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Abstract

In this paper we examine the existence of a universal (to be pre-
cise: terminal) type space when beliefs are described by finitely ad-
ditive probability measures. We find that in the category of all type
spaces that satisfy certain measurability conditions (k-measurability,
for some fixed regular cardinal k), there is a universal type space (i.e.
a terminal object, that is a type space to which every type space can
be mapped in a unique beliefs-preserving way (the morphisms of our
category, the so-called type morphisms)), while, by an probabilistic
adaption of the elegant sober-drunk example of Heifetz and Samet
(1998a), we show that if all subsets of the spaces are required to be
measurable there is no universal type space.
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1 Introduction

The seminal result of Mertens and Zamir (1985), namely the existence of a
universal type space in the sense of Haransyi (1967/68) under the assump-
tion that the underlying space of states of nature is compact and Hausdorff,
has been generalized in various ways (mainly by relaxing the topological as-
sumptions made there) by Brandenburger and Dekel (1993), Heifetz (1993),
Mertens, Sorin and Zamir (1994), and finally to the general measure-theoretic
case by Heifetz and Samet (1998b)!. However, it has always been assumed
that the players’ beliefs are o-additive. This seems to be a rather strong
assumption on the epistemic attitudes of the players.

Savage’s Postulates (1954, 1972) imply subjective probabilities that are
finitely but not countably additive. Given the importance of Savage’s theory
within decision theory (i.e. “one-player game theory”), it is natural to ask
- and desirable to know - what happens if we describe the beliefs of players
accordingly in an interactive context (games) by finitely additive probability
measures? Does there still exist a universal type space? And if so, what does
it look like? Is it, for example, the space of consistent hierarchies?

Still, we are dealing with (now finitely additive) measures, so we have
to define a field of events. The question arises as to which measurability
condition is the right one. Should the field of events be just a field, a o-field
or should we assume that all subsets of the space of states of the world are
events, i.e. that the field is simply the power set? As this question does not
seem to have a clear-cut answer, we analyze the existence/nonexistence of a
universal type space for finitely additive beliefs for a whole class of different
measurability conditions that include the three above-mentioned cases.

We introduce the k-fields, where x is an (often regular) infinite cardinal
number, as fields that are closed under the intersection of every set of events
(i.e. subset of the field) that has cardinality strictly less than x. It follows
that Ny-fields are fields in the usual sense and N;-fields are o-fields in the
usual sense. Then, we define oo-fields as fields that are closed under the
intersection of every set of events (of cardinality whatsoever).

We define k-type spaces as type spaces where the set of measurable events
in the set of states of the world, as well as the set of measurable events in the
set of states of nature, is a k-field, and oco-type spaces as type spaces where
the set of measurable events in the set of states of nature is the full power set
and the set of measurable events in the set of states of the world is a co-field.
Also, we define x-type spaces as type spaces where the set of measurable
events in the set of states of the world as well as the set of measurable events
in the set of states of nature is the full power set. Furthermore, we define

'Relevant are also Vassilakis (1992), Battigalli-Siniscalchi (1999) and the preference-
based approach of Epstein and Wang (1996).



type morphisms, i.e. structure preserving maps from one k-type space (resp.
oo-type space or #-type space) to another (not necessarily different) one.

Given a nonempty set of players I, a nonempty set of states of nature 9,
and a k-field Xg on S, we define, similar to Heifetz and Samet (1998b), a
kind of modal language, the formulas of which we call k-expressions. But if
Kk is uncountable, contrary to Heifetz and Samet (1998b), we allow also for
formulas of infinite length (but strictly less than x). Then, we collect the
k-descriptions (by means of k-expressions) of all states of the world in all
k-type spaces on S for player set I. In this way, we construct in Section 3 a
universal k-type space on S for player set I to which every k-type space on
S for player set I can be mapped by a unique type morphism (Theorem 1).
However, since we use all the k-type spaces (on the same space of states of
nature and for the same player set) to construct the universal x-type space,
this construction tells us little about the structure of the universal s-type
space. (As for example, in the Mertens-Zamir (1985) case, where we know in
addition that the universal type space is the space of consistent hierarchies.)

As Heifetz (2001) has shown, there are consistent hierarchies of finitely
additive (in fact even o-additive) beliefs up to - but excluding - level w (i.e.
the first infinite level), that have at least two different finitely additive ex-
tensions to level w. Does a similar phenomenon holds also on the higher
transfinite levels of consistent hierarchies? Or, put differently in terms of
expressions rather than hierarchies, is there, on the contrary, a regular car-
dinal ® such that for all (regular) cardinals k > &, the k-description of a
state in a k-type space determines already the x-description? If this were
the case, it would be unnecessary to consider x-type spaces for k > & and we
could restrict ourselves to s-type spaces for k < k. We show in Theorem 2,
by using a probabilistic adaptation of the “sober-drunk”-example of Heifetz
and Samet (1998a), that - with at least two players and two states of nature
- this is not the case. Hence, it makes sense to consider x-type spaces for
every (regular) infinite cardinal &.

Also, this example implies that - again, with at least two players and two
states of nature - there is no (weak) universal co-type space and no (weak)
universal x-type space (Theorem 3 and Corollary 1).

In Section 5, given a regular cardinal x, a nonempty set of players I, a
nonempty set of states of nature .S, and a k-field Xg on S, we construct the
space of consistent hierarchies up to (but excluding) level x and show that
this space constitutes a product r-type space (Theorem 4). On top of that,
this space turns out to be the universal k-type space (Theorem 5). Therefore
we provide a characterization of the universal x-type space that we were
missing in Section 3, which is independent of the property of being universal.

In Section 6, we show that the universal k-type space is beliefs complete
(i.e. for each player, every finitely additive probability measure on the prod-
uct of the space of states of nature and the other players’ component spaces



is the marginal of a type of that player). In addition, in the case K = Ny, the
component space of each player is - up to isomorphism of measurable spaces
- the space of finitely additive probability measures on the product of the
space of states of nature and the other players’ component spaces.

2 Preliminaries

First, we will define k-measurable spaces, where r-denotes here an (often
regular) infinite cardinal number. For an introduction to ordinal and cardinal
numbers, see Devlin (1993) or any other textbook on set theory. Then, we
will develop parts of the theory of k-measurable spaces needed in the sequel,
collect some known facts about finitely additive (probability) measures and
define the main objects of our study in this paper, the k-, co- and *-type
spaces.

An infinite cardinal number & is called regular, if it is not the supremum
of a set of less than x-many ordinal numbers which are all strictly smaller
than k. For example, Ny and all the N,,; are regular, while N, is singular
(i.e. infinite and not regular) ( N, = sup{R,, | n < w}), where w denotes here
the first infinite ordinal number. For a set M, denote by |M| the cardinality
of M.

Unless otherwise stated, «, 3,7,(,n, & denote ordinal numbers, 6 delta-
measures, 6 functions from the set of states of the world to the set of states
of nature, x cardinal numbers, A limit ordinal numbers, ;1 and v measures, ™
projections, ¢, x, ¥ expressions, and w, apart form above, sets of expressions.

Definition 1 Let x be an infinite cardinal number and M a nonempty set.
A k-field on M is a set ¥ C Pow(M) such that:
1. M el
2. A€ ¥ implies M\ A€ X,
3. £ECYand |€] < kimply (€ :=pee E € 2.

It follows that £ C ¥ and |£| < x imply JE = Upe F € X.

Remark 1 According to our definition, a set of subsets of a nonempty set is
a No-field iff it is a field (in the usual sense) and a Wi-field iff it is a o-field
(in the usual sense). If k' < Kk, then every k-field is a K'-field.



Definition 2 Let M be a nonempty set.
A oco-field* on M is a set ¥ C Pow(M) such that:

1. Mey,
2. A€ ¥ implies M\ AeX,
3. £ C X implies € € %.

It follows that £ C ¥ implies |J € € .

Definition 3 A x-measurable space is a pair (M, X)), where M is a nonempty
set and ¥ is a k-field on M.

Remark 2 Let k be a singular cardinal number and (M, X) be a k-measurable
space. Then X is already a k™ -field, where k™ denotes the successor cardinal

of k.

Proof Let £ C X such that |£|< k. So, £ has the form {E, | o < k}. Let
k < kK be the cofinality of k. Then there is a function f : K — k, such
that (s f(8) = k. Note that |f(8)] < &, for 3 < K. It follows that
No<r Ba = Npes <ﬂa<f(ﬁ) Ea> € Y. Since ¥ is a field, it follows that it is a
kT -field. u

Since kT is always regular, the above remark shows that it is redun-
dant to consider k-fields (k-measurable spaces, respectively) if x is a singular
cardinal.

Definition 4 A co-measurable space is a pair (M, Y) , where M is a nonempty
set and X is a oo-field on M.

Definition 5 A s-measurable space is a pair (M, Pow (M)), where M is a
non-empty set and Pow (M) is the power set (i.e. the set of all subsets) of
M.

What we call here “co-field”, is called “universal field” in Aumann (1999).




Note that every s-measurable space is a co-measurable space and every
oo-measurable space is a k-measurable space for every infinite ordinal k. A
oo-measurable space (M, ) is a *-measurable space iff for all m # m' € M
there is a ' € ¥ such that m € E and m’ ¢ E.

Example 1 Let M = {0,1}, X = {0, M}. (M, X) is oo-measurable, but not

*-measurable.

Remark 3 If M is a nonempty set and € C Pow(M), then the intersection
of all k-fields that contain € (as a subset) is a k-field and it is the smallest
one that contains £. We denote this k-field by k(E) and call it the k-field
generated by &.

Note that if x is greater than ', then x(€) 2 k' (£) and k(€) might
strictly contain ' (£). If ¥ is a k-field and € C 3 such that ¥ = £’ (£), then
also ¥ = k (£), but there might be & C ¥ such that x (£’) = ¥ and ' (&)
is strictly contained in X.

The following lemma shows that to prove the measurability of a function
between two k-measurable spaces, it is enough to proof the measurability for
a generating set of the k-field of the image space.

Lemma 1 Let (M’ %) and (M,3) be k-measurable spaces, where k is a
reqular cardinal number. Let € C ¥ such that k(€) =X. Then f: M — M
is X' — X measurable iff for all E € £ : f71(F) e ¥.

Proof Define & := EU{M}.If 0 < a < k and if &5 is already defined for
all 8 < «a, then define

Sa::{ﬂA ‘ AC & st |A|</@}U{M\A ‘ Ae Ueﬁ}uugﬁ.

AeA B<a [B<a B<a

By transfinite induction, it is obvious that (J;_,&s C ¥. We show that
Up<, €s is a r-field, which implies that (J,_, £ = X. We have to show that
Up<x €5 is closed under the intersection of less than x-many elements. The
other properties are clear. So, let & be a cardinal number with ® < &

and B, € Uy, Es for v < &. Let f(v) := min{8 < | E, € E}. By the
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regularity of x, we have ( := sup{f(8) | 8 <K} < k, hence N
EC‘H - Uﬂ<l€ gﬁ'

Having now established that form of ¥, the lemma follows from the fact
that inverse images of maps commute with arbitrary intersections and com-
plements. [

E, €

V<R

Definition 6 Let (A}, %;);c; be a family of k-measurable spaces. Let £ be
the set of sets of the form Il;c ; £}, such that E; € ¥;, for j € J, and E; = M;
for all but finitely many® j € J.

We define the product k-field of the ¥;, j € J, on IL;c;M; as the r-field ().

Convention 1 Let k be a (regular) infinite cardinal number, let J and L be
nonempty disjoint sets and let (M, X3;) be a k-measurable space, for i € JUL.
Let the product space M; := Il;c;M; be endowed with the product x-field
¥y of the ¥;, j € J, let the product space My, := I;c, M; be endowed with
the product k-field ¥, of the 3J;, [ € L, and let the product space M ; x My, be
endowed with the product s-field X1y of 3; and X. Consider the product
space My = Il;cjur M; and let M, be endowed with the product k-field
Y jur of the XJ;, 7 € JU L. Now, let

hZMJXMLﬁMjuL
be defined by

h((m;j)jer, (Mi)ier) == (M4)icur-

Then, h is clearly one-to-one and onto, but also, by looking at the generators
of the product s-fields (and applying Lemma 1 to h and A™'), one sees that
h and h~! are measurable. Hence h is an isomorphism of measurable spaces
and we are justified to identify these two k-measurable spaces, in all what
follows (with some abuse of notation).

