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Abstract

In this paper we examine the existence of a universal (to be pre-
cise: terminal) type space when beliefs are described by finitely ad-
ditive probability measures. We find that in the category of all type
spaces that satisfy certain measurability conditions (κ-measurability,
for some fixed regular cardinal κ), there is a universal type space (i.e.
a terminal object, that is a type space to which every type space can
be mapped in a unique beliefs-preserving way (the morphisms of our
category, the so-called type morphisms)), while, by an probabilistic
adaption of the elegant sober-drunk example of Heifetz and Samet
(1998a), we show that if all subsets of the spaces are required to be
measurable there is no universal type space.
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1 Introduction

The seminal result of Mertens and Zamir (1985), namely the existence of a
universal type space in the sense of Haransyi (1967/68) under the assump-
tion that the underlying space of states of nature is compact and Hausdorff,
has been generalized in various ways (mainly by relaxing the topological as-
sumptions made there) by Brandenburger and Dekel (1993), Heifetz (1993),
Mertens, Sorin and Zamir (1994), and finally to the general measure-theoretic
case by Heifetz and Samet (1998b)1. However, it has always been assumed
that the players’ beliefs are σ-additive. This seems to be a rather strong
assumption on the epistemic attitudes of the players.

Savage’s Postulates (1954, 1972) imply subjective probabilities that are
finitely but not countably additive. Given the importance of Savage’s theory
within decision theory (i.e. “one-player game theory”), it is natural to ask
- and desirable to know - what happens if we describe the beliefs of players
accordingly in an interactive context (games) by finitely additive probability
measures? Does there still exist a universal type space? And if so, what does
it look like? Is it, for example, the space of consistent hierarchies?

Still, we are dealing with (now finitely additive) measures, so we have
to define a field of events. The question arises as to which measurability
condition is the right one. Should the field of events be just a field, a σ-field
or should we assume that all subsets of the space of states of the world are
events, i.e. that the field is simply the power set? As this question does not
seem to have a clear-cut answer, we analyze the existence/nonexistence of a
universal type space for finitely additive beliefs for a whole class of different
measurability conditions that include the three above-mentioned cases.

We introduce the κ-fields, where κ is an (often regular) infinite cardinal
number, as fields that are closed under the intersection of every set of events
(i.e. subset of the field) that has cardinality strictly less than κ. It follows
that ℵ0-fields are fields in the usual sense and ℵ1-fields are σ-fields in the
usual sense. Then, we define ∞-fields as fields that are closed under the
intersection of every set of events (of cardinality whatsoever).

We define κ-type spaces as type spaces where the set of measurable events
in the set of states of the world, as well as the set of measurable events in the
set of states of nature, is a κ-field, and ∞-type spaces as type spaces where
the set of measurable events in the set of states of nature is the full power set
and the set of measurable events in the set of states of the world is a ∞-field.
Also, we define ∗-type spaces as type spaces where the set of measurable
events in the set of states of the world as well as the set of measurable events
in the set of states of nature is the full power set. Furthermore, we define

1Relevant are also Vassilakis (1992), Battigalli-Siniscalchi (1999) and the preference-
based approach of Epstein and Wang (1996).
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type morphisms, i.e. structure preserving maps from one κ-type space (resp.
∞-type space or ∗-type space) to another (not necessarily different) one.

Given a nonempty set of players I, a nonempty set of states of nature S,
and a κ-field ΣS on S, we define, similar to Heifetz and Samet (1998b), a
kind of modal language, the formulas of which we call κ-expressions. But if
κ is uncountable, contrary to Heifetz and Samet (1998b), we allow also for
formulas of infinite length (but strictly less than κ). Then, we collect the
κ-descriptions (by means of κ-expressions) of all states of the world in all
κ-type spaces on S for player set I. In this way, we construct in Section 3 a
universal κ-type space on S for player set I to which every κ-type space on
S for player set I can be mapped by a unique type morphism (Theorem 1).
However, since we use all the κ-type spaces (on the same space of states of
nature and for the same player set) to construct the universal κ-type space,
this construction tells us little about the structure of the universal κ-type
space. (As for example, in the Mertens-Zamir (1985) case, where we know in
addition that the universal type space is the space of consistent hierarchies.)

As Heifetz (2001) has shown, there are consistent hierarchies of finitely
additive (in fact even σ-additive) beliefs up to - but excluding - level ω (i.e.
the first infinite level), that have at least two different finitely additive ex-
tensions to level ω. Does a similar phenomenon holds also on the higher
transfinite levels of consistent hierarchies? Or, put differently in terms of
expressions rather than hierarchies, is there, on the contrary, a regular car-
dinal κ̂ such that for all (regular) cardinals κ > κ̂, the κ̂-description of a
state in a κ-type space determines already the κ-description? If this were
the case, it would be unnecessary to consider κ-type spaces for κ > κ̂ and we
could restrict ourselves to κ-type spaces for κ ≤ κ̂. We show in Theorem 2,
by using a probabilistic adaptation of the “sober-drunk”-example of Heifetz
and Samet (1998a), that - with at least two players and two states of nature
- this is not the case. Hence, it makes sense to consider κ-type spaces for
every (regular) infinite cardinal κ.

Also, this example implies that - again, with at least two players and two
states of nature - there is no (weak) universal ∞-type space and no (weak)
universal ∗-type space (Theorem 3 and Corollary 1).

In Section 5, given a regular cardinal κ, a nonempty set of players I, a
nonempty set of states of nature S, and a κ-field ΣS on S, we construct the
space of consistent hierarchies up to (but excluding) level κ and show that
this space constitutes a product κ-type space (Theorem 4). On top of that,
this space turns out to be the universal κ-type space (Theorem 5). Therefore
we provide a characterization of the universal κ-type space that we were
missing in Section 3, which is independent of the property of being universal.

In Section 6, we show that the universal κ-type space is beliefs complete
(i.e. for each player, every finitely additive probability measure on the prod-
uct of the space of states of nature and the other players’ component spaces
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is the marginal of a type of that player). In addition, in the case κ = ℵ0, the
component space of each player is - up to isomorphism of measurable spaces
- the space of finitely additive probability measures on the product of the
space of states of nature and the other players’ component spaces.

2 Preliminaries

First, we will define κ-measurable spaces, where κ-denotes here an (often
regular) infinite cardinal number. For an introduction to ordinal and cardinal
numbers, see Devlin (1993) or any other textbook on set theory. Then, we
will develop parts of the theory of κ-measurable spaces needed in the sequel,
collect some known facts about finitely additive (probability) measures and
define the main objects of our study in this paper, the κ-, ∞- and ∗-type
spaces.

An infinite cardinal number κ is called regular, if it is not the supremum
of a set of less than κ-many ordinal numbers which are all strictly smaller
than κ. For example, ℵ0 and all the ℵα+1 are regular, while ℵω is singular
(i.e. infinite and not regular) ( ℵω = sup{ℵn | n < ω}), where ω denotes here
the first infinite ordinal number. For a set M, denote by |M | the cardinality
of M .

Unless otherwise stated, α, β, γ, ζ, η, ξ denote ordinal numbers, δ delta-
measures, θ functions from the set of states of the world to the set of states
of nature, κ cardinal numbers, λ limit ordinal numbers, µ and ν measures, π
projections, ϕ, χ, ψ expressions, and ω, apart form above, sets of expressions.

Definition 1 Let κ be an infinite cardinal number and M a nonempty set.
A κ-field on M is a set Σ ⊆ Pow(M) such that:

1. M ∈ Σ,

2. A ∈ Σ implies M \ A ∈ Σ,

3. E ⊆ Σ and |E| < κ imply
⋂
E :=

⋂
E∈E E ∈ Σ.

It follows that E ⊆ Σ and |E| < κ imply
⋃
E :=

⋃
E∈E E ∈ Σ.

Remark 1 According to our definition, a set of subsets of a nonempty set is
a ℵ0-field iff it is a field (in the usual sense) and a ℵ1-field iff it is a σ-field
(in the usual sense). If κ′ < κ, then every κ-field is a κ′-field.
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Definition 2 Let M be a nonempty set.
A ∞-field2 on M is a set Σ ⊆ Pow(M) such that:

1. M ∈ Σ,

2. A ∈ Σ implies M \ A ∈ Σ,

3. E ⊆ Σ implies
⋂
E ∈ Σ.

It follows that E ⊆ Σ implies
⋃
E ∈ Σ.

Definition 3 A κ-measurable space is a pair (M,Σ) , where M is a nonempty
set and Σ is a κ-field on M.

Remark 2 Let κ be a singular cardinal number and (M,Σ) be a κ-measurable
space. Then Σ is already a κ+-field, where κ+ denotes the successor cardinal
of κ.

Proof Let E ⊆ Σ such that |E|≤ κ. So, E has the form {Eα | α < κ} . Let
κ̂ < κ be the cofinality of κ. Then there is a function f : κ̂ → κ, such
that

⋃
β<κ̂ f (β) = κ. Note that |f (β) | < κ, for β < κ̂. It follows that⋂

α<κ Eα =
⋂

β<κ̂

(⋂
α<f(β) Eα

)
∈ Σ. Since Σ is a field, it follows that it is a

κ+-field.

Since κ+ is always regular, the above remark shows that it is redun-
dant to consider κ-fields (κ-measurable spaces, respectively) if κ is a singular
cardinal.

Definition 4 A∞-measurable space is a pair (M,Σ) , where M is a nonempty
set and Σ is a ∞-field on M.

Definition 5 A ∗-measurable space is a pair (M,Pow (M)) , where M is a
non-empty set and Pow (M) is the power set (i.e. the set of all subsets) of
M.

2What we call here “∞-field”, is called “universal field” in Aumann (1999).
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Note that every ∗-measurable space is a ∞-measurable space and every
∞-measurable space is a κ-measurable space for every infinite ordinal κ. A
∞-measurable space (M,Σ) is a ∗-measurable space iff for all m 
= m′ ∈ M
there is a E ∈ Σ such that m ∈ E and m′ /∈ E.

Example 1 Let M = {0, 1} , Σ = {∅,M} . (M,Σ) is ∞-measurable, but not
∗-measurable.

Remark 3 If M is a nonempty set and E ⊆ Pow(M), then the intersection
of all κ-fields that contain E (as a subset) is a κ-field and it is the smallest
one that contains E. We denote this κ-field by κ(E) and call it the κ-field
generated by E.

Note that if κ is greater than κ′, then κ(E) ⊇ κ′ (E) and κ(E) might
strictly contain κ′ (E) . If Σ is a κ-field and E ⊆ Σ such that Σ = κ′ (E) , then
also Σ = κ (E) , but there might be E ′ ⊆ Σ such that κ (E ′) = Σ and κ′ (E ′)
is strictly contained in Σ.

The following lemma shows that to prove the measurability of a function
between two κ-measurable spaces, it is enough to proof the measurability for
a generating set of the κ-field of the image space.

Lemma 1 Let (M ′,Σ′) and (M,Σ) be κ-measurable spaces, where κ is a
regular cardinal number. Let E ⊆ Σ such that κ(E) = Σ. Then f : M ′ → M
is Σ′ − Σ measurable iff for all E ∈ E : f−1 (E) ∈ Σ′.

Proof Define E0 := E ∪ {M} . If 0 < α < κ and if Eβ is already defined for
all β < α, then define

Eα :=

{ ⋂
A∈Λ

A | Λ ⊆
⋃
β<α

Eβ s.t. |Λ| < κ

}
∪

{
M\A | A ∈

⋃
β<α

Eβ
}
∪

⋃
β<α

Eβ.

By transfinite induction, it is obvious that
⋃

β<κ Eβ ⊆ Σ. We show that⋃
β<κ Eβ is a κ-field, which implies that

⋃
β<κ Eβ = Σ. We have to show that⋃

β<κ Eβ is closed under the intersection of less than κ-many elements. The
other properties are clear. So, let κ̂ be a cardinal number with κ̂ < κ
and Eγ ∈

⋃
β<κ Eβ for γ < κ̂. Let f (γ) := min {β < κ | Eγ ∈ Eβ} . By the
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regularity of κ, we have ζ := sup {f (β) | β < κ̂} < κ, hence
⋂

γ<κ̂ Eγ ∈
Eζ+1 ⊆

⋃
β<κ Eβ.

Having now established that form of Σ, the lemma follows from the fact
that inverse images of maps commute with arbitrary intersections and com-
plements.

Definition 6 Let (Mj,Σj)j∈J be a family of κ-measurable spaces. Let E be
the set of sets of the form Πj∈JEj, such that Ej ∈ Σj, for j ∈ J, and Ej = Mj

for all but finitely many3 j ∈ J .
We define the product κ-field of the Σj, j ∈ J, on Πj∈JMj as the κ-field κ(E).

Convention 1 Let κ be a (regular) infinite cardinal number, let J and L be
nonempty disjoint sets and let (Mi,Σi) be a κ-measurable space, for i ∈ J∪L.
Let the product space MJ := Πj∈JMj be endowed with the product κ-field
ΣJ of the Σj, j ∈ J , let the product space ML := Πl∈LMl be endowed with
the product κ-field ΣL of the Σl, l ∈ L, and let the product space MJ×ML be
endowed with the product κ-field Σ{J,L} of ΣJ and ΣL. Consider the product
space MJ∪L := Πi∈J∪LMi and let MJ∪L be endowed with the product κ-field
ΣJ∪L of the Σi, i ∈ J ∪ L. Now, let

h : MJ ×ML → MJ∪L

be defined by

h((mj)j∈J , (ml)l∈L) := (mi)i∈J∪L.

Then, h is clearly one-to-one and onto, but also, by looking at the generators
of the product κ-fields (and applying Lemma 1 to h and h−1), one sees that
h and h−1 are measurable. Hence h is an isomorphism of measurable spaces
and we are justified to identify these two κ-measurable spaces, in all what
follows (with some abuse of notation).

Lemma 2 Let M be a nonempty set, let κ be a regular cardinal number and,
for α < κ, let Σα be a κ-field on M such that α < β < κ implies Σα ⊆ Σβ.

Then Σ :=
⋃

α<κ Σα is a κ -field on M.

3It is easily seen that if we would change the definition, also “for j ∈ J : Ej ∈ Σj and
Ej = Mj for all but one j ∈ J” and “for j ∈ J : Ej ∈ Σj and Ej = Mj for all but less
than κ-many j ∈ J” would yield the same product κ-field as the one defined above.
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Proof We have just to show that the intersection of less than κ-many Σ-
measurab-le sets is a Σ-measurable set, the other properties are clear. So,
let κ̂ < κ and Eβ ∈ Σ, for β < κ̂. Let f (β) := min {α < κ | Eβ ∈ Σα} .
By the regularity of κ, it follows that γ := sup{f (β) | β < κ̂} < κ, hence⋂

β<κ̂ Eβ ∈ Σγ ⊆ Σ.

Definition 7 Let M be a nonempty set and F a field on M .
A finitely additive measure on (M,F) is a function µ : F → R∪{+∞} , such
that

• 0 ≤ µ (F ) , for all F ∈ F ,

• µ (E ∪ F ) = µ (E) + µ (F ) , for all disjoint E,F ∈ F .

µ is a finitely additive probability measure on (M,F) , if in addition

• µ (M) = 1.

Definition 8 Let M be a nonempty set, F a field on M , µ a finitely additive
measure on (M,F) , and E ⊆ M.
We define the outer measure of E induced by µ as

µ∗ (E) := inf {µ (F ) | F ∈ F such that E ⊆ F} ,

and the inner measure of E induced by µ as

µ∗ (E) := sup {µ (F ) | F ∈ F such that F ⊆ E} .

If not stated otherwise, we keep the following

Convention 2 • Products of κ-measurable spaces are endowed with the
product κ-field.

• If (M,Σ) is a κ-measurable space, then ∆κ(M,Σ) denotes the space of
finitely additive probability measures on (M,Σ). We consider this space
itself as a κ-measurable space endowed with the κ-field Σ∆κ generated
by all the sets {µ ∈ ∆κ(M,Σ) | µ(E) ≥ p}, where E ∈ Σ and p ∈ [0, 1].

Of course, this convention depends on the particular κ chosen.
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Remark 4 Let (M ′,Σ′) and (M,Σ) be κ-measurable spaces and let
f : M ′ → M be measurable.

1. If µ′ is a finitely additive probability measure on (M ′,Σ′), then µ′ (f−1 (·))
(that is µ′ (f−1 (E)) , for E ∈ Σ) is a finitely additive probability mea-
sure on (M,Σ).

