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CHARACTERIZING PATH-LENGTH MATRICES OF UNROOTED
BINARY TREES

DANIELE CATANZARO*, RAFFAELE PESENTIf, AND ROBERTO RONCO?

Abstract. We extend some recent results on the necessary and sufficient conditions that a
symmetric integer matrix of order n > 3 must satisfy to encode the Path-Length Matriz (PLM)
of a Unrooted Binary Tree (UBT) with n leaves. This problem is at the core of the combinatorics
of the Balanced Minimum Evolution Problem, a NP-hard problem much studied in the literature
on molecular phylogenetics. We show that, for any natural 3 < n < 11, a reduced set of known
conditions, excluding Buneman’ strong four-point conditions, is both necessary and sufficient to
characterize PLMs of UBTs. In addition, we present a second and more general characterization
based solely on linear conditions derived from the topological properties of UBTs.

Key words. combinatorial optimization, tree realization, balanced minimum evolution, un-
rooted binary trees, path-length matrices, Kraft conditions, Buneman’s four-point conditions.

MSC codes. 90C27, 90C10

1. Introduction. Given a natural n > 3, consider a semimetric T = {r;;} for
the set [n] = {1,2,...,n}, i.e., a square matrix of order n, whose entries satisfy the
following conditions:

(1.1) (separation) Tii =0 Vi€ [n]
(1.2) (positivity) Ti; >0 Vi, jen]:i#j
(1.3) (symmetry) Tij = Tji Vi, jen]:i<j.

We say that 7 is a tree realization if there exists a pair (T, w), referred to as a fitting
tree, such that
(i) T = (V, E) is an acyclic connected graph having V' as node-set, E as edge-set,
and L = [n] C V as set of leaves;

(ii) w = {w., e € E} is a set of strictly positive weights associated with the edges
of T such that

(1.4) > we =1y Vi, j€n] i<y,

GGPE;

where Pg is the unique path in T" connecting the leaves ¢ and j.

For example, Figure 1 shows a semimetric 7 for the set [5] and a possible tree real-
ization associated with it.

We say that a semimetric 7 for [n] is the realization of an Unrooted Binary Tree
(UBT) if the fitting-tree (T, w) also satisfies the following conditions:

(iii) T is unrooted and binary, i.e., its internal nodes have degree 3;

(iv) the weights w, associated with the edges of T are all equal to 1.
For example, Figure 2 shows a semimetric for the set [5] and its associated UBT
realization.
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Fig. 1: An example of a semimetric 7 that is a tree realization.

As the edge weights of a fitting UBT (T, w) are all equal to 1, in what follows, we
shall omit w for simplicity and denote the fitting UBT as 1. We also observe that if
T is the realization of a UBT T, then its generic entry 7;; constitutes the path-length
of Pg, i.e., the number of edges in Pg. For example, by referring to Figure 2, the
entry 112 = 2 indicates that the path from leaf 1 to leaf 2 in T" consists of two edges.
In the light of this observation, in what follows we shall refer to a semimetric 7 that

is a realization of a UBT T as the Path-Length Matriz (PLM) of T.

The problem of identifying the necessary and sufficient conditions that a semi-
metric must satisfy to be a tree realization is known in the literature as the Tree
Realization Problem [1, 2, 8, 10, 11, 12, 13, 15]. A classical result provided by Bune-
man [2] in 1974 states that

PROPOSITION 1. A semimetric T for [n] has a tree realization if and only if its
entries satisfy
(1.5) Tij + Tpg < max{Tiq + Tjp, Tip + Tjq}
together with least one of the following equalities
Tiq —|—ij = Tip +qu
(1.6) Tig T Tjp = Tij T Tpq
Tip + Tjq = Tij + Tpq
for all i, j,p,q € [n], at least three of which are distinct. Furthermore, such a realiza-

tion is unique among the trees whose internal nodes have degree greater than or equal
to 3.

Condition (1.5) can be equivalently split into the following two families of inequalities

(1.7) Tik + Thj > Tij vV distinct 4,7,k € [n]
(1.8) Tij + Tpqg < Max{Tiq + Tjp, Tip + Tjq} v distinct i,7,p, q € [n]

that are usually referred to as the triangle inequalities and the additive (or Buneman’s
four-point) conditions [1], respectively.

02 3 4 4
2.0 3 4 4

=330 33 O—O—GC)
4430 2
443 20

Fig. 2: An example of a semimetric 7 that is the realization of a UBT (edge weights have been omitted).

This manuscript is for review purposes only.
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CHARACTERIZING PATH-LENGTH MATRICES OF UNROOTED BINARY TREES 3

Fig. 3: An example of an instance of the BMEP consisting of the input metric D (shown at the top)
and the corresponding optimal solution expressed in terms of path-lengths 7;; between taxa (shown at the
bottom). The matrix D is taken from [3] and its entries encode the evolutionary distances between the
Crimean-Congo Hemorrhagic Fever (CCHF) orthonairovirus, Ebolavirus, the Lassa mammarenavirus, the
Severe Acute Respiratory Syndrome Coronavirus 2 (CoV2), the Human Immunodeficiency Viruses (HIVs) 1
and 2, and the Nipah virus. The optimal solution encoded by the path-length matrix above is shown in
Figure 4.

Semimetrics that satisfy (1.7) are referred to as metrics. Metrics that additionally
satisfy (1.8) are called additive matrices [12, 15]. Thus, Proposition 1 can be succinctly
restated by saying that 7 is a tree realization if and only if it is additive.

Unfortunately, the additive property proves insufficient in the context of a UBT
realization. For example, the matrix shown in Figure 1 is additive, but it is easy to see
that there is no fitting UBT for it. Characterizing the mathematical conditions that
ensure the existence of a UBT realization for matrices of order n has been a long-
standing open problem at the core of the combinatorics of the Balanced Minimum
Evolution Problem (BMEP), a N'P-hard problem defined over the set ©,, of the PLMs
induced by UBTs with n leaves and much studied in the literature on molecular
phylogenetics [3]. Given a set [n] of n > 3 molecular sequences (e.g., DNA, RNA,
codon sequences, or whole genomes), commonly referred to as taza, and a semimetric
D = {d;;} for [n], whose generic entry d;; encodes a measure of similarity between
the pair of distinct taxa i, j € [n], the BMEP requires to find a UBT T with n leaves
whose PLM 7 = {7;;} minimizes the following objective function

(1.9) S di2e.

i€[n] je[n]\{i}

Figures 3 and 4 show an example of an instance of the BMEP and of the corresponding
optimal solution.

The study of the convex hull of the solutions to the BMEP, motivated by the
development of exact solution algorithms of practical use, involves the characteriza-
tion of the set ©,. The only characterization of ©,, known in the literature so far,
introduced in [6] and recalled in Section 2 for the sake of completeness, combines
strengthened versions of (1.7) and (1.8) with n non-linear equalities, called Kraft’s
equalities. These last conditions capture in closed form both the degree constraint
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4 D. CATANZARO, R. PESENTI, AND R. RONCO

Ebola Lassa

Nipah

Fig. 4: The unrooted binary tree corresponding to the path-length matrix shown in Figure 3. This tree is
provably optimal for the instance of the BMEP encoded by the input distance matrix shown in Figure 3.

and the connectivity property of UBTs. As observed in [6], finding an effective way to
impose all of these conditions in a valid Integer Linear Programming (ILP) formula-
tion for the BMEP is non-trivial due to the non-linearity of Kraft’s equalities and the
presence of disjunctive constraints related to (strengthened versions of) (1.8). Thus,
a question that naturally arises is whether there might exist alternative characteriza-
tions of a UBT realization that involve sets of combinatorial conditions different from
those identified in [6]. In this article, we investigate this question. First, we present a
characterization for n < 11 that takes advantage of known combinatorial properties
of UBT that do not involve Buneman’s four-point conditions (1.8). Secondly, we de-
scribe a general characterization for ©,, based on topological arguments, by providing
a set of non-disjunctive conditions that are linear in the space of path-lengths.

The article is organized as follows. In Section 2, we introduce some notation, defi-
nitions, and known properties of trees that recur throughout the article. In Section 3,
we present the characterization of a UBT realization that proves valid for n < 11.
Finally, in Section 4, we describe a more general characterization of ©,,.

2. Notation, definitions, and properties of path-length matrices. Given
two integers a,b, with a < b, we denote by [a,b] the subset of integers ¢ such that
a < ¢ < b. Consistently with the notation used in Section 1, we use [b] for [a, b] when
a=1.

We denote by U,, the set of UBT's with n > 3 leaves and, for a fixed UBT T € U,,,
we denote by L is set of leaves. As already mentioned for generic trees, we assume
that L is labeled with the elements of [n].

