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Abstract. In recent years, there has been a growing interest in using learning-

based approaches for solving combinatorial problems, either in an end-to-end

manner or in conjunction with traditional optimization algorithms. In both sce-

narios, the challenge lies in encoding the targeted combinatorial problems into

a structure compatible with the learning algorithm. Many existing works have

proposed problem-specific representations, often in the form of a graph, to lever-

age the advantages of graph neural networks. However, these approaches lack

generality, as the representation cannot be easily transferred from one combina-

torial problem to another one. While some attempts have been made to bridge

this gap, they still offer a partial generality only. In response to this challenge,

this paper advocates for progress toward a fully generic representation of com-

binatorial problems for learning-based approaches. The approach we propose in-

volves constructing a graph by breaking down any constraint of a combinatorial

problem into an abstract syntax tree and expressing relationships (e.g., a vari-

able involved in a constraint) through the edges. Furthermore, we introduce a

graph neural network architecture capable of efficiently learning from this rep-

resentation. The tool provided operates on combinatorial problems expressed in

the XCSP3 format, handling all the constraints available in the 2023 mini-track

competition. Experimental results on four combinatorial problems demonstrate

that our architecture achieves performance comparable to dedicated architectures

while maintaining generality. Our code and trained models are publicly available

at https://github.com/corail-research/learning-generic-csp.

1 Introduction

Combinatorial optimization has drawn the attention of computer scientists since the dis-

cipline emerged. Combinatorial problems, such as the traveling salesperson problem or

the Boolean satisfiability have been the focus of many decades of research in the com-

puter science community. We can now solve large problems of these kinds efficiently

with exact methods [2] and heuristics [14]. Heuristics are handcrafted procedures that

crystallize expert knowledge and intuition about the structure of the problems they are

applied to. While heuristics have found success and applications for the resolution of

combinatorial problems either as a direct-solving process or integrated into a search

procedure, the rise of deep learning in many different fields [4,7,18,24] has attracted the
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attention of researchers [5]. Among deep learning architectures, graph neural networks
(GNNs) [29] have proven to be a powerful and flexible tool for solving combinatorial

problems. However, as identified by Cappart et al. (2023) [8], it is still cumbersome

to integrate GNN and machine learning into existing solving processes for practition-

ers. One reason is that a dedicated architecture must be designed and trained for each

combinatorial problem. In addition to potentially expensive computing resources for

training, this also requires the existence of a large and labeled training set.

Building such a problem-specific graph representation has been the preferred choice

of most related approaches, such as NeuroSAT [30] leveraging an encoding for SAT for-

mulas, or approaches tightly linked to the traveling salesperson problem [27,16]. These

approaches suffer from a lack of generality as the architecture could not be trivially ex-

ported from one combinatorial problem to another one (e.g., the representation in Neu-

roSAT cannot be used for encoding an instance of the traveling salesperson problem).

Few attempts have been realized to bridge this gap, but they still provide only a partial

genericity. For instance, Gasse et al. (2019) [13] proposed a bipartite graph linking vari-

ables and constraints when a variable is involved in a given constraint. However, this

approach only encodes binary mixed-integer programs. Chalumeau et al. (2021) [10]

later introduced a tripartite graph where variables, values, and constraints are specific

types of vertices. This approach also lacks genericity as the method requires retraining

when the number of variables changes. To our knowledge, the last attempt in this di-

rection has been realized by Marty et al. (2023) [23] who leveraged a tripartite graph

allowing decorating each vertex type with dedicated features. Although any combinato-

rial problem can theoretically be encoded with this framework, some information is lost

with the encoding. For instance, it was not clear how the constraint 3x1 ≤ 4x2, could be

differentiated from the constraint 2x1 ≤ 5x2. On the one hand, both constraints can be

represented as an inequality, but we lose information about the variables’ coefficients.

On the other hand, both constraints can be encoded as two distinct relationships, but in

this case, we lose the fact that we have an inequality in both cases. More formally, their

encoding function was not injective. Different instances could have the same encoding

with no option to differentiate them. Besides, the experiments proposed only targeted

relatively pure problems (maximum independent set, maximum cut, and graph color-
ing). Similar limitations are observed in the approach of Tönshoff et al. (2022) [31].