Lemma 2 Let M be a nonempty set, let k be a reqular cardinal number and,
for a < kK, let 3y, be a k-field on M such that o < 8 < k implies ¥, C g
Then ¥ :=,,_,. Yo is a Kk -field on M.

a<k

31t is easily seen that if we would change the definition, also “for j € J : E; € ¥; and
E; = M; for all but one j € J” and “for j € J: E; € 3; and E; = M; for all but less
than k-many j € J” would yield the same product x-field as the one defined above.



Proof We have just to show that the intersection of less than x-many -
measurab-le sets is a Y-measurable set, the other properties are clear. So,
let K < kand Eg € 3, for f < R. Let f(f) := min{a<k|EzgeX,}.
By the regularity of s, it follows that v := sup{f (5) | 5 < K} < kK, hence
Nper Ep €2, C 3. ]

Definition 7 Let M be a nonempty set and F a field on M.
A finitely additive measure on (M, F) is a function u : F — RU{+o00}, such
that

e 0 < u(F),foral FFeF,
e f(EUF)=pu(E)+ u(F), for all disjoint E, F € F.
 is a finitely additive probability measure on (M, F), if in addition

o u(M)=1.

Definition 8 Let M be a nonempty set, F a field on M, p a finitely additive
measure on (M, F), and £ C M.
We define the outer measure of E induced by i as

p* (F) :=inf{u(F) | F € F such that £ C F'},
and the inner measure of E induced by p as

w, (B) :==sup{p(F) | F € F such that FF C E}.
If not stated otherwise, we keep the following

Convention 2 e Products of k-measurable spaces are endowed with the
product r-field.

e If (M,Y) is a k-measurable space, then A*(M, ) denotes the space of
finitely additive probability measures on (M, Y). We consider this space

itself as a k-measurable space endowed with the k-field XA~ generated
by all the sets {u € A®(M,X) | u(E) > p}, where E € ¥ and p € [0, 1].

Of course, this convention depends on the particular x chosen.



Remark 4 Let (M’ %) and (M,%) be k-measurable spaces and let
f:M' — M be measurable.

1. If i is a finitely additive probability measure on (M', %), then ' (f~1(+))
(that is ' (f~'(E)), for E € X) is a finitely additive probability mea-
sure on (M, ).

2. If A% - AM(M',Y)) — A%(M, %) is defined by A% (p') == ' (f~1 (), for
p € A"(M', ), then A% is measurable, since we have A% (') (E) > p
iff W' (f7H(E)) > p, for E € X.

Remark 5 Let (M',Y') and (M,%) be k-measurable spaces and let
f: M — M be measurable and onto.
Then:

1. f7Y2)={f"YE)| Ee€X}isak -field on M’ and a subset of X'

2. If u is a finitely additive measure on (M,X), then p induces a finitely
additive measure p' on (M', f~4(X)) defined by /' (f~(E)) := u(E).
Furthermore, if i is a finitely additive probability measure, then 1’ is a
finitely additive probability measure.

Lemma 3 Let v < « be ordinal numbers. For v < 3 < « let (M/B,J’:ﬁ)
be a No-measurable space (i.e. MP is a nonempty set and FP is a field on
MP) and p® a finitely additive probability measure on (Mﬁ,}"ﬁ) , let M be
a nonempty set, and for v < & < ¢ < alet fee: MS — MS be onto and, if
¢ < a, let feo be FS-FC-measurable, such that:

1. fepo foe = fee, forallE < B < such that vy << B < (< a,

2. 1P (fgﬁl (E®)) = ps (ES), for all £ < B such that v < & < f < o and
all ES € F¢.

Then:
* Uv§ﬁ<a fﬁ_clx (.7:’8) s a field on M?,

) (uﬁ)7§ﬁ<a mduces a well-defined finitely additive probability measure

= on (MU, cpca S (F7)) s defined by == (£54 (B%)) = w? (E?).
for EP € FP.



Proof That <% is well-defined follows from the above conditions 1 and 2
and the fact that the fz,’s are onto. In light of the preceding remark, the
rest is clear. [

Notation 1 Let M be a nonempty set, F a field on M, and £ C M. Then de-
note by [F, E] the set of all subsets of M of the form (L N E)U(N N (M \ E)),
where L, N € F. It is easy to check that [F, E] is the smallest field that ex-
tends F and contains F as an element.

For further reference, we cite the following two lemmas (in a somewhat
different form), which are theorems by Lo$ and Marczewski (1949) and Horn
and Tarski (1948).

Lemma 4 Let M be a nonempty set, F a field on M, E C M,  a finitely ad-
ditive probability measure on (M, F), u, (E) the inner measure of E, u* (E)
the outer measure of E, and p a real number such that p, (E) < p < p* (E).
Then there exists a finitely additive probability measure v that extends p to

the field [F, E] such that v (F) = p.

Proof Follows directly from Theorem 2 of Lo§ and Marczewski (1949). m

Sometimes, we will refer to the above lemma as the “Los-Marczewski
Theorem”.

Lemma 5 Let F; C F, be fields on the nonempty set M and let p be a
finitely additive probability measure on (M,Fy). Then there exists an exten-
sion of p to a finitely additive probability measure v on (M, F3) .

Proof Follows from 4 (i) of Lo$ and Marczewski (1949) and also from Horn
and Tarski (1948), p. 477, Theorem 1.21. |

For the rest of this section, unless otherwise stated, we fix a regular
cardinal k. Furthermore we fix a nonempty set of players I, a nonempty set
of states of nature S, and, unless otherwise stated, a r-field g on .S, such
that for all s, 5" € S with s # s’ thereisa £ € ¥gsuchthat s € Eand s’ ¢ E.
Without loss of generality, we assume that 0 ¢ I and set I := 1 U {0}.

We define now k-type spaces, co-type spaces and x-type spaces, i.e. the
objects which we will study in the rest of this paper.



Definition 9 A k-type space on S for player set I is a 4-tuple
M= (M,3,(T});e;.0),
where

e M is a nonempty set,
e Y is a k-field on M,

o fori e [:7T;is a ¥ — Xax-measurable function form M to A* (M, ¥),
the space of finitely additive probability measures on (M, 3), such that
for all m € M and A € ¥ : [T; (m)] C A implies T; (m) (A) = 1, where
[T (m)] :== {m" € M| T; (m) = T; (m)} ,

e () is a Y- g-measurable function from M to S.

We will refer to the property that for all i € I, m € M and A € ¥ :
[T; (m)] € A implies T; (m) (A) = 1, as the “introspection property” of k-
type spaces (oco-type spaces and s-type spaces, resp., see below). Doing
obvious changes, proofs (of the theorems in this paper) would went through,
if we were to abandon this property, in fact, things would be easier then.

Definition 10 A oco-type space on S for player set I is a 4-tuple
M = <M7 3, (,I;)iel a9> )
where

e ) is a nonempty set,
e X is a oo-field on M,

e for i € I : T; is a measurable function form (M, ) to A* (M,X), the
space of finitely additive probability measures on (M, 3), endowed with
the oo-field generated by all the sets {u € A®(M,X) | u(E) > p},
where £ € ¥ and p € [0,1], such that for all m € M and A € ¥ :
[7; (m)] € Aimplies T; (m) (A) = 1, where [T; (m)] := {m' € M | T; (m')

e 0 is a ¥-Pow (S)-measurable function from M to S.

10



Note that for u # v € A*® (M, ¥) there is a F € ¥ and a p € [0, 1] such
that u (F) > p and v (E) < p. This implies that the oo-field of A* (M, %) is
in fact Pow (A* (M, 30)), the full power set. Hence, by the measurability of
T;, we have [T; (m)] € 3. So, in fact, the condition that [T} (m)] C A implies
T; (m) (A) = 1 reduces to T; (m) ([T; (m)]) = 1.

By the definitions, it is obvious that every oco-type space on S is a k-type
space on S, for every regular k. (Set ¥g := Pow (S) in the k-type space.)

Definition 11 A x-type space on S for player set I is a 3-tuple
M = <M7 (E)ie[ ) 0> )
where

e M is a nonempty set,

e for i € I : T; is a function form M to A (M, Pow (M)), the space of
finitely additive probability measures on (M, Pow (M)), such that for
all m e M : T; (m) ([T; (m)]) = 1, where [T; (m)] := {m' € M | T; (m/)
=T;(m)}

e 0 is a function from M to S.

It is obvious from the definitions, that every x-type space on S is a oo-
type space on S. (Set ¥ := Pow (M) in the oo-type space.) And hence, it is
also a k-type space on S.

We define now the beliefs preserving maps between type spaces.

Definition 12 Let M' = (M"Y, (T}),c;,0") and M = (M, %, (T;),c; . 0) be

k-type spaces (co-type spaces, x-type spaces, respectively) on S for player
set [I.

A function f : M’ — M is a type morphism if it satisfies the following
conditions:

1. fis ¥/ — Y-measurable,

2. forallm' e M':

3. forallm’ e M', E€¥,andie:
T; (f (m) (B) =T] (m) (f~(E)).

11



Note that the above definition of a type morphism does not depend on &,
that is, if K < /, and M and M’ are x'-type spaces (co-type spaces, *-type
spaces, respectively), then f : M’ — M is a type morphism from M’ to M
viewed as k'-type spaces (co-type spaces, x-type spaces, respectively) iff it is
a type morphism from M’ to M viewed as k-type spaces. Similarly, if M’
and M are *-type spaces, then f: M’ — M is a type morphism from M’ to
M viewed as *-type spaces iff it is a type morphism from M’ to M viewed
as oo-type spaces. (Note that in the case of *-type spaces, every function
f: M’ — M is measurable.)

Definition 13 A type morphism is a type isomorphism, if it is one-to-one,
onto, and the inverse function is also a type morphism.

It is easy to see that a function f : M’ — M is a type isomorphism iff it

is a type morphism and isomorphism of the measurable spaces (M’, ¥’) and

(M.%).

Definition 14 A product k-type space on S for player set I is a 4-tuple
M = <M7 Ea (ﬂ)iela 6)

such that there are k-measurable spaces (M;,3;), for j € Iy, such that (up
to type isomorphism):

o My=1S5,

® Xy =Xs,

o M =Il;e;,M;,

e Y is the product x-field on M which is generated by the >J;, j € Iy,

for i € I: T; is a 3; — ¥ ax-measurable function from M; to A®(M,X),
the space of finitely additive probability measures on (M, 3), such that
for all m; € M; : marg,, (T; (m;)) = 6m,,

0 : My — S is the identity on S.

Obviously, T;, for ¢ € I, can be viewed as a ¥ — X as-measurable function
from M, to A®(M,Y) and € can be viewed as a ¥ — Yg-measurable function
6 from M to S. (Take first the projection to M;, for i € I, (resp. to My) and
then the original function.) So, every product k-type space on S is a k-type

12



space on S. Note that if 7 € I and if m; is the ith coordinate of m, then we
have by the fifth point of the definition that [T; (m)] = {m;} x Icp\ i3 M.

An easy check shows:

Remark 6 k-type spaces on S for player set I (co-type spaces, x-type spaces,
respectively), as objects, and type morphisms, as morphisms, form a category.

Definition 15 e A k-type space Q on S for player set I (oo-type space,
x-type space, respectively) is weak-universal if for every r-type space
M on S for player set I (oo-type space, *-type space, respectively)
there is a type morphism from M to €.

e A k-type space 2 on S for player set I (oo-type space, *-type space,
respectively) is universal® if for every x-type space M on S for player
set I (oo-type space, *-type space, respectively) there is a unique type
morphism from M to 2.

Remark 7 Universal k-type spaces on S for player set I (co-type spaces,
x-type spaces, respectively) are unique up to type isomorphism.

Proof If Q and U are universal k-type spaces (oo-type spaces, *-type spaces,
respectively) (on the same space of states of nature and for the same player
set, of course), then there are type morphisms f : U — Q and g : Q — U.
It is easy to check, that the composite of two type morphisms is also a
type morphism and that the identity is always a type morphism form a k-
type space 2 (oco-type space, x-type space, respectively) to itself. By the
uniqueness , it follows that g o f = idy and therefore f is one-to-one and g
is onto, and f o g = idg and therefore ¢ is one-to-one and f is onto. f and g
are type morphisms and f = ¢! and g = f~L. ]

4We use here the term “universal type space” although, in terms of category theory
the term “terminal type space” would be the adequate one, since the universal type space
is a terminal object in the category of type spaces. However, we take the former notion
to keep the terms of the already existing type space literature.
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3 The Universal x-Type Space in Terms of
Expressions

Again, for this section, unless otherwise stated, we fix a regular cardinal x, a
nonempty player set I, and a k-measurable space of states of nature (S, Xg)
such that for all s, s’ € S with s # &' there is a ' € g such that s € F and
s'¢E.