We define a sequence as a collection of non-negative and not necessarily different
natural numbers sorted in non-decreasing order. In particular, given a UBT T €
U, and a leaf i € L, we define the path-length sequence 7; = sort([r;; : j € L\
{i}]) as the sequence of the path-lengths relative to the n — 1 (unique) paths in T’
connecting ¢ to the remaining leaves in L. The path-length sequence 7; describes T'
as seen from (or, equivalently, as rooted in) i. For example, the path-length sequence
71 = {2,3,4,4} describes the UBT shown in Figure 2 as rooted in leaf 1. Observe
that the relationship between path-length sequences and rooted UBTs is not bijective.
For example, Figure 5 shows that there exist three possible rooted UBTs that can
be associated with the path-length sequence 71 = {3,3,4,4,4,4}. In contrast, it is
easy to see that the relationship between the PLMs in ©,, and the UBTs in U, is
bijective. Observe also that, by definition of a path-length sequence, the entries of
7; correspond to the non-diagonal entries of the i-th row of the PLM 7 associated
with T

Let ®; = {7} denote the set of the path-length sequences associated with the leaf
i € [n]. We say that two path-length sequences 7; € ®; and T; € fI;j are congruent
with the same UBT T € U,, if T has i and j as leaves. For example, 71 = [3,3,4,4,4, 4]

This manuscript is for review purposes only.
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2 1 3 3 1 2
5 @) 6 6 (@) 5
4 7 4 7

4 5

Fig. 5: An example of the three distinct UBTs that can be constructed from the path-length sequence
T1=1[3,3,4,4,4,4].

and 73 = [3,4, 5,5, 3, 3] are congruent with the UBT shown on the top left of Figure 5.
In contrast, ¥1 = [3,3,4,4,4,4] and 73 = [4,4,2,5,6,6] are congruent with no UBT
in ©,,.

The following result characterizes the set 51

PROPOSITION 2. An integer sequence § = {81, 82,...,8,-1} belongs to d; if and
only if it satisfies the following condition:

> 1
2.1 Kraft’ lit 27% = =
(2.) (Kaft's equality) Y :
jE€ln—1]
In addition, if n > 3, (2.1) implies that the entries §1,8a,...,8,-1 are in [2,n — 1].

Proof. The first part of the statement (Kraft’s equality) is well-known and proven
in [14]. Hence, here we will only focus on proving the second part of the statement,
i.e., that the entries §1, 85,...,8,_1 are in [2,n — 1]. We start by recalling that the
entries of § are sorted in non-decreasing order. Then, it is easy to verify that, for any
n >3, (2.1) does not hold if 5 < 2, since it implies 2751 > 271, Now suppose, by
contradiction, that §,—1 > n — 1. For each k € [n — 2], observe that (2.1) implies the
following identity:

_z 1 _s
(2.2) Zz =5 >ooo2¥
J€Elk] je[k+1,n—1]

Since the left-hand side of equation (2.2) is a sum of non-increasing negative powers
of 2, it is also a multiple of its smallest term 27°¢. Similarly, the right-hand side
of (2.2) is a multiple of 275%. Since 27! is a multiple of 275 then Zje[k—i—l,n—l] 2%

must be a multiple of 2~ and therefore

(2.3) 27 < Y 27

jEk+1,n—1]

This manuscript is for review purposes only.
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Observe that »;c(, 1
equality, i.e., when

275 achieves its maximum when inequality (2.3) holds as an

(2.4) Sp_9 = Sn_1 and §n,(j+1) =5,-;,—1 Vje [2,n —2].
However, in this case
> > - > - 1
9=8 — 9—5 =38 _ 9l=51 _ 91—(8p—1—(n=3)) -
| > + do2 2 2 <3
j€[n—1] j€[2,n—1]
which contradicts (2.1). Thus, the statement follows. 0

The following result characterizes the set ©,, [6].

PROPOSITION 3. An integer semimetric T for [n| is the realization of a UBT
T € U, if and only if it satisfies the following conditions

1
(2.5) (Kraft’s equalities) Z ‘2_”-7' =3 Vi € [n]
JE[n\i
(2.6) (strong triangle ineq.)  Tij + Tjp — Tik > 2 V distinct i, 7,k € [n]

and precisely one of the following Buneman’ strong four-point conditions:

Tij + Tpg + 2 < Tig + Tjp = Tip + Tjq
(27) Tiqg + Tjp + 2 < Ty + Tpg = Tip + Tjg V distinct i,j,p,q € [n]

Tip + Tjq T2 < Tij + Tpq = Tig + Tjp

Kraft’s equalities (2.5) establish a correspondence between the rows of 7 and n path-
length sequences. They imply that each row of a matrix 7 € ©,, contains entries with
values in [2,n — 1] and, for n > 4, at most one entry with value 2. They also imply
that O3 includes only the following basic matrix:

02 2
(2.8) 2 0 2
2 2 0

It is worth noting, however, that Kraft’s equalities are not sufficient to ensure that
the path-lengths associated with the rows of 7 are congruent with a UBT in ©,.
Conditions (2.6) and (2.7), instead, are stronger versions of (1.7) and (1.8), and
take into account the combinatorial properties of UBTSs related to the connectivity
constraint and the degree constraint on the internal nodes.

We call caterpillar any UBT in U,, whose internal vertices induce a path-graph.
We call cherry any subgraph of a UBT in U, induced by two of its leaves and the
internal vertex adjacent to both of them. Then, the lower bound of 2 for the value of
an entry of the PLM 7 of a UBT is reached in the presence of a cherry, while the upper
bound is reached only if T encodes a caterpillar. For example, the UBT in Figure 2
is a caterpillar with n = 5 leaves and two cherries. One of these cherries is induced
by leaves 1 and 2 and internal vertex 6, while the other is induced by leaves 4 and 5
and internal vertex 8; indeed, 712 = 745 = 2. The internal vertices of the UBT, i.e. 6,
7, and 8, induce a path graph, and accordingly 714 = 75 = To4 =95 =n—1=4.

This manuscript is for review purposes only.
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Notation Legend Definition
UBT Unrooted Binary Tree Section 1
P;; The unique path in a UBT T € U,, between nodes i and 7  Section 1
Tij The number of edges in (or path-length of) Pi;, T € U, Section 1
PLM Path-Length Matrix Section 1
O, Set of PLMs induced by the UBTs in U, Section 1
Un Set of UBTs with n > 3 leaves Section 2
T Path-Length Sequence Section 2
SM Strong metric matrix Section 2
SA Strong additive matrix Section 2
KSM Kraft strong metric matrix Section 2
KSA Kraft strong additive matrix Section 2
KSM-UBT Kraft strong metric matrix that satisfies (3.11) Section 3

Table 1: Summary of the most important notation used in the article.

For each PLM 7 € O,, we define a square matrix of order n, denoted by 277,
whose generic entry is defined as follows:

_ 27T if i £ g,
2.9 2= T, =
(29) (277 {0 ifi=j.

Observe that 2~ 7 is doubly stochastic up to a factor 2, because Kraft’s equalities (2.5)
hold on the entries of 7. Thus, up to a factor 2, its rows and columns can be interpreted
as probability density sequences [4]. In the light of this observation, we shall refer to
277 as the Path-Length Density Matriz (PLDM) associated with 7. For example, the
PLM and the PLDM associated with the UBT shown in Figure 2 read as follows:

(2.10)
0 23 4 4 0 1/4 1/8 1/16 1/16
2 0 3 4 4 1/4 0 1/8 1/16 1/16
r=1[3 3 0 3 3|;: 2-7=1[1/8 1/8 0 1/8 1/8
4 4 30 2 1/16 1/16 1/8 0  1/4
44320 1/16 1/16 1/8 1/4 0

In the remainder of the article we shall refer to
e an integer semimetric that satisfies (2.6) as a Strong Metric (SM) matrix;
e a SM matrix that satisfies (2.7) as a Strong Additive (SA) matrix;
e a SA matrix that satisfies (2.5) as a Kraft Strong Additive (KSA) matrix;
e a SM matrix that satisfies (2.5) as a Kraft Strong Metric (KSM) matrix;
For convenience, we summarize in Tables 1 and 2, respectively, the notation and
the conditions introduced in these first sections.

3. A characterization of ©,, for n € [3,11]. Buneman’ strong four-point con-
ditions (2.7) constitute a set of disjunctive conditions. As observed in [6], their inclu-
sion in a valid Integer Linear Programming (ILP) formulation for the BMEP proves
to be computationally expensive. This fact justifies the search for alternative char-
acterizations of ©,, that do not involve (2.7). In this section, we show that, for any
n € [3,11], Buneman’ strong four-point conditions (2.7) can be replaced by a single
non-linear condition on path-lengths, referred to as the UBT-manifold.

