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Abstract

This thesis considers the tight performance analysis of optimization meth-
ods. It first aims at better understanding interpolation conditions for classes
of functions or operators, that is, conditions ensuring consistency of datasets
with a function or operator in the class. Combined with computer-aided
approaches as, e.g., the Performance Estimation Problem (PEP) framework,
these allow for exact performance analysis of given methods on these classes.
It then extends the PEP framework to enable the analysis of broader opti-
mization settings.

The thesis is structured in three parts. The first part introduces an al-
gebraic approach to function and operator interpolation, and uses it to re-
fine existing descriptions of a few function and operator classes, including
weakly convex functions, smooth functions satisfying a Lojasiewicz condi-
tion, blockwise smooth functions, and Lipschitz monotone operators.

The second part focuses on second-order optimization. It derives inter-
polation conditions for univariate function classes with second-order prop-
erties, such as self-concordance and Lipschitz continuity of the Hessian.
These conditions are used to obtain exact worst-case performance bounds
on second-order methods in the univariate setting.

Finally, the third part extends the PEP framework to the tight analysis
of stochastic optimization methods. Given a stochastic first-order method,
a function class, and a noise model with specified expectation and vari-
ance, it proposes a family of semidefinite formulations that yield increas-
ingly strong convergence guarantees on the problem, at the expense of an
increasing complexity. The largest formulations, whose size grow expo-
nentially with the number of iterations, provide tight guarantees.
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1
Introduction

OPtimization, which consists in finding the decision that minimizes
or maximizes a given objective, is omnipresent in both nature and
human activity. Many biological and physical processes can be in-

terpreted through the lens of optimization—for instance, bird formations
that reduce total energy expenditure, or physical systems that settle into
configurations minimizing potential energy. On a societal level, optimiza-
tion is, for better or worse, deeply embedded in our daily lives, from min-
imizing costs and maximizing efficiency to scheduling.

Formally, an optimization problem can be expressed as

min
x∈C

f (x), (1.1)

where x is the decision variable encoding the possible actions or configura-
tions, f : C → R ∪ {+∞} is the objective function to be minimized, and C
is the feasible set, representing the constraints that limit the decisions. The
goal is to find a global minimizer x⋆ ∈ C such that f (x⋆)⩽ f (x) for all x ∈ C,
when such a minimizer exists.

Despite its apparent simplicity, solving (1.1) analytically is, in most
practical cases, difficult. This has led to the development of optimization
methods, or algorithms, which iteratively approximate solutions to (1.1).
Such algorithms are typically effective only for certain classes of problems,
exhibiting specific structure. Indeed, designing a method that guarantees
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to efficiently solve (1.1) without further assumptions on its structure is out
of reach [Nes18, Chapter 1].

Defining and understanding what assumptions make a problem class
desirable, designing algorithms suited to such problem classes, and ana-
lyzing their performance, i.e., whether the method always converges to a
solution of (1.1), and if so, how fast, are three central challenges in opti-
mization theory. This thesis considers some of these challenges from two
perspectives: on one hand, it seeks to better characterize the structural
properties defining favorable problem classes; on the other, it investigates
the convergence behavior of iterative methods on these problem classes.

Before outlining the main contributions of this research, we provide a
high-level overview of a few problem classes considered, some methods
studied, and the tools used to analyze their performance.

Problem classes. For (1.1) to be solvable, one must add assumptions on
both f and C. Such assumptions balance between (i) the theoretical guar-
antees they provide, i.e., it should be possible to design optimization meth-
ods that perform efficiently given these assumptions; and (ii) the scope of
the assumptions, i.e., they should be satisfied by as many applications as
possible.

For instance, classical function properties include (strong) convexity (Def-
inition 2.2, see, e.g., [Roc70, Boy04]) and L-smoothness, see (2.5). Convexity
enables global optimality analysis through local conditions. For example,
when C = Rd, any stationary point of a convex function, i.e., any point x
satisfying ∇ f (x) = 0, a necessary condition for optimality, is also a global
minimizer [Nes18, Theorem 2.1.2]. Strong convexity further guarantees
uniqueness of the minimizer, at the cost of being more restrictive in the ap-
plications it encompasses [Nes18, Section 2.1.3]. Smoothness bounds how
rapidly the gradient of a function can vary. Additionally, one may also
require regularity of higher-order information, e.g., by ensuring Lipschitz
continuity of the Hessian ∇2 f (x), see, e.g., [Nes18, Chapter 4].

These properties can be combined to define function classes with strong
theoretical guarantees. In particular, this thesis often considers the class of
L-smooth (strongly) convex functions over Rd, denoted Fµ,L, even though
broader classes will be addressed in Chapters 4, 5, and 7.

First-order black-box methods. To solve minimization problems as (1.1),
one classically uses black-box iterative methods, which, at each iteration,
rely on a pointwise evaluation of the objective function, obtained through
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an oracle, to update their approximate solution of (1.1). The outputs of the
oracle form the only information on f available to the method, which thus
cannot directly leverage the function’s structure or its closed-form expres-
sion, see, e.g., [Nes18, Section 1.1.2]. This allows analyzing methods in
a generic way, valid for all instances of a problem class, rather than on a
case-by-case basis.

Such methods can be classified by the order of information returned
by the oracle. For instance, first-order black-box methods have access, at
each iteration, to function and gradient evaluations, f (x) and ∇ f (x). The
simplest such method is the gradient method, first introduced in [C+47], and
widely analyzed afterwards, see, e.g., [Pol63], whose update at iteration k
is given by

xk+1 = xk − αk∇ f (xk), (GD)

for some stepsize αk > 0. On favorable problem classes, and for wisely
chosen stepsizes, (GD) converges to a stationary point of the objective func-
tion, which, depending on the problem class, may then automatically be a
global minimizer of (1.1).

First-order methods are widely used due to their scalability, that is,
their iterations are computationally cheap, especially in large-scale prob-
lems where higher-order information (e.g., Hessians) is either unavailable
or computationally prohibitive to obtain and deal with. The price for this
scalability is slower convergence, i.e., first-order methods typically require
more iterations to reach the same level of accuracy than second-order meth-
ods. This slower convergence is fundamental, and holds even for the fastest
first-order methods, see, e.g., [Nes83]. For further information on first-
order methods, see, e.g., [Bec17].

Second-order black-box methods. Second-order optimization methods
use, at each iteration, not only gradient information ∇ f (x), but also curva-
ture information provided by the Hessian ∇2 f (x), to update their approx-
imate solution to (1.1). The most classical example is Newton’s method, first
introduced by Newton and Raphson in the 18th century, see, e.g., [Pol07],
which updates the iterate according to

xk+1 = xk − [∇2 f (xk)]
−1∇ f (xk), (NM)

| 3
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when the Hessian is invertible. Second-order methods typically enjoy a
faster local convergence than first-order methods. In particular, on suf-
ficiently regular objective functions, their convergence is quadratic near
the minimizer of the function. On the downside, the computation and
inversion of the Hessian may be prohibitively expensive in high dimen-
sions, making these methods unpractical on large-scale applications; and
simple methods such as Newton’s method may fail on simple problems
[Nes18, Chapter 4]. In recent years, however, many variants to Newton’s
method have been designed to overcome this issue, see, e.g., [NP06, Pol09,
HKP+22, Mis23, DN24].

Stochastic methods. In some settings, to solve (1.1), it is convenient to
consider stochastic optimization methods, which, to iteratively minimize
the objective function f , rely on noisy evaluations of f and its derivatives.
The simplest such method, counterpart to the deterministic (GD), is the
stochastic gradient method (SGD), introduced in [RM51], whose iteration
is given by

xk+1 = xk − αk(∇ f (xk) + εk), (SGD)

where εk is a random variable, depending on the setting. Stochastic meth-
ods are used when (i) the exact gradient of f is unavailable, e.g., when f is
defined as an expectation,

f (x) := Eξ [Fξ(x)],

as in supervised learning [BCN18], or (ii) computing the exact gradient is
costly, as in finite-sum problems

f (x) =
1
n

n

∑
i=1

fi(x),

where n is large [BB07]. In such cases, one typically estimates ∇ f (x) using
a stochastic gradient ∇ fi(x) based on a randomly sampled index i, which
is approximately n times cheaper to compute than ∇ f (x). Given their scal-
ability, stochastic first-order methods, such as SGD and its many variants,
are central to modern machine learning and have been extensively studied,
see, e.g., [Bor08, BCN18, GG23, GLQ+19, Net19].

| 4
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Worst-case performance guarantees. To assess the efficiency of an op-
timization method, a common approach is to analyze its worst-case per-
formance over a given problem class. That is, one seeks upper bounds
on a performance criterion, typically the objective value accuracy after a
fixed number of iterations N, e.g., f (xN)− f (x⋆), where x⋆ is a minimizer
or stationary point of f , that hold for any instance in the problem class.
While such guarantees may be pessimistic in practice, as not all instances
in the class induce the worst behavior of the method, they provide strong
theoretical insights into the behavior of an algorithm and its bottlenecks,
i.e., on which problem instances the method performs slowly. Moreover,
worst-case guarantees allow estimating, a priori, the number of iterations
required to achieve a given accuracy, independently of the problem in-
stance. For these reasons, we adopt this framework in the present the-
sis. Other performance assessments include, e.g., averaged-case [Bor87],
or smoothed [ST04] performance guarantees.

Formally, given a method M, a function class F , an initial condition
Cinit controlling the initial distance to optimality, and a performance crite-
rion P , depending on the objective function and the iterates (xk)k=0,1,...,N
of M, we aim to obtain upper bounds on

max
f∈F , x0∈Rd , x⋆∈Rd

P( f , (xk)k=0,1,...,N) s.t. (xk)k=0,1,...,N is generated by M,

Cinit( f , x0) is satisfied, and

x⋆ is a stationary point of f .
(1.2)

On stochastic methods, worst-case guarantees may additionally depend
on the distribution of the noise, i.e., they should hold for any distribution
satisfying given assumptions, and the objective function in (1.2) becomes
the expected value of P with respect to the randomness in the method.

We seek guarantees that are as accurate as possible, and call a bound
tight when it is attained by some instance in the problem class, that is, the
solution f to (1.2). Tight worst-case guarantees enable fair comparisons be-
tween methods and efficient tuning of methods, by selecting the method’s
parameters yielding the best theoretical performance. By contrast, tuning
or comparing methods on the basis of upper bounds on the actual per-
formance may lead to sub-optimal or misguided choices, as illustrated on
Figure 1.1.
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
10-2

10-1

100

Fig. 1.1 Comparison of performance analyses of 10 iterations of (GD)
with constant stepsize α on F0,L, with L = 1. The initial condition is
∥x0 − x⋆∥ ⩽ 1. Displayed is the evolution of the performance measure
f (x10)− f (x⋆), as a function of the stepsize α, as predicted by (i) the the-
oretical bound from [Nes18, Theorem 2.1.13] (pink), (ii) the best bound
possible (PEP-based), relying on the non-tight representation of F0,L (2.7)
(dark blue), and (iii) the exact (PEP-based) bound, relying on the exact
characterization of F0,L (2.10) (light blue).

Computer-aided worst-case performance analysis Obtaining worst-case
guarantees, and ideally, tight ones, is generally challenging when done
manually. Fortunately, this process can be automated via computer-aided
techniques as, e.g., the Integral Quadratic Constraints (IQC) [LRP16], or the
Performance Estimation Problem (PEP) [DT14, THG17c] frameworks. The
latter, for instance, computes exact worst-case performance guarantees by
solving the optimization problem (1.2), thereby identifying worst-case in-
stances within a given problem class. Its core idea is to reformulate this
infinite-dimensional problem as a finite-dimensional one: a maximization
over a set of quantities S, encoding the method’s iterates, a minimizer of
the objective f , and evaluations of f , its gradient, and possibly its Hes-
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sian at those points, under the constraint that S is consistent with an actual
function in F . This requires interpolation conditions for F , i.e., necessary
and sufficient conditions that a dataset S must satisfy to be consistent with
a function in F . These interpolation conditions serve as discrete characteri-
zations of the properties defining F , such as convexity or smoothness, but
verified only on a finite set of points.

Whenever interpolation conditions are available and tractable, solving
the corresponding PEP formulation, which can be done efficiently for a
wide range of first-order problems, yields tight performance bounds. By
contrast, when using only necessary conditions to ensure that the set S is
consistent with a function in F , the resulting bounds may hold for a larger
problem class than originally intended. In this case, the guarantees are
a priori conservative, as the worst-case instance identified might not be-
long to the initial problem class. Interpolation conditions, tracing back to
[Kir34, Tie15, Whi34] will be discussed in Chapter 2. The PEP framework
and other computer-aided approaches to performance analysis, see, e.g.,
[LRP16], will be presented in Chapter 3.

From a broader perspective, proofs of worst-case guarantees, whether
manual or PEP-based, generally amount to combining algebraic relations
that encode the properties of the problem class and the dynamics of the
method, in order to bound a performance criterion. Conservatism in the
resulting bound may arise from two main sources: (i) weak algebraic rep-
resentations that fail to fully capture the function class properties, and (ii)
a suboptimal combination of these relations. Interpolation conditions ad-
dress the first issue by providing exact, discrete characterizations of the
function class. The PEP framework addresses the second by optimally
combining the inequalities it is given to produce the tightest possible bound
under the assumptions.

To emphasize the importance of not only optimally combining inequal-
ities but also relying on accurate characterizations of function classes, Fig-
ure 1.1 compares several performance guarantees for (GD) with constant
stepsizes α ∈ [0, 2

L ], applied to the class F0,L of L-smooth convex functions.
Specifically, it displays: (i) an analytical upper bound from [Nes18, The-
orem 2.1.13], (ii) a PEP-based bound using an inexact description of F0,L,
and (iii) the exact convergence guarantee. The optimal stepsizes suggested
by these bounds differ significantly, and notably, the one inferred from the
inexact PEP-based analysis leads to the worst actual performance.
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1.1 Outline and contributions

This thesis aims, from one side, at better understanding and obtaining in-
terpolation conditions for function and operator classes; and, from another
side, at extending the PEP framework to the analysis of several optimiza-
tion settings. In particular, combining these two aspects, we tightly analyze
(i) broader first-order problem classes, including non-convex settings; (ii)
second-order methods in the univariate case; and (iii) stochastic first-order
algorithms. More precisely, this work is structured as follows.

Preliminaries

Chapter 2 introduces function and operator interpolation, and re-
views the state of the art and open challenges in this field.

Chapter 3 introduces the core elements of the PEP framework and
other computer-aided techniques for performance analysis, along with
their current developments.

Part I: An algebraic approach to function and operator interpolation

Chapter 4 introduces a constraint-based approach to interpolation,
setting aside analytic properties of function or operator classes to
work at an algebraic level. This approach is then used to derive inter-
polation conditions for weakly convex functions with bounded sub-
gradients, which allows, numerically, to tightly analyze first-order
methods such as the subgradient method on this class. This chapter is
based on [RH24].

Chapter 5 builds on Chapter 4 to propose a refinement procedure
that iteratively strengthens any given description of a function or op-
erator class into, eventually, an interpolation condition. The proce-
dure is applied to strengthen existing descriptions of several func-
tion and operator classes, including smooth functions satisfying a
Łojasiewicz condition, convex blockwise smooth functions, Lipschitz
(strongly) monotone operators, and uniformly convex functions. The
benefits of relying on the improved descriptions are illustrated on
numerical examples. This chapter is based on [RHT25]. It results from a
collaboration with Adrien Taylor.

Part II: Interpolation conditions for second-order univariate optimization.
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Chapter 6 presents a generic method to obtain interpolation condi-
tions for a broad range of univariate function classes. This chapter is
based on [RBHG25]. It results from a collaboration with Nizar Bousselmi.

Chapter 7 applies the method introduced in Chapter 6 to derive inter-
polation conditions for a general class of univariate functions charac-
terized by second-order properties, which includes self-concordant
functions and (strongly convex) functions with Lipschitz-continuous
Hessians. These conditions are then used to analytically and numeri-
cally study the exact worst-case performance of various second-order
methods in the univariate setting. This chapter is based on [RBHG25].
It results from a collaboration with Nizar Bousselmi.

Part III: Interpolation conditions for stochastic first-order optimization.

Chapter 8 develops a methodology, embedded within the PEP frame-
work, for deriving worst-case performance guarantees on stochastic
first-order methods. Specifically, given a first-order method, a func-
tion class, and a noise model with prescribed expectation and vari-
ance properties, the framework proposes a hierarchy of optimization
problems of increasing size, yielding increasingly strong convergence
guarantees. The largest formulation, whose size grows exponentially
with the number of iterations, provides tight guarantees. This frame-
work is then used to analyze, both numerically and analytically, the
stochastic gradient descent under various noise models, including
unstructured noise with bounded variance, finite-sum problems, and
block-coordinate methods. This chapter is based on [RCH25].

Finally, Chapter 9 summarizes the research outcomes and discusses the
perspectives of this thesis.
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2
Interpolation conditions for

function and operator
classes

THis chapter introduces the notion of interpolation conditions on the
example of L-smooth convex functions, and provides a survey of
related literature.

Notation Throughout, R denotes the real numbers, R̄ := R ∪ {+∞} de-
notes the real extended numbers, see, e.g., [Bec17, Chapter 2.1], and Rd

denotes the vector space of real d-tuples. We let | · | denote the absolute
value, and consider the standard dot product ⟨·, ·⟩ , where given x,y ∈ Rd,
⟨x,y⟩ = x⊤y = ∑d

i=1 xiyi, and induced norm ∥ · ∥ =
√
⟨·, ·⟩. Given N ∈ N,

we let [N] = {1, . . . , N}. Given a function f : C → R̄, we denote by dom f :=
{x ∈ C : f (x) < +∞}, the effective domain of f , and consider proper func-
tions, i.e., dom f ̸= ∅.
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2.1 Global characterizations of function classes

Function classes are typically defined via algebraic relations that hold
throughout the function’s domain. These relations may not be unique, i.e.,
several sets of algebraic relations may equivalently characterize a single
function class. We show some examples of these characterizations on con-
vex and L-smooth functions.

Convex functions We first recall the definition of a convex set.

Definition 2.1 (Convex set). A set C ⊂ Rd is said to convex if, ∀x,y ∈ C and
α ∈ [0,1], αx + (1 − α)y ∈ C.

Convex functions, widely investigated in optimization theory, see, e.g.,
[Boy04, Roc70, Nes18], can be defined in several ways. The maybe simplest
one uses the same quantifier as in the definition of convex sets.

Definition 2.2 (Convex functions). Let C ⊆ Rd. A function f : C → R̄ is
convex if dom f is convex, and ∀x,y ∈ dom f , and ∀α ∈ (0,1),

f (αx + (1 − α)y)⩽ α f (x) + (1 − α) f (y). (2.1)

Alternatively to Definition 2.2, convex functions can be defined via
their subdifferential ∂ f (x). The subdifferential generalizes the notion of a
gradient to non-differentiable functions, and is defined as the set of all sub-
gradients of f at x, when x ∈ dom f , that is, vectors vx ∈ Rd satisfying

vx ∈ ∂ f (x)⇔ f (y)⩾ f (x) + ⟨vx,y − x⟩, ∀y ∈ C. (2.2)

At points x /∈ dom f , we set ∂ f (x) = ∅. When f is differentiable at x, the
subdifferential reduces to the gradient, i.e., ∂ f (x) = {∇ f (x)}; see, e.g.,
[RWW09, Exercise 8.8].

Definition 2.3 (Convex functions: subdifferential definition, from [Tay17],
Theorem 2.14). Let C ⊆ Rd. A function f : C → R̄ is convex if and only if
dom f is convex, and ∀x ∈ relint(dom f ), ∂ f (x) ̸= ∅.

By Definition 2.3, a differentiable function f : C → R, i.e., ∇ f (x) exists
at all x ∈ C, is convex if and only if, ∀x,y ∈ C,

f (x)⩾ f (y) + ⟨∇ f (y), x − y⟩. (2.3)
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Variations to convex functions include µ-strongly convex functions, that is
functions f : C → R̄ such that, for some µ > 0, f (·)− µ

2 ∥ · ∥2 is convex.

L-smooth functions Aside to convexity, widely used properties of func-
tions involve regularity of the function and its gradient.

Definition 2.4 (Lipschitz continuous function). Let C ⊆ Rd, and L ⩾ 0. A
function f : C → R is L-Lipschitz continuous if, for all x,y ∈ C,

| f (x)− f (y)|⩽ L∥x − y∥. (2.4)

Lipschitz continuity can be lifted to derivatives of a function. In par-
ticular, a function f is L-smooth for some L ⩾ 0 if it is differentiable on its
domain, and its gradient is L-Lipschitz continuous, i.e., for all x,y ∈ C,

∥∇ f (x)−∇ f (y)∥⩽ L∥x − y∥. (2.5)

Alternatively, when C = Rd, L-smoothness can be characterized via a re-
lation involving function values, obtained by integration of the Lipschitz
continuity of the gradients, see, e.g., [Nes18, Lemma 1.2.3].

Definition 2.5 (L-smooth functions). Given L ⩾ 0, we say f : Rd → R is
L-smooth if f is everywhere differentiable and, ∀x,y ∈ Rd,

| f (x)− f (y)− ⟨∇ f (y), x − y⟩|⩽ L
2
∥x − y∥2. (2.6)

Function class Fµ,L(C) Properties of convexity and smoothness can also
be combined. Given C ⊆ Rd, and 0 ⩽ µ ⩽ L ⩽ +∞, we denote by Fµ,L(C)
the class of proper µ-strongly convex L-smooth functions with domain C,
where L = +∞ refers to non-smooth functions. Again, setting C = Rd,
the class Fµ,L(R

d) (L ̸= +∞), referred to as Fµ,L when clear from the con-
text, can be defined in numerous equivalent ways, see, e.g., [Nes18, Section
2.1.1]. Arguably the most natural one consists in juxtaposing a (strong)
convexity condition (2.3), with Lipschitz continuity of the gradients, i.e.,
(2.5). That is, f : Rd → Rd belongs to Fµ,L if and only if it is everywhere
differentiable and it satisfies, ∀x,y ∈ Rd,{

blopblopblopll f (x) ⩾ f (y) + ⟨∇ f (y), x − y⟩+ µ
2 ∥x − y∥2

||∇ f (x)−∇ f (y)|| ⩽ L||x − y||.
(2.7)
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Alternatively, one can rely on (2.6) instead of (2.5) to characterize smooth-
ness. That is, f : Rd → Rd belongs to Fµ,L if and only if it is everywhere
differentiable and, ∀x,y ∈ Rd,{

f (x) ⩾ f (y) + ⟨∇ f (y), x − y⟩+ µ
2 ∥x − y∥2

f (x) ⩽ f (y) + ⟨∇ f (y), x − y⟩+ L
2 ∥x − y∥2.

(2.8)

One can further show that Fµ,L (µ ̸= L) is equivalently defined by the fol-
lowing single condition, when imposed on all x,y ∈ Rd, see, e.g., [Nes18,
Theorem 2.1.12]:

f (x)⩾ f (y) + ⟨∇ f (y), x − y⟩ (2.9)

+
L

2(L − µ)

(
∥∇ f (x)−∇ f (y)∥2

L
+ µ∥x − y∥2

− 2µ

L
⟨∇ f (x)−∇ f (y), x − y⟩

)
.

When µ = 0, (2.9) reduces to

f (x)⩾ f (y) + ⟨∇ f (y), x − y⟩+ 1
2L

∥∇ f (x)−∇ f (y)∥2. (2.10)

Finally, twice differentiable functions belong to Fµ,L (µ ̸= L) if only if they
satisfy, ∀x ∈ Rd [Nes18, Theorem 2.1.6],

µ ⩽∇2 f (x)⩽ L, ∀x,y ∈ Rd. (2.11)

2.2 Discrete characterizations of function classes

All characterizations of function classes introduced in Section 2.1 consist
of pairwise algebraic relations, required to hold at any pair in the effective
domain of functions in the class. We call such characterizations global. On
the contrary, we seek for discrete characterizations of these function classes
F , i.e., sets of conditions answering, for finite sets X ⊂ Rd:

What conditions must a function f satisfy on X to ensure existence of
an extension of f that is identically equal to f on X and belongs to F?

The need for discrete characterizations arises in any situation where one
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manipulates or has access to a finite dataset S = {(xi, fi, gi)}i∈[N], and re-
quires it to be F -interpolable, that is, consistent with some function f ∈ F ,
see Figure 2.1 for an illustration.
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(a) Dataset S = {(xi, fi, gi)}i=0,1 = {

0
0
1

 ,

1
2
2

} satisfying (2.13) with L = 1.
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(b) Dataset S = {(xi, fi, gi)}i=0,1 = {

0
0
1

 ,

1
3
2
2

} satisfying (2.14) with L = 1.

Fig. 2.1 From [Tay17, Figure 3.1]. Discrete interpolation, or extension,
problem. Given S = {(xi, fi, gi)}i∈[N], what conditions must the dataset
satisfy to ensure consistency with some function in F? In (a), a dataset
satisfying (2.13) is not consistent with any actual function in F0,L, where
L = 1. Indeed, by convexity, any function in F0,L interpolating S should
remain above its linear under-approximations, displayed in dotted lines.
This creates a non-differentiability at x0, incompatible with L-smoothness
of the interpolating function. In (b), a dataset satisfying the interpolation
condition (2.14) is F0,L-interpolable, where L = 1, since consistent with the
L-smooth convex function f (x) = x2

2 + x.

Definition 2.6 (F -interpolability). Let N ∈ N, F a function class, and a set
S = {(xi, fi, gi)}i∈[N] ∈ (Rd × R × Rd)N . We say S is F -interpolable if and
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only if
∃ f ∈ F : f (xi) = fi, and gi ∈ ∂ f (xi), ∀i ∈ [N]. (2.12)

We refer by interpolation conditions for F , to sets of conditions whose sat-
isfaction by any dataset S is necessary and sufficient for F -interpolability of
S. Such conditions provide an exact discrete characterization of F . A nat-
ural way to obtain discrete characterizations is to discretize global charac-
terizations, that is, to impose them on a smaller subset of points, since any
of these discretizations is necessarily satisfied by F -interpolable datasets.
For instance, consider F0,L, defined equivalently, on the whole domain, by
(2.7) with µ = 0 and (2.10). Any dataset S = {(xi, fi, gi)}i∈[N] necessarily
satisfies the discretized version of these characterizations, e.g., ∀i, j ∈ [N],{

blblopll fi ⩾ f j + ⟨∇gj, xi − xj⟩
||gi − gj|| ⩽ L||xi − xj||,

(2.13)

and
f j ⩾ fi + ⟨gi, xi − xj⟩+

1
2L

||gi − gj||2. (2.14)

However, the equivalence between the constraints no longer holds when
they are imposed on a finite number of pairs only. In particular, (2.14) is
stronger than (2.13), since one can find datasets S = {(xi, gi, fi)} which sat-
isfy (2.13), but are not consistent with an actual function in F0,L, see, e.g.,
Figures 2.1 and 2.2. While it is a necessary and sufficient global charac-
terization of F0,L, Condition (2.7) is thus not sufficient for interpolation.
On the contrary, it has been shown [THG17c, Theorem 4] that (2.10) (and,
more generally, (2.9)) is a necessary and sufficient interpolation condition
for F0,L (resp. Fµ,L).

Proposition 2.1 ([THG17c], Theorem 4: interpolation conditions for Fµ,L).
Given 0 ⩽ µ < L ⩽+∞ and N ∈ N, let Fµ,L and a set S = {(xi, fi, gi)}i∈[N] ⊂
(Rd × R × Rd)N . Then, S is Fµ,L-interpolable if and only if, ∀i, j ∈ [N],

f j ⩾ fi + ⟨gi, xj − xi⟩ (2.15)

+
L

2(L − µ)

(∥gi − gj∥2

L
+ µ∥xi − xj∥2 − 2µ

L
⟨gi − gj, xi − xj⟩

)
.

For pedagogical purposes, we introduced discrete characterizations on
first-order function classes, i.e., classes whose descriptions involve func-
tion and gradient evaluations. But, all concepts can be straightforwardly
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extended to broader settings, as will be illustrated in Chapter 6.
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Fig. 2.2 Given L = 1, (x⋆, f⋆, g⋆) = (0,0,0), (x0, f0, g0) = (1, 1
4 , 1

2 ) and
x1 = 1

2 , allowed region for ( f1, g1) according to (2.13) and (2.14). The re-
gion allowed by (2.14) is included in and significantly smaller than the
one allowed by (2.13). In particular, no boundary is shared by the two re-
gions. This shows that, despite the equivalence between these constraints
when imposed on all pairs (x,y), Condition (2.13) is weaker than (2.14).
In particular, the points in the difference between the two regions do not
correspond to any actual function f ∈ F0,L. In addition, when solving op-
timization problems such as max f∈F0,L f (x1) − f⋆ s.t. x1 = x0 − 1

L∇ f (x0),
using one or the other characterization to translate f ∈ F0,L into conditions
on S = {(xi, fi, gi)}i=0,1,⋆ heavily modifies the resulting bound.

2.3 Operator classes and their discrete characterizations

Some optimization methods, rather than minimizing functions, seek to
solve variational inequalities [Fic64, LS67, Sta64], i.e., to solve

Find x⋆ ∈ C : 0 ∈ Q(x⋆), (VI)
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where Q : Rd ⇒ Rd is a (possibly set-valued) operator. The notation ⇒
indicates that Q may assign multiple values in Rd to each x ∈ Rd. We refer
to any of these values as qx ∈ Q(x).

Operators of interest include, e.g., linear operators, i.e., Q(x) = Mx for
some M ∈ Rd×d, and subdifferentials, i.e., Q(x) = ∂ f (x), for some finite-
valued convex function f . In this second case, looking for a minimizer of f
is equivalent to solving (VI).

As for function minimization, methods to solve (VI) depend on prop-
erties satisfied by operators Q on their effective domain, a few of which
we state here, see, e.g., [RB16] for further reference. The pendant to con-
vexity is denoted by (strong) monotonicity, i.e., an operator Q : Rd ⇒ Rd is
µ-strongly monotone if, ∀x,y ∈ Rd,

⟨qx − qy, x − y⟩⩾ µ∥x − y∥2, ∀qx ∈ Q(x), qy ∈ Q(y). (2.16)

When µ = 0, such operators are referred to as monotone operators. A mono-
tone operator Q is said to be maximal if its graph is not properly contained
in any other monotone operator, i.e., if there exists no other monotone op-
erator Q̄ such that

{(x,y) ∈ Rd × Rd | y ∈ Q(x)}⊊ {(x,y) ∈ Rd × Rd | y ∈ Q̄(x)}.

Single-valued operators can be Lipschitz continuous, as, e.g., gradients of
Lipschitz continuous functions, i.e., they satisfy, ∀x,y ∈ Rd,

∥Q(x)− Q(y)∥⩽ L∥x − y∥. (2.17)

Finally, another important property of operators is their co-coercivity,
i.e., satisfaction, ∀x,y ∈ Rd, of

⟨qx − qy, x − y⟩⩾ β∥qx − qy∥2, ∀qx ∈ Q(x), qy ∈ Q(y). (2.18)

Co-coercivity implies both monotonicity and 1
β -Lipschitz continuity, but

the converse does not hold in general.

Discrete characterizations of operators. Similarly to function classes, we
seek for discrete characterizations of these operator classes Q, that is for in-
terpolation conditions ensuring a dataset S= {(xi, ti)}i∈[N] is Q-interpolable,
where we slightly modify the definition of interpolability.
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Definition 2.7 (Q-interpolability). Let N ∈ N, Q an operator class, and a
set S = {(xi,qi)}i∈[N] ∈ (Rd ×Rd)N . We say S is Q-interpolable if and only
if

∃Q ∈ Q : qi ∈ Q(xi), ∀i ∈ [N]. (2.19)

2.4 State of the art in interpolation conditions

Extension of properties. What we call in this work interpolation is also
referred to as extension. The interest in extension conditions can be traced
back to at least 1915, with [Tie15] considering the extension of a continu-
ous function outside of its domain. The question was then generalized in
Whitney’s seminal paper [Whi34], seeking for interpolation conditions to
impose on a (possibly infinite) dataset, for it to be consistent (up to order
k derivative) with a function defined everywhere, and continuous up to a
certain order of derivatives. In a parallel way, [Kir34, Val43, McS34] inves-
tigated the extension of Lipschitz continuous (and Hölder continuous, i.e.,
∥ f (x)− f (y)∥⩽ L∥x − y∥α, α ∈ (0,1)) functions to the whole domain.

Building on these works, interpolation conditions were then obtained
for a wide range of settings, depending on the properties to be satisfied
everywhere, on the order of derivatives up to which the extension should
interpolate the dataset, and on the structure of the initial domain. See, e.g.,
[Gla58], [Wel73, Theorem 2], and [Gru09, Theorem 2.6], for the extension
of L-smooth functions; [BS01, Fef05], for the interpolation of function val-
ues by functions continuous up to given order of derivatives, [FIL17] for
the extension of non-negative continuous functions; and [AM17a, AM17b,
AM19, Yan14, DHLGL18] for the extension of convex (smooth) functions.

Most results in this literature differ from the approach to interpolability
we are interested in. First, some focus on qualitative extensions where
regularity constants may increase, see, e.g., [AM17b, Gla58], while we seek
quantitative guarantees, essential in the context of establishing properties
related to these constants. Second, some results require assumptions on
the domain, such as its convexity [AM19, Yan14], whereas we only impose
conditions on finite sets of iterates.

First-order interpolation conditions Interpolation conditions in the con-
text of optimization were introduced in [THG17c] to tightly analyze first-
order methods on first-order function classes, i.e., methods and classes
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whose characterization involves function and (sub)gradients evaluations.
In this context, initial functions and extensions are required to satisfy prop-
erties with the same parameters. In [THG17c] and building on this work,
interpolation conditions were obtained for a wide range of function classes,
including smooth (strongly) convex functions [THG17c, Theorem 4], also
shown to hold for negative values of µ, the convexity parameter [RGP22,
Theorem 3.1], smooth Lipschitz functions [THG17a, Theorem 3.5], strongly
convex functions with bounded domain [THG17a, Theorem 3.4], indicator
functions [THG17a, Theorem 3.6], generalized in [LG24, Theorems 3.1, 3.2,
3.3], difference-of-convex and relatively smooth convex functions [DTdB22,
Corollaries 1,2], convex functions with quadratic upper bounds [GTD22,
Theorem 2.6], and alternative conditions to smoothness and convexity
[GEIGM22, Theorem 1]. For further reference, see, e.g., the partial list pro-
vided in the PEPit documentation [GMG+24].

Zero-th order interpolation conditions, and interpolation conditions for
operator classes Operator interpolation can be viewed as function in-
terpolation for (possibly multi-valued) zero-th order function classes, i.e.,
classes whose characterization involves function evaluations only. Inter-
polation conditions exist for (strongly) monotone [BC17, Theorem 20.21],
co-coercive [RTBG20, Proposition 2], negative cocoercive [GTHG23, The-
orem B.1], and Lipschitz operators [Kir34, Val43]. In all three cases, these
interpolation conditions happen to be the discretized versions of their clas-
sical global definitions, i.e., (2.16), (2.18), and (2.17). However, no interpo-
lation result is known for operators combining several of these properties
(except for datasets of cardinality 2, [RTBG20, Proposition 4]). In addition,
recently, interpolation conditions were derived for linear operators with
additional properties [BHG24, Theorem 3.1,3.3].

Finally, interpolation constraints for first-order function classes F that
do not explicitly involve function values, in case one would not want to use
these as variables, also exist, based on Rockafellar’s cyclic monotonicity
conditions [Roc70, Tay17]. They can be seen as operator interpolation for a
subclass of operators, coherent as gradients of a function.

Interpolation conditions for higher-order properties To this day, not much
has been achieved on the topic of interpolation conditions for function
classes involving higher-order properties, e.g., functions whose second or
third derivative is Lipschitz continuous. In particular, to the best of our
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knowledge, no interpolation condition exists yet for any second-order func-
tion class. Some progress has been made in obtaining interpolation condi-
tions for convex functions, when these are meant to interpolate a dataset
up to their second derivative [Yan14], but these are sufficient conditions
only, and require the dataset to cover a convex region.

2.5 Challenges in obtaining interpolation conditions

Obtaining interpolation conditions for given function/operator classes re-
mains to this day a challenging problem. In particular, there exists no prin-
cipled way to answer some fundamental questions.

Question 1. Given a function/operator class, how to guess candidate
interpolation conditions for this class?

Question 2. How to assess a constraint’s interpolability, i.e., how to
prove it is either a non-sufficient condition, or an interpolation condition
for a given function or operator class?

Presently, answering these questions requires case-by-case techniques,
that often heavily rely on analytical properties of the function/operator
class analyzed, or involve intricate geometrical constructions. These tech-
niques include, to establish interpolability of a given set of conditions for
a class F , typically a discretization of one of its global characterizations,
(i) explicitly exhibiting a function in F interpolating any dataset satisfying
these conditions, or (ii) proving there exists such function without con-
structing it, using, e.g., Zorn’s Lemma [Gru09]. In addition, given a func-
tion class F , another strategy answering both Questions 1 and 2 consists
in establishing a relation between this class and another one, for which in-
terpolation conditions are known, using analytical properties of the class
of interest, thereby obtaining both a global and a discrete characterization
of this class, see, e.g., [THG17b]. These case-by-case techniques have not
yet answered all interpolation conditions of interest in optimization, e.g.,
many function and operator classes lack interpolation conditions, includ-
ing, in particular, non-convex function classes and function classes with
higher-order properties. In addition, it is not known how to obtain inter-
polation conditions for function classes whose domain is a subset of Rd,
whose need arises in constrained optimization, see, e.g. [Dro20].
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3
Computer-aided

computation of worst-case
performance guarantees

COmputer-aided techniques for automatically analyzing and design-
ing first-order methods have in the last decade gained significant
attention; see, e.g., [Tay24] for a recent survey. These include (i) the

automatic computation of worst-case instances for a given method over
a function class F after N iterations, known as the Performance Estima-
tion (PEP) framework [DT14, THG17c]; (ii) the automated construction of
Lyapunov (or potential) functions to certify (sub)linear convergence by an-
alyzing a small number of iterations [LRP16, TVSL18, TB19]; and (iii) con-
structive approaches for designing optimal or efficient methods tailored to
specific function classes [DGVPR24, DT20, KF16, TD23]. This chapter in-
troduces the key elements of these approaches and provides a review of
the corresponding literature.

Notation We denote by Rm×n the set of real-valued m×n matrices. Given
A, B ∈ Rm×n, we let Tr (A⊤B) = ∑m

i=1 ∑n
j=1 AijBij. The cones of symmetric

matrices, and of positive semidefinite definite matrices in Rn×n, are denoted
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by, respectively

Sn := {A ∈ Rn×n : A = A⊤},

Sn
+ := {A ∈ Sn : A ≽ 0},

where A ≽ 0 ⇔ x⊤Ax ⩾ 0, ∀x ∈ Rn. Finally, we denote by ei the ith unit
vector.

3.1 Key elements in Performance Estimation

This section introduces the core concepts of the Performance Estimation
Problem (PEP) framework, originally proposed in [DT14] and further de-
veloped in [THG17c], through a simple illustrative example. Consider a
single iteration of the Gradient Descent (GD) on the class F0,L of L-smooth
convex functions. Assume that the goal is to derive the worst-case upper
bound on f (x1)− f (x⋆), valid for all functions in F0,L, under the assump-
tion that ∥x0 − x⋆∥2 ⩽ 1, and for all dimensions d of the problem. The tight-
est possible such bound can be formulated as the solution to the following
optimization problem:

max
d∈N,

f∈F0,L ,
x0,x⋆∈Rd

{
f (x1)− f (x⋆)

∣∣ ∥x0 − x⋆∥2 ⩽ 1, (3.1)

x1 = x0 − α∇ f (x0),∥∇ f (x⋆)∥2 = 0
}

.

Finite-dimensional formulation of (3.1) As such, given the variable f ∈
F0,L, (3.1) is infinite-dimensional and untractable. However, as shown,
e.g., in [DT14, THG17c], it can be equivalently reformulated as a maximiza-
tion over finite-dimensional variables, under a set of constraints ensuring
that the reformulation yields an optimal value matching that of (3.1). Typ-
ically, consider, as such variables,a set S = {(xi, fi, gi)}i=0,1,⋆ ∈ (Rd × R ×
Rd)3, meant to encode the iterates of (GD) and evaluations of the function
and (sub)gradient at these iterates. To obtain a finite-dimensional refor-
mulation of (3.1) by maximizing over the variables in S, one should ensure
(i) that S is consistent with the dynamics of the method and the problem
assumptions, i.e., it satisfies (GD), ∥x0 − x⋆∥2 ⩽ 1, and ∥g⋆∥2 = 0, and (ii)
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that S indeed contains evaluations of a function in Fµ,L, i.e., that S is F0,L-
interpolable (Definition 2.6).

As illustrated in Chapter 2, for some function classes F , including F0,L,
the condition that a finite set S is F -interpolable can be expressed via a set
of algebraic conditions involving the elements of S. When such conditions
are both necessary and sufficient for F -interpolability, they are referred to
as interpolation conditions, and they enable an exact reformulation of (3.1)
as a finite-dimensional optimization problem. For F0,L, interpolation con-
ditions are known, see Proposition 2.1. Hence, (3.1) can be equivalently
reformulated as

max
d∈N, S={(xi , fi ,gi)}i=0,1,⋆

{
f1 − f⋆| S satisfies (2.15), (3.2)

∥x0 − x⋆∥2 ⩽ 1, x1 = x0 − αg0, ∥g⋆∥2 = 0
}

.

SDP expression of (3.1) While problem (3.2) is finite-dimensional, it re-
mains difficult to solve due to its nonconvex nature, which stems from the
scalar products between iterates and (sub)gradients that appear in the in-
terpolation conditions (2.15).

To overcome this difficulty, [DT14, THG17c] proposed an alternative
parametrization. Rather than optimizing over the set of variables S di-
rectly, they introduce a representation based on

(i) the vector of function values F = [ f⋆, f0, f1]
⊤, (3.3)

(ii) the Gram matrix G = PP⊤, where P =
[
x⋆, x0, g0, g1

]⊤ ∈ R4×d.

By construction, G captures all inner products in xi’s, gi’s, i ∈ {0,1,⋆}, in-
cluding those involving x1 and g⋆, which can be expressed via (GD) as an
affine combination of the columns of P. Consequently, any quadratic quan-
tity such as ∥x1∥2 can be written as a linear function of the entries of G.
Specifically, to access elements of G and F, we define selection vectors

• g⋆ = 0 ∈ R4, x⋆ = e1 ∈ R4, f⋆ = e1 ∈ R3,

• For k ∈ {0,1}, gk = ek+3 ∈ R4 and fk = ek+2 ∈ R3,

• x0 = e2 ∈ R4, and x1 = x0 + αg0.

These vectors allow accessing all fi’s in F, and scalar products of xi, gi’s in
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G. That is, ∀i, j ∈ 0,1,⋆,

x⊤i Gxj = ⟨xi, xj⟩, g⊤
i Ggj = ⟨gi, gj⟩, x⊤i Ggj = ⟨xi, gj⟩,

F⊤fi = fi.

This leads to an equivalent reformulation of (3.2) as a SDP:

max
F∈R3,
G∈S4

+

{
F⊤(f1 − f⋆)| ∀i, j ∈ {0,1,⋆},

F⊤(fj − fi)⩾ g⊤
i G(xj − xi) +

1
2L

(gi − gj)
⊤G(gi − gj),

and (x0 − x⋆)⊤G(x0 − x⋆)⩽ 1
}

,

or, equivalently,

max
F∈R3,
G∈S4

+

{
F⊤bobj| F⊤bij + Tr(AijG)⩽ 0, ∀i, j ∈ {0,1,⋆}, Tr(A0G)⩽ 1

}
, (3.4)

for some matrices Aij, A0, Aε0 ∈ S4 and vectors bobj,bij ∈ R3 that encode
the objective and constraints of (3.2). The method dynamics (e.g., access
to x1) and the optimality condition are incorporated implicitly through the
construction of these matrices and vectors.

Obtaining a dimension-dependent worst-case performance guarantee,
e.g., an univariate worst-case guarantee, would require adding a rank con-
straint on the Gram matrix in (3.4), e.g., rank(G) ⩽ 1. This would render
the problem non-convex.

Retrieving analytical proofs from SDP formulations Solving (3.4) yields
a tight numerical performance guarantee for (GD) over F0,L after a single
iteration. However, one can extract an analytical proof from this numerical
result.

As discussed in Chapter 1, most analytical proofs in first-order opti-
mization consist of combining inequalities involving quantities accessible
to the method (i.e., elements of S), which encode the assumptions on the
problem class and the method’s dynamics. That is, such inequalities are
precisely the constraints appearing in (3.4). The dual coefficients associated
with these constraints correspond to the optimal weights for which this
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combination of inequalities yields the tightest possible guarantee. Thus,
identifying analytical expressions for the dual coefficients in (3.4) (as func-
tions of the method’s parameters and the properties of the function class),
enables one to convert the numerical PEP result into an analytical proof.

Any relaxation in this process, e.g., omitting some inequalities in the
PEP formulation or approximating the dual variables using simpler ex-
pressions, may lead to suboptimal guarantees. Nevertheless, these relaxed
bounds often remain significantly tighter than manually derived analytical
guarantees. For more details, see, e.g., [GDT23].

Solving PEPs with necessary conditions A PEP formulation based on a
non-exact algebraic representation of the problem’s assumptions, such as
using necessary but not sufficient conditions to characterize the function
class, yields the best guarantee possible given the set of inequalities used in
the formulation, but might be overconservative with respect to the initial
function class. In other words, the resulting guarantee is optimal for a
broader class of problems than the original one. Note that this broader
class depends not only on the conditions used, but also on the problem
solved, i.e., on the method, the performance measure, and the number of
iterations analyzed.

3.2 Problem classes encompassed by the PEP framework

Although introduced here on a simple illustrative example, the PEP frame-
work is broadly applicable and enables the derivation of tight worst-case
guarantees for a wide variety of optimization problems. These guarantees
are obtained by solving SDPs, provided that the ingredients of the analy-
sis—namely, the algorithm, the function or operator class, the performance
criterion, and the initial conditions—can be encoded (or approximated,
e.g., via necessary interpolation conditions) in a Gram-representable way.
Intuitively, this means that all expressions involved in the formulation of
the PEP (e.g., objective and constraints) must depend linearly on function
values and on scalar products between iterates and (sub)gradients.

Definition 3.1 (Gram-representable expression). Let N ∈ N, and consider
a finite set S = {(xi, fi, gi)}i=0,1,...,N, ⋆ ⊂ (Rd × R × Rd)N+2. An algebraic
expression p involving the elements of S is said to be Gram-representable if
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it can be written using a finite number of linear operations involving only
the function values fi and scalar products of the form

⟨gi, gj⟩, ⟨gi, xj⟩, and ⟨xi, xj⟩, for all i, j ∈ 0,1, . . . , N,⋆.

Given a Gram-representable expression p on S = {(xi, fi, gi)}i=0,1,...,N,⋆,
we equivalently say S satisfies p, or the Gram representation of S, i.e., the
pair (F, G) as defined in (3.3), satisfies p.

Methods straightforwardly analyzable through SDP formulations en-
compasses a broad range of practical settings, including, e.g., (proximal/ac-
celerated/inexact) gradient descent on all function classes introduced in
Chapter 2, where the initial condition and performance measure may de-
pend on ∥x0 − x⋆∥2, ∥g0∥2 for g0 ∈ ∂ f (x0), or f (x0)− f (x⋆), with analogous
expressions involving xN , gN , and f (xN) in the performance criterion, see,
e.g., [THG17a]. In addition, variational inequalities on classical operator
classes also fit the PEP framework, see, e.g., [RTBG20].

Remark 3.1. Gram-representable expressions yield PEP formulations that
are dimension-independent, and convex. PEP formulations can also be
written with respect to non Gram-representable expressions, but solving
such formulations may be less efficient.

3.3 A potential functions approach to performance analysis

This section briefly reviews an alternative to the PEP framework for the au-
tomated analysis of optimization algorithms, i.e, the automated construc-
tion of potential (or Lyapunov) functions.

This line of work was first introduced via the Integral Quadratic Con-
straints (IQC) framework [LRP16], which automatically computes the best
linear convergence rate of a given method, i.e., the smallest ρ such that the
error decreases like O(ρN) with N the number of iterations, by construct-
ing quadratic Lyapunov functions that decrease over a single iteration.
The framework was later extended to certify sublinear convergence rates
in [HL17], i.e., smaller than linear rates. However, the resulting guarantees
are inherently non-tight, as the IQC approach does not rely on interpola-
tion conditions to describe function classes. In contrast, a methodology for
certifying exact (sub)linear convergence using potential functions, merging
the IQC and the PEP approach, has been developed in [TVSL18, TB19], and
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further studied in, e.g., [ULG25, MTB23].
Given a pre-specified structure for a quadratic potential function, the

methodology consists in optimizing the function’s coefficients to yield the
tightest possible convergence guarantee. For linear convergence, analyz-
ing a single iteration is sufficient; for sublinear rates, multiple iterations
must be considered simultaneously.

Compared to the PEP approach, this potential function-based method
is more computationally and algebraically tractable. Moreover, it provides
guarantees that hold for all time horizons, rather than for a fixed num-
ber of iterations N. However, it requires an initial guess for the potential
function’ structure and typically yields looser bounds than PEP for a given
iteration count.

3.4 Other applications to computer-aided analysis

Computer-aided methods, aside from analyzing existing methods, can also
be relied upon to (i) obtain lower bounds on the oracle complexity of first-
order minimization of given problem classes [Dro17, DS20], and (ii) design
new optimal (or efficient, given the level of relaxation introduced in the
procedure) methods [BTB22, DT20, DGVPR24, KF16, KF21, Kim21, TD23,
CHVSL18, VSFL17, DT16].

3.5 State of the art in computer-aided performance analysis

Since their introduction, computer-aided approaches to performance anal-
ysis have been used to analyze a wide range of optimization settings, which
we briefly summarize. For further references, see, e.g., [Tay24, Bar21, Col24,
Abb24].

The first problems analyzed using computer-aided techniques are de-
terministic first-order methods with fixed stepsizes (possibly time-varying),
on Gram-representable problem classes. These include, e.g., the gradi-
ent method (and subgradient method) on various function classes [DT14,
THG17c, Gri24, RGP24, AdKZ23a, TB19, GTD22, GEIGM22, ZG23], prox-
imal gradient methods [THG18, KJH24], the difference-of-convex method
[AdKZ24], the Alternating Direction Method of Multipliers [ZAdK24], Breg-
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man gradient methods [DTdB22], the Chambolle-Pock method [BHG24],
the heavy-ball method [GTD23], compressed gradient methods [TTD25],
coordinate descent methods [SL17, AdKZ23b, KHG23, TB19], distributed
methods [CH23], and variational and inclusion problems [RTBG20, LYR25,
Lie21, GY20, GY24, GLG22, GTG22, GTHG23].

Beyond this setting, some extensions of computer-aided approaches in-
clude the analysis of:

• Adaptive first-order methods, by relaxing the conditions encoding the
adaptive steps [DKGT17] or exactly analyzing the Polyak-stepsize
scheme [BTd20].

• Non-convex PEP formulations, i.e., PEPs which do not admit a SDP re-
formulation, due, e.g., to constraints that are not Gram-representable,
see, e.g., [RTBG20, DGFST24, DGVPR24].

• Second-order methods [DKGT20, Hil21]. Precisely, [DKGT20] used the
PEP framework to analyze a single iteration of Newton’s method
(NM) on the class of self-concordant functions, see, (7.2), as intro-
duced in [NN94]. The analysis, however, is based a non-exact dis-
crete representation of self-concordant functions, and is inherently
restricted to the analysis of a single iteration as it relies on the use of
a metric related to the starting iterate. Then, [Hil21, IH24] used tools
from the IQC approach to tightly analyze the same setting. Exten-
sions of computer-aided analyses to second-order optimization will
be further discussed in Chapter 7.

• Inexact first-order methods, where evaluations of the gradient are cor-
rupted by a deterministic perturbation, see, e.g., [DKGT20, Gan22,
HSL21, VG24, THG17a, BTB22]. This straightforward extension sim-
ply requires adding the perturbations as additional variables to the
PEP, which then computes the worst possible perturbations under
given assumptions.

• Stochastic first-order methods as (SGD). In settings where the noise
on the gradient follows a finite-support distribution, e.g., in the finite-
sum and the block-coordinate settings, a first approach, yielding ex-
act guarantees, consists in enumerating all scenarios and optimiz-
ing the average-case performance, as done, e.g., in [TB19, KHG23,
CKPG25, HSR17]. Another approach consists in incorporating expec-
tations of stochastic quantities, e.g., E[ f (xi)] for i = 0, . . . , N, directly
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as variables in the associated SDPs, subject to necessary constraints
imposed by the stochastic setting, see, e.g., [AdKZ23b, DS20]. Fi-
nally, [VSL21] analyzed stochastic methods by theoretically linking
deterministic SDP solutions to robustness and convergence guaran-
tees, and leveraging these SDPs to analyze or design methods. Ex-
tension of computer-aided analyses to stochastic optimization will
be further discussed in Chapter 8.

Performance Estimation software The formulation and resolution of PEP
formulations, under their SDP representation, is implemented in Matlab
and Python toolboxes: PESTO [THG17b] and PEPit [GMG+22].
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PART I
An algebraic approach to

function and operator
interpolation



4
A constraint-based approach
to interpolation, and weakly

convex optimization.

THis chapter presents a constraint-based approach to interpolation.
As discussed in Chapter 2, interpolation conditions are typically
derived from given classes of functions or operators, as sets of con-

straints imposed on finite datasets to ensure their consistency with an ele-
ment of the class. This perspective relies on the analytical properties of the
function or operator classes.

The proposed constraint-based approach builds on the observation that,
for most function classes, interpolation conditions characterize the class it-
self when imposed everywhere. This insight shifts the focus to the con-
straints p as the primary objects of study. Relying on the algebraic prop-
erties of p, we can determine: (i) whether the class they define when im-
posed everywhere is meaningful, in the sense that it encompasses non-
trivial functions or operators, and (ii) whether these constraints constitute
interpolation conditions for these classes, i.e., whether any function or op-
erator satisfying them on a finite domain can be extended to the entire
domain in a way that still satisfies p.

