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ABSTRACT: If any heavy neutral leptons are discovered in accelerator-based experiments, key
questions will involve their possible connection to neutrino masses or leptogenesis. Working
in a renormalisable extension of the Standard Model by three right-handed neutrinos, we
address the question of how much information about the fundamental model parameters
can be obtained by measuring the branching ratios in the decays of the heavy neutral
leptons into individual SM generations. We find that, provided that these branching ratios
could be measured with arbitrary precision and assuming kinematically distinguishable
right-handed neutrinos, they can be sufficient to pin down all 18 parameters of the model
when supplemented with light neutrino oscillation data. When considering a finite statistical
uncertainty comparable to that which can be achieved by future lepton colliders like FCC-
ee or CEPC in the mass range of tens of GeV, some parameter degeneracies remain, but
measurements would still provide powerful consistency checks of the model. In the sub-GeV
range a good sensitivity to individual model parameters can be expected for SHiP and
potentially for DUNE. This shows the potential of these experiments to not only discover
heavy neutral leptons, but play an important role in understanding their role in particle
physics and cosmology.
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1 Introduction

Neutrino flavour oscillations to date comprise the sole established piece of evidence for physics
beyond the renormalisable Standard Model (SM) of particle physics which was found in
laboratory experiments. A simple explanation for this observation is offered by extensions of
the SM by right-handed neutrinos vr. This idea is not only aesthetically and theoretically
motivated by noticing that all other known elementary fermions exist with both chiralities
(and that those would be needed for anomaly-freedom in many gauge-extensions of the SM),
but also by the fact that the vp appear in many neutrino mass models, in particular in the
type-I seesaw mechanism [1-6]. In addition, they could potentially resolve several puzzles in
particle physics and cosmology that cannot be explained within the SM [7-9], including the
matter-antimatter asymmetry in the observable Universe [10] through leptogenesis [11] or the
existence of dark matter (DM) [12, 13] (cf. [14-16] and [17, 18] respectively for overviews).

Once any heavy neutral leptons (HNLs) are discovered experimentally, the most burning
questions will be to understand their role in particle physics and cosmology, in particular
if and how they are connected to neutrino masses, baryogenesis, and potentially DM. The
testability of this connection is model dependent and in particular limited by comparing
the number of independent observables that can be extracted from data to the number of
unknown model parameters. The latter strongly depends on the number ng of right-handed
neutrino flavours. In the most general renormalisable Lagrangian that can be constructed
from vr and SM fields only (known as type-I seesaw Lagrangian) there are Tns, — 3 new



parameters in addition to those in the SM. Since one vg-flavour is needed for each non-zero
light neutrino mass m; the minimal value consistent with experimental data is ns = 2 if one
SM neutrino is massless and ng = 3 if all three of them are massive.! The minimal model
with ng = 2 is known to be highly testable, and at last in principle all model parameters can
be constrained by combining data from different experiments [19, 20].2

In the present work we address the question of how these conclusions change in the
next-to-minimal scenario with ns = 3, still considering the most general renormalisable
Lagrangian that can be constructed from the v and SM-fields alone, to be defined in (2.6).
We remain entirely agnostic regarding the flavour structure (or texture) of the vg mass and
coupling matrices.? The question of testability can be addressed at several levels,

1. Does a given set of observables in principle contain enough information to reconstruct a
given set of model parameters (and potentially overconstrain the model) in an idealised
world where they can be measured with arbitrary precision?

2. Can any experiment in foreseeable future observe enough events such that the statistical
uncertainties permit extracting this information, assuming idealised detectors and no

systematic uncertainties?
3. How much information can be extracted with realistic detectors?

In the present work we address the first two of these questions, which can be done without
realistic detector simulations. Further, we entirely restrict ourselves to counting numbers
of events, more specifically, the branching ratios of the decay of each HNL N; into the SM
generations a = e, u, 7. With ny = 3 flavours of HNLs, this leaves us with nine observables
plus the three HNL masses M; to constrain eighteen model parameters. However, many
of these can be determined or constrained from other sources. The light neutrino mass
splittings and mixings have already been measured (five parameters), and also the absolute
mass scale can in principle determined in low energy experiments [31] and cosmology [32].
The Dirac phase is expected to be measured in the foreseeable future by DUNE [33] or
T2HyperK [34], and a neutrinoless double beta decay is sensitive to a combination of the
Majorana phases (and potentially phases in the HNL sector [19, 35-39]). Hence, even when
only counting the number of HNL decays and their branching ratios at colliders, this can
be sufficient to formulate testable predictions.

This paper is organised as follows. We first review in section 2 the type-1 seesaw
Lagrangian and set up the notations. We also derive the fundamental domains for the model
parameters. Then, in section 3, we address the question of what can in principle be learned
for number of events at colliders in the limit where the branching ratios to the different SM
flavours are known to infinite precision. In section 4, we go beyond this idealised scenario and,

!The ¥MSM in principle contains three flavours of vr, but observational constraints on the third HNL
(which acts as a DM candidate) imply that baryogenesis and the seesaw mechanism are effectively described
by ns = 2.

Interestingly, this model can still lead to leptogenesis in the limit when the Majorana mass matrix of the
v is exactly degenerate [21], leading to an even higher level of testability [22].

3The dimension of the parameter space can be reduced by discrete symmetries [23-26], cf. e.g.[27-30] for a
specific realisation.



using a standard x? approach, we derive semi-realistic limits on how much one could constrain
model parameters if HNLs are discovered at the FCC-ee. We finally conclude in section 5.
One appendix with analytic formula for the HNL flavour branching ratios is also provided.

2 Model and parametrisation

In this section we specify the model and set our conventions. We define a particularly useful
incarnation of the Casas-Ibarra parametrisation [40] that was introduced in [41], cf. (2.10)
and (2.11) below.

2.1 Review of basic ingredients

When it comes to the experimental testability of seesaw models, one important question is
whether the new HNLs N; can be found experimentally. This first and foremost depends on
whether the seesaw scale M associated with their masses M; is kinematically accessible in
accelerator-based experiments. While M it is traditionally associated with scales far beyond
collider reach (e.g. related to of Grand Unification), technically natural models with M at and
below the TeV scale exist (cf. e.g. section 5 in [42] and references therein). Different searches
have been proposed (cf. e.g. [8, 9, 43-48] and references therein), several of which have been
and are being performed at various facilities (cf. [9, 49] and references therein). Amongst
the more recent results are e.g. those obtained by ATLAS [50], CMS [51-55], T2K [56],
Belle [57], and NA62 [58]. In the current work we assume that the N; can be produced at
colliders, but no other new particle that they couple to is accessible. We furthermore restrict
ourselves to renormalisable interactions as described by the Lagrangian (2.1) below, which
may in principle be all there is up to the Planck scale mp [59, 60], but on a more general
basis can be viewed as the lowest order of an effective field theory expansion [61-63]. The
neutrino minimal Standard Model (vMSM) [64, 65] represents an example in which neutrino
oscillations, leptogenesis and DM can all be resolved for M below the electroweak scale with
no other new particles up to mp [66, 67].

