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Notations

Notations Formal expression Verbal expression

P(RX ,X ) The set of all probability measures on (RX ,X )

Ωg {(ω1, ω2) ∈ Ω2 : g(ω1) �= g(ω2)} The set of (ω1, ω2) separated by g

Ξg {T | ∀ (ω1, ω2) ∈ ΩC
g : Pω1

T = Pω1
T } The set of all g-oriented statistics

Vg {h : Θ −→ h(Θ) | h ⊥
vf

g} The set of all variation free complements of g

T (RZ × B) The set of all transitions on RZ × B

Φ(n) A set of distributions on (RZn
1
,Zn

1 )

Φ
(n)
n+1 A set of transitions on (RZn

1
× Zn+1)

λn The Lebesgue measure on IRn

φ � λn ∀A ∈ X : [λn(A) = 0 =⇒ φ(A) = 0] φ is absolutely continuous w.r.t λn

Mz,θ
Y {(RY ,Y), {P z,θ

Y : θ ∈ Θ}} A model on (RY ,Y)

h ⊥
vf

g ∀ (β, γ) ∈ h(Ω)× g(Ω) : Card {h−1(β) ∩ g−1(γ) } = 1 h and g are variation free complements

f ∈ [T ] f is a T -measurable function

RZ,g {z ∈ RZ | ∀ (θ1, θ2) ∈ Θg : P z,θ1
Y �= P z,θ2

Y } The set of z ∈ RZ such that g is identified in Mz,θ
Y

f is C.S.I f is continuous and strictly increasing

T C.S.I {Fε|Z ∈ T (RZ ×B) | ∀ z ∈ RZ : Fε|z is C.S.I }

T C.S.I
q.i {Fε|Z ∈ T C.S.I | ∀ z ∈ RZ : Fε|z(0) = α}

Pq.i(α) {F ∈ P(IR,B) | F is C.S.I and F (0) = α}
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Chapter 1

Introduction

Identification is considered as a basic issue in statistical modelling, particularly for non

experimental data, where a parameter may be interpreted through being a limit, in

probability, or an expectation, of a given statistic (see e.g. Koopmans and Reiersøl

(1950) or Roehrig (1988)). Identification of a parameter, or of a parameter function,

is also known to be a necessary condition for the existence of a consistent estimator

(see e.g. Bunke and Bunke (1974)), or by a similar argument, of an unbiased estimator.

At the beginning of this work, we are interested in the problem of identification in

conditional polychotomous discrete choice models. The starting point was the paper of

Matzkin (1993) that treated the identification of these models from a non-parametric

point of view. The first thing which had drawn our attention was the definition made

for the identification of these models. This definition is evidently different from that

unique one used in unconditional models and furthermore highlighted the role of the ex-

ogenous randomness. By consulting other models, such as conditional binary response

models as in Manski (1988), one found another definition of identification specific for

these types of models. The similarity between the two definitions is that they have the

same structure in the sense that they can be generalized for any conditional model.

Some questions arose then, why this definition and not others? what are the properties

of this definition? Does this definition guarantee specific properties for estimators like
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Introduction

in unconditional models? To answer theses questions, one should first give a general

definition for the identification in conditional model, such definition should have logical

bases. This is the object of chapter 3. In this chapter, we first start by giving a general

construction of a conditional model through embedding that concept into the concept

of unconditional model, and from this construction we analyze the identification of a

conditional model in the framework of the identification of a function of the parameters

in unconditional model. We propose a definition of identification in conditional models

called weak identification, derived from the usual concept of identification in uncondi-

tional models. We show, under a separability condition, that weak identification may

be considered as a generalization of definitions usually met in the statistical literature;

in particular those in Manski (1988) and Matzkin (1993). However, an undesirable

property of weak identification is shown, namely that under rather general conditions,

the weak identification does not depend on the sample size. As an alternative, three

other levels of identification are given, stressing the proper role of the randomness of

the conditioning variables. Similar distinctions are also shown to be relevant for prop-

erties of estimators, such as unbiasedness or consistency. The relationships between

these different levels of identification, unbiasedness and consistency are given.