Given these data, we define k-expressions (allowing also for infinite con-
junctions) which are natural generalizations of the expressions defined by
Heifetz and Samet (1998b). Expressions are defined in a similar fashion as,
for example, the formulas of the probability logic of Heifetz and Mongin
(2001). Analogous to Heifetz and Samet (1998b), given a k-type space on
S for player set I and a state of the world in this type space, we define the
k-description of this state as the set of those k-expressions that are true in
this state of the world. Then, we show that the set of all k-descriptions
constitutes a k-type space (Proposition 3) and that this x-type space is the
universal x-type space (Theorem 1).

Definition 16 For a s-type space <M,§], (T)
iel, FeX, and p € [0,1] define

BY(E) == {m € M | Ty (m) (E) = p}.

7

Z.GI,¢9> on S for player set I,

Note that B} (E) = T, ({u € A" (M, %) | 1 (E) > p}) and that B, (E) €
S if E ey

Definition 17 Given a x-measurable space of states of nature (S, Xg) and a
nonempty player set I, the set & of k-expressions is the least set such that:

1. every E € Xg is a k-expression,
2. if ¢ is a k-expression, then - is a k-expression,

3. if ¢ is a k-expression, then BY (¢) is a k-expression, for ¢ € I and
p€[0,1],

4. if ¥ is a nonempty set of r-expressions with [V] < &, then Ay ¢ is a
K-expression.

If ¥ is a nonempty set of k-expressions with |V| < k, then we set
vgae\IJ p=" /\we\lt .

Since we work here with a fixed regular x, we omit sometimes, in this
section, the superscript .
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Definition 18 Let M := <M, 5, (Th)ser s 9> be a k-type space on S for player
set I. Define

1. EM .= ¢~ (E), for E € Xg,
2. ()M = M\ M, for p € B,

3. (BY (gp))M =B (@M) ,for p e " i€ [ and p € [0,1],

4. (/\@eq, go) = Nyew oM for ¥ such that §) # ¥ C &~ and |¥| < k.

So, defined as above, k-expressions define measurable subsets of M. It is easy

to check that (\/(peq, go) = Uyew oM for ¥ such that ) # ¥ C &~ and
V| < K.

If no confusion may arise, we omit - with some abuse of notation - the
superscript M.

Definition 19 For a x-type space M = <M,Z, (T3) Zel,9> on S for player
set I and m € M define D" (m), the k-description of m, as

D" (m):={p € ®" | mepM}.
Again, we omit sometimes, in this section, the superscript k.

Proposition 1 Let (M,%,(T;),.;,0) and (N, (TN) GI,0N> be K-type

spaces on S for player set I and let f : M — N be a type morphism.
Then, for allm € M :

D" (f (m)) = D" (m).

Proof We show by induction on the formation of the expressions that m €
M f (m) € V-
e Let £ € 5. We have 0~ (f (m)) =6 (m), so f(m) € EN iff m ¢ EM,
e We have

f(m) € (mp)Y iff f(m) ¢ oV iff m ¢ O™ iff m € (mp)"

15



e Let U be a nonempty set of expressions with |¥| < . Then:

f(m)E(/\gp)Niffforallng\IJ: f(m) e,

pew

which is by induction hypothesis the case iff for all ¢ € ¥ : m € ™,
which is the case iff m € (A cy ©)M.

e We have
f(m) € (B ()" it TN (f (m)) (&) = p it T, (m) (f (™)) > p.
By the induction hypothesis: = (¢V) = ¢™. Hence T; (m) (f~* (¢V))

=T; (m) (¢™) . We have T; (m) (™) > piff m € (BY ()™ . It follows
that

f(m) € (B (p)" iff m € (B} (o))"

Definition 20 Define 2" to be the set of all k-descriptions of states of the
world in k-type spaces on S for player set I. For ¢ € ®" define

(o] ={w e Q| p € w}.
Again, we omit sometimes, in this section, the superscript k.

Obviously, we have Q\ [p] = [=¢] and [,y [¢] = [/\we\p 2/1] , where ¢ is
an k-expression and ¥ is a nonempty set of k-expressions with |V| < k. It
follows that:

Remark 8 The set

1s a Kk-field on Q.

Lemma 6 For every k-type space M on S for player set I and for every
p € O the k-description map D : M — ) satisfies

D7 ([¢]) = ™
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Proof Clear by the definition of [¢]. |

Note that Lemma 6 implies that D is measurable.

Proposition 2 For every i € I there exists a function
Tr:Q — A% (Q,3q)

such that for every k-type space M on S for player set I with k-description
map D and every m € M :

T (D (m)) =T;(m)o D"

Proof For w € () chose a x-type space M on S for player set I and m € M
such that D (m) = w. For [p] € X define

T; (W) ([¢]) := T; (m) o D™ ([g]) -
We have
T; (m) o D~ ([¢]) = T; (m) (™) = sup{p | BY (9) € D (m)},

so T} (w) ([¢]) depends just on D (m) and is well-defined. By Remark 4, we
have

T;(m)o D™' € A" (2, Xq).

Lemma 7 There is a measurable function 0 : Q — S such that for every
k-type space M on S for player set I and every m € M :

0" (D (m)) = 0 (m) .

Proof Let

dy(m):={E€Sg|mebd ' (E)}.
Obviously, dy (m) = D (m) N Xg. By the properties of (5, Xg), we have for
all s € 5 {s} =(\,epex, £ It follows for every r-type space M' on S for
player set I and m' € M’ that

O(m')=siff dy(m')={F|se FE}.

17



For w € Q chose a k-type space M on S for player set [ and m € M, such
that D (m) = w. Define now 6* (w) := 0 (m). Since 6 (m) just depends on
D (m), 6" (w) is well-defined.

It remains to show that 0" is measurable: Let E € ¥g. We have

0* (D (m)) € Eiff m € 0 (E) iff E€ D (m) iff D(m) € [E].
It follows that 0*~' (E) = [E]. |

Proposition 3
<Qv 297 (Tz'*>iel ) 9*>
1s a k-type space on S for player set I.

Proof It remains to show:
1. € is nonempty.
2. For every i € I : T} is measurable as a function from 2 to A* (2, Xg).
3. Foreveryie I, we Qand A € Xqg: If
{W eQ|T7 (W) =T (W)} C A4,
then T} (w) (A) = 1.
To:

1. Let M := {m} and chose s € S. Set ¥ := Pow (M), T; (m) := 6,,, for
i€l,and 0 (m):=s. Then

<M7 E? (TIL')'L'EI ) 9>
is a k-type space (even a *-type space) on S for player set I.

2. Since inverse images commute with unions, intersections and comple-
ments, it is enough to show that 7" (b? (E)) € Xq, for

b (E) :={p € A (Q,Xq) | u(E) = p},
where F € ¥q and p € [0,1]. We have
T (P (B) ={w e Q| T} (w) (E) > p}.

Since E € Xq, there is a k-expression ¢ such that E' = [¢]. Note that if
p €[0,1] and p = sup{q | Bl (¢) € w}, then B} (¢) € w. This implies
that

we T (b ([e]) iff BY (¢) € w.
It follows that T, (b° (E)) = [BY (¢)] .
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3. Let ¢ be a k-expression and
{W'eQ|T} (W) =T (w)} € [g].

Chose a k-type space M on S for player set [ and m € M such that
D(m) =w. Let m" € M. If T} (D (m')) # T; (D (m)), then there is a
k-expression 1 such that T; (m/) (sz) # T; (m) (sz) . It follows that

D({m" e M |T;(m') =T;(m)}) C{' € QI T} () =T} ()},
which implies
{m' € M| T;(m') =T (m)} € D™ ([¢]) = ™.

So we have

Lemma 8 The k-description map
D:Q—Q
15 the identity.

Proof For w € (2, we have

w={pe®|wel}.

We have to show that for every s-expression ¢ and every w € Q : w € 2 iff
w € [p]. We know this already if ¢ = E, where E € ¥g. It is obvious that
Q\ [¢] = [~¢], and that if ¥ is a nonempty set of k-expressions of cardinality
< K, then

ﬂ[@]z[/\w

pevr pew

So it remains to show that [¢] = ¢ implies [B? (p)] = B, ([¢]) . For w € Q,

]

chose a k-type space M on S for player set [ and m € M such that D (m) =
w. We have

D (m) € [B} ()] iff B () € D (m) iff T; (m) (p*) > p.

But we have
77 (w) ([¢])
This implies that [BY (¢)]

T; (m) o D™ ([¢]) = T (m) (¢™).
B! ([¢]). =

(2
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Theorem 1 The space
<Qv 297 (Ti*>iel ) 6*>

is a universal k-type space on S for player set I.

Proof According to Lemma 6, for every k-type space M on S for player
set I, the x-description map D : M — ) is measurable, and according to
Proposition 2 and Lemma 7, D is a type morphism. It remains to show that
it is the unique type morphism from M to €. But this clear by Proposition
1 and Lemma 8.

[ ]

4 Spaces of Arbitrary Complexity

Is there a cardinal k, such that the rk-descriptions determine already the
k'-descriptions, for all cardinal numbers ' > k7 In the sequel, using a
probabilistic adaptation of the elegant “sober-drunk” example of Heifetz and
Samet (1998a) (see that paper also for the “story” interpreting the mathe-
matical structure), we construct, for every regular cardinal &', a k’-type space
(in fact even a x-type space), such that for every ordinal ov < £’ there are at
least two states of the world such that for every x’-expression of depth < «
this k’-expression is true either in both states or in none of the two, and yet
there is a k’-expression of depth av+ 1 that is true in one state and not in the
other. Thus, we answer the above question in the negative. Hence, it makes
sense to consider k-type spaces for every regular cardinality « whatsoever.

In addition, this example will imply that, for at least two players and two
states of nature, there is no universal *-type space and no universal co-type
space (Theorem 3 and Corollary 1).

For this section, let I := {a, b} be the set of players (the following analysis
can be trivially extended to more than two players). We fix a set of states of
nature S = {h,t}, consisting of the two possible outcomes of tossing a coin,
h(ead) and t(ail).

To simplify the notation let us make the following

Convention 3 {i,j} := {a,b}, that is j = { 27 ﬁ ;i 27
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The following three definitions of are taken form Heifetz and Samet
(1998a).

Definition 21 Let a be an ordinal. A record of length « is a sequence

7% = (r(8))g<q of numbers “0” and “1” such that for every limit ordinal

A < « there is an ordinal v < A such that r (3) = 0 for all ordinals 3 that
satisfy v < 8 < A.

For every infinite ordinal v there are a unique natural number n and a
unique limit ordinal A such that v = A+n. We say v is even or odd according
to wether n is even or odd. If ~ is a finite ordinal, i.e. a natural number, we
take the usual notion of being even or odd.

Definition 22 Let a be an ordinal, »* a record of length «, and A a limit
ordinal < «. By the definition of a record, there is a minimal ordinal o* (r®) <
A such that 7@ (3) = 0, for all 8 with o* (r®) < 3 < .

Define A-par (r®), the A-parity of r®, as

even, if o* (r®) is even,

A= par (%) := { odd, if o* (r®) is odd.

Note that by the definition of a record, o* (r®) must be either 0 or a
successor ordinal (i.e. 0 (r®) =~ + 1, for some ordinal ).

Definition 23 Let a be an ordinal. Define the spaces W< by
[ ]

WO .= {h,t},

W = {(wo, ws,wy) | wo € {h,t},ws and wy’ are records of length a},

ifao>1.

Definition 24 ¢ If 0 < 3 < a and r* = (r(§)),_,, is a record of length
o, then denote by 73 the record (r (£))._4 of length 3.
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e If 0 < aand w* € W?, then define w*[0 := wy.

o If0 < <aand w* € W?, then define w®[f := (wo, ws |5, ws'[5).

By the definition, it is obvious that w*[3 € W¥, for every 3 < a.

