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This study introduces a framework for developing a multi-fidelity reduced order model (MF-ROM) of
a combustion furnace operating under Moderate and Intense Low-oxygen Dilution (MILD) conditions. It
integrates Proper Orthogonal Decomposition for data compression, Procrustes manifold alignment for fidelity
transfer, and CoKriging for interpolation. Design parameters such as air injector diameter, fuel composition,
and equivalence ratio were used to generate two- and three-dimensional simulations and build the MF-ROM.
Additionally, the key question concerning the optimal number of high-fidelity simulations to balance accuracy

and training cost is addressed when building the MF-ROM. Through incremental sampling strategies, it is
demonstrated that around half of the training cost can be conserved while maintaining comparable error

values.

1. Introduction

The global energy crisis forces society to meet the increasing energy
demands while addressing environmental concerns such as climate
change and air pollution. Traditional combustion technologies, which
have been the primary source of energy for decades, release significant
amounts of greenhouse gases and pollutants that contribute to environ-
mental deterioration [1]. The necessity to find solutions that can reduce
greenhouse gas emissions, and improve air quality while enhancing
energy efficiency and supporting long-term sustainability, leads scien-
tists to develop environmentally friendly combustion technologies that
can also accommodate fuel flexibility, in response to the availability
of novel energy carriers. Moderate and Intense Low-oxygen Dilution
(MILD) combustion [2] is a promising solution to reach emission targets
with the capability of providing high combustion efficiency for a wide
variety of fuels. MILD combustion carries the step-changing advantage
of achieving strong reductions in NOx emissions, yielded by (i) its
homogeneous nature and subsequent lower temperature peaks and
thermal-NOx formation reduction, (ii) reduction of nitrogen availability
due to dilution of air with combustion products, and (iii) alteration of
NOx formation chemistry [3-5].

The physical understanding and the robust design of such a com-
plicated multi-scale and multi-physics combustion system requires ac-
curate yet inexpensive tools to explore and predict a potentially wide
range of operational conditions and device geometries.

The improvements in computational fluid dynamics (CFD) tools are
undeniable [6], but obtaining realistic predictions of complex flows
in real-scale domains — which require the use of detailed chemical
mechanisms and advanced turbulent-chemistry interactions — demands
a large amount of computational resources. Hence, for real-scale prob-
lems, CFD simulations are not suitable for carrying out tasks such as
design exploration, optimization, or real-time access to predictions,
which require many model evaluations and, consequently, an excessive
computational load. To this end, reduced-order models (ROMs) may
be used in place of the expensive full-order models to approximate
the underlying relationship between inputs (e.g., operating conditions)
and outputs (e.g., the predictions of the system state), using available
numerical and/or experimental observations to estimate the system
response at new conditions. A ROM can be developed by extracting
the key latent features to relate the quantities of interest within a pre-
defined parameter space [7]. Once the relationship between inputs and
outputs is discovered by the model, the system state can be predicted
for new operating conditions. The modal analysis can be performed
effectively by combining a method that extracts the low-dimensional
subspace with a non-linear regression model to reconstruct and predict
the complex reacting systems. A popular method for extracting this
latent subspace is the Proper Orthogonal Decomposition (POD) [8].
Some ROM techniques use Galerkin methods [9] to project the gov-
erning equation of the physical model onto the extracted subspace.
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These are considered intrusive ROMs and they have the disadvantage
of requiring access to the underlying simulation source code [10].
The alternatives are the ROMs that combine POD with a regression
method, i.e., Kriging [11,12], in the latent space to predict the new
solutions and treating the source code as a black box, hence their
definition of non-intrusive ROMs. Non-intrusive ROMs are similar to
traditional surrogate models but instead of estimating some integrated
quantities (e.g. lift, drag, moment), they estimate the high-dimensional
field solution, which provides a physically richer result [13]. Even
though non-intrusive models are less accurate for some highly non-
linear problems [14], they are more practical and flexible than intrusive
ROMs.

ROM:s are typically trained with a limited number of (expensive)
model evaluations over a wide range of possible operating conditions
and embed the critical parameters of detailed simulations into simpli-
fied relationships between the inputs and outputs, that can be used for
predictions in real-time and/or other outer-loop applications.

Nonetheless, in the context of a combustion system that has highly
non-linear responses and multiple design parameters, even the lim-
ited number of training data’ becomes computationally expensive,
therefore, the training of the ROM itself may become impractical,
especially when dealing with large-scale systems. A possible solution
can be achieved through the integration/fusion of a few high-fidelity
observations/simulations and many cheaper low-fidelity ones, within
a framework known as Multi-fidelity Reduced Order Modelling (MF-
ROM). Different levels of fidelity may be obtained for CFD simulations
by varying the physical model, the size of the computational grid,
the computational time step, the convergence level of the simulations,
and/or combining numerical data with experimental results [15]. Sev-
eral methods can be used to fuse data and construct a multi-fidelity
framework, including non-intrusive polynomial chaos [16], CoKrig-
ing [17], and stochastic radial basis function (RBF) [18]. Multi-fidelity
methods have been successfully applied to different research areas
in the past decade. Han et al. [19] proposed a CoKriging method
for variable-fidelity surrogate modeling and showed that this method
can potentially be applied to efficient aerodynamic data production
and shape optimization on an RAE 2822 airfoil. Perron et al. [10]
introduced a non-intrusive multi-fidelity ROM and assessed its per-
formance on a transonic airfoil and proved that the computational
training cost was reduced compared to a single-fidelity approach with
comparable accuracy. Lamberti et al. [20] blended RANS and LES in a
multi-fidelity framework to provide accurate wind load predictions for
lower computational costs and showed the potential of using significant
LES simulations for the design process while achieving higher accu-
racy than standard empirical models. A more comprehensive overview
of multi-fidelity applications in different fields including uncertainty
propagation, inference, and optimization can be found in [21].

