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ABSTRACT

We study criteria allowing to compare the conservativeness of
stability certificates for switching systems. The stability certifica-
tes under consideration are Path-Complete Lyapunov functions
(PCLFs), which are multiple Lyapunov functions with an under-
lying combinatorial structure.

Several criteria exist to compare these certificates and we focus
here on the recently introduced concept of simulation. This crite-
rion, which is borrowed from automata theory, relies only on the
combinatorial structures that underlie the PCLFs. We show that the
concept of simulation provides a complete characterization of the
ordering relation between PCLFs, independently of the algebraic
properties of the dynamical system studied and the template of
Lyapunov functions used. We summarize the state of the art on the
comparison of PCLFs and raise future research directions.
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1 INTRODUCTION

Switching systems [20, 24, 26, 37] are adequate for modeling many
processes [12, 16, 17, 27, 36], and may act as abstractions for more
complex hybrid dynamical systems [15]. Their study presents major
theoretical challenges [8], and among these, stability analysis is
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central and has been the focus of many works (see e.g. [20, 25, 26,
33, 37] and references therein).

A discrete-time switching system is a dynamical system of the

form

xt+1 = fo(r)(xt)s (1)
where at time t € N, the state x; lies in R”, the mode of the system
o(t) lies in a set (M) = {1,..., M} for an integer M, and the maps
fo : R" — R" for all 0 € (M) are called the dynamics of the
system. We call the functions ¢t — o(t) that select a mode for each
time the switching sequences.

Given their range of application, switching systems have attrac-
ted tremendous attention from the research community. It is now a
known fact that these systems are inherently hard to control and
analyze. In particular, negative results have been proven regarding
their stability analysis.

At lot of attention has been devoted to the stability analysis of
switching systems under arbitrary switching, i.e. where switching
sequences can be arbitrary. Already there, the problem of deciding
whether or not a system is stable is difficult, and in general undeci-
dable (see e.g. [8, 20]).

More generally, one can consider systems where the switching se-
quences (seen as infinite words over the alphabet (M)), are restricted
to belong to a regular language .. We call these constrained swit-
ching systems; see e.g. [7, 11, 13, 21, 23, 30, 32-34] and references
therein. Let us emphasize two applications in Hybrid Systems the-
ory where a constrained switching system model can be used to
encapsulate the complexity of the system:

o For a general Hybrid automaton, one can make abstraction of
the transition conditions (the guards), and use the constrai-
ned switching systems framework as a coarse model of the
hybrid automaton;

o In abstraction and formal methods, the state-space and the
control inputs are discretized, so that formally the closed-
loop system behaves as a constrained switching system,
where the different dynamics correspond, e.g. to the different
values of the discretized control input.

Given the hardness of assessing the stability of a switching sy-
stem, several strategies and conservative conditions have been
proposed. Among these, it is common to rely on Lyapunov methods.
For instance, multiple quadratic Lyapunov functions [9, 18, 37] have
attracted a lot of attention for the study of linear switching systems.
Such tools are particularly appealing because their computation
involves only convex optimization, such as in [1, 11, 13, 23, 33].

Motivated by the popularity of these techniques based on convex
optimization, Ahmadi et al. introduced the concept of Path-Complete
Lyapunov functions [1] to form a unified framework for their study
and allow to compare them on common grounds. Using this analy-
tical framework, the authors provided new insights and converse
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theorems for e.g. the parameter-dependant Lyapunov functions of
[11] and the path-dependent Lyapunov functions of [23].

Since their introduction for the stability analysis of arbitrary
switching systems, Path-Complete Lyapunov functions have been
generalized and the framework expanded [30]. They can be used
to analyze the constrained switching systems mentionned above
[33], and study notions of invariance and irreducibility [34, 35],
performance analysis [32], and control [14]. Recent related research
includes the concept of path-dominance [6], analysis of non-linear
switching systems [29], invariance safety and reachability analysis
[4, 5] and switching stabilization [19].

The Path-Complete framework provides guidelines for constructing
stability analysis algorithms. However, it remains unclear when one
of such algorithm provides less conservative stability certificates
and another. As the framework grows more popular within the Hy-
brid Systems community, there is a need for a better understanding
of its performances. As a result, severals tools have been designed to
compare Path-Complete Lyapunov functions [2, 3, 30], that provide
sufficient conditions for when one certificate ourperforms another.
In this paper, we focus on the criterion known as simulation. To our
knowledge, this criterion, inspired from the concept of simulation
in Automata theory [10], is the first systematic tool for comparing
Path-Complete Lyapunov functions [3]. Our goal is to provide a
full understanding of the scope of the criterion. This goal somehow
differs from that of the previously mentioned works, where the aim
was rather propose more and more powerful sufficient conditions
for comparing Path-Complete Lyapunov functions.

