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Abstract

The problem of finding the closest stable matrix for a dynamical system has many
applications. It is studied for both continuous and discrete-time systems and the cor-
responding optimization problems are formulated for various matrix norms. As a rule,
non-convexity of these formulations does not allow finding their global solutions. In this
paper, we analyse positive discrete-time systems. They also suffer from non-convexity of
the stability region, and the problem in the Frobenius norm or in Euclidean norm remains
hard for them. However, it turns out that for certain polyhedral norms, the situation is
much better. We show, that for the distances measured in the max-norm, we can find ex-
act solution of the corresponding nonconvex projection problems in polynomial time. For
the distance measured in the operator £o,-norm or £1-norm, the exact solution is also effi-
ciently found. To this end, we develop a modification of the recently introduced spectral
simplex method. On the other hand, for all these three norms, we obtain exact descrip-
tions of the region of stability around a given stable matrix. In the case of max-norm,
this can be seen as an extension onto the class of nonnegative matrices of the Kharitonov
theorem providing a stability criterion for polynomials with interval coefficients [12, 21].

Keywords: non-negative matrices, spectral radius, Schur stability, iterative optimization
method, polyhedral norm, non-symmetric eigenvalue problem
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1 Introduction

We address the problem of finding the closest stable or closest unstable non-negative
matrix to a given matrix A. The stability is considered in the sense of Schur: a matrix
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is stable if all its eigenvalues are strictly less than one by modulo. If the matrix A is
stable, then the problem is to find the closest unstable matrix to it, i.e., the closest to A
matrix X such that p(X) = 1, where p denotes the spectral radius. If A is unstable, i.e.,
p(A) > 1, then the closest stable matrix does not exist, because the set of stable matrices
is open. Hence, by the closest stable matrix we understand the closest matrix X with
p(X) =1 (although X is actually unstable). Sometimes a matrix with the spectral radius
one is referred to as weakly stable. So, if A is unstable, then the problem is to find the
closest weakly stable matrix.

In all these problems, the choice of matrix norm plays a crucial role. In this paper, we
consider three polyhedral norms:

e the max-norm ||X||max = r(na;{ | X (9],
irj

n 3
e the /1 operator norm: || X||; = sup Hﬁ:ﬂl, where [Jul; = 3 Ju®].
u#0 i=1
[ X
fTtlloo

e the /o, operator norm: || X||o = sup , where ||u||oo = max |u(?].
u#0 1<i<n

Note that | X||c = Jax | XTe;|l1, where e; is the ith coordinate vector in R™. Thus,
<i<n

we actually consider six problems of fining closest stable/unstable matrix in these three
norms. For all problems, we characterize the optimal matrix and construct efficient algo-
rithms for finding the solution. For the max norm, we explicitly find the closest unstable
matrix and present an algorithm based on bisection for computing the closest stable ma-
trix. For the /,,— and ¢1-norms, we also characterize the optimal matrices. For the closest
unstable matrix, the solution is found explicitly, while for finding the closest stable ma-
trix, we use the concept of product families and apply the spectral simplex method, which
can optimize the spectral radius over such families [19, 22]. To this end, we develop a
modification of this algorithm, the greedy spectral simplex method, which may be of some
independent interest.

Motivation. The problem of finding the closest stable or unstable matrix plays an
important role in the analysis of differential equations, linear dynamical systems, electro-
dynamics, etc., see [1, 4, 7, 9, 15, 18] and references therein. This problem is notoriously
hard due to properties of the spectral radius as a function of matrix: it is neither convex
nor concave, it may lose Lipschitz continuity at some points, etc. That is why the ma-
jority of methods for this problem find only local minima [4, 9, 10, 20]. Nevertheless, we
are going to see that for some classes of matrices and matrix norms, this problem is effi-
ciently solvable even for absolute minima. We analyse the case of non-negative matrices.
They correspond to positive linear systems arising naturally in problems of combinatorics,
mathematical economics, population dynamics, etc. [1, 2, 5, 6, 14, 17, 25]. We show that
on the set of non-negative matrices equipped either with the max norm (entrywise max-
imum), or with the {s or ¢; operator norms, the closest stable and unstable matrices
admit explicit descriptions and can be found by efficient algorithms.

Finally, let us note that in the problem of finding the closest stable/unstable non-
negative matrix to a matrix A, the matrix A itself does not have to be non-negative. For
any real-valued matrix A, this problem can be reduced to the case of non-negative A.
Indeed, if we denote A} = max{A,0} (the entrywise maximum), then we see that the
closest stable non-negative matrices to the matrices A and Ay are the same. Indeed, if



p(A1) < 1, then Ay is the closest stable non-negative matrix for A, because it is the
closest non-negative matrix for it. Otherwise, if p(A4) > 1, then we denote by A’ and A”
the closest stable non-negative matrices for AL and for A respectively. Since increasing
the entry of a non-negative matrix increases its spectral radius, see equation (3) below, it
follows that A’ < Ay and A” < A, If ||A'— A4 || < [|JA”—A4||, then ||A'— Al < ||[A” - A]|
which contradicts to the choice of A”. Hence |4’ — AL| = ||[A” — A4]|, and A” is the
closest stable non-negative matrix for A, which concludes the proof.
Thus, in what follows we assume the initial matrix A is non-negative.

The last remark concerns possible statements of the main problems. We consider the
two main problems:

1) Destabilizing problem: for a matrix A such that p(A) < 1 find the closest matrix X
such that p(X) > 1.

2) Stabilizing problem: for a matrix A such that p(A) > 1 find the closest matrix X
such that p(X) < 1.

Sometimes those problems are formulated in a strong sense: given a parameter § > 0,
find the closest matrix such that p(X) > 1+ 6 (respectively, p(X) < 1—4). The methods
developed in this paper (Sections 2, 4, and 4.5) are directly adapted to those strong prob-
lems as well, it suffices to replace everywhere the spectral radius 1 by 1+ § (respectively,
1-—9).

Contents. We start with solving the problems of the closest stable/unstable non-
negative matrix in the max-norm (Section 2). We show that global minima for both
problems admit explicit description and can be found by polynomial algorithms. To make
them more efficient, we take a close look at the problem of computing the largest eigenvalue
of a non-negative matrix. In Section 3 we develop a new method with local quadratic rate
of convergence and polynomial-time worst-case global performance guarantees (this result
is not standard for Linear Algebra (see, for example, Chaper 7 in [8])). In Section 4 we
address the problems of the closest stable/unstable non-negative matrix in the ¢, and ¢y
norms. We show that the closest unstable matrix admits an explicit description and can be
computed within polynomial time, while for finding the closest stable matrix we develop a
new greedy spectral simplex method. In both problems we apply the method of computing
the Perron eigenvalue (see Section 3) and show that the corresponding algorithms have
local quadratic convergence. Note that the greedy spectral simplex method has a much
wider range of applications and, probably, is of independent interest.

In Section 5 we give some examples and discuss the complexity issue. We show that
our method for finding closest stable matrices in ¢1 and in £, norms work surprisingly fast
even in high dimensions. For positive matrix of dimension 100, it finds the closest stable
matrix for less than one second. For dimension 1000 it does for about 3 — 4 minutes. For
sparse matrices, the algorithm works slower but still very efficient.

Notation. In what follows, we denote by R™*™ the set of real n x n-matrices, and by
R7*™ the set of non-negative matrices. For A € R*™ and x € R’} denote

supp (4) = {(i,5) | A% >0},  swpp(x) = {i| 2 >0},

For two vectors x,y € R’ , we denote x > y if z —y € R’}. The active set of this equality
is {i | 2® = ¢y},



We denote Q = {1,...,n}, and for any nonempty subset Z C €, let Vz = span{e; | i €
T}. So, V7 is the coordinate subspace spanned by the basis vectors with indices from Z. A
support of a vector v > 0 is the set of its positive indices. Thus, supp (v) = {i € Q | v® >
0}. If v > 0, then supp (v) = Q, i.e., a positive vector possesses a full support.

Finally, we use notation I, for the unit n x n-matrix, and J, € R™*" for the matrix
of all ones.

Let A € R™ ™ be a real square matrix with spectrum A(A) =3 {A,..., ) C C.
Denote by p(A) its spectral radius:

A) = max |}A|.
p4) = max
If the matrix A is non-negative, then by Perron-Frobenius theorem, p(A4) € A(A). So,
there exists a positive eigenvalue equal to the spectral radius. This eigenvalue will be
denoted by Apax and referred to as the leading eigenvalue. An arbitrary non-negative
eigenvector v # 0 with eigenvalue Apax is called the leading eigenvector. By the same

Perron-Frobenius theorem, every non-negative matrix has at least one leading eigenvec-
tor [11, chapter 8§].