In short, chapter 3 gives solutions to three issues in statistical modelling. First,

contrary to unconditional models, identification in conditional models may not be con-

sidered as a unique concept. Several levels should be distinguished, according to the

requirements made in terms of the distribution of the exogenous variables. Secondly,

similar distinctions are shown to be also required when defining properties of estimators

in conditional models, such as unbiasedness or consistency. Thirdly, this chapter makes

the relationships between these different levels of concept explicit. The main practical

implication is that, either identification in conditional model is controlled at a stronger

level in order to ensure lower levels, or identification is established at a particular level

in order to ensure the properties of an estimator at a particular level of specific interest.

In chapter 4, we analyze the concept of partial sufficiency in unconditional mod-
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Introduction

els. The principal motivation is as follows: The binary discrete choice models may be

considered as partially observable models. In fact, we observe a vector X = (T, Z) of

respectively endogenous and exogenous variables. The endogenous variable T is binary

and is modelled as T = arg max
j∈{0,1}

Yj, where for each j ∈ {0, 1}, Yj represents the random

(with respect to the statistician) utility associated to the alternative j. The structural

model describing the conditional distribution ((Y0, Y1) | Z) is latent, because (Y0, Y1)

are not observable, and is called the Random Utility Model. The statistical model, i.e.

that one describing the conditional distribution (T | Z) is the image of that structural
model under the transformation arg max

j∈{0,1}
( Another example of partially observable

models is the competing risk approach to censored data or to multiple exits duration

models). A sufficient parametrization in the statistical model is often described by a

non-injective function of the complete parameter characterizing the structural model.

The practical problem is to obtain conditions ensuring that the parameter of interest

is identified in the statistical model. The following question arose then: under what

conditions we do not lose the identification property when the structural model is re-

duced to the statistical one. One answer is that T should be a sufficient statistic for

this parameter of interest. When the parameter of interest is an injective function

of the complete parameter, the standard concept of sufficiency of a statistic is used.

However, when the parameter of interest is described by a non-injective function of the

complete parameter, the concept of partial sufficiency is used. This justifies our interest

to study the partial sufficiency concept in chapter 4, i.e. the property of a statistic to

contain all the relevant information about the parameter of interest. We analyze the

S-sufficiency concept introduced in Barndorff-Nielsen (1978). Our contribution to this

area, through chapter 4, is to give some further properties of S-sufficiency. In partic-

ular, we establish the connection between S-sufficiency and the identification concept,

we show that when we reduce the structural (latent) model by marginalizing w.r.t an

S-sufficient statistic, we do not lose the identification of the parameter of interest in the

statistical (reduced) model. Furthermore, we study the properties and the conditions

of applicability of S-sufficiency, with a view to compare the properties of the standard

concept of sufficiency and of S-sufficiency respectively.
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Introduction

Another aspect of chapter 4 is to show the abundance of overlapping concepts in the

statistical literature on partial sufficiency. We payed a particular attention to connect

among themselves the many concepts proposed earlier, and eventually we showed that

a small number of them are actually different, even when they have been introduced

from different perspectives.

The partial sufficiency and its connection with identification are analyzed in chap-

ter 4 only for unconditional models. In chapter 5, we extend the connection between

theses two concepts to the case of conditional models with partially observable endoge-

nous variables, i.e. when the exogenous vector is completely observable whereas the

endogenous one is only partially observable. This connection between concepts will

be extended for the four levels of identification in conditional models given in chap-

ter 3. This extension will not be easy to do because when studying the concept of

S-sufficiency in conditional model, we will be constraint to point out the structure of

a variation free complement of a given parameter of interest.

Finally, chapter 6 gives an application to the identification of the conditional binary

response models from the semi-parametric point of view. As seen before, theses models

are partially observable, in the sense that the endogenous (observable) variable is inter-

preted as T = 1I{ε−Z′β≤0} where ε is a real-valued latent random variable, Z ∈ IRK+1 is

a vector of exogenous variables and β ∈ IRK+1, consequently only the sign of the latent

variable ε−Z
′
β is observed. In this chapter, we discuss two cases: the first one is when

ε is not statistically independent from the exogenous Z. In such a case, we give condi-

tions sufficient (resp. necessary) for the weak identification (resp. for the identification)

of β. We also illustrate the role of the sample size for the two levels of identification.