Outline. In Section 2, we introduce the main elements of the
Path-Complete framework, and formalize the precise question to be
tackled here, i.e., when can one say that one Path-Complete method
always produces less conservative certificates than another ? Our
technical contributions are presented in Section 3. More precisely,
Subsection 3.1 introduces our main result, Theorem 3.5, that sta-
tes that in the absence of any specifications on the dynamics or
templates of Lyapunov functions involved, the simulation criterion
provides a full characterization of the ordering of Path-Complete
methods. Subsection 3.2 follows with the introduction of a techni-
cal result of independant interest (Theorem 3.6) playing a key role
for the proof of Theorem 3.5, and subsequently presents the proof
of the main result itself. Ending the section and opening further
discussions, Subsection 3.3 presents simple examples showing that
the comparison problem becomes much richer when considering
specific families of systems or template of Lyapunov function. Fi-
nally, Section 4 concludes our work.

Examples are used along the paper to illustrate and clarify key
aspects of the discussion.

2 PROBLEM SETTING

We study a family of techniques for stability analysis known as
Path-Complete methods. Section 2.1 first introduces the notations
and definitions related to Path-Complete methods. Section 2.2 then
presents a numerical experiment highlighting the issues tackled
herein: the ordering of Path-Complete methods with respect to
their conservativeness. Finally Section 2.3 formalizes the problem
of the ordering of Path-Complete methods.
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2.1 Preliminaries

We borrow concepts from theoretical computer science for descri-
bing switching sequences. For an integer M, the alphabet (M) =
{1,..., M} describes the set of modes of a system. A word on this
alphabet is an infinite sequence w = 0go7 . .. with o; € (M), and a
language £ is a set of words.

Path-complete methods [30] (in the context of stability analysis)
provide tools to decide stability over a language:

DEFINITION 2.1 (STABILITY OVER A LANGUAGE). Consider a system
on M modes F = {fg5,0 € (M)} and a language £ of words on (M).
We say that F if stable over £ if there exists a Kwo function® k :
R>o — Rxq such that

Vx € R",Voyoi,... € LVt €N |fs,_, 0...0 fo, ()] < k(|Ix]]).

In the definition above, || - || represents an arbitrary norm in R".

When clear from the context, we use the term system to refer
both to a switching system (1) and its dynamics F = {f5, 0 € (M)},
as in "the system F is stable over the language .£".

REMARK 2.2. While we focus here on stability criteria, our analysis
extends directly to the study of other properties such as stabilizability
or performance (see e.g. [30, Chapter 5], [22]).

Path-Complete methods involve both algebraic (Lyapunov functi-
ons) and combinatorial (graphs) components.
The combinatorial component of a Path-Complete method is a
graph G such as presented in e.g. Figures 1a and 1b. Its role is to
encode a language .7 over which we aim to decide the stability of
a system. A graph on M modes is a pair G = (S, E), where S is a set
of states and E C S X S X (M) is a set of directed and labeled edges
between these states. For any sequence oy, t € N with o, € (M),
we say that the sequence is accepted by the graph if we can match it
to a sequence of edges (s, st+1, 0¢), t € N. We can then define the
language of a graph G, written .Z(G), as the set of all sequences
or,t € N that are accepted by G.
The algebraic component of a Path-Complete method is a set of
candidate Lyapunov functions.

DEFINITION 2.3. A function V : R" — Ry is a candidate Lya-
punov function (CLF) if there are K functions a and f satisfying

Vx € R" s a(llx]l) < V(x) < BllxID).

Together, graphs and candidate Lyapunov functions lead to the
concept of Path-Complete Lyapunov function.

DEFINITION 2.4 (PATH-COMPLETE LYAPUNOV FUNCTION). Given
a switching system F = {fs,0 € (M)} on R", a Path-Complete
lyapunov function (PCLF) for F is a pair (G = (S,E),{Vs,s € S})
where {Vs,s € S} is a set of CLFs such that the following Lyapunov
inequalities are satisfied

Y(s,d,0) € E,¥x € R™ : Vi(fy(x)) < Vi(x). (2)

The set of CLFs {Vs,s € S} is said to be admissible for G and F if it
satisfies (2).