Definition 25 Let 0 < 3 < a. Define
Tga: W — wr

by Tgq (W) = w*[f.

It is obvious that m¢ g (T (W) = Te o (W), for 0 <€ < < a

Remark 9 Let 0 < 3 < o, w’ € WP, and i € {a,b}. Then there are
w* u* € W such that

w8 =8 = w® and 0 = wf (8) # ¢ (8) = 1.

And in particular, it follows that wg . : W — WPF is onto.

Let w® = (wp, w,wy) be a state in W*. We define the element of i’s
partition that contains this element:

Definition 26 Let o be an ordinal > 0, and w® € W<. We define:

P (w®) :=

«

¥ = w¢
{ (o vpy ewa | =i

w (0) = 1 implies vy = wy,
for all # such that 34+ 1 < «:
wf (B +1) = 1 implies v (8) = wt (),

for every limit ordinal A < « :

w (A) = 1 implies A — par (v§) = A — par (w?) }

7
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Remark 10 e Let o be an ordinal > 0. The set {P; (w®) | w™ € W} is
a partition of W* and w® € P; (w®).

o Let 0 < (< aand u® € P (w*). Then u*[p € P, (w*[3), and hence
T (P (w[B)) 2 Pi(w®).

It is easy to see that if v is an infinite ordinal number, then the cardinality
of W? is the same as the cardinality of a. (To see that, in the case of an
infinite «, the cardinality of W< does not exceed that of «, note that the
definition of a record implies that there are only finitely many # < a such
that r* () = 1. (Consider, assuming the contrary, the minimal v < « such
that there are infinitely many § < v with r* () = 1.))

Lemma 9 Let v be an ordinal > 0, « =~ + 1, w* € W, and

Ee ||| msh (Pow (W9)), 7} (P (w™[7))

B<y

Then there are a < v and Az Cy, Dz € Pow (Wﬁ) such that
E = (750 (As) N B (w)) U (75, (Cp) Ny (B (w[7)) 0 (W P (w?)))

U (50 (Dg) N (W 74 (B (w[7)))) -

Proof By the definition of

”U T (Pow (W), 7, (Pr (w®[7))

B<y

FE has the form
E o= (( (750 (Ag) N g (P (w®[7))) U (4 (By) N (754 (W P (w*[7)))) )
NP (w*) JU

(< (Tea (Ce) N7 (P (w[7))) U (7o (Do) 0 (w50 (W P (w[7)))) )
NWN\ P (w)) ),

where 3,7,¢,( <~ and Ag C WP, B, CW", C; CW¢, D, C W¢.
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The lemma follows from the following facts: If n < 3, then W;/lg (B,) C W?
and 7,1 (By) = 75, (71';% (B,)) , so we can assume without loss of generality
that 3 =n =& = (. We have

o (WY P (W) = W\ w2 (P (w?[7))

and F; (w®) C w7 (P (w*[7)) . u

Notation 2 e For 0 < a and wy € {h,t}, we denote by
[X§ = wp| the set {u® € W | up = wp}.
e For § < a, i€ {a,b} and w (B) € {0,1}, we denote by
(X7 (B) = wit (B)] the set {u® € W* | (B) = wi* (B)} .
e For a limit ordinal A < « and A-par (wf") € {even, odd}, we denote by

[A-par (X{) = A-par (wf')] the set {u® € W | A-par (uf) = A\-par (wi)}.

Remark 11 Let 0 < a <+ and wy € {h,t}.
Then:

Tan (X6 = wo]) = [Xg = wo].

o IfB<a,i€{ab}, and w’ € W7, then
w; (B) = (w][a) (B) and
Ton ([X2(B) = (w][a) (B)]) = [X7(B)=w](B)].

o Ifi € {a, b}, wY € W7, and if X is a limit ordinal such that A < «,
then

A — par (w]) = X — par (w] [a) and
o (A-par (Xf) = A-par (w][a)]) = [A-par (X]) = A-par (w])].
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For further reference, we cite here (in a slightly changed formulation and
in our notation) Lemma 3.2. of Heifetz and Samet (1998a):

Lemma 10 Let v*,w* € W, where v*[y+ 1 € P, (w¥[y+1), for some
v < a. Then there is a u® € P; (w®) such that u®[~y = v*[~y.

Lemma 11 Let A be a limit ordinal, o« = A+ 1, w* € W*, wi (A\) =0, and
E = ng (Ejg), where Eg C WP for a 3 < \.
Then:

o Ifv* € EN P (w®), then there is a u* € EN P; (w*) such that
A — par (u;") # \ — par (U]a) )
o If
v € BNy, (P (w[A) N (W P (w?)),
then there is a
u € Bk (B TN) N (W2 Py (u®)
such that \-par (u;‘) =% \-par (v;’) )
o If
vt € BN (W \my, (P (w[N)),
then there is a
u® € BN (W \myy, (B (wA))

such that \-par (ujo‘) # A-par (vjo‘) .

Proof Let v® € E. Since 3,0" (v),0* (v?) < A, there is an ordinal £ such

that max {ﬁ, o* (v¥) , ot (vja)} < ¢ < X and such that the parity of £ + 1 is
different from A-par (vja) Define now u® € W< by

Uo = Vo,

uy = vy,

u$ (y) = v (y), forall y <a with v #¢,
ug (§) = 1

It follows that A-par (u;’) # \-par (v]a) and u*[ = v*[f, which implies
u® € k.
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o If v € P, (w®), then it is easy to check that u® € P; (v*) = P; (w®).
o If
v € o (P (@ [N) N (W P (w?)),

then it follows that v® € W;’L (P; (w*[\)) and v¢ (A) = 1. It is again
easy to check that

ut € my o (P (vN)) = 7y (P (w*[N))
and since uf (A\) = 1, we have u* € (W*\ P; (w®)).
o Ifv*¢ 71';7}1 (P; (w*[\)), then there are four cases:

Lo £ wiA:
From u$[A = v¥[\ it follows that u® ¢ W;,la (P; (w™[A)).

2. There is a v < A such that

(WA (v + 1) = Wi [A) (v + 1) = Land (v7[A) (7) # (wf[A) (7) :

Since v + 1 < A and max {3, 0* (v¢) , 0* (v]a)} > v+ 1, it follows that

(2

u®[y +2 = v*[y + 2 and therefore u® ¢ my ; (P, (w*[X)).
3. There is a limit ordinal A < A such that
(0 TA) (V) = (wiTA) (A) = 1 and X = par (v) # A — par (wf)
We have £ > X, and therefore

(W¥TA) (A) = (v¥TA) (\) and A — par (u?) = X — par (v).

It follows that u® & 7,1, (P; (w*[X)).
4. (v[A) (0) = (wA) (0) =1 and vy # wy :

7

We have
(i [A) (0) = (v"[A) (0) = 1 and uo = vo.

It follows that u® & 7, (P (w*[X)).
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Lemma 12 Let [ be an ordinal, o« = (+ 1)+ 1, w* € W, wd (f+ 1) =0,
and E = 7} (Eg), such that E5 C W5.

B,a
Then:

o [fv* e EN P (w*), then there is a u* € E N P; (w*) such that

ug (6) # 0 (B).
o If
vt € Enmshy , (P w8+ 1) N (W P, (w)),
then there is a
u* € ENsly, (P (@[B4 1) N (W \ P ()

such that u$ (B) # v§ (8) .
o [f

vt € BN (W w5k, (P ([ + 1)),

then there is a

u® € EN(Wo\ 75k, (B (w[B +1)))

such that u$ (B) # v§ (8) .

Proof Let v € E. Define u® € W< by

Ug = g,

uy = vy,

uf (v) = v (v), for all v < a with v # 3,
ui (B) = 1—v7(f).

It follows that u§ (3) # v§ (8) and u*[3 = v*[ B, which implies u® € E.

o If v € P, (w®), then it is easy to check that u® € P; (v*) = P; (w®).
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If
v € mayy o (P (w[B+1)) N (W Py (w®)),

then it follows that v® € F/E_}_La (P (w*[f+1))and v (f+1) = 1. It
is again easy to check that

Ut € Moy o (P (0B + 1)) = mapy o (P (W[5 +1))
and since uf (6 + 1) = 1, we have u® € (W*\ P; (w®)).
If v* ¢ ngl’a (P; (w*[3 + 1)), then there are four cases:

Lo [BH1Fwi G+ 1
From u@[G+1 = vf[5+1, it follows that u® ¢ 5, , (P (w*[5+1)).

. There is a v < @ such that

(f[B+1)(v+1)=(wf[B+1)(y+1)=1 and
(v [B+1) () # (w[B+1) (7) :

By the definition of u®, (u$[5+ 1) (y+ 1) =1 and, since v < 3,
(vF[B+1) (7) = (W58 +1) (7).
hence u® ¢ w31, o (P (w*[5+ 1))

. There is a limit ordinal A < # + 1 such that

WA+ 1) (A) = (wi[B+1) (A) =1 and X — par (vf) # A — par (wf) :

We have (uf'[5+1) (A) = 1 and, since A < §, A-par (u$) = A-par (v7) .
It follows that u® ¢ 75, , (P (w*[6+1)).

C(E[B+1)(0) = (w¥[B+1)(0) =1 and vy # wy :
We have

(uf [3+1)(0) = (v7'[F + 1) (0) = 1 and ug = vp.

It follows that u® ¢ ngl,a (P (w*[B+1)).
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Lemma 13 Let A be a limit ordinal, « = A+ 1, w® € W w (\) =0, and

)

E e

U 75 (Pow (WP)) w3, (Pi (w X))
B<A

Then:
o [fv* € E, then there is a u® € E such that A\-par (ujo‘) # \-par (UJO‘) .

o Ifv™ € W\ E, then there is a u® € W\ E such that X-par (u$) # -

par (vja) .
o [f
ED [)\-par (Xja) = \-par (w?)} ,
then £/ = W<,
o [f
E C [A-par (X]a) = \-par (w]”‘)} ,
then E = ().

Proof The first point of the Lemma follows from Lemma 9 and Lemma 11.
The second point follows from the first and the fact that

”U Tan (Pow (WP)) ik (P (wTA) |, Py (w®)

B<A

is a field on W* (and therefore it is closed under complements).

The last two points of the Lemma follow directly from the first two points.

Lemma 14 Let 5 be an ordinal, « = (f+ 1)+ 1, w* € W, w (f+ 1) =0,
and

E € [[m5L (Pow (W7)) 751, o (P (w®[B+1))], P (w®)] .
Then:

o Ifv* € K, then there is a u® € E such that u$ (8) # v§ (5) .
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o Ifv® € WY\ E, then there is a u® € W\ E such that u§ (8) # v§ (5) .

o [f
ED [X5(8) =ws ()],
then £ = W<,
o [f
EC [X3(8) =ws(0)],
then E = (.

Proof Note that if « = § + 1, then

U Wg(ll (POW (Wé)) = ng (POW (Wﬁ)) .
§<B+1

The proof is now analogous to the proof of Lemma 13, just replace A by g+1

and Lemma 11 by Lemma 12.

Lemma 15 Let v be an ordinal >0, o = v+ 1, w* € W%, and
E e | s (Pow (W), 7l (P (7))
B<y

such that E D P; (w®).
Then

E 27 q (P (w[7)).

- v,

Proof Since P; (w®) C 77, (P; (w*[v)), it follows from the definition of

U 75 (Pow (WP)) w3 L (B (w® )|

B<y

that there is a 3 < v and a £® C W# such that

E N, (Pi(w[v)) =5 (B7) Ny (P (w?[)) 2 B (w®).

77& ’Y7a
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Claim: 75, (E°) 2 75 (P (w*[)).
Assume to the contrary, that there is a

v e (B (W) \ 75l (E7).
Since B+ 1 <+, we have v*[3+ 1 € P, (w*[# + 1). By Lemma 10, there is

a u® € P, (w®) such that u®[3 = v*[3. Since E® C WF and v* ¢ 71'5}1 (E),
it follows that u® ¢ nga (E”), a contradiction to W/EL (E) 2P (w*). m

Lemma 16 Let A\ be a limit ordinal, w € W, 3 < X\, and E® C W8 such
that ng)\ (Eﬁ) D (wA).