In the case of the statistical independence between ε and the exogenous Z, we show

that in the semi-parametric point of view, the problem of identification of β or of

(β, Fε), where Fε is the distribution of ε, is not originated only from the localization

and the scale problem as in the purely parametric models like in probit or logit models.
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This work is concerned with two issues. One is that we want to establish, and prove,

new results. Another one is that we want to clarify relationships between concepts and

definitions spread in a large number of contributions. These objectives eventually lead

to a seemingly ”abstract” approach trying to isolate the conditions that are actually

required for making a result valid, without getting involved with unnecessary condi-

tions on irrelevant technicalities. Thus we look for results valid not only for euclidean

spaces but also for functional spaces, as many be met when analyzing trajectories in

continuous time or in semi-parametric models.

This thesis constitutes a first step for the construction of a general theory for con-

ditional models. It is written in a sampling theory framework. Thus, from a technical

point of view the parameters and the observations are treated differently: we reason

pointwise on the parameter space but σ-algebraically on the sample space.
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Chapter 2

Basic theory on unconditional

models

2.1 Introduction

We start from an unconditional statistical model MΩ
X given in the following form:

MΩ
X = [(RX , X ) , PΩ = {P ω : ω ∈ Ω}] (2.1)

where the measurable space (RX , X ) stands for the sample space for the observation
of a random vector X, P ω is a probability measure on the sample space for each

ω ∈ Ω and Ω represents the parameter space, which may be euclidean or functional
or a cartesian product of both. Note that X may be viewed as a measurable func-

tion defined on an underlying fundamental probability space, valued on a range space

(RX ,X ) which may also be euclidean, functional or a cartesian product of both. For
the sake of convenience, we use the notation P (A | ω) for the probability of event

A ∈ X according to the probability measure P ω. We also consider T = f(X) as a

statistic, T = σ(T ) as the subfield generated by T and P ω
T as the trace of P ω on T ,

this one may also be called the marginal distribution of T . In this work, script letters
(X , T etc) will be used to denote subfields. Finally, a submodel, or a reduction, ofMΩ

X

is eventually denoted asMΩ0
X where Ω0 ⊂ Ω.

11



Basic theory on unconditional models

Let P(RX ,X ) stand for the set of all probability measures on the sample space.
A statistical model, in the form of (2.1), may also be viewed as a mapping from

a parameter space Ω into P(RX ,X ). Two crucial features should be distinguished.
Firstly, the range of the mapping underlying (2.1), i.e. the set PΩ of possible sam-

pling distributions; this set summarizes all the hypotheses of the model. Secondly,

the properties of that mapping, e.g. whether it is injective, surjective, continuous etc;

these are characteristic of a particular parameterization. Two models sharing a same

range space PΩ are statistically equivalent, but may correspond to parameterizations

with drastically different properties; for example, (X | µ) ∼ N(µ, 1) with µ ∈ IR and

(X | α1, α2) ∼ N(α1 + α2, 1) with (α1, α2) ∈ IR2 are two different parameterizations of

statistically equivalent models.

A slightly different definition of a statistical model MΩ
X , as defined in (2.1), is that

a statistical model is a triplet (RX ,X ,P) where P ⊂ P(RX ,X ). In such a case, no
parameterization, ω → P ω, is made explicit. Thus, a statistical model in the form of

(2.1) is also refereed to as a ”parameterized” statistical model.

In this chapter, we essentially consider the problem of reducing, by a sufficiency

argument, a given sampling model MΩ
X . For that reason three basic concepts are

reminded. The first one is the sufficiency of a subfield for a parameter, the second

one is the identification of a parameter and the third concept concerns the sufficiency

of a parameter for a subfield. The basic theory is (implicitly) written in σ-algebraic

terms, identifying freely a statistic with the subfield generated by a statistic, as long as

this should create no ambiguity. Any subfield of X will accordingly be considered as

a statistic, as well as any function of the observation (T = f(X)) (For the connection

between subfields and the statistics generating them, see e.g. Bahadur (1955)). Most,

but not all, results are valid in the undominated case, an essential requirement for many

non-parametric models; as a matter of fact, densities will only be used for illustrative

purposes.

