workers would prefer symmetric clustering.

INSERT FIGURE 3 HERE

6 Conclusion

In this paper we build a model of imperfect competition with dicerentiated
products, with competitive labor markets and with endogenous decisions
of labor quali..cation. The location of ..rms is infuenced by two opposite
forces. On the one hand, when ..rms agglomerate in one region, labor de-
mand increases in that region. \Wages increase in the region where ..rms
agglomerate and decrease in the region that is deserted. Since ..rms are
attracted by low wages, this ecect clearly induces them to spread evenly
across regions. This is the dispersion force. On the other hand, if workers
are uncertain about the possibility to get a good match with a ..rm that
requires speci..c skills, they are more likely to invest in education if they live
in a region with more ..rms. Indeed, the probability to ..nd a job that ..ts
their abilities and/or ad nities increases in such a region. Hence, the supply
of quali..ed labor increases with the number of ..rms in the region. Since
wages are lower when the labor supply is higher, this creates an incentive
for ..rms to agglomerate in one region. This is the agglomeration force. As
a result of these two forces, ..rms may locate in a single cluster, symmetric
clusters or even asymmetric clusters.

We show that if a parameter changes in a way that induces ..rms to pro-
duce more, then ..rms tend to locate more symmetrically. For instance, this
is the case if the global demand increases, or if the product substitutabil-
ity goes up or if the sensitivity of the product demand to the output price
decreases. In relation with the parameters that are directly related to the
supply of quali..ed labor, we show that an increase in the uncertainty in the
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job match or in the productivity of the quali..ed workers who do not ..nd
a job that ..ts their abilities and/or a¢nities induces ..rms to locate more
symmetrically. In contrast, an increase in the wage in the traditional sector
induces ..rms towards more agglomeration.

From the welfare viewpoint, we show that there may exist too much
dispersion particularly in industries with small product demand and high
wages in the alternative sectors. Insuccient geographical dispersion is a
reminiscent result in spatial economic theory using product dicerentiation
(see Anderson et al., 1992; Thisse and Fujita, 2002). The originality of
the present paper nevertheless lies on the one hand, in the analysis of the
uncertainty in the job market as a possible cause of agglomeration and on
the other hand, in the analysis of the possible conticts of interest between
the various economic agents with respect to the equilibrium outcome.
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Appendix 1: Interior Equilibria

Suppose that the wages w4 and wp are larger than v /6. The labor market
equilibrium requires that L3 = L VK € {A,B}. Thatis, for all K €
{4, B},

ek [9(NK) +0(1— g(Nk))] = 2(b+d) | -4 + 2etdpatVovn) |y,

Solving these equalities for w, and wp yields

2a(b+ d) Nk (m3 + (b+d) Np)
wg =D | +v(2b+d)mg (m? + (b+ d) Np)
—v (b+d) dNy, (mg N, — Ngmp,)

for all K € {A, B}, where mg = g(Nk)+60(1 —g(Nk)) and my, = g(Nz) +
0(1 — g(Nz)) and where

D = (2b+d)mimi + (b+d)miNg (2b+ dNk)
+ (b 4d) Ngm? (2b +dNr) +2 (b+ d)* Ngk Nzb > 0

By (10), the pro..t dizerential is inversely related to the cost dicerential:
AIl = K1(AN)(wp — wa) = —Ko(AN) * AN((AN)? — X),
where
Ki(AN) = (b+d)[(pa—wa)+(pp—ws)] >0,
Ka(AN) = ipflKl(AN) (6—1)?
x(2a (b+d) T+ (2b+d)v(1—0) T3>0,
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and

2(a/v) I(b+d) [(1-6)% —(201)*]+(1—6) (201 +(1—6))? (2b+d)+8913b(b+d)

X = (1—0)2[2(a/v) I(b+d)+(1—0)(2b+d)]

Suppose that the wages wa and wp are lower than v/6. The labor
market equilibrium requires that L33 = LY VK € {A, B}. That is, for all
K € {A, B},

WK L+ 2a +d(Nawa + Npwpg)
2 2(2b+ d)

Solving these equalities for w4 and wg and plugging the result in (10) gives
Al = Ki(AN)(wp —wa),

- 8(b+d)I23(a—wvb)
= Ki(AN) AN 8b(b+d)2 I*+2(b+d) (4b-+d(1+(AN) %)) I2-+(2b+d) (1 (AN)?)

