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This study explores the application of a hybrid
quantum-classical algorithm for solving the parallel
machine scheduling problem with sequence-dependent
setup times, a pivotal scheduling problem that has
applications in multiple industries. Using a column
generation-based approach, we propose a heuristic
that combines a classical linear relaxation for the
master problem with quantum annealing for solving
the pricing sub-problem. Whereas the pricing sub-
problem generates columns (i.e., a sequence of
jobs that are assigned to a machine), the master
problem selects which columns to use in order
to minimize the makespan of the schedule. To
generate columns, the pricing sub-problem solves
a traveling salesman problem that is formulated
as a quadratic unconstrained binary optimization
problem. The big advantage thereof is that subtours
can be eliminated by use of quadratic terms in
the objective function. In addition, our approach
also leverages the quantum annealer’s capability to
generate many high-quality solutions (i.e., columns)
in a very short time. To assess the performance of
our hybrid column generation-based heuristic, we
perform a computational experiment. The results
of this experiment demonstrate the synergy of
hybrid methods for tackling complex decision making
problems, achieving competitive high-quality solutions
and computational advantages when compared to
classical solution methods.
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1. Introduction
In this paper, we consider the Parallel Machine Scheduling Problem (PMSP) with sequence-
dependent setup times. Among scheduling problems, the PMSP is of particular importance
due to its widespread applications in manufacturing, logistics, and service industries [3,28].
Most variants of the PMSP are NP-hard [39] and are typically addressed using heuristic or
metaheuristic approaches [59].

Our primary objective is to develop and evaluate a hybrid quantum-classical framework
for solving the PMSP more efficiently. Specifically, we propose a column generation-based
heuristic that integrates Quantum Annealing (QA) for solving a key subproblem. While quantum
approaches are gaining momentum in the field of combinatorial optimization, their integration
within decomposition-based methods for complex scheduling problems such as the PMSP
remains relatively underexplored. This study contributes to the growing research area of hybrid-
classical quantum algorithms by proposing a novel hybrid design that takes advantage of both
classical and quantum technologies.

QA has been explored in numerous studies as a promising method for solving optimization
and scheduling problems on NISQ (Noisy Intermediate-Scale Quantum) machines. For instance,
see [14,16,34,46] for recent developments demonstrating the potential of QA in addressing hard
combinatorial problems. These works highlight the opportunities to further explore quantum-
enhanced methods for industrial optimization problems and motivate the investigation of hybrid
approaches that combine classical efficiency with quantum capabilities.

Rather than aiming to demonstrate the superiority of quantum machines over classical ones,
our approach seeks to harness the strengths of both. Classical methods for solving linear programs
have advanced significantly, enabling the efficient solution of LP problems with millions of
variables at relatively low computational cost [15]. In this work, we combine the efficiency of
classical LP solvers with the potential advantages of currently available quantum hardware to
tackle the PMSP.

The proposed hybrid column generation methodology is not only theoretically motivated
but also practically relevant to a number of real-world applications. For instance, with minimal
adaptations, our approach could be applied to solve crew scheduling problems in transportation
systems, such as those studied in [23,33], where decomposition-based strategies are central
to handling large-scale assignment and sequencing decisions. Furthermore, the methodology
is closely aligned with well-established column generation approaches used in airline crew
scheduling [56]. Perhaps most importantly, this framework lends itself naturally to healthcare
applications, particularly the nurse and operating room rostering problem [24], where schedules
must account for staff availability, sequence-dependent setup or transition constraints, and
institutional policies. As highlighted by recent reports on nurse shortages and healthcare
system strain [25], improving the efficiency of these scheduling systems has substantial societal
impact. These examples demonstrate the broad applicability and potential impact of our hybrid
optimization approach in complex scheduling environments.

To address the PMSP and its potential real-world analogues, we adopt a decomposition
strategy based on column generation, which divides the PMSP into a master problem and
a pricing subproblem. The master problem is solved using linear relaxation techniques on a
classical machine, while the pricing subproblem, modeled as a Traveling Salesman Problem (TSP)
variant, handles the sequencing of jobs on each machine. Due to the inherent difficulty of the
TSP, we further decompose the pricing problem into two tasks: selection and sequencing. This
decomposition enables us to formulate the subproblem as a Quadratic Unconstrained Binary
Optimization (QUBO) model, which can be efficiently solved using QA. The QUBO formulation
offers structural advantages such as implicitly avoiding subtours without introducing additional
constraints or variables. Additionally, quantum methods allow for the generation of a large set of
high-quality solutions (and thus columns) in a single iteration, making them especially appealing
for column generation procedures.
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To assess the practical viability of the proposed hybrid framework, we conduct computational
experiments using a D-Wave quantum annealer. Our results demonstrate the strengths of QA
in generating effective columns for the PMSP, particularly in dense and complex instances. To
the best of our knowledge, this is the first study to apply a quantum-classical hybrid column
generation method based on QA to a scheduling problem as complex as the PMSP.

The main contributions of this paper are:

• We propose a decomposition of the PMSP that enables a transformation of its pricing
subproblem into a QUBO formulation.

• We develop a novel hybrid heuristic that integrates QA within a classical column
generation framework.

• We provide a detailed analysis of the impact of quantum hardware constraints,
particularly qubit connectivity, on the performance of the hybrid approach.

The paper is organized as follows. Section 2 reviews the relevant literature. Section 3 presents
the compact MILP formulation for the PMSP. Section 4 introduces the decomposition strategy,
including the restricted master problem (RMP) and the pricing subproblem (PSP). Section 5
describes the column generation procedure, the proposed heuristic, and the QUBO formulation.
Section 6 presents the computational results and experimental methodology. Finally, Section 7
discusses limitations, open questions, and future research directions.

2. Related Literature
To position our work, we first discuss the literature on the PMSP. Next, we provide a brief
overview of the literature on QA and its implementation on a D-Wave machine. Lastly, we also
discuss existing works that adopt QA to tackle the PMSP.

(a) The Parallel Machine Scheduling Problem with Sequence-Dependent
Setup Times

In the PMSP, a set of N jobs has to be processed on a set ofMmachines. Two cases are generally
considered in the literature: machines are either identical, or they are different. In the first case,
the processing time pj of a job j does not depend on the machine to which job j is allocated. In the
second case, the processing time pmj depends on the machine m that is selected for processing
job j. In what follows, we assume that machines are identical.

The PMSP with sequence-dependent setup times is a classical problem in operations research
and combinatorial optimization. In the PMSP, jobs must be assigned to one of a set of alternative
machines and jobs that are assigned to the same machine have setup times that are defined as the
time that must elapse between the end of one job and the start of the next job. The setup time
is sequence dependent in the sense that the elapsed time between jobs will differ depending on
the order in which jobs are scheduled. Those sequence-dependent setup times may correspond to
maintenance or cleaning operations to be performed on the machines between the execution of
two different jobs. Our goal is to minimize the makespan Cmax; that is, the maximum completion
time of a schedule. The problem can be denoted by P |sij |Cmax, where P represents identical
parallel machines, sij is the setup time in case job i precedes job j, and the objective is to
produce the schedule that minimizes the makespan. The makespan minimization problem is NP-
hard since the PMSP with two machines can be reduced to the partitioning problem [39]. In the
literature, P ||Cmax is solved using exact methods such as branch and bound algorithms [42] or
cutting plane techniques [44], as well as approximation schemes [30] and metaheuristics solution
methods such as simulated annealing [38].