In general, the fusion of low-fidelity and high-fidelity data in the
construction of an MF-ROM responds to both an accuracy requirement
and a computational budget availability. In other words, some high-
fidelity (HiFi) simulations are replaced with low-fidelity (LoFi) ones to
reduce the training cost, with the simultaneous goal of incurring in a
limited accuracy loss of the resulting MF-ROM. Therefore, a fundamen-
tal question is: given a design of experiment (DoE), how many HiFi
simulations can be replaced with LoFi ones to train an MF-ROM whose
prediction error remains satisfactory?

In this paper, the effects of data fusion on the predictive perfor-
mance of the MF-ROM of a semi-industrial combustion furnace that
can operate in MILD combustion regime are addressed. The datasets
are composed of 3-dimensional (HiFi) and 2-dimensional (LoFi) CFD
simulations of the aforementioned furnace with a design space consist-
ing of (i) the inlet fuel mixture proportions (CH,-H,), (ii) the fuel/air

1 One should associate one training data to one multi-dimensional reacting
CFD simulation.
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equivalence ratio, and (iii) the injector diameter. The goal is to analyze
how the number and position in the DoE of the HiFi simulations play
a role in the MF-ROM accuracy.

The paper is organized to first give a theoretical basis of the algo-
rithmic and numerical approaches involved in developing the multi-
fidelity framework. Then the details of the datasets used in this study
are introduced and followed by the results obtained with an incremen-
tal sampling strategy for the HiFi data. Lastly, conclusions are drawn
and prospects about future developments are shared.

2. Methodology

Data fusion is central to this workflow: a multi-fidelity surrogate
model utilizes insights gathered from diverse HiFi and LoFi datasets,
which could vary in dimensionality and topology. These datasets repre-
sent solutions to the same physical problem but with different levels of
approximation and several inconsistencies (e.g., physical models, geom-
etry, and dimensionality). Effective data fusion aims to uncover shared
intrinsic representations, potentially of low dimensionality, across the
different datasets. To achieve this, Proper Orthogonal Decomposition is
employed to discover latent spaces within the data and identify corre-
lations among the heterogeneous datasets. This newfound correlation
is then leveraged through a manifold alignment technique. Once a
unified latent representation is established, the latent variables from
the training samples are mapped onto the design space, allowing for
the creation of a continuous predictive model.

2.1. Proper orthogonal decomposition

Proper Orthogonal Decomposition (POD), also known as Karhunen—
Loéve transformation [22] or Principal Component Analysis [23], is a
dimensionality reduction technique applied to the data matrix X € RP*"
which is decomposed into a matrix ® € R”" which is the physics
invariant information and a matrix Z € R"™" which is the parameter-
dependent information, with the assumption that a large number of
interrelated variables exists [24]:

X(r,d) = ®(r)ZT (d). (@)

The training data matrix used in this study is constructed from the
CFD simulation results, having r physical degrees of freedom, each one
corresponding to a design condition d = {d;},_; _ n,.,. i0 the DoE, for
a total of n designs, i.e. n simulations. Each simulation is rearranged as
a column vector x € R? whose length p is the number of computational
cells times the number of features (i.e., temperature and chemical
species mass fractions), p = neeys X M yeqpres> and the data matrix X is
formed by grouping n numerical simulations, i.e. X = {x;},_, ., where
p > n in typical combustion problems.

Dimensionality reduction is achieved by retaining only the first
k eigenvectors, resulting in the truncated matrices ®;, and Z; with
dimensions (p x k) and (n X k), where k < min(n, p). The last n — k eigen-
vectors can be discarded while incurring in a minimal information loss
because the POD algorithm ensures the minimization of the Frobenius
norm of the reconstruction error E=X— &, Z7.

The determination of the lower dimension k can be attained by
calculating the singular value decomposition (SVD) of the matrix X,
which corresponds to solving the eigenproblem of the covariance ma-
trix C = "ITIXTX. The lower dimension k is the number of retained
eigenvectors and it was chosen according to the Relative Information
content (RIC) value [25], which can be interpreted as the total variance
captured by the POD. Commonly values such as 99.9% or above are
chosen as the threshold. Therefore, it is possible to approximate the
matrix X by using the truncated matrices ®, and Z, with dimensions
(px k) and (n X k) as:

X~ ®Z7. 2
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The columns of ®, are called the POD modes, or eigenflames [26],
and the matrix Z, is called the POD coefficients matrix. Since the eigen-
vectors of C are orthogonal and the principal components are linear
combinations of the original variables, the approximated/reconstructed
system’s response Xx,,, corresponding to a given set of POD coefficients
z can be calculated as x,,, = ®,z. Therefore, the ROM is built by
regressing the POD coefficients z over the design space, i.e., by building
a model af = a*(d;z) for each coefficient k, which allows one to
estimate/predict at virtually no cost x,,.,(d") = @, a(d”) for any
unseen design condition d*. A typical regression technique is Kriging,
as employed in [12].

2.2. Manifold alignment

In a multi-fidelity framework, even though the data are the results of
equivalent problems, information transfer from one dataset to the other
might be problematic due to topological or dimensionality differences.

Manifold alignment allows to identify a correlation structure be-
tween datasets and therefore transfers information from one manifold
to the other by aligning their underlying low-dimensional representa-
tion [27]. The main assumption behind this technique is that these
datasets do share a common low-dimensional representation which
allows the comparison of the embedded data due to their intrinsic simi-
larity [10]. Manifold alignment is applied as a useful technique in many
different disciplines such as protein alignment [28], image matching
and classification [29,30] or automatic machine translation [31]. In the
literature, there are two types of manifold alignment approaches. The
first method searches for a shared latent space with a semi-supervised
approach by constructing a joint graph Laplacian and the resultant
latent space should cover the individual and shared characteristics of
both manifolds [10]. The other method uses dimensionality reduction
techniques to discover the intrinsic latent space for each dataset and
then apply Procrustes analysis to align both spaces.