2 Problem with distances measured in max-norm

In this case, the problem is rather simple and admits very efficient solutions. For a non-
negative n x n matrix A, we consider the following problems:
1) If p(A) < 1, then we find the closest unstable matrix:

IX — Almax — min: p(X) =1, X > 0. (1)

2) If p(A) > 1, then we are interested in finding the closest stable matrix. The
corresponding problem looks exactly as (1).

2.1 Closest unstable matrix

The spectral radius of a non-negative matrix A can be represented in the following mini-
max form: )

AD = 8 e e A @)
For the proof, it suffices to consider positive matrices and then take a limit. For the
leading eigenvector z, the right hand side is equal to p(A), this proves the inequality >.
If we have a strict inequality, then there exists a number g < p(A) which is larger than
the right hand side. Hence, for some positive vector x, we have max ﬁ(ei,A@ < q,

<i<n

i.e., Ar < gx. Therefore, A¥z < ¢*x for all k, and consequently ||A¥|| < C¢*. Finally,
p(A) = limy,_,o || A*||/* < ¢, which is a contradiction.
An important consequence of this representation is monotonicity of this function:

A>BeRY™ = p(A) > p(B). (3)

Sometimes we need conditions for strict monotonicity.



Lemma 1 Let A, B € R™. If for some v > 0 we have
AW < 4B Vi 5 oe {1,...,n}
then p(A) < vp(B).

Proof:
It follows immediately from the definition (2). O

Remark 1 Assumptions of Lemma 1 ensure strict monotonicity of spectral radius only if
A+ B is an irreducible matriz. This condition cannot be dropped, and the corresponding
examples are well known. O

Consider the set of weakly stable non-negative matrices
Sp = {AeRY": p(A) <1},

and denote by S? the set of stable matrices, for which inequality in the above definition
is strict. In what follows, we often use a simple criterion for stable matrices.

Lemma 2 Non-negative matriz A is stable if and only if the matriz (I, — A)~' is well
defined and non-negative.

Indeed, if p(A) < 1, then the matrix (I,, — A)~! can be represented by a convergent series
oo

S~ A¥ which is a non-negative matrix.
k=0

Let v ¢ (I, — A)~! be well defined and non-negative. Since it is non-degenerate, it

has the same system of eigenvectors as matrix A. Moreover, since the function f(\) = ﬁ
is decreasing on the interval (0,1), we see that the leading eigenvalue Apax = p(A) of the
matrix A (the maximal by modulus eigenvalue, which is positive by the Perron-Frobenius

theorem) is mapped to the leading eigenvalue f(Apax) of Y. Consequently, p(Y) = #(A).
Hence, for the leading eigenvector s € R"} of matrix A we have Y's = #(,4)5- Since Y > 0,
we conclude that p(A4) < 1. O

As it was pointed out by the anonymous Referee, this lemma can also be quickly de-
duced from Theorem 2.3 of [2]. We are grateful to the referee for this remark. This simple
lemma helps us in computing the distance between a stable matrix and the boundary of
the set of unstable matrices. Let us prove first an auxiliary statement.

Lemma 3 Let A€ S) and H € R, H # 0. Denote (A, H) = p((I, — A)"'H). Then

andp(A—&—E(T}{H)) =1.



Proof:
Denote B = (I,, — A)"'H > 0. Note that equality H = (I,, — A)B implies that I, — A —
aH = (I, — A) — a(I, — A)B. Therefore,

W) ¥ 1, —(A+aH) = (I, — A)(I, — aB), (5)

and p(aB) < 1 for all a € [O, ﬁ). Consequently, all matrices W (a) are well defined

for a € [0, ﬁ) and W~!(a) are non-negative as a product of non-negative matrices.

Hence, by Lemma 2, all matrices W () are stable.

Assume now that the matrix H is strictly positive. In this case its leading eigenvector v
. . .- 5 . .
is also strictly positive and W (ﬁ) v © 0. Hence p (A + %) = 1. Now, if H is an
arbitrary non-negative matrix, we perturb it to be strictly positive and prove this equality.

Then by continuity of spectral radius, we conclude that for arbitrary non-negative H, we
havep(A+%):l. O

Corollary 1 Let A€ S and H € RY*™, H # 0. Then all matrices from the set

nxmn . H
{XerRvm: 0< X < A+ st

are stable.

Proof:
This is a direct consequence of Lemma 3 and of monotonicity of spectral radius. O

We conclude this section by a variant of Corollary 1 for the special case H = J,, (the
matrix of all ones). It gives an explicit formula for the closest (in the max-norm) unstable
matrix.

Theorem 1 Let A € SO and e € R™ be the vector of all ones. Then all matrices from the
set
{XGR”XTLIOSX<A+W}, (6)

are stable. At the same time, p (A + m) =1.

Proof:
It is enough to note that J,, = ee’. Therefore

(Lo = A7) = p((Tn — A)~leeT) = (I, — A)leye).

The above statement can be seen as an analogue for non-negative matrices of the well-
known Kharitonov theorem, describing an ¢.-neighborhood of a vector of coefficients,
which belongs to the set of stable polynomials [12].
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2.2 Closest stable matrix

In the previous subsection, we characterized the distance from a stable matrix to the
boundary of stability. In this section, we consider another group of questions related to
the distance from an unstable matrix to the nonconvex set of weakly stable matrices S,.
As above, the distance is measured in the max-norm || X — Al|pax = max | X () — AG)),

Let A € RZL_X". Consider the following parametric family of minimization problems:

min {p(X): [|X = Aljmax <7}, 72>0. (7)
XeRp*™

For a non-negative matrix A and for a given parameter 7 > 0, let A[r] be the matrix with
the following elements:

AGD[7] = max{0,AG) —7} i j=1,...,n (8)
Lemma 4 The optimal solution of problem (7) is the matriz A[7] defined in (8).

Proof:

Indeed, matrix A[7] is feasible for problem (7). On the other hand, for any other feasible
solution X, we have X > A[r]. Thus, A[r] is optimal for (7) in view of monotonicity of
spectral radius (3). O

Consider now the following projection problem:
TA = )?élsnn HX - AHmax~ (9)

Lemma 5 Value 74 is the unique root of equation p(A[r]) = 1.

Proof:
Indeed, in view of Lemma 1, the function p(A[7]) is monotonically decreasing. O

Example 1 Consider the following Sudoku matriz:

5 3 4/6 7 8|9 1 2
6 7 2|1 9 5|3 4 8
1 9 8|3 4 2|5 6 7
8 5 9|7 6 1|4 2 3
A=14 2 6|8 5 3|7 91
71 3(9 2 4|8 5 6
9 6 1|5 3 7|2 8 4
2 8 7|41 96 3 5
34528 6|1 79




In accordance to Lemma 5, we can easily find its lso-projection onto the set of stable
matrices:

X* =

O O =IO O OO oo
(e elloBoRoell =R =]
O O OO0 O +HO OO
[N ool =R ol ol
[l eNoelloBeoBoeliaol =
O = OO0 O oo oo
eolelelloBoBolleoleol S
[N eNellell S =l E=R el
— O OO0 O oo oo

with 74 = 8. O

Before we present an algorithm for solving problem (9) let us recall the notion of bi-
section by number or bisection by index. Suppose we have an ordered sequence of numbers
x1 < a9 < -+ <z, and decreasing function f(x;) on it. If for some a, we need to find the
smallest ¢ such that f(z;) < a, then we compute first f(zy) with = [n/2] (the integer
part of the number n/2). If f(xp) < a, then we do the next iteration for the sequence
X1, , Tk, i.e., compute the function at the point with index [k/2]. Otherwise we do the
next iteration for the sequence xgy1,--- ,z,. Now we present the algorithm.

Let A € R, Assume that p(A) > 1. Our strategy of solving the problem (9) is as
follows.

1. Sort all elements of matrix A in an increasing order.

2. Using the criterion of Lemma 2, find by bisection in the element number the
value 71, which is the largest between all A7) and zero, having p(A[r]) > 1,
and value 7o, which is the smallest element of A with p(A[mr]) < 1.

17 if (lvj) € supp (A(Tl))a

3. Form the matrix H, with elements H®7) = .
0, otherwise

4. Compute the Output as TA =T — m

Theorem 2 Algorithm (10) computes an optimal solution of problem (9).

Proof:
First of all, let us show that the Algorithm (10) is well-defined. Indeed,

A( max A(m)) = 0,

1<i,j<n



and p(A[0]) = p(A4) > 1. Thus, we can find two values 71 < 7o from the set

{0} U{A(i’j) Zj:1

such that p(A[r1]) > 1, p(A[re]) < 1, and A[7] is linear for 7 € [r1, 72]. Hence, for 7 from
this interval we have

Alr] = Aln]+ Z==(Aln] — Alr]) = Alr] + (o —1)H.