This manuscript is for review purposes only.
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Condition Reference label  Definition
Separation, positivity and symmetry  (1.1)—(1.3) Section 1
Bounded integrality (3.2) Section 2
Strong triangle inequalities (2.6) Section 2
Kraft’s equalities (2.5) Section 2
Buneman’s four-point conditions (2.7) Section 2
UBT-manifold condition (3.11) Section 3
Weak triangle inequalities (3.24) Section 3

Table 2: Known necessary conditions that must be satisfied by PLMs of UBTs.

As a first step, in Subsection 3.1 we bridge the algebraic characterization of PLMs
with their topological interpretation in order to precisely identify the role played
by Buneman’ strong four-point conditions. Then, in Subsection 3.2 we provide the
characterization.

3.1. A characterization of PLMs based on contractions. Given a generic
matrix 7 of order n > 3, we say its rows ¢ and j are equivalent if

(3.1) Tij =2 A Tip = Tjp, V€ [n]\ {4,7}.

In addition, we denote by £(7) the submatrix of 7 obtained by removing its null rows
and columns.

We say that a semimetric matrix 7 with at least two equivalent rows is contractible
if its entries satisfy the following bounded integrality conditions:

(3.2) Ti; €[2,mn—1],Vi,j € [n],i#j.

Given a contractible matrix 7, we define a contraction as the operation that, given
i,j € [nl],i # j, yields a matrix 7 ) obtained from T by first setting its i-th row and
column to zero and then subtracting one from the non-diagonal entries of its j-th row
and j-th column that do not belong to either the i-th row or the i-th column. Thus,
the entry (p,q) of #09) §g

0 ifp=iorq=r,
(3.3) %IEZ’Z’J) =Tpg—1 ifp#qgand ((p=jand ¢ #1i)or (¢ =7 and p # 1)),
Tpq otherwise.

For example, a contraction on

0 3 3 2
13 0 2 3
"7 1320 3
2 3 3 0
with respect to rows 2 and 3 results in
00 2 2 0 2 2
ey - [0 0070 ) =12 0 2
2 0 0 2 2 92 0
2 0 2 0

This manuscript is for review purposes only.
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In the context of PLMs of UBTSs, contractions have a precise topological interpreta-
tion. Specifically, consider a UBT T' € U,, and its associated PLM 7 € O,,. If the
leaves i and j of T belong to the same cherry, the rows ¢ and j of 7 are equivalent.
Then, if we 4a%)ply a contraction on 7 with respect to the rows ¢ and j, the resulting
matrix £(+(Z’ ) encodes the UBT with n — 1 leaves induced by all the vertices in
T, except for the leaves i and j. As an example, consider the PLM 7 of the UBT
shown in Figure 2 and contract T with respect to the rows associated with the cherry
constituted by leaves 1 and 2. Figure 7 shows the UBT encoded by matrix 5(%(1’2)),
with

0000 0
00 2 3 3 023 3

(3.4) D~ 10 2 0 3 3| and £(FYY)= § g gg
03 3 0 2 5 3 9 0
03 3 2 0

Given a matrix 7, we will drop the superscript (¢,7) from #9) for simplicity
whenever the context is unambiguous. With a little abuse, we will also say that a
matrix 7 obtained by possibly repeated contractions has a certain property if this
property is enjoyed by its submatrix £€(7). For example, we say that the above 712

is a KSM because &(#5?)) is a KSM.

The following result, introduced in [7], gives the necessary and sufficient conditions
in terms of contractions for a matrix 7 to be in ©,,.

PROPOSITION 4. Let T be an integer square matriz of order n > 3. Matriz T is
a PLM if and only if there exist matrices T° : s € [0,n — 3], such that 70 = T and,
for each s € [0,n — 3], T° is obtained by performing a contraction operation on 7571,

The two following results are a straightforward consequence of Proposition 4:
e if matrix 7 is a PLM, then 773 is the basic matrix (2.8);

e 7isa PLM if and only if the properties that define a contractible matrix (i.e.,
of being semimetric, respecting the bounded integrality conditions (3.2) and
having at least two equivalent rows) are preserved by subsequent contractions.

Propositions 3 and 4 together imply that if a matrix 7 is a KSA matrix, then:

e T is contractible;

e £(7) obtained by a contraction on 7 is a KSA matrix and hence contractible.

We now examine how the necessary and sufficient conditions in Proposition 3 con-
tribute to ensuring the contractibility of a KSA matrix. First, we observe that a
contraction on a contractible semimetric 7, whose rows satisfy Kraft’s equalities,
yields a matrix 7 that is also a semimetric. In fact, Kraft’s equalities impose that
the values of the non-diagonal entries of 7 are in [2,n — 1] and, by definition of the
contraction operation, 7 is symmetric, the diagonal entries of 7 are zero, while the
non-diagonal entries 7;; of £(7) are integer values such that 0 < 7;; — 1 < 7; < 735.
The next proposition proves that Kraft’s equalities are preserved by a contraction.

PROPOSITION 5. Let T be a contractible matriz whose rows satisfy Kraft’s equali-
ties (2.5) and rows i, 4, with i < j, are equivalent. Then, + = {71} satisfies Kraft’s
equalities.

This manuscript is for review purposes only.
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10 D. CATANZARO, R. PESENTI, AND R. RONCO

Proof. Observe that j-th row of 7 satisfies Kraft’s equality, as

~Tijq — ~Tiq — —Tjq _ 9~ Tij —1
22_222_2222_2,

q€[n\{i.5} q€[n\{i.5} a€n]\{7}

where the first and the third equality hold due to 7;, = 7j,—1 and 7;; = 2, respectively.
Kraft’s equalities also hold for each row p € [n] \ {i,j} of T, as

Z 2*"h'pq — Z 2~ Tra + 2*"217)' = Z 2~ Tra +2. 2~ Tpj

pe€n]\{i,p} p€[n]\{4,5.p} pen]\{i.j,p}
1
= 277-17‘1 —Tpi —Tpj = ~Tpg = —
Z | 427 49 > o2 5
pE[n]\{,7.p} q€[n]\{p}

where the first equality holds due to 7,; = 7, for each ¢ # j, the second equality
holds due to 7,; = 7p; — 1, and the third equality holds due to 7,; = 7p;. O

An immediate consequence of Proposition 5 is that a contraction on a contractible
matrix of order n whose rows satisfy Kraft’s equalities yields a matrix whose non-zero
entries are in [2,n — 2] and that satisfy the bounded integrality conditions (3.2).

Let’s consider now the relationship between the strong triangle inequalities (2.6)
and the existence of two equivalent rows in a semimetric 7 of order n. Specifically, we
show that if 7;; = 2, then the strong triangle inequalities alone are sufficient for rows ¢
and j of 7 to be equivalent. If 7 is a PLM, the claim is consistent with the fact that
two leaves of a UBT belonging to the same cherry have the same path-length distance
from each of the other leaves. We also show that the strong triangle inequalities are
“almost” preserved by contraction.

PROPOSITION 6. Let T denote a SM matrixz of order n > 3 and let i and j be a
pair of distinct integers in [n| such that 7;,; = 2. Then,

(3.5) Tik = Tjk = Thi = Tky ¥V k€ [n]\ {i, 7}

In addition, the matriz ¥ = {749} obtained from T by a contraction satisfies the
following strong triangle inequalities:

(3.6) Tip+ Tpg — Tig =2 V ji,p,q € 0]\ {3}, 4,p,q distinct
(3.7) Tor +Tpg — Tgr =22 Y p,g,r € 0]\ {3,5}, p,q,7 distinct.

Proof. As (2.6) holds for 7, we have that
(3.8) Tij + ik > 2+ Tik Vken)\{ij}
(3.9) Tij + Tik > 2+ Tk Vkelnl\{ij}
By combining (3.8) and (3.9) with 7;; = 2, we have that 7, = 7, for all k € [n]\{¢, j}.
The other equalities in (3.5) are a direct consequence of the symmetry of 7.

As regards the final part of the statement, we observe first that for a fixed distinct
triplet of indices j, p, ¢ € [n] \ {i}, the following relationships hold:

TiptTpg—Tig =2 & (Tjp— 1)+ — (154122 &

& Tjpt+Tpg — Tjq = 2.
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In particular, the first inequality holds as 7 is a SM matrix. The second inequality
holds by definition of a contraction on rows i, j, where 7j; = 7, — 1 for all k € [n] \
{4,j}. Finally, observe that that for a fixed distinct triplet of indices p, ¢, 7 € [n]\{%,j},

Tor +Tpg = Tgr 22 & Tpr + Tpg — Tgr = 2.
As the second inequality holds by definition of contraction on rows i,j, we have
Thi = Thi for all distinct b, k € [n] \ {7, }. d
Proposition 6 highlights, at the same time, the strengths and the limitations of
the strong triangle inequalities. Specifically, the strong triangle inequalities of type

(3.10) Tip+ Tjqg — Tpg = 2 Y j,p,q € [n]\ {i}, j,p,q distinct

may not propagate through a contraction on a SM matrix (as the arguments in Propo-
sition 6 cannot be used). In addition, Kraft’s equalities and strong triangle inequalities
are not sufficient to impose the presence of an entry with value 2 in a semimetric, as
is the case for the following KSM matrix

W wwwo
W wWwwow
W wWw o ww
WO W ww
O W W ww

We can prove the following proposition on Buneman’ strong four-point conditions
with arguments similar to the ones used for Proposition 6.