12



Basic theory on unconditional models

2.2 Sufficient subfields

Let us start by reminding the usual definition of the concept of a sufficient subfield for

a complete parameter.

Definition 2.2.1. (Barra 1981) A subfield T of X is said to be sufficient for MΩ
X if

for every A ∈ X , a T -measurable version of Ṗ (A | T , ω) exists which is the same for

all ω ∈ Ω or equivalently:

∀A ∈ X :
⋂
ω∈Ω

Ṗ (A | T , ω) 
= ∅ (2.2)

where for each ω, Ṗ (A | T , ω) = İE(1IA | T , ω) is the equivalence class of all versions

of the conditional probability of A given T . If the context is clear enough, one simply
says that T is sufficient. An equivalent formulation of the concept of sufficiency of a
subfield T is the following: For every integrable statistic X, a version of İE(X | T , ω)

exists and is the same for all ω ∈ Ω. In fact, this equivalence is true for indicator func-
tions. Then, by linearity and monotone convergence one can show that the equivalence

is also true for every integrable statistic.

In practice, one looks for sufficient statistics instead of sufficient subfields, but for

theoretical purposes the concept of sufficient subfield is more convenient than the con-

cept of sufficient statistics. Furthermore, the results obtained for subfields may be

transposed for their generating statistics. As a matter of fact, a statistic T , defined on

(RX ,X ) taking values in (RT , T ) is sufficient for the parameter ω if and only if it’s

corresponding subfield, namely T−1(T ) is sufficient.

Let us recall some basic properties of sufficiency. Conditions (2.2) clearly implies

that the sufficiency concept of a subfield T crucially depends on the family of proba-
bilities PΩ = {P ω : ω ∈ Ω}. If this family is extended, T does not necessarily remains
sufficient, however if this family is reduced, T remain sufficient, we have then the fol-
lowing property:

13



Basic theory on unconditional models

Property 1: If T is sufficient forMΩ
X then T is also sufficient for any submodelMΩ0

X

once Ω0 ⊂ Ω.

Littaye-Petit et al (1969) have shown an important property of transitivity, namely:

Property 2: Let T2 ⊂ T1 be two subfields of X . If T1 is sufficient for MΩ
X and T2 is

sufficient for MΩ
T1
, then T2 is also sufficient for MΩ

X .

Property 3: Let N be the subfield of X generated by the PΩ-null sets of X , i.e.
N = σ({A ∈ X | ∀ω ∈ Ω : P (A | ω) = 0}). If T1 and T2 are both sufficient and one of
them contains N , then T1 ∩ T2 is also sufficient.

WhenMΩ
X is dominated by a σ- finite measure, saym, i.e. ∀ω ∈ Ω : P ω is absolutely

continuous with respect to m, it was shown by Halmos and Savage (1949) that there

exists a countable subset of Ω, say Ω0 such that:

∀ A ∈ X , [P (A | ω) = 0, ∀ ω ∈ Ω0]⇐⇒ [P (A | ω) = 0, ∀ ω ∈ Ω] (2.3)

In such case, let P0 =
∑
ω∈Ω0

cωP ω, be a strictly convex combination of distributions

belonging to PΩ0 = {P ω : ω ∈ Ω0}, then P0 is a probability measure on (RX ,X ) which
dominates the model MΩ

X . Furthermore, P0 is absolutely continuous with respect to

any σ-finite measure dominating the model, in particular form, indeed, for any A ∈ X ,
we have:

m(A) = 0 =⇒ ∀ ω ∈ Ω : P (A | ω) = 0 =⇒ ∀ ω ∈ Ω0 : P (A | ω) = 0

=⇒ P0(A) = 0

The probability measure P0 was called a privileged probability measure. From this

consideration, Halmos and Savage (1949) asserts the following theorem:

14
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Theorem 2.2.1. (Halmos & Savage (1949)) Let MΩ
X be a dominated statistical model

and P0 a privileged measure of this model. Then the subfield T of X is sufficient if and

only if for each ω ∈ Ω, there exists a version of
dP ω

dP0
, say hω, which is T -measurable.