To assess this second property, we introduce the notion of pointwise ex-
tensibility. This concept captures whether a constraint permits consistent
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extension to any additional point, rather than to the whole domain at once,
and is therefore easier to verify than interpolability. Under suitable reg-
ularity conditions, the two notions turn out to be equivalent. Pointwise
extensibility thus allows for an algebraic assessment of interpolability.

The chapter is structured as follows. Section 4.2 presents the constraint-
based approach, and Section 4.3 formalizes the notion of pointwise exten-
sibility. Then, Section 4.4 uses pointwise extensibility to derive counterex-
amples to the interpolability of classically used constraints, and Section
4.5 relies on this notion to obtain interpolation conditions for a class of
non-convex non-smooth functions, that of weakly convex functions with
bounded subgradient. Finally, Section 4.6 illustrates the constraint-based
approach, by exhaustively analyzing a class of constraints and retaining
those that are both meaningful and interpolable.

Notation This chapter considers non-convex functions, and specifically,
weakly convex functions f , that is, functions such that, for some µ ⩾ 0, f +
µ
2 ∥ · ∥2 is convex. For non-convex functions, the notion of a subgradient as
introduced in (2.2) is not well defined. Hence, given a function f : Rd → R,
we introduce the notion of regular subgradient vx ∈ Rd of f at x [RWW09,
Chapter 8, Equation (3)], as vectors satisfying, for all y ∈ Rd,

f (y)⩾ f (x) + ⟨vx,y − x⟩+ ω(∥x − y∥), (4.1)

where the ω(t) notation refers to any term satisfying limt→0
ω(t)

t = 0. The
set of regular subgradients of f at x constitute the regular subdifferential
of f at x. For f convex, the regular subdifferential reduces to the subdif-
ferential [RWW09, Proposition 8.12]. By an abuse of notation, throughout
this chapter, we denote the regular differential of f at x by ∂ f (x), and refer
to its regular subgradients as its subgradients.

4.1 Codes.

Codes for reproducing and verifying technical parts of this chapter can be
found at

https://github.com/AnneRubbens/Func_Interp_Code/tree/main.
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4.2 A constraint-based approach to interpolation

This section introduces the constraint-based approach to interpolation by
(i) defining, from given constraints, associated function classes, and (ii)
presenting the properties of constraints we are interested in.

We consider function (resp. operator) classes characterized by proper-
ties that can be translated into a set of algebraic inequalities involving a
finite number of points, and evaluations of a function f and its derivatives
(resp. operator Q). Formally, let X ⊆ Rd and

F : X ⇒ RD,

a possibly set-valued mapping. We consider constraints

p : (Rd × RD)m → Rℓ, ℓ ∈ N,

and say F satisfies p at some tuple (x1, . . . , xm) in Xm if

p((x1, Fx1), . . . , (xm, Fxm))⩽ 0,

for all Fxi ∈ F(xi), i ∈ [m], where the inequality is to be taken elementwise
for ℓ⩾ 2.

Mapping classes The proposed constraint-based approach to interpola-
tion stems from the observation that any such algebraic constraint p de-
fines a class of mappings over X ⊆ Rd, simply by requiring the constraint
to hold at all m-tuples in X .

Definition 4.1 (Mapping classes). Given a constraint p : (Rd ×RD)m → Rℓ

and X ⊆ Rd, a mapping class defined by p on X consists in all mappings
F satisfying p on X , i.e.,

Fp(X ) :=
{

F : X ⇒ RD : p((x1, Fx1), . . . , (xm, Fxm))⩽ 0,∀Fxi ∈ F(xi), i ∈ [m],

and for all tuples (x1, . . . , xm) in Xm
}

.
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Example: L-smooth convex functions

Let D = 1 + d, m = 2, ℓ = 1, and X = Rd. Consider single-valued
mappings

F : Rd → R × Rd : x → F(x) = ( f (x), g(x)),

and the pairwise constraint p′0,L : (Rd × R × Rd)→ R2:

p′0,L
(
(x, f (x), g(x)), (y, f (y), g(y)

)
⩽ 0 (4.2)

⇔
{

f (y)⩾ f (x) + ⟨g(x),y − x⟩
f (y)⩽ f (x) + ⟨g(x),y − x⟩+ L

2 ∥x − y∥2.

Then,

Fp′0,L
(Rd) =

{
( f , g) : Rd → R1+d∣∣{

f (y)⩾ f (x) + ⟨g(x),y − x⟩
f (y)⩽ f (x) + ⟨g(x),y − x⟩+ L

2 ∥x − y∥2
∀x,y ∈ Rd

}
,

is the class of L-smooth convex functions on Rd, where g(x) =∇ f (x).

For constraints p characterizing differentiable function classes when
imposed everywhere, e.g., (4.2), Fp(Rd) exactly describes the classically
defined associated function class, e.g., Fp′0,L

(Rd) encompasses all convex
L-smooth functions defined everywhere. Constraints p characterizing non-
differentiable function classes when imposed everywhere, however, re-
quire the introduction of a technical subtlety to match classical function
classes. Indeed, as such, Fp(Rd) encompasses all functions satisfying p
on the whole domain, for at least one element in their subdifferential, by con-
trast with classically defined function classes, requiring satisfaction of p
for all elements in the subdifferential. To close the gap between Fp(Rd)

and classically defined function classes, we introduce the notion of maxi-
mal elements in Fp(X ), as mappings F ∈ Fp(X ) for which there exists no
proper extension in Fp(X ), and thus satisfy p for all subgradients in their
subdifferential.
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Definition 4.2 (Class of maximal elements in Fp(X )). Let p : (Rd ×RD)m →
Rℓ, and X ⊆ Rd. We let

Fm
p (X ) := {F : X ⇒ RD∣∣ F ∈ Fp(X ), (4.3)

̸ ∃F̄ ∈ Fp(X ) s.t. Graph (F) ⊂ Graph (F̄)},

where Graph F := {(x, Fx) ∈ X × RD
∣∣ Fx ∈ F(x)} is the graph of F.

We denote by Fm
p (X ) the class of maximal functions in Fp(X ). By

Zorn’s Lemma, see, e.g., [Rud87, Theorem 4.21], any mapping F ∈ Fp(X )

admits an extension F̄ ∈Fm
p (X ), hence from an interpolation point of view

considering one or another set is equivalent.

Proposition 4.1. Let p : (Rd × RD)m → Rℓ, and X ⊆ Rd. Given any F ∈
Fp(X ), there exists some F̄ ∈ Fm

p (X ) such that

Graph (F) ⊆ Graph (F̄).

Proof. The proof follows the same lines as that of [BC17, Theorem 20.21],
treating maximally monotone operators. Let P = {H ∈ Fp(X )

∣∣ Graph F̄ ⊆
Graph H}, which is non-empty, along with the partial order on P .

(H1 ≼ H2)⇔ Graph H1 ⊆ Graph H2, ∀H1, H2 ∈ P .

Given any chain C in P , let H̄ be defined as

Graph H̄ = ∪H∈C Graph H.

Then H̄ ∈ P , and H̄ is an upper bound for C. Hence, Zorn’s lemma guar-
antees the existence of a maximal element h ∈ P , which extends F̄ by defi-
nition of P , and cannot be extended since maximal in P .

Example: convex functions

Let D = 1 + d, m = 2, ℓ = 1, and X = Rd. Consider set-valued map-
pings

F : Rd ⇒ R × Rd : x → F(x) = ( f (x), g(x)),
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and the pairwise constraint p0,∞ : (Rd × R × Rd)→ R:

p
(
(x, f (x), gx), (y, f (y), gy

)
= − f (y) + f (x) + ⟨gx,y − x⟩. (p0,∞)

Then,

Fm
p0,∞

(Rd) = {( f , g) : Rd → R1+d∣∣
f (x)⩾ f (y) + ⟨gx,y − x⟩, ∀x,y ∈ dom f ,∀gx ∈ g(x)}

is the class of convex finite-valued, i.e., dom f = Rd, functions on Rd,
where g(x) = ∂ f (x).

We now describe properties of constraints we are interested in, that is,
they should be interpolation conditions, and the class they characterize
when imposed everywhere should be meaningful.

Interpolation conditions. Let X ⊂ X̄ ⊆ Rd, where X̄ is convex, and p a
constraint. Trivially, any mapping F̄ satisfying p on X̄ can be restricted to
a mapping F satisfying p on X . However, the contrary is not necessarily
true, as some mappings F satisfying p on X may not admit an extension
to X̄ , in a way as to still satisfying p, see, e.g., the example of smooth
convex functions introduced in Chapter 2, or in [THG17c, Figure 1]. We are
interested in constraints p for which such an extension is always possible,
referred to as interpolable constraints, or interpolation conditions for Fp(X̄ )

(or Fm
p (X̄ )). Interpolation conditions for a class F were already defined

in Definition 2.6, as necessary and sufficient conditions to impose on any
finite set to ensure its consistency with an element in F . However, we
propose a slightly different definition, which considers interpolability as
an algebraic property of a given constraint.

Definition 4.3 (Interpolable constraint). Let X̄ ⊆ Rd convex. We say a con-
straint p is interpolable, or is an interpolation condition for Fp(X̄ ) (resp.
Fm

p (X̄ )) if

∀ finite X ⊂ X̄ , ∀F ∈ Fp(X ), ∃F̄ ∈ Fp(X̄ ) (resp. Fm
p (X̄ ))

s.t. F(x) = F̄(x) ∀x ∈ X .

If p satisfies Definition 2.6, then p is an interpolation constraint for the
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class it defines, in the sense of Definition 4.3.

Proposition 4.2. Let F be a function or operator class, and p be an interpolation
condition for F , in the sense of Definition 2.6. Then p is an interpolation condition
in the sense of Definition 4.3 for Fp(Rd).

Proof. First, we show F ⊆ Fp(Rd). Consider any F ∈ F , and suppose that,
at some m-tuple in Rd, F does not satisfy p. Then, by interpolability of p,
there exists no function in F interpolating this tuple, contradicting F ∈ F .
Hence, F ∈ Fp(Rd). In addition, consider any finite X = {xi}i∈[N] ⊂ Rd,
and any F ∈ Fp(X ). Since S = {(xi, Fi)}i∈[N] satisfies p, it is interpolable
by some F̄ ∈ F ⊆ Fp(Rd). Hence, there exists some F̄ ∈ Fp(Rd) such that
F(x) = F̄(x), ∀x ∈ X , which concludes the proof.

The other direction does not hold: consider for instance the trivial con-
straint p = 0. This constraint is an interpolation constraint as in Definitions
4.3 and 2.6, but not necessarily for the same function classes. Indeed, p is an
interpolation constraint as in Definition 4.3 for the class Fp(Rd) containing
all mappings, and an interpolation constraint as in Definition 2.6 for the
class F of continuous functions, since any finite dataset is consistent with
a continuous function.

Function classes and differentially consistent constraints We are inter-
ested in constraints that, in addition to being interpolation constraints, de-
fine non-trivial mapping classes. In particular, suppose a constraint p is
meant to describe a function class, by involving function values and first-
order derivatives, e.g., (4.2) or (p0,∞). Mappings of interest then take the
form F : X ⇒ R1+d : x ⇒ ( f (x), g(x)) ∈ R × Rd. While meant to satisfy
g(x) ∈ ∂ f (x), the mappings g(x) and f (x) are a priori unrelated, other than
satisfying a certain algebraic relationship. We seek constraints whose sat-
isfaction everywhere implies g(x) ∈ ∂ f (x), ∀x ∈ Rd, referred to as differen-
tially consistent.

Definition 4.4 (Differentially consistent constraint). A constraint p : (Rd ×
R × Rd) → Rℓ differentially consistent if, given any F : Rd ⇒ R1+d : x ⇒
( f (x), g(x)), F ∈ Fm

p (Rd) implies

g(x) = ∂ f (x), ∀x ∈ Rd.

For instance, given the definition (4.1) of a subgradient, a pairwise (m =

2) constraint p is differentially consistent if satisfaction of p at some pair
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(
(xi, fi, gi), (xj, f j, gj)

)
∈ (Rd × R × Rd))2 implies

f j ⩾ fi + ⟨gi, xj − xi⟩+ ω(∥xi − xj∥). (4.4)

Example: convex functions

Consider the constraint (p0,∞), characterizing convex functions. It
holds that (p0,∞) is differentially consistent since its satisfaction at(
(xi, fi, gi), (xj, f j, gj)

)
implies f j ⩾ fi + ⟨gi, xj − xi⟩, hence (4.4).

Example 4.1. The trivial pairwise constraint p((xi, fi, gi), (xj, f j, gj)) = 0 is
not differentially consistent since satisfied by all mappings F on Rd, e.g.,
by f (x) = 0, g(x) = x,∀x ∈ Rd, which do not satisfy g(x) = ∂ f (x).

Section 4.2 introduced the proposed algebraic approach to interpola-
bility in a general context. For the sake of readability, we now introduce
lighter notation related to the cases we analyze in what follows.

Compact notation for constraints characterizing function classes Con-
sider a constraint p : (Rd × R × Rd)m → Rℓ characterizing a first-order
function class, i.e., via evaluations of function and (sub)gradient values,
and some finite set X ⊂ Rd, along with a mapping F = ( f , g) ∈ Fp(X ).
We denote by S = {(xi, fi, gi)}i∈[N] ⊂ (Rd × R × Rd)N the combination of
all points in X and their associated values under F. That is, if g is multi-
valued, S may include multiple entries with the same xi, associated to dif-
ferent values of gi.

When considering operator classes, mappings of interest take the form
F : Rd → Rd : x → Q(x), and in this case we denote by S = {(xi,qi)}i∈[N] the
dataset to be extended, where again a multivalued mapping is accounted
for by letting several points in S be equal, with different associated qi’s. To
avoid notation clashes, we refer to properties of operators using the letter
q instead of p.

We denote with a superscript the points at which p is evaluated, e.g.,
for a pairwise constraint (m = 2),

pxy = p
(
(x, fx, gx), (y, fy, gy

)
, for some ( fx, gx) ∈ F(x), ( fy, gy) ∈ F(y),
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or
pij = p

(
(xi, fi, gi), (xj, f j, gj)

)
,

and we say S satisfies p if pij ⩽ 0 for all i, j ∈ [N]. Finally, we denote 2-wise
by pairwise, 3-wise by terwise, etc.

Infinite-valued function classes Throughout, to avoid additional techni-
cal difficulties, we restrict attention to finite-valued functions. In principle,
one could explicitly allow function classes whose elements are defined on
Rd, but take finite values only on an effective domain X̄ ⊆ Rd.

Suppose first this effective domain to be predetermined, e.g., consider
the class of functions defined everywhere, but finite-valued and satisfying
a constraint p on a given set X̄ only. Definition 4.3 enables the analysis
of such functions straightforwardly, since extending elements in Fp(X̄ ) to
functions satisfying p on their effective domain X̄ , and infinite outside of
X̄ is straightforward. To tackle this case, it thus suffices to slightly modify
Definition 4.1 to account for this notion of effective domain.

On the other hand, classical function classes as the class of convex func-
tions, require the existence of such an effective domain rather than predefin-
ing it. A first approach to tackle this case would be to slightly modify
Definition 4.3, so as to allow X̄ to depend on X , e.g., to be its convex hull
[RWW09, Chapter 2.E]. A second approach matching these classical classes
would be to introduce the mapping family

Fm,∞
p (Rd) :=

{
F : Rd ⇒ R̄D ∪ ∅

∣∣ ∃X̄ ⊆ Rd convex s.t. F|X̄ ∈ Fm
p (X̄ ) and

F(x) = (+∞,∅), x ∈ Rd \ X̄
}

, (4.5)

where F|X̄ denotes the restriction of F to X̄ , and requiring extension to
Fm,∞

p (Rd) instead of Fm
p (Rd).

4.3 Pointwise extensibility

Based on Definition 4.3, a constraint p is an interpolation constraint for
Fp(Rd) if any mapping satisfying p on a finite domain admits an extension
satisfying p on Rd. We now introduce the weaker notion of a pointwise
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extensible constraint, based on the idea of extending a mapping satisfying a
constraint p on a finite set to just one (arbitrary) point, in the spirit of what
is done in, e.g., [AM17a, Gru09] with respect to potentially infinite sets.
Verifying pointwise extensibility of a constraint can be done algebraically,
and we show in Theorem 4.1, under regularity assumptions, that pointwise
extensible and interpolation constraints are equivalent.

Definition 4.5 (Pointwise extensible constraint). Let X̄ ⊆ Rd convex. We
say a constraint p is pointwise extensible on X̄ if

∀ finite X ⊂ Rd,∀z ∈ X̄ , ∀F ∈ Fp(X ), ∃F̄ ∈ Fp(X ∪ z)

s.t. F(x) = F̄(x) ∀x ∈ X .

Example: convex functions

Consider the constraint (p0,∞), characterizing convex functions. For
some N ∈ N, consider S = {(xi, fi, gi)}i∈[N], where S satisfies p0,∞.
Given any z ∈ Rd, let

i⋆ = argmax
i∈[N]

fi + ⟨gi, x − xi⟩, fz = fi⋆ + ⟨gi⋆ , x − xi⋆⟩ and gz = gi⋆ .

By definition of i⋆, fz ⩾ fi + ⟨gi, x − xi⟩ ∀i ∈ [N]. In addition, since
pji⋆

0,∞ ⩾ 0,

f j ⩾ fi⋆ + ⟨gi⋆ , xj − xi⋆⟩ = fz + ⟨gz, xj − x⟩ ∀j ∈ [N].

Hence, these fz and gz extend p0,∞ to z and p0,∞ is pointwise extensi-
ble on Rd.

Under some regularity assumptions, pointwise extensible and interpo-
lable constraints are equivalent. By definition, the first implication holds.

Proposition 4.3 (From interpolability to pointwise extensibility). Let X̄ ⊆
Rd convex, and a constraint p. If p is an interpolation constraint for Fp(X̄ ), (or
Fm

p (X̄ )), then p is pointwise extensible on X̄ .

Proposition (4.3) allows deriving proofs of non-interpolability of a con-
straint p, see Section 4.4 for an illustration. The converse of Proposition
4.3 holds under additional technical conditions. Indeed, pointwise exten-
sibility allows iteratively extending any F ∈ Fp(X ) to the rationals, i.e., to
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some F̄ ∈ Fp(Qd). Then, one can extend F̄ to Rd, taking its limit on Qd,
provided (i) such a limit exists, and (ii) p is continuous, hence still satisfied
at the limit. We formalize these requirements by introducing the notion
of regular extensibility, before providing sufficient conditions for regular
extensibility of a constraint describing first-order function classes.

Definition 4.6 (Regularly extensible constraint).
Let X̄ ⊆ Rd convex. We say a constraint p is regularly extensible on X̄ if

1. p is continuous.

2. Given a finite set X ⊆ X̄ , Qd ∩ X̄ the set of rationals in X̄ , and F ∈
Fp(X ),

∃F̄ ∈ Fp((Q
d ∩ X̄ ) ∪ X ) : F(x) = F̄(x), x ∈ X ,

such that alongside any Cauchy sequence (xk)⊂ Qd ∩ X̄ , there exists
a convergent subsequence in (F̄(xk)).

Lemma 4.1 (Sufficient conditions for regular extensibility). Let X̄ ⊆ Rd con-
vex, and p : (Rd × R × Rd)2 → Rℓ a pairwise continuous, differentially consis-
tent, pointwise extensible constraint. If any of the following conditions hold:

• Given {(xi, fi, gi), (xi, fi, gi)} ∈ (Rd × R × Rd)2, satisfaction of pij and
pji implies

∥gi − gj∥⩽ ω(∥xi − xj∥); (4.6)

• Given {(xi, fi, gi), (xi, fi, gi)} ∈ (Rd × R × Rd)2, satisfaction of pij and
pji implies

∥gi∥⩽ A∥gj∥+ B, where A, B < +∞, or; (4.7)

• Given any finite X ⊂ X̄ and z ∈ X̄ , ∀F = ( f , g) ∈ Fp(X ),

∃F̄ ∈ Fp(X ∪ z) (4.8)

s.t.

F(x) = F̄(x) ∀x ∈ X
F̄(z) = ( f̄ (z), ḡ(z)) satisfies ∥ḡ(z)∥⩽ max

xi∈X , gi∈g(xi)
∥gi∥;

then p is regularly extensible on X̄ .
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Proof. We show existence of some F̄ = ( f̄ , ḡ) ∈ Fp((Qd ∩ X̄ )∪X ) : F(x) =
F̄(x), x ∈ X , such that alongside any Cauchy sequence (xk) ⊂ Qd ∩ X̄ , it
holds that (i) (ḡ(xk)) is bounded, hence contains a convergent subsequence
[BS00, 3.4.8], and (ii) ( f̄ (xk)) is a Cauchy sequence, hence a convergent
sequence [BS00, 3.5.5].

Suppose first (4.6) or (4.7) is satisfied. By countability of Qd ∩ X̄ and
pointwise extensibility of p, F can be iteratively extended to Qd ∩ X̄ ∪ X
in a way as to satisfy p. Denote by F̄ ∈ Fp((Qd ∩ X̄ ) ∪ X ) this extension
of F, and consider any Cauchy sequence (xk) ⊂ Qd ∩ X̄ . Suppose (4.6)
is satisfied. Alongside (xk), since Lipschitz continuity preserves Cauchy
sequences, see, e.g., [BS00, Theorem 5.4.7], ḡ(xk) is a Cauchy sequence,
hence bounded [BS00, 3.4.8]. On the other hand, if (4.7) is satisfied, then

∥ḡ(xk)∥⩽ min
xi∈X , gi∈g(xi)

A∥gj∥+ B < +∞, ∀k,

hence (ḡ(xk)) is bounded by some M < +∞.
Suppose now p satisfies (4.8). By countability of Qd and pointwise ex-

tensibility of p, F can be iteratively extended to (Qd ∩ X̄ ) ∪ X in a way as
to satisfy p, and ḡ(x) ⩽ maxxi∈X , gi∈g(xi)

∥gi∥, at all x ∈ Qd ∩ X̄ . Denote
by F̄ ∈ Fp(Qd ∩ X̄ ∪ X ) this extension of F, and consider any Cauchy se-
quence (xk) ⊂ Qd. Alongside this sequence,

∥ḡ(xk)∥⩽ max
xi∈X , gi∈g(xi)

∥gi∥ ∀k,

hence (ḡ(xk)) is bounded by some M < +∞.
We now show that ( f̄ (xk)) is a Cauchy sequence. Indeed, since p is

differentially consistent, satisfaction of p at any pair (yi,yj) ∈ X̄ implies
satisfaction of (4.4) at (yi,yj) and (yj,yi), i.e.,{

f̄ (yi)− f̄ (yj) ⩾ ⟨ḡ(yj),yi − yj⟩+ ω(∥yi − yj∥)
f̄ (yi)− f̄ (yj) ⩽ ⟨ḡ(yi),yi − yj⟩ − ω(∥yi − yj∥)

⇔
{

f̄ (yi)− f̄ (yj) ⩾−∥ḡ(yj)∥∥yi − yj∥+ ω(∥yi − yj∥)
f̄ (yi)− f̄ (yj) ⩽ ∥ḡ(yi)∥∥yi − yj∥ − ω(∥yi − yj∥)

⇔| f̄ (yi)− f̄ (yj)|⩽ M∥yi − yj∥+ |ω(∥yi − yj∥)|.

By definition of ω(·), ∀ε > 0, ∃δ1 ⩾ 0 : |t|⩽ δ1 ⇒ |ω(|t|)|⩽ ε|t|. Hence, for
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any ε > 0, let δ = min{ ε
M+ε ,δ1}. Then,

If ∥yi − yj∥⩽ δ, then | f̄ (yi)− f̄ (yj)| ⩽
δ⩽δ1

(M + ε)δ ⩽
δ⩽ ε

M+ε

ε.

Hence, since (yj)j=1,2,··· is a Cauchy sequence, so is ( f̄ (yj))i=1,2,···.

For instance, by Example 4.3, the characterization (p0,∞) of convex func-
tions is regularly extensible. We now show that regular pointwise extensi-
ble constraints are interpolable.

Theorem 4.1 (From pointwise extensibility to interpolability)

Let X̄ ⊆ Rd convex. If p is a regular pointwise extensible constraint on
X̄ , then p is an interpolation constraint for Fp(X̄ ) and Fm

p (X̄ ).

Proof. Let N ∈ N, X = {xi}i∈[N] ⊂ Rd and F ∈ Fp(X ). We construct F̄ ∈
Fp(Rd) satisfying F(xi) = F̄(xi), ∀i ∈ [N]. For every x ∈X , set F̄(x) = F(x).
Then, we extend F̄ to the rationals in X̄ as follows. By regular pointwise
extensibility of p, there exists a mapping F̄ ∈ Fp((Qd ∩ X̄ )∪X ), satisfying
F(xi) = F̄(xi), ∀i ∈ [N], and containing a convergence subsequence along-
side any Cauchy sequence (yj). For each remaining x ∈ X̄ \ Qd ∩ X̄ , since
Qd ∩ X̄ is dense in X̄ , there exists a sequence of rationals (yj) converging to
x. Alongside this sequence, consider F̄(yj), containing a subsequence con-
verging to some F̄, by regular extensibility of p. Set F̄(x) = F̄. By continuity
of p, F̄(x) extends p to x. Hence, F can be extended to some F̄(x) ∈ Fp(X̄ ).
Extension to Fm

p (X ) follows from Proposition 4.1.

We now use the notions introduced in Sections 4.2 and 4.3, to alge-
braically assess interpolability of given constraints, both to obtain coun-
terexamples to their interpolability, or establish their interpolability.

4.4 Proving non-interpolability of a constraint

This section builds on pointwise extensibility (Definition 4.5), to develop a
heuristic computing counterexamples to a constraint’s interpolability, when
such counterexamples exist.
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Let X̄ ⊆ Rd convex. By Proposition 4.3, to obtain a counterexample to
the interpolability of a constraint p for Fp(X̄ ), it suffices to exhibit some
X ⊂ Rd, and F ∈ Fp(X ), together with a point z ∈ X̄ at which p cannot be
extended. Given F and z, verifying whether such an extension is possible
reduces to solving an optimization problem.

Lemma 4.2 (Counterexamples to interpolability). Let X̄ ⊂ Rd convex, and
X ⊂ X̄ finite. Consider a constraint p : (Rd × RD)m → Rℓ, F ∈ Fp(X ), and
z ∈ X̄ . Let

τ⋆ := min
τ∈R,

Fz∈RD

{
τ s.t. p

(
π((x1, Fx1), . . . , (xm−1, Fxm−1), (z, Fz))

)
⩽ τ, (4.9)

∀(x1, x2, . . . , xm−1) ∈ Xm−1, ∀Fxi ∈ F(xi), i ∈ [m − 1],

and for all permutation π

}
.

Then, F admits an extension satisfying p at z if and only if τ⋆ ⩽ 0.

Proof. Constraint p can be extended at z if there exists some Fz such that

F̄ : X ∪ z ⇒ RD :

{
F̄(x) = F(x) x ∈ X ,

F̄(z) = Fz,

belongs to Fp(X ∪ z), i.e., such that

p
(
(x1, F̄x1), . . . , (xm, F̄xm)

)
⩽ 0 ∀ tuple in (X ∪ z)m, ∀F̄xi ∈ F̄(xi), i ∈ [m].

Problem (4.9) computes the smallest relaxation τ needed to satisfy all these
inequalities. If τ⋆ ⩽ 0, an extension exists.

Example: convex functions

Consider the constraint (p0,∞), characterizing convex functions, S =

{(xi, fi, gi)}i=1,2 satisfying (p0,∞), and X̄ = Rd. Then, (4.9) becomes

τ⋆ := min
τ∈R,

fz∈R, gz∈Rd

{
τ s.t. − fz + fi + ⟨gi,z − xi⟩⩽ τ, i = 1,2

− fi + fz + ⟨gz, xi − z⟩⩽ τ, i = 1,2
}

.
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By pointwise extensibility of (p0,∞), τ⋆ ⩽ 0 for all S.

Whenever τ⋆, the solution to (4.9), is positive, F and z provide a coun-
terexample to the interpolability of p. Thus, for a given cardinality K, one
can search for such a counterexample by identifying the "hardest" z, X ⊂ X̄
of cardinality K and F ∈ Fp(X ), i.e., those maximizing τ⋆. In particular, let

τ⋆(K) := max
z∈X̄

X⊂X̄ :|X |=K
F∈Fp(X )

min
τ∈R,

Fz∈RD

τ (4.10)

s.t. p
(
π((x1, Fx1), . . . , (xm−1, Fxm−1), (z, Fz))

)
⩽ τ, (4.11)

∀(x1, x2, . . . , xm−1) ∈ Xm−1,

∀Fxi ∈ F(xi), i ∈ [m − 1], and for all permutation π.

Then, p is a pointwise extensible constraint if and only if τ⋆(K)⩽ 0, ∀K ∈N.
Lemma 4.2, in a second step, can also be relied upon to strengthen con-

straints p that are not interpolable, that is to obtain a constraint p̃ equiva-
lent to p when imposed everywhere, but satisfied by fewer mappings than
p on subsets of Rd, see Chapter 5. In general, (4.10) is not directly solv-
able due to its non-convexity and the combinatorial nature of the search
over X and F ∈ Fp(X ). To address this, we use a heuristic that iteratively
constructs such X and F maximizing the solution to (4.9), see the code ref-
erenced in Section 4.1 for implementation details. This heuristic, which
does not solve (4.10) exactly, does not provide guarantees of interpolability
in the absence of a counterexample. However, as illustrated in Table 4.1, it
effectively obtained such counterexamples for several classical character-
izations of function classes that have sparked interest in the optimization
community, that is,

• Weakly convex functions with bounded subgradients [Nur74, Nur73],
with minimum f⋆, classically characterized, for some µ, B ⩾ 0, by

px,y
−µ,B ⩽ 0 ⇔


f (y)⩾ f (x) + ⟨gx,y − x⟩ − µ

2 ∥x − y∥2,

∥gx∥⩽ B,

f (x)⩾ f⋆,

(p−µ,B)

that holds ∀x,y ∈ Rd, and ∀gx ∈ ∂ f (x). This function class is mo-
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tivated in Section 4.5. In addition, interpolation conditions for this
class are derived in Theorem 4.2.

• Smooth functions satisfying a Łojasiewicz condition [Loj63, BDL07],
with minimum f⋆, classically characterized, for some 0 ⩽ µ ⩽ L, by

p
′x,y
Łµ,L

⩽ 0 ⇔


f (x) ⩽ f (y) + ⟨∇ f (y), x − y⟩+ L

2 ∥x − y∥2,

f (x) ⩽ f⋆ +
∥g(x)∥2

2µ ,

f (x) ⩾ f⋆,

(p′Łµ,L
)

that holds ∀x,y ∈Rd. This function class is motivated in Section 5.5.1,
which also derives a strengthening of (p′Łµ,L

).

• Uniformly convex functions [Cla36, JN14a], classically characterized,
for some q ⩾ 2 and µ ⩾ 0, by

pxy
µ,q ⩽ 0 ⇔ f (x)⩾ f (y) + ⟨gy, x − y⟩+ µ

q ∥x − y∥q, (pµ,q)

that holds ∀x,y ∈ Rd, and ∀gx ∈ ∂ f (x). This function class is moti-
vated in Section 5.5.4, which also derives a strengthening of (pµ,q).

• Hölder smooth convex functions [Höl86, NY83], classically charac-
terized, for some α ∈ (0,1) and L ⩾ 0, by

pxy
L,α ⩽ 0 ⇔ f (x)⩽ f (y) + ⟨∇ f (y), x − y⟩+ L∥x − y∥α+1

α + 1
, (pL,α)

that holds ∀x,y ∈ Rd.

• Functions with M-Lipschitz continuous Hessian, characterized among
others via a cubic bound

| f (x)− f (y)− ⟨∇ f (y), x − y⟩ − 1
2 (x − y)T∇2 f (y)(x − y)|⩽ M

6 ∥x − y∥3,
(p∇2,M)

that holds ∀x,y ∈ Rd. This function class is motivated in Chapter 7,
which also derives interpolation conditions for this class in the uni-
variate case, see Theorem 7.4.
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Function class Counterexample

Weakly convex
functions
with bounded
subgradient

S =


0

0
B

 ,


2B
µ + 1

µ
2 − 2B

B


 , z = 2B

µ

Smooth functions
satisfying a
Łojasiewicz
condition

S =


0

0
0

 ,

1
L
2
L


 ,µ = L

2 , z = 0.5

Uniformly convex
functions

S =


0

0
0

 ,


2

µ2p

p
µ2p

p

 ,


1

µ(2p−1−1)
p

µ2p−1

p


 , z = 0.1

Holder smooth
functions

S =


0

0
0

 ,

 2
L(1 + 1

α )
α

L(1 + 1
α )

α

 ,

 1
L
2 (1 +

1
α )

α − L
α+1

L
2 (1 +

1
α )

α


 ,

z = 0.5

Functions with
Lipschitz Hessian

S =




0
0
0
0

 ,


1

−M
6

0
0


 , z = 0.5

Table 4.1 Function classes whose classical descriptions are not inter-
polable, and corresponding counterexamples. In the counterexamples,
S = {(xi, fi, gi)} for first-order functions, S = {(xi, fi, gi, hi)} for functions
with Lipschitz Hessians,where hi accounts for the second-order derivative
of f , and z is the new point at which extending p is infeasible. One can
verify these counterexamples using the code referenced in Section 4.1.

4.5 Weakly convex optimization

This section considers the class Fm
p−µ,B

(Rd) of weakly convex functions
with bounded subgradients. After motivating this function class, we de-
rive its interpolation conditions by relying (i) on a graphical intuition to
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propose a candidate interpolation constraint for Fm
p−µ,B

(Rd), and (ii) on
pointwise extensibility to prove interpolability of this candidate. We then
use these conditions to analyze the subgradient method (4.30) on Fm

p−µ,B
(Rd).

4.5.1 Motivation

While convex and/or L-smooth functions offer appealing theoretical guar-
antees, many real-world problems fall outside these classes, motivating
the study of broader properties. In the non-smooth non-convex setting,
the class of weakly convex functions emerges as particularly compelling,
as it balances the favorable properties of convex functions with broader
applicability. This class includes, for example, any composition

f (x) := h(c(x)),

where h is convex and Lipschitz continuous and c is smooth [DP19, Lemma
4.2]. Such compositions are widespread in applications; see, e.g., [DG19,
DD19] for formulations of robust principal component analysis, minimiza-
tion of conditional value-at-risk, robust phase retrieval, and covariance
matrix estimation. On the other hand, this class possesses convergence
guarantees (to stationary points only) and a continuous measure of station-
arity [Bur85, DP19], detailed in Section 4.5.5. Boundedness of the subgradi-
ents is added to weak convexity to guarantee the convergence of common
algorithms such as the subgradient method, which may diverge on weakly
convex functions alone, see, e.g., [BW21, DD19, DGVPR24, MJ20].

In addition, the subgradient method (4.30) on Fm
p−µ,B

(Rd) has been an-
alyzed both classically, see, e.g., [DD19], and in a computer-aided way
[DGVPR24], using the Gram-representable constraint (p−µ,B). As high-
lighted in Section 4.4, this constraint is however not interpolable, hence,
all results are a priori non-tight. This motivates the derivation of interpo-
lation conditions for Fm

p−µ,B
(Rd).

Remark 4.1. Interpolation conditions for Fm
p−µ,B

(Rd) can be retrieved from
interpolation conditions for the class of convex functions f satisfying

∥gx − µx∥⩽ B,∀x ∈ Rd, ∀gx ∈ ∂ f (x).

However, since we only resort to algebraic tools, analyzing either formu-
lation is equivalent. Hence, we consider Fm

p−µ,B
(Rd) for straightforward

comparison with [DDMP18, DGVPR24].
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4.5.2 Strenghtening of (p−µ,B)

Motivated by a graphical, one-dimensional intuition, we derive a candi-
date interpolation constraint for Fm

p−µ,B
(Rd). Let d = µ = B = 1, and S ={

(0, 0, 1), (3, − 3
2 , 1)

}
, satisfying (p−µ,B). As illustrated in Figure 4.1, S

cannot be interpolated by any function in Fm
p−µ,B

(Rd).

0 0.5 1 1.5 2 2.5 3

-2

-1.5

-1

-0.5

0

0.5

0 0.5 1 1.5 2 2.5 3

-2

-1.5

-1

-0.5

0

0.5

Fig. 4.1 Counterexample to the interpolability of (p−µ,B). On the left-
hand side figure, the set S = {(xi, fi, gi)}i=1,2 satisfies (p−µ,B), but can-
not be interpolated by a function in Fm

p−µ,B
(Rd). Indeed, the norm of the

gradient associated to the only weakly convex function interpolating S,
fmin(x) = − x2

2 + x, grows larger than allowed from the critical threshold
x = 2. On the right-hand side figure, the minimal function value allowed
for f2 ensures a bounded subgradient associated to the minimal weakly
function interpolating S.

To strengthen (p−µ,B), consider (p̃−µ,B).

p̃x,y
−µ,B ⩽ 0 ⇔


f (y)⩾ f (x) + ⟨gx,y − x⟩ − µ

2 ∥x − y∥2 + µ
2 ∥y − Cxy∥2

∥gx∥⩽ B,

f (x)⩾ f⋆
(p̃−µ,B)
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where Cxy is the projection of y onto B gx
µ +x, B

µ
:= {z ∈Rd : ∥µ(z− x)+ gx∥⩽

B}, i.e.,

Cxy = argmin
z∈B gx

µ +x, B
µ

∥z − y∥ (4.12)

=

{ gx
µ + x + B

µ
µ(y−x)−gx

∥µ(y−x)−gx∥ if ∥µ(y − x)− gx∥⩾ B,

y else.

As illustrated in Figure 4.1, (p̃−µ,B) strengthens (p−µ,B) by imposing the
minimal function value allowed for f j with respect to some (xi, fi, gi) to
always be compatible with a bounded subgradient. Observe that Cxy is the
critical treshold for interpolability on Figure 4.1. Whenever two points are
sufficiently close, e.g., any x2 ∈ (0,2] in Figure 4.1, then Cxy = y and (p̃−µ,B)
reduces to (p−µ,B). However, once this critical threshold Cxy is reached,
(p̃−µ,B) imposes a larger minimal function value.

Figure 4.2 illustrates the difference between the admissible regions al-
lowed by (p−µ,B) and (p̃−µ,B).

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-2

-1

0

1

2

3

4

5

6

7

8

Fig. 4.2 Given µ = B = 1, (x1, f1, g1) = (0,0,1), and x2 = 3, allowed region
for f2 as a function of g2, according to (p−µ,B) and (p̃−µ,B). Clearly, (p−µ,B)
is weaker than (p̃−µ,B) since satisfied by triplets that are not Fm

p−µ,B
(Rd)-

interpolable.
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4.5.3 Interpolation conditions for Fm
p−µ,B

(Rd)

This section formally proves that (p̃−µ,B), guessed from a graphical intu-
ition, is indeed an interpolation constraint for Fm

p−µ,B
(Rd).

Theorem 4.2 (Interpolation condition for Fm
p−µ,B

(Rd))

The constraint (p̃−µ,B) is an interpolation constraint for Fm
p̃−µ,B

(Rd) =

Fm
p−µ,B

(Rd).

We proceed to the proof of Theorem 4.2 by (i) proving that (p̃−µ,B) is
an interpolation constraint, using pointwise extensibility, and (ii) showing
that it characterizes the class of weakly convex functions with bounded
subgradients when imposed everywhere.

Proposition 4.4 (Interpolability of (p̃−µ,B)). The constraint (p̃−µ,B) is an in-
terpolation constraint for Fm

p̃−µ,B
(Rd).

Proof. Consider S = {(xi, fi, gi}i∈[N] satisfying p, and any z ∈ Rd. We seek
for some fz ∈ R, gz ∈ Rd extending S to z, that is

fz ⩾ fi + ⟨gi,z − xi⟩ −
µ

2
∥z − xi∥2 +

µ

2
∥z − Ci+∥2, ∀i ∈ [N] (4.13)

f j ⩾ fz + ⟨gz, xj − z⟩ − µ

2
∥z − xj∥2 +

µ

2
∥xj − C+j∥2 := f−j , ∀j ∈ [N]

(4.14)

∥gz∥⩽ B, (4.15)

fz ⩾ f⋆. (4.16)

where Ci+ denotes the projection of z onto B gi
µ +xi , B

µ
and C+j denotes the

projection of xj onto B gz
µ +z, B

µ
. Let

i∗ = argmax
i∈[N]

fi + ⟨gi,z − xi⟩ −
µ

2
∥z − xi∥2 +

µ

2
∥z − Ci+∥2,

fz = max
(

fi∗ + ⟨gi∗ ,z − xi∗⟩ −
µ

2
∥z − xi∗∥2 +

µ

2
∥z − Ci∗+∥2, f⋆

)
gz = gi∗ + µ(xi∗ − Ci∗+) if fz ̸= f⋆, gz = 0 otherwise.

Then, fz satisfies (4.13), (4.16), and, by definition of Ci∗+, gz satisfies (4.15).
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It remains to show (4.14) is satisfied, i.e., ∀j ∈ [N], f j ⩾ f−j . Suppose first
fz = f⋆. Then,

f−j = f⋆ −
µ

2
∥z − xj∥2 +

µ

2
∥xj − C+j∥2 ⩽ f⋆ ⩽ f j,

where the first inequality follows from gz = 0 and the definition of C+j.
Suppose now fz ̸= f⋆. Given the expression of fz and gz, f−j becomes

f−j = fi∗ + ⟨gi∗ , xj − xi∗⟩+ µ⟨xi∗ − Ci∗+, xj − z⟩

− µ

2
∥z − xj∥2 +

µ

2
∥xj − C+j∥2 − µ

2
∥z − x∗i ∥2 +

µ

2
∥z − Ci∗+∥2

= fi∗ + ⟨gi∗ , xj − xi∗⟩ −
µ

2
∥xi∗ − xj∥2 +

µ

2
∥xj − C+j∥2

+
µ

2
∥z − Ci∗+∥2 + µ⟨z − Ci∗+, xj − z⟩.

By definition of gz, Ci∗ j + z − Ci∗+ ∈ B g
µ +x, B

µ
, implying

∥xj − C+j∥2 ⩽ ∥xj − Ci∗ j − x + Ci∗+∥2

= ∥xj − Ci∗ j∥2 + ∥z − Ci∗+∥2

− 2⟨xj − Ci∗ j,z − Ci∗+⟩
⇔ ∥z − Ci∗+∥2 + ∥xj − C+j∥2 ⩽ ∥xj − Ci∗ j∥2 + 2∥z − Ci∗+∥2

− 2⟨xj − Ci∗ j, x − Ci∗+⟩
= ∥zj − Ci∗ j∥2

− 2⟨xj − Ci∗ j + Ci∗+ − z,z − Ci∗+⟩.

Hence,

f−j ⩽ fi∗ + ⟨gi∗ , xj − xi∗⟩ −
µ

2
∥xi∗ − xj∥2 +

µ

2
∥xj − Ci∗ j∥2

+ µ⟨Ci∗ j − Ci∗+,z − Ci∗+⟩

⩽ fi∗ + ⟨gi∗ , xj − xi∗⟩ −
µ

2
∥xi∗ − xj∥2 +

µ

2
∥xj − Ci∗ j∥2,

(4.17)

where the last inequality follows from (4.18). Finally, observe that ∀j = [N],

f j ⩾
pji∗⩾0

fi∗ + ⟨gi∗ , xj − xi∗⟩ −
µ

2
∥xi∗ − xj∥2 +

µ

2
∥xj − Ci∗ j∥2 ⩾

(4.17)
f−j ,
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so that (4.14) is satisfied. Hence, (p̃−µ,B) is pointwise extensible. In addi-
tion, (p̃−µ,B) is continuous and differentially consistent since − µ

2 x2 = ω(x),
and ∥g∥⩽ B, i.e., g is regularly extensible since it satisfies (4.7), see Lemma
4.1. By Theorem 4.1, it is an interpolation constraint for Fm

p̃−µ,B
(Rd).

Proposition 4.5 (Equivalence of Fm
p−µ,B

(Rd) and Fm
p̃−µ,B

(Rd).). Let (p−µ,B)

and (p̃−µ,B). Then Fm
p−µ,B

(Rd) = Fm
p̃−µ,B

(Rd).

The proof of Proposition 4.5 resorts to the following Lemma.

Lemma 4.3. Let y0 be the projection onto Bc,R of y ∈ Rd /∈ Bc,R, for some c ∈ Rd

and R ∈ R+. Let z = αy + (1 − α)y0 for some α ∈ [0,1]. Then, y0 is also the
projection onto Bc,R of z. In addition, ∀w ∈ Rd such that ∥w∥⩽ R,

⟨w,z − y⟩⩽ ⟨c − y0,z − y⟩.

Proof. Given any closed set C and any y ∈ Rd, y0 is the projection of y onto
C if and only if

∀x ∈ Rd, ⟨x − y0,y − y0⟩⩽ 0 (4.18)

see, e.g., [Ber09, Proposition 1.1.9]. Therefore, ∀x ∈ Bc,R, ⟨x − y0,z − y0⟩ =
α⟨x − y0,y − y0⟩ ⩽

(4.18)
0. Hence, y0 is the projection of z onto Bc,R. It also

holds that for any ∥w∥ ⩽ R, ⟨w,z − y⟩ ⩽ R∥z − y∥, and c − y0 reaches that
since of norm R, and of same direction as z− y. Hence, c− y0 =

R(z−y)
∥z−y∥ .

We now proceed to the proof of Proposition 4.5.

Proof. The case µ = 0 and the inclusion Fm
p̃−µ,B

(Rd) ⊆ Fm
p−µ,B

(Rd) follow
from the definition, since the inequalities only differ by a positive term
µ∥ · ∥2. Hence, we consider µ > 0 and establish Fm

p−µ,B
(Rd) ⊆ Fm

p̃−µ,B
(Rd).

By contradiction, suppose there exists a mapping ( f , g) satisfying ev-
erywhere (p−µ,B) but not (p̃−µ,B). Then, at some x,y ∈ Rd, given fx = f (x),
fy = f (y), and for some gx ∈ g(x), gy ∈ g(y), (p−µ,B) is satisfied while
(p̃−µ,B) is violated, i.e.,

pxy
−µ,B ⩽ 0, pyx

−µ,B ⩽ 0, p̃xy
−µ,B > 0, w.l.o.g. in the choice of x and y.

Since pxy
−µ,B and p̃xy

−µ,B only differ by µ∥Cxy − y∥2, this implies Cxy ̸= y,
where Cxy is the projection of y onto B gx

µ +x, B
µ

, and the existence of some
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β0 ∈ [0,1) such that

fy = fx + ⟨gx,y − x⟩ − µ

2
∥x − y∥2 +

β0µ

2
∥Cxy − y∥2, (4.19)

since fy is larger than the right-hand side with β0 = 0 due to pxy
−µ,B ⩽ 0, and

smaller than the right-hand side with β0 = 1 due to p̃xy
−µ,B > 0. Consider

the decreasing sequence (βk), initialized in (4.19) and defined by

βk+1 =

{
2 − 1

βk
βk >

1
2

0 βk ⩽
1
2 ,

(4.20)

and the associated sequence (zk), initialized in z0 = y and defined by

zk+1 =

{
βkzk + (1 − βk)Cxy, βk ̸= 0,
1
2 (y + Cxy), βk = 0.

Let k = 1. Since ( f , g) satisfy (p−µ,B) everywhere, letting fz1 = f (z1), and
for all gz1 ∈ g(z1), it holds,

fz1 ⩾ fx + ⟨gx,z1 − x⟩ − µ

2
∥z1 − x∥2 := f−z1

,

fz1 ⩽ fy + ⟨gz1 ,z1 − y⟩+ µ

2
∥z1 − y∥2 := f+z1

,

∥gz1∥⩽ B.

(4.21)

Since Cxy is the projection of y onto B gx
µ +x, B

µ
and z1 is a convex combi-

nation of Cxy and y, by Lemma 4.3, it holds

⟨gz1 ,z1 − y⟩⩽ ⟨gx + µ(x − Cxy),z1 − y⟩. (4.22)

In addition, by definition, z1 − y =−K(z1 − Cxy), where K = (1−β0)
β0

if β0 ̸=
0, K = 1 otherwise. We have

⟨x − Cxy,z1 − y⟩ = ⟨z1 − Cxy,z1 − y⟩+ ⟨x − z1,z1 − y⟩

= −K∥z1 − Cxy∥2 +
∥x − y∥2

2
− ∥z1 − x∥2

2
− ∥z1 − y∥2

2
.

(4.23)
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Consequently,

f+z1
⩽

(4.22)
fy + ⟨gx,z1 − y⟩+ µ⟨x − Cxy,z1 − y⟩+ µ∥z1 − y∥2

2

=
(4.23)

fy + ⟨gx,z1 − y⟩ − K∥z1 − Cxy∥2 +
µ∥x − y∥2

2
− µ∥z1 − x∥2

2

=
(4.19)

fx + ⟨gx,z1 − x⟩ − µ

2
∥z1 − x∥2 +

µβ0

2
∥Cxy − y∥2 − K∥Cxy − z1∥2

If β0 = 0, this implies f+z1
= f−z1

− ∥Cxy − z1∥2 < f−z1
, hence the assump-

tion "( f , g) satisfy (p−µ,B) everywhere" cannot hold at z1. Else,

f+z1
=

Cxy−y=
1

β0
(Cxy−z1)

f−z1
+

µ

2
2β0 − 1

β0
∥Cxy − z1∥2 = f−z1

+
µ

2
2β0 − 1

β0
∥Cxz1 − z1∥2,

where the last equality follows from the first assertion in Lemma 4.3. By
definition of β1, f−z1

and f+z1
, it then holds

fz1 = fx + ⟨gx,z1 − x⟩ − µ

2
∥z1 − x∥2 +

β1µ

2
∥Cxz1 − z1∥2, (4.24)

i.e., (4.19) with z1 and β1 replacing z0 and β0. Starting from (4.24) and
repeating the argument iteratively, it holds, ∀k ⩾ 1,

fzk = fx + ⟨gx,zk − x⟩ − µ

2
∥zk − x∥2 +

βkµ

2
∥Cxzk − zk∥2, (4.25)

where βk is defined as in (4.20). The sequence (βk) can be equivalently
defined as

βk =


(k+1)β0−k
kβ0−(k−1) k < 2β0−1

1−β0

0 k ⩾ 2β0−1
1−β0

.
(4.26)

Hence, at any zk+1 where k ⩾ 2β0−1
1−β0

, following the same argument as when
β0 = 0, replacing β0 by βk = 0 and z1 by zk+1, the assumption "( f , g) satisfy
(p−µ,B) everywhere" cannot hold, which completes the proof.

Combining Propositions 4.4 and 4.5 proves Theorem 4.2.
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4.5.4 A Gram-representable formulation of (p̃−µ,B)

Our goal is to combine the PEP framework, introduced in Chapter 3, with
(p̃−µ,B), the exact description of Fm

p̃−µ,B
(Rd), to tightly analyze methods on

this function class. As discussed in Chapter 3, PEP formulations can be
solved efficiently, provided all constraints characterizing the problem class
are Gram-representable (Definition 3.1), i.e., linear in function values and
scalar products of iterates and (sub)gradients. As such, given the expres-
sion of Cij given in (4.12), (p̃−µ,B) is not Gram-representable. However, we
show that it can be equivalently expressed in a Gram-representable way.

Lemma 4.4 (Gram-representable formulation of (p̃−µ,B)). Consider (p̃−µ,B).
Then, for any xi, xj ∈ Rd,

p̃i,j
−µ,B ⩽ 0 ⇔



∃Cij ∈ Rd :

f j ⩾ fi + ⟨gi, xj − xi⟩ −
µ
2 ∥xi − xj∥2 + µ

2 ∥xj − Cij∥2,

∥gi + µ(xi − Cij)∥2 ⩽ B2,

∥gi∥2 ⩽ B2,

fz ⩾ f⋆.
(4.27)

Proof. Denote by C∗
ij the projection of xj onto B gi

µ +xi , B
µ

. Then,

∃Cij ∈ B gi
µ +xi , B

µ
: f j ⩾ fi + ⟨gi, xj − xi⟩ −

µ

2
∥xi − xj∥2 +

µ

2
∥xj − Cij∥2

(4.28)

⇔ f j ⩾ fi + ⟨gi, xj − xi⟩ −
µ

2
∥xi − xj∥2 +

µ

2
∥xj − C∗

ij∥2. (4.29)

Indeed, (4.29) clearly implies (4.28). In addition, if (4.28) is satisfied, since
∥xj − Cij∥⩾ ∥xj − C∗

xiy∥, (4.29) is satisfied.

4.5.5 Performance analysis of the subgradient method on Fm
p−µ,B

(Rd).

Combining the PEP framework and the interpolation condition (p̃−µ,B),
under its reformulation (4.27), allows tightly analyzing the subgradient
method on Fm

p−µ,B
(Rd). The subgradient method’s iteration is given by

xk+1 = xk − αgk, gk ∈ ∂ f (xk), (4.30)

| 57



Weakly convex optimization | 4.5

In non-convex non-smooth optimization, usual performance criteria
such as f (xN) − f⋆, or dist(0,∂ f (xN)) may not tend to 0, and may vary
discontinuously [DD19, Nur73]. Hence, classical performance criteria in
this setting rely on a continuously differentiable approximation of f , that
is, its Moreau envelope [Mor65], given by

fρ(x) := min
y∈Rd

f (y) +
∥x − y∥2

2ρ
,

where ρ ∈ (0, 1
µ ) [DDMP18]. Specifically, given (xk)k=0,1,...,N the iterates of

(4.30), we consider as performance measure

P =
1

N + 1

N

∑
i=0

∥∇ fρ(xi)∥2 =
1

N + 1

N

∑
i=0

∥xi − proxρ f (xi)∥2

ρ2 ,

where proxρ f (x) := argmin
y∈Rd

f (y) +
∥x − y∥2

2ρ
∀x ∈ Rd,

and as initial condition,

fρ(x0)− f ∗ ⩽ R2 ⇔ f y
0 − f ∗ +

∥x0 − y0∥2

2ρ
⩽ R2.