PROPOSITION 7. Let T be a contractible matriz satisfying Buneman’ strong four-
point conditions (2.7) and whose rows i,j, with i < j, are equivalent. Then, T =
{%(W)} is a semimetric matrixz that still satisfies Buneman’ strong four-point condi-
tions.

Proposition 7, together with the above major limitations relative to the strong triangle
inequalities, allow us to claim that Buneman’ strong four-point conditions are neces-
sary to impose the existence of an entry with value 2 in a SMA matrix 7. In addition,
the satisfaction of Buneman’ strong four-point conditions implies also the propaga-
tion of the strong triangle inequalities of type (3.10) through contractions. Specifically,
consider matrix 77 obtained by a contraction on a SMA matrix 7. Without loss of
generality, suppose that Buneman’ strpmg four-point condition 7;, +7jq > Tij +7Tpg +2
holds for each p,q € [n]\ {i,7}. Then this inequality, together with the equivalence
of rows 7 and j of T, implies 7;, 4+ Tj4 > Tpq + 4, and thus 7, + Tj4 > Tpq + 2.

3.2. The UBT-manifold condition. So far, we have established that the sat-
isfaction of Buneman’ strong four-point conditions is sufficient to guarantee that in a
given a matrix 7 there exists an entry whose value is 2. In addition, Buneman’s condi-
tions ensure that the strong triangle inequalities are preserved through contractions.
We now show that, for any n € [3,11], the condition

(3.11) > w2 =2 -3,

i€[n] jEn]\i

referred to as the UBT-manifold condition [5], can be exploited to provide a charac-
terization of ©,, that does not rely on Buneman’ strong four-point conditions. This
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condition binds the path-lengths 7;; to their own path-lengths densities 277. As
observed in [5], the UBT-manifold states that all UBTs with n leaves have 2n — 3
edges. Hence, the vertices of the convex hull of the solutions to the BMEP (i.e., all the
PLMs 7 € O,,) lie on this manifold. For brevity, we will use the acronym KSM-UBT
to denote a KSM matrix that also satisfies the UBT-manifold.

In order to provide the alternative characterization of ©,, we first show that if
a matrix 7 of order n € [3,11] satisfies Kraft’s equalities and the UBT-manifold
condition, then at least one of its entries has value 2. We start from the following
preliminary result.

PROPOSITION 8. Given a positive integer n > 3 and an integer i € [n], consider
a path-length sequence T; = {Ti1, Tizy ..., Tam—1} € ;. If T n_1 is equal to n—1, then
the remaining entries of T; satisfy

(312) 7_';"“,2 :7_';’“,1 =n-—1, T :ﬁ’kJ’,l —1=k+1 Vke [1,71—3]

Proof. Proposition 2 implies that 7; satisfies Kraft’s equality. Furthermore,
the arguments of its proof state that Zje[n—l} 2~ 7ii reaches its maximum value
21~ (Fim-1=(=3)) if and only if (2.4), which is equivalent to (3.12), holds. Since we
assume 7; ,_1 = n — 1, then 21=(Fin-1=(n=3)) = 92-1 a5 required by Kraft’s equality
and thus (3.12) must hold. |

A direct consequence of Proposition 8 is that every 7; € 51 that has an entry
equal to n — 1 also has an entry equal to 2.

PROPOSITION 9. Let T denote a matriz of order n € [3,11] that satisfies Kraft’s
equalities and the UBT-manifold condition. Then, at least one of its entries must be
equal to 2.

Proof. Suppose, by contradiction, that all the entries of 7 are such that 7;; €
[3,n—1] for all distinct 4, j € [n]. Consider the generic i-th row of 7 and its associated
path-length sequence 7; and observe that 7; cannot include an entry with value equal
to n—1 otherwise it would also include an entry with value equal to 2 by Proposition 8§,
in contradiction with the assumption 7;; € [3,n — 1]. Now, consider the problem of

finding a path-length sequence 5;* that constitutes an optimal solution to the following
problem:

-

(313) Li(r)=minq Y 727 :0,€d,;, f;€3,n-2], Vjen\{i}

We claim that the optimal solution to L; is

0 ={3,3,3,4,5,....,n—3,n—2,n — 2},
that encodes a UBT U} consisting of a caterpillar rooted in i (see Figure 6). Indeed,
suppose, by contradiction, that there is an optimal solution 6, € ®;, 8/ # 7. Then,
there is a pair p, g € [n]\ {i}, p < ¢, such that ¢;, > 0; . Moreover, since ¢; is optimal,
ﬁp2792p + ﬁ,q270;q < ﬁinG;q 4 ﬁq279:‘,p’

which implies

(3.14) (Fip — Tig) (27% — 27%) < 0,
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Fig. 6: A graphical representation of the optimal solution to (3.13).

As 7, < T4 and 2-0 < 970, (since GZP > @q), inequality (3.14) only holds to
equality if H_Z = 5;‘, which contradicts 92 # 9_2* . Then, we can write (3.13) as

(3.15) Li(r) =732+ Y 727 4+ Fea27 7,

J€[2,n—-2]

Observe that 5;* satisfies Kraft’s equalities and that «* = 0_;* is also the solution to
the problem

P 1

i > w2 iizeRV ) 27 =

min A T R AR 3 5
j€ln—1] j€ln—1]

as it can be immediately verified by applying the Karush—Kuhn—Tucker conditions.
Then, the following lower bound holds for (3.15):

I, 3 ,
* o—07 . cy— —(n—2 -
Li(T)Z-E 0;;2 1123-§—|—A E 2774+ (n=2)2"""2 vreo,,icn.
J€n—1] j€l3,n—2]

Since 3 e T2 = D jem1) 7,277 > L;(7), we have that

(3.16)
3 .
9= Tij ) L2 9~ _9)9—(n=2)
le‘nﬂ z‘ZLZ(T) Zn |35+ Y 277+ (n—2)2
i€[n] jE€[n]\i i€[n] JE[3,n—2]

We recall that Gabriel’s staircase power series Z;’il j277 converges to 2 and the
partial sum of its first k terms is given by

Ge=Y_ j27 =2—(k+2)27"
Je(k]
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14 D. CATANZARO, R. PESENTI, AND R. RONCO

Hence,

S 29 =G Gy = 2 — 22,

j€[3,n—2]

which implies

(3.17) SN w2 =Y Lilr) =n (Z — 2—<”—3>> > 2n — 3,

i€[n] j€[n]\¢ i€[n]
by contradicting the hypothesis that 7 satisfies the UBT-manifold. Thus, the state-
ment follows. d
The next proposition presents some useful properties of KSM matrices.

PROPOSITION 10. Let T denote a KSM matriz of order n > 3 and let i and j
be a pair of distinct integers in [n] such that 17;; = 2. Also assume that for some
p € n)\{i,j}, 7ip =n — 1. Then, there exists an integer g € [n]\ {i,j,p} such that

(3.18) Tip = Tig = Tjp = Tjg =1 — 1
and that
(3.19) Tpg = 2.

Furthermore, each non-diagonal entry of T different from (r,s), with r,s € {i,4,p,q},
has value strictly less than n — 1.

Proof. Consider the i-th row of T and first observe that, as 7;; = 2, by Propo-
sition 8 there exists an index ¢ € [n] \ {i¢} such that 7, = n — 1. Moreover, by
Proposition 6, we have that 7,, = 7, = n — 1 and 7, = 7; = n — 1. Hence, (3.18)
holds true. Also note that Proposition 8, applied to row p of the matrix 7, guarantees
the existence of an index r € [n] such that 7., = 2, as 7;, = n— 1. The strong triangle
inequality

TiT+Trp:Tir+2224’7—2';0:2*{“71*1,

together with
Tir € [Q,TL - 1]a

implies 7;,. = n — 1. Proposition 8, applied again to row ¢ of the matrix 7, imposes
that there can be only two entries of row ¢ equal to n — 1. Thus, the indices r and ¢
must be equal, hence 7, = 7, = 2, and (3.19) holds true.