2. If ∆κ
f : ∆κ(M ′,Σ′) → ∆κ(M,Σ) is defined by ∆κ

f (µ′) := µ′ (f−1 (·)) , for
µ′ ∈ ∆κ(M ′,Σ′), then ∆κ

f is measurable, since we have ∆κ
f (µ′) (E) ≥ p

iff µ′ (f−1 (E)) ≥ p, for E ∈ Σ.

Remark 5 Let (M ′,Σ′) and (M,Σ) be κ-measurable spaces and let
f : M ′ → M be measurable and onto.
Then:

1. f−1(Σ) := {f−1(E) | E ∈ Σ} is a κ -field on M ′ and a subset of Σ′.

2. If µ is a finitely additive measure on (M,Σ), then µ induces a finitely
additive measure µ′ on (M ′, f−1(Σ)) defined by µ′(f−1(E)) := µ(E).
Furthermore, if µ is a finitely additive probability measure, then µ′ is a
finitely additive probability measure.

Lemma 3 Let γ < α be ordinal numbers. For γ ≤ β < α let
(
Mβ,Fβ

)
be a ℵ0-measurable space (i.e. Mβ is a nonempty set and Fβ is a field on
Mβ) and µβ a finitely additive probability measure on

(
Mβ,Fβ

)
, let Mα be

a nonempty set, and for γ ≤ ξ < ζ ≤ α let fξ,ζ : M ζ → M ξ be onto and, if
ζ < α, let fξ,ζ be F ζ-F ξ-measurable, such that:

1. fξ,β ◦ fβ,ζ = fξ,ζ, for all ξ < β < ζ such that γ ≤ ξ < β < ζ ≤ α,

2. µβ
(
f−1
ξ,β

(
Eξ

))
= µξ

(
Eξ

)
, for all ξ < β such that γ ≤ ξ < β < α and

all Eξ ∈ F ξ.

Then:

•
⋃

γ≤β<α f−1
β,α

(
Fβ

)
is a field on Mα,

•
(
µβ

)
γ≤β<α induces a well-defined finitely additive probability measure

µ<α on
(
Mα,

⋃
γ≤β<α f−1

β,α

(
Fβ

))
, defined by µ<α

(
f−1
β,α

(
Eβ

))
:= µβ

(
Eβ

)
,

for Eβ ∈ Fβ.
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Proof That µ<α is well-defined follows from the above conditions 1 and 2
and the fact that the fβ,α’s are onto. In light of the preceding remark, the
rest is clear.

Notation 1 Let M be a nonempty set, F a field on M, and E ⊆ M. Then de-
note by [F , E] the set of all subsets of M of the form (L ∩ E)∪(N ∩ (M \ E)) ,
where L,N ∈ F . It is easy to check that [F , E] is the smallest field that ex-
tends F and contains E as an element.

For further reference, we cite the following two lemmas (in a somewhat
different form), which are theorems by MLoś and Marczewski (1949) and Horn
and Tarski (1948).

Lemma 4 Let M be a nonempty set, F a field on M, E ⊆ M, µ a finitely ad-
ditive probability measure on (M,F) , µ∗ (E) the inner measure of E, µ∗ (E)
the outer measure of E, and p a real number such that µ∗ (E) ≤ p ≤ µ∗ (E) .
Then there exists a finitely additive probability measure ν that extends µ to
the field [F , E] such that ν (E) = p.

Proof Follows directly from Theorem 2 of MLoś and Marczewski (1949).

Sometimes, we will refer to the above lemma as the “MLoś-Marczewski
Theorem”.

Lemma 5 Let F1 ⊆ F2 be fields on the nonempty set M and let µ be a
finitely additive probability measure on (M,F1) . Then there exists an exten-
sion of µ to a finitely additive probability measure ν on (M,F2) .

Proof Follows from 4 (i) of MLoś and Marczewski (1949) and also from Horn
and Tarski (1948), p. 477, Theorem 1.21.

For the rest of this section, unless otherwise stated, we fix a regular
cardinal κ. Furthermore we fix a nonempty set of players I, a nonempty set
of states of nature S, and, unless otherwise stated, a κ-field ΣS on S, such
that for all s, s′ ∈ S with s 
= s′ there is a E ∈ ΣS such that s ∈ E and s′ /∈ E.
Without loss of generality, we assume that 0 /∈ I and set I0 := I ∪ {0} .

We define now κ-type spaces, ∞-type spaces and ∗-type spaces, i.e. the
objects which we will study in the rest of this paper.
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Definition 9 A κ-type space on S for player set I is a 4-tuple

M :=
〈
M,Σ, (Ti)i∈I , θ

〉
,

where

• M is a nonempty set,

• Σ is a κ-field on M ,

• for i ∈ I : Ti is a Σ − Σ∆κ-measurable function form M to ∆κ (M,Σ) ,
the space of finitely additive probability measures on (M,Σ) , such that
for all m ∈ M and A ∈ Σ : [Ti (m)] ⊆ A implies Ti (m) (A) = 1, where
[Ti (m)] := {m′ ∈ M | Ti (m

′) = Ti (m)} ,

• θ is a Σ-ΣS-measurable function from M to S.

We will refer to the property that for all i ∈ I, m ∈ M and A ∈ Σ :
[Ti (m)] ⊆ A implies Ti (m) (A) = 1, as the “introspection property” of κ-
type spaces (∞-type spaces and ∗-type spaces, resp., see below). Doing
obvious changes, proofs (of the theorems in this paper) would went through,
if we were to abandon this property, in fact, things would be easier then.

Definition 10 A ∞-type space on S for player set I is a 4-tuple

M :=
〈
M,Σ, (Ti)i∈I , θ

〉
,

where

• M is a nonempty set,

• Σ is a ∞-field on M ,

• for i ∈ I : Ti is a measurable function form (M,Σ) to ∆∞ (M,Σ) , the
space of finitely additive probability measures on (M,Σ), endowed with
the ∞-field generated by all the sets {µ ∈ ∆∞ (M,Σ) | µ (E) ≥ p} ,
where E ∈ Σ and p ∈ [0, 1] , such that for all m ∈ M and A ∈ Σ :
[Ti (m)] ⊆ A implies Ti (m) (A) = 1, where [Ti (m)] := {m′ ∈ M | Ti (m

′)
= Ti (m)} ,

• θ is a Σ-Pow (S)-measurable function from M to S.
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Note that for µ 
= ν ∈ ∆∞ (M,Σ) there is a E ∈ Σ and a p ∈ [0, 1] such
that µ (E) ≥ p and ν (E) < p. This implies that the ∞-field of ∆∞ (M,Σ) is
in fact Pow (∆∞ (M,Σ)) , the full power set. Hence, by the measurability of
Ti, we have [Ti (m)] ∈ Σ. So, in fact, the condition that [Ti (m)] ⊆ A implies
Ti (m) (A) = 1 reduces to Ti (m) ([Ti (m)]) = 1.

By the definitions, it is obvious that every ∞-type space on S is a κ-type
space on S, for every regular κ. (Set ΣS := Pow (S) in the κ-type space.)

Definition 11 A ∗-type space on S for player set I is a 3-tuple

M :=
〈
M, (Ti)i∈I , θ

〉
,

where

• M is a nonempty set,

• for i ∈ I : Ti is a function form M to ∆ (M,Pow (M)) , the space of
finitely additive probability measures on (M,Pow (M)) , such that for
all m ∈ M : Ti (m) ([Ti (m)]) = 1, where [Ti (m)] := {m′ ∈ M | Ti (m

′)
= Ti (m)}

• θ is a function from M to S.

It is obvious from the definitions, that every ∗-type space on S is a ∞-
type space on S. (Set Σ := Pow (M) in the ∞-type space.) And hence, it is
also a κ-type space on S.

We define now the beliefs preserving maps between type spaces.

Definition 12 Let M ′ =
〈
M ′,Σ′, (T ′i )i∈I , θ

′〉 and M =
〈
M,Σ, (Ti)i∈I , θ

〉
be

κ-type spaces (∞-type spaces, ∗-type spaces, respectively) on S for player
set I.

A function f : M ′ → M is a type morphism if it satisfies the following
conditions:

1. f is Σ′ − Σ-measurable,

2. for all m′ ∈ M ′ :

θ′ (m′) = θ (f (m′)) ,

3. for all m′ ∈ M ′, E ∈ Σ, and i ∈ I :

Ti (f (m′)) (E) = T ′i (m′)
(
f−1 (E)

)
.
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Note that the above definition of a type morphism does not depend on κ,
that is, if κ < κ′, and M and M ′ are κ′-type spaces (∞-type spaces, ∗-type
spaces, respectively), then f : M ′ → M is a type morphism from M ′ to M
viewed as κ′-type spaces (∞-type spaces, ∗-type spaces, respectively) iff it is
a type morphism from M ′ to M viewed as κ-type spaces. Similarly, if M ′

and M are ∗-type spaces, then f : M ′ → M is a type morphism from M ′ to
M viewed as ∗-type spaces iff it is a type morphism from M ′ to M viewed
as ∞-type spaces. (Note that in the case of ∗-type spaces, every function
f : M ′ → M is measurable.)

Definition 13 A type morphism is a type isomorphism, if it is one-to-one,
onto, and the inverse function is also a type morphism.

It is easy to see that a function f : M ′ → M is a type isomorphism iff it
is a type morphism and isomorphism of the measurable spaces (M ′,Σ′) and
(M,Σ) .

Definition 14 A product κ-type space on S for player set I is a 4-tuple

M := 〈M,Σ, (Ti)i∈I , θ〉

such that there are κ-measurable spaces (Mj,Σj) , for j ∈ I0, such that (up
to type isomorphism):

• M0 = S,

• Σ0 = ΣS,

• M = Πj∈I0Mj,

• Σ is the product κ-field on M which is generated by the Σj, j ∈ I0,

• for i ∈ I: Ti is a Σi − Σ∆κ-measurable function from Mi to ∆κ(M,Σ),
the space of finitely additive probability measures on (M,Σ), such that
for all mi ∈ Mi : margMi

(Ti (mi)) = δmi
,

• θ : M0 → S is the identity on S.

Obviously, Ti, for i ∈ I, can be viewed as a Σ − Σ∆κ-measurable function
from M, to ∆κ(M,Σ) and θ can be viewed as a Σ−ΣS-measurable function
θ from M to S. (Take first the projection to Mi, for i ∈ I, (resp. to M0) and
then the original function.) So, every product κ-type space on S is a κ-type

12



space on S. Note that if i ∈ I and if mi is the ith coordinate of m, then we
have by the fifth point of the definition that [Ti (m)] = {mi} × Πj∈I0\{i}Mj.

An easy check shows:

Remark 6 κ-type spaces on S for player set I (∞-type spaces, ∗-type spaces,
respectively), as objects, and type morphisms, as morphisms, form a category.

Definition 15 • A κ-type space Ω on S for player set I (∞-type space,
∗-type space, respectively) is weak-universal if for every κ-type space
M on S for player set I (∞-type space, ∗-type space, respectively)
there is a type morphism from M to Ω.

• A κ-type space Ω on S for player set I (∞-type space, ∗-type space,
respectively) is universal4 if for every κ-type space M on S for player
set I (∞-type space, ∗-type space, respectively) there is a unique type
morphism from M to Ω.

Remark 7 Universal κ-type spaces on S for player set I (∞-type spaces,
∗-type spaces, respectively) are unique up to type isomorphism.

Proof If Ω and U are universal κ-type spaces (∞-type spaces, ∗-type spaces,
respectively) (on the same space of states of nature and for the same player
set, of course), then there are type morphisms f : U → Ω and g : Ω → U.
It is easy to check, that the composite of two type morphisms is also a
type morphism and that the identity is always a type morphism form a κ-
type space Ω (∞-type space, ∗-type space, respectively) to itself. By the
uniqueness , it follows that g ◦ f = idU and therefore f is one-to-one and g
is onto, and f ◦ g = idΩ and therefore g is one-to-one and f is onto. f and g
are type morphisms and f = g−1 and g = f−1.

4We use here the term “universal type space” although, in terms of category theory
the term “terminal type space” would be the adequate one, since the universal type space
is a terminal object in the category of type spaces. However, we take the former notion
to keep the terms of the already existing type space literature.

13



3 The Universal κ-Type Space in Terms of

Expressions

Again, for this section, unless otherwise stated, we fix a regular cardinal κ, a
nonempty player set I, and a κ-measurable space of states of nature (S,ΣS)
such that for all s, s′ ∈ S with s 
= s′ there is a E ∈ ΣS such that s ∈ E and
s′ /∈ E.

Given these data, we define κ-expressions (allowing also for infinite con-
junctions) which are natural generalizations of the expressions defined by
Heifetz and Samet (1998b). Expressions are defined in a similar fashion as,
for example, the formulas of the probability logic of Heifetz and Mongin
(2001). Analogous to Heifetz and Samet (1998b), given a κ-type space on
S for player set I and a state of the world in this type space, we define the
κ-description of this state as the set of those κ-expressions that are true in
this state of the world. Then, we show that the set of all κ-descriptions
constitutes a κ-type space (Proposition 3) and that this κ-type space is the
universal κ-type space (Theorem 1).

Definition 16 For a κ-type space
〈
M,Σ, (Ti)i∈I , θ

〉
on S for player set I,

i ∈ I, E ∈ Σ, and p ∈ [0, 1] define

B
p

i (E) := {m ∈ M | Ti (m) (E) ≥ p} .

Note that B
p

i (E) = T−1
i ({µ ∈ ∆κ (M,Σ) | µ (E) ≥ p}) and that B

p

i (E) ∈
Σ, if E ∈ Σ.

Definition 17 Given a κ-measurable space of states of nature (S,ΣS) and a
nonempty player set I, the set Φκ of κ-expressions is the least set such that:

1. every E ∈ ΣS is a κ-expression,

2. if ϕ is a κ-expression, then ¬ϕ is a κ-expression,

3. if ϕ is a κ-expression, then Bp
i (ϕ) is a κ-expression, for i ∈ I and

p ∈ [0, 1] ,

4. if Ψ is a nonempty set of κ-expressions with |Ψ| < κ, then
∧

ϕ∈Ψ ϕ is a
κ-expression.

If Ψ is a nonempty set of κ-expressions with |Ψ| < κ, then we set∨
ϕ∈Ψ ϕ := ¬

∧
ϕ∈Ψ ¬ϕ.

Since we work here with a fixed regular κ, we omit sometimes, in this
section, the superscript κ.

14



Definition 18 Let M :=
〈
M,Σ, (Ti)i∈I , θ

〉
be a κ-type space on S for player

set I. Define

1. EM := θ−1 (E) , for E ∈ ΣS,

2. (¬ϕ)M := M \ ϕM , for ϕ ∈ Φκ,

3. (Bp
i (ϕ))M := B

p

i

(
ϕM

)
, for ϕ ∈ Φκ, i ∈ I and p ∈ [0, 1] ,

4.
(∧

ϕ∈Ψ ϕ
)M

:=
⋂

ϕ∈Ψ ϕM , for Ψ such that ∅ 
= Ψ ⊆ Φκ and |Ψ| < κ.

So, defined as above, κ-expressions define measurable subsets of M. It is easy

to check that
(∨

ϕ∈Ψ ϕ
)M

:=
⋃

ϕ∈Ψ ϕM , for Ψ such that ∅ 
= Ψ ⊆ Φκ and

|Ψ| < κ.

If no confusion may arise, we omit - with some abuse of notation - the
superscript M.

Definition 19 For a κ-type space M :=
〈
M,Σ, (Ti)i∈I , θ

〉
on S for player

set I and m ∈ M define Dκ (m) , the κ-description of m, as

Dκ (m) :=
{
ϕ ∈ Φκ | m ∈ ϕM

}
.

Again, we omit sometimes, in this section, the superscript κ.

Proposition 1 Let
〈
M,Σ, (Ti)i∈I , θ

〉
and 〈N,ΣN ,

(
TN
i

)
i∈I , θ

N〉 be κ-type
spaces on S for player set I and let f : M → N be a type morphism.
Then, for all m ∈ M :

Dκ (f (m)) = Dκ (m) .

Proof We show by induction on the formation of the expressions that m ∈
ϕM iff f (m) ∈ ϕN :

• Let E ∈ ΣS. We have θN (f (m)) = θ (m) , so f (m) ∈ EN iff m ∈ EM .

• We have

f (m) ∈ (¬ϕ)N iff f (m) /∈ ϕN iff m /∈ ϕM iff m ∈ (¬ϕ)M .