The second important question is whether the production cross section for NN; is sufficient
to produce them in sizeable numbers. In the minimal scenario, the vg interact with ordinary
matter only through their mixing with the SM neutrinos, which is also responsible for the
generation of the light neutrino masses. More precisely, the mass eigenstates N; ~ vr;+0;17,
couple to the weak currents with a strength that is suppressed by the elements of the active-
sterile mixing matrix G, [44, 68],

mz

V2v

with v the Higgs field expectation value and mz, my the weak gauge boson masses.

LD _TNi@ai'YueLaWj N;©,"'vraZ, — TZGMIWLQNZ- + h.c., (2.1)

For the proof-of-principle in the present work, we assume that all three HNLs can be
distinguished kinematically in experiments. In this regime the HNL production and decay
can be treated as independent processes, in particular implying that we do not consider
effects that come from interferences between channels with different N;-flavours when simply



counting the number of events in each decay channel.* Under this assumption we can factorise
the HNL production and decay, with their production cross section oy, and their total decay
width I'y, both controlled by the magnitudes of the mixing angles,

U2 = |04, (2.2)
and approximately given by [44]
U2,
on,= >, UZoydI, Ty~ Y 96;’:31\45(;%& (2.3)
a:67u77— a:e7u77—

Here o, is the production cross section for SM neutrinos vy, Il is a kinematic factor that
takes into account the mass of the HNLs, G is the standard Fermi constant, a ~ 12, and all
final state masses are neglected. A list of Feynman processes for the HNL production and decay
at colliders can be found in e.g. [46]. As far as the questions 1 and 2 are concerned we can,
under the aforementioned assumptions, assume that measuring HNL lifetimes and branching
ratios can directly be translated into a determination of the U2, (and vice versa). By focusing
on the U2, alone we can perform the study semi-analytically at a proof-of-principle level.

One may naively expect that the U2, are suppressed by the ratio between the light
neutrino and HNL masses,

Z‘mi
L — < 1. 2.4
v (2.4)

However, natural models can yield mixing angles of order one if the light neutrino masses are

U

protected by a symmetry [79-81]. We shall quantify this enhancement by a small parameter €
URi/U§ ~ 1/, (2.5)

the precise definition we provide below in (2.12). Examples of such symmetry-protected
scenarios include the inverse seesaw [82-84], linear seesaw [85, 86] and the vMSM [64, 65]. It
turns out that the range of masses and mixings for which the vi can simultaneously explain
the neutrino masses and the observed matter-antimatter asymmetry is indeed accessible by
accelerator-based experiments [16, 41, 66, 87].

In order to connect the M; and U2, to data from neutrino oscillation experiments we
consider the seesaw Lagrangian

L 1— —
EDlVR(ﬁVR—iyf%MMVR—lLYzE(I)*VR—Fh.c., (2.6)

with Mjys the Majorana mass matrix of the vp, Y the neutrino Yukawa coupling matrix, ®
the SM Higgs doublet, € the totally antisymmetric SU(2) tensor and Iy, = (vz,er)” the three
LH lepton doublets (with the lepton flavour index « = e, u, 7). Throughout this paper, we
shall assume that the HNLs are kinematically distinguishable at colliders. In this regime,
the correction to the HNL masses from the Higgs mechanism (which is parametrically of the
same order as the light neutrino masses) can be neglected. In this context, the M; are in
good approximation given by the eigenvalues of My, and © ~ 0 = vYTM A}l.

4In principle, more complicated observables can be used, such as angular and energy distributions, lepton
number violation, or correlations between various observables. While such processes in principle provide an
attractive target for collider searches (cf. e.g. [69-77]), their simulation requires non-standard tools [78] and
goes beyond the scope of this work.



2.2 A convenient parametrisation

The connection between the Lagrangian (2.6) and its low energy limit (2.1) to the light
neutrino properties can be made by the Casas-Ibarra parametrisation [40],

O ~ iV, \/mIER /My (2.7)

where R is a complex 3 x n, matrix verifying RR” = 1, mdi#¢ = diag(m;) represents the
light neutrino mass matrix in their mass basis, and V,, is the light neutrino mixing matrix, or
PMNS matrix, that diagonalises m, ~ —0M 1\_/[19Tv which we parameterise as

V, = V@A gy y_sv (2 diag(e'®1/?, ¢'2/2 1) | (2.8)

with Uys = diag(e¥9/2, 1, eFid/ 2). The non-zero entries of the matrices V(i) are given by

Viab) = b(bab) =cos 0, Va(;b) =— b(aab) =sinBg, V% =1 for ¢+ a,b, (2.9)

cc

with 04 the light neutrino mixing angles.
A convenient way of parametrising R is the following for ny, = 3 [41],

R = 0,RcOn, (2.10)

where O, and Oy are SO3(R) matrices and R¢ is a SO3(C) matrix. Here we introduce four
real angles 6,1, 0,2, On1, On2 and a complex angle w + iy such that

cro 0 sp9 1 0 0 1 0 0 cn2 0 sno
Ol, = 0 10 - 10 Cyl Sp1 |, ON =10 CN1 SN1 . 0 1 0
—sp2 0 cu2 0 —su1 cu1 0 —sN1 oN1 —sNz2 0 cne (2.11)
cos (w+1iy) sin(w+ivy) 0
and R¢ = | —sin (w + iv) cos (w+ivy) 0
0 0 1

The quantities c,12, sp1,2, ¢N1,2 €t sn12 represent cosine and sine of the angles 0,1, 0,2, On1
and fno respectively. An important property of the parametrisation (2.11) is that the overall
size (2.12) of the active-sterile mixing U2;/U? relative to (2.4) can be expressed in terms
of the imaginary part of one single parameter in Rg alone,”

e=e 2 (2.12)

In the model with ns = 2 the U2, are polynomials in € only involving integer powers el

€? and e~! [20, 36, 88]. A discovery of the HNLs is possible because of the 1/e-terms, and
some of their properties are accessible at this order, such as the ratios U2/U? with

UP =3 U%, U2=U%, U*=>U}=) U2 (2.13)

SFurthermore, this way of parametrising R resembles the one of the scenario ns, = 2; for instance, R
corresponds only to the first two columns of R¢ for normal ordering.