The Procrustes manifold alignment technique is the logical ap-
proach to follow in this framework since dimensionality reduction is
unavoidable considering the size of each dataset used. As mentioned
before, the first step of this method is applying POD to identify the in-
trinsic latent space for each dataset. Then, the Procrustes analysis [32]
is used to adjust the translational, rotational, and scaling components
from one manifold to achieve an optimal alignment with the other.

HiFi and LoFi datasets are obtained as X € R”" and Y € R%™,
respectively. Here n and m indicate the number of observations with n <
m, while p and q represent the value obtained by multiplication of grid
pOiIltS and features’ p= ncells,hf X nfeuturex and q= ncellx,lf X nfeaturex'
The LoFi dataset includes a linked subset Y; € R%" which shares the
same input design parameters as the HiFi dataset, and the rest of the
data belongs to the unlinked subset, Y, € R~ hence Y = [Y,, Y]
The first step of this method requires obtaining the reduced manifold
for HiFi and LoFi datasets. Following the application of POD, for a
latent subspace dimension of k, the eigenflames & € RP*k and ¥
€ Rk with POD coefficients Z € R¥*" and W € R¥" are obtained for
HiFi and LoFi inputs, respectively. Consequently, the LoFi manifold W
has also linked and unlinked coefficients subsets, W = [W;, W, ]. This
orthogonal Procrustes problem is solved using the procedure of Wang
and Mahadevan [28] which seeks the manifold T minimizing ||Z — T||.
The first step is to translate the linked manifolds Z and W, to make sure
that both were centered at the origin. To center the W, the following
shift is required:

)4

= 1

W, = > Y W, =0. 3)
i=1

After translation, scaling and rotation are performed by calculating
and applying a scaling factor (s) and a rotation matrix (Q). These
parameters are obtained through the computation of Singular Value
Decomposition of W, ZT :

u=vl =w, 7", 4
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Here U € RV € Rk and 3 € R¥ are the left and right sin-
gular vectors, and the diagonal matrix containing the singular values,
respectively. The scaling factor and the rotation matrix are calculated
as follows:

tr(X)

8= m %)
Q=vu’. 6)
Finally, the transformed manifold is obtained as

T =5QW. 7)

Manifold alignment introduces a transformed matrix which is a repre-
sentation of the LoFi data, Y in the latent space of the HiFi data, X. As
a result of this alignment, both manifolds are embedded in the same
space which allowed an easy comparison and ability to be used in the
multi-fidelity framework.

2.3. CoKriging

Once the shared latent representation is obtained, with POD coef-
ficients matrices Z and T for the HiFi and LoFi data respectively, a
regression model is needed to link the POD coefficients with the design
space, i.e., a model of the form a* = a*(d; z,t) for each POD coefficient
k.

The Gaussian Process Regression (GPR) [33], also known as Krig-
ing when a spatial covariance function or kernel is used, is a very
popular machine learning technique used for predicting data points
based on probabilistic models that define distributions over functions
and estimate uncertainties. Kriging is a two-step process: training and
prediction. The model finds the underlying patterns between input-
output from the available data during training. After model training,
for a given new input, the model provides a predictive distribution over
possible function values at that input which includes a mean value and
a measure of uncertainty.

Kriging is used to predict a single variable based on the values
of that same variable at observed locations. However, in the multi-
fidelity approach, it is required to use a regression model to predict
one variable combining the values of two correlated variables at ob-
served locations. For this reason, CoKriging [13,34,35], also known
as collocated Kriging, is preferred for these applications. CoKriging is
an extension of Kriging and it improves the prediction accuracy by
taking advantage of the spatial relations between correlated variables.
This method is particularly useful in situations where one variable is
measured more accurately than the others, making it a good choice for
multi-fidelity frameworks.

The CoKriging regression model adopted in this study follows the
auto-regressive model of Kennedy and O’Hagan [34] which is based on
the following assumption:

cov{agg (d), ap o (d)|a o (d)} =0 for all d # d’, (8

where ay;p; is the HiFi model, while ¢; g is the LoFi model to form the
training datasets. This Markov property implies that the HiFi data is
correct and nothing more can be learned from the LoFi data if a HiFi
value is available [36]. It is possible to explain the working principle
of CoKriging as building two Kriging models in sequence: the first
Kriging model is based on the LoFi data only, and the second model
is constructed on the residuals of HiFi and LoFi data:

ayiri(d) = pag o (d) + 6(d), (C)]

where p is a scaling factor, and § is the modeling of the difference
between the LoFi and HiFi data. Both models require the specification
of a kernel function (or covariance), typically a radial basis function
(RBF), along with the calibration of its hyper-parameters, such as
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the signal variance and the length-scale,” in addition to the calibra-
tion of the scaling factor p. Since the hyper-parameters values have
a considerable effect on the fitting properties of the model — their
choice is indeed a model selection problem — a common approach is
to optimize them. To this end, the Bayesian approach proposed by Le
Gratiet [37] was embraced and then implemented in openMDAO [38],
which provides a closed-form expression for the scaling factor and
a numerically tractable marginal likelihood of the hyper-parameters,
whose maximization returned the best estimate for the parameters
given the training data.

Once fitted, the CoKriging model returns a mean prediction function
that estimates ay;;(d) and its uncertainty o, (d), with the assumption
that the uncertainty associated with the LoFi data «; . and the residual
6 are uncorrelated and can be defined as:

Oy () = /02 _(d) + 03(d). (10)

An example of CoKriging regression is shown in Fig. 1 using the toy
datasets provided in [36]. The autoregressive feature is noticeable from
the fact that the mean prediction goes through the HiFi samples and the
uncertainty in those locations is zero.

