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Thèse présentée en vue de l’obtention du grade de docteur en sciences de
l’ingénieur

Composition du Jury

Prof. Danielle Vanhoenacker-Janvier (Supervisor) UCLouvain, Belgium
Prof. Christophe Craeye (Chair) UCLouvain, Belgium
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Abstract

A pair of counter-rotating vortices is created after roll-up of the wake of flying
aircraft. Normally, wake vortices (WVs) cannot be observed visually unless
they capture some smoke, clouds, or aircraft contrails. Nevertheless, wake vor-
tex (WV) turbulence is a serious hazard for the following aircraft especially
during taking off and landing. The aircraft encountering a wake vortex system
that has not dissipated enough, may be subjected to a strong rolling moment
or to a strong downwash velocity causing a drop in lift. To prevent such a risk,
safety separations between aircraft were imposed by the International Civil
Aviation Organization (ICAO) at the beginning of the 70s. With the expo-
nentially growing air traffic, those safety separations become too constraining
for large and busy airports, limiting their capacity and flexibility, and causing
many delays on departures and arrivals.

In order to support the development of new systems, such as weather de-
pendent separation, measurement tools are required to provide in real time
information about the WVs intensity and their location relative to the glide
path. The main sensors proposed are lidar and radar. They are complemen-
tary to detect WVs in all weather conditions: lidar is used in clear air and
radar in rain. It is important to determine accurately the limitations of the
radar detection and the parameters influencing them.

This thesis provides a tool that allows the simulation of the WVs detection
by radar in clear atmosphere and in the presence of rain. It can be used to
optimize the radar parameters, to develop algorithms for the detection of WVs
and to estimate their parameters. The novelty of the approach resides in the
use of 3D fields from Large Eddy Simulations (LES) of the WVs in the turbulent
stratified atmosphere, for the calculation of the radar backscattered signal. The
LES output is used to simulate the time series and the Doppler spectra of the
signal returning to the radar. The simulated signal is then analyzed to retrieve
the position and the strength of the WVs.

The platform developed and the models/methods tested, constitute a useful
tool for the optimization of the radar configuration and parameters, and also for
the improvement of the radar link budget. It could also be used, alongside with
other algorithms, for a benchmark of methods for estimating the WVs strength.
The radar simulator developed provides a useful tool for the optimization of
the algorithms dedicated to the detection/classification of the WVs, using the
backscattered radar signal.

The main contributions of this thesis can be summarized as follows:
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vi Abstract

1. Electrical characterization of the scattering medium based on the LES.

2. Development of a simulator of the radar signal backscattered on the WVs
using LES 3D fields. It allows simulation of the time series of the signal
backscattered in clear air as well as the direct synthesis of the backscat-
tered signal’s Doppler spectrum in the presence of rain.

3. Implementation of a methodology for estimation of the WVs radar cross-
section that enables the analysis of the detectability of the WVs under
different weather conditions.

4. Analysis of the radar signatures of the WVs to establish a relation between
the different parts of the Doppler signatures and the physical phenomenon
causing those contributions.

5. Verification of the methodology to retrieve the atmospheric turbulence
strength using the LES.

6. Implementation of two different methods to analyze the WVs strength.
It is shown that the WVs’ strength can be accurately retrieved from the
radar measurements.
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Chapter 1

Introduction

After introduction of the problem, this chapter describes the context in which
the research started and the context of this thesis. It also gives the state of
the art of WVs detection and simulation, in clear air and rainy conditions. It
concludes by the shortcomings of the existing models and the strategy followed
by this thesis to improve the situation.

1.1 Problem statement
After roll-up of the wake of an aircraft, a pair of counter-rotating vortices is
created. This phenomenon, called WV turbulence, can constitute a hazard for
any other aircraft behind the first, especially during takeoff and landing phases
(Krause, 2003). Indeed, the aircraft encountering a wake vortex system that
has not dissipated enough may be subjected to a strong rolling moment (when
encountering one of the vortices) or to a strong downwash velocity (when flying
in between the two vortices), causing a drop in lift (See Fig. 1.1).

Figure 1.1: Possible encounters with WVs by a following aircraft. The figure
is taken from (Rossow, 1999).

1



2 CHAPTER 1. INTRODUCTION

Figs. 1.2 and 1.3a illustrate the vortex roll-up in the smoke observed by
Huffaker et al. (1971) and at the NASA Flight Research Center, respectively.
Fig. 1.3b illustrates the WVs interaction with ground.

To prevent such risks of encountering a wake, safety separations between
aircraft were imposed by International Civil Aviation Organization (ICAO) in
the early 1970s. With the current exponentially growing air traffic, those safety
separations become too constraining for large and busy airports, limiting their
capacity and flexibility, and causing many delays in departures and arrivals.

(a) (b)

Figure 1.2: Earliest works on WVs detection – wake vortex in smoke. This
figure is taken from (Huffaker et al., 1971).

(a) (b)

Figure 1.3: Visualization of the WVs: (a) by “smoke generators installed on the
tips of the aircraft’s wings” (obtained during a series of flight tests preformed
in 1973 – 1974 at the NASA Flight Research Center (FRC)); (b) illustration
of the WVs interaction with ground. Picture (a) is taken from NASA website
(2019) and picture (b) is from DLR website (2019).

To optimize the airport/runway throughput while maintaining an accept-
able level of safety, the separation minima were redefined in 2013 by splitting
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the ICAO Heavy and Medium categories into ‘Upper’ and ‘Lower’ aircraft
parts, resulting in 6 categories instead of the 4 previous ones (EUROCON-
TROL, 2013). This new categorization (RECAT-EU) has been deployed in
Paris Charles de Gaulle airport since the spring of 2016 (DGAC, 2016). A
similar system (RECAT) has been implemented by the FAA in the US (Cheng
et al., 2016).

In order to support the development of new systems for a safe decrease of
aircraft spacing (such as weather-dependent separation systems), measurement
tools that can provide information about the wake vortex situation around
the airport, in real time, is also required. The main sensors used for this
issue are lidar and radar. Lidars operate in clear air (Holzäpfel et al., 2003;
Köpp et al., 2005) but they require a sufficient concentration of aerosols in
the air and they are blind in rain or fog conditions. Radars are able to see
scattered electromagnetic (EM) waves on raindrops or fog particles (Barbaresco
et al., 2008; Seliga and Mead, 2009); but the power of the scattered EM waves
returning to the radar is quite weak in clear air (Gilson, 1992). To cover
all weather conditions, both tools are likely to be used together (Oude Nijhuis
et al., 2018). For reliable work, it is necessary to know the limits of detectability
for the sensors under different weather conditions.

1.2 Context of research
A description of the wake vortices was provided, for the first time, by F. W.
Lanchester in 1907 (Lanchester, 1908). Since then, this problem was gradually
attracting more and more attention to ensure the aviation safety and satisfy
the demand for increasing the airports capacity. Li (2010) and Liu (2013)
discriminate four phases of the research activities on the WVs:

1. During the first phase (1900s – 1950s), the basic theories describing the
WVs were formed.

2. The second phase (1960s – 1980s) emerged with the increasing number
of types of aircraft. The WV was then investigated from the point of
view of aviation safety. A reference point was a Symposium on aircraft
wake turbulence, held in Seattle, in September 1970 (Olsen, 1970). One
of the main topics discussed during the symposium was the aspects of the
interaction between the wake vortices and the aircraft. The first systems
for the detection of the WVs appeared during this period (Burnham et al.,
1971; Hallock, 1991).

3. The third phase (1990s – 2005s) was initiated by a new FAA (Federal
Aviation Administration, USA) program on the WVs. During this pe-
riod, intensive studies of the WVs were conducted in the USA and in Eu-
rope. Many different types of systems were suggested for WV monitoring:
Radar (Gilson, 1992; Myers, 1997; Mackenzie, 1997; Marshall and Myers,
1996; Marshall et al., 1997; Hanson and Marcotte, 1997; Iannuzzelli et al.,
1998; Shephard et al., 1994; Neece et al., 2005), Lidar (Köpp et al., 2005;
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Frehlich and Sharman, 2005; Köpp, 1994), Sodar (Zhang et al., 2003; Ru-
bin, 2005), and Radio acoustic sounding system (RASS) (Rubin, 2000;
Morris et al., 2004). During this phase, questions related to the wake
vortex decay, wake vortex ground effect and the impact of atmospheric
conditions on the wake vortex were addressed.

4. The fourth phase (2005 – now) has been driven by two large projects:
SESAR in Europe and NGATS in the USA, aiming at developing new
sophisticated air transportation systems.

The work presented in this manuscript was performed in the frame of UFO
project (2016) and SESAR 12.02.02 Joint Undertaking (JU). The goal of these
projects, related to the radar sensor, is to have one single radar that is used to
estimate all the relevant parameters of the atmosphere that influence the air
traffic and the parameters of the WV itself. This work is aimed at supporting
the development of the radar sensors that will be employed to monitor the
WVs.

1.3 Content of the thesis
The objective of this work is to provide a tool that allows the simulation of
the wake vortex detection in clear atmosphere and in the presence of rain.
This tool can be used for the optimization of the radar parameters and the
development of the algorithms and methods for the detection of wake vortices
and the estimation of their parameters. The analysis of the radar backscatter-
ing is based on the use of 3D fields from LES developed by Thermodynamics
and Fluid mechanics (TFL) group of UCLouvain in the frame of UFO project
(2016) and SESAR 12.02.02 JU. The LES is used to simulate the time series
and the Doppler spectra of the backscattered signal returning to the radar.
The simulated signal is then analyzed to retrieve the position and the strength
of the WV. The work performed is described in the following chapters.

The rest of this chapter overviews the experimental work and theoretical
models dedicated to the detection of the WVs in clear atmosphere and rain.
It concludes with the current status of the problem, stresses the main short-
comings of the present theoretical frameworks used for the simulation of the
radar signal backscattered by the WV and describes the novelties brought by
this work.

Chapter 2 presents the results of the LES developed by TFL group of
UCLouvain. The fields of physical parameters are transformed to the parame-
ters providing the electrical characterization of the scattering medium. Those
parameters are used to simulate the signal measured by the radar.

Chapter 3 recalls the principles of the Doppler radar measurements of dis-
tributed targets. It develops a methodology to simulate the time series of the
backscattered radar signal on the WV in clear air and to synthesize the Doppler
spectrum of the signal backscattered on the WV in rain. The geometrical con-
figurations of the measurement performed in the frame of UFO project (2016)
and SESAR 12.02.02 JU are given in this chapter.
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Chapter 4 provides the theoretical basis needed to retrieve the parameters
of the atmosphere and the WV from the radar measurements: the energy
dissipation rate (EDR) of the atmospheric turbulence, which characterizes its
intensity, and the WV circulation, which characterizes the strength of the wind
field induced by the wake vortex. The retrieval of these parameters is based on
the evaluation of the Doppler spectrum of the backscattered signal.

Chapter 5 presents the results obtained. The EDR of the atmospheric
turbulence is estimated from the Doppler spectrum width. The WV detection
in clear atmosphere is simulated to evaluate the possibility of estimating the
WV strength from the backscattered signal under clear air and rainy conditions.

Chapter 6 summarizes the contributions of this work and provides an
overview of future perspectives of the work in this field.

1.4 State of the art
The first radar measurements of WVs were performed at the beginning of the
1970s with a Doppler radar employed for the detection of EM waves scattered
on suitable tracers injected in the WV and on the natural snow tracing the wake
vortex wind flow (Easterbrook and Joss, 1971). Subsequently, the feasibility
of using a radar to detect the WV in clear atmosphere was shown with a
frequency-modulated continuous-wave (FMCW) radar (Noonkester et al., 1974;
Noonkester and Richter, 1980).

During the last five decades, numerous experimental efforts were made for
the detection of the WVs as well as theoretical works aimed to explain the
experimental data and provide a better understanding of the wake vortex phe-
nomenon and the mechanisms of EM wave scattering on it. Recently, successful
detection of the WV in both clear air and rain was shown, using an X-band
radar (Barbaresco et al., 2007, 2008, 2016). Using a W-band radar (Seliga and
Mead, 2009), a meter-scale resolution was achieved when measuring the signal
backscattered on the WV in the presence of rain. While the mechanism of
scattering of the EM waves on the WV in rain is well-known, there is still no
consensus on the exact nature of the scattering of the EM waves on the WV
in clear air.

The rest of this chapter overviews the experimental work and theoretical
models dedicated to the detection of the wake vortex in clear atmosphere and
rain. It then concludes with the current status of the problem, stresses the main
shortcomings of the present theoretical frameworks used for the simulation of
the radar signal backscattered on the WV and describes the novelties brought
by this work.

1.5 Detection of the WVs under clear air con-
ditions

The radar detection of WVs under clear atmospheric conditions is reported
in the literature, in various frequency ranges: VHF, UHF, L, S, C, X band



6 CHAPTER 1. INTRODUCTION

and even W band. Table 1.1 provides the correspondence between the radar-
frequency bands and the letters classically designating them in accordance with
(IEEE, 2003). The respective wavelengths are also recalled.

1.5.1 Measurements

Noonkester and Richter (1980) reported the first detection of wake vortices
in clear atmosphere. The observations were made with an S-band FMCW
radar operating at 2.8 – 3 GHz, that was placed at the International Airport
Lindbergh Field, San Diego, California, during field tests in 1973 (preliminary
results (Noonkester et al., 1974) were not published as pointed by Strauch
(1979) and Chadwick et al. (1981)). The radar used an antenna with a 35
dB gain and a half-power beamwidth of 4°; the power transmitted was 200 W
(Richter, 1969), (Richter et al., 1971). The antenna was pointed vertically,
providing measurements in the range from 80 m to either 550 or 700 m with
a range resolution of about 2.5 m. The radar was placed 200 m away from
the end of the runway at a distance of 30 m from the extended runway center
line. The radar worked in the range-only mode without resolving the velocity
of the scatterers. The paper reports that 292 wake vortex-related echoes were
observed in a one-month period. Fig. 1.4 provides an example of the observed
echo. It was assumed that the large shear present between the wake vortex
and the ambient wind carrying it, creates sufficient turbulence in the area with
high gradient of the radio refractive index created by the WV. The turbulent
eddies having sizes around 5 cm (the Bragg wavelength for the radar used)
generate radar backscatter. A few possible explanation of the sinusoidal height
dependence of the scattered echoes measured over time (see Fig. 1.4) are given.
Nevertheless, the exact nature of this dependence was not identified.

Later, Campbell et al. (1980) and Chadwick et al. (1981) reported detec-
tion of the backscattering returns associated with the turbulent WV of large
jet aircraft at short ranges as a by-product of their development of a clear-air
S-band FMCW radar for detection of meteorological hazards at airports. The
transmitted peak power was 200 W and the range resolution was 100 m. A
few experiments were conducted in 1979 at the Denver’s Stapleton Interna-

Table 1.1: Letter designations for radar-frequency bands (IEEE, 2003) and
respective wavelengths.

Band designation Nominal frequency range Nominal wavelength range
VHF 30 – 300 MHz 10 – 1 m
UHF 300 – 1000 MHz 1 – 0.3 m

L 1 – 2 GHz 30 – 15 cm
S 2 – 4 GHz 15 – 7.5 cm
C 4 – 8 GHz 7.5 – 3.75 cm
X 8 – 12 GHz 3.75 – 2.5 cm
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Figure 1.4: Example of the echo which is considered to be from a wing tip wake
vortex. The sinusoidal echo occurred “at increasingly higher elevations as it
drifted over the radar (increasing time)”. This figure is taken from (Noonkester
and Richter, 1980).

tional Airport, showing that wake vortex-related echoes can be detected by
the radar ”when the atmospheric conditions are right”. An accurate definition
of these conditions is however not given. Unlike in the Noonkester’s experi-
ments, the radar was operating at low resolution in range (100 m) and in the
range-Doppler mode, providing resolution of the scatterers’ radial velocities.
The radar operated with a maximum range of 1000 m and the antenna looking
along the runway axis at the elevation angles ranging from 20° to 25°.

The authors reported that, in the presence of the strong cross wind, the wake
vortices could not be detected. Contrary, with a light wind along the runway,
the WV could be easily observed for most of the large aircraft. However, as
authors pointed out, the physical phenomena causing the backscattering could
not be identified. Chadwick et al. (1981) proposed an explanation for the
sinusoidal variations of the backscattered signal with height: the sinusoidal
nature of the returns observed by Noonkester and Richter (1980) is supposed
to be due to the inability of the range-only radar to measure Doppler frequency
unambiguously with range.

Nespor et al. (1991) conducted experiments at White Sands Missile Range,
New Mexico, to study the feasibility of including additional functionality (such
as WV detection) to the Terminal Area Surveillance System (TASS) (Proctor,
1987). A C-band phased array pulse-Doppler radar was used to detect the
WV under clear air conditions. The radar emitted 1 MW peak power and
used an antenna with a beamwidth of 1°; the pulse width was varying between
0.25 µs and 1 µs corresponding to a resolution between 37.5 m and 150 m.
Two geometrical configurations were employed: (1) the antenna beam oriented
transversally with respect to the aircraft flight direction and (2) the antenna
beam axially aligned with the WV behind the aircraft. Detection was however
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only achieved on axial view. Since only a small A-7 jet was present at the time
of the trials, the radar measurements were obtained for weak wake vortices,
relative to the WVs of large aircraft. The authors found that the radar cross-
section of the WV tends to increase as the WV descends, assuming that it is
caused by the expansion of the WV that occupies a larger fraction of the radar
resolution volume as it decays and dissipates with time.

Gilson (1992) reports an extensive series of measurements performed at
Kwajalein Atoll in the Marshall Islands in May and June of 1990, during which
the reflectivity of the WV was measured at VHF, UHF, L, S and C bands.
Though, no detection was achieved in the Ka band (27 – 40 GHz frequency
band corresponding to 1.1 – 0.75 cm range of wavelengths). The radars’ antenna
beams were oriented transversally to the aircraft flight paths. Due to a high
peak power for all radars used (7 MW, 5 MW, 2 MW, 2 MW, and 3 MW
for VHF, UHF, L, S and C bands respectively), the detection of the WV was
possible for distances of up to 55 km (for comparison, the power emitted by
the Ka-band radar was 25 kW only). The WV were detected behind the C-
5A aircraft (which is 75 m in length and has a wingspan of 68 m) from one
hundred meters to tens of kilometers. Fig. 1.5 shows an example of the S-band
range-Doppler slice through the WVs of the C-5A aircraft.

The authors found that the frequency dependence of the reflectivity is
largely flat with a decrease at the C band and that the radar cross-section
(RCS) of the WV decreases with height. Both Nespor et al. (1991) and Gilson
(1992) report that the reflectivity in the area of the WV increases with respect
to the ambient air, due to the turbulence induced by the WV. They also re-
port an increase of WV’s reflectivity over time, assuming that the turbulence
induced by the WV spreads over larger distances and occupies the larger frac-
tions of the radar resolution volume. Gilson also observed that the strength
of the backscattered signal has a strong dependence on climate, with strongest
level of backscattering in tropics near sea level. This probably implies that

Figure 1.5: Example of the S-band range-Doppler slice through the WVs of the
C-5A aircraft. This figure is taken from (Gilson, 1992).
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the moisture content significantly influences the reflectivity of the developed
turbulent wake vortices.

Shephard et al. (1994) report two trials performed in 1991 and 1993 during
which the wake vortex detection was investigated by using pulse-Doppler radars
at S and X bands respectively. Measurements in S band were obtained with a
range resolution of 50 m and pulse repetition frequency (PRF) of 2 kHz for a
HS-748 aircraft, which is a medium-sized aircraft with a wingspan of around
31 m. Trials with X-band radar used targets of opportunity overflying the radar
location on their way to London Heathrow airport. The range to the aircraft
path was around 4 to 5 km. Two measurements of the WV created by a Boeing
747 were reported at ranges of about 4 km. It is noticed that the presence of
clouds created a strong clutter obscuring the weak echoes from the WV. As
concluded by authors, the exact mechanism of the backscatter is uncertain but
it is assumed that it could be caused by airborne particles that are disturbed
by the WV.

Marshall et al. (1997) conducted a series of field experiments in the Wallops
Island in 1995. Authors tried to demonstrate the detectability of WVs by an
X-band radar having a wavelength of 3 cm. The C-130 employed in the ex-
periments was equipped with wingtip smoke generators to visualize the wake
vortices. Despite the accurately planned experiment and lengthy data analysis,
no conclusion on the ability of the X-band radars to detect the WV was ob-
tained. Authors indicate two main factors preventing the successful detection:
(1) low emitted peak power – it was foreseen that 2 kW would be needed to
measure reflectivities of WVs estimated at levels as low as -135 dBm−1 (the
volumetric reflectivity is measured in m2/m3) but only 700 W were achieved
during the experiment, due to a component failure; (2) unsuitable parabolic
antenna with high side lobes contaminated the measurements by the ground
clutter. Even though wake vortices were not detected, this work provides valu-
able insights that can be used in the future field experiments.

Mackenzie (1997) reports the results of WV detection by a C-Band radar
conducted in parallel with Marshall et al. (1997) on Wallops Island. Despite the
strong influence of the clutter, which blocked the detection of the WV with the
X-band radar (Marshall et al., 1997), a clear evidence of the WV detection was
obtained with a C-band radar when the position of the antenna beam coincided
with the WV observed, visible due to the smoke tracer used. The measured
WV’s reflectivity was in agreement with the previously reported observations.

Hanson and Marcotte (1997) and Iannuzzelli et al. (1998) developed a
bistatic continuous-wave X-band radar combined with an acoustic pumping
system to enhance the detectability of the WV. The system was employed dur-
ing trials conducted at Baltimore–Washington International Airport in 1996
and was able to measure the Doppler signatures of a C-130 aircraft’s WV.

Barbaresco et al. (2007) made radar measurements of WVs with an X-band
radar during trials at Paris Orly Airport in 2006. A low-power radar (20 W
peak power), with a range resolution of 40 m and angular resolution of 2.7° in
azimuth and 4° in elevation, was able to detect wake vortices at distances up
to 700 m.

Two geometrical configurations were employed for the measurements: (1)
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a staring antenna mode – the radar looks almost perpendicularly to the run-
way – providing measurements for 5 radar resolution volumes ranging from
520 m to 720 m, and (2) a scanning antenna mode, in which the radar scans
an azimuth sector of 45° at the scanning rate of 8°/s to track the wake vortex
speed components over time. As observed in the measurements, the Doppler
signatures of the wake vortex contain some regularly spaced slopes in the time-
Doppler domain. As explained by the authors, those slopes are induced by
the WV roll-up structure (the same as modeled by Myers (1997); Shariff and
Wray (2002); Li et al. (2010); Vanhoenacker-Janvier et al. (2012) and described
in the following section), and characterize the age and the spiral geometry of
the WV. The measurements show the presence of Doppler spectral components
with radial velocities up to +/− 26 m/s, while the highest tangential velocity
within the WV is estimated to be less than 10 – 15 m/s (the theoretical model
considered). As noticed by F. Barbaresco (private communication, 2018), the
airport meteorological services confirmed that they have measured 100 km/h
wind bursts (close to 26 m/s) when the WV were in proximity to anemome-
ters. Barbaresco et al. (2008) conducted additional radar trials in the Thales
premises in Limours, near Orly Airport. During the measurements, WVs of
landing aircraft were observed at altitudes around 1000 to 1500 m. The power
emitted by the radar was increased to 75 W compared to 20 W for the previ-
ous trial. The radar was placed below the glide. It performed scans in vertical
plane, deviating the antenna beam by 45° from the vertical line at a rate of 8°/s
(with the plane of scan perpendicular to the runway). Wake vortices Doppler
signatures similar to (Barbaresco et al., 2007) were observed.

Fig. 1.6 shows examples of the WV’s Doppler signatures obtained by Bar-
baresco et al. (2008). So, in Fig. 1.6(left), two WVs signatures are seen on
the consecutive scans with the interval of around 4 s. In Fig. 1.6(right), the
signature of the WVs has changed at the second scan.

Figure 1.6: Doppler signatures of the WVs in clear atmosphere: (left) low
turbulence intensity, (right) high turbulence intensity. These figures are taken
from (Barbaresco et al., 2008).

From the analysis of the results provided by Barbaresco et al. (2007, 2008),
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a few interesting conclusions might be drawn:

1. The WVs Doppler signatures were observed during a very short time in-
terval: around 6 – 7 seconds for the staring mode and around 10 seconds
for the scanning mode. There can be two reasons for that: (a) a strong
cross wind that removes the WVs from the radar resolution volume lo-
cated at a given range or (b) a short life time of the spiral pattern that
causes the scattering.

2. As pointed out by authors, the atmospheric conditions during the second
trial (Barbaresco et al., 2008) were characterized by a strong turbulence
and the presence of a strong cross wind. The measurements under these
conditions show that the Doppler signature has a different shape in two
adjacent radar scans separated in time by 5 – 6 s (see Fig. 1.6(right)). The
distributed Doppler components (slopes in the time-Doppler domain) in
the first scan changed to the Doppler spectrum concentrated around mean
radial velocity (approximately around zero) and spread in the interval
from around +10 m/s to −10 m/s of Doppler velocities. These results, as
noticed by authors, obtained under very high turbulence kinetic energy
of the background atmosphere, might imply that the life time of the
spiral pattern is short and the spiral scattering pattern diffused by the
background atmospheric turbulence and self-induced turbulence of roll-
up very fast. Nevertheless, absence of the additional information does
not allow to confirm these conclusions.

Detection of the WVs in clear air was shown using frequencies from VHF
up to X band. The level of the backscattered signal is very weak, which makes
it difficult to detect the WVs on long distances. Initial experimental works
generally suggest that the wake vortex induced turbulence is created at scale
sizes of about 5 – 10 m (a so-called outer scale of the turbulence at which the
energy is entered in the turbulence spectrum – see Chapter 2 for more details)
during the roll-up process and then break down into the smaller eddies until
the smallest sizes at which the WVs dissipates its energy. The Bragg scale
irregularities caused by this turbulence enable the EM waves backscattering.

The following section provides an overview of the theoretical research dedi-
cated to the mechanisms of the EM waves backscattering on the WVs in clear
atmosphere.

1.5.2 Theoretical models of electromagnetic waves scat-
ter from the WVs

Early experimental works showed that the WVs can be detected by a radar in
clear atmosphere; however, the exact mechanisms of the EM energy scattering
on the WVs was not identified: although, it was assumed that refractive index
irregularities in the WVs result in Bragg scattering, it was not yet specified
which parts of the WVs caused the observed radar returns. Some authors also
indicated that the engine’s combustion products could cause the (Rayleigh)
scattering of the EM waves. So, a theoretical analysis was needed to establish
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the underlying mechanisms of the electromagnetic waves backscattered on the
WVs.

Marshall and Myers (1996) used a 2D model (the NASA TASS (Proctor,
1987)) in order to estimate the radar reflectivity of the wake vortex. Authors
assumed that the EM scatter from the WVs is due to the Bragg scattering on
the refractive index irregularities produced by the vortex induced turbulence.
According to the results obtained, authors estimated that the boundary part
(the WVs oval) of the descending WVs can be detected by radars at the X band
and below. As follows from simulations for clear air, a characteristic pattern
of the reflectivity of the wake vortex is observed due to the absence of the
reflectivity in the cores. For the simulations in the presence of fog (Rayleigh
scattering on the fog particles), the reflectivity is not equal to zero in the wake
vortices cores.

Myers (1997) uses in his dissertation, a wake vortex passive conservative
simulation (WV-PCS) in order to simulate the RCS and Doppler spectra of
the WVs. A new mechanism is identified. This mechanism does not take
into account turbulence within the WVs system. The author argues that in
the TASS model used in previous research, the EDR levels are unrealistically
large due to the use of Smagorignski sub-grid scale model (Zeman, 1995). It
was concluded that the scattering of the electromagnetic waves on the WVs
is not due to the incoherent Bragg scattering on turbulence but rather to the
coherent Bragg scattering from the spiral structure of the WVs laminar flow
(Myers et al., 1999). The results of reflectivity estimation are in quantitative
agreement with the previously reported experimental data. As shown, the new
mechanism results in a sharply peaked Doppler spectrum for higher frequencies
(see S band in Fig. 1.7).

However, the considered “laminar flow mechanism” does not take into ac-
count turbulence within the wake vortex system, neither the atmospheric tur-
bulence, which significantly influences the WV’s life time, nor the turbulence
self-produced by the WVs, which results in large EDR within the WV oval.

Shariff and Wray (2002) developed a model to analyze the reflectivity of the
WVs in clear air observed during the experiment of Gilson (1992). Refractive
index of a wake vortex system is obtained as a combination of three mecha-
nisms: (1) the radial density of a 2D wake vortex, (2) 3D fluctuation in the
WVs cores and (3) the adiabatic transport of atmospheric fluid in a 2D oval
surrounding the pair of vortices while it descends in a stratified atmosphere.
The structure of the WV results in a gradient between the ambient air and the
WVs oval. It is concluded that for mechanism (3) - scattering on the oval sur-
rounding the wake vortices agree with experiments conducted by Gilson (1992),
however theoretical predictions have a cut-off when the EM incident angle is
away from normal, which was not observed in the experiment of Gilson. As
concluded by authors, the absence of the cut-off in the experiment is likely
caused by the turbulent boundary of the WVs oval that is not included in the
model. Moreover, it is concluded that for mechanisms (1) - scattering from
the radial density of the WVs and (3) - scattering from 2D oval surrounding
the WVs, the estimated reflectivity is of the same order. The model proposes
almost a flat dependence of the WVs reflectivity on the frequency.
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Figure 1.7: Doppler spectra for WVs of Boeing 747. The antenna beam looks
perpendicular to the aircraft’s flight path. The simulations are shown for 35 s
after roll-up. This figure is taken from (Myers, 1997).

Iannuzzelli (1998) used an X-band continuous-wave bistatic radar along
with an acoustic pumping system to study detection of wake vortices in clear
air. To support the interpretation of their experimental data, they ran nu-
merical simulations to obtain the information on the reflectivity distribution of
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velocities induced by wake vortices in a turbulent field. The code used solves
steady-state nonlinear equations for the velocity, density, turbulent kinetic en-
ergy, and turbulence dissipation rate. Nevertheless, the model considered does
not include the water vapor content of the atmosphere. The output of the
simulation provided distribution of the velocity field of the WVs system, distri-
bution of the refractive index structure constant and distribution of turbulent
kinetic energy across the WVs region. Although the predicted vortex trajecto-
ries agreed with the data, the estimated values of the refractive index structure
constant seemed to be much larger than the ones predicted by experiments and
other theoretical research. The distribution of the turbulent kinetic energy in
the considered model does not seem to be affected by the interaction of the
WVs with the ambient turbulence. The model’s predictions provides insights
into which parts of the wake vortex can produce the observed radar echoes: the
cores of the wake vortex and the border of the WVs oval have higher velocities,
turbulent kinetic energy, and refractive index structure parameters values than
the other parts of the WVs. However, as concluded by authors, the coinci-
dence of the regions with high velocities and high refractive index structure
constant make it harder to distinguish which effect is primarily responsible for
the observed radar signatures.

Li et al. (2010) and Vanhoenacker-Janvier et al. (2012) extended works of
Myers (1997) and Shariff and Wray (2002), assuming that the atmospheric
gradient of water vapor is wound up into a spiral by each vortex, which causes
scattering at high frequencies. Li et al. (2010) investigated the effect of the
density and weather variation of the dielectric constant on the reflectivity of
the wake vortex, in the frequency range from 1 MHz to 10 GHz. He found
that the density variation is the dominant factor to the total reflectivity of
the wake vortex at low frequencies (less than 100 MHz), while in the high-
frequency band, the dominant factor turns out to be the water vapor variation.
The convection effect makes the water vapor variation more and more evident
as the evolution time increases, so the reflectivity of the WVs caused by this
factor becomes larger and larger. Vanhoenacker-Janvier et al. (2012) used a
model combining two mechanisms causing refractive index gradients: radial
density gradient in the vortex cores and the transport of the atmospheric fluid
in the oval surrounding the vortices. The results are in agreement with those
previously reported by Shariff and Wray (2002) and Li et al. (2010).