15



• Let Ψ be a nonempty set of expressions with |Ψ| < κ. Then:

f (m) ∈ (
∧
ϕ∈Ψ

ϕ)N iff for all ϕ ∈ Ψ : f (m) ∈ ϕN ,

which is by induction hypothesis the case iff for all ϕ ∈ Ψ : m ∈ ϕM ,
which is the case iff m ∈ (

∧
ϕ∈Ψ ϕ)M .

• We have

f (m) ∈ (Bp
i (ϕ))N iff TN

i (f (m))
(
ϕN

)
≥ p iff Ti (m)

(
f−1

(
ϕN

))
≥ p.

By the induction hypothesis: f−1
(
ϕN

)
= ϕM . Hence Ti (m)

(
f−1

(
ϕN

))
= Ti (m)

(
ϕM

)
. We have Ti (m)

(
ϕM

)
≥ p iff m ∈ (Bp

i (ϕ))M . It follows
that

f (m) ∈ (Bp
i (ϕ))N iff m ∈ (Bp

i (ϕ))M .

Definition 20 Define Ωκ to be the set of all κ-descriptions of states of the
world in κ-type spaces on S for player set I. For ϕ ∈ Φκ define

[ϕ] := {ω ∈ Ωκ | ϕ ∈ ω} .

Again, we omit sometimes, in this section, the superscript κ.

Obviously, we have Ω \ [ϕ] = [¬ϕ] and
⋂

ψ∈Ψ [ψ] =
[∧

ψ∈Ψ ψ
]
, where ϕ is

an κ-expression and Ψ is a nonempty set of κ-expressions with |Ψ| < κ. It
follows that:

Remark 8 The set

ΣΩ := {[ϕ] | ϕ ∈ Φκ}

is a κ-field on Ω.

Lemma 6 For every κ-type space M on S for player set I and for every
ϕ ∈ Φκ, the κ-description map D : M → Ω satisfies

D−1 ([ϕ]) = ϕM .
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Proof Clear by the definition of [ϕ].

Note that Lemma 6 implies that D is measurable.

Proposition 2 For every i ∈ I there exists a function

T ∗i : Ω → ∆κ (Ω,ΣΩ)

such that for every κ-type space M on S for player set I with κ-description
map D and every m ∈ M :

T ∗i (D (m)) = Ti (m) ◦D−1.

Proof For ω ∈ Ω chose a κ-type space M on S for player set I and m ∈ M
such that D (m) = ω. For [ϕ] ∈ ΣΩ define

T ∗i (ω) ([ϕ]) := Ti (m) ◦D−1 ([ϕ]) .

We have

Ti (m) ◦D−1 ([ϕ]) = Ti (m)
(
ϕM

)
= sup {p | Bp

i (ϕ) ∈ D (m)} ,

so T ∗i (ω) ([ϕ]) depends just on D (m) and is well-defined. By Remark 4, we
have

Ti (m) ◦D−1 ∈ ∆κ (Ω,ΣΩ) .

Lemma 7 There is a measurable function θ∗ : Ω → S such that for every
κ-type space M on S for player set I and every m ∈ M :

θ∗ (D (m)) = θ (m) .

Proof Let

d0 (m) :=
{
E ∈ ΣS | m ∈ θ−1 (E)

}
.

Obviously, d0 (m) = D (m) ∩ ΣS. By the properties of (S,ΣS) , we have for
all s ∈ S : {s} =

⋂
s∈E∈ΣS

E. It follows for every κ-type space M ′ on S for
player set I and m′ ∈ M ′ that

θ (m′) = s iff d0 (m′) = {E | s ∈ E} .
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For ω ∈ Ω chose a κ-type space M on S for player set I and m ∈ M, such
that D (m) = ω. Define now θ∗ (ω) := θ (m) . Since θ (m) just depends on
D (m) , θ∗ (ω) is well-defined.

It remains to show that θ∗ is measurable: Let E ∈ ΣS. We have

θ∗ (D (m)) ∈ E iff m ∈ θ−1 (E) iff E ∈ D (m) iff D (m) ∈ [E] .

It follows that θ∗−1 (E) = [E] .

Proposition 3 〈
Ω,ΣΩ, (T

∗
i )i∈I , θ

∗〉
is a κ-type space on S for player set I.

Proof It remains to show:

1. Ω is nonempty.

2. For every i ∈ I : T ∗i is measurable as a function from Ω to ∆κ (Ω,ΣΩ) .

3. For every i ∈ I, ω ∈ Ω and A ∈ ΣΩ : If

{ω′ ∈ Ω | T ∗i (ω′) = T ∗i (ω)} ⊆ A,

then T ∗i (ω) (A) = 1.

To:

1. Let M := {m} and chose s ∈ S. Set Σ := Pow (M) , Ti (m) := δm, for
i ∈ I, and θ (m) := s. Then〈

M,Σ, (Ti)i∈I , θ
〉

is a κ-type space (even a ∗-type space) on S for player set I.

2. Since inverse images commute with unions, intersections and comple-
ments, it is enough to show that T ∗−1

i (bp (E)) ∈ ΣΩ, for

bp (E) := {µ ∈ ∆κ (Ω,ΣΩ) | µ (E) ≥ p} ,

where E ∈ ΣΩ and p ∈ [0, 1] . We have

T ∗−1
i (bp (E)) = {ω ∈ Ω | T ∗i (ω) (E) ≥ p} .

Since E ∈ ΣΩ, there is a κ-expression ϕ such that E = [ϕ] . Note that if
p ∈ [0, 1] and p = sup {q | Bq

i (ϕ) ∈ ω} , then Bp
i (ϕ) ∈ ω. This implies

that

ω ∈ T ∗−1
i (bp ([ϕ])) iff Bp

i (ϕ) ∈ ω.

It follows that T ∗−1
i (bp (E)) = [Bp

i (ϕ)] .
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3. Let ϕ be a κ-expression and

{ω′ ∈ Ω | T ∗i (ω′) = T ∗i (ω)} ⊆ [ϕ] .

Chose a κ-type space M on S for player set I and m ∈ M such that
D (m) = ω. Let m′ ∈ M. If T ∗i (D (m′)) 
= T ∗i (D (m)) , then there is a
κ-expression ψ such that Ti (m

′)
(
ψM

)

= Ti (m)

(
ψM

)
. It follows that

D ({m′ ∈ M | Ti (m
′) = Ti (m)}) ⊆ {ω′ ∈ Ω | T ∗i (ω′) = T ∗i (ω)} ,

which implies

{m′ ∈ M | Ti (m
′) = Ti (m)} ⊆ D−1 ([ϕ]) = ϕM .

So we have

1 = Ti (m)
(
ϕM

)
= Ti (m) ◦D−1 ([ϕ]) = T ∗i (ω) ([ϕ]) .

Lemma 8 The κ-description map

D : Ω → Ω

is the identity.

Proof For ω ∈ Ω, we have

ω = {ϕ ∈ Φ | ω ∈ [ϕ]} .

We have to show that for every κ-expression ϕ and every ω ∈ Ω : ω ∈ ϕΩ iff
ω ∈ [ϕ] . We know this already if ϕ = E, where E ∈ ΣS. It is obvious that
Ω\ [ϕ] = [¬ϕ] , and that if Ψ is a nonempty set of κ-expressions of cardinality
< κ, then ⋂

ϕ∈Ψ

[ϕ] =

[ ∧
ϕ∈Ψ

ϕ

]
.

So it remains to show that [ϕ] = ϕΩ implies [Bp
i (ϕ)] = B

p

i ([ϕ]) . For ω ∈ Ω,
chose a κ-type space M on S for player set I and m ∈ M such that D (m) =
ω. We have

D (m) ∈ [Bp
i (ϕ)] iff Bp

i (ϕ) ∈ D (m) iff Ti (m)
(
ϕM

)
≥ p.

But we have

T ∗i (ω) ([ϕ]) = Ti (m) ◦D−1 ([ϕ]) = Ti (m)
(
ϕM

)
.

This implies that [Bp
i (ϕ)] = B

p

i ([ϕ]) .
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Theorem 1 The space 〈
Ω,ΣΩ, (T

∗
i )i∈I , θ

∗〉
is a universal κ-type space on S for player set I.

Proof According to Lemma 6, for every κ-type space M on S for player
set I, the κ-description map D : M → Ω is measurable, and according to
Proposition 2 and Lemma 7, D is a type morphism. It remains to show that
it is the unique type morphism from M to Ω. But this clear by Proposition
1 and Lemma 8.

4 Spaces of Arbitrary Complexity

Is there a cardinal κ, such that the κ-descriptions determine already the
κ′-descriptions, for all cardinal numbers κ′ > κ? In the sequel, using a
probabilistic adaptation of the elegant “sober-drunk” example of Heifetz and
Samet (1998a) (see that paper also for the “story” interpreting the mathe-
matical structure), we construct, for every regular cardinal κ′, a κ′-type space
(in fact even a ∗-type space), such that for every ordinal α < κ′ there are at
least two states of the world such that for every κ′-expression of depth ≤ α
this κ′-expression is true either in both states or in none of the two, and yet
there is a κ′-expression of depth α+1 that is true in one state and not in the
other. Thus, we answer the above question in the negative. Hence, it makes
sense to consider κ-type spaces for every regular cardinality κ whatsoever.

In addition, this example will imply that, for at least two players and two
states of nature, there is no universal ∗-type space and no universal ∞-type
space (Theorem 3 and Corollary 1).

For this section, let I := {a, b} be the set of players (the following analysis
can be trivially extended to more than two players). We fix a set of states of
nature S = {h, t} , consisting of the two possible outcomes of tossing a coin,
h(ead) and t(ail).

To simplify the notation let us make the following

Convention 3 {i, j} := {a, b} , that is j =

{
a, if i = b,
b, if i = a.
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The following three definitions of are taken form Heifetz and Samet
(1998a).

Definition 21 Let α be an ordinal. A record of length α is a sequence
rα = (r (β))β<α of numbers “0” and “1” such that for every limit ordinal
λ ≤ α there is an ordinal γ < λ such that r (β) = 0 for all ordinals β that
satisfy γ ≤ β < λ.

For every infinite ordinal γ there are a unique natural number n and a
unique limit ordinal λ̂ such that γ = λ̂+n. We say γ is even or odd according
to wether n is even or odd. If γ is a finite ordinal, i.e. a natural number, we
take the usual notion of being even or odd.

Definition 22 Let α be an ordinal, rα a record of length α, and λ a limit
ordinal ≤ α. By the definition of a record, there is a minimal ordinal oλ (rα) <
λ such that rα (β) = 0, for all β with oλ (rα) ≤ β < λ.
Define λ-par (rα) , the λ-parity of rα, as

λ− par (rα) :=

{
even, if oλ (rα) is even,
odd, if oλ (rα) is odd.

Note that by the definition of a record, oλ (rα) must be either 0 or a
successor ordinal (i.e. oλ (rα) = γ + 1, for some ordinal γ).

Definition 23 Let α be an ordinal. Define the spaces Wα by

•

W 0 := {h, t} ,

•

W α := {(w0, w
α
a , w

α
b ) | w0 ∈ {h, t} , wα

a and wα
b are records of length α} ,

if α ≥ 1.

Definition 24 • If 0 < β ≤ α and rα = (r (ξ))ξ<α is a record of length
α, then denote by rα�β the record (r (ξ))ξ<β of length β.

21



• If 0 ≤ α and wα ∈ W α, then define wα�0 := w0.

• If 0 < β ≤ α and wα ∈ W α, then define wα�β := (w0, w
α
a �β,wα

b �β) .

By the definition, it is obvious that wα�β ∈ W β, for every β < α.

Definition 25 Let 0 ≤ β ≤ α. Define

πβ,α : Wα → W β

by πβ,α (wα) := wα�β.

It is obvious that πξ,β (πβ,α (wα)) = πξ,α (wα) , for 0 ≤ ξ ≤ β ≤ α.

Remark 9 Let 0 ≤ β < α, wβ ∈ W β, and i ∈ {a, b} . Then there are
wα, uα ∈ Wα such that

wα�β = uα�β = wβ and 0 = wα
i (β) 
= uαi (β) = 1.

And in particular, it follows that πβ,α : Wα → W β is onto.

Let wα = (w0, w
α
a , w

α
b ) be a state in Wα. We define the element of i’s

partition that contains this element:

Definition 26 Let α be an ordinal > 0, and wα ∈ W α. We define:

Pi (w
α) :=

{ (v0, v
α
a , v

α
b ) ∈ W α | vαi = wα

i ,

wα
i (0) = 1 implies v0 = w0,

for all β such that β + 1 < α :

wα
i (β + 1) = 1 implies vαj (β) = wα

j (β) ,

for every limit ordinal λ < α :

wα
i (λ) = 1 implies λ− par

(
vαj

)
= λ− par

(
wα
j

)
.}.
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Remark 10 • Let α be an ordinal > 0. The set {Pi (w
α) | wα ∈ W α} is

a partition of W α and wα ∈ Pi (w
α) .

• Let 0 < β < α and uα ∈ Pi (w
α) . Then uα�β ∈ Pi (w

α�β) , and hence
π−1
β,α (Pi (w

α�β)) ⊇ Pi (w
α) .

It is easy to see that if α is an infinite ordinal number, then the cardinality
of W α is the same as the cardinality of α. (To see that, in the case of an
infinite α, the cardinality of Wα does not exceed that of α, note that the
definition of a record implies that there are only finitely many β < α such
that rα (β) = 1. (Consider, assuming the contrary, the minimal γ ≤ α such
that there are infinitely many β < γ with rα (β) = 1.))

Lemma 9 Let γ be an ordinal > 0, α = γ + 1, wα ∈ W α, and

E ∈
[[⋃

β<γ

π−1
β,α

(
Pow

(
W β

))
, π−1

γ,α (Pi (w
α�γ))

]
, Pi (w

α)

]
.

Then there are a β < γ and Aβ,Cβ, Dβ ∈ Pow
(
W β

)
such that

E =
(
π−1
β,α (Aβ) ∩ Pi (w

α)
)
∪

(
π−1
β,α (Cβ) ∩ π−1

γ,α (Pi (w
α�γ)) ∩ (W α \ Pi (w

α))
)

∪
(
π−1
β,α (Dβ) ∩

(
W α \ π−1

γ,α (Pi (w
α�γ))

))
.

Proof By the definition of[[⋃
β<γ

π−1
β,α

(
Pow

(
W β

))
, π−1

γ,α (Pi (w
α�γ))

]
, Pi (w

α)

]
,

E has the form

E = (( (
π−1
β,α (Aβ) ∩ π−1

γ,α (Pi (w
α�γ))

)
∪

(
π−1
η,α (Bη) ∩

(
π−1
γ,α (W γ \ Pi (w

α�γ))
)))

∩ Pi (w
α))∪

(( (
π−1
ξ,α (Cξ) ∩ π−1

γ,α (Pi (w
α�γ))

)
∪

(
π−1
ζ,α (Dζ) ∩

(
π−1
γ,α (W γ \ Pi (w

α�γ))
)))

∩ (Wα \ Pi (w
α))),

where β, η, ξ, ζ < γ and Aβ ⊆ W β, Bη ⊆ W η, Cξ ⊆ W ξ, Dζ ⊆ W ζ .
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The lemma follows from the following facts: If η < β, then π−1
η,β (Bη) ⊆ W β

and π−1
η,α (Bη) = π−1

β,α

(
π−1
η,β (Bη)

)
, so we can assume without loss of generality

that β = η = ξ = ζ. We have

π−1
γ,α (W γ \ Pi (w

α�γ)) = Wα \ π−1
γ,α (Pi (w

α�γ))

and Pi (w
α) ⊆ π−1

γ,α (Pi (w
α�γ)) .

Notation 2 • For 0 ≤ α and w0 ∈ {h, t} , we denote by

[Xα
0 = w0] the set {uα ∈ W α | u0 = w0} .

• For β < α, i ∈ {a, b} and wα
i (β) ∈ {0, 1} , we denote by

[Xα
i (β) = wα

i (β)] the set {uα ∈ W α | uαi (β) = wα
i (β)} .

• For a limit ordinal λ ≤ α and λ-par (wα
i ) ∈ {even, odd} , we denote by

[λ-par (Xα
i ) = λ-par (wα

i )] the set {uα ∈ W α | λ-par (uαi ) = λ-par (wα
i )} .

Remark 11 Let 0 ≤ α ≤ γ and w0 ∈ {h, t} .
Then:

•

π−1
α,γ ([Xα

0 = w0]) = [Xγ
0 = w0] .