Then,
7ok (B?) 2 ik (P (@[5 +1))
Proof Assume that there is a
e mstin (B (w6 +1)) \ 75k (B7).
By Lemma 10, there is a u* € P; (w) such that u*[3 = v*[3. Therefore

ut ¢ 7T51>\ (Eﬂ) , a contradiction to ng/\ (Eﬁ) D P (w)‘) . m

4.1 The Construction

Now, let k be a fixed regular cardinal.

For every w® € W* and i € {a, b}, we will define finitely additive proba-
bility measures 7; (w"*) on (W*, Pow (W*)) such that:

o T, (u") =T, (w"), for u* € P; (w"),

o T;(w") (P (w")) =1,

o T (w") ([X§ = wol)

Il
—N
N =

—_
arid
S

Y

(@]

S~—
|

—_

o for < k:

T () ([X5 (8) = wt (3)]) = { )
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e for A\ < x such that X is a limit ordinal :
1
73 (0) (epar (7) = epar (u5)]) = {
2

If we define
0 (w™) := wo,

it follows from the first two points and the fact that T; (w") will be defined
n (W*, Pow (W*)), that

<WN> (Ti)ie{a,b} "9>
will be a *-type space on S = {h,t} for player set {a,b}.
The construction will not be carried out at once. By a transfinite in-

duction on 1 < a < K, we will endow W with fields F (i, w®) and finitely
additive probability measures T/ (w®) on (W, F (i,w®)) such that:

Induction Hypothesis

L F(iw%) i= [Ugea (w55 (Pow (W9))) P (w)]
2. for every 3 < o and EP € f(i w*[ ) :

TP (w?) (75,0 (B%)) = 6) (E7)

that is Mg (s £ ; w"[ﬁ))T (w ) =T (w*[B),
3. Te (") = T2 (u), for u € P, (u®),
4T (w®) (B (w®)) = 1,
(6% (0% o J— 1 i i -
5. T (w®) ([X§ = wo)) —{ %’ if  w(0)=0,
6. for § such that f+1 < «:
7o () ([X* (8) = we (3)]) :{ 1, if w —
i J i LA wr(B+1)=0,

7. for A < o such that A is a limit ordinal : ; \
1, i o =1
77 w) (epar () = ())) ={ 1 R0 20
2 i :
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Since inverse images commute with complements, arbitrary unions and
intersections, it follows:

Remark 12 Let 4+ 1 < «a. Then:

Toira (F (,w[B+1)) = [m50L (Pow (W7)) w5ty o (P (w®[B+1))] .

< a <k and let u®, w* € W* such that u* € P; (w®)

Remark 13 Let1 <[
= P, (w®)). Then:

(and hence P; (u®)

e We have
F (i, w®) = F(i,u®) and
f(i’wa[ﬁ> = F(Zvua(ﬁ)
o [f
T (w®) = T (u),
77 (w[B) = TP (we[f) and

MALE (ws r(iwe [B))Tz‘a (w*) = T/ (w[B),

then we also have

MALE (ws r(iue (/g))Tia (u®) = Tz‘ﬁ (u*[B).

Definition and Construction

(By transfinite induction on 1 < a < k.)

Step a=1:

We have W = {h,t}. Let w' € W'

Define

1, i wl(0)=1,

) =) = {3 Dy
Tt (wh) ([Xg #wo]) == 1—=T7" (w') ([X§ = wo)),
T (wh) (0) = 0,
T = 1



It is clear, that by this definition, T;<! (w!) is a probability measure on

(Wl, 76& (POW (WO))) .

Let E° C W such that P, (w') C gy (E°).

1. case: w} (0) = 1: Then E° = W° or E° = [X{ = wy], hence the outer
measure T;<! (w!)" (P; (w')) is equal to 1.

2. case: w} (0) = 0: Then E° = W° and the outer measure T;~! (w!')" (P
(wh)) is equal to 1.

For u! € P,(w'), we have in both cases that P, (u!) = P;(w') and
T (ut) = T (wh) . For each P (u!) such that u' € W1, chose a repre-
senting element w! € P; (u') = P, (w'). By the Lo$-Marczewski Theorem,

we can extend T~ (w!) to a finitely additive probability measure T} (w') on
the field

F(ivw') = [mo; (Pow (W), P, (w')]

such that T} (w!) (P; (w')) = 1. Define T} (u!) := T} (w'), for all u! €
P; (w').

(Note that for u' € P; (w'), it is the case that F (¢,u') = F (i,w').) T} (u')
and F (i,u') satisfy the conditions 1.-7. of the induction hypothesis.

Stepa= (f+1)+ 1

For each P;(u®) such that u* € W*?, chose a representing element w® €
P (u®) = B (w®).

Let T:~* (w®) be the finitely additive probability measure defined on the
field

Thita (F (w8 +1)) =[5, (Pow (W7)) w54 o (P (w8 +1))]

which is induced by T/ (w*[ + 1) (as defined in Lemma 3). According
to Lemma 15 and the induction hypothesis, we have for the outer measure
of P;(w®): T=*(w*)" (P;(w*)) = 1. So, by the Lo§-Marczewski Theorem,
we can extend T (w®) to a finitely additive probability measure T2 (w®)
defined on the field

F(izw®) = [[m50 (Pow (WP))  wty o (B (w?[6+ 1)) P (w)]
such that T (w®) (P; (w®)) = 1.
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1. case: w* (4 1) = 1: Then

Totre ([X77(8) = (weT8+1) (8)] ) = [X2 (8) = w (8)] 2 P (u").

By Lemma 5, extend 7 (w®) to a finitely additive probability measure
T2 (w*) on the field

(75110 (Pow (W)Y P (w®)] = F (i, w®) .

By the above, we have

T (w*) ([X3(8) = wi (8)]) = 1.

Define now T (u®) := T (w®), for all u* € P; (w®). (Note that, for
u® € Py (w®), we have F (i,u®) = F (i,w®), F (i,u®) = F (i,w®) , and
uf (B+1) = w (B+1) = 1 and hence, u§ (3) = w§ (B).) It is now
easy to check that T2 (u®) and F (i, u®) satisfy the conditions 1.-7. of
the induction hypothesis.

2. case: w¥ (f+ 1) = 0: By Lemma 14 and the induction hypothesis, we

have for the outer measure of [Xja (8) = w§ (8)]:

T (w)" ([X5(8) = w (B)]) = 1,
and for the inner measure
T (™), ([X5 (8) = vy (8)]) = 0.

By the Lo$-Marczewski Theorem, we can extend ﬁo‘ (w®) to a finitely
additive probability measure T/ (w®) on the field

[F (i,0™), [X(8) = wf (9)]]

such that

~

T3 (") ([X5 () = wi' (B)]) =

<

Finally, by Lemma 5, extend ﬁ-a (w®) to a finitely additive probability
measure 7% (w®) on F (i,w®). Define now T2 (u®) := T2 (w?®), for all
u® € P;(w®). It is easy to check that T (u®) and F (i, u®) satisfy the
conditions 1.-7. of the induction hypothesis.
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Step o = A, A limit ordinal.

For each P;(u®) such that u* € W*?, chose a representing element w® €
By (u) = B (w).

Let 7= (w®) be the finitely additive probability measure defined on the
field

U 754 (F (6w [8) = | 750 (Pow (W7))

B<a f<a

which is induced by (T (w*[83))1<p<a (as defined in Lemma 3 ).
Let 3 < a and EP C W7 such that 7y, L (E®) 2 Py (w™). By Lemma 16,
we have

Tha (B7) 250 (B (w[B+1)).

(Note that § < a implies 5+ 1 < a.) Since, by the definition of T~ (w®),

T () (5110 (P (OB + 1)) = T/ (w5 + 1) (P (w5 + 1)) =

the outer measure T;~* (w®)" (P; (w®)) is equal to 1. By the Lo$-Marczewski
Theorem, we can extend 7.~ (w®) to a finitely additive probability measure
T2 (w*) on the field

F (i,w*) = U WEL (POW (Wﬁ)) , P (w®)
[B<a
such that T (w®) (P; (w®)) = 1. For u® € P; (w®) define T (u®) := T2 (w®).
It is easy to check that T (u®) and F (i,u®) satisfy the conditions 1.-7. of
the induction hypothesis.

Step a = A + 1, A limit ordinal:

For each P, (u®) such that u® € W?, chose a representing element w® €
By (u®) = Py (w*).

Let T;~* (w®) be the finitely additive probability measure defined on the
field

s (F (i, w* ) Uwﬂa (Pow (W*#)) , w3k (P (wTN) |
B<A
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which is induced by T} (w*[\) (as defined in Lemma 3 ). According to
Lemma 15 and the induction hypothesis, we have for the outer measure
of P;(w®): T=*(w*)* (P;(w*)) = 1. So, by the Lo$-Marczewski Theorem,
we can extend T< (w®) to a finitely additive probability measure T (w®)
defined on the field

F (i,w®) :==

[U T (Pow (WF)) 3L, (P (w”[A))

B<A

such that T (w®) (P; (w®)) = 1.

1. case: w (A\) = 1. Then

Tra ([Apar (X7) = A-par (wiA)])

Sl
v
B
=

By Lemma 5, extend i-a (w®) to a finitely additive probability measure
T2 (w®) on the field

[T (Pow (W), P (w®)] = F (i,w®).
By the above, we have
T (w®) ([A-par (X§) = Apar (wf)]) = 1.

Define now T2 (u®) = T (w®), for all u* € P;(w®). (Note that

)

F(i,u®) = F (i,w*), uf (A\) = w () = 1 and hence, A-par (w]a) = X\

par (u?) .) It is now easy to check that T (u®) and F (i, u®) satisfy the
conditions 1.-7. of the induction hypothesis.

2. case: w (A) = 0. By Lemma 13, we have for the outer measure of
[A-par (X]a) = A-par (wj‘)] :

ﬁo‘ (w*)” ([A—par (Xja) = \-par (w;‘)}) =1,
and for the inner measure

T (w®), ([Mpar (X5) = A-par (wf)]) = 0.
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By the Log-Marczewski Theorem, we can extend T (w®) to a finitely
additive probability measure T/* (w®) on the field

R ——

such that

T () ([A-par (X7) = Aopar (wf)]) = 5.

Finally, by Lemma 5, extend ﬁ-“ (w®) to a finitely additive probability
measure T (w®) on F (i,w®) . Define now T (u®) := T (w®), for all
u® € P; (w®). It is easy to check that T2 (u®) and F (i, u®) satisfy the
conditions 1.-7. of the induction hypothesis.

Remaining Step:

We have to extend 77 (u”) to a finitely additive probability measure defined
on the field Pow (W*):
By the inductive construction, T (u*) is defined on

U 75 (Pow (W7)), P, (w")

B<k

such that 1.-7. of the induction hypothesis are satisfied. For each P; (u")
such that u* € W*, chose a representing element

w” € P; (u®) = P, (w").

Now, by Lemma 5, extend T (w") to a finitely additive probability mea-
sure T; (w") on the field Pow (W*) and define

for u® € P; (w").
Finally, let

for w* € W*.

wr .= (W=~ 1T,,T,0)
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has now all the desired properties.

Next, by induction on the formation of k-expressions, we define the depth
of a k-expression:

Definition 27 o If £ €3y, then

e if 0 <p<1,iel and if p is a k-expression, then
dp (B () :=dp (¢) + 1,
e if © is a k-expression, then
dp (=) :=dp (),

o if U is a set of k-expressions such that |¥| < &, then

dp( /\ @) ==sup{dp(p) | € ¥}

pev

It is easy to see that, since k is regular, the depth of a k-expression is
always strictly smaller than .

Lemma 17 Let a < k, w*,u* € W* and w*[a = u"|a.
Then, for all k-expressions ¢ such that dp (¢) < a:

wn c (pW"”“ Zﬁ'un c <)OW"‘.