It is further convenient to define the analogue quantities

MU =Y MUZ = [V,, msiagoyRCRCToL\/mSiagvﬂ : (2.14)
as well as
MU; =Y MU2; = [0O{Rc 0l md80, ROl (2.15)
and

=30 =30 (2.16)
o ?
The combinations (2.14) and (2.15) are independent of the HNL masses M;, and the U? as
well as U2 only depend on the overall scale M = (M; + My + M3)/3. Further, the Ui are
independent of Oy 2, and the INJ? are independent of the phases and angles in V,,. Hence,
the rest of our analysis should remain valid for any HNL masses (and mass splittings) as
long as the HNLs can be kinematically resolved and the number of observed events is fixed.
In the limit where all three HNLs are degenerate, the Ug, UZQ coincide with the usual U2,
U2 defined in (2.13).

2.3 Fundamental domain of the model parameters

The parametrisation (2.7) with (2.11) is redundant in the sense that there is more than one
choice of the parameters that lead to exactly the same physics, i.e., the same Y and M,
n (2.6). Each line in table 1 shows a choice of fundamental domains of the parameters that
is sufficient to cover all possible values of Y and M), (working in the basis where M)/ is
diagonal). All parameter choices can be mapped onto any of these by a transformation that
leaves Y invariant. Each line in table 2 corresponds to a choice of fundamental parameter
domains that is sufficient to cover all possible values in Y up to a discrete transformation, as
indicated in the leftmost column. The exact sets of transformations leading to a maximal
reduction of the parameters domain are specified in table 3. These discrete transformations
practically imply overall sign changes in the fields vg; or re-labelling® of the HNLs. Both
of these operations are unphysical in the model (2.6). However, this is in general not true
if the vg possess additional interactions. Since we work in the framework of (2.6), any of
the choices of fundamental domains in table 2 cover the entire physical parameter space
of the model. In scenarios with new HNL interactions one may, depending on the shape
of those operators, have to resort to table 1 and a subset of the lines in table 2 that still
leaves the action invariant when those are included.

3 What can in principle be learnt from HNL lifetimes and branching
ratios?

We shall first address question 1, i.e, how many of the 7ns — 3 model parameters in (2.6)
can in principle be extracted from measuring the masses, lifetimes and branching ratios

5This in practice implies that one cannot fix the ordering of the HNL masses (e.g. fixing My < Mz < M3)
but all possible orderings should be considered when doing a parameter space scan.



2 b2 N1 On2 % v o |
[0,7], [0,7], [0,27], [0,27], [0,w], Ry, [0,4n]
0,x], [0,7], [0,7/2], [0,2x], [0,27], R, [O,4n]
[0,7], [0,7], [0,2x], [0,2x], [0,7/2], R, [O,4n]
[0,7], [0,7], [O0,7], [0,7], [0,27], R, [O,4n]
0,x], [0,7], [0,=], [0,2x], [O,m], R, [0, 4n]

Table 1. Possible choices for the fundamental domains of the parameters in (2.7) with (2.11) that
covers all values of Y.

Transformations H 0,1 0,2 On1 Ono w vy 12 ‘
Y — 4+Y [0, ], [0, ], [0, 27], [0, 7], 0,7], R4, [0,4n]
[0,7/2], [0,7/2], [0,2x], [0,27], [0,n], R, [0,4n]
[0, 7], 0,7], [0,#/2], [0,2x], [0,n], R, [0,4n]
[0, 7], [0, 7], [0, 7], 0,nr], [0,7], R, [0,4n]
Y—+Y P [0, 7], 0,7], [0,7/2], [0,2x], [0,7], R4, [0,4n]
[0,7/2], [0,n], [0, 7], [0,27], [0,7], R4, [0,4n]
0,7/2], [0,x/2], [0,wx/2], [0,27], [0,2w], R, [0,4n]
Y—-Y-P [0,7/2], [0,n], 0,n], [0,7/2], [0,n], R4, [0,4n]
diag(£1,4£1,41) | [0,7/2], [0,7/2], [0,7/2], [0,7/2], [0,27], R, [0,4nx]

Table 2. Possible choices of the fundamental domains of parameters in (2.7) with (2.11) that cover
the possible values of Y up to transformations indicated in the leftmost column.

Variables 0.1 0.9 w v O\ Ono a1 o N; Ny Nj
Sent to || 27— 0,1 O T™—w—y 7™+ 0Nt Ono a1 27+ asg|| —N; —N3y —Nj
T+0, =0, w v O THON2 2T+ @127+ ag|| —N; Ng —Nj

T—0,1 0O w v T — 0N Ono a1 2m+ag|| N1 —No Ng

01 7w+0, w v T4+0Nn T EOne a1 2m+ao|| N7 Ny —Nj
0,1 T™—0pm—w—y2r— 01 Ono 2w + o127 + oo || —N7 Ng —Nj3

0,1 0, T™+uw v 2T — On1 27 — Ono aq a9 —N; —N3 N3
01 bo mHw y m—0On1  On2 a Qg —N; Ny —Nj3
01 bo w v O THON2 o Qg —N1 Ny —Nj
01 bo w v O —F+0n2 o Qg —N3 N2 Ny

Table 3. Set of transformations used to reduce the fundamental domain to the one shown in the last
line of table 2.
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Figure 1. Range of flavour ratio U2 /U? consistent with neutrino oscillation data for both normal
(left plot) and inverted ordering (right plot) for different values of the lightest neutrino mass mg. The
three PMNS angles and 2 observed neutrino mass splittings are fixed to their best fit values [89] but §
is completely marginalised over. Compare with figure 2 to observe the impact of marginalising over
the light neutrino parameters.

of HNLs, provided that all light neutrino parameters with the exception of the Majorana
phases have been measured? For ng = 2 it is known that all 11 parameters can in theory be
constrained from measurements of the U2, at sufficiently high precision [19, 20], but this is
challenging in practice because it requires an experiment that is sensitive to terms O[e'], i.e.,
can reach the seesaw line (2.4) in the HNL mass-mixing plane. We now investigate the case
ns = 3. With the aforementioned assumptions, the (eleven) unknown parameters comprise
the three HNL masses M;, the two Majorana phases o1 and as in V,, and the four real angles
0,1, 02, On1, On2 Plus one complex angle w + iy in (2.11).
A set of quantities that is know to be very useful are the flavour ratios

o [vy mi*0, ReReT0], mgiang}
o — : __Jaa (3.1)
Tr [VV mi*€0, ReRcT O], mﬁlagvi]

In the model with ns = 2 these ratios are determined at leading order by the light neutrino
properties alone, providing not only a powerful consistency check, but also an indirect way
of measuring the Majorana phase in the light neutrino mixing matrix V,, [20, 90]. Other
parameters, such as the analogue to the real part w, become only accessible at order € for
ns = 2, implying that determining them from measurements of the U2, alone requires an
experiment the sensitivity of which can reach the so-called seesaw line defined by UZ in (2.4).
While this may be possible with DUNE in the mass range below the kaon mass [91-93] and
SHiP [94-96] or FCC-ee [97, 98] can get very close, it is practically challenging, to say the
least.” This may rise fears that the perspective to constrain all eighteen parameters of the

"For masses below ~ 1 GeV, the HNL impact on neutrinoless double 3 decay can provide a complementary
probe [19, 36-39].