• If β < α, i ∈ {a, b} , and wγ ∈ W γ, then

wγ
i (β) = (wγ

i �α) (β) and
π−1
α,γ ([Xα

i (β) = (wγ
i �α) (β)]) = [Xγ

i (β) = wγ
i (β)] .

• If i ∈ {a, b} , wγ ∈ W γ, and if λ is a limit ordinal such that λ ≤ α,
then

λ− par (wγ
i ) = λ− par (wγ

i �α) and
π−1
α,γ ([λ-par (Xα

i ) = λ-par (wγ
i �α)]) = [λ-par (Xγ

i ) = λ-par (wγ
i )] .
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For further reference, we cite here (in a slightly changed formulation and
in our notation) Lemma 3.2. of Heifetz and Samet (1998a):

Lemma 10 Let vα, wα ∈ Wα, where vα�γ + 1 ∈ Pi (w
α
i �γ + 1) , for some

γ < α. Then there is a uα ∈ Pi (w
α) such that uα�γ = vα�γ.

Lemma 11 Let λ be a limit ordinal, α = λ + 1, wα ∈ W α, wα
i (λ) = 0, and

E = π−1
β,α (Eβ) , where Eβ ⊆ W β for a β < λ.

Then:

• If vα ∈ E ∩ Pi (w
α) , then there is a uα ∈ E ∩ Pi (w

α) such that

λ− par
(
uαj

)

= λ− par

(
vαj

)
.

• If

vα ∈ E ∩ π−1
λ,α (Pi (w

α�λ)) ∩ (W α \ Pi (w
α)) ,

then there is a

uα ∈ E ∩ π−1
λ,α (Pi (w

α�λ)) ∩ (W α \ Pi (w
α))

such that λ-par
(
uαj

)

= λ-par

(
vαj

)
.

• If

vα ∈ E ∩
(
W α \ π−1

λ,α (Pi (w
α�λ))

)
,

then there is a

uα ∈ E ∩
(
W α \ π−1

λ,α (Pi (w
α�λ))

)
such that λ-par

(
uαj

)

= λ-par

(
vαj

)
.

Proof Let vα ∈ E. Since β, oλ (vαi ) , oλ
(
vαj

)
< λ, there is an ordinal ξ such

that max
{
β, oλ (vαi ) , oλ

(
vαj

)}
≤ ξ < λ and such that the parity of ξ + 1 is

different from λ-par
(
vαj

)
. Define now uα ∈ W α by

u0 := v0,
uαi := vαi ,
uαj (γ) := vαj (γ) , for all γ < α with γ 
= ξ,
uαj (ξ) := 1.

It follows that λ-par
(
uαj

)

= λ-par

(
vαj

)
and uα�β = vα�β, which implies

uα ∈ E.
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• If vα ∈ Pi (w
α) , then it is easy to check that uα ∈ Pi (v

α) = Pi (w
α) .

• If

vα ∈ π−1
λ,α (Pi (w

α�λ)) ∩ (Wα \ Pi (w
α)) ,

then it follows that vα ∈ π−1
λ,α (Pi (w

α�λ)) and vαi (λ) = 1. It is again
easy to check that

uα ∈ π−1
λ,α (Pi (v

α�λ)) = π−1
λ,α (Pi (w

α�λ))

and since uαi (λ) = 1, we have uα ∈ (Wα \ Pi (w
α)) .

• If vα /∈ π−1
λ,α (Pi (w

α�λ)) , then there are four cases:

1. vαi �λ 
= wα
i �λ :

From uαi �λ = vαi �λ it follows that uα /∈ π−1
λ,α (Pi (w

α�λ)) .

2. There is a γ < λ such that

(vαi �λ) (γ + 1) = (wα
i �λ) (γ + 1) = 1 and

(
vαj �λ

)
(γ) 
=

(
wα
j �λ

)
(γ) :

Since γ + 1 < λ and max
{
β, oλ (vαi ) , oλ

(
vαj

)}
> γ + 1, it follows that

uα�γ + 2 = vα�γ + 2 and therefore uα /∈ π−1
λ,α (Pi (w

α�λ)) .

3. There is a limit ordinal λ̂ < λ such that

(vαi �λ) (λ̂) = (wα
i �λ) (λ̂) = 1 and λ̂− par

(
vαj

)

= λ̂− par

(
wα
j

)
:

We have ξ > λ̂, and therefore

(uαi �λ) (λ̂) = (vαi �λ) (λ̂) and λ̂− par
(
uαj

)
= λ̂− par

(
vαj

)
.

It follows that uα /∈ π−1
λ,α (Pi (w

α�λ)) .

4. (vαi �λ) (0) = (wα
i �λ) (0) = 1 and v0 
= w0 :

We have

(uαi �λ) (0) = (vαi �λ) (0) = 1 and u0 = v0.

It follows that uα /∈ π−1
λ,α (Pi (w

α�λ)) .
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Lemma 12 Let β be an ordinal, α = (β + 1)+1, wα ∈ W α, wα
i (β + 1) = 0,

and E = π−1
β,α (Eβ) , such that Eβ ⊆ W β.

Then:

• If vα ∈ E ∩ Pi (w
α) , then there is a uα ∈ E ∩ Pi (w

α) such that

uαj (β) 
= vαj (β) .

• If

vα ∈ E ∩ π−1
β+1,α (Pi (w

α�β + 1)) ∩ (W α \ Pi (w
α)) ,

then there is a

uα ∈ E ∩ π−1
β+1,α (Pi (w

α�β + 1)) ∩ (Wα \ Pi (w
α))

such that uαj (β) 
= vαj (β) .

• If

vα ∈ E ∩
(
W α \ π−1

β+1,α (Pi (w
α�β + 1))

)
,

then there is a

uα ∈ E ∩
(
W α \ π−1

β+1,α (Pi (w
α�β + 1))

)
such that uαj (β) 
= vαj (β) .

Proof Let vα ∈ E. Define uα ∈ W α by

u0 := v0,
uαi := vαi ,
uαj (γ) := vαj (γ) , for all γ < α with γ 
= β,
uαj (β) := 1 − vαj (β) .

It follows that uαj (β) 
= vαj (β) and uα�β = vα�β, which implies uα ∈ E.

• If vα ∈ Pi (w
α) , then it is easy to check that uα ∈ Pi (v

α) = Pi (w
α) .
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• If

vα ∈ π−1
β+1,α (Pi (w

α�β + 1)) ∩ (W α \ Pi (w
α)) ,

then it follows that vα ∈ π−1
β+1,α (Pi (w

α�β + 1)) and vαi (β + 1) = 1. It
is again easy to check that

uα ∈ π−1
β+1,α (Pi (v

α�β + 1)) = π−1
β+1,α (Pi (w

α�β + 1))

and since uαi (β + 1) = 1, we have uα ∈ (W α \ Pi (w
α)) .

• If vα /∈ π−1
β+1,α (Pi (w

α�β + 1)) , then there are four cases:

1. vαi �β + 1 
= wα
i �β + 1 :

From uαi �β +1 = vαi �β +1, it follows that uα /∈ π−1
β+1,α (Pi (w

α�β + 1)) .

2. There is a γ < β such that

(vαi �β + 1) (γ + 1) = (wα
i �β + 1) (γ + 1) = 1 and(

vαj �β + 1
)
(γ) 
=

(
wα
j �β + 1

)
(γ) :

By the definition of uα, (uαi �β + 1) (γ + 1) = 1 and, since γ < β,

(
vαj �β + 1

)
(γ) =

(
uαj �β + 1

)
(γ) ,

hence uα /∈ π−1
β+1,α (Pi (w

α�β + 1)) .

3. There is a limit ordinal λ < β + 1 such that

(vαi �β + 1) (λ) = (wα
i �β + 1) (λ) = 1 and λ− par

(
vαj

)

= λ− par

(
wα
j

)
:

We have (uαi �β + 1) (λ) = 1 and, since λ ≤ β, λ-par
(
uαj

)
= λ-par

(
vαj

)
.

It follows that uα /∈ π−1
β+1,α (Pi (w

α�β + 1)) .

4. (vαi �β + 1) (0) = (wα
i �β + 1) (0) = 1 and v0 
= w0 :

We have

(uαi �β + 1) (0) = (vαi �β + 1) (0) = 1 and u0 = v0.

It follows that uα /∈ π−1
β+1,α (Pi (w

α�β + 1)) .
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Lemma 13 Let λ be a limit ordinal, α = λ + 1, wα ∈ W α, wα
i (λ) = 0, and

E ∈
[[⋃

β<λ

π−1
β,α

(
Pow

(
W β

))
, π−1

λ,α (Pi (w
α�λ))

]
, Pi (w

α)

]
.

Then:

• If vα ∈ E, then there is a uα ∈ E such that λ-par
(
uαj

)

= λ-par

(
vαj

)
.

• If vα ∈ W α \E, then there is a uα ∈ W α \E such that λ-par
(
uαj

)

= λ-

par
(
vαj

)
.

• If

E ⊇
[
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)]
,

then E = Wα.

• If

E ⊆
[
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)]
,

then E = ∅.

Proof The first point of the Lemma follows from Lemma 9 and Lemma 11.

The second point follows from the first and the fact that[[⋃
β<λ

π−1
β,α

(
Pow

(
W β

))
, π−1

λ,α (Pi (w
α�λ))

]
, Pi (w

α)

]

is a field on W α (and therefore it is closed under complements).

The last two points of the Lemma follow directly from the first two points.

Lemma 14 Let β be an ordinal, α = (β + 1)+1, wα ∈ W α, wα
i (β + 1) = 0,

and

E ∈
[[

π−1
β,α

(
Pow

(
W β

))
, π−1

β+1,α (Pi (w
α�β + 1))

]
, Pi (w

α)
]
.

Then:

• If vα ∈ E, then there is a uα ∈ E such that uαj (β) 
= vαj (β) .
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• If vα ∈ W α \E, then there is a uα ∈ Wα \E such that uαj (β) 
= vαj (β) .

• If

E ⊇
[
Xα

j (β) = wα
j (β)

]
,

then E = Wα.

• If

E ⊆
[
Xα

j (β) = wα
j (β)

]
,

then E = ∅.

Proof Note that if α = β + 1, then⋃
ξ<β+1

π−1
ξ,α

(
Pow

(
W ξ

))
= π−1

β,α

(
Pow

(
W β

))
.

The proof is now analogous to the proof of Lemma 13, just replace λ by β+1
and Lemma 11 by Lemma 12.

Lemma 15 Let γ be an ordinal > 0, α = γ + 1, wα ∈ W α, and

E ∈
[⋃
β<γ

π−1
β,α

(
Pow

(
W β

))
, π−1

γ,α (Pi (w
α�γ))

]

such that E ⊇ Pi (w
α) .

Then

E ⊇ π−1
γ,α (Pi (w

α�γ)) .

Proof Since Pi (w
α) ⊆ π−1

γ,α (Pi (w
α�γ)) , it follows from the definition of[⋃

β<γ

π−1
β,α

(
Pow

(
W β

))
, π−1

γ,α (Pi (w
α�γ))

]
,

that there is a β < γ and a Eβ ⊆ W β such that

E ∩ π−1
γ,α (Pi (w

α�γ)) = π−1
β,α

(
Eβ

)
∩ π−1

γ,α (Pi (w
α�γ)) ⊇ Pi (w

α) .
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Claim: π−1
β,α

(
Eβ

)
⊇ π−1

γ,α (Pi (w
α�γ)) .

Assume to the contrary, that there is a

vα ∈ π−1
γ,α (Pi (w

α�γ)) \ π−1
β,α

(
Eβ

)
.

Since β + 1 ≤ γ, we have vα�β + 1 ∈ Pi (w
α�β + 1) . By Lemma 10, there is

a uα ∈ Pi (w
α) such that uα�β = vα�β. Since Eβ ⊆ W β and vα /∈ π−1

β,α

(
Eβ

)
,

it follows that uα /∈ π−1
β,α

(
Eβ

)
, a contradiction to π−1

β,α

(
Eβ

)
⊇ Pi (w

α) .

Lemma 16 Let λ be a limit ordinal, wλ ∈ W λ, β < λ, and Eβ ⊆ W β such
that π−1

β,λ

(
Eβ

)
⊇ Pi

(
wλ

)
.

Then

π−1
β,λ

(
Eβ

)
⊇ π−1

β+1,λ

(
Pi

(
wλ�β + 1

))
.

Proof Assume that there is a

vλ ∈ π−1
β+1,λ

(
Pi

(
wλ�β + 1

))
\ π−1

β,λ

(
Eβ

)
.

By Lemma 10, there is a uλ ∈ Pi

(
wλ

)
such that uλ�β = vλ�β. Therefore

uλ /∈ π−1
β,λ

(
Eβ

)
, a contradiction to π−1

β,λ

(
Eβ

)
⊇ Pi

(
wλ

)
.

4.1 The Construction

Now, let κ be a fixed regular cardinal.

For every wκ ∈ W κ and i ∈ {a, b} , we will define finitely additive proba-
bility measures Ti (w

κ) on (W κ,Pow (W κ)) such that:

• Ti (u
κ) = Ti (w

κ) , for uκ ∈ Pi (w
κ) ,

• Ti (w
κ) (Pi (w

κ)) = 1,

• Ti (w
κ) ([Xκ

0 = w0]) =

{
1, if wκ

i (0) = 1,
1
2
, if wκ

i (0) = 0,

• for β < κ :

Ti (w
κ)

([
Xκ

j (β) = wκ
j (β)

])
=

{
1, if wκ

i (β + 1) = 1,
1
2
, if wκ

i (β + 1) = 0,
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• for λ < κ such that λ is a limit ordinal :

Ti (w
κ)

([
λ-par

(
Xκ

j

)
= λ-par

(
wκ
j

)])
=

{
1, if wκ

i (λ) = 1,
1
2
, if wκ

i (λ) = 0.

If we define

θ (wκ) := w0,

it follows from the first two points and the fact that Ti (w
κ) will be defined

on (W κ,Pow (W κ)) , that 〈
W κ, (Ti)i∈{a,b} , θ

〉
will be a ∗-type space on S = {h, t} for player set {a, b} .

The construction will not be carried out at once. By a transfinite in-
duction on 1 ≤ α ≤ κ, we will endow W α with fields F (i, wα) and finitely
additive probability measures Tα

i (wα) on (Wα,F (i, wα)) such that:

Induction Hypothesis

1. F (i, wα) :=
[⋃

β<α

(
π−1
β,α

(
Pow

(
W β

)))
, Pi (w

α)
]
,

2. for every β < α and Eβ ∈ F (i, wα�β) :

Tα
i (wα)

(
π−1
β,α

(
Eβ

))
= T β

i (wα�β)
(
Eβ

)
,

that is marg(Wβ ,F(i,wα
β))T
α
i (wα) = T β

i (wα�β) ,

3. Tα
i (wα) = Tα

i (uα) , for uα ∈ Pi (w
α) ,

4. Tα
i (wα) (Pi (w

α)) = 1,

5. Tα
i (wα) ([Xα

0 = w0]) =

{
1, if wα

i (0) = 1,
1
2
, if wα

i (0) = 0,

6. for β such that β + 1 < α :

Tα
i (wα)

([
Xα

j (β) = wα
j (β)

])
=

{
1, if wα

i (β + 1) = 1,
1
2
, if wα

i (β + 1) = 0,

7. for λ < α such that λ is a limit ordinal :

Tα
i (wα)

([
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)])
=

{
1, if wα

i (λ) = 1,
1
2
, if wα

i (λ) = 0.
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Since inverse images commute with complements, arbitrary unions and
intersections, it follows:

Remark 12 Let β + 1 ≤ α. Then:

π−1
β+1,α (F (i, wα�β + 1)) =

[
π−1
β,α

(
Pow

(
W β

))
, π−1

β+1,α (Pi (w
α�β + 1))

]
.

Remark 13 Let 1 ≤ β ≤ α ≤ κ and let uα, wα ∈ W α such that uα ∈ Pi (w
α)

(and hence Pi (u
α) = Pi (w

α)). Then:

• We have

F (i, wα) = F (i, uα) and
F (i, wα�β) = F (i, uα�β) .

• If

Tα
i (wα) = Tα

i (uα) ,

T β
i (wα�β) = T β

i (uα�β) and

marg(Wβ ,F(i,wα
β))T
α
i (wα) = T β

i (wα�β) ,

then we also have

marg(Wβ ,F(i,uα
β))T
α
i (uα) = T β

i (uα�β) .