This performance criterion is a measure of near-stationarity for f , since
dist(0,∂ f (x)) ⩽ ∥∇ fρ(x)∥ [DD19, Section 2.2]. The PEP yielding the exact
convergence rate on this problem is

max
S={(xi , fi ,gi)}i=0,1,...,N,∗
Sy={(yi , f y

i ,gy
i )}i=0,1,...,N

1
N + 1

N

∑
i=0

∥xi − yi∥2

ρ2

Subgradient method: s.t. xi+1 = xi − hgi, i = 0,1, . . . , N − 1

yi = proxρ f (xi) : yi = xi − ρgy
i , i = 0,1, . . . , N

S ∪ Sy is Fm
p̃−µ,B

(Rd)-interpolable: p̃ij
−µ,B ⩽ 0, ∀i, j ∈ S ∪ Sy

Initial condition: f y
0 − f ∗ +

∥x0 − y0∥2

2ρ
⩽ R2

Optimality: g∗ = 0.
(4.31)

Relying on (4.27) to enforce Fm
p̃−µ,B

(Rd)-interpolability of S ∪ Sy, all con-
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straints and objective function in (4.31) are Gram-representable, hence this
PEP can be efficiently solved.

Setting ρ = 1
2µ as in [DDMP18, DGVPR24], we compare the rate re-

sulting from (4.27) with two existing convergence rates from the litera-
ture. First, [DD19] analyzed (4.30) on Fm

p̃−µ,B
(Rd) in a classical way, using

(p−µ,B), and showed a convergence rate [DD19, Equation (3.4)] of

P ⩽ 2
R2 + µB2(N + 1)α2

(N + 1)α
, (4.32)

whose stepsize is optimized in [DD19, Theorem 3.1]

α =
R

B
√

µ
√

N + 1
, (4.33)

which we refer to as classical stepsize. Then, [DGVPR24] analyzed the
same setting, in a computer-aided way. The authors relied on a Lyapunov
function approach, analyzing a single iteration of (4.30) with respect to
a specific Lyapunov structure, and using (p−µ,B). They obtained a rate
[DGVPR24, Equation (45)] of

P ⩽
B2
(
− 1 + (1 − 2α)N+1 + 2α(N + 1) + 2R2µ2

αB2

(
1 − (1 − 2α)N+1))

µ2(N + 1)
,

(4.34)

whose stepsize is optimized in [DGVPR24, Corollary 1]

α =

√
4( Rµ

B )2(N + 1) + 1

2(N + 1)
, (4.35)

which we refer to as efficient stepsize.
Remark 4.2. By boundedness of the subgradient and definition of P , the
performance measure is of at most B2. Hence, bounds (4.32) and (4.34)
become non-trivial from N ⩾ ( 4R

µB )
2 − 1 and N ⩾ ( 2R

µB )
4 − 1, respectively.

Figure 4.3 compares (4.32), (4.34), a PEP-based bound using the non-
tight constraint (p−µ,B), and (4.31), i.e., the tightest bound possible. Both
PEP-based bounds outperform the other ones, and are always non-trivial.
On this example, the effect of optimally combining all constraints (com-
puting PEP-based bounds) is more impactful than that of using interpola-
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tion constraints. Interestingly, the efficient stepsize (4.35) as computed in
[DGVPR24] turns out to yield a worst convergence rate than the stepsize
(4.33) derived in [DD19], highlighting the importance of tuning methods
on the basis of tight analyses.
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Fig. 4.3 Comparison of worst-case performance guarantees for (4.30) on
Fm

p̃−µ,B
, with parameters f⋆ = 0, R2 = 1

8 and B,µ = 1. The top figure displays
the evolution, with the number of iterations, of [DD19, Equation (3.4)]
with classical stepsize (4.33) (pink); of [DGVPR24, Equation (45)] with effi-
cient stepsize (4.35) (black), and of the PEP-based exact bounds relying on
(p−µ,B) and (p̃−µ,B) (blue), with stepsize (4.33). The bottom figure displays
the evolution of these bounds with the stepsize α, after 5 iterations.
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4.6 Exhaustive analysis of a class of constraints

Motivated by the difficulty to obtain equivalent characterizations of given
a function class, and by the observation that function classes considered as
interesting in optimization do not always have a simple tight description,
see Section 4.4, we illustrate the constraint-based approach to interpola-
tion presented in Section 4.2 on a simple class of constraints. We consider
constraints consisting of a single inequality, linear in function values and
scalar product of points and subgradients, and such that pxx = 0, i.e., any
single data point satisfies p. Hence, we analyze constraints

pij ⩽ 0 ⇔ fi ⩾ f j + B∥gi∥2 + C∥gj∥2 + D⟨gj, gi⟩+ E∥xi∥2 + F∥xj∥2

+ G⟨xi, xj⟩+ H⟨gi, xi⟩+ I⟨gi, xj⟩+ J⟨gj, xi⟩+ K⟨gj, xj⟩, (4.36)

where D = −(B + C), G = −(E + F) and K = −(H + I + J) to satisfy
pxx = 0. Such constraints are Gram representable (Definition 3.1), and
tightly describe several first-order function classes, e.g., µ-strongly convex
L-smooth functions (Proposition 2.1).

We show that the only differentially consistent interpolation constraints
of the form (4.36) are (2.15), characterizing Fµ,L, and a constraint describing
the class of quadratic functions f (x) = µ

2 ∥x∥2 + bx + c for some b ∈ Rd,
c ∈ R, i.e., the limit case of (2.15). Equivalently, these are the only function
classes described by (4.36) that admit a simple tight characterization.

Theorem 4.3 (Exhaustive analysis of a class of constraints)

Let p be of the form (4.36). Then p is (i) differentially consistent, and (ii)
an interpolation constraint if and only if pij ⩽ 0 can be expressed as in
(2.15), where −∞ < µ ⩽ L ⩽+∞ and L ⩾ 0, or as

pij ⩽ 0 ⇔ fi ⩾ f j +
1
2
⟨gi + gj, xi − xj⟩+ M∥gi − gj − µ(xi − xj)∥2,

(4.37)

where M > 0. In the first case, Fm
p (Rd) is the class of µ-

(strongly/weakly) convex L-smooth functions, and in the second case,
Fm

p (Rd) is the class of quadratic functions f (x) = µ
2 ∥x∥2 + bx + c for

some b ∈ Rd, c ∈ R.
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Remark 4.3. The second function class is in itself trivial, since it can be ex-
actly characterized by equalities gi = µxi + b, fi =

µ
2 ∥xi∥2 + bx + c. How-

ever, we present its characterization via a constraint of the form (4.36) (i)
as a part of the exhaustive analysis we conduct, and (ii) to characterize the
whole spectrum −∞ < µ ⩽ L ⩽+∞ by a set of similar inequalities, without
having to distinguish µ = L as a special case.

To prove Theorem 4.3, we first show that (2.15) and (4.37) are indeed
differentially consistent interpolation constraints. The case (2.15) follows
from Proposition 2.1 and [RGP22, Theorem 3.1] for the case µ < 0, and
Proposition 4.6 tackles (4.37).

Proposition 4.6. Consider a constraint p defined by (4.37). Then p is a differen-
tially consistent interpolation constraint, and the class Fm

p (Rd) it defines is the
class of quadratic functions of the form f (x) = µ

2 ∥x∥2 + bx + c, for some b ∈ Rd,
c ∈ R.

Proof. First, note that pij ⩽ 0 implies

fi ⩾ f j + ⟨gj, xi − xj⟩+ M∥gi − gj +
1 − 4Mµ

4M
(xi − xj)∥2

+ (Mµ2 − (1 − 4Mµ)2

16M
)∥xi − xj∥2

⩾ f j + ⟨gj, xi − xj⟩+ ω(∥xi − xj∥).

Hence, pij ⩽ 0 implies (4.4) and p is differentially consistent.
Consider now S = {(xi, fi, gi)}i∈[N] satisfying p, and any x ∈ Rd. For

any i, j ∈ [N], summing pij ⩽ 0 and pji ⩽ 0 implies

0 ⩾ ∥(gi − gj)− µ(xi − xj)∥2 ⇔ gi − gj = µ(xi − xj), (4.38)

which in turn implies, by combining pij ⩽ 0 and pji ⩽ 0,

fi = f j +
1
2
⟨gi + gj, xi − xj⟩. (4.39)

We let g = gi +µ(x− xi) for an arbitrary i ∈ [N], which implies by (4.38) g =
gj + µ(x − xj), ∀j ∈ [N]. Then, M∥g − gi − µ(x − xi)∥2 = 0, and extending
p to x amounts to obtaining a f such that f = fi +

1
2 ⟨g+ gi, x− xi⟩, ∀i ∈ [N].

Let

f = fi +
1
2
⟨g + gi, x − xi⟩
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=
(4.39)

f j +
1
2
⟨g + gj, x − xj⟩+

1
2
(
⟨g, xj − xi⟩+ ⟨gi, x − xj⟩+ ⟨gj, xi − x⟩

)
=

(4.38)
f j +

1
2
⟨g + gj, x − xj⟩

+
1
2
(
⟨g, xj − xi⟩+ ⟨g − µ(x − xi), x − xj⟩+ ⟨g − µ(x − xj), xi − x⟩

)
= f j +

1
2
⟨g + gj, x − xj⟩ ∀i, j ∈ [N].

This choice of f and g extends p to x, hence p is pointwise extensible. Since
∥g∥ ⩽ ∥gi∥ + µ∥x − xi∥, ∀i ∈ [N], and p is continuous and differentially
consistent, p is also regularly pointwise extensible, since it satisfies (4.6),
see Lemma 4.1. Hence, by Theorem 4.1, p is an interpolation constraint.

Finally, it holds that Fm
p (Rd) is the class of quadratic functions f =

µ
2 ∥x∥2 + bx + c. Indeed, consider any f ∈ Fp(Rd). Then, by (4.38) and
(4.39), it holds ∀x,y ∈ Rd and g(x) =∇ f (x),

g(x) = g(y) + µ(x − y) ⇔ g(x) = µx + b,

f (x) = f (y) +
µ

2
(∥x∥2 − ∥y∥2) + b(x − y)⇔ f (x) =

µ

2
∥x∥2 + bx + c,

for some b ∈ Rd, c ∈ R. Suppose now f (x) = µ
2 ∥x∥2 + bx + c. Then, ∀x,y ∈

Rd, f satisfies p, hence f ∈ Fm
p (Rd).

We now prove that no other constraint of the form (4.36) is a differ-
entially consistent interpolation constraint. First, we analyze differential
consistency of (4.36).

Proposition 4.7 (Differential consistency of (4.36)). Consider a constraint p
of the form (4.36). Then p is differentially consistent if and only if pij ⩽ 0 can be
expressed as

fi ⩾ f j + ⟨γgi + (1 − γ)gj, xi − xj⟩+ α∥gi − gj∥2 + β∥xi − xj∥2, (4.40)

where α ⩾ 0, and γ, β ∈ R.

Proof. First, note that given p of the form (4.40), pij ⩽ 0 implies

fi ⩾ f j + ⟨gj, xi−j⟩+ α∥gi − gj +
γ

2α
(xi − xj)∥2 + (β − γ2

4α
)∥xi − xj∥2

⩾ f j + ⟨gj, xi − xj⟩+ (β − γ2

4α
)∥xi − xj∥2
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= f j + ⟨gj, xi − xj⟩+ ω(∥xi − xj∥).

Hence, pij ⩽ 0 implies (4.4) and p is differentially consistent.
Consider now a constraint p of the form (4.36) but that cannot be writ-

ten as in (4.40). Consider f : Rd → R and g : Rd → Rd satisfying p every-
where, and suppose that, at some y ∈ Rd, f is twice differentiable. For any
ε ∈ Rd, let x = y + ε, and consider the Taylor development of order 1 of f
and g at x:

f (x) = fy + ⟨ε, f ′y⟩+O(ε2), g(x) = gy + g′yε +O(ε2),

where fy, gy, f ′y and g′y denote, respectively, f (y), g(y), ∇ f (y) and ∇2 f (y).
Satisfaction of pxy then implies:

fy + ⟨ε, f ′y⟩+O(ε2)⩾ fy

+ B(∥gy∥2 + 2⟨gy, g′yε⟩)− (B + C)(∥gy∥2 + ⟨gy, g′yε⟩)

+ E(∥y∥2 + 2⟨y, ε⟩) + F∥y∥2 − (E + F)(∥y∥2 + ⟨y, ε⟩)
+ H(⟨gy,y⟩+ ⟨gy, ε⟩+ ⟨g′yε,y⟩) + I(⟨gy,y⟩+ ⟨g′yε,y⟩)

+ J(⟨gy,y⟩+ ⟨gy, ε⟩)− (I + J + K)⟨gy,y⟩+O(ε2)

⇔ ⟨ε, f ′y⟩⩾ (B − C)⟨gy, g′yε⟩) + (E − F)⟨y, ε⟩

+ (H + J)⟨gy, ε⟩+ (H + I)⟨g′yε,y⟩) +O(ε2).

Since this holds for any choice of ε, it implies for any k ∈ [d]:

f
′(k)
y = (H + J)g(k)y + (B − C)(g′ygy)

(k) + (E − F)y(k) + (H + I)(g′yy)(k).

Unless B = C, E = F, H = −I, and H + J = 1, i.e., the parameters corre-
sponding to (4.40), gy ̸= f ′y.

Second, we show that if p is of the form (4.40), but cannot be expressed
as in Theorem 4.3, then p is not an interpolation constraint.

Proposition 4.8 (Interpolability of (4.36)). Consider a constraint p of the form
(4.40). If p cannot be expressed as (2.15) or (4.37), then p is not pointwise exten-
sible.

Proof. Let α = 0. Then, (4.40) can be written as (2.15) or (4.37) if and only if
γ = 0 (corresponding to L = ∞) or γ = 1 (corresponding to µ =−∞). Table
4.2 provides counterexamples to the extensibility of (4.40) for any other γ.
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γ Counterexample

γ < 0 S =

{
0

0

1

 ,


−1

β
1−2γ − 1 + γ

−2β
1−2γ

 ,


−1

β
1−2γ − 1 + γ

−2β
1−2γ

}, z = −0.5

γ > 1 S =

{
0

0

1

 ,


−1

β
1−2γ − 1 − γ

−2β
1−2γ + 2

}, z = −0.5

0 < γ ⩽ 1
2 S =

{
0

0

1

 ,


−1

β
1−2γ − 1 + γ

−2β
1−2γ

 ,


−1.1

β
(1−2γ)

− 1 + γ
−2β

1−2γ + 1

}, z = −0.5

1
2 < γ < 1 S =

{
0

0

1

 ,


−1

β
1−2γ − 1 − γ

−2β
1−2γ + 2

 ,


−1.1

β
(1−2γ)

− 1 − γ
−2β

1−2γ + 1

}, z = −0.5

Table 4.2 Counterexamples to the pointwise extensibility of (4.40) when
α = 0, γ ̸= 0,1. In the counterexamples, S = {(xi, fi, gi)}, and z is the new
point at which extending p is infeasible. One can verify these counterex-
amples using the code referenced in Section 4.1, which was used to gain
intuition about them.

Let α > 0, and consider ∆ = β
α + (1−γ)γ

4α2 . Then, (4.40) can be written as
(2.15) or (4.37) if and only if ∆ = 0, leading to (2.15) or ∆ = 1

16α2 , leading
to (4.37). Table 4.3 provides counterexamples to the interpolability of any
other choice of ∆.

These counterexamples are one-dimensional, but they can straightfor-
wardly be extended to any dimension by considering vectors with one
non-zero entry.
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β Counterexample

β < 0 S =

{
0

0

0

 ,


1

−β + (1 − γ) 1−2γ
4α )− ( 1−2γ

4α ))2

1−2γ
4α

},

z = 0.5

β > 1
16α2 S =

{
0

0

0

 ,


1

−β + (1 − γ) 1−2γ
4α )− ( 1−2γ

4α ))2

1−2γ
4α

},

z = 1
16α2β−1 + 1

0 < β < 1
16α2 S =

{
0

0

0

 ,


4α

1 − 4γ + 2γ2 + (1 − γ)
√

K

1 − 2γ +
√

K

},

z = 2α(1 + K−1), K = (1 − 2γ)2 − 16αβ

Table 4.3 Numerical counterexamples to the interpolability of (4.40)
when α > 0, ∆ ̸= {0, 1

16α2 }. In the counterexamples, S = {(xi, fi, gi)}, and z
is the new point at which extending p is infeasible. One can verify these
counterexamples using the code referenced in Section 4.1, which was used
to gain intuition about them.

Combining Propositions 2.1, 4.6, 4.7 and 4.8 proves Theorem 4.3. This
theorem shows that the function classes admitting a simple, in the sense of
(4.36), tight discrete description are in fact limited to variations of smooth
(weakly/strongly)-convex functions. Characterizing other interesting func-
tion classes via the constraint-based approach would thus require more
general classes of constraints, e.g., constraints defined via multiple inequal-
ities, or terwise constraints.

4.7 Concluding observations

This chapter presented a constraint-based approach to interpolation, treat-
ing constraints, rather than function or operator classes, as primary objects
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of interest. Their algebraic properties determine whether they are inter-
polable and define meaningful classes. The chapter also introduced the
notion of pointwise extensibility as a tool to assess interpolability, either by
constructing counterexamples or by proving that a candidate constraint is
indeed interpolable.

The next chapter takes a step further using pointwise extensibility and
propose a principled procedure to strengthen non-interpolable constraints.
This method yields improved descriptions of function or operator classes
from initial (possibly loose) ones, without requiring tedious proofs of equiv-
alence when imposed everywhere, such as the one needed, for instance, for
weakly convex functions with bounded subgradients.
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5
A constructive approach to

interpolation conditions

This chapter results from a collaboration with Adrien Taylor.

THis chapter builds on the constraint-based approach introduced in
Chapter 4, and in particular on Lemma 4.2, and proposes a system-
atic approach to computing interpolation conditions for Fp(Rd),

starting from p itself. Specifically, given an initial description p of a given
function or operator class, we constructively strengthen p via a refinement
procedure. That is, as illustrated on Figure 5.1, we iteratively propose alter-
native conditions p(1), p(2), ... that are by construction equivalent to p on
Rd, bypassing any fastidious proof of equivalence on Rd, but stronger than
p on subsets X ⊆ Rd. Those alternatives become stronger and stronger as
we proceed (i.e., the sets of mappings satisfying them get smaller), and
ultimately converge to some limiting constraint p(∞), which serves as in-
terpolation condition for Fp(Rd). This limiting constraint may be p itself.

The chapter is structured as follows. Section 5.2 presents the refinement
procedure, and Section 5.3 comments on its implementation. Then, Section
5.4 illustrates the procedure on the classes of L-smooth convex functions
and L-Lipschitz operators. Finally, Section 5.5 exploits this procedure to
obtain improved conditions for function and operator classes for which no
interpolation condition exists yet, including some of the classes introduced
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in Section 4.4.

Function
class

Global characteri-
zation (∀x,y ∈ Rd)

Discrete characteri-
zation (∀xi, xj ∈ X ).

Fp(Rd)

Fp(1) (R
d)

Fp(2) (R
d)

Fp(∞) (Rd)

Starting con-
dition pxy

Equivalent con-
dition (p(1))xy

Equivalent con-
dition (p(2))xy

Equivalent con-
dition (p(∞))xy

Starting discretized
condition pij,

yielding Fp(X )

Strengthened
condition p(1):

Fp(1) (X ) ⊆ Fp(X )

Strengthened
condition p(2):

Fp(2) (X ) ⊆ Fp(1) (X )

Interpolation
condition p(∞):
Fp(∞) (X ) ⊆
Fp(k) (X ), ∀k

Discretization

1

Globalization

3

Globalization

5

Globalization

=

=

=

Strengthening2

Strengthening4

Strengthening

Fig. 5.1 Illustration of the iterative strengthening procedure described in
Section 5.2, starting from a pairwise constraint. For an illustration of the
procedure on the class F0,L of smooth convex functions, see Section 5.4.

Notation Section 5.2 relies on cardinality of subsets X of Rd. To avoid
treating infinite sets separately, we introduce the notation |X | = |N| = ℵ0
for X countably infinite, and |X | = |Rd| = c for X uncountable, where
K ⩽ ℵ0 ⩽ c, ∀K ∈ N.
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5.1 Codes

Codes for reproducing technical parts of this chapter can be found at

https://github.com/AnneRubbens/Constraints_Strengthening

5.2 Iterative strengthening of a constraint

As in Chapter 4, consider a constraint p : (Rd ×RD)m → Rℓ, and a domain
X̄ ⊆ Rd. Interpolation conditions for Fp(X̄ ) (Definition 4.3) consist of a set
of constraints to impose on mappings F whose domain is a subset X ⊂ X̄ ,
and ensuring that such mappings admit an extension satisfying p to X̄ ,
independently of X and F. We take a first step into obtaining interpolation
conditions for Fp(X̄ ), and seek for a set of constraints (additional to p,
or p itself) to impose on mappings F whose domain is a subset X ⊂ X̄ of
cardinality K, where m ⩽ K ⩽ |X̄ |, and ensuring that such mappings admits
an extension satisfying p to any z ∈ X̄ .

We denote by p̃K,X̄ : (Rd × RD)K → Rℓ̃ this set of constraints, serving
as a stronger definition of Fp(X̄ ), that thus satisfies

• F p̃K,X̄ (X̄ ) = Fp(X̄ ),

• ∀X ⊆ X̄ , F p̃K,X̄ (X ) ⊆ Fp(X ), and

• Given any subset X of X̄ of cardinality K, any F ∈F p̃K,X̄ (X ), and any
z ∈ X̄ , ∃F̄ ∈ Fp(X ∪ z) s.t. F(x) = F̄(x), ∀x ∈ X .

Remark 5.1. The number of points and mapping values taken as arguments
by p and p̃K,X̄ , respectively, varies from m to K.

We construct p̃K,X̄ as follows. By Lemma 4.2, given X ′ ⊆ X̄ , |X ′| = K,
F ∈ Fp(X ′), and z ∈ X̄ , it is possible to extend F from X ′ to z if and only if

0 ⩾ min
τ∈R,

Fz∈RD

{
τ s.t. p

(
π((x1, Fx1), . . . , (xm−1, Fxm−1), (z, Fz))

)
⩽ τ, (5.1)

∀(x1, x2, . . . , xm−1) ∈ X ′m−1, ∀Fxi ∈ F(xi), i ∈ [m − 1],

and for all permutation π

}
.
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Section 4.4 built on Lemma 4.2 to obtain the worst z, X , and F, for which
(5.1) cannot hold. This allowed assessing interpolability of constraints. We
now seek to strengthen constraints which are not interpolable, by enforcing
satisfaction of (5.1) for any z ∈ X̄ , hence for the “worst” such z, i.e.,

0 ⩾ max
z∈X̄

min
τ∈R,

Fz∈RD

{τ s.t. p(π((x1, Fx1), . . . , (xm−1, Fxm−1), (z, Fz)))⩽ τ, (5.2)

∀(x1, x2, . . . , xm−1) ∈ X ′m−1, ∀Fxi ∈ F(xi), i ∈ [m − 1],

and for all permutation π

}
.

Let p̃K,X̄ be the solution to the optimization problem defined in (5.2). Then,
any F ∈ F p̃K,X̄ (X

′), hence satisfying

p̃K,X̄ ((x1, Fx1), . . . , (xK, FxK ))⩽ 0 ⇔ (5.1) is satisfied for any z ∈ X̄ ,

admits an extension in Fp(X ′ ∪ z), for any z ∈ X̄ . In particular, letting
z ∈ X ′ naturally implies F ∈ Fp(X ′). We now formally define p̃K,X̄ and
prove that F p̃K,X̄ (X̄ ) = Fp(X̄ ), and p̃K,X̄ is stronger than p on X̄ .

Definition 5.1 (K-wise one-point strengthening). Consider a constraint p :
(Rd × RD)m → R, X̄ ⊆ Rd, and K ∈ N,m ⩽ K ⩽ |X̄ |. We define p̃K,X̄ :
(Rd × RD)K → R, the K-wise one-point strengthening of p with respect to
X̄ , as

p̃K,X̄ ((x1, Fx1), . . . , (xK, FxK )) (5.3)

=max
z∈X̄

min
Fz∈RD ,τ∈R

{
τ s.t. p(π((x1, Fx1), . . . , (xm−1, Fxm−1), (z, Fz)))⩽ τ,

∀ tuple in {x1, . . . , xK}m−1, ∀Fxi ∈ F(xi), i ∈ [m − 1],

and for all permutation π

}
.

Lemma 5.1 (Properties of one-point strengthenings). Given X̄ ⊆ Rd, K ∈
N,K ⩽ |X̄ |, consider a constraint p and its one-point strengthening p̃K,X̄ , as
defined in (5.3). Then, ∀X ⊆ X̄ , F p̃K,X̄ (X )⊆Fp(X ), and Fp(X̄ ) =F p̃K,X̄ (X̄ ).

Proof. Taking z ∈ X in (5.3), it holds that all F ∈ F p̃K,X̄ (X ) satisfy p on X ,
hence the first implication holds. Similarly, all F ∈ F p̃K,X̄ (X̄ ) satisfy p on
X̄ , hence F p̃K,X̄ (X̄ ) ⊆ Fp(X̄ ).
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Suppose now by contradiction the existence of some F ∈ Fp(X̄ ) which
does not belong to F p̃K,X̄ (X̄ ). Then, at some (x1, . . . , xm−1) ∈ X̄ , for some
Fxi ∈ F(xi), i ∈ [m − 1], and for some permutation π, it holds that

0 < max
z∈X̄

min
τ∈R, Fz∈RD

τ s.t. p(π((x1, Fx1), ..., (xm−1, Fxm−1 , (z, Fz)))⩽ τ.

Hence, at some z ∈ X̄ there exists no Fz extending p from (x1, . . . , xm−1) to
z, in contradiction with the assumption F ∈ Fp(X̄ ).

Remark 5.2. Definition 5.1 allows evaluating p̃K,X̄ on any set X ⊆ X̄ , by
simply enforcing the solution to (5.3) to be non-positive the Km−1 tuples
in X K. Alternatively, in some cases, one can obtain a closed-form ex-
pression of p̃K,X̄ by computing the solution to (5.3) in a parametric way in
{x1, . . . , xK}, i.e., keeping these as parameters. Evaluating p̃K,X̄ on any set
X ⊆ X̄ then reduces to simply imposing a set of conditions on F : X → RD,
without having to solve an optimization problem. All examples and appli-
cations of this chapter resort to this parametric formulation of p̃K,X̄ .

In what follows, when K, X̄ are clear from the context, we drop the
explicit dependence on K, X̄ and denote p̃k,X̄ via the simpler p̃ instead.

Example: convex functions

Consider the constraint (p0,∞), characterizing convex functions. Let
X = {(x1, x2)}, F : X →R1+d : xi → ( fi, gi), and X̄ =Rd. The pairwise
(K = 2) strengthening of (p0,∞) on Rd is given by

p̃1,2
0,∞ = max

z∈Rd
min
τ∈R,

fz∈R, gz∈Rd

τ s.t. − fz + fi + ⟨gi,z − xi⟩⩽ τ, i = 1,2

− fi + fz + ⟨gz, xi − z⟩⩽ τ, i = 1,2.

One can then verify that p̃1,2
0,∞ = p0,∞.

Stability of a strengthening. Given X̄ ⊆ Rd, K ∈ N,K ⩽ |X̄ |, and start-
ing from a given constraint p, one can strengthen p by iteratively comput-
ing one-point strengthenings p(1) = p̃K,X̄ , p(2) = p̃(1)K,X̄ , . . ., with the goal of

reaching a constraint p(∞)

K,X̄ that is stable under K-wise one-point strengthening,

i.e., p(∞)

K,X̄ = p̃(∞)

K,X̄ in the sense that F
p(∞)

K,X̄
(X ) = F

p̃(∞)
K,X̄

(X ), ∀X ⊆ X ′. Note
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that such stable constraint might not exist.

Definition 5.2 (Stability under one-point strengthening). Given X̄ ⊆ Rd,
K ∈ N,K ⩽ |X̄ |, we say a constraint p is stable under K-wise one-point
strengthening with respect to X̄ if p̃K,X̄ = p, where p̃K,X̄ is defined in (5.3).

The iterative procedure can, for instance, reach a stable constraint in
finite time, see, e.g., Proposition 5.1, or as a limit to which the sequence of
constraints, under their closed-form, converges, see, e.g., Proposition 5.2.

K-wise one-point extensible constraints and extension constraints. The
final constraint of the refinement procedure, p(∞), is K-wise pointwise ex-
tensible, in the sense that it can be extended from any subset X ⊆ X̄ of
cardinality K, to any z ∈ X̄ . To obtain a global pointwise extensible constraint
for X̄ , i.e., a constraint that can be extended from any finite subset to any
additional point, it then suffices to relaunch the procedure for a sequence
of larger and larger K, i.e., K1 ⩽ K2 ⩽ . . . ⩽ |X̄ |, with typically Ki = Ki−1 + 1,
to obtain a sequence p(∞)

K1,X̄ , p(∞)

K2,X̄ , . . . , p(∞)

Kk ,X̄ , where each p(∞)

Kk ,X̄ is computed

by initializing the procedure at p(0)Ki ,X̄
= p(∞)

Ki−1,X̄ .
Under the regularity assumptions introduced in Definition 4.6, the re-

sulting global pointwise extensible condition is an interpolation condition
for Fp(Rd), see Theorem 4.1.

Compact notation for a constraint and its strengthening. We build on
the compact notation introduced in Chapter 4, and denote, for any con-
straint p, (i) with an index (e.g., pα) the possible parameters for this con-
straint, (ii) with a superscript the points at which it is evaluated, (iii) with a
tilde the corresponding one-point strengthening (5.3) of p (e.g., p̃α the one-
point strengthening of pα obtained by (5.3)), and (iv) with a superscript in
between parentheses the iterates of the one-point strengthening procedure
(e.g., p(i+1)

α = p̃(i)α ).
Similarly to Chapter 4, we refer to constraints characterizing operators

using the letter q instead of p, with all variations around this notation also
used (e.g., qα and its one-point strengthening q̃α).
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5.3 One-point strengthenings in practice

Starting from a given p, obtaining p̃K,X̄ requires solving the minimax prob-
lem (5.3). We tackle this task by dualizing the inner problem in (5.3), which
can be done explicitly for a range of natural conditions used in the op-
timization community. Then, whenever there is no duality gap, solving
(5.3) amounts to solving a single maximization problem, whose number of
variables grows with ℓ, the number of inequalities in p, and K. There is
no general recipe to solve this maximization problem, which often admits
several solutions that can lose the initial structure of p in F.

Hence, in most cases, we do not solve (5.3) exactly but instead pro-
pose relaxations of p̃K,X̄ , which might not be optimal solutions to (5.3), but
are nevertheless stronger constraints than p. For similar reasons, we are,
in general, not able to prove stability of a one-point strengthening, even
though some insight into this question is provided on the example of Lip-
schitz operators (Section 5.4.2).

5.4 Examples: smooth convex functions and Lipschitz operators

Before exploiting the strengthening procedure introduced in Section 5.2 to
tackle function and operator classes for which no interpolation condition
is yet available, we consider two known and well-studied cases: that of L-
smooth convex functions and that of L-Lipschitz operators. The first case
illustrates the iterative procedure by recovering interpolation conditions
from different initial descriptions of the class. The second case illustrates
how showing stability of a constraint allows asserting its interpolability.

5.4.1 Recovering interpolation conditions: L-smooth convex functions

As stated in Chapter 2, the class F0,L(R
d) of L-smooth convex functions

on Rd can be described in numerous equivalent ways. We quickly recall
three of such characterizations, equivalent when imposed everywhere. The
first one, (p0,L), consists in juxtaposing a convexity condition (2.3), with
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Lipschitz continuity of the gradients (2.5).

pxy
0,L ⩽ 0 ⇔

{
f (x) ⩾ f (y) + ⟨g(y), x − y⟩
∥g(x)− g(y)∥2 ⩽ L2∥x − y∥2.

(p0,L)

Lipschitz continuity of the gradients is squared as it simplifies the compu-
tation of the one-point strengthening of (p0,L). Indeed, while, in theory, one
could start with both formulations, i.e., squared or not; dualizing the inner
problem in (5.3) starting from the squared version, hence quadratic in the
gradient, turns out way easier. Another description of F0,L(R

d), (p′0,L), al-
ready introduced in (4.2), consists in juxtaposing convexity and another
definition of smoothness, i.e., (2.6), obtained by integration of (2.5).

p
′xy
0,L ⩽ 0 ⇔

{
f (x) ⩾ f (y) + ⟨g(y), x − y⟩
f (x) ⩽ f (y) + ⟨g(y), x − y⟩+ L

2 ∥x − y∥2.
(p′0,L)

Finally, (p′′0,L), already introduced in (2.10), is an interpolation condition for
F0,L(R

d), hence a third characterization of this class.

p
′′xy
0,L ⩽ 0 ⇔ f (x)⩾ f (y) + ⟨g(y), x − y⟩+ ∥g(x)−g(y)∥2

2L . (p′′0,L)

We show how to obtain the interpolation constraint for this class, (p′′0,L),
first from (p′0,L) and then from (p0,L), without resorting to integration. To
this end, consider first the following one-point strengthening.

Proposition 5.1 (Recovering (p′′0,L) from (p′0,L)). Let X = {(x1, x2)} and con-
sider (p′0,L). Denote by p̃′0,L the pairwise one-point strengthening of (p′0,L) on Rd.
It holds that p̃′0,L=(p′′0,L).

Proof. The one-point strengthening of (p′0,L), p̃′0,L, is given by

p̃
′ij
0,L =max

z∈Rd
min
τ∈R,

gz∈Rd , fz∈R

τ (p̃′0,L)

s.t. fz − fi − ⟨gi,z − xi⟩ −
L
2
∥z − xi∥2 ⩽ τ, i = 1,2 (λi)

fi − fz + ⟨gz,z − xi⟩ −
L
2
∥z − xi∥2 ⩽ τ, i = 1,2, (αi)

fz − fi − ⟨gz,z − xi⟩⩽ τ, i = 1,2 (δi)

fi − fz + ⟨gi,z − xi⟩⩽ τ, i = 1,2, (µi),
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where λi, αi, δi and µi are the associated dual coefficients. Setting all dual
coefficients to zero except for λi = µj =

1
2 for some choice i ̸= j ∈ {1,2}, and

dualizing the inner problem yields

p̃
′ij
0,L ⩾

1
2

max
z∈Rd

f j + ⟨gj,z − xj⟩ − fi − ⟨gi,z − xi⟩ −
L
2
∥z − xi∥2,blblablablabablabllal

which is maximized in z = xi +
gj−gi

L , hence

0 ⩾ p̃
′ij
0,L ⇔ 0 ⩾ f j − fi + ⟨gj, xi − xj⟩+

1
2L

∥gj − gi∥2 ⇔ 0 ⩾ p
′′ij
0,L.blalbblabll

Starting from (p′0,L), we thus recover (p′′0,L) after a single round of one-
point strengthenings. This observation was already emphasized, e.g., in
[Tay17, Remark 3.15]. As a second step in our example, we show how
to recover (p′′0,L) from (p0,L), which requires several iterations of one-point
strengthenings that all share the same structure. We first present a single
iteration of the strengthening procedure starting with (p0,L) (when α = 0).

Proposition 5.2 (One-point strengthening of pα). Consider X = {(x1, x2)},
α ⩾ 0, and pα a pairwise condition defined by ∀i, j = 1,2,

pij
α ⩽ 0 ⇔

{
fi ⩾ f j + ⟨gj, xi − xj⟩+ α

2L∥gi − gj∥2

∥gi − gj∥2 ⩽ L2∥xi − xj∥2.
blabl (pα)

Then, p̃α, the pairwise one-point strengthening of pα with respect to Rd, is satis-
fied only if, ∀i, j = 1,2,

p̃ij
α ⩽ 0 ⇒

{
fi ⩾ f j + ⟨gj, xi − xj⟩+ (1+α)/2

2L ∥gi − gj∥2

∥gi − gj∥2 ⩽ L2∥xi − xj∥2.
(5.4)

Proof. The one-point strengthening of pα is given by

p̃α( f ,X ) = max
z∈Rd

min
τ∈R,

gz∈Rd , fz∈R

τ

s.t. − fz + fi + ⟨gi,z − xi⟩+
α

2L
∥gi − gz∥2 ⩽ τ, i = 1,2 (λi)

− fi + fz − ⟨gz,z − xi⟩+
α

2L
∥gi − gz∥2 ⩽ τ, i = 1,2 (µi)

1
2L

∥gz − gi∥2 − L
2
∥z − xi∥2 ⩽ τ, i = 1,2, (δi)
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where λi,µi,δi, i = 1,2, are the associated dual coefficients. Dualization of
the inner problem yields

p̃α( f ,X )⩾ max
z∈Rd ,

λi , µi , δi⩾0
∑i(λi+µi+δi)=1

2

∑
i=1

(
λi( fi + ⟨gi,z − xi⟩+

α

2L
∥gi − g⋆z∥2)

+ µi(− fi − ⟨g⋆z ,z − xi⟩+
α

2L
∥gi − g⋆z∥2)

+
δi
2L

(∥g⋆z − gi∥2 − L2∥z − xi∥2)
)

s.t. 0 =
2

∑
i=1

(λi − µi),

0 =
2

∑
i=1

(
(µi + λi)

α

L
(g⋆z − gi)− µi(z − xi) +

δi
L
(g⋆z − gi)

)
,

where g⋆z minimizes the inner problem in p̃α.
In particular, setting λi = 0,µi = 0,δi =

1
2 , i = 1,2, g⋆z = g1+g2

2 and z =
x1+x2

2 yields a feasible solution of ∥g1 − g2∥2 − L2∥x1 − x2∥2, hence p̃α

cannot be satisfied unless this quantity is negative. In addition, setting
λi = 0, µj = 0, δj = 0, λj = µi = δi =

1
3 , z = xi +

gj−gi
2L and g⋆z =

gi+gj
2 yields

a feasible solution of − f j + fi + ⟨gi, xj − xi⟩ + 1+α
2

1
2L∥gi − gj∥2, i, j = 1,2.

Hence, p̃α is at least as strong as (5.4).

To recover (p′′0,L) from (p0,L), it suffices to successively apply the one-
point strengthening of Proposition 5.2, starting with p(0) =(p0,L), to reach
p(∞) =(p′′0,L).

Proposition 5.3 (Recovering (p′′0,L) from (p0,L)). Consider X = {(x1, x2)},
(p0,L), the sequence (αk), initiated at α0 = 0 and defined by

αk+1 =
αk + 1

2
, (5.5)

and the associated sequence of conditions (p(k)) := (pαk ), where pαk is defined in
pα. Then, p(k+1) is a relaxation of p̃(k) as defined in (5.4). In addition, p(∞),
the final result of the refinement procedure defined in Section 5.2, satisfies p(∞) =

p̃(∞)

K,X̄ = pα(∞)
= pα=1=(p′′0,L).

Proof. By Proposition 5.2 and definition of (αk), the first statement holds.
In addition, since (αk) converges to α(∞) = 1, applying recursively Proposi-
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tion 5.2 starting from α = 0 allows iteratively strengthening p until p(∞) =

pα(∞)
=(p′′0,L), which is stable under one-point strengthening.

Figure 5.2 illustrates the iterative refinement procedure for F0,L(R
d).

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

Fig. 5.2 Given L = 1, (x1, f1, g1) = (0,1,0), and x2 = 1, allowed regions
for f2 as a function of g2, according to p(i) = pαi , i = 0, . . . ,4, where
α0 = 0, αi+1 = (1 + αi)/2, and pαi is defined in pα, and according to
p(∞) = pα=1=(p′′0,L).

Concluding observations. In this example, the iterative strengthening pro-
cedure described in Section 5.2 converges towards the same constraint even
when initialized from two different descriptions of F0,L(R

d). This holds
despite relaxations in the computations of the one-point strengthenings in-
volved. In addition, in both cases, the iterative procedure even converges
towards an interpolation condition for F0,L(R

d). However, the initial con-
dition given to the procedure has a non-trivial impact on the number of
iterations required to reach this condition, which varies from a single iter-
ation to an asymptotic convergence.
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5.4.2 Showing stability of a condition: L-Lipschitz operators

As a second example, consider the class Q−L,L(R
d) of Lipschitz operators

Q, satisfying, ∀x,y ∈ Rd, the condition (2.17), that is,

qxy
−L,L ⩽ 0 ⇔ ∥Q(x)− Q(y)∥⩽ L∥x − y∥. (q−L,L)

It is known [Kir34, Val43] that q−L,L is a global interpolation constraint
for Q−L,L(R

d). This section shows how to retrieve this result via the re-
finement procedure described in Section 5.2. Given any N ∈ N, consider
X = {(xi)}i∈[N]. The N-wise strengthening of q−L,L with respect to Rd is
given by

q̃−L,L = max
z∈Rd

min
τ∈R,

qz∈Rd

τ s.t. ∥qz − ti∥2 − L2∥z − xi∥2 ⩽ τ, i ∈ [N], (λi)

where λi are the associated coefficients. Observe that this strengthening
is convex in tz and τ, and that (qz,τ) = (0,maxi ∥qi∥2 + 1) satisfy Slater’s
condition, hence there is no duality gap for this inner problem. Dualization
of the inner problem yields

q̃−L,L = max
λi⩾0,

∑i λi=1

∑
i

λi(∥q⋆z − qi∥2 − L2∥z⋆ − xi∥2)

s.t. q⋆z = ∑
i

λiqi and z⋆ = ∑
i

λixi,

where q⋆z minimizes the inner problem in q̃−L,L and z⋆ maximizes the re-
sulting problem. This condition is homogeneous of degree 2 in λi. Hence,
for any K ⩾ 0, it must hold with λ̃i = Kλi replacing λi, which allows re-
moving the condition ∑i λi = 1.

The second derivative of q̃−L,L with respect to λi ∈ [N] is given by

Hij =
∂2q̃−L,L

∂λi∂λi
=

{
∥qi − qj∥2 − L2∥xi − xj∥2, i ̸= j

0 otherwise.
(5.6)

Building on the elements of H, it holds

q̃−L,L = max
λi⩾0

∑
i,j∈[N], j>i

λjλi(∥qi − qj∥2 − L2∥xi − xj∥2). (5.7)
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Necessarily, for q̃−L,L to be negative, it must hold ∥qi − qj∥2 − L2∥xi −
xj∥2 ⩽ 0, i, j ∈ [N]. In addition, if this condition is satisfied, then q̃−L,L ⩽ 0.
Hence, q̃−L,L = q−L,L.

Concluding observations In this example, the strengthening of the initial
constraint q−L,L was quadratic in the dual variables, allowing for a straight-
forward verification of its stability. In general, assessing stability is difficult
given (i) the dual gap that might be non-zero, and (ii) the multiple solutions
to the one-point strengthening (5.3).

5.5 Applications: improved descriptions of problem classes

This section strengthens the description of a few classical classes of func-
tions or operators, by performing a single round of the refinement proce-
dure. Before proceeding to the derivation of these refinements, we state
some general comments on their structure and computation.

SDP-representable relaxations A particularly common scenario is that
of initial constraints that are Gram representable (Definition 3.1), which,
as explained in Chapter 3, allows for dimension-independent and convex
PEP formulations. The resulting strengthening, in all the applications con-
sidered, can then be expressed, for some k,n ∈ N, as a n-dimensional poly-
nomials of degree k: P(θ) ∈ Rk[θ1, . . . ,θn], whose coefficients are Gram-
representable, and which must be non-positive for all θ in a given inter-
val. While the set of non-negative polynomials is non-tractable in gen-
eral, it can be relaxed in several tractable ways, e.g., by requiring poly-
nomials to be sum of squares (SOS) [Hil88, Las09, Mar08], which can be ex-
pressed as an SDP. It is well-known that for the special cases (n = 1,k ∈ N),
(n ∈ N,k = 1) and (n = 2,k = 2), non-negative and SOS polynomials are
equivalent [Hil88]. In any case, the set of SOS polynomials provides a nat-
ural path to tractable convex relaxations of positive polynomials. Alter-
natively, when n = 1, one can use the Markov-Lukasc theorem, see, e.g.,
[Sze39, Theorem 1.21], to express non-negativity of polynomials as SDPs.
This enables formulating one-point strengthenings of Gram-representable
constraints in an SDP-representable form.
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A single one-point strengthening We only perform a single iteration of
the refinement procedure described in Section 5.2, as the resulting one-
point strengthening involves either (i) remaining dual coefficients with no
straightforward closed-form, or (ii) positive semi-definite matrices. In both
cases, computing a second one-point strengthening is not straightforward.
One could, in principle, relax the initial one-point strengthening as to ren-
der the computation of this second one-point strengthening easier, e.g., by
fixing arbitrary values for the remaining dual coefficients.

From pairwise to terwise constraints Several initial constraints p are in-
terpolation conditions for datasets of cardinality 2, i.e., any such dataset
satisfying p is Fp(Rd)-interpolable. But, they might be satisfied by datasets
of larger cardinality, which are not consistent with any function of the class.
In those cases, we compute their terwise one-point strengthenings, which
thus involve three points. Whether or not the obtained terwise conditions
are tight or not remains an open question. In particular, the global in-
terpolation conditions for Fp(Rd) might involve more than three points.
Whether or not one could guess, from scratch, which interpolation condi-
tions are pairwise and which require more points, is also an open question.

Implementation All proofs in this section are detailed in the Mathemat-
ica notebooks [Inc] provided in the code referenced in Section 5.1. In addi-
tion, the SDP formulations (5.9), (5.12) and (5.16) of the improved descrip-
tions of (i) smooth functions satisfying a Łojsiewicz condition, (ii) block-
wise smooth convex functions, and (iii) (strongly) monotone Lipschitz op-
erators, have been added to the PEPit Python library [GMG+22], which
allows solving PEPs on these classes straightforwardly.

5.5.1 Smooth functions satisfying a Łojasiewicz condition

This section studies the class FŁµ,L(R
d) of L-smooth functions f satisfying

a quadratic Łojasiewicz condition, that is satisfying, ∀x,y ∈ Rd [Loj63],

pxy
Łµ,L

⩽ 0 ⇔


f (x)⩽ f⋆ +

∥∇ f (x)∥2

2µ

f (x)⩾ f⋆
f (x)⩾ f (y) + 1

2 ⟨∇ f (x) +∇ f (y), x − y⟩
+ 1

4L∥∇ f (x)−∇ f (y)∥2 − L
4 ∥x − y∥2,

(pŁµ,L )
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where f⋆ is the minimum of f , and 0 ⩽ µ ⩽ L. The last condition is the
strongest description of smoothness of the function (Proposition 2.1).

Motivation The interest of FŁµ,L(R
d) in optimization theory, is that (i) it

encompasses non-convex functions arising in machine learning, see, e.g.,
[KNS16, Sections 2.3, 4.1], while (ii) still providing global guarantees for
stationary points [Loj63, KNS16], and yielding linear convergence rates on
various first-order methods, e.g., gradient descent (GD) [Pol63], coordinate
descent [KNS16, Theorem 3], stochastic gradient descent (SGD) [KNS16,
Theorem 4], and, under a slightly modified condition, proximal gradient
methods [BNPS17, KNS16, KJH24]. In addition, for (GD) with constant
stepsizes, satisfaction of the Łojasiewicz condition is not only sufficient, but
also necessary for linear convergence [AdKZ23a, Theorem 5]. However,
despite FŁµ,L(R

d) being a subject of extensive research, no interpolation
conditions are known for this class. Hence, all convergence rates on this
class are a priori non-tight.

Derivation of the one-point strengthening of (pŁµ,L ) Exploiting the iter-
ative refinement technique allows strengthening (pŁµ,L ) as follows.

Proposition 5.4 (Refined description of FŁµ,L(R
d)). Let X = {(x1, x2, x⋆)}.

Then, p̃Łµ,L , the pairwise one-point strengthening of (pŁµ,L ) with respect to Rd, is
satisfied only if

p̃ij
Łµ,L

⩽ 0 ⇒



fi ⩽ f⋆ +
∥gi∥2

2µ

fi ⩾ f⋆ +
∥gi∥2

2L

fi ⩾ f j +
1
2 ⟨gi + gj, xi − xj⟩+ 1

4L∥gi − gj∥2 − L
4 ∥xi − xj∥2

+ max
0⩽α⩽ 2µ

2L+µ

α
(1−α)(2µ−(L+µ)α)

(
− (L − µ)( f j − f⋆ +

∥gj∥2

2L )

+(1 − α)2(L + µ)( fi − f⋆ − ∥gi∥2

2L )

)
.

(5.8)

The proof of Proposition 5.4 consists in (i) formulating the pairwise one-
point strengthening (5.3) of p̃Łµ,L , (ii) dualizing the inner problem in this
one-point strengthening as to relax it into a maximization problem over
dual variables and z ∈ Rd, (iii) explicitly maximizing this relaxation in z,
and (iv) computing several feasible solutions to this relaxation, by setting
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some dual variables to 0 and either explicitly maximize over the remaining

variables (e.g., to obtain fi ⩾ f⋆ +
∥gi∥2

2L ), or obtain a constraint involving
one of the remaining variables (e.g., α in the last condition in (5.8)).

Proof. Without loss of generality, we let f⋆, x⋆ = 0. The pairwise one-point
strengthening of (pŁµ,L ) on Rd is given by

p̃Łµ,L = max
z∈Rd

min
τ∈R,

gz∈Rd , fz∈R

τ

s.t. fz − fi +
1
2
⟨gz + gi, xi − z⟩ − L∥z − xi∥2

4
+

∥gz − gi∥2

4L
⩽ τ, i ∈ I (µi)

fi − fz +
1
2
⟨gi + gz,z − xi⟩ −

L∥z − xi∥2

4
+

∥gz − gi∥2

4L
⩽ τ, i ∈ I (λi)

fz −
1

2µ
∥gz∥2 ⩽ τ (α1)

− fz ⩽ τ, (α2)

where I = {1,2,⋆}, and α1, α2, and λi,µi, i ∈ I are the dual coefficients.
Dualization of the inner problem yields

p̃Łµ,L ⩾ max
z∈Rd ,

λi⩾0, µi⩾0,
α1, α2⩾0

∑
i∈I

(
λi( fi +

1
2
⟨gi + g⋆z ,z − xi⟩ −

L∥z − xi∥2

4
+

∥g⋆z − gi∥2

4L
)

+ µi(− fi +
1
2
⟨g⋆z + gi, xi − z⟩ − L∥z − xi∥2

4
+

∥g⋆z − gi∥2

4L
)
)

− α1
∥g⋆z∥2

2µ

s.t.
1
2
= ∑

i∈I
λi + α2 = ∑

i∈I
µi + α1,

0 = ∑
i∈I

(
(µi + λi)

1
2L

(g⋆z − gi) +
λi − µi

2
(z − xi)

)
− α1

g⋆z
µ

,

0 ⩽ ∑
i∈I

µi + λi
2L

− α1

µ
,

where g⋆z minimizes the inner problem in p̃Łµ,L , and the last condition en-
sures that g⋆z is a minimizer and no maximizer.

In particular, setting all dual coefficients to 0 except for α2 = µi =
1
2 , for
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a given i ∈ I , z = xi −
gi
L and g⋆z = 0, yields a feasible solution of − fi +

∥gi∥2

2L ,
hence p̃Łµ,L cannot be satisfied unless this quantity is negative.

In addition, setting all dual coefficients to 0 except for α1 ⩽
µ

2L+µ , λj =
1
2 , µi =

1
2 − α1, for any i, j ∈ I , and maximizing over z, yields the last con-

dition in (5.8), with α = 2α1. Hence,p̃Łµ,L cannot be satisfied unless this
condition holds.

Remark 5.3. Setting α = 0 in the last condition in (5.8) allows recovering
(pŁµ,L ), hence these conditions, although relaxations of p̃Łµ,L , are at least as
strong as (pŁµ,L ). The example illustrated in Figure 5.3 allows concluding
(5.8) is strictly stronger than (pŁµ,L ).

Seeking Gram-representable formulation, we propose an SDP reformu-
lation of (5.8).

Derivation of an SDP reformulation of (5.8)

Proposition 5.5 (SDP-representable refined description of FŁµ,L(R
d)). Con-

sider a pair S = {(xi, fi, gi)}i=1,2. It holds that S satisfies (5.8) if and only (i)

fi ⩽ f⋆ +
∥gi∥2

2µ , i = 1,2, (ii) fi ⩾ f⋆ +
∥gi∥2

2L , i = 1,2, and (iii) ∀i, j ∈ I , given

A =

(
− fi + f j +

1
2
⟨gi + gj, xi − xj⟩+

1
4L

∥gi − gj∥2 − L
4
∥xi − xj∥2

)
,

B = (L + µ)

(
fi − f⋆ −

∥gi∥2

2L

)
,

C = (L − µ)

(
f j − f⋆ +

∥gj∥2

2L

)
,

there exists some semi-definite positive matrices

Mij =

[
M11 M12
M12 M22

]
≽ 0, M̄ij =

[
−A(2L + µ) M̄12

M̄12 M̄22

]
≽ 0, (5.9)

such that

M11 − M̄11 +
4µ

2L + µ
M̄12 = −(B − C − (L + 3µ)A),

2M12 − 2M̄12 +
2µ

2L + µ
M̄22 = −(L + µ)A + 2B,

M22 − M̄22 = −B.
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The proof of Proposition 5.5 is deferred to Appendix 5.A.
While (5.9) is an exact reformulation of (5.8), it remains a relaxation of

p̃Łµ,L since (5.8) is itself a relaxation of this one-point strengthening.

Comparison of (pŁµ,L ) and (5.8) Figure 5.3 illustrates, on a numerical ex-
ample, the difference in datasets satisfying (pŁµ,L ) as compared to (5.8).

0.05 0.1 0.15 0.2 0.25 0.3 0.35

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Fig. 5.3 Allowed regions for f2 as a function of g2, according to (5.8) and
(pŁµ,L ), given µ = 1

2 , L = 1, (x⋆, f⋆, g⋆) = (0,0,0), (x1, f1, g1) = (1, 1
4 , 1

2 ) and
x2 =

3
8 .

Figure 5.4 compares the PEP-based bounds on the performance of (GD)
with constant stepsizes α, obtained by relying on (pŁµ,L ) or (5.8). The dif-
ference in performance guarantees only arises from these different descrip-
tions of FpŁµ,L

(Rd), since both bounds are the optimal ones given the descrip-
tion. The bound obtained relying on (pŁµ,L ) exactly matches the state-of-the
art one, from [AdKZ23a, Theorem 3], i.e.,

f (xN)− f⋆ (5.10)

⩽



(
µ(1−Lα)

√
−2L(L+µ)(2−Lα)µα+4L2

2L+µ

)2N
( f (x0)− f⋆) L ∈ (0, 1

L ) 2+µα

(
1−(2−Lα)(2+Lα)

)
2+µα


N

( f (x0)− f⋆) α ∈ [ 1
L ,

√
3

L ]

(
(Lα−1)2

(Lα−1)2+µα(2−Lα)

)N
( f (x0)− f⋆) α ∈ (

√
3

L , 2
L ].
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Fig. 5.4 Comparison of PEP-based bounds on the performance of (GD)
with constant stepsizes, obtained by relying on (pŁµ,L ) or the stronger (5.8),
for µ = 0.1, and L = 1. The performance measure is f (xN)− f⋆, and the ini-
tial condition is f (x0)− f⋆ ⩽ 1. Both bounds are tight given their respec-
tive descriptions of FpŁµ,L

(Rd). The top figure displays the convergence

rate with respect to the number of iterations, for α = 1
L , and the bottom

figure displays the convergence rate after a single iteration, for different
stepsizes.