T2—T1

It remains to apply Lemma 3. O

Let us discuss the computational complexity of Algorithm (10). Implementation of
Step 1 needs O(n?logyn) operations. Step 2 requires O(n?log,n) operations. Step 3
needs O(n?) operations. And only Step 4, at which we have to compute the spectral
radius of a non-negative matrix (I, — A[72]) "' H needs an iterative procedure, which rate
of convergence may depend on the particular data. This is the reason why we analyze in
Section 3 a computational method for approaching the spectral radius of a square matrix.
If this method is used at Step 4 of Algorithm (10), then the whole procedure will have
polynomial-time complexity.

3 Computing the largest eigenvalue

Let A be a squared real matrix with spectrum A(A). One of the most popular procedure
for approaching its leading eigenvalue is the Power Method:

Az,
T = k>0, (11)
where || - || is an arbitrary norm for R”. This method has two important advantages.

e Its iteration is very simple.
e Under some conditions, it has linear rate of convergence.

However, after a close look at this scheme, we can see that these advantages are not
very convincing. Indeed, if matrix A is dense, then each iteration of method (11) needs
O(n?) operations. Moreover, the rate of convergence of this method depends on the gap
between the magnitudes of the leading eigenvalue and of all others. The smaller is this
gap, the slower is the rate of convergence. Hence, for method (11) it is impossible to
derive worst-case polynomial-time complexity bounds.!)

It this section, we present a scheme which has much better theoretical guarantees.
It is based on the interpretation of the leading eigenvalue of matrix A as a root of the
polynomial p(7) = det(r1, — A).

We need to introduce the following notion.

Definition 1 A real polynomial p has a semi-dominant real root T if p(m) = 0 and
T« > Rel, (12)

where X € C is any other root of this polynomial.

1) This drawback is typical for all other standard methods for approximating the eigenvalues of nonsymmetric
matrices (see, for example, Section 7 in [8]).



Example 2 Let A be a real symmetric matrix. Then Apax(A) is a a semi-dominant root
of the polynomial p(r) = det(r1, — A).

Example 3 By the Perron-Frobenius theorem (see, for instance, [11, chapter 8]), for a
non-negative matrix A, its spectral radius is a semi-dominant real root of the polynomial
p(T) = det(r1, — A).

Our interest to polynomials with semi-dominant real roots can be explained by the
following property.

Lemma 6 Let a monic polynomial p of degree n have a semi-dominant real root 7. Then
the function p(t) is a strictly increasing non-negative convex function on the set [Ty, +00).
Moreover, on this half-line all its derivatives are non-negative and for T > 7, we have

p(r) =z (r—7)" (13)

p(r) > 20/ (7)(r — 7). (14)
Proof:
Denote by R(p) the set of all real roots of polynomial p, and by C(p) the set of all its
complex roots. Further, for a real root « € R, define function &,(7) = 7 — z, and for a
complex root A € C define function ¥ (7) = (7 — Re A)? + (Im A)%. Then

p(r) = ( I1 &(ﬂ)'( I1 wA(T)>« (15)
zER(p) XeC(p)

In view of Definition 1, the polynomial p is a product of functions, for which all derivatives
are non-negative on the set [7.,+00) (we treat the value of function as its derivative of
degree zero). Hence, the same is true for the polynomial itself.

Further, for 7 > 7, we have

(12) (12) 5
fI(T) > T = Ty iUER(p), 1#/\(7') > (T_T*) ) /\EC(p)

Hence, (13) follows from representation (15).

In order to prove inequality (14), note that

pn)r—1*) _ =T | 9 (r—Re N (r—m)
p(7) we%:(p) — T /\EZC%;D) (r—Re »)2+Im »)2"

In view of condition (12), each term in the above sums is smaller than one. Hence, (14)
follows. O

Let us show that the Newton Method is especially efficient in finding the maximal
roots of increasing convex univariate functions.
Consider a convex univariate function f such that

f(r) = 0, f(r) > 0, for 7 > 7. (16)
Let us choose 19 > 7. Consider the following Newton process:
Thyl = Tk—%, (17)

where g € 9f(7). Thus, we do not assume f to be differentiable for 7 > 7.

10



Theorem 3 Method (17) is well defined. For any k > 0 we have
fT)geer < (), (18)

where T, g are defined in (17). Thus, f(xy) < (%)kgo(m — Ty), provided 19 > Ty.

Proof:
Denote fp = f(74). Let us assume that f; > 0 for all k > 0. Since f is convex,
0= f(7«) > fi + gk(7% — 7). Thus,

(T 77'*) > fi > 0. (19)
This means that g > 0 and 7441 € (7%, 7). In particular, we conclude that
Te—Te < T — Te. (20)

Further, for any k& > 0 we have:
17 X
P = forr Gen (e — Teg1) = frpn + DL

Thus, 1 > % + g’;—zl > 24/ %, and this is (18). Finally, since f is convex, we have

g (g) / _fogo (1>8) ok, | Jrgr (1>9) ok fi (2>0) ok __fr
0 = TO—Tx To—Ts« — (ro—m)(Th—7+) = TO—Tx "

For a polynomial with semi-dominant root, we can guarantee a linear rate of conver-
gence in the argument.

Theorem 4 Let a polynomial p has semi-dominant real root. Then for the sequence
{Tk}k>0, generated by method (17) we have

-7 <(1-YH¥r-7), k>0 (21)
Proof:
Indeed, it is enough to combine inequality (14) with the step-size rule of method (17). O

In view of Theorem 4, method (17) can be equipped with a reliable stopping criterion.
Indeed, if we need to achieve accuracy € > 0 in the argument, we can use the right-hand

side of inequality
(14)

-7 < %ge (22)
as a stopping rule. Since
17 (21)
i) D —m) < nlm -1 < onet(m - ),

11



this criterion will be satisfied after

n [ln 7"(706 u )1
iterations at most.

Thus, we have seen that method (17) has linear rate of convergence, which does not
depend on the particular properties of function f. Let us show that in non-degenerate
situation this method has local quadratic convergence (this never happens with the Power
Method (11)).

Theorem 5 Let convexr function f be twice differentiable. Assume that it satisfies the
conditions (16) and its second derivative increases for T > 7.. Then for any k > 0 we
have

Fren) < oty ). (23)
If the root Ty is non-degenerate:
fim) >0, (24)

then f(Tk+1) < Q(J;c,//((;?)))z . fQ(Tlc).

Proof:
In view of conditions of the theorem, f”(7) < f”(7y) for all T € [7x4+1, 7%]. Therefore,

Fien) < F@) + F) T =) + 30 (0 (ks = 7?2 L1 () (e
)

For proving the last statement, it remains to note that (1) < f”(m9) and f'(7) > f'(7).
O

Corollary 2 If f is a monic polynomial of degree n with real roots, then

f(Tk-i-l) < nT;llf(Tk)a k> 0, (25)
where the sequence T, s defined in (17).

Proof: .
Indeed, in this case f(t) = [[ (¢ — x;) with z; € R, i =1,...,n. Therefore,

Pty = 0

() = @) [
It remains to use inequality (23). O

Note that both Theorems 3 and 5 are applicable to our main object of interest, the
polynomial p(7) = det(7I, — A), where A is non-negative n x n-matrix. However, the

12



direct application of method (17) to this polynomial is expensive since at each iteration
we need to compute a determinant of n x n-matrix. This computation needs O(n?)
operations. However, we can significantly reduce this cost by transforming matrix A in a
special Hessenberg form.

Recall that matrix A has a lower Hessenberg form if

A = 0, Vji>i4+2, 4,j=1,...,n.

L
W)

where a € R", b € R"!, and L is a lower-triangular (n — 1) x (n — 1)-matrix. Any matrix
can be represented in this form by transformation

Thus, it has the following structure:

Apn(a,b,L) = ( a

A — UTAU,

where U € R™ "™ is an orthogonal matrix. This transformation is standard and it can
be computed in O(n?®) operations. At the same time, it does not change the polynomial
p(1) = det(rI, — A). Hence, let us assume that we already have matrix A in the lower
Hessenberg form.

In this case, all matrices B(7) def 71, — A have also the Hessenberg structure. Let us
show that their determinants can be easily computed.
Lemma 7 Let matriz B € R™" have a lower Hessenberg form:
« ‘ 15} ‘ 0...0

L )
bT

B =

ay | a2

where ay,as € R", L is a lower-triangular (n — 2) x (n — 2)-matriz, and b € R"~2 Then
det B = det A,_1(eaz — Bay,b,L). (26)

Proof:

For x € R""!, consider the function d(x) = det A, _1(x,b, L). Note that this function is
linear in z. Therefore, by applying Laplace formula to the first row of matrix B, we get
det B = ad(ag) — fd(a1) = d(aaz — Bay). O

Thus, using the recursion (26), the value of polynomial p(7) = det B(7) can be com-
n—1

puted in > 2(n — k) = n(n — 1) multiplications. Clearly, its derivative can be also
k=1

computed in O(n?) operations.