1 A scalar function is of class K if it is continuous, positive definitive, strictly increa-
sing, and unbounded.
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(a) Graph G for the experiment of Section 2.2

(b) Graph G; for the experiment of Section 2.2

Figure 1: Graphs for the experiment of Section 2.2

The following theorem summarizes the use of the Path-Complete
framework for stability analysis, see e.g. [30, Theorem 5.12].

THEOREM 2.5. Consider a switching system with dynamics F =
{fo,0 € (M)} acting on R". If there exists a Path-Complete Lya-
punov function (G = (S, E), {Vs,s € S}) for F, then the switching
system is stable over the language £ (G).

We stress that in general the existence of a Path-Complete Ly-
apunov function is only a sufficient condition for the stability of
a system. In practice, the search for a Path-Complete Lyapunov
function for a system F proceeds in three steps:

e First, chose a parameterization for the CLFs, which we later
call template (see Section 2.3).

e Second, chose a graph G = (S, E) with the appropriate lan-
guage.

e Third, search for a set of CLFs {Vs, s € S} that would satisfy
the inequalities (2).

In the next section, we explain how different choices of G can
affect the ability to find a PCLF for a given system. In other words,
choosing different graphs can affect the conservativeness of the

approach.

2.2 A numerical experiment.

In this experiment, we are comparing two Path-Complete methods
for the stability analysis of systems on M = 3 modes. The first uses
the graph G = (S1, E1) depicted in Figure 1a, and the second uses
the graph G, = (S, E2) depicted in Figure 1b. Both graphs have the
same language. We ask the following question: "knowing that the
methods built on each graph are only sufficient conditions for stability,
is one more likely to produce a certificate than another ?"

The experiment that we report here proceeds by sampling many
random systems and evaluating the conservativeness of both met-
hods on each?. For the sake of computations, we consider linear
2The matlab code for reproducing the experiment is available at http://sites.
uclouvain.be/scsse/philippe-jungers_hscc19_ACompleteChar.zip, and makes use of the

CSSystem Matlab toolbox https://www.mathworks.com/matlabcentral/fileexchange/
52723-the-cssystem-toolbox
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switching systems and will seek to compute CLFs in the set V of
quadratic positive definite functions. We generate a set ¥ of 10000
linear switching systems, i.e. where each F = {f1, f2, f3} € ¥ has
the form

Vo € (3),Vx € R" : f5(x) = Agx.

For each system, we generate three matrices A, € R3*3 for which
each entry is a be random gaussian variable with mean 0 and vari-
ance 1.
For each system F € ¥ and for each graph G; = (S;,E;),i €
{1, 2}, we compute the following quantity>:
inf

Vs,s€Sisp P

fo

pv(F;Gi) = V(s,d,a)eEi,VxeX:Vd(?(x))SVs(x)’ ®)

VseV.

The quantity p/(F, G;) is the least upper bound on the decay
rate of the system F that can be obtained using a Path-Complete
Lyapunov function with quadratic pieces and with the graph G;,
see e.g. [33]. The smaller it is, the less conservative is the associated
method with respect to the task of assessing stability for the given
system. We then let p = min(p (F; G1), py(F; G2)) be the best
decay rate approximation obtained for F so far.

Finally, we say that G; succeeded at computing? j if p (F; G;) = p.
Otherwise it fails.

Running the experiment over the whole family of systems ¥,

we observe that:

o for roughly 2/3 (i.e., 6656 systems out of the 10000) of the
systems it was the case that

py(F;G1) = py(F; Gz),

meaning that both methods appear to be equivalent in per-
formances there;

o for the rest (the last 1/3, i.e. 3344 systems out of the 10000),
it is the case that

py(F;G1) > p(F; Ga),

hence the method using G; appears better suited for these
systems.

We stress that there are no systems in # for which

p(F;G1) < pq(F; Gy).

This experiment seems to indicate that using Gy systematically
leads to less conservative stability certificates compared to using
G1. Hence, there seems to be an intuitive ordering between G; and
G (the first providing more conservative certificates over systems
¥ than the second). Of course, at this point, it is unsure whether
or not this would remain true if one picks

o a different family of system ¥ and/or
e a different choice for the set of CLFs V.

3For linear systems and quadratic CLFs, this can be done using convex optimization
and a bisection procedure, see e.g. [33].

“In practice, the equality p/(F;G;) = p is considered satisfied if it is satisfied up to
the bisection precision.
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2.3 Deciding ordering

Theorem 2.5 offers a family of algorithms for stability analysis of
a system F over a given language 7. As illustrated in section 2.2,
these algorithms are parameterized mainly by two mathematical
objects:

¢ A template for candidate Lyapunov functions (CLFs),
which is a set of CLFs in which we search for admissible
Lyapunov function candidates. In what follows, we use V,
to denote such as set. For example, we may set V to be the
set of quadratic positive definite functions.
e A graph G = (S, E) with Z(G) 2 .Z.
Once these objects have been selected, one can assess the stability
of a system F by computing the quantity pq/(F;G) as defined in
(3). Let us expand on the signification and role of this quantity.