Both guarantees are linear, but the convergence is faster when consider-
ing (5.8). In addition, optimizing the stepsize with respect to both bounds
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yields slightly different optimal stepsizes. In particular, the actual opti-
mized stepsize is slightly longer than the one obtained based on the non
exact characterization (pŁµ,L ).

5.5.2 Convex blockwise smooth functions

This section studies the class F0,L(R
d) of convex blockwise L-smooth func-

tions f , that is, functions satisfying, ∀x,y ∈ Rd [Nes12],

pxy
0,L ⩽ 0 ⇔ f (x)⩾ f (y) + ⟨∇ f (y), x − y⟩+ ∥∇i f (x)−∇i f (y)∥2

2Li
, ∀i ∈ [n],

(p0,L)

where n ∈ [d] and ∇i f denotes the ith block-component of the gradient of
f .

Motivation The interest in F0,L(R
d) arises from the fact that (i) this class

encompasses many large-scale structured functions, where the gradients
behave differently across blocks, and (ii) coordinate methods, extensively
used and studied due to their efficiency in solving large-scale optimization
problems [BT13, Nes12, Wri15], converge on this class. Block-coordinate
descent, which uses, to compute its iterates, a block of the gradient as an
estimator of the full gradient, has been studied under various assumptions
on how to select these blocks at each iteration, e.g., in a randomized way,
or in a cyclic way, see, e.g., [KHG23, AdKZ23b] for recent analysis under
the PEP framework.

However, no interpolation is yet known for F0,L(R
d), hence all anal-

yses are a priori not tight. In addition, it is known that (p0,L) is an inter-
polation condition on Rd for datasets of cardinality 2, i.e., any two-points
dataset satisfying (p0,L) is consistent with a function in F0,L(R

d), but not
for sets of higher cardinality [KHG23].

Example 5.1 (Counterexample to sufficiency of (p0,L), from [KGHN25], Ta-
ble 3). Let n = d = 2, L1 = L2 = 1, and

S =

{((
−1
0

)
,
1
2

,
(

1
0

))
,
((

1
0

)
,
1
2

,
(

1
0

))
,
((

0
0

)
,0,
(

0
−1

))}
.

Then, S satisfies (p0,L) while not consistent with a function in F0,L(R
d), see

[KGHN25], Appendix A.3, for details.
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Derivation of the one-point strengthening of (p0,L) Exploiting the one-
point refinement technique, we strengthen (p0,L) on sets of cardinality 3 as
follows.

Proposition 5.6 (Refined description of F0,L(R
d)). Let X = {(x1, x2, x3)}.

Then, p̃0,L, the terwise one-point strengthening of (p0,L) with respect to Rd, is
satisfied only if

p̃ijk
0,L ⩽ 0 ⇒ 0 ⩾(1 − λ)

(
− fi + f j + ⟨gj, xi − xj⟩+

1
2Lm

∥g(m)
i − g(m)

j ∥2
)

+λ

(
− fi + fk + ⟨gk, xi − xk⟩+

1
2Lm

∥g(m)
i − g(m)

k ∥2
)

+ λ(1 − λ)

(
max

l

1
2Ll

∥g(l)j − g(l)k ∥2 − 1
2Lm

∥g(m)
j − g(m)

k ∥2
)

,

∀m ∈ [n], ∀λ ∈ [0,1], (5.11)

where g(m)
i denotes the mth component of gi.

Observe that the maximization over l can be easily dealt with by simply
imposing (5.11) to be true for every l. The proof of Proposition 5.6 is similar
to that of Proposition 5.4.

Proof. The terwise one-point strengthening of (p0,L) on Rd is given by

p̃0,L =max
z∈Rd

min
τ∈R,

gz∈Rd , fz∈R

τ

s.t. fz − fi + ⟨gz, xi − z⟩+
∥g(m)

z − g(m)
i ∥2

2Lm
⩽ τ, i ∈ [3], m ∈ [n] (µi,m)

fi − fz + ⟨gi,z − xi⟩+
∥g(m)

z − g(m)
i ∥2

2Lm
⩽ τ, i ∈ [3], m ∈ [n] (λi,m),

where λi,m,µi,m, i ∈ [3], m ∈ [n], are the associated dual coefficients. Dual-
ization of the inner problem yields

p̃0,L = max
z∈Rd ,

µi,m⩾0,
λi,m⩾0

∑
i

∑
m

µi,m(− fi + ⟨g⋆z , xi − z⟩+ 1
2Lm

∥g⋆(m)
z − g(m)

i ∥2)

+ λi,m( fi + ⟨gi,z − xi⟩+
1

2Lm
∥g⋆(m)

z − g(m)
i ∥2)
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s.t. ∑
i

∑
m

µi,m = ∑
i

∑
m

λi,m =
1
2

, and, ∀m ∈ [n],

∑
i

(
µi,m(x(m)

i − z(m)) + µi,m
g⋆(m)

z − g(m)
i

Lm
+ λi,m

g⋆(m)
z − g(m)

i
Lm

)
= 0,

where g⋆z minimizes the inner problem in p̃0,L. In particular, setting all
dual coefficients to 0 except for µi,m = 1

2 , λk,l and λj,l =
1
2 − λk,l for some

i, j ∈ [3] and m, l ∈ [n] fixed yields (5.11), with λ = 2λk,l , hence p̃0,L is at
least as strong as (5.11).

Remark 5.4. The counterexample 5.1 is discarded by (5.11) with λ = 1
2 .

Remark 5.5. Setting λ = 0 or λ = 1 in (5.11) allows recovering (p0,L), hence
again this relaxation of p̃0,L is at least as strong as (p0,L). Remark 5.4 allows
concluding that (5.11) is actually strictly stronger than (p0,L).

Similarly to Section 5.5.1, seeking a formulation that involves only lin-
ear expressions in fi’s as well as in the Gram matrix of gi’s, xi’s, we propose
a reformulation of (5.11) as an SDP.

Derivation of an SDP reformulation of (5.11)

Proposition 5.7 (SDP-representable refined description of F0,L(R
d)). Con-

sider a triplet S = {(xi, fi, gi)}i∈[3]. It holds that S satisfies (5.11) if and only if
∀m ∈ [n] and ∀i, j,k ∈ [3], given

Aijm = − fi + f j + ⟨gj, xi − xj⟩+
1

2Lm
∥g(m)

i − g(m)
j ∥2,

Bjkm = max
l

1
2Ll

∥g(l)j − g(l)k ∥2 − 1
2Lm

∥g(m)
j − g(m)

k ∥2,

there exists some

Mijk
m =

[
−Aijm M12

M12 M22

]
≽ 0, Kijk

m ⩾ 0, (5.12)

such that

2Mijk
m,12 + Kijk

m = Aijm − Aikm − Bjkm,

Mijk
m,22 − Kijk

m = Bjkm.

The proof of Proposition 5.7 is deferred to Appendix 5.B.
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While (5.12) is an exact reformulation of (5.11), it remains a relaxation
of p̃0,L since (5.11) is itself a relaxation of this one-point strengthening.

Comparison of (p0,L) and (5.11) Figure 5.5 illustrates on a numerical ex-
ample the difference in datasets satisfying (p0,L) as compared to (5.11), the
relaxation of p̃0,L.
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Fig. 5.5 Allowed regions for f3 as a function of h3, according to (5.11)
and (p0,L), given Lx = Ly = 1, (x1, f1, g1) =

(
(−1

0 ), 1
2 , (−1

0 )
)

, (x2, f2, g2) =(
(1

0),
1
2 , (1

0)
)

, x3 = (0
1) and g3 = (

0
g(2)3

).

Figure 5.4 compares the PEP-based bounds on the performance of cyclic
RCD, with constant stepsizes, obtained by relying on (p0,L) (as in [KHG23])
or (5.11). Again, the difference in performance guarantees only arises from
these different descriptions of Fp0,L(R

d). In this case, using a stronger de-
scription only yields a very small improvement as compared to the classi-
cal description. Both bounds outperform the classical hand-based bounds
in this setting, e.g. from [BT13, Wri15, Nes12], as highlighted in [KHG23].
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Fig. 5.6 Comparison of PEP-based bounds on the performance of cyclic
RCD, with constant stepsizes 1

L , obtained by relying on (p0,L) (as in
[KHG23]) or (5.11). The number of block is n = 2, the Lipschitz constant
are L1 = L2 = 1, the performance measure is f (xN) − f⋆, and the initial
condition is ∥x0 − x⋆∥⩽ 1.

5.5.3 Strongly monotone Lipschitz operators

This section studies the class Qµ,L(R
d) of strongly monotone Lipschitz op-

erators, that is operators Q satisfying, for some 0 ⩽ µ ⩽ L, and ∀x,y ∈ Rd

[BC17, RTBG20],

qxy
µ,L ⩽ 0 ⇔

{
−⟨Q(x)− Q(y), x − y⟩+ µ∥x − y∥2 ⩽ 0

∥Q(x)− Q(y)∥ − L∥x − y∥ ⩽ 0.
(qµ,L)

Motivation Variational inequalities of the form (VI), i.e.,

Find x⋆ ∈ C : 0 ∈ Q(x⋆),

have been extensively studied since their introduction [Fic64, Sta64, LS67].
Indeed, many classical optimization problems can be recast as instances
of (VI), e.g., problems of the form minx f (x) for a convex function f , as
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well as saddle-point problems of the form

min
x

max
y

L(x,y),

for a convex-concave function L(x,y). Such problems naturally appear,
e.g., in robust optimization [BTN02] and adversarial learning [G+14].

In particular, the class Qµ,L(R
d) captures a broad range of practical

problems while still sufficient to ensure existence of solutions to (VI) [BC17].
However, simple methods such as the gradient descent (GD) may diverge
on Qµ,L(R

d), hence algorithms such as the extragradient method (EG) [Kor76],
whose iteration is given by

yk = xk − αQ(xk), (EG)

xk+1 = xk − αQ(yk),

and the optimistic gradient descent (OG) [Pop80], with iteration

yk = xk − αQ(yk−1), (OG)

xk+1 = xk − αQ(yk),

have been developed to address this issue. Recent work has established
O(1/N) last-iterate convergence rates for these methods using PEP [GLG22,
GTG22]. In particular, [GLG22, Theorem 3.3] proves that N iterations of
(EG) with α = 1√

2L
on Q0,L(R

d) yield

∥Q(xN)∥2 ⩽
4L2∥x0 − x⋆∥2

N + 1
, (5.13)

and [GTG22, Theorem 1] proves that N iterations of (OG) with α = 1
3L on

Q0,L(R
d) yield

∥Q(xN)∥2 ⩽
123L2∥x0 − x⋆∥2

N + 32
. (5.14)

Nonetheless, these bounds are not a priori tight, due to the lack of interpo-
lation conditions for Qµ,L(R

d).
In particular, it has been shown [RTBG20, Proposition 4] that (qµ,L) is

an interpolation condition on Rd for datasets of cardinality 2, i.e., any two-
points dataset satisfying (qµ,L) is consistent with a function in Qµ,L(R

d),
and a global interpolation condition when d = 1. However, when K ⩾ 3 or
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d ⩾ 2, (qµ,L) is no longer an interpolation condition and is only necessary.

Example 5.2 (Counterexample to sufficiency of (qµ,L) [RTBG20]). Let d = 2,
µ = 0, L = 1, and

S =

{((
0
0

)
,
(

0
0

))
,
((

1
0

)
,
(

0
0

))
,
((

1/2
0

)
,
(

0
−1/2

))}
.

Then S satisfies (qµ,L) while not consistent with a function in Qµ,L.

Derivation of the one-point strengthening of (qµ,L) The refinement pro-
cedure described in Section 5.2 allows strengthening (qµ,L), starting with a
set of cardinality 3.

Proposition 5.8 (Refined description of Qµ,L(R
d)). Let X = {(x1, x2, x3)}.

Then, q̃µ,L, the terwise one-point strengthening of (qµ,L) with respect to Rd, is
satisfied only if

q̃ijk
µ,L ⩽ 0 ⇒



∀λk, µi, µj ⩾ 0 :

0 ⩾ λk(µi + µj)(Aikµi + Ajkµj)− λkµiµj Aij

+λ2
k(Bikµi + Bjkµj) + Bijµiµj(µi + µj − 2µλk)

0 ⩾ λk(µi + µj)(Bikµi + Bjkµj)− λkµiµjBij

+λ2
k(Aikµi + Ajkµj) + Aijµiµj(µi + µj − 2µλk),

(5.15)

where Aij = ∥ti − tj∥2 − L2∥xi − xj∥2 and Bij =−2L⟨ti − tj, xi − xj⟩+ 2Lµ∥xi −
xj∥2.

The proof of Proposition 5.8 follows that of Propositions 5.4 and 5.6.

Proof. The terwise one-point strengthening of (qµ,L) on Rd is given by

q̃µ,L = max
z∈Rd

min
τ∈R,
tz∈Rd

τ s.t.
∥tz − ti∥2

2L
− L

2
∥z − xi∥2 ⩽ τ, i ∈ [3] (λi)

− ⟨tz − ti,z − xi⟩+ µ∥z − xi∥2 ⩽ τ, i ∈ [3] (µi)

where λi,µi are the associated dual coefficients. Dualization of the inner
problem yields

q̃µ,L ⩾
1

2L
max
λi⩾0,
µi⩾0

∑
i

(
− λi

(
∥t⋆z − ti∥2 − L2∥z − xi∥2

)
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+ µi2L(−⟨t⋆z − ti,z − xi⟩+ µ∥z − xi∥2)
)

s.t. ∑
i

1
L

λi(t⋆z − ti)− µi(z − xi) = 0, ∑
i
(λi + µi) = 1,

where t⋆z minimizes the inner problem in q̃µ,L. Minimizing over z, multi-
plying by 2L

(
(∑i λi)

2 + (∑i µi)
2) and rearranging the terms yields q̃µ,L ⩾

max
λi⩾0, µi⩾0,

∑i(λi+µi)=1

∑
i,j∈[3]: j>i

(
Aij
(
λiλj ∑

k
λk + λiµj(∑

k
µk)

+ λjµi(∑
k

µk)− (∑
k

λk)µiµj − 2µ(∑
k

µk)λiλj
)

+Bij
(
µiµj ∑

k
µk + µiλj(∑

k
λk)

+ µjλi(∑
k

λk)− (∑
k

µk)λiλj − 2µ(∑
k

λk)µiµj
))

.

This condition is homogeneous of degree 3 in λk, µi, µj. Hence, for any
K ⩾ 0, it must hold with µ̃i = Kµi, λ̃i = Kλi replacing µi, λi respectively,
which allows removing the condition ∑i(λi + µi) = 1.

Setting only λk, µi and µj non-zero yields the first condition in (5.15),
and setting only µk, λi and λj non-zero yields the second condition in
(5.15), hence q̃µ,L is at least as strong as (5.15). Those choices of coefficients
allow for the terms multiplying Aij or Bij to be potentially negative.

Remark 5.6. Observe that the counterexample 5.2 does not satisfy (5.15),
and separates Qqµ,L(X ) from Qq̃µ,L(X ).

Remark 5.7. Setting λk = 0 in (5.15) allows recovering (qµ,L), hence again
this relaxation of q̃µ,L is at least as strong as (qµ,L). Remark 5.6 allows con-
cluding (5.15) is actually strictly stronger than (qµ,L).

Similarly to Sections 5.5.1 and 5.5.2, we propose a relaxation of (5.15) as
an SDP.

Derivation of an SDP reformulation of (5.15).

Proposition 5.9 (SDP-representable refined description of Qµ,L(R
d)). With

the same notation as in Proposition 5.8 and considering a triplet S= {(xi, ti)}i∈[3],

it holds that S satisfies (5.15) if ∀i, j,k ∈ [3], there exists some Mijk
A,B ≽ 0, Mijk

B,A ≽
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0, where

Mijk
α,β =



−βij 0 0 M14 M15 M16 M17
0 −αjk −M15 0 −M14 M26 M27

0 −M15 −βij M34 −M16 0 M37
M14 0 M34 −β jk −M27 M46 0
M15 −M14 −M16 −M27 M55 −M37 −M46
M16 M26 0 M46 −M37 −αik 0
M17 M27 M37 0 −M46 0 −βik


, (5.16)

and

M55 + 2M17 + 2M26 + 2M34 = αij + 2µβij − αjk − αik.

The proof of Proposition 5.9 is deferred to Appendix 5.C.

Comparison of (qµ,L) and (5.16) Figure 5.7 illustrates on a numerical ex-
ample the difference in datasets satisfying (qµ,L) as compared to (5.16), the
relaxation of q̃µ,L.

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

Fig. 5.7 Allowed regions for t3, according to (qµ,L) or (5.15), given µ = 0,

L = 1, (x1, t1) =
(
(0

0), (
0
0)
)

, (x2, t2) =
(
(1

0), (
0

−1/2)
)

, and x3 = (1/2
1/2).

Figure 5.8 compares the bounds on the performance of (EG) and (OG),
obtained (i) in [GLG22, Theorem 3.3] and [GTG22, Theorem 1], i.e., in a
computer-aided way, relying on (qµ,L) and using relaxations, (ii) in a PEP-
based way, using (qµ,L), and (iii) in a PEP-based way, using (5.16).

| 95



Applications: improved descriptions of problem classes | 5.5
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0.4
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1

Fig. 5.8 Comparison of PEP-based bounds on the performance of (EG),
with stepsize α = 1√

2L
(top figure) and (OG), with stepsize α = 1

3L (bottom
figure), obtained (i) in [GLG22, Theorem 3.3] and [GTG22, Theorem 1],
i.e., in an non tight computer-aided way, relying on (qµ,L), (ii) in a PEP-
based way, using (qµ,L), and (iii) in a PEP-based way, using (5.16). The
performance measure is ∥Q(xN)∥2, the initial condition is ∥x0 − x⋆∥2 ⩽ 1,
µ = 0 and L = 1.

The tight PEP-based bounds improve on [GLG22, Theorem 3.3] and
[GTG22, Theorem 1], and relying on (5.15) yields better results than using
(qµ,L), from 2 iterations.

Remark 5.8. Since (qµ,L) is an interpolation condition on Rd for datasets of
cardinality 2 [RTBG20, Proposition 4], all methods achieving linear con-
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vergence rates on Qµ,L should be analyzed using this constraint. Indeed,
analyzing a single iteration of such methods, involving 2 points only, is suf-
ficient for a global analysis. Hence, using (qµ,L) already yields tight guar-
antees.

5.5.4 Uniformly convex functions

This section studies the class Fµ,q(Rd) of uniformly convex functions f
satisfying, ∀x,y ∈ Rd, (pµ,q), that we recall here.

pxy
µ,q ⩽ 0 ⇔ f (x)⩾ f (y) + ⟨∇ f (y), x − y⟩+ µ

q ∥x − y∥q,where µ ⩾ 0, q ⩾ 2,

(pµ,q)

Motivation The concept of uniform convexity, originally introduced in
1936 [Cla36], was then adopted in convex optimization to strengthen con-
vergence results as compared to convex functions, see, e.g., [JN14a, JN14b,
DN21]. In particular, uniformly convex functions admit a unique min-
imizer, and their dual functions are Hölder smooth functions, see, e.g.,
[Nes15, Lemma 1].

Uniformly convex functions are also curious from an interpolation point
of view. Indeed, (pµ,q) is algebraically simple, and is an interpolation con-
straint for its limit case q = 2. However, for q > 2, it is not a global interpo-
lation constraint anymore, see Section 4.4.

Extensibility from 2-points datasets We first prove that (pµ,q) can be ex-
tended from any set of cardinality 2 to any z ∈ Rd, hence the strengthening
technique proposed in Section 5.2 can only yield a stronger constraint start-
ing from sets of cardinality ⩾ 3.

Proposition 5.10 (Extensibility from 2-points datasets of (pµ,q)). Let S =

{(xi, fi, gi)}i=1,2 be a set satisfying (pµ,q). Given any z ∈ Rd, there exist some
fz ∈ R, gz ∈ Rd such that S ∪ (z, fz, gz) satisfies (pµ,q).

Proof. We seek for some fz ∈ R, gz ∈ Rd extending (pµ,q) to x, that is such
that ∀i, j = 1,2, it holds

fz ⩾ fi + ⟨gi, x − xi⟩+
µ

q
∥x − xi∥q, (5.17)

f j ⩾ fz + ⟨gz, xj − x⟩+ µ

q
∥x − xj∥q. (5.18)
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Let

i⋆ = argmax
i=1,2

(
fi + ⟨gi, x − xi⟩+

µ

q
∥x − xi∥q),

fz = fi⋆ + ⟨gi⋆ , x − xi⋆⟩+
µ

q
∥x − xi⋆∥

q,

gz = gi⋆ + µ∥x − xi⋆∥
q−2(x − xi⋆) + K(x − xi⋆),

where K ⩾ 0. Then, (5.17) is automatically satisfied. In addition, it holds

fz + ⟨gz, xi⋆ − x⟩+ µ

q
∥x − xi⋆∥

q = fi⋆ − µ∥x − xi⋆∥
q + 2

µ

q
∥x − xi⋆∥

q − K∥x − xi⋆∥

⩽ fi⋆ ,

and

fz + ⟨gzxj − x⟩+ µ

q
∥x − xj∥q

= fi⋆ + ⟨gi⋆ , xj − xi⋆⟩+ ⟨K(x − xj⋆), xj − x⟩

+ µ∥x − xi⋆∥
q−2⟨x − xi⋆ , xj − x⟩+ µ

q
(∥x − xi⋆∥

q + ∥x − xj∥q)

⩽ f j − ⟨KXi⋆ , Xj⟩+
µ

q
(∥Xi⋆∥

q + ∥Xj∥q − ∥Xi⋆ − Xj∥q − q∥Xi⋆∥
q−2⟨Xi⋆ , Xj⟩),

where Xi⋆ = x − xi⋆ and Xj = x − xj. Suppose first ⟨Xi⋆ , Xj⟩ ⩽ 0, and let
K = 0. Then, by Bernoulli’s inequality, and since (x + y)q ⩾ xq + yq for
q ⩾ 2, x,y ⩾ 0, it holds

∥Xi⋆ − Xj∥q =(∥Xi⋆∥
2 + ∥Xj∥2 − 2⟨Xi⋆ , Xj⟩)q/2

=(∥Xi⋆∥
2 + ∥Xj∥2)q/2(1 − 2

⟨Xi⋆ , Xj⟩
∥Xi⋆∥2 + ∥Xj∥2 )

q/2

⩾∥Xi⋆∥
q + ∥Xj∥q − q⟨Xi⋆ , Xj⟩(∥Xi⋆∥

2 + ∥Xj∥2)q/2−1

⩾∥Xi⋆∥
q + ∥Xj∥q − q⟨Xi⋆ , Xj⟩∥Xi⋆∥

q−2,

hence (5.18) holds. Suppose now ⟨Xi⋆ , Xj⟩ > 0. Then there exists a suffi-
ciently large K such that (5.18) holds.

One-point strengthening of (pµ,q) We now show that (pµ,q) can be strength-
ened by considering sets of higher cardinality.
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Proposition 5.11 (Refined description of Fµ,q(Rd)). Let X = {(x1, x2, x3)}.
Then, p̃µ,q, the terwise one-point strengthening of (pµ,q) on Rd, is satisfied only
if

p̃ijk
µ,q ⩽ 0 ⇒ 0 ⩾ max

λ∈[0,1]
λ(− fi + fk + ⟨gk, xi − xk⟩)

+(1 − λ)(− f j + fk + ⟨gk, xj − xk⟩)

+
µ

q

(
(λ(1 − λ)q + (1 − λ)λq)∥xi − xj∥q

+ ∥xk − λxi − (1 − λ)xj∥q
)

.

(5.19)

Proof. The terwise one-point strengthening of (pµ,q) on Rd is given by

p̃µ,q =max
z∈Rd

min
τ∈R,

gz∈Rd , fz∈R

τ

s.t. − fz + fi + ⟨gi,z − xi⟩+
µ

q
∥z − xi∥q ⩽ τ, i ∈ [3] (λi)

− fi + fz − ⟨gz,z − xi⟩+
µ

q
∥z − xi∥q ⩽ τ, i ∈ [3] (µi)

where λi,µi (i ∈ [3]) are the associated dual coefficients. Dualization of the
inner problem yields

p̃µ,q = max
z∈Rd ,

λi , µi⩾0

3

∑
i=1

(
λi( fi + ⟨gi,z − xi⟩+

µ

q
∥z − xi∥q)

+ µi(− fi − ⟨gz,z − xi⟩+
µ

q
∥z − xi∥q)

)
s.t.

3

∑
i=1

λi =
3

∑
i=1

µi =
1
2

, z = 2
3

∑
i=1

(µixi).

In particular, setting only λk =
1
2 , µi ∈ [0, 1

2 ], µj =
1
2 − µi non-zero yields a

feasible solution of

0 ⩾µi(− fi + fk + ⟨gk, xi − xk⟩) + (
1
2
− µi)(− f j + fk + ⟨gk, xj − xk⟩)

+
µ

q

(
(µi(

1
2
− µi)

q + (
1
2
− µi)µ

q
i )∥xj − xi∥q + ∥xk − µixi − (

1
2
− µi)xj∥q

)
.
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Hence p̃µ,L is at least as strong as (5.19).

Remark 5.9. Setting λ = 1 in (5.19) allows recovering (pµ,q).

Remark 5.10. The case p = 2 can be simplified as

p̃ijk
µ,2 ⩽ 0 ⇒0 ⩾ λ(− fi + fk + ⟨gk, xi − xk⟩+

µ

2
∥xi − xk∥2)

+ (1 − λ)(− f j + fk + ⟨gk, xj − xk⟩+
µ

2
∥xi − xk∥2)

⇔ fi ⩾ fk + ⟨gk, xi − xk⟩+
µ

2
∥xi − xk∥2 and

f j ⩾ fk + ⟨gk, xj − xk⟩+
µ

2
∥xj − xk∥2.

We recover the classical definition of µ-strongly convex functions.

5.5.5 Smooth convex functions with constrained convex domain

Given an open convex subset X̄ ⊊ Rd, consider the class F0,L(X̄ ) of func-
tions that are smooth and convex on X̄ , in the sense of (p0,L), but not nec-
essarily outside of X̄ . It is known that (p′′0,L) no longer holds in general
for this function class [Dro20, Section 2], but that it remains valid for pairs
(x,y) of points x,y ∈ X̄ that are sufficiently close. In particular, it holds at
every x,y ∈ X̄ such that [Dro20, Theorem 3.1]

∥x − y∥ < dist(y,Rd \ X̄ ), (5.20)

This result is obtained by showing that in this case, all quantities in-
volved in the strengthening of (p′0,L) into (p′′0,L) belong to X̄ . Building on
the iterative strengthening of (p0,L), we improve this description by show-
ing (p′′0,L) holds at pairs that are twice as distant.

Proposition 5.12. Let X̄ ⊊ Rdan open convex set and f ∈ F0,L(X̄ ). Then, for
any x,y ∈ X̄ such that

∥x − y∥ < 2dist(y,Rd \ X̄ ), (5.21)

it holds

f (y)⩾ f (x) + ⟨∇ f (x),y − x⟩+ 1
2L∥∇ f (x)−∇ f (y)∥2.
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Proof. Let z = y + g(x)−g(y)
2L . It holds

∥z − y∥ = 1
2L∥g(y)− g(x)∥⩽ 1

2∥y − x∥ <
(5.21)

dist(y,Rd \ X̄ ),

hence z ∈ X̄ . Setting x2 = x and x1 = y in the proof of Proposition 5.2,
observe that the strengthening of (p0,L) into (p′′0,L) remains valid since it
only involves quantities belonging to X̄ .

Remark 5.11. This factor 2 cannot be improved via the one-point strength-
ening procedure, as long as one only uses (p0,L) or (p′0,L). However, it might
be improved by starting from other conditions.

Building on [Dro20, Theorem 3.1], the author of [Dro20] obtained prop-
erties valid for all x,y ∈ X̄ , however far from each other, that are expressed
as optimization problems. Relying on Proposition 5.12 instead of [Dro20,
Theorem 3.1] allows improving this description of F0,L(X̄ ).

Corollary 5.1 (From [Dro20], Corollary 3.2). Given {(x, gx, fx), (y, gy, fy)} ∈
(Rd × Rd × R)2, let

UN(resp. BN)(x, gx, fx,y, gy) =max(resp. min)gi∈Rd , fi∈R fN

s.t. f0 = fx, g0 = gx, gN = gy, and ∀0 ⩽ i < N,
1

2L
∥gi − gi+1∥2 ⩽ fi − fi+1 −

1
N
⟨gi+1, x − y⟩,

1
2L

∥gi − gi+1∥2 ⩽ fi+1 − fi −
1
N
⟨gi,y − x⟩,

Then,
1. If f ∈F0,L(X̄ ), then for any x,y∈ X̄ , and ∀N > ∥x−y∥

2min(dist(x,Rd\X̄ ),dist(y,Rd\X̄ ))
,

BN(x,∇ f (x), f (x),y,∇ f (y))⩽ f (y)⩽ UN(x,∇ f (x), f (x),y,∇ f (y)).

2. If {(x, gx, fx), (y, gy, fy)} ∈ (Rd × Rd × R)2 satisfy, for some L, N > 0,

BN(x, gx, fx,y, gy)⩽ fy ⩽ UN(x, gx, fx,y, gy),

then there exists a function f ∈F0,L(X̄ ) such that f (x) = fx, f (y) = fy, ∇ f (x) =
gx, and ∇ f (y) = gy.

Proof. The proof follows the same lines as in [Dro20, Corollary 3.2], replac-
ing Proposition [Dro20, Theorem 3.1] by Proposition 5.12.
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In [Dro20, Corollary 3.2], a similar result is proved, except for the factor
2 in the definition of N: Corollary 5.1 allows bounding f (y) by UN , BN for
twice smaller values of N than [Dro20, Corollary 3.2].

To illustrate how this strengthens the description of F0,L(X̄ ), consider
the following numerical example, from [Dro20, Figure 3]. Given f : X̄ →R,
suppose L = 1, x = 0, ∇ f (x) = 0, f (x) = 0, ∥y∥2 = 1, ∥∇ f (y)∥2 = 1

2 and
min(dist(x,Rd \ X̄ ),dist(y,Rd \ X̄ )) = 1. We show in Figure 5.9 the al-
lowed regions for f (y) as a function of ⟨∇ f (y),y⟩, according to [Dro20,
Corollary 3.2] and Corollary 5.1. Obtaining closed-form interpolation con-

0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7
0.2

0.25

0.3

0.35

0.4

0.45

0.5

Fig. 5.9 From [Dro20, Figure 3]. Allowed regions for f (y) as a func-
tion of ⟨∇ f (y),y⟩, according to [Dro20, Corollary 3.2] and Corollary 5.1,
and given L = 1, (x, f (x),∇ f (x)) = (0,0,0), ∥y∥2 = 1, ∥∇ f (y)∥2 = 1

2 and
min(dist(x,Rd \ X̄ ),dist(y,Rd \ X̄ )) = 1. Corollary 5.1 allows bounding fy
by B1, U1, while [Dro20, Corollary 3.2] can only rely on B2, U2.

ditions for function classes with constrained domain would require, e.g.,
considering more specific domains as the unit ball.

5.6 Concluding observations

Chapters 4 and 5 presented a constraint-based approach to interpolation,
that partially answered some of the open questions regarding interpola-
tion, discussed in Chapter 2.
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Question 1. Given a function/operator class, how to guess a candidate
interpolation condition?

Question 2. How to assess a constraint’s interpolability?
The notion of pointwise extensibility (Definition 4.5) furnishes a possi-

ble answer to Question 2. Indeed, (i) it allows obtaining counterexamples
to a constraint’s interpolability in an automated way (Section 4.4), and (ii)
it reduces proving interpolability of a candidate constraint to an algebraic
question, independent from the analytical properties of the class analyzed.

In addition, the one-point strengthening procedure (Definition 5.1) in-
troduced in Chapter 5 can be seen as a principled and constructive ap-
proach to answering Question 1. Indeed, starting from any characteri-
zation of a class of functions/operators, it iteratively constructs refined
characterizations of this class, obtaining interpolation conditions as a final
product. In particular, it allows for strengthening given sets of conditions
based only on their algebraic properties, leading to improved conditions
that would have been challenging to guess based solely on the class’ an-
alytical properties. Proving stability (Definition 5.2) of constraint via the
strengthening procedure also answers Question 2, but we have seen that
this is in practice challenging.

Finally, the proposed constraint-based approach allows bypassing Ques-
tion 1, by directly highlighting function classes based on the fact that they
possess simple interpolation conditions rather than on their analytical prop-
erties.

On the downside, the constraint-based approach naturally showcases
some limitations. For instance, our main technical tools for obtaining one-
point strengthenings consist of dualizing the inner problem in (5.3). Hence,
the approach fails as soon as the initial constraint under consideration is
not convex in Fz. Similarly, the approach is naturally limited to constraints
for which this dualization yields a zero duality gap. Furthermore, we
quickly arrive at formulations that turn out to be hardly manipulable, both
for computing their one-point strengthening and for proving their stability.
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Appendix to Chapter 5

5.A Proof of Proposition 5.5

Proof. The first conditions are strictly equivalent to the first ones in (5.8).
The last inequality in (5.8) can be equivalently written as

0 ⩾A +
α

(1 − α)(2µ − (L + µ)α)

(
(1 − α)2B − C)

)
, ∀α ∈ [0,

2µ

2L + µ
].

(5.22)

In the interval [0, 2µ
2L+µ ], α ⩽ 2µ

L+µ ⩽ 1, hence (5.22) is equivalent to

0 ⩾ (1 − α)(2µ − (L + µ)α)A + (1 − α)2αB − αC,

⇔0 ⩾ 2µA + α(B − C − (L + 3µ)A) + α2((L + µ)A − 2B) + α3B,

⇔0 ⩾ a0 + a1α + a2α2 + a3α3 := P(α),

where a0 = 2µA, a1 = B − C − (L + 3µ)A, a2 = (L + µ)A − 2B and a3 = B.
By Markov-Lukacs theorem [Sze39, Theorem 1.21],

P(α)⩽ 0,∀α ∈ [0,
2µ

2L + µ
]

⇔∃M, M̄ ∈ S2
+ s.t. P(α) = −α

[
1 α

]
M
[

1
α

]
− (

2µ

2L + µ
− α)

[
1 α

]
M̄
[

1
α

]
This condition can be stated linearly in terms of the coefficients of M, M̄
and those of P(·). Denoting the i, jth entrance of M by Mij, i, j ∈ [2], the list
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of constraints is given by

2µ

2L + µ
M̄11 = −a0, M11 − M̄11 +

4µ

2L + µ
M̄12 = −a1

2M12 − 2M̄12 +
2µ

2L + µ
M̄22 = −a2, M22 − M̄22 = −a3.

5.B Proof of Proposition 5.7

Proof. Condition (5.11) can be equivalently expressed as

0 ⩾(1 − λ)Aijm + λAikm + λ(1 − λ)Bjkm := P(λ), ∀m ∈ [n], ∀λ ∈ [0,1].

By Markov-Lukasc theorem [Sze39, Theorem 1.21],

P(λ)⩽ 0,∀λ ∈ [0,1]

⇔∃M ∈ S2
+,K ⩾ 0 s.t. P(λ) = −

[
1 λ

]
M
[

1
λ

]
− λ(1 − λ)K.

This condition can be stated linearly in terms of the coefficients of M,
of K and of the coefficients of P(·). Denoting the i, jth entrance of M by Mij,
i, j ∈ [2], the list of constraints is given by

M11 = −Aijm, 2M12 + K = Aijm − Aikm − Bjkm, M22 − K = Bjkm.

5.C Proof of Proposition 5.9

Proof. Take the first condition in (5.15), and set λk = γ2, µi = θ2 and µj = α2.
The condition becomes

0 ⩾γ2(α2 + θ2)(Aikθ2 + Ajkα2)− γ2θ2α2 Aij

+γ4(Bikθ2 + Bjkα2) + Bijθ
2α2(θ2 + α2) = P(α,θ,γ).
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P(α,θ,γ) is an homogeneous polynomial of 3 variables and degree 6,
which must be negative for all θ,α,γ ∈ R. This negativity condition can
be relaxed by requiring P to be Sum of Squares, that is, by requiring the
existence of some M ≼ 0 such that

P(α,θ,γ) = V(α,θ,γ)⊤MV(α,θ,γ),

where V(α,θ,γ) =
(
α2θ α2γ αθ2 αγ2 αθγ θ2γ θγ2)⊤. This condi-

tion can be stated linearly in terms of the coefficients of M and those of P(·).
Denoting the i, jth entrance of M by Mi,j, i, j ∈ [7], the list of constraints is
given by

M1,1 = M3,3 = Bij

M2,2 = Ajk

M4,4 = Bjk

M6,6 = Aik

M7,7 = Bik

M5,5 + 2M1,7 + 2M2,6 + 2M3,4 = −Aij − 2µBij + Aik + Ajk

M1,2 = M1,3 = M2,4 = M3,6 = M4,7 = M6,7 = 0

M1,5 + M2,3 = M1,4 + M2,5 = M1,6 + M3,5 = 0

M2,7 + M4,5 = M3,7 + M5,6 = M4,6 + M5,7 = 0.

Translating the second condition in (5.15) follows exactly the same ar-
gument, with A(·) and B(·) inverted.
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PART II
Interpolation conditions for

second-order univariate
optimization



6
Generic method for

univariate interpolation

This chapter results from a collaboration with Nizar Bousselmi.

SUppose interpolation conditions are known for a class F of univariate
functions. This chapter proposes a technique, summarized in Theo-
rem 6.1, to derive interpolation conditions for the associated univari-

ate class ∫
F := { f : R → R̄ | f ′ ∈ F}, (6.1)

consisting of functions whose derivative belongs to F . This approach thus
lifts interpolation conditions from F to the higher-order class

∫
F . It will

be relied upon in Chapter 7 to derive interpolation conditions for uni-
variate second-order function classes, enabling tight analysis of univariate
second-order optimization methods.

This chapter is organized as follows. Section 6.1 generalizes the defini-
tion of an interpolation condition to univariate high-order function classes.
Section 6.2 then introduces the method on the simple example of M-smooth
functions, and Sections 6.3, 6.4, and 6.5 formalize the method, summarized
in Section 6.6.
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Notation We denote by Cm the class of univariate functions f : R→R that
are at least m times everywhere differentiable, with derivative up to order
m everywhere continuous. In addition, in Section 7.3, we will consider
function classes whose elements f may take infinite values, but such that
their inverse 1

f (x) ∈ C(0). To account for such function classes, we introduce

the class C̄0 of functions f : R → R̄ that are everywhere continuous, i.e.,
∀c ∈ R, limx→c f (x) = f (c), as in{

∀ϵ > 0, ∃δ > 0,∀x ∈ R : |x − c| < δ ⇒ | f (x)− f (c)| < ϵ f (c) finite,

∀N > 0, ∃δ > 0,∀x ∈ R : |x − c| < δ ⇒ f (x) > N f (c) infinite.

Similarly, we introduce classes C̄(m) to account for possibly infinite-
valued functions whose inverse 1

f (x) ∈ C(m). Let f ∈ C̄0, and suppose f is at

least m times differentiable on dom f . We denote by f (k) the kth derivative
of f (where f (0) = f ), defined ∀c ∈ R and for k ⩾ 1 as

f (k)(c) = lim
x→c

f (k−1)(x)− f (k−1)(c)
x − c

,

i.e., as the classical order k derivative on the effective domain, and +∞
otherwise. We say f ∈ C̄m if (i) f (k) exists, and (ii) f (k) ∈ C̄0, ∀k ⩽ m.

6.1 Order m interpolation conditions

We seek for interpolation constraints for classes of univariate functions
F ⊆ C̄m, hence generalize Definition 2.6 to the interpolation up to order
m derivative of datasets by functions in F .

Definition 6.1 (Interpolation with function values). Given F ⊆ C̄m, a set
S = {(xi, f 0

i , f 1
i , ..., f m

i )}i∈[N] ∈ (R × . . . × R)N is F -interpolable with func-
tion values if and only if

∃ f ∈ F : f (k)(xi) = f k
i , ∀k ∈ [m], ∀i ∈ [N]. (6.2)

Definition 6.1 can be straightforwardly extended to interpolation with-
out function values, that is, interpolation of a dataset S by a function in F ,
except for its function values f 0

i .
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Definition 6.2 (Interpolation without function values). Given F ⊆ C̄m, a
set S = {(xi, f 0

i , f 1
i , ..., f m

i )}i∈[N] ∈ (R × . . . × R)N is F -interpolable without
function values if and only if

∃ f ∈ F : f (k)(xi) = f k
i , ∀k ∈ [m], ∀i ∈ [N]. (6.3)

The quantities f 0
i are thus ignored in interpolation without function

values and are not necessarily equal to function values f (0)(xi).

Remark 6.1. In the multivariate case, interpolation conditions without func-
tion values are often computationally more expensive to impose than in-
terpolation conditions with function values, see, e.g., [Tay17, Section 3.4].
By contrast, in the univariate case, these interpolation conditions are often
more concise than interpolation conditions with function values. Hence,
we resort to this formulation whenever possible, for instance when ana-
lyzing methods that do not involve function values in their settings.

Whenever m = 1,2, we denote f 0
i := fi, f 1

i := gi, f 2
i := hi, f (1)(x) := f ′(x)

and f (2)(x) := f ′′(x).

6.2 Overview of the method

This section illustrates the main steps of the proposed method on a simple
example, depicted in Figure 6.1. Consider the class FM of M-Lipschitz
functions, whose interpolation conditions correspond to a discretization
of their classical characterization, i.e., a dataset S = {(xi, fi)}i∈[N] is FM-
interpolable if and only if

| fi − f j|⩽ M|xi − xj|, ∀i, j ∈ [N] [Kir34, Val45].

Building on these conditions, we aim to recover interpolation condi-
tions for the class

∫
FM of M-smooth functions, that is conditions ensuring∫

FM-interpolability of a dataset S = {(xi, fi, gi)}i∈[N].
First, we address interpolation conditions without function values for∫

FM. These conditions coincide with the interpolation conditions with
function values for FM (Lemma 6.1). Specifically, S is

∫
FM-interpolable

without function values if and only if

|gi − gj|⩽ M|xi − xj|, ∀i, j ∈ [N]. (6.4)
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Indeed, then, there exists a function in FM interpolating {(xi, gi)}, and this
function is, by the fundamental theorem of calculus, the derivative of some
function in

∫
FM.

Second, we exploit these interpolation conditions without function val-
ues to derive interpolation conditions with function values for

∫
FM. Since

continuous piecewise smooth functions are globally smooth, the problem
reduces to interpolation on a single interval [xi, xj] (see Lemma 6.5). Sup-
pose, on this interval, S satisfies (6.4). Consider all functions in FM that in-
terpolate {(xi, gi), (xj, gj)}, and in particular the extremal interpolants gmin
and gmax (Definition 6.3), see Figure 6.1 for an illustration.

0 0.2 0.4 0.6 0.8 1
-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
-0.2

-0.1

0

0.1

0.2

0.3

0.4

Fig. 6.1 Illustration of the method to obtain interpolation conditions en-
suring S = {(xi, fi, gi)}i=1,2 to be FM-interpolable: extremal M-Lipschitz
interpolants gmin (top figure, dark blue curve) and gmax (top figure, pink
curve) of {(xi, gi)}i=1,2 (see Proposition 7.3 for their derivation). When in-
tegrated (below, dark blue and pink curves), these extremal interpolants
define an interval including all possible smooth functions interpolating S,
except f2. The interval [ f1 +

∫ x2
x1

gmin(x)dx, f1 +
∫ x2

x1
gmax(x)dx] (bottom

figure, light blue line) is exactly the interval of admissible values for f2.
Whenever f2 belongs to this interval, there exists a convex combination of
the integrals of gmin and gmax (light blue dotted curves) which is in

∫
FM

and interpolates S.

Given fi, integration of these extremal interpolants over [xi, xj] yields
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the interval [
fi +

∫ xj

xi

gmin(x)dx, fi +
∫ xj

xi

gmax(x)dx
]

of admissible values for f j (cf. Lemma 6.4). Indeed, if f j lies within this in-
terval, there exists a convex combination g = λgmin +(1−λ)gmax such that
the function fi +

∫ x
xi

g(t)dt (i) is M-smooth by convexity of the smoothness
property, i.e., any convex combination of smooth continuous functions is
itself smooth, and (ii) interpolates S. Conversely, if f j lies outside this inter-
val, no function in FM interpolates S. Hence, imposing the interpolation
condition ∫ xj

xi

gmin(x)dx ⩽ f j − fi ⩽
∫ xj

xi

gmax(x)dx, (6.5)

in addition to the conditions without function values, yields interpolation
conditions with function values for

∫
FM, see Corollary 7.1.

In this toy example, to recover interpolation conditions for
∫
FM from

those of FM, we relied on several key properties of both FM and
∫
FM.

More specifically, the proposed method applies to classes F satisfying

1. F ⊆ C̄m is a class of univariate continuous functions (obtention of
interpolation condition without function values for

∫
F ),

2. F admits well-defined extremal interpolants, ensured by Assump-
tion 6.1 (definition of an interval of possible values for f2),

3.
∫
F is convex, or satisfies the weaker notion introduced in Assump-

tion 6.2 (the interval whose extremes are the integrated extremal ex-
trapolants of F indeed contains all possible values for f2),

4. Any function in Cm that belongs, piecewise, to
∫
F , is in

∫
F , ensured

by Assumption 6.4 (sufficiency of piecewise
∫
F -interpolability for

global
∫
F -interpolability).

We now detail the steps of the method and underlying assumptions.
For illustrative applications of the technique to a broad range of function
classes with second-order properties, including, e.g., functions with Lips-
chitz continuous Hessian, see Chapter 7.3.
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6.3 Interpolation without function values

In the univariate case and for continuous function classes, interpolation
without function values of

∫
F amounts exactly to interpolation with func-

tion values of F ,

Lemma 6.1 (Interpolation without function values). Consider F ⊆ C̄m and∫
F ⊆ C̄m+1, as defined in (6.1). A set S = {(xi, f 0

i , f 1
i , ..., f m

i )}i∈[N] ∈ (R ×
. . . × R)N is

∫
F -interpolable (without function values) if and only if

S̃ := {(xi, f 1
i , ..., f m

i )}i∈[N] is F -interpolable (with function values).

Proof. By Definition 6.2, S is
∫
F -interpolable without function values if

∃ f ∈
∫
F : f (k)(xi) = f k

i , ∀k ∈ [m], ∀i ∈ [N]

⇔
(6.1)

∃ f : f ′ = g ∈ F , f (k)(xi) = f k
i , ∀k ∈ [m], ∀i ∈ [N]

⇔ ∃ g ∈ F : g(k)(xi) = f k+1
i , ∀k = 0, . . . ,m − 1, ∀i ∈ [N]

⇔
Def. 6.1

S̃ is F -interpolable with function values,

where the second equality follows from the fundamental theorem of calcu-
lus, see, e.g., [Rud76, Chapter 6] applied on the effective domain of g.

6.4 Interpolation with function values (2 points)

We now show how to go from interpolation without function values to
interpolation with function values. We take the simplest situation possible
and restrict our attention to the interpolation of a single pair of data points
x1 < x2.

Consider a set S = {(xi, f 0
i , f 1

i , . . . , f m+1
i )}i=1,2 which is

∫
F -interpolable

without function values and the associated set S̃ = {(xi, f 1
i , . . . , f m+1

i )}i=1,2.
By Lemma 6.1, S̃ is F -interpolable, hence there exists at least one function
g ∈ F interpolating S̃. For each of such g, we can construct an associated
function f ∈

∫
F , interpolating S with the exception of f (x2), which could

differ from f 0
2 .
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Lemma 6.2. Consider F ⊆ C̄m,
∫
F ∈ C̄m+1 as defined in (6.1), and a set S =

{(xi, f 0
i , f 1

i , . . . , f m+1
i )}i=1,2 ∈ (R × . . . × R)2,

∫
F -interpolable without func-

tion values. Let S̃ = {(xi, f 1
i , . . . , f m+1

i )}i=1,2, and g ∈ F be a function interpo-
lating S̃. Then,

f (x) := f 0
1 −

∫ x1

−∞
g(z)dz +

∫ x

−∞
g(z)dz, (6.6)

belongs to
∫
F and interpolates S except f (x2) which could differ from f 0

2 .

Proof. Since f ′(x) = g(x), f ∈
∫
F by (6.1). In addition,

f (k)(xi) = g(k−1)(xi) = f k
i , i = 1,2, k ∈ [m + 1], and f (x1) = f 0

1 ,

hence f interpolates S except possibly for f (x2).

Consider, among these functions g ∈ F interpolating S, the lowest and
highest functions, called the extremal interpolants of S, see Figure 6.1 for
an illustration. As such, extremal interpolants are not well-defined and
might not exist or be non-unique. We thus introduce the notion of lower
and upper interpolating envelopes, that is pointwise minimum and maximum
of all functions in F interpolating S.

Definition 6.3 (Extremal interpolating envelopes). Consider F ⊆ C̄m and
an F -interpolable set S = {(xi, g0

i , g1
i , ..., gm

i )}i=1,2 ∈ (R × . . . × R)2, where
x1 < x2. The extremal interpolating envelopes gmin and gmax of S are defined
as, ∀x ∈ R,

gmin (resp. max)(x) = inf
g:R→R

(resp. sup) g(x) (6.7)

s.t. g ∈ F and g(k)(xi) = gk
i , i = 1,2, k ∈ [m].

Extremal interpolating envelopes always exist, but do not always be-
long to F . To ensure it is the case, we require F to be extremally interpolable.

Assumption 6.1 (Extremally interpolable function class). We say a func-
tion class F ⊆ C̄m of univariate functions is extremally interpolable if any F -
interpolable set S = {(xi, g0

i , g1
i , ..., gm

i )}i=1,2 ∈ (R × . . . × R)2 satisfies gmin,
gmax ∈ F where gmin and gmax are defined in (6.7).

Whenever F is extremally interpolable, we refer to extremal interpolat-
ing envelopes of S as extremal interpolants of S. Showing extremal inter-
polability of F often amounts to computing these extremal interpolants.
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Suppose now that such extremal interpolants exist, and that the asso-
ciated functions fmin, fmax ∈

∫
F as defined in (6.6) evaluated at x2 are re-

spectively smaller and bigger than f 0
2 . Then, there exists a function f ∈∫

F interpolating S (including f (x2) = f 0
2 ), provided

∫
F is extremally com-

pletable.

Assumption 6.2 (Extremally completable function class). Let F ⊆ C̄m be
extremally interpolable (Assumption 6.1), and consider

∫
F ∈ F̄m+1. Let

S = {(xi, f 0
i , f 1

i , . . . , f m+1
i )}i=1,2 ∈ (R × . . . × R)2, where x1 ⩽ x2, be

∫
F -

interpolable without function values, S̃= {(xi, f 1
i , . . . , f m+1

i )}i=1,2, and gmin,
gmax ∈ F be the extremal interpolants of S̃, as defined in (6.7). Let, in addi-
tion,

f 0
1 +

∫ x2

x1

gmin(z)dz ⩽ f 0
2 ⩽ f 0

1 +
∫ x2

x1

gmax(z)dz.

We then say
∫
F is extremally completable if

∃ f ∈
∫
F : f (k)(xi) = f k

i , ∀i ∈ {1,2}, ∀k ∈ [m + 1].

Instances of function classes
∫
F that are extremally completable in-

clude any function class satisfying the maybe more natural notion of con-
vexity, including quasi-self-concordant functions and functions with Lips-
chitz Hessian, see Proposition 7.2.

Assumption 6.3 (Convex function class). We say a class F of univariate
functions is convex if, given any fa, fb ∈ F and any λ ∈ [0,1],

λ fa + (1 − λ) fb ∈ F .

Convex function classes are extremally completable.

Lemma 6.3. Let F ⊆ C̄m be an extremally interpolable (Assumption 6.1) class of
univariate functions. If

∫
F is convex (Assumption 6.3), then

∫
F is extremally

completable (Assumption 6.2).

Proof. With the same notation as in Assumption 6.2, let

fmin/max(x) := f 0
1 −

∫ x1

−∞
gmin/max(z)dz +

∫ x

−∞
gmin/max(z)dz.

By Lemma 6.2, fmin(x) and fmax(x) belong to
∫
F . In addition, the two

functions interpolate S with the exception of f 0
2 = λ flo(x2) + (1− λ) fhi(x2)
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for some λ ∈ [0,1]. Hence f (x) := λ flo(x) + (1 − λ) fhi(x) interpolates S
(including f (x2) = f2), and by convexity of

∫
F , f ∈

∫
F .

Convexity on its own proves to be too restrictive, since not satisfied by
classes of interest, e.g., self-concordant functions. This justifies the intro-
duction of the weaker notion of extremal completability, satisfied by self-
concordant functions.

For classes F that are extremally interpolable, and such that
∫
F is

extremally completable, we obtain interpolation conditions with function
values for

∫
F , on a single interval, by enforcing f 0

2 to belong to the inter-
val [ f 0

1 +
∫ x2

x1
gmin(z)dz, f 0

1 +
∫ x2

x1
gmax(z)dz] defined by the integrals of the

extremal interpolants of S.

Lemma 6.4 (Interpolation conditions for a single interval). Let F ⊆ C̄m be
an extremally interpolable (Assumption 6.1) class of univariate functions and
let
∫
F ⊆ C̄m (defined in (6.1)) be extremally completable (Assumption 6.2). A

set S = {(xi, f 0
i , f 1

i , ..., f m+1
i )}i=1,2 ∈ (R × . . . × R)2, where x1 < x2 is

∫
F -

interpolable with function values if and only if S is
∫
F -interpolable without func-

tion values, and f 0
1 , f 0

2 satisfy∫ x2

x1

gmin(x)dx ⩽ f 0
2 − f 0

1 ⩽
∫ x2

x1

gmax(x)dx, (6.8)

where gmin and gmax are defined as in (6.7).