Low-Fi data
Hi-Fi data

154 =

coKriging model

uncertainty .

T
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1. Example of CoKriging regression using the toy datasets provided in [36].
2.4. MF-ROM prediction and error metrics

A general flow diagram of the multi-fidelity digital twin is provided
in Fig. 2, where X is the HiFi data, Yy, is the linked and Yy is the
unlinked LoFi data. The POD modes ¢ and ¥ and the POD coeffi-
cients Z and W are obtained for HiFi and LoFi models,respectively.
The dimensionality reduction is achieved by truncating the matrices
according to a given retained total variance. Manifold alignment is
used to transform LoFi POD coefficients W to T in order to achieve
information transfer between two manifolds. The CoKriging regression
model is trained with the POD coefficients and gave a mean prediction
u.(d) and uncertainty estimation o, (d) for the POD coefficients in
an unseen design point d. Finally, the predicted physical solution of
this unseen design point x,.,,(d) is obtained by multiplication of the
obtained CoKriging coefficients with the eigenflames. The numerical
implementation of the workflow was made in Python, using SciPy,
Gpytorch, cvxpy, and openMDAO, and is available online [39].

In summary, the obtained MF-ROM is a functional relation of the
kind:

(X pred: 0Xprea) () = MIX.Y1(d"), (¢8))

where the model M depends on the employed HiFi and LoFi training
data X and Y, as well as on the CoKriging hyper-parameters, and re-
turns a predicted flowfield x,,,, and its point-wise uncertainty o(x,,,,)
in an unseen design condition d*.

In this work, the ROM prediction accuracy is quantified using the
Normalized Root Mean Square (NRMS) error, which is a common

2 The training data are considered as noise-free data, thus the noise variance
of the kernel function is set to zero.

Applied Thermal Engineering 246 (2024) 122902

X Y, Yy

;ﬁ

| Dimensionality Reduction - POD

o y4 b 4
' POD coefficients

s

| Manifold Alignment |

|
T

| CoKriging Regression |

Eigenflames

CoKriging
coefficients
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Fig. 2. Multi-fidelity reduced order model flow diagram.

metric to assess model performance. Specifically, NRMS error is used
to evaluate the accuracy of the predictions compared to test points,
namely CFD simulation results for selected test cases. The NRMS error
is obtained by dividing the Root Mean Square (RMS) error by the data
mean:

Z, ) x (dte?t) _ xl pred(dm”))
[ (dtert)] n

where x;(d"*') and x; ,,,,(d""") are the test simulation data and the
ROM predicted data respectively for a given quantity of interest (Qol),
e.g. temperature or a chemical species, and n is the number of cells of
the flow field. More synthetic measures of error are also employed by
averaging the NRMS error over a set of N, test conditions:

ZNrm gQals (d

8Qol? _ NRMS , (13)
NRMS Ntest

12)

QoI test
NRMS(d )=

test

and in turn over a set of Ng,; Qols:

Noors oq

X" E

Enpus = ———— M8 No INRMS- 14
o1s

In addition to global accuracy measures, the prediction quality is as-
sessed by employing topological and combustion-specific observables,
such as the wall temperature, the OH radical peak position and value,
and the flame length. In such cases, relative errors are used:

Obs(dlesr) _ Obspred(dwﬂ)

Fobs = obs(d"*")

(15)

2.5. Incremental sampling

The amount of training data required to guarantee a given ROM’s
level of accuracy is typically problem-specific and determined by the
non-linearity, the dimensionality, the noisy or smooth behavior of the
underlying input/output relationship, and the training method [40]. It
follows that a-priori sampling strategies which provide a distribution of
training points without any knowledge of the underlying input/output
relationship often end up being inefficient. Therefore, the ROM training
strategies have moved from static to dynamically updating models, due
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to the ability to improve their fitting capability by adaptive sampling
or training [41]. The importance of adaptive sampling strategies lies
in adding training points to the locations in the design space where
they are the most impactful, keeping the number of model evaluations
needed to build the surrogate as low as possible. Clearly, the impact
of a new sample must be estimated from the knowledge gained during
the process up to that point. Therefore, adaptive sampling strategies
require a method to choose the coordinates of a new training point,
which in turn requires a decision-making metric. This metric should
target and quantify a potential/estimated improvement of the surrogate
model prediction and/or a reduction of the associated uncertainty.

In the context of multi-fidelity models, the quest for a satisfying
accuracy-to-cost balance involves the determination of the amount
and distribution of the HiFi and LoFi samples. In fact, fewer HiFi
simulations will reduce the prediction accuracy, while a larger number
will increase the computational cost. Moreover, the choice of conditions
in the design space for the HiFi subset of simulations has a crucial effect
on the prediction accuracy of the resulting MF-ROM.

To this end, adaptive sampling strategies have been combined
with multi-fidelity surrogate models, with the goal of deciding on a
cost/effect balance basis whether an expensive HiFi sample is needed
in place of a cheaper one. An augmented expected improvement for
multi-fidelity Kriging was proposed by Huang et al. [42], by using
multi-fidelity data to minimize the total evaluation cost by finding
the overall optimum of the real system. Pellegrini et al. [18] used a
sampling strategy that sequentially adds LoFi or both HiFi and LoFi
samples depending on the prediction uncertainty and on a parameter
based on their computational cost ratio. Cai et al. [43] used an algo-
rithm to sample both HiFi and LoFi at every iteration based on the
cross-validation error and a Voronoi partition. Liu et al. [14] applied
a sampling method updating the dataset of the corresponding fidelity
level that provides the maximum reduction of the MF uncertainty.
Kimpton et al. [44] combined expected improvement with a repulsion
function that ensures a filling design space, in a multi-level fashion.