They show in the proof of the theorem that for each A ∈ X , a version of the
conditional probability Ṗ0(A | T ) may be used as the version common to {Ṗ (A |
T , ω) : ω ∈ Ω}. This common version is then used to prove the Neyman factorization
theorem. As a matter of fact, one can decompose the densities as follows:

∀ ω ∈ Ω : dP ω

dm
=

dP ω

dP0

· dP0

dm
= hω · dP0

dm
(2.4)

This factorization criteria entails the following properties:

Property 4: Let MΩ
X be a dominated statistical model and T1 a sufficient subfield.

Then every subfield T2 ⊃ T1 is also sufficient.

Property 5: In the dominated case, the minimal sufficient subfield exists.

Bahadur (1954) constructed the minimal sufficient subfield for any dominated model

as the one generated by the densities hω =
dP ω

dP0
given in theorem 2.2.1.

However, in the undominated case, properties 4 and 5 may fail to be satisfied;

in particular, a subfield containing a sufficient subfield may fail to be sufficient (see

Burkholder (1961)) and a minimal sufficient subfield may not exist (see Pitcher (1957)).

2.3 Identification in unconditional models

The problem of identification is basic to all statistical methods and data analysis and is

used in many statistical fields like econometrics, survival analysis.... In many problems
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Basic theory on unconditional models

of parametric statistical inference, the family of probability is known up to an unknown

parameter which may be euclidean or functional or the cartesian product of both. Any

statistical procedure developed for the estimation of this unknown parameter is not

meaningful if the unknown parameter is not identified.

Let g(ω) be a function defined on the parameter space Ω and representing the

parameter of interest. For the sake of simplicity, we adopt the following notation

across this work: For any function h : E −→ F we define Eh = {(x1, x2) ∈ E2 :

h(x1) 
= h(x2)}, i.e. Eh is the set of pairs (x1, x2) separated by h.

Definition 2.3.1. A parameter function g(ω) is said to be identified in MΩ
T or, equiv-

alently, T -identified, if:
∀ (ω1, ω2) ∈ Ωg : P ω1

T 
= P ω2
T (2.5)

or more explicitly:

[ ∀B ∈ T : P (B | ω1) = P (B | ω2) ] =⇒ g(ω1) = g(ω2) (2.6)

Definition 2.3.2. The model MΩ
T is identified if the identity function g(ω) = ω is

identified, i.e.

∀ ω1 
= ω2 : P ω1
T 
= P ω2

T (2.7)

In definition 2.3.2, a better expression would be that the parameterization ω , rather

than the model MΩ
T , is identified. The following example illustrates this fact.

Example 2.3.1. Let us consider the following two models describing a family of dis-

tributions of a real random variable X. The first one is (X | µ, σ2) ∼ N(µ, σ2) with

(µ, σ2) ∈ IR × IR∗+, so the parameterization of this model is ω = (µ, σ2) and the sec-

ond one is (X | µ1, µ2, σ
2) ∼ N(µ1 + µ2, σ

2) with (µ1, µ2, σ
2) ∈ IR2 × IR∗+, so the

parameterization of this model is λ = (µ1, µ2, σ
2). One can show that the two models

are equivalent, they describe the same family of probability measures in (IR,B). The

parameterization of the first model is identified whereas the parameterization of the

second one is not identified.
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Basic theory on unconditional models

According to definition 2.3.1 , the identification of g(ω) is defined in terms of the

mapping g(ω) −→ P ω
T being injective. This definition clearly shows that the presence

or absence of identification is a feature of the specification adopted for the data gener-

ating model, and so, is independent of the inferential procedure to be used.