We prove now the last statement of the proposition. To this end, consider the
i,7,p, and g-th rows of matrix 7. Then, by Proposition 8, in each of such rows, there
is one and only one entry with value equal to 2 and exactly two entries equal to n — 1.
Hence, 7,5 € [3,n — 2|, for all distinct r,s € [n] \ {¢,7,p,¢}. Finally, consider a row
u € [n]\{1,7,p, ¢} of matrix 7. As 7,; = 2, by Proposition 6 we have that 7,; = 7.
Moreover, by Proposition 8, both 7,; and 7,; are in [3,n — 2]. Now observe that
Tuv € [3,n — 2] holds true for any v € [n] \ {i,7,u}. Indeed, if 7,, = n — 1 held true
then we had 7, # Tyus, a8 Tyi € [3,n—2] for ¢ € [n]\{j,u}. However, by Proposition 8,
the u-th row of 7 cannot include two identical entries with value different from n — 1.
Thus, the statement follows. 0
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Fig. 7: The UBT corresponding to the PLM &(#%'?)) given in (3.4).

If 7 is a PLM, Proposition 10 equivalently states that caterpillars, which are the
only UBTs in U,, having two leaves whose path-length distance is equal to n — 1, have
only two cherries.

Proposition 9 guarantees the existence of a non-diagonal entry 7;; = 2 for some
i,j € [n] in any semimetric matrix 7 of order n € [3, 11] satisfying Kraft’s equalities
and the UBT-manifold condition. The subsequent proposition ensures that if 7 also
satisfies the strong triangle inequalities, a contraction with respect to this specific
entry yields a semimetric matrix that satisfies Kraft’s equalities and the UBT-manifold
condition.

PROPOSITION 11. Let T denote a KSM matriz of order n > 3 and let i,j € [n]
such that i < j and 7;; = 2. Then, + = {#(49)} is also a semimetric matriz that
satisfies Kraft’s equalities and the UBT-manifold condition.

Proof. Observe first that 7 is semimetric because 7.; = 7.5 for each r,s € [n] \
{i,7}, the diagonal elements 7;; = 7;; are zero, and finally 7, = 75, — 1 = 7,; =
Tr; —1 > 2 for each r\ {7, j}, as 7 is symmetric and 7, > 3 since 7, # 7;;. Moreover,
7rs € [2,n — 2] for all distinct r,s € [n]. Indeed, such entries are integers greater
than or equal to 2 by the previous argument. In addition, due to Proposition 10,
the entries of 7 that are possibly equal to n — 1 belong either to its i-th or j-th row.
Hence, 7,.s < n — 2.

Observe that j-th row of 7 satisfies Kraft’s equality, as

Z 9—%ia — 9 Z 9~—Tia

q€[n]\{i,j} q€[n]\{i,j}

=2 Y 2727y

ac[n]\{s}

1 1 1
:2 - — = = —
(5-3) -2

where the first and the third equality hold due to 7;4 = 7j,—1 and 7;; = 2, respectively.
Kraft’s equalities also hold for each row p € [n]\ {7, 7} of T, as

Z 2_72pq — Z 2 Trq + 2_7:pj

pe[n]\{i,p} p€[n]\{4,5.p}
= Z 27 Tpa 4 2.2 Tpi
pen]\{i.j5,p}
—Tpg —Tpi —Tpj — —Tpqg — 1
:22+2+27227§_
p€[n]\{,,p} q€[n]\{p}
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16 D. CATANZARO, R. PESENTI, AND R. RONCO

where the first equality holds due to 7,4 = 7,4 for each ¢ # j, the second equality
holds due to 7,; = 7,; —1, and the third equality holds due to 7,; = 7;. An immediate
consequence of the fact that Kraft’s equalities hold on 7 is that its non-zero entries
are greater than or equal to 2.

Now, observe that the entries of 7 satisfy the UBT-manifold (3.11), as

Z Z Tpg2 TPt = Z 542771 + Z GOPAMERS

peln]\{i} q€[n]\{i,p} ac[n]\{7.5} pe[n]\{i,j}

+ Z Z 7A'pq2_%pq:
peln)\{i,s} a€[n]\{i.j.p}

= Y (me—n2 ey
g€[n\{i.j}

+ > (- 127w
peln]\{i.1}

+ Y S 2=

pen\{i,j} a€[n]\{i.5,p}

=2 Y 242 Y 727

a€n]\{é,j} pE[n]\{i.5}

PN Y e

p€[n\{i.3} q€[n]\{4.5,p}

—4 Z 9~ Tia =

q€[n]\{i,5}
= D w24 Y T2t
q€[n]\{i} q€[n]\{s}

fY S e

pen\{i,5} a€[n]\{i,s.p}

+ > 2T Y T2

peln\{i} peln]\ {5}
—4 > 27T (27T — 1277
g€\ {i.j}
=Y > w24 ) 27T
p€[n] a€[n]\{p} q€[n]\{i}

—m—3-2=2(n—1)-3,

where the second equality holds due to 7p; = 7,; — 1 and 7,q = Tpq, for all p € [n]\ {4}
and ¢ € [n]\ {4, j}; the fourth equality holds due to 7,; = 7p; for all p € [n]\{¢, j}; and
the fifth equality holds due to 7 being symmetric and satisfying Kraft’s equalities. O
Given a matrix 7 satisfying the hypothesis of Proposition 11, a natural question to
ask is whether 7 = {%(i’j )} also satisfies the strong triangle inequalities. To this end,
we first observe that for a fixed distinct triplet of indices j, p, ¢ € [n]\{i}, the following
holds:

TiptTpg—Tig =2 & (Tjp— 1)+ — (154122 &
(3.20) S Fjpt Py — Fig = 2.
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The same argument cannot be used to show that

(3.21) Tip + Tjqg — Tpg = 2.

Then assume by contradiction that, for some p,q € [n] \ {4, j} and o < 2, we have
(3.22) Tip +Tjqg—Tpg = & Tpg=Tjp+ Tjqg — .

Note that the above condition can only hold if 7,, > 2, otherwise it is immediate to
see that 7, + Tj4 > Tpq + 2 as 7, and 7, are both greater than or equal to 2.
First, consider the case 7, = 2. From (3.21) and (3.22), we get:

Fog =Tig +(2—a) & 27T =272

(3.23) . .
Tok > Tk & 27770 <277 VEken)\{ijpq}

As 2775 = 277ir holds and o < 2 implies 272 < 1, the above conditions contradict
Kraft’s equalities, which require

S oo 3 2—+jr:%

re[n]\{i,p} re[n]\{i,j}

Then, the strong triangle inequalities (3.10) holds for all ¢ € [n] \ {¢,7,p}-
We now prove that if 7;, = 2, then 7, + 75 — 7 > 2 for all 7, s € [n] \ {3, j, p}.
Specifically, as (3.10) holds for all ¢ € [n]\ {i,7,p}, we have

Tir 2 Tpr +2—=Tjp & Tjr 2 Tpr
Tjs 2 Tps +2—Tjp & Tjs = Tps-

Since we have already shown that strong triangle inequalities hold for all the entries
of 7 that do not belong to the j-th row or column, we have

7A—jr + 7A—js 2 7A_pr + 7A—ps Z 7A—rs +2 = 7A_jr + 7A—js - 7A—rs 2 2.

In the case 7;, > 2, we claim that 7, + 7j4 — Tpq = 2 holds, provided that n <
11. However, proving this claim algebraically is currently an open problem, as all
the known necessary conditions enjoyed by KSMs yield weak upper bounds on n.
Providing a purely algebraic proof of Proposition 10 warrants further analysis of the
combinatorics of ©,, aimed at uncovering key polyhedral properties.

In the light of the consideration above, we will follow a different to prove that, for
any n € [3,11], Kraft’s equalities, the UBT-manifold condition and triangle inequali-
ties are not only necessary but also sufficient to characterize ©,,. To this end, we first
introduce some notation and simple results.

Given a matrix 7, we denote the i-th row of 7 by 7;. Moreover, given a path-
length sequence S, we say that 7; has type S if its non-zero entries match the elements
of 8. Finally, we refer to the following conditions

Tik 2> Tik + (n — 3)(2 — Tij)

(3.24) ik > Tk + (n — 3)(2 — 745)

as the Weak Triangle Inequalities (WTI). Similarly, we refer to the Strong Triangle
Inequalities as STI. Interestingly, Proposition 4 still holds even if the hypothesis is
weakened, requiring only that 7 satisfies the WTL
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18 D. CATANZARO, R. PESENTI, AND R. RONCO

The total number a,, of path-length sequences of length n — 1 is provided by the
sequence A002572 in [9], with

az = 1,&4: 17(15 :2,(16:3,@7:5,@3 :9,0,9 = 16,a10:28,a11 = 50.

Similarly, the total number m,, of different UBT topologies for n > 3 is provided by
the sequence A000672 in [9], with

ms = 1,m4=1,m5 = l,me, :2,m7:2,m8 :4,m9:6,m10 = 11,m11 = 18.