Proof We prove the Lemma by induction on the formation of k-expressions.

o Let ¢ = E, where E € Xy, 3 = Pow ({h,t}), and let w", u"* € W* such
that w*[0 = u*[0. By definition, v* € EV" iff § (v*) € E, for v* € W*.
But we have 0 (v*) = vy = v*[0, for v* € W*. Tt follows that u® € E""
iff we EW".
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Let ¢ = =) such that depth (¢) < a and let w",u” € W* such that

w®[o = u*[a. It follows that depth (¢)) < a and u* € V" iff u* ¢ "

iff- by the induction assumption - w* ¢ """, which is the case iff
K we

w” € Y

Let p € [0,1], 4 € {a,b}, p = B?(¥), dp(¢) +1 =+ 1 < a, and

w® u® € W such that w"[a = u” [a. By the induction assumption,
there is a E? C W# such that @D = T5p ( ) By the definition,

Ti(we) (@) = T (ue) (m5e (B7))
- Il (%(Eﬁ))

= Ti(w) (@),
It follows that u* € (B? ()" iff w* e (B? ()" .
Let V] < K, o = /\ oy ¥ such that depth (p) < a, and let w", u™ € W*
such that w*[a = u"[a. Then depth (¢) < «, for b € V. By the

induction assumption, u® € V" iff w® € YV, for ¢ € V. It follows
that u® € V" iff w* € P""

|
Lemma 18 In the x-type space <W“, (TZ')Z.G{M} ,0>, we have:
X =1 = B (Xg=h)UB; (X5 =1).
XrB+)=1] = B ([X; () = 1)) UB; ([X;(8) =0]).
for all ordinals B < k.
[XF(A) =1] = E} ([A-par (XF) = even]) UE; ([A-par (XF) = odd]),
for all limit ordinals A\ < k.
Proof Follows directly from the construction of <W”, (T3 ieqap - 6’>. |

Lemma 19 In the x-type space <W“, (Ti)ie{a,b} ,0>, we have:

M = Xp=4h,
M= xp=a,
ap({h}) = dp({t}) = 0.
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e For everyi € {a,b} and (8 such that 0 < B < k, there are k-expressions
¢! (B) and @; (B) with

dp (7 (9)) = dp(¥; (8))
6+1 such that

C = X =1 and
@ " = [Xr(8)=0].

5
=
S
x

I

o For every i € {a,b} and limit ordinal X < K, there are k-expressions
e () and 94 () with

dp(pi* (A) = dp(g™ (M)

= A such that
(@™ ()" = [\-par (XF) = cven] and
(P (A" = [A-par (X}) = odd].

Proof The first point is clear. We show the second and the third point by a
transfinite induction on 0 < 3 < k.

e 3 =0: According to Lemma 18 and the first point of this Lemma, we

1] = (BI({h)) VB ({t})"
0] = (=(BI({h}vBL{H)"

e 3 = v+ 1 : According to the induction assumption, there are k-
expressions ¢} (7) and ¢} () such that

have [X[ (0)
and [XF(0)

(¢9<7>)Z: = [x;(n=0],
(M) = [X7()=1] and
dp (£9(7) = dp (¥} (7))
= B
Define
e, (8) == B} (¢ (7)) vV B; (¢; (7))
and

v (B) =i (B).

o} (B) and @Y (B) are r-expressions of depth 3 + 1. We have
(X7 (B) = 0] = W=\ [X{(8) =1].
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By Lemma 18 and the induction assumption, it follows that

XF(@) =1 = (£1(9)" " and
(XF@B) =01 = (2(6)""

Let A < k be a limit ordinal: For i € {a,b} and § < A define in W" :
Y2 (B)] = [XF(B) = 1N Nseaer [Xf (a) =0,
[Zﬂ = ﬂoga</\ [XF (o) = 0]

According to the induction assumption and the fact that |A| < &, it
follows that

PR (B) = 0 (B) A Njeaer ¥l (@) and
XZ\ e /\oga<>\90?(04>

are k-expressions such that

dp (¥ (8)) = max{B+1,sup{dp(¢? (a)) | B < a < A}}
= sup{a+1]|a<A}
—
and, similarly,

dp (xi') = A

It follows from the induction assumption that

Y2 (8)] = (2 (8)" and [2)] = ()"

Since o* (wf), for wf € W, can never be a limit ordinal, we have

[A-par (XF) = even| = [ZZA] U UB<A, 5 odd [Y;)‘ (ﬁ)} and
[/\—par (in) = Odd] = LJB</\7 Beven [Y;A (5)} :
Again, since |A| < &, it follows from the above that
e (N) = XZ\ \ Vﬂ<)\, Bodd wi (8) and

@?dd (/\) = \/ﬁ<)\, Beven ¢? (ﬁ)

are k-expressions such that

dp(5™™ (A)) = max {dp(x}), sup {dp (¢7' (8)) | B <A, Bodd}} = A,
and  dp(ped (1)) = A

By the definitions and the induction assumption, we have

(pfren ()\))W: = [Mpar (XF) =even] and
(@9 AN = [A-par (XF) = odd].
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e 3=\, A limit ordinal < k : By Lemma 18, and the above we have

(Bl OV Bl )" = X () =1,

(- (Bl () v Bl °dd<A>>)> = [Xr(\) =0,
and

dp (BL(p5 ) v Bl ()"

dp (- (Bl(gojven () V B (¢ Odd (/\)))) = A+ 1

Theorem 2 For every ordinal o < K there are u”, w"™ € W* such that:

1. For all k-expressions ¢ with dp (¢) < a:
ut e oV iff wt e V"
2. There is a k-expression ¥ with dp (¢) = a + 1 such that

w e " and w* e ()"

Proof Let a < k and i € {a,b}. By the definition of W*, there are u*, w" €
W* such that u*[a = w*[a and 1 = uf (o) # wf (o) = 0. The first point
follows now by Lemma 17. By Lemma 19, it follows that u* € ¢! (o),
w® € (! ()", and dp (¢! () = a + 1. ]

Note that Lemma 17 and the proof of Theorem 2 show that the a-th
levels of u; and u} determine the r-expressions of depth o + 1.

Theorem 3 Let |I| > 2 and |S| > 2. Then, there is no weak-universal co-
type space on S for player set I and there is no weak-universal x-type space
on S for player set I.

Proof Assume there is a weak-universal oco-type space (a weak-universal
x-type space, respectively)

U = (U.(T) ey 50"
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on S for player set I. Then, the underlying set U has a cardinality |U].
There is a regular cardinal number x > |U].

Wr = <W“7 (Tz‘)ie{a,b} , Pow (W) ,9>

is a *-type space on {h,t} (and therefore a co-type space). Since |{h,t}| = 2,
we can assume without loss of generality that {h,t} C S, and since Xg =
Pow (5) , that ¥g O Pow ({h,t}). Also, since |I| > 2, we can assume without
loss of generality that {a,b} C I. Fori € I \ {a,b} define T} (w") := =, and
view ¢ as a function from W" to S. Then

Wi = <Wﬁ7 (T3) e » Pow (W) 76>

is a x-type space on S (with player set I). Since every *-type space is a oo-
type space, W7 is also a co-type space. According to the assumption, there
is a type morphism f : W* — U. Since both spaces are in particular x-type
spaces, this morphism preserves x-descriptions. If ¢ is a k -expression in the
‘language’ corresponding to the set of states of nature {h,t} and the player
set {a,b}, then ¢ is also a k-expression in the ‘language’ corresponding to
the set of states of nature S and the player set I, and it is easy to check that
for w® € W* we have w® € W7 iff w® € %", So, by Lemma 19, it is still
the case that two different states of W7 have different x-descriptions. Hence,
since by Proposition 1, f preserves k-descriptions, f is one-to-one. It follows
that |U| > |W7%| > k, which is a contradiction to |U| < &. n

Corollary 1 Let |I| > 2 and |S| > 2. Then there is no universal co-type
space on S for player set I and there is no universal x-type space on S for
player set I.

5 The Universal x-Type Space as a Space of
Consistent Hierarchies

For the rest of this paper, fix a nonempty player set I (of arbitrary cardinal-
ity), a nonempty set of states of nature S, and a k-field ¥g on S such that
for all s,s" € S with s # & there is a F € ¥g such that s € F and ' ¢ E.
We assume, without loss of generality, that 0 ¢ I and define [y := I U {0},
where “0” stands for nature. For i € I, we define —i := I, \ {i}.

Given the above data, we construct the space of consistent hierarchies
up to (but excluding) level k. We show that the set of all such consistent
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hierarchies generates a product s-type space (Theorem 4) and that this space
is the universal x-type space (Theorem 5). It is easy to see that levels of the
consistent hierarchies correspond to depths of k-expressions. So, Theorem 2
(together with Proposition 1) shows that the hierarchies up to some lower
level than x would not suffice to construct the universal k-type space.

The remarkable fact of the construction in this paper is that, unlike the
construction in Section 3, it does not use other s-type spaces. Therefore,
it provides an independent characterization of the universal k-type space as
the space of consistent hierarchies. So, we learn here what the states of the
world in the universal x-type space ‘are’.

Definition 28 Define
o (=5, fork >a>0,
o 3§ :=Xg for k > a >0,
e (Y to be a singleton, for i € I,
e XV :={0,CP}, foriel,
o C%:=[lier,Cf, for K > a >0,
e >“ to be the product x-field of the ¥, ¢ € Iy, on C%, for Kk > a > 0,
o 0% :=]]jeiCf fork >a>0andi€l,

e X%, to be the product -field of the 3%, j € —i, on C%;, for k > a >0
and ¢ € [,

o (¢ :=

]

{ pca €pea A% (C7) | ¥B<v<a : marges (1) = 1]
VO <y <a : marge () = 5((t6
fork >a>1landi €,

e X% to be the k-field on C{ inherited from the product s-field of the
Em(cﬁ)7 0 < a, on HﬁmA” (C’ﬂ), fork >a>1andi €I,

o ), : Ci — Cf to be the identity on S, for K > a >~ >0,
o Mo CF — C} to be the obvious map, for k > a >0 and i € I,

o 7, : C — C] to be the canonical projection Wi@((t?)gm) = (tf)gq,

fork>a>y>1landi€el,
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® My = (W?y,a)iEIm for k > a > v =0,

o 1\ = (m!

¥, 'y,a)jE—ia fOT/fZOéZVZOandZE]

Notation 3 Let 0 <~ < o < k and ¢ = (t7) 3.4 € C*. Then we define

() =1,
&[0 = o, where C? = {{},
STy = (t7)pey, fory>0.

Lemma 20 1. For every i € Iy and for every ordinal o such that
0<a<kK:

Cy* is nonempty.

2. For every i € Iy and for all ordinals o, B such that 0 < < a < kK :
Tha 1 COF — c’

is onto and measurable.

Proof For i =0, 1. and 2. are clear by the definitions.

For i € I and every o < k, the measurability of 7f, , : Ci* — C7 is clear,
since C? is a singleton. Fori € I and 1 < v < a < K, the measurability of ﬂfW
follows from the fact that the inverse images of the generators of the product
r-field of the ZM(C[;), B <7, on Ige A" (C’ﬂ) are among the generators of

the product s-field of the EAK(Cﬁ), B < a, on Ilg A" (C’ﬁ). Note that by
the nonemptyness of C?, for ¢ € I, 2. implies 1. Note furthermore that, if

K3
0<fB<y<randifny, :C] — C?. for i € Iy, is onto and measurable,
then 74, : C7 — C*? is onto and measurable.
It remains to show by transfinite induction on a < x that 7f; , : C7* — cr

isonto, forte land 0 < f<a < k:
e o = 0 : Since there is no ordinal # < 0, there is nothing to show.

e o =1: Since S and the C?, for i € I, are nonempty, C° is nonempty.
It follows that A (C°) is nonempty: Take for example ® € C?, and
define for E € X

1 if ek,
S (B) ‘:{ 0 if &¢E.
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8.0 is the so-called -measure at ® and it is a (even o-additive) proba-
bility measure on (C?, X°). Since C?, for i € I, is a singleton, we have
margeo (6.0) = 60, for 1 € I, where {V} = C?. By definition, we have
Cl = A" (C%), for i € I. Since C?, for i € I, is a singleton, it follows
that 7f, , is onto, for i € I.

Let 7 € I and let @ < k be a successor ordinal, i.e. @ = v+ 1, for an
ordinal v > 0. Since for every ¢ < v and for every c,f € Cf there is, by
the induction assumption, a ¢ € C] with 7% _ (c}) = ¢}, it is enough
to show that for every ¢] € C] there is a ¢ € Cff with !, (¢f') € ¢.