Definition and Construction

(By transfinite induction on 1 ≤ α ≤ κ.)

Step α = 1 :

We have W 0 = {h, t} . Let w1 ∈ W 1.
Define

T<1
i (w1) ([X1

0 = w0]) :=

{
1, if w1

i (0) = 1,
1
2
, if w1

i (0) = 0,

T<1
i (w1) ([X1

0 
= w0]) := 1 − T<1
i (w1) ([X1

0 = w0]) ,

T<1
i (w1) (∅) := 0,

T<1
i (w1) (W 1) := 1.
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It is clear, that by this definition, T<1
i (w1) is a probability measure on(

W 1, π−1
0,1

(
Pow

(
W 0

)))
.

Let E0 ⊆ W 0 such that Pi (w
1) ⊆ π−1

0,1 (E0) .

1. case: w1
i (0) = 1: Then E0 = W 0 or E0 = [X0

0 = w0] , hence the outer
measure T<1

i (w1)
∗
(Pi (w

1)) is equal to 1.

2. case: w1
i (0) = 0: Then E0 = W 0 and the outer measure T<1

i (w1)
∗
(Pi

(w1)) is equal to 1.

For u1 ∈ Pi (w
1) , we have in both cases that Pi (u

1) = Pi (w
1) and

T<1
i (u1) = T<1

i (w1) . For each Pi (u
1) such that u1 ∈ W 1, chose a repre-

senting element w1 ∈ Pi (u
1) = Pi (w

1) . By the MLoś-Marczewski Theorem,
we can extend T<1

i (w1) to a finitely additive probability measure T 1
i (w1) on

the field

F
(
i, w1

)
=

[
π−1

0,1

(
Pow

(
W 0

))
, Pi

(
w1

)]
such that T 1

i (w1) (Pi (w
1)) = 1. Define T 1

i (u1) := T 1
i (w1) , for all u1 ∈

Pi (w
1) .

(Note that for u1 ∈ Pi (w
1) , it is the case that F (i, u1) = F (i, w1) .) T 1

i (u1)
and F (i, u1) satisfy the conditions 1.-7. of the induction hypothesis.

Step α = (β + 1) + 1:

For each Pi (u
α) such that uα ∈ W α, chose a representing element wα ∈

Pi (u
α) = Pi (w

α) .
Let T<α

i (wα) be the finitely additive probability measure defined on the
field

π−1
β+1,α (F (i, wα�β + 1)) =

[
π−1
β,α

(
Pow

(
W β

))
, π−1

β+1,α (Pi (w
α�β + 1))

]
,

which is induced by T β+1
i (wα�β + 1) (as defined in Lemma 3). According

to Lemma 15 and the induction hypothesis, we have for the outer measure
of Pi (w

α): T<α
i (wα)∗ (Pi (w

α)) = 1. So, by the MLoś-Marczewski Theorem,

we can extend T<α
i (wα) to a finitely additive probability measure T̃α

i (wα)
defined on the field

F̃ (i, wα) :=
[[

π−1
β,α

(
Pow

(
W β

))
, π−1

β+1,α (Pi (w
α�β + 1))

]
, Pi (w

α)
]

such that T̃α
i (wα) (Pi (w

α)) = 1.
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1. case: wα
i (β + 1) = 1: Then

π−1
β+1,α

([
Xβ+1

j (β) =
(
wα
j �β + 1

)
(β)

])
=

[
Xα

j (β) = wα
j (β)

]
⊇ Pi (w

α) .

By Lemma 5, extend T̃α
i (wα) to a finitely additive probability measure

Tα
i (wα) on the field[

π−1
β+1,α

(
Pow

(
W β+1

))
, Pi (w

α)
]

= F (i, wα) .

By the above, we have

Tα
i (wα)

([
Xα

j (β) = wα
j (β)

])
= 1.

Define now Tα
i (uα) := Tα

i (wα) , for all uα ∈ Pi (w
α) . (Note that, for

uα ∈ Pi (w
α) , we have F̃ (i, uα) = F̃ (i, wα) , F (i, uα) = F (i, wα) , and

uαi (β + 1) = wα
i (β + 1) = 1 and hence, uαj (β) = wα

j (β) .) It is now
easy to check that Tα

i (uα) and F (i, uα) satisfy the conditions 1.-7. of
the induction hypothesis.

2. case: wα
i (β + 1) = 0: By Lemma 14 and the induction hypothesis, we

have for the outer measure of
[
Xα

j (β) = wα
j (β)

]
:

T̃α
i (wα)∗

([
Xα

j (β) = wα
j (β)

])
= 1,

and for the inner measure

T̃α
i (wα)∗

([
Xα

j (β) = wα
j (β)

])
= 0.

By the MLoś-Marczewski Theorem, we can extend T̃α
i (wα) to a finitely

additive probability measure T̂α
i (wα) on the field[

F̃ (i, wα) ,
[
Xα

j (β) = wα
j (β)

]]
such that

T̂α
i (wα)

([
Xα

j (β) = wα
j (β)

])
=

1

2
.

Finally, by Lemma 5, extend T̂α
i (wα) to a finitely additive probability

measure Tα
i (wα) on F (i, wα) . Define now Tα

i (uα) := Tα
i (wα) , for all

uα ∈ Pi (w
α) . It is easy to check that Tα

i (uα) and F (i, uα) satisfy the
conditions 1.-7. of the induction hypothesis.
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Step α = λ, λ limit ordinal.

For each Pi (u
α) such that uα ∈ W α, chose a representing element wα ∈

Pi (u
α) = Pi (w

α) .
Let T<α

i (wα) be the finitely additive probability measure defined on the
field ⋃

β<α

π−1
β,α (F (i, wα�β)) =

⋃
β<α

π−1
β,α

(
Pow

(
W β

))
which is induced by (T β

i (wα�β))1≤β<α (as defined in Lemma 3 ).
Let β < α and Eβ ⊆ W β such that π−1

β,α

(
Eβ

)
⊇ Pi (w

α) . By Lemma 16,
we have

π−1
β,α

(
Eβ

)
⊇ π−1

β+1,α (Pi (w
α�β + 1)) .

(Note that β < α implies β + 1 < α.) Since, by the definition of T<α
i (wα) ,

T<α
i (wα)

(
π−1
β+1,α (Pi (w

α�β + 1))
)

= T β+1
i (wα�β + 1) (Pi (w

α�β + 1)) = 1,

the outer measure T<α
i (wα)∗ (Pi (w

α)) is equal to 1. By the MLoś-Marczewski
Theorem, we can extend T<α

i (wα) to a finitely additive probability measure
Tα
i (wα) on the field

F (i, wα) =

[⋃
β<α

π−1
β,α

(
Pow

(
W β

))
, Pi (w

α)

]

such that Tα
i (wα) (Pi (w

α)) = 1. For uα ∈ Pi (w
α) define Tα

i (uα) := Tα
i (wα) .

It is easy to check that Tα
i (uα) and F (i, uα) satisfy the conditions 1.-7. of

the induction hypothesis.

Step α = λ + 1, λ limit ordinal:

For each Pi (u
α) such that uα ∈ W α, chose a representing element wα ∈

Pi (u
α) = Pi (w

α) .
Let T<α

i (wα) be the finitely additive probability measure defined on the
field

π−1
λ,α (F (i, wα�λ)) =

[⋃
β<λ

π−1
β,α

(
Pow

(
W β

))
, π−1

λ,α (Pi (w
α�λ))

]
,
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which is induced by T λ
i (wα�λ) (as defined in Lemma 3 ). According to

Lemma 15 and the induction hypothesis, we have for the outer measure
of Pi (w

α): T<α
i (wα)∗ (Pi (w

α)) = 1. So, by the MLoś-Marczewski Theorem,

we can extend T<α
i (wα) to a finitely additive probability measure T̃α

i (wα)
defined on the field

F̃ (i, wα) :=

[[⋃
β<λ

π−1
β,α

(
Pow

(
W β

))
, π−1

λ,α (Pi (w
α�λ))

]
, Pi (w

α)

]
,

such that T̃α
i (wα) (Pi (w

α)) = 1.

1. case: wα
i (λ) = 1. Then

π−1
λ,α

([
λ-par

(
Xλ

j

)
= λ-par

(
wα
j �λ

)])
=

[
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)]
⊇ Pi (w

α) .

By Lemma 5, extend T̃α
i (wα) to a finitely additive probability measure

Tα
i (wα) on the field

[
π−1
λ,α

(
Pow

(
W λ

))
, Pi (w

α)
]

= F (i, wα) .

By the above, we have

Tα
i (wα)

([
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)])
= 1.

Define now Tα
i (uα) := Tα

i (wα) , for all uα ∈ Pi (w
α) . (Note that

F (i, uα) = F (i, wα), uαi (λ) = wα
i (λ) = 1 and hence, λ-par

(
wα
j

)
= λ-

par
(
uαj

)
.) It is now easy to check that Tα

i (uα) and F (i, uα) satisfy the
conditions 1.-7. of the induction hypothesis.

2. case: wα
i (λ) = 0. By Lemma 13, we have for the outer measure of[

λ-par
(
Xα

j

)
= λ-par

(
wα
j

)]
:

T̃α
i (wα)∗

([
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)])
= 1,

and for the inner measure

T̃α
i (wα)∗

([
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)])
= 0.

37



By the MLoś-Marczewski Theorem, we can extend T̃α
i (wα) to a finitely

additive probability measure T̂α
i (wα) on the field[

F̃ (i, wα) ,
[
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)]]
such that

T̂α
i (wα)

([
λ-par

(
Xα

j

)
= λ-par

(
wα
j

)])
=

1

2
.

Finally, by Lemma 5, extend T̂α
i (wα) to a finitely additive probability

measure Tα
i (wα) on F (i, wα) . Define now Tα

i (uα) := Tα
i (wα) , for all

uα ∈ Pi (w
α) . It is easy to check that Tα

i (uα) and F (i, uα) satisfy the
conditions 1.-7. of the induction hypothesis.

Remaining Step:

We have to extend T κ
i (uκ) to a finitely additive probability measure defined

on the field Pow (W κ):
By the inductive construction, T κ

i (uκ) is defined on[⋃
β<κ

π−1
β,κ

(
Pow

(
W β

))
, Pi (w

κ)

]

such that 1.-7. of the induction hypothesis are satisfied. For each Pi (u
κ)

such that uκ ∈ W κ, chose a representing element

wκ ∈ Pi (u
κ) = Pi (w

κ) .

Now, by Lemma 5, extend T κ
i (wκ) to a finitely additive probability mea-

sure Ti (w
κ) on the field Pow (W κ) and define

Ti (u
κ) := Ti (w

κ) ,

for uκ ∈ Pi (w
κ) .

Finally, let

θ (wκ) := w0 ∈ S,

for wκ ∈ W κ.

W κ := 〈W κ, Ta, Tb, θ〉
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has now all the desired properties.

Next, by induction on the formation of κ-expressions, we define the depth
of a κ-expression:

Definition 27 • If E ∈ ΣS, then

dp (E) := 0,

• if 0 ≤ p ≤ 1, i ∈ I and if ϕ is a κ-expression, then

dp (Bp
i (ϕ)) := dp (ϕ) + 1,

• if ϕ is a κ-expression, then

dp (¬ϕ) := dp (ϕ) ,

• if Ψ is a set of κ-expressions such that |Ψ| < κ, then

dp(
∧
ϕ∈Ψ

ϕ) := sup {dp (ϕ) | ϕ ∈ Ψ} .

It is easy to see that, since κ is regular, the depth of a κ-expression is
always strictly smaller than κ.

Lemma 17 Let α ≤ κ, wκ, uκ ∈ W κ and wκ�α = uκ�α.
Then, for all κ-expressions ϕ such that dp (ϕ) ≤ α :

wκ ∈ ϕWκ

iff uκ ∈ ϕWκ

.

Proof We prove the Lemma by induction on the formation of κ-expressions.

• Let ϕ = E, where E ∈ Σ{h,t} = Pow ({h, t}), and let wκ, uκ ∈ W κ such
that wκ�0 = uκ�0. By definition, vκ ∈ EWκ

iff θ (vκ) ∈ E, for vκ ∈ W κ.
But we have θ (vκ) = v0 = vκ�0, for vκ ∈ W κ. It follows that uκ ∈ EWκ

iff wκ ∈ EWκ
.
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• Let ϕ = ¬ψ such that depth (ϕ) ≤ α and let wκ, uκ ∈ W κ such that
wκ�α = uκ�α. It follows that depth (ψ) ≤ α and uκ ∈ ϕWκ

iff uκ /∈ ψWκ

iff- by the induction assumption - wκ /∈ ψWκ

, which is the case iff
wκ ∈ ϕWκ

.

• Let p ∈ [0, 1] , i ∈ {a, b} , ϕ = Bp
i (ψ) , dp (ψ) + 1 = β + 1 ≤ α, and

wκ, uκ ∈ W κ such that wκ�α = uκ�α. By the induction assumption,
there is a Eβ ⊆ W β such that ψWκ

= π−1
β,κ

(
Eβ

)
. By the definition,

Ti (u
κ)

(
ψWκ)

= Tα
i (uκ�α)

(
π−1
β,α

(
Eβ

))
= Tα

i (wκ�α)
(
π−1
β,α

(
Eβ

))
= Ti (w

κ)
(
ψWκ)

.

It follows that uκ ∈ (Bp
i (ψ))W

κ

iff wκ ∈ (Bp
i (ψ))W

κ

.

• Let |Ψ| < κ, ϕ =
∧

ψ∈Ψ ψ such that depth (ϕ) ≤ α, and let wκ, uκ ∈ W κ

such that wκ�α = uκ�α. Then depth (ψ) ≤ α, for ψ ∈ Ψ. By the
induction assumption, uκ ∈ ψWκ

iff wκ ∈ ψWκ

, for ψ ∈ Ψ. It follows
that uκ ∈ ϕWκ

iff wκ ∈ ϕWκ
.

Lemma 18 In the ∗-type space
〈
W κ, (Ti)i∈{a,b} , θ

〉
, we have:

[Xκ
i (0) = 1] = B

1

i ([Xκ
0 = h]) ∪B

1

i ([Xκ
0 = t]) .

[Xκ
i (β + 1) = 1] = B

1

i

([
Xκ

j (β) = 1
])
∪B

1

i

([
Xκ

j (β) = 0
])

,

for all ordinals β < κ.

[Xκ
i (λ) = 1] = B

1

i

([
λ-par

(
Xκ

j

)
= even

])
∪B

1

i

([
λ-par

(
Xκ

j

)
= odd

])
,

for all limit ordinals λ < κ.

Proof Follows directly from the construction of
〈
W κ, (Ti)i∈{a,b} , θ

〉
.

Lemma 19 In the ∗-type space
〈
W κ, (Ti)i∈{a,b} , θ

〉
, we have:

•
{h}Wκ

= [Xκ
0 = h] ,

{t}Wκ

= [Xκ
0 = t] ,

dp ({h}) = dp ({t}) = 0.
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• For every i ∈ {a, b} and β such that 0 ≤ β < κ, there are κ-expressions
ϕ0
i (β) and ϕ1

i (β) with

dp (ϕ0
i (β)) = dp (ϕ1

i (β))
= β + 1 such that

(ϕ1
i (β))

Wκ

= [Xκ
i (β) = 1] and

(ϕ0
i (β))

Wκ

= [Xκ
i (β) = 0] .

• For every i ∈ {a, b} and limit ordinal λ < κ, there are κ-expressions
ϕeven
i (λ) and ϕodd

i (λ) with

dp(ϕeven
i (λ)) = dp(ϕodd

i (λ))
= λ such that

(ϕeven
i (λ))W

κ
= [λ-par (Xκ

i ) = even] and
(ϕodd

i (λ))W
κ

= [λ-par (Xκ
i ) = odd] .

Proof The first point is clear. We show the second and the third point by a
transfinite induction on 0 ≤ β < κ.

• β = 0 : According to Lemma 18 and the first point of this Lemma, we

have [Xκ
i (0) = 1] = (B1

i ({h}) ∨B1
i ({t}))W

κ

and [Xκ
i (0) = 0] = (¬ (B1

i ({h}) ∨B1
i ({t})))W

κ

.

• β = γ + 1 : According to the induction assumption, there are κ-
expressions ϕ0

j (γ) and ϕ1
j (γ) such that(

ϕ0
j (γ)

)Wκ

=
[
Xκ

j (γ) = 0
]
,(

ϕ1
j (γ)

)Wκ

=
[
Xκ

j (γ) = 1
]

and
dp

(
ϕ0
j (γ)

)
= dp

(
ϕ1
j (γ)

)
= β.