In the particular context where we take F to be a linear sy-

stem on R" and a template V' of homogeneous functions (with
the same degree of homogeneity), p«/(F; G) is an upper bound on
the exponential decay rate of the system. As shown in [33], if we
take V to be the set of norms in R", then p«y(F; G) is known as a
constrained-joint spectral radius (i.e., it is the least upper bound on
the exponential decay rate of trajectories with switching sequences
in .Z(G)). In the same setting, if G accepts any arbitrary sequence
of symbols in (M), pq,(F; G) is the joint-spectral radius [20] of the
set of matrices defining the dynamics of F. Hence, in general, the
quantity p«(F; G) can be understood intuitively as a measure of
the speed of convergence of the trajectories of a system towards
the origin, for switching sequences in .Z(G).
We use the quantity p(F; G) as a mean to compare Path-Complete
methods. For a given set of systems ¥ = {Fy, Fa, ...}, given two
graphs Gi, G2 on the same language and two templates V;, V%,
one can interpret the relation

VF € ¥ : pqy, (F;G1) < py, (F;G2)

as the fact that, for all systems in ¥, Path-Complete methods using
V1 and G produce less conservative stability certificates that those
using V, and Gs. The ability to exhibit such a relation is useful in
practice for selecting which algorithm to use for a given task.
Our research, as in [1, 23, 33], focuses on the case where V; and V>
are the same. This differs from e.g. [28], where the focus is rather on
providing hierarchies of templates Vy, V5, .. ., (i.e., sum-of-square
functions of increasing degree) leading to less and less conservative
certificates. We seek to study the properties of graphs that lead to
one method being more conservative than another.

DEFINITION 2.6 (GRAPH ORDERING). Given an alphabet (M) and
a language ., a family of switching systems # on R", a template
V of candidate Lyapunov functions on R™ and two graphs G1, G2
where £ (G1) = £(Gy) = £, we write

G1 <g,q G2
if, for any switching system F € F,

p(F;Gz) < py(F; Gy). 4

Let us illustrate the notions above through the experiment of
Section 2.2. We observed that, for a particular family # of 10.000
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linear systems, and for the template V of quadratic positive definite
Lyapunov functions, we had

Gy S‘F,(V Ga,

where G1 and G can be found at Figures 1a and 1b respectively.
We then asked whether G1 <#  Gg held in general regardless of
the choice of ¥ and V. This general ordering is central in this paper,
and we fully characterize it in terms of joint properties of G; and
G» in our main result Theorem 3.5.

DEFINITION 2.7 (GENERAL GRAPH-ORDERING). Given an alphabet
(M) and a language £ and two graphs G1, G2 where £ (G1) =
ZL(Gy) = £, we write

G1 <Gy
if it holds that G1 <, Gg, for any family of switching systems
F onR" and template V of candidate Lyapunov functions on R™.

As we now show, the answer to the question above is positive.

ProrosITION 2.8. Consider the graphs G1 = (S1,E1) and Gy =
(S2, E2) in Figures 1a and 1b respectively. The graphs satisfy

G; <Ga.

SKETCH OF PROOF. Take any system F in R" and template V.
For any p > p/(F; Gy), there exists a set of CLFs {V,, },}, where
a, b are the states of Gy, such that

¥(s,d, o) € E;,Yx € R" : V; (/l)fg(x)) < Vs(x). (5)

Let us now consider the set of CLFs {Uc, Uy, Ug } for G2 where
Uec=V,, Uy = U = V.

One can observe that for any edge (s, d, o) € Ez, the corresponding
inequality, i.e.

Vx e R": Uy (% fa(x)) < Us(x),

is in fact equivalent to one of the inequalities in (5). For example,
the inequality for the edge (e, d, 3) € E3 reads

Vx € R" : Ug (éﬁ(X)) =% (%f?s(x)) < Vb (x) = Ue(x),

which corresponds to the inequality for the edge (b,b,3) € E; in
(5). Whenever we can satisfy the inequalities (5) for G1, we can also
satisfy the corresponding inequalities for G with the same system
and template. Hence, we conclude that G; < Ga. O

The contribution of this paper is to provide a full characterization
of the general graph-ordering (Definition 2.7) through the concept
of simulation. This is the object of the next section.

