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Abstract

In this paper, we study local convergence of high-order Tensor Methods for solving
convex optimization problems with composite objective. We justify local superlinear
convergence under the assumption of uniform convexity of the smooth component, having
Lipschitz-continuous high-order derivative. The convergence both in function value and
in the norm of minimal subgradient is established. Global complexity bounds for the
Composite Tensor Method in convex and uniformly convex cases are also discussed. Lastly,
we show how local convergence of the methods can be globalized using the inexact proximal
iterations.
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1 Introduction

Motivation. In Nonlinear Optimization, it seems to be a natural idea to increase the
performance of numerical methods by employing high-order oracles. However, the main
obstacle to this approach consists in a prohibiting complexity of the corresponding Taylor
approximations formed by the high-order multidimensional polynomials, which are dif-
ficult to store, handle, and minimize. If we go just one step above the commonly used
quadratic approximation, we get a multidimensional polynomial of degree three which is
never convex. Consequently, its usefulness for optimization methods is questionable.

However, recently in [13] it was shown that the Taylor polynomials of convezx functions
have a very interesting structure. It appears that their augmentation by a power of
Euclidean norm with a reasonably big coefficients gives us a global upper convex model of
the objective function, which keeps all advantages of the local high-order approximation.

One of the classical and well-known results in Nonlinear Optimization is related to the
local quadratic convergence of Newton’s method [8, 14]. Later on, it was generalized to
the case of composite optimization problems [9], where the objective is represented as a
sum of two convex components: smooth, and possibly nonsmooth but simple.

A big step in the second-order optimization theory was made since [16], where Cubic
regularization of the Newton method with its global complexity estimates was proposed.
Additionally, the local superlinear convergence was justified.

Our paper is aimed to study local convergence of high-order methods, generalizing
corresponding results from [16] in several ways. We establish local superlinear convergence
of Tensor Method [13] of degree p > 2, in the case when the objective is composite, and
its smooth part is uniformly convex of arbitrary degree ¢ from the interval 2 < ¢ < p—1.
For strongly convex functions (¢ = 2), this gives the local convergence of degree p.

Contents. We formulate our problem of interest and define a step of the Regularized
Composite Tensor Method in Section 2. Then, we declare some of its properties, which
are required for our analysis.

In Section 3, we prove local superlinear convergence of the Tensor Method in function
value, and in the norm of minimal subgradient, under the assumption of uniform convexity
of the objective.

In Section 4, we discuss global behavior of the method and justify sublinear and linear
global rates of convergence for convex and uniformly convex cases, respectively.

One application of our developments is provided in Section 5. We show how local
convergence can be applied for computing an inexact step in proximal methods. A global
sublinear rate of convergence for the resulting scheme is also given.

Notations and generalities. In what follows, we denote by E a finite-dimensional real
vector space, and by E* its dual spaced composed by linear functions on E. For such a
function s € E*, we denote by (s,z) its value at z € E. Using a self-adjoint positive-
definite operator B : E — E* (notation B = B* > (), we can endow these spaces with
mutually conjugate Euclidean norms:

lzll = (Bz,)'?, z€E, |gl. = (9,B7'g)"/? geE"

For a smooth function f : dom f — R with convex and open domain dom f C E, denote
by V f(z) its gradient, and by V2f(x) its Hessian evaluated at point 2 € dom f C E. Note



that
Vf(x) € E* V2f(z)h € E*Y, zcdomf, heE.

For non-differentiable convex function f(-), we denote by df(x) C E* its subdifferential
at the point = € dom f.
In what follows, we often work with directional derivatives. For p > 1, denote by

DP f(x)[h1, ..., hy

the directional derivative of function f at x along directions h; € E, i = 1,...,p. If all
directions hi, ..., h, are the same, we apply a simpler notation

DPf(x)[h]P, he€E.
Note that DP f(x)[-] is a symmetric p-linear form. Its norm is defined in the standard
way:
|DPf(z)]| =  max {DPf(z)[h1,....hp|: |hil| <1,i=1,...,p}

hi,...,hp€EE

(1.1)
= max{|Drf(@)[np|: 0] <1}

(for the last equation see, for example, Appendix 1 in [15]). Similarly, we define

|7 (@) = DPfyll = max{|Dri@)ny —Dri)he|: nl <1}, (12)

In particular, for any = € dom f and hy, ho € E, we have
Df(x)[] = (Vf(z),hn), D?*f(z)lh1,ho] = (VZf(x)h1,ha).