So, let ¢ = (t7)5., € C7. We have to find a t] € A*(C") such
that marges (t)) = tﬁ for all 3 < v and marg: t)) = 6((#’) ) By
the induction assumption, and in the case of j = 0, by the dgﬁmtlon
7r/6 ¢ 05 — CB is onto and measurable, for all j € I, and all ordinals
G, & such that 0 < 3 < € < +. This and the fact that marggs(t$) = ¢,
for § < € < =y, imply by Lemma 3 that ¢, induces a well-defined finitely
additive probability measure ¢;” on the field

F={ECC |3<y:E=m;.(F) fora Fex’} C X

by t:7 (Wﬁ}y (F)) == t7 (F) . We show now that the outer measure
()" ({e]} x C7,) of {c]} x C7, is equal to 1. Clearly, it cannot be
greater, since tf (Cﬂ) =1, for f < 7. Let now 3 < v, EP € ¥°
and m;° (E°) 2 {¢]} x C7,. Then E° 2 {m}_(c])} x C”, and
therefore ¢/ (E°) = 1. This implies that ¢;” (755 (E°)) = 1. By
the Lo$-Marczewski Theorem, we can extend ¢, to a finitely addi-
tive probability measure 1, on the field [F,{c]} x C7;] on C” such
that 1o ({c]} x C?;) = 1. By Lemma 5, we can extend 1, to a finitely
additive probability measure y; on the field [X7,{c¢]} x C7;] . Define
now t; as the restriction of u; to X7. ¢} has the desired properties.

Let ¢ € I, let @ be a limit ordinal < &, let v < «, and let ¢ € C7.
Consider the set

Y = {ag € U Cy | m (af) = c;y} :
Y<(<a

Y is nonempty, because it contains ¢]. Y is partially ordered by:

a$ Cal iff n > ¢ and ¢, (a 7 =af.

7

47



Note that a$ C o and o’ T af imply af = a’. Now, let A be a
nonempty and totally C-ordered subset of Y. Define

a(A) == sup{¢ | 3at € ANC*}.

Obviously, we have a(A) < a. For every f < a(A) there is a ¢ >
such that there is a a5 € AN C. Define

UA = (t])scaa),

such that ¢’ = a$(8) for a a¢ € AN CS with § < ¢. Note that if 3 < ¢
and 3 < 7, and if a5 € ANCS and ! € ANCY, then we have 5 < ¢
and W;7€<a§) =aj or ¢ <nand 7, (af) = a$. In both cases, we have
a (3) = a¢ (B), and hence LIA is well-defined. Note furthermore that,
for 0 < 8 < a(A) and a¢ € AN CS with 3 < ¢, we have

marg,s (UA (5)) = marg,s(t7) = marges(af (8)) = 6,65 = buags

and for € < < a(A) and a¢ € ANCE with 3 < ¢, we have

margce (UA (6)) = margee (t;) = margee (a7 (8)) = af (€) = UA(€).

Hence, UA € C' ) "and by construction (since a$[y = 7 for af € A):
71'2706(14) (WA) = ¢]. Therefore, UA € Y and, by construction, LA is an
C-upper bound of the set A in Y.

Therefore we can apply Zorn’s Lemma, hence there is a C-maximal
element @ € Y. Assume a € C°, for a ( < a. Since « is a limit
number, there is a 7 with ( < 7 < «a. The induction assumption
implies that there is a a] € C}, such that 7, (a]) = a. Since a € Y,
it follows that 77, (a) = 7! . (a) = ¢/, and hence a] € Y. Therefore
a is not maximal, which is a contradiction. It follows that a € C* and

1

7, (@) = ¢/, as desired.
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Lemma 21

Y = U o (7).

B<k

Proof By Lemma 1 and Remark 5, it follows that 7@2 (Eﬁ) is a k-field on C*,
for 8 < k. If ¥ < a < kK, then, by Lemma 1 it follows that X% D ﬁ;}i (X*) D
751 (X7) and therefore % 2 ,_, 75, (£7) . By Lemma 2, Uy, 75, (X7)
is a k-field on C*.

" is the product s-field of the ¥¥, 2 € [y. By Lemma 1, Remark 5, and

Lemma 2, it follows that Uﬁ “n (w%vn)_l <Ef3 ) = X¥, since every generator of

Y isin (Wgﬁ)_l (Ezﬁ) for a # < kK, and since the left hand side is already a
r-field. It follows that the sets of the form II;es E; such that E; = CF, for

all but one i € Iy, and E; = (77'%75)_1 (Ef) fora < kand EY € %7, are
already a generating set of ¥*. This implies that UB s ﬂg}i (Eﬁ) DDV

And in the same way, with obvious changes, one proves:

Lemma 22 Leti € I. Then,

Definition 29 e Define 6" to be the identity on Cf = S.

e For i € I, define T : CF — A*(C*) by:

TP () p<r) (B) =17 (E)

for (t7)s<x € C* and for E = Ty (E%), where E* € ¥, for a a < k.

Since for 8 < vy < k : marges (t]) = t7, and since 7, is onto, for § <
a < Kk, this definition is independent of the particular E* chosen to define

Ty (cf) ().

1
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Theorem 4
cr = <Cm: 2", (Ti’i)ielv 6)”>
1s a product k-type space on S for player set I.

Proof By the definition, Lemma 1, and Lemma 3, T} (¢f) is a finitely addi-
tive probability measure on J,_,. Wg}ﬁ (BF) =%~

Tr : CF — A" (C*) is measurable: Let ¢ = (t7) ., € CF, E = Tk (B
fora o < k and a E* € ¥*, and let p € [0,1]. We have T} (¢f) (E) >p 1ff
t* (E*) > p. But {t¥ € A" (C?) | t& (E*) > p} is measurable in A® (C?), s
by the definition of ¥¥, the set

{tD)pen € CELTHE) 52 (B) 2 9]

is measurable.
It remains to prove the introspection property. (The measurability of
is clear anyway.) Let ¢ af € CF, with ¢ # af. Then, by the definitions,

et (2

there is a o < k and a E% € ¥¢ such that
TF (¢f) (mo (EY)) £ TF (af) (ma). (E)) .
It follows that
[T ()] :=A{a" € C" | T () =T (a) } = {c]} x CZ,.

Let A € ¥* with A D {¢f} x C*;. Since A = m_} (A*) for a a < k and a
A* € %% it follows that A* D {¢F[a}x C?,. By the definition of ¢ = (t7) 5,

we have margq . (t%) = 6(tg> = bcifa- Therefore t§ (A*) = 1, and by the
¢ t)B<a ¢
definition, 77 (cf') (A) = 1 and therefore margqx (T} (¢f)) = Oer. |

Definition 30 Let
<Ma Ea (ﬂ)ié]a 9)

be a k-type space on S for player set I. By transfinite induction on o < k,
we define:

1. Define
hy : M — C§ =S by hy =0,

for 0 < o < k. Note that 6 is measurable.
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2. Define
h? M — C?

in the obvious way, for i € I. Note that A is uniquely defined and
measurable, since C? is a singleton.

3. If Ay « M — Cf is already defined and measurable, for ¢ € I, then
define

h: M — C* by h*(m):= (h$ (m))jelo.

J

h® is measurable, since by 1. h{ is measurable and each A, for ¢ € I,
is measurable.

4. If h*: M — C¢ is already defined and measurable and if a@ < &, then
define

gi' (m) (-) :==T; (m) ((ho‘)_l ()) , forie I andme M.

Note that (in the notation of Remark 4) ¢ = Af, oT;, for i € I. By
Remark 4, it follows that

gl M — A" (C?), foriel.

By the measurability of h* and of T}, for ¢ € I, and by Remark 4, we
have that g is measurable, for ¢ € I.

5. Define

hi : M — C! =A"(C°) by hi:=g), foriel

6. Let « = v+ 1, where 0 < v < k, and let h] : M — C], for i € I,
be already defined and measurable such that ) (m) = (g7 (m))s<r,
for all m € M and for ¢ € I, where giﬁ M — AF (Cﬁ) is already

defined and measurable, for i € [ and § < ~. By 3. and 4. from above,
gl : M — A" (C7) is defined and measurable, for i € I. Define

R (m) == (g7 (m))geqsr, form e M andie I

We have to show that )™ : M — C?*', for i € I. It suffices to show
that

marg ;o (g7 (m)) = 6(91@(7”));3@, form e M and i € I,
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and for all f < v :
marggs (g7 (m)) = g° (m), form e M and i € I.

Let i € I and E7 € X7 such that E7 D {(g” (m))p<~} x C7,. We have
to show that

g (m) (E") = 1.

First observe that for all m,m’ € M and i € [ :if T; (m) = T; (m’),
then, by the definition, giﬁ (m) = giﬁ (m'), for all § < ~. So it follows
that h) (m) = h] (m’). Obviously, we have h7 (m) € {h] (m)} x C”..
This implies that (h*)~" (E?) D [T} (m)] and therefore

7, () () (7)) = 1.
By the definitions of hf and R}, for i € I, we have

hfzﬂiﬁmofl? and h€:9:id509:ﬂ%m0hg, for g <n<~vandic€l.

Therefore, h? = 74, 0 h", for B < n <. It follows that

(W) (B%) = (7" (w5, (E7))

for 3 <n<~vand E° ¢ ¥2°.
Let B € Y8, 3 <~, me M and i € I. It follows now:

gl (m) (w3} (B%)) = Tm) (") (n52 (E7)))
= Ti(m) ((») 7 (£7))
= g/ (m) (E").

We note that A$, for ¢ € I, is measurable, since every giﬁ , for i € I and
0 < «, is measurable.

. Let o be a limit ordinal < k and let, for every ¢ € I and every v < «,
h] : M — C] be already defined and measurable such that h] (m) =
(97 (m))g<r, for allm € M, where g/ : M — A" (C?) is already defined
and measurable, for § < 7.

Since « is a limit ordinal, it follows for every f < « that 8+ 1 < a.
Therefore giﬁ M — AF (Cﬂ) is already defined and measurable, for
0 < «aand 1 € I. It follows that

hi (m) := (g; (m))s<a

52



is well-defined and measurable, for m € M and ¢ € I. For ¢ € I, we
have to show that h{ : M — C7* and that A is measurable:

Let < 7 < a. Since « is a limit ordinal, we have v+ 1 < a. By the
induction assumption, we have that k)™ : M — CJ™' and it follows
that gf is measurable, for 0 < ¢ < v and that

margey (6] () = 6(,s(,y)_ and marges (g7 (m) = g (m).
for all m € M. This shows that
hi M — Cf, foriel.

Finally, we note that h$, for « € I, is measurable, since every giﬂ , for
1 € I and B < «, is measurable.

Proposition 4 Let (M, 3, (T;)icr, 0) be a k-type space on S for player set I.
Then, the k-hierarchy description map

h*: M — C"

s a type morphism.

Proof We showed already in the above definition that A" is measurable.
We have

0" (h" (m)) = hg (m) =60 (m), form e M.

Let i € [ and I € X*. Then there is an ordinal @ < k and E* € X such
that £ = 7} (E*). It follows by the definitions that for m € M:

T (b~ (m)) (E) = T7

I
>3
—~
\_/g/\_/

The next Lemma shows that type morphisms between k-type spaces pre-
serve the k-hierarchy descriptions.
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Lemma 23 Let (M,%,(T})ier,0) and (M 5, (TZ)2€1,0> be k-type spaces on
S for player set I, let h* : M — C* and he s M — CF be the k- -hierarchy

description maps, and let f - M — M be a type morphism.
Then, for allm € M :

Proof Since CV is a singleton, for i € I, we have that h? (m) = K9 (f (m)),
for: € I and m € M.
For 0 < oo < xk and m € M we have

hg (m) =0 (m) = 0(f (m)) = hg (f (m)).

Let o = B+ 1 < & and 1P (m) = 1P (f (m)), for m € M. For i € I and
m € M, it follows that

g/ (m) = Ti(m)e (W)™
= Ty(m)o(f~ o))
= T,(f(m))o (b))
= 9 (f(m))
This implies that h?*! (m) = /ﬁfﬂ (f(m)), forie I and m € M.

Let i € I, let « be a limit ordinal < &, and let &2 (m) = &2 (f (m)), for
all < o and m € M. To show that hf‘( ) = ﬁf‘(f( ), for i € I and
m € M, it suffices to verify that ¢” (m) =g’ (f (m)), for all § < «. But this
follows from the fact that § < a implies that § + 1 < a and from

(95 (m)ees = BT (m) = BT (f (m) = (G5 (f (m)))c<s.

Proposition 5 The k-hierarchy description map
h® . C" — C"

18 the identity.

Proof Let ¢ € C*, let 0 < a < k and, for i € Iy, let m; be the projection
i C" — Cf.