The models available in the literature can be divided into two groups: (1)
Bragg scattering on the turbulence induced by the WVs and (2) Bragg scat-
tering on the spiral density pattern of the WVs. While both models do not
exclude each other, the ones relying on the spiral structure of the WVs do not
take into consideration the influence of the turbulence self-induced by the wake
vortex and, as a consequence, they lack to predict the real life time of the de-
veloping wake vortex and its real structure at later times. Those models also
imply a high dependence of the WVs RCS on the incident angle of the EM wave
arriving on the WVs. This is however in contradiction with what is shown in
experimental works (Noonkester and Richter, 1980; Nespor et al., 1991; Gilson,
1992): the RCS of the WVs does not depend on the incident angle.

From the measurements obtained by Barbaresco et al. (2007, 2008, 2016),
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the WVs Doppler signatures obtained just after the formation of the WVs, can
indeed be caused by its spiral structure (during a very short time interval after
the formation of WVs) until it is diffused by the induced turbulence.

Finally, all the models available in this review are 2D models which lack
the realistic simulation of the backscattered radar signal. The gap between
experimental and theoretical work performed up to now suggests that more
practical efforts are needed to combine measurements with theoretical models
in order to establish the scattering mechanisms during the whole life time of
the wake vortex as well as the estimate of the limits of operability of the radar
in clear air.

1.6 Detection of the WVs in presence of rain
Detection of WVs using a radar was first obtained by Easterbrook and Joss
(1971), who was observing the scattering of EM waves on natural precipitations
(snow). Using radars for detection of WVs in rain, fog or snow did however not
receive attention in the radar community during a long time, neither from an
experimental nor from a theoretical point of view. A renewed interest appeared
in the years 2000. The main advantage of the WVs detection under rainy
conditions is that the level of the backscattered signal is much stronger when
compared to the clear air case. The following section presents the experimental
and theoretical works dedicated to the WVs radar detection in the presence of
rain or fog.

1.6.1 Measurements

Barbaresco et al. (2007, 2008) made radar measurements of the WVs with an
X-band radar during trials at Paris Orly Airport in 2006 and 2007. A 20 W
peak-power radar was able to detect wake vortices in clear air and in rain
(with intensity of 1.19 mm/h) at ranges up to 700 m. The configuration of the
measurements is given in Section 1.5.1. The measured WV’s Doppler signatures
contain regularly spaced slopes in the time-Doppler domain (see Fig. 1.8) in
both weather conditions: clear air and rain. As interpreted by the authors,
these slopes are induced by the roll-up of the aircraft wake.

Seliga and Mead (2009) reported the first measurements of WVs obtained
with a W-band radar at ranges of 0.5 to 1 km. Meter-scale detection was
achieved by using a low power (100 mW) solid-state W-Band (94 GHz) radar,
primarily designed for the monitoring of the tall vessels in the Boston Harbour,
neighbor to the airport. The radar employed a 1.2 m diameter antenna with
a half-power beamwidth of 0.18° providing 1.5 m angular resolution at 500 m
range. Measurements clearly showed enhanced droplet concentration between
the wake vortices, and a significant reduction of the concentration within the
wake vortex cores. These spatial structures were observed up to 60 s after the
passage of the aircraft. A very high range resolution provided a fine evaluation
of the spatial distribution of velocities (Fig. 1.9) which potentially enables the
estimation of the WVs strength and WV’s core radii.
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Figure 1.8: WVs signature in the Doppler spectrum changing in time. The
horizontal axis represents time (a span of 35 s). The vertical axis represents
the Doppler frequency (corresponds to a span of Doppler velocities with 0 m/s
at the top and at the bottom of the figure and +/−26 m/s in the middle of
the figure). The color represents the Doppler spectrum amplitude. This figure
is taken from (Barbaresco et al., 2007).

Figure 1.9: WVs detected by the W-Band radar on March 26, 2009. “The
upper RHI is the peak spectral power level of the signal within each range bin,
and the lower one is an RHI of the peak Doppler velocity”. This figure is taken
from (Seliga and Mead, 2009).



1.6. Detection of the WVs in presence of rain 17

During SESAR P12.2.2 XP0 trials at Paris Charle de Gaulle (CDG) Airport,
the wake vortex Doppler signatures were observed with a vertically oriented
radar’s antenna beam in the planes crossing the glide of the landing/taking-off
heavy and medium aircraft (total 34 planes) (Barbaresco et al., 2012) (see also
(Barbaresco, 2012)). The observation time of the wake vortices varied from a
few seconds to 250 s. The time of observation was limited by two main factors:
the low backscattered signal for low rain rates and the shift of the WVs out of
the sector of observation, due to the wind.

Barbaresco et al. (2016) reported results of a second measurement campaign
in CDG (XP2 in 2015 – 2016), made in the framework of SESAR program.
The aim was to validate the wake-vortex detection algorithms and circulation
retrieval during long trials, supported by cross-wind and EDR measurements.
A scanning mode with three beams steered in elevation was employed to observe
the mean Doppler velocity inversion in a plane transverse to the WVs trace.
The Doppler spectrum widths calculated for the measured Doppler spectra of
the WVs were confirmed to be a good estimation of the wake-vortex strength,
preserving the order of aircraft categories: 1.9 m/s for A380; 1.7 m/s for A340;
1.25 m/s for A300; 0.85 m/s for A320; for comparison, the width of the Doppler
spectrum estimated for the radar resolution volume containing rain only was
around 0.2 m/s.

1.6.2 Theoretical models of electromagnetic waves scat-
tering by the WVs

Neece et al. (2005) considered two numerical models for a Ka-band (35 GHz)
radar system to investigate the method of detection and the resolution require-
ments needed to estimate accurately the WVs parameters. Their work is based
on the models developed by Marshall and Mudukutore (1996) and Mudukutore
et al. (1998). The use of both compressed and uncompressed short pulses is
compared to evaluate the wake vortex structure. Authors conclude that, while
the use of pulse compression allows to increase the range resolution and keeps
the same level of energy of the emitted pulses, it results in the leakage of the
signals from the adjacent radar resolution volumes.

Liu (2013) developed a methodology to simulate the radar signatures of
the WVs in presence of rain. The atmosphere was considered as neutral (no
stratification) and without turbulence. The X- and W-band radar parameters
were used to simulate radar returns from the WVs as a sum of the contributions
from the raindrops in the WVs area. He concluded that the Doppler spectrum
width is a good indicator of the wake vortex strength.

Li et al. (2016) and Li et al. (2017) considered the problem of retrieving
WVs strength in fog and rainy conditions respectively. In foggy conditions, the
strength of the wake vortex is estimated using the Doppler spectrum of the
echo signal. For the rainy conditions, it is proposed to use a side-looking radar,
performing a scan in a vertical direction to detect the presence of the WVs. The
proposed method is based on the identification of the so-called characteristic-
size raindrops, which make major contribution to the backscattered signal, i.e.
have the largest RCS. The velocity of these raindrops are estimated from the
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Doppler spectra, and further used to retrieve the strength of the wake vortex.
Recently, Shariff (2016) proposed an approach to make the wake vortices

visible to the existing weather radars for the aid to the air traffic controllers or
research purposes. He proposes to inject water spray into the wake vortex of a
heavy aircraft during a landing phase. The radar reflectivity of the spray trace
was simulated using parameters of existing weather radars. The results showed
that a large enough signal-to-noise ratio (SNR) can be obtained at distances
up to 11 km behind the aircraft. This fulfills the requirements of the possible
use of this technique in the wake vortex separation.

1.7 Main shortcomings and what this thesis pro-
poses

While the mechanism of the backscattering of the EM waves on the raindrops
is well-studied, the exact nature of the EM waves backscattering on the WVs
in clear atmosphere is still disputed. Existing models for clear air scattering
have following drawbacks:

1. models available in the literature are simplified 2D models;

2. most of the models do not take into account interaction between the
wake vortices and surrounding turbulent atmosphere, which significantly
influence the WVs structure and its life time;

3. there is little theoretical research on the estimation of the backscattered
signal’s Doppler spectrum;

4. there is no analysis of the WVs strength retrieval from the radar signal
backscattered on the WVs in clear atmosphere;

5. absence of the estimation of the WV’s RCS based on realistic 3D models
that take into account the turbulent nature of the WVs; weak level of
the backscattered signal necessitates an accurate estimation of the WV’s
RCS.

Recent theoretical works suggest backscattering of the radar signal on the
spiral structure of the WVs. However, the surrounding turbulent atmosphere,
which significantly influences the WVs structure and WV’s life time, as well
as the turbulent nature of the WVs itself, are not taken into account. Some
evidence from the experimental works (Barbaresco et al., 2007, 2008) supports
this theory, but those spiral structures seem to be diffused by the turbulent
atmosphere very fast. Probably, the scattering regime is switching in time
from the scattering on the spiral structure of the WVs (at the early stages of
the WVs evolution) to the Bragg scattering on the generated turbulence.

For the simulation of the WVs in the presence of rain, the main weakness of
the models available is that they are 2D simplified models that do not take into
account atmospheric turbulence. As seen from the measurements, especially
at high frequencies (Seliga and Mead, 2009), there is a strong evidence that
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turbulence plays an important role in the structure of the WVs Doppler signa-
tures. Therefore, to simulate Doppler signatures of the WVs, which are of great
importance, for instance for the development of the classification algorithms,
it is important to have more realistic simulations.

This work proposes to use the results of realistic 3D simulations of WVs in
turbulent stratified atmosphere obtained by Billuart, Duponcheel and Winckel-
mans in the framework of UFO project (2016) and SESAR 12.2.2 JU (Kovalev
et al., 2018). For the first time, the output of these 3D simulations is used to
investigate both, the WV’s RCS and the radar Doppler signatures of the WVs
for two states of the atmosphere:

• WVs added in turbulent stratified atmosphere without rain;

• WVs added in turbulent atmosphere with rain.

The objective of this work is threefold:

1. to simulate the radar signatures of the WVs under clear air and rainy con-
ditions taking into account a turbulent nature of the interaction between
the WVs and the surrounding turbulent stratified atmosphere;

2. to estimate the possibility of the retrieval of the WVs strength from the
radar signatures;

3. to estimate the WVs RCS in clear air and in the presence of rain and to
give a tool to the designers to calculate the limit of detectability of the
WVs and to improve the radar sensitivity.

The research strategy of this thesis is as follows. The 3D LES fields of
physical parameters of the atmosphere with added WVs are used to simulate the
complex time series of the backscattered signal. Then, the Doppler spectrum
of this signal is computed to estimate the distribution of the radial velocities of
the scatterer. This information is used to evaluate the parameters of the WVs:
their location and strength. The estimates are compared with the reference
values of the WVs available directly from the LES to validate the simulator
and evaluate the possibility of the accurate estimation of the WVs parameters
from the backscattered radar signal. Finally, simulated WV’s signatures (WVs’
RCS, the backscattered signal’s Doppler spectrum) are compared with those
reported in the literature.
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Chapter 2

Characterization of
turbulent and stratified
atmospheres, and of WVs
evolution, without and with
rain

The simulation of the radar detection of the wake vortices and atmospheric
turbulence necessitates realistic models of the medium. Fluid mechanics simu-
lation of the turbulent atmosphere uses numerical integration of Navier-Stokes
equations. This approach is known as direct numerical simulation (DNS) (see,
for example, McComb (1990)). Nevertheless, DNS is computationally expen-
sive since it requires resolving a very wide range of time and length scales which
affect the flow field. Its cost prohibits its use in the simulation of practical engi-
neering systems, such as the ones considered in this thesis. The LES, is a very
efficient method to reduce the numerical expense. It was initially proposed by
Smagorinsky (1963) and explored further by Lilly (1967) and Deardorff (1970).
This chapter presents the results of the Large Eddy Simulation of turbulent
stratified atmospheres, as well as the results of LES of WVs added in such
turbulence, in view of the calculation of the radar backscattered field. These
LES simulations were developed in the framework of UFO project (2016) (LES
of turbulent and stratified atmosphere, also with rain) and in the framework
of SESAR 12.02.02 Joint Undertaking (SESAR 12.02.02, 2016) (LES of WVs
in clear air turbulent and stratified atmospheres, and of WVs in turbulent and
rainy atmosphere).

The first part of this chapter (Sections 2.1.1 to 2.1.4) presents the results
obtained by the TFL group of UCLouvain for the LES of turbulent atmospheres
and of added wake vortices. The second part of the chapter (Sections 2.2.1 –
2.2.4) links the physical characteristics of the simulated LES cases with the
parameters that determine the electromagnetic properties of the scattering
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CHAPTER 2. CHARACTERIZATION OF TURBULENT AND STRATIFIED

ATMOSPHERES, AND OF WVS EVOLUTION, WITHOUT AND WITH RAIN

medium.

2.1 Large eddy simulations of turbulent strat-
ified atmospheres, and of added wake vor-
tices

The objective of the Large Eddy Simulations in the present work is to provide
realistic parameters of the medium in order to simulate the radar measurements
of atmospheric turbulence and wake vortices in the absence and in the presence
of rain.

First, clear air ambient turbulence was simulated, providing turbulent fields
of velocity, temperature, pressure, and humidity for various turbulence intensi-
ties (energy dissipation rate, denoted hereafter as ε or EDR) and various strat-
ification levels characterized by the Brunt-Väisälä frequency N (Section 2.1.1).
Then, the output parameters of the LES simulations are used to introduce rain
droplets falling in the turbulent stratified atmosphere (Section 2.1.3).

Second, a WVs was added to the simulations of clear-air turbulence (Sec-
tion 2.1.2) and, finally, the simulation of the WV in the turbulent atmosphere
in presence of rain was performed, to provide to the radar simulator the infor-
mation about the raindrops concentration and their velocities (Section 2.1.4).
Most of the content presented in Sections 2.1.1 – 2.1.4 is extracted from the re-
ports of UFO project (2016) and SESAR 12.02.02 JU (SESAR 12.02.02, 2016).

2.1.1 LES of clear-air turbulent and/or stratified atmo-
spheres

This subsection presents the basic concept and the underlying hypotheses used
for the simulation of the stratified turbulent atmosphere. It briefly discusses
the results obtained and the database of LES cases that are further used by the
radar simulator. Most of the content presented in this section is extracted from
the report of the UFO project (M. Duponcheel contribution to (Vanhoenacker-
Janvier et al., 2014)).

Large eddy simulations for clear air

The simulation variables, representing the atmospheric properties, are decom-
posed into a mean vertical profile and the deviation from this profile. This
enables the simulation of the variables deviations in the spectral periodic do-
main. The simulated variables are:

• the potential temperature, Θ = T (pref/p)(γ−1)/γ , which is the temper-
ature that a parcel of air would have after being brought isentropically
from its pressure p to a reference pressure pref ; here, T is the static tem-
perature in K; (γ − 1)/γ = R/cp, where cp is the specific heat capacity
of air at the constant pressure and R is the gas constant.
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• the specific humidity, φ, that represents the amount of water vapor per
kilogram of humid air (kgv/kgh).

• the pressure p.

In order to take the transport of humidity into account, the spectral solver
developed by De Visscher et al. (2013a) was further used by Duponcheel (UFO
project, 2016). The governing equations for the deviations are the incompress-
ible Navier-Stokes equations supplemented by a sub-grid scale (SGS) model,
and the Boussinesq approximation for the buoyancy effects. Those equations
are solved in the Fourier spectral domain. “The time integration is carried out
using the third order low storage Runge-Kutta scheme of Williamson (1980).
The RVMS proposed by Jeanmart and Winckelmans (2007) as an improvement
over SGS viscosity models (such as the classical Smagorinsky (1963) model)”
is used in this work (SESAR 12.02.02, 2016). The RVMS model is designed
to dissipate energy only at the smallest resolved scales and it uses an effec-
tive viscosity which is also computed using the smallest resolved scales. Those
scales are obtained by applying a high-pass filter to the velocity field. The
temperature and humidity SGS fluxes are obtained assuming unity turbulent
Prandtl and Schmidt numbers. The influence of the ground and the boundary
layer is not represented in the simulations.

From the deviation fields of potential temperature and humidity and the
imposed mean profiles, one can reconstruct the global time-dependent profiles
for the atmospheric fields. Once the global profiles for the potential tempera-
ture and pressure are computed, the static temperature can be obtained from
the definition of the potential temperature:

T = Θ
(

p

pref

) γ−1
γ

. (2.1)

The database provided to the radar simulator is delivered when the tur-
bulence has reached a statistical equilibrium state. This state is characterized
by the mean Brunt-Väisälä frequency, by the mean energy εf injected per unit
time by the forcing term, and by the size of the domain L. In stratified at-
mosphere, the turbulent kinetic energy injected at the largest scales (εf ) is
dissipated by viscous stress (ε) and by the conversion to the potential energy
(εB): εf = ε+εB . The Brunt-Väisälä frequency represents the number of oscil-
lations per unit time that a parcel of air would perform around its equilibrium
position if it was moved away from this equilibrium by a small perturbation:

N =

√
g

Θ̄0

dΘ̄
dz

, (2.2)

where g is the acceleration of gravity.

Parameters of the simulation and simulated cases

Simulations performed consider the atmospheric conditions encountered during
aircraft approach: a very-weakly to weakly stratified atmosphere combined to
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atmospheric turbulence ranging from weak to strong. It should be mentioned
that very strong unstable conditions may also be encountered in the lower layers
of the atmosphere; yet the periodic setup that was used to produce the LES
does not allow to simulate such unstable conditions.

The clear-air turbulence was computed at a resolution of Nx = Ny = Nz
= 256 grid points in each direction of the LES cube. The size of the domain
is used as the outer length scale, since the turbulence is forced at scales pro-
portional to the domain size. The length of the domain was set to L = 200 m
in order to have a sufficiently large domain with a relatively fine resolution
∆x = L/Nx = 0.78 m. The output parameters of the LES simulations are
the fields of atmospheric parameters: pressure, temperature, relative humidity,
and velocity. They are provided at each of 2563 LES nodes every second for a
duration of 60 s of physical time. The fields of pressure, temperature, and rel-
ative humidity are scalar fields. The velocity field is a vector field represented
by a three-component vector (u, v, w) at each LES node, where u, v, and w are
the components of the local wind velocity along x-, y-, and z-axes respectively.

Six LES cases were defined as the combinations of 3 levels of energy dissipa-
tion rates, ε, and 3 stratification levels, N . In addition to these 6 cases, a case
with ε = 3.4·10−3 m2/s3 was simulated to reproduce the turbulent conditions
of the atmosphere that dominated during the second measurement campaign of
UFO project (2016). The parameters of these simulated cases are summarized
in Table 2.1. The index number of each LES case with clear-air turbulence
(without rain) precedes with a letter t in order to distinguish the LES cases in
the absence and in the presence of the WV. The levels of energy dissipation
rate range from low ε = 10−5 m2/s3 to high ε = 10−2 m2/s3 whereas the strati-
fication levels are restricted to the low values: N < 1.3·10−2 s−1. These values
of N are typical for low altitude stratification. For convenience, the values of
ε in Table 2.1 are also provided in a so-called “1/3” form that is often used in
meteorology.

In order to reconstruct the physical atmospheric properties from the simu-
lations, the parameters of the mean profiles have to be defined as well as the
altitude at which the atmospheric properties are reconstructed, since only the
simulated fluctuations are periodic, not the mean profiles. These parameters
are only defined in the reconstruction post-processing so that they can be mod-
ified to generate different databases using the same simulation data. The only
value that cannot be changed is the dimensionless Brunt-Väisälä frequency,

Table 2.1: Matrix of the LES simulations of turbulent and stratified atmo-
spheres.

ε, m2/s3 ε1/3, m2/3/s
Brunt-Väisälä frequency, Hz
2.55·10−3 8.91·10−3 1.27·10−2 1.8·10−3

1·10−5 0.0215 Case t1 Case t4 Case t6 —
5·10−4 0.0793 Case t2 Case t5 — —

3.4·10−3 0.15 — — — Case t7
1·10−2 0.215 Case t3 — — —
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which fully characterizes the turbulence:

Ñ = Nt0 = N

(
L2

ε

)1/3

, (2.3)

where t0 =
(
L2

ε

)1/3
is the reference time. The Nt0 values of the 7 LES cases

range from 0.4 to 20.
The humidity is treated as a fully passive scalar (i.e. due its low concen-

tration it has no dynamic effect on the fluid motion itself); therefore, it does
not determine the flow regime and does not appear in the definition of the
flow parameters. Mean values for Belgium, as reported by della Faille and van
Swieten (2009), were used for the humidity profiles. An altitude of z0 = 500 m
was used in this work to be sufficiently far from the ground with respect to the
domain length, L = 200 m (since the effect of the ground is not taken into ac-
count). The same potential temperature θ0 = 283 K at the altitude of the box
was used in all cases. The variations of Brunt-Väisälä frequencies are directly
related to the variations of the temperature gradient (see Eqs. (2.1) and (2.2)).

Example of reconstructed fields

Mean profiles for the specified altitude and location plus variations simulated by
the LES for Case t3 are represented in an arbitrary vertical xz-plane in Fig. 2.1
and along an arbitrary vertical line in Fig. 2.2. The same fields are shown for
Case t4 in Figs. 2.3 and 2.4. Case t3 has the largest turbulent kinetic energy
(TKE) among all simulated LES cases (ε = 1·10−2 m2/s3), which results in a
large range of velocity variations. The velocities of Case t3 are about 10 times
larger than those of Case t4 (see Figs. 2.1a, 2.1b and Figs. 2.3a, 2.3b). Due
to the high TKE, the larger variations in the humidity field are also observed
in Case t3 in comparison with Case t4 (note that the same vertical gradient
of humidity is used for all cases in the reconstruction process). At the same
time, the temperature fluctuations are larger in Case t4 than in Case t3 (see
Figs. 2.1c, 2.3c and Figs. 2.2a, 2.4a) since the stratification of Case t4 is about
3.5 times larger that the ones of Case t3 (see Table 2.1). Yet, for all the
quantities, the turbulent fluctuations are significantly smaller than the mean
values as clearly shown by the vertical profiles shown in Figs. 2.2 and 2.4 where
the fluctuations can hardly be seen, except in the relative humidity.

2.1.2 LES of WVs added to clear-air turbulent and strat-
ified atmospheres

The aircraft WV system obtained after roll-up, as simulated in this work,
consists of a pair of counter-rotating vortices with circulation Γ0 and −Γ0
and separated by a distance b0. A homogeneous isotropic turbulence is first
generated and converged to create a realistic background stratified turbulence
as explained in Section 2.1.1. Next, the vortex pair generated by a heavy
aircraft is superimposed into the turbulence.
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(a) (b)

(c) (d)

Figure 2.1: Visualizations of reconstructed fields in an arbitrary vertical plane
for Case t3: (a) u-velocity (horizontal component along x-axis, (b) w-velocity
(vertical component along z-axis), (c) static temperature, and (d) humidity.

The following sections describe the numerical set-up used for simulation
of the WV in the turbulent stratified atmosphere and presents some exam-
ples. Most of the content presented in this section is extracted from the report
of the SESAR 12.02.02 JU (SESAR 12.02.02, 2016) (P. Billuart contribution
to (SESAR 12.02.02, 2016) and also to (Kovalev et al., 2018)).

Numerical set-up

In order to simulate the wake vortices in realistic conditions, background tur-
bulent fields for each case have been first generated and converged statistically
in the computational domain. The computational box size is set to 4b0, which
corresponds to a few hundred meters for a heavy aircraft (e.g. the wingspan
b0 of the order of 50 m). Whatever the WVs simulated, the computational
domain is too small to consider the Coriolis term (Rossby number � 1) in the
momentum equation; it is thus neglected.

Once the stratified turbulence has been produced, the two counter-rotating
vortices (aligned with the x-axis) are superimposed to the background turbulent
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(a) (b)

(c) (d)

Figure 2.2: Profiles of the simulated fields along an arbitrary vertical line for
Case t3: (a) temperature, (b) humidity, (c) pressure, and (d) density.

velocity field. A low order algebraic profile, also called Burnham-Hallock (B-H)
in the aircraft community , is used as the initial profile of the vortices velocity.
This model is given by a tangential velocity field:

vθ(r) = Γ0

2πr
r2

r2 + r2
c

, (2.4)

where r is the distance from the WV core center, rc is the effective core size (i.e.
the radius of maximum induced velocity). The value of rc is set to rc/b0 = 0.05,
which is typical of what is used when modeling aircraft wake vortices with that
model. The dependence of the tangential velocity calculated using Eq. (2.4) is
shown in Fig. 2.5. The velocity reaches its maximum at r = rc = 2.5 m. The
Reynolds number based on the vortex circulation is very high : ReΓ = Γ0/ν '
107.

The LES box has a size of 4b0 with a uniform grid size ∆ ≈ 0.78 m. The
core size ratio rc/b0 = 0.05 chosen ensures that the most relevant dynamics of
the vortices are well captured (rc/∆ > 3) (De Visscher, 2012). It is important
to ensure that the WV is in equilibrium with the background turbulence. This
occurs at the time of the maximum energy dissipation rate (see Fig. 2.6): t∗ =
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(a) (b)

(c) (d)

Figure 2.3: Visualizations of reconstructed fields in an arbitrary vertical plane
for Case t4: (a) u-velocity, (b) w-velocity, (c) static temperature, and (d)
humidity.

t/t0 = 2.5 for Case 1 and 3, and t∗ = 4 for Case 2. The simulations are then run
for two more t0 before evaluating the vortex parameters, to ensure statistical
convergence.

This introduction of adding two vortices in a stratified turbulent box can
be characterized by three dimensionless parameters :

ε∗f = εfb0
V 3

0
, N∗ = Nt0, L∗ = L

b0
, (2.5)

where V0 = Γ0
2πb0

and t0 = b0
V0

, the characteristics velocity and time scales
of vortices, and L = 200 m is the size of the domain. The first parameter
characterizes the level of turbulence εf that corresponds to the amount of
energy dissipated per unit time when the stratified turbulence is statistically
converged. For atmosphere with a low stratification (N∗ < 1), it is equal to
the EDR which, for such high Reynolds simulations, corresponds entirely to
the SGS dissipation; therefore, εf = ε. The second parameter is an image of
the level of stratification, comparing the Brunt-Väisälä frequency to the descent
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(a) (b)

(c) (d)

Figure 2.4: Profiles of the simulated fields along an arbitrary vertical line for
Case t4: (a) temperature, (b) humidity, (c) pressure, and (d) density.

Figure 2.5: Initial profile of the vortices velocity.

time of the vortices. The third one determines the maximum wave-length mode
that the code is able to capture. It therefore limits the range of instabilities
that the code will be able to simulate. For all the present cases, the box size
is L∗ = 4 so that Crow instabilities (Crow, 1970) cannot develop. Indeed, for
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Table 2.2: Dimensionless parameters of the three simulated cases used for the
radar simulator. Cases t2, t4, and t5 are used as initial forcing turbulence for
Cases 1, 2, and 3 respectively.

Cases N∗ [−] ε∗ [−] L∗ [−]
1 0.1 1.21× 10−2 4
2 0.35 2.42× 10−4 4
3 0.35 1.21× 10−2 4

Table 2.3: Dimensional parameters of the three simulated cases used for the
radar simulator. Cases t2, t4, and t5 are used as initial forcing turbulence for
Cases 1, 2, and 3 respectively.

Cases N[s−1] ε[m2/s3]
1 2.54× 10−3 5× 10−4

2 8.9× 10−3 1× 10−5

3 8.9× 10−3 5× 10−4

a rc/b0 = 0.05, only wavelengths larger than 5.6 b0 are unstable. Helical and
elliptic instabilities are however captured.

The three cases used in the radar simulator for clear air conditions are sum-
marized in Tables 2.2 and 2.3. Each simulation is fully characterized by the
dimensionless parameters in Eq. (2.5). Each reconstruction is characterized by
a set of dimensional/physical parameters. These parameters are also provided
in Tables 2.2 and 2.3 for each case. As seen in the table, the parameters chosen
to reconstruct the physical fields are the same for each simulation; this recon-
struction was carried out using typical values for heavy aircraft (Γ0 = 400m2/s,
b0 = 50 m), an initial height z0 of 500 m and typical atmospheric conditions.
With the reconstruction parameters chosen, the characteristic velocity V0 and
time scale t0 of vortices are equal to 1.27 m/s and 39.3 s, respectively.

Examples of the WVs parameters calculated from the LES simula-
tions

When the vortices are introduced in the simulation, the vortex pair starts to de-
scend at a velocity V0 = Γ0/(2πb0). The turbulence surrounding the vortices is
affected by two main phenomena. First, the background turbulence is stretched
by the vortex system, generating intense transverse vortical structures. Sec-
ond, due to the stratification, baroclinic vortical structures are generated at
the border of the Rankine oval. This extra source term of vorticity arises from
the difference in density between the warmer fluid carried by the vortices in-
side the Rankine oval and the cooler fluid outside. Subsequently, small-scales
instabilities develop inside those structures, leading to a fully turbulent vortex
system. The turbulence and the associated eddy dissipation rate increase until
reaching a statistical equilibrium with the vortex system (see Fig. 2.6).

From that moment on, the flow becomes representative of a real vortex sys-
tem as obtained after roll-up and can be used for radar cross-section simulation.
This is highlighted in red on the graphs. After reaching this equilibrium, at
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Figure 2.6: Time evolution of the energy dissipation rate for the three investi-
gated cases. Red markers highlight the intervals when the simulations represent
a real vortex system as obtained after a roll-up. This figure is from P. Billu-
art et al. contribution to (SESAR 12.02.02, 2016) and also to (Kovalev et al.,
2018).

about 2.5t0 for Cases 1, 3 and at 4t0 for Case 2, the circulation of both vor-
tices decreases smoothly (Fig. 2.9), with the vortex system sustaining its own
turbulence. The descent velocity as well as the maximum tangential velocity
(see Fig. 2.7) of the vortices hence also decreases.
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Figure 2.7: Time evolution of the maximum tangential velocity of the WV
normalized by the initial descent velocity. This figure is from P. Billuart et al.
contribution to (SESAR 12.02.02, 2016) and also to (Kovalev et al., 2018).
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Figure 2.8: Iso-surface of |ω|b20/Γ0 = 40 (opacity 100%) and |ω|b20/Γ0 = 4
(opacity 20%) colored by the axial vorticity ωx for Case 3 (N∗ = 0.35, ε∗ =
1.21× 10−2) at time t∗ = 4. This figure is from P. Billuart et al. contribution
to (SESAR 12.02.02, 2016) and also to (Kovalev et al., 2018).

In the LES, the total circulation of each vortex, Γ̄tot(t), is defined as the
average, over all xi LES slices (here 256 slices), of the maximum of the circu-
lation profile Γ(xi, r, t) measured in that slice (with r measured from the local
WV center); this maximum is Γtot(xi, t), and it corresponds to the total circu-
lation of the vortex as measured in that slice. It is positive for the left wake
vortex (a clockwise rotating vortex) and negative for the right wake vortex (a
counter-clockwise rotation vortex).