— NO
— 10

0.6

0202

Figure 2. Range of flavour ratio U2 /U? consistent neutrino oscillation data for mg = 0V when one
allows for any values of the mixing angles in V,, within 3o [89].

model with ng = 3 is hopeless. However, as the relations in appendix A reveal, fortunately
the larger dimensionality of the parameter space is at least partially alleviated by the fact
that the next-to-leading term in the expansion of the U2, in e can be of order 1/y/€ = €7
(and not of order one, as for ny = 2).

The range of U2 /U? that is consistent with light neutrino oscillation data is limited and
depends on the mass of the lightest SM neutrino mg = min(m;,ms3). Hence, measuring both
mg and the UC% / U? provides a consistency check of the model. In figure 1 we display the
allowed range of ﬁg / U? for both orderings and different choices of mg. While similar plots
have been shown in [48, 99] for ns = 3 we emphasise that using the parametrisation (2.10)
greatly reduces the computational effort needed to produce them (compared to the more
common parametrisation of R in terms of three complex Euler angles) as the dependence
on the two real angles Ox1,0n2 drops out. In figure 2 we display the range of U 2 U? that
is consistent with neutrino oscillation data for mg = 0, but allow the light neutrino mixing
parameters to vary within the current 3o intervals (in contrast to figure 1 where we fixed
them to their best fit value).

Considering the sums U2 does not only have the advantage that their ratios U2/U? are
independent of several unknown parameters, but may also be practically necessary if the
HNL mass splittings are too small to be resolved kinematically. In this case one may not be
able to measure the U,; independently, but constraints would apply to their sums U2.% In
this work however we assume that the M; can be resolved individually.

In addition to mg the range of Ug / U? can in principle also be constrained by restricting
the range of U?, cf. figure 4. This is practically useful because U? (and hence fo) can
be obtained from the total number of events, and experiments probe large U? first and

8Technically natural realisations of the model (2.6) with mixing angles that are large enough to be produced
in sizeable numbers at the LHC (cf. e.g. [100]) tend to exhibit a quasi-degenerate mass spectrum [79-81].
The largest mixing angles that lead to successful leptogenesis can be realised if all three HNL masses are
quasi-degenerate [41], and such a spectrum can also be motivated by discrete symmetries, see e.g. [29, 101-103].
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Figure 3. Allowed range for U? for each value of v using eq. (3.3) for normal ordering (left) and
inverted ordering (right). Light neutrino oscillation data (including §) are fixed to their best fit values
(with mg = 0eV) while the rest of the model parameters are marginalised over. The orange star
indicates the benchmark in table 4.

gradually slice through the U?-axis as they keep taking data. However, the dependence
of the flavour ratios on U? is relatively weak for NO and barely noticeable for IO which
might make such test difficult in practice.

Though the assumption of arbitrary precision implies that contributions at any order in
€ can be resolved, we shall organise the following discussion in powers of €.

Order 1/e. At leading order in the e expansion, the mixing angles factorise,

UU?2
Uzi = ™ +O(1/Ve). (3:2)

Their sum has a very simple parametric dependence,

ey

MU =Y 02 = 7(ml[1 — cZ825] + mac2y + ma[l — ¢ c2,)). (3.3)

In figures 3(a) and 3(b) we show the relation between U? and +. The width of the relation
between these 2 quantities solely arise from the possible range of values taken by the m; and 6,;.
The individual terms ﬁi read, at leading order in €,

2y
— ~9 e
MU, = 2 (ml[l — co1500][Var|* + ma|Val*cly + ms|Vas|?[1 — ¢yci]
+2 mims [Syl Im(Va1V23) - C12,15V2CV2 RE(Val\/Zg)]

+ 2¢/mimz [cu1c2 Im(Va1 Vie) — cu1suisua Re(Va1 Vi)

— 2y/moms [Cylsyz Im(Vagvzﬁ) —+ Ccp1CLaSul Re(VQQVZ:;)]) .

(3.4)

In figure 4 we show the range of U2/U? that can be realised for given U2. Similarly, one
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Figure 4. Range of allowed U2/U? for mg = 0 and fixed light neutrino oscillation data (including §),
obtained from (3.4) for normal ordering (left) and inverted ordering (right). The orange star indicates
the benchmark in table 4. The red dashed contour delimit the equivalent region in the ny = 2 scenario.
The colourbar indicates the minimal value of U? that can be reached for specific flavour ratio.

can also restrict the range of U?/U?. At leading order, the U? are indeed related in the
following way

1
5(1 - CQNISQNQ) for ¢ = ].,
- 1
U =0 x sk for i = 2, (3.5)
1
5(1 — c&icko) for i = 3.

The result is shown in figure 5. Finally, we obtain

1

5(1 — cy5%) fori=1,
_ 1
M;U2, = MU> x 5k for i = 2, (3.6)
1
5(1 —c%ic) for i = 3,

at leading order in €. The above expressions show that the leading order term in U? could
already give us information to potentially reconstruct five parameters

Indeed, out of the six quantities U? and U2 only five are independent, as the two sets both
sum up to the same quantity U? in (2.16). Hence, up to five parameters can be extracted from
constraints on these combinations. This is possible analytically at order 1/e. To illustrate
this, we consider the case mo = 0 with inverted ordering. From (3.5) one can obtain fy; as
well as Ox2, up to a discrete degeneracy. Using (3.3), one can then express ¢, in terms of
v and 6,5. Since there are two independent equations in (3.4), one can use one of them to
express ao in terms of v and 6,9, and substitute it into the other. Finally, when forming the
combination (72, one can express 6,9 in terms of «. Hence, we could express On1, On2, Cu1,
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Figure 5. Range of allowed Uf / U? for mo = 06V, obtained from eq. (3.5) for both normal ordering
(left) and inverted ordering (right). The orange star indicates the benchmark presented in table 4.
The colourbar indicates the maximal value of U? that can be reached for specific flavour ratios.

ag and 6,9 in terms of other parameters. Due to the factorisation (3.2) it is not possible
to extract more information at order 1/e.

Order 1/+/€. The appearance of 1/y/e-enhanced contributions to the U2, is a genuinely
new feature for ng = 3 (compared to ns = 2, where only integer powers of € appear). The
leading 1/e-term cancels when forming combinations such as ﬁizﬁ?ﬁ’] - ﬁ?jzﬁi], hence, such
combinations are sensitive to the NLO term. In order to extract the deviation from the form
stated in (3.2), it is instructive to construct combinations of observables that vanish in the
factorised limit. One such combination is given by the combinations
M? o =
o= Y U3 U3 = X oD, 02, 7
ok goke TR

with « # [ # ~. Interestingly, the dependence on the mass splitting completely factorises in
this expression. The quantities (3.7) scale distinctly differently for ny = 2 and ng = 3;

doi < OUFe?) = O(Ue) with ng =3 (3.8)
while we instead find for the analogue quantity” that

do = O(Uje?) = O(Ue) for ng = 2. (3.9)

Hence, they provide a smoking gun signature of a deviation from the minimal incarnation '’

with ny = 2 even if the (75 / U2 happen to take values that would also be allowed in that

scenario.