Proof. Sufficiency follows the definition of extremal completability. To prove
necessity, suppose S = {(xi, f 0

i , f 1
i , ..., f m+1

i )}i=1,2 is
∫
F -interpolable (with

function values). Then, by Lemma 6.1, S is F -interpolable (without func-
tion values). In addition, by Definition 6.3 of extremal interpolants, any
function g : R → R such that (i) ∃ f ∈

∫
F : g(x) = f ′(x), ∀x ∈ R and (ii) g

interpolates S, satisfies

gmin(x)⩽ g(x)⩽ gmax(x), ∀x ∈ [x1, x2].

Hence, (6.8) is necessarily satisfied.

To obtain full interpolation conditions for
∫
F , it remains to consider

the case of an arbitrary number of points to interpolate.
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6.5 Interpolation with function values (all points)

In the univariate case, interpolation of an arbitrary number of points is
equivalent to that of a single pair, provided the class

∫
F is order m + 1

connectable, in the sense that the juxtaposition of different functions in
∫
F ,

where the functions coincide up to order m + 1 on the boundaries of some
intervals, is itself a function in

∫
F .

Assumption 6.4 (Order m connectable function class). A class F ⊆ C̄m of
univariate functions is order m connectable if, given any x0 ⩽ ... ⩽ xK+1 ∈ R,
and any K functions f j ∈ F such that

f (l)j (xj+1) = f (l)j+1(xj+1), ∀l ∈ [m], j ∈ [K − 1],

then the piecewise function

f : R → R̄ : f (x) := f j(x) ∀x ∈ Ij, ∀j ∈ [K] belongs to F ,

where

Ij =


]− ∞, x1] j = 1

[xj, xj+1] j = 2, · · · ,K − 1

[xK,∞[ j = K.

Remark 6.2. Linear functions are order 1 connectable, since the juxtaposi-
tion of several linear functions whose slope is identical is linear, but not
order 0 connectable, since the juxtaposition of linear functions with differ-
ent slopes is not linear. Hence, an appropriate choice of order is essential
when determining whether a function class is connectable.

Order m + 1 connectivity of
∫
F allows extending Lemma 6.4 to any

arbitrary number of points.

Lemma 6.5 (From a single interval to all points). Let F ⊆ C̄m be an or-
der m connectable class of univariate functions (Assumption 6.4). A set S =

{(xi, f 0
i , f 1

i , ..., f m
i )}i∈[N] ∈ (R× . . . ×R)N , with ordered points x0 ⩽ x1 ⩽ . . . ⩽

xN , is F -interpolable with function values if and only if,

∀i ∈ [N − 1] :
{
(xi, f 0

i , f 1
i , ..., f m

i ), (xi+1, f 0
i+1, f 1

i+1, ..., f m
i+1)

}
is F -interpolable.

(6.9)
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Proof of Lemma 6.5. (Necessity) Suppose S is F -interpolable, and let f ∈ F
be a function interpolating S, and in particular all pairs (i, j). For each pair
(i, j), the restriction of f to the interval [xi, xj] is a function in F interpolat-

ing
{
(xi, f 0

i , f 1
i , ..., f m

i ), (xj, f 0
j , f 1

j , ..., f m
j )
}

, and (6.9) is satisfied.

(Sufficiency) Suppose (6.9) is satisfied, and let f (i) ∈ F be a function in-
terpolating the pair (i, i + 1) ∀i ∈ [N − 1]. Define

Ii =


]− ∞, x2] i = 1

[xi, xi+1] i = 2, · · · , N − 2

[xN−1,∞[ i = N − 1.

(6.10)

Let f : R → R̄ be defined by:

f (x) := f (i)(x) ∀x ∈ Ii, ∀i ∈ [N − 1]. (6.11)

By construction, f interpolates S = {(xi, f 0
i , f 1

i , ..., f m
i )}i∈[N]. Further, by or-

der m piecewise invariance of F , f ∈ F , which completes the proof.

6.6 Main Theorem

We now present our main Theorem, lifting interpolation conditions from
F to

∫
F .

Theorem 6.1 (Interpolation conditions for
∫
F )

Let F ⊆ C̄m be an extremally interpolable (Assumption 6.1) class of uni-
variate functions, and let

∫
F ⊆ C̄m+1 (defined in (6.1)) be extremally

completable (Assumption 6.2) and order m + 1 connectable (Assump-
tion 6.4). A set S = {(xi, f 0

i , f 1
i , ..., f m

i )}i∈[N] ∈ (R × . . . × R)N , where
x0 ⩽ x1 ⩽ ...⩽ xN is

∫
F -interpolable if and only if S is

∫
F -interpolable

without function values, and ∀i ∈ [N],∫ xi+1

xi

gmin(x)dx ⩽ fi+1 − fi ⩽
∫ xi+1

xi

gmax(x)dx, (6.12)

where gmin, gmax are defined as in (6.7).
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Proof. It suffices to combine Lemmas 6.4 and 6.5.

Remark 6.3. Theorem 6.1 requires imposing conditions on ordered pairs
only. However, imposing conditions on all pairs yields, by Lemma 6.5,
equivalent interpolation conditions, that are often cleaner and easier to
handle.
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7
Computer-aided analysis of

second-order univariate
optimization

This chapter results from a collaboration with Nizar Bousselmi.

AS stated in Chapter 3, computer-aided techniques for tight perfor-
mance analysis of optimization methods are to this day mostly re-
stricted to the analysis of first-order optimization. In this setting,

obtaining performance guarantees often amounts to solving SDPs, i.e., the
resulting PEP are convex; and interpolation conditions have been derived
for a wide range of first-order function classes, ensuring the tighness of
these guarantees.

By contrast, we seek to analyze second-order optimization methods,
which, to solve unconstrained minimization problems

min
x∈Rd

f (x),

rely on evaluations of the Hessian of the objective function at each itera-
tion, e.g., Newton’s method, whose iteration is given by

xk+1 = xk −∇2 f (xk)
−1∇ f (xk). (NM)
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Such methods are designed to minimize functions belonging to second-
order function classes, that is, classes whose characterization involves eval-
uations of second-order quantities, e.g, the class of twice-differentiable func-
tions f : Rd → Rd whose Hessian is M-Lipschitz continuous, i.e,

∥∇2 f (x)−∇2 f (y)∥⩽ M∥x − y∥, ∀x,y ∈ Rd. (7.1)

This chapter takes a first step at leveraging the PEP framework to the
analysis of second-order optimization, by (i) obtaining interpolation con-
ditions for univariate second-order function classes, (Section 7.3), and (ii)
solving the associated PEPs, (Section 7.4). Before diving into these main
contributions, we quickly motivate the analysis of (univariate) second-order
methods, and review computer-aided techniques in this setting.

7.1 Codes.

Codes for reproducing and verifying technical parts of this work can be
found at

https://github.com/NizarBousselmi/Second-Order-Univariate-PEP.

7.2 Motivation

7.2.1 Second-order optimization

Second-order methods such as Newton’s method have attracted a lot of at-
tention due to their local quadratic convergence, and importance for interior-
point methods [NN94], widely used to solve constrained optimization prob-
lems, see, e.g., [CGT00] for a survey.

Since Newton’s method may globally diverge, and fails on degenerate
Hessians, several globally convergent variants of Newton’s method have
been designed that handle these issues. These mostly include (i) damped
Newton’s methods, i.e.,

xk+1 = xk − αk∇2 f (xk)
−1∇ f (xk), (DNM)
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and (ii) regularized Newton’s methods [Mar63, Lev44], i.e.,

xk+1 = xk − αk(∇2 f (xk) + λkIdd)
−1∇ f (xk), (RNM)

where λk may depend on xk, xk+1, or ∇ f (xk), and Idd is the identity matrix
in Sd.

These methods have been designed for and analyzed on several func-
tion classes, including those of functions with Lipschitz Hessian, denoted
HM; of convex functions therein, denoted HM,0; of self-concordant func-
tions [NN94], denoted SM,+, that is, convex functions satisfying, in the
univariate case,

| f ′′′(x)|⩽ 2M
(

f ′′(x)
)3/2, ∀x ∈ Rd, (7.2)

and including e.g., barrier functions, that form the basis of interior-point
methods; and of quasi-self-concordant functions [Bac10], denoted TM,+,
i.e., convex functions satisfying, still in the univariate case,

| f ′′′(x)|⩽ M f ′′(x), ∀x, h ∈ Rd, (7.3)

and including logistic regressions.
Examples of globally convergent second-order methods on these classes

include,

• Cubic Regularized Newton method (CNM), i.e., λk ∝ ∥xk+1 − xk∥,
on HM [NP06], achieving O(1/k

2
3 ) convergence; accelerated CNM

on HM,0 [Nes08] showing O(1/k4) convergence; adaptive CNM on
functions with milder assumptions than Lipschitz continuity on the
Hessian [CGT11];

• Gradient regularized Newton methods (GNM1)-λk ∝ ∥∇ f (xk)∥, on
convex functions [Pol09], achieving O(1/k

1
4 ) convergence; and TM,+

[Doi23], achieving linear convergence;

• Gradient regularized Newton methods (GNM2)-λk ∝ ∥∇ f (xk)∥2, on
HM and HM,0 [DN24, Mis23], achieving O(1/k2) convergence;

• Damped Newton method on SM,+ [NN94, Hil21, IH24], achieving
linear convergence; and on semi-self-concordant functions [HKP+22],
achieving O(1/k2) convergence; and

• Universal methods [DMN24, DN21].
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In general, the potential tightness of existing convergence rates is an
open question. In practice, the methods often behave significantly better
than predicted by the theory, either because worst-case instances are very
unlikely to appear in practical problems, or because the current conver-
gence rates are too pessimistic and can be improved, e.g. by relying on
interpolation conditions. In addition, a fair comparison between the dif-
ferent variants of Newton’s method is difficult to perform, in the sense
that the performance measures and hypotheses vary for each analysis.

7.2.2 Computer-aided second-order optimization

The theory underlying the PEP framework can be straightforwardly ex-
tended to second-order optimization. For instance, the worst-case analysis
of N iterations of (NM) on HM, where the performance measure is chosen
to be ∥xN−x⋆∥

∥x0−x⋆∥ , can be expressed as

max
S={(xk , fk ,gk ,hk)}k=0,1,...,N,⋆

||xN − x⋆|| (7.4)

s.t. xk+1 = xk − h−1
k gk, k = 0,1, ..., N − 1

||x0 − x⋆||⩽ R

g⋆ = 0, h⋆ ≽ 0

∃ f ∈ HM : f (xk) = fk, ∇ f (xk) = gk,∇2 f (xk) = hk, k = 0,1, . . . , N,⋆.

As compared to the analysis of first-order methods, (7.4) presents two
difficulties. First, no interpolation condition is yet known for HM, nor for
any second-order function class, see Chapter 2, preventing any exact alge-
braic representation of the last constraint in HM. Second, by contrast to the
majority of first-order problems, the constraints in (7.4) are not Gram rep-
resentable, hence (7.4) is a non-convex PEP with, in the multivariate case,
matrix variables.

This second difficulty can be tackled by leveraging, e.g., techniques to
solve non-convex PEPs yielded by first-order problems, e.g., in [DGFST24,
DGVPR24, RTBG20].

Regarding interpolation conditions, to the best of our knowledge, no
progress has been achieved so far. The only attempts at computer-aided
analysis of second-order methods are [DKGT20], studying a single iter-
ation of Newton’s method on SM,+ and building on conditions that are
only necessary for this class, and [Hil21], which obtained tight guarantees
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on the same setting, but did not use interpolation conditions. More gener-
ally, all analysis, whether conducted by hand or in a computer-aided way,
builds on necessary conditions and is hence a priori untight.

7.2.3 Univariate second-order optimization

Clearly, a computer-aided technique encompassing the analysis of multi-
variate second-order settings, as for first-order settings, would have been
desirable. However, our proposed extension of the PEP framework to
second-order analysis is restricted to univariate functions due to two main
difficulties. First, the approach to second-order interpolation conditions
presented in Chapter 6 heavily relies on properties specific to univariate
functions. Second-order interpolation conditions for classes of multivari-
ate functions remain an open question. Second, there is no known efficient
way to solve PEPs involving second-order quantities in the multivariate
case.

Nevertheless, tightly analyzing univariate second-order optimization
is interesting in itself. Indeed, exact univariate bounds already provide in-
sight into the bottlenecks of the method, and are lower bounds on the mul-
tivariate worst-case performance of the method. In fact, in many settings
(first and second-order methods), univariate functions are observed to pro-
vide the general multivariate worst-case [CGT10, Doi21, THG17c, Toi24,
RGP24]. In addition, in case the obtained univariate lower bound matches
a known analytical multivariate upper bound, the associated worst-case
instance proves tightness of this upper bound.

7.3 Interpolation of generalized self-concordant functions

Building on the approach proposed in Chapter 6, this section derives in-
terpolation conditions (with or without function values) for HM, and the
classes

∫ (2)Fα of univariate generalized self-concordant functions [STD19,
Definition 1], satisfying

| f ′′′(x)|⩽ Mα f ′′(x)α, f ′′(x)⩾ 0, (7.5)

where α ⩾ 0. Letting α = 0, α = 1, and α = 3
2 allows recovering HM,0, SM,+,

and TM,+, respectively. As this class
∫ (2)Fα encompasses functions whose
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second derivative belongs to some class Fα, it is amenable to the approach
of Chapter 6, provided the assumptions required by Theorem 6.1 hold,
and interpolation conditions for the associated basic function classes Fα are
known.

We thus first present Fα and several characterizations thereof, before
(i) obtaining interpolation conditions for Fα, and (ii) iteratively applying
Theorem 6.1, after verifying all assumptions required for its validity hold.

7.3.1 Interpolation of generalized Lipschitz functions

Basic classes Fα are defined as satisfying a notion of generalized Lipschitz-
ness, in the spirit of generalized smoothness introduced in [LQT+24] and
generalized self-concordance introduced in [STD19]. Throughout, given
α ⩾ 0, we define

β(α) =

{
1

1−α if α ̸= 1

1 if α = 1.
(7.6)

Definition 7.1 (Generalized Lipschitz function). Let M,α ⩾ 0, and β(α) be
defined as in (7.6). We say that f : R → R̄ is (M,α,+)-generalized Lipschitz
if f (i) is non-negative everywhere, (ii) belongs to C̄0 if α > 1, and C0 if α⩽ 1,
(iii) is piecewise C̄1 if α > 1, and piecewise C1 if α ⩽ 1, and (iv) satisfies,
whenever differentiable,

| f ′(x)|⩽ |β(α)|M f (x)α. (7.7)

We denote by FM,α,+ ⊆ C̄0 (and C0 when α ⩽ 1) the class of (M,α,+)-
generalized Lipschitz functions. In addition, f : R → R is M-Lipschitz if
(i) f ∈ C0, (ii) f is piecewise C1 if α ⩽ 1, and (iii) f satisfies, whenever dif-
ferentiable, (7.7).

We use the notation FM,α,(+) to refer to both FM,α,+ and FM. Non nega-

tivity of f (x) is required (i) as to describe convex function classes
∫ 2FM,α,+,

that is, to fit (7.5), and (ii) as it simplifies the derivation of extremal inter-
polants for FM,α,+, see Proposition 7.3.

Proposition 7.1 (2-points definition). Let M,α ⩾ 0, f ∈ C̄0, and f piecewise
C̄1. In addition, if α ⩽ 1, let f ∈ C0, and f piecewise C1. Then, f ∈ FM,α,+, if and
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only if f = 0, or ∀x,y ∈ R:

| f̃ (x)− f̃ (y)|⩽ M|x − y|, (7.8){
f (x)⩾ 0, if α < 1,

f (x) > 0, if α ⩾ 1,
(7.9)

where f̃ (x) =

{
f (x)1−α, if α ̸= 1,

log( f (x)), if α = 1.
In addition, f ∈ FM if and only if it satisfies (7.8).

Proof. When f ′(x) exists and f (x) ̸= 0, f̃ ′(x) = f ′(x)
|β(α)| f (x)α ∀α ⩾ 0. In addi-

tion, on the interior of any interval over which f = 0, so are f̃ and f̃ ′.
(Necessity of (7.8)) Let f ∈ FM,α,+. By assumptions on f and definition
of f̃ , f̃ is continuous and piecewise C1. Indeed, if α ⩽ 1, f ∈ C0 and is
piecewise C1, and f̃ preserves these properties, with points of discontinuity
the intersection of all points where f is non-differentiable, and the points
where f switches from non-zero to zero values. On the other hand, if α > 1,
then f̃ = 0 when f = ∞, hence, f̃ ∈ C0 and is piecewise C1 despite f ∈ C̄0,
and piecewise C̄1.

Let x1 < x2 < . . . < xK be the points at which f̃ is non-differentiable.
Consider any interval Ii on which f̃ is differentiable, and non-zero. By the
mean value theorem, it holds that ∀x < y ∈ Ii, ∃c ∈ (x,y) such that

| f̃ (x)− f̃ (y)|
|x − y| = | f̃ ′(c)| = | f ′(c)|

|β(α)|| f (c)α| ⩽
(7.7)

|β(α)|M| f (c)α|
|β(α)|| f (c)α| = M.

In addition, on any interval over which f̃ = 0, f̃ is M-Lipschitz. Therefore,
f̃ is piecewise M-Lipschitz. Consider now x < xi < . . . < xj < y where
1 ⩽ i ⩽ j ⩽ K; i.e., x,y may belong to distinct intervals. Then,

| f̃ (x)− f̃ (y)|
|x − y| ⩽

| f̃ (x)− f̃ (xi)|+ | f̃ (xi)− f̃ (xi+1)|+ . . . + | f̃ (xj)− f̃ (y)|
|x − y|

⩽ M
xi − x + xi+1 − xi + . . . + y − xj

y − x
= M.

Finally, nonnegativity is due to Definition 7.1 and positivity in the case
α ⩾ 1 arises from the limit case of (7.8): if f ∈ FM,α,+, and f (x) = 0 at some
x ∈ R, then f = 0.
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(Sufficiency of (7.8)) Let f ∈ C̄0, piecewise C̄1 and satisfying (7.8). At all
x ∈ R where f is differentiable and non-zero, it holds:

| f̃ ′(x)| = | f ′(x)|
|β(α)|| f (x)|α = lim

h→0

| f̃ (x + h)− f̃ (x)|
h

⩽
(7.8)

M

⇒| f ′(x)|⩽ |β(α)|M f (x)α.

In addition, at all x where f (x) = 0, by nonnegativity of f , either f ′(x) does
not exist, or f ′(x) = 0. Hence, f ∈ FM,α,+.

Finally, the case FM follows the same argument, except there is no need
to handle the non-negativity constraint.

Proposition 7.1 reduces generalized self-concordant functions to func-
tions f whose associated quantity f̃ ′′ is simply Lipschitz continuous, which
allows obtaining interpolation conditions almost straightforwardly for all
basic function classes and their higher-order associated classes, once inter-
polation conditions are known for FM and

∫ (k)FM, k = 1,2, . . .. In addition,
the conditions in Proposition 7.1 are interpolation conditions for FM,α,(+).

Theorem 7.1 (Interpolation conditions for FM,α,(+))

Let M,α ⩾ 0. A set S = {(xi, fi)}i∈[N] ∈ (R × R)N is FM,α,+-
interpolable if and only if fi = 0, ∀i ∈ [N], or ∀i, j ∈ [N]:

| f̃i − f̃ j|⩽ M|xi − xj|, (7.10){
fi ⩾ 0 if α < 1,

fi > 0 if α ⩾ 1,
(7.11)

where f̃i =

{
f 1−α
i , if α ̸= 1,

log( fi), if α = 1.
In addition, S is FM-interpolable if and only if it satisfies (7.10).

Proof. By Proposition 7.1, these conditions are necessary for interpolation.
We show they are also sufficient. Suppose S satisfies (7.10). We construct a
function f ∈ FM,α,(+) interpolating S. Let f̃ (x) = mink f̃k + M|x − xk| and

f (x) =

{
f̃ (x)α−1 if α ̸= 1,

e f̃ (x) if α = 1.
(7.12)
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Since, by (7.10), f̃i ⩽ f̃ j + M|xj − xi|, ∀i, j ∈ [N], f (x) as defined in (7.12)
interpolates S, i.e.,

when α ̸= 1 : f (xi) = (min
k

f̃k + M|xi − xk|)α−1 = f̃ α−1
i = fi.

when α = 1 : f (xi) = emink f̃k+M|xi−xk | = e f̃i = fi

Moreover, f ∈ FM,α,+ since ∀x,y ∈ R, we have

| f̃ (x)− f̃ (y)| = | f̃k⋆(x) + M|x − xk⋆(x)| − f̃ j⋆(y) − M|y − xj⋆(y)||

⩽ | f̃ j⋆(y) + M|x − xj⋆(y)| − f̃ j⋆(y) − M|y − xj⋆(y)||

= M||x − xj⋆(y)| − |y − xj⋆(y)||⩽ M|x − y|,

where k⋆(x) and j⋆(y) are the optimal indices in the definition of f̃ (x) and
f̃ (y). The last inequality follows from the reverse triangle inequality. In
addition, if fi ⩾ 0 ∀i ∈ [N] then f (x) ⩾ 0 ∀x ∈ R, and the same holds if
fi > 0. Finally, f̃ (x) ∈ C0 and piecewise C1.

Remark 7.1. By Lemma 6.1, Theorem 7.1 furnishes interpolation conditions
without function values for

∫
FM,α,(+), and interpolation conditions with-

out function values and first derivative for
∫ (2)FM,α,(+).

Corollaries of Theorem 7.1 It turns out that several particular cases of
Theorem 7.1 recover well-known conditions. For instance,

• Interpolation conditions for FM are the classical interpolation condi-
tions for Lipschitz continuous functions, see Section 6.2.

• Setting α = 3
2 yields interpolation conditions without function and

gradient values, for the class of self-concordant functions, i.e.

| 1√
hi

− 1√
hi
|⩽ M|xj − xi|.

This condition, the strongest possible that only involves second-order
derivatives and points, was derived in [NN94, Theorem 2.1.1] in the
multivariate case.

• Letting α = 1 yields interpolation conditions without function and
gradient values, for the class of quasi-self-concordant functions. This
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condition, given by

| log (gi)− log
(

gj
)
|⩽ M|xi − xj|,

has been derived in [Doi23, Lemma 2.5], but also in [VRN+24, Lemma
2.5] regarding the class of (L0, L1)-smooth functions [ZHSJ19], with
L0 = 0 and L1 = M.

7.3.2 Interpolation of generalized smooth functions

To derive interpolation conditions for
∫
FM,α,(+) via the approach pro-

posed in Chapter 6, we show that FM,α,(+) and
∫
FM,α,(+), k = 1,2, satisfy

the assumptions in Theorem 6.1. We first consider assumptions that are
independent of extremal interpolants of FM,α,(+), i.e., connectability and
convexity.

Proposition 7.2 (Properties of generalized Lipschitz functions). Let α, M ⩾

0. Then, FM,α,(+),
∫
FM,α,(+) and

∫ (2)FM,α,(+) are respectively order 0, 1
or 2 connectable (Assumption 6.4). In addition, when α ⩽ 1,

∫
FM,α,(+) and∫ (2)FM,α,(+) are also convex (Assumption 6.3).

Proof. (Connectability) Definition 7.1, involving derivatives, is pointwise
and holds everywhere except for a finite set of points. Hence, by definition,
FM,α,(+) is order 0-connectable, and the function f , juxtaposition of several
functions in FM,α,(+) might be non-differentiable only at the junctions be-

tween intervals. The same argument holds for
∫
FM,α,(+) and

∫ (2)FM,α,(+),
except that it involves higher-order derivatives.

(Convexity) Let α ⩽ 1, f1, f2 ∈
∫
FM,α,(+), λ ∈ [0,1], and f = λ f1 + (1 −

λ) f2. It holds:

| f ′′(x)| = |λ f ′′1 (x) + (1 − λ) f ′′2 (x)|⩽ λ| f ′′1 (x)|+ (1 − λ)| f ′′2 (x)|
⩽

(7.7)
M1(λ f ′1(x)α + (1 − λ) f ′2(x)α)⩽ M1(λ f ′1(x) + (1 − λ) f ′2(x))α

(7.13)

by concavity of g(t) = tα, t ⩾ 0, α ⩽ 1. Moreover, ∀x ∈ R, if f1(x), f2(x)⩾ 0
then f (x) ⩾ 0. Hence, f ∈

∫
FM,α,0, which is convex. The same argument

holds for
∫ (2)FM,α,(+) (with f ′′′ and f ′′ instead of f ′′ and f ′ in (7.13)).
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We now show extremal interpolability of FM,α,(+), and provide its ex-
tremal interpolants.

Proposition 7.3 (Extremal interpolants of FM,α,(+)). Let α, M ⩾ 0. Then,
FM,α,(+) is extremally interpolable (Assumption 6.1), and the extremal inter-
polants (Definition 6.3) of an FM,α,(+)-interpolable set S = {(xi, fi)}i=1,2 ∈ (R×
R)2, where x1 < x2, are given by:
• [ fmin,Case 1] If α ⩾ 1, if we consider FM, or if α < 1 and f̃2 + f̃1 ⩾ M(x2 −
x1):

fmin(x) =

ν
(

f̃1 − β(α)
|β(α)| M(x − x1)

)
x ∈ [x1,z]

ν
(

f̃2 +
β(α)
|β(α)| M(x − x2)

)
x ∈ [z, x2]

,

where z = x1+x2
2 + β(α)

|β(α)|
f̃1− f̃2
2M .

• [ fmin,Case 2] Else:

fmin(x) =


ν
(

f̃1 − β(α)
|β(α)| M(x − x1)

)
x ∈ [x1, x1 +

f̃1
M ]

0 x ∈ [x1 +
f̃1
M , x2 − f̃2

M ]

ν
(

f̃2 +
β(α)
|β(α)| M(x − x2)

)
x ∈ [x2 − f̃2

M , x2]

.

• [ fmax,Case 1] If α ⩽ 1, or if α > 1 and f̃2 + f̃1 > M(x2 − x1):

fmax(x) =

ν
(

f̃1 +
β(α)
|β(α)| M(x − x1)

)
x ∈ [x1,y]

ν
(

f̃2 − β(α)
|β(α)| M(x − x2)

)
x ∈ [y, x2]

,

where y = x1+x2
2 − β(α)

|β(α)|
f̃1− f̃2
2M .

• [ fmax,Case 2] Else:

fmax(x) =


ν
(

f̃1 +
β(α)
|β(α)| M(x − x1)

)
x ∈ [x1, x1 +

f̃1
M ]

∞ x ∈ [x1 +
f̃1
M , x2 − f̃2

M ]

ν
(

f̃2 − β(α)
|β(α)| M(x − x2)

)
x ∈ [x2 − f̃2

M , x2]

,

where

f̃i = f 1−α
i if α ̸= 1, log ( fi) otherwise,

ν(x) = xβ(α) if α ̸= 1, ex otherwise.

| 130



Interpolation of generalized self-concordant functions | 7.3

Proof. First, observe that all quantities in Proposition 7.3 are well-defined,
i.e., x1 ⩽ z ⩽ x2 and x1 ⩽ y ⩽ x2. Indeed, e.g.,

z − x1 =
x2 − x1

2
+

β(α)

|β(α)|
f̃1 − f̃2

2M
⩾ 0

by satisfaction of (7.8).
We now show that fmin, fmax, as illustrated on Figures 7.1 and 7.2, are

the extremal interpolating envelopes of S as defined in (6.7). It holds that
fmin, fmax interpolate S, since ν( f̃i) = fi, i = 1,2. For any x ∈ [x1, x2], they
are also the extremal f satisfying (7.10) with respect to S, i.e.,

fmin( resp. max)(x) = min( resp. max) f f s.t. | f̃ − f̃i|⩽ M|x − xi|, i = 1,2,

f ⩾ 0 (except for FM).

Case α < 1 (Figure 7.1a). Since β(α) > 0, ν(x) is an increasing nonnegative
function of x, when x ⩾ 0, and either (i) ν(x) does not exists for x < 0 (e.g.,
α = 1

3 ), (ii) ν(x) is negative for x < 0 (e.g., α = 0), or (iii) ν(x) is a decreasing
nonnegative function for x < 0 (e.g., α = 1

2 ).
Hence, at all x ∈ [x1, x2], computing the extremal interpolants of S, i.e.,

fmin( resp. max), is equivalent to computing the extremal M-Lipschitz inter-
polants of {(xi, f̃i)}i=1,2, whenever these are nonnegative. On the contrary,
when these interpolants become negative, the extremal interpolants of S
are set to 0.

Specifically, at all x ∈ [x1, x2], f̃min(x) takes the maximal value between
0 and the lower boundaries f̃ ⩾ f̃i − M|x − xi|. If f̃1 + f̃2 ⩾ M(x2 − x1),
these boundaries are always larger than 0, and fmin consists in two pieces.
Else, fmin consists in three parts, since the associated function f̃min(x) is
set to 0 whenever the lower boundaries f̃i − M|x − xi| become negative.
In addition, at all x ∈ [x1, x2], f̃max(x) takes the minimal value of the upper
boundaries f̃ ⩽ f̃i + M|x− xi|, and always consists in two parts, since these
boundaries are always nonnegative.
Case α = 1 (Figure 7.1b). Since ν(x) is an everywhere increasing nonnegative
function, computing the extremal interpolants of S, i.e., fmin( resp. max), is
equivalent to computing the extremal M-Lipschitz interpolants of
{(xi, f̃i)}i=1,2, i.e., f̃min( resp. max).

Specifically, at all x ∈ [x1, x2], f̃min(x) takes the maximal value between
the lower boundaries f̃ ⩾ f̃i − M|x − xi|, even when such boundaries be-
come negative. Similarly, at all x ∈ [x1, x2], f̃max(x) takes the minimal value
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of the upper boundaries f̃ ⩽ f̃i + M|x − xi|. Both extremal interpolants al-
ways consist of two parts. Case α > 1 (Figures 7.2a and 7.2b). Since β(α)< 0,
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(a) Illustration of the extremal interpolants for α < 1, on α = 0. The left-hand side
figure considers S̃1, and the associated extremal interpolants consist of 2 pieces, i.e.,
f̃min(x) is naturally always nonnegative. The right-hand side figure considers S̃2,
and the associated minimal interpolant consists in 3 pieces, i.e., f̃min(x) is forced to
be zero when the M-Lipschitz minimal interpolant of S̃2 is negative.
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(b) Extremal interpolants for α = 1, on S̃2. The right-hand side figure displays f̃min
and f̃max, the extremal M-Lipschitz interpolants of S̃2, even when negative. The
left-hand side figure displays fmin and fmax, the actual extremal interpolants of S2,
that are always nonnegative.

Fig. 7.1 Given α ⩾ 0, M = 1, and S = {(xi, fi)}i=1,2, extremal interpolants
fmin(x), fmax(x) (Definition 6.3) of S, depending on α. The considered
sets are either S̃1 = {(xi, f̃i)}i=1,2 = {(0, 1

2 ), (1, 3
4 )}, or S̃2 = {(xi, f̃i)}i=1,2 =

{(0, 1
2 ), (1, 1

4 )}.

ν(x) is a decreasing positive function of x, when x > 0, with asymptote in
x = 0, and either (i) ν(x) does not exists for x < 0 (e.g., α = 3), (ii) ν(x) is
negative for x < 0 (e.g., α = 2), or (iii) ν(x) is an increasing positive function
for x < 0 (e.g., α = 3

2 ).
Specifically, at all x ∈ [x1, x2], f̃min(x) takes the minimal value of the

upper boundaries f̃ ⩽ f̃i + M|x − xi| and always consists in two parts,
since these boundaries are always positive. In addition, at all x ∈ [x1, x2],
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f̃max(x) takes the maximal value between 0 and the lower boundaries f̃ ⩾
f̃i − M|x − xi|. If f̃1 + f̃2 > M(x2 − x1), these boundaries are always strictly
larger than 0, and fmax consists in two pieces, i.e., the associated func-
tions to these boundaries cross each other before meeting their respective
asymptote. Else, fmax consists in three parts, since the associated function
f̃max(x) is set to 0 whenever the lower boundaries f̃i − M|x − xi| become
negative. On this interval, fmax reaches +∞.
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(a) Extremal interpolants for α > 1, on α = 3
2 and S̃1. The right-hand side figure

displays f̃min and f̃max, the inverted extremal M-Lipschitz interpolants of S̃1, that
are naturally nonnegative. The left-hand side figure displays fmin and fmax, the
actual extremal interpolants of S1.
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(b) Extremal interpolants for α > 1, on α = 3
2 and S̃2. The right-hand side figure

displays f̃min and f̃max, the inverted extremal M-Lipschitz interpolants of S̃2, forced
to be zero when these become nonnegative. The left-hand side figure displays fmin
and fmax, the actual extremal interpolants of S2.

Fig. 7.2 Follow up of Figure 7.1

To conclude the proof, it remains to show that FM,α,(+) is extremally
interpolable, that is, fmin, fmax ∈ FM,α,(+). This holds since (i) fmin and
fmax are nonnegative (and positive for α > 1) except for the extremal in-
terpolants of FM, (ii) fmin and fmax belong to C̄0 (or C0 if α ⩽ 1), and are
piecewise C̄1 (or C1 when α ⩽ 1), and (iii) FM,α,(+) is order 0-connectable
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and fmin, fmax are functions by parts satisfying on each interval:

|ν
(

f̃i ± M(x − xi)
)′ | = M|β(α)|ν

(
f̃i ± M(x − xi)

)α i = 1,2.

Remark 7.2. The cases FM and FM,1,α are the only ones for which the ex-
tremal interpolants take a single expression.

We build on these extremal interpolants to prove FM,α,(+) is extremally
completable when α > 1 (the case α ⩽ 1 follows from Proposition 7.2).

Proposition 7.4 (Extremal completability of
∫
FM,α,(+)). Let α, M ⩾ 0, and

α > 1. Then,
∫
FM,α,(+) is extremally completable.

Proof. The proof is illustrated in Figure 7.3. Let S = {(xi, f 0
i , f 1

i )}i=1,2 and
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Fig. 7.3 Illustration of the proof of Proposition 7.4. Given S =
{(xi, fi, gi)}i=1,2, S̃ = {(xi, gi)}i=1,2, and its extremal interpolants gmin(x)
and gmax(x), we construct a function g ∈ FM,α,+, interpolating S̃, and
whose intergral f1 +

∫ x2
x1

g(z, a)dz interpolates between f1 +
∫ x2

x1
gmin(z)dz

and f1 +
∫ x2

x1
gmax(z)dz. Specifically, we continuously decrease the integral

of gmax by ’cutting’ gmax at height a.

gmin/max be defined as in (6.7), interpolating S̃ = {(xi, f 1
i }i=1,2. Let a ⩾ 0

and define the following function

g(x, a) = min{gmax(x),max{gmin(x), a}}.

By construction, g is defined as the juxtaposition of functions in FM,α,+ on
at most 3 intervals: either a constant function, either gmin(x) or gmax(x).
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Hence, since FM,α,+ is order 0-connectable, g ∈ FM,α,+. In addition, g in-
terpolates S̃ since gmax(xi) = gmin(xi) = f 1

i , i = 1,2. Let

f (x, a) := f 0
1 −

∫ x1

−∞
g(z, a)dz +

∫ x

−∞
g(z, a)dz.

By Lemma 6.2, f ∈
∫
FM,α,+, f ′(xi, a) = f 1

i , i = 1,2, and f (x1, a) = f 0
1 . In

addition,

f (x2, a) = f 0
1 +

∫ x2

x1

g(z, a)dz.

Since f 0
1 +

∫ x2
x1

gmin(z)dz ⩽ f 0
2 ⩽ f 0

1 +
∫ x2

x1
gmax(z)dz and

∫ x2
x1

g(z, a)dz de-
pends continuously on a, with a minimum in

∫ x2
x1

gmin(z)dz and a max-
imum in

∫ x2
x1

gmax(z)dz, there exists some a ⩾ 0 for which f (x2, a) = f 0
2 ,

hence
∫
FM,α,+ is extremally completable.

Combining Propositions 7.4, 7.3, and 7.2, and Theorem 6.1, we obtain
interpolation conditions for

∫
FM,α,(+). For the sake of clarity, we consider

the case α = 1 separately.

Theorem 7.2 (Interpolation conditions for
∫
FM,1,+)

Let M ⩾ 0. A set S = {(xi, fi, gi)}i∈[N] ∈ (R×R×R)N is
∫
FM,1,(+)-

interpolable if and only if, ∀i, j ∈ [N], gi ⩾ 0 and

f j − fi ⩾
1
M

(gi + gj)−
2
M
√

gigje
− M

2 (xj−xi). (7.14)

Proof of Theorem 7.2. Classes FM,1,(+) and
∫
FM,1,(+) satisfy all assumptions

in Theorem 6.1. Hence, S is interpolable if and only if it satisfies

| log (gi)− log
(

gj
)
|⩽ M|xi − xj|, (7.15)

and ∀xi < xj: {
f j − fi ⩾

gi+gj
M − 2

M
√gigje

− M
2 (xj−xi)

f j − fi ⩽− gi+gj
M + 2

M
√gigje

M
2 (xj−xi)

⇔ fi − f j ⩽
gi + gj

M
− 2

M
√

gigje
− M

2 (xi−xj). (7.16)
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One can show that imposing (7.14) on all pairs is strictly equivalent to (7.15)
and (7.16). In addition, (7.14) implies (7.15) when applied to all pairs. In-
deed, summing (7.14) imposed on (i, j) and (j, i) yields

gi + gj
√gigj

⩽ e−
M
2 (xj−xi) + e

M
2 (xj−xi)

and using 1
t + t ⩽ 1√

s +
√

s ⇔ 1
s ⩽ t2 ⩽ s when s ⩾ 1, t ⩾ 0 with t =

√
gj
gi

and s = eM(xj−xi) yields

e−M(xj−xi) ⩽
gj

gi
⩽ eM(xj−xi) (7.17)

which is equivalent to (7.15).

Theorem 7.3 (Interpolation conditions for
∫
FM,α,(+) (α ̸= 1))

Let α ̸= 1, M ⩾ 0. A set S = {(xi, fi, gi)}i∈[N] ∈ (R × R × R)N is∫
FM,α,+-interpolable if and only if, ∀i, j ∈ [N], gi = 0 and fi = f j, or

∀i, j ∈ [N]:

|g̃i − g̃j| < M|xi − xj|, and gi ⩾ 0 if α < 1, gi > 0 else, (7.18)

If g̃i + g̃j ⩾
β(α)

|β(α)|M(xj − xi) :

f j − fi ⩾
β(α)

|β(α)|M(β(α) + 1)

(
g̃β(α)+1

i + g̃β(α)+1
j (7.19)

− 1
2β(α)

(g̃i + g̃j −
β(α)

|β(α)|M(xj − xi))
β(α)+1

)
,

If α < 1 and g̃i + g̃j ⩽ M(xj − xi) :

f j − fi ⩾
1

M(β(α) + 1)

(
g̃β(α)+1

i + g̃β(α)+1
j

)
. (7.20)

where g̃i = g1/β(α)
i . In addition, S is

∫
FM-interpolable if and only if it

satisfies (7.19).

Proof of Theorem 7.3. Classes FM,α,+ and
∫
FM,α,+ satisfy all assumptions

in Theorem 6.1. Hence, S is interpolable if and only if it satisfies (7.18), and
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∀xi < xj:

• Integration of fmin(x), Case 1:

If α > 1, or if α < 1 and g̃i + g̃j ⩾ M(xj − xi), or considering FM,0:

f j − fi ⩾
β(α)

|β(α)|M(β(α) + 1)

(
g̃β(α)+1

i + g̃β(α)+1
j

− 1
2β(α)

(g̃i + g̃j −
β(α)

|β(α)|M(xj − xi))
β(α)+1

)
• Integration of fmin(x), Case 2: If α < 1 and g̃i + g̃j ⩽ M(xj − xi):

f j − fi ⩾
1

M(β(α) + 1)

(
g̃β(α)+1

i + g̃β(α)+1
j

)

• Integration of fmax(x), Case 1: If α < 1, or if α > 1 and

g̃i + g̃j > M(xj − xi) :

f j − fi ⩽
β(α)

|β(α)|M(β(α) + 1)

(
− g̃β(α)+1

i − g̃β(α)+1
j

+
1

2β(α)
(g̃i + g̃j +

β(α)

|β(α)|M(xj − xi))
β(α)+1

)
⇔ fi − f j ⩾

β(α)

|β(α)|M(β(α) + 1)

(
g̃β(α)+1

i + g̃β(α)+1
j

− 1
2β(α)

(g̃i + g̃j −
β(α)

|β(α)|M(xi − xj))
β(α)+1

)
.

The second case for fmax, i.e., when it reaches infinite values, yields no
further constraint. Considering FM,α,+, imposing (7.19) and (7.20) on all
pairs is strictly equivalent to these conditions, since β(α)

|β(α)| = −1 if α > 1,
β(α)
|β(α)| = 1 otherwise. Considering FM,0, there are no subcases to consider,
and imposing (7.19) on all pairs is strictly equivalent to these conditions.
Furthermore, satisfaction of (7.19) on both pairs (i, j) and (j, i) implies sat-
isfaction of |gi − gj|⩽ M|xj − xi|, since adding both inequalities gives

0 ⩾ g2
i + g2

j −
1
4
(gi + gj − M(xj − xi))

2 − 1
4
(gi + gj + M(xj − xi))

2

⇔0 ⩾
(gi − gj)

2

2
− M2

2
(xj − xi)

2 ⇔ |gi − gj|⩽ M|xi − xj|.
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Remark 7.3. By Proposition 6.1, Theorems 7.2 and 7.3 furnish interpolation
conditions without function values for

∫ (2)FM,α,(+).

Remark 7.4. Necessarily, the interpolation conditions of Theorems 7.2 and
7.3 are satisfied everywhere by any function in

∫
FM,α,(+). They are thus

equivalent to Definition 4.1 of
∫
FM,α,(+) when imposed everywhere, even

tough proving it from scratch is not straightforward.

7.3.3 Applications of Theorems 7.2 and 7.3

We propose a list of corollaries to Theorems 7.2 and 7.3, specific several
specific classes

∫ (2)FM,α,(+).

Class HM of functions with M-Lipschitz Hessian We recover the inter-
polation conditions for M-smooth functions from [THG17c, Theorem 4].

Corollary 7.1. A set {(xi, fi, gi, hi)}i∈[N] is HM-interpolable without functions
values if, and only if, ∀i, j ∈ [N]:

gj − gi − hi(xj − xi)⩾−M
2
(xj − xi)

2 +
1

4M
(hj − hi + M(xj − xi))

2.

(7.21)

Proof. Since HM =
∫ (2)FM, consider Theorem 7.3 as applied to

∫
FM.

Class HM,µ of µ-strongly convex functions with M-Lipschitz Hessian

Corollary 7.2. A set {(xi, fi, gi, hi)}i∈[N] ∈ (R × R × R × R)N is HM,µ
-interpolable without functions values if and only, ∀i, j ∈ [N]:

gj − gi ⩾ hi(xj − xi)−
M
2
(xj − xi)

2 +
1

4M
(hj − hi + M(xj − xi))

2 (7.22)

hi ⩾ µ (7.23)

If xj − xi ⩾
hi + hj − 2µ

M
, then gj − gi ⩾ µ(xj − xi) +

(hi − µ)2 + (hj − µ)2

2M
.

(7.24)
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Proof. When µ = 0, HM,µ =
∫ (2)FM,0,+, hence Corollary 7.2 is an applica-

tion of Theorem 7.3 as applied to FM,0,+. The case µ ⩾ 0 follows from the
observation that f ∈

∫ (2)FM,0,+ ⇔ f + µ
2 x2 ∈ HM,µ.

Remark 7.5. Condition (7.22) is the interpolation condition for M-smoothness
of S, while (7.23) (lower bound on h) ensures S to be consistent with an
increasing function, of slope at least µ. However, juxtaposing these condi-
tions alone is not an interpolation condition for the class of smooth strongly
monotone functions. One must add (7.24), which links both properties, and
ensures the existence of some M-Lipschitz continuous function h(x) inter-
polating hi and hj, and whose integral is smaller than or equal to gj − gi.

Class SM,+ =
∫ (2)FM, 3

2 ,+ of self-concordant functions

Corollary 7.3. A set S = {(xi, gi, hi)}i∈[N] ∈ (R × R × R × R)N is SM,+-
interpolable if and only if, ∀i, j ∈ [N], hi = 0 and gi = gj, or ∀i, j ∈ [N],

|h̃j − h̃i|⩽ M|xj − xi| and hi > 0 (7.25)

If h̃i + h̃j > −M(xj − xi), then

gj − gi ⩾
1

Mh̃i
+

1
Mh̃j

− 4
M(h̃i + h̃j + M(xj − xi))

, (7.26)

where h̃i = h−1/2
i .

Proof. Consider Theorem 7.3 with α = 3
2 .

Remark 7.6. The class of M-self-concordant functions is affine-invariant,
namely, if f (x) ∈ SM,+ then f (ax + b) ∈ SM,+ ∀a,b [NN94]. The conditions
of Corollary 7.3 satisfy this affine-invariant property. Indeed, if a set S =

{(xi, gi, hi)} is SM,+-interpolable, then so is the set {( xi−b
a , agi, a2hi)}.

Class TM,+ =
∫ (2)FM,1,+ of quasi-self-concordant functions

Corollary 7.4. A set S = {(xi, gi, hi)}i∈[N] ∈ (R × R × R × R)N is TM,+-
interpolable if and only if, ∀i, j ∈ [N], hi ⩾ 0 and

gj − gi ⩾
hi + hj

M
− 2

M

√
hihje

− M
2 (xj−xi). (7.27)

Proof. Consider Theorem 7.2.
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Remark 7.7. The class of M-quasi-self-concordant is scale-invariant, namely,
if f ∈ TM,+ then c f ∈ TM,+ ∀c > 0. The conditions of Corollary 7.3 sat-
isfy this affine-invariant property. Indeed, if a set S = {(xi, gi, hi)} is SM,+-
interpolable, then so is the set {(xi, cgi, chi)}.

It is known [Doi23, Lemma 2.7] that quasi-self-concordant functions
satisfy

f ′(y)− f ′(x)− f ′′(x)(y − x)⩽
1
M

f ′′(x)(eM|y−x| − M|y − x| − 1). (7.28)

We rely on (7.27) to strengthen this condition:

Lemma 7.1. If f ∈ TM,+, then ∀x,y ∈ R,

f ′(y)− f ′(x)− f ′′(x)(y − x)⩽
1
M

f ′′(x)
(

eM|y−x| − M|y − x| − 1
)

− 1
M

(√
f ′′(y)−

√
f ′′(x)eM(y−x)

)2
.

(7.29)

Proof. By Corollary 7.4, Remark 7.4, and using the identity e|t| − et − |t|+
t ⩾ 0, it holds that f satisfies, ∀x,y ∈ R,

f ′(y)− f ′(x)

⩽− f ′′(x)
M

− 1
M

(
f ′′(y)− 2

√
f ′′(x) f ′′(y)eM(y−x)

)
=− f ′′(x)

M
− 1

M

(
− f ′′(x)eM(y−x) +

(√
f ′′(y)−

√
f ′′(x)eM(y−x)

)2
)

⩽− f ′′(x)
M

− 1
M

(
− f ′′(x)eM|y−x| + f ′′(x)M(|y − x| − (y − x))

+

(√
f ′′(y)−

√
f ′′(x)eM(y−x)

)2)
.

7.3.4 Interpolation conditions for HM and HM,0.

Following the approach of Chapter 6, we obtain interpolation conditions
with function values for HM and HM,0. Figure 7.4 illustrates the case HM.
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Fig. 7.4 Derivation of interpolation conditions ensuring HM-
interpolability of S = {(xi, fi, gi, hi)}i=1,2. The middle figure displays
the extremal M-smooth interpolants gmin (dark blue) and gmax (pink) of
{(xi, gi, hi)}i=1,2. The top figure displays their derivatives, interpolating
{(xi, hi)}i=1,2. The bottom figure displays the integrated extremal in-
terpolants (dark blue and pink), which define an interval including all
possible functions in HM interpolating S, except possibly f2. The interval
[ f1 +

∫ x2
x1

gmin(x)dx, f1 +
∫ x2

x1
gmax(x)dx] (light blue line, lower figure) is

exactly the interval of admissible values for f2. Whenever f2 belongs to
this interval, there exists a convex combination of the integrals of gmin and
gmax (dotted curve) which is in HM and interpolates S.
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Since the proofs of Theorems 7.4 and 7.5, presenting interpolation con-
ditions for HM and HM,0, respectively, follow the same steps as for the
derivation of interpolation conditions for

∫
FM,α,(+), we defer them to Sec-

tion 7.A. We directly present the interpolation conditions for HM and HM,0,
and compare them with the existing literature.

Interpolation conditions for HM bla

Theorem 7.4 (Interpolation conditions for HM)

A set S = {(xi, fi, gi, hi)}i∈[N] ∈ (R × R × R × R)N+1 is HM-
interpolable, if ∀i, j ∈ [N]

|hj − hi|⩽ M|xj − xi| (7.30)

If hj − hi + M|xj − xi| ̸= 0, then

f j − fi − gi(xj − xi)−
hi
2
(xj − xi)

2 (7.31)

⩾− M
6
|xj − xi|3

+

(
gj − gi − hi(xj − xi) +

M
2 |xj − xi|(xj − xi)

)2

2
(
hj − hi + M|xj − xi|

)
+

(
hj − hi + M|xj − xi|

)3

96M2 ,

If hj − hi + M|xj − xi| = 0, then

gj − gi − hi(xj − xi) =− M
2
|xj − xi|(xj − xi),

(7.32)

f j − fi − gi(xj − xi)−
hi
2
(xj − xi)

2 =− M
6
|xj − xi|3. (7.33)

Remark 7.8. Condition (7.31) is consistent with several multivariate condi-
tions, that might serve as multivariate candidate interpolation conditions.
However, we have, to this day, no insight into which candidate could be
an interpolation condition, nor into how to prove so.
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As already stated in (p∇2,M), it is known [Nes18, Lemma 1.2.4] that
functions in HM satisfy a cubic bound, i.e., ∀x,y ∈ R,

| f (y)− f (x)− f ′(x)(y − x)− f ′′(x)
2

(y − x)2|⩽ M
6
|y − x|3. (7.34)

We show that the conditions of Theorem 7.4 strengthen (7.34). In ad-
dition, we show that a set satisfying these conditions necessarily satisfies
Condition (7.21), as required by Theorem 6.1, and a lower bound on f j − fi,
symmetrical to (7.31).

Lemma 7.2. Consider a set S = {(xi, gi, hi, fi)}i∈[N]. If S satisfies (7.30) and
(7.31) for both pairs, then for both pairs S satisfies (7.21); and

f j − fi − gi(xj − xi)−
hi
2
(xj − xi)

2 (7.35)

⩽
M
6
|xj − xi|3

−
(

gj − gi − hi(xj − xi)− M|xj − xi|(xj − xi)
)2

2
(

M|xj − xi| − hj − hi
)

−
(

M|xj − xi| − (hj − hi)
)3

96M2 .

In addition, (7.35) and (7.31) strengthen (7.34).

Proof. We shorten the notation of the pair
(
(xi, gi, hi, fi), (xj, gj, hj, f j)

)
to

(i, j) and let ∆xij = xj − xi, ∆hij = hj − hi, and

Tg
ij = gj − gi − hi(xj − xi),

T f
ij = f j − fi − gi(xj − xi)−

hi
2
(xj − xi)

2.

Then, it holds

Tg
ij = −Tg

ji + ∆hij∆xij, (7.36)

T f
ij = −T f

ji + Tg
ij∆xij −

1
2

∆hij∆x2
ij. (7.37)

(Satisfaction of (7.35)) Condition (7.31) evaluated at (j, i) is equivalent to
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Condition (7.35) evaluated at (i, j):

T f
ji ⩾−M

6
|∆xji|3 +

(
Tg

ji +
M
2 ∆xji|∆xji|

)2

2
(
∆hji + M|∆xji|

) +

(
∆hji + M|∆xji|

)3

96M2

⇔
(7.37)
(7.36)

− T f
ij + Tg

ij∆xij −
1
2

∆hij∆x2
ij ⩾−M

6
|∆xij|3

+

(
−Tg

ij + ∆hij∆xij − M
2 ∆xij|∆xij|

)2

2
(
−∆hij + M|∆xij|

)
+

(
−∆hij + M|∆xij|

)3

96M2

⇔T f
ij ⩽

M
6
|∆xij|3 −

(
Tg

ij −
M
2 ∆xij|∆xij|

)2

2
(

M|∆xij| − ∆hij
) −

(
M|∆xij| − ∆hij

)3

96M2 .

Hence, if S satisfies (7.31) ∀i, j = 1,2, then it satisfies (7.35) ∀i, j = 1,2.
(Satisfaction of (7.21)) We now show that satisfaction ∀i, j = 1,2 of (7.30) and
(7.31) (hence satisfaction of (7.35)) imply satisfaction of (7.21) ∀i, j = 1,2.
Observe that (7.21) is satisfied by both pairs (i, j) and (j, i) if and only if

Tg
ij − K ⩾ 0 and Tg

ji − K ⩾ 0 ⇔
(7.36)

−Tg
ij + ∆hij∆xij − K ⩾ 0, (7.38)

where K =−M
2 ∆x2

ij +
1

4M (∆hij + M∆xij)
2. Condition (7.38) is equivalent to

(Tg
ij − K)(−Tg

ij + ∆hij∆xij − K)⩾ 0, (7.39)

where the equivalence follows from the fact that Tg
ij <K and −Tg

ij +∆hij∆xij <

K is in contradiction with Condition (7.30), since it implies:

2K > ∆hij∆xij ⇔−M
2

∆x2
ij +

1
2M

∆h2
ij > 0.