Fig. 2.8 shows a 3D visualization of Case 3 at time t∗ = 4.0. Two iso-
surfaces of the normalized vorticity |ω|b20/Γ0 are used to illustrate the wake
vortex core tubes (|ω|b20/Γ0 = 40) and the turbulent flow around the developed
wake vortices (|ω|b20/Γ0 = 4). As shown in Fig. 2.9 (which depicts the time
evolution of the dimensionless vortex circulation Γ̄∗tot = Γ̄tot(t)/Γ0), at t∗ = 4,
the total circulation has decayed by approximately 30 %.

The intensification of the turbulence surrounding the vortices is stronger
compared to Case 2 with a weaker turbulent background. The stratification
also creates baroclinic vortical structures. Those structures quickly interact
with the turbulent vortices, enhancing the decay of the vortices compared to
the less stratified case at same level of turbulence, i.e. Case 1 (see Fig. 2.9).
This baroclinic vorticity is also of opposite sign relative to the primary vortices
and thus tends to slow down the vortices as seen in Fig. 2.10 that depicts the
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Figure 2.9: Time evolution of Γ̄∗tot for the three investigated cases. The reported
values are averaged between the left and right wake vortices. This figure is from
P. Billuart et al. contribution to (SESAR 12.02.02, 2016) and also to (Kovalev
et al., 2018).
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Figure 2.10: Time evolution of z̄c∗ for the three investigated cases. This figure
is from P. Billuart et al. contribution to (SESAR 12.02.02, 2016) and also to
(Kovalev et al., 2018).

dimensionless vertical position of the vortex tubes: z̄∗c = zc(t)/z0.
For non-stratified or weakly stratified atmosphere (Case 1), the circulation

is proportional to the product of the descent velocity (Vc) and the distance
between the WV cores (bc). Fig. 2.11 illustrates this ratio: for Case 1, the
circulation calculated from the WV velocity field is equal to that calculated
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Figure 2.11: Time evolution of the ratio between Γ̄tot/(2πb̄c) and the WV
descent velocity V̄c. This figure is from P. Billuart et al. contribution to
(SESAR 12.02.02, 2016) and also to (Kovalev et al., 2018).

from Vc and bc, while for the more stratified Cases 2 and 3, the ratio deviates
significantly from unity.

Fig. 2.12 shows the humidity field of Case 2 at time t∗ = 5 in a vertical
cross-section of the computational box combined with streamlines of a WV
system mean flow represented in a reference frame that sinks at the descent
velocity V0. To obtain the streamlines, w and v components of the velocity field
were averaged along the x-axis, and the WVs descent velocity (V0) was added
to the w component. The black crosses represent the center of the vortex tubes
(averaged along the x-axis). Those were located by identifying the position
of the minimum pressure. The labels on the vertical axis correspond to the
altitude of the vortices below their release altitude z0, normalized by b0. During
its descent, the vortex system carries the lower humidity, which is situated at
a high altitude, downward.

2.1.3 LES of atmospheric turbulence with rain

The physics of rain is particularly complex since it involves phase changes of the
water content of the atmosphere: evaporation and condensation, interactions
between the falling droplets, and also interactions between the droplets and
the air. The full two-phase flow simulation of rain is beyond the scope of the
present work and a simplified model was adopted. The methodology is similar
to the one used by Liu et al. (2013) to simulate the radar measurement of wake
vortices in the presence of rain. Most of the content presented in this section
is extracted from the report of the UFO project (M. Duponcheel contribution
to (Vanhoenacker-Janvier et al., 2014)).
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Figure 2.12: Humidity field (specific humidity, gv/kga) combined with stream-
lines of a WV system mean flow represented in a reference frame that sinks at
V0 for Case 2 (N∗ = 0.35, ε∗ = 2.42× 10−4) at time t∗ = 5.

Basic assumptions

In order to simplify the problem, the following assumptions were made
(Vanhoenacker-Janvier et al., 2014):

• The possible phase changes are neglected: the atmosphere is supposed to
be saturated in water vapor so that the amount of liquid water contained
in the droplets does not change.

• The interactions between droplets and the breakdown of the droplets are
neglected; the mass of each droplet does not change.

• The shape of the raindrop is being deformed by a drag force (Thurai
et al., 2007); the deformation depends on the size of the raindrop (see
Fig. 2.13). Nevertheless, in the present work, to simplify the simulation,
it is assumed that the raindrops are spherical for all raindrops diameters
considered.

• It is supposed that the motion of the droplets does not influence the
motion of the air whereas the droplets are slowed down by the drag force
due to their relative motion in the air. This assumption is justified later
in this section given the low volume fraction occupied by rain droplets.

These hypotheses allow to model the raindrops as point particles with a
fixed mass, that are subjected to gravity and drag forces. This also creates a
one-way coupling between the simulation of the air turbulence, which is not
influenced by the raindrops, and the motion of the particles which undergo a
drag force depending on the air velocity.
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Figure 2.13: Shapes of the falling raindrops.

Equation of raindrop’s motion

The motion of droplets as point-like particles is governed by Newton’s second
law:

mp
dvp
dt

= Fg + FD , (2.6)

where mp and vp are the mass and the velocity of the droplet respectively,
Fg = −mp g ez is the gravity force, and FD is the drag force. Assuming
the spherical shape of the droplets regardless of their diameter, the drag force
reads:

FD = 1
2ρair

πD2

4 CD|∆v|2e∆v , (2.7)

where ρair is the density of the air, ∆v = vair−vp is the velocity of the droplet
with respect to the velocity of the airflow, vair, and e∆v = ∆v/|∆v| is a unit
vector pointing in the direction of ∆v. The drag coefficient CD is generally
expressed in term of the terminal velocity VT . The latter is the raindrop’s
falling velocity at which the drag force balances the gravity force in still air
(Fg = FD):

ρwater
πD3

6 g = 1
2ρair

πD2

4 CDV
2
T . (2.8)

Introducing in Eq. (2.7) the expression of CD extracted from Eq. (2.8), the
motion equation:

dvp
dt

= g

V 2
T

|∆v| ∆v − gez . (2.9)

The motion of a particle is hence obtained by integrating in time the system
of two ordinary differential equations:

dxp
dt

= vp (2.10)

dvp
dt

= g

V 2
T

|∆v| ∆v − gez , (2.11)
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where xp is the droplet’s position.

Terminal velocity of the raindrops

Various models for the raindrop’s terminal velocity as a function of the droplet
diameter are proposed in the literature (e.g. in (Lovejoy and Schertzer, 2008)).
This work uses the expression initially proposed by Atlas and Ulbrich (1974)
and further modified by Lovejoy and Schertzer (2008) to take into account the
variation of the air density:

VT (D) =
[
α1 − α2e

−α3D
](ρ0

ρ

)0.4
, (2.12)

with α1 = 9.65 m/s, α2 = 10.3 m/s and α3 = 0.6 [mm−1]. The factor term
(ρ0/ρ)0.4 is a correction proposed by Lovejoy and Schertzer (2008) to con-
sider the variation of air density in the drag term of Eq. (2.6). Neverthe-
less, this relation yields negative terminal velocities for particles with a diam-
eter smaller than 0.108 mm. In order to ensure positive terminal velocities,
Duponcheel (Vanhoenacker-Janvier et al., 2014) proposed to modify the curve
at small diameters by replacing it by a quadratic extension:

VT (D) =

βD
2
(
ρ0
ρ

)0.4
, if D 6 D0[

α1 − α2e
−α3D

] (
ρ0
ρ

)0.4
, if D > D0

(2.13)

where β and D0 are determined so that the extension is tangent to the initial
curve. The corrected curve is depicted in Fig. 2.14 for two altitudes: a reference
altitude ρ = ρ0 and for the altitude simulated in this work ρ = ρ(z=500 m) =
1.194 kg/m3.

The difference between the two curves is relatively small; therefore, the
raindrops’ terminal velocities, determined by the balance between the gravity
force and the drag force, do not change over considered interval of heights.

Simulation of falling raindrops in a turbulent atmosphere

The simulation of the fall of the raindrops is performed in parallel with the sim-
ulation of the turbulence which provides the velocity field of the air required to
compute the relative velocity of the droplets. Because of the one-way coupling,
the simulation of the turbulence is unaffected by the presence of the raindrops.
The periodicity used for the simulation of the turbulence is also enforced to
the raindrops. This means that the number of raindrops in the simulation re-
mains constant in time and that no new particles need to be injected at every
time-step of the LES simulation.

The transport of the point particles was implemented in the spectral solver
developed by Duponcheel in the framework of UFO project (2016). The simu-
lation of rain in a turbulent atmosphere uses the simulation cases of turbulent
atmosphere presented in Section 2.1.1. The positions of the raindrops are
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initialized with a uniform distribution; the number of raindrops and their di-
ameters are taken from the drop size’s distribution which is a function of the
rain rate.

Raindrop size distribution

The raindrops’ concentration for each drop size is defined by the distribution
NR(D) [m−3mm−1] which represents the number of raindrops of size between
D and D+dD per unit volume. Several models exist to describe the drop size’s
distribution NR(D) as a function of the rain rate R. As referred by Liu et al.
(2013), the most common distribution for the European temperate climate is
the Gamma distribution:

NR(D) = NR0 D
µ e−ΛD [mm−1m−3] , (2.14)

with the calibration of Jiang et al. (1997) for European climate : µ = 2,
NR0 = 64500R−0.5 [mm−3m−3], Λ = 7.09R−0.27 [mm−1]. When the calibrated
Gamma distribution is integrated, one obtains the following expression for the
total density of raindrops :

NT =
∫ ∞

0
NR(D) dD = NR0

∫ ∞
0

D2e−ΛD dD = 2NR0

Λ3 [m−3] . (2.15)

Fig. 2.15 presents the selected raindrop size distribution for various rain rates.
The corresponding total raindrops density as a function of the rain rate is
depicted in Fig. 2.16.

Using the Gamma distribution from Eq. (2.14), the total volume fraction
of raindrops is:

Φp = 10−9
∫ ∞

0

πD3

6 NR(D) dD = 20 · 10−9π
NR0

Λ6 [−]. (2.16)
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Figure 2.14: Raindrop terminal velocity at two altitudes : ρ = ρ0 and ρ = ρ(z =
500 m). This figure is from P. Billuart et al. contribution to (SESAR 12.02.02,
2016).
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The graph of this quantity as a function of the rain rate is depicted in Fig. 2.16.
For R = 5 mm/h, the volume fraction is Φp = 2·10−7. According to Elghobashi
(1994), at such a low volume fraction, the particles do not influence the flow
and this justifies the one-way coupling.

The total number of raindrops that are present in the LES volume is given
by NTL3 = 4.8·109 for a rain rate of 5 mm/h with NT ≈ 600. Tracking of such
a large number of raindrops is computationally expensive. A reduced number
of particles is thus simulated. A reasonable amount of particles that can be
added to the turbulence simulation is equal to the number of grid points of the
LES simulation, NG = 2563; therefore, the number of the simulated raindrops
is reduced by a factor of 4.8·109/2563 ≈ 286. This results in the reduced total
raindrop density N ′T = 600/286 ≈ 2.1 m−3. In this model, each simulated
raindrop is not affected by the number of raindrops presented nor by their
distribution since the raindrops do not interact with each other and do not
influence the background turbulence. This gives a freedom on the selection of
the raindrop’s set that is simulated for the use in the radar simulator.

Simulated cases

Two examples of simulations were carried out using different raindrop size’s
distributions. The first one (Case t1-r1) reproduces the Gamma distribution
(Eq. (2.14)) for a rain rate R = 5 mm/h but with a reduced total number
of raindrops NG. The second one (Case t1-r2) uses a uniform distribution of
sizes between 1 and 2 mm. Such uniform simulations can be used to estimate
statistics of the raindrop parameters as a function of the raindrop size. For in-
stance, since the number of the simulated raindrops is reduced, the number of
the large raindrops (if simulated with a Gamma distribution) will be too small
(see Fig. 2.15); therefore, the set of the raindrops simulated with the Gamma
distribution will not be a good representation of the raindrops’ velocities dis-
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Figure 2.15: Gamma distribution for several rain rates R. This figure is from
P. Billuart et al. contribution to (SESAR 12.02.02, 2016).



40
CHAPTER 2. CHARACTERIZATION OF TURBULENT AND STRATIFIED

ATMOSPHERES, AND OF WVS EVOLUTION, WITHOUT AND WITH RAIN

R [mm/h]
0 5 10 15 20

N
T
(R

)
[m

−
3
]

100

200

300

400

500

600

700

800

900

1000

(a)

R [mm/h]
0 5 10 15 20

Φ
p
(R

)
[−

]

×10-6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b)

Figure 2.16: Total raindrop density (a) and volume fraction (b) for Gamma
distribution and various rain rates. This figure is from P. Billuart et al. con-
tribution to (SESAR 12.02.02, 2016).

tribution. The uniform distribution allows simulation of a sufficient number of
raindrops of all considered diameters to represent reliably the statistics of the
raindrops’ parameters. This uniform distribution can be then recombined as a
function of the rain rate and the actual raindrop distribution (Vanhoenacker-
Janvier et al., 2014). Both simulations use the atmospheric properties of Case
t1 (see Section 2.1.1). Fig. 2.17 shows the raindrop distributions for both sim-
ulated cases. The values of the distributions are much smaller than that of

Figure 2.17: Raindrop size distribution used in Rain 1 (black) and Rain 2
(gray) simulations. This figure is from M. Duponcheel et al. contribution to
(Vanhoenacker-Janvier et al., 2014).

the actual distributions (see Fig. 2.15) because of the reduced total raindrop
density N ′T = 2.1 m−3 compared to the actual density NT ≈ 600 m−3.
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Figure 2.18: Visualizations of a few raindrop trajectories as obtained in Case
t1-r1 simulation. This figure is from M. Duponcheel et al. contribution to
(Vanhoenacker-Janvier et al., 2014).

Examples of raindrop trajectories are visualized in Fig. 2.18 for Case t1-r1.
Since the turbulence is weak (the rms velocity of the turbulent flow is about
0.07 m/s), the trajectories of the droplets only slightly deviate from the vertical.
Fig. 2.18 may give the impression that the raindrops enter the top of the domain
and leave at its bottom. This is due to the fact that only one crossing of the
domain is shown in the figure whereas, because of the periodicity, each particle
can cross the domain several times during the whole simulation period.

The results of the LES with rain presented in this section are not further
used in the present work because no combined radar and rain rate measure-
ments are available. Nevertheless, these LES simulations are ready to be used
in the future; for example, to simulate the extraction of the EDR from the
radar signal backscattered on the rain droplets.

2.1.4 WVs added to turbulent atmosphere in the pres-
ence of rain

For the simulations of the WVs in the presence of rain, the set of raindrops of a
given diameter is not handled as discrete elements as presented in Section 2.1.3
but as raindrops concentration in mm−1m−3. Unlike in (Liu et al., 2013), the
phase-averaged velocity is defined everywhere, even in low concentration areas
where the probability to find a droplet is very low.

In rainy weather, the atmosphere is in general neutral, i.e. not strati-
fied. The simulations with rain were thus performed assuming no stratification
(N∗ = 0). The code solving the equations of raindrops is a hybrid solver. The
raindrop velocity field is solved in spectral space, as for the air flow velocity
field, while the concentration field is solved using a Lagrangian method (Winck-
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elmans (2004), Cottet and Koumoutsakos (2000), Koumoutsakos (2005)).

(a) D =1 mm, t∗ = 2.5 (b) D =1 mm, t∗ = 4.5

(c) D =2 mm, t∗ = 2.5 (d) D =2 mm, t∗ = 4.5

Figure 2.19: Distribution of the relative concentration of the raindrops for cases
1-1r and 1-2r in a vertical cross-section of the LES (ηN ) box at the beginning
and at the end of the physically meaningful intervals for the case considered.
This figure is from P. Billuart et al. contribution to (SESAR 12.02.02, 2016).

The only cases for which the terminal velocity of the raindrops is signifi-
cantly higher than the vortex descent velocity are simulated. A concentration
then develop below both vortices, while the concentration above them will re-
main relatively equal to the concentration in the still air. “Contrary to the
UFO project (2016), a periodic domain in the vertical direction can no longer
be assumed for particles. Otherwise, the wake concentration would go back to
the vortices through the upper surface, which is not physical”(SESAR 12.02.02,
2016).

Due to the budget constraints of the SESAR project, only a few simulations
considering a set of four raindrop diameters: 1 mm, 2 mm, 3 mm, and 4 mm
were simulated in a vortex system. Table 2.4 provides the characteristics of
the LES for which the presence of the raindrops was simulated. The wake
vortices descend at the constant speed, V0 = Γ0/(2πb0) ≈ 1.27 m/s; therefore,
their vertical coordinate zc linearly decrease with time. Since the atmosphere
is not stratified in this case, the ratio Γtot/(2πbcVc) ≈ 1 over all intervals of
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(a) D =3 mm, t∗ = 2.5 (b) D =3 mm, t∗ = 4.5

(c) D =4 mm, t∗ = 2.5 (d) D =4 mm, t∗ = 4.5

Figure 2.20: Distribution of the relative concentration of the raindrops for cases
1-1r and 1-2r in a vertical cross-section of the LES (ηN ) box at the beginning
and at the end of the physically meaningful intervals for the case considered.
This figure is from P. Billuart et al. contribution to (SESAR 12.02.02, 2016).

the simulation.
The relative concentrations of raindrops ηN (Di, x, z) provided by LES at

the beginning and at the end of the physically meaningful intervals (see Fig. 2.6)
are shown in Figs. 2.19 – 2.20 for diameters (Di) used in the simulation. The
raindrops are forced out of the WV cores, forming areas with almost zero
concentration of the raindrops. The concentration of bigger raindrops is less

Table 2.4: Parameters of the LES cases with WV in the presence of rain.

LES case raindrop diameter, mm ε, m2/s3 N , Hz
Case 1-1r 1 1·10−5 0 (non-stratified)
Case 1-2r 2 1·10−5 0 (non-stratified)
Case 1-3r 3 1·10−5 0 (non-stratified)
Case 1-4r 4 1·10−5 0 (non-stratified)
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affected by the turbulence than the concentration of the smaller ones.

2.2 Electrical characterization of the medium
and scattering of electromagnetic waves

The radar is a remote sensor that emits EM waves and receives them backscat-
tered on some object. The received signal is then analyzed in order to extract
the information about the scattering object. The following sections introduce
the mechanisms of EM waves scattering and provide electrical characteriza-
tion of the medium represented by the fields of physical parameters simulated
by LES. Sections 2.2.1 to 2.2.3 analyze the electrical properties of the clear
air. Section 2.2.4 considers the characteristics of the rain that influence the
backscattering of the EM field.

2.2.1 Refractive index of the atmosphere
The solution of Maxwell’s equations shows that in free space, the transverse
electromagnetic waves emitted by the radar propagate along straight lines at
a constant velocity equal to the speed of light since the dielectric permittivity
ε0 and magnetic permeability µ0 are constant and related to the speed of
propagation as c = (ε0µ0)−1/2 (Adler et al., 1968). The dielectric permittivity
of air, ε, changes with altitude due to the gravity and stratification of the
atmosphere. For the troposphere, and for the atmosphere in general, ε > ε0.
This results in the propagation of EM waves at a speed v < c along curved
lines. Taking into account that the permeability of air is µ = µ0, the refractive
index of air is defined as:

n = c

v
=
√

ε

ε0
. (2.17)

In this sense, the refractive index is a measure of the bending of the EM wave
from the straight line when it propagates through some medium with non-
constant n.

The troposphere can be considered as a stratified mixture of dry air and
water vapor which density and polarization define the dielectric permittivity.
Molecules of water vapor are polar; therefore they produce their own electric
field that extends far beyond the atomic spacing. Molecules of dry air do not
possess their own permanent dipole moments; nevertheless, they become polar-
ized when an external electric field (radar signal) is applied. In the absence of
the external force, these dipoles are randomly oriented due to the thermal ag-
itation. The external electrical field aligns randomly oriented dipole moments,
and the oscillation of the external EM field causes the oscillation of the in-
duced local dipole moments; this acts as a source of EM radiation thus causing
scattering of the original EM field.

Calculation of the refractive index

The refractive index is proportional to the density of the molecules and their po-
larization. It can be shown that refractive index can be expressed via the pres-
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sure, temperature, and water vapor content of air (see, for example, Tatarskii
(1971)). Since for air, values of n are close to unity, it is more convenient to
use a so-called radio refractivity N :

N = (n− 1) · 106 . (2.18)

In this work, the formula proposed in (ITU-R, 2017) is used to calculate
the radio refractive index:

n = 1 +N · 10−6 = 1 +
((77.6

T

)
·
(
P + 4810 q

T

))
· 10−6, (2.19)

where P and q are the atmospheric pressure and the water vapor pressure in
hPa, and T is the absolute temperature in K. The pressure, temperature and
humidity fields are provided by the LES: values of each field are available at
each of the 3D LES grid nodes with a grid resolution of 0.78 m and temporal
resolution of 1 s.

Figs. 2.21 – 2.22 show examples of the distributions of the refractive index
(n) and the absolute values of its gradient (|∇n|) in a vertical cross-section of
the LES. All coordinates are given relative to the LES cube. Fig. 2.21 presents
Case t2 (a,c) and Case 1(b,d) for turbulent stratified atmosphere with and
without wake vortices respectively. The intensity of the turbulence for Case
t2, ε = 5 · 10−4 m2/s3, corresponds to the intensity of the background forcing
turbulence of Case 1.

Fig. 2.22 presents Case t4 (a,c) and Case 2 (b,d) for turbulent stratified
atmosphere without and with wake vortices respectively. The intensity of the
turbulence for Case t4, ε = 1 · 10−5 m2/s3, corresponds to the intensity of the
background forcing turbulence of Case 2. Spatial variations of the refractive
index for Case t4 caused by turbulence (ε = 1 · 10−5 m2/s3) are significantly
smaller than the gradient of n due to stratification (see Fig. 2.22.a), while in
Case t2 more intense turbulence (ε = 5 · 10−4 m2/s3) significantly disturbs the
gradient of the refractive index (Fig. 2.21a). In both Case 1 (see Fig. 2.21b)
and Case 2 (see Fig. 2.22b), the WV disturbs the stratification and creates a
strong gradient of n along the WV oval (see Fig. 2.21d and Fig. 2.22d for Case
1 and Case 2 respectively). The values of n in Case 2 (Fig. 2.22b) are larger
than in Case 1 (Fig. 2.21b). This is due to the fact that the wake vortices
in Case 2, at t∗ = 4, has descended to a lower altitude than in Case 1 (see
Fig. 2.10).

2.2.2 Spectrum of the refractive index in the turbulent
medium

At large scales, the spatial distribution of the refractive index values is deter-
mined by the stratification of the clear atmosphere or the perturbation of the
atmosphere in the presence of the WVs. At smaller scales, the values of the
refractive index are influenced by small-scale turbulent motion of air. From
the theory of turbulence, the kinetic energy of the turbulent field is distributed
between eddies having different scales: the energy transfers through the spec-
trum, form large-scale eddies to small-scale ones. A characteristic scale L0,
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(a) n, Case t2 (b) n, Case 1, t∗ = 4

(c) |∇n|, Case t2 (d) |∇n|, Case 1, t∗ = 4

Figure 2.21: Distribution of (a,b) the refractive index and (c,d) the absolute
values of its gradient in a cross-section of the LES. (a,c) Case t2 – stratified
turbulent atmosphere in the absence of the WV; (b,d) Case 1 – stratified tur-
bulent atmosphere in the presence of the WV at t∗ = 2.5. Case t2 (ε = 5 ·10−4

m2/s3, N = 2.54 · 10−3 s−1) is used as initial forcing turbulence for Case 1.

which is called the outer scale of turbulence, equals to the largest eddies in
the turbulent flow. The scale of the smallest eddies in the turbulent flow is
characterized by a Kolmogorov length scale η0:

η0 =
(
ν3

ε

)1/4

, (2.20)

where ν is the kinematic viscosity of air (a value of 1.45·10−5 m2/s is used in
this work). Scales between L0 and η0 constitute the inertial subrange of the
turbulence spectrum. A finite inertial subrange exists if the Reynolds number
is higher than some critical value (typically 106 – 107) (Tatarskii, 1971). The
shape of the turbulence energy spectrum in the inertial subrange is defined by
the so-called k−5/3 law (Kolmogorov, 1941):

E(k) = K0ε
2/3k−5/3 , (2.21)
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(a) n, Case t4 (b) n, Case 2, t∗ = 2.5

(c) |∇n|, Case t4 (d) |∇n|, Case 2, t∗ = 4

Figure 2.22: Distribution of (a,b) the refractive index and (c,d) the absolute
values of its gradient in a cross-section of the LES. (a,c) Case t4 and (b,d) Case
2 represent stratified turbulent atmosphere with and without wake vortices
respectively. Case t4 (ε = 1 · 10−5 m2/s3, N = 8.9 · 10−3 s−1) is used as initial
forcing turbulence for Case 2.

where K0 is the Kolmogorov coefficient ranging between 1.4 and 1.8, which
slightly depends on Reynolds number. In this range, a fragmentation of the
larger eddies occurs: due to the large Reynolds numbers, the eddies at the scale
L0 are unstable and therefore split into smaller eddies that are characterized
with smaller Reynolds number. Each fragmentation reduces the Reynolds num-
ber of the resulting eddies and the fragmentation process continues until some
critical Reynolds number is reached at the Kolmogorov length scale. At this
scale, the eddies are stable: they do not split to smaller ones and their energy
is transformed into heat due to the viscous force. Energy and viscous ranges
are called stable range of the turbulence while the inertial subrange is called
unstable reflecting the splitting of the bigger eddies (inhomogeneities) into the
smaller ones. Fig. 2.23 shows the energy spectra for the LES cases simulated
in the absence of wake vortices: in the inertial subrange that is captured by
the LES, the spectra shapes follow the k−5/3 low; the scales of turbulence lie
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Figure 2.23: Turbulence energy spectra for cases without wake vortices: Case
t1 (blue), Case t2 (cyan), Case t3 (black), Case t4 (green) and Case t5 (red).
This figure is taken from (Vanhoenacker-Janvier et al., 2014).

within range from approximately 100 m to 1.57 m. The absolute values of the
spectra is proportional to the values of energy dissipation rate for each case.
In the inertial subrange, the spectral density of the refractive index is defined
as follows (Tatarskii, 1971):

Φn(k) = 0.033 · C2
nk
−11/3 , (2.22)

where k = 2π/l is the wave number corresponding to the scale l and C2
n is

the refractive index structure parameter representing the intensity of the tur-
bulence. C2

n directly influences the intensity of the scattered signal as it is
explained in Chapter 4. The following section develops the calculation of C2

n

with LES data.

Refractive index structure parameter C2
n

Meteorological fields and turbulence are not stationary processes; statistical
properties of these fields depend on the altitude above the ground. To analyze
the spatial structure of these fields, a method of structure functions introduced
by Kolmogorov (1941) is used. Instead of considering the values of the random
process itself, the structure function considers a difference between the random
process values at two closely located points of observation. The second order
structure function for n is defined as follows:

Dn(r2, r1) =
〈

[n(r2)− n(r1)]2
〉
, (2.23)



2.2. Electrical characterization of the medium and scattering of
electromagnetic waves 49

where r1 and r2 are the positions at which n is analyzed; 〈〉r serves for spatial
averaging. Structure functions are used in place of the correlation functions
for stationary processes. A generalization of stationarity for random fields is
homogeneity. A random process is homogeneous if its mean value is constant
and its correlation function does not change with simultaneous displacement
of the pair of points of observation in the same direction and on the same
value. A homogeneous field is isotropic if its correlation function depends
only on the distance between points of observation and not on the direction.
Despite the fact that, at large scales, the field of n is neither homogeneous
nor isotropic, at small scales (in the inertial subrange), it can be considered
as locally homogeneous and isotropic. For locally isotropic and homogeneous
turbulence, the structure function depends only on the distance δ between the
given points (that lie within a local subspace which is locally homogeneous and
isotropic):

Dn(r2, r1) = Dn(|r2 − r1|) = Dn(r+ δ, r) = C2
nδ

2/3 . (2.24)

For all spatial inhomogeneities with scales belonging to the inertial subrange
of the turbulence spectrum, the refractive index structure parameter C2

n can
be calculated using the definition of the structure function for turbulent field
(see Eq. (2.23)):

C2
n(r) =

〈
[n(r + δ)− n(r)]2

〉
r

|δ|2/3
, (2.25)

where r is the position vector and δ is the vector defining the spatial separation
between the points at which the spatial averaging is calculated. The depen-
dence of the C2

n on the position (r) reflects the inhomogeneity and anisotropy of
n at large scales (see Figs. 2.21 and 2.22), while locally at small scales (distances
of the order of a few LES grid cells) the field of n is considered homogeneous
and isotropic.

In the present work, the C2
n parameter calculated at each LES grid node

takes the 6 closest nodes (at a distance ∆ equal to the size of the LES grid
cell) and averages the square difference between values of n at + and - the LES
resolution, taken two-by-two along the 3 axes (see Fig. 2.24: the highlighted
pairs of the LES nodes used to estimate C2

n at a given node are connected
with solid lines). So, in this case |δ| = 2∆. Mean values of C2

n for LES cases
without WV are varying in the range of 10−15 – 10−14 m−2/3 that corresponds
to “intermediate turbulence” (Davis, 1966).

Examples of the distribution of C2
n in a vertical cross-section of the LES

box are provided in Fig. 2.25 for Cases 1, 2 and 3. The WVs are clearly
visible, with high values of C2

n at the limit of the core and at the limit of
the oval surrounding the vortices. High values of C2

n are caused not only by
strong turbulence within the WV oval but also by high values of the humidity
and temperature gradients (Doviak and Zrnić, 1984). Case 3 has the same
stratification level as Case 2 (N = 8.9·10−3 s−1) but the EDR of the forcing
background turbulence is significantly larger (ε = 5·10−4 m2/s3 for Case 3 and
ε = 1·10−5 m2/s3 for Case 2). The interaction with more intense turbulence in
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Figure 2.24: Illustration of C2
n calculation. Red markers highlights the pairs of

the LES nodes used to estimate C2
n at the central LES node with coordinates

(2,2,2).

Case 3 deforms the WV oval and spread the large values of C2
n around the WV

system (see Figs. 2.25c, 2.25e and Figs. 2.25d, 2.25f). From the comparison
between two cases with the same level of energy dissipation rate (Cases 1 and
3, ε = 5·10−4 m2/s3), but different stratification level (stratification of Case 3
is about 3.5 higher than those of Case 1) it is seen that higher stratification
prevents the significant deformation of the WV oval and also produces more
uniform spread of high C2

n values around the WV.

2.2.3 Refractive index spectrum at the transition between
the inertial subrange and the viscous dissipative
range

The Bragg scattering is caused by variations of the clear air refractive index
having a spatial scale of half the radar wavelength, which is about 1.5 cm for the
X-band radar. To ensure backscattering on the refractive index inhomogeneities
(caused by turbulent eddies), the following condition should be met

λ

2 ≥ l0 , (2.26)

where λ is the radar wavelength and l0 is the inner scale, characterizing the
transition scale between the inertial subrange and the viscous dissipative range
of the turbulence spectrum. For higher radar frequencies (smaller wavelengths),
there are no significant eddies with dimension of the order of the Bragg wave-
length and the backscattered signal reduces quickly. The inner scale l0 is typi-
cally considered as a threshold for the radar detectability of the turbulence in
clear air; therefore, for the detection of the turbulence in clear air, the smallest
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(a) Case 1, t∗ = 2.5 (b) Case 1, t∗ = 4.5

(c) Case 2, t∗ = 4 (d) Case 2, t∗ = 6

(e) Case 3, t∗ = 2.5 (f) Case 3, t∗ = 4.5

Figure 2.25: log10C
2
n distribution in a vertical cross-section of the LES box

at the beginning and at the end of the physically meaningful intervals for
considered cases.

radar wavelength should be greater than 2l0. The value of l0 was estimated by
Hill and Clifford (1978) for the temperature spectrum of the turbulence as

l0 ' 7.41η0 = 7.41
(
ν3

ε

)1/4

. (2.27)
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The inner scales of the turbulence simulated in the LES are listed in Ta-
bles 2.5 and 2.6 for LES cases with and without WV respectively. As follows

Table 2.5: Estimation of the inner scale, l0, for the LES cases without WV.
Cases t2, t4, and t5 are used as initial forcing turbulence for Cases 1, 2, and 3
respectively.