3 A CHARACTERIZATION OF THE
ORDERING PROPERTY VIA SIMULATION

This section is devoted to the presentation of our main result, Theo-
rem 3.5. We begin in Subsection 3.1 by introducing and illustrating
the concept of simulation, as well as Theorem 3.5 itself. Its proof is
presented in Subsection 3.2, which is more technically oriented.
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3.1 Ordering via Simulation

To our knowledge, the problem of deciding whether or not two
graphs are ordered was introduced in [1, Section 4.2] together with
ad-hoc techniques establishing the ordering in particular cases.
Different techniques have since been introduced in [2, 3, 31], with
the goal of capturing a notion of ordering for linear systems with
quadratic CLFs. The main differences between our goal and those
of these papers is that those papers explore sufficient conditions
of ordering. In the present manuscript, we seek to go beyond that
and provide necessary and sufficient conditions for ordering with
respect to the simulation criterion.

DEFINITION 3.1 (SIMULATION). Consider two graphs Gy = (S1, E1)
and Gy = (S, E2) on a same language £ . G1 simulates Gy if there
is a function

R:Sy; — S1:s9 — R(s2)
such that

¥(s2,d2, 0) € Ez ¢ (R(s2), R(dz), 0) € Eq. (6)

REMARK 3.2. The special case where the function R is bijective in
Definition 3.1 corresponds to an isomorphism between Gy and Gs.
It is obvious that, in this case, for any family ¥ and template V,
G1 <59 G2 and Gy <5 Gy.

ExAMPLE 3.3. Consider the graphs on three modes G1 = (S1, E1)
and Gy = (S, E2) in Figures 1a and 1b respectively. These graphs are
such that Gy simulates G. Here, one can take a functionR : Sy — S1
where R(c) = a, R(d) = R(e) = b.

ExAMPLE 3.4. Consider the graphs on three modes G1 = (S1, E1)
and Gy = (S, E2) in Figures 2a and 2b respectively. These graphs are
such that Gy simulates G. Here, one can take a functionR : Sy — S1
where R(c) = R(e) = a, R(d) = R(f) = b.

(a) Graph G; for Example 3.4.

2
2
2
1 3
2
1
2

(b) Graph G; for Example 3.4.

Figure 2: Two graphs such that G; < G,.
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We are now in position to state our main theorem, which shows
exactly to which extent the concepts of simulation (Definition 3.1)
and the general graph ordering (Definition 2.7) are related to one
another.

THEOREM 3.5. Consider two graphs G1 = (S1,E1) and Gy =
(S2, E2) on a same language. The following are equivalent:

(1) G1 simulates G.

(2) G1 < Gy in the sense of Definition 2.7.

Theorem 3.5 tells us that simulation between graphs is equivalent
to a broad notion of ordering, that holds for any family of systems
or choice of Lyapunov function template.

From there, we understand that if a graph G; does not simulate a
graph Gy, then there must be a family of switching systems ¥ and
a template V for which we have

Gq f 7. ’VG2

In other words, G; will be better suited than G for the analysis of
some particular families of systems using some particular Lyapunov
function templates.
Note that when considering particular families ¥ and templates V,
we may still have ordering without simulation. This is in particular
true for linear systems using quadratic Lyapunov functions, for
which more advanced ordering tools have been proposed in [3].

In the next section, we provide a proof of Theorem 3.5 alongside
with an important intermediate result, namely Theorem 3.6.

3.2 Proving the main result

We start with a technical result which is central in the proof of
Theorem 3.5. It states that if we are given a graph G = (S, E), there
is no way a priori to add a new edge in E and thereby keep an
equivalent PCLF criterion. Indeed, the theorem exhibits a system F
such that one criterion would be satisfied and the other would not.

THEOREM 3.6. For any graph G = (S, E) on M modes, there exist
an integer n > 1, a system F in dimension n, and |S| CLFs Vs, s € S
for which

Y(s,d,0) € E,¥x € R" : Vy(f5(x)) < Vs(x),
Y(s,d, o) € E,3x € R" : Vi(f5 (%)) > Vs(%),
where E = (S x S x {M))\E.

™)
®)

Proor. The proof is constructive. Given a graph G, we build a
switching system F and CLFs {Vs, s € S} satisfying (7) and (8).
The dimension of the system is n = 2|E|. For each ¢ € (M), we
consider linear dynamics fy(x) = Ayx for A € R™",
The matrices A, are defined block-wise, with |E| blocks of 2 X 2
entries on the diagonal, and zeros everywhere else. For each e =
(s,d, o) € E, we set the diagonal block for e as

Agle] = ((1) g) .