Taking into account setup times makes the PMSP even harder to solve. Most of the research
in this field assumes identical parallel machines and focuses on heuristic solution methods [58].
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In [31], a MILP model is proposed for P |sij |Cmax, as well as a heuristics approach based on the
solution of a vehicle-routing problem. The authors in [29] propose lower bounds and a divide-
and-merge heuristics that outperforms the tabu-search approach presented in [28]. [43] compares
the performance of a heuristics that combines a genetic algorithm and a local-search procedure
with a tabu search that is slightly adapted from [28]. Heuristic procedures are also prevalent in
the literature that assumes the use of unrelated (i.e., non-identical) parallel machines [59].

Few studies have tackled the problem with decomposition methods. For example [18] was one
of the first to use column generation for a problem with setup times similar to the one studied in
this paper. [54] used a benders decomposition method for solving this problem.

(b) Quantum Annealing and its Implementation in D-Wave Machines
QA [16,49] and Simulated Annealing (SA) [37] share many similarities. SA is a classical
optimization algorithm that constructs a discrete-time Markov chain to explore the solution space.
The goal is to define the transition probabilities of this chain such that its limiting distribution
converges to the optimal solution of the optimization problem. QA, on the other hand, is a
quantum algorithm that operates through a continuous-time stochastic process over the solution
space (or its relaxed version of it). Following the work of [36] and [2], QA can be viewed as a
stochastic approach to minimizing a quadratic form x⊤Qx, also known as a QUBO problem,
where the decision variables take binary values, x∈ {0, 1}n, with n representing the number of
decision variables.

The objective of QA is to generate a probability distribution in {0, 1}n. This distribution
is represented by the continuous-time stochastic process {|Ψ(t)|2 : t≥ 0}, whose evolution is
dictated by the Schrödinger equation:

iℏ∂Ψ(t)
∂t

=H(t,x)Ψ(t),

where i is the imaginary unit, ℏ is the reduced Planck constant, and H(t,x) :R× {0, 1}2
n

→R
denotes the Hamiltonian.

The time-dependent Hamiltonian in QA evolves according to the principles of adiabatic
evolution [10]. According to the adiabatic theorem, if a quantum system experiences a slow and
continuous change in its Hamiltonian, it will remain in its instantaneous eigenstate during the
transformation [2,36]. QA is physically implemented using analog devices that manipulate the
states of qubits through a time-varying Hamiltonian defined as:

H(t, x) =A(t)H0(x) +B(t)H1(x),

where A(t) is an increasing function of time, and B(t) decreases monotonically over time. The
combination of these functions forms the annealing schedule, as shown in Figure 1.

The QA algorithm gradually transitions from the initial ground state of the starting
Hamiltonian H0, known as the “mixing” or “tunneling” Hamiltonian, to the problem
Hamiltonian H1. The problem Hamiltonian H1 corresponds to the energy function of the
optimization problem, ensuring that the ground state ofH1 represents the minimum-cost solution
for the optimization problem. Typically,H1 is based on the Ising model.

The Ising model can be visualized by a graph G= (V,E). In this context, the goal is to assign
each variable si a value of either -1 or +1 (or binary values for QUBO) to minimize the following
energy functionH1:

H1 =
∑
i∈V

hisi +
∑

(i,j)∈E

Jijsisj ,

where hi denotes the weight associated with variable si, and Jij represents the coupling
constant between variables si and sj . The Ising and QUBO models are isomorph, with a
transformation between them given by:
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Figure 1: Typical annealing schedule. The y-axis represents the anneal fraction k, indicating the
system’s progress towardsH0, while the x-axis shows the elapsed time.

xi =
1 + si

2
.

The tunneling HamiltonianH0 commonly used in QA is defined as:

H0 =
∑
i∈V

σxsi,

where σx, the Pauli-X operator applied to qubit i, is represented by:

σx =

(
0 1

1 0

)
.

The choice ofH0 is motivated by its well-known ground state and can be efficiently computed
in polynomial time [26,27].

The advantage of QA for optimization lies in its ability to exploit quantum superposition.
Unlike classical simulation approaches, QA allows quantum systems to evolve naturally over
time according to the Schrödinger equation, eliminating the need for multiple simulations
to approximate the limiting distribution, as required in SA. QA is a versatile optimization
framework, capable of solving numerous hard problems since both the Ising and QUBO models
are NP-hard [35].

The integration of quadratic models onto the Quantum Processing Unit (QPU) is referred to as
embedding. If the user provides a QUBO model as input, it is transformed into an Ising model to
map it onto the qubit graph of the QPU. This process varies across quantum machines. In D-Wave
systems, the qubit graph is static and not fully connected. Therefore, the connectivity of the qubit
graph plays a critical role in the success of the embedding process. To achieve higher connectivity
and better align with the structure of the input graph, additional qubits, often referred to as logical
qubits, are introduced and chained together using coupling constraints to enforce that they take
the same value. Figure 2 illustrates this embedding process through the addition of one and two
extra logical qubits, respectively.

To establish the required links between the original qubits and the additional logical qubits,
the adjusted QUBO/Ising formulation incorporates penalty terms that enforces value consistency
across the chain. For example, in the first embedding shown in Figure 2, the logical qubit y4 is
chained to the original qubit x3 using a penalty term such as λc(y4 − x3)

2 or λc(y4 + x3 − 2y4x3).
The parameter λc, known as the chain strength, is critical for preserving the coherence of logical
qubits throughout the annealing process.
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x1 x2

x3

//
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used in the QUBO/Ising

x1 x2

x3 y4

Embedding with a chain
length of 1

x1 x2

x3 z5

z4

Embedding with a chain
length of 2

Figure 2: Two examples of embedding a 3-vertex clique onto a qubit graph topology that lacks
sufficient connectivity. The left panel depicts the original QUBO/Ising graph, with a dashed
edge indicating that qubits are not physically connected in the QPU. The middle panel shows
an embedding using one additional qubit (y4). The right panel represents another embedding
that uses two additional qubits (z4 and z5). The blue lines correspond to logical edges added to
the graph and they are formally known as a “chain”.

As a result of the embedding, the number of qubits required may exceed the number of
decision variables. Consequently, the denser the input graph, the greater the number of qubits
that may be needed, as illustrated in Figure 4 of Section 6. In addition, the coupling between
qubits in a chain may lead to an issue known as a “chain break”. This occurs when a chain of
qubits fails to maintain the same value among all qubits in the chain.

(c) Quantum Annealing for Scheduling Problems and the PMSP
QA has been applied to a wide variety of decision problems across multiple domains. Refer,
for instance, to [50] for an early application of QA in a manufacturing context, as well as [22]
for a more recent application to the vehicle routing problem, an important problem in logistics
and transportation. In the domain of scheduling, QA-based methods have been used to tackle
well-known classical problems such as job-shop scheduling [1] and the resource-constrained
project scheduling problem (RCPSP) [46], both of which have wide, ranging applications in
manufacturing systems and project management.