LES case ε1/3, m2/3s−1 l0, cm
Cases t1, t4, t6 0.022 3.1
Cases t2, t5 0.08 1.2
Case t7 0.15 0.7
Case t3 0.215 0.6

Table 2.6: Estimation of the inner scale, l0, for the LES cases with wake vor-
tices.

LES case ε1/3, m2/3s−1 l0, cm
Cases 1 (=t2), 3 (=t5) (initial turbulence) 0.08 1.2
Case 2 (=t4) (initial turbulence) 0.022 3.1
Cases 1, 3 (developed turb. WV) 0.2–0.165 0.6–0.7
Case 2 (developed turb. WV) 0.195–0.158 0.6–0.7

from the evaluation of l0 for the X-band radar, the Bragg wavelength belongs
to the transition region between inertial and dissipative ranges. Therefore,
to estimate the level of the refractive index spectrum at the Bragg scale, it
is needed to take into account the attenuation of the spectrum level in the
dissipation range. For that purpose, Eq. (2.22) is modified by introducing an
attenuation factor in the refractive index spectrum. In this work two forms of
the refractive index spectrum at the transition between inertial and dissipative
ranges are considered as described hereafter.

Tatarskii’s spectral model

To model the refractive index spectrum in proximity to the inner scale, Tatarskii
(1971) proposes the following expression:

Φn(kB) = 0.033C2
nk
−11/3
B e−k

2
B/k

2
m , (2.28)

where kB = 2π/lB is the wavenumber that correspond to the Bragg length scale
lB and km is the wavenumber that corresponds to the smallest inhomogeneities
in the velocity field of the turbulence:

kml0 ' 5.92 . (2.29)

Combining Eqs. (2.27) and (2.29), the spectrum of the refractive index at
the transition zone between inertial subrange and viscous dissipative range
reads:

Φn(kB) = 0.033C2
nk
−11/3
B e−1.57ν3/2ε1/2k2

B . (2.30)
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(a) (b)

Figure 2.26: Tatarskii’s cut-off as an attenuation factor for refractive index
spectrum for different values of ε: (a) linear scale, (b) logarithmic scale. The
vertical black line represents the Bragg wavelength for the radar wavelength of
3.2 cm.

A dependence of the attenuation exponent on the inhomogeneities length scale
for a set of energy dissipation rates used in this work is shown in Fig. 2.26. The
vertical black line represents the value of the Bragg wavelength (1.6 cm) for the
radar wavelength of 3.2 cm. So, for cases with high ε (0.15 and 0.22 m2/3s−1),
the attenuation of the refractive index spectrum is negligible at l = 1.6 cm (less
than -1 dB). For lower values of ε (0.08 m2/3s−1), the attenuation is about -
2 dB. The turbulence with these length scales may be assumed to lie within
the inertial subrange. For the LES case with the lowest energy dissipation rate
(0.022 m2/3s−1), a high attenuation indicates that the length scales of the order
of 1.6 cm enter into the dissipation range (attenuation of Φn is about -10 dB).

The inner scale however depends on ε and Fig. 2.27 shows that the eddy
dissipation rate varies in the developed turbulent wake vortex system. The
WV system has local ε values in the WV oval that are much larger than that
of the initial forcing turbulence indicated in Table 2.6. Even in the background
part, outside of the WV oval and downstream, the energy dissipation rate is
significantly higher than initially, as indicated hereafter. An example of the
ε1/3 values in a cross-section of the LES box is provided for Cases 1, t4, and
t7 in Fig. 2.27. For an initial turbulence forcing with ε

1/3
f of 0.08 m2/3s−1,

typical (median) values of 0.2 and as high as 1.7 m2/3s−1 (l0 = 0.58 and 0.12
cm respectively) occur in the WV oval (nevertheless, the upper limit for the
scale of the Fig. 2.27 is set to 0.7 m2/3s−1 in order to improve the readability
of the figure); and typical values of 0.1 – 0.14 m2/3s−1 (l0 of 1 – 0.76 cm) occur
outside and downstream of the WV oval. As seen from Tables 2.5 and 2.6, the
ε1/3 caused by WV varies in the range 0.158 – 0.2 m2/3s−1 which corresponds
to the energy dissipation rate of the highly turbulent atmosphere. In Fig. 2.28,
an example of the attenuation exponent is plotted for the snapshots of Cases
1, t4, and t7 (Fig. 2.27). This figure clearly shows that, in the WV oval (see
Figs. 2.28c and 2.28d), the attenuation exponent is close to unity, even if the
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(a) Case t4 (b) Case t7

(c) Case 1, t∗ = 2.5 (d) Case 1, t∗ = 4.5

Figure 2.27: Distribution of ε1/3 in a cross-section of the LES for (a) Case t4
and (b) Case t7 and for Case 1 at (c) t∗ = 2.5, (d) t∗ = 4.5.

exponent decreases in the background. So, it can be concluded that the small-
scale turbulence in LES cells around WV oval lie within the inertial subrange.

The WVs creates a strong gradient of the humidity and temperature fields
at the border of the WV oval (see Fig. 2.12). Along with the increased intensity
of the turbulence (see Table 2.6), it results in a significantly higher level of C2

n

within the WV system (up to 10−13 – 10−12 m−2/3) comparing to the clear air
turbulence (10−15 – 10−14 m−2/3).

Hill’s spectral model

Eq. (2.28) was proposed by Tatarskii (1971) in absence of experimental data on
the level of the refractive index spectrum in proximity to the inner scale. Later,
relying on experimental research, Hill (1978) discovered that in the transition
between the inertial subrange and the viscous dissipative range, the spectrum
has a so-called bump. The numerical solution of the Hill (1978) model is
approximated by Frehlich (1992) as:

Φn(kB) = 0.033C2
nk
−11/3
B g(η0kB) , (2.31)
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(a) Case t4 (b) Case t7

(c) Case 1, t∗ = 2.5 (d) Case 1, t∗ = 4.5

Figure 2.28: Distribution of the attenuation exponent in a cross-section of the
LES for (c) Cases t4 and (d) t7 and for Case 1 at (a) t∗ = 2.5, (b) t∗ = 4.5 .

where the attenuation factor g(η0kB) is:

g(k) =
[

1 +
K∑
n=1

ank
n

]
exp(−δk) , (2.32)

where, for K = 4, the values of the constants providing the best fit for the Hill
spectral model are: δ = 1.1090, a1 = 0.70937, a2 = 2.8235 a3 = -0.28086, and
a4 = 0.08277. Fig. 2.29 provides the dependence of h(·) on the Bragg wave
number, kB , scaled by the Kolmogorov length scale η0.

As seen from Fig. 2.29, for the values of ε typical for the WV oval, the Bragg
wavelength of the X-band radar is right at the bump value of the attenuation
factor. The difference between Tatarskii’s cut-off and Hill’s bump is relatively
small for low levels of ε, while for high levels of ε the difference is significant.
Further in this work, the spectrum of the refractive index, n, is computed with
Eqs. (2.30) and (2.31) in order to take into consideration the proximity of the
Bragg scale to the transition between the dissipative and the inertial range of
the turbulence spectrum.
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(a) (b)

Figure 2.29: Hill’s bump and Tatarskii cut-off as an attenuation factors for
refractive index spectrum for different values of ε: (a) plotted against the
wavenumber scaled with the Kolmogorov length scale, (b) distribution of the
attenuation exponent in a cross-section of the LES for Case 1 at t∗ = 3.75.
The vertical lines represent the Bragg wave numbers for the radar wavelength
of 3.2 cm for different levels of the energy dissipation rate.

2.2.4 Characteristics of rain
For the frequencies higher than 1 GHz, the scattering of EM waves on the
rain droplets dominates over the scattering of the EM on the atmospheric
turbulence. Therefore, in rainy conditions only raindrops are involved in the
simulation of the backscattered signal as it is described in the following chapter.
This subsection briefly introduces the mechanism of EM scattering on the rain
droplets and recalls the parameters that LES provides as input data for the
radar simulator.

Raindrops as dielectric particles

To enable the LES to simulate the WV in a turbulent atmosphere in the pres-
ence of rain, it is assumed that the rain droplets have a spherical shape (see
Section 2.1.3). This is a fair approximation for relatively small raindrops with
radius of up to 2 mm (see Fig. 2.13). Larger raindrops are significantly de-
formed by a drag force. Nevertheless, polarization effects that occur when the
EM wave is scattered on the non-spherical particle are not considered in this
work; therefore, it is assumed in the radar simulator, as well as in the LES,
that all simulated raindrops have a spherical shape. The mechanism of the
scattering of EM waves on the spherical particles depends on the ratio between
the raindrop size (its radius, r) and the wavelength of the EM wave (λ). In
this work, the radar wavelength for the considered X-band is of the order of a
few centimeters (typically 3 cm), while the size of the raindrops is of the order
of a few millimeters; therefore:

kr << 1 , (2.33)



2.3. Conclusions 57

Figure 2.30: Raindrop size distributions for a few selected rain rates. Square
markers label the values of raindrop diameters simulated in the LES.

where k = 2π/λ is the wave number and r is the radius of a spherical raindrop.
The product kr is often called the electrical size of the particle since kr = 2πr/λ
is the circumference of the sphere expressed in wavelengths of the EM wave.
For kr << 1, the regime of the scattering is called a Rayleigh scattering. More
details on electrical properties of the raindrops will be given in the following
chapter.

Output parameters of the LES in the presence of rain

As output data, the Large Eddy Simulations with wake vortices provides the
fields of the raindrops concentrations (for diameters of 1, 2, 3, and 4 mm) and
the distribution of the local velocities at each node of the LES grid. Fig. 2.30
shows examples of raindrop size’s distributions calculated with Eq. (2.14) for
various rain rates of 1, 5, and 10 mm/h; the drop sizes provided by LES are
highlighted with the red markers. Since the strength of the backscattered
EM waves is proportional to the size of the raindrops, it is crucial to have
large raindrops represented in the simulation rather than the smaller ones (for
further details, see section 3.2.3). Further chapter develops the methods used
for the simulation of the backscattered signal using the LES data.

2.3 Conclusions
The LES provides 3D fields of physical parameters which characterize the scat-
tering medium. In the first step, clear air turbulent stratified atmosphere is
simulated. Then, the wake vortices are added to the LES to obtain a realistic
simulation of the WV interacting with the surrounding turbulent atmosphere.
With reasonable assumptions, the presence of the rain is then simulated for
the cases with and without the WV. Since simulated variables are decomposed
into their mean profiles and deviations from those means, it is possible to re-
construct the atmospheric fields at different altitudes or with different profiles
without a need to rerun the LES.
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LES cases of the output data set are characterized by two main parame-
ters, namely the energy dissipation rate, which characterizes the intensity of
the turbulence, and the Brunt-Väisälä frequency, which is the measure of the
atmosphere stratification. To simulate the scattering of EM waves on the WV,
it is needed to transfer from the atmospheric parameters: pressure, temper-
ature and specific humidity, to the electrical characteristics of the medium,
introduced by the refractive index.

The LES does not resolve the small scales of the turbulent flow. Therefore, it
does not provide the physical parameters with the resolution of the Bragg scales
at which the scattering of the EM waves occurs. However, the estimation of
the refractive index spectrum with the sub-grid energy dissipation rate enables
simulation of the radar signal backscattering, as described in the following
chapter. Two spectral forms are used in this work to estimate the refractive
index spectrum at the Bragg scale of the X-band radar: Tatarskii’s cut-off and
Hill’s bump. It is shown that the presence of the WV extends the inertial
subrange of the turbulence spectrum enabling the backscatter of the X-band
EM waves from the refractive index irregularities induced by the WV.

In the presence of rain, the scattering of the EM waves on the raindrops
dominates over scattering on the irregularities of the radio refractive index.
The LES provides data on the concentration of the raindrops of different sizes
as well as on their velocities. This data is used to simulate the scattering of
EM waves on the raindrops as on the dielectric spherical particles.



Chapter 3

Principles of radar
measurements of
atmospheric phenomena

Over the last decades, radars became a widely used remote sensors, able to
provide accurate information about the weather and atmospheric phenomena:
rain rate, turbulence intensity, atmospheric gravity waves, wind velocity, wind
shear, storms, tornadoes, wake vortices etc.

Recent works indicate that radar will be one of the tools to monitor the
WV (Oude Nijhuis et al., 2018). It is especially effective under rainy conditions
(Barbaresco et al., 2016), but may also be used under clear-air weather and
foggy conditions as a supplementary tool to lidar.

Radars provide remote sensing of the atmospheric phenomena at very large
ranges in C and S bands. However, the long range is not the main requirement
for a system aimed at the detection of the WV. Among the main advantages
provided by the X band are high resolution relative to the C and S bands
and a smaller size of the sensor. Accessibility of a wider bandwidth in the X
band provides high resolution measurements. Additionally, due to the lower
wavelength it is possible to obtain a narrow beamwidth with a relatively small
antenna.

In the present work, the analysis of the detectability of the WV and esti-
mation of the WV parameters is based on the simulation of the backscattered
radar signal. This necessitates a development of methods for the simulation of
the backscattered EM waves under different weather conditions for which the
mechanisms of scattering of electromagnetic waves on the WV are different.

This chapter provides the description of the radar basic principles and de-
tails related to the measurements performed with a pulse-Doppler radar (Sec-
tion 3.1). Then it introduces the parameters of the radar models used and the
geometrical configurations of the measurements (Sections 3.2.1), along with the
special aspects of the observation of the distributed atmospheric phenomena
(Section 3.2). The methodology for calculation of the WV RCS is developed in
Section 3.2.3 for clear air conditions and in Section 3.2.4 for the rainy condi-

59
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tions. Finally, Section 3.2.5 develops the simulation of the backscattered radar
signal and Section 3.2.6 provides a method for the synthesis of the Doppler
spectrum of the radar signal backscattered on the WV in the presence of rain.

3.1 Radar basic principles
This section introduces basic principles of radar measurements for a pulse
(Doppler) monostatic radar. In this introductory section, the analysis is given
for a single scatterer. The radar measurement of the distributed targets is
considered in Section 3.2.

3.1.1 Radar equation and signal-to-noise ratio
Fig. 3.1 illustrates the basic principles of radar measurements for a single point-
like scatterer: the radar emits EM pulses in the direction of observation using a
directional antenna to focus the emitted EM energy in the direction of interest.
If there is an object located in that direction, it scatters back some portion

Figure 3.1: Illustration of the basic principles of radar measurements.

of EM power. The object scattering the radar signal is traditionally called a
target in a radar field. The backscattered EM field propagates back to the radar
where it is collected via the receiving antenna and is transferred further to the
receiver for initial processing such as filtering, amplifying etc. In the receiver,
the signal is normally converted into a digital form, and is further analyzed in
a processing unit to estimate the parameters of the scatterer observed.

The main factors influencing the radar measurements are combined in the
so-called radar equation, which provides an estimate of the power, Pr, received
by the radar:

Pr = PtG
2f4(θ, φ)λ2σ

(4π)3r4L
, (3.1)

where Pt is the peak power of the transmitted pulse, G is the antenna gain
(assuming that the same antenna is used for both transmitting and receiving),
f(θ, φ) is the normalized antenna pattern in the direction of the target (θ, φ)
(f(θ0, φ0) = 1 in the direction (θ0, φ0) normal to the antenna aperture), λ is
the radar wavelength, r is the distance between the radar and the target, L is
the attenuation of the radar signal due to the losses on the propagation path
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(attenuation of the signal in rain, snow, clear air gases etc.), and σ is the RCS,
which is the measure of the amount of the EM energy that is reflected by the
target.

The radar equation provides an estimate of the power of the received sig-
nal at the output of the antenna port. Nevertheless, the receiver detects the
backscattered signal if its level exceeds some threshold which is defined by the
level of the noise in the receiving channel. The sources of noise are classified in
two groups: the internal noise which is generated in the electrical circuits of the
receiver system and the external noise, such as cosmic noise, solar noise, noise
from the closely located structures etc. The internal noise is caused by the
thermal motion of the electrons in the receiver’s elements (Bringi and Chan-
drasekar, 2001). The presence of noise in the receiving channel is a fundamental
limitation in radar measurements.

The noise is usually modelled as an additive white Gaussian noise (AWGN)
having a total power N0 in the bandwidth of the receiver, N0 has a zero mean
and a variance σ2 = N0/2. For the case of two-sided spectrum, It is estimated
as follows:

N0 = kbT0B , (3.2)

where kb = 1.38 · 10−23 Joules/K is the Boltzmann’s constant, T0 is the equiv-
alent noise temperature in degrees Kelvin (K), and B ≈ 1/τp is the receiver
bandwidth. The equivalent noise temperature of the system, T0, is commonly
specified at the input of the low-noise amplifier (LNA). This is the first active
element at the input of the receiver used to increase the level of the weak input
signal so as it could be detected. To neglect the contribution of the subsequent
elements of the receiver to the total noise power, it is needed to have the gain
of the front LNA significantly large (GLNA � 1) (see, for example, Bringi and
Chandrasekar (2001)). Although the total noise temperature T0, referred to
the input of the LNA, depends on the noise temperatures and gains/losses of all
elements of the receiver along with the external noise temperature collected by
the antenna (see, for example, (Bringi and Chandrasekar, 2001, Section 5.8)),
it is often assumed that T0 is the ambient temperature typically given as 290
K.

The ratio between the power of the received signal (Eq. (3.1)) and noise
power (Eq. (3.2)) is called an SNR taken at the input of the receiver (which
normally corresponds to the input of the LNA):

SNRin = Pr
kbT0B

= PtG
2f4(θ, φ)λ2σ

(4π)3r4LkbT0B
. (3.3)

Nevertheless, the overall estimate of the SNR is usually given at the output of
the receiver:

SNRout = SNRin/NF , (3.4)

where NF is the noise figure characterizing the level of the receiver’s internal
noise. The NF , which is mainly determined by the noise figure of the LNA,
specifies the degradation of the signal-to-noise ratio at the output of the re-
ceiver, SNRout, relative to the signal-to-noise ratio taken at the input of the
receiver, SNRin. The ratio given in Eq. (3.3) along with Eq. (3.4) enables the
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analysis of the power budget of radar measurements and the evaluation of the
detectability of the signal scattered by the target in the presence of noise.

3.1.2 Pulse-Doppler radar concept
Section 3.1.1 gives the basic equations of the pulse radar. This type of radar
estimates the distance to the target which is equal to cτ/2, where c is the
speed of light and τ is the delay between emitted and received pulses. If a
directive antenna is used, the estimate of the location is then also available and
the position of the scatterer can be refined with the tracking of the scatterer
coordinates over time, for instance with a Kalman filter in case the trajectory
of the scatterer is linear (Brookner and Cynamon, 2000) or other types of filters
for a non-linear movement of the scatterer. In this way, the spatial position
of the target in the subsequent observations is used to estimate the target’s
velocity and acceleration as the first and the second order derivatives of the
tracked trajectory respectively. The spatial resolution of the radar is then
directly linked to the antenna pattern. Nevertheless, in many cases it is needed
to know the instant (radial) velocity of the scatterer. The direct measurements
of the radial velocity uses the Doppler effect due to which the frequency of the
signal scattered on the moving object is proportional to the velocity of this
object. To enable the measurements of the frequency change, more precisely
the rate of change of the full phase of the pulse dφ(t)/dt = w, where w is the
angular frequency, pulse radars need to track the changes of the pulses phase.
Such radars are called pulse-Doppler radars, where Doppler stresses the use of
the Doppler effect employed to measure instant radial velocity of the scatterer,
besides range.

A pulse-Doppler radar is the classical type of weather or meteorological
radar which represents a powerful tool for sensing the atmospheric phenomena.
These radars emit a train of consecutive phase-coherent EM pulses and analyze
the rate of the change of scattered pulses’ phase to obtain the estimate of the
scatterer’s radial velocity. Keeping the phase of all emitted pulses coherent
allows the tracking of the phase change of the consecutive pulses scattered
back to the radar. As shown hereafter, the rate of phase change is used to
evaluate the radial velocity of the scatterers which can be raindrops, clear-air
refractive index irregularities, snow, fog particles etc.

Fig. 3.2 illustrates the structure of the radar signal: during the dwell time,
the radar emits M pulses with a pulse repetition time of T . The radar receives
the pulses scattered by a point-like target located at a distance of cτ/2, where
c is the speed of light and τ is the time necessary for an EM wave to travel
from the radar to the scatterer and back. A pulse received at a time mT + τ ,
where m is the consecutive number of the pulse in the burst, corresponds to
the pulse emitted at a time of mT and reflected back by a scatterer. The pulses
of Fig. 3.2 are given in the form of a power envelop.

Radar range resolution

The parameters of the target, its range and Doppler velocity, are estimated
from the received backscattered signal. These estimates are obtained with a
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Figure 3.2: Schematic representation of the train of emitted (solid) and received
(dashed) pulses.

limited resolution in range, which is specified as a minimum distance between
two closely located targets for which the signals backscattered on these targets
can be distinguished in the receiver. As the detection of the pulse is based on
the correlation (convolution) between the emitted and the received pulses, the
conventional way to define the resolution is to fix it at the level of half-width
of the pulse’s correlation function which is τp/2 for a rectangular-shaped pulse,
where taup is the duration of the EM pulse. In this case, the range resolution
is specified as:

∆r = cτp
2 . (3.5)

So, for a typical value of τp = 10 µs, the corresponding resolution is 150 m,
which is quite low to observe the small-scale atmospheric phenomena such as
small-scale turbulence or the WVs. An increase of the resolution by a factor of
10 to 100 necessitates a use of pulses that are 10 to 100 times shorter inducing
a bandwidth increase and an SNR decrease by the same factor. To maintain
the same SNR (see Eq. (3.3)), the peak power of the emitted pulses should be
increased by 10 to 100, which is unpractical.

To overcome this limitation, each emitted pulse is modulated in order to
increase its bandwidth and provide the range resolution needed. Such modula-
tion is called a pulse compression. As the detection of the pulse is based on the
matched processing, i.e. the correlation between the emitted and the received
pulses, and the width of the correlation function inversely proportional to the
signal bandwidth, the resolution in range is also inversely proportional to the
pulse bandwidth. So, for the pulses with the same duration τp but having a
bandwidth Bc the range resolution is determined by

∆r = c

2Bc
, (3.6)
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where Bc is the bandwidth of the modulated pulse. A processing gain equal to
Gcompr = τpBc is often used in the literature to demonstrate the gain obtained
by using the pulse compression. Nevertheless, it should be noticed that this
gain is only related to the increase of the range resolution due to the narrow
autocorrelation function. This holds true if the energy of the pulse does not
change (Pt and τp are not changed). The SNR at the output of the matched
receiver does not change when compressed pulses are used and is defined as:

SNR = PtG
2λ2σGcompr

(4π)3r4kT0Bc
= PtG

2λ2στpBc
(4π)3r4kT0Bc

= PtG
2λ2στp

(4π)3r4kT0
, (3.7)

where τp = 1/B is the duration of the pulse, which is inverse proportional
to the bandwidth of the non-modulated pulse. Eq. (3.7) reflects the fact that
when the bandwidth of the pulse is increased, the bandwidth through which the
receiver collects the noise is increased as well since radar’s receiver should use
filters that pass increased bandwidth of the pulse; therefore, the bandwidth of
the noise at the output of the receiver (before matched processing) is increased
to Bc. So, the pulse compression helps to increase the range resolution but
the signal-to-noise ratio remains the same as for the unmodulated pulse. This
holds true if τp and the peak power Pt are not changed for the modulated pulse.

For a pulse-Doppler radar (or in pulse radars in general), if the distance to
the target r′ > cT/2, then the echo of themth transmitted pulse is received after
transmission of the (m+1)th pulse. Therefore, echo of mth pulse reflected from
a target at the distance r′ > cT/2 and (m+ 1)th pulse reflected by the target
located at r′′ < cT/2 cannot be distinguished unless some different internal
modulation is applied to each of the consecutive pulses in the burst. Therefore,
the period of pulses repetition, T , determines the maximum distance at which
the echoes from the target can be unambiguously measured:

Rmax = cT

2 . (3.8)

Doppler effect and Doppler velocity

The Doppler effect, which causes a change of the initial frequency of the signal
when it is scattered by a moving object, enables the measurement of the instant
radial velocity of a target. The phase of the pulse, scattered by a target at range
r(t) from the radar and received back, is given as:

φ(t) = φ0 −
4πr(t)
λ

, (3.9)

where λ is the radar wavelength , φ0 is the initial phase of the emitted signal.
If the target illuminated by the radar is moving with a radial velocity vr with
respect to the radar, the rate of change of phase is:

dφ

dt
= −4π

λ
· dr(t)
dt

= vr ·
4π
λ
. (3.10)

In Eq. (3.10), it is assumed that the target is moving toward the radar; there-
fore, the derivative of dr(t)/dt is negative. Since the rate of phase change is
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equal to the angular frequency wD:

dφ

dt
= wD = 2πfD , (3.11)

where fD is the Doppler frequency defined as:

fD = 2vr
λ

. (3.12)

The Doppler frequency, fD determines the frequency shift affecting the carrier
frequency of the pulse (fc = c/λ) when it is scattered on the moving target. If
the scatterer moves towards the radar, fD > 0, and when the scatterer moves
away from the radar, fD < 0. If the scatterer moves perpendicular to the line
connecting the radar and the scatterer, then fD = 0 since the radial velocity is
zero.

Similarly to the maximum unambiguous range (Eq. (3.8)), there is a maxi-
mum radial velocity that can be unambiguously measured by a pulse-Doppler
radar. The estimation of the scatterer’s radial velocity is based on the measure-
ment of the phase change between successive pulses backscattered by a target.
Therefore, if the radial speed of the scatter is so large that the change of phase
between two successive pulses is greater than π then these measurements pro-
vide an ambiguous estimate of vr. Therefore, the maximum velocity, Vmax,
unambiguously measured is determined from Eq. (3.10) as:

Vmax4π
λ

· T = π , (3.13)

and, finally:

Vmax = λ

4T = λfPRF
4 , (3.14)

where fPRF is the pulse repetition frequency.
Eqs. (3.8) and (3.14) show that the choice of the pulse repetition frequency

of the emitted train of pulses is a compromise between the maximum radial ve-
locity and the range that can be measured unambiguously: increasing the fPRF
allows estimation of higher radial velocities of the scatterers, while it decreases
the maximum unambiguous range, and contrary, reduction of fPRF increases
Rmax but decreases Vmax. This is illustrated by the product RmaxVmax that
is independent of fPRF :

RmaxVmax = cλ

8 . (3.15)

Eq. (3.15) shows that for a given pulse repetition frequency, the increase of the
maximum measurable values of the range and velocity is proportional to the
radar wavelength.

The analysis given in this section is performed for a single point-like scat-
terer; nevertheless, atmospheric phenomena are scatterers distributed in space
or so-called volume scatterers, which are analyzed further in Section 3.2.
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3.2 Radar measurements of distributed scatter-
ers

The radar signal backscattered on the atmospheric phenomena is a compos-
ite of echoes from a very large number of closely located scatterers, which are
the refractive index irregularities in clear-air atmosphere (caused by the atmo-
spheric turbulence or by the presence of the WVs) or by the raindrops (in still
air or in the presence of the WVs). The distributed nature of the scatterers
necessitates a more careful consideration of the radar resolution volume and its
influence on the measurements.

This section first considers the geometries of the radar measurements used
in this work (Section 3.2.1) and the special aspects of the pulse-Doppler radar
measurements of the distributed targets (Section 3.2.2). Then, it develops the
calculation of the distributed scatterers’ RCS for clear-air atmosphere and for
rain, both in the presence and in the absence of the WVs (Sections 3.2.3 and
3.2.4 for clear-air and rainy conditions respectively). Finally, Section 3.2.5
develops the methodology for the simulation of the time series of the signal
backscattered in clear air as well as for the direct synthesis of the backscattered
signal’s Doppler spectrum in the presence of rain.

3.2.1 Geometrical configuration of radar measurements

Over the past decades radars became unavoidable tools for weather observation,
due to their ability to provide remote sensing of large regions of atmosphere
with high resolution and accuracy. There are two main types of weather radars:
wind profiler radars and meteorological radars. Wind profilers use vertically
oriented antenna to remotely sense the wind velocity, atmospheric turbulence
intensity, and atmospheric gravity waves in the atmospheric boundary level
(ABL). Meteorological radars perform a horizontal scanning with the antenna
typically aimed at low elevation angles to monitor low layers of the atmosphere
for sensing the precipitation (rain, snow, fog etc.), storms etc.

In the framework of UFO project (2016), one of the goals was to demonstrate
the ability to estimate the turbulence intensity with the vertically oriented X-
band Doppler radar developed by the Laboratoire ATmosphere, Milieux, Ob-
servations Spatiales (LATMOS) from Université Pierre et Marie Curie (UPMC)
and with the horizontally scanning X-band radar developed by Thales. Addi-
tionally, the scanning radar is supposed to be used for retrieval of the wind
velocity. The ultimate goal is to use a single sensor (a horizontally scanning
radar) for detecting the WV, measuring its strength and estimate the parame-
ters influencing the WV life time, such as wind velocity and energy dissipation
rate of the background atmospheric turbulence.

The simulator developed in this work is validated first via retrieval of the
energy dissipation rate of the atmospheric turbulence and then is used to simu-
late the detection of the WV and retrieval of the WV’s strength. The following
subsection provides a description of the geometrical setups and the parameters
of the radar models used in this work.
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Table 3.1: Radar parameters

Radar parameters LATMOS CURIE
Emitted power 60 W
Frequency 9.42 GHz
Repetition pulse time 4.8 µs
Number of pulses
coherently integrated 300
Pulses in a burst 1228800
Dwell time, Td 5.9 s
Range cell size 22.5 m
Aperture angle 1.9°
Antenna gain 40 dBi
Elevation angles, θ 90◦

Turbulence intensity measurements

The parameters of the radar model used in the present work are the same as
the ones of the radar used in UFO project (2016). The main parameters of
the vertical profiler (CURIE radar) used for the simulation of measurements of
the turbulence intensities are listed in Table 3.1. The CURIE X-band Doppler
radar developed by LATMOS (Al Sakka et al. 2009) operates at 9.42 GHz. It
uses a parabolic-offset antenna to minimize the effects of secondary beams and
ground clutter. This sensor is a low power pulsed radar; therefore, to increase
the SNR, it uses a relatively high pulse repetition frequency to allow coherent
integration of the consecutive pulses (300 pulses in the considered mode).

Fig. 3.3 illustrates the geometrical configuration of the simulations. The
profiler radar’s antenna beam is pointed vertically providing measurements for
the altitudes in the range of 70 – 720 m above the radar with a range resolution
of 22.5 m. In order to simulate the radar measurements for a given range and
altitude, the LES cube is placed as depicted in Fig. 3.3. The wind is modelled
by adding its velocity to the LES local wind field.

