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Carrier transport: experimental evidences
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Carrier transport:

Samuel Poncé, EPFL
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Carrier transport: experimental evidences
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Carrier transport: experimental evidences

Calculated evolution of the Fermi level of Si as a function of temperature and impurity concentration.
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Carrier transport: experimental evidences
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Carrier transport: experimental evidences
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Quantum theory of mobility

Current density
2

J(I‘l,tl): — lim (V27V1)G<(r1,r2;t1,t1)

2m r2—ry

G=(r1,ro;t1,t2) = % <¢L(I‘27t2)1&H(1‘1,t1)>
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Quantum theory of mobility

Current density
2

J(I‘l,tl): — lim (V27V1)G<(r1,r2;t1,t1)

2m r2—ry

G=(r1,ro;t1,t2) = % <¢L(I‘27t2)1&H(1‘1,t1)>

Su(r,t) =T {e% J;Todt’ff(t')} zL(r)T{e%i j'fodt’fl(t’)}
(0) = L i [eBAt0) 0 ,
O> :Etr [e 0 O] < thermodynamical average

7 =tr [e’ﬁH(tO)] < partition function

Samuel Poncé, EPFL

09 of 36



Quantum theory of mobility

Current density
2

J(I‘l,tl): — lim (V27V1)G<(r1,r2;t1,t1)

2m r2—ry

G=(r1,ro;t1,t2) = % <¢L(I‘27t2)1&H(1‘1,t1)>

Keldysh-Schwinger contour formalism

Glrivraian,z2) =5 e Te[o 0 O] [ r2)) ] |
H(Z) :HO + I:Iint + I:Iext(z)
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Quantum theory of mobility

Perturbative expansion of the GF in powers of Hipe and flext(z)

’L/ﬁ n+m ,
G(I‘l,I‘Q;Zl,Zg) ZGO(rl,r2;21,22)+ [ d 21
n,m=1 nem:

X %tr[Tce wfydz [H”]z[ int} R cht(Z/)[ilAf(I‘l)Ll [TZ)T(Q)LJ

z

Go(r1,re; 21, 22) = %Zitr{Tce 7 [, dz [Hol: [w( 1)]21 WJT(Q)LJ

Express H in z/AJ — Wick’s theorem to write G as products of Gy and then solve the expansion with
Feynman diagram — Dyson's eq:

G(1,2) :G0(1,2)+/dS/d4GO(173)E[G](374)G(4,2)
1=(ry,21)
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Kadanoff-Baym equation of motion

Using Langreth rules, Gal, explicit fIO and evaluating Dyson at
equal time — G< in the limit ty — —oo:

KBE

e Unperturbed time-evolution of G< in static V(r

e Local time self-energy

e Internal dynamical correlations (collisions, scattering) Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation (AC)

We consider electrons in a solid and choose:

—h?Vv?

hO (I‘, —777V) = om + ‘/lat+ch (I‘)

Q Vine[G] & Virxe[Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

— [ho(l‘1, —thl) = ho(!‘z, —|—ZhV2)] G~ (I‘l, ro;t, t) =0 BTE (AQ)

By expanding the Bloch WF in plane waves and taking the diagonal
elements we have:

/d3T3 I:Eé (rla rs; t)G< (1‘3, ra; t? t) - G< (rla rs; t7 t)z(s(r?n ra; t)]

10f5
where

) .
F LIS = [ [ )G et ) pudra)

Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation (AC)

k(1 1) o) - = O g, 1) —
ot h Ok

where the collision rate is defined as

(00) @ Vitse[G] ~ Vitee[Gol
(t) 0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)
ot
OIS / At [Pt )5t ) + [t 0Tt 1)

_Fik(t’ t/) n>k(t/7t) - ;k(t’t/jrik(t/at)}
and

:FZFI‘> < (t, 1) /d?’rl /d3r2 o (r1)X7 < (r1, 125, t )k (ra)

Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation
For time-independent E (DC) we can do a FT:
h ok on
dw
fnkE/g k(@)

Approximate the self-energy:

—eE -

k(@ (@) = (@) (w)]

< occupation function

10f (R "\1?}1“"‘
nk

ok Z/ (G (., Q)| U \J

X I:,/'nk(l ,/‘mqu,)() (kjuk Emk+q T hw’qw)”qw fkarq}Lw;q" Frcrd”@—av

+ fnk(l - fkarq)(S(Sn,k — Emk+q

— hwqy ) (nqu+1)
- (1 - fnk)fm,k+q5(5mk+q -

Enk T hwqu)nqy

]

Samuel Poncé, EPFL

O Vitee[G] = Viaxe[Go)
0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)

o DC transport
0 Electron-one-phonon interaction

Static electron-phonon interaction
o Adiabatic phonons

Q & approximation in G~ < (w)

BTE

Rep. Prog. Phys. 83, 036501 (2020)
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The electron-phonon matrix element

(Lecture Tue.1)

Variation of the Kohn-Sham potential

I

Imnv (k, q) = <uTYLk+q‘AqllvscF |Unk>uc

~ _

Lattice-periodic part of wavefunction

Incommensurate modulation

|

‘ h aV,
AqUUSCF = Znape_lq.(r_Rp) - (r)