Substracting (7.31) and (7.35) yields:

M
3
|∆xij|3 ⩾

(
Tg

ij −
M
2 ∆xij|∆xij|

)2

2
(

M|∆xij| − ∆hij
) +

(
Tg

ij +
M
2 ∆xij|∆xij|

)2

2
(
∆hij + M|∆xij|

)
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+

(
M|∆xij| − ∆hij

)3
+
(
∆hij + M|∆xij|

)3

96M2

⇔
M|∆xij|

(M|∆xij|)2 − ∆h2
ij(

−(Tg
ij)

2 + Tg
ij∆hij∆xij −

M2∆x2
ij

16
−

3∆h2
ij∆x2

ij

8
+

∆h4
ij

16M2

)
⩾ 0

⇔
(7.30)

(
Tg

ij −
∆h2

ij

4M
+

M∆x2
12

4
−

∆hij∆xij

2

)
(
− Tg

ij −
∆h2

ij

4M
+

M∆x2
ij

4
+

∆hij∆xij

2

)
⩾ 0

⇔(Tg
ij − K)(−Tg

ij + ∆hij∆xij − K)⩾ 0,

and (7.21) is satisfied.
(Strengthening of (7.34)) Finally, since ∆hij ⩾−M|∆xij|, (7.31) implies T f

ij ⩾

−M
6 |∆xij|3, and since ∆hij ⩽ M|∆xij|, (7.35) implies T f

ij ⩽
M
6 |∆xij|3.

Remark 7.9. Conditions (7.21) and (7.35) can be removed from the final in-
terpolation conditions since they are implied by the two remaining con-
ditions. On the contrary, (7.30) cannot be removed from the interpolation
conditions since it is not implied by (7.31). Indeed, consider for example
the set S = {(0,0,0,0), ( 1

4 , 1
3 ,0,0)} satisfying (7.31) but not (7.30) for M = 1.

Condition (7.31) is not straightforward to manipulate. We thus propose
a relaxation of this condition, satisfied by all functions in HM.

Corollary 7.5. If f is a univariate twice-differentiable function in HM, then
∀x,y ∈ R such that | f ′′(x)− f ′′(y)| ̸= M|x − y|, we have:

f (y)− f (x)− f ′(x)(y − x)− f ′′(x)
2

(y − x)2 (7.40)

⩽
M
6
|y − x|3−M

3

(
| f ′(y)− f ′(x)− f ′′(x)(y − x)− M|y − x|(y − x)|

M

) 3
2

.

Proof. By Remark 7.4 and Lemma 7.2, f ∈ HM satisfies (7.35) everywhere.
In addition, for any a,b, c ⩾ 0 it holds:

3
a
c
+

c3

b
⩾ 4

(
a3

c3
c3

b

)1/4

= 4
(

a3

b

)1/4

. (7.41)
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Letting a = 1
6 ( f ′(y)− f ′(x)− f ′′(x)(y − x)− M|y − x|(y − x))2, b = 96M2,

and c = M|y − x| − ( f ′′(x)− f ′′(y)) yields (7.40).

Inequality (7.40) will be exploited in Section 7.4, in Theorem 7.7.

Interpolation conditions for HM,µ For the sake of clarity, we consider the
case µ = 0. Interpolation conditions for HM,µ, µ > 0 can be recovered by
considering f̃ (x) = f (x)− µ

2 x2.

Theorem 7.5 (Interpolation conditions for HM,0)

Given a set S = {(xi, fi, gi, hi)}i∈[N], let ∆xij = xj − xi, ∆hij = hj − hi,

Tg
ij = gj − gi − hi(xj − xi), and T f

ij = f j − fi − gi(xj − xi)− hi
2 (xj −

xi)
2. Then, S is HM,0-interpolable if and only if ∀i, j ∈ [N]

hi ⩾ 0 (7.42)

If ∆xij ⩾
hi + hj

M
, then gj − gi ⩾

h2
i + h2

j

2M
, (7.43)

and,
1) If ∆hij + M|∆xij| ̸= 0, then

|∆hij|⩽ M|∆xij| (7.44)

T f
ij ⩾−M

6
|∆xij|3 +

(
Tg

ij +
M
2 ∆xij|∆xij|

)2

2
(
∆hij + M|∆xij|

) +

(
∆hij + M|∆xij|

)3

96M2

(7.45)

If (7.48), then

f j − fi − gi∆xij ⩾ (
h2

j − h2
i

2M2 +
gj − gi

M
)(M

√
h2

j − h2
i

2M2 +
gj − gi

M
− hj)

+
h3

j − h3
i

6M2 +
h2

i ∆xij

2M
(7.46)

If (7.49), then

f j − fi − gj∆xij ⩽−(
h2

i − h2
j

2M2 +
gj − gi

M
)(M

√
h2

i − h2
j

2M2 +
gj − gi

M
− hi)
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+
h3

j − h3
i

6M2 −
h2

j ∆xij

2M
, (7.47)

where (7.48) and (7.49) are given by, respectively:

Tg
ij <

(∆hij + M∆xij)
2

4M
−

∆h2
ij

2M
− hi

M
(∆hij + M∆xij) (7.48)

Tg
ij <

(∆hij + M∆xij)
2

4M
−

∆h2
ij

2M
−

hj

M
(−∆hij + M∆xij). (7.49)

2) If ∆hij + M|∆xij| = 0, then

Tg
ij =− M

2
∆xij|∆xij| (7.50)

T f
ij =− M

6
|∆xij|3. (7.51)

Conditions (7.42) and (7.43) are exactly the interpolation conditions (7.23)
and (7.24) ensuring interpolation of {(xi, gi, hi)} by an increasing M-smooth
function. Then, (7.44) and (7.45) are exactly the interpolation conditions
(7.30) and (7.31) for the class HM, and hence ensure consistency of S with
a function whose Hessian is Lipschitz. Finally, (7.46) and (7.47) strengthen
(7.45) (if needed), to ensure convexity of f .

7.4 Performance estimation of second-order optimization

This section uses the interpolation conditions derived in Section 7.3, i.e.,
Theorems 7.2 and 7.3, their Corollaries 7.1, 7.2, 7.3, and 7.4, and Theorems
7.4 and 7.5; to analytically and numerically analyze second-order methods.
We aim at providing a global picture of the possible applications of our
approach, rather than exhaustively analyzing all possible settings.

In particular, we show that analytical proofs of convergence can be ob-
tained by

• Replacing, in existing convergence proofs, classical conditions by in-
terpolation conditions, see, e.g., Theorem 7.7 for an analysis of (CNM)
on HM. The convergence rates are better than existing ones.
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• Solving PEPs by hand, see, e.g., Theorem 7.9 for an analysis of (GNM1)
on TM,+. The convergence rates are tight.

• Identifying, from the numerical PEP, the worst-case instance, when
such worst-case instance matches a known analytical upper bound,
see, e.g., Theorem 7.6 proving tightness of an existing convergence
rate of (NM) on HM; Lemma 7.3 proving tightness of Theorem 7.9
for a single iteration; and Theorem 7.8 proving tightness of an exist-
ing convergence rate of (DNM) on SM,+. Whenever an upper bound
holds in the multivariate setting, its tightness is also preserved in that
setting.

In addition, solving PEPs (with interpolation conditions) numerically, with-
out recovering the associated analytical proofs, yields

• Numerical exact convergence rates, see, e.g., Figures 7.5 and 7.6.

• Lower bounds for the multivariate setting, associated to the worst-
case instances achieving the worst-case performance, see, e.g., Figure
7.5.

• An automated approach to compare methods on a fair basis, i.e., in
the same setting, see, e.g., Figure 7.9.

Numerically, we use the solver Gurobi 11 [Gur23] to solve PEP formula-
tions as in (7.4). This solver handles all interpolation conditions of Section
7.3, as constraints in the associated PEP formulations. In addition, it allows
considering a broad range of performance measures, initial conditions, and
methods, far beyond the scope of Gram-representable quantities. Compu-
tational constraints, on the other hand, often restrict our numerical analysis
to one or two iterations.

7.4.1 Second-order methods on HM

Newton’s method: proof of tightness of existing rate. It is well-known
that Newton’s method achieves a local quadratic convergence on HM, as
stated, e.g., in [Nes18].

Proposition 7.5 (Theorem 1.2.5 of [Nes18]). If

• f ∈ HM,

• ∃x⋆ such that ∇ f (x⋆) = 0, ∇2 f (x⋆) = µI ≻ 0,
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• M
µ ||x0 − x⋆||⩽ 2

3 ,

then Newton’s iterations xk+1 = xk −∇2 f (xk)
−1∇ f (xk) satisfy

||xk+1 − x⋆||⩽
M
µ ||xk − x⋆||2

2
(

1 − M
µ ||xk − x⋆||

) . (7.52)

To the best of our knowledge, the tightness of Proposition 7.5 is an open
question. Relying on a PEP analysis, we identify a simple univariate func-
tion attaining (7.52), establishing its tightness for any number of iterations.

Theorem 7.6 (Tightness of [Nes18], Theorem 1.2.5)

Proposition 7.5 (i.e., [Nes18, Theorem 1.2.5]) is tight.

Proof. Consider

f (x) = −M
|x|3

6
+ µ

x2

2
.

Then, x⋆ = 0 and xk+1 =
− M

µ xk |xk |
2(1− M

µ |xk |)
attain (7.52) when M

µ |xk| < 1.

Such surprisingly simple worst-case functions were already observed,
for example, for the gradient descent applied to smooth (strongly) convex
functions [THG17c].

Cubic Newton’s method: an improved descent lemma In the univariate
case, CNM’s iteration is given by

xk+1 = Argmin
x

f (xk) + f ′(xk)(x − xk) +
1
2

f ′′(xk)(x − xk)
2 +

M
6
|x − xk|3,

(CNM)
i.e., it consists in minimizing the quadratic approximation of the function
at the current iterate, regularized by a cubic term. On HM, this ensures the
monotonicity of CNM, i.e., [NP06, (2.11), Lemma 5]

f (xk+1)⩽ f (xk)−
M
12
(
P(xk+1)

)3, (7.53)
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where

P(x) = max
{√

| f ′(x)|
M

,
2
3

f ′′(x)
}

, (7.54)

is the classical performance measure for CNM, as introduced in [NP06].
The resulting classical convergence rate resulting from the iterative appli-
cation of (7.53), is reminded in Proposition 7.6.

Proposition 7.6 ([NP06], Theorem 1). Given N ∈ N, let (xk)k∈[N] be the it-
erates of (CNM), with respect to some function f ∈ HM, and let f be bounded
below by f⋆. Then,

min
k∈[N]

P(xk)⩽ 2
(

3( f (x0)− f⋆)
2NM

) 1
3

. (7.55)

Using the refined description HM derived in Theorem 7.4, and in partic-
ular the improved cubic bound of Corollary 7.5, allows improving the de-
scent lemma (7.53) for univariate functions by a factor of 5. This yields an
improvement of factor 5

1
3 on the global convergence rate (7.55) of (CNM)

on univariate functions.

Theorem 7.7 (Improved convergence rate for CNM on HM)

Given N ∈ N, let (xk)k=0,1,...,N be the iterates of (CNM) on some func-
tion f ∈ HM. Then,

f (xk)− f (xk+1)⩾
5M
12
(
P(xk+1)

)3. (7.56)

Moreover, if the function is bounded below by f⋆, then

min
k=0,1,...,N

P(xk)⩽
2

5
1
3

(
3( f (x0)− f⋆)

2NM

) 1
3

. (7.57)

Proof. The CNM iterates satisfy ([NP06, Equation (2.5), Proposition 1, and
Lemmas 2 and 3])

f ′(xk) + f ′′(xk)(xk+1 − xk) +
M
2
(xk+1 − xk)|xk+1 − xk| = 0, (7.58)

f ′′(xk) +
M
2
|xk+1 − xk|⩾ 0, (7.59)
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f ′(xk)(xk+1 − xk)⩽ 0, (7.60)

M|xk+1 − xk|2 ⩾ | f ′(xk+1)|. (7.61)

Claim 1: P(xk+1) =
√

| f ′(xk+1)|
M ⇔

√
| f ′(xk+1)|

M ⩾− 2
3M f ′′(xk+1).

Suppose first that |xk+1 − xk| = xk+1 − xk ⩾ 0. We have

| f ′(xk+1)|⩾− f ′(xk+1)

⩾
(7.21)

− f ′(xk)−
M(xk+1 − xk)

2

4
+

( f ′′(xk+1)− f ′′(xk))
2

4M

− 1
2
( f ′′(xk+1) + f ′′(xk))(xk+1 − xk)

=
(7.58)

M(xk+1 − xk)
2

4
+

( f ′′(xk+1)− f ′′(xk))
2

4M

− 1
2
( f ′′(xk+1)− f ′′(xk))(xk+1 − xk)

=
1

4M
( f ′′(xk+1)− f ′′(xk)− M(xk+1 − xk))

2

Hence,√
| f ′(xk+1)|

M
⩾
| f ′′(xk+1)− f ′′(xk)− M|xk+1 − xk||

2M

⩾
(M|xk+1 − xk| − f ′′(xk+1) + f ′′(xk))

2M

=

(
2
3 M|xk+1 − xk|+ 1

3 M|xk+1 − xk| − f ′′(xk+1) + f ′′(xk)

)
2M

⩾
(7.59)

(
− 4

3 f ′′(xk) +
4
3 ( f ′′(xk)− f ′′(xk+1))

)
2M

− 2
3M

f ′′(xk+1).

The case |xk+1 − xk| = −(xk+1 − xk) ⩾ 0 follows from a similar argument.

Claim 2: f (xk)− f (xk+1) ⩾
5M
12

√
| f ′(xk+1)|

M

3
. Exploiting the improved cubic
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bound (7.40) of Corollary 7.5 yields

f (xk+1) ⩽
(7.40)

f (xk) + f ′(xk)(xk+1 − xk) +
f ′′(xk)

2
(xk+1 − xk)

2

+
M
6
|xk+1 − xk|3−

M
1
3

3

(
− | f ′(xk+1)− f ′(xk)

− f ′′(xk)(xk+1 − xk)−
M
2
(xk+1 − xk)|xk+1 − xk||

) 3
2

=
(7.58)

f (xk) +
f ′(xk)

2
(xk+1 − xk)−

M
12

|xk+1 − xk|3

−M
3

(
| f ′(xk+1)|

M

) 3
2

⩽
(7.60)

f (xk)−
M
12

|xk+1 − xk|3−
M
3

(
| f ′(xk+1)|

M

) 3
2

⩽
(7.61)

f (xk)−
M
12

(
| f ′(xk+1)|

M

) 3
2

−M
3

(
| f ′(xk+1)|

M

) 3
2

= f (xk)−
5M
12

(
| f ′(xk+1)|

M

) 3
2

,

establishing the result. Finally, telescoping the new descent lemma (7.56)
yields the convergence rate in (7.57)

f (x0)− f⋆ ⩾ f (x0)− f (xN) =
N−1

∑
k=0

f (xk)− f (xk+1)

⩾
(7.56)

5M
12

N−1

∑
k=0

(
P(xk+1)

)3
⩾

5MN
12

min
k=0,...,N−1

(
P(xk+1)

)3.

Discussion on the tightness of Theorem 7.7
The improved descent lemma (7.56), and the associated convergence rate
(7.57) for a single iteration, are tight.

Lemma 7.3. Theorem 7.7 is tight for a single iteration.
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Proof. Let f (x) = M x3

6 − x2

2 and x0 = 0. Then, (CNM) yields

x1 = Argmin
x

1
2
(−x2 +

M
3
|x|3) = ± 2

M
.

Let x1 = − 2
M . Then, f (x1) = − 10

3M2 , f ′(x1) =
4
M and

f (x0)− f (x1) =
5M
12

(
| f ′(x1)|

M

) 3
2

=
10

3M2 .

However, this tightness is lost when considering several iterations of
(CNM). Figure 7.5 compares the worst-case guarantees on CNM, as com-
puted by PEP and as predicted by [NP06, Theorem 1] and by Theorem 7.7.

Lower bound on the general worst-case performance
Solving a PEP with interpolation conditions, in the univariate setting, yields
tight numerical convergence rates, but also an univariate worst-case func-
tion that achieves these rates. This worst-case function provides a lower
bound on the general worst-case performance. Computing such lower
bounds is an important direction of research, and the state-of-the art lower
bound for CNM was presented in [CGT10], via the exhibition of a univari-
ate function (green dots in Figure 7.5). The lower bound resulting from
solving the PEP (blue dots in Figure 7.5) is worse than that of [CGT10], and
hence a better lower bound, obtained in an automated way.

7.4.2 Second order methods on TM,+

We now analyze the convergence of Newton’s method (NM) and damped
Newton methods (DNM) on standard self-concordant functions, i.e., M =

1. The classical performance measure in this setting is the Newton decrement
[NN94], given by

ρ f (xk) =
| f ′(xk)|√

f ′′(xk)
(7.62)

Since neither the methods nor the performance criterion involve function
values, the interpolation conditions of Theorem 7.3 can be used as such in
PEP formulations, which yield exact univariate results. To consider, as in,
e.g., [IH24], a performance criterion involving function values, and obtain
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1 2 3

10-1

100

101

Fig. 7.5 Comparison of worst-case performance guarantees of (CNM) on
HM, for M = 1. The performance measure is mink=0,1,...,N | f ′(xk)| and the
initial condition f (x0)− f⋆ ⩽ 1. Plotted are the bound from [NP06, Theo-
rem 1], the bound from Theorem 7.7, the exact univariate PEP-based worst-
case bound, which serves as a multivariate lower bound, and an existing
lower bound from [CGT10].

an a priori tight guarantee on this problem, one should derive interpolation
conditions with function values for TM,+.

Both (NM) and (DNM) have been tightly analyzed for this performance
measure, and for a single iteration, in [Hil21]. However, we use our ap-
proach to analyze the potential tightness of this single-iteration rate, on
several iterations.

Newton’s method On (NM), the exact single iteration convergence rate
has been derived in [Hil21, Equation (11)].

Proposition 7.7 ([Hil21], Equation (11)). Let f ∈ SM,+ with M = 1, and
ρ f (xk)⩽ 1. Then, ρ f (xk+1), where xk+1 is given by (NM), satisfies

ρ f (xk+1)⩽ 4 − ρ f (xk)
2 − 4

√
1 − ρ f (xk)2. (7.63)

Moreover, this bound is tight.

Solving the associated PEP allows identifying a worst-case function at-
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taining the bound (7.7) for a single iteration, i.e., starting from xk = 0,

f (x) =

Bx − log(x − A) if x ⩽ 1
2 (A − R)(

B + 4
R+A

)
x − log (x + R) if x > 1

2 (A − R),
(7.64)

where R= ρ f (xk), A= R−R2+(−4+2
√

1−R2)R+5−
√

1−R2

R2−1+2
√

1−R2 , and B= R2−1+2
√

1−R2

R(R−1) .

Worst-case performance for multiple iterations
As for Theorem 7.7 for (CNM), while Theorem 7.7 is tight for a single it-
eration, it can be improved for multiple iterations. Figure 7.6 displays an
analysis of two iterations of (NM) on SM,+.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.2

0.4

0.6

0.8

Fig. 7.6 Comparison of worst-case performance guarantees of two iter-
ations of (NM) on SM,+. The performance measure ρ f (x2) is plotted as a
function of the initial condition ρ f (x0). Displayed are the exact PEP-based
bound (blue dots), and the bound of [Hil21, Equation (11)] (pink).

It compares PEP-based results, and the exact single-iteration bound 7.7
from [Hil21, Equation (11)]. The exact performance is better than predicted
by both theoretical bounds, and the region of convergence is larger.

Damped Newton method On (DNM), the exact single iteration conver-
gence rate has also been derived in [Hil21, Equation (11)].

Proposition 7.8 ([Hil21], Equation (11)). Let f ∈ SM,+ with M = 1, and α ⩽
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2
√

1+ρ f (xk)3−1
ρ f (xk)3 . Then, ρ f (xk+1), where xk+1 is given by (DNM), satisfies

ρ f (xk+1)⩽ ρ f (xk)− αρ f (xk) + αρ f (xk)
2. (7.65)

Moreover, this bound is tight.

Again, solving the associated PEP allows identifying a worst-case func-
tion attaining the bound (7.8) for a single iteration, i.e., starting from xk = 0,

f (x) =
R − 1

R
x − log(R − x) (7.66)

where R = ρ f (xk).
Moreover, we show (7.65) is actually tight even for multiple iterations.

Theorem 7.8 (Convergence of (DNM) on SM,+, N ⩾ 2)

Let f ∈ SM,+ with M = 1. Given N ∈ N, let αk ⩽ 2
√

1+ρ f (xk)3−1
ρ f (xk)3 , k =

0,1, . . . , N, and let (xk)k=0,1,...,N be the iterates of (DNM) with respect
to f and αk. Then,

ρ f (xk+1)⩽ ρ f (xk)− αkρ f (xk) + αkρ f (xk)
2 ∀k ∈ [N − 1]. (7.67)

Moreover, this bound is tight.

Proof. The bound follows directly from Proposition 7.7, and (7.66) achieves
this bound.

7.4.3 Second-order methods on TM,+

Gradient Regularized Newton Method
GNM1 [Doi23], see also [Pol09], is a variant of Newton’s method with the
following explicit iteration

xk+1 = xk −
f ′(xk)

f ′′(xk) + M| f ′(xk)|
. (GNM1)

This method, on TM,+, achieves a linear rate of convergence [Doi23, Theo-
rem 3.3], and exhibits a quadratic local convergence on quasi-self-concordant
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functions [Doi23, Theorem 4.1]. The proof of this quadratic convergence
relies on the following descent lemma.

Lemma 7.4 ([Doi23], Equation (49)). Let f ∈ TM,+, η(x) = M | f ′(x)|
f ′′(x) , and

(xk)k=0,1,... by given by (GNM1). Then,

η(xk+1)⩽ eη(xk)(eη(xk) + η(xk)
2 − η(xk)− 1). (7.68)

Analytically solving the associated PEP allows improving on this de-
scent lemma. Figure 7.7 illustrates the difference between relying on exact
interpolation conditions and necessary conditions when solving a PEP.

Theorem 7.9 (Descent Lemma for (GNM1) on TM,+)

Let f ∈ TM,+, η(x) = M | f ′(x)|
f ′′(x) , and (xk)k=0,1,... by given by (GNM1).

Then,

η(xk+1)⩽ e
η(xk)

η(xk)+1 (η(xk)− 1) + 1 (7.69)

where η(x) = M | f ′(x)|
f ′′(x) .

Proof. The PEP associated to this problem is

max
S={(x0,g0,h0),(x1,g1,h1)}

|g1|
h1

s.t. x1 = x0 −
g0

h0 + M|g0|
,

|g0|
h0

= R,

S is TM,+-interpolable,

(7.70)

Figure 7.7 illustrates the difference in the feasible domains of (7.70), when
TM,+-interpolability of S is enforced via classical conditions defining quasi-
self-concordant functions, i.e., (7.28), or the interpolation conditions from
Corollary 7.4.
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Fig. 7.7 Given (x0, g0, h0) = (0,1,1), M = 1 and x1 = 1
2 , admissible re-

gion for (g1, h1) such that {(xi, gi, hi)}i=0,1 satisfies (i) classical conditions
(7.28), (black curves), or (ii) interpolation conditions from Corollary 7.4
(red curves). It also shows the points (g1, h1) corresponding to the worst-
case of (GNM1), according to both conditions. Using interpolation con-
ditions instead of necessary conditions significantly restricts the domain
(g1, h1) of the PEP, and the optimal point obtained by solving a PEP with
necessary conditions (black dot) is not consistent with any actual function
of the class.

W.l.o.g., assume x0 = 0 and g0 = 1, since this problem is invariant under
translation, and scaling of f . The two equality constraints in (7.70) yield
h0 =

1
R , and x1 =

−R
MR+1 . The interpolation conditions are (see Theorem 7.4)

g1 − g0 ⩾
h0 + h1

M
− 2

M

√
h0h1e−

M
2 (x1−x0)

g0 − g1 ⩾
h1 + h0

M
− 2

M

√
h1h0e−

M
2 (x0−x1).

One can check that the optimal solution to (7.70), satisfying these condi-
tions exactly, is

h∗1 = h0e−
η0

η0+1 , g∗1 = g0 +
−h0 + h∗1

M
,
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yielding the optimal value

M
|g∗1 |
h∗1

= e
η0

η0+1 (η0 − 1) + 1,

where η0 = MR = M |g0|
h0 .

Figure 7.8 compares this PEP-based bound with [Doi23, Equation (49)].

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

Fig. 7.8 Worst-case performance of one iteration of (GNM1) on TM,+,

M = 1. The performance measure η(x1) = M | f ′(x1)|
f ′′(xk)

is plotted as a function

of the initial condition η(x0) = M | f ′(x0)|
f ′′(x0)

. We compare the PEP-based nu-
merical solutions (blue dots), the known descent lemma of [Doi23, Equa-
tion (49)] (pink curve), and Theorem 7.9 (blue curve).

7.4.4 Second-order methods on HM,µ

Comparison of methods on HM,µ Second-order methods are usually an-
alyzed on settings specific to the method, i.e., on different function classes,
under different initial conditions, and for different performance measures.
This makes it difficult to compare methods fairly. By contrast, a strength
of the PEP framework is that it allows straightforwardly obtaining conver-
gence rates in any setting, and hence renders such comparisons possible.
As a simple example, Figure 7.9 compares the worst-case performance of
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a single iteration of several second-order methods on HM,µ, with perfor-
mance measure | f ′(x1)| and initial condition | f ′(xk)| ⩽ 1. Specifically, it
compares Newton’s method (NM), Cubic Newton’s method (CNM), and
Gradient regularized method (GNM1). In this setting, (CNM) achieves the
fastest convergence rate. In addition, (NM) achieves quadratic local con-
vergence for µ sufficiently large only, while (CNM) and (NM) converge
independently of µ.

100
0.2

0.4

0.6

0.8

1

Fig. 7.9 Comparison of worst-case performance of an iteration of differ-
ent second-order methods, i.e., (NM), (CNM), and (GNM1), on HM,µ with
µ varying and M = 1. The performance measure is | f ′(x1)| and the initial
condition | f ′(xk)|⩽ 1.

7.5 Concluding observations

This chapter took a step forward into tightly analyzing second-order opti-
mization methods, by enabling tight analysis of the univariate setting, via
(i) the derivation of interpolation conditions for a range of second-order
function classes, and (ii) the resolution of the associated non-convex PEP
formulations, either analytically or numerically.

On the downside, the approach suffers mainly from (i) its restriction
to the univariate setting, (ii) the somewhat tedious derivation of interpola-
tion conditions, especially when considering function values, and (iii) the
computational burden of solving the associated PEP formulations, hence
the restriction to the analysis of a very few number of iterations.
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Appendix to Chapter 7

7.A Proof of Theorems 7.4 and 7.5

For the sake of readability, we let ∆xij = xj − xi, ∆xxi = x − xi, ∆hij = hj −
hi, Tg

ij = gj − gi − hi(xj − xi), and T f
ij = f j − fi − gi(xj − xi)− hi

2 (xj − xi)
2,

and use

Tg
ij = −Tg

ji + ∆hij∆xij, (7.71)

T f
ij = −T f

ji + Tg
ij∆xij −

1
2

∆hij∆x2
ij. (7.72)

By Proposition 7.2, HM and HM,0 are convex and order 2 connectable.
Building on the interpolation conditions for

∫
FM, and

∫
FM,µ, given in

Corollaries 7.1 and 7.2, we now show that
∫
FM and

∫
FM,0 are extremally

interpolable, and provide their extremal interpolants.

Lemma 7.5 (Extremal interpolants of HM). Consider an interval [x1, x2] and
a HM-interpolable pair of points S = {(xi, fi, gi, hi)}i=1,2. Then, in [x1, x2], the
expressions of gmin and gmax as defined in (6.7) are given by:
When ∆h12 ̸= ±M∆x12,
• [gmin, Case 1] If we consider

∫
FM, or if y1 ⩽ x1 +

h1
M ,

gmin(x) =


g1 + h1∆xx1 − M

2 ∆x2
x1 if x ∈ [x1,y1]

g1 + h1∆xx1 − M
2 (y1 − x1)

2

+M
2 (x2 − y2

1) + M(x1 − 2y1)(x − y1) if x ∈ [y1,y2]

g2 + h2∆xx2 − M
2 ∆x2

x2 if x ∈ [y2, x2],
(7.73)
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where

y1 = x2 −
Tg

12 +
M
2 ∆x2

12
∆h12 + M∆x12

− ∆h12 + M∆x12

4M

y2 = x2 −
Tg

12 +
M
2 ∆x2

12
∆h12 + M∆x12

+
∆h12 + M∆x12

4M
.

• [gmin, Case 2] Else,

gmin(x) =



g1 + h1∆xx1 − M
2 ∆x2

x1 if x ∈ [x1, x1 +
h1
M ]

g1 + h1(w1 − x1)− M
2 (w1 − x1)

2 if x ∈ [x1 +
h1
M ,w1]

g1 + h1(w1 − x1)− M
2 (w1 − x1)

2

+M
2 (x2 − w2

1)− M(w1x − w2
1) if x ∈ [w1,w2]

g2 + h2∆xx2 − M
2 ∆x2

x2 if x ∈ [w2, x2],

(7.74)

where

w1 = x2 +
h2

M
− 2

√
g2 − g1

M
+

h2
2 − h2

1
2M2

w2 = x2 +
h2

M
−

√
g2 − g1

M
+

h2
2 − h2

1
2M2 .

• [gmax, Case 1] If we consider
∫
FM, or if y2 ⩾ x2 − h2

M ,

gmax(x) =


g1 + h1∆xx1 +

M
2 ∆x2

x1 if x ∈ [x1,z1]

g1 + h1(z1 − x1) +
M
2 (z1 − x1)

2

−M
2 (x2 − z2

1)− M(x1 − 2z1)(x − z1) if x ∈ [z1,z2]

g2 + h2∆xx2 +
M
2 ∆x2

x2 if x ∈ [z2, x2],
(7.75)

where

z1 = x2 +
Tg

12 −
M
2 ∆x2

12
−∆h12 + M∆x12

− (−∆h12 + M∆x12)

4M

z2 = x2 +
Tg

12 −
M
2 ∆x2

12
−∆h12 + M∆x12

+
(−∆h12 + M∆x12)

4M
.
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• [gmax, Case 2] Else,

gmax(x) =



g1 + h1∆xx1 +
M
2 ∆x2

x1 if x ∈ [x1,v1]

g1 + h1(v1 − x1) +
M
2 (v1 − x1)

2

−M
2 (x2 − v2

1) + M(xv1 − v2
1) if x ∈ [v1,v2]

g2 + h2(x − v2) +
M
2 (x − v2)

2 if x ∈ [v2, x2 − h2
M ]

g2 + h2∆xx2 +
M
2 ∆x2

x2 if x ∈ [x2 − h2
M , x2],

(7.76)

where

v1 = x1 −
h1

M
+

√
g2 − g1

M
−

h2
2 − h2

1
2M2

v2 = x1 −
h1

M
+ 2

√
g2 − g1

M
−

h2
2 − h2

1
2M2 .

When ∆h12 = ±M∆x12 :

gmax(x) = gmin(x) = g1 + h1∆xx1 ±
M
2

∆x2
x1 = g2 + h2∆xx2 ±

M
2

∆x2
x2.

(7.77)

Proof. Suppose ∆h12 ̸= ±∆x12, and consider (7.73). For any x ∈ [x1, x2], let

g′min(x) =


h1 − M∆xx1 if x ∈ [x1,y1]

h1 + M(x + x1 − 2y1) if x ∈ [y1,y2]

h2 − M∆xx2 if x ∈ [y2, x2],

(7.78)

Then, ∀x ∈ [x1, x2], gmin(x) =
∫ x

x1
g′min(t)dt. If x ∈ [x1,y2], this is straight-

forward, and if x ∈ [y2, x2] it follows from:∫ x

x1

g′min(t)dt = g1 + h1(y2 − x1)−
M
2
(y1 − x1)

2 +
M
2
(y2

2 − y2
1)

+ M(x1 − 2y1)(y2 − y1) + h2(x − y2)

− M
2
(x2 − y2

2) + Mx2(x − y2)

= g2 + h2∆xx2 −
M
2

∆x2
x2 − Tg

12 − ∆h12(y2 − x2)
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− M

(
(y2 − x2)∆x12 +

∆x2
12

2
− (y2 − y1)

2

)

= g2 + h2∆xx2 −
M
2

∆x2
x2 − (Tg

12 + M
∆x2

12
2

)

− (∆h12 + M∆x12)(y2 − x2) +
∆h12 + M∆x12

4M

= g2 + h2∆xx2 −
M
2

∆x2
x2.

We first observe that gmin(x) interpolates S since

gmin(x1) = g1, gmin(x2) = g2, g′min(x1) = h1 and g′min(x2) = h2.

In addition, gmin ∈
∫
FM, since g′min ∈ FM. Indeed, (i) g′min ∈ C0 and is

piecewise C1, and (ii) it is a linear function by part, of slope M. Inclusion
in FM follows from order 0-connectability of FM.

It remains to show that gmin(x) and g′min(x) are the minimal g and as-
sociated h satisfying (7.21) with respect to S, which completes the proof. To
this end, consider the following optimization problem: gmin(x) =

min
g,h

g

s.t. gi − g ⩾
1

4M
(h − hi)

2 − M
4

∆x2
xi −

1
2
(h + hi)∆xxi, i = 1,2 (µi)

g − gi ⩾
1

4M
(hi − h)2 − M

4
∆x2

xi +
1
2
(hi + h)∆xxi, i = 1,2 (λi)

(7.79)
where µi, λi are the associated dual variables. We consider its KKT condi-
tions.

Stat. cond. in g: 1 + ∑
i
(µi − λi) = 0

Stat. cond. in h: ∑
i
(µi(

1
2M

(h − hi)−
1
2

∆xxi)

+ λi(
1

2M
(h − hi) +

1
2

∆xxi)) = 0

Dual feas.: µi,λi ⩾ 0

Primal feas.: gi − g ⩾
1

4M
(h − hi)

2 − M
4

∆x2
xi −

1
2
(h + hi)∆xxi, i = 1,2

(7.80)
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g − gi ⩾
1

4M
(hi − h)2 − M

4
∆x2

xi +
1
2
(hi + h)∆xxi, i = 1,2

(7.81)

Slackness: µi(gi − g − (
1

4M
(h − hi)

2 − M
4

∆x2
xi −

1
2
(h + hi)∆xxi)) = 0

λi(g − gi − (
1

4M
(hi − h)2 − M

4
∆x2

xi +
1
2
(hi + h)∆xxi)) = 0.

Let x ∈ [x1,y1]. Then, setting all dual coefficients zeros except for λ1 = 1,
h = h1 − M∆xx1 and g = g1 + h1∆xx1 − M

2 ∆x2
x1 is a valid solution. Indeed,

all conditions follow directly from the definition of g and h, except for
(7.80), i = 2, which becomes equivalent to (7.21) and is thus satisfied by
assumption on S, and (7.81), i = 2, which becomes:

Tg
12 −

3M
4

∆x2
x1 −

M
4

∆xx2 −
M
2

∆xx1∆xx2 +
∆h2

12
4M

+
∆h12

2
(2x − x1 − x2)⩽ 0

⇔ ∆xx2(∆h12 + M∆x12)⩽−Tg
12 −

∆h2
12

4M
−

3M∆x2
12

4
− ∆h12∆x12

2
⇔ x ⩽ y1.

Let x ∈ [y2, x2]. Then, setting all dual coefficients zeros except for λ2 = 1,
h = h2 − M∆xx2 and g = g2 + h2∆xx2 − M

2 ∆x2
x2 is a valid solution. Again, all

conditions follow directly from the definition of g and h, except for (7.80),
i = 1, which becomes equivalent to (7.21) as applied to the pair (j, i) and is
thus satisfied by assumption on S, and (7.81), i = 1, which becomes:

Tg
12 −

3M
4

∆x2
x2 +

M
4

∆xx1 +
M
2

∆xx1∆xx2 −
∆h2

12
4M

+
∆h12

2
(2x +

x1

2
− 3x2

2
)⩾ 0

⇔ ∆xx2(∆h12 + M∆x12)⩾−Tg
12 +

∆h2
12

4M
−

M∆x2
12

4
+

∆h12∆x12

2
⇔ x ⩾ y2.

Else, setting µ1 = µ2 = 0,

λ2 =
2M(x − y1)

∆h12 + M∆x12
⩾

x⩾y1,(7.30)
0,

λ1 = 1 − λ0 ⩾
x⩽y2

1 − 2M(y2 − y1)

∆h12 + M∆x12
=

Def. of y2
0

h = h1 + M(x + x1 − 2y1)
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and

g = g1 +
M
4
(x + x1 − 2y1)

2 − M
4

∆x2
x1 +

1
2
(2h1 + M(x + x1 − 2y1))∆xx1

= g1 + h1∆xx1 −
M
2
(y1 − x1)

2 +
M
2
(x2 − y2

1) + M(x1 − 2y1)(x − y1),

is a valid solution. Indeed, all conditions follow directly from the definition
of g, h, λ0 and λ1 except for (7.80), i = 1,2, which become equivalent to
(7.30) and are thus satisfied by assumption on S.

Suppose now ∆h12 =−M∆x12, which implies Tg
12 =−M

2 ∆x2
12 since (7.21)

applied to both pairs becomes:

Tg
12 ⩾−M

2
∆x2

12

Tg
ji ⩾−M

2
∆x2

12 ⇔
(7.36)

Tg
12 ⩽ ∆h12∆x12 +

M
2

∆x2
12 = −M

2
∆x2

12.

In this case, let g′min(x) = h1 − M∆xx1 = h2 − M∆xx2. Clearly, g′min(x) is
the first derivative of gmin(x), and this function interpolates S. Moreover,
in this case, µ0 = µ1 = λ1 = 0, λ0 = 1,

g = g1 + h1∆xx1 −
M
2

∆x2
x1 =

Tg
12=− M

2 ∆x2
12

g2 + h2∆xx2 −
M
2

∆x2
x2

h = h1 − M∆xx1 = h2 − M∆xx2.

are always a solution satisfying the KKT conditions associated with Prob-
lem (7.79). Indeed, all conditions follow directly from these two definitions
of g and h.

The computation of gmin (case 2) and gmax(x) (cases 1 and 2) follow the
same argument, except with the associated derivatives

g′min(x) =


h1 − M∆xx1 if x ∈ [x1, x1 +

h1
M ]

0 if x ∈ [x1 +
h1
M ,w1]

M(x − w1) if x ∈ [w1,w2]

h2 − M∆xx2 if x ∈ [w2, x2],
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g′max(x) =


h1 + M∆xx1 if x ∈ [x1,z1]

h1 − M(x + x1 − 2z1) if x ∈ [z1,z2]

h2 + M∆xx2 if x ∈ [z2, x2].

g′max(x) =


h1 + M∆xx1 if x ∈ [x1,V1]

h1 − M(x − v2) if x ∈ [v1,v2]

0 if x ∈ [v2, x2 − h2
M ]

h2 + M∆xx2 if x ∈ [x2 − h2
M , x2].

,

where, when considering
∫
FM,+, gmin (resp. gmax) is set to 0 when becom-

ing non-positive.

Building on Lemma 7.5, we proceed to the proof of Theorem 7.4. In-
deed, in Proposition 7.9, we prove necessity and sufficiency of (7.30), (7.31),
(7.35) and (7.21) to HM-interpolability of a set S = {(xi, gi, hi, fi)}i=1,2. By
Lemma 7.2, these conditions are equivalent to the conditions of Theorem
7.4. And, by Lemma 6.5, these interpolation conditions hold for any set
S = {(xi, fi, gi, hi)}i∈[N]. Therefore, Proposition 7.9 concludes the proof of
Theorem 7.4. The proof of Theorem 7.5 follows the same lines, except that
it handles the different cases of extremal interpolants derived in Lemma
7.5

Proposition 7.9. A set S = {(xi, gi, hi, fi)}i=1,2 is HM-interpolable if and only
if, ∀i, j = 1,2,
1) If ∆hij + M|∆xij| ̸= 0, then

|∆hij|⩽M|∆xij|, (7.82)

T f
ij ⩾− M

6
|∆xij|3 +

(
Tg

ij +
M
2 ∆xij|∆xij|

)2

2
(
∆hij + M|∆xij|

) +

(
∆hij + M|∆xij|

)3

96M2 , (7.83)

T f
ij ⩽

M
6
|∆xij|3 −

(
Tg

ij −
M
2 ∆xij|∆xij|

)2

2
(

M|∆xij| − ∆hij
) −

(
M|∆xij| − ∆hij

)3

96M2 , (7.84)

Tg
ij ⩾− M

2
∆x2

ij +
1

4M
(∆hij + M∆xij)

2, (7.85)
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2) If ∆hij ± M|∆xij| = 0, then

Tg
ij = ∓M

2
∆xij|∆xij| (7.86)

T f
ij = ∓M

6
|∆xij|3 (7.87)

Proof. Suppose x1 < x2. By Lemma 6.1, it holds that S is FM-interpolable
if and only if it satisfies |hj − hi|⩽ M|xj − xi| (Proposition 7.1), (7.85) and

∫ x2

x1

gmin(x)dx ⩽ f2 − f1 ⩽
∫ x2

x1

gmax(x)dx, (7.88)

where gmin and gmax are given in Lemma 7.5.
Consider first the case ∆h12 ̸= ±M|∆x12|. Integration of extremal inter-

polants gives:

T f
12 ⩾−M

6
∆x3

12 +
(Tg

12 +
M
2 ∆x2

12)
2

2(∆h12 + M∆x12)
+

(∆h12 + M∆x12)
3

96M2 (7.89)

T f
12 ⩽

M
6

∆x3
12 −

(Tg
12 −

M
2 ∆x2

12)
2

2(M∆x12 − ∆h12)
− (M∆x12 − ∆h12)

3

96M2 . (7.90)

Suppose now x2 < x1. Then, taking Lemma 7.5 with x2 and x1 inverted
and following the same argument as in the case x1 < x2, we obtain the
following inequalities to be satisfied:

T f
21 ⩾−M

6
∆x3

21 +
(Tg

21 +
M
2 ∆x2

21)
2

2(∆h21 + M∆x21)
+

(∆h21 + M∆x21)
3

96M2 (7.91)

T f
21 ⩽

M
6

∆x3
21 +

(Tg
21 −

M
2 ∆x2

21)
2

2(∆h21 − M∆x21)
+

(∆h21 − M∆x21)
3

96M2 . (7.92)

By (7.71) and (7.72), Condition (7.91) becomes:

− T f
12 + Tg

12∆x12 −
1
2

∆h12∆x2
12 ⩾

M
6

∆x3
12 −

(∆h12 + M∆x12)
3

96M2

+
(−Tg

12 + ∆h12∆x12 +
M
2 ∆x2

12)
2

−2(∆h12 + M∆x12)

⇔− T f
12 + Tg

12∆x12 −
1
2

∆h12∆x2
12 ⩾

M
6

∆x3
12 −

(Tg
12 +

M
2 ∆x2

12)
2

2(∆h12 + M∆x12)
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+ Tg
12∆x12 −

1
2

∆h12∆x2
12

− (∆h12 + M∆x12)
3

96M2

⇔ T f
12 ⩽−M

6
∆x3

12 +
(Tg

12 +
M
2 ∆x2

12)
2

2(∆h12 + M∆x12)
+

(∆h12 + M∆x12)
3

96M2 (7.93)

Similarly, (7.92) becomes:

−T f
12 + Tg

12∆x12 −
1
2

∆h12∆x2
12 ⩽−M

6
∆x3

12 −
(∆h12 − M∆x12)

3

96M2

+
(−Tg

12 + ∆h12∆x12 − M
2 ∆x2

12)
2

−2(∆h12 − M∆x12)

⇔T f
12 ⩾

M
6

∆x3
12 +

(Tg
12 −

M
2 ∆x2

12)
2

2(∆h12 − M∆x12)
+

(∆h12 − M∆x12)
3

96M2 . (7.94)

Conditions (7.89) and (7.94) are equivalent to a single constraint, indepen-
dently of the sign of ∆x12:

T f
12 ⩾−M

6
|∆x12|3 +

(
Tg

12 +
M
2 ∆x12|∆x12|

)2

2 (∆h12 + M|∆x12|)
+

(∆h12 + M|∆x12|)3

96M2 .

Similarly, Conditions (7.90) and (7.93) can be expressed as:

T f
12 ⩽

M
6
|∆x12|3 −

(
Tg

12 −
M
2 ∆x12|∆x12|

)2

2 (M|∆x12| − ∆h12)
− (M|∆x12| − ∆h12)

3

96M2 .

We have obtained interpolation conditions to be satisfied by the pair (1,2)
for S to be HM-interpolable. Extending the argument to the pair (2,1) al-
lows concluding that a HM-interpolable set S = {(xi, gi, hi, fi)}i=1,2 neces-
sarily satisfies, for all i, j = 1,2, Conditions (7.83) and (7.84).

Suppose now x2 > x1 and ∆h12 = ±M∆x12, Tg
12 = ±M

2 ∆x2
12. Then,

f2 − f1 =
∫ x2

x1

gmin(x)dx ⇔ T f
12 = ±M

6
∆x3

12 (7.95)

Finally, suppose x1 < x2 and ∆h12 = ±M∆x12 ⇔ ∆h21 = ±M∆x21, im-
plying Tg

12 = ∓M
2 ∆x2

12. By Lemma 7.5 applied to the pair (2,1), it holds
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that

T f
21 = ±M

6
∆x3

21 ⇔
(7.36),(7.37)

T f
12 = ∓∆x3

12. (7.96)

Combining (7.95) and (7.96), it holds that ∀i, j = 1,2 if ∆hij = ±M|∆xij|,
then necessarily T f

ij =±M
6 |∆xij|3 (and Tg

ij =±M
2 ∆xij|∆xij|) for S to be HM-

interpolable.
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PART III
Interpolation conditions for

stochastic first-order
optimization



8
Computer-aided analysis of

stochastic first-order
methods

This chapter results from a collaboration with Sébastien Colla, and benefited from
fruitful discussions with Balasz Gerencsér.

THis chapter proposes an extension of the PEP framework, initially
introduced to analyze deterministic methods, to the analysis of first-
order stochastic methods. That is, we consider, to solve uncon-

strained minimization problems

min
x∈Rd

f (x),

where f : Rd → R is a convex function, stochastic first-order black-box op-
timization methods, which rely on evaluations of f and noisy evaluations
of its gradient to iteratively minimize f . Such methods include, e.g., the
stochastic gradient method (SGD) whose iteration is given by

xk+1 = xk − αk(gk + εk), gk ∈ ∂ f (xk) (SGD)

where εk is a zero-mean random variable, and independent across queries.
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Our goal, given a stochastic first-order method M, a function class F ,
and a noise model for ϵk with prescribed expectation and variance, is to
obtain a worst-case guarantee on the expected performance of M on F .
That is, a guarantee valid for all functions in F and all distributions of εk
satisfying the noise model. In particular, we say the bound is tight when
attained by explicit functions and noise distributions within the considered
classes. This chapter presents a computer-aided framework that computes
a range of such worst-case guarantees, whose tightness depends on the
complexity of the corresponding formulation.

The chapter is organized as follows. Section 8.1 motivates the analysis
of stochastic first-order methods, reviews computer-aided advances in this
area, and outlines the proposed framework. Section 8.2 briefly presents
some PEP tools on which the framework builds. Section 8.3 then intro-
duces the problem classes covered by the framework and the framework
itself. Finally, Section 8.4 applies the framework to analyze the stochas-
tic gradient method (SGD) on the class Fµ,L of smooth (strongly) con-
vex functions, under various noise models—including additive bounded
noise, finite-sum settings with or without variance reduction, and block-
coordinate schemes. This illustrates, both analytically and numerically,
how the framework aligns with and complements the existing literature
on stochastic first-order methods.

Notation Given k ∈ N, we denote by ek the kth unit vector. We let Dd :=
{M ∈ Rd×d| M diagonal}. In addition, given M ∈ Rd×d, we let ∥M∥ =

maxx∈Rd : ∥x∥=1 ∥Mx∥.
Given N random variables ε0, . . . , εN−1, we denote by ε the random vari-

able that aggregates all εk’ s, whose distribution depends on those of εk’ s,
i.e. ε = [ε0, . . . , εN−1]. We denote by E[·] the expectation with respect to the
randomness of the method under analysis, that is, the expectation taken
over the joint distribution of all random variables involved in the method.
We let {Ak}k=0,1,...,N be the filtration of available information at iteration k,
see, e.g., [Dur19].

8.1 Motivation

Stochastic first-order methods, as opposed to exact first-order methods, i.e.,
εk = 0, ∀k, naturally arise in a wide range of contexts where one has access
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to (or prefers to compute), e.g., an unbiased estimator of the gradient of f
rather than the gradient itself. Depending on these contexts, the distribu-
tion of εk satisfies different assumptions.

Additive noise on deterministic gradients The simplest setting arises
when minimizing a deterministic function whose gradient evaluations are
corrupted by additional zero-mean stochastic noise. This noise can be ei-
ther relative, with variance depending on the gradient norm (Eεk [∥εk∥2] ⩽
σ2∥∇ f (xk)∥2, ∀k) or absolute, with variance independent of the gradient
norm (Eεk [∥εk∥2]⩽ σ2, ∀k).

Such noise may arise in practice from simulation or measurement-based
functions involving inherent randomness or error, or from intentional per-
turbations used to ensure data privacy, as in differentially private algo-
rithms, see, e.g., [BST14].

Stochastic optimization problems Another example is the minimization
of a expected value, i.e.,

f (x) = Eξ∼D [ fξ(x)], (8.1)

where samples ξ ∼ D are available, but the distribution D itself is un-
known. In such cases, gradients of f are unavailable, contrary to gradients
of fξ , which provide an unbiased estimator of ∇ f . Hence, methods rely on
noisy unbiased evaluations ∇ fξ(xk) =∇ f (xk) + εk.

Stochastic optimization problems are particularly relevant in statistical
supervised learning. Indeed, letting D be the unknown distribution link-
ing inputs and outputs, ξ be an input-output sample drawn from D, x a
prediction model, and fξ(x) the loss incurred by x on ξ, minimizing f cor-
responds to minimizing the expected risk or loss of x; see, e.g., [BCN18,
Section 3.1].

Finite-sum minimization One of the most studied categories of problems
relying on stochastic optimization consists in the minimization of a large
sum of functions, i.e.,

f (x) =
n

∑
i=1

fi(x), (8.2)
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where n is large and fi’s are differentiable convex functions. In contrast
with the first two examples, exact computation of ∇ f is possible in this
case, but is computationally expensive. On the other hand, choosing uni-
formly at random an index i ∈ {1,2, . . . ,n}, furnishes ∇ fi(x), an unbiaised
estimator of ∇ f (x), whose computation is approximately n times cheaper
than the one of ∇ f (x). As shown, e.g., in [BB07], it can therefore be advan-
tageous to minimize (8.2) using stochastic methods that rely on ∇ fi(xk) =

∇ f (xk) + εk, instead of ∇ f (xk). Alternative ways to construct estimators
of ∇ f in this setting, leading to different assumptions on εk, are discussed
in Section 8.1.1.

Such minimization problems typically arise as approximations of (8.1)
using n independent samples of ξ, and are then referred to as empirical risk
minimization (ERM) or sample average approximation (SAA) problems;
see, e.g., [BCN18, Section 3.1].

Randomized block-coordinate descent methods Finally, another exam-
ple consists in minimizing large-dimensional differentiable functions that
exhibit component-wise structure. In this setting, it is again possible to
compute the exact gradient, but it is computationally advantageous to eval-
uate the gradient only along a single or a block of coordinates, chosen uni-
formly at random. In this case, methods sample d∇i f (xk)ei =∇ f (xk) + εk,
where ei is the i-th unit vector, d is the dimension of x, ∇i f (xk) is the ith

component of ∇ f (xk), and Eεk [εk] = 0. Such methods are known as ran-
domized coordinate descent (RCD) methods, and can be generalized to gradi-
ent estimators along blocks of coordinates; see, e.g., [Nes12, BT13].

8.1.1 Related works

Stochastic first-order methods First-order stochastic methods, first con-
ceptualized in [RM51], are the subject of extensive research, particularly
given their applications in machine learning and large-scale optimization
problems, see, e.g., [Bor08, BCN18, GG23, GLQ+19, Net19] and references
therein. Analyses depend on (i) the method, (ii) the function class consid-
ered, and (iii) the noise model, that is, at minima, its variance and expec-
tation, and, in some structural settings as the finite sum and the block-
coordinate settings, additional information on its distribution. We pro-
vide a non-exhaustive summary of existing convergence rates for stochas-
tic first-order methods on convex and strongly convex functions, under dif-
ferent noise settings. These rates should be compared to the deterministic
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case (εk = 0), in which the simplest method (GD) achieves, with constant
stepsizes, rates of O(1/k) in terms of the function value gap on convex
functions, with k the number of iterations, and linear convergence in terms
of the distance to the minimizer, on strongly convex smooth functions, see,
e.g., [Nes18].

A widely analyzed model, though restrictive in its applications, is the
additive bounded noise model (E[∥εk∥2] ⩽ σ2), see, e.g., [Nem94, NY83,
NJLS09]. Under this model, methods ranging from SGD, with or without
iterates averaging [PJ92, Rup88], to methods involving momentum [Xia09,
GL12, CDO18, CHVSL18, DGN13] have been designed and analyzed on
smooth convex functions. In this setting, (SGD), with iterates averaging in
the convex case, yields, with decreasing stepsizes, O(1/

√
k) and O(1/k)

rates for convex and strongly convex functions. In addition, (SGD) with
small constant stepsizes converges to a neighborhood depending on σ2, at
optimal O(1/k) and linear rates, see, e.g., [MB11, RSS11, Sti19].