WV measurements

The parameters of the radar model used for WV detection (see Table 3.2) are
chosen to be equal to the parameters of the X-band Thales radar that was used
in the trials of the SESAR 12.02.02 joint initiative for detection of the WV at
the Charles de Gaulle airport in 2015 (Barbaresco et al., 2016). The radar
model has a range resolution of 6 m in short range mode, achieved by pulse
compression, that allows for the discrimination of wake vortices. The far range
mode has a 60 m resolution. The geometrical configuration of the simulation,
nevertheless, differs from (Barbaresco et al., 2016) in order to demonstrate the
tracking of the descending WV.

Fig. 3.4 illustrates the geometry used for the simulation: the radar is located
at the side of the glide with the distance r to the runway axis equal to 1100
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m. Two geometrical setups, named hereafter as setups A and B, are used in
the simulator for extraction of the WVs strength from the radar measurements.
For setup A, the size of the radar resolution volume in range (∆rrc) is 60 m
and the elevation angle of the antenna beam is fixed at 5.3° to monitor the WV
at the altitude of the glide (h1 = 100 m). For setup B, the range resolution is
6 m and the radar performs a scan of the LES box in elevation (with a step of
0.27°) to track the WV descent.

An additional geometry setup C is used in order to simulate the Doppler
spectrum of the W-band radar signal backscattered on raindrops within the
WV system. The results of simulations are compared qualitatively with those
obtained by Seliga and Mead (2009). For this setup, the radar performs a scan
of the LES box in elevation with a step of 0.09°. The parameters of the radar

Figure 3.3: Geometrical configurations of the simulation used for retrieval of
the energy dissipation rate from the vertical profiler’s radar signal.

Table 3.2: Parameters of the X-band radar.

Parameter name Value
Frequency, fc 9.5 GHz
Pulse duration, τpls 2 µs
Pulse repetition time, T 50 µs
Number of pulses in a burst 512
Dwell time, Td 25.6 ms
Radar cell size in range, ∆rrc 60 m; 6 m
Antenna beam width at 3dB, ϕa = θa 3.1°
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Figure 3.4: Geometrical configuration of the simulation used for detection of
the WV.

are the same as in (Seliga and Mead, 2009) (Table 3.3).
It is assumed that the radar uses a digital antenna beam forming (for all

geometrical configurations).

3.2.2 Distributed scatterers
In the receiver, the pulse scattered on the distributed scatterers is normally
observed as a continuous signal due to its backscattering on the continuum
of closely located individual scatterers. The backscattered signal arrives at
the receiving antenna with the delay corresponding to the time necessary for
the radar pulse to travel to the front of the volume scatterer and back. Nor-
mally, the front of the atmospheric volume scatterers begins immediately at
the surface of the antenna. It can be a region with rain or simply the clear-air
turbulence around the radar.

The illustration of the scattered signal at the output of the filter matched to
the emitted pulses is given in Fig. 3.5 (dashed curve). Since individual echoes
from closely located scatterers cannot be resolved, the complex amplitude of
the scattered pulse for a given resolution volume is collected by sampling the
received signal at the discrete time delays τ with a period of T ; the samples
locations for a given radar resolution volume are depicted with square markers
in Fig. 3.5; the backscattered signal is shown in the form of a power at the

Table 3.3: Parameters of the W-band radar.

Parameter name Value
Frequency, fc 94 GHz
Pulse repetition time, T 50 µs
Number of pulses in a burst 512
Dwell time, Td 25.6 ms
Radar cell size in range, ∆rrc 1 m
Antenna beam width at 3dB, ϕa = θa 0.18°
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Figure 3.5: Schematic representation of the train of emitted pulses (solid) and
received signals (dashed). The received signals are presented at the output of
the matched filter. The square markers specify the delays at which the samples
corresponding to the range resolution volumes centered at cτ/2 are collected
for further processing.

output of the matched filter. The output of the matched filter is proportional
to the convolution between the received signal and the filter’s impulse response
matched to the emitted pulses. Each sample collected corresponds to a resolu-
tion volume located at τc/2 within which the scatterers contribute significantly
to the sample. The dimensions of this volume and contribution of each par-
ticular scatterer is determined by a range weighting function. This function is
defined by the autocorrelation of the matched filter transfer function.

Fig. 3.6 demonstrates a radar resolution volume, the weighting functions
and a single scatterer. The range weighting function is specified by the ampli-
tude of the matched filter’s transfer function and the shape of the transmitted
pulse. Angular weighting is related to the antenna radiation pattern f2(θ, φ).
The location of the radar resolution volumes for the corresponding sample is
called a gate.

The locations of the adjacent gates are usually chosen so that the range
weighting functions centers, which correspond to the adjacent resolution volume
centers, intersect each other at the level of -3 dB. This is a conventional criteria
of the resolution of the two closely located individual targets. It should be
taken into account that the interval over which the sample for a given gate is
calculated (by the convolution between the matched filter’s impulse response
and the input continuous signal), is equal to the pulse duration, τp; nevertheless,
due to the pulse compression, only scatterers located within the space interval
determined by Eq. (3.6) around the range cτ/2 are significantly influencing
the sample of the received signal at the delay τ . This holds true for clear-air
scatterers since the order of the RCS does not vary significantly for the closely
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located (unresolved) individual scatterers. However, this may not be valid for
the raindrops because the order of the RCS for raindrops can vary in a large
interval since it depends heavily on the raindrop’s size. That can result in the
significant influence of the big raindrops on the sample of the adjacent gates.

Despite the fact that the range weighting function significantly influences
the contribution of the each scatterer to the reflected signal, it is assumed in
this work that weighting function is equal to 1 over the whole resolution volume.
As a consequence, the possible contribution of the raindrops to the samples of
the neighboring radar resolution volumes are neglected.

The total RCS for a given radar resolution volume is calculated as a sum
of RCS of all contributors (refractive index inhomogeneities or rain droplets)
within that volume:

σ =
P∑
p=1

σp , (3.16)

where σp is the RCS of the individual scatterer within the radar resolution
volume (see Fig. 3.6). The following sections develops the calculation of the
distributed scatterers’ RCS for clear-air atmosphere and for rain, both in the
presence and in the absence of the WVs (Sections 3.2.3 and 3.2.4 for clear-air
and rainy conditions respectively).

3.2.3 Radar cross-section of the WV and turbulence in
clear air

A very weak level of the backscattered power makes it difficult to detect the
WV with the radar in clear-air atmosphere (Gilson, 1992), (Barbaresco et al.,
2007). The power of the backscattered signal is proportional to the scatterer’s
RCS (see Eq. (3.1)). The estimation of the RCS enables the evaluation of

Figure 3.6: Illustration of the weighting functions of the radar resolution vol-
ume.
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the limits of detectability of the WV in clear air or clear-air turbulence itself
(Eq. (3.3)).

All the models reported in the literature classify the mechanisms of scat-
tering of the electromagnetic waves on the WVs in two groups: scattering on
the laminar structure of the evolving WVs as performed by Myers et al. (1999),
Shariff and Wray (2002), Li et al. (2010), Vanhoenacker-Janvier et al. (2012)
and scattering on the turbulence generated by the WV, as proposed by Nespor
et al. (1991), Gilson (1992), Marshall and Myers (1996).

The calculation of the WV RCS based on the laminar structure of the
WV in clear air (as in (Myers, 1997; Shariff and Wray, 2002; Li et al., 2010;
Vanhoenacker-Janvier et al., 2012)) is not used in this work, because, in view of
the state-of-art LES simulations of the WV in clear atmosphere, it is supposed
that the laminar structure of the WV can persist only during a limited time
interval after the formation of the WV (Kovalev et al., 2018) and is not realistic
for the developed turbulent WV. So, the Bragg scattering of the radar signal
on the turbulence is considered, assuming that the aircraft wake vortex creates
a cascade of turbulent energy similar to atmospheric turbulence. High values
of C2

n enable the detection of the WVs by the radar. The methodology of the
estimation of the clear-air turbulence RCS is the same as for the WV in clear
atmosphere.

Methodology of estimation of the wake vortex radar cross-section

The refractive index (n) is calculated for the clear air from pressure, tempera-
ture and relative humidity fields provided by the LES (see Section 2.2.1). Then,
a refractive index structure parameter (C2

n) is calculated (see Section 2.2.2) and
used to estimate the RCS as described hereafter.

The RCS is calculated for a volume of one radar cell as follows (Doviak and
Zrnić, 1984):

σ =
P∑
p=1

ηpVp , (3.17)

where ηp is the reflectivity [m−1] of the pth LES cell, having a volume Vp (Vp is
equal for all LES cells and is approximately 0.5 m3), and P is the total number
of LES cells located within a given radar resolution volume.

It can be shown (Doviak and Zrnić, 1984) that reflectivity of the clear-
air turbulence for backscattering case (where the angle between incident and
scattered EM waves is π) is defined as:

η = 8π2k4
B2−11/3Φn(kB) , (3.18)

where Φn(kB) is the refractive index spectrum defined by Eq. (2.22) for the
assumption that the Bragg wavelength lies within the inertial subrange of the
turbulence spectrum. Substituting Eq. (2.22) into Eq. (3.18) and taking into
account that kB = 2π/λB , where λB = λ/2 is the Bragg wavelength, Eq. (3.18)
transforms into the well-known form (Ottersten, 1969):

η = 0.38λ−1/3
B C2

n . (3.19)
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For the X-band radar, the Bragg wavelength becomes comparable to the Kol-
mogorov length scale and therefore it falls into the transition zone between in-
ertial subrange and viscous dissipative range of the refractive index spectrum.
Thus, it is needed to account for the decrease of the refractive index variance
spectrum in that region (See Section 2.2.3, Eq. (2.30)). Applying Eq. (2.31) to
Eq. (3.18), the reflectivity of the clear-air turbulence or turbulence induced by
the WV (in the transition between inertial subrange and dissipative range) is
calculated for pth LES cell as:

ηp = 0.38λ−1/3
B

[
C2
n

]
p
g(η0kB) . (3.20)

To calculate the total RCS of given resolution volume, the contributions
from all LES cells in Eq. (3.20) are weighted with the value of the antenna
pattern at the angular position of the pth LES cell w2

p (it is assumed that
antenna patterns wp are equal in azimuth and elevation). A range weighting
function, characterized by the receiver filter impulse response and the envelope
of the transmitter pulse, is assumed to be constant over the size of the radar
cell in range. A non-constant envelope can easily be added to the simulator if
needed. Therefore, the RCS of the radar resolution volume is:

σ = 0.38λ−1/3Vp

P∑
p=1

[
C2
n

]
p
w2
pg(η0kB) . (3.21)

Eqs. (3.21) and (3.3) allow the estimation of the signal-to-noise ratio in
order to assess the detectability of the WV under different radar parameters
and geometrical configurations of the measurements.

Fig. 3.7 provides an example of distributions of the LES cells’ RCS, calcu-
lated as ηp · Vp, with Eq. (3.21) (Vp ≈ 0.5 m3). This distribution is given in
a cross-section of LES Case 1. Two regions A (containing the left WV core)
and B (outside the WV) are considered to illustrate the difference between the
RCS calculated for the volumes with high and low EDR: the median values
of ε1/3 is 0.185 m2/3s−1 for region A, and 0.075 m2/3s−1 for region B. The
regions are extended in the x-axis direction to form cubes having dimensions of
60×60×60 m3, which roughly correspond to the size of the radar resolution vol-
ume used for geometrical setup A. The RCS of these volumes is −81.9 dBsm for
A and −85.4 dBsm for B. The difference of 3.5 dB comes from the decrease of
the attenuation function g(η0kB) by a factor of approximately 2 corresponding
to the ε1/3 decrease from 0.185 to 0.075 m2/3s−1 (Fig. 2.29). Further analysis
of WV RCS in function of the radar and meteorological parameters is given in
Chapter 5.

3.2.4 Radar cross-section of the wake vortex in the pres-
ence of rain

The mechanism of the EM scattering on the spherical (non-absorbing) rain-
drops and consequently the level of raindrop’s RCS depend on the electrical
size of the raindrop krd (Eq. (2.33)), where k = 2π/λ and rd is the raindrop
radius. Fig. 3.8 illustrates the dependence of the RCS of a spherical particle,
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Figure 3.7: Distribution of the RCS of the LES cells having a volume of ap-
proximately 0.5 m3.

normalized to its cross-section πrd
2 on the electrical size of the particle nor-

malized by 2π. There are three distinctive regions, depending on the krd (or
rd/λ used in Fig. 3.8): the Rayleigh region (rd/λ < 0.1), the Mie region (0.1
< rd/λ < 2), and the optical region for which the raindrop RCS is equal to
its cross-section πrd2. The limits of the regions are determined approximately.
While the Mie scattering theory is based on the solution of Maxwell’s equa-
tions taking into account the incident, scattered and internal EM fields, and
can be used to calculate the RCS of the raindrop of any size, the Rayleigh
approximation is normally used for the region where krd � 1 (or rd/λ� 0.1).

For the X-band radar, the ratio rd/λ < 0.1 belongs to the Rayleigh region,
and the RCS of a raindrop is calculated as follows (Doviak and Zrnić, 1984):

σ = 7.11πr2
d(2πrd/λ)4 . (3.22)

Eq. (3.22) shows that the RCS of the raindrop depends heavily on its diameter
in the Rayleigh region; therefore the RCS of the raindrops varies in a very wide
range.

For rd/λ > 0.1, the RCS of a spherical raindrop can be estimated by calcu-
lating the Mie series as (Sauvageot, 1992):

σ = λ2

4π

∣∣∣∣∣
∞∑
n=1

(−1)n(2n+ 1)(an(ρ) + bn(ρ))
∣∣∣∣∣
2

, (3.23)
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Figure 3.8: Dependence of the normalized RCS of the raindrop on the ra-
tio rd/λ. The region highlighted in green is the Rayleigh region; red -
the Mie region; purple - the optical region. This figure is taken form
http://www.radartutorial.eu/.

where ρ = krd, an(ρ) and bn(ρ) are given by:

an(ρ) = Jn(ρ)
H

(2)
n (ρ)

, (3.24)

bn(ρ) = − [ρJn(ρ)]′[
ρH

(2)
n (ρ)

]′ , (3.25)

where Jn and H(2)
n are the nth order spherical Bessel function of the first kind

and the nth order spherical Hankel function of the second kind, respectively.
The prime denotes the differentiation with respect to ρ.

The shape of a falling raindrop is being deformed by a drag force (see
Fig. 2.13). Hence in principle, the RCS depends on the orientation of the
raindrops relative to the incident EM wave. However, in the present work, it is
assumed that all considered raindrops have a spherical shape and polarimetric
effects, which occur when electromagnetic wave is scattered on a non-symmetric
raindrop, are neglected.

Since the RCS of the raindrop is proportional to r6
d, the bigger raindrops

contribute more to the scattered signal then the smaller ones. Therefore, for
more accurate synthesis of the backscattered radar signal, it is important to
introduce in the simulation the raindrops with large diameters. The LES with
the WV in the presence of rain provides fields of the relative raindrops dis-
tributions for the diameters of 1, 2, 3, and 4 mm (see Srction 2.1.4). The
raindrop’s size distributions are presented in Fig. 3.9a,b for the rain rates of 1
and 10 mm/h respectively. Fig. 3.9c,d provides the raindrop’s size distributions
weighted by the RCS of raindrops; the black curves represent the distributions
calculated with Eq. (2.14); the red curves shows the approximation introduced
by the raindrops diameters used in the LES simulations. It is clearly visible
that the raindrops sizes used in the LES poorly represent the original distribu-
tion of the raindrops. However, the raindrop RCS is proportional to r6

d and, as
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(a) R = 1 mm/h (b) R = 10 mm/h
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Figure 3.9: (a,b) Raindrop’s size distributions for rain rates 1 and 10 mm/h
and (c,d) raindrop’s size distributions weighted by the RCS of the raindrops.
The black curves are original distributions (Eq. (2.14)) without (a,b) and with
(c,d) weighting by the raindrops RCS (Eq. (3.22)); red curves represent the
approximation of the corresponding dependencies by the raindrops diameters
available from the LES simulations.

seen from Fig. 3.9c,d, the set of raindrops diameters used in LES fairly repre-
sents the original distribution weighted by the raindrops RCS calculated with
Eq. (3.22).

To estimate the error introduced by the approximation of the raindrop’s
size distribution for different rain rates, the total RCS of all raindrops in the
approximated distribution is calculated as an integral of the weighted distribu-
tion (the surface under the red curves in Fig. 3.9c,d) and then it is subtracted
from the total RCS calculated using the original distribution (surface under the
black curves in Fig. 3.9c,d). The result is presented in Fig. 3.10 as a dependence
of the error (10·log10(RCSerror)) on the rain rate.

For a moderate rain, the error of estimation of RCS is about 0 dB (no
error). For low and very high rain rates, the absolute value of the error of
the RCS estimation reaches 1 dB. So, the LES with the raindrop’s diameters
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Figure 3.10: Error of the total RCS estimation due to the limited number of
raindrop diameters simulated in LES.

chosen provides a flexibility to simulate different intensities of the rain.

3.2.5 Simulation of the signal backscattering in clear air
A fully developed turbulent WV creates a cascade of turbulent energy similar
to atmospheric clear-air turbulence. This enables the detection of the WV and
measurement of the WV parameters. The RCS of the WV (or clear-air tur-
bulence) calculated with the LES data allows to perform the analysis of the
power budget of the radar measurements and estimate the radar detectability
of the WV. However, to estimate the velocity field induced by the WVs (which
allows retrieval of the WV strength) or turbulent kinetic energy of the turbu-
lence, it is needed to analyze the Doppler frequency shifts of the backscattered
signal. As shown hereafter, this is achieved via the simulation of the time se-
ries of the backscattered signal or via direct synthesis of the power spectral
density (or Doppler spectrum) of the backscattered signal. While simulation
of the time series provides more flexibility for the signal processing, the direct
simulation of the Doppler spectrum reduces the computational power needed
for simulation. This section develops the method to simulate the backscat-
tered complex-valued signal time series with LES simulations of the clear air
turbulent stratified atmosphere (with or without WV).

The backscattered signal can be obtained by calculating the so-called scat-
tering integral (Doviak and Zrnić, 1984):

I(t) = A

∫
W (r)f2

θφ(r)n′(r, t)e−jkBrtdV , (3.26)

where W (r) is the range weighting function, f2
θφ(r) is the antenna pattern

(power), n′(r, t) is the refractive index of the irregularities within the radar
cell, e−jkBrt is the phase factor defined by the Bragg wavenumber kB = 4π/λ
and the distance rt, A is an energetic constant that necessitates the knowledge
of various radar parameters:

A = G

λr2
0

√
Pt
2R, (3.27)
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where G is the antenna gain, λ is the radar wavelength, r0 is the distance
between the radar and the center of the radar resolution cell, Pt is the emitted
power, R is the receiver resistance.

Eq. (3.26) assumes the validity of the Born approximation, which holds
true when the EM waves propagate in the medium where the fluctuations of
the refractive index, n, are small within a wavelength, λ, (Doviak and Zrnić,
1984), i.e.:

∇n� 2π
λ
. (3.28)

When Eq. (3.28) is true (which is the case for the turbulence in clear-air at-
mosphere), it can be assumed that the contribution to the EM field caused
by scattering is small relative to the refracted field that would be observed
in the absence of the turbulence. Therefore, the Born approximation neglects
the scattering of the scattered field (multiple scattering), which simplifies the
solution of the Maxwell’s equations to obtain Eq. (3.26).

The discrete nature of the output of the LES imposes the transformation
of the integral into a sum over the radar cell volume for which the product
W (r)f2

θφ(r) is significant. The numerical calculation of the scattering integral
necessitates the value of the refractive index irregularities n′(r, t) with a resolu-
tion better than the Bragg wavelength (since e−jkBrt rapidly oscillates within
the radar resolution volume). For classical simulators using 2D models for the
wake vortices, the resolution could possibly be adapted to the wavelength of the
radar. The resolution of the present 3D LES, adequate to capture the most rel-
evant dynamics of the medium to large scales of the vortices and the associated
turbulence, is however not fine enough to capture the Bragg wavelength scale.
The latter is 50 times smaller than the LES resolution, making a full calculation
of the scattering integral impossible. It is of course not possible to increase the
LES resolution by a factor of 50 which would require 125.000 extra grid points
and extend the LES computer time to unrealistic duration. Muschinski et al.
(1999) proposed the use of LES-generated fields of atmospheric parameters to
construct time series of the complex-valued wind-profiler signals for the radar
working at 915 MHz. The generated time series were processed to derive the
Doppler velocities of the scatterers and the result was validated using the wind
velocities available directly from the LES set.

In the absence of an atmospheric model with sufficient resolution, Muschin-
ski et al. (1999) proposed to use a parametrized model for the calculation of
the scattering integral to obtain the following time series of the backscattered
signal (3.26):

I(t) = A

√
0.033k−11/3

B

N∑
p=1

Wp

√
[C2
n(t)]p Vpe

−jϕp(t), (3.29)

where C2
n is the refractive index structure parameter, Wp is the value of

W (r)f2
θφ(r) in the LES cell of volume Vp, ϕp(t) is the phase of the signal

backscattered by the pth grid cell, and N is the number of LES grid cells within
the volume of a given radar cell. The calculation of C2

n is given in Section 2.2.2
and calculation of ϕp(t) is described in the following subsection.
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To derive Eq. (3.29), Taylor’s hypothesis of the “frozen turbulence” (Taylor,
1938) is used for the relatively short dwell times. It assumes that the scatter-
ing pattern within the LES cell remains ”frozen” and is advected in time by
the local velocity field; C2

n is assumed to be constant over the dwell time. If
the dwell time is greater than the LES time step, a proper use of Eq. (3.29)
necessitates the interpolation of the values of n and the velocity field for the
time corresponding to the radar pulses (Muschinski et al., 1999).

The model of Muschinski uses two main hypotheses:
• First, the initial phases ϕ0p of the LES grid cell contributing to the sum

over the radar cell are statistically independent.

• Second, the LES sub-grid turbulence obeys the Kolmogorov scaling, i.e.
it belongs to the inertial subrange of the turbulence spectrum, at the
Bragg scale.

The first hypothesis is verified because the distance between LES grid points
is large with respect to the wavelength. The second hypothesis is valid for the
frequency of 915 MHz, since for this frequency the Bragg wavelength is of the
order of 16 cm, which belongs to the inertial subrange of turbulence. However,
for the X-band radar model used in this work, half the radar wavelength is about
1.6 cm. This is of the order of magnitude of the smallest inhomogeneities of the
refractive index in clear air that are generally considered as having dimensions
between a few centimeters and a few millimeters. This necessitates a careful
estimation of the inner scale of turbulence and the refractive index variance
spectrum as it is proposed in Section 2.2.3. The amplitude of the time series
in Eq. (3.29) is directly proportional to the square root of the refractive index
spectrum (Muschinski et al., 1999). Therefore, taking into account the full
form of the refractive index spectrum developed in Section 2.2.3, for Tatarskii’s
cut-off (Eq. (2.30)) , the formula to calculate the backscattered signal for the
X-band becomes:

I(t0+kT ) = A

√
0.033k−11/3

B

N∑
p=1

Wp

√
[C2
n(t0 + kT )]p Vp · e−k

2
B
/k2
me−jϕp(t0+kT ) ,

(3.30)
where km is the wavenumber that corresponds to the smallest inhomogeneities
in the velocity field of the turbulence (see Section 2.2.3). For the Hill’s bump,
the formula to calculate the backscattered signal for the X-band is:

I(t0+kT ) = A

√
0.033k−11/3

B

N∑
p=1

Wp

√
[C2
n(t0 + kT )]p Vp · g(η0kB)e−jϕp(t0+kT ) ,

(3.31)
where attenuation factor g(η0kB) is calculated with Eq. (2.32).

As the LES output data are 3D snapshots of meteorological parameters at
discrete time values, time t in Eqs. (3.29) is replaced by a discrete values of kT ,
where T is the pulse repetition time of the radar; the initial time t0 corresponds
to the time of the given LES snapshot.

Attenuation of the refractive index spectrum in the transition zone between
the inertial subrange and viscous dissipative range (see Section 2.2.3) causes a
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significant decrease of the power of the backscattered radar signal. An analysis
of the impact of the respective values of inner scale and Bragg wavelength on
the signal detected by the radar is performed in Chapter 6.

Calculation of the phase of the backscattered EM pulses

The phase contribution of the pth LES grid cell to the total sum in Eqs. (3.29)
and (3.30) for the kth pulse in the burst is calculated as follows

ϕp(t0 + kT ) = ϕ0p + kBp · vp(t0)kT , (3.32)

where t0 is the time of the LES snapshot, ϕ0p is the initial phase, kBp is the
Bragg wavenumber vector directed from the radar antenna center to the pth
LES grid node, vp(t0) is the local velocity at the LES grid node at t0, kT is
the time shift from the initial time of the LES snapshot, t0.

The calculation of the time-series of the scattered signal with Eqs. (3.29)
and (3.30) is based on the assumption that all Bragg’s scatterers behave like
point-scatterers with infinite lifetime. However, the refractive index irregularity
pattern consists of a continuous turbulent field that is reorganized after some
time period at the Bragg length scale (λ/2). At large scales, eddies of size l
have characteristic velocity u(l) and time scale τ(l) = l/u(l). The scale τ(l)
characterizes an eddy turnover time after which the eddy loses a significant
fraction of its kinetic energy that transfers further to the eddies of smaller
sizes. The energy transfer rate is defined as ε (energy dissipation rate) (Taylor,
1935):

ε ∝ u2(l)
τ

= u3(l)
l

. (3.33)

From Eq. (3.33), it follows that within the LES cell having a size of ∆, the
characteristic velocity has values of order of (ε∆)1/3. This velocity is the r.m.s.
velocity of the turbulent motion within the cell; it indicates the speed at which
the scattering template is reorganized within the LES cell. In view of that,
proper use of Eq. (3.32) necessitates a random change of the phases of Bragg
scatterers after a timescale of the order of λ/(ε∆)1/3. Muschinski et al. (1999)
estimate the upper boundary of this time during which the Bragg scatterers
pattern with a scale ∆ remains coherent. The latter is called the “phase cor-
relation timescale”, τϕ, and is estimated as the time interval after which the
r.m.s. phase difference between two scatterers separated by a distance ∆ is
equal to π:

τϕ(∆) = 0.16 λ

(ε ∆)1/3 . (3.34)

For the three LES cases (Table 2.2), the spatial resolution of ∆ ' 78 cm and
the wavelength of 3.16 cm, the phase correlation timescale τϕ corresponding
to the forcing background turbulence is shown in Table 3.5 for the LES cases
with the WV and in Table 3.4 for LES cases with clear air turbulence only.

As discussed before in Section 2.2.3, the fully developed turbulent WV have
much higher values of ε than the one used as the forcing background turbulence.
For all cases, the mean value of ε increases to 3.9 ·10−3 – 8 ·10−3 m2/s3, which
corresponds to τϕ in the range from 35 to 27 ms.
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As seen from Tables 3.5 and 3.4, the dwell time used for detection of the
WV (see Table 3.2) does not exceed the lowest value of τφ presented by the
simulated LES cases; however for the estimation of the turbulence intensities,
long dwell times are employed by the radar models used (see Table 3.1). If the
dwell time is greater than τφ, then it is needed to reset the phases φ0p (see
Eq. (3.32)) of the first pulse in the burst for which kT > τφ. After that, the
phases of the following pulses are calculated using newly generated values of
φ0p until the next τφ interval is lapsed.

Table 3.4: Estimation of the phase correlation timescale (τφ) and the inner
scale (l0) for the LES cases without WV. Case t2, t4, and t5 are used as initial
forcing turbulence for Cases 1, 2, and 3, with WV, respectively.

LES case ε1/3, m2/3s−1 τϕ, ms
Cases t1, t4, t6 0.022 255
Cases t2, t5 0.08 69
Case t3 0.215 26
Case t7 0.15 37

Table 3.5: Estimation of the phase correlation timescale (τφ) and the inner
scale (l0) for the LES cases with WV.

LES case ε1/3, m2/3s−1 τϕ, ms
Cases 1, 3 (initial turbulence) 0.08 69
Case 2 (initial turbulence) 0.022 254
Cases 1, 3 (developed turb. WV) 0.2–0.165 27–33
Case 2 (developed turb. WV) 0.195–0.158 28–35

The methodology developed in this section is based on the use of the LES
simulations of the turbulent stratified atmosphere with and without the WVs.
It allows simulation of the complex-valued time series of the signal backscat-
tered on the refractive index irregularities caused by clear-air turbulence or
turbulence induced by the WV. The subsequent analysis of the backscattered
signal is provided in Chapter 4.

Comparison of Tatarskii’s cut-off and Hill’s bump

To compare two forms of the refractive index spectrum, the attenuation factors
were calculated for all LES nodes within a given radar resolution volume with
Eq. (2.32) and the exponential attenuation from Eq. (2.30) for Hill’s bump
and Tatarskii’s cut-off respectively. The geometry configuration of the vertical
profiler is used (see Section 3.2.1). The histograms showing the distribution
of the attenuation factors within a given radar cell are shown in Fig. 3.11. As
seen from the figures, the difference between Tatarskii’s cut-off and Hill’s bump
is larger for higher levels of ε. The so-called bump in Hill’s spectral model
results in increase of the backscattered signal’s amplitude by approximately
30% relative to the Tatarskii’s cut-off (for cases t3 and t7). Fig. 3.12 shows an
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example of the time series of the backscattered signal calculated with Eq. (3.31)
for Case t7.

(a) case t1 (b) case t2

(c) case t7 (d) case t3

Figure 3.11: Distribution of the attenuation factors for a given radar resolution
volume.

3.2.6 Simulation of the backscattered signal’s Doppler
spectrum in the presence of rain

For frequencies higher than 1 GHz, the backscattering of electromagnetic waves
on raindrops dominates over the backscattering on atmospheric turbulence.
The signal backscattered on raindrops, which are captured by the WV, can
be used for detection of the WV and estimation of its parameters (Barbaresco
et al., 2016; Liu et al., 2013).

This section describes how the Doppler spectrum of the radar signal backscat-
tered on the raindrops in the WV is simulated, using LES output data.

Since LES provides raindrops concentration at LES nodes, without the in-
formation about each particular raindrop, the direct simulation of the time
series of the backscattered signal is impossible. The synthesis of the Doppler
spectrum with LES data is explained in the present section.
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Figure 3.12: Time series of the backscattered signal simulated for the vertical
profiler using LES case t7.

The Doppler spectrum of the scattered signal, S(rk, vn), for a radar resolu-
tion volume located at the distance rk is estimated for each Doppler velocity
vn using the radar equation (see Eq. 3.1)

S(rk, vn) = Aσk,vn , (3.35)
where σk,vn is the RCS of all raindrops moving with a radial velocity vn within
a given radar resolution volume k and A is the amplitude coefficient given by

A = PtG
2λ2Np

(4π)3R4
kL

, (3.36)

where Pt is the transmitter peak power, G is the antenna gain, Np is the number
of pulses in a burst, Rk is the distance between the radar and the center of the
kth radar cell, and L is the attenuation of the signal caused by the internal and
external losses.

Attenuation of the radar signal due to the presence of rain on the signal
propagation path is calculated as (ITU-R, 2005)

LR = kRαr (3.37)

where α and k are coefficients that depend on the frequency and polarization
of the emitted wave, Rr is the rain rate. LR is given as the attenuation of
the signal in dB on 1 km of the path (specific attenuation). For f = 10 GHz,
α = 1.2156 and k = 0.01129. As an example, the attenuation of the signal
at 9.5 GHz is equal to 0.08 and 0.19 dB/km for rain rates of 5 and 10 mm/h
respectively. This allows to assume that the attenuation of the signal due to
rain is negligible, except for very high rain rates.