Note that the above procedure has a hidden drawback. Indeed, for a high dimension
we can expect the value of polynomial p(7) = det(71, — A) to be very big. Therefore, the
computation of its value and its derivative is computationally unstable. However, note
that in the Newton method

T = T — B k>0, (27)



the step size is given by a ratio of polynomials, which can be computed in a stable way.
Indeed, let us assume that our polynomial is represented in a multiplicative form:

m
p(1) = [] fr(7), where fi are some functions defined in a neighborhood of 7 € R. Then
k=1

i )

Thus, any multiplicative representation of polynomial p allows a direct computation of
the Newton step in an additive form, which is much more stable. Let us show how this
representation can be computed for a Hessenberg matrix.

Our procedure is based on the recursion described in Lemma 7. However, we introduce
in it some scaling functions, which prevent the growth of intermediate coefficients.

We generate a sequence of Hessenberg matrices Hy of decreasing dimension. Let us
choose 79 € R and define Hy(r) = 71, — A. At iteration k, we assume that our matrix
has the following structure:

Hy(r) = Lo | € RO-Bxob)

where a(7),bp(7) € R"*=1 L,(7) is a lower-triangular (n — k —2) x (n — k — 2)-matrix,
and ¢ (1) € R"*=2, Let us define an arbitrary function of two variable fi(c, 3), which is
analytic in the neighborhood of point (ay (7o), Bk(70))? € R2. Then, for the next iteration
we define

Hip(r) = Ap—pa (ak(;clb(’;(,:();)%f();)k(ﬂ,Ck(T)aLk(T)).

In this process, the last generated matrix will be H,,_o(7) € R?*2. At this moment, we
define
fn—2(7) = an—2(T)bp—2(7) = Bn—2(7)an—2(7)

(in this case, an—o(7) and b,_o(7) are real values). Under this convention, by Lemma 7

n—2
we have p(7) = kl;IO (7).

In the above process, it is reasonable to choose functions fr, 0 < k < n — 3, in
the simplest form. For example, they could be linear functions of two variables with
coefficients £1, ensuring the condition

fe(r0) = [ (70)] + [Br(70)]-

In this case, all matrices Hy(7) will be some rational functions of 7, well defined in a
neighborhood of 7y (since in the process (27) we cannot have |ay(70)| + |Bi(70)] = 0).
Therefore, the derivatives of functions fi at 7y can be easily computed by forward differ-

entiation of the recursion formulas. The total complexity of this process will be of the
order O(n?).
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4 Problems with distances measured in /.- and
/1-norms

As we know, the fo-norm || X || = ax >0, [XED] s dual to the £1-norm [|X|[|; =
<i<n

lrgjag(n S 1X @] in particular, || X||s = | X7 ||1 (to be more precise, the norms ¢; and

{s are dual in R™, and we consider the corresponding operator norms of those dual norms).
Therefore, if X is a closest stable matrix for A in the £s-norm, then X7 is a closest stable
matrix for A7 in the ¢;-norm. Thus, the problem in the ¢;-norm is equivalent to the same
problem in {,,-norm with replacement of rows by columns. Therefore, we will deal with
the foo-norm only. Thus, for a non-negative n x n matrix A, we consider the following
two problems.

1) If p(A) < 1, then we find the closest unstable matrix:

X —Alloc =& min: p(X) =1, X >0. (29)

2) If p(A) > 1, then we find the closest stable matrix. Its mathematical formulation
is the same as (29).

We will solve problems 1) and 2) by applying the technique of optimizing the spectral
radius over product families of matrices with row uncertainties. This is possible since
any ball in the space of matrices equipped with the {,-norm forms a product family.
For implementing this strategy, we will develop a greedy spectral simplex method, which
minimizes the spectral radius over the matrix sets with polyhedral row uncertainties. All
necessary definitions will be given later. Now we need to prove several auxiliary results
on the spectral radius of non-negative matrices.

4.1 Some inequalities for spectral radius

Lemma 8 Let A € ]R?_X", u > 0 be a non-zero vector and A > 0 be a real number. Then
Au > Au implies that p(A) > X. If for a strictly positive vector v we have Av < \v, then
p(A) <A

Proof:

If Au > Mu, then A*u > My for each k. Therefore, ||A¥|| > M for all k, and so
p(A) = limg_o ||A¥]|"/% > X. The second statement is a simple consequence of the
representation (2). O

Corollary 3 Let A € RY™, u >0 be a vector, and X > 0 be a real number. If Au > u,
then p(A) > A. If Au < Au, then p(A4) < .

For formulating the next auxiliary result, let us recall that the active set of a vector
inequality z > y is the set of indices for which this becomes an equality: Z = {i | (9 =
y@1,

Lemma 9 Let A € RY*", p(A) =1, and u € R" be a strictly positive vector such that

Au < wu (or Au> u). Let T be the active set of this inequality. Then there is a nonempty
subset T' C T such that the subspace V = Vz: is invariant for AT and p(AT|y) = 1.
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Proof:

Consider the case Au < w (the proof for Au > w is literally the same). Denote B =
{b; = AW —¢; | i € T}, where A® is the ith row of A. If the system of inequalities
(bi,h) < 0, b; € B, has a solution h € R", then for all sufficiently small numbers ¢ > 0,
we have A(u + th) < u+ th. Therefore, by Corollary 3, p(4) < 1, which contradicts to
the assumption. Hence, this system does not have a solution, which by Farkas lemma [23]
implies that 0 € Conv {B}, where Conv denotes the convex hull. So, 3> 7;(A® —¢;) =0

i€l
for some numbers 7; > 0, Y7, = 1. If v is the vector from R"™ such that v@ = 7, for
K3

i € Z, and v = ( otherwise, then ATv = v and supp (v) C Z. Then the subspace Vs
with Z' = supp (v) is invariant for the matrix A7 and p(A%|z) > 1 (Lemma 8). On the
other hand, p(AT|z) < p(AT) = 1, and therefore p(AT|7/) = 1. o

4.2 Optimizing the spectral radius over product families

Consider one important class of matrices for which the problem of optimizing the spectral
radius admits an efficient solution.

Definition 2 A family F of non-negative n X n-matrices is called a product family if there
exist compact sets FO c R, i=1,...,n, such that F consists of all possible matrices
with i-th row from F@ | for all i =1,...,n.

The sets F) are called the uncertainty sets. They are some compact sets of non-negative
vectors. Respectively, product families are sets of matrices with independent row un-
certainties: their rows are independently chosen from the sets F(). Topologically, they
are indeed products of the uncertainty sets: F = F() x ... x F(_ Such families have
been studied in the literature due to applications in spectral graph theory, asynchronous
systems, mathematical economics, population dynamics, etc. (see [3, 5, 13, 17, 19, 26]
and the references therein).

Product families have many remarkable properties. In particular, their joint and lower
spectral radii are always attained at one matrix [3]. Moreover, the problems of minimizing
and maximizing the spectral radius of a matrix over some compact set of matrices, being
notoriously hard in general, becomes efficiently solvable over product sets. The recent
paper [19] develops such methods in the case of polyhedral uncertainly sets, when each
F is either a polytope given by vertices or a polyhedron given by a system of linear
inequalities. Our crucial observation is

For each A € RY™ and for each T > 0, the set B-(A) = {X e RY" | [ X - Al < 7}
s a product family with polyhedral row uncertainty sets.

Thus, the positive part of any f..-ball B;(A) is a product family. Therefore, using
methods of optimizing the spectral radius over product families, one can solve the problem
p(X) — min/max over the set X € B;(A) and then try to adapt 7 by a bisection
procedure. The minimal 7 such that . énin p(A) < 1, is the distance to the closest

Br(A)
stable matrix, the minimal 7 such that I%a:z(A)p(A) > 1, is the distance to the closest
Xe T
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unstable matrix. For implementing this strategy, we modify some methods from [19]
and [22] and apply them to the specific polyhedral uncertainly sets

def

FO =B (AD) = {zeR: [z —-AD|; <7}, i=1,...,n.

Our methods for optimizing the spectral radius over product families are based on
the following simple fact. Let A be a matrix from product family F, and v € R} be
its leading eigenvector. We say that A is minimal in each row (with respect to v) if
(v, AW = IIl;_I(l) (v,z) for all i = 1,...,n. A similar definition is used for maximality in

zeF\

each row.

Proposition 1 Suppose A belongs to a product family F and v € R’ be its leading
etgenvector. Then
1) if A is minimal in each row with respect to v, then p(A) = ﬁli%p(X).
€

2) if v >0 and A is mazimal in each row with respect to v, then p(A) = max p(X).
€

Proof:
The statement directly follows from Lemma 8. O

Thus, if a matrix from product family is optimal in each row, then it provides the
global optimum for the spectral radius. For strictly positive matrices, the converse is also
true:

Corollary 4 If matric A € F is strictly positive, then it has the minimal spectral ra-
dius in F precisely when A is minimal in each row with respect to its (unique) leading
etgenvector. The same is true for mazimization.