Hereafter, given a matrix 7 of order n > 3, we call families of matrices the sets of
symmetric matrices that are isomorphic under symmetric permutations of rows and
columns and we describe the families by canonical representatives with the under-
standing that all the other matrices of the families can be obtained from them by
symmetric permutations. We consider combinations of n, possibly repeated, path-
length sequences and we associate each combination with the matrices whose row
types have a bijective correspondence with the path-sequences in the combination.
We say that a combination c satisfies the UBT-manifold condition if

DD SEREE

FECT,ET

Furthermore, we say that a combination c¢ satisfies the symmetry conditions (and,
possibly, either the WTT or STI) if we can associate with it a symmetric matrix 7
with a null diagonal (which also satisfies either the WTT or STI). Note that Kraft’s
equalities imply the bounded integrality of the elements of the sequences, and thus
the satisfaction of the symmetry conditions together with the condition of the null
diagonal entries implies that 7 is semimetric.

In the next proposition, we use the following argument to prove the sufficiency
of our conditions. We first generate all the path-length sequences that satisfy Kraft’s
equalities. Then, we derive all the combinations of n of these path-length sequences
that satisfy the considered symmetry and the UBT-manifold conditions. Finally,
we show that the number of families of matrices whose row types have a bijective
correspondence with the path-sequences in the obtained combinations and that also
satisfy, when required, the WTI or the STI conditions, coincides with the number
of families of matrices having a UBT realization. This proves the statement, as the
considered conditions are also necessary, ensuring that the obtained families cannot
differ from those of the matrices having a UBT realization.

PROPOSITION 12. Consider a matriz T of order n € [3,11]. Then, T has a UBT
realization if:

e n =3 and T satisfies Kraft’s equalities;

e n =4 and T satisfies Kraft’s equalities and Symmetry;

e n =05 and T satisfies Kraft’s equalities, Symmetry, and the UBT-manifold
condition;

e n € [6,7] and T satisfies Kraft’s equalities, Symmetry, the UBT-manifold
condition, and the WTI.

e n € [8,11] and T satisfies Kraft’s equalities, Symmetry, the UBT-manifold
condition, and the STI.

Proof. For ease of reading, we refer the reader to Appendix A as the proof involves
the consideration of several distinct cases. O

This manuscript is for review purposes only.



601

CHARACTERIZING PATH-LENGTH MATRICES OF UNROOTED BINARY TREES 19

Note that an immediate consequence of Proposition 12 is that the STI are preserved
by contractions when n < 11. On the other hand, satisfying integrality, symmetry,
Kraft’s equalities, the UBT manifold condition, and the STT does not generally ensure
the existence of a UBT realization for n > 12. In fact, the following matrix:

(3.25)

ESIEN EEN RN Jo Nl NINS) BN, NS i e
IR IENIEN o NS NS, IS, B NNl )
IS IEN RN RN I IS B e o NI Ol SIS
IS IEN I IR I IS B e Nl ORISR
COUNMUTU TN OO D U U
COUUTU IO NG D T U
L OOy O DN O Ot Ot Ot ot Oy O
LT O O O N Ot Ut Ot gt oy O
B RN OO O Ut~ =] ~1 ~1
B R O N OO GOt~ ~1 =T~
O R CTOT O O =T =1~ ~1
=3 RN IS B o NISS JEN IPN PN |

satisfies the conditions above, but does not have a UBT realization.

4. A general characterization of ©,,. In this section, we present an algebraic
characterization of ©,, that is linear in the entries of the 7 matrix and does not involve
disjunctive conditions. This characterization constitutes the algebraic counterpart of
Proposition 4 and builds upon the following two observations.

First, consider a matrix 79 of order n > 3. Proposition 4 ensures that if 70 has a
UBT realization, then there exist matrices 71, 72,...,7" 3 such that 7° is obtained
through exactly one contraction on 757! for each s € [I,n — 3]. Given an integer
r € [n — 3], if 7" is obtained through a contraction on matrix 7"~! with respect to
entry (i,7), we denote row i as collapsed in matrices 77, 7" 1 ... 7773, Observe that
there is no s € [r+1,n — 3] such that 7° is obtained from 757! through a contraction
with respect to some entry (i,p) where p € [n]\ {4, 5}, as row i cannot be equivalent
to any other row of matrix 75. In other words, each row (and column) is zeroed at
most once in a contraction in matrices 71, 72,..., 7" 3. Hence, Proposition 4 can be
equivalently stated by not requiring to zero out collapsed rows. This observation will
prove particularly useful in the remainder of the section.

Secondly, observe also that if 79 has a UBT realization, then 7° has a UBT
realization for each s € [1,n — 3|, and, in particular, 7"~3 has a UBT realization
consisting of a star with 3 leaves. In this sense, there is no loss of generality in
assuming that such a UBT realization is the star induced by the leaves labeled n — 2,
n — 1, and n.

Hereafter, we provide the characterization of ©,,. For brevity, when we state that
matrix 7%, s € [0, n — 3], enjoys a particular property, such as the existence of a UBT
realization, we specifically refer to the submatrix of 7° identified by its non-collapsed
rows and columns. Given an integer n > 3, let 27}, y7, u3, V s € [n—3],i € [n],j € [n],
be binary decision variables, and consider the polytope P, defined by the following
conditions:
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(4.1) z;;€{0,1} Vi, j€[n],s€n—3
(42) Zﬁb—Q,n—l = Z’rsz—2,n = Z;?L—l,n =0 Vse [n - 3]
n—3 n
(4.3) Y z;=1 Vieh-3
s=1j=i+1
n—3 n
(4.4) D> z;=1 Vsen-3
i=1 j=i+1
(4.5) z ;=0 Vie[n],jelil,s€n—3
n
(4.6) yi= > z,; Vie,secn-3]
j=i+1
j—1
(4.7) wp=> 2, Vij€lnlsecn-3
=1
n
(4.8) doup<(n—s)(1-yi) Vielnlsen-3]
r=s+1
(4.9) T,ij :T;’Z‘ Vi€ln],j€i+1,n],s€[n—3]
(4.10) T a1 =Tn o =T i =2
(4.11) T7;,=0 Vse&[n-3i€n]
(4.12) 225, <7 < (n—s)+(2+s-n)z; Viehljeli+1l,n]sen-3

S
(413) 7= > (B—n) <T;. _2+Zyg+y;+y;> v s,4,5, ki< jiAj#Ek

r=1

S
(4.14) 75 -7, < (n—3) <T;j _2+Zy;+y§+y,g> Vs, 4,4, ki < i % g # k.

r=1
(4.15) T,ﬁjng;l Vsel[l,n—3,i,5€[l,n]:i#j
S
(4.16) it i —u = (n—=1) Y yi+y; Vse[ln—3Li<j
r=1
4.17 s < s—1 s __ s r T v 1 _ - -
(4.17) Tii S Tig U uj+2(yi+yj) s€[l,n—3i <y
r<s

We claim that 70 has a UBT realization if and only if conditions (4.1)-(4.17) are
satisfied by some 27, € {0,1} and yj,uj, 77, € R, Vs € [n—3],i € [n],j € [n].
We prove this claim by showing that P,, is a valid formulation for ©,,. We start by
observing that in each integral point of Py, 27 ;, y; and u} are binary for each i, j € [n)]
and s € [n — 3]; indeed, y; = 1 if 27, = 1 for some p € [ + 1,n] and y; = 0 otherwise
(condition (4.6)), and similarly uj = 1if 27 ; = 1 for some ¢ € [j — 1] and uj = 0
otherwise (condition (4.7)).

PROPERTY 1. In each integral point of Py, for each s € [n—3|, T° is a semimetric
obtained from matriz 7571 through exactly one contraction with respect to an entry

(p,q) such that 75,1 = 75,1 =2, and T;;l = qu,;l vV kel,n)\{p q}

Proof. We claim that such an entry (p,q) exists. Observe that there exists an
entry (p,q'), where p’ < ¢’ (condition (4.5)), such that 2} , = 1 for each s € [1,n — 3]
(condition (4.4)), and thus T;,qu, = 2 (condition (4.12)). Moreover, both rows p’ and
q" of 771 are not collapsed, and so conditions (4.14) and (4.14) are sufficient to
ensure that such rows are equal, except for their p’-th and ¢’-th elements. Conditions

(4.15)-(4.17) entail that 77 , = Ti;,l — 1 for each i € [n] \ {p/, ¢’} such that i is not a
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collapsed row in matrices 7" V r € [s]. Observing that the submatrix obtained from
7"=3 by considering its rows (and columns) n—2, n—1 and n is equal to matrix (2.8)
(conditions (4.2), (4.10), and (4.11)), and each row ¢ € [1,n— 3] collapses exactly once
in matrices 7%, s € [n — 3] (condition (4.3)), proves the claim. We conclude the proof
by noting that matrix 7° is also semimetric, as it is symmetric (condition (4.9)) and
it has a zero diagonal (condition (4.11)) for each s € [n — 3].