9Strictly speaking, the definition (3.7) does not make sense for ns = 2 but one can define the equivalent
quantity do = U3,U2 — Ug,U2y, with o £ B # .

107f the measured da; largely differ from both the ns = 2 and ns = 3 estimates (see eqs. (3.9) and (3.8)), it
could also hint towards additional new physics, e.g. ns > 3 or interactions beyond the standard right-handed
neutrino Yukawa coupling.
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M 0.1 O w v On1 Onv2 0 a1 a2 mg
7GeV 7/14 w/32 1 5 7/51 =w/4 13m 0 w/10 0eV

Table 4. Parameter values for the benchmark indicated in figures 4 and 5 with an inverted ordering
of the light neutrino masses.

Quite remarkably, we find that all the model parameters are already accessible at O(1/1/€)
(instead of O(€?)) for the benchmark that we consider in table 4. This allows to compensate
for the larger dimensionality of the ns = 3 scenario and is the reason why some of the real
phases (0,;,w) can be better constrained compared to the ns = 2 case, see section 4. While
we perform our analysis using the full system of equations, we emphasise that the O(1/+/€)
terms give the main constraints for these real phases.

The full picture. Our goal is to investigate whether there is a bijective mapping between
the model parameters (Ox1, On2, 0,1, 0,2, 7, w, a1 and az) and the U2

5i» assuming that the
M; have been determined kinematically and the light neutrino masses m; as well as the
mixing angles 6;; and Dirac phase § in (2.8) have been determined in low energy experiments.
When considering all orders in €, the expressions for the U2; in general become complicated

and not particularly illuminating, with the exception of the combination

MU? = cosh 2y (mq[1 — c21825] + mac2y +ma[l — c2ic]) + (mick sy + mas?y + mact cy)
(3.10)

Comparably simple expressions for other combinations of Ugi can be obtained in the limit
mo — 0; they are given (at NLO, i.e. at order €7 = 1/y/€) in appendix A. In this limit
the dimensionality of the parameter space is reduced, as one Majorana phase in (2.8)
becomes unphysical.

The question whether all model parameters can be uniquely reconstructed from knowledge
of the U2, can only be investigated numerically. For this we define a first benchmark.!*

Fixing all other parameters to their best fit value in NuF'it 5.2 [89], the mixing angles
U2, take, in this scenario, the following values

1.15053679 1.11098616 1.14804674
U2, = | 1.11216418 1.12135875 1.11711550 | - 1078 (3.11)
1.12395834 1.13097212 1.13695779

corresponding to a position approximately in the middle of both triangles displayed in figures 4
and 5, consistent with one of the benchmark configurations proposed in [104]. It is also
useful to define a second benchmark with non-zero my,

leading to

1.02268430 1.05553109 1.03596221
Uii = [ 0.297159580 0.280769175 0.282038087 | - 1075, (3.12)
1.91813382 1.88980908 1.91967347

"We truncate the numbers in table 4 for convenience, the precise numerical values for the non-integer angles
and phases 6,1 = 0.22439948, 6,2 = 0.97497703, On1 = 0.61547971, On2 = 0.78539816, oz = 0.31679926,
6 = 4.04916.
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M 0.1 o w v O On2 0 a1 o mo
7GeV 7/257 7w/32 1 5 w/51 w/4 137 0 w/10 0.01eV

Table 5. Parameter values for the benchmark with mg # 0. Inverted ordering is assumed.

We then perform a numerical scan of the model parameter space to see if the parameter
values in tables 4 and 5 are the unique choices (within the fundamental domain defined in
section 2) that lead to the matrices in egs. (3.11) and (3.12), respectively. We find that this
is indeed the case, i.e., the mapping between the model parameter values and the values
of the U2, is bijective.!? This implies that a determination of all U2, (e.g. from flavoured
branching ratios in HNL decays) would in principle be sufficient in order to determine all
parameters in the Lagrangian (2.6), provided that the light neutrino masses m;, mixings
0;; and the Dirac phase ¢ are determined in low energy experiments. Hence, the answer
to question 1 posed in the introduction is positive.

However, two important caveats need attention. Firstly, the result was obtained numer-
ically for two specific choices of true parameters. We checked that it is correct for a few
more choices, but it cannot be concluded that the bijectivity holds everywhere in the model’s
parameter space. Secondly, uniquely identifying the parameter values in table 4 from the U 2
in eq. (3.11) requires using the full expressions given in appendix A. If one only relies on the
leading order terms in €, then there are discrete degeneracies. For instance, 01 — ™ — 01
is an approximate symmetry of the system. Since difference arising from subleading terms
in € are difficult to detect experimentally, it raises the question how much information can
be obtained with realistic experimental sensitivities.

4 What can experiments do semi-realistically?

Given the conclusions from the previous section, a natural question to ask is whether near
futures experiments can realistically measure the U2, with the sufficient precision. So far we
have phrased the discussion in terms of the U,; and combinations thereof, in particular the
ratios (3.1), which are independent of the HNL masses M;. In order to compute actual event
numbers in a given experiment, the M; must be fixed, and it is common to define benchmarks
in terms of the ratios U2/U? instead (cf. e.g. [95, 104-107]). For the proof of principle that
we aim for we can assume that we are in a regime where the differences between the M; are
large enough to make them kinematically distinguishable!® (implying that the U2, can be
measured individually), but small enough not to significantly modify neutrino oscillation
data, in particular justifying to approximate U2,/U? ~ U2,/U? in what follows. Obviously
this approximation would not be justified in an exhaustive parameter scan.

Conceptually the ability of accelerator-based experiments to constrain the U?2; is limited
by two factors. Firstly, the total number of HNL events is limited by the number of collisions,
introducing a statistical uncertainty. Secondly, the ability to extract information from a given
number of event is limited by the properties of the detector in use. Addressing both of these

12We verified that such a mapping also exists for benchmark points with normal ordering.
131n the following, we will also neglect any uncertainty coming from the finite resolution of these mass
splittings and assume they are known exactly.
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issues requires detailed simulations not only of the collisions, but also of the detectors, which
goes beyond the scope of the present work. We restrict ourselves to an estimate of the purely
statistical uncertainties due to the finite number of events, i.e., we address question 2, and
leave question 3 for experiment-specific studies in the future.