The first incremental sampling method proposed in this work is
rather a benchmark strategy that requires the availability of the full
HiFi and LoFi datasets X and Y, respectively. Starting from a base-
line/minimal set of HiFi data and the full set of LoFi data, the choice
of a new HiFi training point is driven by the calculated prediction
accuracy improvement. Therefore, given the initial set of HiFi samples
DY € X, the HiFi dataset is progressively augmented by adding the
simulation data x'(d’) corresponding to the DoE coordinates d’ such
that, at the i + 1-th increment, x’ is:

argmin E(x') 1= {x'|Vx : EMID' +x,Y]) > EMID' +x", YD)}, (16)
x' e(X-D')
where E(M[D' +x,Y]) is the NRMS error defined in Eq. (12) computed
between the test vector and the data vector predicted by the model M
obtained using the HiFi dataset D' augmented with a new sample x.
Therefore, the chosen new HiFi sample is the one that maximizes the
prediction accuracy improvement among the pool of available samples.

Clearly, at a given stage i, this strategy requires the generation of
all possible models M built with the HiFi training dataset D' plus each
one of the remaining training data x. Therefore, besides requiring the
full HiFi dataset upfront, it encompasses the generation and evaluation
of many models at each sampling increment, making it unfeasible in a
practical context. This strategy, from now on is named as error-based
strategy, will be used as a reference.

In a practical context, a different approach is needed since the full
HiFi dataset is generally not available upfront because of its compu-
tational cost. At the same time, the full set of LoFi data is considered
to be available, being it much cheaper, although this might not be the
case in general. In this case, the HiFi sample coordinates of successive
dataset increments should be identified using heuristic methods. The
uncertainty of the CoKriging model might be a good indicator of
missing information, i.e., of the need to add a sample in the proximity
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of the region where it is larger. In fact, the addition of a HiFi sample
will improve the CoKriging discrepancy model where it has the largest
uncertainty.

Therefore, a new sample x’(d’) is added corresponding to the DoE
coordinates d’ such that, at the i + 1-th increment, it is:

Nmodes
arg;nax [ Z P O'ak(dj):| j=1,...,p—1i, a7
j k

where the overall prediction uncertainty in the DoE coordinates d;
is computed by summing the uncertainty associated with each POD
coefficient k, weighted with the corresponding eigenvalue X, i.e., the
POD coefficients’ uncertainty are weighted with the importance of their
mode. This strategy will be referred to as uncertainty-based strategy.

3. Datasets and workflow settings

Cooling
\\ — —
N
Ports =
N / .
N Window
s g
~_
Z
e J A A J
J
Exhaust \\ J
temperature == |
P ~ Exhausts
F—=Air
=={}=«— Fuel

Fuel ‘/,‘Air S— Exhausts

Fig. 3. Schematic of the 20 kW MILD combustion furnace (left), detail of the
midsection with fuel/exhaust/EGR injectors, and recirculation pattern (right).

The HiFi and LoFi datasets in this work were assembled by 3D and
2D CFD simulations of the semi-industrial MILD combustion furnace
with a nominal power of 20 kW, whose schematic is shown in Fig. 3.
The experimental setup is flexible in terms of providing different in-
jection profiles, air excess, fuel, air velocity, and internal load [45].
The numerical simulations were obtained using the commercial soft-
ware ANSYS Fluent 19.1. Considering the symmetry of the setup, the
numerical domain for the 3D simulations was chosen as a 45° angular
sector of the full geometry. The validity of this assumption with respect
to the full geometry was confirmed in a previous study by Ferrarotti
et al. [45]. For the 2D simulations, leveraging the symmetry of the
problem, an axisymmetric domain defined by the cross section of the
cylindrical representation of the furnace was used. Ferrarotti et al. [45]
conducted an extensive analysis to compare the performance of 3D and
2D simulation outcomes, revealing that the use of 3D geometry aids
in capturing complex fluid dynamic flow patterns, resulting in more
uniform species/temperature profiles. Additionally, solutions obtained
with a 2D domain exhibited a consistent overestimation of temperature
peaks by up to 10%. The setup for all the simulations used the standard
k-e turbulence model with Partially Stirred Reactor (PaSR) [46] model
for turbulence-chemistry interactions. The selection of the chemical
mechanism was based on the sensitivity study carried out by Aversano
et al. [12], where the Kee mechanism (17 species and 58 reactions)
was chosen as appropriate for this problem. The discrete ordinate (DO)
model with the weighted-sum-of-gray-gases (WSGG) model was applied
for the radiation modeling. As the introduction of hydrogen leads
to notable changes in simulation outcomes, accounting for diffusion
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effects, a non-unity Lewis number assumption was applied to both
HiFi and LoFi datasets. This was addressed by accounting for binary
diffusion coefficients calculated following the kinetic theory and a
modification of the Chapman-Enskog formula. An effective diffusion
coefficient of the species in the mixture was obtained by applying a
mixing rule. Following the mesh sensitivity performed by Ferrarotti
et al. [45], numerical domains of 216k and 29k cells for HiFi and LoFi
simulations were used, respectively.

The design space, shown in Fig. 4, is composed of fuel composi-
tion, equivalence ratio, and injector diameter. These parameters range
between 0%-100% for H, mole fraction, 0.7-1 for equivalence ratio
¢, and 16 mm-20 mm-25 mm for the air injector diameter. The DoE
was performed by using the same Latin Hypercube Sampling (LHS)
employed by Aversano et al. [12], which features 45 points. A total of
45 simulations were thus available for both HiFi and LoFi models with
the following features of interest: temperature, major species (CH,, H,,
0,, H,0, OH), and minor species (CO and OH).

The training dataset, namely the 45 companion HiFi/LoFi simula-
tions, needed to be split into train/test sets. Instead of making a-priori
choices of the test simulations, a k-fold cross-validation is performed,
given the limited amount of data samples available, which would
otherwise lead to biases in the model performance evaluation. More
specifically, a 30-fold cross-validation with random test sets containing
4 simulations was performed.