More recently, hybrid quantum-classical algorithms have been explored for increasingly
complex logistics and transportation problems that involve integrated scheduling components.
For example, [53] proposes a hybrid QA approach to generate optimized pickup schedules for
automated guided vehicles in warehouse operations, while [32] addresses the joint routing and
scheduling of urban delivery fleets using quantum-inspired methods.

With regards to the PMSP, many papers make a direct use of the hybrid quantum-classical
solver proposed by D-Wave. In [45], the authors addressed the unrelated PMSP with priorities for
jobs and changeover times. They proposed QUBO formulations and tested their models on the D-
Wave platform. Recently, [5] proposed a binary quadratic program for a PMSP with setup times,
where the objective is to reduce the total setup time, to uniformly distribute the busy times of all
machines, and to maximize the total value of the schedule. They compared the performance of
the D-Wave Leap hybrid solver with that of a classical solver for solving a mixed-integer convex
program.

QA is increasingly used in more complex solution procedures, such as the branch-and-bound
method proposed in [11] for single machine scheduling problems, and the column-generation
approach developed in what follows.
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3. Compact Formulation of the PMSP
In this paper, we consider a PMSP where a set of jobs,N , has to be scheduled on a set of identical
machines, M, with the objective of minimizing the makespan Cmax. Each job has a processing
time pj that corresponds to the time required to process job j. There are sequence-dependent
setup times, sij : the time that must elapse between the completion of job i and the start of job j

if job i precedes job j. The goal of the PMSP is to minimize the makespan by assigning jobs to
machines and to sequence the execution of jobs on each machine.

To formally define the PMSP, we present a simplified version of the compact model developed
by Avalos et al. [4] and Mokotoff et al. [44].

Sets:

N Set of all jobs;
N0 Set of all jobs with an additional dummy job (indexed by 0);
M Set of machines;

Exogenous parameters:

sij Setup time if job i precedes job j;
pj Processing time of job j;
M A large positive number.

Endogenous model decision variables:

xijm Binary variable that equals 1 if job i precedes job j on machine m;
Cj Completion time of job j;
Om Latest completion time of jobs on machine m;
Cmax Maximum completion time (makespan).

If we assume that all inputs are non negative. Then a MILP formulation of the PSMP is given
by:



min Cmax

subj. to:
∑

i∈N0\{j}

∑
m∈M

xijm = 1 ∀ j ∈N

∑
j∈N\{i}

∑
m∈M

xijm = 1 ∀ i∈N0

∑
i∈N0\{h}

xihm =
∑

j∈N\{h}
xhjm ∀h∈N ,∀m∈M

Cj − Ci +M(1− xijm)≥ sij + pj ∀i∈N0, j ∈N \ {i},m∈M∑
j∈N

∑
m∈M

x0jm ≤ 1

C0 = 0∑
i∈N0

∑
j∈N\{i}

(sij + pj)xijm =Om ∀m∈M

Om ≤Cmax ∀m∈M

(3.1a)

(3.1b)

(3.1c)

(3.1d)

(3.1e)

(3.1f )

(3.1g)

(3.1h)

(3.1i)

Objective function (3.1a) minimizes the makespan. Constraints (3.1b) and (3.1c) ensure that
each job has exactly one predecessor and one successor on a single machine. Constraint (3.1d)
specifies that a job can only have a successor on a machine if it also has a predecessor on the
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same machine. Constraint (3.1e) defines the completion times of jobs such that, if job i precedes
job j on machine m, the earliest time that job j can finish must exceed the completion time of
job i plus the setup time between job i and j and the processing time of job j. Specifically, if
job j is scheduled directly after job i on machine m, (1− xijm) = 0, and the constraint simplifies
to Cj − Ci ≥ sij + pj . Conversely, if job j is not scheduled directly after job i on machine m,
(1− xijm) = 1, and M renders the constraint non-binding. Constraint (3.1f ) ensures that only
one job is scheduled first on each machine. Constraint (3.1g) sets the completion time of job 0, a
dummy job used to define the start of the schedule. Constraint (3.1h) calculates the makespan for
each individual machine. Finally, constraint (3.1i) links the makespan of the individual machines
to the overall schedule makespan.

The PMSP with sequence-dependent setup times is strongly NP-hard, as the assignment and
sequencing of jobs on each machine can be modeled as a TSP (which is also NP-hard [6]). Due to
the combinatorial complexity of the PMSP, even solving relatively small instances (fewer than
40 jobs) may require substantial computational effort [4]. The complexity of the problem can
be mitigated by dividing the problem using Dantzig-Wolfe decomposition [21] methods such
as column generation. In this decomposition, the main idea is to generate feasible, high-quality
sequence assignments to machines (referred to as columns) and, once a sufficiently large pool of
high-quality columns has been generated, decide which columns to select such that the overall
makespan is minimized while ensuring that all jobs are processed.

4. Problem Decomposition
In this section, we provide a detailed breakdown of the decomposition process for the compact
formulation described in (3.1), as well as a hybrid quantum decomposition heuristic for the PMSP.
This decomposition procedure is a critical step in solving the associated combinatorial problem
using a column generation-based algorithm. The necessity of such an approach arises from the
inherent complexity of the PMSP. Enumerating all possible configurations for assigning jobs from
a set of jobsN to a set of machinesM and determining their sequencing becomes computationally
infeasible, even for small-scale instances. To manage this complexity, the problem is divided
into two components: the Restricted Master Problem (RMP) and the Pricing Sub-Problem (PSP).
The RMP considers a reduced set of variables sufficient to compute a feasible allocation of jobs
to machines, while the PSP identifies new sequencing assignments that satisfy the technical
constraints imposed by the RMP. These new variables (columns) are then added to the RMP
model, potentially enhancing the solution.

The column generation method is based on the principles of duality theory [8,21], which
establishes a complementary relationship between the primal and dual optimization problems.
This relationship can be summarized as follows: (i) each variable in the primal problem
corresponds to a constraint in the dual and each constraint in the primal corresponds to a
variable in the dual, and (ii) the optimization objective in the dual problem (e.g., maximization or
minimization) is the opposite of that in the primal. For any sub-optimal solution that satisfies the
primal constraints, there exists a direction in which the objective function can be improved. These
improvement directions are represented by the dual variables, which help tighten the bounds of
the primal problem. For a detailed discussion on the primal-dual connection, refer to [8]. After
solving the primal problem as a linear model, dual variables, or improvement directions, can be
retrieved using built-in solver functions.

To construct an effective column generation approach, the PSP leverages dual information
from the current RMP solution, generating a new pricing instance whenever the sub-problem is
invoked. By utilizing duality theory, the PSP identifies new variables that improve the RMP’s
objective function. The iterative process continues until no additional columns can be generated,
signaling convergence.
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(a) The Restricted Master Problem
Given that the PMSP may involve a vast number of potential job-sequence machine assignments
(represented by the set Ω⋆), the extended formulation (3.1) cannot be used to solve even small-
scale instances. To avoid the immense challenge of exploring the entire set of assignments Ω⋆, we
propose constructing only a subset of high-quality assignments, Ω ⊆Ω⋆. The assignments in Ω

serve as columns that can be selected by the RMP such that the overall makespan is minimized.
As a simple initialization strategy, Ω can be created by naively dividing the jobs among

machines in a balanced manner and sequencing each assignment using a greedy nearest-neighbor
heuristic. This subset Ω is then iteratively updated by incorporating new variables generated by
the PSP. This reduced model, referred to as the RMP, can be interpreted as a set partitioning
problem and is formulated as follows:

Sets:

N Set of all jobs;
Ω The set columns.