The RCS of the raindrops moving with a radial speed vn in the kth radar
cell is calculated as (Liu et al., 2013; Doviak and Zrnić, 1984)

σk,vn =
Dmax∑

D=Dmin

σ(D)N(D)∆D
∑
i

∑
j

ηN (D, i, j) (3.38)
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Figure 3.13: Raindrop size distributions for a few selected rain rates. Square
markers label the values of raindrop diameters simulated in the LES.

where σ(D) is the RCS of a raindrop with diameter D. The product of
N(D)∆D represents the number of raindrops with a diameter between D −
∆D/2 and D + ∆D/2 per unit volume of still air, i, j are the indices of the
LES grid cells within the kth radar cell, ηN (D, i, j) is the relative concentration
of raindrops having diameter between D−∆D/2 and D+ ∆D/2. Summation
in Eq. (3.38) is performed over all diameter classes provided by the LES.

So, the value of the Doppler spectrum of the signal backscattered on the
raindrops located within kth radar cell is calculated for each velocity bin vn as
follows

S(rk, vn) = A

Dmax∑
D=Dmin

σ(D)N(D)∆ D
∑
i

∑
j

ηN (D, i, j) (3.39)

For the LES generated in this work, due to the budget constraints of the
SESAR project, only four raindrops diameters 1, 2, 3, and 4 mm are simulated
to approximate the raindrop size distribution N(D). This implies that ∆D =
1mm. As referred by Liu et al. (2013), the most common distribution for the
European temperate climate is the Gamma distribution (given by Atlas and
Ulbrich (1974)):

N(D) = N0D
2e−Λ D , (3.40)

with the calibration of Jiang et al. (1997) for European climate : µ = 2,
NR0 = 64500 R−0.5 [mm−3m−3], Λ = 7.09R−0.27 [mm−1], where Rr is the rain
rate (mm/h). Fig. 3.13 provides an example of raindrop size distributions for
rain rates of 1, 5 and 10 mm/h. It has to be taken into account that larger
raindrops have larger RCS; therefore, their contribution into the final sum in
Eq. (3.39) is greater than from the smaller raindrops. That is why, the LES
is set to simulate raindrop concentration for the bigger raindrops. The model
developed provides a possibility to simulate any specified rain rate. It should
be noted that choosing another distribution of the raindrop size distribution
only has a second-order effect on the simulated Doppler spectrum.

The relative concentration of raindrops ηN (D, i, j) provided by LES is
shown in Figs. 2.19 – 2.20 for diameter classes used, for two instants. It is
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seen that the concentration of bigger raindrops is less affected by the turbu-
lence than the concentration of the smaller raindrops. The procedure of the
Doppler spectrum simulation can be summarized into the following steps:

1. Initialization of the radar parameters and its location; initialization of
the LES cube location relative to the radar.

2. Extraction of the LES nodes located within a given radar resolution vol-
ume.

3. Computation of the radial velocity and RCS for all raindrop classes at
each LES node within a given radar resolution volume.

4. Calculation of the Doppler spectrum of the backscattered radar signal for
the kth radar cell with Eq. (3.39) for the selected value of the rain rate.

3.3 Conclusions
In clear air, the aircraft wake vortices create cascades of turbulent energy sim-
ilar to the clear atmosphere turbulence. Fluctuation of the refractive index in
the turbulent medium causes a Bragg scattering of the electromagnetic waves
emitted by the radar.

This section presented the methodology to simulate the backscattered signal
based on the use of the LES simulations of the turbulent stratified atmosphere
with and without the WVs. It allows simulation of the complex-valued time
series of the signal backscattered on the refractive index irregularities. A spe-
cial attention is given to the fact that, for the X-band radar wavelength, the
Bragg length scale lies within a transition region between the inertial subrange
and dissipative range of the atmospheric turbulence spectrum. In this region,
turbulence transforms into heat due to the viscosity forces. This leads to a sig-
nificant decrease of the backscattered signal power. Nevertheless, the presence
of the WV increases the intensity of the turbulence; it results in a significantly
higher level of C2

n within the WV system comparing to the clear air turbulence
and therefore a higher level of the backscattered EM power. For both spectral
closure forms: Tatarskii’s cut-off and Hill’s bump, the level of the refractive
index spectrum at the Bragg length scale is of the same order as in the inertial
subrange. For Hill’s spectrum, the spectrum at the Bragg scale exceeds its level
in the inertial subrange due to the presence of the so-called bump. The spectral
analysis of the backscattered signal is provided in the following chapter.

In rain, the scattering of EM waves occurs on the rain droplets whose RCS
heavily depends on their diameter. LES provides the raindrops concentration in
the WV relative to still air, allowing a direct synthesis of the Doppler spectrum
of the backscattered radar signal. The LES with several raindrop diameter
classes provides flexibility to simulate different intensities of the rain rate.

For all weather conditions, the LES allows estimation of the WV RCS which
is used to evaluate the signal-to-noise ratio. This enables the analysis of the
detectability of the WV under different weather conditions and optimization
of the radar parameters and geometrical configurations of the measurements.
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Chapter 4

Doppler spectrum
evaluation and processing

This chapter provides the theoretical basis needed to retrieve the parameters
of the atmosphere and the WV from the radar measurements: the energy dissi-
pation rate of the atmospheric turbulence, which characterizes its intensity, and
the WV circulation, which characterizes the strength of the wind field induced
by the WVs. The retrieval of these parameters is based on the evaluation of
the Doppler spectrum of the backscattered signal.

Section 4.1 develops the estimation of the Doppler spectrum and considers
specific aspects related to the limits of the Doppler spectrum resolution caused
by the unresolved sub-grid scales of the LES. Sections 4.2 – 4.4 provide examples
of the Doppler spectra simulated for clear air turbulence, of the WVs in clear
atmosphere, and the WVs in the presence of rain. Section 4.5 proposes a
method to retrieve the energy dissipation rate of the atmospheric turbulence
and section 4.6 describes two methods employed for the estimation of the wake
vortex circulation.

4.1 Spectral analysis of the backscattered signal
In order to extract the distribution of the velocities within the radar resolution
volume, it is needed to calculate the power spectral density of the backscattered
signal which is generally called the Doppler spectrum. The power spectral
density (PSD), or Doppler spectrum, of a stationary random process can be
estimated with nonparametric, parametric or subspace methods. In this work,
only nonparametric methods are considered, more specifically the periodogram
and the modified periodogram methods. The circulation retrieval is based on
the use of the WV Doppler spectrum.

87
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4.1.1 Estimation of the Doppler spectrum from generated
time series

The power spectral density, or Doppler spectrum, is estimated by calculation
of a periodogram (see, for instance, (Bringi and Chandrasekar, 2001)), with
the following formula:

Ŝ(fk) = 1
FsN

∣∣∣∣∣
N−1∑
n=0

s(n)e−j2πnk/N
∣∣∣∣∣
2

, (4.1)

where s(n) is the time series of the signal, N is the number of samples of
the signal, fk = Fsk/N are the frequencies at which the Doppler spectrum is
estimated, Fs is the sampling frequency that is equal to the pulse repetition
frequency in a pulse-Doppler radar.

Fig. 4.1 shows an example of a Doppler spectrum calculated with Eq. (4.1).
This section uses LES Case 1 (see Table 2.3) to illustrate the estimation of the
Doppler spectrum. The abscissa in Fig. 4.1 and in all further representations
of the Doppler spectra are shown in the form of a Doppler velocity:

VDoppler = fkλ

2 , (4.2)

where λ is the radar wavelength. Linear and logarithmic scale representations
are used to enhance the main peak and the sidelobes, respectively. To concen-
trate on the analysis of the Doppler spectra produced by the WV, the noise is
not added to the time series of the simulated backscattered signal.
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Figure 4.1: Linear (a) and logarithmic (b) representations of the WV Doppler
spectrum.

The periodogram provides an estimate of the true PSD based on a limited
number of samples of the random process. The quality of this estimate is
assessed via its consistency (Hayes, 1996). Applied to the PSD, the estimate
is consistent if it is asymptotically unbiased:

lim
N→∞

E
{
Ŝ(fk)

}
= S(fk), (4.3)
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where E {·} denotes a statistical averaging over the ensemble of realizations,
and the variance of the estimate at a given frequency is zero:

lim
N→∞

V ar
{
Ŝ(fk)

}
= 0 . (4.4)

Let’s first examine the bias. The expected value of the periodogram is equal
to the convolution of the true PSD with the Fourier transform of the Bartlett
window (triangular), Wb(fk) (Hayes, 1996):

E
{
Ŝ(fk)

}
= 1

2πS(fk) ∗Wb(fk), (4.5)

where ∗ denotes the convolution operation.
Windowing causes an effect called spectral leakage: estimates of the PSD at

a given frequency contain contributions from the other spectral components of
the signal due to the finite level of the window’s sidelobes (Hayes, 1996). There-
fore, the periodogram estimate is biased. Nevertheless, as the number of the
samples N →∞, the shape of the Bartlett window spectrum converges toward
an impulse and the periodogram provides asymptotically unbiased estimation
of the true power spectral density of the random process. Fig. 4.2 shows the
FFT of Wb(fk) for two durations of the window: N = 512 and N = 5120000.
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Figure 4.2: Linear (a) and logarithmic (b) representations of the Bartlett win-
dow spectrum.

In radar applications, however, N is limited: mechanical scanning radars
(mechanical rotation of the antenna) can only observe the scattering of the
pulses from a given direction during a limited amount of time. Moreover,
the scattering pattern of the refractive index inhomogeneities within the radar
resolution volume is stationary over a limited duration, depending on the state
of the atmosphere and the age of the WVs. To mitigate the bias of the estimate,
a modified periodogram is used (Hayes, 1996): the signal is multiplied by a
window function in the time-domain before computing the FFT, in order to
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smooth the edges of the signal:

Ŝ(fk) = 1
FsN

∣∣∣∣∣
N−1∑
n=0

w(n)s(n)e−j2πnk/N
∣∣∣∣∣
2

, (4.6)

where w(n) is the window function. For a rectangular window, Eq. (4.6) re-
duces to Eq. (4.1). Fig. 4.3 compares the Doppler spectrum calculated with a
rectangular window and a Hamming window. The side lobes of the Hamming
window are lower than those of the rectangular window. The windowing effect
will be further discussed in Chapter 5.

−30 −20 −10 0 10 20 30
0

1

2

3

4x 10
−23

V
Doppler

, m/s

Ŝ
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Figure 4.3: Linear (a) and logarithmic (b) representations of the WV Doppler
spectrum calculated with the modified periodogram method using a hamming
window.

The second consistency criterion concerns the variance of the estimator. For
the periodogram, the variance of the estimated power spectrum at a specific
frequency does not go to zero as N → ∞ (Hayes, 1996). The variance of the
periodogram is equal to the average power spectral level at each frequency fk,
irrespective of the duration of the dwell time (Hayes, 1996; Muschinski et al.,
1999):

lim
N→∞

V ar
{
Ŝ(fk)

}
= S2(fk) . (4.7)

This explains the “spiky” nature of the PSD estimated with the periodogram.
Spectral estimates at a given frequency fk are exponentially distributed around
the mean value: they obey a chi-square distribution with 2 degrees of freedom
(real and imaginary parts of the signal) (Blackman and Tukey, 1958).

A way to overcome this problem in real radar measurements is to average
in time consecutive Doppler spectra obtained for the same radar resolution vol-
ume. In the simulation, a consistent estimate of the Doppler spectrum (with a
zero variance of the estimates) can be obtained through an ensemble average
of spectra since the simulator provides the possibility to generate various re-
alizations of the scattered signal for the same radar resolution volume and for
the same period of time. To obtain this ensemble average, the scattered signal
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is computed M times (M is the size of the ensemble), using a single set of
LES nodes within the radar cell. The initial phases of the contributions of the
LES nodes to the backscattered signal are randomly generated for each real-
ization (Muschinski et al., 1999). The Doppler spectrum is calculated for each
realization and the obtained Doppler spectra are averaged. The comparison
between the results of the ensemble averaging and a single realization is shown
in Fig. 4.4. Ensemble averaging provides a smooth estimate of the Doppler
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Figure 4.4: Linear (a) and logarithmic (b) representations of the Doppler spec-
trum calculated with the modified periodogram method (Hamming window)
for ensemble averaging (solid line) and a single realization (dashed line).

spectrum at the price of an increase of the window’s sidelobes. A consistent
estimate of the Doppler spectra is obtained by the generation of various re-
alizations of the scattered signal and then averaging of the Doppler spectra
calculated for each realization. Each simulated time series is obtained with
randomly generated initial phase ϕ0p.

Nevertheless, the generation of the ensemble of scattered signal realizations
is computationally expensive. Muschinski et al. (1999) proposed a closed form
for the consistent estimation of the Doppler spectrum (with a zero variance),
based only on the LES parameters:

S(ωn) =
N∑
p=1

a2
pZnpZ

∗
np , (4.8)

where ap =
√

[C2
n]pVpg(η0kB) (C2

n is the refractive index structure constant and
Vp is the volume of the pth LES grid cell), ωn = 2πn/Td are the frequencies of
the Fourier series for n = . . . ,−2,−1, 0, 1, 2, . . ., Td is the dwell time, Znp are
the Fourier amplitudes:

ZnpZ
∗
np =

{ 2
((ωp−ωn)Td)2 [1− cos((ωp − ωn)Td)] , ωp 6= ωn
1, ωp = ωn

(4.9)

where ωp = kBp · vp (kBp is the Bragg wavenumber vector directed from
the radar antenna center to the center of the pth LES grid cell, vp(t0) is the
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velocity of the LES grid cell at t0). After a simple trigonometric transformation,
Eq. (4.9) becomes:

ZnpZ
∗
np =

{
sinc2

(
(wp−wn)Td

2

)
, ωp 6= ωn

1, ωp = ωn
(4.10)

For 512 pulses used to compute the Doppler spectra, n = −255, . . . ,−2, -1, 0,
1, 2, . . . , 256 and Td = 512 · T , where T is the period of pulses repetition in
a train of pulses (see Tables 3.1, 3.2, and 3.3). According to Eq. (4.10), the
contribution of each LES node to the Doppler spectrum is weighted by a sinc
function squared. Fig. 4.5 shows Eq. (4.10) computed for n = 256 and n = 275.
The dot markers in the figure correspond to the contribution from LES nodes.
For n = 256 (Fig. 4.5a), there are many LES nodes having Doppler velocity in
range from −5 to 3 m/s, so the dots fuse in a solid curve.

(a) (b)

Figure 4.5: ZnpZ∗np computed for (a) n = 256 and (b) n = 275. Dot markers
represent contribution from the LES nodes.

Note that in Fig.4.5, the sinc function is centered at wn for a given n and
the abscissa is presented in a form of the Doppler velocity (see Eq. (3.12)):

VDoppler = wp ·
1

2π ·
λ

2 . (4.11)

The two Doppler spectrum estimators are compared: the Doppler spectrum
calculated directly with the closed form Eq. (4.8) is compared with the ensemble
average of the Doppler spectra calculated over 100 independent time series
of the radar signal. These time series are generated with Eq. (3.31) using
randomly generated initial phases ϕ0p in Eq. (3.32) to simulate 100 realizations
of time series. The Doppler spectra are estimated for each realization and
averaged. Fig. 4.6 clearly shows that the ensemble averaged Doppler spectrum
is not distinguishable from the spectrum calculated with Eq. (4.8) and has a
reduced variance with respect to a single realization. In the following sections,
the closed form Doppler spectrum is used.
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Figure 4.6: Doppler spectrum of the scattered signal (Case 1). The ensemble
average is calculated over 100 realizations. The closed form represents the
Doppler spectrum estimated with Eq. (4.8). All Doppler spectra are normalized
to the area under their graph.

4.1.2 Estimation of the sub-grid turbulence contribution
to the Doppler spectrum width.

As LES does not provide the information needed to calculate the contribu-
tion of the sub-grid turbulence to the simulated Doppler spectrum, Muschinski
et al. (1999) show that this contribution to the Doppler spectrum width can
be estimated as follows

∆σv =
2 π
τϕ

kB
= λ

2τϕ
= 3.12(ε ∆)1/3, (4.12)

where kB is the Bragg wave number, τphi is the correlation time scale specified
in Section 3.2.5, ε is the energy dissipation rate, and ∆ is the linear size of the
LES cube.

Tables 4.2-4.1 show the broadening of the Doppler spectrum (∆σv) caused
by the sub-grid turbulence. These estimates are given for the background
forcing turbulence as well as for the strong increase of the EDR caused by the
developed turbulent WV, which results in an increase of ∆σv for all cases.

The resolution of the Doppler spectrum is

∆vr = λ

2Td
, (4.13)

where Td is the dwell time used for the Doppler spectrum calculation. Com-
paring Eqs. (4.12) and (4.13), it can be concluded that, in order to keep the
contribution of the sub-grid turbulence smaller than the Doppler spectrum res-
olution, the dwell time should be less than the phase correlation timescale (see
Table 3.5). A further increase of the Doppler spectrum resolution is useless
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because the sub-grid turbulence is not resolved by the LES. So, for the radar
parameters used for simulation of the WV detection (Table 3.2), the width of
the velocity bin ∆vr = 0.62 m/s is greater than broadening of the Doppler
spectrum caused by the sub-grid turbulence contribution in any of the LES
cases with the WV (see Table 2.3).

For a vertical profiler, using a long dwell time to increase the SNR, the
resolution of the simulated Doppler spectra can be far less than the broadening.

Table 4.1: Estimation of the broadening of the Doppler spectrum (∆σv) due
to the sub-grid turbulence contribution for the LES cases without WV. Case
t2, t4, and t5 are used as initial turbulence for Cases 1, 2, and 3 respectively.

LES case ε1/3, m2/3s−1 ∆σv, m/s
Cases t1, t4, t6 0.022 0.06
Cases t2, t5 0.08 0.23
Case t3 0.215 0.62
Case t7 0.15 0.43

Table 4.2: Estimation of the broadening of the Doppler spectrum (∆σv) due
to the sub-grid turbulence contribution for the LES cases with WV.

LES case ε1/3, m2/3s−1 ∆σv, m/s
Cases 1, 3 (initial turbulence) 0.08 0.23
Case 2 (initial turbulence) 0.022 0.06
Cases 1, 3 (developed turb. WV) 0.2–0.165 0.57–0.47
Case 2 (developed turb. WV) 0.195–0.158 0.56–0.45

4.1.3 Doppler spectrum moments

The Doppler spectrum provides a power weighted estimate of the radial ve-
locities distribution within a given radar resolution volume. This distribution
is characterized by the moments of the estimated Doppler spectrum, namely,
mean power, mean Doppler velocity, and variance of the Doppler velocity usu-
ally called spectrum width. Before calculation of the mean and variance of
Doppler velocity spectrum, the spectrum should be normalized by its energy.
So, the expression of the normalized Doppler spectrum at a given radial velocity
vn is:

S̄(rk, vn) = S(rk, vn)∑Np
n=1 S(rk, vn) ·∆v

, (4.14)

where range rk specifies the radar resolution volume for which the Doppler
spectrum is calculated, ∆v is the velocity resolution of the Doppler spectrum
and Np is the total number of pulses in the burst of the emitted radar signal.

The first moment of the normalized Doppler spectrum gives the mean radial
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velocity:

v̄r =
Np∑
n=1

vnS̄(rk, vn) ·∆v, (4.15)

and the second central moment gives the width of the Doppler spectrum:

σ2
v =

Np∑
n=1

(vn − v̄r)2S̄(rk, vn) ·∆v . (4.16)

These first three moments of the radial velocities distribution allow the anal-
ysis of the parameters of the observed atmospheric phenomena, such as the
turbulence intensity or the wake vortex strength. It should be noticed that,
due to the presence of the noise, the Doppler spectrum moments are calculated
using the values of the spectrum above a certain threshold, specified by the
noise level of the radar used. The noise will significantly impact the estimated
moments. An analysis of the impact of the noise on the estimated parameters
is given in Chapter 5.

4.2 Doppler spectrum of clear air turbulence
The power of the backscattered signal significantly depends on the level of the
refractive index spectrum at the radar Bragg wavelength (see Section 2.2.3).
Fig. 4.7 provides examples of the Doppler spectra simulated with the param-
eters and geometry of a vertical profiler employed for the clear atmosphere
turbulence detection (see Section 3.2.1).

Figure 4.7: Doppler spectra of turbulence for three models of the refractive
index spectrum: (blue) inertial subrange, (yellow) Tatarskii’s cut-off, and (or-
ange) Hill’s bump at the transition between inertial and viscous dissipative
ranges (case t2).

The three different spectra shown correspond to the different models of the
refractive index spectrum used to simulate the backscattered signal: inertial
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subrange (Eq. 2.22), Tatarskii’s cut-off (Eq. (2.30)), and Hill’s bump Eqs. (2.31)
– (2.32). To evaluate the relative change of the DS level, all signals are normal-
ized to the energy of the signal simulated assuming that the Bragg wavelength
belongs to the inertial subrange. As seen from Fig. 4.7, Tatarskii’s cut-off sug-
gests that for Case t2, the decrease of the DS level is more pronounced relative
to the Hill spectral model.

(a) Cases t1 and t2 (b) Cases t3 and t7

Figure 4.8: Doppler spectra of turbulence in clear air.

Doppler spectra shown in Fig. 4.7 are calculated with Eq. (4.1) and therefore
are biased in terms of the variance of the spectral estimates for a given Doppler
frequency. To reduce the variance of the estimates and provide a better evalu-
ation of the DS width, a certain number of Doppler spectra consecutive in time
are averaged. Fig. 4.8 shows examples of the DS averaged over 10 consecutive
trains of scattered pulses.The Hill’s model of the refractive index spectrum is
used to produce DS for four LES cases. To facilitate the comparison between
the DS widths, all simulated signals are normalized by their energies. It is
seen that the width of the Doppler spectrum is proportional to the EDR of
turbulence for a given LES case (see Table 2.1). The method which uses the
DS width to retrieve the energy dissipation rate of the turbulence is given in
Section 4.5.

4.3 Doppler spectrum of wake vortices in clear
air

This section provides an example of the Doppler spectrum of the WV simulated
with geometrical configuration A (see Section 3.2.1), which is illustrated in
Fig. 4.9: the radar cell is aligned with the WV core center; the size of the
radar cell in range is about 60 m; the half power width of the symmetrical
antenna beam is 3.1◦. Positioning the WV core at the center of the radar cell
is chosen in order to be able to compare the WV circulation estimated from
the Doppler spectrum to the exact value as measured in LES (see Section 4.6).
Fig. 4.10 represents a distribution of the local velocity and C2

n in horizontal
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Figure 4.9: Alignment of the radar cell relatively to the wake vortex core. Black
dashed lines - borders of the LES box; red solid curves - positions of the wake
vortex cores; gray - borders of one radar cell.

(Figs. 4.10c, 4.10d) and vertical cross-sections of the LES (Figs. 4.10a, 4.10b).
Each distribution is an average over 80 adjacent LES layers taken from the
center of the LES, in the Z- and X-directions for the horizontal and vertical
cross-sections respectively. The borders of the radar cell centered at the initial
position of the left WV (as shown in Fig. 4.9) are depicted with dashed lines.

Contributions to the Doppler spectrum width

For the radar resolution volume depicted in Fig. 4.9, a time series of scat-
tered signal is generated. Each time series’ sample corresponds to the complex
amplitude of the electromagnetic pulse scattered on the refractive index inho-
mogeneities. The simulated radar burst contains N = 512 pulses, therefore 512
samples of the scattered signal are generated using one LES frame. Taylor’s
hypothesis of “frozen turbulence” (Taylor, 1938) is used: due to the relatively
short dwell time (25.6 ms), it is assumed that the scattering pattern within the
LES cell remains constant (C2

n is constant over the dwell time) and is advected
by the local wind field during the 25,6 ms.

Fig. 4.11 represents the Doppler Spectra (ensemble averaged with applying
rectangular window) of the signals backscattered by the left wake vortex in
case 1 (EDR = 5·10−4 m2s−3): the right part of the spectrum corresponds to
the upper part of WV for which local inhomogeneities recede the radar, and to
the lower part corresponds to the left part of the Doppler spectrum, for which
local inhomogeneities approach the radar. The directions are opposite for the
right wake vortex. The Doppler spectra of the signal scattered from the area
of LES that contains the WV present distinctive features:

• The central peak of each spectrum is located at zero Doppler velocity
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(a) Radial velocity (b) log10C2
n

(c) Velocity (d) log10C2
n

Figure 4.10: Distribution of (a) radial velocity, (b,d) C2
n, and the intensity of

the velocity (c) for Case 1 (clear air) at t∗ = 3.75. Borders of the radar cell are
shown with dashed lines.

because the mean radial velocity is equal to zero in the LES cell. No
crosswind is added to the LES wind velocity field;

• The width of the central peak (part a in Fig. 4.11), corresponding to
the lowest velocities, is representing the spread due to the background
turbulent field velocities and is symmetrical;

• The side parts of the spectrum, corresponding to higher velocity val-
ues, represent the distribution of the radial components of the wind field
induced by the WV (parts b in Fig. 4.11). Those parts are roughly sym-
metric around the peak of the spectrum because each radar cell contains
a single vortex.

It should be noticed that the Doppler spectra shown in Fig. 4.11 are nor-
malized to the area under their graphs. As shown in Section 3.2.3, the RCS
of the WV increases with time. This results in the increase of the scattered
signal power. Consequently, the maximum value of the Doppler spectrum also
increases. Normalization is done in order to correctly compare the widths of the



4.4. Doppler spectrum of wake vortices in rain 99

−30 −20 −10 0 10 20 30
−50

−40

−30

−20

−10

0

V
Doppler

, m/s

Ŝ
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Figure 4.11: Illustration of the contributions to the Doppler spectrum.

Doppler spectra at different moments in time. Consequently, the side parts of
the Doppler Spectrum contain the information about the strength of the wind
field in the WVs and could therefore be used to estimate the WV circulation.
Nevertheless, those spectral components lie 20 to 25 dB below the central peak.
This makes their detection difficult above the noise floor.

4.4 Doppler spectrum of wake vortices in rain
The same geometrical setup as employed in the previous section is used to
illustrate the DS simulated for the detection of the WV under rainy conditions.
The methodology of the DS simulation is given in Section 3.2.6. Fig. 4.12
shows the radial velocity distribution in a cross-section of the LES cube with
the borders of the radar cell shown with dashed lines. In order to explain the
structure of the simulated DS, Fig. 4.12b uses the relative concentration of the
raindrops given in Fig. 4.13 to blank the area of the LES with a near absence
of raindrops. The simulated Doppler spectrum is shown in Fig. 4.14. Due to
the low relative concentration (nearly absence) of the raindrops in the area
with positive Doppler velocities (negative velocity on the graphs), the Doppler
spectrum is not symmetric.

4.5 Retrieval of the turbulence intensity
The simulator developed in this work is validated first by a comparison of the
EDR values retrieved from the simulated backscattered radar signal against
the EDR values directly available from the LES. The simulator is used to
check whether the measurements obtained in the X band are unbiased, and
thus reliable, for a variety of EDR values and atmospheric stratification levels
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(a) (b)

Figure 4.12: Distribution of the radial velocities in a cross-section of the LES
cube: (a) without and (b) with mask calculated from the relative concentration
of the raindrops.

Figure 4.13: Relative concentration of the raindrops with a diameter of 2 mm.

characterized by a Brunt-Väisälä frequency. In addition, the simulations can
give some confidence to affirm that the turbulence intensity values are derived
from atmospheric turbulent motions and not from radar noise signals.

EDR is a measure for the viscous dissipation of TKE, which transfers from
large scales to small scales within the inertial subrange via eddies (see, for
instance, Pope, 2011). From Kolmogorov’s hypotheses, for locally homoge-
neous and isotropic turbulence, the turbulent energy spectrum E(κ) of three-
dimensional wind velocities in the inertial subrange is partitioned among the
eddies in a universal form (Kolmogorov, 1941; Sutton, 1953; Pope, 2011):

E(κ) = K0ε
2/3κ−5/3 , (4.17)
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Figure 4.14: Example of the WV Doppler spectrum simulated in the presence
of rain for a radar resolution volume containing a single WV.

where κ = 2π/λ is the wavenumber with wavelength λ, ε is the energy dissipa-
tion rate, and K0 is a universal Kolmogorov constant that is determined from
experiments (Sreenivasan, 1995) (ranging between 1.4 and 1.8). In addition to
Eq. (4.17), there are one-dimensional turbulence energy spectra, and also the
second order structure function, which are provided in Section 2.2.2 with the
extension to the transition zone between the inertial and viscous dissipation
ranges. Integration of the turbulent energy spectrum leads to an analytic rela-
tion that is used to estimate an EDR value, based on the variance of velocities
from Doppler radar measurements (Brewster and Zrnić, 1986).

In this work, the EDR is retrieved from the width of the Doppler spectrum of
the backscattered signal. To retrieve the energy dissipation rate, the expression
proposed by White et al. (1999) is used:

εrad = σ3
turb(4πK0)3/2J−3/2 , (4.18)

where σturb is the spread of the Doppler spectrum caused by turbulence, K0 =
1.6 is the Kolmogorov constant, and J is defined as:

J = 12Γ(2/3)
∫ π/2

0

∫ π/2

0
sin3(θ)(b2cos2θ + a2sin2θ + L2

12 sin2θcos2ϕ)1/3dθdϕ ,

(4.19)
where Γ is the Gamma function, L = VT td. Here, VT is the wind speed transver-
sal to the radar beam and td is the radar dwell time. The simulated radar-based
estimation of the EDR uses the calculation of the first and second moments of
the scattered signal Doppler spectrum above a given threshold, estimated for
the selected spectrum estimator and window (Kovalev et al., 2016).

The total broadening of the Doppler spectrum is expressed as a sum of



102 CHAPTER 4. DOPPLER SPECTRUM EVALUATION AND PROCESSING

different terms (Hocking, 1985; Nastrom and Eaton, 1997):

σ2
DS = σ2

turb + σ2
s + σ2

b + σ2
nt , (4.20)

where σturb is the spread of the spectrum caused by turbulence, σs is the broad-
ening due to the wind shear, σb is the so-called “beam broadening” (Hocking,
1983), and σnt is the non-turbulent fluctuations broadening (caused, for in-
stance, by atmospheric gravity waves). Since no wind shear is present in the
LES, this term can be neglected. The “beam broadening” is caused by a uni-
form wind across a finite width of the radar beam (Doviak and Zrnić, 1984).
Fig. 4.15 illustrates the effect of “beam broadening”. Scatterers located within
the radar resolution volume, having the same velocity but located in different
parts of the antenna pattern function, will have different radial velocities (pro-
jection of the scatterer velocity on the shortest path between the radar and the
scatterer). This causes a spread of the Doppler spectrum.

∆f = 0
∆f > 0 ∆f < 0

Figure 4.15: Illustration of the “beam broadening”: scatterers having the same
velocity but seen at different angles, have different radial velocities and hence
contribute with different Doppler frequency shifts ∆f to the backscattered
signal.

For vertically oriented beams this term is smaller than for the slant beams
(Nathanson et al., 1999). Moreover, for narrow beam radars, the “beam broad-
ening” is the largest correction factor (Nastrom and Eaton, 1997). Therefore,
the estimation of the Doppler spectrum width caused by the turbulence within
the radar resolution volume is:

σ2
DS = σ2

turb − σ2
b . (4.21)

The beam broadening term for a vertically oriented antenna is calculated as
follows (Chu, 2002):

σ2
b = V 2

T θ
2
a

2ln(4) , (4.22)
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where θa is the half power half width of the antenna pattern function and VT
is the horizontal wind speed.

The influence of other terms introduced in Eq. (4.20), such as wind shear or
influence of the range weighting function, on the accuracy of the atmospheric
parameters estimation can be analyzed with the simulator.