The total variance retained in the POD modes after dimensionality
reduction was set to 99.9%, while the CoKriging model was built
with radial basis functions as covariance, and a constant regression
model for the scaling factor, the latter being estimated with a Bayesian
optimization together with the covariance hyper-parameters.
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0.95
0.90
0.85

0.80
0.75
0.70
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Fig. 4. Design space composed of fuel composition, equivalence ratio, and injector
diameter. Points are colored by the injector diameter value.

4. Results

This section shows the performance of MF-ROMs built employing
the two incremental sampling strategies described in Section 2.5, first
the error-based and then the uncertainty-based. The predictive capa-
bilities of the MF-ROMs against a reference full-high-fidelity model
is compared, as described here below. The full-high-fidelity model
delivers the most accurate predictions for the given DoE, and such
comparison serves to quantify the biases (inaccuracies) introduced by
the low-fidelity information in the MF-ROMs.

4.1. Reference high-fidelity digital twin

A high-fidelity digital twin of the semi-industrial MILD combustion
chamber was already developed by Aversano et al. [12] using 3D
simulations only, and then employed by Donato et al. [47] to assim-
ilate experimental data. The POD method was used to decompose the
physics-invariant information (POD modes) from the system-dependent
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information (POD coefficients), while the behavior of the POD coeffi-
cients over the design space was modeled with a Kriging regression.
This strategy can be seen as the single-fidelity special case of the
methodology presented in this paper, where the HiFi information con-
tained in the POD coefficients Z always overrides the low-fidelity
information contained in the dataset Y, which therefore is not used.

The average NRMS error for the features of interest, computed
as per Eq. (13) in the prediction of the test simulations is provided
in Fig. 5. More specifically, the error statistics are reported (mean,
standard deviation, and a kernel density estimation in the form of
a violin plot) over the 30 random folds. The error for temperature
and the main chemical species mass fractions and pollutants, except
for CO, OH, CH,, and H,, are predicted around and below 10%. The
higher errors for CO, OH, CH,, and H, are expected since these species
are more challenging to predict due to their much more localized
distribution [12]. The 30-fold-mean NRMS error averaged over the Qols
is p39[ Enrms] = 0.8, where the contribution of the less accurate species
is clearly dominant.
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Fig. 5. 30-fold statistics (mean, standard deviation and kernel density estimation) of
the Qols NRMS errors SS;,(;S exhibited by the reference high-fidelity ROM built by
using the full set of 41 HiFi simulations.

Fig. 6 shows the temperature and OH field comparison between the
CFD and the HiFi ROM for a selected test point, which is an unseen
design condition for the ROM. The field plots show that the HiFi ROM is
able to predict accurately the true distribution of the features of interest
without any noteworthy difference, except for a slight misplacement of
the flame edge in the injector post-tip.
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Fig. 6. Slice of the 3D flow field compared between the true field from the CFD
simulation (left half) and the digital twin prediction (right half) in a selected test point
for temperature (a) and OH mass fraction (b).

The full-HiFi error figures shown in Figs. 5 and 6 will represent
the lower error bounds, i.e., the best achievable performance of any
MF-ROMs, and will be reported in black in all the following figures.

4.2. Multi-fidelity digital twin

In this section two MF-ROMs were build by employing the incre-
mental sampling strategies outlined in Section 2.5.
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Both strategies required an initial HiFi training set that acts as a
seed for the incremental sampling. To this end, 6 design conditions
placed close to the corners of the parameter space were picked, leaving
39 simulations for the train/test sets, performing again 30-fold cross-
validations with random test sets containing 4 simulations each. This
choice was justified by the fact that Kriging-type methods are known
to be inaccurate when used for extrapolation [19].

The performance of the MF-ROM utilizing the initial 6 HiFi and 41
LoFi simulations (referred to as Base MF-ROM), is compared with a
SF-ROM constructed using the same 6 HiFi simulations and no LoFi
simulations (referred to as Base SF-ROM), in order to show the effect
of the LoFi data on predictions. This comparison is depicted in Fig. 7
for each feature of interest within the context of a 30-fold cross-
validation scenario. The full HiFi ROM performance is reported as
well for reference. As illustrated in the figure, the MF-ROM generally
provides more accurate predictions with reduced bias across most
features compared to the SF-ROM. Notably, for species characterized
by localized and challenging-to-predict behaviors such as H,, OH, and
CO, the average performance of MF-ROM improves that of the SF-
ROM. This outcome underlines the utility of employing MF-ROMs, as
they demonstrate the capability to achieve better prediction accuracy
compared to their SF-ROM counterparts constructed using the same
amount of HiFi data.
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Fig. 7. 30-fold statistics (mean, standard deviation and kernel density estimation) of
the Qol-averaged NRMS error Eygys for Base MF-ROM and SF-ROM compared to the
SF-ROM with 41 HiFi simulations (Full SF-ROM).

4.2.1. Error-based incremental sampling method

Here, MF-ROMs were incrementally built employing the criterion
in Eq. (16), which progressively adds the HiFi sample that provides
the largest accuracy improvement among the pool of remaining HiFi
simulations. The performance of the obtained models were evaluated
by comparing their predictions against the test data in the 4 ran-
domized test points, using 30-fold cross-validation. Fig. 8 shows the
probability distribution of the NRMS error Eygyg defined in Eq. (14)
over the 30 folds at each increment. A decreasing trend is observed for
the 30-fold-mean error and 30-fold-standard-deviation with increasing
HiFi samples, which reveals that (i) the addition of HiFi simulations
improves the prediction accuracy of the MF-ROM and (ii) the bias
induced by the test set choice (represented by the standard deviation, or
PDF spread) is less and less important because the left-out simulations
are less impactful on prediction accuracy. Moreover, the PDFs are
skewed towards lower errors, meaning that only a few random test case
combinations have less accurate predictions, typically when test cases
are clusterized towards the domain boundary. Further, it is observed
that the MF-ROM accuracy largest improvement happens in the first ~
20 increments, while it plateaus after ~30 HiFi samples are reached.
When the full set of 41 HiFi samples is added, the accuracy of the
MF-ROM recovers the performance of the high-fidelity ROM shown in
Section 4.1, Fig. 5, as expected.
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Fig. 8. 30-fold statistics (mean, standard deviation and kernel density estimation)
of the Qol-averaged NRMS error Eygys With increasing HiFi samples employing the
error-based strategy.