= AN K3(AN),

with K3(AN) > 0.

Finally, suppose that the wages w4 and wp are equal to v/6. The la-
bor market equilibrium requires that Ly? = LR VK € {A, B}. That is,
LY € [é%9(Nk), e% (9(Nk) +0(1 — g(Nk)))] VK € {A,B}. This de..nes
the following set of constraints for all regions K:

& g(Ng) =2(b+d) |- Ng.

¢kg(Nk) < L,
& (9(Nk) +6(1 - g(Ng))) > LR.
At wg = wp =v/0 and Nk > 0, the ..rst inequality is equivalent to

1-0 2 _ Nk 2050
vy () = B [o o] o e < R= Tt v

The second inequality is equivalent to

—_— —_— _ >— _ h—
"o ( i ><9+ 7 9)> > v latg) VK.

which yields

2410(b+d) —[(2b4d)(1 —0)0 + 1b(b+ d)]
(1—6)2(20+ 4d)

Therefore, interior Iocatlon equilibria W|th wa = wp = v/0 lie in the set

such that N < N4 <N and N < N <N. This set is equivalent to IN —1<

AN < 2R—1 and 1 — 2N > AN > 1 — 2R. Since, in the interior of this

set, wages are equal to v/6, any locational deviation from an equilibrium
changes neither the costs nor the pro..ts. So equilibria are stable in this set.

Nig >N = I VK.
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Appendix 2: Corner Equilibria

Before the proof of the proposition, we ..rst establish three useful results.
Note that all limits are taken for ¢ — 0 (i.e. Ni — 0). Thus, lim wi(¢) =
lime o wi.(¢) VK.

Lemma (i) Wages in the deserted region L (limwj (¢)) are lower or equal
to v/0. (ii) If they are strictly lower than v/6, then wages in the indus-
trialized region are strictly lower than in the deserted region: limwj.(g) <
limwy (e) < v/60. (iii) If either limw} () > limwj (), or limwj (¢) > v/0
or limwi () > v /6, then lim wj (e) =v/6.

Proof. (i) By contradiction, suppose limw7 () > v/6. Then wj(e) > v/6
in the neighborhood of ¢ = 0 and the labor supply is L7* in the deserted
region L. Market clearing in that region requires

Lgl (wLa 5) = L? (wL>wK7€)7
[wp (0+5(1—-0)) —v] (0+5(1-0)) =

26(b—l— d) [_1&21. + 2a+d(a§}(§;&;a)wx)} )

Solving for w; and taking the limit gives
v
lim w} (e) = —
im wy (¢) 0
which contradicts lim wj (¢) > v/6. Hence, lim w} () < v/6.

(ii) If limwj (¢) < v/0 then, by continuity, wj () < v/6 in the neighbor-
hood of e = 0. In this case, the labor supply is L?3 in the deserted region
L. Market clearing in that region requires

L (wr,e) = L (wr, wi, ),
g2 wr,  2a+d(swp + (1 — ¢) wg)

ﬁ(wL—v):%(b—l—d) ——2+ 202 + )

Solving for wy, and taking the limit gives

) 2a +dlimwi ()  2a+ dws,
lim w} () = KA K
mw (¢) (2b+ d) (2b+ d)

Since by Al, wj, < a/b, it is easy to check that lim wj} (&) > lim wj(¢) and
thus, limwi(¢) < limwj (e) < v/6.
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(iii) Part (iii) is trivially obtained from (i) and reverting the implication
in (ii).

This lemma implies the following property of agglomeration equilibria:

Corollary If agglomeration is a stable corner equilibrium, then either

(i) labor market in region K is in regime 3: limwk(e) < limwj(e) <
limwiy () <wv/0, or,

(i) labor markets in both regions are in regime 2: lim wj(¢) = limwj (¢) <
limwi () =v/0.

Proof. (i) Suppose by contradiction that limwy (¢) > limwj (¢) and
limwj(e) < v/6. Then, by property (iii) of the Lemma, we have that
limwy(e) = v/6, and hence lim wj(¢) > v/6, which is a contradiction.
Similarly, suppose that lim wy(¢) < lim wj (¢) and limw}y(¢) > v/6. Then,
by property (iii) of the Lemma, lim wj (¢) = v/6, and hence lim wj(¢) < v/#,
which also yields a contradiction.