Based on this context, this paper progresses towards a fully generic representation of

combinatorial problems for learning-based approaches. Intuitively, our idea is to break

down any constraint of a problem instance as an abstract syntax tree and connect sim-

ilar items (e.g., the same variables or constraints) through an edge. Then, we introduce

a GNN architecture able to leverage this graph. To demonstrate the genericity of this

approach, our architecture directly operates on instances expressed with the XCSP3

format [6] and can handle all the constraints available in the 2023 mini-track compe-

tition. Experiments are carried out on four problems (featuring standard intension, and

global constraints such as ALLDIFFERENT [28], TABLE [11], NEGATIVETABLE [33],

ELEMENT and SUM) and aims to predict the satisfiability of the decision version of

combinatorial problems. The results show that our generic architecture gives perfor-

mances close to problem-specific architectures and outperforms the tripartite graph of

Marty et al. (2023) [23].
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2 Encoding Combinatorial Problem Instances as a Graph

Formally, a combinatorial problem instance P is defined as a tuple 〈X,D(X), C,O〉,
where X is the set of variables, D(X) is the set of domains, C is the set of constraints,

and O (X → R) is an objective function. A valid solution is an assignment of each

variable to a value of its domain such that every constraint is satisfied. The optimal

solution is a valid solution such that no other solution has a better value for the objective.

Our goal is to build a function Φ : 〈X,D(X), C,O〉 �→ G(V, f, E), where G is a graph

and V , f , E are its vertex, vertex features and arc sets, respectively. We want this

function to be injective, i.e., an encoding refers to at most one combinatorial problem

instance. We propose to do so by introducing an encoding consisting in a heterogeneous

and undirected graph featuring 5 types of vertices: variables (VAR), constraints (CST),

values (VAL), operators (OPE), and model (MOD). The idea is to split each constraint as

a sequence of elementary operations, to merge vertices representing the same variable

or value, and connect together all the relationships. An illustration of this encoding is

proposed in Figure 1 with a running example. Intuitively, this process is akin to building

the abstract syntax tree of a program. Formally, the encoding gives a graph G(V, f, E)
with V = VVAR ∪VCST ∪VVAL ∪VOPE ∪VMOD is a set containing the five types of vertices,

f = fVAR ∪ fCST ∪ fVAL ∪ fOPE ∪ fMOD is the set of specific features attached to each

vertex, and E is the set of edges connecting vertices. Each type is defined as follows.

Values (VVAL). A value-vertex is introduced for each constant appearing in P . Such

values can appear inside either a domain or a constraint. All the values are distinct,

i.e., they are represented by a unique vertex. The type of the value (integer, real,

etc.) is added as a feature (fVAL) to each value-vertex, using a one-hot encoding.

Variables (VVAR). A variable-vertex is introduced for each variable appearing in P . A

vertex related to a variable x ∈ X is connected through an edge to each value v
inside the domain D(x). Such as the value-vertices, all variables are represented

by a unique vertex. The type of the variable (boolean, integer, set, etc.) is added as

a feature (fVAR) using a one-hot encoding.

Constraints (VCST). A constraint-vertex is introduced for each constraint appearing in

P . A vertex related to a constraint c ∈ C is connected through an edge to each value

v that is present in the constraint. The type of the constraint (inequality, allDifferent,
table, etc.) is added as a feature (fCST) using a one-hot encoding.

Operators (VOPE). Tightly related to constraints, operator-vertices are used to unveil

the combinatorial structure of constraints. Specifically, operators represent mod-

ifications or restrictions on variables involved in constraints (e.g., arithmetic op-

erators, logical operators, views, etc.). An operator-vertex is added each time a

variable x ∈ X is modified by such operations. The vertex is connected to the ver-

tices related to the impacted variables. The type of the operator (+, ×, ∧, ∨, etc.) is

added as a feature (fOPE) using a one-hot encoding. If the operator uses a numerical

value to modify a variable, this value is used as a feature (fOPE) as well.

Model (VMOD). There is only one model-vertex per graph. This vertex is connected to

all constraint-vertices and all variable-vertices involved in the objective function.

Its semantics is to gather additional information about the instance (e.g., the direc-

tion of the optimization) by means of its feature vector (fMOD).
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max x1

s.t. 3x1 ≤ 4x2

TABLE([x1, x2], [(1, 2), (2, 3)])

x1 ∈ {1, 2}
x2 ∈ {2, 3}

1 2 3

x1 x2

×3 ×4

lhs rhs

≤

t1 t2

. . . .

ext

M

Fig. 1: Encoding of a combinatorial problem instance presented as a running example.