Thus, for the Hessian, our definition corresponds to a spectral norm of the self-adjoint
linear operator (maximal module of all eigenvalues computed with respect to B > 0).
Finally, the Taylor approximation of function f(-) at « € dom f is defined as follows:

fash) = Q(fieh)+o(lhlP), -+ h e domf,
O(foy) Y f@)+ é,@kf(a:)[y—x]k, y € E.

Consequently, for all y € E we have

VO (i) = 3 m D@y - (1.3)
V(o) = 3 D@l - )t (1.4)

[\



2 Main inequalities

In this paper, we consider the following composite minimization problem

min {F(z) = f(2) + h(z) }, (2.1)
z€domh
where h : E — R|J{+o0} is a proper closed convex function and f € CPP(domh) for a
certain p > 2. In other words, we assume that the pth derivative of function f is Lipschitz
continuous:
|D7f(x) = DPfI| < Lylle—yll, .y € domh. (2:2)

Assuming that L, < 400, by the standard integration arguments we can bound the
residual between function value and its Taylor approximation:

f@) = (fzsy)l < oplly — 2P, 2,y € domh, (2.3)

Applying the same reasoning to functions (V f(-), h) and (V2f(-)h, h) with direction h € E
being fixed, we get the following guarantees:

IVF(y) = V(L 25l < 22y — 2”, (2.4)
IV2£(y) = V2 (f o)l < oylly — )P, (2.5)

which are valid for all z,y € dom h.
Let us define now one step of the Regularized Composite Tensor Method (RCTM) of
degree p > 2:

= lef : . H _ p|lp+1
T o= Ty(e) € agmin {O(Lay) + Ghyly - ol HhG)} . (26)

It can be shown that for

H > pL, (2.7)

the auxiliary optimization problem in (2.6) is convex (see Theorem 1 in [13]). This condi-
tion is crucial for implementability of our methods and we always assume it to be satisfied.

Let us write down the first-order optimality condition for the auxiliary optimization
problem in (2.6):

(VO (f,2;T) + H|T =P B(T —2),y = T) + h(y) > WT), yedomh. (2.8)

In other words, for vector

W(T) R (VQp(fa z;T) + %HT —z||P1B(T — az)) (2.9)
(28)
we have h/(T) € Oh(T). This fact explains our notation
P(T) ¥ VT + 1) € dF(T). (2.10)



Let us present some properties of the point T = T (z). First of all, we need some
bounds for the norm of vector F'(T'). Note that

|P@)+ By =2l B -2 V@) - VO (f 5T
(2.11)
(2.4)
< 2T -z
Consequently,
Lp+H
IF' (D) < 22T — P (2.12)
Secondly, we need two lemmas characterizing the gradients at point 7.
Lemma 1 For any x € dom h we have
h(z) > h(T)+(Vf(T),T —z). (2.13)
Proof:
Indeed,
W) VO, (f,aT) + LT — 2l B(T - )
def
= Vf(z)+ Gpp(T —x),
P
where G, = V2f(x) + 12:3 (k_ll)!D(k)f(:U) [T — z]*2 + gHT — z||P~1B. Note that
1 P Tk72 _ TP 1 _
Gop = [ (V@) + £ FDO T o+ BT~ ol B ) ar
1
(s +7(T - @) + BT — | B) dr
0
(2‘5

1
[ V2 f(x+7(T —x))dr.
0

Therefore, applying the condition (2.8) with y = z, we get
h(T) < h(z)+ (Vf(®@)+ Gop(T —2),2—T)
1

< h(@) +{(Vf(@),2=T) = ([ V*fl@+7(T - 2)dr(T - 2),T — x)

0
= h(a)+ (Vf(2),2 —T) — (VA(T) - V@), T - z)
= h(z) = (VF(T),T — ). 0



Lemma 2 Let 8> 1 and H = BL,. Then

1 p+1 2 Bt
(PO =T) > (Gh) " IF@L S 2
In particular, if B = p, then
) 1 p+1
i p
(F(T)z-T) > (GHm)"  IF @ (2.15)

Proof:
Denote r = || T —x||, h = g, and [ = %. Then inequality (2.11) can be written as follows:

|F/(T) + hrP 1B(T — 2)||? < 1%r?P.