Based on the expansion in €, the most promising experiments are those that can probe
mixing angles close to the seesaw-line (2.4) in the mass-mixing plane. Values of the M;
exceeding a few tens of MeV are constrained by a combination of direct searches [9] and
cosmological constraints from primordial nucleosynthesis and the subsequent history [108—
113]. The three proposed experiments that can get closest to (2.4) are then searches in the
DUNE near detector [91, 92], the SHiP experiment [95, 96] and long-lived particle searches
at FCC-ee or CEPC [98, 114, 115]. For our analysis we pick FCC-ee/CEPC because the
number of events that can be seen in an idealised detector of given dimensions can be
computed analytically [116], and because formulae to estimate the sensitivities to the U2,
readily exist [21]. Note, however, that SHiP would e.g. have a good sensitivity to probe
the HNL properties [117, 118].

4.1 Statistical method

Our evaluation of statistical uncertainties in experiments is inspired by the approach taken
in [21] and assumes background-free searches with event numbers given by the analytical
estimates in [116], which is a reasonable first approximation in displaced vertex searches at
lepton colliders. We assume that all charged particles in all final states can be seen with
100% detector efficiencies. In practice the extraction of the U2, is most straightforward from
semi-leptonic final states from charged current mediated HNL decays, as there the flavour
of the charged lepton always corresponds to a.

Approximate x2-distributions. We shall use the following estimate of the x2-function
to assess the statistical significance of measurements

2
XQ _ Z (Uai>measured - (Uii)evaluated (41)

a,i A(Uii)measured ’

where (Uii)measured indicates a value of UC%Z- extracted from measurements with a statistical

uncertainty A(Uii)measuredv and (Uii)evaluated is the fiducial value, i.e., the true value of U2,

for a specified set of benchmark parameter values. Let Ng; be the number of measured events
mediated by the mixing U2,

flavour . We also define N =3_ ; Ny, the total number of observed semi-leptonic events.

i.e. arising from the decay of the HNL N; into any lepton of

Given that the number of events in one specific channel N,; behaves as a Poisson process [21],
the statistical uncertainties on the measured quantities can be estimated as

A(U2. VN U2 Ny U2 U2
Uai) o VRai - Vai Az =y Lol (12)
Uai Nai U N N

leading to

2
[(Uii)measured - (Uii)evaluated}

2
xX"=N
; (UiiUQ)measured
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For the benchmarks in tables 4 and 5 we find, based on the equations in [116] with an IDEA-
type detector [97] and with the idealised assumption that all final states can be reconstructed,
that N ~ 10° events should be observed. We use this number in the following. With dedicated
long-lived particle detectors [119, 120] an even larger number could potentially be produced.

Sensitivity to NLO terms. The absence of terms o 1/1/€ is a distinctive feature of the
minimal realistic incarnation of (2.6) with ns = 2, where only integer powers of € appear
in the expansion of the U2,. They do appear for nsy = 3, and it is instructive to pose the
question where in the HNL mass-mixing plane FCC-ee or CEPC can be sensitive to these
terms. We use the quantities (3.7) to estimate this sensitivity. Assuming that the variables
U2, are independent, we find that

ddei 1 O(UY)
dai B \/N dai ’

or specifically for the case with ny = 3 we find the scaling

(4.4)

0dyi 1 U?
ic Lol /). "
dui N\/NO< U02> (45)

This is in stark contrast to the case with ngy = 2 where the signal scales as

6de 1 U?

—=—=0\(=]. 4.6

& = VR <U3> 0
We illustrate the region where FCC-ee or CEPC can be expected to be sensitive at the
30 and 5o level to the 1//e-terms in figure 6. For SHiP or the DUNE near detector, an
analyic estimate of the expected event numbers cannot be performed in the same way as

for FCC-ee or CEPC, and a detailed simulation of the detector would be needed to make a
similar analysis.'* For SHiP, the expected number of up to 10* events above the kaon mass

(see figure 10 in [117]) along with the fact that the sensitivity is governed by the distance to
the seesaw line, see eq. (3.8), indicates a similar sensitivity. The DUNE experiment could
reach O(10) events even for U? ~ UZ, for which such NLO terms are no longer suppressed.

4.2 FCC-ee or CEPC sensitivities to individual model parameters

In the following we use (4.3) to estimate the error bars with which various model parameters for
the benchmark in table 4 can be determined in long-lived particle searches at FCC-ee or CEPC
under the aforementioned assumptions. For the one-dimensional x2-functions we indicate
the regions with x? = 1,4, 9 by dashed lines; the region where the blue curve remains below
those lines roughly corresponds to the 1o, 20 and 3¢ intervals for the respective parameters.

The left panel in figure 7 shows that the imaginary part + of the angle in R¢ can be
extracted with a very good precision, which one may have expected from (3.3) and figure 3.
The real part w, on the other hand, remains largely unconstrained, cf. the right panel of
figure 7. This comes expected, as the analogue to w is known to be the parameter that is

"“Semi-analytic estimates of the event numbers also exist for dump experiments [121] and for the LHC [122],
but are more complicated and less accurate.
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Figure 6. Expected sensitivity to measuring the parameters d,; based on the estimates for ny, = 3
n (4.5). The solid black line corresponds to the expected reach of FCC-ee or CEPC [98, 116]. The
coloured lines correspond to the minimal seesaw lines (2.4) for My = My = M3 = M, on one hand
with my = 0 for normal ordering (red) or inverted ordering (blue), and on the other hand for the
maximal sum of the light neutrino masses ) m, allowed by cosmological bounds [32] (green). The
dashed (dot-dashed) lines correspond to measuring (3.7) at the 30 (50) level.
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Figure 7. (Left panel) Dependence of the y2-function on . All other model parameters are
marginalised over. (Right panel) Equivalent plot for w.

most difficult to measure for ny = 2; the fact that at least some range can be disfavoured at
the 1o level is, in comparison, good news. For lower HNL masses (in the range of DUNE
or SHiP) one may be able to obtain information on w from neutrinoless double beta decay
(cf. [39] and references therein for an updated analysis), but for the masses in our benchmark
this does not seem realistic.

The situation for the real angles in O, is only slightly better, as can be seen in the left
panel of figure 8. It should, however, be pointed out that the one-dimensional x? in this case is
of limited use, as considerable correlations with the Majorana phase ao can be seen in figure 9.
A marginalised one-dimensional x? for as is shown in the right panel of figure 9. The fact that
some regions can be excluded is not surprising, as the possibility to constrain the Majorana
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Figure 8. (Left panel) Dependence of the x2-function on 6,;. All other model parameters are

marginalised over. (Right panel) Equivalent plot for 6,5.
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Figure 9. (Left panel) Two-dimensional x?(6,2, az), represented by the colours as indicated in the
legend. (Right panel) Dependence of the y?-function on ap. In both figures, all remaining model
parameters are marginalised over.

phase from measurements of the U2, is already known from the model with ns = 2 [20, 90];
for ng = 3 this is somewhat hampered by the correlation visible in the left panel of figure 9.