PROPOSITION 13. Given an integer n > 3, formulation Py, is valid for ©,,.

Proof. The statement directly follows from Property 1 and Proposition 4. If a
matrix 7 of order n > 3 has a UBT realization, then there exists an integral point in
P,, such that 7% = 7. Indeed, assume by contradiction that no such integral point
exists. Then, Property 1 would imply that 772 has no UBT realization, contradicting
Proposition 4. Conversely, in each integral point of P,, the submatrix obtained from
7773 by considering its rows (and columns) n—2, n—1 and n is equal to (2.8) and thus
has a UBT realization. Hence, matrix 7° has a UBT realization by Proposition 4. O

Final remarks. Identifying the conditions beyond Buneman’s ones that ensure
both the preservation of the STI through contractions and the existence of an entry
with a value of 2 in a matrix of order n > 12 is critical for advancing on the study of
the polyhedral combinatorics of the BMEP. As of this writing, this challenge remains
one of the most significant obstacles to developing ILP formulations for the BMEP
that can scale to handle hundreds of taxa in practical computational time.
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Appendix A. Proof of Proposition 12 for n € [8,11].

We prove the statement of the proposition by considering each case separately.
Throughout the proof, we implicitly understand the condition that imposes the diag-
onal entries of the matrices to be zero. Moreover, for each of the considered cases, we
recall the number m,, of families of semimetric matrices 7 of order n having UBT real-
izations that we expect to be implied by the conditions in the proposition hypotheses.
We express a combination of p path-length sequences as a collection {k; : s;, Vi € [p]},
where s; is the i-th path-length sequence and k; is the number of times it appears in
the combination. For example, {4 : {2,3,4,4},1: {3,3,3,3}} denotes a combination
that includes four path-length sequences {2,3,4,4} and one given by {3, 3,3, 3}.

Case n = 3 (m3 = 1). The only path-length sequence that satisfies Kraft’s
equality is § = {2,2}. The only matrix of order n = 3 with rows of type 8, i.e., that
can be associated to the combination {3 : {2,2}}, is the semimetric (2.8) with a UBT
realization.

Case n = 4 (my = 1). The only path-length sequence that satisfies Kraft’s
equality is § = {2,3,3}. Then, we consider only the combinations ¢ = {4 : {3,2,2}}.
The only family of matrices satisfying the symmetry conditions that can be associated
with the combination c is the family of semimetric matrices with UBT realizations
whose canonical representative is

W w N O
W w o N
N O W W
O N W W

Case n =5 (ms = 1). The path-length sequences that satisfy Kraft’s equality are
{2,3,4,4} and {3,3,3,3}. The only combination of these path-length sequences that
satisfies the UBT-manifold condition is ¢ = {4 : {2,3,4,4},1 : {3,3,3,3}}. Finally,
the only family of matrices satisfying the symmetry conditions that can be associated
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with the combination c is the family of semimetric matrices with UBT realizations
whose canonical representative is

(A1) T =

= W N O
T WO N
W w o ww
= O W ok

N W s

0

Indeed, without loss of generality (w.l.0.g.), suppose that the first row of 7 is 71 =
[0,2,3,4,4]. Then, 72 = [2,0,3,4,4] as the first column of 7, by symmetry, is equal
to [0,2,3,4,4]T. Also, 75 = [3,3,0,3,3], as it is impossible for both 75 and T3 to
contain two entries whose value is 4; otherwise, the fourth and fifth columns (and
rows) of 7 would contain three entries whose value is 4. Thus, 74 = [4,4,3,0,2]
and 75 = [4,4,3,2,0]. Finally, we can generate all the semimetric matrices of the
family whose canonical representative is (A.1) by symmetric permutations of rows
and columns.

Case n = 6 (mg = 2). The path-length sequences that satisfy Kraft’s equality are
{2,3,4,5,5}, {2,4,4,4,4}, and {3,3,3,4,4}. The only combinations of these path-
length sequences that satisfy the UBT-manifold condition are ¢; = {6 : {2,4,4,4,4}}
and ¢ = {4 : {2,3,4,5,5},2 : {3,3,3,4,4}}. Consider the combination ¢;. The
only family of matrices satisfying the symmetry conditions and the WTT that can be
associated with the combination c; is the family of semimetric matrices with UBT
realizations whose canonical representative is

02 4 4 4 4
2.0 4 4 4 4
_ |4 40244
4.4 2 0 4 4
4 4 4 40 2
44 4420

Indeed, w.l.o.g., suppose that the first row of 7 is 71 = [0,2,4,4,4,4]. Then, 79 =
[2,0,4,4,4,4]. Again w.lo.g., let 75 = [4,4,0,2,4,4] and 74 = [4,4,4,0,2,4]. Note
that the value of the fourth and the fifth entry of 73 and 74, respectively, is equal
to 2 due to the WTI. As four entries of columns 5 and 6 have value 4, then 75 =
[4,4,4,4,0,2] and 76 = [4,4,4,4,2,0].

Consider the combination c,. The only family of matrices satisfying the symmetry
condition and the WTI that can be associated with the combination cy is the family
of semimetric matrices with UBT realizations whose canonical representative is

0 2 3 4 5 5

2 0 3 4 5 5

S 33 0 3 4 4

4 4 3 0 3 3

5 5 4 3 0 2

5 5 4 3 2 0
W.lo.g., suppose that the first row of 7 is 71 = [0, 2, 3,4, 5, 5]; this implies that 79 =
[2,0,3,4,5,5], and in turn they both entail 74 = [4,4,3,0,3, 3] and impose columns

5 and 6 to have type {2,3,4,5,5}. Thus, 75 = [5,

5,5,4,3,0,2] and 76 = [5,5,4,3,2,0]
due to the WTI, and consequently 73 = [3, 3,0, 3,4, 4].
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Case n = 7 (my; = 2). The path-length sequences that satisfy Kraft’s equality
are:

{2,3,4,5,6,6},{2,3,5,5,5,5},{2,4,4,4,5,5},{3,3,3,4,5,5},{3,3,4,4,4,4}.
The only combinations that satisfy the UBT-manifold condition are

c1 ={2:{2,3,4,5,6,6},2:{2,3,5,5,5,5},3: {3,3,3,4,5,5}}
ey ={4:{2,3,4,5,6,6},2:{3,3,3,4,5,5},1:{3,3,4,4,4,4}}
c3={2:{2,3,5,5,5,5},4:{2,4,4,4,5,5},1: {3,3,4,4,4,4}}.

Observe that n = 7 is the smallest matrix order for which the UBT-manifold condition
is not sufficient to ensure that each combination corresponds to a family of PLMs.
Specifically, no matrix 7 satisfying the symmetry conditions and the WTI can be
associated with combination c;. In fact, suppose, w.l.o.g., that a matrix 7 exists and
its first row is 71 = [0,2,3,5,5,5,5]. This implies 72 = [2,0,3,5,5,5,5] by the WTL
Then, the symmetry conditions require that the columns 1, 2,4,5,6,7 contain at least
two entries whose value is 5, which is impossible.

Consider the combination co. The only family of matrices satisfying the symmetry
conditions and the WTT that can be associated with the combination cg is the family
of semimetric matrices with UBT realizations whose canonical representative is

s]

Il
oo U WO
O oUW O N
LUl WO W W
AR W O W A
W WO Wk Tt
O W o O
oWk o S

Indeed, suppose, w.l.o.g., that the first row of 7 is 71 = [0, 2, 3,4, 5,6, 6]. This implies
that 79 = [2,0, 3,4, 5,6, 6] by the WTI, and that 7 and 77 are equivalent rows of type
{2,3,4,5,6,6}, since the symmetry conditions impose 761 = 771 = 6. The symmetry
conditions also require that 74y = 742 = 4 and thus 74 has type {3,3,4,4,4,4}.
Consequently 73 and 75 have type {3,3,3,4,5,5} and it is easy to verify that the
only semimetric whose rows are of the given types is the canonical representative
above.

Consider the combination c3. The only family of matrices satisfying the symmetry
conditions and the WTI that can be associated with the combination cg is the family
of semimetric matrices with UBT realizations whose canonical representative is

\‘

|
Tt T WO
SIS IS S WIS )
R R R O W oW
N Ol = I NS B
NN I RN R
OO R R R Ut
O MR R R O ot

Indeed, suppose, w.l.o.g., that the first row of T is 71 = [0, 2, 3,5, 5, 5, 5], which implies
79 =1[2,0,3,5,5,5,5]. Then, 73 =[3,3,0,4,4,4,4] and 7;3 = 4 for each i € {4,5,6,7}.
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The other values of the entries of rows 7;, for i € {4,5,6, 7}, are finally determined
by the symmetry conditions and the WTL.