This means that

2p(h2_]2
(FI(T)z—T) 2 b=l F'(T)|2 + S, (2.16)
Denote
2_72 _
a = %”F/(T)Hi b = thl , T =11 o= %.

Then inequality (2.16) can be rewritten as follows:

(FI(T)e=T) = 2+br* > min{§+b°} = (1+0) (87 b,

Taking into account that 1 4+ a = % and 7 = %, and using the actual meaning of
a, b, and o, we get
p+1 p+1 p—1
(F/(T),z —T) > -22. ||F’(T)||j1p ) (p—l)? , (h2—12)_1Tp
T e e e
e b
= F@DI."  —F— — =
(p+1) 2 (p—1) 2P
p+1 p—1
5 (R2=1?) 2
= [F@))" O
(p*=1) 27 (p+1)P
It remains to note that
— —1 —
)b @ ()
R H p: B Iy



3 Local convergence

The main goal of this paper consists in analyzing the local behavior of the Regularized
Composite Tensor Method (RCTM):

xg € domh, xr11 = Ty(xg), k>0, (3.1)

as applied to the problem (2.1). In order to prove local superlinear convergence of this
scheme, we need one more assumption.

Assumption 1 The smooth part of the objective function in problem (2.1) is uniformly
convex of degree q > 2:

<Vf(l') - Vf(y),x - y> > O-QHJ: - qua T,y € domha (32)
for certain o4 > 0.

It is well known that this assumption guarantees the uniform convexity of the objective
function in the problem (2.1) (see, for example, Lemma 4.2.1 in [14]):

Fly) =2 F(z)+(g,y— )+ Flly— 2] y€domh, (3.3)
where g, is an arbitrary subgradient from 0F(x). Therefore,
F* = min F(y) > min{F@)+{g,y - 2) + 2y — o]}
yEdom h y€ek q
(3.4)
1 q
1 —1 =1
= F@) -2 (1) gl
This simple inequality gives us the following local convergence rate for RCTM.
Theorem 1 For any k > 0 we have
* poatl [ Z%r} Ly+H\ a1 *ﬁ 3.5
Flagp) = F* < (¢- D70 (&) (=)™ [Py - F] "7 (35)
Proof:
Indeed, for any k£ > 0 we have
Flag) —F* =2 Flog) = Feg)
(33) , -
> (Fl(zi), ok — Tp1) + e — 2o ||
(214 (212) o ) 2
> Doy -t 2 2 (L2l )l
) g-1
34 9q p! % qfftfj * !
> 2 ()" | o (Fage) - FY)
And this is exactly inequality (3.5). O



Corollary 1 Ifp > q—1, then method (3.1) has local superlinear rate of convergence for
problem (2.1).

Proof:
Indeed, in this case q% > 1. O

For example, if ¢ = 2 (strongly convex function) and p = 2 (Cubic Regularization of
the Newton Method), then the rate of convergence is quadratic. If ¢ = 2, and p = 3, then
the local rate of convergence is cubic, etc.

Let us study now the local convergence of the method (3.1) in terms of the norm of
gradient. For any z € dom h denote

n(x) = gg}g(lx)!\vf(w)+g!\*. (3.6)

If Oh(z) = 0, we set n(z) = +oo.

Theorem 2 For any k > 0 we have

p

N(xrs1) < F (2]« < L”;,FH [}q n(xk)} o (3.7)
Proof:
Indeed, in view of inequality (2.13), we have
(Vf(@r),op —apsr) = (Vf(@r) = VI (@), ok — 2rg1) + (VS (@h41), Tr — Thsn)

> (Vf(zr) = VI(@ra1), 2k — Tpr1) + h(wpp1) — h(zg)

(3.2)
> ogllar — wrpal|? + h(zpg1) — h(zg)

> ogller — g l|? + (g et — k),
where gy is an arbitrary vector from Oh(xy). Therefore,
ogllze — zral|? < (Vf(@r) + gk Tk — Trt),
and we conclude that n(xy) > ogl|Tk — 241971, It remains to use inequality (2.12). O
As we can see, the condition for superlinear convergence of the method (3.1) in terms
of the norm of the gradient is the same as in Corollary 1: we need to have - > 1, that
is p > ¢ — 1. Moreover, the local rate of convergence has the same order as that for the

residual of the function value.
According to Theorem 1, the region of superlinear convergence of RCTM in terms of

the function value is as follows:
1
Up+1 | q\ p—aq+1
(e ()] o

Q=

Q = {xedomh: F(x)—F* <



Alternatively, by Theorem 2, in terms of the norm of minimal subgradient (3.6), the region
of quadratic convergence looks as follows:

g = {J:Gdomh: n(z) < <gg.<L:iH)ql>p_lq“}. (3.9)