Exogenous parameters:

Kjk Binary indicator that equals 1 if job j belongs to column k;
Ok Completion time of last job in column k.

Endogenous model decision variables:

yk Binary variable that equals 1 if column k is used;
Cmax Maximum completion time (makespan).

Formulation (RMP):



min Cmax

subj. to:
∑
k∈Ω

Kjkyk ≥ 1 ∀ j ∈N

Okyk ≤Cmax ∀ k ∈Ω∑
k∈Ω

yk = |M|

(4.1a)

(4.1b)

(4.1c)

(4.1d)

The objective function of the RMP (4.1a) minimizes the makespan. Constraint (4.1b) ensures
that each job j is assigned to at least one column. Constraint (4.1c) ensures that the makespan is
greater than or equal to the completion time of each selected column. Finally, constraint (4.1d)
ensures that the number of selected columns does not exceed the total number of available
machines, represented by the cardinality of setM.

(b) The Pricing Sub-Problem
Given the RMP (4.1) and by associating a dual variable to each constraint (4.1b), multiple PSPs can
be formulated for different numbers of jobs. These PSPs can be conceived as modified versions of
the TSP, where a subset of W “cities” (i.e., jobs) must be selected and sequenced. The sequencing
uses variables zij such that the selection minimizes the tour distance (i.e., the makespan of the
sequence) while maximizing the sum of the dual values associated with the W selected cities.

The objective function of the PSP is referred to as the reduced price, which represents the
marginal cost or improvement in the RMP’s objective function when including a specific column
in the solution. Thus, the pricing sub-problem for the PMSP can be defined as follows:

Sets:
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N Set of all jobs (i.e., cities);
N0 Set of all jobs with an additional dummy job (that represents a virtual depot).

Exogenous parameters:

πj Dual values of constraint (4.1b);
π0 Sum of dual values associated with constraint (4.1c) and (4.1d);
sij Setup time if job i precedes job j;
pj Processing time of job j;
W Maximum number of jobs to be selected;
M A large positive number (can be set equal to W + 1).

Endogenous model decision variables:

vj Binary variable that equals 1 if job j is selected for sequencing;
zij Binary variable that equals 1 if job i precedes job j in the route;
uj Miller-Tucker-Zemlin sub-tour elimination variable for job j.

Formulation (PSP):



min
∑
i∈N0

∑
j∈N\{i}

(sij + pj) zij −
∑
j∈N0

πjvj − π0

subj. to:
∑
j∈N0

vj =W

∑
j∈N

z0j = 1

∑
i∈N0

zi0 = 1

∑
j∈N\{i}

zij = vi ∀ i∈N0

∑
i∈N0\{j}

zij = vi ∀ j ∈N

ui − uj +Mzij ≤ V − vj ∀ i∈N0, j ∈N \ {i}

uj ≥ vj ∀ j ∈N0

uj ≤Wvj ∀ j ∈N0

uj ≤W ∀ j ∈N0

uj ≥ 0 ∀ j ∈N0

(4.2a)

(4.2b)

(4.2c)

(4.2d)

(4.2e)

(4.2f )

(4.2g)

(4.2h)

(4.2i)

(4.2j)

(4.2k)

The objective function (4.2a) of the PSP minimizes the reduced cost of a sequence based on the
dual values obtained from the RMP. Constraint (4.2b) ensures that, for each PSP, at most W jobs
can be selected. Constraints (4.2c) and (4.2d) ensure departure from and return to the dummy
depot (i.e., job 0). Constraints (4.2e) and (4.2f ) enforce that each selected job is preceded and
succeeded by exactly one job. Finally, (4.2g) to (4.2k) implement the Miller-Tucker-Zemlin (MTZ)
constraints to eliminate subtours.

5. Quantum Hybrid Column Generation Heuristic Approach
Solving the pricing sub-problems is often the bottleneck in column generation-based procedures,
as it requires to repeatedly solve multiple instances of a hard combinatorial problem (in our case
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we need to solve multiple TSPs). To address this challenge, and inspired by the work of [20]
and [22], we propose a quantum pricing heuristic algorithm that can find (near-) optimal solutions
faster than its classical counterpart.

The quantum pricing heuristic algorithm needs to transform the PSP (4.2) into a QUBO
model. The transformation is achieved using the formulation for the TSP proposed by [40], which
reformulates the problem into a quadratic form by introducing positional variables and quadratic
terms. The resulting model is expressed as the quadratic integer programming formulation shown
below:

Sets:

N Set of all jobs;
N0 Set of all jobs with an additional dummy job;
P Set of positions in the sequence.

Exogenous parameters:

πj Dual values of constraint (4.1b);
π0 Sum of dual values associated with constraint (4.1c) and (4.1d);
sij Setup time if job i precedes job j;
pj Processing time of job j;
W Maximum number of jobs to be selected.

Endogenous model decision variables:

qjp Binary variable that equals 1 if job j is assigned to position p;
aj Binary ancillary slack variable.

Quadratic integer programming formulation PSP:

min
∑
i∈N0

∑
j∈N\{i}

|P|−1∑
p

(sij + pj)qipqj(p+1) −
∑
j∈N0

|P|∑
p

qjpπj − π0

subj. to:
∑
j∈N0

qjp = 1 ∀ p∈P

|P|∑
p

qjp ≤ 1 ∀ j ∈N0

(5.1a)

(5.1b)

(5.1c)

The quadratic objective (5.1a) in the above formulation shares many similarities with objective
function (4.2a) of the standard PSP formulation, as both aim to minimize the reduced cost of a
column. However, a significant advantage of using a quadratic formulation for the PSP is that the
objective function inherently incorporates subtour elimination constraints (4.2g) to (4.2k). Since
the variables qjp directly represent positions in the sequence, this eliminates the need for selection
variables vj and the MTZ subtour elimination variables uj , as subtours are naturally handled by
the structure of the quadratic terms in the objective function.

While this formulation requires quadratic terms, which classical solvers must linearize—often
leading to computational overhead—this limitation does not apply to quantum annealers. The
Ising model, utilized by quantum annealers, naturally handles quadratic terms without requiring
linearization, making this approach well-suited for quantum computing.

In (5.1), constraint (5.1b) ensures that only one job j can be assigned to each position p, while
constraint (5.1c) ensures that if a job j is selected, it cannot occupy more than one position.