Case n = 8 (mg = 4). The path-length sequences that satisfy Kraft’s equality
are:

{2,3,4,5,6,7,7},{2,3,4,6,6,6,6},{2,3,5,5,5,6,6},
{23 4’ 4’ 47 57 6’ 6}’ {2’ 4’ 47 57 57 5’ 5}’ {37 3’ 3? 4? 57 6’ 6}7
{3,3,3,5,5,5,5},{3,3,4,4,4,5,5},{3,4,4,4,4,4,4}.

The 28 combinations of these path-length sequences that satisfy the UBT-manifold
condition are reported in Table 3.

There is no matrix 7 satisfying the symmetry conditions and the WTI that can be
associated with combinations cy,...,cy,Cg,Cs,Cg,C12,...,Co7. In particular, all the
combinations above, with the exception of c12, do not satisfy the simplified symmetry
conditions and the WTI. In such cases, the existence of a matrix 7 corresponding
to such combinations is immediately precluded by the values of the entries of one
path-length sequence, or two of them if the existence of an entry equal to 2 make the
WTT imply that 7 should have two equivalent rows. For example, consider c3. A row
having type {3,4,4,4,4,4,4} implies the existence of eight columns with at least one
entry equal to 4, but there are only six row types in c3 satisfying such a property.
Consider c¢;. A row having type {2,4,4,5,5,5,5} implies, by the symmetry conditions
and the WTI, the existence of six columns with at least two entries equal to 5, but
there are only two row types in c; satisfying such a property.

Combination c¢12 does not satisfy the symmetry conditions and the WTI. Assume
that a matrix 7 corresponding to ci2 exists and suppose that, w.l.o.g., the first row
of 7is 71 = [0,2,3,4,6,6,6,6], which implies 79 = [2,0, 3,4,6,6,6,6] by the WTL
Symmetry conditions entail that rows 7;, for ¢ € {5,6,7,8}, contain at least two
entries equal to 6, hence they must have type {2,4,4,4,5,6,6}. Thus, rows 735 and 74
must have type {3,3,4,4,4,5,5}. This fact implies the existence of an entry 74, = 3
for some i € {5,6,7,8}. This fact contradicts the type {2,4,4,4,5,6,6} of the columns
symmetric to rows T;, for i € {5,6,7,8}.

The combination c5 does not satisfy the symmetry conditions and the STI. Indeed,
the following matrix:

SO TTW kO WWw
= s WO e
LUt W O W W Ut Ut
W WO Wk uoto O
N O WUk O
O N WU O

N O Utk WO
N O Uk WO

is the only matrix whose row types correspond to c5. However, T satisfies Kraft’s
equalities, the symmetry conditions, the UBT-manifold condition and the WTI, but
not the STI, as 713 + 735 = 715 + 1.

The only family of matrices that satisfies the symmetry conditions and the WTT
that can be associated with the combinations c7, c1g, €11, and cog are, respectively,
the families of semimetric matrices with UBT realizations, whose canonical represen-
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tatives are

0 3 4 4 4 4 4 4 02345677
30335555 2 0345677
4302666 6 33034566
4320666 6 44303455
45660 2 44 554303 4 4
456 6 20 4 4 6 6 54303 3
456 6 4 4 0 2 7765 430 2
45 6 6 4 4 2 0 7 76 5 43 2 0
0 2 4 455 5 5 0 2 4 45 5 5 5
2 0 445555 2 0 445555
44043355 44025555

(4.2) 44405533 44205555
5535026 6 5555 0 2 4 4
5535206 6 5555 20 4 4
555366 0 2 555 5 4 4 0 2
5 553 6 6 2 0 5 5 5 5 4 4 2 0

Indeed, consider a matrix 7, whose rows have types in combination c7, and sup-
pose, w.l.o.g., that the first row of 7 is 71 = [0,3,4,4,4,4,4,4], which implies
T2 = [3,0,3,3,5,5,5,5], as there is a single row type that does not include any 4.
Hence, 73 and 74 must have type {2,3,4,6,6,6,6}, and so 73 = [4,3,0,2,6,6,6, 6]
and 74 = [4,3,2,0,6,6,6,6]. The other values of the rows 7; for ¢ € {5,6,7,8} are
immediately defined by the symmetry and STI conditions. Hence, the only feasible
matrices 7 for c7 are those in the family of the matrix in the left upper corner of (A.2).

Consider a matrix 7 whose rows have the types in combination c1g, and sup-
pose, w.l.o.g., that the first row of 7 is 71 = [0,2,3,4,5,6,7,7], which implies
79 =1[2,0,3,4,5,6,7,7] by the STI. Then, 77 and 75 must have type {2, 3,4,5,6,7,7},
T4 and 75 must have type {3,3,4,4,4,5,5}, and 7 must have type {3,3,3,4,5,6,6}.
Hence, T3 can only have type {3,3,3,4,5,6,6}. Accordingly, the values of the entries
of 7 are immediately defined by the symmetry conditions and the STI. Hence, the
only feasible matrices 7 for ¢y are those in the family of the matrix in the right upper
corner of (A.2).

Consider a matrix 7 whose rows have types in combination c¢1; and suppose,
w.lo.g., that the first row of 7 is 71 = [0,2,4,4,5,5,5,5], which implies 79 =
[2,0,4,4,5,5,5,5] by the STI. Hence, 73 and 74 must have type {3,3,4,4,4,5,5},
and then, w.lo.g., 73 = [4,4,0,4,3,3,5,5] and 74 = [4,4,4,0,5,5,3,3]. The other
values of the rows 7; for ¢« € {5,6,7,8} are immediately defined by the symmetry
conditions and the WTI. Hence, the only feasible matrices T for c;; are those in the
family of the matrix in the left lower corner of (A.2).

Consider a matrix 7 whose rows have types in combination csg and suppose,
w.l.o.g., that the first row of 7 is 71 = [0,2,4,4,5,5,5,5], which implies that 79 =
[2,0,4,4,5,5,5,5] by the STI. Then, the other values of the rows 7, for i € [3,8],
are immediately defined by the symmetry conditions and the WTI. Hence, the only
feasible matrices 7 for cog are those in the family of the matrix in the right lower
corner of (A.2).

The proof for n € [9,11] is code-assisted. The code, available at https://github
.com/tmp-maker/Characterizing- Path- Length- Matrices-of- Unrooted- Binary- Trees,
was used to automatically verify whether the combination of the path-length sequences
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that we generate satisfies the conditions in the statement of the proposition. In
contrast, the verification that any combination satisfying all the conditions can be
associated with a unique family of semimetric matrices with a UBT realization was
carried out by using arguments similar to those applied in the case n = 8, which will
not be reported in the following for the sake of brevity.

Case n =9 (mg = 6). There are 469 path-length sequences that meet the UBT-
manifold condition, but only 25 satisfy both the simplified symmetry conditions and
the WTTI. Of these, only 7 satisfy the standard symmetry conditions and the WTI,
and only 6 also satisfy the STI. These 6 combinations correspond to 6 distinct families
of semimetric matrices with UBT realizations, one family for each combination.

Case n = 10 (mjo = 11). There are 18,433 path-length sequences that meet the
UBT-manifold condition, but only 586 satisfy both the simplified symmetry conditions
and the WTI. From among these, only 34 satisfy the standard symmetry conditions
and the WTI, and only 11 also satisfy the STI. These 11 combinations correspond to
11 distinct families of semimetric matrices with UBT realizations, one family for each
combination.

Case n = 11 (mq; = 18). There are 2,158,260 path-length sequences that meet
the UBT-manifold condition, but only 54,734 satisfy both the simplified symmetry
conditions and the WTI. From among these, only 868 satisfy the standard symmetry
conditions and the WTI, and only 18 also satisfy the STI. These 18 combinations
correspond to 18 families of semimetric matrices with UBT realizations, one family
for each combination.

€2 | €3 | €4 | C5 | Co | C7|Cs |Co|Clo|Cui|[Ci2|Ci3|Cia|Ci5]|Ci6|Ci7|Cis|Cig |C20 |C2 | Co2 | Cos | Coa |Co5 | C2 | Cor | C8
4 2 2 4 4 p 2 2 2
212 22 2 2 4 2 4 2 2
2 2 4 4 4 2 2 2 2 2 4 2
2 2 4 2 4 2 4 2 6
2 2 2 2 2 4 4 2 4 8
2 3[1] 2 1 2 3 1 1 2 1 2 2
1 1 1 3 2 1 1 1 4 3 2 2 2
1 1 2 2 2 1 1 1 1 1 1 1
21111 ]1[1]1

Table 3: Path-length sequences for n = 8 (first column) and their combinations that satisfy the manifold
and the WTI conditions. The combinations that correspond to semimetric matrices having UBT realizations
are underlined.
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