4.6 Estimation of the wake vortex circulation
Two methods are used to estimate the WV circulation. For simulation A, the
circulation of the WV is estimated from the distribution of the radial velocities
within the radar resolution volume. Those distributions are represented by
the Doppler spectrum of the backscattered signal. For geometrical setup B,
the estimation is based on the tracking of the WV descent velocity and the
distance between WV cores.

4.6.1 Direct estimation from the Doppler spectrum width
The estimation of the wake vortex circulation is based on the method proposed
by Rubin (2000), who used a radar-acoustic system to detect the wake vortices.
It is shown that the circulation is proportional to the second moment of the
Doppler spectrum raised to the power 2/3:

Γradar = k


−Vmin∫
−Vmax

V 2 [S(V )]
2
3 dV +

Vmax∫
Vmin

V 2 [S(V )]
2
3 dV

 , (4.23)

where S(V ) is the Doppler spectrum normalized to the area under its graph
(the total energy of the train of pulses), Vmax = Γ(rc)/(2πrc) is the maximum
velocity induced by one WV (also close to the maximum found in the LES
velocity field), Vmin is chosen so as to exclude the broadening of the Doppler
spectrum caused by the turbulence, k = 2πrc/Vmin.

However, the Rubin model assumes that the wake vortex circulation Γtot
is linked to Vmax by Γtot = 2πrcVmax, thus a top-hat wake vortex model (i.e.
uniform vorticity within rc, and zero outside). In the B-H vortex model used
as initial condition in this work, Γ(r) varies smoothly from zero to Γtot, and
is equal to Γtot/2 at rc (SESAR 12.02.02, 2016). Although the circulation
distribution of the developed turbulent WV no longer follows the simple B-H
model, it is found that Γ(rc) is also roughly equal to Γtot/2, and that this holds
fairly well for the representative time intervals, see red part of Fig. 4.16. To
take this variation into account, it is proposed to modify Eq. (4.23) by using
Γtot/2 ' 2πrcVmax. The coefficient k was evaluated using rc = 0.05 · b0 = 2.5
m. The actual change of rc over time with respect to the initial spacing between
WV cores (b0) is shown in Fig. 4.17: rc deviates from the initial value by +10%
to −20%, depending on the LES case.

Compared to Rubin (2000), the interval of integration in Eq. (4.23) is
changed to [−Vmax,−Vmin] and [Vmin, Vmax] because the Doppler spectrum
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Figure 4.16: Time evolution of the ratio between Γ̄tot/2 and Γ̄(rc) = 2πr̄cV̄max,
as measured from the LES data. Red markers highlight the intervals when the
simulations represent a real vortex system as obtained after a roll-up. This
figure is from P. Billuart et al. contribution to (SESAR 12.02.02, 2016) and
also to (Kovalev et al., 2018).

is not symmetric: the negative and positive parts of the spectrum represent
different parts of the wake vortex system.
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Figure 4.17: Time evolution of the ratio r̄∗c = r̄c/b0, as measured from the LES
data. Red markers highlight the intervals when the simulations represent a real
vortex system as obtained after a roll-up. This figure is from P. Billuart et al.
contribution to (SESAR 12.02.02, 2016) and also to (Kovalev et al., 2018).
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4.6.2 Indirect approach based on descend velocity track-
ing

Geometrical setup B is similar to setup A (see Section 3.2.1) but the altitude
of the LES box tracks the altitude of the descending WV. The radar performs
a scan of the LES box in elevation with a step of 0.27°. It is assumed that
the position of the LES box does not change during each scan. The range
resolution is 6 m. For each radar resolution volume, the Doppler spectrum is
estimated with Eq. (4.8).

In the absence of stratification, which is normally observed in the presence
of rain, the relationship between the WV circulation and its descent velocity is
defined as follows

Γ̄tot(t) = 2πb̄(t)V̄c(t), (4.24)

where V̄c(t) is the WV descent velocity and b̄(t) is the distance between the WV
cores. This also works well for low stratification, see Fig. 2.11. It however is no
longer true for higher stratification as the WV are also subjected to a buoyancy
effect. The validity of Eq. (4.24) is thus limited to the low stratification levels.

It should be noticed that De Visscher et al. (2013b) show that the influ-
ence of the stratification can be accurately modeled. For cases with significant
stratification, the model they propose could potentially be used for estimating
the WV circulation from the measurement of the WV descent velocity.

4.7 Conclusions
The analysis of the backscattered signal is based on the estimation of its PSD,
which is also called a Doppler spectrum in the case of the Doppler velocities
measurements. This spectral distribution is an estimate of the distribution of
radial velocities of the scatterers within the radar resolution volume, weighted
by the reflectivity of these scatterers. This chapter introduced how the consis-
tent estimate of the PSD can be obtained from the simulated radar signal or
from the LES parameters directly. The estimated PSD and its moments are
then used to estimate the parameters of the turbulent atmosphere (the energy
dissipation rate) and the parameters of the wake vortex: its strength and loca-
tion. The following chapter presents the results obtained with the developed
simulator.
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Chapter 5

Results of simulations of
backscattered signal
and its Doppler spectrum

The previously described methodology for the simulation of the backscattered
radar signal and its Doppler spectrum is used to produce the radar signatures
of the WV and atmospheric turbulence. Simulated Doppler spectra are then
processed as described in Chapter 5 to extract the turbulence strength and the
location and strength of the wake vortices.

Section 5.1 employs the geometrical configuration of the radar profiler with
vertically oriented antenna to provide results of the EDR retrieval from the
backscattered radar signal. The Doppler spectrum widths are calculated for
the simulated spectra and then used to estimate the EDR of the atmospheric
turbulence simulated with LES. The radar measurements, available for the
geometrical configuration employed in this work, are used to assess the results
obtained with the radar simulator. Section 5.2 provides results of the WV
detection in clear atmosphere. Two methods previously described in Chapter 5
are applied to evaluate the circulation of the WV from the simulated Doppler
spectra. The errors of the estimation are analyzed for the different parameters
that impact the estimation of the WV strength. Section 5.3 provides results
of the WV detection under rainy conditions. The Doppler spectra simulated
are qualitatively compared with the radar Doppler signatures obtained during
trials made by Thales in the framework of SESAR 12.02.02 JU.

5.1 Retrieval of the turbulence intensity under
clear air conditions

To verify the accuracy of the radar simulator, the EDR is estimated from the
Doppler spectrum for the various LES cases (see Table 2.1), and compared
to the EDR that was used as input for the LES. Results of the measurement
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campaign conducted within UFO project (2016) are then analyzed to assess
the results obtained with the radar simulator.

5.1.1 Estimation of the EDR with the radar simulator
To simulate the signal backscattered on the atmospheric turbulence, the geo-
metrical configuration specified in Section 3.2.1 is used. The simulation sce-
nario reproduces the conditions of the trials made within UFO project (2016)
with the UPMC radar. The relative location of the LES cube and the radar
resolution module are set up in the following way.

1. The LES cube is placed at a given altitude and it is ensured that the
radar resolution volume for a given range is located within the LES cube;

2. A wind with a magnitude of 2 m/s is added to the LES wind field to
reproduce the conditions under which the radar measurements with the
UPMC vertical profiler were obtained;

3. To simplify the calculations, the LES cube remains at the same location
but the radar coordinates are changing to simulate the advection of the
turbulence by the wind relatively to the radar.

4. The trajectory of the radar movement is illustrated in Fig. 5.1 showing a
top view of the LES cube. At the initial moment, the radar is placed at
the location 1, with coordinates (x1, y1). It is assumed that the direction
of the wind is aligned with the x−axis; therefore x2 − x1 = 2 m. When
the radar is moved to position i, the LES parameters are interpolated
using i − 1, i, and i + 1 frames of the LES. During a 1-second period
between i and i+ 1, the complex amplitudes of the backscattered pulses
are calculated as described in Section 3.2.5. Each second the radar is
moved to the next location and the procedure is repeated.

5. At the moment N , when the radar resolution volume moves out from
the LES cube, the location of the radar is reset to position N + 1, as
shown in Fig. 5.1. At each reset, the phase of the next pulse is reset as
described in Section 3.2.5. This movement is repeated iteratively until
the location of the radar reaches position M ·N . The radar is then moved
back to its initial position 1 with some random shifts added to the coor-
dinates (x1, y1). The procedure described above is repeated again until
the needed duration of the backscattered signal time series is obtained.

Using the procedure described above, 1 hour of scattered signal time series is
generated with a radar configuration corresponding to the CURIE radar. A
small pulse repetition time (4.8 µs) is used to allow a coherent integration of
300 consecutive pulses, which provides about 24.8 dB gain of SNR. So, the pulse
repetition time of a burst after coherent integration is 1.44 ms and 4096 pulses
are used to calculate the Doppler spectrum. 1 hour of the simulated signal
results in 610 Doppler spectra; each 10 consecutive Doppler spectra are aver-
aged to reduce the variance of the spectral estimates and the Doppler spectrum
widths of the resulting spectra are calculated as described in Section 4.1.3. This
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Figure 5.1: Illustration of the radar movement (top view) which imitates the
presence of the wind. The circles represent the borders of the radar resolution
volumes.

corresponds to 61 samples of EDR that are retrieved using Eqs. (4.18) – (4.20).
In Fig. 5.2a, the four different values of EDR1/3 used as input for the LES
are plotted against the values of EDR1/3 retrieved from the radar simulator
assuming that the Bragg wavelength lies in the inertial subrange (Eq. (3.29)).

(a) clear-air profiling radar, without the
exponential decrease

(b) clear-air profiling radar, with the expo-
nential decrease

Figure 5.2: EDR estimated from simulated clear-air profiling radar backscat-
tering, versus LES EDR input value, (a) without the exponential decrease in
the refractive index spectrum. (b) with the exponential decrease. Blue lines
depict the range between the minimum and maximum values of the estimated
EDR. Blue dots are the mean values of the estimations for each case. Red boxes
display the standard deviation of radar simulator estimates of EDR values.



110
CHAPTER 5. RESULTS OF SIMULATIONS OF BACKSCATTERED SIGNAL

AND ITS DOPPLER SPECTRUM

The simulated data shows that the method considered in Section 4.5 ac-
curately retrieves the EDR values from the Doppler spectrum width. Some
underestimation occurs for the LES case with the lowest level of EDR. For
that case, the width of the Doppler spectrum becomes comparable to the an-
tenna beam broadening term, which is subtracted from the Doppler spectrum
width before the calculation of the EDR.

In a second simulation (Fig. 5.2b), the hypothesis of the Bragg wavelength
being in the inertial subrange is released. The full spectrum of the refractive
index is used (Eq. 2.30), including the dissipative range. Tatarskii’s cut-off is
used to model the attenuation of the refractive index spectrum in the transition
between the inertial and dissipative ranges. When the Bragg wavelength is in
the dissipative region, the “peak-to-threshold” value decreases, while keeping
all other simulation parameters nearly constant. The Doppler spectrum width
seen above the threshold is then reduced. This leads to an underestimation of
EDR. Fig. 5.2b demonstrates this underestimation of EDR when it is retrieved
from the simulated Doppler spectrum. The results for the LES cases with the
weakest turbulence, show that there is no appreciable scattering for 1.6 cm
Bragg wavelength because it belongs to the dissipative range. Table 5.1 sum-
marizes the estimation accuracy in linear scale. The simulator confirms thus
the difficulties for a clear-air X-band radar to retrieve accurate EDR values,
in particular for EDR values smaller than 0.15 m2/3s−1. Further, it is demon-
strated that the sensitivity of this EDR retrieval technique for clear-air X-band
radar can be estimated by using the simulator developed.

EDR1/3 [m2/3 s−1] 0.215 0.15 0.0793 0.0215
inertial subrange 1.08 .98 .997 0.22
dissipative range 0.81 0.73 0.25 0

Table 5.1: Accuracy of the EDR estimation defined as
mean(EDRradar)/EDRLES input. Inertial subrange and dissipative range
rows correspond to the use of refractive index spectrum without (Eq. (2.22))
and with (Eq. (2.30)) exponential decrease respectively.

5.1.2 EDR retrieved from the X-band radar measure-
ments

During the measurement campaign in April – May 2014 at the Toulouse airport,
various radar and Lidar data were made available, as well as meteorological
data from various sources, the most complete source being issued from high
resolution Weather Forecast model of Meteo France (MHRPS, HARMONIE)
(HARMONIE, 2016). The data from a vertically pointing CURIE X-band
radar from LATMOS (Al-Sakka et al., 2009) is validated using Meteo France
meteorological data.
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Description of the Toulouse airport dataset used for the validation

A 2-months trials sensors campaign has been performed at Toulouse Blagnac
Airport in the framework of the UFO project (Barbaresco et al., 2015). Various
sensors and meteorological data were available:

• X-band Radar/1.5 micron Lidar sensors

• X-band Radar & Lidar Profilers by LATMOS (France)

• In-Situ Measurements of Technical University Braunschweig (Germany)

• Mode-S EHS Downlink Data post-processed by Dutch Meteorological In-
stitute (KNMI). Those data are issued from Enhanced Surveillance (EHS)
terminal area radar gathered by Air Traffic Control, and contain wind and
temperature observed by the aircraft during their flight.

• High Resolution Weather Forecast Models (MHRPS, HARMONIE (2016))
made available by Meteo France.

A fair evaluation of the radar estimates necessitates the knowledge of the state
of the atmosphere and more specifically ε1/3 and N (the Brunt-Väisälä fre-
quency which characterizes the atmosphere stratification level), in order to de-
termine to which LES case it refers. In this work, meteorological data is used
to provide a reference level for the EDR estimates retrieved from the radar
measurements. Only days where the High Resolution Weather Forecast Mod-
els data are available were used because ε1/3 is directly available and N can be
calculated; this makes a total of 8 clear days in April and 4 clear days in May
during which the LATMOS CURIE radar data are also available. For those
days, the time series of potential temperature, humidity, temperature, Turbu-
lent Kinetic Energy (used for estimation of ε1/3), Brunt-Väisälä frequency and
EDR from Meteo France data have been plotted in order to select the periods of
time corresponding to the cases selected for LES simulation (Table 2.1). An ex-
ample of such plots is presented in Fig. 5.3 for April 10, 2014. As seen from the
example provided, during diurnal hours the turbulent kinetic energy increases,
reaching its maximum while the stratification of the atmosphere stabilizes at
given levels.

Radar measurements and meteorological data

The example shown in Figs 5.4 is representative of the days available during
the measurement campaign: the CURIE radar only detects clear air turbulence
when ε1/3 is large (LES cases 2, 3 and 5) and N is low. This happens during
the daily hours, between 10 am and 6 pm (see Figs. 5.4). The level of reflected
power should be large enough to allow an accurate estimation of ε1/3 from the
Doppler spectrum. Therefore, only the radar data showing a sufficiently large
SNR ratio are considered for the validation of the simulator.

Since the power level of the signal received by the radar varies in a wide
range, it is necessary to introduce a SNR threshold to cut off the measurements
with a SNR below the threshold. The SNR is directly obtained from the radar
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(a) (b)

(c) (d)

Figure 5.3: Temperature, humidity, potential temperature, and turbulent ki-
netic energy versus time, at various altitudes, for April 10, 2014.

(a) (b)

Figure 5.4: Brunt-Väisälä frequency and the energy dissipation rate (ε1/3) ver-
sus time, at various altitudes, for April 10, 2014. The horizontal lines represent
the values of the parameters used for LES simulation of the various cases pre-
sented in Table 2.1.
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measurements because both signal and noise levels are available. Time series
of SNR for 3 adjacent levels of altitude were averaged in order to reduce the
variations. Analysis of the mean values of EDR retrieved from the radar data
shows that all measurements with high SNR correspond to the EDR1/3 = 0.15
m2/3s−1. The dependence of the EDR estimation accuracy on SNR for the
X-band radar is shown in Fig. 5.5. Constant levels in the graphs indicate the
absence of measurements with high SNR for high altitude levels (400 m and
500 m). Assuming that the meteorological data provide a reference level of

Figure 5.5: The accuracy of the EDR estimation versus SNR. The statistics
obtained on all 12 days available.

the EDR, it is concluded that for low altitudes (around 100 m), the EDR can
be accurately estimated if the SNR is larger than 10 dB. The small number
of measurements having SNR greater than 10 dB at higher altitudes, does not
allow to estimate EDR at those altitudes.

5.2 Retrieval of wake vortex parameters in clear
air

Following sections present results of the WV circulation estimation based on
the methods introduced in Chapter 5. In Sections 5.2.1 – 5.2.2, backscattered
signals are analyzed without the presence of noise. This enables to view the
potential accuracy of the methods considered in Chapter 5. The very low RCS
of the WV in clear atmosphere however necessitates the analysis of the influ-
ences of the SNR on the accuracy of the parameters retrieved from the radar
measurements. For that purpose, the RCS of the WV in clear air is analyzed
in Section 5.2.3 and compared with the values reported in the literature. The
impact of the noise on the accuracy of the WV strength estimation is then
given in Section 5.2.4.
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5.2.1 Doppler spectrum evolution in time

Various instants are used for each LES case to illustrate the evolution of the
Doppler spectrum during the decay of wake vortices (see Figs. 5.6, 5.7, and 5.8
for Cases 1, 2, and 3 respectively). The geometry presented in Section 3.2.1 is
used for the simulation of the DS; therefore, each Doppler spectrum is calcu-
lated for the signal backscattered on the Bragg scatterers within an approxi-
mate radar resolution volume of 60x60x60 m3, whose center is aligned with the
location of the (left) WV core at the time it is added to the LES (see Fig. 4.9).

For each case, the spectra are introduced in two forms to (1) facilitate the
illustration of the increase of the RCS of the developed turbulent WV and (2)
illustrate the decrease of the Doppler spectrum total width over time. Before
calculation of the Doppler spectrum, the simulated signals are normalized by
the energy of the signals at a given time, t∗, to ease the comparison of the
total width of the Doppler spectra of the simulated signal at various instants
(Figs. 5.6a – 5.8a). As seen, the total width of the DS decreases over time
for each case, while the WV dissipates its energy interacting with surrounding
turbulent atmosphere. In Figs. 5.6b – 5.8b, all signals are normalized by the
energy of the signal at the initial time considered: t∗ = 2.5 for Cases 1 and 3 and
t∗ = 4 for Case 2. Then, the Doppler spectrum is calculated. Consequently, this
helps to illustrate how the distribution of the EM energy among the scatterers
is changing over time for each LES case. As seen from the results provided,
the absolute values of the Doppler spectra peaks increase over time relative to
the initial moment of t∗. As shown later in Section 5.2.3, this is caused by the
fact that the RCS of the WV increases over time, while turbulence induced by
the presence of the WV occupies larger parts of the radar resolution volume.
Zero time (tLES = 0, t∗ = 0) corresponds to the moment at which the wake
vortices are added to the LES. As seen in Fig. 2.9, the circulation reduces

(a) (b)

Figure 5.6: Ensemble averaged Doppler spectra for Case 1: (a) all signals are
normalized by their energies before calculation of the Doppler spectrum; (b) all
simulated signals are normalized by the energy of the signal at t∗ = 2.5 prior
to calculation of their Doppler spectra;
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(a) (b)

Figure 5.7: Ensemble averaged Doppler spectra for Case 2: (a) all signals are
normalized by their energies before calculation of the Doppler spectrum; (b)
all simulated signals are normalized by the energy of the signal at t∗ = 4 prior
to calculation of their Doppler spectra.

(a) (b)

Figure 5.8: Ensemble averaged Doppler spectra for Case 3: (a) all signals are
normalized by their energies before calculation of the Doppler spectrum; (b) all
simulated signals are normalized by the energy of the signal at t∗ = 2.5 prior
to calculation of their Doppler spectra.

when the age of the wake vortex increases because it exchanges its energy with
the surrounding medium. Since the EDR level is relatively low for the LES
cases used in this work for the simulation of the presence of the WV, it is
hard to analyze the impact of the EDR of the background atmosphere on the
time of the WV decay. It is seen from Figs. 2.9 and 2.9, that for the periods
considered (red markers in the graphs), the level of the EDR within the WV
oval is of the same order for all cases, as well as the circulation of the WV
decreases by the same amount over considered intervals. As seen from Figs. 5.6
– 5.8, the total width of the Doppler spectra decreases more or less by the same
amount for all cases: from around 12.5 m/s to around 10 m/s (see the width
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of the DS at the levels of -28 to -30 dB in Figs. 5.6a – 5.8a). The relative
differences in the level of the DS sidelobes between Cases 1,3 and Case 2 (in
the range of -30 to -25 dB) is rather caused by the inconsistency of the spatial
reflectivity within the WV area as shown hereafter in Section 5.2.3. The WV
RCS and its temporal and spatial evolution indeed depend on the parameters
of the background atmosphere, its EDR and Brunt-Väisälä frequency.

Fig. 5.9 shows the changes of the Doppler spectra for case 1, with EDR
= 5·10−4 m2s−3 and N∗ = 0.35 (N = 8.9·10−3 s−1) and case 2, with EDR
= 1·10−5 m2s−3 and N∗ = 0.35 (N = 8.9·10−3 s−1). When the WV decays
in time by dissipating its energy through the interaction with the turbulent
background atmosphere, the side parts of the Doppler spectrum “disappear”
as indicated by the black dashed lines (representing the level of -28 dB below
the maximum of the Doppler spectrum) in Fig. 5.9.

(a) Case 1 (b) Case 2

Figure 5.9: Doppler spectrum change over time. All individual Doppler spectra
are normalized to their maximum values. Black and white dashed curves track
in time, respectively, the -28 dB and -19 dB levels of the Doppler spectrum.
For case 1, 342 consecutive LES samples are used to generate Doppler spectra.
For case 2, only 10 LES samples are available with the interval of 10 s.

At the same time, the width of the DS main peak narrows slowly as rep-
resented by the decrease of the width of the zone restricted by white dashed
lines (-19 dB) in the same figure. Local increases of the main peak width can
be explained by the temporary increase of the turbulent kinetic energy (and
consequently, the EDR) of the turbulence in the volume of the WV while it
evolves and interacts with the surrounding turbulent atmosphere. Fig. 2.4b
represents Case 2 for which EDR is small (10−5 m2s−3). The decrease of the
side parts of the spectrum is smaller and the main lobe stays stable, because
the exchange of the energy with the surrounding medium is reduced.

5.2.2 Estimation of the wake vortex circulation
In order to compare the circulation retrieved from a given radar cell to the
circulation measured from the LES velocity field, the radar cell center is aligned



5.2. Retrieval of wake vortex parameters in clear air 117

with the vortex core center. The LES reference Γ(xi, rmax, t) is sought at each
xi, where rmax is equal to half the radar cell width in range. Then, it is
averaged over xi (within the radar resolution volume) to obtain Γtot(t). For
the considered LES cases, the circulation decreases as shown in Fig. 5.10.

Figure 5.10: Temporal evolution of the wake vortices normalized circulation
retrieved from the radar simulator (solid) and obtained directly from the LES
(dashed).

The radar estimates of the circulation at each LES time step are obtained
from the radar cells centered at the initial positions of the left and right WV
cores (at t∗ = 0). Then, the average between the left and right WV estimates
is calculated. The results provided in Fig. 5.10 show a good agreement with
the circulation calculated directly from the LES field.

In the LES, t∗ = 0 corresponds to the injection of the wake vortices into the
initial stratified turbulence. The moment at which the LES reaches a statistical
equilibrium - the state at which the energy dissipation rate reaches its maxi-
mum - indicates the time after which the LES provides a physically meaningful
simulation of fully developed turbulent wake vortices in the atmosphere. Those
moments differ among the LES cases and, consequently, the estimation of Γtot
starts accordingly (the red parts in Fig. 2.9, lasting for a total time of 2t0).

The limits of integration (Vmin) in Eq. (4.23) significantly influence the
accuracy of the estimation of Γtot. For all cases, a constant upper limit Vmax
= 12.8 m/s is used. Nevertheless, the value of Vmax at each time step can be
accurately estimated from a total width of the Doppler spectrum.

The lower limits Vmin are chosen so as to exclude the influence of the
Doppler spectrum broadening caused by the turbulence induced by the WV:
1.1 m/s for Cases 1 and 3, and 0.9 m/s for Case 2. These values of Vmin are
estimated by minimizing the error between the estimate, Γradar, and the ref-
erence circulation from the LES, Γtot. However, in real systems Vmin should
be estimated from the radar signal backscattered by the turbulence induced by
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the WV.
The influence of Vmin on the accuracy of the circulation estimation (with

fixed Vmax) is shown in Fig. 5.11a in the form of a normalized root-mean-square
error:

NRMSE =

√√√√∑N
i=1 [Γradar(ti)− Γtot(ti)]2∑N

i=1 Γtot(ti)2
. (5.1)

It first follows a type of hyperbolic law due to the presence of the 1/Vmin factor
in the k coefficient of Eq. (4.23). It then departs from a hyperbolic behavior and
eventually reaches a minimum error for some optimal Vmin value. These are
the values mentioned above. After reaching the minimum, the curve increases
because of the quadratic form of the NRMSE definition.

(a) (b)

Figure 5.11: Influence of (a) Vmin (chosen to exclude the broadening of the
spectrum due to turbulence) and (b) the misalignment of the radar resolution
volume relative to the WV core on the NRMSE (Case 1).

To evaluate the influence of the misalignment of the radar resolution volume
center relative to the WV core, the location of the radar cell center is changed
in range from -45 m to 90 m. For each shift in range, the circulation within a
given radar cell is computed and Eq. (5.12) is used to calculate the error of the
estimation (see Fig. 5.11b). It is seen that this error is minimal as long as the
shift of the radar cell center is within ±15 m relative to the center of the WV
core. Deviations of the local minima of the NRMSE from the initial positions of
the WV cores (range shifts 0 m and 50 m for the left and right WV respectively)
are due to the fact that the wake vortices do not remain symmetrical and
centered at their initial positions as they evolve in the turbulent stratified
atmosphere.

To evaluate the deviation of estimates of the WV circulation from their
actual true values which corresponds to a given value of NRMSE, the circulation
of the WV is estimated for optimal value of Vmin and also for two other values of
Vmin: 0.85 m/s and 1.5 m/s resulting in NRMSE of 0.195 and 0.2 respectively.
The results are given in Fig. 5.12. It is seen that for NRMSE of about 0.2, the
estimates of the circulation deviate by about 20% from their true values.
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Figure 5.12: NRMSE for various Vmin.

It can be concluded that the method tested here provides a fairly accurate
estimation of the WV circulation for the cases investigated.

Results of the circulation retrieval shown in Fig. 5.10 are obtained with
Eq. (4.8) for the Doppler spectrum estimation. It is therefore assumed that
a consistent estimate (in terms of variance) of the Doppler spectrum is avail-
able. This helps to evaluate the potential performance of the method applied
to retrieve the circulation of the WV. Nevertheless, in real systems, there is
no access to the true Doppler spectrum. A smooth estimate of the spectrum
can be obtained from a short time series of the scattered signal at the price of
a decreased spectral resolution. For that purpose, other nonparametric spec-
tral estimators, such as a Welch estimator, can be applied (Hayes, 1996). In
this work, only periodogram and modified periodogram methods providing the
highest spectral resolution among nonparametric estimators, are considered.
Fig. 5.13 shows the results of the circulation estimation based on Doppler spec-
trum of one realization of the scattered train of pulses. The deviation of the
estimate from the true value of ΓLES rc has the same order as the estimated
value. To decrease the variance of the estimate, one can average in time the
Doppler spectra calculated for consecutive bursts of pulses scattered from the
same radar cell. Under the assumption of stationarity of the scattering pat-
tern during that short interval of time, this can substitute, to some extent,
the ensemble averaging considered above. Averaging of the Doppler spectra
in time reduces the variance of the estimate (see Fig. 5.13) but an increased
time duration will be necessary, in real radar systems, to get the estimate of
each scanned radar cell. An example of the circulation retrieved from the time
average of 15 successive Doppler spectra over a duration of about 0.4 s (each
burst consist of 512 pulses with a pulse repetition interval of 50 µs) is shown
in Fig. 5.13 with black solid line: it converges to the estimate obtained using
Doppler spectra calculated with Eq. (4.8).
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Figure 5.13: Estimation of the circulation from one Doppler spectrum (gray
dotted curve) and from time average of the 15 successive Doppler spectra (black
curve).

setup B

Another method that can be used for the estimation of the WV circulation is
described in Section 4.6.2. It is based on the evaluation of the WV’s descend
velocity and the distance between the WV cores, which are used to calculate
the circulation with Eq. (4.24).

Fig. 5.14 illustrates the distribution of the Doppler spectra width among
radar cells in one elevation scan. The position of the WV cores is estimated by
the local maximum of the Doppler spectrum width at each scan (see Fig. 5.15).
The discontinuities in the estimated coordinates (y, z) are caused by : (1) a
relatively coarse radar range resolution (6 m) and (2) the fact that the radar cell
with the maximum Doppler spectrum width does not necessarily correspond
to the actual location of the WV core. To reduce the variance of the estimated
WV coordinates, the width of the Doppler spectrum in a given radar cell is
obtained as an average over the 25 closest radar cells in elevation and range (in
an area of 5× 5 radar resolution volumes centered at a given radar cell).

For geometrical setup B, the coordinates of the WV cores are estimated
as explained in Section 4.6.2. Then, the distance between the WV cores is
computed and the descent velocity is estimated using three successive measure-
ments for each WV core. Fig. 5.16 shows results of the circulation estimation
obtained using Eq. (4.24). ¯Γtot shown in Fig. 5.16 is calculated from the de-
scending velocity of the WV and the distance between the WV cores which are
directly available from the LES.

The parameters V̄c and b̄c of the descending WV are estimated with a
reasonable accuracy (with some outliers due to the discontinuities in the esti-
mation of the WV coordinates). As seen from Fig. 5.16, while the estimates
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Figure 5.14: Distribution of the Doppler spectra width in one elevation scan
for Case 1 at t∗ = 3.75. The white crosses show the position of the WV cores
as measured in the LES; the red circles - those as estimated by the radar.

Radar estimates
LES data

Figure 5.15: Time evolution of the coordinates of the WV cores: dashed line
with markers - estimated from Doppler spectrum width distribution; solid line
- LES data.
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Figure 5.16: Circulation estimated from the descent velocity of the WV.

of the descend velocity and the distance between WV cores are quite accurate,
the method provides accurate estimates of Γ̄tot for low stratification only (Case
1). For higher stratifications, a significant deviation of the estimated value is
observed, as expected. Both methods can provide an accurate estimate of the
WV strength. However, they both rely on the Doppler spectrum width esti-
mates that means that these methods are very sensitive to the SNR. Following
Section 5.2.3 provides the analysis of the WV’s RCS that are then used to
assess the impact of the SNR on the accuracy of the WV strength estimation,
which is provided in Section 5.2.4.

5.2.3 RCS of the wake vortex in clear air
Fig. 5.18 shows a dependence of the RCS on the shift of the radar cell in range
relative to the core center of the left wake vortex. The position of the left wake
vortex, at the moment when it is added to the LES, corresponds to ∆r=0 in
Fig. 5.18. The size of the radar cell in range is 60 m; the half power width of
the antenna beam is 3.1° , providing a radar cell width approximately equal to
the range size of the radar resolution volume, both in elevation and azimuth.

The wake vortices are being deformed over time due to the interaction with
the surrounding turbulent atmosphere. As a result, the position of the wake
vortex cores at a given coordinate along the WV initial axis (axis of the WV
at the moment when it is added to the LES) change in time. These shifts are
not sufficient for case 2 due to the low turbulence intensity but can reach tens
of meters in other cases (see Fig. 5.17f – Case 3).