QUBO model PSP: The quadratic PSP formulation (5.1) is subsequently transformed into a
QUBO by incorporating constraints (5.1b) and (5.1c) as penalty terms within objective function
(5.1a). This transformation yields the following QUBO expression:
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f(X̂) =
∑
i∈N0

∑
j∈N\{i}

|P|−1∑
p

(sij + pj) qip qj(p+1) −
∑
j∈N0

|P|∑
p

qjpπj − π0 (5.2a)

+ λ1

|P|∑
p

2
∑
i∈N0

∑
j∈N\{i}

qipqjp −
∑
j∈N0

qjp

 (5.2b)

+ λ2
∑
j∈N0

1− aj − 2

|P|∑
p

qjp + aj

|P|∑
p

qjp +

|P|∑
p

|P|∑
g>p

qjpqjg

 (5.2c)

The expression f(X̂) represents the quadratic unconstrained binary representation of PSP
(5.1), where X̂ corresponds to a vector containing the variables qjp and the additional ancillary
slack variables aj . Term (5.2b) is the penalty associated with constraint (5.1b) and, similarly, term
(5.2c) represents the penalty associated with constraint (5.1c).

As demonstrated by the results in Figures 4 and 5 from Section 6 (below), and consistent with
findings from [14] and [46], the QUBO formulations obtained for scheduling problems tend to
be highly dense and connected. This creates significant challenges for the embedding process.
Such embeddings require multiple qubits arranged in chains to achieve the connectivity required
by the problem. Even for relatively modest problem sizes (e.g., sequencing 9 jobs), the resulting
chains exceed the critical limit of 7, as defined by the current quantum annealer architecture of
D-Wave.

Moreover even when using classical methods, PSP formulation (5.1) would still involve
combining selection and sequencing decisions into a single problem, making it computationally
expensive. Consequently, there is a clear need to further reduce the complexity of the PSP. To
address this issue, we propose to divide the pricing problem into two distinct sub-problems that
are solved sequentially: a selection problem followed by a sequencing problem.

It is important to note that this division introduces a trade-off between optimality and
computational efficiency, potentially leading to suboptimal solutions for (5.1) and, in turn, dual
gaps that may prematurely terminate the column generation process and guide it to sub-optimal
columns. Similar trade-offs have been reported in related methods for other problems, such as the
vehicle routing problem [55]. However, for the specific case of this study, the need for this trade-
off arises from the current limitations of NISQ machines. As the architecture and connectivity of
quantum machines improve, the reliance on such trade-offs is expected to decrease.

In the remainder of this section, we will present the proposed two-step heuristic method for
solving the PSP (5.1).

Selection Sub-Problem: The selection process for the PMSP involves assigning jobs inN to the
different machines inM. To initiate this process, we begin by assigning seed jobs to each machine,
referred to as “core” jobs. The dual values πj obtained from the RMP provide valuable insights
into the most critical jobs to prioritize, as jobs with higher dual values are more likely to contribute
to smaller reduced costs.

Core jobs are selected based on a balanced strategy that aims to maximize the dual value of
the core jobs while minimizing the difference in durations among them. This approach ensures
that the selected core jobs are not disproportionately short, helping to balance the workload
across machines. Additionally, we incorporate information about the largest setup times between
already-selected core jobs to avoid assigning highly interdependent jobs at this initial stage. The
detailed core selection strategy is presented in Algorithm 1. Assuming the use of quicksort, the
algorithm requires, in the worst case, a number of steps on the order of O(N · (N +K)), where
N and K denote the cardinalities of the setsN and K, respectively.

After initializing each machine with a core job, the remaining jobs still have to be assigned. To
do this, we adopt a straightforward strategy that assigns the remaining jobs to the machines where
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Algorithm 1: Core Job Selection Algorithm

Input: Set of jobsN with dual values πj , durations pj , and setup times sij .
Output: Core jobs K assigned to each machine inM.

Step 1: Rank Jobs by Dual Values
Sort all jobsN in descending order of their dual values πj ;

Step 2: Assign Core Jobs to Machines
begin

Select job j with the highest πj as the first core job and update K;
Set remaining jobsR=N \ K;
foreach remaining machine m do

foreach remaining job j inR do
Calculate Score(j,m) = πj + pj − sjj′, where jobs j′ are the core jobs in K that

have already been selected;
end

end
Select job j that maximizes Score(j,m) over all remaining machines;
Assign job j to machine m and update K andR;

end

Step 3: Return core jobs K

they contribute the most to minimizing the reduced cost. The assignment strategy is detailed
further in Algorithm 2. Assuming the use of quicksort in Algorithm 1, and that the array of jobs
sorted by dual values πj produced in Algorithm 2 is maintained in memory, then Algorithm 2
requires, in the worst case, a number of steps on the order of O(N ·K).

Algorithm 2: Job Assignment to Machines

Input: Set of jobsN , core jobs K, durations pj , dual values πj , and setup times sij .
Output: Set of jobsQm assigned to machine m.

Step 1: Initialize Sets of Assigned Jobs
Use Algorithm 1 to assign core job j′ ∈ K;
Set remaining jobsR=N \ K.;
Sort all jobsR in descending order of their dual values πj ;

Step 2: Iterative Assignment of Remaining Jobs
whileR ≠ ∅ do

Initialize best cost c⋆ =∞;
foreach job j ∈R do

foreach machine m do
Let i be the last job processed on machine m;
Compute cost: c= sij + pj − πj ;
if c < c⋆ then

Update best cost c⋆ = c, best job j⋆ = j, and best machine m⋆ =m;

Assign j⋆ toQm⋆ ;
Remove j⋆ fromR;

Step 3: Return Sets of Assigned Jobs
Output setQm for each machine m;
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The selection heuristic defined by Algorithms 1 and 2 produces a set of selected jobsQm aimed
at generating columns with minimal reduced cost. It is important to note that the sequence of the
jobs within the Qm has not yet been optimized, a task that will be addressed in the next step–the
sequencing problem.

Sequencing Sub-Problem: For each machine m, the jobs in Qm still need to be scheduled in
order to obtain the minimum-duration sequence. This requires us to solve a TSP for each machine
m. To accomplish this, we leverage the advantages of the quadratic TSP formulation, which can
be transformed into a QUBO that can be solved using a quantum annealer.

The QUBO expression for the sequencing sub-problem is similar to (5.2), but is restricted to the
jobs in the setQm instead ofN . Additionally, the linear maximization terms corresponding to the
dual values πj are excluded, as this aspect of the objective function has already been addressed
by the prior selection heuristic. Penalty term (5.2b) remains unchanged, while penalty term (5.2c)
is modified to ensure that all jobs are assigned to exactly one position. Notably, this new penalty
formulation eliminates the need for ancillary variables aj .

The QUBO for the sequencing sub-problem is presented below:

f(X̂) =
∑

i∈Qm

∑
j∈Qm\{i}

|P|−1∑
p

(sij + pj)qipqj(p+1) (5.3a)

+ λ1

|P|∑
p

2
∑

i∈Qm

∑
j>i,j∈Qm

qipqjp −
∑

j∈Qm

qjp

 (5.3b)

+ λ2
∑

j∈Qm

2

|P|∑
p

|P|∑
g>p

qjpqjg −
|P|∑
p

qjp

 (5.3c)

(a) Column Generation Process and General Resolution Framework
The combination of the selection and sequencing heuristics produces valid, high-quality columns
that can be incorporated into the RMP, enabling the implementation of a column generation
scheme. Utilizing QA for the PSP provides a unique advantage, arising from what initially
appears to be a limitation of the current NISQ annealing technology.