All other blocks contain only zeros.
For the CLFs, we consider functions of the form

Vs(x) = x" - diag(vs) - x,

where diag(vs) € R™" is a diagonal matrix with the vector vg €

RZ, on the diagonal. We define the vectors vs block-wise, each
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block vs[e] indexed by an element e € E.
Remark that for this type of CLF, for any (s1, d1, 1) € (SXSX(M)),
we have

Vx € R" : Vg, (Agyx) < V5, (x) & 9)

Ves = (s2.dy.02) € E : 0] [e2] ((1) g) <olle). (10)
with the inequality taken entrywise. By positivity of the vectors v,
inequality (10) is equivalent to having the second entry in v g, [ez]
be smaller or equal than the first in vg, [e2]. There is no constraint
on the second entry of vsTl because it is positive, and thus the corre-
sponding inequality is automatically satisfied.
Note that for es = (s2, d2, 02) € E such that oy # o7, v;i'—l [e2]Aq, [e2] =
0. Hence, for an edge (s, d, o) € E corresponding to (14), we may
concentrate on blocks corresponding to edges (s, d2, o) € E sharing
the same mode.

The blocks of the vector vs, s € S, are defined as follows for
ey = (52, dz, 0'2) € E:

eif s = s9 = dy then vST[eg] =(3,4);
e if s = sy and sy # dy then v;r[ez] =(2,1);
eifs=dyand sy # da then o] [e2] = (4,3);
o otherwise vl [e2] = (4, 1).

We now show that this construction satisfies the Theorem.
We begin with (7), equivalent to (10) holding for all (s1,d1,0) € E
here. Take any e; = (s1,d1,01) € E. We wish to show that (10)
holds, that is, for any ez = (sp,d2,02) € E, the second entry of
vg, [e2] is smaller or equal to the first entry of v, [ez].
If 01 # o2, by definition A, [e2] = 0, hence (10) holds. We therefore
focus on the case o1 = o9.

e If s = dq then by definition v, = vy, . From the definition
of our vectors vs above, (10) holds everywhere except if the
second entry of vg[ez] is larger than its first entry, which
can occur only if s; = sy = dy, where v;: [e2] = (3,4). Ho-
wever, this case cannot arise, since it would imply e; = es,
impossible by definition because e; € E and e; € E.

o If s; # dj, there are exactly 6 scenarios to consider as de-
picted in Table 1. Indeed, we are to consider whether or not
s1 = S, S2 = dy, and di = dj, which leads to a maximum of
8 cases. We discard the case when s; = s, = d; = d» since
we focus on s1 # di, and the case s; = sp # dy = dj is not
to be considered either since it implies e; = e3. As shown
in Table 1, (10) holds in all relevant cases, and we conclude
that (7) holds for the construction.

We now focus on (8), which in our case is equivalent to (10)
not holding for (s1,d1, o) € E. Take any e; = (s1,d1,01) € E. We
wish to show that there is ey = (sg, d2, 02) € E for which (9) does
not hold. We show we can pick ez = e; to achieve this.

e If s; # di, we have v;i'—l [e1] = (4, 3), hence v;i'—l [e1]As [e1] =

(3’ 0) % (2’ 1) = U;I; [el]'
e If s; = dy, then vs, = (3,4), and v [e1]A [e1] = (4,0) £
(3,4).

This concludes the proof of Theorem 3.6.
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e2 = (s2.dz.0) € E || vg [ea] | vy [ea] | v [e2]A|ez]
1: sy=sp=dy#dq (3,4) (4,1) (1,0)
20 s1=sp#Edy#dy (2,1) (4,1) (1,0)
30 s1#Esy=de=ds (4,1) (4,1) (1,0)
4: sy #£sp=dy #d; (4,1) (3,4) (4,0)
5 s1#Esp#Ede =dy (4,1) (4,3) (3,0)
6: sy #ESsy#Ed2 #dy (4,1) (4,1) (1,0)

Table 1: The 6 scenarios to discuss when considering edges
e1 = (s1,d1,0) € E where s; # d;.

We are now in position to prove our main result, Theorem 3.5.

PRrROOF OF THEOREM 3.5. 1. = 2.: The direct implication has been
proven in [3, Proposition 4.7]. We present here a proof in our slig-
htly more general setting for the sake of completeness. We are given
two graphs Gy = (S1, E1), G2 = (S2, E2) such that G; simulates G;
through a function R : S, — Sj.