Stochastic first-order methods have also been extensively analyzed in
the finite-sum setting f = 1

n ∑i fi. Analyses depend on the properties of the
fi’s, and on the way an estimator of ∇ f (xk) is constructed at each itera-
tion. Classical assumptions include convexity and Li-smoothness of each
fi, and bounded variance at the optimum, i.e., E[∥∇ fi(x⋆)∥2] = σ2

⋆ ⩽ +∞,
where x⋆ is a minimizer of f . Under these assumptions, (SGD) where gra-
dient estimators sample ∇ fi(xk) uniformly (or via importance sampling)
has been extensively analyzed [BCN18, GLQ+19, MB11, NSW14, SGD21,
VBS19, ZZ15]. As for the bounded additive noise model, (SGD) with de-
creasing stepsizes yield O(1/

√
k) and O(1/k) rates for convex (with it-

erates averaging) and strongly convex functions, see, e.g., [GG23, Theo-
rem 5.7, Corollary 5.9]. In addition, small constant stepsizes yield opti-
mal O(1/k) and linear rates to a neighborhood depending on σ2

⋆ , see, e.g.,
[GG23, Theorems 5.6, 5.8]. In particular, when σ2

⋆ = 0 (e.g., in the finite-sum
setting for overparameterized models, see, e.g., [MBB18, VBS19]), (SGD)
with constant stepsizes achieves optimal O(1/k) and linear rates, as in the
deterministic setting. In addition, if estimators of ∇ f (xk) are built using
variance-reduction techniques [DBLJ14, GSBR20, NLST17, RSB12, SLRB17,
JZ13, SSZ13, XZ14], i.e., so that the variance of the noise on ∇ f (xk) natu-
rally decreases iteratively, mitigating the effect of σ2

⋆ , then (SGD) achieves
linear convergence on strongly convex functions. Examples include SAGA
[DBLJ14] and SVRG [JZ13, XZ14]. In addition to (SGD), accelerated meth-
ods, see, e.g., [AZ18, LMH15, VBS19, ZDS+19], and proximal point meth-
ods [TASV24] have also been analyzed in this setting.
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Further, stochastic first-order methods have been analyzed under weak
and strong growth conditions. Respectively, Eεk [∥εk∥2]⩽ A( f (xk)− f (x⋆))
[VBS19, FR15], and Eεk [∥εk∥2] ⩽ B∥∇ f (xk)∥2 [SR13], where x⋆ is a mini-
mizer of f , (xk)k=0,1,... are the iterates of the method, and A, B ⩾ 0. These
conditions yield optimal rates for (SGD) on convex and strongly convex
functions. Those same convergence rates have been proven in the block-
coordinate setting, see, e.g., [BT13, Nes12, Wri15].

Finally, beyond smooth convex optimization, stochastic proximal meth-
ods have also been designed and analyzed on non-smooth functions, see,
e.g., [DS09, RVV20], and stochastic first-order methods on non-convex func-
tions have been, more recently, investigated under several assumptions,
see, e.g., [AD19, DDG+22, DD19, DG19, DS20, GL13, KR20]. In particu-
lar, [GL13] showed, for (SGD) on L-smooth functions, an O( 1

k4 ) conver-
gence rate to stationary points, under the additive bounded noise model;
[DS20] provided matching lower bounds in this setting, and [DD19, DG19]
showed similar rate of convergence on weakly convex functions.

Unified analysis of stochastic first-order methods As highlighted in, e.g.,
[GHR20, TASV24, Sti19], analyses of first-order methods across many set-
tings can be unified by analyzing problem classes encoding (i) the method,
(ii) the function class considered, and (iii) the expectation and variance of
the noise εk. Such analyses yield convergence rates valid for all distribu-
tions satisfying the noise model. In particular, [GHR20, Assumption 4.1]
introduces the class of noise models for which there exist non-negative con-
stants A1, A2,C, D1, D2,ρ ∈ R and a possibly random sequence (σ2

k ) such
that

E[εk|xk] = 0,

E[∥εk∥2|xk]⩽ A1( f (xk)− f (x⋆))− ∥∇ f (xk)∥2 + Cσ2
k + D1,

E[σ2
k+1|xk]⩽ (1 − ρ)σ2

k + A2( f (xk)− f (x⋆)) + D2,

(8.3)

where x⋆ is a minimizer of f and (xk)k=0,1,... are the iterates of the method.
On smooth strongly convex functions, Assumption (8.3) suffices for lin-
ear convergence of (SGD) to a neighborhood depending on C1,C2 [GHR20,
Theorem 4.1], and this assumption is satisfied by most settings mentioned
above, see [GHR20, Table 2].

For instance, the finite-sum setting, where each fi is convex and Li-
smooth, and gradient estimators uniformly sample ∇ fi(xk), satisfies (8.3)
with A = 4maxi Li and B = 2σ2

⋆ ; see, e.g., [GG23, Lemma 4.20]. Similarly,
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the additive bounded noise model on L-smooth functions satisfies (8.3)
with A = 2L and B = σ2; see, e.g., [Sti19, Example 2]. These shared param-
eters explain the similarity in convergence rates across these noise models.
Likewise, the strong growth condition, the additive relative noise model,
and the block-coordinate setting can all be captured as a single noise model
under this unified noise framework, as they share the same expectation
and variance.

Computer-aided analysis of stochastic first-order methods As discussed
in Chapter 3, computer-aided analyses were, at first, introduced in deter-
ministic setting, but there exist extensions to the stochastic setting that we
quickly summarize.

First, computer-aided analyses naturally extend to the analysis of in-
exact methods, where gradient errors are deterministic perturbations, as
in [d’A08, DGN13, DGN14], see, e.g., [DKGT20, BTB22, Gan22, HSL21,
THG17a, VG24, VG25a, VG25b] for PEP analyses of inexact methods. We
refer to this approach as the worst-scenario approach. Indeed, conducting
such analyses on settings in which perturbations are, in fact, stochastic
rather than deterministic, yields convergence rates that hold for the worst
realization of the noisy perturbations, rather than in expectation. Such
rates are thus pessimistic in these settings.

Second, when the noise takes values in a finite set of cardinality n,
e.g., in the finite-sum and the block-coordinate settings, stochastic meth-
ods can be analyzed exactly by enumerating all scenarios and considering
the average-case performance, see, e.g., [TB19] for an introduction to the
all-scenarios approach, [KHG23] for block-coordinate methods, [HSR17,
CKPG25] for the finite-sum setting. We refer to this approach by the all-
scenarios approach. The resulting numerical convergence rates are tight,
and the associated closed-form analytical rates may remain valid for dis-
tributions with infinite-dimensional supports, as showcased, e.g., in [TB19,
Appendix E]. On the downside, the size of the associated SDPs grows like
nN , limiting the scalability of this approach and restricting its use to the
analysis of a small number of iterations only. Moreover, when rates de-
pend on the support cardinality n, extracting closed-form expressions re-
quires solving a sequence of increasingly large problems, whose solutions
hopefully provide intuition for the analytical expression.

Then, [VSL21] studied the additive bounded noise model by (i) theoret-
ically linking deterministic SDP solutions to robustness and convergence
guarantees (see, e.g., [VSL21, Theorems 5.3, 6.2]), and (ii) leveraging these
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SDPs to analyze or design methods.
Finally, [AdKZ23b] analyzed the RCD by incorporating expectations of

stochastic quantities, e.g., E[ f (xk)], E[∥xk∥2], or E[∥εk∥2], directly as vari-
ables in the associated SDPs, under necessary constraints meant to ensure
the variables are indeed expectations. See also [DT14, Appendix B] for
early introduction of this same idea, under the additive bounded noise
model.

8.1.2 Introduction to the proposed framework

Inspired by the idea of [AdKZ23b, DS20] to embed expectations of stochas-
tic quantities as variables to PEP formulations, and by the unified approach
to stochastic performance analysis proposed, e.g., in [GHR20], we present
a PEP-based approach for analyzing all stochastic zero-mean noises, and
such that, for some constants A1, B1,C1, E1, A2, B2,C2, D2,ρ ∈ R, and a pos-
sibly random sequence (σ2

k )k=0,1,...,N−1, it holds

E[∥εk∥2|Ak]⩽ A1( f (xk)− f (x⋆)) + B1∥gk∥2 + C1∥xk − x⋆∥2 + D1 + E1σ2
k ,

(8.4)

E[σ2
k+1|Ak]⩽ A2( f (xk)− f (x⋆)) + B2∥gk∥2 + C2∥xk − x⋆∥2 + D2

+ (1 − ρ)σ2
k ,

where (xk)k=0,1,...,N is the sequence of iterates of a first-order method, gk ∈
∂ f (xk), x⋆ is a minimizer of f , and Ak := σ(x0, . . . , xk, ε0, . . . , εk−1,σ2

0 , . . . ,σ2
k )

is the σ-algebra of available information up to iteration k. This model in-
cludes, as special cases, all classical noise assumptions presented in Section
8.1.1.

More precisely, we propose a framework, fitting the PEP methodology,
for automated analysis of first-order stochastic methods with fixed step-
sizes across a wide range of function classes (specified in Assumption 8.1),
under all zero-mean noise models satisfying (8.4) (Section 8.3). Given N a
number of iterations, a method, a function class, and a noise model (expec-
tation and variance), we propose a spectrum of SDPs of increasingly large
size, ranging from a size ∝ N (Section 8.3.2) to a size ∝ 2N (Section 8.3.5),
whose solutions provide increasingly stronger convergence rates on the
problem. In particular, the SDP of size ∝ 2N yields tight performance guar-
antees, i.e., that are attained by a specific function and noise distribution.
On the other side of the spectrum, the SDP of size ∝ N yields guarantees
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that often happen to be, numerically, already tight (Section 8.4).
By construction, on structural noise models, e.g., on the finite-sum or the

block-coordinate settings, the all-scenarios approach introduced in [TB19],
which uses this structural information on the noise’s distribution, yields
stronger convergence rates than our framework. However, (i) these rates
are valid for a smaller class of problems, preventing a unified analysis
across different settings, (ii) the all-scenarios approach is restricted to finite-
support noises, and can only improve on our framework on models for
which information on the noise distribution is available, and (iii) this ap-
proach is mainly restricted, due to scalability issues, to the analysis of a
small number of iterations, for instance via potential functions. By con-
trast, while the tightness of the proposed framework depends on solving
exponentially large SDPs, as in the all-scenarios approach, it allows to trade
off tightness for scalability, by solving an SDP relaxation of smaller size.
Hence, in some cases of sublinear convergence, our framework, by solv-
ing small-sized relaxations on a large number of iterations, improves on
the all-scenarios approach, given the conservatism introduced by guess-
ing the potential function’s structure. In addition, while also untractable
for a large number of iterations, the tight formulation of our framework is
still computationally cheaper than the all-scenarios approach, as it grows
with 2N (as compared to nN , with n ⩾ 2 the cardinality of the support), and
possesses a strongly symmetric structure.

8.2 Preliminaries: computer-aided analysis of inexact methods.

The PEP framework introduced in Chapter 3 for the analysis of determin-
istic methods can be straightforwardly extended to the analysis of inexact
methods, i.e., ε and σ2 as introduced in (8.4) are deterministic perturbations
rather than random variables. Indeed, in this context, one seeks worst-case
performance guarantees that hold not only for all functions in a given func-
tion class, and all starting points satisfying a given initial condition, but
also for the worst possible perturbation satisfying given assumptions. To
obtain a tight guarantee, it thus suffices to let, in the PEP formulation, these
perturbations as variables, in addition to the set S = {(xi, fi, gi)}i=0,1,...,N,⋆
that encodes the iterates of the method analyzed and evaluations of the
function and (sub)gradient at these iterates.

As in the deterministic setting, the resulting PEP formulations will be

| 180



Preliminaries: computer-aided analysis of inexact methods. | 8.2

SDPs, provided that the algorithm, the function class, the performance cri-
terion, the initial conditions, and the assumptions on the perturbations,
are Gram-representable, in a slightly more general way than introduced
in Definition 3.1. That is, these quantities should be expressed as linear
functions in (i) the function values and (ii) the scalar products between it-
erates, (sub)gradients, and additive perturbations, that include ε and σ2, as
in (8.4).

Definition 8.1 (Gram-representable expression). Let N ∈ N, and finite sets
S= {(xi, fi, gi)}i=0,1,...,N,⋆ ⊂ (Rd ×R×Rd)N+2, and V = {(εi,σ2

i )}i=0,1,...,N−1
∈ (Rd × R)N . An algebraic expression p involving the elements of S ∪ V
is said to be Gram-representable if it can be written using a finite num-
ber of functions, linear in the fi’s and σ2

j , and scalar products in xi, gi, ε j,
i = 0,1, . . . , N,⋆, j = 0,1, . . . , N − 1, that is,

⟨gi, gj⟩, ⟨xi, xj⟩, ⟨gi, xj⟩, for all i, j = 0,1, . . . , N,⋆,

⟨gi, ε j⟩, ⟨xi, ε j⟩, for all i = 0,1, . . . , N,⋆, j = 0,1, . . . , N − 1, and

⟨εi, ε j⟩, for all i, j = 0,1, . . . , N − 1.

Given a Gram-representable expression p, we say a pair (F, G)∈R2N+2 ×
S3N+4 satisfies p, if it is the Gram representation

F := [ f⋆, f0, . . . , fN , σ2
0 , . . . ,σ2

N−1]
⊤, (8.5)

G := PP⊤, P := [x⋆, x0, . . . , xN , g⋆, g0, . . . , gN , ε0, . . . , εN−1]
⊤,

of a set S ∪V satisfying p. This definition of a Gram representation slightly
differs from that of Chapter 3, since it includes εk, σ2

k , k = 0,1, . . . , N − 1, but
also since it explicitly contains all iterates of the method, as well as x⋆ and
g⋆. One could, as in Chapter 3, only keep x0 and access all other iterates as
linear combinations of the entries of G. However, for the exposition of the
framework to be clearer, we first keep all variables explicit. The implicit
Gram-representation, used in practice, is detailed in Appendix 8.A. To ac-
cess elements of G and F, given ei the ith-unit vector, we define selection
vectors

• x⋆ = e1 ∈ R3N+4, and xk = ek+2 ∈ R3N+4, k = 0,1, . . . , N, g⋆ = eN+3 ∈
R3N+4,

• g⋆ = eN+3 ∈ R3N+4, and gk = eN+4+k ∈ R3N+4, k = 0,1, . . . , N,

• vk = e2N+5+k ∈ R3N+4,

| 181



Preliminaries: computer-aided analysis of inexact methods. | 8.2

• f⋆ = e1 ∈ R2N+2, and fk = ek+2 ∈ R2N+2, k = 0,1, . . . , N and sk =

eN+3 ∈ R2N+2, k = 0,1, . . . , N − 1.

These vectors allow accessing all fi’s and σ2
j ’s (i = 0,1, . . . , N,⋆, j= 0,1, . . . , N −

1) in F, and scalar products of xi, gi, ε j’s (i = 0,1, . . . , N,⋆, j = 0,1, . . . , N − 1)
in G. Then, for instance, given k = 0,1, . . . , N − 1, we say (F, G) satisfies
∥εk∥2 ⩽ σ2 if v⊤

k Gvk ⩽ σ2.
For further comparison with our framework, we present an instance of

PEP formulation of an inexact first-order method.

Example 8.1: Inexact GD under bounded perturbation

Consider a single iteration of the inexact gradient descent on the class
F0,L of L-smooth convex functions, under additive deterministic per-
turbation of bounded norm |σ|. Let the performance measure be
f (x1) − f (x⋆), and the initial condition be ∥x0 − x⋆∥2 ⩽ 1. The ex-
act worst-case guarantee on this problem is the solution to

max
d∈N, f∈F0,L ,

x0,x⋆∈Rd ,
ε0∈Rd

f (x1)− f (x⋆) s.t. ∥x0 − x⋆∥2 ⩽ 1 (8.6)

x1 = x0 − α (∇ f (x0) + ε0) ,

∇ f (x⋆) = 0, ∥ε0∥2 ⩽ σ2,

or equivalently, to

max
F∈R3,
G∈S8

+

F⊤(f1 − f⋆) (8.7)

s.t.(x0 − x⋆)⊤G(x0 − x⋆)⩽ 1

F⊤(fj − fi)⩾ g⊤
i G(xj − xi) +

1
2L

(gi − gj)
⊤G(gi − gj), ∀i, j ∈ {0,1,⋆}

(x1 − x0 + αg0)
⊤G(x1 − x0 + αg0) = 0

g⊤
⋆ Gg⋆ = 0, v⊤

0 Gv0 = σ2.

The second constraint, in (8.7), ensures (F, G) to be F0,L-interpolable,
i.e., as stated in Proposition 2.1,

f j ⩾ fi + ⟨gi, xj − xi⟩+
1

2L
∥gi − gj∥2. (8.8)
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We are now ready to present our framework for computer-aided analy-
sis of stochastic optimization methods, whose simplest formulation will be
closely related to PEP formulations for the analysis of inexact methods.

8.3 Framework for automated analysis of stochastic methods

This section presents a framework for computer-aided analysis of stochas-
tic first-order methods; via the introduction of expected values as vari-
ables to PEP formulations. We first define a few problem classes on which
the framework applies, before presenting a spectrum of SDP formulations
whose solutions provide convergence rates on these problems.

8.3.1 Problem definition

Given N ∈ N, we analyze N iterations of a method M on a function class
F , under stochastic noise drawn from an element of a class of distributions
ΩN . Performance of M is evaluated through a measure P , under an initial
condition Cinit. We impose a number of assumptions on these objects.

Assumption 8.1. Let N ∈ N, a method M, a function class F , a class
of distributions ΩN(A1, A2, B1, B2,C1,C2, D1, D2, E1,ρ), a performance mea-
sure P , and an initial condition Cinit. We assume the following.

• Method M [THG17a, Definition 2.11]. We consider stochastic fixed-
step linear first-order methods (FSLFOM), whose kth iteration on a
function f is given by

xk+1 = x0 +
k

∑
j=0

αk,j(gj + ε j), (M)

where gj ∈ ∂ f (xj), ε j is a random variable, and all coefficients αk,j are
predetermined.

Denote by S = {(xj, f (xj), gj)}j=0,1,...,N,⋆ the iterates (xj)j=0,1,...,N of
M, and a minimizer x⋆ of f , with associated function and (sub)gradient
values.

• Distribution class ΩN(P). Let P = A1, A2, B1, B2,C1,C2, D1, D2, E1,ρ.
We consider classes of distributions ΩN(P) such that any random
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variable (ε,σ2) = {(εi,σ2
i )}i=0,1,...,N−1 drawn from a distribution in

ΩN(P) satisfies

(i) E[εk|Ak] = 0, ∀k = 0,1, . . . , N, where Ak = σ(x0, . . . , xk,
ε0, . . . , εk−1,σ2

0 , . . . ,σ2
k ) is the filtration of available information at it-

eration k.

(ii) (ε,σ2) satisfies (8.4) w.r.t. S, with parameters P.

• Function class F [THG17a, Definition 2.2]. We consider function
classes whose interpolation conditions, see Definition 2.6, are Gram-
representable on realizations of S (Definition 8.1).

• Performance measure P , and initial condition Cinit [THG17a, Def-
initions 2.3,2.4]. We consider performance measures and initial con-
ditions that are Gram-representable on S (Definition 8.1).

In what follows, we remove dependence of ΩN in P, to lighten notation.
By an abuse of notation, we denote by (ε,σ2) ∈ ΩN any pair of random
variables drawn from a distribution in ΩN , whatever this specific distribu-
tion is. Observe that Assumption 8.1 allows the noise to follow different
distributions from query to query, i.e., εk’s distribution may differ from
that of ε l , when l ̸= k.

The proposed framework adapts to more general settings than those
satisfying Assumption 8.1, e.g., there could be more randomness than sim-
ply noisy (sub)gradient evaluations, or one could consider, e.g., adaptive
stepsize by modifying the filtration Ak. However, Assumption 8.1 sim-
plifies the exposition of the framework, and already encompasses a broad
range of settings, including, e.g., stochastic (accelerated) gradient descent
on Fµ,L, where the initial condition and performance measure may depend
on ∥x0 − x⋆∥2, ∥g0∥2 for g0 ∈ ∂ f (x0), or f (x0)− f (x⋆), with analogous ex-
pressions involving xN , gN , and f (xN) in the performance criterion.

Central question We seek to obtain, given satisfaction of Cinit, the tightest
bound possible on the expected value of the performance measure P , valid
for any f ∈ F and (ε,σ2) ∈ ΩN , that is,

max
d∈N,
f∈F

x0,x⋆∈Rd

(ε,σ2)∈ΩN

E[P ] s.t. Cinit is satisfied,

(xk)k=0,1,...,N is generated by M w.r.t. ε,
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0 ∈ ∂ f (x⋆). (8.9)

Note that x0 and x⋆ (and the associated function and (sub)gradient val-
ues) are deterministic, in contrast to xk, k ⩾ 1 (and associated function and
(sub)gradient values), which are stochastic.

As an example, consider the analysis of a single iteration of (SGD) on
Fµ,L, under the additive bounded noise model.

Example 8.2: SGD under additive bounded noise model

Let N = 1, M be (SGD), F =Fµ,L for some −∞ < µ < L ⩽+∞, L ⩾ 0,
P = f (x1)− f (x⋆), Cinit = ∥x0 − x⋆∥2 ⩽ 1, and all parameters in (8.4)
be zero, except for D1 = σ2, for some σ2 ∈ R. Then, (8.9) amounts to

max
d∈N,

f∈Fµ,L

x0,x⋆∈Rd ,
ε0 a r.v.

E[ f (x1)− f (x⋆)] s.t. ∥x0 − x⋆∥2 ⩽ 1, (8.10)

x1 = x0 − α(∇ f (x0) + ε0),

∇ f (x⋆) = 0,

E[ε0] = 0, E[ε2
0]⩽ σ2.

8.3.2 SDP relaxation of (8.9)

Exact reformulation of (8.9) As in the inexact or deterministic case, (8.9)
is as such untractable, both given the infinite-dimensional variable f ∈ F ,
the random variables (ε,σ2) ∈ ΩN , and the expectation E[P ]. We thus
introduce sets of finite-dimensional variables, along with corresponding
constraints that ensure maximizing over these variables is equivalent (or
provides a relaxation as tight as possible) to the original problem (8.9). In
particular, given f ∈ F , x⋆ ∈ Rd a minimizer of f , x0 ∈ Rd a starting point
satisfying the initial condition Cinit, (ε,σ2) ∈ ΩN , and (xk)k=0,1,...,N the set
of iterates generated by M accordingly, we define

S ∪ V, where S = {(xj, f (xj), gj)}j=0,1,...,N,⋆, gj ∈ ∂ f (xj), ∀j = 0,1, . . . , N,⋆, and
(8.11)

V = {(ε j,σ2
j )}j=0,1,...,N−1.
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Further, under Assumption 8.1, all relevant quantities in (8.9) are Gram-
representable, hence it is convenient to consider the Gram representation
of S ∪ V, i.e.,

F := [ f (x⋆), f (x0), . . . , f (xN), σ2
0 , . . . ,σ2

N−1]
⊤, (8.12)

G := PP⊤, P := [x⋆, x0, . . . , xN , g⋆, g0, . . . , gN , ε0, . . . , εN−1]
⊤.

One cannot directly optimize over the stochastic quantity (F, G), or over all
its possible realizations, as done in [KHG23, TB19, CKPG25], since there
might be an infinite number of them. Hence, following the approach of
[AdKZ23b], we consider expectations of (F, G) as variables of interest. Specif-
ically, let

(FE, GE) :=(E[F],E[G]), (8.13)

that thus depend on f , x⋆, x0,M, and (ε,σ). Specifically, FE contains as
elements, e.g., E[ f (xi)], and GE contains, e.g., E[⟨xi, gj⟩], E[⟨xi, ε j⟩], ...,

Example 8.3: SGD under additive bounded noise model

Consider the setting of Example 8.2, i.e., the analysis of a single it-
eration of (SGD) on Fµ,L, under the additive bounded noise setting.
Then,

FE = [ f (x⋆), f (x0),E[ f (x1)]]
⊤,

GE =


∥x⋆∥2 ⟨x⋆, x0⟩ . . . E[⟨x⋆, g1⟩] E[⟨x⋆, ε0⟩]
⟨x⋆, x0⟩ ∥x0∥2 . . . E[⟨x0, g1⟩] E[⟨x0, ε0⟩]

...
...

. . .
...

...
E[⟨x⋆, g1⟩] E[⟨x0, g1⟩] . . . E[∥g1∥2] E[⟨g1, ε0⟩]
E[⟨x⋆, ε0⟩] E[⟨x0, ε0⟩] . . . E[⟨g1, ε0⟩] E[∥ε0∥2]

 .

Our goal is to maximize the expectation of the performance criterion
P , which is, under Assumption 8.1, linear in realizations of (F, G). Equiv-
alently, by linearity of the expectation, it suffices to maximize the per-
formance criterion over all possible (FE, GE), generated by any f ∈ F ,
(ϵ,σ) ∈ ΩN , x0 and x⋆. We therefore introduce the set GE(M,F ,ΩN ,Cinit)
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of pairs (F, G) that correspond to some (FE, GE), i.e.,

GE :=



(F, G) ∈ RN+2 × S4N+4
+ : ∃ (ε,σ) ∈ ΩN , f ∈ F ,

x⋆ ∈ Rd a minimizer of f ,

x0 ∈ Rd satisfying Cinit, and

(xk)k=0,1,...,N the iterates of M
s.t. (F, G) = (FE, GE)


, (8.14)

where the dependence of GE on M,F ,ΩN and Cinit is removed and sup-
posed clear from the context. Then, (8.9) can be reformulated as

max
(F,G)∈GE

Tr (AobjG) + F⊤bopt, (Pexact)

where the linear terms Tr (AobjG) and F⊤bopt encode the performance mea-
sure P .

Example 8.4: SGD under additive bounded noise model

Consider the setting of Example 8.2, i.e., the analysis of a single it-
eration of (SGD) on Fµ,L, under the additive bounded noise setting.
Then, (Pexact) becomes

max
(F,G)∈GE

(
(SGD),Fµ,L ,ΩN

(
D1=σ2

)
,∥x0−x⋆∥2⩽1

)F⊤(f1 − f⋆)

where f1 = e3 ∈ R3 and f⋆ = e1 ∈ R1 are selection vectors accessing
f (x1), f (x⋆) in F.

To solve (Pexact), our goal is to represent GE, using a finite number of
algebraic conditions. As in [AdKZ23b], we first introduce conditions that
are necessary, but not sufficient, for inclusion in GE.

As a reminder, given a Gram representable condition p (Definition 8.1),
we say (F, G) satisfies p if it is the Gram representation (8.5) of some S =

{(xi, fi, gi)}i=0,1,...,N,⋆ and V = {(εi,σ2
i )}i=0,1,...,N−1 satisfying p, see Appendix

8.A for details. The necessary conditions describing GE, given M,F ,ΩN
and Cinit satisfying Assumption 8.1, follow from

• Gram-representable constraints that necessarily hold on any realiza-
tion, imposed in expectation—namely, any (F, G) ∈ GE should be F -
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interpolable, satisfy the initial condition Cinit, the method definition
(M), and the optimality condition ∥g⋆∥2 = 0; and

• Gram-representable constraints that naturally involve expectations.
Specifically, these include (i) the noise variance (8.4), that is, (F, G) ∈
GE should satisfy, given constants A1, A2, B1, B2,C1,C2, D1, D2,ρ ∈ R,
and ∀k = 0,1, . . . , N − 1,

∥εk∥2 ⩽ A1( fk − f⋆) + B1∥gk∥2 + C1∥xk − x⋆∥2 + D1 + E1σ2
k ,

σ2
k+1 ⩽ A2( fk − f⋆) + B2∥gk∥2 + C2∥xk − x⋆∥2 + D2 + (1 − ρ)σ2

k ,
(Cvariance)

as well as (ii) uncorrelation conditions involving εk and ε l (l ̸= k),
and εk and xi, gi (i ⩽ k). Specifically, (F, G) ∈ GE should satisfy

⟨εk, ε l⟩ = ⟨εk, xi⟩ = ⟨εk, gi⟩ = 0, ∀k = 0,1, . . . , N − 1, i ⩽ k, l ̸= k.
(C⊥⊥)

For instance, condition ⟨εk, ε l⟩ = 0 writes v⊤
k Gvl = 0. Hence, if G =

GE, it becomes E[⟨εk, ε l⟩] = 0, which holds by definition of ΩN . We now
formalize the proposed conditions.

Theorem 8.1 (Properties of expected variables)

Given N ∈ N, consider a method M, a function class F , a class of dis-
tributions ΩN , and an initial condition Cinit, satisfying Assumption 8.1.
In addition, let GE be defined in (8.14). Then, any (F, G) ∈ GE is F -
interpolable, and satisfies Cinit, Cvariance, C⊥⊥, ∥g⋆∥2 = 0, and (M).

Proof. Let (FE, GE) ∈ GE. Denote by (F̃, G̃) the stochastic pair for which
F = E[F̃], G = E[G̃].

By definition of GE, given in (8.14), there exist some (ε,σ2) ∈ ΩN , f ∈F ,
x⋆ ∈ Rd minimizer of f , x0 ∈ Rd satisfying Cinit, and (xk)k=0,1,...,N the asso-
ciated iterates of M, such that (F̃, G̃) is the Gram representation (8.12) of
S= {(xj, f (xj), gj)}j=0,1,...,N,⋆, where gj ∈ ∂ f (xj), and V = {(ε j,σ2

j )}j=0,1,...,N−1.

Hence, any realization of (F̃, G̃) is F -interpolable, and satisfies Cinit, ∥g⋆∥2 =

0 and (M). By linearity of these conditions in the realizations of (F̃, G̃), and
linearity of an expectation, it therefore holds that (FE, GE) is F -interpolable
and satisfies Cinit, ∥g⋆∥2 = 0 and (M).
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Further, satisfaction of Cvariance by (FE, GE) follows straightforwardly
from satisfaction of (8.4) by (ε,σ2) ∈ ΩN . In addition, ⟨εk, ε l⟩ = 0, k ̸=
l, and ⟨εk, xi⟩ = ⟨εk, gi⟩ = 0, i ⩽ k, follows from E[εk|Ak] = 0. Indeed,
then, e.g., by the law of total expectation, E[⟨εk, xi⟩] = E[E[⟨εk, xi⟩|Ak]] =

E[⟨E[εk|Ak], xi⟩] = 0, and the same holds for the other variables in Ak.

The necessary conditions introduced in Theorem 8.1 differ from the
ones proposed in [AdKZ23b], under the coordinate descent setting, in the
condition C⊥⊥. Indeed, in [AdKZ23b], the only uncorrelation conditions
imposed are ⟨εk, xk⟩ = ⟨εk, gk⟩ = 0, k = 0,1, . . . , N − 1. Figure 5.5 illustrates,
on a numerical example, the difference between the two formulations.

Simplest SDP relaxation of (8.9) Relying on Theorem 8.1, we introduce
a set Gc satisfying GE ⊆ Gc.

Gc :=


(F, G) ∈ R2N+2 × S3N+4

+ | (F, G) is F -interpolable, and

satisfies Cinit, (M), ∥g⋆∥2 = 0,

C⊥⊥ and Cvariance

 .

(8.15)

Under Assumption 8.1, this set is convex, since characterized by a set of
linear conditions on (F, G). In addition, it allows for a SDP relaxation of
(8.9), given by

max
(F,G)∈Gc

Tr (AobjG) + F⊤bopt, (Prelax,1)

where the linear terms Tr (AobjG) and F⊤bopt encode the performance mea-
sure P . Indeed, by Theorem 8.1, GE ⊆ Gc, hence the bound resulting from
(Pexact) is smaller than the one resulting from (Prelax,1).

Example 8.5: SGD under additive bounded noise model

Consider the setting of Example 8.2, i.e., a single iteration of (SGD) on
Fµ,L, under additive bounded noise. Then, (Prelax,1) can be expressed
as

max
F∈R3,
G∈S6

+

F⊤(f1 − f⋆) (8.16)
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s.t.(x0 − x⋆)⊤G(x0 − x⋆)⩽ 1

F⊤(fj − fi)⩾ g⊤
i G(xj − xi) +

1
2L

(gi − gj)
⊤G(gi − gj), ∀i, j ∈ {0,1,⋆}

(x1 − x0 + αg0)
⊤G(x1 − x0 + αg0) = 0

g⊤
⋆ Gg⋆ = 0, v⊤

0 Gv0 = σ2.

v⊤
0 Gg0 = v⊤

0 Gx0 = 0. (8.17)

The formulation in (8.16) is equivalent to (8.7), except for the indepen-
dence conditions. The key difference lies in the interpretation of the vari-
ables: while (8.7) operates on the (deterministic) Gram representation of
S ∪ V, the variables (F, G) in (8.16) represent the expectation of this Gram
representation in the stochastic setting. As a result, even when relaxing
the exact stochastic formulation (8.9), working with expectations directly
allows for potentially tighter worst-case bounds than those derived from
deterministic analyses.

Remark 8.1. Although the variables (εk,σ2
k ) represent stochastic noise, Gc

interprets them as deterministic entities satisfying (8.4), and orthogonal to
all prior variables xi, gi, where i ⩽ k, and εi, i < k.

Elements (G, F)∈ Gc are intended to represent expectations of the Gram
representation of the set S ∪ V as defined in (8.11), but Gc only encodes
necessary conditions for this to hold. In particular, Gc may include pairs
(G, F) that do not correspond to any valid expected Gram representation.
This situation is analogous to the case where only necessary conditions for
F -interpolability are imposed, leading to sets that may contain elements
not consistent with any function in F .

Due to its scalability, we will mostly use the relaxation (Prelax,1) to an-
alyze stochastic methods, in Section 8.4. However, to provide a complete
framework, that allows obtaining tight performance guarantees, we first
present a sequence of refinements of the conditions describing GE, even-
tually leading to sufficient conditions, that yield increasingly tighter re-
laxations of (8.9). We first describe some of the sources of relaxation in
(Prelax,1), arising from the difference between GE and Gc.

Sources of relaxation in (Prelax,1) Suppose that (G, F) ∈ Gc indeed corre-
sponds to an expectation with respect to some stochastic noise (ε,σ2)∈ ΩN .
Still, it may not belong to GE, for several reasons.
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Compensation across realizations. In GE, the constraints Cinit, ∥g⋆∥ = 0,
(M), and F -interpolability are satisfied by the union of all realiza-
tions of (F, G), generated by a noise realization ε(i). By contrast, in
Gc, these conditions are only required to hold in expectation, allow-
ing for compensation across different realizations. As a result, some
realizations may individually violate one of these constraints, while
their average satisfies them.

Realizations interpolated by different functions. Even if each realization
of (F, G) is F -interpolable, they may be consistent with different func-
tions in F , rather than a single common one. Belonging to GE re-
quires that a single function f ∈ F simultaneously interpolates all
realizations.

Example 8.1. As a toy example, consider a slightly modified setting: let

• x0 = ε0 a random variable with 2 equiprobable realizations, −1 and
1,

• F the class of convex functions f with bounded subgradients, that is,
∥gx∥⩽ 1, ∀gx ∈ ∂ f (x), ∀x ∈ Rd, and

• a method x1 = x0 − 2g0, where g0 ∈ ∂ f (x0).

Then, (
x0

x1

)
=

(
−1
1

)
,
(

g0

g1

)
=

(
−1
0

)
,
(

f0

f1

)
=

(
1
0

)
,(

x̃0

x̃1

)
=

(
1
−1

)
,
(

g̃0

g̃1

)
=

(
1
0

)
,
(

f̃0

f1

)
=

(
1̃
0

)
,

satisfy

x1 = x0 − 2g0, x̃1 = x̃0 − 2g̃0

∥g0∥,∥g1∥,∥g̃0∥,∥g̃1∥⩽ 1

f0 − f1 ⩾ g1(x0 − x1), f1 − f0 ⩾ g0(x1 − x0)

f̃0 − f̃1 ⩾ g̃1(x̃0 − x̃1), f̃1 − f̃0 ⩾ g̃0(x̃1 − x̃0).

That is, the pairs (F, G) and (F̃, G̃) generated by both realizations of x0
are consistent with the method and F -interpolable. By linearity, their av-
erage 1

2 (F, G) + 1
2 (F̃, G̃) belongs to Gc. However, it does not belong to
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GE. Indeed, it is the solution to max(F,G)∈Gc f0 − f1, which differs from
max(F,G)∈GE

f0 − f1, as computed exactly via the formulation introduced in
Theorem 8.3. This furnishes an instance of Gc suffering from the second
source of conservatism.

8.3.3 Refinement of (Prelax,1): a multi-realizations approach

Attempting to close the gap between Gc and GE, we refine the description
of GE introduced in Theorem 8.1.

Overview: from copies to scenarios The proposed refinement relies on
the introduction of several copies (Fi, Gi) of any (F, G) ∈ GE, such that opti-
mizing over a single copy or the average of such copies is equivalent. One
can then relax the optimization over these copies belonging to GE onto an
optimization over several pairs belonging to (G,C), which thus provides
an upper bound on (8.9). We then show that for wisely chosen copies,
the associated instances in Gc can be interpreted as scenarios generated by
a noise with specific equiprobable two-realizations distribution. The as-
sociated guarantee is thus, also, a lower bound on (8.9). This allows (i)
obtaining an exact SDP formulation of (8.9), and (ii) identifying the worst-
distribution within a noise model. The exact SDP formulation is thus, in
its implementation, exactly an all-scenarios approach, with 2N scenarios
of a specific equiprobable 2-realizations distribution. But, it differs in in-
terpretation, since the resulting guarantees hold not only for this specific
distribution, but for all distributions with same variance and expectation.

Refinement of Gc Informally, let (F, G) ∈ GE, generated by (ε,σ2) ∈ ΩN ,
f ∈ F , x⋆ ∈ Rd, and x0 ∈ Rd. Then, one can consider R copies (εi,σ2i) of
(ε,σ2), identically distributed to (ε,σ2), but that can be correlated. From these
copies, and using the same f , x0, x⋆, one can generate copies (Fi, Gi) ∈ GE
of (F, G). These copies are by definition identical, hence solving (Pexact)
is equivalent to maximizing the expected performance measure over their
average, i.e.,

max
(Fi ,Gi)∈GE

copies generated by identically distributed (εi ,σ2i) ∈ ΩN
and same f∈F , x0, x⋆∈Rd

1
R ∑

i
Tr (AobjGi) + (Fi)⊤bopt.

(8.18)
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Formally, equivalence of (8.18) and (Pexact) follows from Proposition 8.1.

Proposition 8.1. Consider a random variable v, a function P(v), and R ∈ N.
Then,

Ev[P(v)] =
1
R

Ev1,...,vR
[ R

∑
i=1

P(vi)
]
, (8.19)

where vi, i = 1,2, . . . , R follow the same distribution as v, and may be correlated.

Proof. It holds that Ev[P(v)] = 1
R
(

∑R
i=1 Evi [P(vi)]

)
= 1

R Ev1,...,vK
[

∑R
i=1 P(vi)

]
,

by linearity.

Similarly to the relaxation of (Pexact) to (Prelax,1), maximizing over Gc
rather than GE, (8.18) can be relaxed by maximizing the expected perfor-
mance measure over the average of R elements in Gc, meant to correspond
to R identical copies in GE. These elements should necessarily (i) share the
same deterministic quantities (xi, gi, fi)i=0,⋆, and (ii) be interpolated by a
common function in f , i.e., they should satisfy interpolation constraints in
between elements.

In addition, the advantage of maximizing the expected performance
measure over the average of identical copies, rather than over a single copy,
lies in the fact that the copies may be correlated. Regardless of the correla-
tion, these two maximization problems are equivalent when the variables
belong to GE. However, when they only belong to Gc, wisely choosing this
correlation allows strengthening (Prelax,1) by introducing covariance con-
straints linking the elements in Gc. In particular, if these elements are cho-
sen to be uncorrelated, no improvement is obtained compared to the initial
relaxation (Prelax,1). Else, the induced relationships reduce the sources of
relaxation described in Section 8.3.2. Given N, R ∈ N, we encode this co-
variance as a set of diagonal N × N matrices

ΣN,R =
(
Σij

N,R
)

i,j∈{1,2,...,R},j>i, where Σij
N,R ∈ DN×N satisfies ∥Σij

N,R∥⩽ 1.

(8.20)

Then, we relax (8.18) as a maximization over an average of R elements
in Gc, interpolated by a single function in F , sharing identical deterministic
quantities (xi, gi, fi)i=0,⋆, and satisfying correlation conditions defined by
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ΣN,R, that is,

max
{(Fi ,Gi)}i=1,...,R

G1j∈S3N+4, j=2,...,R

1
R

R

∑
i=1

Tr (AobjGi) + (Fi)⊤bopt, (Prelax,multi)

s.t. (Fi, Gi) ∈ Gc,

(F,G) is F -interpolable,G ≽ 0, (8.21)

where (F,G) =




F1

F2

...
FR

 ,


G1 G12 . . . G1R

G12 G2 . . . G2R

...
...

. . .
...

G1R G2R . . . GR




∀i, j ∈ {1, . . . , R}, ∥xi
0∥2 = ∥xj

0∥
2, ∥gi

0∥2 = ∥gj
0∥

2, f i
0 = f j

0,

∥xi
⋆∥2 = ∥xj

⋆∥2, f i
⋆ = f j

⋆,

∀j > i, ∀k = 0,1, . . . , N − 1, ⟨εi
k, εj

k⟩ = (Σij
N,R)k+1,k+1 min

l
∥εl

k∥
2,

where (Σij
N,R)k,l is the (k, l)th entry of Σij

N,R. The minimization over all ∥εl
k∥,

in the last constraint in (Prelax,multi) ensures that ⟨εi
k, εj

k⟩ ⩽ ∥εi
k∥∥ε

j
k∥, and

can be implemented via a set of R Gram-representable inequalities. When
∥εi

k∥ = ∥ε
j
k∥ for all i, j = 1,2, . . . , R, e.g., under the additive bounded noise

model, this minimization can be removed.
Note that, again, all constraints in (Prelax,multi) are Gram-representable.

Hence, for the sake of clarity, we express the constraints in terms of copies
Si ∪ Vi = {(xi

k, f i
k, gi

k)}k=0,1,...,N,⋆ ∪ {(εi
k,σ2i

k )}k=0,1,...,N−1 of which (Fi, Gi)

are the Gram representation. The transition from one to the other is how-
ever straightforward, e.g., ⟨εi

k, εj
k⟩ = v⊤

k Gijvk, where vk is the selection vec-
tor accessing the element εk in G, see Appendix 8.A for details.

Example 8.6: SGD under additive bounded noise model

Let R = 2, and consider Example 8.2, i.e., a single iteration of (SGD)
on the class F = F0,inf of convex functions, under additive bounded
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noise. Let Σ12
1,2 = −1. Then, (Prelax,multi) becomes

max
{(Fi ,Gi)}i=1,2∈R3×S6

+

G12∈S6

1
2

2

∑
i=1

(Fi)⊤(f1 − f⋆) (8.22)

s.t.
(

G1 G12

G12 G2

)
≽ 0,

F -interpolability: f k
i ⩾ f l

j + ⟨gl
j, xk

i ⟩ − ⟨gl
j, xl

j⟩, k, l = 1,2, i, j ∈ {0,1,⋆},

Cinit: ∥x1
0 − x1

⋆∥⩽ 1,

C⊥⊥, Cvariance : ⟨εi
0, xi

0⟩ = ⟨εi
0, gi

0⟩ = 0, ∥εi
0∥2 = σ2, i = 1,2,

Same x0 and x⋆: ∥x1
0∥2 = ∥x2

0∥2, ∥g1
0∥2 = ∥g2

0∥2, f 1
0 = f 2

0 ,

∥x1
⋆∥2 = ∥x2

⋆∥2, f 1
⋆ = f 2

⋆ ,

Correlation: ⟨ε1
0, ε2

0⟩ = −σ2,

where the interpolation conditions follow from (8.8), imposed (i) on
pairs xi, xj from a single element in Gc (k = l = 1), or (ii) on pairs xi, xj
from two elements in Gc (k ̸= l). The difference with (8.16) lies in
imposing a single function to interpolate two elements in Gc, linked
via the correlation ⟨ε1

0, ε2
0⟩ = −σ2, that prevents these elements to be

chosen identical.

We now show that (Prelax,multi) improves upon (Prelax,1), while remain-
ing a relaxation of (Pexact).

Theorem 8.2 (Spectrum of SDP formulations)

Given N, R ∈ N, consider a method M, a function class F , a class of
distributions ΩN , and an initial condition Cinit, satisfying Assumption
8.1. In addition, consider a covariance matrix ΣN,R satisfying (8.20). Let
f ⋆obj be the solution to (Prelax,multi). Then,

max
(F,G)∈GE

Tr (AobjG) + F⊤bopt ⩽ f ⋆obj ⩽ max
(F,G)∈Gc

Tr (AobjG) + F⊤bopt,

where GE is defined in (8.14), and Gc is defined in (8.15).

Proof. We prove the first inequality. Given (F, G) ∈ GE, let (ε,σ2) ∈ ΩN ,
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f ∈ F , x0 ∈ Rd and x⋆ ∈ Rd be its generating random variables, function,
starting point and minimizer. For any random variable (vi,σ2i) with same
distribution as ε, consider (Fi, Gi) ∈ GE, the copy of (F, G) generated by
(vi,σ2i) and f , with respect to the same deterministic variables. By Propo-
sition 8.1, applied to the objective value Tr (AobjG) + F⊤bopt of (Pexact),
which is the expectation of some function of ε, it holds

Tr (AobjG) + F⊤bopt =
1
R

R

∑
i=1

Tr (AobjGi) + (Fi)⊤bopt.

Hence, (Pexact) is equivalent to (8.18). All feasible variables (Fi, Gi) ∈ GE
of (8.18) (i) belong to Gc, by Theorem 8.1, (ii) are interpolated by a sin-
gle function f ∈ F , hence satisfy (F,G) as defined in (Prelax,multi) is F -
interpolable, and (iii) share the same deterministic variables {(xi, fi, gi)}i=0,⋆.
In addition, since vi, i = 1,2, . . . , R, are not independent, the covariance be-
tween vi

k and vj
k, for k = 0,1, . . . , N − 1, can be chosen to be any value Ck

satisfying

Ck ⩽
√

Evi [(vi
k)

2]Evj [(v
j
k)

2],

since by Cauchy-Schartz inequality, this quantity bounds E[⟨vi
k,vj

k⟩], see,
e.g., [BT08, Section 4.2]. By definition of Σij, the covariance introduced
in (Prelax,multi) satisfies this assumption. Finally, σ2i, i = 1,2, . . . , R, can be
chosen to be uncorrelated. Hence, any feasible variable to (Pexact) is also a
feasible variable to (Prelax,multi).

We now prove the second inequality. By linearity of the objective,
(Prelax,multi) is equivalent to

max
(F,G)

Tr (AobjG) + (F)⊤bopt,

s.t. ∃(Fi, Gi) ∈ Gc : (F, G) =
1
R

R

∑
i=1

(Fi, Gi),

and additional constraints on (Fi, Gi) . (8.23)
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Hence, the solution to (8.23) is smaller or equal to that of

max
(F,G)

Tr (AobjG) + (F)⊤bopt, s.t. ∃(Fi, Gi) ∈ Gc : (F, G) =
1
R

R

∑
i=1

(Fi, Gi).

(8.24)

By convexity of Gc, any feasible variable to (8.24) belongs to Gc, hence is
also a feasible variable of (Prelax,1), which proves the second inequality.

8.3.4 Using symmetry to decrease the complexity of (Prelax,multi)

This section proposes a class of covariance matrices ΣN,R for which
(Prelax,multi) admits a more compact formulation. Our goal is to introduce
symmetry in the covariance constraints and render instances (Fi, Gi) in
(Prelax,multi) interchangeable, in the sense that swapping them yields an
identical result. Indeed, then, we will be able to impose (Fi, Gi) to be iden-
tical, for all i = 1,2, . . . , R, hence to (i) reduce the complexity of (Prelax,multi),
and (ii) remove the minimization over all ∥εl

k∥
2 in the correlation constraint

in (Prelax,multi), since all of these quantities become equivalent. We therefore
define the notion of a super-symmetric matrix.

Definition 8.2 (Order p super-symmetric matrix). Let k ∈ N, with p ∈ N,
p ⩾ 1. Consider a matrix M ∈ (Sk)2p×2p

whose entries are themselves sym-
metric matrices in Sk. We define order-p super-symmetry of M recursively.

• If p = 1, then, M is order-1 super-symmetric if, for some A, B ∈ Sk,

M =

(
A B
B A

)
.

• If p > 1, partition M into four blocks in (Sk)2p−1×2p−1
:

M =

(
M̄1,1 M̄1,2
M̄2,1 M̄2,2

)
.

Then, M is order-p super-symmetric if (i) the 2 × 2 block matrix M̄ =

(M̄i,j) is order-1 super-symmetric, and (ii) each block M̄i,j is order-
(p − 1) super-symmetric (if p − 1 ⩾ 1).
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Example 8.2. Let k ∈ N, p = 2. Then, M ∈ (Sk)2p×2p
is super-symmetric if

M =


A B C D
B A D C
C D A B
D C B A

 ,

where A, B,C, D ∈ Sk.

Before proceeding to defining classes of covariance matrices, we state a
few properties of super-symmetric matrices.

Proposition 8.2. Given k ∈ N and p ∈ N, p ⩾ 1, consider a super-symmetric
matrix M ∈ (Sk)2p×2p

. Then,

• The (2p)2 entries of M all take their values among at most 2p elements, and

• Given a permutation πp(P) of the vector P= [1,2, . . . ,2p], denote by Mπp(P)
the matrix obtained from M by swapping the indices of its entries according
to πp(P).

Then, there exists 2p permutations πi
p(P) such that Mπi

p(P) = M, obtained
by recursion:
-π1

1([1,2]) = {1,2], and π2
1([1,2]) = [2,1]

-πi
p([1,2, . . . ,2p]) = π1

1([π
i
p−1[1, . . . ,2p−1],πi

p−1[2
p−1 + 1, . . . ,2p]]),

π
p−1+i
p ([1,2, . . . ,2p]) = π2

1([π
i
p−1[1, . . . ,2p−1],πi

p−1[2
p−1 + 1, . . . ,2p]]).

Proof. We proceed by induction.

• By definition of super-symmetricity, if p = 1, M contains at most two
elements, that is, M1,1 and M1,2. In addition, M = M[1,2] = M[2,1].

• Suppose the assertions are valid for p, and consider the case p + 1.
Partition M into four blocks in (Sk)2p×2p

:

M =

(
M̄1,1 M̄1,2
M̄2,1 M̄2,2

)
,

and let M̄ = (M̄i,j), a 2× 2 block matrix. By order 1 super-symmetricity
of M̄, M is completely determined by two 2p dimensional elements
in M̄, that is M̄1,1 and M̄1,2. These elements are themselves order
p super-symmetric, hence, they both contain at most 2p elements.
Hence, M contains at most 2 · 2p elements, that is 2p+1 elements.
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Consider a partition of [1,2, . . . ,2p+1] into two groups of size 2p, P1 =

[1,2, . . . ,2p] and P2 = [2p + 1, . . . ,2p+1]. By order 1 super-symmetry
of M̄, M is invariant under the permutations πi

1([P1, P2]), i = 1,2. In
addition, by order p super-symmetry of all elements in M̄, there exist
2p permutations of P1, P2, leaving these elements identical when ap-
plied simultaneously. Applying πi

1 to these permutations furnishes
2p+1 permutations under which M is invariant. In addition, by con-
struction, and given the fact that none of the elements in P1 and P2
are identical, none of these permutations are identical.

Example 8.3. Given k ∈ N, let p = 2, and M ∈ (Sk)2p×2p
an order-2 super-

symmetric matrix. Then, M = M[1,2,3,4] = M[2,1,4,3] = M[3,4,1,2] = M[4,3,2,1].

Building on Definition 8.2, we introduce classes of super-symmetric co-
variance matrices. We then provide, in Section 8.3.5, natural instances
of super-symmetric covariance matrices, for which (Prelax,multi) becomes
equivalent to the initial problem (8.9). Note that the choice of covariance
matrices is independent from the noise assumption (8.4).

Definition 8.3 (Super-symmetric covariance class). Let N, p ∈ N, and R =

2p. Given a class ΣN,2p of matrices as defined in (8.20), consider the matrix

M =


IdN Σ12

N,2p Σ13
N,2p . . . Σ1R

N,2p

Σ12
N,2p IdN Σ23

N,2p . . . Σ2R
N,2p

...
...

...
. . .

...
Σ1R

N,2p Σ2R
N,2p Σ3R

N,2p . . . IdN

 , (8.25)

where IdN is the identity matrix of size N. We say ΣN,2p is super-symmetric
if M is order p super-symmetric.

Relying on symmetry properties of Proposition 8.2, we show that for
any R = 2p (p ∈ N), (Prelax,multi) is strictly equivalent to

max
(F,G)∈Gc

G1j∈S3N+4, j=2,...,R

Tr (AobjG) + F⊤bopt, (Prelax, sym)

s.t. (F,G) is F -interpolable, G ≽ 0,

G is order p super-symmetric,
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where (F,G) =




F
F
...
F

 ,


G G12 . . . G1R

G12 G . . . G1(R−1)

...
...

. . .
...

G1R G1(R−1) . . . G


 ,

(8.26)

and ∀j ∈ {1, . . . , R}, ∀k = 0,1, . . . , N − 1,

v⊤
k G1jvk = (Σ1j

N,2p)k+1,k+1v⊤
k Gvk,

where vk is the selection vector accessing the element εk in G.

Example 8.7: SGD under additive bounded noise model

Let R = 2, and consider Example 8.2, i.e., a single iteration of (SGD)
on the class F = F0,inf of convex functions, under additive bounded
noise. Let Σ12

1,2 = −1. Then, (Prelax, sym) becomes

max
(F,G)∈R3×S6,

G12∈S6

F⊤(f1 − f⋆) s.t. (8.27)

(
G G12

G12 G

)
≽ 0

F -interpolability: F⊤(fi − fj)⩾ g⊤
j G(xi − xj)

+
1

2L
(gj − gi)

⊤G(gj − gi), i, j ∈ {0,1,⋆},

F⊤(fi − fj)⩾ g⊤
j G12xi − g⊤

j Gxj)

+
1

2L

(
g⊤

j Ggj + g⊤
i Ggi − 2g⊤

j G12gj

)
, i, j ∈ {0,1,⋆},

Cinit: (x0 − x⋆)⊤G(x0 − x⋆)⩽ 1,

C⊥⊥ : v⊤
0 Gx0 = v⊤

0 Gg0 = 0,

Cvariance : v⊤
0 Gv0 = σ2,

Covariance: v⊤
0 G12v0 = −σ2.

We now formalize equivalence of (Prelax,multi) and (Prelax, sym) for super-
symmetric covariance classes.

Proposition 8.3 (A symmetric reformulation of (Prelax,multi)). Given N, p ∈
N, let R = 2p, and consider a method M, a function class F , a class of distribu-
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tions ΩN , and an initial condition Cinit, satisfying Assumption 8.1. In addition,
consider an order p super-symmetric covariance class ΣN,2p as defined in (8.20),
see Definition 8.3. Let f ⋆obj be the solution to (Prelax,multi), and f sym,⋆

obj be the solu-
tion to (Prelax, sym). Then,

f sym,⋆
obj = f ⋆obj.

Proof. Clearly, any solution of (Prelax, sym) is a feasible point of (Prelax,multi),
hence f sym,⋆

obj ⩽ f ⋆obj. In addition, let

(F∗,G∗) =




F1

F2

...
FR

 ,


G1 G12 . . . G1R

G12 G2 . . . G2R

...
...