Due to the inability to fully satisfy the conditions of the adiabatic theorem, each run on the
quantum annealer generates multiple shots (evolutions) to compensate for the non-ideal adiabatic
conditions. Each shot has a runtime in the order of microseconds (µs) because the annealer
employs superconducting technology, making the process computationally inexpensive. This
ability to generate multiple solutions in a single annealing run offers a significant advantage for
a hybrid column generation approach. Specifically, it allows to obtain multiple feasible and high-
quality solutions for the PSP, each with the potential to be added to the RMP/to improve the RMP
in one and the same iteration.

The hybrid column generation-based approach proposed for solving the PMSP is summarized
in Algorithm 3 of Appendix (a), and in Figure 3 below.

As depicted in the UML diagram, the process begins with the initialization of the RMP using
an initial set of columns, Ω∗, which is obtained on a classical computer. To initialize Ω∗, we use a
naive but feasible set of columns that ensure constraint 4.1b of the RMP is satisfied, that is, each
job i must be covered by at least one column. One way to construct such a feasible initial set is to
generate N columns, each of which excludes a single job i, while sequencing the remaining jobs in
increasing index order. Additionally, we include N singleton columns where each column consists
of only a single job. The dual solutions, π, are then extracted from the RMP output and provided to
the Core Job Selection algorithm to create an initial assignment of one job to each machine, denoted
by K. This result serves as input to the Job Assignment to Machines algorithm, which generates
assignments, Qm, that are used to formulate a QUBO. The QUBO is solved using QA, thereby
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Figure 3: UML activity diagram: the general resolution framework operates in a closed-loop
between the RMP and the PSP. The RMP provides dual solutions to the PSP, while the PSP
supplies columns to the RMP. Additionally, the PSP is supported by algorithms 1 and 2 to select
core jobs and to assign jobs to machines.

creating a temporary set of columns, Ωtemp. The temporary columns, Ωtemp, are then processed
in three steps before being added to the general set of columns, Ω. First, duplicate columns are
filtered out. Second, a feasibility test ensures that the generated columns satisfy all constraints.
This step is essential because, even if a column has a negative reduced cost, it does not guarantee
that constraints are not violated in the QUBO model (5.3) (e.g., violations of constraints (5.3b) or
(5.3c)). Third, only columns with a negative reduced cost are selected for inclusion in Ω. The full
process is iterated b times or stops if no new column is found. In the latter case, an alternative
approach could, for instance, restart the process with additional iterations, as the probabilistic
nature of the process allows for non-deterministic outcomes.

6. Computational Experiments
In this section, we first discuss the generation of the PMSP instances that are used in a
computational experiment to benchmark our proposed algorithm. Next, we describe the machine
configuration that was used to run the computational experiment. Finally, we analyze the
numerical results, and compare the performance of the proposed method against that of classical
approaches.

(a) Instances and Benchmark
Due to the current limitations in the number of qubits available in the annealer, as well as
restricted access to quantum computational resources, the instances used in this study were
generated rather than retrieved from the literature. The procedure used to generate the instances
is similar to that of [4], with the exception that the instances in our study assume that machines
are identical.

We generated a set of instances of varying sizes across multiple dimensions, including the
number of jobs and the number of machines. Job durations were uniformly generated with values
ranging from 1 to 20 (pj ∈ [1, 20]), and setup times were generated with values ranging from
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1 to 10 (sij ∈ [1, 10]). Table 1 summarizes the combinations of jobs and machines used in the
computational experiments.

For each job-machine size combination, both a symmetric version (i.e., sij = sji) and an
asymmetric version (i.e., sij ̸= sji) of the problem was generated, resulting in a total of 14 distinct
instances.

Table 1: Problem Instance sizes

Number of Jobs Number of Machines
10 2
10 3
15 3
15 6
20 3
20 4
20 6

For each instance, we report the best makespan obtained, denoted as Optimal∗, which
corresponds to the best solution achieved by a classical solver running for a time limit of 600
seconds, solving extended formulation (3.1). Additionally, we present both the best solution
and the runtime obtained by our quantum hybrid column generation heuristic, denoted as hyb-
QA-Col, and compare it to the same heuristic implemented with classical methods, such as SA
and a standard commercial solver (referred to as hyb-SA-Col and Classic-Col, respectively). The
three methods were allowed to run for a maximum of 40 iterations, with the best result and
corresponding runtime reported.

(b) Characteristics of Quantum and Classical Machines
Quantum Annealer: The quantum annealer used for our experiments is the D-Wave Advantage
6.4, which features 5,612 qubits and 40,088 couplers. These couplers are connected to an analog
control system through a network of Josephson junctions. The machine follows the fixed Pegasus
topology, offering a maximum qubit connectivity of 15. The embedding of the QUBO problem
onto the hardware graph was carried out using D-Wave’s default minor-embedding heuristic [13].

The penalty coefficients λ1 and λ2, associated with constraints (5.3b) and (5.3c), were selected
following the approach proposed by [40] for the TSP. In particular, they were set to match the
maximum expected value of the objective function in (5.3a), i.e., λ=

∑
j pj +

∑
i

∑
j ̸=i sij . This

choice ensures that constraint violations are sufficiently penalized without dominating the energy
landscape. The chain strength parameter was set to the same value as λ, in accordance with
recommendations by [57], which suggest using a value on the same order of magnitude as
the objective function to preserve logical qubit consistency while minimizing distortion of the
problem structure.

All quantum annealing calls used an annealing time of 20 µs and 100 shots per call. This
annealing time has been found to strike a good balance between solution quality and runtime in
similar scheduling contexts [14,46,57]. While more refined annealing schedules (e.g., with pauses)
could improve the likelihood of sampling ground states [57], we opted for a fixed annealing
schedule to minimize quantum resource usage and maintain experimental consistency.

All quantum processing was conducted via the dwave-ocean software development kit using
the BinaryQuadraticModel (BQM) class for QUBO formulation.

Classical Solver and Machine Configuration: The computational experiments were conducted
on a cloud-based machine accessed via Google Colab. The system ran on a Linux 64-bit
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platform using “Ubuntu 22.04.3 LTS” and was equipped with an Intel(R) Xeon(R) CPU @
2.20GHz, featuring one physical core and two logical processors capable of utilizing up to two
threads. The machine had access to 12 GB of working memory and 107 GB of disk storage.
The classical optimization for all the computational experiments was performed using Gurobi
Optimizer version 12.0.0, accessed via the web license service and invoked through Python library
gurobipy version 12.0.0, running on Python 3.10.12. All the optimization problems were run
using a MIPGap parameter of 0.0 and a TimeLimit equal to 120 seconds while running the
iterations and 600 seconds while solving the non-restricted master problem.

Simulated Annealing: SA was executed using D-Wave’s dwave-neal function in order to
solve exactly the same QUBO formulation as the one that was used by QA. For each call to the SA
solver, 100 shots were performed. The SA algorithm was run on the same machine with identical
specifications as those used for the classical solver.

(c) Numerical Results
In this section, we first present the numerical results related to the challenge of embedding the PSP
onto the QPU. Next, we present the numerical results obtained from running the three algorithms:
hyb-QA-Col, hyb-SA-Col, and Classic-Col.

Embedding Analysis QUBO PSP: The results related to the embedding process of the QUBO
formulation highlight the necessity of dividing the PSP QUBO problem (5.2) into a two-stage
heuristic: selection (Algorithms 1 and 2) and sequencing (5.3). Table 2 reports the key statistics
obtained when embedding the the QUBOs for formulation (5.3) for various problem sizes.