Then
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hi (¢%) = 0% (") = c§ = mo (") = 7o, (o ("))

e We have h (c®) = Y, for i € I, where {!} = C?, and therefore
hi (e7) = m. (i (7))

o Let a =3 +1< kK and let h? = ’/Tiﬁﬁ om;, for © € I. Let furthermore
¢ = (t$)¢en, for i € I, and let E° € ¥°. For i € I, we have

ol () (%) = () () (1))
_ e (((m ™) er,)

= Tr (") ((mp0) " (B%))

(%))

= 1 (E7).
It follows that g/’ (c*) = t; and therefore h¢ (c*) = 7, . (m; (c*)) . (Note
that by the induction assumption, kY (¢*) = T, (T () = (%)<, for

alli € 1.)

e Let now a be a limit ordinal < k and let for all § < «, for all ¢ € I,
and all ¢ = (£5) ¢y :

(") = (g5 () )eap = (8)cep
Then
B (") = (97 (") ) e = (B e = T 0 i (7).
7 gz B<a i/ B<a a,K 1
(Note that § < « implies §+ 1 < «.)

Altogether, it follows that hf (¢®) = m; (¢*), for i € Iy, and therefore h* =
idew.
Theorem 5 C" is a universal k-type space on S for player set I.

Proof Let M = <M, 2, (T3)ser » 9> be a k-type space on S. By Proposition 4,
there is a type morphism from M to C". By Proposition 5 and Lemma 23,
this type morphism is unique. [
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6 Beliefs Completeness

In this section, we show that the universal x-type space is beliefs complete.
In the case k = Ny, we can say much more: The component space of each
player is - up to isomorphism of measurable spaces - the space of finitely
additive probability measures on the product of the space of states of nature
and the other players’ component spaces.

Theorem 6 Let (C*, 35 (TF)icr,0") be the universal k-type space on S for
player set I constructed in the previous section.
Then, for everyi € I :

[}
Tr: O — AR (CY)
1s one-to-one and measurable.
°
marge. o I}": Cf — A" (cr)
s onto and measurable.
°

marg e 0 T2+ €0 — A% (C1%)

is an isomorphism of measurable spaces.’

Proof The first point was already proved in the proof of Theorem 4.

Fix i € I. According to the first point of this theorem, T : CF — A* (C*)
is measurable. Since all the inverse images (under the projection) of the

®Although, for k > Ny, it is no longer true (contrary to the case k = Rg) that the values
of a finitely additive probability measure on the measurable rectangles in a product of two
K -measurable spaces determine this finitely additive probability measure, we believe that
this is true in the special case where the marginal on one of the factors is a delta-measure.
Therefore we tend to conjecture that the third point of Theorem 6 holds also for k > R,
but it seems to be considerably harder to prove.
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generators of 37, are among the generators of ¥*, the projection from C* to
C*, is measurable. Remark 4 implies now that

margen A% (C") — A" (cr)
is measurable, and hence

marge. o 1} : CF — A" (cr)
is measurable.

Let p € A" (C’fi) . Now, we construct a product s-type space on S for
player set [

U= (0,0 (), (1), 8"

such that there is a point v € U; with marge. o T} (hf (u)) = p.
Without loss of generality, let u ¢ C and define

Uj = C]K, fOI'j S [0\ {Z},

U = YrU{EU{u}|E € X},

xY o= 8r, for g e Ip\ {i},

U = HjEIon7

Y = the product s-field of the XY, j € I,

Ui = Wjer\@Uj,

¥Y, := the product s-field of the XY, j € I\ {1} .

It is obvious that 3V is a k-field on U;. Note that ¥* C 33U,

Let F = 1l¢1, Ej such that F; = U; for all but one j € Iy. The sets of this
form generate V. If E is of this form, we have ENC* € X*. Since (ﬂFE\I, F) N
C* = Npeg (FNCT), for ¥ C XY, and since (U\F) NC* = C*\ (FNC"),
for F C U, it follows by the proof of Lemma 1 that FNC* € ¥*, for F' € ¥V,

Now define for j € I, ¢f € C§ and E € XV :

U/ k . mK( K K

TV () (B) = TH(e5) (BN C%)
It is obvious that TjU (cj) is a finitely additive probability measure on (U ) EU) ,
for j € I and ¢ € Cf. Clearly, T : U; — A" (U) is XY-Xax(y) measurable,
for j € I\ {i}.
Let €I, € CF, E € YW and E D {cj} x U_;. We have to show that
TV(c5) (E) = 1. We have {¢f} xU_; 2 {¢i} x C%,, 50, C"NE 2 {f} x C*,
and it follows that
TY () (BE) =TF(c) (C"NE) = 1.

J J
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Y and XY, are fields on U; and U_; := ILies\nU; = CF,. The finite

7

disjoint unions of sets of the form E; x E_;, where E; € XV and E_; € ¥V,
form a field F on U that is contained in XV. Note that for every finitely
additive probability measure v on (U, EU) , the values of v on F determine
already the marginal of v on (U;,$Y) and on (U_;,XY;). Now, define for
disjoint E! x E*,,... |EF x E", € F :

UE’ x BL) =6, (BY) - (BY) + 64 (B2) - (B2) + ..+ 8, (B - (B™,) .

Obviously 1 is well-defined (because of the additivity of 6, and u) and it is
a finitely additive probability measure on F. Next, by the Lo$-Marczewski
Theorem, extend 7 to a finitely additive probability measure 2 on ©V. By
the definitions, it is clear that margy, (1) = ¢, and that marge. (1) = p.
Note also that

i({u} x C%) =1#T7 () ({u} x CF,) =0, for ¢f € Cf.
(By definition, we have {u} x C*, € ¥.V.) Define now
TV (u) = i

It follows that TV (u) ({u} x U_;) =1
Finally, define

0V (cf) == cf.
To check that U is a k-type space, it remains to show that
TV U — A" (U)
is measurable. We have for p € [0,1] and F € XV :
(T7) " {r e A~ (U) | v(E) = p}) =
| v

{ (Tr) (fre A" (CY) |v(EnCr) 2 py) eXf C XY, if fi(E) <p,
(Tr) (v e A%(C7) [v(EnCr) 2 ph U{u} € XY, if  [i(E) 2 p.

Since U is a product k-type space on S for player set I, g]@ is defined
on U; and is E?—EM(CQ)—measurable, for j € Iy and 0 < 8 < K, and hf is
defined on U; and is E]-U—E]Q‘-measurable, for j € Iy and 0 < a < k.

Since Uy = S and 0¥ = idg, Wehavehg‘zé’U:W for 0 < a < k.

a,K)
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For j € I, h{ is uniquely defined, since the C} are singletons. It follows
that hY = ﬂé’ﬁ, for j € I'\ {i} and h)[C} =} ..

Let j € I, a = B+1 < &, and h[C} = w4, for all | € I, and
furthermore, let ¢} = (155)4<,.i € C7 and EP € ¥P. Then

g)(e) (B%) = Tff(c;)(( )7 (B7)

= T8 (50 (r?) 7 (EP)
= T (0.0 (2))
= 1) (E)

It follows that gf (cf) = tf and therefore h$ [CY = w/,
Let j € I,let & = A < & be a limit ordinal and for all § < « : let hf [CF =

7T]B'7H, and let ¢f = (t§)<<,{. By the definition and the induction assumption
(note that § < « implies §+ 1 < «),

13 (¢5) = (9] () pea = (1)) pea = Thn(C5).
Altogether, we showed now that h§[CT = idcr, for j € Io.

Let now E_; € ¥*,. By the definition and Proposition 4,

Ty (h (w) (CF x B—y) = TV (u) (%) (CF x Ey))
= T (u) (Ui x E)
= 8, (U) - p(E-)

= M(E )

and the second part of the theorem is proved.

For the third point, it remains to prove that
1.
marg g © Tfo : C’?O — ARo (C’S‘Z)
is one-to-one, and

2. for every E; € ¥1°

)

Marg T (E;) € EANO(Cﬁg).
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To 1: Let (t7), oy, > (77) € C} and

n<Ng
margeyy (T (1) cy,)) = margery (L ((rF)nax,)) -
We show by induction on n < Xy that ¢ =} :

Step n = 0: Let E° € X9, Since C? is a singleton, there is a EY; € XY, such
that E° = CP x E°,. We have 3 (E°) = C° x ((7?0’;{0)_1 (E°,)). Since
7T€)7N0 is measurable, for 5 € Iy, we have, by definition,

(%) = T (()e) (CFF x ((m3,) ™" (B2)))

T (1)) (O % () ™ (B2)))
— (B9

Step n — n + 1: Since X"+ is the product field of X! and ¥"* and since

finite direct sums of measurable rectangles form already the product field of

Y+ and X" it is enough to show that ¢771 (F ) = r?H1 (L) | for sets

of the form F"*! = E" < E™ where E't! € 2 and B € ¥, Since
o n+1 _ n+1 _

<t’li€)0§k§n = (rf)ogkgn, we have margen+i () = marg o+ ((ri*h) =

() ) and since

0<k<n

i

B BN = T () ) (O % (i) ™ (211)

= T (D)) (O x (i) ™ (B2))
= (O X BT

we have
tﬂ-‘rl (Eﬂ+1 % Eﬁ—&-l)
n n —1 -1 n
By, () - (marsgsy (T (1)) (i) (E27))
(o), ) (E) - (marggny (T (7)) ) ((raban,) ™ (B7))
= o (B« g
It follows that t)*! = ¢/t
To 2 : Since X} is the field on C}° inherited from the product field of the
Yiaro(cnys 1 < R, and since

marg o o T 10 — AW (1)
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is one-to-one and onto, it remains to show - by an induction on m < ¥; -
that

0 T (Do £ 1€ ) €0 0y

for A™ € Xanoom)

Again, since marg,x, o TiNO is one-to-one and onto and since the sets
—1

{pe A% (C™) | u(E™) > p}, where E™ € ¥™ and p € [0,1], generate
Y aro(cm), to show (x), it is enough to verify that

mag 0 T ({(12),cy, € O 6 (B™) 2 p}) € Ty 1000
for all E™ € ¥™ and p € [0, 1].

Step m = 0: Let E° € 3% and p € [0, 1]. Since C? is a singleton, there is a
EY, € ¥Y, such that E° = C? x E°,. We have
— —1
7r011< ( 0) =G0 x ((WO,NO) (Egz))

and by definition, for (¢7) € C,

n<Ng

(B = T (( n)n<No) (Wo Ro (EO))
— (margg o ((9),00)) (7)™ (B2)

Hence

marg, x, o T <{

(Note that marg,,x, o T was onto.)

Step m — m + 1: Let E™™ € ¥ and p € [0, 1]. ¥ is the product field
of E;"H and X" 1. E™*! can be written as a finite direct sum of measurable
rectangles. Furthermore, E™*! can be written as

E™' = F'x F' + ...+ FF x F*,

—

for some k > 1 and F', € ¥ for | = 1,... k, and F} € ¥ for
I =1,...,k, such that the F! are disjoint.
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According to the induction assumption, we have

marg g © 11 ({ (1)1, € 0| # € 47} ) €5

ar(c)

for ¢ = 0,...,m and A7 € Ynyca)- Recall that £"*! is the field on
C™*1 inherited from the product field of the Yaro(cays ¢ = 0,...,m, on
I,<,, AY (C9) . In particular, the projection from C"** to AR (C?) is mea-
surable, for ¢ = 0,... ,m. Since m,, ,, y, is onto and measurable, and since
Marg s © T is one-to-one and onto, it follows that

(8 g<m € le}) € % am ()

margo o 72 ({t1),c0, € | (¥, € F2})

N marg x, o T ({(t?)”<No < CiNO| (Eosm € Fill}) -0

o ({10 <

and that

for 0 <ly # 14 < k. As argued in 1, we have

g+l (Fil « Ffl) = (5((1&‘?) ) (le) ) (margcﬁg? o T ((t?>n<?‘lo)> <(7T771i+1,k<o)_1 (Fil)) )

v/ q<m

Since all the F! are disjoint, we have ¢ (E™*') > p iff there is a [ such

that (t),<,, € F and (marggr o T (8),0,) ) ((mhin,) ™ (L)) 2 .
Hence Z

marg ., 0 T ({ (1), € CI°

t;nJrl (Em+1) > p}> _

Uir ((margeny om ({0, e 0] 0,0, e 1))
n{ieam (@) [ u((min) () 20)) €

—1i
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