Note that these sets can be very different. Indeed, set Q is a closed and convex neighbor-
hood of the point x*. At the same time, the structure of the set G can be very complex
since in general the function n(x) is discontinuous. Let us look at simple example where
h(xz) = Indg(x), the indicator function of a closed convex set Q.

Example 1 Consider the following optimization problem:

: 2) . 2 def  (1)\2 (2)\2
igkg{m Cllel? % )2 + (@ )31}. (3.10)

Clearly, in this problem xz* = (0, —1) and it can be written in the form (2.1) with

fl@) = 2@, h@) = { too, if [lz| > 1,

0, otheruise.
Note that for x € domh = {x : ||z| < 1}, we have

0, if ||| < 1,
{yz,v >0}, if x| =1.

Therefore, if ||x|| < 1, then n(x) = ||V f(z)|| = 1. If ||z| =1, then

Oh(z) = {

(3.6)

7]2(1,) min {(73;(1))2 +(1+ 733(2))2} _ m§8 {1 + 2,Yx(2) + 72}
v>

v=>0
= 1- (—$(2)>3_,

where (a); = max{a,0}. Thus, in any neighborhood of x*, n(x) vanishes only along the
boundary of the feasible set. O

Thus, the question arises how the Tensor Method (3.1) could come to the region G.
The answer follows from the inequalities derived in Section 2. Indeed,

212) | o
IF (i)l < 2=l — zp|P,

, (2.15) ' L ) ptl
Flay) = Flor) > (Fla)on—m) > (o) IF @l

Thus, at some moment the norm || F’(xy )|/« will be small enough to enter G.



4 Global complexity bounds

Let us briefly discuss the global complexity bounds of the method (3.1), namely the
number of iterations required for coming from an arbitrary initial point xg € domh to
the region Q. First, note that for every step 7" = Ty (z) of the method with parameter
H > pL,, we have

(2.3)
F(T) < Qp(f,:v;T)+ﬁHT—mHP“Jrh(T)
(26) . _ P
= min{Q,(£a:9) + Gy ly - a7+ h(y) )
(2.3) Hal
< i P p+1 L
< min{ F) + gigilly — o)}
Therefore,
F(T(z)) = F* < oghlle—a* |, 2 e domh, (4.1)

with z* % arg miIrEl F(y), which exists by our assumption. Denote by D the maximal
ye
radius of the initial level set of the objective, which we assume to be finite:

p sup {HCL’—.’E*H F(z) < F(mo)} < +oo.
x€dom h

Then, by monotonicity of the method (3.1) and by convexity we conclude

1 1

= (Flor) = F7) < S(F@ni) anen =) < [F (@pa)le (4.2)

In the general convex case, we can prove the global sublinear rate of convergence of
the Tensor Method of the order O(1/kP) [13]. For completeness of presentation, let us
prove an extension of this result onto the composite case.

Theorem 3 For the method (3.1) with H = pL, we have

F(a:k) B (P+1}))!(2p)p . L(Z?:;;lj k> 2. (4'3)

Proof:
Indeed, in view of (2.15) and (4.2), we have for every k£ > 0

F(xg) — F(zp41) (F'(T41), Tt — Th1)

>
T ()

p+1

NE (@) 17

B =

(422) (Wl)ﬁlﬂ’“>; ) (F(xk+1) - F*)Pr



1
Denoting 6, = F(xy) — F* and C = (’%') " we obtain the following recurrence:

(p+1)Lp DPH1
ptl
O — 01 = C87, k>0, (4.4)
(4.1)
or for pup = CPo, < 1, as follows:
p+1
Hk — Pk+1 2> Mkj_la k> 0.

Then, Lemma 1.1 from [4] provides us with the following guarantee:
1+ /P)\P p
me < (M) < (&) k22

Therefore,

_ 2 P (p+1)(2p)? L,DPT!
O = o < (cufin) = IR P, k22

For a given degree ¢ > 2 of uniform convexity with o, > 0, and for RCTM of order
p > q — 1, let us denote by w, 4 the following condition number:

W defpr1 (go1)9Th LyDeoat
p.q p! q oq :

Corollary 2 In order to achieve the region Q it is enough to perform

e A

iterations of the method.