. . .
...

G1R G2R . . . GR




be a solution to (Prelax,multi).
Claim 1: Given P = [1,2, . . . , R] and any permutation πi

p(P) as defined in
Proposition 8.2,

(Fπi
p(P),Gπi

p(P)),

the vector and matrix obtained from (F,G) by permuting indices of entries
according to πi

p(P), is also a solution to (Prelax,multi).
Indeed, swapping the order of entries in (F,G) leaves the objective

function 1
R ∑R

i=1 Tr (AobjGi)+ (Fi)⊤bopt, the constraint (Fi, Gi) ∈ Gc, and F -
interpolability of (F,G) unchanged. In addition, due to the order p super-
symmetry of ΣN,R, and given Proposition 8.2, the covariance condition is
automatically satisfied by (Fπi

p(P),Gπi
p(P)) if satisfied by (F,G).

Claim 2: Given the 2p permutations πi
p(P) as defined in Proposition 8.2,

1
R

R

∑
i=1

(Fπi
p(P),Gπi

p(P))

=




1
R ∑R

i=1 Fi

1
R ∑R

i=1 Fi

...
1
R ∑R

i=1 Fi

 ,


1
R ∑R

i=1 Gi G12 . . . G1R

G12 1
R ∑R

i=1 Gi . . . G1(R−1)

...
...

. . .
...

G1R G1(R−1) . . . 1
R ∑R

i=1 Gi




is also a solution to (Prelax,multi). Under Assumption 8.1, all constraints in
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(Prelax,multi), and its objective constraint, are linear in its variables. Hence,
any convex combination of solutions of (Prelax,multi) is also a solution to
(Prelax,multi). In addition, the structure of 1

R ∑R
i=1(Fπi

p(P),Gπi
p(P)) follows

from the definition of πi
p(P).

Hence, to any solution to (Prelax,multi) corresponds a feasible point of
(Prelax, sym) with same objective value. Therefore, f ⋆obj ⩽ f sym,⋆

obj , which con-
cludes the proof.

Letting

G̃c(ΣN,2p)

:=



(F, G) ∈ Gc :∃(F,G) =




F
F
...
F

 ,


G G12 . . . G1R

G12 G . . . G1(R−1)

...
...

. . .
...

G1R G1(R−1) . . . G




s.t. (F,G) is F -interpolable,G ≽ 0,

G is order p super-symmetric,

and ∀j ∈ {1, . . . , R}, ∀k = 0,1, . . . , N − 1,

v⊤
k G1jvk = (Σ1j

N,2p)k+1,k+1v⊤
k Gvk



,

it holds that GE ⊆ G̃c(ΣN,R) ⊆ Gc, and

max
(F,G)∈GE

Tr (AobjG) + F⊤bopt

⩽ max
(F,G)∈G̃c(ΣN,R)

Tr (AobjG) + F⊤bopt

⩽ max
(F,G)∈Gc

Tr (AobjG) + F⊤bopt.

The sets G̃c(ΣN,R) thus yields, for different choices of ΣN,R, a spectrum
of refined SDP relaxations of (8.9), starting from (Prelax,1) and, as will be
proven in Section 8.3.5, eventually attaining (8.9).

Computational comments When solving (Prelax, sym), storing the full ma-
trix G is unnecessary. The F -interpolability constraint only involves sub-
matrices G, G1j, and the constraint G ≽ 0 can be equivalently reduced to
linear inequalities on G, G1j, as shown in Appendix 8.A.
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8.3.5 Exact SDP reformulation of (8.9)

We now finally propose a SDP equivalent reformulation of (8.9), by intro-
ducing a covariance matrix ΣN,R for which (Prelax, sym) is equivalent to (8.9).
That is, setting R = 2N , we introduce Σ⋆

N,2N , for which

max
(F,G)∈GE

Tr (AobjG) + F⊤bopt = max
(F,G)∈G̃c(Σ⋆

N,2N )
Tr (AobjG) + F⊤bopt.

This equivalence holds regardless of the noise variance (8.4), since ΣN,R
is independent of this assumption. The covariance matrix ensures that the
copies in Gc correspond to scenarios generated by a noise of equiprobable
2-realizations distribution.

Definition 8.4 (Completely anti-correlated covariance class). Let N ∈ N,
and R = 2N . We say Σ⋆

N,2N as defined in (8.20) is completely anti-correlated if

(i) Σ⋆
N,2N is order N super-symmetric, and (ii) the generating matrices Σ1j,

for j = 2, . . . ,2N , have diagonals given by all vectors in {−1,1}N ordered
lexicographically, excluding the identity vector 1N (that would correspond
to Σ11), and enumerated in reverse external order, that is, starting from the
closest vector to 1N .

Example 8.4. Let N = 2. Then, ΣN,R is completely anti correlated if order 2
super-symmetric and defined via

Σ12 =

(
1 0
0 −1

)
, Σ13 =

(
−1 0
0 1

)
, Σ14 =

(
−1 0
0 −1

)
.

Theorem 8.3 (Exact SDP formulation of (8.9))

Given N ∈ N, let R = 2N , and consider a method M, a function class
F , a class of distributions ΩN , and an initial condition Cinit, satisfy-
ing Assumption 8.1. In addition, consider a completely anti-correlated
covariance class Σ⋆

N,2N as defined in (8.20), see Definition 8.3. Then,

max
(F,G)∈GE

Tr (AobjG) + F⊤bopt = max
(F,G)∈G̃c(ΣN,R)

Tr (AobjG) + F⊤bopt.
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Proof. By Propositions 8.2 and 8.3,

max
(F,G)∈GE

Tr (AobjG) + F⊤bopt ⩽ max
(F,G)∈G̃c(ΣN,R)

Tr (AobjG) + F⊤bopt.

We now show that any (F, G) ∈ G̃c(ΣN,R) belongs to GE.
Denote by (F(i), G(i)) any of the 2N copies of (F, G). We argue that

(F(i), G(i)) are the realizations of a random variable, generated by realiza-
tions (ε(i),σ2) of (ε,σ2) ∈ ΩN , where σ2 is deterministic and ε is an equidis-
tributed random variable in ΩN , with, at each step, 2 possible realizations,
i.e.,

ε
(i)
k = ±vk

√
A1( f (xk)− f⋆) + B1∥gk∥2 + C1∥xk − x⋆∥2 + D1 + E1σ2

k

σ2
k+1 = A2( f (xk)− f⋆) + B2∥gk∥2 + C2∥xk − x⋆∥2 + D2 + (1 − ρ)σ2

k ,

where vk ∈ Rd is a vector of norm 1, orthogonal to all past information at
iteration k, and may differ from query to query. The 2N realizations ε(i) are
generated by all vectors in {−1,1}N , ordered lexicographically. Indeed,
given Σ⋆

N,2N , the constraints v⊤
k G1ivk = Σ1i

k+1,k+1v⊤
k Gvk in G̃c(Σ⋆

N,2N ), are

satisfied by such realizations ε(i).
In addition, by F -interpolability of (F,G), there exists a single func-

tion f ∈ F interpolating all (F(i), G(i)), and these are all consistent with the
method M, the optimality condition, and Cinit by definition of G̃c(Σ⋆

N,2N ).

Hence, (F, G) = 1
2N ∑i(F(i), G(i)) belongs to GE.

Theorem 8.3 shows that the worst-case instance in GE corresponds to
noise with a very simple equiprobable 2-realizations distribution, yielding
identical realizations (F(i), G(i)). This aligns with intuition, as the objective
depends symmetrically on all realizations, and was already showcased in
[DS20, Theorems 2, 3]. Building on Theorem 8.3, we finally show that the
initial set GE, as defined in (8.14), is convex.

Theorem 8.4

Given N ∈ N, consider a method M, a function class F , a class of dis-
tributions ΩN , and an initial condition Cinit, satisfying Assumption 8.1.
Then, the set GE as defined in (8.14) is convex.

Proof. The proof of Theorem 8.2 showed that GE ⊆ G̃c(Σ⋆
N,2N ). In addi-

tion, the proof of Theorem 8.3 showed that G̃c(Σ⋆
N,2N ) ⊆ GE. Hence, GE =
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G̃c(Σ⋆
N,2N ). Convexity of GE follows from that of G̃c(Σ⋆

N,2N ), which can be
expressed as the projection of a convex set, since characterized by linear
constraints.

Hence, (8.9) can be equivalently formulated as (i) a maximization prob-
lem over a convex set of size ∝ 2N , as in Theorem 8.3, or (ii) a maximization
problem over a convex set GE of size ∝ N, as in (Pexact). In addition, GE is
the intersection of a set determined by interpolation and noise model con-
straints, independent of algorithmic specifications; and linear constraints
encoding the algorithm. These linear constraints can thus be interpreted
as additional constraints in the maximization problem. This formulation
is similar to the deterministic setting, see, e.g., [THG17c]. We were how-
ever unable to obtain a tractable formulation of this set of size ∝ N, hence
obtaining a tight reformulation of (8.9) requires, for the moment, solving a
SDP of size ∝ 2N . But, as shown in Section 8.4, in many cases, the relaxation
(Prelax,1), i.e., an SDP of size ∝ N, is sufficient to obtain tight convergent
rates.

8.4 Applications: performance analysis of SGD on Fµ,L

This section relies on the framework introduced in Section 8.3 to analyze
(SGD) on Fµ,L, under several noise models. We compare the resulting
convergence rates with existing guarantees, obtained classically or in a
computer-aided way.

Given, as only information on the noise distribution, its expectation,
variance, and uncorrelation conditions, the tightest formulation of the pro-
posed framework provides the best rates possible. We demonstrate both
numerically (Figures 8.1, 8.3, 8.4 and 8.5) and analytically (Theorem 8.5
and Proposition 8.4) how it improves on existing bounds derived on the
basis of this information only.

However, as compared to the all-scenarios approach introduced in
[TB19], which uses, when available, more information on the distribution
of the noise than its expectation, variance, and uncorrelation conditions, an
information that our framework cannot use, and hence applies to a more
restrictive set of problems, the proposed framework may yield worse guar-
antees, as it is typically the case for linear convergence rates (Figures 8.3,
8.5). On the other hand, the all-scenarios approach is restricted to the anal-
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ysis of finite-support noise settings and, mainly, to a potential function ap-
proach. In addition, it yields better rates only if further information on the
noise distribution is available, e.g., in the finite-sum and the block coordi-
nate settings. Hence, on (i) noise models defined only via their expectation,
variance, and uncorrelation, e.g., the absolute bounded model (Figure 8.1),
or (ii) problems with sublinear convergence rates (Figure 8.4b), the pro-
posed framework improves on existing results yielded by the all-scenarios
approach.

In addition, the framework significantly improves on rates obtained via
the worst-scenario approach, i.e., under deterministic perturbation (Fig-
ures 8.1 and 8.1). This demonstrates the necessity, in situations where the
perturbation is in fact stochastic rather than deterministic, to analyze meth-
ods under a stochastic framework.

Finally, we observe that, in many settings, solving (Prelax,1) (relaxing GE
by Gc), called the single realization approach, already yields exact conver-
gence rates, since it matches the exact approach (Prelax, sym) with R = 2N

and Σ⋆
N,2N (cf. Definition 8.4). In what follows, we refer to (Prelax, sym)

with R = 2 and ΣN,R = 1N , the all-ones vector of size N (relaxing GE by
G̃c(−1N)), as the two-realizations approach; and to (Prelax, sym) with R = 2N

and Σ⋆
N,2N , as the 2N-realizations exact approach.

Additive bounded noise model. Consider (SGD) with constant stepsizes
α, under the additive bounded noise model, i.e., E[∥εk∥2] ⩽ σ2. Figure 8.1
compares various convergence rates, in both the convex and the strongly
convex regimes. Specifically, it displays the worst-case scenario, or equiv-
alently the analysis of (SGD) under a deterministic bounded perturbation;
the PEP-based bounds obtained via the single realization and two real-
izations approaches; and, in the convex case, the all-scenarios PEP-based
bound of [TB19, Theorem 5] for α = 1

L , that is

E[ f (xN)− f⋆]⩽
L

2N
∥x0 − x⋆∥2 +

N + 3
4L

σ2. (8.28)

In addition, in the strongly convex case, it displays an existing bound from
[GHR20, Theorem 4.1], that is,

E[∥xN − x⋆∥2]⩽ ϕ∥x0 − x⋆∥2 +
σ2α

µ
, where ϕ = 1 − µα. (8.29)
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This bound is derived based on the weaker assumption E[∥εk∥2|Ak] ⩽
2L( f (xk) − f (x⋆)) + σ2, satisfied by the additive bounded noise setting,
see, e.g., [Sti19, Example 2].

0 5 10 15 20 25 30

10-1

100

(a) Computer-aided convergence analy-
ses of (SGD) with constant sepsizes α =
1
L on F0,L under the additive bounded
noise model, with performance mea-
sure E[ f (xN)− f⋆], and initial condition
∥x0 − x⋆∥⩽ 1, for L = 1.

0 5 10 15 20 25 30

10-1

100

(b) Convergence analyses of (SGD)
with constant sepsizes α = 1

2L on Fµ,L,
µ = 0.1, under the additive bounded
noise model, with performance mea-
sure E[∥xN − x⋆∥2], and initial condition
∥x0 − x⋆∥⩽ 1, for L = 1.

Fig. 8.1 Comparison of computer-aided convergence analyses of (SGD)
with constant stepsizes α, on F0,L (convex L-smooth functions, left-hand
side figure), and Fµ,L (µ-strongly convex L-smooth functions, µ > 0, right-
hand side figure), under the additive bounded noise model of variance
σ2 = 0.01. Displayed are the worst-scenario PEP-based bound (pink), the
PEP-based bound from the framework presented in Section 8.3 (blue), re-
sulting from the single realization and the 2-realizations approaches, the all
scenarios PEP-based bound from [TB19](black), the bound from [GHR20,
Theorem 4.1](black), and the analytical bound from Theorem 8.5 (⋆).

The single and two realizations approaches yield identical bounds, in-
dicating that enforcing a common interpolating function across two noise
realizations does not improve the guarantee. The bound yielded by the
2N-realizations exact approach, computed for N ⩽ 6 (not displayed for the
sake of clarity), turns out to also be equivalent to these bounds, showing
that the bound resulting from (Prelax,1) is, in fact, tight for this noise model,
up to N = 6. Moreover, this bound outperforms [GHR20, Theorem 4.1]
and [TB19, Theorem 5]. Although [TB19, Theorem 5] derives from an all-
scenarios formulation, it considers as performance measure a slightly dif-
ferent setting, that is, E[ f (xN) − f (x⋆) + L

2N ∥xN − x⋆∥2], from which we
infer a bound on E[ f (xN)− f (x⋆)]. This explains why it is initially outper-
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formed by the worst-scenario guarantee.
Finally, in the strongly convex case, relying on numerical insight, we

identify an analytical convergence rate that exactly matches the numerical
bound from (Prelax,1), and prove its tightness.

Theorem 8.5. Let N ∈ N, 0 < µ < L, σ2 ∈ R, α ∈ (0, 2
L+µ ]. Consider N itera-

tions of (SGD) with constant stepsize α, applied to a function f ∈ Fµ,L, under ad-
ditive bounded noise (εk)k=0,1,...,N−1 satisfying E[εk|Ak] = 0, and E[εk|Ak]

2 ⩽
σ2. Let (xk)k=0,1,...,N be the iterates of (SGD), and x⋆ denote a minimizer of f .
Then,

E[∥xN − x⋆∥2]⩽ ϕ2N∥x0 − x⋆∥2 +
1 − ϕ2N

1 − ϕ2 α2σ2, (8.30)

where ϕ = (1 − µα). In addition, this bound is tight.

Proof. The first part of the proof follows exactly [Tay24, Section 2.8.1], which
addresses the noise-free case. Let S = {(xi, fi, gi)}i=0,1,...,N,⋆ denote the set
of iterates (and minimizer) and associated function and gradient values.
We start by analyzing a single iteration of (SGD), and claim the following.

∥xk+1 − x⋆∥2 ⩽ ϕ2∥xk − x⋆∥2 + α2σ2. (8.31)

By Proposition 2.1 describing smooth strongly convex functions, and since
g⋆ = 0, it holds

f⋆ ⩾ fk + ⟨gk, x⋆ − xk⟩

+
L

2(L − µ)

(
∥gk∥2

L
+ µ∥xk − x⋆∥2 − 2µ

L
⟨gk, xk − x⋆⟩

)
.

fk ⩾ f⋆ +
L

2(L − µ)

(
∥gk∥2

L
+ µ∥xk − x⋆∥2 − 2µ

L
⟨gk, xk − x⋆⟩

)
.

Summing these inequalities, multiplied by 2αϕ, yields

−2αϕ(L + µ)

L − µ
⟨gk, xk − x⋆⟩+

2αϕ

L − µ
∥gk∥2 +

2αϕµL
L − µ

∥xk − x⋆∥2 ⩽ 0,

hence

∥xk − x⋆∥2 − 2α⟨gk, xk − x⋆⟩+ α2∥gk∥2 ⩽ ϕ2∥xk − x⋆∥2
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− α(2 − α(L + µ))

L − µ
∥µ(xk − x⋆)− gk∥2

⩽ ϕ2∥xk − x⋆∥2,

where the second inequality follows from the domain of α. Hence,

∥xk − x⋆∥2 − 2α⟨xk − x⋆, gk + εk⟩+ α2∥gk + εk∥2 ⩽ ϕ2∥xk − x⋆∥2

− 2α⟨xk − x⋆, εk⟩+ α2(2⟨gk, εk⟩+ ∥εk∥2)
⇔∥xk+1 − x⋆∥2 ⩽ ϕ2∥xk − x⋆∥2 − 2α⟨xk − x⋆, εk⟩+ α2(2⟨gk, εk⟩+ ∥εk∥2).

Taking the expectation with respect to εk (conditioned on xk) yields

Eεk [∥xk+1 − x⋆∥2]⩽ ϕ2∥xk − x⋆∥2 + α2Eεk [∥εk∥2]

⩽ ϕ2∥xk − x⋆∥2 + α2σ2,

by assumption on εk. Hence, (8.31) holds. By recursion, it holds

E[∥xN − x⋆∥2]⩽ ϕ2N∥x0 − x⋆∥2 +
N−1

∑
i=0

ϕ2iα2σ2.

Since, for r ̸= 1, ∑N−1
i=0 ri = 1−rN

1−r , this concludes the derivation of the bound.
To conclude the proof, observe that the function f (x) = µ

2 ∥x∥2 and any
distribution satisfying E[εk] = σ2, k = 0,1, . . . , N, attain the bound. Indeed,
then, x⋆ = 0, and

xk+1 = ϕxk − αεk.

Hence,

(xk+1 − x⋆)2 = (ϕ(xk − x⋆)− αεk)
2 = ϕ2(xk − x⋆)2 − 2αϕεk(xk − x⋆) + α2ε2

k

⇔E[(xk+1 − x⋆)2|Ak] = ϕ2(xk − x⋆)2 + α2σ2.

Relative additive noise and the silver stepsize schedule: on the gap be-
tween Gc and GE. Recently, [AP24] proposed a stepsize schedule acceler-
ating gradient descent ((SGD), εk = 0) on F0,L in the deterministic setting.
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For N = 2k − 1, k ∈ N, the schedule is defined as

α =

{√
2, if k = 1,

α = [α,1 + (1 +
√

2)j−1,α], j = 1, . . . ,k − 1, otherwise.
(8.32)

As shown in [VG24] via a worst-scenario PEP analysis, this schedule is
highly sensitive to relative additive perturbation. Figure 8.2 demonstrates
that this sensitivity significantly diminishes when considering stochastic
noise rather than deterministic perturbations.

0 5 10 15 20 25 30

10-2

10-1

100

Fig. 8.2 Comparison of computer-aided convergence analyses of (SGD)
on Fµ,L with relative additive noise (E[εk|Ak] = 0, E[∥εk|Ak∥2]⩽ σ2∥gk∥2.
We use the performance measure E[∥xN − x⋆∥2], initial condition ∥x0 −
x⋆∥ ⩽ 1, σ = 0.15, µ = 0.1, L = 1, and stepsizes as in (8.32). Displayed are
the PEP-based bound treating noise as deterministic (pink), the stochastic
noise bounds (blue), resulting from the single realization approach, the two
realizations approach, and the exact 2N realizations approach (up to N =
3), as well as the PEP-based bound in the exact setting (black).

Remark 8.2 (Symmetric solutions). In Figure 8.1, we noted that the bound
from (Prelax,1) coincided with that of (Pexact), for N ⩽ 6, implying that the so-
lution to (Prelax,1) actually lies in GE, up to at least N ⩽ 6. This occurs when-
ever the problem’s solution is sufficiently symmetric, intuitively, when
the worst-case function with respect to any noise realization remains the
worst-case function for any other realization.

Many problems exhibit this symmetry. However, for schedules like
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the silver stepsize or other stepsizes with occasional longer steps, see, e.g.,
[Gri24], this symmetry breaks. Accordingly, Figure 8.2 shows that the two-
realizations approach yields a modest improvement over the single real-
ization approach. Up to N = 3, the 2N-realizations exact approach yields
the same rate as the 2-realizations approach.

In what follows, the single realization approach is always equivalent to
the two realizations approach and, up to N = 6, to the exact 2N realizations
approach. Hence, we refer to the "stochastic noise" approach as the single
realization approach, which corresponds to the exact approach up to N = 6.

Finite-sum setting: on the importance of the parameters in (8.4). We
now turn to the analysis of (SGD) with constant stepsizes, under noise sat-
isfying a variance condition of the form

E[∥εk∥2|Ak]⩽ A1( f (xk)− f (x⋆)) + D1. (8.33)

This includes, in particular, the finite-sum setting where f = ∑i fi is a sum
of convex Li-smooth functions with L = maxi Li, and the variance at the
optimum is bounded, i.e., E[∥∇ fi(x⋆)∥2] := σ2

⋆ <+∞. Indeed, as shown in,
e.g., [GG23, Lemma 4.20], this setup satisfies (8.33) with A1 = 4L and D1 =

2σ2
⋆ . Moreover, when σ2

⋆ = 0, e.g., in overparametrized models [MBB18],
tighter constants can be used: A1 = 2L, D1 = 0; see [GG23, Lemma 4.19].

In [GHR20, Theorem 4.1], a convergence rate is derived on the basis
of (8.33), that is, using only the expectation, variance, and uncorrelation
properties of the noise. This bound is given by

E[∥xN − x⋆∥2]⩽ ϕN∥x0 − x⋆∥2 +
α2D1

αµ
, where ϕ = (1 − µα). (8.34)

On the other hand, the finite-sum setting was analyzed using the exact all-
scenarios approach in [TB19] and [CKPG25], using all information avail-
able on the noise distribution (hence, for a more restrictive setting than
(Prelax,1)). In particular, [CKPG25, Theorem 3.3] shows

E[∥xN − x⋆∥2]⩽ ϕN∥x0 − x⋆∥2 +
1 − ϕN

1 − ϕ

α2D1

2

(
1 +

α(L − µ)

2 − (L + µ)α

)
,

(8.35)

where ϕ = (1 − µα)2. Figure 8.3 compares the proposed framework with
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these existing rates from [GHR20, Theorem 4.1] and [CKPG25, Theorem
3.3]. The right-hand side of Figure 8.3 illustrates the impact of the param-
eter choice in the variance model. For instance, in the case σ2

⋆ = 0, using
A1 = 4L (as in the general case) rather than the sharper A1 = 2L yields
looser performance guarantees.

The bound [GHR20, Theorem 4.1] is obtained by (i) showing satisfac-
tion, for all k = 0,1, . . . , N − 1, of [GHR20, Lemma C1]:

E[∥xk+1 − x⋆∥2]⩽ ϕ∥xk − x⋆∥2 + α2D1, where ϕ = (1 − µα), (8.36)

and (ii) recursively applying (8.36). In the computations, ∑N−1
i=0 ϕi is re-

laxed into 1
1−ϕ . We strengthen [GHR20, Theorem 4.1] by removing this

relaxation.

Proposition 8.4. Let N ∈ N, 0 < µ < L, A1, D1 ∈ R, α ∈ (0, 2
A1
]. Given a

function f ∈ Fµ,L, denote by x⋆ one of its minimizers. Consider N iterations
of (SGD) with constant stepsize αk = α, k = 0,1, . . . , N, on f , with additive
noise (εk)k=0,1,...,N−1 satisfying E[εk|Ak] = 0, and E[∥εk∥2|Ak]⩽ A1( f (xk)−
f (x⋆)) + D1, where (xk)k=0,1,...,N denote the iterates of (SGD). Then,

E[∥xN − x⋆∥]2 ⩽ ϕN∥x0 − x⋆∥2 +
1 − ϕN

1 − ϕ
α2D1, (8.37)

where ϕ = (1 − µα).

Proof. It suffices to perform a recursion on (8.36), and rely on ∑N−1
i=0 ϕi =

1−ϕN

1−ϕ .

The analytical guarantee in Proposition 8.4 coincides with the numer-
ical bound from (Prelax,1) (exact up to at least N ⩽ 6), for α = 2

A1
. Ad-

ditionally, the bound from [GHR20, Theorem 4.1] matches exactly when
D1 = 0. As expected, the exact bound under the finite-sum setting is tighter
than those based solely on expectation and variance of the noise. In addi-
tion, multiple parameter choices for the noise variance are possible in the
finite-sum setting, resulting in bounds whose quality depends on these pa-
rameters. However, the bounds from [GHR20, Theorem 4.1], (Prelax,1), and
Proposition 8.4, cover more stochastic settings than finite-sum problems.
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Fig. 8.3 Comparison of convergence analyses of (SGD) with con-
stant stepsizes α = 1

2L , on Fµ,L, under noise satisfying E[εk|Ak] = 0,
E[∥εk∥2|Ak]⩽ A1( f (xk)− f⋆) + D1. The performance criterion is E[∥xN −
x⋆∥2], with initial condition ∥x0 − x⋆∥ ⩽ 1, and parameters µ = 0.1, L = 1,
and D1 = 0.01 (left-hand side figure) or D1 = 0 (right-hand side figure).
Displayed are the bound from [GHR20, Theorem 4.1], based solely on
the expectation, variance, and uncorrelation of the noise (pink), the PEP-
based bounds from (Prelax,1), exact up to N = 6 (blue), the analytical bound
from Proposition 8.4 (⋆), and the exact all-scenarios PEP-based bound from
[CKPG25, Theorem 3.3], considering the more restrictive setting of finite-
sum optimization (black).

Strong growth condition and RCD We now consider noise satisfying the
strong growth condition, i.e., for some d ∈ N,

E[∥εk∥2|Ak]⩽ (d − 1)∥gk∥2,

introduced in [SR13]. This condition is satisfied by several settings, includ-
ing some finite-sum problems, where it implies E[∥εk∥2|Ak]⩽ 2Ld( f (xk)−
f (x⋆)), see [VBS19, Proposition 1], and randomized coordinate descent
(RCD), where the gradient estimator is d∇i f (xk)ei, with d the dimension
and ei a randomly selected basis vector [Wri15, Section 1.4]. This estimator
is chosen as to be zero-mean, and the classical estimator ∇i f (xk)ei can be
analyzed via a modified stepsize, α̃ = dα. Throughout, we set α = 1

d .
Figure 8.4a compares, in the strongly convex regime, the bound result-

ing from (Prelax,1), exact up to N = 6, the bound from [GHR20, Theorem 4.1]
(based on the variance model E[∥εk∥2|xk] ⩽ 2Ld( f (xk)− f (x⋆))), and the
exact all-scenarios approach from [TB19, Theorem 17], specifically adapted
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to RCD. This bound is given by

E[∥xN − x⋆∥2]⩽
(
(1 − µ

L )
2 + d − 1
d

)N

∥x0 − x⋆∥2. (8.38)

The bound from [AdKZ23b], solving a slightly relaxed version of (Prelax,1),
exactly matches (Prelax,1).

Figure 8.4b compares, in the convex regime, the bound resulting from
the proposed framework, exact up to N = 6, the bound resulting from
the approach proposed in [AdKZ23b], and the all-scenarios approach from
[TB19, Theorem 17], i.e., letting α̃ = 1

L ,

E[ f (xN)− f⋆]⩽
dα̃

2N
∥x0 − x⋆∥2. (8.39)
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(a) Strongly convex regime
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(b) Convex regime

Fig. 8.4 Comparison of convergence analysis of (SGD) with constant
stepsize αk =

1
dL , on Fµ,L (µ > 0) and F0,L, with noise satisfying E[εk|Ak] =

0, and E[∥εk∥2|Ak] ⩽ (d − 1)∥gk∥2. The performance measure is E[∥xN −
x⋆∥2] with initial condition ∥x0 − x⋆∥ ⩽ 1, for µ = 0.1, L = 1, and d = 10.
The left-hand side figure, considering the strongly convex regime, displays
the bound from [GHR20, Theorem 4.1], using E[∥εk∥2|xk] ⩽ 2Ld( f (xk) −
f (x⋆)) (pink), the PEP-based bound from (Prelax,1) (blue), and the exact
all-scenarios bound designed for RCD from [TB19, Theorem 17] (black).
The right-hand side figure, considering the convex regime, displays the
PEP-based bound from (Prelax,1), exact up to N = 6 (blue), the PEP-based
bound from [AdKZ23b] (pink), and the all-scenarios bound designed for
RCD from [TB19, Theorem 16] (black).

Surprisingly, the bounds resulting from the all-scenario approach, i.e.,
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[TB19, Theorems 16, 17], and that rely on more information than the frame-
work of Section 8.3, (i) exactly match the bounds resulting from (Prelax,1) in
the strongly convex setting, and (ii) are outperformed by (Prelax,1) in the
convex setting. This lack of tightness is explained by the structure of the
potential function, chosen by hand in the all-scenario approach. In addi-
tion, the bound from (Prelax,1) improves on [GHR20, Theorem 4.1], and, in
the convex setting (sublinear convergence rate), on the one of [AdKZ23b].

Variance-reduction method: SAGA Finally, we consider the variance-
reduction method SAGA [DBLJ14], designed for finite-sum optimization
problems. SAGA update at iteration k is

xk+1 = xk − α

(
∇ fik (xk)− yk

ik +
1
n

n

∑
j=1

yk
j

)
,

where ik is sampled uniformly from {1, . . . ,n}, and yk
j stores the most re-

cent gradient ∇ f j evaluated at some previous iterate. SAGA can be em-
bedded as (SGD), with constant stepsizes α, and ∇ fik (xk)− yk

ik
+ 1

n ∑n
j=1 yk

j
an unbiaised estimator of ∇ f (xk), satisfying E[εk|Ak] = 0, and the variance
condition (8.4) with parameters

A1 = 4L, B1 = −1, E1 = 2, ρ =
1
n

, A2 =
2L
n

,

where L = maxi Li, n is the number of component functions, and σ2
k =

1
n ∑n

i=1 ∥yk
i −∇ fi(x⋆)∥2 [GHR20, Lemma A.6].

Figure 8.5 compares the convergence bounds from [GHR20, Theorem
4.1] (based only on noise expectation and variance), the bound from (Prelax,1),
and the exact all-scenarios bound after one iteration, from [GMG+22].

The exact all-scenarios bound outperforms (Prelax,1) but suffers from
scalability issues. In addition, it depends on n, making analytical charac-
terization difficult. The bound from [GHR20, Theorem 4.1] coincides with
(Prelax,1) after one iteration, but loses its tightness property from 2 itera-
tions.

| 215



Concluding observations | 8.5

0 2 4 6 8 10 12 14 16 18 20

0.7

0.75

0.8

0.85

0.9

0.95

1

Fig. 8.5 Comparison of convergence analyses of (SGD) with constant
stepsizes α = 1

6L , on Fµ,L, with noise satisfying E[εk|Ak] = 0, and (8.4)
with parameters A1 = 4L, E1 = 2, ρ = 1

n , and A2 = 2L
n . These assump-

tions hold for SAGA [DBLJ14]. We consider the performance measure
E[∥xN − x⋆∥2 + 4nα2σ2

N ] with initial condition ∥x0 − x⋆∥2 + 4nα2σ2
0 ⩽ 1,

for µ = 0.1, L = 1, and n = 10. Displayed are the bound from [GHR20, The-
orem 4.1] (pink), the PEP-based bound from (Prelax,1) (blue), and the exact
all-scenarios PEP-based bound (⋆).

8.5 Concluding observations

We have proposed a framework for automated analysis of stochastic first-
order methods, under all noise models satisfying Assumption 8.1, and in-
dependently of the noise’s distribution. The framework positions itself
between PEP analyses tailored for deterministic perturbation [THG17a,
BTB22, DKGT20, VG25b, BTB22] (or equivalently, analyzing the worst re-
alization of a stochastic perturbation) and those, regarding finite support
settings, explicitly enumerating all scenarios [CKPG25, TB19, KHG23]. In-
deed, by setting expected values as variables to PEP formulations, as in
[AdKZ23b], our method improves upon deterministic analyses while main-
taining similar complexity via relaxations such as (Prelax,1). On the other
hand, we provide an SDP formulation achieving exact worst-case bounds,
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valid for all distributions satisfying the noise model, which is, in its im-
plementation, similar to the all-scenarios approach, with 2N scenarios of a
specific equiprobable 2-realizations distribution. However, while the all-
scenario approach yields convergence rates that are only valid for the set-
ting considered, i.e., for the distribution analyzed, this exact formulation
provides rates valid for the worst distribution possible with the same ex-
pectation and variance as the 2-realizations distribution, and thus for all
such distributions, whose support may be infinite. This enables a unified
framework applicable across diverse stochastic settings.

On structural noise models, e.g., finite-sum or block-coordinate set-
tings, the proposed framework may yield looser rates than those obtained
via the all-scenario approach, relying on this structural information. This
is especially the case for problems with linear convergence rates. How-
ever, on problems with sublinear rates, it occasionally improves on the all-
scenarios approach. Indeed, the latter is (mainly) restricted to analyses us-
ing potential functions, while our framework allows trading off tightness
for complexity. That is, one can solve relaxations as (Prelax,1), tractable on a
large number of iterations, and that yield stronger convergence rates than
those obtained via a potential function approach. Notably, the simplest
relaxation often suffices to attain exact bounds.

Finally, the framework led to several noteworthy observations. Surpris-
ingly, worst-case distributions within classes defined by expectation and
variance are realized by simple, symmetric two-realizations distributions,
orthogonal to all previous variables, which induce identical method trajec-
tories. On the other hand, no insight into the structure of the associated
worst-case function has been obtained. Additionally, as in the determinis-
tic case, we showed that the worst-case analysis of stochastic methods re-
duces to a maximization problem over a convex set of size linear in N, the
number of iterations, and independent of the algorithm’s structure. How-
ever, we could not obtain any tractable representation for this convex set.

| 217



Appendix to Chapter 8

8.A Practical implementation of (Prelax,1) and (Prelax, sym)

This section provides the full SDP formulation for solving slightly gener-
alized versions of (8.16) and (8.27). That is, we provide an example of SDP
formulation for solving the simplest SDP relaxation (Prelax,1) of (8.9), and
its refinement (Prelax, sym), on the analysis of N iterations of (SGD) on F0,L,
under the additive bounded noise model.

Consider first the general case of analyzing N iterations of a method M
on a class F , under noise ΩN , and given an initial condition Cinit satisfying
Assumption 8.1. In Section 8.3, we defined the Gram representation of sets
S= {(xi, fi, gi)}i=0,1,...,N,⋆ ∈ (Rd ×R×Rd)N+2, and V = {(εi,σ2

i )}i=0,1,...,N−1 ∈
(Rd × R)N as

F := [ f⋆, f0, . . . , fN , σ2
0 , . . . ,σ2

N−1]
⊤, (8.40)

G := PP⊤, where P := [x⋆, x0, . . . , xN , g⋆, g0, . . . , gN , ε0, . . . , εN−1]
⊤,

see (8.5). For computational purposes, we introduce a slightly different
Gram representation of S ∪ V, that is,

F := [ f0, . . . , fN , σ2
0 , . . . ,σ2

N−1]
⊤, (8.41)

G := PP⊤, where P := [x0, g0, . . . , gN , ε0, . . . , εN−1]
⊤,

This representation allows (i) reducing the size of the variables in all SDP
formulations of (8.9), and (ii) encoding the optimal condition ∥g⋆∥2 = 0,
and the method’s dynamics directly via selection vectors, whose purpose
are to access all scalar products in G, including those involving xk, k ⩾ 1.
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Specifically, we consider w.l.o.g. x⋆ to be the origin, and f⋆ = 0. To access
elements of G, given ei the ith-unit vector, we then define selection vectors

• g⋆ = x⋆ = 0 ∈ R2N+2, f⋆ = 0 ∈ R2N+1,

• For k = 0,1, . . . , N, gk = ek+2 ∈ R2N+2 and fk = ek+1 ∈ R2N+1,

• For k = 0,1, . . . , N − 1, vk = eN+3+k ∈R2N+2 and sk = eN+2+k ∈R2N+1,

• x0 = e1 ∈R2N+2, and xk+1 = x0 +∑k+1
i=0 αk,i(gi + vi), k = 0,1, . . . , N −

1.

These vectors allow accessing all fi’s and ,σ2
j ’s (i = 0,1, . . . , N,⋆, j= 0,1, . . . , N −

1) in F, and scalar products of xi, gi, ε j’s (i = 0,1, . . . , N,⋆, j = 0,1, . . . , N − 1)
in G. For instance,

x⊤i Gxj = ⟨xi, xj⟩, g⊤
i Ggj = ⟨gi, gj⟩, v⊤

i Gvj = ⟨εi, ε j⟩,
x⊤i Ggj = ⟨xi, gj⟩, g⊤

i Gvj = ⟨gi, ε j⟩,
x⊤i Gvj = ⟨xi, ε j⟩,

and
F⊤(fi − f⋆) = fi − f⋆.

Using these selection vectors allows formulating (8.16) (generalized to N
iterations) as follows.

max
(F,G)∈RN+1×S3N+2

+

F⊤(fN − f⋆) s.t.

F -interpolability: F⊤(fi − fj)⩾ g⊤
j G(xi − xj) +

1
2L

(gj − gi)
⊤G(gj − gi),

∀i, j = 0,1, . . . , N,⋆,

Cinit: (x0 − x⋆)⊤G(x0 − x⋆)⩽ 1,

C⊥⊥ : v⊤
k Gxj = v⊤

k Ggj = v⊤
k Gvl = 0, k, l = 0,1, . . . , N − 1,

l ̸= k, j ⩽ k,

Cvariance : v⊤
k Gvk = σ2, k = 0,1, . . . , N − 1,

where satisfaction of M arises from the definition of the selection vectors,
and the interpolation conditions follow from (8.8).

Before providing the full formulation of (8.27), generalized to N itera-
tions, we show that the constraint G≽ 0, in (Prelax,multi), can be equivalently
reduced to linear inequalities on G, G1j.
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Proposition 8.5. Given p,k ∈ N, p ⩾ 1, let M ∈ (Sk)2p×2p
be a 2p-dimensional

order p super-symmetric matrix whose elements belong to Sk. Then, M ≽ 0 can
be expressed via 3p linear inequalities in the elements of M.

Proof. We proceed by induction.

• If p ⩾ 1, M ≽ 0 if and only if M1,1 ≽ 0, M1,1 − M1,2 ≽ 0, M1,1 + M1,2 ≽
0. Indeed,(

M1,1 M1,2
M1,2 M1,1

)
≽ 0 ⇔ [x⊤ y⊤]

(
M1,1 M1,2
M1,2 M1,1

)[
x
y

]
≽ 0, ∀x,y ∈ Rk

⇔ x⊤M1,1x + y⊤M1,1y + 2x⊤M1,2y ⩾ 0, ∀x,y ∈ Rk

⇔ (x + y)⊤(M1,1 + M1,2)(x + y) + (x − y)⊤(M1,1 − M1,2)(x − y)⩾ 0,

∀x,y ∈ Rk.

Condition M1,1 ≽ 0 follows from the case y = 0, M1,1 − M1,2 ≽ 0 from
the case y = x, and M1,1 + M1,2 ≽ 0 from the case y = −x.

• Suppose the assertion is true for p, and consider the case p + 1. Par-
tition M into four blocks in (Sk)2p×2p

:

M =

(
M̄1,1 M̄1,2
M̄1,2 M̄1,1

)
.

Then, M ≽ 0 if and only if M̄1,1 ≽ 0, M̄1,1 − M̄1,2 ≽ 0, M̄1,1 + M̄1,2 ≽ 0.
By assumption, each of these 3 positive definiteness constraints can
be expressed via 3p linear expressions in the elements (in Rk) of M̄1,1,
M̄1,1 − M̄1,2, and M̄1,1 + M̄1,2, respectively, as all are order p super-
symmetric. The total number of constraints is thus 3p+1.

Building on Proposition 8.5, it holds that the N iterations version of
(8.22) can be expressed as

max
(F,G)∈RN+1×S2N+2,

G12∈S2N+2

F⊤(fN − f⋆) s.t.

(
G G12

G12 G

)
≽ 0 : G ≽ 0, G + G12 ≽ 0, G − G12 ≽ 0,

F -interpolability: F⊤(fi − fj)⩾ g⊤
j G(xi − xj)
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+
1

2L
(gj − gi)

⊤G(gj − gi), i, j = 0,1, . . . , N,⋆,

F⊤(fi − fj)⩾ g⊤
j G12xi − g⊤

j Gxj)

+
1

2L

(
g⊤

j Ggj + g⊤
i Ggi − 2g⊤

j G12gj

)
,

i, j = 0,1, . . . , N,⋆,

Cinit: (x0 − x⋆)⊤G(x0 − x⋆)⩽ 1,

C⊥⊥ : v⊤
k Gxj = v⊤

k Ggj = v⊤
k Gvl = 0, ∀l ̸= k, j ⩽ k,

Cvariance : v⊤
k Gvk = σ2, k = 0,1, . . . , N − 1,

Covariance: v⊤
k G12vk = −σ2, k = 0,1, . . . , N − 1,

where semi-definite positiveness constraint follows from Proposition 8.5.
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9
Research outcomes and

perspectives

THis thesis proposed new tools to tackle open challenges in deriving
interpolation conditions, that is, exact discrete characterizations of
function and operator classes. In particular, we established such

characterizations (or, at least, refined existing ones) for a few classes that
had previously lacked tight discrete descriptions. We also investigated the
question of exactly describing expectations with respect to random vari-
ables, in classes of distributions with specified variance and expectation.
These developments enabled several extensions of computer-aided exact
performance analysis. In particular, we proposed extensions of the Perfor-
mance Estimation Problem (PEP) framework to weakly convex optimiza-
tion, second-order univariate optimization, and stochastic first-order opti-
mization, including methods operating under noise models with infinite
support.

We now summarize the main research outcomes of this research, and
overview some perspectives and open challenges.
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9.1 Research outcomes

Advances in function and operator interpolation Chapters 4 and 5 pro-
posed a constraint-based, algebraic approach to derive interpolation con-
ditions for function and operator classes in a principled manner.

More specifically, Chapter 4 proposed treating constraints themselves
as primary objects in interpolation theory, defining function or operator
classes algebraically by imposing these constraints globally. This allows
highlighting classes based on whether they admit a simple discrete de-
scription rather than on their analytic properties.

Additionally, Chapter 4 introduced the notion of pointwise extensibil-
ity (Definition 4.5), providing an algebraic framework to assess the inter-
polability of a constraint—whether derived from a function class or within
the constraint-based approach—by (i) automatically generating counterex-
amples to interpolability, or (ii) reducing interpolability proofs to algebraic
questions independent of the class’s analytic properties.

Further, Chapter 5 introduced a constructive procedure to derive inter-
polation conditions for a given class. Starting from any description of a
function or operator class, it iteratively refines the characterization, pro-
ducing interpolation conditions once stable. This approach strengthens
sets of conditions based only on algebraic properties, yielding improved
conditions that would have been challenging to guess based solely on the
class’ analytical properties. Proving a constraint’s interpolability reduces
to showing its stability under this procedure, i.e., it can no longer be strength-
ened.

Finally, Chapter 6 focused on interpolation for univariate function classes.
It introduced a generic, principled approach to lift interpolation conditions
from a function class F to the class of functions whose derivatives lie in F .
This method enables the derivation of interpolation conditions for a wide
range of classes, particularly those defined by higher-order properties. Al-
though inherently limited to univariate functions, the resulting conditions
offer valuable insights into the structure of multivariate interpolation con-
ditions.

We briefly summarize several answers to the open questions raised in
Chapter 2, as proposed throughout this work.
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Summary

Question 1. Given a function/operator class F , how to guess a can-
didate interpolation condition for F?

• Starting from a given discrete characterization of F , rely on the
constructive strengthening procedure introduced in Chapter 5.

• Using the approach presented in Chapter 1, obtain interpolation
conditions for the univariate restriction of F . Building on these
interpolation conditions, guess a multivariate candidate.

Question 2. How to establish a constraint’s interpolability for F?

• Use pointwise extensibility as introduced in Chapter 4 to estab-
lish the interpolability of the constraint algebraically.

• Show stability of the constraint under the strengthening proce-
dure proposed in Chapter 5.

And to answer both questions at once?

• Use the constraint-based approach proposed in Chapter 4 and
obtain, altogether, function/operator classes and their interpola-
tion conditions.

Interpolation (or improved) conditions for a few first-order problem classes
Chapter 4 applied pointwise extensibility to derive interpolation condi-
tions for the class of weakly convex functions with bounded subgradients.
These conditions were shown to be Gram-representable, enabling a tight
numerical analysis of the subgradient method on this class.

Chapter 5 then refined existing descriptions of several problem classes,
including those of smooth functions satisfying a Łojasiewicz condition,
blockwise smooth convex functions, strongly monotone Lipschitz opera-
tors, and uniformly convex functions. The strengthened conditions pre-
serve the structure of the originals: Gram-representable conditions remain
SDP-representable. These improved descriptions enabled sharper numeri-
cal convergence bounds when used within PEP formulations.

Interpolation conditions for second-order univariate optimization Build-
ing on Chapter 6, Chapter 7 took a first step towards exact analysis of

| 225



Research outcomes | 9.1

second-order methods by extending the PEP framework to the tight anal-
ysis of univariate optimization with second-order information. This was
achieved by (i) deriving exact discrete characterizations of several univari-
ate function classes defined via second-order properties, and (ii) propos-
ing tractable second-order PEP formulations using recent progress on non-
convex PEPs.

These developments provided insight into the structure of interpola-
tion conditions for second-order function classes, which are already non-
trivial in the univariate case. They also enabled the derivation of exact
convergence rates in this setting, which improve upon existing univariate
bounds, and serve as lower bounds in the multivariate case. Moreover,
when these match known multivariate rates, they certify their tightness
by exhibiting explicit worst-case instances. Finally, the computer-aided
framework facilitates fair numerical comparisons across methods.

Interpolation conditions for stochastic first-order optimization Finally,
Chapter 8 introduced a framework for the automated analysis of stochastic
first-order methods. Given a method, a function class, and a noise model
specified by its expectation and variance, the framework formulates a hi-
erarchy of SDP problems that yield increasingly tight convergence guar-
antees. These are based on a range of necessary, and ultimately sufficient,
conditions characterizing the expected values, under any distribution in
the noise model, arising in the method. These expected values are embed-
ded as variables in the PEP formulations.

The simplest such formulation, whose complexity scales linearly with
the number of iterations, provides convergence rates that turn out, numer-
ically, to be already exact on many problem classes. This tightness is veri-
fied, for a small number of iterations, by solving the exact PEP formulation,
whose complexity scales exponentially with the number of iterations.

The framework accommodates various stochastic settings, with finite
or infinite support, including the unstructured noise model with bounded
variance, finite-sum optimization, and block-coordinate methods, in a uni-
fied manner, as guarantees apply to any setting consistent with the noise
model, i.e., its expectation and variance. This unified approach comes
at the cost of yielding rates which, though exact under the noise model,
may be suboptimal on specific noise structures, e.g., finite-sum optimiza-
tion or block-coordinate methods. Using this structural information via,
e.g., an all-scenarios approach [TB19], yields, in theory, better convergence
rates. However, since the all-scenarios approach scales exponentially with
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the number of iterations and is hence restricted to the analysis of a small
number of iterations, the scalable small-sized relaxation of our framework
sometimes improves on all-scenarios convergence guarantees.

9.2 Perspectives and open questions

The tools introduced in this thesis open several avenues for future research.
On the one hand, they can be further leveraged to extend the Performance
Estimation Problem (PEP) framework to broader settings. On the other
hand, they also come with certain limitations, in particular, their practi-
cal tractability. These limitations raise open challenges that remain to be
addressed.

Further exploitation of the proposed tools

The tools proposed throughout this thesis can be readily extended to an-
alyze a wide range of settings beyond those considered in this work. For
instance, the refinement procedure introduced in Chapter 5 can, in princi-
ple, be applied to strengthen any non-sufficient constraint.

Exploitation of the univariate framework of Chapters 6 and 7 The uni-
variate interpolation framework developed in Chapter 6 can be leveraged
to derive interpolation conditions for additional function classes, includ-
ing those characterized by higher-order properties. These conditions can
then be used within the PEP framework to tightly analyze a broad range
of algorithms in the univariate setting, such as tensor methods [Nes21],
zeroth-order methods, or adaptive methods. Such analyses would provide
insight into the bottlenecks of the method, exact bounds in the univariate
setting, and lower bounds in the multivariate setting.

Exploitation of the stochastic framework of Chapter 8 Similarly, while
the stochastic framework of Chapter 8 was primarily used to analyze (SGD)
on the class Fµ,L of smooth (strongly) convex functions, the approach nat-
urally extends to a wider array of methods and function classes. As dis-
cussed in Section 8.3, any problem satisfying Assumption 8.1, including ac-
celerated methods, and those applied to non-convex or non-smooth prob-
lems, can be addressed using this framework. Beyond analyzing existing
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methods, the framework may also be used for the principled design of new
algorithms, as illustrated in [DT20].

Finally, the proposed framework supports a reverse perspective: iden-
tifying the noise assumptions under which desirable convergence rates are
achievable, and designing algorithms that satisfy them.

Analytical proofs Finally, while the thesis primarily relied on solving, nu-
merically, PEP formulations under their primal form, one could also con-
sider dual formulations, either to obtain dual numerical results or to re-
trieve analytical guarantees, as introduced in Chapter 3.

Open questions

On the limits of the algebraic approach to interpolation The algebraic
approach to interpolation developed in Chapters 4 and 5 presents several
practical limitations. In particular, the resulting proofs, using this algebraic
framework, are often tedious and require familiarity with non-trivial alge-
braic concepts. This drawback can be partially mitigated by leveraging
symbolic computation tools, such as Mathematica notebooks [Inc].

Further, the one-point strengthening procedure presented in Chapter
5, which allows, theoretically, obtaining interpolation conditions for any
given function or operator class in an automated way, is in practice limited.
For instance, one-point strengthenings are expressed as minimax optimiza-
tion problems, whose resolution is in general challenging. In particular, the
tools we used for solving such problems, which consist of dualizing the in-
ner problem, fail on non-convex initial constraints, and may only provide
relaxed strengthenings. Moreover, due to the complexity of solving this
minimax problem, we are quickly limited in the iterative procedure, since
formulations become hardly manipulable, both for computing their one-
point strengthening and for proving their stability. Hence, in practice, (i)
starting from wisely defined constraints is, in fact, crucial to obtain interpo-
lation conditions as final products, and (ii) proving stability of a constraint,
hence its interpolability, is almost never feasible.

The many remaining open challenges thus include the question of tack-
ling conditions whose one-point strengthenings are not convex, by relying
on tools other than dualization. Another venue for improvement is that
of specializing the approach to more specific classes of problems. Yet an-
other possible improvement could be to search for one-point strengthen-
ings without relaxations, for instance, by relying on quantifier elimination
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techniques (see, e.g., [BPR06]), that do not scale well in the number of vari-
ables and parameters in general, but that could handle our problems with
very few of them.

Structure of interpolation conditions In Chapter 5, we observed that
some interpolation conditions are not pairwise, i.e., they involve more than
two points. In particular, we obtained refined descriptions of some func-
tion and operator classes, involving three points. However, we were not
able to conclude on the interpolability of these refinements. This leaves the
following questions open: are there function/operator classes whose in-
terpolation conditions are terwise? Or involving even more datapoints? In
addition, guessing in advance which classes admit pairwise interpolation
conditions is also an open challenge.

Computer-aided analysis of multivariate second-order optimization The
extension of the PEP framework to the analysis of second-order methods
presented in Chapter 7 is limited to univariate analyses. A natural exten-
sion would thus be to tackle the multivariate case. This would require (i)
obtaining multivariate interpolation conditions, for instance by building
on the interpolation conditions we derived, which naturally furnish can-
didate multivariate conditions-but guessing the right candidate is a priori
not straightforward, and (ii) finding a way to efficiently solve PEP formu-
lations involving matrix variables accounting for the Hessians, an already
computationally expensive task in the univariate setting.

Limitations of the stochastic framework The main limitation of the
stochastic framework proposed in Chapter 8 is its scalability to obtain tight
convergence guarantees, since exact rates only result from formulations
whose size grows exponentially with N, the number of iterations analyzed.

An important avenue for improvement lies in reducing the computa-
tional complexity of the framework. One direction would be to derive an
exact description of the convex set GE of pairs (F, G) corresponding to ac-
tual problems, with size scaling linearly in N, or to further rely on the
symmetry of the exponential formulation. Alternatively, building on the
observation that the simplest relaxation in the proposed framework is al-
ready tight for many problem classes, one could develop an automated
procedure to verify whether this relaxation yields exact guarantees, or bet-
ter understand what problems possess this tightness property.
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Are we analyzing the right problem classes? Finally, a more prospective
question that arises from all observations made in this work is the follow-
ing: are the function and operator classes classically used in optimization
theory the right ones? Indeed, one would expect function and operator
classes of interest to have simple discrete characterizations, since any per-
formance analysis builds on those discrete characterizations rather than
global ones. However, it seems that a range of classical function classes,
especially second-order function classes, admit complex discrete charac-
terizations.

A less immediate, but promising, direction would thus be, for instance,
to further exploit the constraint-based approach proposed in Chapter 4.
In particular, analyzing a broader set of candidate constraints to identify
those that are interpolable and define meaningful function or operator classes
could lead to the discovery of new classes. These classes would be char-
acterized by the simplicity of their interpolation conditions, an especially
appealing prospect in the context of second-order analysis.
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