Consider an arbitrary family of switching systems # with a state
space R", a system F € ¥ and a template of CLFs V as des-
cribed in Section 2. From Definition 2.6 we have to show that
py(F; Gz) < py(F; Gy), for pqy(F; G;) as defined in (10).

To do so, take any p > 0, and assume that there is a set of CLFs
{Vs,,s1 € S1} such that

fo

p
Recall that, by the definition of simulation, the function R satisfies
Y(s2,do, o) € Ez : (R(s2), R(d2), o) € Eq. Therefore, we can write

¥(s1,d1,0) € E;,Vx € R" : Vy, ( (x)) < Vg, (). (11)

Y(s2,dp, 0) € Eg,Vx € R": VR(dz) (%(X)) < VR(sz)(x)-
Hence, the set of CLFs {Us = VR(s)> S € Sy} satisfies

V(s2,dz,0) € E,¥x € R" : Ug, (%(X)) < Us, (x). (12)

Since (12) holds for all p such that (11) holds, we conclude that for
any F € F,
py(F;Gz) < py(F;G1).
This being true for any arbitrary choice of 7 and V, we conclude
the first part of the proof.
2. = 1.: We now suppose that regardless of the family ¥ and of
the template V, G1 <# 4 G, or equivalently for any F € 7,

py(F;G2) < pqy(F;G1), (13)

for py(F; G) in (3). This implies in particular that if there is a set of
CLFs from the template V admissible for F and G1, an admissible
set exists for F and Gj. From there, we have to prove that Gy
simulates Go, that is, we have to exhibit a function R : S, — S; for
any (s2, da, 0) € Eg, (R(s2), R(d2), 0) € E;.

To do so, we first apply Theorem 3.6 to G; and obtain a (linear)
switching system F = {f5, 0 € (M)} and CLFs {Vs ,s1 € S1} such
that the following holds:

V(Sl,dl,O'l) € E1,Vx € R™ :Vd(fg(x)) < Vs(x),
V(Sl, dq, 0'1) € E1, dx e R :Vd(fo—(i‘)) > VS(J_C),

(14)
(15)
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where El = (51 X S1 X (M))\El
Second, we consider the particular family ¥ = {F} and template
V = {Vs,s € 51}, for the ordering relation G; < 4, Gy. That is,
our new template is the finite set of CLFs that satisfy (14), (15) for
G1. We aim at exhibiting a simulation between G; and Gy using
these.
Since the template V is restricted to a finite set of CLFs, each of
which being part of the solution to (14) and (15), there is a natural
way of building a relation between the nodes of G and the nodes
of G;i. Indeed, any admissible set of CLFs for G2 and F can be
expressed as

{Us, = VR(sy)> $2 € S2};
for some function R : Sy — Sj. For this, for any node sz of Gy just
select an arbitrary node R(sz) of Gj such that the above equation is
satisfied. Since our template only contains functions that are part
of the solution for G, there must be one node R(sy) satisfying this.
Hence, we can write

Y(sg,do, o) € E2,¥x € R : VR(dz)(fo'(x)) < VR(sz)(x)'

Furthermore, we claim that such a function R has to satisfy the
condition

(s2,d2,0) € Ez = (R(s2), R(d2), 0) € Eq,

thus establishing the fact that G; simulates Gz. Indeed, assume by
contradiction that there is (s2, d2, 0) € Eg such that (R(s2), R(d2), o) ¢
E;. Then, by (15), we have that

3x € R" : VR(4,)(fo () = Ug,(fo (%)) > Us, (%) = VR(s,) (),
and the set Us, s € Sz cannot be admissible in the first place.
In conclusion, we have shown that if the ordering G; <& 4, holds
for any family ¥ and template V, then it must be so that G; simu-
lates Go. O

3.3 Beyond simulation

As discussed in Subsection 3.1, there can be particular families F
and templates V such that G; < 4, G when G does not simulate
G3. This subsection discusses such cases through examples.

Let us begin with some simple observations that highlight the
importance of the family of systems # and template V considered
when discussing ordering.

ExXAMPLE 3.7.

o Consider the family 7 of switching systems which map any
state to the origin in 1 step (i.e., Vx,VF € F,Vfs € F, fo(x) =
0). It is trivial to show that for any pair of graph G and G;
and any template V, G <g ¢ Ga.

e Consider a CLF template of the form V = {V}, i.e., that con-
tains a unique CLF. One can show that for any pair of graphs
G1 and Gz on M modes and any family ¥, G1 <¢, Ga.

Clearly, in the simple cases above, the concept of simulation does
not play a role in ordering.