There are 3 value-vertices depicted (in green) and 2 variable-vertices (in red). As x1

contains values 1 and 2 in its domain, they are connected with an edge, and similarly for

the domain of x2. There are 2 constraint-vertices (in blue), one for the inequality (≤)

and one for the TABLE constraint (ext). The figure’s gray area illustrates the constraint

3x1 ≤ 4x2, highlighted by operators (in orange) and showing a multiplication (×, with

feature 3) of x1 on the right-side (rhs) and another (×, with feature 4) of x2 on the left-

side (lhs). The rhs and lhs operators clarify equation sides, essential for distinguishing

between 3x1 ≤ 4x2 and 3x1 ≥ 4x2, and link to the associated constraint (e.g., inequal-

ity ≤). The constraint TABLE([x1, x2], [(1, 2), (2, 3)]) is expressed in a similar way. It

involves two tuples t1 and t2. Finally, the model-vertex (in yellow) is connected to the

two constraints, and to variable x1, as it is part of the objective function.

As a final remark, this encoding can be used to represent any combinatorial problem

instance in a unique way. To do so, a parser for each constraint, describing how a con-

straint has to be split with the involved operators and variables, must be implemented.

We currently support all the constraints formalized in XCSP3-CORE modeling format

[6] and used for the mini-solver tracks of the XCSP-2023 competition: binary inten-
sion, table, negative table, short table, element and sum. Our repository contains the

required documentation to build a graph from an instance in the XCSP3-CORE format

with a description of all the features considered.

3 Learning from the Encoding with a Graph Neural Network

To achieve the next step and learn from this representation, we designed a tailored graph
neural network (GNN) architecture to leverage this encoding. A GNN is a specialized

neural architecture designed to compute a latent representation (known as an embed-
ding) for each node of a given graph [29]. This process involves iteratively aggregating

information from neighboring nodes. Each aggregation step is denoted as a layer of the

GNN and incorporates learnable weights. There are various ways to perform this aggre-

gation, leading to different variants of GNNs documented in the literature [20,25,32].

The model is differentiable and can then be trained with gradient descent methods.

Let G(V, f, E) be the graph encoding previously obtained, and let h
[i]
t,v ∈ R

p be a

p-dimensional vector representation of a vertex v ∈ Vt (t refers to a vertex type from

T : {VAR, VAL, CST, OPE, MOD}) at iteration i ∈ {0, . . . , I}. The inference process
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of a GNN consists in computing the next representations (h
[i+1]
t,v ) from the previous

ones for each vertex. This operation is commonly referred to as message passing. First,

we set h
[0]
t,v = ft,v for each type, where ft,v is the vector of features related to vertex

v ∈ Vt. Then, the representations at each iteration are obtained with LAYERNORM [3]

and LSTM layers [15]. The whole inference process is formalized in Algorithm 1. First,

the initial embedding of each vertex is set to its feature (line 5) and the hidden states of

the LSTM are initialized to 0 (line 6), as commonly done. Then, I steps of message-

passing are carried out (main loop). At each iteration i, a message (μ
[i]
t1,v) is obtained

for each vertex. The computation is done in three steps (line 8): (1) the embedding of

each neighbor of a given type is summed up, (2) the resulting value is fed to a standard

multi-layer perceptron (MLPin
t1,t2 ), note that there is a specific module for each edge

type, (3) the messages related to each type are concatenated together (
⊕

) to obtain

the global message for each vertex. Notation Nt2(v) refers to the set of neighbors of

vertex v of type t2. The result is then given as input to an LSTM cell (line 9, one

cell for each type) and is used to obtain the embedding at the next layer. We note that

each LSTM has its internal state (γ
[i]
t,v) updated. At the end of the loop, each vertex

has a specific embedding (h
[I]
t,v). After the last iteration, we compute the vertex-type

dependent output by passing h
[I]
t,v through a standard multi-layer perceptron MLPout

t

(line 10). This produces the output embeddings for all nodes, which are then averaged

(line 11). Finally, the sigmoid function (σ) is used to obtain an output between 0 and 1.

Algorithm 1: Inference process of our GNN architecture.

1 � Pre: G(VVAR,CST,VAL,OPE,MOD, fVAR,CST,VAL,OPE,MOD, E) is the graph encoding.

2 � Pre: T : {VAR, VAL, CST, OPE, MOD} is the set of vertex-types.

3 � Pre: I is the number of iterations of the GNN.