Table 2: PSP QUBO sizes and chain statistics

N qubits physical_qubits mean_chain_L max_chain_L

3 9 12 1.33 2
4 16 35 2.19 3
5 25 68 2.72 3
6 36 148 4.11 6
7 49 249 5.08 7
8 64 441 6.89 10
9 81 583 7.20 11

10 100 995 9.95 16
11 121 1152 9.52 13
12 144 2040 14.17 22
13 169 3352 19.83 34
14 196 3969 20.25 37

The results presented in Table 2 highlight the significant disparity between the number of
qubits in the original QUBO formulation and the number of physical qubits required to embed
the problem onto the quantum annealer. To further illustrate the challenge of embedding highly
dense and connected problems, in Figure 4, we visualize the mapping of three example instances
(sizes: 3, 9, and 14) onto the Pegasus architecture of the quantum annealer.

Furthermore, Figure 5 illustrates the distribution of chain lengths for the various problem sizes
evaluated in this study. For sequencing problem sizes of 8 or more jobs, the average chain lengths
exceed the warning threshold established by D-Wave. Consequently, the samples corresponding
to the lowest energy states consistently contained broken chains.
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Figure 4: Illustration of the embedding of QUBO formulation (5.3) onto the Pegasus architecture
of the quantum annealer for problem sizes 3, 9, and 14 (shown from left to right).

It is worth noting that methods exist to repair broken chains (e.g., using Monte Carlo sampling;
see also [41]). However, in this study, infeasible solutions with broken chains were not included
as part of the resolution process of the proposed algorithms.
Computational Results: We now present the computational results obtained for the benchmark
instances evaluated in this study. Table 3 summarizes the performance of the three column
generation methods tested, reporting the average percentage deviation from the best-known
solution (∆Cmax%) and the corresponding running times (in seconds). These metrics are
aggregated across all instances to provide a comprehensive comparison of solution quality and
computational efficiency.

Table 3: Summary of Results

Classic-Col hyb-QA-Col hyb-SA-Col
∆Cmax% 23.95 % 6.74 % 8.75 %

Running Time (s) 6.76 (s) 5.75 (s) 1.03 (s)

Table 4 provides a detailed report of the the makespan (Cmax) and runtime (in seconds) for the
three algorithms, along with the best solution for each instance obtained by solving the extended
problem (3.1) running for a maximum time-limit of 600 seconds.

Next, we compare the performance of hyb-QA-Col, hyb-SA-Col, and Classic-Col. The results are
summarized in Table 4. Table 4 clearly demonstrates that, for instances with more than 10 jobs,
all three heuristic methods provide a significant computational advantage when compared to
solving extended formulation (3.1). This is particularly evident for hyb-QA-Col and hyb-SA-Col,
which were able to obtain high-quality solutions that were close to Optimal∗ for the majority of
the instances. Figure 6 illustrates an example solution of the schedule obtained by hyb-QA-Col for
the asymmetric instance with 10 jobs and 2 machines.

Based on the runtime information for Optimal∗ in Table 4, we observe that symmetric instances
tend to be more challenging to solve. This is expected, as integer programming methods, such as
branch-and-bound, often struggle to differentiate between sequences that have the same objective
value. To address this issue, classical methods typically incorporate symmetry-breaking cuts
during the resolution process.

In contrast, for SA and particularly for QA, the symmetric structure of the instance; which
in the quantum domain translates to the degeneracy of states sharing the same energy levels,
appears to simplify the optimization procedure, enabling faster convergence to better solutions.
Figure 7 illustrates the relative differences in solution quality among the three algorithms
compared to Optimal∗. On average, hyb-QA-Col achieves an average deviation of 6.74% across
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Figure 5: Distribution of chain lengths for each problem size of QUBO formulation (5.3). Vertical
lines represent the mean chain length for each problem size. Lines are differentiated by color and
style: red dashed lines indicate that the mean chain length exceeds the warning threshold of 7,
while a ∗ next to the line indicates that the lowest-energy sample contained a broken chain.

all instances, while hyb-SA-Col and Classic-Col exhibit average deviations of 8.75% and 23.95%,
respectively.

In general, there is evidence that both hyb-SA-Col and hyb-QA-Col benefit from the ability to
add multiple columns in a single iteration, particularly for larger instance sizes, where hyb-QA-
Col demonstrates notable gains. This observation aligns with the findings of [20]. However, it is
important to note that adding multiple columns does not guarantee improved performance in all
cases, as evidenced by specific instances such as (20-4 asymmetric) and (15-5 symmetric).

In terms of runtime, hyb-SA-Col shows a distinct advantage over both hyb-QA-Col and Classic-
Col. This behavior seems to be driven by the size of the sequencing problems (TSPs) that these
classical methods must solve, with smaller sequencing problems leading to faster runtimes. In
contrast, hyb-QA-Col’s runtime is primarily influenced by the number of sequencing problems
(equivalent to the number of machines and, therefore, the number of calls per iteration). This
represents an inverse behavior compared to the classical methods, which benefit from solving
a larger number of smaller problems, while QA performs better with fewer, larger problems.
Nonetheless, hyb-QA-Col tends to outperform the other methods in terms of solution quality,
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Table 4: Comparison of Methods

N M Symmetric Optimal∗ Classic-Col hyb-QA-Col hyb-SA-Col
10 2 T (68 - 1.84 s) (70 - 4.4 s) (69 - 2.24 s) (69 - 0.53 s)
10 2 F (66 - 1.54 s) (73 - 2.63 s) (67 - 2.72 s) (67 - 0.6 s)
10 3 T (46 - 2.34 s) (47 - 1.72 s) (47 - 4.53 s) (47 - 0.67 s)
10 3 F (45 - 0.72 s) (54 - 1.57 s) (45 - 5.17 s) (45 - 0.72 s)
15 3 T (64 - 600.13 s) (68 - 6.38 s) (67 - 5.11 s) (68 - 1.02 s)
15 3 F (60 - 7.62 s) (71 - 6.18 s) (65 - 4.86 s) (64 - 1.13 s)
15 5 T (38 - 600.1 s) (41 - 3.08 s) (42 - 6.42 s) (42 - 0.79 s)
15 5 F (36 - 27.19 s) (40 - 1.78 s) (40 - 7.2 s) (40 - 0.7 s)
20 3 T (82 - 417.85 s) (126 - 20.85 s) (84 - 4.71 s) (90 - 1.49 s)
20 3 F (80 - 54.82 s) (118 - 17.03 s) (91 - 4.62 s) (100 - 1.58 s)
20 4 T (61 - 600.13 s) (88 - 9.42 s) (64 - 6.19 s) (69 - 1.26 s)
20 4 F (61 - 600.14 s) (68 - 9.15 s) (77 - 6.82 s) (72 - 1.18 s)
20 6 T (42 - 600.22 s) (58 - 6.59 s) (44 - 9.33 s) (45 - 1.56 s)
20 6 F (41 - 600.19 s) (66 - 3.93 s) (42 - 10.65 s) (45 - 1.3 s)

0 10 20 30 40 50 60 70
Time

M1

M2

M
ac

hi
ne

s

Job 9 Job 1 Job 6 Job 4 Job 2

Job 3 Job 7 Job 5 Job 8 Job 10

Figure 6: Example schedule obtained using hyb-QA-Col for an instance with 10 jobs and 2
machines, featuring asymmetric setup times. The schedule is presented in the form of a Gantt
chart, where activities are organized in their order of execution across the machines. The x-axis
represents the time dimension, while each unit of the y-axis corresponds to a different machine.

particularly for larger instance sizes. This is consistent with the findings reported in [7,19],
which show that for discrete, non-convex problems where integrality constraints play a central
role, quantum annealing tends to outperform simulated annealing in terms of solution quality.
Consequently, we expect that as instance sizes grow and the sequencing subproblem becomes
more complex, the quality of solutions obtained via simulated annealing will deteriorate more
rapidly compared to those produced by quantum annealing.