Mg, rorl W =5,

|

Kk Atom in the unit cell Zero-point amplitude
« Cartesian direction

Phonon polarization
p Unit cell in the equivalent supercell

Displacement of a single ion
Samuel Poncé, EPFL

O Vitee[G] = Viaxe[Go)
0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)

o DC transport

0 Electron-one-phonon interaction

¢ Static electron-phonon interaction
o Adiabatic phonons

Q & approximation in G~ < (w)

BTE

Rev. Mod. Phys. 89, 015003 (2017)

15 of 36



Linearized Boltzmann transport equation

Macroscopic average of the current density is

—eh? 1
JM(E = om V/dgrmh_lg‘l VQ—V1)G<(F1,I'2;t,t;E)

Vuc Z/ d i Vnkfnk( )

For weak E, we can use the linear response of the current density to define
the conductivity:

OJIM,a

Oap = 8E5

V Z/ ?:kaEBfnk
E=0 uc

where Og, fox = (9 frx/0Es)|E=0-

Jop

The carrier drift mobility is Ngﬂ =
eNne

Q Vine[G] & Virxe[Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

o DC transport
0 Electron-one-phonon interaction

¢ Static electron-phonon interaction
o Adiabatic phonons

Q § approximation in G”<(w)

0 Linear response

Linearized BTE

Rep. Prog. Phys. 83, 036501 (2020)
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Drift mobility

O Vitee[G] = Viaxe[Go)
0 E is spatially homogeneous
@ Diagonal Bloch state projection

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

3
d —e /dk o
nog = —— v 0B, fnk
B Z Qpyz g

Viene "

where

ofo 277'
aEB frk= evik aantT nk Z/i‘gmnu(k Q)|2
n

X [(”qv+1_fgk)‘s(enk—Emk+q+h‘*’qv)+(”qv+f2k)5(5nk—Emk+q_h‘*’qu) aEﬁ fmk+a

where the scattering rate is:

2
i= Z/ lgmnw (&, @) [(nay + 1 = frhiciq) Linearized BTE

0 Linear response

Tnk =

X 0(enk — Emktq — hwqr) + (Nqu + f’r?7.k+q)5(€nk — €mk+q T hw(ﬁ/)]

Rep. Prog. Phys. 83, 036501 (2020)
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Hall mobility

O Vitee[G] = Viaxe[Go)
0 E is spatially homogeneous

—e d3k @ Diagonal Bloch state projection
fogy = —— 2/7 198, fuk(By)
Vuene <=/ Spz BTE (AC)

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

BTE:

8 Bfgk 27 Tnk
[lngnk(VnkXB) Vk 8EBfnk(B7)_ ev ka 7' Z 7|gmnu (k Q)l

0 Linear response

Linearized BTE

X [(nqv+1_fgk)5(6nk_5mk+q+hwa/)+(nql’ ""fgk)‘s(snk_fmk-&-q_r’wqu )_ 2P fmxta(By)

Hall factor:

H H d
Hapy =TapyHaep
0s) " M5y (1ds)

oy Was
By ~ B, ’ Rep. Prog. Phys. 83, 036501 (2020)

—1
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Self energy relaxation time approximation

BTE:
€ i g 9 e
[1 - ETnk(Vnk x B) - Vi 9B, fnk(By) = ev, Dz, Tk

Linked with the imaginary part of the electron-phonon self-energy:

1

Tnk = ————
T 28T,k

Samuel Poncé, EPFL

3
n _ —€ d’k
Hapy = 3 - ;/Tm V108, frk(By)

O Viree[G] = Viaxe[Go)
0 E is spatially homogeneous
@ Diagonal Bloch state projection

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

0 Linear response

Linearized BTE

0 No scattering back into |nk)

Rep. Prog. Phys. 83, 036501 (2020)
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Electron-phonon interpolation

EPW relies on Maximally Localized Wannier Function to interpolate electron-phonon matrix elements.

o
OUUHNTUM

Cna,m’,@ (q)

Imnw(k, Q) Real space

MLWF MLWF

—— > O — >

Coarse k/q mesh

Dense k/q mesh

Comp. Phys. Commun. 209, 116 (2016)
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Deformation potential of c-BN

Samuel Poncé, EPFL

DV(T, q) (eV/Bohr)

D”(F,q) =

ANy

nm

. 1/2
— [QPVUCMQVZ |gm’ﬂ1/ (F7 q) |2:|

T T

]

v

r X UK r

arXiv:2105.04192 (2021)
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Long-range interaction: Frohlich dipole

gm’ﬂl’(kv q) :ginu(kv q) + g'rﬁnnu (k7 q)

gﬁmnu(kv q) A g’)’eL”r]L)V (k7 q) e

1
A €2 h 2
£,D .
S
mnl/( ’ ) Vuc 471'60 ; QNP/M,QWqV G#Z—q
(G+a)-Z5 erav __i(Gta)ms
(G+q)-e>*-(G+a)
X (W ket qle T T[W,),