4

5 h
[0]
t,v := ft,v ∀v ∈ Vt, ∀t ∈ T

6 γ
[0]
t,v := 0 ∀v ∈ Vt, ∀t ∈ T

7 for i from 1 to I do
8 μ

[i]
t1,v

:=
⊕

t2∈T
MLPin

t1,t2

( ∑
u∈Nt2

(v)

h
[i−1]
t2,u

)
∀v ∈ Vt1 , ∀t1 ∈ T

9 h
[i]
t,v, γ

[i]
t,v := LSTMt

(
μ
[i]
t,v, γ

[i−1]
t,v

)
∀v ∈ Vt, ∀t ∈ T

10 νt,v := MLPout
t

(
h
[I]
t,v

)
∀v ∈ Vt, ∀t ∈ T

11 ŷ := σ
(

1
|T |×|V |

∑
t∈T

∑
v∈Vt

νt,v
)

12 return ŷ

4 Experiments

This section evaluates our approach on combinatorial task, focusing on four problems:

Boolean satisfiability (SAT), graph coloring (COL), knapsack (KNAP), and the travel-

ing salesperson problem (TSP) with TSP-EXT (table constraint) and TSP-ELEM (el-
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ement constraint) models. We trained models on the decision version of the problems,

asking if a solution exists with costs under a target k. When there is no objective func-

tion, we have a plain constrained satisfaction problem (e.g., SAT). The aim is not to find

the solution but to determine its existence, aligning with recent studies [30,27,19,21].

We compared our approach with problem-specific architectures and the tripartite graph

of Marty et al. (2023) [23]. For the latter, we extracted their graph representation and

used it in our GNN. The evaluation metric considered is the accuracy in correctly pre-

dicting the answer to the decision problem. Details on experimental protocols and im-

plementations follow.

Boolean Satisfiability. Instances are generated with the random generator of Selsam

et al. (2018) [30]. Briefly, the generator builds random pairs of SAT instances of n
variables by adding new random clauses until the problem becomes unsatisfiable.

Once the problem becomes unsatisfiable, it changes the sign of the first literal of

the problem, rendering it satisfiable. On average, clauses have an arity of 8. Both

the satisfiable and unsatisfiable instances are included in the dataset. Still following

Selsam et al. (2018), we built a dataset containing millions of instances having 10

to 40 literals. The SAT-dependent architecture considered in our analysis has been

also introduced in the same paper. We used a training set of size 3,980,000 and a

validation set of size 20,000.

Traveling Salesperson Problem. Instances are generated with the random generator

of Prates et al. (2018) [27]. The generation consists in (1) creating n points in a

(
√
2/2 ×

√
2/2) square, (2) building the distance matrix with the Euclidean dis-

tance, and (3) solving them using the Concorde solver [1] to obtain the optimal

tour cost C∗. Two instances are then created: a feasible one and an unfeasible one

with target costs of 1.02C∗ and 0.98C∗, respectively. We build two TSP models: a

first one where the distance constraints are expressed with an extension constraint

(TSP-EXT), and a second one with an element constraint (TSP-ELEM). The moti-

vation is to analyze the impact of the model on the resulting graph encoding and the

performances. Still following Prates et al. (2018), we built the dataset with a num-

ber of cities n sampled uniformly from 20 to 40. The TSP-dependent architecture

considered in our analysis has been also introduced in the same paper. We used a

training set of size 850,000 and a validation set of size 50,000.

Graph Coloring. Instances are generated following Lemos et al. (2019) [19]. This

generator builds graphs with 40 to 60 vertices. For each graph, a single edge is

added such that the k-coloriability is altered. The instances are produced in pairs:

one where the optimal value is k and another one where it is higher. Our encoding

leverages a standard model of the graph coloring featuring binary intension (
=)

constraints. The COL-dependent architecture has been also introduced in the same

paper. We used a training set of size 140,000 and a validation set of size 10,000.

Knapsack. We built instances containing 20 to 40 items and solved them to optimality

to find the optimal value V ∗. Then, we created two instances, a feasible one and an

unfeasible one with a target cost of 1.02V ∗ and 0.98V ∗, respectively. Our encoding

leverages a standard knapsack model featuring a SUM constraint. The KNAPSACK-

specific model was based on the model of Liu et al. (2020) [21]. We used a training

set of size 950,000 and a validation set of size 50,000.
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Implementation Details. All models were trained with PyTorch [26] and PyTorch-

Geometric [12] on a single Nvidia V100 32 GB GPU for up to 4 days or until

convergence. We selected the model having the best performance on the validation

set. To make the comparisons between specific and generic graphs fair, we trained

all our models using a single GPU, and we tuned each model by varying the num-

ber of hidden units in the MLP and LSTM layers. Concerning the problem-specific

architectures, we reused to same hyperparameters as described in their original pub-

lications. All models are trained with Adam optimizer [17] coupled with a learning

rate scheduler and a weight decay of 10−8. The main hyperparameters used for

our different models are detailed in the accompanying code. All our models are

expressed using XCSP3 formalism. We implemented a parser to build the graph

from this representation. Our code and trained models are publicly available.