Proof:
Plugging (3.8) into (4.3). O

We can improve this estimate, knowing that the objective is globally uniformly con-
vex (3.2). Then the linear rate of convergence arises at the first state, till the entering in
the region Q.

Theorem 4 Let o4 > 0 with ¢ < p+ 1. Then for the method (3.1) with H = pL,,, we
have

R <‘HL’}~3>'<F<%>—F*)’ k> (4.6)
p,q

Therefore, for a given € > 0 to achieve F(xx) — F* < ¢, it is enough to set

K = {(1 + w;,/qp) -log MW + 1. (4.7)

€

10



Proof:
Indeed, for every kK >0

F(zg) — F(zp41) > (F"(Ths1), Tk — Thp1)
(2.15) l % , pt1
= ((p+1')Lp) N (@gg1)[]"
p! % / P / >
— (pBn) W@l P @l
(2,649 i Lot
= (o) (35) T () - F)

1/p
w
Opr1 < 1+Z}’Z/qp O < exp (—1 w;/f> ks k>1

We see that, for RCTM with p > 2 minimizing the uniformly convex objective of

degree ¢ < p + 1, the condition number wll),/f is the main factor in the global complexity
estimates (4.5) and (4.7). Since in general this number may be arbitrarily big, complexity

estimate (N)(w;,/qp) in (4.7) is much better than the estimate O(wl(f(;rl)/(p(p_qﬂ))) in (4.5)

ion P+
because of relation ) > 1.

These global bounds can be improved, by using the universal [1, 6] and the acceler-
ated [12, 5, 6, 3, 21] high-order schemes.

5 Application to proximal methods

Let us discuss now a general approach, which uses the local convergence of the methods
for justifying the global performance of proximal iterations.

The proximal method [17] is one of the classical methods in theoretical optimization.
Every step of the method for solving problem (2.1) is a minimization of the regularized
objective:

Tpr1 = argmei%l{akHF(:c) + %Haf — :ckH2}, k>0, (5.1)
X

where {af }r>1 is a sequence of positive coefficients, related to the iteration counter.

Of course, in general, we can hope only to solve subproblem (5.1) inexactly. The ques-
tions of practical implementations and possible generalizations of the proximal method,
are still in the area of intensive research (see, for example [7, 20, 19, 18]).

One simple observation on the subproblem (5.1) is that it is 1-strongly convex. There-
fore, if we would be able to pick an initial point from the region of quadratic conver-
gence (3.8) or (3.9), we could minimize it very quickly by RCTM of degree p > 2 up to

11



arbitrary accuracy. In this section, we are going to investigate this approach. For the
~ 1
resulting scheme, we will prove the global rate of convergence of the order O(1/ k%)
Denote by @41 the regularized objective from (5.1):

def
pp1(z) = apn1F(2) + gllz — 2l = aprf(@) + glle — 2l® + apgah(2).

We fix a sequences of accuracies {J;}r>1 and relax the assumption on exact minimization
in (5.1). Now, at every step we need to find a point zj,1 and corresponding subgradient
vector gxy1 € OPgi1(xk41) with bounded norm:

lgk+1lls < Ot (5.2)

Denote
def 1

Ak+1

F'(zp41) (gk+1 — B(@is1 — xk)) € OF (wp41).

The following global convergence result holds for the general proximal method with

inexact minimization criterion (5.2).

Theorem 5 Assume that there exist a minimum x* € dom h of the problem (2.1). Then,
for any k > 1, we have

k k
> a(Pla) = F) + 3 S @IF@)E+la—a P < R@).  (63)
where
def k 2
@) g (leo-al+ )
i=1
Proof:

First, let us prove that for all £ > 0 and for every « € dom h, we have

k
sllzo — @l + 3 aiF (2)
i=1

k 2 2
a by (5.4)
ok — 2|2+ <az‘F($z‘) + gHF/(l’z‘)Hi +(gi,® — wi-1) — 2) :

i=1

v

-

L Oy ()