Proof:

If A is optimal in each row, then as we showed above, it has the minimal spectral radius.
It remains to prove the converse. Assume A has the minimal spectral radius, without
loss of generality let p(A) = 1. Since A is strictly positive, so is its leading eigenvector v.
Thus, Av = v. Suppose A is not minimal is some row, say, in the first row. In this case
the first row can be replaced so that for the new matrix A’ the inequality A'v < v is
strict in the first row. Therefore, the set of indices of active rows is Z = {2,...,n}. On
the other hand, p(A’) cannot be smaller than one, because the matrix A has the smallest
spectral radius in F. Thus, p(4’) = 1. Now we apply Lemma 9 to the matrix A’ and to
the vector v. We conclude that there exists a subset Z' C Z such that the subspace V7
is invariant for the matrix A”. The latter is impossible, because the matrix A7 does not
have zeros in the last n — 1 columns. O

Thus, if a matrix A is strictly positive, then the converse to Proposition 1 holds.
However, if A has some zero entries, this may not be true. Not every matrix from F
with the minimal (maximal) spectral radius is minimal (respectively, maximal) in each
row. Nevertheless, at least one matrix with this property always exists as the following
proposition states.
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Proposition 2 In every product family, there exists a matriz, which is minimal (maxi-
mal) in each row with respect to one of its leading eigenvectors.

Proof:
For a given € > 0 consider e-shifted uncertainty sets fg(i) = F() 4 ee and the corresponding
product family F. = }}(l) X - X fa(n) = F + eJ,. Let A; € F. be the matrix with the
minimal spectral radius. Since matrix A, is strictly positive, Corollary 4 implies that A.
is minimal in each row. To any € we associate one of such matrices A;. By compactness,
there is a sequence {ej}ren such that e, — 0 as k — oo, the matrices A,, converge to
a matrix A € F and their leading eigenvectors converge to a nonzero vector v. Then by
continuity, v is an eigenvector of A, and A is minimal in each row with respect to v.
The proof for maximization is the same. O

Propositions 1 and 2 offer a method for optimizing the spectral radius over the product
families by finding the optimal matrices in each row. This strategy was used in [19] for
developing two optimization algorithms. Ome of them is the spectral simpler method.
It consists in consecutive increasing of the spectral radius by one-row corrections of a
matrix. The main idea is the following. We take a matrix A from a product family F and
compute its leading eigenvector v. Then, for each i = 1,...,n, we try to maximize the
scalar product of v with rows from the uncertainty set F(). If for all i, the maximums
are attained at the rows of A, then A is maximal in each row and hence has the maximal
spectral radius in F. Otherwise, we replace one row of A, say, the ith one, with the
row from F maximizing the scalar product. We obtain a new matrix. We compute its
leading eigenvector, optimize the scalar products of rows with this eigenvector, etc.

The advantage of this method is that it is applicable for both maximizing and mini-
mizing the spectral radius. However, its significant shortcoming is that it works efficiently
only for strictly positive matrices. If some row from F has a zero entry, then the algo-
rithm may cycle. Even if it does not cycle, the terminal matrix, i.e., the matrix produced
by the algorithm may not provide a solution. The idea of making all matrices positive by
slight perturbations may cause instability, which is difficult to control. In high dimensions,
even a very small perturbation of coefficients may significantly change the spectral radius
(see, for instance, [24] for the corresponding analysis). The modified spectral simplex
method which avoids these troubles and is applicable for all non-negative matrices, was
developed in [22]. The spectral simplex method demonstrates its exceptional efficiency
even for matrices of relatively big size. In this paper, we present another modification,
the greedy spectral simplex method, speeds up the convergence rate in the case of simply
structured uncertainty sets, when the minimization problem (v,z) — min, x € F @) can
be easily solved. We are going to show in Section 4.6 that the f,,-balls B(i)(T) possess
this property.

4.3 Closest unstable matrix

For an arbitrary non-negative n x n-matrix A with p(A) < 1 we consider the problem of
finding a closest unstable matrix to A in the operator fo,-norm:

[X — Aljoo — min: p(X)=1. (30)
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Denote the minimal norm in problem (30) by 7. It is shown easily that the closest
unstable matrix X is non-negative and, moreover, it is elementwise larger than or equal
to the matrix A. So, the matrix X — A is non-negative and has the sum of elements in
each row at most 7. Thus, for an arbitrary matrix A > 0 with p(A4) < 1, the general
problem (30) is equivalent to the following

[X — Alloc = min: X > A, p(X) = 1. (31)

For characterizing the optimal solution X, we introduce notation E = e e% for the matrix
with kth column composed by ones and all other elements being zeros.

Theorem 6 The optimal value T, of problem (30) is reciprocal to the largest component
of the vector (I — A)~e. Let k be the index of this component. Then the optimal solution
of this problem is the matriz

Remark 2 The main conclusion of Theorem 6 can be formulated as follows: if we want
to increase the spectral radius of matriz A as much as possible, having the sum of changes
of entries in each row do not exceeding a fired number T > 0, then we have to change
all entries in one column (add T to each entry). This “steepest growth” column of A
corresponds to the largest component of the vector (I — A) le.

Remark 3 Theorem 6 is extended to the £1 operator norm just by applying formula (30)
for the transposed matrices X and A.

Proof:
The optimal matrix X, in problem (31) is also a solution to the maximization problem

p(X) - max: || X —Allec <7, X > A (33)

for 7 = 7,. Let us characterize this matrix for arbitrary 7. By Propositions 1 and 2, X is
maximal in each row for the following product family:

Br(A) = B(A)N{X R |X > A}

{XGR”X": X>A (X —Ae,e) <, i:l,...,n}.

Conversely, every matrix X, which is maximal in each row with respect to a strictly
positive leading eigenvector and such that p(X) = 1, is the closest unstable matrix for A.

Now let us show that v > 0, which will enable us to apply Proposition 1. Any matrix
X € B} (A) with leading eigenvector v is optimal in the ith row if and only if the scalar
product (X ®—A® ) is maximal under the condition (X —A® ¢) = 7. This maximum
is equal to r 7, where r is the maximal component of vector v. Denote the index of this
component by k: v¥) = . Then

XD — A = 7o i=1,....n
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Hence, if X is maximal in each row, then X = A + Teeg = A + 7FE. Furthermore,
since each set B, (A(i)) contains a strictly positive point, it follows that

v = (X)) = max (z,v) > 0.
w€B, (AW)
Hence, the vector v is strictly positive, and by Proposition 1, the matrix X has the largest
spectral radius on the set B} (A).

Thus, the optimal matrix X, for the problem (30) has the form (32) for some k and
|IX — Aljoo = 7. It remains to find k € {1,...,n} for which the value of 7 is minimal
under the constraint p(X) = 1. Since p(A + 7, Ex) = 1, it follows that 7, is the smallest
positive root of the equation

det (A — I + 7E;) = 0. (34)

Since p(A) < 1, we have (I — A)"! = > A7 > 0. Multiplying equation (34) by
j=0
det(— (I — A)~'), we obtain
det (I —7(I—A)'Ey) = 0. (35)

The matrix 7 (I — A)~! Ej has only one nonzero column. This is the kth column equal to
7(I — A)~te. Hence

det(T —7(I—A)'E) = 1 — r[(T-A4)"".

Thus, 7, is the reciprocal to the kth component of the vector (I — A)~le. Hence the
minimal 7 corresponds to the largest component of this vector. O

Remark 4 The vector x = (I — A)~te needed in Theorem 6 can be found by solving the

linear system (I — A)x = e. It suffices to find an approzimate solution, because we actually

need only the index of the largest component of x. This can be done by the Power Method.
0 .

Indeed, since (I — A)™le = > Ale, we see that the vector (I — A)~le is the limit of
j=0

the following recursive sequence: g = e, xj4+1 = Az; + e, 7 =0,1,.... This Power

Method converges with the linear rate O(p™(A)). Having an approzimate value of the

limiting vector, we can find k as the index of its largest component and T, as a reciprocal

to this component. After that, the closest unstable matriz X, can be approximated by the

formula (32).