The RCS calculated for LES without WV are provided for two cases: (1)
the reflectivity is calculated with Eq. (3.19); (2) the reflectivity is calculated
with Eq. (3.20). This is done in order to demonstrate a decrease of the RCS for
the turbulent scales located outside the inertial subrange. The most drastic fall
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of the RCS (about 15 dB) is observed for case 2 that has the lowest turbulence
intensity of the background atmosphere among all considered cases.

The refractive index parameter C2
n, which determines the level of the RCS,

depends not only on the intensity of turbulence but also on the gradient of the
relative humidity and temperature (Tatarskii, 1971; Doviak and Zrnić, 1984).
The presence of the WV produces a strong gradient of these atmospheric pa-
rameters at the WV oval and, as a result, a high level of C2

n. Fig. 5.17 provides
examples of the C2

n distribution in a cross-section of the LES. Each slice shown
in Fig. 5.17 is taken from the center of the LES box.

(a) Case 1 (b) Case 1; 110 s (c) Case 1; 230 s

(d) Case 3 (e) Case 3; 110 s (f) Case 3; 230 s

Figure 5.17: C2
n distribution for cases 1 (a-c) and 3 (d-f). (a) and (d) correspond

to the LES without WV. The borders of the radar cells are shown with black
lines; left and right radar cells correspond to ∆r = -40 m and ∆r = 0 m
respectively.

The following can be concluded based on the analysis of RCS and C2
n for

simulated LES cases:
• The RCS at the WV oval has the highest value due to the strong gradient

of the relative humidity and temperature.

• Interaction with the background turbulent atmosphere influences the life
time of the WV and as a consequence determines the speed of the RCS
change in time.

• Higher stratification level leads to higher RCS; the maximum RCS is
observed in LES case 2 that has the lowest intensity of the background
turbulence and the highest level of stratification among all simulated LES
cases.

• The presence of the WV significantly increases the RCS of the turbulent
atmosphere. So, for Case 2, the increase of the RCS is around 20 – 25 dB.
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(a) Case 1
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(b) Case 2

−50 0 50 100
−90

−88

−86

−84

−82

−80

−78

∆r, m

R
C
S
,
d
B
sm

 

 

timeLES = 110 s
timeLES = 150 s
timeLES = 180 s
timeLES = 230 s
before WV added
before WV added (without exponent)

(c) Case 3

Figure 5.18: RCS of the radar cell volume. Blue solid line depicts the RCS
of turbulence without the WV. Blue dotted line shows the RCS of turbulence
calculated under assumption that the Bragg wavelength belongs to the inertial
subrange (Eq. (3.19)).

Dependence of the WV RCS on the frequency

Fig. 5.19 presents the dependence of the RCS on the frequency. The RCS is
calculated for the radar resolution volume which is aligned (∆r =0 m) with
the left WV core position at the time when the WV are added into the LES.
The simulations show that the absolute values of the WV RCS increase as the
frequency increases from 100 MHz to 10 GHz. Then, the WV RCS starts de-
creasing very fast as the Bragg wavelength enters the viscous dissipation range
of the turbulence spectrum. The increase of the RCS with the frequency, which
is proportional to λ−1/3, reaches its maximum at a frequency that corresponds
to the transition from the inertial subrange to viscous dissipation range. This
critical frequency mainly depends on the intensity of the turbulence that is
produced by the WV.
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Figure 5.19: WV RCS calculated with Eq. (3.20) versus frequency (t∗ = 3.75).

Overview of the modeled and measured WV RCS reported in the
literature

This section briefly overviews the RCS values of the WV in clear atmosphere
that were previously reported in the literature.

In Nespor et al. (1991), a C-band phased array radar was used to detect
the WV under clear air conditions. The reported measurements of RCS are in
range from -65 dBsm to -80 dBsm, corresponding to 10log10(C2

n) ranged from
-116.7 dB to -135.4 dB. It was found that the RCS tends to increase as the WV
descends, assuming that it is caused by the expansion of the WV: it occupies
more of the radar resolution volume as it decays and dissipates with time.

The RCS of the WV was measured in Gilson (1992) at VHF, UHF, L, S
and C bands, at distances behind the C-5A aircraft from one hundred meters
to tens of kilometers. The RCS of the WV in C-band is varying from -107
dBsm/m to - 80 dBsm/m for the distances behind the aircraft up to 10 km.
It was found that a frequency dependence of the RCS is largely flat with a
decrease at the C-band. Both Gilson (1992) and Nespor et al. (1991) report
increased reflectivity due to turbulence in WV and an increase of reflectivity
with time.

In Marshall and Myers (1996), a two-dimensional model (the NASA TASS
Proctor (1987)) is used in order to estimate radar reflectivity of the wake vortex.
According to the obtained estimate, it is assumed that the boundary part (oval)
of the descending WV can be detected by radars at X-band and below. The
refractive index structure constant, C2

n, for C-130 aircraft (30 s after the roll
up) reaches -116 dB at the oval of the WV, decreasing to -148 dB at the WV
core.

In Myers et al. (1999), it is assumed that the scattering of the electro-
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magnetic waves on the WV is not due to the incoherent Bragg scattering on
turbulence but rather to the coherent Bragg scattering from the spiral struc-
ture of the laminar flow in the WV. The considered “laminar flow mechanism”
does not assume turbulence within the wake vortex system. Simulation results
show increase of the WV RCS with time: from -100 dBsm to - 80 dBsm for
S-band; from -110 dBsm to -85 dBsm for L-band; from - 110 dBsm to -85 dBsm
for VHF and UHF bands. The results are provided for the interval from 20 s
to 115 s after roll-up of the wake vortex. In Shariff and Wray (2002), the RCS
estimation is based on the simulation of the refractive index. The refractive
index is obtained for three mechanisms: (A) Radial density gradient in a 2D
vortex (B) 3D fluctuations in the vortex cores’ (C) Adiabatic transport of at-
mospheric fluid in a 2D oval surrounding the pair of vortices. The estimated
RCS values for the oval surrounding the vortices (mechanism C) agree with the
experiments of Gilson (1992). The model proposes almost a flat dependency
of the RCS versus frequency. The RCS of the WV oval is estimated to be
in the range of -80 dBsm to -60 dBsm for all frequencies from 100 MHz up
to 10 GHz. The effect of the density and weather variation of the dielectric
constant on the RCS of the wake vortex is investigated in Li et al. (2010), from
1 MHz to 10 GHz. It was found that the density variation is the dominant
factor to the total RCS of the wake vortex at low frequencies; while in the high
frequency band, the dominant factor turns to be the water vapor variation.
The estimated WV RCS is varying in the range from -150 dBsm to -70 dBsm
depending on the frequency and WV age. Vanhoenacker-Janvier et al. (2012)
consider two mechanisms causing refractive index gradients: radial density gra-
dient and the transport of the atmospheric fluid in the oval surrounding the
vortices. The RCS is estimated for lower frequencies and the values agree with
Li et al. (2010).

Fig. 5.20 summarizes the values of the WV RCS reported in the literature
for different frequency bands for both measurements and simulations. The
RCS of the WV evaluated in this work correspond to the lowest estimates of
the RCS obtained in measurement trials for L, S and C bands, predicting lower
RCS for VHF and UHF frequency bands. The RCS values provided in a form
of dBsm/m in Gilson (1992) are transformed to dBsm by multiplying them by
the width of the antenna pattern (in azimuth) considered in the present work,
which is equal to 60 m at the distance of about 1 km.

5.2.4 Impact of the noise on the accuracy of the WV
strength estimation

A very low RCS of the WV limits the possibility of the radar detection of the
WV on large distances. Fig. 5.21 shows the SNR estimated with Eq. (3.7) for
different combinations of the emitted power, Ptx, and the range, r. The value
of -85 dBsm is taken as the WV RCS. The other parameters of the radar are
taken from Table 3.2. For a distance of 1050 m and an emitted power of 600
W, the SNR is approximately equal to -18 dB. Therefore, for the considered
geometry and radar parameters, the detection of the WV is not possible.

To quantitatively evaluate the limits of the detectability of the WV as well
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Figure 5.20: Reported WV RCS: dashed lines - simulations; solid lines - mea-
surements. Square markers roughly represent maximum and minimum values
of RCS reported in the corresponding source.

(a)

Figure 5.21: Dependence of the SNR on the distance between the radar and
the WV and on the emitted power estimated for the WV RCS of -85 dBsm.
The lowest limit of the emitted power range is 600 W.

as the dependence of the accuracy of the WV strength estimation on the SNR,
the method described in Section 4.6.1 is applied to the simulated spectra with
the emitted power adjusted so as to reach a given level of the SNR. For each
value of the SNR, the accuracy of the WV estimation is evaluated with Eq. (5.1)
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as NRSME. Fig. 5.22 provides the accuracy of the WV strength estimates for
different SNR levels. For all LES cases considered, a good accuracy of the

(a)

Figure 5.22: Dependence of the accuracy of the WV circulation on the SNR.

WV circulation estimation is reached with about 10 dB of SNR. Note that
this value of the SNR is calculated for one pulse. The Doppler peak to noise
floor ratio is higher due to the Doppler processing gain. So, to obtain a 10 dB
SNR at the distance of 1050 m, it is necessary to emit around 380 kW peak
power. Otherwise, if the emitter power is less than 1 kW, the distance, at
which an accurate estimation of the WV strength is possible with the methods
considered, is reduced to a few hundreds meters (see Fig. 5.21).

5.3 Retrieval of wake vortex parameters in the
presence of rain

This section presents results of the estimation of the WV circulation under rainy
conditions. The estimation is based on the method described in Section 4.6.2.
The locations of the WV cores are detected as the local maxima of the Doppler
spectra width within a radar scan. Detected cores of the WV are then tracked
in time to evaluate the descending velocity, V̄c(t), and the distance between
the WV cores, b̄(t). Finally, the WV circulation is calculated with Eq. (4.24)
under the assumption of a low stratification level of the atmosphere, which is
normally observed under rainy conditions.

Section 5.3.1 presents a qualitative comparison of the radar signatures simu-
lated in this work and the WV signatures measured by Thales in the framework
of the SESAR 12.02.02 Joint Undertaking. In Section 5.3.2, several examples
of the simulated WV’s RCS are given. Section 5.3.3 provides the results of the
WV circulation retrieval based on the estimation of the WV descent velocity.
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5.3.1 Qualitative comparison of the WV radar signatures
simulated and measured with an X-band radar

Hereafter, the WV radar signatures extracted from the radar measurements
(provided by Thales within the framework of SESAR 12.02.02 JU) are given
and then the results of the simulation are provided for the similar geometrical
configuration of the measurements.

Radar signatures measured by an X-band radar in the presence of
rain

Radar measurements of the WV were made by Thales at Charles de Gaulle air-
port in 2015 with an X-band phased array radar. The example of the Doppler
signatures of the WV provided in this section corresponds to the landing of Air-
bus A380-841 in Charles de Gaulle airport on January 28, 2015. The wingspan
of this airplane is 79.75 m and the length is 72.72 m.

The radar was located at the point with coordinates of 49.0174°N, 2.5781°E;
the distance from the radar to the runway was 1126 m; the height of the glide
at the point corresponding to the intersection of the glide with the radar beam
aimed at north is 76 m; the glide slope is 3°. The radar performs scans from
0 to 360° in azimuth with the antenna beam switching between 4 angles in
elevation. The beam of the antenna is switched to a new direction in elevation
(and in azimuth due to the mechanical rotation of the antenna) after each 25.6
ms, which is equal to the duration of one train of the emitted pulses. The
velocity resolution is approximately of 0.6 m/s.

Examples of the time series of the signal scattered by the wake vortex are
shown in Fig. 5.23. The duration of the scattered burst is 25.6 ms (512 pulses).
In Fig. 5.24, the Doppler spectra for signals scattered from the left and right
WV and also some area outside of the WV are shown. The location of the
mean value of the Doppler spectrum is shifted from 0 due to the non-zero
radial velocities of the raindrops following the local wind field induced by the
WV. Doppler spectra calculated for an azimuth angle of about 14°, obtained
with 4 elevation angles of the antenna beam, are provided in Fig. 5.25. The
zero level of the DS corresponds to the mean level of the noise.

In Fig. 5.25, the presence of the WV is clearly visible at the distance of about
1200 m. Radar signal backscattered from the raindrops in the atmosphere has
a positive Doppler frequency shift around 5 m/s, which indicates the presence
of the wind that transfers the raindrops and the WV. For the lowest elevation
beam (2°), a strong ground clutter is observed. Radar signals reflected from
ground objects, which are located at distances corresponding to the delays at
which the WV signature is observed, can mask a weak return from the WV.
The presence of a zero-Doppler clutter can result in a bias in the estimates
of the Doppler spectrum parameters. To remove zero Doppler clutter a zero-
Doppler filter should be applied to the signal before the estimation of the WV
parameters.
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(a) (b)

Figure 5.23: Time series of the signal scattered on the (a) left and (b) right
wake vortices.

Simulated radar signatures of the WV

The radar simulator developed in this work was run to simulate the detection
of the WV under rainy conditions. The parameters of the radar model were
chosen to be equal to the parameters of the X-band Thales radar that was
used in the trials of the SESAR 12.02.02 JU (Barbaresco et al., 2016) (see
Table 3.2). The geometrical configuration of the simulation, nevertheless, dif-
fers from (Barbaresco et al., 2016) in order to demonstrate the tracking of the
descending WV.

Fig. 5.26 illustrates the geometrical configuration of the simulation: the
radar is located at the side of the glide path, at a distance of r = 1.1 km
from the runway axis; h is the height of the wake vortex core centers with

Figure 5.24: Doppler spectra of the signals scattered on the left and right
wake vortex cores (1169 m and 1239 m respectively) and from the raindrops

in the region of atmosphere outside of the WV (1584 m).
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(a) el. = 4° (b) el. = 3.5°

(c) el. = 3° (d) el. = 2°

Figure 5.25: Range evolution of the Doppler spectra for 4 elevation angles of
the antenna.

respect to the runway; α is the elevation angle of the antenna beam that scans
the LES box in elevation to track the WV (antenna beam axis in azimuth is
perpendicular to the glide). WVs are descending from 370 m to 280 m. To
track the descent of the WV, the radar performs scanning in elevation from
8.8° to 22° with a step of 0.27°. The size of the radar cell in range is 6 m; the
half power width of the antenna beam is 1.8°, providing a radar cell width of
about 34 m, both in elevation and azimuth, at the range of 1.1 km. Parameters
of the radar model are given in Table 3.2.

Fig. 5.27 shows the relative concentration of the 2 mm raindrops in a cross-
section of the LES Case 1r (see Table 2.4). The x coordinate of the depicted
slice corresponds to the center of the LES box. The borders of the radar cells in
the Y Z-plane are shown for antenna beam elevation of 17.2°. The simulation
presented here was performed for a rain rate of 5 mm/h.

Fig. 5.28a shows the Doppler spectrum calculated with Eq. (3.39) for all
radar cells shown in Fig. 5.27. Fig. 5.28b represents the evolution of the Doppler
spectrum in range for an elevation angle of antenna beam of 18°. In this
work, the positive direction of the radial velocity axis is chosen to be directed
towards the radar. In still air surrounding the WV, the mean value and the
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Figure 5.26: Geometrical configuration of the simulation.

Figure 5.27: Distribution of the relative concentration of the raindrops. Radar
cell borders are shown with white dashed lines.

spread of the Doppler spectrum are determined by the mean value and the
spread of the falling raindrops terminal velocities respectively. For radar cells
that contain the raindrops captured by the WV, the mean Doppler velocity
deviates towards the value of the radial velocity of the wind flow induced by
the WV. The spread of the spectrum increases (see range 1125 m in Fig. 5.28b).
The increase of the spectrum width at range of approximately 1180 m is caused
by the raindrops which are located in the same radar cell and are moved in the
opposite radial directions. The simulated WV radar signature is in agreement
with what was observed with the Thales X-band radar during SESAR 12.02.02
JU. The sharper sine-wave signature of the WV observed in the measurements
is due to the low elevation angle compared to the one used in the simulations.

5.3.2 RCS of the wake vortex in the presence of rain
Fig. 5.29 provides the RCS estimated with Eq. (3.38) for each radar cell in one
radar scan in elevation from 8° to 22°. The low relative concentration of the
raindrops in the WV cores and below (see Figs. 2.19 – 2.20 ) causes a decrease
of the RCS in this area. However, due to the relatively large size of the radar
resolution volume, the RCS does not change significantly among the adjusted
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(a) el. = 17.2° (b) el. = 18°

Figure 5.28: Doppler spectrum change in range simulated with LES Case 1r
for the time 104 s (t∗ = 2.6).

radar resolution volumes.

(a) 104 s (t∗ = 2.6) (b) 180 s (t∗ = 4.5)

Figure 5.29: RCS of the radar resolution volumes within one vertical scan
simulated for Case 1r.

An enhanced level of the RCS is observed in the areas with increased relative
concentration of the raindrops. The results shown in Fig. 5.29 are obtained
for a rain rate of 5 mm/h. Fig. 5.30 shows the raindrop’s size distribution
weighted by the RCS of the raindrops. The main contributors to the RCS
shown in Fig. 5.29 are raindrops having a diameter of 2 mm. For low rain
rates, the main contributors to the RCS are the raindrops with diameters of
about 1 mm, while for higher rain rates, the contribution from bigger raindrops
becomes more significant (see Figs. 3.9c and 3.9d respectively).

The low values of the RCS at the limit of the scan area are due to the finite
size of the LES box. As shown in Section 3.2.4, the simulated LES cases can
provide a fair estimate of the WV RCS that allows the estimation of the radar
power budget in the X band.
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Figure 5.30: Raindrop’s size distribution (for a rain rate of 5 mm/h) weighted
by the raindrops RCS; red curves represent the approximation of the corre-
sponding dependencies by the raindrops diameters available from the LES sim-
ulations.

5.3.3 Estimation of the wake vortex circulation

The strength of the WV can be evaluated indirectly, using the relation between
the circulation and the descent velocity of the WV, which is determined by
Eq. (4.24). The WV’s descent velocity is calculated using the coordinates
of the WV cores estimated at each scan. To estimate the location of the WV
cores, the Doppler spectrum width is calculated for all radar resolution volumes
observed during one scan of the LES box in vertical direction from 8° to 22° in
elevation. Fig. 5.31 shows the distribution of the Doppler spectra width in one
radar scan at t∗ = 2.6 for Case 1r. Maximum values of the width provides
the estimates of the left and right WV cores location. These values of the DS
width (depicted with black circles in Fig. 5.31) are extracted from each vertical
scan of the LES frame and then are used to estimate the WV descent velocity,
V̄c(t), and the distance between the WV cores, b̄(t).

Fig. 5.32 provides the results of the WV position estimation for LES frames
in the interval from 100 s to 180 s. The absence of noise in the estimation
is explained by the high value of the SNR and relatively large volume of the
radar cell that filters out the small deviations of the WV position due to the
turbulence.

In order to qualitatively check the accuracy of the described method, the
circulation available from LES is plotted against the circulation estimated with
Eq. (4.24) (Fig. 5.33). The circulation is calculated as an average of the cir-
culation estimated for the left and right wake vortices for both, Γradar and
Γtot. The estimated values of the circulation are in a good agreement with the
true values calculated from the LES wind velocity field. Tracking the descent
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Figure 5.31: Doppler spectrum width estimated for each radar cell. Black
circles depict the local maxima of the function.
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Figure 5.32: Tracking of the WV coordinates.

velocity, e.g. with a Kalman filter, can improve the accuracy of the estimation,
especially when the SNR is low.

5.3.4 Backscattering in the W band
Due to the short wavelengths used by radars operating in W band (a few mm),
a very narrow antenna beam can be achieved with a relatively small antenna.
This enables high resolution radar measurements of the raindrops concentration
and raindrops radial velocity influenced by the WVs. The radar simulator was
run to simulate the detection of the WVs under rainy conditions (rain rate of
5 mm/h) in the W band. The same radar parameters as in (Seliga and Mead,
2009) were used (see Table 3.3).
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Figure 5.33: WV circulation: estimated and available from LES.

In the W band, the raindrops RCS is calculated with Mie series (Eq. (3.23)).
The raindrop’s size distribution weighted by the raindrops RCS is shown in
Fig. 5.34 for a rain rate of 5 mm/h. As seen from the figure, small rain-

Figure 5.34: Raindrop’s size distribution (for a rain rate of 5 mm/h) weighted
by the raindrops RCS in the W band; red curves represent the approximation
of the corresponding dependencies by the raindrops diameters available from
the LES simulations.

drops having diameters of about 1 mm are the main contributors to the total
RCS of the radar resolution volume. Configuration C (Section 3.2.1) was used
to simulate the backscattered signal’s Doppler spectrum. Fig. 5.35 presents
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distributions of the RCS and the mean Doppler velocity estimated for radar
resolution volumes in a vertical radar scan. The high range and angular resolu-
tion allows the detection of the areas with a very low raindrops concentration,
which can be used for the WVs identification and tracking. A high resolution
of the measured Doppler velocity can be further used to evaluate the WVs’
strength. Results shown in Fig. 5.35 qualitatively agree with the results ob-
tained by (Seliga and Mead, 2009) (Fig. 5.36). Note that the direction of the
positive radial velocity used in (Seliga and Mead, 2009) is inverse to the di-
rection used in this thesis. However, 1-m radar resolution is about of the LES
grid resolution (0.78 m). This can limit the simulations accuracy.

(a) Doppler velocity (b) RCS

Figure 5.35: Distribution of the Doppler velocity and the RCS in a simulated
scan of a W-band radar.

Figure 5.36: Distribution of the Doppler velocity and the RCS in a scan of a
W-band radar measured by Seliga and Mead (2009).
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5.4 Conclusions
This chapter presents results obtained with a new model for the simulation of
the backscattering of a radar signal by WVs in clear air and in the presence
of rain. The radar simulator uses, as reference fields, fully developed turbulent
WV from LES, evolving in various stratified atmospheres. The LES data serve
as inputs for the simulation of the backscattered radar signal, based on the
Bragg scattering by the turbulent field created by the WV. The simulation
of the radar signal backscattered by the WV, and the associated turbulence,
is used for the calculation of the Doppler spectrum, and two models for the
retrieval of the circulation are tested.

It is shown that measurements of the turbulence made by a radar in the
X band can provide an accurate estimate of the energy dissipation rate and
therefore the strength of the turbulence. However for low turbulence intensities,
the estimates can be inaccurate due to the fact that the Bragg wavelength
of the X-band radar enters the dissipative range of the turbulence spectrum.
The simulator confirms the difficulties for a clear-air X-band radar to retrieve
accurate EDR values, in particular for EDR values smaller than 0.15 m2/3s−1.
The sensitivity of the EDR retrieval by clear-air X-band radar can be estimated
by using the simulator developed.

The Doppler spectrum components containing the useful information on the
WV are located about 20 dB below the peak of the spectrum. Therefore, the
circulation can be estimated fairly accurately if the level of the backscattered
signal is large enough above the detection threshold of the radar. Both methods
considered can provide an accurate estimate of the WV strength. However,
they both rely on the Doppler spectrum width estimates, meaning that these
methods are very sensitive to the SNR.

The RCS of the WV evaluated in this work corresponds to the lowest esti-
mates of the RCS obtained in measurement trials for L, S and C bands, and
predicts a lower RCS for VHF and UHF frequency bands. A very low RCS of
the WV limits the possibility of the radar detection of the WV on long dis-
tances. The analysis of the WV’s RCS in clear air shows that, in order to allow
accurate detection of the WV, the distances between the radar and the zone
of monitoring should be a few hundreds meters at most, for the emitted power
used in this work. So, to obtain a 10 dB SNR at the distance of 1050 m, it is
necessary to emit around 380 kW peak power.

The platform developed and the models/methods tested, constitute a useful
tool for the optimization of the radar configuration and parameters, and also for
the improvement of the link budget. It could also be used, alongside with other
algorithms, for a benchmark of methods for the estimation of WV circulations
in clear air. The radar simulator developed provides a useful tool for the
optimization of the algorithms dedicated to the detection/classification of the
WV in the radar signal.



Chapter 6

Conclusions and
perspectives

Monitoring of the wake vortices (WVs) with a radar sensor is still a challenging
task with many open problems that should be addressed. To support the
development of the radar-based sensor for monitoring of the wake vortices in
the proximity of the airports, the present study has the following objectives.
First, it was aimed at the simulation of the radar signatures of the WVs and
also WVs’ radar cross-section under clear atmospheric and rainy conditions.
Second, simulations of the backscattered radar signals are used to retrieve the
parameters of the WVs, its strength and location, and to evaluate the accuracy
of this radar-based estimates and the limits of detectability.

6.1 Summary
Two weather conditions have been considered in the present work. In clear
air, the aircraft WVs create cascades of turbulent energy similar to the clear
atmosphere turbulence. Fluctuation of the refractive index in the turbulent
medium causes a Bragg scattering of the electromagnetic waves emitted by the
radar. In the presence of rain, the radar signatures of the WVs are caused by
the raindrops carried by the local wind field induced by the WVs. The following
steps were performed to simulate and analyze the radar signatures of the wake
vortices and retrieve their parameters.

1. LES provided by the TFL group of UCLouvain is used to perform an
electrical characterization of the scattering medium as it is described in
Chapter 3. The local sub-grid energy dissipation rate is used to simulate
the refractive index spectrum at the scales of the Bragg wavelength. It has
been shown that the presence of the WVs extends the inertial subrange of
the turbulence spectrum, making possible backscattering of the X-band
EM waves from the refractive index irregularities. The obtained spectra
have been further used to simulate the backscattered signal time series.
In the presence of rain, the scattering of the EM waves on the raindrops
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dominates over scattering on the irregularities of the refractive index.
The LES provides information on the concentration of the raindrops of
different sizes as well as on their velocities. This information then has
been used to simulate the scattering of EM waves on the raindrops as on
the dielectric spherical particles.

2. Simulation of the backscattered signal based on the use of the LES simu-
lations of the turbulent stratified atmosphere with and without the WVs
has been performed as described in Chapter 3. A special attention was
given to the fact that, for the X-band radar wavelength, the Bragg length
scale lies within a transition region between the inertial subrange and dis-
sipative range of the atmospheric turbulence spectrum. In this region,
turbulence transforms into heat due to the viscosity forces. This leads to
a significant decrease of the backscattered signal power. Nevertheless, it
has been shown that the presence of the WVs increases the intensity of
the turbulence; it results in a significantly higher level of C2

n within the
WV system comparing to the clear air turbulence and therefore a higher
level of the backscattered EM power. For both spectral closure forms
considered: Tatarskii’s cut-off and Hill’s bump, the level of the refractive
index spectrum at the Bragg length scale has been found to be of the
same order as in the inertial subrange.

In the presence of rain, for the X-band radar used in this work, LES pro-
vide the raindrops concentration in the WVs relative to still air, allowing
a direct synthesis of the Doppler spectrum of the backscattered radar
signal. It has been shown that the LES with several raindrop diameter
classes provides flexibility to simulate different intensities of the rain rate
with a reasonable accuracy.

For all weather conditions, the LES allows estimation of the WVs RCS
which is used to evaluate the SNR. This enables the analysis of the
detectability of the WVs under different weather conditions and opti-
mization of the radar parameters and geometrical configurations of the
measurements.

3. Analysis of the backscattered signal based on its Doppler spectrum es-
timation is performed in Chapter 4. It is shown that different parts of
the wake vortex system (the one induced by the WVs turbulent field and
the mean value of the induced wind field itself) are responsible for cor-
responding parts of the Doppler spectra. It is shown how the estimated
Doppler spectrum and its moments can be used then to estimate the pa-
rameters of the turbulent atmosphere (the energy dissipation rate) and
the parameters of the wake vortex: its strength and location.

4. Results obtained with a developed simulator are provided and analyzed
in Chapter 5. The simulation of the radar signal backscattered by the
WVs, and the associated turbulence, are used for the calculation of the
Doppler spectrum, and two models for the retrieval of the circulation
have been tested.
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It is shown that measurements of the turbulence made by a radar in the
X band can provide an accurate estimate of the energy dissipation rate
and therefore the strength of the turbulence. However for low turbu-
lence intensities, the estimates can be inaccurate due to the fact that the
Bragg wavelength of the X-band radar enters the dissipative range of the
turbulence spectrum.
It is shown that the Doppler spectrum components containing the useful
information on the WVs are located about 20 dB below the peak of the
spectrum. Therefore, the circulation can be estimated fairly accurately if
the level of the backscattered signal is large enough above the detection
threshold of the radar. It has been shown that both methods considered
can provide an accurate estimate of the WVs strength. However, they
both rely on the Doppler spectrum width estimates, meaning that these
methods are very sensitive to the SNR.
The RCS of the WVs evaluated in this work corresponds to the lowest
estimates of the RCS obtained in measurement trials for L, S and C
bands, and predicts a lower RCS for VHF and UHF frequency bands.
A very low RCS of the WVs limits the possibility of the radar detection
of the WVs on long distances. The analysis of the WVs’ RCS in clear
air showed that, in order to allow accurate detection of the WVs, the
distances between the radar and the zone of monitoring should be a few
hundreds meters, for the emitted power used in this work. So, to obtain a
10 dB SNR at the distance of about 1 km, it is necessary to emit around
380 kW peak power when an X-band radar is used.

6.2 Main achievements
The platform developed and the models/methods tested, constitute a useful
tool for the optimization of the radar configuration and parameters, and also for
the improvement of the link budget. It could also be used, alongside with other
algorithms, for a benchmark of methods for the estimation of WVs circulations
in clear air. The radar simulator developed provides a useful tool for the
optimization of the algorithms dedicated to the detection/classification of the
WVs in the radar signal. The following main results were achieved in the
present study.

1. Electrical characterization of the scattering medium based on the large
eddy simulation was preformed.

2. A simulator of the radar signal backscattered on the WVs has been devel-
oped. It allows simulation of the time series of the signal backscattered
in clear air as well as the direct synthesis of the backscattered signal’s
Doppler spectrum in the presence of rain.

3. A methodology for estimation of the wake vortices RCS has been imple-
mented, which enables the analysis of the detectability of the WVs under
different weather conditions.
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4. The radar signatures of the WVs were analyzed to establish the relation
between the different parts of the Doppler signatures of the WVs and the
physical phenomenon causing those contributions.

5. The methodology for retrieval of the atmospheric turbulence strength was
verified with using the LES.

6. Two different methods were implemented to analyze the wake vortex
strength. It has been shown that the WVs strength can be accurately
retrieved from the radar measurements.

6.3 Perspectives
Considering a growing demand in air traffic capacity, especially at large hub
airports, it is most likely that the radar will be employed as one of the main
sensor aimed at monitoring the WVs, atmospheric turbulence strength, as well
as the wind conditions at the airport. Taking that into account, the following
steps can be undertaken to support the development of the radar-based sensor.

1. How to improve the circulation calculation in order to get rid of the
evaluation of Vmin.

2. Developing new methods to estimate the circulation of the WVs from the
Doppler spectrum and benchmark them with the developed simulator.

3. Use more diameters of the raindrops in the LES simulation to perform
the analysis of the WVs signatures for the higher radar frequencies, such
as a W band.

4. Simulations of the WVs for earlier moments in time (before the moment
when the equilibrium between background turbulence and the WVs is
reached) can be studied to investigate the possibility of the EM scattering
on the spiral structure of the WVs.

5. More geometrical setups should be analyzed and new types of radar sig-
nals for WVs measurements can be considered.

6. Estimation of the WV radar detection in foggy conditions.

7. Evaluation of the possible advantages of using the bistatic radar.

8. Radar simulator can be used to generate the training data set for the
developing of the WVs classification/detection algorithms.
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