This is obviously true for k£ = 0. Let it hold for some k£ > 0. Consider the step number
k + 1 of the inexact proximal method.
By condition (5.2), we have

||ak+1F’(xk+1) + B(wpq1 — xk)”i < 51%—&-1‘

Equivalently,

2 52
(a1 F'(@r1), o — Tpg1) > S F (@) |12 + S llongs — 22 — 22 (5.5)

12



Therefore, using the inductive assumption and strong convexity of ®.1(-), we conclude

k+1 k
slzo —al® + 32 aiF(z) = gllwo — 2l* + 3 aiF () + ag1 F(2)
i=1 i=1

(5.4)
> Qpy(x) + Cr(w)
> Ppy1(rr1) + (Gri1, @ — Trp1) + gl — 2]+ Cr(a)
= ap1F(zp1) + 5llzeer — 2ell® + (Grt1, T — Thga)
+ (k41 — 2p) + 5llap1 — | + Cr(z)
= a1 F(ar1) + (e F(2h41), or — 2eg1) — 3llon1 — zl)?
+ {grs1, @ — xp) + gllzrer — 2l* + Ci(@)
(5.5) ., 2,

> ap1F(zei1) + 252 F ()2 — 5
+ (g1, 7 — 2k) + gllwres — 2] + Ci(@)

= %Hﬂfkﬂ — z||? 4 Crya(2).

Thus, inequality (5.4) is valid for all £ > 0.
Now, plugging x = z* into (5.4), we have

(2

k k
ai(F(ws) = F7) + 3 2&§IIF’(wi)!\3 + gllok — 27|
= 1=

k k

=< sloo — 2|12+ 5 32 62 + > (gi, w1 — %) (5.6)
i=1 =1

(5.2) k k dof

< Seo-o P+ 3N R+ Y dilwia - E
i=1 i=1

In order to finish the proof, it is enough to show that oy < Ry(9).
Indeed,
ag+1 = o+ %5l%+1 + pr1llzre — 2%

(5.6)
< o+ 508, + k120

= (@—G— %5194_1)2
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Therefore,

k
Vag < 041:—1"‘%51@ < ... < \/ao—i_%i;di

k
_ 1 * . _
_ ﬂ(onx ||+l;51> — VR:().
O

Now, we are ready to use the result on the local superlinear convergence of RCTM
in the norm of subgradient (Theorem 2), in order to minimize ®.1(-) at every step of
inexact proximal method.

Note that

OPpi1(x) = ap10F(z) + B(x — xp),

and it is natural to start minimization process from the previous point xy, for which
0Ppi1(zr) = ar+10F (x). Let us also notice, that the Lipschitz constant of the pth
derivative (p > 2) of the smooth part of ®j; is ag41Lyp.

Using our previous notation, one step of RCTM can be written as follows:

def .
Ti(@re1.2)  argmin{anvp(v) + Glylly = 27 + axeah(y) + 3y — o}

where H = ajy1pL,. Then, a sufficient condition for z = x; to be in the region of
superlinear convergence (3.9) is

1
| p—1
a1 [ F ()]« < (W) ’

or, equivalently
p—1

1
1 P p! 13
Uil < (IIF’(rk)II*) ((P+1)Lp> '
To be sure that xy is strictly inside the region, we can pick:

p—1

an = (qetor) " (685)" (5:7)

Note, that this rule requires fixing an initial subgradient F'(x¢) € OF (x¢), in order to
choose aj.
Finally, we apply the following steps:

|

20 = Tk, Zt+1 = TH<(I)k+1, Zt), t Z 0. (5.8)
We can estimate the required number of these iterations as follows.

Lemma 3 At every iteration k > 0 of the inexact prozimal method, in order to achieve
[ @741 (26) I« < Org1, it is enough to perform

. k WE (o) ls \ 7
steps of RCTM (5.8).

14



Proof:

" -5 (5.7)
Denote § = (s gle ) 71 O (—lreilbe )

D=

. Then, according to (3.7) we have

BIB, ()l < (Bl (e~ DT < oo < (B ()l

_p_ 1 p
= Ganl Pl = (o (550) 7 Irel) 6.10)

Therefore, for

1
1 _ 1 1 2-pl-||F' (zg) ||« \ P
t Z logp 10g2 (m) = @ . lOgQ IOgQ <5k+1 <W> ) s (511)

it holds [|®} ,(z)|lx < 0xs1. To finish the proof, let us estimate ||F”(xy)[« from above.
We have