4.4 Closest stable matrix

For an arbitrary non-negative n x n-matrix A with p(A4) > 1, consider the problem of
finding the closest matrix to A in the operator fo-norm, which has the spectral radius
equal to one. Thus, we consider the same formulation (30), but for the case p(A) > 1.
This problem can be written as follows

IX — Alloo = min: X >0, p(X) = 1. (36)
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This case is more difficult than finding the closest unstable matrix because now we have
to respect the non-negativity conditions for the matrix X, which were actually redundant
in the former case, but now becomes a serious restriction. That is why the optimal
solution X is usually found not by a formula but by an iterative procedure. The main
idea is to solve the related problem

{ p(X) - min: [|X — A|lec < 7

0 < X < A4, (37)

and then apply a bisection in 7 for finding the value of the parameter ensuring p(X) = 1.
In fact, the algorithm works much faster by using a kind of mixed strategy. After several
iterations of the bisection we can find 7 by an explicit formula (see Section 4.6 for details).
Our main goal now is to solve (37) for a particular 7. For this we develop a greedy
spectral simplex method, which is a natural extension of the spectral simplex method
presented and studied in [19, 22]. Let us start with some notation and auxiliary results.
Matrix A > 0 is called irreducible if it does not have a nontrivial invariant coordinate
subspace, i.e., a subspace spanned by some elements e; of the canonical basis. The irre-
ducibility is actually a combinatorial notion and can be explained in terms of a graph of a
matrix A: a digraph G with n vertices {1,...,n} such that there is an arc from a vertex
i to a vertex j if and only if Aj;; > 0. A matrix A is irreducible if and only if its graph G
is strongly connected, i.e., for every pair of vertices i, j, there is a path from i to j.
Reducibility means that there is a proper nonempty subset A C 2 such that for each
1 € A, the support of the ith column of A is contained in A.
For every matrix A > 0, there exists a suitable permutation P of the basis of R",
after which A gets a block upper triangular form with » > 1 diagonal blocks A; of

sizes dj, j =1,...,r, called the Frobenius factorization:
Al * e *
plap = | 0 Ao (38)
: IR
0o ... 0 A,

For each j = 1,...,r, the matrix A; in the jth diagonal block is irreducible. Any non-
negative matrix possesses a unique Frobenius factorization up to a permutation of blocks
(see [11, chapter 8]).

The following fact of the Perron-Frobenius theory is well-known (e.g. [11, chapter 8]).

Lemma 10 An irreducible matriz has a simple leading eigenvalue.

The converse is not true: a matrix with a simple leading eigenvalue can be reducible.

Let A be n xn non-negative matrix. Its leading eigenvector v is called minimal if there
is no other leading eigenvector that possesses a strictly smaller (by inclusion) support. A
minimal leading eigenvector can be found by Frobenius factorization (38). For this, we
need to take the biggest m such that p(4,,) = p(A) (i.e., the “lowest” block with the
maximal spectral radius), then the minimal eigenvector is the leading eigenvector of the
submatrix with blocks Aq,..., An,.

The case of strictly positive leading eigenvector, when v possesses a full support, is
characterized by the following statement.
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Proposition 3 If a non-negative n x n matrix A has a strictly positive minimal leading
etgenvector v, then the leading eigenvalue Ayax @S simple and there exists a permutation
P of the basic vectors such that A gets the block upper triangular form

PlAP = (? é) (39)

where B and C are square matrices such that C is irreducible with p(C) = Amax, and
p(B) < Amax (the block B may be empty, in which case P =1, and C = A).

Proof:

Without loss of generality it can be assumed that Apayx = 1. Since A¥v = v for all k, and v
is positive, it follows that the sequence HAk I, £ € N, is bounded and hence the eigenvalue 1
has only one-element Jordan blocks. If there are at least two of those blocks, then A has

at least two leading eigenvectors v; and vs. Denoting a = min{f}ii ‘ vg) > O} we see
that v; — awvs is a leading eigenvector, which has a zero componentQ. This contradicts to
the minimality of v. Therefore, the leading eigenvalue has a unique one-elements Jordan
block, i.e., it is simple. Further, consider the Frobenius factorization of A generated by
a suitable permutation matrix P (called also Frobenius normal form, see [11]). In this
factorization, matrix P~'AP has an upper triangular block form with irreducible blocks.
Since the leading eigenvalue Apax is simple, there exists a unique block with this leading
eigenvalue. Since the leading eigenvector of A is strictly positive, it follows that this block
takes the last position in the diagonal (i.e. in the lower right corner of the matrix). It
remains to denote this block by C' and the union of all other blocks by B. O

The basis vectors corresponding to the block C' in factorization (39) span an invariant
coordinate subspace of matrix A7, on which this matrix is irreducible with spectral radius
equal to Apax. Thus, we obtain the following consequence.

Corollary 5 If a non-negative n X n-matriz A has a minimal leading eigenvector v > 0,
then there exists a unique nonempty subset H C Q such that Vi is an invariant subspace
of AT on which this matriz is irreducible and has the spectral radius equal to p(A).

One can note that this statement is similar to Lemma 9. However, in Lemma 9 the
vector v is arbitrary and does not have to be an eigenvector of A. Moreover, in contrast
to Lemma 9, Corollary 5 states the existence and uniqueness of the common invariant
subspace of AT on which A is irreducible and has the spectral radius equal to p(A).

We call the subset H C 2 from Corollary 5 the basic set of the matrix A and Vi the
basic subspace. Thus, matrix with a strictly positive minimal leading eigenvector possesses
a unique basic set. By Proposition 3, the permutation P maps the set {n—|H|+1,...,n}
to the set H.

4.5 Greedy spectral simplex method to find the closest sta-
ble matrix in /., norm

For every 7 > 0, problem (37) can be solved by the greedy spectral simplex method
presented in this section. We describe and analyse the algorithm for a more general
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problem of minimizing the spectral radius over a product family F = F() x ... x F()
with arbitrary polyhedral uncertainty sets F®) c RY:

p(X) — min: X eF. (40)

For finding the closest stable matrix, we set F() = B-(A®) = B, (AD) N R*™ and
obtain problem (37).

The idea of the greedy spectral simplex method naturally follows from Propositions 1
and 2. Let us take arbitrary matrix Xg € F and start the iterative scheme. In the begin-
ning of kth iteration, k > 0, we have a matrix X. Let us find its leading eigenvector vy

and for every i = 1,...,n, solve the problem (x,v;) — mir(;). This can be done using the
zeF
standard linear programming technique. In particular, the solution x is always attained

at a vertex of the polyhedron F®). Denote this solution (vertex of F (i)) by X ,&)1 and

compose the next matrix Ax4; by the optimal rows X,g:)_l, i =1,...,n. Then compute
the leading eigenvector of the new matrix, do the next iteration, etc. The algorithm ter-
minates when the matrix Xy, is optimal in each row. In this case, we can set Xny11 = Xn.
By Proposition 1, X provides a global minimum to the problem (40).

Applying Corollary 4, we come to the following conclusion:

Corollary 6 If all the uncertainty sets F\9) are strictly positive, then the spectral radius
p(Xy) of the sequence of matrices, arising in the greedy spectral simplex method, decreases
in k. In particular, the algorithms never cycles.

On the other hand, since each row X lgi) is a vertex of the polyhedron F (@), the total
number of states is finite. Hence the algorithm finds the global minimum in a finite
number of iterations. Thus, we have proved the following

Theorem 7 If all the uncertainty sets FY) are strictly positive, then the greedy spectral
simplex method finds the optimal solution in finite number of iterations.

However, if some vectors from F) have zero entries, then the spectral radius p(X})
may not be strictly decreasing in k. In this case, p(X}) may stay unchanged for many
iterations and the algorithm may cycle [22]. Moreover, without the positivity assumption,
matrices X may have multiple leading eigenvalues, which complicates their computation
and causes an uncertainty in choosing the leading eigenvector v from the corresponding
root subspace. This is the reason why the greedy spectral simplex method needs to be
modified for avoiding these issues. We present below its modified version, which works
efficiently for all non-negative polyhedral uncertainty sets including the case of sparse
matrices.

Notation for Algorithm 1. We denote 2 = {1,...,n}, S is the support of the minimal
eigenvector, H is the basic set. For an arbitrary K C €, Vxg = span{e; | j € K}
is the corresponding coordinate subspace, Y| g is the restriction of a matrix Y to the
subspace Vi, i.e., the principal submatrix of Y corresponding to indices in K. Let
Y be an n X n matrix from the product family F, v be its leading eigenvector and
K C supp (v). We use the same notation X @ for the ith row of matrix X = Y| g (this is
a vector of dimension |K|) and for the corresponding row Y0 e F; of the matrix Y (of
dimension n). Thus, we identify Y®) with X(® = Y®|x. Since K C supp(v), we have
(v, XMy = (v, Y®) and this identification will not cause any confusion.
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Algorithm 1: Algorithm 1 for minimusing the spectral radius over a product family

Data: F® C R%,i=1,...,n, are the polyhedral uncertainty sets;

F=FWU x ... x F™ ig the corresponding matrix family;

Each F® is given either by a finite set of vertices or by a system of linear inequalities.
Result: X € F such that p(X) = gI{lég_l_p(X)

begin
Choose arbitrary X; € F.
1 (*) kth iteration. For a non-negative n x n-matrix X}, compute its minimal

leading eigenvector v (take any of them, if there are several ones), set

S =8, =supp (v), X = Xil|s, and go to (**);

2 (**) Main loop. We have a set S C 2, a square non-negative matrix X of size |S|,
which is the principal submatrix of X} on the set S, and the minimal leading
eigenvector v > 0 of X. Denote by H the basic set of X. For each i € § solve

(r,v) — min: z € FO. (41)