D¥(I', q) (eV/Bohr)

Phys. Rev. Lett. 115, 176401 (2015)
Phys. Rev. B 92, 054307 (2015)
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Long-range interaction: Frohlich dipole

gm’ﬂl’(k q) gmnu( ) + gmnu(k q)
gmnu(k q) gmnu(k q)+ e

1
h ]5
V 47r50 — [QN ' Mewqu G#Z—q

e_i(G“'q)“"n

(G+a)- Z exqr
(G+q)-e>*-(G+a)
X (W ket qle T T[W,),

D*(T', q) (eV/bohr)

Phys. Rev. Lett. 115, 176401 (2015)
Phys. Rev. B 92, 054307 (2015)

Samuel Poncé, EPFL

T T T
— D(DD) + G(eD)

LA
TA

™ TA °

r X UK r

arXiv:2105.04192 (2021)

22 of 36



Long-range interaction: dynamic quadrupole

gmnu(k q) :ginu(k ) + g'rﬁnnu(kyq)

w1 T7T
~ L£,Q — D(DD) + G(eD)
I (K, Q) gmnu(k Q) +9niny(k, @) + — D(DD) + G(eD+€Q)

1
h 2
V 47r50 — 2N, Mwqy GZoq

e_i(G“"q)""n

(G +Cl) . Z: ‘- €xqr
(G+q)-e*-(G+a)
><<\:[’1fn,k7L |ei(q+G)'r‘\Ilnk>’

1
h 3
" Vae 47r50; 2N, Myway G;q

((G+a) (G+a) erar Qunn(k,a) _i(G+q)r, ° TA A s
(G+q) &> (G+aq) TA

LA
TA

D*(T', q) (eV/bohr)
=

Phys. Rev. Lett. 115, 176401 (2015) L r X UK r
Phys. Rev. B 92, 054307 (2015)
Phys. Rev. Lett. 125, 136601 (2020)
Phys. Rev. Lett. 125, 136602 (2020)
Samuel Poncé, EPFL
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Long-range interaction: dynamical matrix

£.D4+Q )

) q-e
et (T —T,1) o™ aa2

©.q
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1
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i
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%
—501'01'Q»m'CI'Z:/5

Phys. Rev. Lett. 125, 217602 (2020))
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D*(T', q) (eV/bohr)
=

LA

TA

LA

T T T 7T
— D(DD) + G(eD)

— D(DD) + G(eD+eQ)
— D(DD+DQ+QQ) + G(eD+eQ)

\%

TA

TA

TA

LA
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Mobility convergece

Diamond

with coarse BZ grids
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k-point coarse grids

k-point coarse grids
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Convergence of Wannier functions
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Mobility convergece with fine BZ grids

Diamond Silicon GaAs 3CSiC
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Gaussian or adaptative smearings - [c-BN]

1 2w d3q
Thk :? Z/QiBngmnu(ka q)|2

X [(an +1- fgak-l-q‘é(gnk — Emk+q — hwa/)

+(nqu + f21k+q, 6(€nk — Emk+q T hwqu)] .

Adaptative broadening:

ATl ST

where the phonon velocity is:

Tnk (qy) =

1 0D,.(q) 1

VqurB = =
quvp 2wqy 6(]5

Comput. Phys. Commun. 185, 1747 (2014)
Samuel Poncé, EPFL
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Hall factor is not unity

Increase

Flat above 250 K

Decrease
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Experimental comparison

104

Experimental mobility (cm?/Vs)
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104
Calculated mobility (cm?2/Vs)

arXiv:2105.04192 (2021)

30 of 36



Experimental comparison
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Experimental comparison
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Experimental comparison
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Experimental comparison
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Spectral decomposition: dominant scattering
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Spectral decomposition: dominant scattering

— electron
— hole Acoustic scattering dominates
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Examples of mobility with T done with EPW
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Examples of mobility with T done with EPW
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Examples of mobility with T done with EPW
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Brooks-Herring model for impurity scattering

Semi-empirical Brooks-Herring model for the hole of silicon:

_ 272E(kpT)3/? {m]
Ry /min:G(b) | Vs |

where G(b) =In(b+ 1) —b/(b+ 1), b = 24mmes(ksT)?/e*hn’, and n’ = ny(2 — np /ni).
Here m}; = 0.55my is the silicon hole density-of-state effective mass.

H. Brooks, Phys. Rev. 83, 879 (1951)
S. S. Li and W. R. Thurber, Solid-State Electronics 20, 609 (1977)
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Brooks-Herring model for impurity scattering

Because the electron mass is anisotropic in silicon, we used the Long-Norton model:

o 7:3-10T7T32 0 Tem?
= n;G(b) Vs |’

The mobility total phonon (1) and impurity (p;) mobility is:
= [1 + X2{ci(X) cos(X) + sin(X)(si(X) — g)}}

X? = 64,/u; and ci(X) and si(X) are the cosine and sine integrals.

P. Norton, T. Braggins, and H. Levinstein, Phys. Rev. B 8, 5632 (1973)
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Brooks-Herring model for impurity scattering

and hole mobility in silicon (EPW)
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