Define

ϕ1
i (β) := B1

i

(
ϕ0
j (γ)

)
∨B1

i

(
ϕ1
j (γ)

)
and

ϕ0
i (β) := ¬ϕ1

i (β) .

ϕ1
i (β) and ϕ0

i (β) are κ-expressions of depth β + 1. We have

[Xκ
i (β) = 0] = W κ \ [Xκ

i (β) = 1] .
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By Lemma 18 and the induction assumption, it follows that

[Xκ
i (β) = 1] = (ϕ1

i (β))
Wκ

and

[Xκ
i (β) = 0] = (ϕ0

i (β))
Wκ

.

• Let λ < κ be a limit ordinal: For i ∈ {a, b} and β < λ define in W κ :[
Y λ
i (β)

]
:= [Xκ

i (β) = 1] ∩
⋂

β<α<λ [Xκ
i (α) = 0] ,[

Zλ
i

]
:=

⋂
0≤α<λ [Xκ

i (α) = 0] .

According to the induction assumption and the fact that |λ| < κ, it
follows that

ψλ
i (β) := ϕ1

i (β) ∧
∧

β<α<λ ϕ0
i (α) and

χλ
i :=

∧
0≤α<λ ϕ0

i (α)

are κ-expressions such that

dp
(
ψλ
i (β)

)
= max {β + 1, sup {dp (ϕ0

i (α)) | β < α < λ}}
= sup {α + 1 | α < λ}
= λ,

and, similarly,

dp
(
χλ
i

)
= λ.

It follows from the induction assumption that[
Y λ
i (β)

]
=

(
ψλ
i (β)

)Wκ

and
[
Zλ
i

]
=

(
χλ
i

)Wκ

.

Since oλ (wκ
i ) , for wκ

i ∈ W κ
i , can never be a limit ordinal, we have

[λ-par (Xκ
i ) = even] =

[
Zλ
i

]
∪

⋃
β<λ, β odd

[
Y λ
i (β)

]
and

[λ-par (Xκ
i ) = odd] =

⋃
β<λ, βeven

[
Y λ
i (β)

]
.

Again, since |λ| < κ, it follows from the above that

ϕeven
i (λ) := χλ

i ∨
∨

β<λ, βodd ψλ
i (β) and

ϕodd
i (λ) :=

∨
β<λ, βeven ψλ

i (β)

are κ-expressions such that

dp(ϕeven
i (λ)) = max

{
dp(χλ

i ), sup
{
dp

(
ψλ
i (β)

)
| β < λ, β odd

}}
= λ,

and dp(ϕodd
i (λ)) = λ.

By the definitions and the induction assumption, we have

(ϕeven
i (λ))W

κ
= [λ-par (Xκ

i ) = even] and
(ϕodd

i (λ))W
κ

= [λ-par (Xκ
i ) = odd] .
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• β = λ, λ limit ordinal < κ : By Lemma 18, and the above we have(
B1
i (ϕ

even
j (λ)) ∨B1

i (ϕ
odd
j (λ))

)Wκ

= [Xκ
i (λ) = 1] ,(

¬
(
B1
i (ϕ

even
j (λ)) ∨B1

i (ϕ
odd
j (λ))

))Wκ

= [Xκ
i (λ) = 0] ,

and

dp
(
B1
i (ϕ

even
j (λ)) ∨B1

i (ϕ
odd
j (λ))

)Wκ

=

dp
(
¬

(
B1
i (ϕ

even
j (λ)) ∨B1

i (ϕ
odd
j (λ))

))Wκ

= λ + 1.

Theorem 2 For every ordinal α < κ there are uκ, wκ ∈ W κ such that:

1. For all κ-expressions ϕ with dp (ϕ) ≤ α :

uκ ∈ ϕWκ

iff wκ ∈ ϕWκ

.

2. There is a κ-expression ψ with dp (ψ) = α + 1 such that

uκ ∈ ψWκ

and wκ ∈ (¬ψ)W
κ

.

Proof Let α < κ and i ∈ {a, b} . By the definition of W κ, there are uκ, wκ ∈
W κ such that uκ�α = wκ�α and 1 = uκi (α) 
= wκ

i (α) = 0. The first point
follows now by Lemma 17. By Lemma 19, it follows that uκ ∈ ϕ1

i (α)W
κ

,

wκ ∈ (¬ϕ1
i (α))

Wκ

, and dp (ϕ1
i (α)) = α + 1.

Note that Lemma 17 and the proof of Theorem 2 show that the α-th
levels of uκi and uκj determine the κ-expressions of depth α + 1.

Theorem 3 Let |I| ≥ 2 and |S| ≥ 2. Then, there is no weak-universal ∞-
type space on S for player set I and there is no weak-universal ∗-type space
on S for player set I.

Proof Assume there is a weak-universal ∞-type space (a weak-universal
∗-type space, respectively)

U =
〈
U, (Ti)i∈I ,Σ, θU

〉
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on S for player set I. Then, the underlying set U has a cardinality |U | .
There is a regular cardinal number κ > |U | .

W κ =
〈
W κ, (Ti)i∈{a,b} ,Pow (W κ) , θ

〉
is a ∗-type space on {h, t} (and therefore a ∞-type space). Since |{h, t}| = 2,
we can assume without loss of generality that {h, t} ⊆ S, and since ΣS =
Pow (S) , that ΣS ⊇ Pow ({h, t}). Also, since |I| ≥ 2, we can assume without
loss of generality that {a, b} ⊆ I. For i ∈ I \ {a, b} define Ti (w

κ) := δwκ , and
view θ as a function from W κ to S. Then

W κ
I :=

〈
W κ, (Ti)i∈I ,Pow (W κ) , θ

〉
is a ∗-type space on S (with player set I). Since every ∗-type space is a ∞-
type space, W κ

I is also a ∞-type space. According to the assumption, there
is a type morphism f : W κ → U . Since both spaces are in particular κ-type
spaces, this morphism preserves κ-descriptions. If ϕ is a κ -expression in the
‘language’ corresponding to the set of states of nature {h, t} and the player
set {a, b} , then ϕ is also a κ-expression in the ‘language’ corresponding to
the set of states of nature S and the player set I, and it is easy to check that
for wκ ∈ W κ we have wκ ∈ ϕWκ

I iff wκ ∈ ϕWκ
. So, by Lemma 19, it is still

the case that two different states of W κ
I have different κ-descriptions. Hence,

since by Proposition 1, f preserves κ-descriptions, f is one-to-one. It follows
that |U | ≥ |W κ

I | ≥ κ, which is a contradiction to |U | < κ.

Corollary 1 Let |I| ≥ 2 and |S| ≥ 2. Then there is no universal ∞-type
space on S for player set I and there is no universal ∗-type space on S for
player set I.

5 The Universal κ-Type Space as a Space of

Consistent Hierarchies

For the rest of this paper, fix a nonempty player set I (of arbitrary cardinal-
ity), a nonempty set of states of nature S, and a κ-field ΣS on S such that
for all s, s′ ∈ S with s 
= s′ there is a E ∈ ΣS such that s ∈ E and s′ /∈ E.
We assume, without loss of generality, that 0 /∈ I and define I0 := I ∪ {0} ,
where “0” stands for nature. For i ∈ I, we define −i := I0 \ {i} .

Given the above data, we construct the space of consistent hierarchies
up to (but excluding) level κ. We show that the set of all such consistent
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hierarchies generates a product κ-type space (Theorem 4) and that this space
is the universal κ-type space (Theorem 5). It is easy to see that levels of the
consistent hierarchies correspond to depths of κ-expressions. So, Theorem 2
(together with Proposition 1) shows that the hierarchies up to some lower
level than κ would not suffice to construct the universal κ-type space.

The remarkable fact of the construction in this paper is that, unlike the
construction in Section 3, it does not use other κ-type spaces. Therefore,
it provides an independent characterization of the universal κ-type space as
the space of consistent hierarchies. So, we learn here what the states of the
world in the universal κ-type space ‘are’.

Definition 28 Define

• Cα
0 := S, for κ ≥ α ≥ 0,

• Σα
0 := ΣS, for κ ≥ α ≥ 0,

• C0
i to be a singleton, for i ∈ I,

• Σ0
i := {∅, C0

i } , for i ∈ I,

• Cα :=
∏

i∈I0C
α
i , for κ ≥ α ≥ 0,

• Σα to be the product κ-field of the Σα
i , i ∈ I0, on Cα, for κ ≥ α ≥ 0,

• Cα
−i :=

∏
j∈−iC

α
j , for κ ≥ α ≥ 0 and i ∈ I,

• Σα
−i to be the product κ-field of the Σα

j , j ∈ −i, on Cα
−i, for κ ≥ α ≥ 0

and i ∈ I,

• Cα
i :=

{ (tβi )β<α ∈
∏

β<α ∆κ
(
Cβ

) | ∀β < γ < α : margCβ (tγi ) = tβi and

∀0 < γ < α : margCγi (tγi ) = δ((tβi )β<γ)},

for κ ≥ α ≥ 1 and i ∈ I,

• Σα
i to be the κ-field on Cα

i inherited from the product κ-field of the
Σ∆κ(Cβ), β < α, on

∏
β<α ∆κ

(
Cβ

)
, for κ ≥ α ≥ 1 and i ∈ I,

• π0
γ,α : Cα

0 → Cγ
0 to be the identity on S, for κ ≥ α ≥ γ ≥ 0,

• πi
0,α : Cα

i → C0
i to be the obvious map, for κ ≥ α ≥ 0 and i ∈ I,

• πi
γ,α : Cα

i → Cγ
i to be the canonical projection πi

γ,α((t
β
i )β<α) := (tβi )β<γ,

for κ ≥ α ≥ γ ≥ 1 and i ∈ I,
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• πγ,α := (πi
γ,α)i∈I0 , for κ ≥ α ≥ γ ≥ 0,

• π−iγ,α := (πj
γ,α)j∈−i, for κ ≥ α ≥ γ ≥ 0 and i ∈ I.

Notation 3 Let 0 ≤ γ < α ≤ κ and cαi = (tβi )β<α ∈ Cα
i . Then we define

cαi (γ) := tγi ,
cαi �0 := c0

i , where C0
i = {c0

i } ,

cαi �γ := (tβi )β<γ , for γ > 0.

Lemma 20 1. For every i ∈ I0 and for every ordinal α such that
0 ≤ α ≤ κ :

Cα
i is nonempty.

2. For every i ∈ I0 and for all ordinals α, β such that 0 ≤ β < α ≤ κ :

πi
β,α : Cα

i → Cβ
i

is onto and measurable.

Proof For i = 0, 1. and 2. are clear by the definitions.
For i ∈ I and every α ≤ κ, the measurability of πi

0,α : Cα
i → C0

i is clear,
since C0

i is a singleton. For i ∈ I and 1 ≤ γ < α ≤ κ, the measurability of πi
γ,α

follows from the fact that the inverse images of the generators of the product
κ-field of the Σ∆κ(Cβ), β < γ, on Πβ<γ∆

κ
(
Cβ

)
are among the generators of

the product κ-field of the Σ∆κ(Cβ), β < α, on Πβ<α∆
κ
(
Cβ

)
. Note that by

the nonemptyness of C0
i , for i ∈ I, 2. implies 1. Note furthermore that, if

0 ≤ β < γ ≤ κ and if πi
β,γ : Cγ

i → Cβ
i , for i ∈ I0, is onto and measurable,

then πβ,γ : Cγ → Cβ is onto and measurable.

It remains to show by transfinite induction on α ≤ κ that πi
β,α : Cα

i → Cβ
i

is onto, for i ∈ I and 0 ≤ β < α ≤ κ :

• α = 0 : Since there is no ordinal β < 0, there is nothing to show.

• α = 1 : Since S and the C0
i , for i ∈ I, are nonempty, C0 is nonempty.

It follows that ∆κ (C0) is nonempty: Take for example c0 ∈ C0, and
define for E ∈ Σ0:

δc0(E) :=

{
1 if c0 ∈ E,
0 if c0 
∈ E.
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δc0 is the so-called δ-measure at c0 and it is a (even σ-additive) proba-
bility measure on (C0,Σ0). Since C0

i , for i ∈ I, is a singleton, we have
margC0

i
(δc0) = δc0i , for i ∈ I, where {c0

i } = C0
i . By definition, we have

C1
i = ∆κ (C0) , for i ∈ I. Since C0

i , for i ∈ I, is a singleton, it follows
that πi

0,1 is onto, for i ∈ I.

• Let i ∈ I and let α < κ be a successor ordinal, i.e. α = γ + 1, for an
ordinal γ > 0. Since for every ζ < γ and for every cζi ∈ Cζ

i there is, by
the induction assumption, a cγi ∈ Cγ

i with πi
ζ,γ (cγi ) = cζi , it is enough

to show that for every cγi ∈ Cγ
i there is a cαi ∈ Cα

i with πi
γ,α (cαi ) ∈ cγi .

So, let cγi = (tβi )β<γ ∈ Cγ
i . We have to find a tγi ∈ ∆κ (Cγ) such

that margCβ (tγi ) = tβi , for all β < γ and margCγi (tγi ) = δ(
(tβi )β<γ

) . By

the induction assumption, and in the case of j = 0, by the definition,
πj
β,ξ : Cξ

j → Cβ
j is onto and measurable, for all j ∈ I0 and all ordinals

β, ξ such that 0 ≤ β ≤ ξ ≤ γ. This and the fact that margCβ(t
ξ
i ) = tβi ,

for β < ξ < γ, imply by Lemma 3 that cγi induces a well-defined finitely
additive probability measure t<γi on the field

F :=
{
E ⊆ Cγ | ∃β < γ : E = π−1

β,γ (F ) for a F ∈ Σβ
}
⊆ Σγ

by t<γi
(
π−1
β,γ (F )

)
:= tβi (F ) . We show now that the outer measure(

t<γi
)∗ ({cγi } × Cγ

−i
)

of {cγi } × Cγ
−i is equal to 1. Clearly, it cannot be

greater, since tβi
(
Cβ

)
= 1, for β < γ. Let now β < γ, Eβ ∈ Σβ

and π−1
β,γ

(
Eβ

)
⊇ {cγi } × Cγ

−i. Then Eβ ⊇
{
πi
β,γ (cγi )

}
× Cβ

−i and

therefore tβi
(
Eβ

)
= 1. This implies that t<γi

(
π−1
β,γ

(
Eβ

))
= 1. By

the MLoś-Marczewski Theorem, we can extend t<γi to a finitely addi-
tive probability measure µ0 on the field

[
F , {cγi } × Cγ

−i
]

on Cγ such
that µ0

(
{cγi } × Cγ

−i
)

= 1. By Lemma 5, we can extend µ0 to a finitely
additive probability measure µ1 on the field

[
Σγ, {cγi } × Cγ

−i
]
. Define

now tγi as the restriction of µ1 to Σγ. tγi has the desired properties.

• Let i ∈ I, let α be a limit ordinal ≤ κ, let γ < α, and let cγi ∈ Cγ
i .

Consider the set

Y :=

{
aζi ∈

⋃
γ≤ζ≤α

Cζ
i | πi

γ,ζ(a
ζ
i ) = cγi

}
.

Y is nonempty, because it contains cγi . Y is partially ordered by:

aζi ! aηi iff η ≥ ζ and πi
ζ,η (aηi ) = aζi .
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Note that aζi ! aηi and aηi ! aζi imply aζi = aηi . Now, let A be a
nonempty and totally !-ordered subset of Y . Define

α(A) := sup{ζ | ∃aζi ∈ A ∩ Cζ
i }.

Obviously, we have α(A) ≤ α. For every β < α(A) there is a ζ > β
such that there is a aζi ∈ A ∩ Cζ

i . Define

"A := (tβi )β<α(A),

such that tβi = aζi (β) for a aζi ∈ A ∩ Cζ
i with β < ζ. Note that if β < ζ

and β < η, and if aζi ∈ A ∩ Cζ
i and aηi ∈ A ∩ Cη

i , then we have η ≤ ζ
and πi

η,ζ(a
ζ
i ) = aηi or ζ ≤ η and πi

ζ,η (aηi ) = aζi . In both cases, we have

aηi (β) = aζi (β) , and hence "A is well-defined. Note furthermore that,
for 0 < β < α (A) and aζi ∈ A ∩ Cζ

i with β < ζ, we have

margCβi
("A (β)) = margCβi

(tβi ) = margCβi
(aζi (β)) = δaζi 
β

= δ�A
β,

and for ξ < β < α (A) and aζi ∈ A ∩ Cζ
i with β < ζ, we have

margCξ ("A (β)) = margCξ(t
β
i ) = margCξ(a

ζ
i (β)) = aζi (ξ) = "A (ξ) .