Denote by Z the set of indices ¢ such that the ¢th row of matrix X provides the
global minimum for this problem: Z = {i € S : (X v) = mir(1) (x,v)};
zeF

3 if Z=3S then
p(X) = {912 p(Y), and STOP. Algorithm 1 terminates. Go to Return;
S

else
4 Define the next matrix X’ as follows:
(i) X0 , 1€l .
X = arg min (x,v) , i¢7T =10 (42)
z€F(®)

Thus, we leave all optimal rows of X untouched and replace all other rows by
solutions of problem (42);

5 if H C Z then
p(X'") = p(X), the leading eigenvalue of X’ is simple and is attained on Vy ;
6 We compute the leading eigenvector v’ of X’. The set S is not changed;

if v > 0 then
‘ set X = X' v =1". Go to (x);

else
8 L set S = supp (v'), X = X'|s, and v = v'|s. Go to (xx).
else
9 we have H ¢ Z and p(X') < p(X). Define the next matrix Xy, as follows:
- X0 ies
Xp)® = N i=1,...,n. 43

| and go to the next (k + 1)st iteration (*);

_ 24 _ . iy ;
10 return Define the n x n matriz X as follows: X0 =X0O foricS and X = X,gz) for
i ¢S. Then X is a solution;




Comments. In each iteration, the algorithm deals with the following sets of indices: 2 is
the set of all indices {1,...,n}, § is the support of the minimal leading eigenvector, and
‘H is the basic set. We have H C S C ). The relation between these sets is seen from the
following picture:

—— /_f—
X * B *
0 * 0 C
—_
Q ——

Here p(X)) = p(X) and X has a positive minimal leading eigenvector; p(X) = p(C) and
C is irreducible, as in Proposition 3.

In Algorithm 1 we have three main components:

1) Invariants. In each iteration we have a matrix X € F, its minimal leading eigenvector v
and a set of indices & = supp (v);

2) Progress measure. After each step of the algorithm, we have either p(Xy) < p(Xk—1)
or p(Xg) = p(Xg—1) and |Sg| < |Sk—1|- The index set S is always non-increasing un-
less p(Xk) < p(Xk—1). When p strictly decreases, we recompute the set S for the new
matrix X}, and start with this set S, = S.

Inside one step of the algorithm (in the inner loop), the progress measure is the spectral
radius of the perturbed matrix: X, = X + eJ,,,, where m = |S|, J,, is the m x m matrix
of ones and € > 0 is a small number. During one step, the algorithm produces a sequence
of matrices with the same p(X) and with the same set S, but the value p(X;) strictly
decreases (see the proof of Theorem 8).

3) Stopping criterion. The algorithm stops when the current matrix X is optimal in
every row, in which case X} is the matrix with the minimal spectral radius in F.

Theorem 8 below provides the theoretical base of the algorithm.

Theorem 8 Algorithm 1 is well-defined. It finds the global solution of problem (40) in a
finite number of steps.

The well-definedness means that at each iteration matrix X’ has a leading eigenvector,
which is unique up to a normalization . We are proving more: X’ has a simple leading
eigenvalue. The finite-time termination means that the algorithm does not cycle. For
proving both properties, we need one auxiliary result.

Proposition 4 Let a non-negative matriz A have a minimal leading eigenvector v > 0
and let H be the corresponding basic set. Let a non-negative matriz A’ and a set T C

be such that
A" = A® . ieT
(AD" vy <(AD ) | gL
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Then p(A’) < p(A), and the equality p(A") = p(A) holds if and only if H C Z. In this
case, matriz A" has a block upper triangular form (39) in the same basis with diagonal
blocks B' and C' such that C' = C and p(B') < p(A).

Proof:

Without loss of generality we assume p(A) = 1. Thus, Av = v. Since A’v < Av and
therefore A'v < v with v > 0, it follows that p(A4’) < 1.

If H C Z, then AD" = AG) for all i € . Therefore, the restrictions of the matrices
AT and (A")T on the subspace V3 coincide. By definition of H, the spectral radius of the
matrix AT on this subspace is equal to one. Hence, so is the spectral radius of (A")” on
this subspace. Thus, the the spectral radius of the restriction of the matrix (A’)7 to the
subspace Vy is one. Therefore, p(A’) > 1, and hence p(A") = 1.

Assume now that p(A’) = 1 and show that in this case H C Z. The set of active
inequalities in the system A’v < v coincides with Z. Applying Lemma 9 to the matrix A’
and to the vector v, we see that if p(A’) = 1, then there is a subset Z/ C Z such that
the subspace V = V7 is invariant for the matrix (A")T and p((A")T]y) = 1. However,
all columns of the matrix (A’)” with indices from Z are the same as in the matrix AT.
Therefore, the space V is invariant for the matrix A7 and p(AT|V) =1

By Corollary 5, we see that Z’ contains H and hence # C Z. Therefore, A® = AG)
for all i € Z. So, matrix A’ has the block upper triangular form (39) in the same basis
with C' = C.

It remains to prove that p(B’) < 1. Denote by u the part of the vector v supported on
the set 2\ H. Since (B(i)/, uy < (A(i)/, v) for all ¢, we see that the set of active inequalities
for Bu < wu is a subset of Z, which does not intersect H. Applying Lemma 9 again, we
see that this subset must contain H. This contradiction completes the proof. O

Proof of Theorem 8:

We need to establish two properties.

1) (well-definiteness) Every matrix X has a unique simple leading eigenvalue.

2) (finite termination) The algorithm does not cycle.

The first statement follows directly from Proposition 3. For proving non-cyclicity,
we note that the spectral radii p(Xy) strictly decrease in k. Hence, it suffices to show
that the algorithm cannot cycle within one iteration. Furthermore, the sets S form a non-
increasing embedded sequence. Therefore, cycling may happen only within one set S = S
on kth iteration. In this case, the greedy spectral simplex method generates a sequence
of matrices X on the set S. Denote these matrices by Xj1,,Xg2,.... BEach of these
matrices X}, ; has a simple leading eigenvalue Apax, same for all j.

If this sequence is cycling, then the algorithm for a perturbed family F. = {Y +
eJn | Y € F} is also cycling, whenever € > 0 is small enough (J, € R™*" is the matrix
of all ones). Indeed, all the rows X,S;., j € N, run over the finite set of vertices of the
polytope (). Hence, all X} ;, j € N run over a finite set of matrices extr (). The same
is true for the perturbed family F.: the matrices run over the finite set of vertices extr F..

Furthermore, the leading eigenvector of X}, ; corresponds to the simple eigenvalue Apax
and hence it depends continuously on the coefficients of X}, ;. Since the total set of
matrices X}, ; is finite, all their leading eigenvectors vy, ; are uniformly close to the leading
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eigenvectors of the perturbed matrices X j ., whenever € is small enough. Therefore, all
strict inequalities (X', v) < (X® ¢), for X = X g, X' = Xpjy1, v = v, involved
in the construction of matrix X’ = X ;41 by formula (43), remain strict after the e-
perturbation. Hence, the perturbed algorithm runs over the same sequence of perturbed
matrices X .. If the algorithm cycles, it follows that X; = X, for some j and m, and

hence X;. = X; + ¢J, = Xj1m + eJp = X, .. However, the algorithm, as applied to
strictly positive matrices, does not cycle (Theorem 7). Hence, the equality X m. = X
is impossible. O

4.6 Implementation details of Algorithm 1

Each step of Algorithm 1 involves one computation of the minimal leading eigenvector of
a square matrix X and the solution of minimization problem (41) for each row of X. The
size m of this matrix is equal to |S|, where S is the support of the leading eigenvector of
the matrix obtained at the previous step. Let us look at these operations.

Computing the leading eigenvector of X isthe most expensive operation. It can
be done in two steps: Frobenius factorization of X (O(m?) operations) and computing
the leading eigenvalues of the blocks. Note that by the construction of the algorithm, the
leading eigenvalue A ax of X is simple and hence Ay .y is Lipschitz continuous in matrix
coefficients. The computation of Ay .x can be done as suggested in Section 3.

Solving the problem (41) in each row of X can be implemented for every poly-
hedral set F() as a usual linear programming problem, or just by inspection of the finite
number of vertices. If F() is foo-ball, then it can be done much more simply. We show
this below.

Let us look now at the implementation details for the problem of finding the closest
non-negative stable matrix (36). Assume that A > 0 and p(4) > 1. We set 79 = £ || A]|
and start the bisection method in 7. For each 7, we solve problem (40) for the uncertainty
sets being positive parts of {-balls of radius 7 centered at the rows of matrix A. Thus,
FO = B (AW) = B (AD)nR*".

We apply Algorithm 1 for this problem. Its implementation is basically the same as
for the usual polyhedral sets. However, there are some simplifications.