After a general understanding of the behavior of this sampling strat-
egy obtained by looking into the Qols-averaged error, it is beneficial
to examine the error behavior feature by feature. Fig. 9 shows the
Qols errors (Eq. (13)) at 4 selected stages of the incremental sampling,
namely 9, 18, 27, and 41 (full) HiFi samples. These error figures show
that for every feature, the addition of HiFi simulations increases the
performance of the MF-ROM, as expected. Very disparate prediction
performances across the Qols are observed, coherently with the full-
high-fidelity model (black symbols, also shown in Fig. 5), with excellent
accuracy for temperature and major products, and decreasing quality
for reactants and radical species. It is noteworthy to remark that the
MF-ROM with 9 HiFi samples already exhibits acceptable error figures
compared to the full-high-fidelity ROM.
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Fig. 9. 30-fold-statistics of the Qols NRMS errors Sﬁl:]{/;s exhibited by MF-ROMs built by

using 9, 18, 27 and 41 HiFi simulations employing the error-based sampling strategy.

The temperature and OH predictions for the same test case are
compared in Fig. 10 as the number of HiFi simulations increases,
particularly in the ranges of 9-18-27 HiFi simulations, for the error-
based method. The temperature exhibits an overestimation near the
symmetry axis for small and medium number of HiFi samples. A similar
overestimation trend is observed in OH predictions, accompanied by a
less accurate depiction of the flame shape. Both predictions improve
with increasing number of HiFi samples.

Lastly, topological observables were analyzed, namely the wall
temperature (i.e., the average temperature predicted on the side wall
x = 035 m), the peak OH value/position and the flame length
(measured as the maximum height reached by the 20% OH iso-line).
30-fold-statistics on the relative errors ¢, on such quantities (Eq. (15))
are shown in Fig. 11 at the same 4 selected stages of the incremental
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9 HiFi + 41 LoFi MF-ROM

18 HiFi + 41 LoFi MF-ROM
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Fig. 10. Comparison between the MF-ROMs for the error-based method built with 9 (left), 18 (center), 27 (right) HiFi simulations and 41 LoFi, temperature (top row), and OH
mass fraction (bottom row). Each plot compares a slice of the predicted 3D field (right half) against the same (mirrored) slice of the test simulation (left half).

sampling (9, 18, 27, full). The convergent trend towards the reference
full-HiFi performance is here found again, except for the 30-fold-mean
peak OH position whose error does not change appreciably. The error
values confirm that the OH prediction in general is not very accurate,
regardless of the number of low-fidelity data injected in the model,
while the wall temperature (which is more relevant in a practical
context) is very well predicted, even with 9 HiFi samples only.
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Fig. 11. 30-fold-statistics of the relative errors e,, on wall temperature, peak OH
value, peak OH position, and flame length exhibited by MF-ROMs built by using 9, 18,
27, and 41 HiFi simulations employing the error-based sampling strategy.

4.2.2. Uncertainty-based incremental sampling method

In this section, MF-ROMs were incrementally built employing the
criterion in Eq. (17), which adds the HiFi sample corresponding to
the DoE location where the MF-ROM uncertainty is larger. Again, the

performance of the obtained models were evaluated by comparing their
predictions’ average NRMSE distribution against the test data in the 4
randomized test points, using 30-fold cross-validation. Fig. 12 shows
the 30-fold-statistics of the NRMS error Eygys defined in Eq. (14) at
each increment. The trend of the 30-fold-mean of the error with an
increasing number of HiFi simulations is similar to the error-based
method. However, the number of increments needed to reach the
plateau is lower. A sharper decrease in the error indicates a faster and
steadier convergence to the full-high-fidelity NRMS error.
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Fig. 12. 30-fold statistics (mean, standard deviation and kernel density estimation) of
the NRMS error Eygpys With increasing HiFi samples employing the uncertainty-based
strategy.

The effect of additional HiFi simulations on the prediction accuracy
of the Qols is shown in Fig. 13, where only the mean over the 30-
folds is shown for the sake of clarity. All the Qols errors exhibit a
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smooth decreasing trend with increasing HiFi samples, maintaining the
disparities across the Qols already observed in the previous sections.
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Fig. 13. 30-fold-mean of the Qols NRMS errors 61%;{;5 exhibited by MF-ROMs built
employing the uncertainty-based sampling strategy.

Again, a more compact visualization of predictive performance is
shown in Fig. 14, which depicts the Qols errors (Eq. (13)) at 4 selected
stages of the incremental sampling, namely 9, 18, 27, and 41 (full) HiFi
samples. These error figures show that for every feature, the addition of
HiFi simulations increases the performance of the MF-ROM. Moreover,
the accuracy of the MF-ROM with 27 HiFi simulations and the high-
fidelity ROM trained with the full set of HiFi simulations show very
close accuracy metrics. Fig. 15 shows slices of the predicted flow fields
of temperature and OH in the 9/18/27 HiFi stages of the incremental
sampling, compared against the test simulation in a selected test point.
The temperature field progressively improves with additional HiFi
simulations, both in the flame location and in the peak value. The OH
field topology improves as well, reaching a satisfying flame location
with 27 HiFi simulations, with the peak OH value being over-predicted
at 9 HiFi stage and under-predicted at 18 HiFi, finally reaching a more
accurate value at 27.