(i) Part (ii) directly follows from property (iii) of the Lemma. For in-
stance, if limw¥ (¢) = lim wj (¢), by property (iii) of the Lemma, lim wj (¢) =
v/6 and therefore lim wj; (¢) = v/6. The reverse implication follows a similar
argument.

Finally, Proposition 3 states that stable corner equilibria exist if and
only if a/v < b. To have agglomeration in region K, wages in that region
must be lower, or equal to wages in the other region: lim w,(¢) <limwj (¢).
We can re-write the proposition more precisely as

Proposition (i) When labor market in region K is in regime 3, agglomer-
ation is a stable corner equilibrium if and only if a/v <B. (ii) When labor
markets in both regions are in regime 2, agglomeration is a stable corner
equilibrium if and only if B< a/v < b, where

B— 20+ d)(1 — 0) +2b(b +d)I?
- 20(b +d)I?

Hence, corner equilibria are stable if a/v < b.

Proof. (i) We show that limw(¢) < v/0 < a/v <b. If lim wi(¢) < v/9,
then the labor supply in region K is L3? and labor market equilibrium
requires

Lf(g(wK7 8) = L%O‘”K? Wy, 6)7

P o = L
(1128) (wi —v) =2(1-¢) (b +d) —7K+2 +d((;(2b€ld;{+g L)
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This gives
lhnlu*(8)::2a(b—kcﬁ]2—%v(2b%—d)
K 2b(b+ d)I2 + (20 +d)
One can readily show that the condition lim wj(¢) < v/6 is equivalent to
a/v <B.

(ii) We now show that lim wi, () = v/0 < B < a/v < b. When limw(¢) =
limw}(e) = v/6, the location equilibrium at Nx = 1 is stable if and only
if the slope of AII(AN) is negative at Nx = 1. A similar analysis has
already been done for interior equilibria with wx = wr, = v/6 in Propo-
sition 4. In that analysis, the labor market clearing condition in region
K implies that Nx € [N, N]. Therefore, agglomeration with Ny = 1 and
limws (e) = limw (¢) = v/6 implies that 1 € [N, N]. By (12) and (13), one
can show that this is equivalent to B< a/v < b.

Appendix 3: Comparative Statics

We ..rst prove that (i) X, < 0, X, > 0, X; >0 and X, < 0; then we prove
that (ii) X; < 0 and (iii) Xy < 0.

(i) Let us ..rst de..ne z = a/v. Then, using the de..nition of X, (equation
(11)) one can show that

Q2 2 (bt-d) 12 4+(2b+d)(1—6)(1—0+261)
Xz = 8I7(b+d) 0 (1-0)?[22I (b+d)+(1—6)(2b+d)]? <0,
Y. — 8072 [2(b+d)? I%+d(1—6) (201 —0+1)] 2+I(2b?+2bd+-d?) (1—6)
b = (1—6)2[221 (b+d)+(1—06) (2b+d)| 2
_ —8[I(226—b)+2(1-6)]012b
Xa = 2o 1(b+d) 11— (AP (1-8) 0.

> 0,

(i) To show that X; < 0, letusde.ne A =2b+dand B=0+d. W
can write
N 2:0B((1-6)>—(201))+(1-6) (201+(1-6))A+801%bB

X = D (1-0)% (2] B+(1-0) A) ’

(15)

where N and D are the numerator and denominator of this expression. After
simpli..cation we can write

X<1lePI)=2B0z—-b)I?—(1-0)0AI—(1—-0*A>0 (16)

This polynomial P(I) has a negative and a positive root since P(—oc) > 0,
P(0) < 0 and P(c0) > 0. Let I; be the positive root of this polynomial.
Thus we have that

X<l&el>1 (17)
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Since I; is the largest root, it is larger than half the sum of roots:
(1—6)0A

I > 1502 -0) (18)
Then, we compute
X = —(K) ' (8B%2(0z—b)I> +2BA (1 —0) (202 — 3b) I?
—2A%0(1—0)>T— A2 (1 —0)) (19)

where K(I) = (6 —1)? (22I B+ A(1 — 0))? /40 > 0.
Multiplying the inequality (16) by A (1 — ) gives

—A2(1-0)>> —24AB(1 —0) (02 —b) I* + A%0(1— 0)* I
Substituting this in the last term of (19) yields the inequality
—K(I) Xr >1(22IB+A(1—0))(4IB(0z—0b) —A0(1 —0))