1. Realization of Algorithm 1 for f,,-balls F() = B-(A®). Solving min-
imization problem (41) at each iteration can be done explicitly. Firstly, we order the
entries of the leading eigenvector v with indices from S: UV > ... > yUm)  where
{j1,---ydm} =S. Then the problem (41) becomes as follows:

Sy v 20r) 5 min - S 2Ur) > 7 4 S Ak (45)

Define by ¢ = ¢(7) the minimal index such that Zi:l A3 > o Tf S A6 < )
then we set £ = m + 1. The solution to the problem (45) is then

0 k<t,
20 — —r 4+ Z£:1 Alds) k=g, (46)
ACdk) k>0,

and for all j ¢ S we set 29) = A, If £ = m 4 1, then x = 0.
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Applying bisection, we produce a sequence {7;};>¢ converging to the optimal point.
For each i, we minimize the spectral radius p(X) on the f.-ball B-(A) by applying
Algorithm 1. Denote by X; € B (A) the solution of this problem. When the step length
of the bisection |7;41 — 7;| becomes small enough, we can stop it and find the exact
solution in one step. The following method can be applied when either the step length
of the bisection becomes small or when the ordering of entries of v stays unchanged for
several 7;. Suppose we stop at some 7;. It can always be assumed that the values p(X})
and p(Xy,1) are on opposite sides of 1, otherwise we do several further iterations of the
bisection. So, let p(Xj) > 1 and p(Xx41) < 1, the opposite case is considered in the same
way.

2. Finding min7 for which p(X) = 1, || X — A|lec = 7. We assume that the
ordering of entries of the current leading eigenvector v coincides with the ordering for
the final v (of the optimal matrix X). Consequently, we try to obtain the exact value
of 7, within one iteration by assuming p(X) = 1 for the matrix X constructed by the
formula (46). We have X = C' — 7R, where

0 k<¥;
Cliir) — Z(ﬁ;l)A(iJs) k=0 ; i,j,eS k=1,...,m. (47)
Ak k> ¢

For j ¢ S,i € S, we set C(h3) = AGI): for i ¢ S, we set C7) = X,gw) (let us recall
that we assume p(Xj) > 1). Here ¢; is the smallest index such that Zi;l AGds) > 7 (if
S AGJ) < 7 then we set £; = m + 1, and CJ8) = 0 for all k = 1,...,m), Ris a
Boolean matrix, which has in ith row (i € S) all zeros except a single 1 at position ¢;
(provided that ¢; < m), and all zeros otherwise. If i ¢ S, then R = 0.

Denote 71 = ‘Isngin fo_l Aliss) By construction, we have C'— 7R > 0 and 71 > 7.
1€5,4;<m -

Hence p(C — 1 R) < 1. Since 1 = p(C —7R) = p (C — 1R+ (11 — 7)R), it follows that
det (I — (C —mR) — (11 — 7)R) = 0, and consequently

det (H%TI - [I—(C—nR)]_lR) = 0. (48)

Note that the value p(C — T7R) decreases in 7 and hence there is a unique 7 > 0 such
that p(C — 7R) = 1. Therefore, equation (48) has a unique solution 7. Note also that
[I—(C- TlR)]_l = Y 2,(C—7R)} > 0. Hence, equation (48) means that the
number A = —— is the leading eigenvalue of the non-negative matrix [I-(C—71R)] 'R.
Hence, A can be found numerically by the method described in Section 3. Then we set
Ty =T=1T] — %, and the optimal value 7, is found.

Thus, we can shortly describe the step 2:
First we construct the Boolean matrix R by the current 7 such that p(Xj) > 1 and
p(Xk41) < 1. Then we solve equation (48), find 7 and check that this 7 produces the
same Boolean matrix R (all ¢; stay the same). If this is the case, then 7, = 7 is the
optimal value.
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5 Numerical examples and the complexity issue
in /., and /; norms

Since the cases of £, and ¢1 norms are similar, we focus on the £, norm.

The closest unstable matriz is found by the explicit formula (4.3), where 7, is the
reciprocal to the largest component of the vector (I — A)~'e and k is the index of this
component. Hence, finding the closest unstable matrix to a matrix A is fully reduced to
solving the linear system (I — A)z = e. In particular, the complexity of this problem does
not exceed the complexity of a linear system solver. As we know, the solution can be
efficiently found in dimensions of several thousands.

For the closest stable matriz, the situation is more difficult. We have no theoretical
results estimating the number of iterations of Algorithm 1. Complexity of each iteration
can easily be estimated because this is actually the complexity of computing the Perron
eigenvector for a non-negative matrix, all other operations are much cheaper. This can be
realised in a standard laptop for dimensions of several thousands. So, the total complexity
estimate is reduced to the number of iterations k of Algorithm 1 times the number of
steps of the bisection. The latter is known to be logarithmic. As for the number of
iterations k, we can estimate it only empirically, by numerical experiments. They show
a surprising efficiency of Algorithm 1. Table 1 demonstrates the results for randomly
generated matrices of dimensions from 50 to 1000. We consider strictly positive randomly
generated matrices. The first line is the dimension, the second is the number of iterations,
i.e., the total number of computations of the leading eigenvector, the third line is the
computer time in a standard laptop. For each n, we made five experiments and show the
average results.

n 50 100 250 500 750 1000
# | 7.6 8.2 10.4 10.8 18 14.2
t | 0.15s | 0.75s | 9.08s | 44.02s | 215.03s | 302.43s

Table 1: Average number of iterations and computing time for finding the closest stable matrix
in o norm.
Positive matrices.

As we see, for positive matrices, the closest stable matrix is found in dimension 100
for less than one second, in dimension 1000 is for about 302 seconds.

Table 2 show the numerical results for sparse matrices. We see that the computation
time is bigger, but the method still works very fast.

n 50 100 250 500 750 1000
# | 44 8.2 9 11.6 11.6 12.8
t | 0.15s | 3.31s | 20.26s | 140.9s | 290.06s | 717.25s

Table 2: Average number of iterations and computing time for finding the closest stable matrix
in /., norm.

Sparse matrices.
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Example 4 . Computing the closest stable matrix for a positive matriz A. We consider
an integer 10 X 10 matrix A with random independent components from the set {1,...,9}:

S OIS TS B \CRNSRRS RN

UL 00 i © O = 0 Ot W
0 Ol © = W 00 Ut © O W
CO = O 00 U1 © N N © W
O© Ot W I3 WH oo
= SN0 W ot
N O © = 00 00 N
N b OO I+~ N Wk W
N — = N W oo o ~J 3 Ut
DD W R HEF N OO O

N
oo

We have p(A) = 50.458, so A is highly unstable. The algorithm computes the closest
stable non-negative matrix:

T OO0 = © O — = Ut =
S OO OO OO o oo
O = WUt OoNO OO
S OO OO O OO oo
S OO OO OO oo o
S OO OO OO O oo
NN WO U O OO
S OO OO OO o NN O
S OO OO OO OO
S OO OO OO O oo

The computation takes 0.13 sec.

Example 5 . Computing the closest stable matriz for a sparse matriz A. We consider a
sparse integer 10 x 10 matrix A with at most four positive components (randomly chosen)
in each row. The positive components are from the set {1,...,9}:

w

OO O, OO OO
O OO VO oo wo
GO O O O 0O NN
WO oo oOo o oo

—_ O O O 0 O O = oo
S O = O Ut WO oo
— O O~ O N = O ot o
OO O OOk~ DNO
O O UtO OO OO oo

© O O O Uto O OoON

o
Ne
o
o
=)

We have p(A) = 17.59411, so A is unstable. The algorithm computes the closest stable
non-negative matrix:

30



— O O O 0o o NO O
O O = O Ut Wo oo
SO OO OO OO NO
O OO OO - EHEHOOO
SO OO O OO OO oo
O OO O OO oo oo
Ot O O O O oo oo
S OO OO OO o oo
SO U O OO O o oo
S O O OO UtOoO OO o

The computation takes 0.32 sec.

6 Conclusion

We have presented methods of numerical solution for finding the closest stable or closest
unstable non-negative matrix to a given matrix A. Three possible cases of measuring
distances are considered: the matrix max-norm (the maximal absolute value of entries),
the £, operator norm (the maximal sum of elements of rows), and the £ operator norm
(the maximal sum of elements of columns). We show that in all those cases the absolute
minimum can be found efficiently. The closest unstable matrix is computed by explicit
formulas; the closest stable matrix can be found by an iterative relaxation scheme that
makes use of recent “spectral simplex method”.

From the practical point of view, we arrived at a curious conclusion: to increase
the spectral radius so that the sum of entries in each row of the matrix increases by at
most a, one needs to change by a all elements of one column . That “most sensitive”
column corresponds to the maximal component of the vector (I — A)~'e. In the Leontief
input-output model [15], this principle means that the economy suffers the worst way
because of an appreciation in one sector. Moreover, that sector can be easily identified.
In the matrix models of population dynamics (see, for instance, [17]), the same principle
means that if an ecological system (say, a forest) is dying, then to improve the situation,
one needs to support only one type of plants and to not touch the others.
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