7. Summary and Discussion
In this work, we have conducted a comprehensive exploration of the practical implementation
of a hybrid quantum heuristic based on a Dantzig-Wolfe decomposition (column generation)
to address one of the most significant production problems, the parallel machine scheduling
problem with sequence-dependent setup times. This problem has extensive applications across
various industries, including manufacturing, agriculture, healthcare, communications, and task
allocation in multiprocessor computing systems.
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Figure 7: The Y-axis represents the relative difference in makespan (Cmax), calculated as the
percentage difference between the makespan values of the different algorithms and the Optimal∗

value. The X-axis corresponds to the various instance sizes, arranged in ascending order of jobs
followed by machines. The left plot shows the relative ∆Cmax values for the symmetric instances,
while the right plot presents the results for the asymmetric instances.

Our study provides an in-depth examination of what it entails to solve this problem using
currently available NISQ quantum annealers. We propose a novel hybrid heuristic approach
that leverages dual values obtained from the solution of a relaxed restricted master problem to
guide the optimization process. This approach demonstrates the potential advantages of hybrid
classical-quantum algorithms in addressing some of the most challenging decision-making
problems in the near term. To the best of our knowledge, this is the first study to tackle the parallel
machine scheduling problem using a hybrid quantum approach grounded in duality theory and
column generation techniques. Notably, our approach is flexible and can be adapted to optimize
other objectives within the parallel machine problem framework, such as minimizing tardiness
or total tardiness.

Limitations and Practical Challenges: While our research offers valuable insights, particularly
regarding the short- and medium-term evolution of quantum optimization techniques applied
to scheduling problems, it also has limitations. First, our proposed approach is not an exact
method but a heuristic. Nonetheless, the results obtained are promising, demonstrating the
potential of our approach in practice. Second, the algorithms that were used in our approach
could be further refined by incorporating, for instance, weight coefficients α, β, and γ, allowing
for adjustable relevance of job durations, setup times, and dual values. Exploring this refinement
could potentially improve the performance of our approach.

In addition, we used problem instances of limited size, primarily due to limitations imposed
by the quantum hardware. This restricted our study to sequencing problems involving no
more than 8 jobs per machine. As quantum hardware advances, we anticipate these limitations
will diminish, enabling researchers to tackle larger and more complex optimization problems.
It is worth emphasizing that embedding remains a critical bottleneck; future research should
investigate the impact of better/optimal embedding strategies such as the ones proposed by
[9], as well as chain-repair and solution-improvement methodologies [41]. Emerging quantum
technologies, such as neutral atom machines [20,52] and photonic wave-based annealers [47],
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are also showing promise in addressing connectivity challenges, potentially paving the way for
solving larger-scale and more complex problems.

Although quantum annealing remains one of the most promising NISQ optimization methods,
other quantum algorithms, such as variational quantum algorithms, notably the Quantum
Approximate Optimization Algorithm (QAOA) [26], merit further exploration. These methods
could potentially be integrated into the hybrid approach proposed in this study as sub-routines
of the pricing-sub-problem, to perhaps further enhance its effectiveness.

Future perspective: Despite the acknowledged limitations, this work serves as a step in
advancing the development of quantum hybrid algorithms that combine the strengths of classical
and quantum optimization. Beyond the results presented here, several promising directions
for future research remain open. From an algorithmic perspective, the solutions generated by
our hybrid column generation framework could be further refined using quantum amplitude
amplification techniques [12] to enhance the quality of the selected columns and further reduce
the makespan Cmax. Additionally, the current heuristic framework could be extended into an
exact branch-and-price algorithm [17] by incorporating classical exact methods for solving the
pricing subproblem in the final iterations of column generation. This would provide optimality
guarantees while still benefiting from the exploratory capabilities of quantum annealing in the
earlier stages.

From an application standpoint, our proposed methodology is broadly relevant across
multiple high-impact domains. With minimal adaptations, it can be applied to crew scheduling
problems in transportation systems, such as those addressed in [23,33], where decomposition
strategies are key to managing large-scale assignments. It also aligns with the structure of airline
crew scheduling problems [56], as well as healthcare scheduling tasks like nurse and operating
room rostering [24], which are increasingly critical given ongoing staffing shortages [25].
Moreover, this hybrid framework could inspire advancements in energy systems optimization,
such as electricity production planning [51] and emergency base station power distribution [48],
where column generation has proven effective and scalable.

In this sense, our methodology not only contributes to the field of hybrid quantum-classical
optimization but also opens the door to a broader class of combinatorial problems where quantum
and classical methods can work in synergy.

We hope that our findings and methodologies will inspire future benchmarks and contribute
to the ongoing progress toward practical applications for solving some of the most challenging
decision-making problems.
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A. Appendix

(a) Quantum Hybrid Column Generation Algorithm
The following algorithm outlines the complete procedure of the quantum hybrid column
generation-based heuristic proposed for solving the Parallel Machine Scheduling Problem with
sequence-dependent setup times, as shown in Figure 3 and explained in detail in Section 5 of the
current manuscript.

Algorithm 3: Quantum Hybrid Column Generation-based Heuristic for PMSP

Input: Set of jobsN , number of machinesM, and a maximum number of iterations b.
Output: Final schedule covering all jobs.

Initialization:
Set iteration counter iter← 0;
Generate initial set of columns Ω for the RMP (e.g., singleton and exclusion-based feasible

columns);

while iter≤ b and Ω changed in previous iteration do
Build and solve the LP relaxation of the RMP with the current Ω using a classical

solver (Problem 4.1);
Extract dual values π from the RMP;
Run Core Job Selection algorithm to generate set K (Algorithm 1);
Run Job Assignment algorithm to generate the set of jobsQm assigned to machine m

(Algorithm 2);
Build the QUBO of the PSP using (π,Q) and solve it with a D-Wave annealer to

generate temporary columns Ωtemp (Problem 5.3);
Initialize counter k← 1;
while k≤ |Ωtemp| do

Check Ωtemp[k] for:
(i) Non-duplication,

(ii) Feasibility (e.g., constraint satisfaction),
(iii) Negative reduced cost;

if Ωtemp[k] satisfies all conditions then
Update Ω←Ω ∪Ωtemp[k];

else
k← k + 1;

end
end
iter← iter+ 1;

end

Final Step:
Solve the MILP RMP with the final Ω to obtain the full schedule;
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