Hence, "A ∈ C
α(A)
i , and by construction (since aζi �γ = cγi , for aζi ∈ A):

πi
γ,α(A) ("A) = cγi . Therefore, "A ∈ Y and, by construction, "A is an

!-upper bound of the set A in Y.
Therefore we can apply Zorn’s Lemma, hence there is a !-maximal
element a ∈ Y . Assume a ∈ Cζ

i , for a ζ < α. Since α is a limit
number, there is a η with ζ < η < α. The induction assumption
implies that there is a aηi ∈ Cη

i , such that πi
ζ,η (aηi ) = a. Since a ∈ Y ,

it follows that πi
γ,η (aηi ) = πi

γ,ζ (a) = cγi , and hence aηi ∈ Y . Therefore
a is not maximal, which is a contradiction. It follows that a ∈ Cα

i and
πi
γ,α (a) = cγi , as desired.
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Lemma 21

Σκ =
⋃
β<κ

π−1
β,κ

(
Σβ

)
.

Proof By Lemma 1 and Remark 5, it follows that π−1
β,κ

(
Σβ

)
is a κ-field on Cκ,

for β < κ. If γ < α < κ, then, by Lemma 1 it follows that Σκ ⊇ π−1
α,κ (Σα) ⊇

π−1
γ,κ (Σγ) and therefore Σκ ⊇

⋃
β<κ π−1

β,κ

(
Σβ

)
. By Lemma 2,

⋃
β<κ π−1

β,κ

(
Σβ

)
is a κ-field on Cκ.

Σκ is the product κ-field of the Σκ
i , i ∈ I0. By Lemma 1, Remark 5, and

Lemma 2, it follows that
⋃

β<κ

(
πi
β,κ

)−1
(
Σβ
i

)
= Σκ

i , since every generator of

Σκ
i is in

(
πi
β,κ

)−1
(
Σβ
i

)
for a β < κ, and since the left hand side is already a

κ-field. It follows that the sets of the form Πj∈I0Ej such that Ej = Cκ
j , for

all but one i ∈ I0, and Ei =
(
πi
β,κ

)−1
(
Eβ
i

)
, for a β < κ and Eβ

i ∈ Σβ
i , are

already a generating set of Σκ. This implies that
⋃

β<κ π−1
β,κ

(
Σβ

)
⊇ Σκ.

And in the same way, with obvious changes, one proves:

Lemma 22 Let i ∈ I. Then,

Σκ
−i =

⋃
β<κ

(
π−iβ,κ

)−1
(
Σβ
−i

)
.

Definition 29 • Define θκ to be the identity on Cκ
0 = S.

• For i ∈ I, define T κ
i : Cκ

i → ∆κ (Cκ) by:

T κ
i ((tβi )β<κ) (E) := tαi (Eα) ,

for (tβi )β<κ ∈ Cκ
i and for E = π−1

α,κ (Eα), where Eα ∈ Σα, for a α < κ.

Since for β < γ < κ : margCβ (tγi ) = tβi , and since πβ,α is onto, for β <
α ≤ κ, this definition is independent of the particular Eα chosen to define
T κ
i (cκi ) (E) .
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Theorem 4

Cκ := 〈Cκ,Σκ, (T κ
i )i∈I , θ

κ〉

is a product κ-type space on S for player set I.

Proof By the definition, Lemma 1, and Lemma 3, T κ
i (cκi ) is a finitely addi-

tive probability measure on
⋃

β<κ π−1
β,κ

(
Σβ

)
= Σκ.

T κ
i : Cκ

i → ∆κ (Cκ) is measurable: Let cκi = (tβi )β<κ ∈ Cκ
i , E = π−1

α,κ (Eα) ,
for a α < κ and a Eα ∈ Σα, and let p ∈ [0, 1] . We have T κ

i (cκi ) (E) ≥ p iff
tαi (Eα) ≥ p. But {tαi ∈ ∆κ (Cα) | tαi (Eα) ≥ p} is measurable in ∆κ (Cα) , so
by the definition of Σκ

i , the set{
(tβi )β<κ ∈ Cκ

i | T κ
i ((tβi )β<κ) (E) ≥ p

}
is measurable.

It remains to prove the introspection property. (The measurability of θκ

is clear anyway.) Let cκi , a
κ
i ∈ Cκ

i , with cκi 
= aκi . Then, by the definitions,
there is a α < κ and a Eα ∈ Σα such that

T κ
i (cκi )

(
π−1
α,κ (Eα)

)

= T κ

i (aκi )
(
π−1
α,κ (Eα)

)
.

It follows that

[T κ
i (cκi )] := {aκ ∈ Cκ | T κ

i (cκi ) = T κ
i (aκi )} = {cκi } × Cκ

−i.

Let A ∈ Σκ with A ⊇ {cκi } × Cκ
−i. Since A = π−1

α,κ (Aα) for a α < κ and a

Aα ∈ Σα, it follows that Aα ⊇ {cκi �α}×Cα
−i. By the definition of cκi = (tβi )β<κ,

we have margCαi (tαi ) = δ(tβi )β<α
= δcκi 
α. Therefore tαi (Aα) = 1, and by the

definition, T κ
i (cκi ) (A) = 1 and therefore margCκi (T κ

i (cκi )) = δcκi .

Definition 30 Let

〈M,Σ, (Ti)i∈I , θ〉

be a κ-type space on S for player set I. By transfinite induction on α ≤ κ,
we define:

1. Define

hα0 : M → Cα
0 = S by hα0 := θ,

for 0 ≤ α ≤ κ. Note that θ is measurable.
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2. Define

h0
i : M → C0

i

in the obvious way, for i ∈ I. Note that h0
i is uniquely defined and

measurable, since C0
i is a singleton.

3. If hαi : M → Cα
i is already defined and measurable, for i ∈ I, then

define

hα : M → Cα by hα (m) :=
(
hαj (m)

)
j∈I0

.

hα is measurable, since by 1. hα0 is measurable and each hαi , for i ∈ I,
is measurable.

4. If hα : M → Cα is already defined and measurable and if α < κ, then
define

gαi (m) (·) := Ti (m)
(
(hα)−1 (·)

)
, for i ∈ I and m ∈ M.

Note that (in the notation of Remark 4) gαi = ∆κ
hα ◦ Ti, for i ∈ I. By

Remark 4, it follows that

gαi : M → ∆κ (Cα) , for i ∈ I.

By the measurability of hα and of Ti, for i ∈ I, and by Remark 4, we
have that gαi is measurable, for i ∈ I.

5. Define

h1
i : M → C1

i = ∆κ
(
C0

)
by h1

i := g0
i , for i ∈ I.

6. Let α = γ + 1, where 0 < γ < κ, and let hγi : M → Cγ
i , for i ∈ I,

be already defined and measurable such that hγi (m) = (gβi (m))β<γ,

for all m ∈ M and for i ∈ I, where gβi : M → ∆κ
(
Cβ

)
is already

defined and measurable, for i ∈ I and β < γ. By 3. and 4. from above,
gγi : M → ∆κ (Cγ) is defined and measurable, for i ∈ I. Define

hγ+1
i (m) := (gβi (m))β<γ+1, for m ∈ M and i ∈ I.

We have to show that hγ+1
i : M → Cγ+1

i , for i ∈ I. It suffices to show
that

margCγi (gγi (m)) = δ(gβi (m))
β<γ

, for m ∈ M and i ∈ I,
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and for all β < γ :

margCβ (gγi (m)) = gβi (m) , for m ∈ M and i ∈ I.

Let i ∈ I and Eγ ∈ Σγ such that Eγ ⊇ {(gβi (m))β<γ} × Cγ
−i. We have

to show that

gγi (m) (Eγ) = 1.

First observe that for all m,m′ ∈ M and i ∈ I : if Ti (m) = Ti (m
′) ,

then, by the definition, gβi (m) = gβi (m′) , for all β < γ. So it follows
that hγi (m) = hγi (m′) . Obviously, we have hγ (m) ∈ {hγi (m)} × Cγ

−i.

This implies that (hγ)−1 (Eγ) ⊇ [Ti (m)] and therefore

Ti (m)
(
(hγ)−1 (Eγ)

)
= 1.

By the definitions of hβi and hηi , for i ∈ I, we have

hβi = πi
β,η ◦ hηi and hβ0 = θ = idS ◦ θ = π0

β,η ◦ hη0, for β < η ≤ γ and i ∈ I.

Therefore, hβ = πβ,η ◦ hη, for β < η ≤ γ. It follows that(
hβ

)−1 (
Eβ

)
= (hη)−1 (

π−1
β,η

(
Eβ

))
,

for β < η ≤ γ and Eβ ∈ Σβ.
Let Eβ ∈ Σβ, β < γ, m ∈ M and i ∈ I. It follows now:

gγi (m)
(
π−1
β,γ

(
Eβ

))
= Ti (m)

(
(hγ)−1 (

π−1
β,γ

(
Eβ

)))
= Ti (m)

((
hβ

)−1 (
Eβ

))
= gβi (m)

(
Eβ

)
.

We note that hαi , for i ∈ I, is measurable, since every gβi , for i ∈ I and
β < α, is measurable.

7. Let α be a limit ordinal ≤ κ and let, for every i ∈ I and every γ < α,
hγi : M → Cγ

i be already defined and measurable such that hγi (m) =
(gβi (m))β<γ, for all m ∈ M, where gβi : M → ∆κ

(
Cβ

)
is already defined

and measurable, for β < γ.
Since α is a limit ordinal, it follows for every β < α that β + 1 < α.
Therefore gβi : M → ∆κ

(
Cβ

)
is already defined and measurable, for

β < α and i ∈ I. It follows that

hαi (m) := (gβi (m))β<α
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is well-defined and measurable, for m ∈ M and i ∈ I. For i ∈ I, we
have to show that hαi : M → Cα

i and that hαi is measurable:
Let β < γ < α. Since α is a limit ordinal, we have γ + 1 < α. By the
induction assumption, we have that hγ+1

i : M → Cγ+1
i , and it follows

that gξi is measurable, for 0 ≤ ξ ≤ γ and that

margCγi (gγi (m)) = δ(gξi (m))
ξ<γ

and margCβ (gγi (m)) = gβi (m) ,

for all m ∈ M. This shows that

hαi : M → Cα
i , for i ∈ I.

Finally, we note that hαi , for i ∈ I, is measurable, since every gβi , for
i ∈ I and β < α, is measurable.

Proposition 4 Let 〈M,Σ, (Ti)i∈I , θ〉 be a κ-type space on S for player set I.
Then, the κ-hierarchy description map

hκ : M → Cκ

is a type morphism.

Proof We showed already in the above definition that hκ is measurable.
We have

θκ (hκ (m)) = hκ0 (m) = θ (m) , for m ∈ M.

Let i ∈ I and E ∈ Σκ. Then there is an ordinal α < κ and Eα ∈ Σα such
that E = π−1

α,κ (Eα) . It follows by the definitions that for m ∈ M :

T κ
i (hκ (m)) (E) = T κ

i ((gβi (m))β<κ) (E)
= gαi (m) (Eα)

= Ti (m)
(
(hα)−1 (Eα)

)
= Ti (m)

(
(hκ)−1 (

π−1
α,κ (Eα)

))
= Ti (m)

(
(hκ)−1 (E)

)
.

The next Lemma shows that type morphisms between κ-type spaces pre-
serve the κ-hierarchy descriptions.
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Lemma 23 Let 〈M,Σ, (Ti)i∈I , θ〉 and 〈M̂, Σ̂, (T̂i)i∈I , θ̂〉 be κ-type spaces on

S for player set I, let hκ : M → Cκ and ĥκ : M̂ → Cκ be the κ-hierarchy
description maps, and let f : M → M̂ be a type morphism.
Then, for all m ∈ M :

hκ (m) = ĥκ (f (m)) .

Proof Since C0
i is a singleton, for i ∈ I, we have that h0

i (m) = ĥ0
i (f (m)) ,

for i ∈ I and m ∈ M.
For 0 ≤ α ≤ κ and m ∈ M we have

hα0 (m) = θ (m) = θ̂ (f (m)) = ĥα0 (f (m)) .

Let α = β + 1 < κ and hβ (m) = ĥβ (f (m)) , for m ∈ M . For i ∈ I and
m ∈ M, it follows that

gβi (m) = Ti (m) ◦
(
hβ

)−1

= Ti (m) ◦ (f−1 ◦ (ĥβ)−1)

= T̂i (f (m)) ◦ (ĥβ)−1

= ĝβi (f (m)) .

This implies that hβ+1
i (m) = ĥβ+1

i (f (m)) , for i ∈ I and m ∈ M.

Let i ∈ I, let α be a limit ordinal ≤ κ, and let hβi (m) = ĥβi (f (m)) , for

all β < α and m ∈ M. To show that hαi (m) = ĥαi (f (m)) , for i ∈ I and
m ∈ M, it suffices to verify that gβi (m) = ĝβi (f (m)) , for all β < α. But this
follows from the fact that β < α implies that β + 1 < α and from

(gζi (m))ζ≤β = hβ+1
i (m) = ĥβ+1

i (f (m)) = (ĝζi (f (m)))ζ≤β.

Proposition 5 The κ-hierarchy description map

hκ : Cκ → Cκ

is the identity.

Proof Let cκ ∈ Cκ, let 0 ≤ α ≤ κ and, for i ∈ I0, let πi be the projection

πi : Cκ → Cκ
i .

Then
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•

hα0 (cκ) = θκ (cκ) = cκ0 = π0 (cκ) = π0
α,κ (π0 (cκ)) .

• We have h0
i (cκ) = c0

i , for i ∈ I, where {c0
i } = C0

i , and therefore
h0
i (cκ) = πi

0,κ (πi (c
κ)) .

• Let α = β + 1 < κ and let hβi = πi
β,κ ◦ πi, for i ∈ I. Let furthermore

cκi = (tζi )ζ<κ, for i ∈ I, and let Eβ ∈ Σβ. For i ∈ I, we have

gβi (cκ)
(
Eβ

)
= T κ

i (cκ)
((

hβ
)−1 (

Eβ
))

= T κ
i (cκ)

(((
πi
β,κ ◦ πi

)
i∈I0

)−1 (
Eβ

))
= T κ

i (cκ)
(
(πβ,κ)

−1 (
Eβ

))
= tβi

(
Eβ

)
.

It follows that gβi (cκ) = tβi and therefore hαi (cκ) = πi
α,κ (πi (c

κ)) . (Note

that by the induction assumption, hβi (cκ) = πi
β,κ (πi (c

κ)) = (tζi )ζ<β, for
all i ∈ I.)

• Let now α be a limit ordinal ≤ κ and let for all β < α, for all i ∈ I,
and all cκi = (tζi )ζ<κ :

hβi (cκ) = (gζi (cκ) )ζ<β = (tζi )ζ<β.

Then

hαi (cκ) = (gβi (cκ) )β<α = (tβi )β<α = πi
α,κ ◦ πi (c

κ) .

(Note that β < α implies β + 1 < α.)

Altogether, it follows that hκi (cκ) = πi (c
κ) , for i ∈ I0, and therefore hκ =

idCκ .

Theorem 5 Cκ is a universal κ-type space on S for player set I.

Proof Let M =
〈
M,Σ, (Ti)i∈I , θ

〉
be a κ-type space on S. By Proposition 4,

there is a type morphism from M to Cκ. By Proposition 5 and Lemma 23,
this type morphism is unique.
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6 Beliefs Completeness

In this section, we show that the universal κ-type space is beliefs complete.
In the case κ = ℵ0, we can say much more: The component space of each
player is - up to isomorphism of measurable spaces - the space of finitely
additive probability measures on the product of the space of states of nature
and the other players’ component spaces.

Theorem 6 Let 〈Cκ,Σκ, (T κ
i )i∈I , θ

κ〉 be the universal κ-type space on S for
player set I constructed in the previous section.
Then, for every i ∈ I :

•

T κ
i : Cκ

i → ∆κ (Cκ)

is one-to-one and measurable.

•

margCκ−i ◦ T κ
i : Cκ

i → ∆κ
(
Cκ
−i

)
is onto and measurable.

•

marg
C
ℵ0
−i
◦ T ℵ0i : Cℵ0i → ∆ℵ0

(
Cℵ0−i

)
is an isomorphism of measurable spaces.5

Proof The first point was already proved in the proof of Theorem 4.