4.1 Results: Accuracy of the Approaches

Table 1 summarizes the accuracy in predicting the correct answer on the validation

set for each problem and baseline. Interestingly, we observe that our approach achieves

similar or close performances as the problem-specific architectures for all the problems.

We see it as a promising result, as our approach, thanks to its genericity, can be directly

used for all the problems without designing a new dedicated architecture. On the other

hand, the approach of Marty et al. (2023) [23], fails to achieve similar results except for

the graph coloring. This is because this representation does not preserve the combina-

torial structure of complex constraints (COL has only constraints like x1 
= x2).

Table 1: Prediction accuracy on holdout test set

Architecture SAT TSP-EXT TSP-ELEM COL KNAP

Problem-specific 94.3% 96.3% 77.0 % 98.8%
Tripartite [23] 50.0% 50.0% 84.6% 50.0%

Ours 94.4% 84.5% 91.4% 84.4% 97.9%

While TSP-ELEM achieves results close to the TSP-specific approach, TSP-EXT

falls short significantly. This highlights the importance of using an appropriate combi-

natorial model for the encoding. Specifically, the encoding TSP-ELEM has a size of

1841 vertices and 13042 edges, while TSP-EXT yields a graph of 5661 vertices and

28322 edges, for a same instance of 40 cities. This is consequently larger encoding,

which is not desirable as it makes the model harder to train.

4.2 Analysis: Generalization to Larger Instances

Figure 2 shows the generalization ability of the previous model, without retraining, on

new instances with 60, 80 and 100 variables (5000 instances for each size). We ob-

serve that our generic representation provides a better generalization than the problem-

specific architecture for SAT and TSP. Notably, TSP-ELEM offers a far better gener-

alization than TSP-EXT, confirming the impact of the input model and the size of the
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Fig. 2: Analysis of the generalization ability on larger instances.

graph. Interestingly, we observe a strong generalization ability of the specific architec-

ture for the knapsack. Our preliminary analysis indicates that this is achieved thanks to

a GNN aggregation function based on a weighted sum. Understanding in detail the root

causes of this generalization is part of our future work.

4.3 Discussion: Limitations and Challenges

Although the empirical results show the promise of this generic architecture, some lim-

itations must be addressed. First, the training time required to obtain such results is

prohibitive, although we have considered only relatively small instances so far. This is

mainly because our encoding generates large graphs. This opens the door to integrating

compression methods, dedicated to shrinking the size of the encoding without losing

information. A parallel can be done with the SMARTTABLE [22] constraints, which en-

codes tables more compactly. It also highlights the importance of having a good input

model, yielding a small embedding (e.g.,TSP-ELEM versus TSP-EXT). Besides, the

current task is restricted to solving the decision version of problems with an end-to-end

approach. The next step will be to integrate this architecture in a full-fledged solver,

such as what has been proposed by Gasse et al. (2019) for binary mixed-integer pro-

grams [13], and by Cappart et al. (2021) for constraint programming [9]. Finally, the

generalization ability of a model trained for a specific problem (e.g., on the TSP) to a

similar one (e.g., TSP with time windows) is an interesting aspect to investigate.

5 Conclusion and Perspectives

This paper introduced a first version of a generic procedure to encode arbitrary com-

binatorial problem instances into a graph for learning-based approaches. The encoding

proposed is injective, meaning that each encoding can be obtained by only one instance.

Besides, a tailored graph neural network has been proposed to learn from this encod-

ing. Experimental results showed that our approach could achieve similar results as

problem-specific architectures, without requiring the need to hand-craft a dedicated rep-

resentation. All the constraints involved in the 2023 mini-track competition of XCSP3
are currently supported. Adding new constraints only requires the implementation of

a parser. Our next steps are to challenge the approach on bigger and more complex

problems, and on other combinatorial tasks (e.g., learning branching heuristics).
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