This behavior is confirmed by Fig. 16, which shows the 30-fold-
statistics of the topological relative errors at the same increment stages.

4.2.3. Performance comparison of incremental sampling methods

In this study, the performance of error-based and uncertainty-
based sampling methods are compared, alongside an adaptive sampling
methodology introduced by Guénot et al. [48]. The comparison is
based on the NRMS errors exhibited by the MF-ROMs resulting from
these three methods, as illustrated in Fig. 17. Guénot et al.’s adaptive
sampling method was utilized with non-intrusive POD-based surrogate
models. The findings reveal that all three methods exhibit similar
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Fig. 14. 30-fold-statistics of the Qols NRMS errors ‘;"Srgv:s exhibited by MF-ROMs built
by using 9, 18, 27 and 41 HiFi simulations employing the uncertainty-based sampling
strategy.
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trends, with Guénot et al.’s method closely resembling the error-
based approach presented in this study. Additionally, it is observed
that the uncertainty-based strategy demonstrates faster convergence
in prediction accuracy with increasing HiFi samples compared to the
other two methods. This result may appear counter-intuitive at a first
glance, because one would expect the error-based strategy to be the
best possible strategy if the goal is to minimize the prediction error of
the MF-ROM. However, it is important to consider that this sampling
strategy can be classified as a greedy algorithm, meaning that at each
increment it selects the locally optimal solution. In other words, this
methodology does not guarantee to uncover the globally optimal set of
training samples at each iteration. This would require a combinatorial
search over the set of possible training samples, which becomes com-
putationally intractable when the number of possible training samples
grows larger than a few samples.

The uncertainty-based strategy can also be classified as a greedy
algorithm, and thus it incurs the same local optimization problem.
However, given that the uncertainty exhibited by the MF-ROM in a
specific location is informed by the entire set of LoFi training samples
as well, it is believed that the uncertainty-based method approximates
a better global optimization method. By choosing the uncertainty-
minimizing samples, this method selects HiFi samples that efficiently
explore the design space based on the combined HiFi and LoFi infor-
mation, and in the long run this results in more accurate models than
the ones produced by the error-based strategy.

Such a result is remarkable since it demonstrates that the unc-
ertainty-based strategy is a satisfying incremental sampling method for
the problem under investigation, as well as being the only feasible one
in a practical context. Moreover, it is demonstrated that an MF-ROM
built with such a strategy employing ~20 HiFi simulations instead of
41, plus 41 LoFi simulations, delivers a model whose accuracy is com-
parable to the full-high-fidelity model while reducing by approximately
one-half the number of degrees of freedom needed for the training.

5. Summary and conclusions

In this work, an MF-ROM for a combustion furnace which operates
on MILD conditions was developed and the effects of sampling strate-
gies on the prediction accuracy of this model were investigated. This
framework was based on the combination of the POD, the Procrustes
manifold alignment, and the CoKriging regression model. The MF-ROM
was used to predict the three-dimensional flowfields of temperature
and chemical species for varying design parameters, namely air injector
diameter, H, mole fraction, and the equivalence ratio. The training
datasets included 45 two-dimensional (LoFi) and 45 three-dimensional
(HiFi) CFD simulations of the same furnace for the same design con-
ditions. The framework fused the LoFi and HiFi data with the goal
of reducing the number of HiFi simulations required for a desired
model accuracy. Preliminary studies indicated that the number and the
design conditions of the chosen HiFi data have a crucial impact on the
prediction accuracy. As a result, two incremental sampling strategies
were implemented and their effectiveness was examined. The error-
based strategy added the HiFi sample that provides the largest accuracy
improvement among the pool of remaining HiFi simulations, while the
uncertainty-based one added the HiFi sample corresponding to the DoE
location where the MF-ROM uncertainty was larger. The latter is more
suitable as well in a practical context since it does not require the
availability of the HiFi dataset upfront.

The uncertainty-based method reached the full-high-fidelity model
accuracy on the quantities of interest with ~20 HiFi and 41 LoFi sim-
ulations, instead of 41 HiFi simulations, therefore exhibiting a saving
of approximately half the number of degrees of freedom needed for
the training. If accuracy requirements on minor species were relaxed,
the MF-ROM with ~9 HiFi and 41 LoFi simulations demonstrated good
performance, leading to 65% saving.
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Fig. 15. Comparison between the MF-ROMs for the uncertainty-method built with 9 (left), 18 (center), 27 (right) HiFi simulations and 41 LoFi, temperature (top row), and OH

mass fraction (bottom row). Each plot compares a slice of the predicted 3D field (right half) against the same (mirrored) slice of the test simulation (left half).
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Fig. 16. 30-fold-statistics of the relative errors ¢,, on wall temperature, peak OH
value, peak OH position, and flame length exhibited by MF-ROMs built by using 9, 18,
27, and 41 HiFi simulations employing the uncertainty-based sampling strategy.

Future developments will seek further performance improvements
in the MF-ROM accuracy, particularly in minor species, by calibrating
the CoKriging hyper-parameters which have a strong impact on the
model predictions. Moreover, a scenario in which the DoE explo-
ration is performed on the fly during the incremental sampling will be
addressed, instead of being constrained to a fixed LHS. Lastly, addi-
tional fidelity levels will be explored using lower fidelity simulationg
(e.g. chemical reactor networks) and more detailed chemical kinetic

mechanisms, to improve the predictions on minor species.
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Fig. 17. Comparison between error-based and uncertainty-based incremental sampling
with Guénot et al. [48]’s adaptive sampling strategies on the 30-fold-statistics of the
NRMS error Eygys-
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