Fix i ∈ I. According to the first point of this theorem, T κ
i : Cκ

i → ∆κ (Cκ)
is measurable. Since all the inverse images (under the projection) of the

5Although, for κ > ℵ0, it is no longer true (contrary to the case κ = ℵ0) that the values
of a finitely additive probability measure on the measurable rectangles in a product of two
κ -measurable spaces determine this finitely additive probability measure, we believe that
this is true in the special case where the marginal on one of the factors is a delta-measure.
Therefore we tend to conjecture that the third point of Theorem 6 holds also for κ > ℵ0,
but it seems to be considerably harder to prove.
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generators of Σκ
−i are among the generators of Σκ, the projection from Cκ to

Cκ
−i is measurable. Remark 4 implies now that

margCκ−i : ∆κ (Cκ) → ∆κ
(
Cκ
−i

)
is measurable, and hence

margCκ−i ◦ T κ
i : Cκ

i → ∆κ
(
Cκ
−i

)
is measurable.

Let µ ∈ ∆κ
(
Cκ
−i

)
. Now, we construct a product κ-type space on S for

player set I

U :=
〈
(Uj)j∈I0 ,

(
ΣU
j

)
j∈I0

,
(
TU
j

)
j∈I0

, θU
〉

such that there is a point u ∈ Ui with margCκ−i ◦ T κ
i (hκi (u)) = µ.

Without loss of generality, let u /∈ Cκ
i and define

Ui := Cκ
i ∪ {u} ,

Uj := Cκ
j , for j ∈ I0\ {i} ,

ΣU
i := Σκ

i ∪ {E ∪ {u} | E ∈ Σκ
i } ,

ΣU
j := Σκ

j , for j ∈ I0\ {i} ,
U := Πj∈I0Uj,
ΣU := the product κ-field of the ΣU

j , j ∈ I0,
U−i := Πj∈I0\{i}Uj,
ΣU
−i := the product κ-field of the ΣU

j , j ∈ I0\ {i} .

It is obvious that ΣU
i is a κ-field on Ui. Note that Σκ ⊆ ΣU .

Let E = Πj∈I0Ej such that Ej = Uj for all but one j ∈ I0. The sets of this
form generate ΣU . If E is of this form, we have E∩Cκ ∈ Σκ. Since

(⋂
F∈Ψ F

)
∩

Cκ =
⋂

F∈Ψ (F ∩ Cκ) , for Ψ ⊆ ΣU , and since (U\F ) ∩ Cκ = Cκ\ (F ∩ Cκ) ,
for F ⊆ U, it follows by the proof of Lemma 1 that F ∩Cκ ∈ Σκ, for F ∈ ΣU .

Now define for j ∈ I, cκj ∈ Cκ
j and E ∈ ΣU :

TU
j (cκj ) (E) := T κ

j (cκj ) (E ∩ Cκ) .

It is obvious that TU
j

(
cκj

)
is a finitely additive probability measure on

(
U,ΣU

)
,

for j ∈ I and cκj ∈ Cκ
j . Clearly, TU

j : Uj → ∆κ (U) is ΣU
j -Σ∆κ(U) measurable,

for j ∈ I\ {i} .
Let j ∈ I, cκj ∈ Cκ

j , E ∈ ΣU , and E ⊇
{
cκj

}
× U−j. We have to show that

TU
j (cκj ) (E) = 1. We have

{
cκj

}
×U−j ⊇

{
cκj

}
×Cκ

−j, so, Cκ∩E ⊇
{
cκj

}
×Cκ

−j
and it follows that

TU
j (cκj ) (E) = T κ

j (cκj ) (Cκ ∩ E) = 1.
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ΣU
i and ΣU

−i are fields on Ui and U−i := Πj∈I0\{i}Uj = Cκ
−i. The finite

disjoint unions of sets of the form Ei × E−i, where Ei ∈ ΣU
i and E−i ∈ ΣU

−i,
form a field F on U that is contained in ΣU . Note that for every finitely
additive probability measure ν on

(
U,ΣU

)
, the values of ν on F determine

already the marginal of ν on
(
Ui,Σ

U
i

)
and on

(
U−i,Σ

U
−i

)
. Now, define for

disjoint E1
i × E1

−i, . . . , E
n
i × En

−i ∈ F :

µ̂(
n⋃
l=1

El
i × El

−i) := δu
(
E1
i

)
· µ

(
E1
−i

)
+ δu

(
E2
i

)
· µ

(
E2
−i

)
+ . . . + δu (En

i ) · µ
(
En
−i

)
.

Obviously µ̂ is well-defined (because of the additivity of δu and µ) and it is
a finitely additive probability measure on F . Next, by the MLoś-Marczewski
Theorem, extend µ̂ to a finitely additive probability measure µ̃ on ΣU . By
the definitions, it is clear that margUi (µ̃) = δu and that margCκ−i (µ̃) = µ.

Note also that

µ̃
(
{u} × Cκ

−i
)

= 1 
= TU
i (cκi )

(
{u} × Cκ

−i
)

= 0, for cκi ∈ Cκ
i .

(By definition, we have {u} × Cκ
−i ∈ ΣU .) Define now

TU
i (u) := µ̃.

It follows that TU
i (u) ({u} × U−i) = 1.

Finally, define

θU (cκ0) := cκ0 .

To check that U is a κ-type space, it remains to show that

TU
i : Ui → ∆κ (U)

is measurable. We have for p ∈ [0, 1] and E ∈ ΣU :(
TU
i

)−1
({ν ∈ ∆κ (U) | ν (E) ≥ p}) ={

(T κ
i )−1 ({ν ∈ ∆κ (Cκ) | ν (E ∩ Cκ) ≥ p}) ∈ Σκ

i ⊆ ΣU
i , if µ̃ (E) < p,

(T κ
i )−1 ({ν ∈ ∆κ (Cκ) | ν (E ∩ Cκ) ≥ p}) ∪ {u} ∈ ΣU

i , if µ̃ (E) ≥ p.

Since U is a product κ-type space on S for player set I, gβj is defined
on Uj and is ΣU

j -Σ∆κ(Cβ)-measurable, for j ∈ I0 and 0 ≤ β < κ, and hαj is

defined on Uj and is ΣU
j -Σα

j -measurable, for j ∈ I0 and 0 ≤ α ≤ κ.

Since U0 = S and θU = idS, we have hα0 = θU = π0
α,κ, for 0 ≤ α ≤ κ.
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For j ∈ I, h0
j is uniquely defined, since the C0

j are singletons. It follows

that h0
j = πj

0,κ, for j ∈ I \ {i} and h0
i �Cκ

i = πi
0,κ.

Let j ∈ I, α = β + 1 < κ, and hβl �Cκ
l = πl

β,κ, for all l ∈ I0, and

furthermore, let cκj = (tζj)ζ<κ ∈ Cκ
j and Eβ ∈ Σβ. Then

gβj (cκj )
(
Eβ

)
= TU

j (cκj )
((

hβ
)−1 (

Eβ
))

= T κ
j (cκj )

(
Cκ ∩

(
hβ

)−1 (
Eβ

))
= T κ

j (cκj )
(
(πβ,κ)

−1 (
Eβ

))
= tβj

(
Eβ

)
.

It follows that gβj (cκj ) = tβj and therefore hαj �Cκ
j = πj

α,κ.

Let j ∈ I, let α = λ ≤ κ be a limit ordinal and for all β < α : let hβj �Cκ
j =

πj
β,κ, and let cκj = (tζj)ζ<κ. By the definition and the induction assumption

(note that β < α implies β + 1 < α),

hαj (c
κ
j ) = (gβj (cκj ))β<α = (tβj )β<α = πj

α,κ(c
κ
j ).

Altogether, we showed now that hκj �Cκ
j = idCκj , for j ∈ I0.

Let now E−i ∈ Σκ
−i. By the definition and Proposition 4,

T κ
i (hκi (u)) (Cκ

i × E−i) = TU
i (u)

(
(hκ)−1 (Cκ

i × E−i)
)

= TU
i (u) (Ui × E−i)

= δu (Ui) · µ (E−i)
= µ (E−i)

and the second part of the theorem is proved.

For the third point, it remains to prove that

1.

marg
C
ℵ0
−i
◦ T ℵ0i : Cℵ0i → ∆ℵ0

(
Cℵ0−i

)
is one-to-one, and

2. for every Ei ∈ Σℵ0i :

marg
C
ℵ0
−i
◦ T ℵ0i (Ei) ∈ Σ

∆ℵ0 (C
ℵ0
−i )

.
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To 1 : Let (tni )n<ℵ0 , (r
n
i )n<ℵ0 ∈ Cℵ0i and

marg
C
ℵ0
−i

(
T ℵ0i

(
(tni )n<ℵ0

))
= marg

C
ℵ0
−i

(
T ℵ0i

(
(rni )n<ℵ0

))
.

We show by induction on n < ℵ0 that tni = rni :

Step n = 0: Let E0 ∈ Σ0. Since C0
i is a singleton, there is a E0

−i ∈ Σ0
−i such

that E0 = C0
i × E0

−i. We have π−1
0,ℵ0 (E0) = Cℵ0i × (

(
π−i0,ℵ0

)−1 (
E0
−i

)
). Since

πj
0,ℵ0 is measurable, for j ∈ I0, we have, by definition,

t0i (E0) = T ℵ0i

(
(tni )n<ℵ0

) (
Cℵ0i ×

((
π−i0,ℵ0

)−1 (
E0
−i

)))
= T ℵ0i

(
(rni )n<ℵ0

) (
Cℵ0i ×

((
π−i0,ℵ0

)−1 (
E0
−i

)))
= r0

i (E0) .

Step n → n + 1: Since Σn+1 is the product field of Σn+1
i and Σn+1

−i and since
finite direct sums of measurable rectangles form already the product field of
Σn+1
i and Σn+1

−i , it is enough to show that tn+1
i (F n+1) = rn+1

i (F n+1) , for sets
of the form F n+1 = En+1

i ×En+1
−i , where En+1

i ∈ Σn+1
i and En+1

−i ∈ Σn+1
−i . Since(

tki
)
0≤k≤n =

(
rki

)
0≤k≤n , we have margCn+1

i

((
tn+1
i

))
= margCn+1

i

((
rn+1
i

))
=

δ(
(tki )0≤k≤n

) , and since

tn+1
i

(
Cn+1
i × En+1

−i
)

= T ℵ0i

(
(tni )n<ℵ0

) (
Cℵ0i ×

((
π−in+1,ℵ0

)−1 (
En+1
−i

)))
= T ℵ0i

(
(rni )n<ℵ0

) (
Cℵ0i ×

((
π−in+1,ℵ0

)−1 (
En+1
−i

)))
= rn+1

i

(
Cn+1
i × En+1

−i
)
,

we have

tn+1
i

(
En+1
i × En+1

−i
)

= δ(
(tki )0≤k≤n

) (
En+1
i

)
·
(
marg

C
ℵ0
−i

(
T ℵ0i

(
(tni )n<ℵ0

))) ((
π−in+1,ℵ0

)−1 (
En+1
−i

))
= δ(

(rki )0≤k≤n

) (
En+1
i

)
·
(
marg

C
ℵ0
−i

(
T ℵ0i

(
(rni )n<ℵ0

))) ((
π−in+1,ℵ0

)−1 (
En+1
−i

))
= rn+1

i

(
En+1
i × En+1

−i
)
.

It follows that tn+1
i = rn+1

i .

To 2 : Since Σℵ0i is the field on Cℵ0i inherited from the product field of the
Σ∆ℵ0 (Cn), n < ℵ0, and since

marg
C
ℵ0
−i
◦ T ℵ0i : Cℵ0i → ∆ℵ0

(
Cℵ0−i

)
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is one-to-one and onto, it remains to show - by an induction on m < ℵ0 -
that

(∗) marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | tmi ∈ Am

})
∈ Σ

∆ℵ0
(
C
ℵ0
−i

) ,

for Am ∈ Σ∆ℵ0 (Cm) :

Again, since marg
C
ℵ0
−i
◦ T ℵ0i is one-to-one and onto and since the sets{

µ ∈ ∆ℵ0 (Cm) | µ (Em) ≥ p
}
, where Em ∈ Σm and p ∈ [0, 1] , generate

Σ∆ℵ0 (Cm), to show (∗), it is enough to verify that

marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | tmi (Em) ≥ p

})
∈ Σ

∆ℵ0
(
C
ℵ0
−i

) ,

for all Em ∈ Σm and p ∈ [0, 1].

Step m = 0: Let E0 ∈ Σ0 and p ∈ [0, 1]. Since C0
i is a singleton, there is a

E0
−i ∈ Σ0

−i such that E0 = C0
i × E0

−i. We have

π−1
0,ℵ0

(
E0

)
= Cℵ0i × (

(
π−i0,ℵ0

)−1 (
E0
−i

)
)

and by definition, for (tni )n<ℵ0 ∈ Cℵ0i ,

t0i (E0) = T ℵ0i

(
(tni )n<ℵ0

) (
π−1

0,ℵ0 (E0)
)

=
(
marg

C
ℵ0
−i
◦ T ℵ0i

(
(tni )n<ℵ0

)) ((
π−i0,ℵ0

)−1 (
E0
−i

))
.

Hence

marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | t0i (E0) ≥ p

})
={

µ ∈ ∆ℵ0
(
Cℵ0−i

) | µ
((

π−i0,ℵ0
)−1 (

E0
−i

))
≥ p

}
∈ Σ

∆ℵ0
(
C
ℵ0
−i

) .

(Note that marg
C
ℵ0
−i
◦ T ℵ0i was onto.)

Step m → m + 1: Let Em+1 ∈ Σm+1 and p ∈ [0, 1]. Σm+1 is the product field

of Σm+1
i and Σm+1

−i . Em+1 can be written as a finite direct sum of measurable
rectangles. Furthermore, Em+1 can be written as

Em+1 = F 1
i × F 1

−i + . . . + F k
i × F k

−i,

for some k ≥ 1 and F l
−i ∈ Σm+1

−i , for l = 1, . . . , k, and F l
i ∈ Σm+1

i , for
l = 1, . . . , k, such that the F l

i are disjoint.
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According to the induction assumption, we have

marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | tqi ∈ Aq

})
∈ Σ

∆ℵ0
(
C
ℵ0
−i

) ,

for q = 0, . . . ,m and Aq ∈ Σ∆ℵ0 (Cq). Recall that Σm+1
i is the field on

Cm+1
i inherited from the product field of the Σ∆ℵ0 (Cq), q = 0, . . . ,m, on

Πq≤m∆ℵ0 (Cq) . In particular, the projection from Cm+1
i to ∆ℵ0 (Cq) is mea-

surable, for q = 0, . . . ,m. Since πi
m+1,ℵ0 is onto and measurable, and since

marg
C
ℵ0
−i
◦ T ℵ0i is one-to-one and onto, it follows that

marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | (tqi )q≤m ∈ F l

i

})
∈ Σ

∆ℵ0
(
C
ℵ0
−i

)

and that

marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | (tqi )q≤m ∈ F l0

i

})
∩ marg

C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | (tqi )q≤m ∈ F l1

i

})
= ∅,

for 0 ≤ l0 
= l1 ≤ k. As argued in 1, we have

tm+1
i

(
F l
i × F l

−i
)

= δ(
(tqi )q≤m

) (
F l
i

)
·
(
marg

C
ℵ0
−i
◦ T ℵ0i

(
(tni )n<ℵ0

)) ((
π−im+1,ℵ0

)−1 (
F l
−i

))
.

Since all the F l
i are disjoint, we have tm+1

i (Em+1) ≥ p iff there is a l such

that (tqi )q≤m ∈ F l
i and

(
marg

C
ℵ0
−i
◦ T ℵ0i

(
(tni )n<ℵ0

)) ((
π−im+1,ℵ0

)−1 (
F l
−i

))
≥ p.

Hence

marg
C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | tm+1

i (Em+1) ≥ p
})

=

⋃k
l=1 (

(
marg

C
ℵ0
−i
◦ T ℵ0i

({
(tni )n<ℵ0 ∈ Cℵ0i | (tqi )q≤m ∈ F l

i

}))
∩

{
µ ∈ ∆ℵ0

(
Cℵ0−i

) | µ
((

π−im+1,ℵ0
)−1 (

F l
−i

))
≥ p

}
) ∈ Σ

∆ℵ0
(
C
ℵ0
−i

) .
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