The right hand side is positive by (17-18). Hence X; < 0.
(iii) To show that X, < 0, we dicerentiate equation (15):

_ NyD—DyN  Np—DyX
- D? - D
We note that Dy = —3(1 —6)? A — 412zB(1 —6) < 0. Since X € [0,1],

Ny —DpX < Ny— Dgy. Thus a succient condition for Xy < 0is Ng— Dy < 0.
Wk have

Xo

Ny — Dy =4I [—42BOI* +2BbI* + 0A (2 —30) I + A(1—30) (1 —0)] .
From (16), we know that
4B0zI? > ABI?b+2(1 —0)0AI +2(1 —0)* A
Hence, substituting 482012 in Ny — D, yields
Ny — Dy < AI [-2I°bB — A— A9* (I —1)] <0

which proves the result.

Appendix 4: Proposition 5

The proofs of parts (ii) and (iv) in Proposition 5 are already presented in
the text. e need to demonstrate parts (i) and (iii).
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Part (i) : Welfare under Agglomeration

In the text, we explain that, at agglomeration equilibrium in a region K,
total production and pro..t cannot be improved by re-locating some ..rms
because such a re-location would raise wages, that is, wr > wx and wj, > 0
at Ny = 1. Furthermore, we argue that the welfare of workers cannot be
improved because wi./ (wg — v) +1 >0 at Ng = 1. We now formally show
each of these elements when d = 0.

By part (i) of the lemma in Appendix 2 (proof of proposition 3), we
know that, wy, < v/0 when ..rms agglomerate in region K. By part (ii) of
the same lemma, we also know that, if wr < v/6, then wx < wr < v/0
when ..rms agglomerate in region K. As a result, wages can take the three
following values: ..rst, wxg = wr, = v /0, second, wx < wr, =v/6, and ..nally,
wg < wr, < v/0. The ..rst case corresponds to interior equilibria in the set
T where wages are equal to v/6. This is studied in part (ii) of Proposition
5. In the last two cases, we naturally have that wx < wr. Moreover, since
wg < v/6, the labor market clearing in region K implies that L3? = LY.
Using d = 0, we get

g (wr = v) = bNc (§ —wx)

The wage is explicitly solved as

_ vgk + alNk

w
K g% + bNk

with gx = Nk /I. The derivative of this expression with respect to Nx is

a—vb 9

W = ———— 12 <0
K7 (b2 + Nk ?

Hence, when some re-locate to the deserted region L, wages increase in the
region K where ..rms were agglomerated. Furthermore, at Nx =1,
w bI* a —vb
E— 4

wrg —v - wr —v (b2 4 1)

Therefore, the elasticity of wages to ..rms’ location is not too high and the
total welfare of workers increases.
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Part (iii) Welfare under stable asymmetric interior equilib-
rium

In this section, we show that, under stable asymmetric interior equilibrium,
the wage schedule must be bell-shaped and wages must decrease for large
values of Nk.

When goods are totally dicerentiated (d = 0), it is readily checked that
wages at an interior location equilibrium, de..ned at the beginning of Ap-
pendix 1, take the following simple expression:

I{Nklal +v (1 —0)]+v0I}
(1 —0)* N2 4+ I[bI +260 (1 — 6)] Nk + 612

VK € {4, B}

WK =

The derivative of wages is

dwi  —(1-0)?[al+v(1—0)]NZ —20v0I (1— 9)2NK+012[(a9—vb)I Ov(1— 0)]I

dNg {(1—0)* NZ+1[bI+26(1— 6)]NK+0212}

The numerator of this expression is quadratic. It has two roots in Nk, one
of which being negative. Wages are computed assuming an interior location
equilibrium, that is under the hypothesis a/v > b. Under d =0, b is

bI2+0(1—0)1+(1—0)>

120 '
Under this condition, it is readily checked that dwy /dNg is positive at
Ny = 0. Thus wages start by increasing around Nz = 0 and may eventually
decrease for larger values of Nx. When partially asymmetric equilibria exist,
the wage schedule must be bell-shaped and wages must decrease for large
values of Ngk.

b
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Figure 1. Stable Location Equilibria
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Figure 2: Full agglomeration and partial agglomeration.
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Figure 3: Welfare of workers, consumers and firms owners (d=0, b=I=1)