In the next example, we present ordering phenomena that arise
when the template V has particular algebraic structures.

ExamPLE 3.8. Considerthe graphs Gy = (S1, E1) and Gy = (S2, E2)
in Figure 3. It is easy to see that G1 simulates G, with the function
R : S; — Sy such that R(b) = R(c) = a. Therefore for any F, V,
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G1 =g Ga.

Of course, the fact that G1 produces more conservative certificates
than Gy is intuitive: after-all, Gy does have more nodes, and hence a
PCLF on Gy seems inherently more complex. Moreover, Gy does not
simulate G1, and as a consequence of Theorem 3.5, there are systems
F and templates V., such that G, performs better than G;.
However, if we take V to be e.g. the set of quadratic positive definite
function, then we can show that Gy <& q, Gy holds for any family
F as well. Indeed, one can check that whenever a set of quadratic
functions {Uy, U} is admissible for Gy, then {Vy = Up + Uc} is ad-
missible for G1. Indeed, for example, for the edge (a,a, 1) € Eq, we
see that

Vx € R" : (Up + Uc)(fi(x)) < (Up + Uc)(x)
because in Gz, from the edges (b, c, 1) € Eo, (c,b, 1) € Ey, we have
Vx € R" : Ue(fi(x) < Up(x),
Vx € R" : Up(fi(x)) < Uc(x),

and summing these inequalities leads to the desired result.

(Do

(a) Graph G; for Example 3.8.
1
2

2
1

(b) Graph G, for Example 3.8.

Figure 3: An example where the simulation criterion applies.
G; simulates G;, hence G; <# G for any family ¥ and
template V. For the template V of quadratic positive defi-
nite functions, Gy <# ¢ Gp as well.

Our last example involves properties of both the family ¥ and
template V considered.

EXAMPLE 3.9. Consider the three graphs G = (S1, E1) and G =

(S2, E2) in Figures 4a and 4b respectively. One can easily verify that
no simulation exists between G1 and Gy.
Nevertheless, for the family F of linear switching systems (i.e.,
such that fs(x) = Agx), where the dynamics are invertible (i.e. the
matrices Ay areregular), we can show that for any templateV closed
under composition with a linear function (i.e., if V€ V,VoAe V
for any regular matrix A € R™"):

Gy
G;

(16)
17)

Indeed, for the first ordering relation (16), for any switching system
F, let {W,, Vc} be an admissible set of CLFs for the graph G1. Then,
one can show (see e.g. [30, Example 6.1]) that the set

{Uy =W Ofl, Ur =V sz}

<gy Go,
<Fy Gy.
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is admissible for the same system F and the graph Ga, conditional to
the fact that Vy o f; and Ve o f, belong to V. In particular, for e.g.
(b’,c’,1) € Ep, we have
Vx € R" : Ue(fi(x) = Ve(fi(x)) < W (x) = Up(x),

which holds true since {V,, V..} is admissible for G1 and (b, c, 1) € E;.
A similar argument can be used for the second ordering relation (17),
see [30, Example 6.1].

In conclusion, if one restricts the choices of & and V' to particular
sets, the characterization of Theorem 3.5 is not valid anymore, since
the ordering relation is not anymore equivalent to the simulation

property.
2
LOWBO:1
1

(a) G; for Example 3.9.

@Yoo

(b) Graph G; for Example 3.9. This graph does not satisfy the simu-
lation criterion with G; at Figure 4a, but yet they are ordered with
respect to the particular template of quadratic Lyapunov functions.

Figure 4: Graphs for Example 3.9.

4 CONCLUSION

Path-Complete methods provide powerful tools to analyze key as-
pects of switching and hybrid systems.

In this paper, we study the performance of Path-Complete met-
hods for stability analysis. More precisely, we seek to order these
certificates by answering, for each pair, the question "is one less
conservative than the other in general?".

Our main result, Theorem 3.5, provides a complete characteriza-
tion of this ordering: a PCLF criterion is less conservative than a
second one, regardless of the system under study and the template
of Lyapunov functions used, if and only if the graph of the first one
simulates that of the second one.

We believe that this result, together with our second result Theorem
3.6, is a key step for understanding the Path-Complete framework
as a whole. The natural continuation of this work is to further cha-
racterize the ordering of PCLFs for specific families of switching
systems and templates of Lyapunov functions. Section 3.3 highlig-
hts several simple examples showing that the comparison problem
becomes richer in such more specific frameworks.

A first step in this direction would be to further study the criteria
introduced in [2, 3, 31] for the case of linear switching systems and
quadratic Lyapunov functions.
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