Figures 10 and 11 show that the angles in Oy can, on the other hand, can be constrained
very well. There are, however, two minima the lower one of which cannot be identified with
the 10° events assumed here. This is a result of the aforementioned approximate symmetry
On1 — m™ — 01 at leading order in €, which is only broken by higher order terms.

Deviating from our benchmark, it could also be interesting to look at the constraints
that the U2,-measurements can set on the value of the Dirac CP-phase § if the latter is
not con&dered as fixed to its best fit value. Unfortunately, we observed it is only possible
to put some (weak) constraints at the lo-level on §, weaker than the constraints that are
expected from DUNE and T2HyperK in the near-future.
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Figure 10. Dependence of the x2-function on §x1. All other model parameters are marginalised over.
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Figure 11. Dependence of the x?-function on fx5. All other model parameters are marginalised over.

4.3 The lightest neutrino mass

The benchmark in table 4 has the convenient property mg = 0eV, which eliminated one
Majorana phase in (2.8). While this was sufficient as a proof-of-principle that experiments
can constrain many of the model parameters, the question of how the situation changes with
mg > 0 is inevitable. In general, letting mg vary does not qualitatively modify the conclusions
regarding experimental sensitivities to other parameters.

We consider the case where mg is not determined by other experiments, but has to be
reconstructed from collider data. Such an analysis is displayed in figure 12. In the left panel,
we use the benchmark defined in table 4, assuming mg = 0eV as the true value, and quantify
the upper bound on the lightest neutrino mass that can be obtained from measurements
of the U2; at future lepton colliders (assuming 10 observed events). For comparison, the
constraint currently set by Planck on Y, m; [32] translates into mg < 0.015¢eV (for inverted
ordering). We observe that my > 0.015€eV can only be excluded for this benchmark at the 1o
level. It is therefore unlikely that colliders will be competitive with cosmological constraints.
It is still however very desirable to have complementary laboratory constraints on the value
of mg. In that regard, the current best constraint is set by KATRIN by looking at the
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Figure 12. Dependence of the x2-function on the lightest neutrino mass mg for an inverted ordering
of the light neutrino masses. The true value of mg is chosen to be 0eV (0.01¢eV) for the left (right)
panel. We marginalised over the rest of the model parameters. The red dashed line denotes the
constraints from Planck on this parameter [32].

tritium 3 decay spectrum, limiting mo < 0.45eV at 90% CL [31].1° Hence, the constraints
on myg set by colliders have the potential to improve by an order of magnitude the current
bound. Future improvements of the KATRIN constraints are expected to reach 0.2eV [123].
Hence, future lepton colliders can at least in principle be more sensitive to mg than KATRIN.
However, it should of course be kept in mind that such a measurement is indirect and model
dependent, while the KATRIN constraints (being directly based on kinematics) are much
less model-dependent. Moreover, in contrast to the sensitivity estimates of KATRIN, our
analysis does not account for realistic detector simulations.

A similar analysis can be done for our second benchmark, summarised in table 2, which
is similar in all respects to our first benchmark except for 1) the lightest neutrino mass which
is set to mg = 0.01eV 2) the angles 6,1 and 6,5 which are chosen in a way that the position
of this benchmark in the ternary plot, shown in figure 1, lies outside of the mg = 0eV-region.
This enhances our prospect of discriminating between mg = 0 and mg # 0. The dependence of
the y2-function on my is shown in the right panel of figure 12. Interestingly, we observe that
it is possible to exclude the massless limit my = 0 at more than 3o. Beyond the framework
of the type-I seesaw with 3 right-handed neutrinos, such a measurement at FCC-ee/CEPC
would either provide a lower bound on the lightest neutrino mass mg or hint towards the
presence of additional physics responsible for cancellations in the light neutrino mass matrix.

5 Discussion and conclusion

Heavy right-handed neutrinos appear in many popular extensions of the SM and can potentially
resolve several open puzzles in particle physics and cosmology, including the light neutrino

58trictly speaking the quantity constrained by KATRIN is not mg, but the so-called electron neutrino
mass /Y, m?|(V,)ai|?>. However, in the regime of the current sensitivity of the experiment, this quantity
represents a good proxy for mg.
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oscillation, the baryon asymmetry of the universe and the Dark Matter puzzle. From an
experimental viewpoint, the presence of right-handed neutrinos would manifest itself as a type
of HNL N; that mixes with the SM neutrinos. If the N; are lighter than the weak gauge bosons,
then they can be produced in large numbers at colliders even if their sole interaction with
ordinary matter is through the fractional SM weak interaction given to them by this mixing.

Amongst the most promising way to find those HNLs are displaced vertex searches,
where the expected number of events can in good approximation be expressed in terms of the
U2, defined in (2.2), which are commonly used to define benchmark scenarios. If any HNLs
are discovered in experiments, a key question will be to understand their role in particle
physics and cosmology, and in particular the connection to models of neutrino mass. In the
popular type-I seesaw model this connection can readily be expressed in terms of the U 31 or,
more conveniently, in terms of their combinations U2 and U? defined in (2.15) and (2.16).
In the present work we addressed the question of how much about the connection to an
underlying model of neutrino mass generation can be learnt from measuring the HNL masses
M; and mixings U2,. Working in the seesaw model (2.6) with three HNL flavours (ns = 3),
we generalised previous studies in the minimal model with two HNL flavours (ns = 2).

As a first step in section 3 we identified correlations between the allowed range of the
ratios U2/U? and the lightest neutrino mass mg (figures 1 and 2) or the total mixing U?
(figure 4). While similar plots have previously been shown in the literature, we emphasise that
the realisation (2.10) of the Casas-Ibarra parametrisation (2.7) is particularly useful in this
context, as it does not only make explicit that the deviation of the U2, from the so-called seesaw
line (2.4) is governed by one single parameter 1/e (2.12), but also is suitable for generating
such plots with little numerical effort. We also found correlations for the ratios U?/U? and
U2 in figure 5. These correlations provide a powerful test of the neutrino mass model.

We then proceeded to address the question of how many of the new model parameters
can be determined uniquely from the M; and U2;, provided that the light neutrino masses and
mixing angles as well as the Dirac phase have been determined in low energy experiments. We
find that, if the U2, could be measured with arbitrary precision, then all model parameters
could be uniquely reconstructed in the benchmark summarised in table 4. Expanding the
Ugw- in powers of the parameter |e€| < 1, we find that five model parameters can already
be determined at order 1/e. A key difference to the minimal model with ny = 2 is that
information about the remaining parameters becomes available already at order 1/y/€. This
permits using the combinations (3.7) as a smoking gun to detect a deviation from the minimal
model even if the (72 / U2 happen to lie in a regime that would also be allowed for ngy = 2,
cf. figure 6. We caution that the existence of a bijective mapping between model parameters
and the mixings U2, was only verified for a few benchmark points without an exhaustive
scan of the parameter space. It is clear that there exists lower-dimensional submanifolds
of the parameter space where the parameter reconstruction is not as advantageous, the
prime example being the subspace where one effectively recovers the ns = 2 scenario, for
which such a bijective mapping does not exist. However, we observed that its existence is a
generic feature of all the benchmark points that we considered, which were not purposefully
chosen to support this conclusion.