- 2 (5:3)  20-1) > &
2" (L) pys) S 9™ (%)”2@\\}7'(%)113

p!
(5.12)
(5.7) k 2(1—p)
= ; [ (mim) |l © [|F (2)]|2
Thus, for every 1 < i < k it holds
(5.12)
IF (z)ls < [IF'(zi—1)| - D, (5.13)

1,
with D = R]1€/2(5) (%) P 2%, and ¢ = 7’%. Therefore,

/ (5.13) / " 14qq2 4 tqgh—1 / / qF—1
1P @l < 1 @) - DUttt g | (| F (o)D)

k

1—q
= 1Pl (lr) < 1P @o)l. - max{ By 1)

1 k P
= man B () 525, Pl

Substitution of this bound into (5.11) gives (5.9). O

Let us prove now the rate of convergence for the outer iterations. This is a direct
consequence of Theorem 5 and the choice (5.7) of the coefficients {ay}i>1.

Lemma 4 Let for a given € > 0,

Flzg)—F* > ¢, 1<k<K. (5.14)

15



Then for every 1 < k < K, we have

« k \p+1 _
Fzy) — F* < Ly(|lzo—= |I:—%¥i:1 5:) (p+1)21;! 2Vk(e)’ (5.15)

P
_def °F L aiz; def [||F’ v (||zo—z* Es)\
where Ty, lef Zzéilam . and Vk(é’f) lel (H (zo)ll (Hfrosw 4> i1 )) ]
i=1 i

Proof:
Using the inequality between the arithmetic and geometric means, we obtain

(5.3) k (5.7) =1k @2
B 2 3R alF @ = ()T L

i -1
=1 aierl

(5.16)
2 2p k Dk
_ k p! p—1 (p—1)k
(o) (a5) (an az)
kL} ! = ( 2?)1@ k ’;21
p— P P a p—
= 8 ((p+1)Lp) (aki1> (l; al)
Therefore,
(5.3) (5.16) B
Fla) - F* < 0 "< BOZ R ()P gt
20 a4 ko2
=1
_ Lp(lmo—a 2, 6)" (pynyer2 ( \\F’(mn*) G
= s o \IF @)l
By convexity, we have
(F' (@) ap—a") ~ Flag)—F*
I1F @l 2 TS 2 Jace
(5.14) (5.3)
> £ > 2
= lze—=* =  Jzo—a*||+2F_ 6
) p=1
Thus, (%) < Vi (e) and we obtain (5.15). O

—1
Remark 1 Note that (%)pT = exp(% In %) Therefore after k = O (ln%) iterations,
the factor Vi(e) is bounded by an absolute constant.

Since the local convergence of RCTM is very fast (5.9), we can choose the inner
accuracies {J;};>1 small enough, to have the right hand side of (5.15) being of the order

~ 1
o1/ k‘%) Let us present a precise statement.
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Theorem 6 Let 6y = 5 for fized absolute constants ¢ > 0 and s > 1. Let for a given
e > 0, we have
F(zy) — F* > ¢, 1<k<K.

Then, for every k such that In W <k <K, we get
+1 —2 _
F(‘f‘k) _F* < L:fz; (p+1)2p p!exp(p 1)7 (517)
where
def %
R = |wo—a*|| + 5.

The total number of oracle calls Ny during the first k iterations is bounded as follows:

N, < k- <1+ @logQIOgQ 2Dks>,

c

where )
def W (zo)|l« \ P
D = max{R, (7&11);2’}'& ) z }
Proof:
Indeed,

—— o

S5 = (143 d) < C(Hf;) — (1-

_ (-1 1 cs
= C<1_ 51 +E> < 1

Thus, we obtain (5.17) directly from the bound (5.15), and by the fact that

p—1
J— F/ *R Tk _ F/ *R
Vile) = (%) F= exp(%log %)
< GXp(p—l),
when k > n [P @o)l-R
- g
Finally,
N(Zg) L_Jog,log, 22| < k+ kl log., 2Di*
k - i=1 logy p 0821082 b | = + 10g2pZZ:1 082 1082 =
1 u 2DEkS 1 2DkS
= k+logzp.2110g2log2 c = k'<1+@10g210g2 - )
1=

a

Note that we were able to justify the global performance of the scheme, using only the
local convergence results for the inner method. It is interesting to compare our approach
with the recent results on the path-following second-order methods [2].