In section, 4 we then estimated how many model parameters can be reconstructed from
experimental data with a finite number of events in the benchmark in table 4, assuming
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idealised detectors and considering statistical uncertainties only. We considered the case of
FCC-ee or CEPC, which can potentially produce over 10> HNLs in displaced vertex searches
at the Z-pole within the parameter space allowed by current bounds. Figure 7 shows that
the imaginary part v of the angle in R¢ can be measured rather precisely, while constraining
the real part w is very difficult. Constraining the angles in O, is also challenging (figure 8),
while those in Oy can be measured (figures 10 and 11), and for the Majorana phase oy
at least a sizeable region can be excluded. It should, however, also be kept in mind that
there are correlations between these parameters, cf. figure 9. We also discuss the observation
that, while § can also in principle be extracted from the measurements of these mixing
angles, the limits set by said measurements are in practice weak. Finally, in figure 12 we
considered a different benchmark and found that the FCC-ee or CEPC could potentially
measure the lightest neutrino mass mg with a precision comparable to current cosmological
bounds and better than KATRIN, though this measurement would of course be indirect
and more model-dependent that at KATRIN.

While the potential of a given experiment to discover HNLs is typically understood in

terms of its sensitivity to smaller U2,, the ability to distinguish different models by studying

i)
the branching ratios in their decays also crucially depends on €. Since € is parametrically
related to the distance to the so-called seesaw line, cf. (2.5), this distance can be used as an
indicator for an experiment’s ability to test the underlying model in case HNLs are discovered.
The most promising existing experiments in this regard are NA62 and the LHC main detectors.
The proposed and planned facilities that can minimise the distance to the seesaw line are, in
addition FCC-ee/CEPC discussed here, the DUNE near detector and SHiP.

In summary, we used the example of FCC-ee or CEPC to show that next-generation
accelerator-based experiments do not only have the potential to discover HNLs, but can also
discriminate the minimal and next-to-minimal incarnations of the seesaw models from each
other in case of a discovery. They can further measure many of the new model parameters,
providing an important step forward to understand the role of HNLs in particle physics

and cosmology.
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A Analytical expressions

In this appendix, we provide the analytical expressions for the mixing angles U, gz (or linear
combinations of these) which we used to extract model parameters in the analysis described
in section 4. For the sake of brevity, we focus on the case where the lightest neutrino is
massless (mg = 0eV).

For both normal and inverted ordering, we will need the following 8 quantities

+ 2 2
Iy = CN2Sp2 [Syl + C,/l] — SN1SN25v1Cp2,

+ 2 2
Iy = CN2Cv2 [Sul + C,jl] + SN1SN2Sv1Su2,
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+ 2 2
I3 = CN2Cp2Sp1 + SN1SN2Sy2 [Sl,1 + CV1]>
+ 2 2
Iy = CN2Sp2Sp1 — SN1SN2Cw2([Ss1 £ ¢yl (A1)
A.1 Normal ordering

Starting with normal ordering, the U gz can simply be written, in the case of m; = 0€eV, as

_ . 2y

MUzzzMiUii:%(m2031+m3[1—631632]) (A.2)
Vi s ¥ 2 9 2 2 2
MU@ :ZMZU‘M'ZT m2|Va2| Cyl+m3|va3| [1_CV1CV2} (A3)

—2y/mams [cuis2Im(Vao Vi) +epiciossi Re(Vao Vi) )

2 rTr? C12\11

2 .
+eYen1snt (cosw [—mgculsyl —l—mgcylsylcVﬂ +81nwm3cylcugsy2>

2 _ o 2R
MQUOQ—MUQ 2 (A5)

+eenisn (cosw [mz [Vazl?cvisu1+ms|Vas|*coispich
TRl eI Re(Vaa Vi) 515,21 Vaa V)|
+sinw [mg [Vas|?cuicuos,o

+ m2m3<SV18V2Re(Va2V23)—Cyglm<va2VZ3)):|)

o 1— 2 2
MU?=MTU" (CNQISNQ) (A.6)

+
+evenisne (cosw [M2Cy1SN1SN2Sp1 +M3Cu1Craty |

: +
+sinw [m2Cu1CN2Su1 —M3Cy1Cy2T3 ] )
2

L 1—c2
MU2, =MU," (C§15N2> (A7)

+e7eNisNe (cosw [mz |V az|?coisnisnasut +ma| Vas|2cuicuory
++/Moms (I‘Z RG(VQQVZ?)) —I‘; Im(VOégV:;?)))]

+sinw [mz |Vazl?cuicnesi —ma| Vas|?coicoara

+ mzme,(—r;Re(vazvzg>—rzlmwazvzg))]).

A.2 Inverted ordering

Equivalently, for inverted ordering, the ng’ write, in the case of m3z = 0eV, as

2y

MGQZZMiUii:%(m1(1*031532)+m20‘31) (A.8)

a,l
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MU =S MUZ = 5 (Ve P st Vo (A.9)
+2/mimsy [CleyQIm(Va]VZQ)_Culsvlsl/QRe<V0¢1V22)])
2
MyU2=MT" (%“) (A.10)
+e7enN1SN <cosw {mlc,jlsyls%mzcﬂsm]
+sinw [—m1Cu1Cu2Su2})
2
MoU2,=MU," <Cgl) (A.11)
+e7eNisNt (COSW [m1 [VailPcvisvisiy —ma|Vasl*cuisu
VTR TRVt Vi) 516, I(Var Vo) |
+sinw [—ml [Vail?coiciasie
+ mlmg(sylcyzRe(Valez)+s,,21m(Va1V:;2))})
MU2=MT" (1_‘”%21*’%2) (A.12)
+e7eN1SNe (cosw {m2sN1sN2cylsyl —m1CV1Su2r;]
+sinw [mchgcylsyl —mlri] )
MU, = BT, (1_012;182“) (A.13)
+e7en1sNe (COSW |:m2|va2|28leNQCVISV1 —m1|Vai|*co1siory
+ mlmg(—r3Re(Vale;Q)+rfIm(VQ1V22))}
+sinw [mg|Vag201\12(51118;/1ml|Val|2f4+

+ mlmg(—rl_Re(VMVZQ)—rg'Im(VMVZQ))})
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