We can drop the logarithmic components in the complexity bounds by using the hybrid
proximal methods (see [11] and [10]), where at each iteration only one step of RCTM is

performed. The resulting rate of convergence there is O(l/k:pTH), without any extra
logarithmic factors. However, this rate is worse than the rate O(1/kP) provided by the
Theorem 3 for the primal iterations of RCTM (3.1).

17



References

1]

2]

[10]

[11]

[12]

[13]

Nikita Doikov and Yurii Nesterov. Minimizing uniformly convex functions by cubic
regularization of Newton method. arXiv preprint arXiv:1905.02671, 2019.

Pavel Dvurechensky and Yurii Nesterov. Global performance guarantees of second-
order methods for unconstrained convex minimization. Technical report, CORE
Discussion Paper, 2018.

Alexander Gasnikov, Pavel Dvurechensky, Eduard Gorbunov, Evgeniya Vorontsova,
Daniil Selikhanovych, and César A Uribe. Optimal tensor methods in smooth convex
and uniformly convex optimization. In Conference on Learning Theory, pages 1374—
1391, 2019.

Geovani N Grapiglia and Yurii Nesterov. Regularized Newton methods for mini-
mizing functions with Holder continuous Hessians. SIAM Journal on Optimization,
27(1):478-506, 2017.

Geovani N Grapiglia and Yurii Nesterov. Accelerated regularized Newton methods for
minimizing composite convex functions. STAM Journal on Optimization, 29(1):77-99,
2019.

Geovani N Grapiglia and Yurii Nesterov. Tensor methods for minimizing functions
with Holder continuous higher-order derivatives. arXiv preprint arXiw:1904.12559,
2019.

Osman Giiler. On the convergence of the proximal point algorithm for convex mini-
mization. SIAM Journal on Control and Optimization, 29(2):403-419, 1991.

Leonid V Kantorovich. Functional analysis and applied mathematics. Uspekhi
Matematicheskikh Nauk, 3(6):89-185, 1948.

Jason D Lee, Yuekai Sun, and Michael A Saunders. Proximal Newton-type methods
for minimizing composite functions. SIAM Journal on Optimization, 24(3):1420—
1443, 2014.

M Marques Alves, Renato DC Monteiro, and Benar F Svaiter. Iteration-complexity
of a Rockafellar’s proximal method of multipliers for convex programming based on
second-order approximations. Optimization, pages 1-30, 2019.

Renato DC Monteiro and Benar F Svaiter. On the complexity of the hybrid proxi-
mal extragradient method for the iterates and the ergodic mean. SIAM Journal on
Optimization, 20(6):2755-2787, 2010.

Yurii Nesterov. Accelerating the cubic regularization of Newton’s method on convex
problems. Mathematical Programming, 112(1):159-181, 2008.

Yurii Nesterov. Implementable tensor methods in unconstrained convex optimization.
Universite catholique de Louvain, Center for Operations Research and Econometrics
(CORE), 2018.

Yurii Nesterov. Lectures on convex optimization, volume 137. Springer, 2018.

Yurii Nesterov and Arkadii Nemirovskii. Interior-point polynomial algorithms in
convex programming. SIAM, 1994.

18



[16]
[17]
[18]

[19]

Yurii Nesterov and Boris T Polyak. Cubic regularization of Newton’s method and
its global performance. Mathematical Programming, 108(1):177-205, 2006.

R Tyrrell Rockafellar. Monotone operators and the proximal point algorithm. SIAM
journal on control and optimization, 14(5):877-898, 1976.

Saverio Salzo and Silvia Villa. Inexact and accelerated proximal point algorithms.
Journal of Convex analysis, 19(4):1167-1192, 2012.

Mark Schmidt, Nicolas L Roux, and Francis R Bach. Convergence rates of inexact
proximal-gradient methods for convex optimization. In Advances in neural informa-
tion processing systems, pages 1458-1466, 2011.

Mikhail V Solodov and Benar F Svaiter. A unified framework for some inexact
proximal point algorithms. Numerical functional analysis and optimization, 22(7-
8):1013-1035, 2001.

Chaobing Song and Yi Ma. Towards unified acceleration of high-order algorithms
under Holder continuity and uniform convexity. arXiv preprint arXiv:1906.00582,
2019.

19



	cover-dp2019_21
	Adresse-DP
	LocalHM_CORE_21