About the meaning of identification, Roehrig (1988) says: The identification prob-

lem is concerned with the limits of what can be learned about a parameter ω from the

observable data that it generates. The data generated by ω will reveal, at most, the

probability distribution of the observable variables and therefore the nature of ω must

be inferred from this probability distribution. This means that if there exits another

parameter value ω
′
that is identical to ω in the sense that it implies the same prob-

ability distribution for the observable variables, information will be exhausted without

distinguishing the two parameter values ω and ω
′
. In such case, ω and ω

′
are said to

be observationally equivalent and the parameterization ω is not identified and clearly

can not be estimated.

About the identification, Koopmans and Reiersøl (1948) say: Identification problems

are not problems of statistical inference in a strict sense, since the study of identifi-

cation proceeds from a hypothetical exact knowledge of the probability distribution of

observed variables rather than from a finite sample of observations. However, it is

clear that the study of identification is undertaken in order to explore the limitations

of statistical inference.

Identification is considered as a basic issue in statistical modelling, particularly

for non experimental data, where a (function of a) parameter may be interpreted

through being a limit, in probability, or an expectation, of a given statistic (see e.g.

Koopmans and Reiersøl (1950) or Roehrig (1988)). Identification of a parameter ω,

or of a parameter function g(ω), is also known to be a necessary condition for the

existence of a consistent estimator (see e.g. Bunke and Bunke (1974)), or by a similar

argument, of an unbiased estimator. However, it is not in general sufficient for the
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existence of estimators having these above properties. The following example found in

Gabrielsen (1978, pp: 262) shows that.

Example 2.3.2. Let us consider the following model:

(Xi | ω) ∼ N(ω ri, 1) i = 1, 2, ..., n. (2.8)

with r is a fixed known value in ]-1, 1[ and ω > 0 is the unknown parameter. This

model can also be written as Xn
1 ∼ N(n)(ω R, In) where Xn

1 = (X1, X2, ..., Xn), R =

(r, r2, ..., rn) and In is an (n× n) identity matrix.

It is clear that the parameter ω is identified because two different values of ω induces

two different expectations of Xn
1 and then two different distributions of Xn

1 . Let us now

show that the MLE (Maximum Likelihood Estimator) estimator of ω is not consistent.

In fact, the log-likelihood function is given as follows:

l(Xn
1 | ω) =

n∑
i=1

(Xi − ω ri)2 (2.9)

differentiating the log-likelihood with respect to ω, the MLE of ω is given as follows:

ω̂ =

∑n
i=1 riXi∑n
i=1 r2i

(2.10)

ω̂ is distributed as follows:

ω̂ ∼ N(ω,
1∑n

i=1 r2i
=

1− r2

r2(1− r2n)
) (2.11)

Thus, ω̂ is an unbiased estimator of ω. However, the variance of ω̂ decreases mono-

tonically towards 1−r2

r2
which is strictly greater than zero because |r| < 1. Thus, ω̂ is

not a consistent estimator of ω.

A straightforward property of definition 2.3.1 is that any function of an identified

parameter is identified. More specifically:

g is T -identified =⇒ ∀ f : f ◦ g is T -identified.
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Furthermore, if g is T2-identified then g is T1-identified for every T1 ⊃ T2. In particular:

g is T -identified =⇒ g is X -identified. (2.12)

Remarks

1- Barankin (1961) refers to definition 2.3.1 as g(ω) being a necessary parameter for

T . We stick however to the more frequent use of an ”identified” parameter.

2- The present framework insists on two aspects. Firstly, identification is a property

of a parameterization rather than of a model, understood as the set PΩ of sampling

distributions. Secondly, the identification of ω is treated as a particular case of the

more general issue of identifying an arbitrary function of the parameter.

3- At contrast with the sufficiency concept in the sample space which is unsatisfac-

tory for undominated statistical models, the identification concept is not badly affected

by the non-dominance of the sampling model.

The history the identification as viewed by Koopmans and Reiersøl (1950)

The identification problem has been discussed, in various terminologies and formu-

lations, by quantitative thinkers in several fields. It is interesting to note that most of

the contributions have come from researchers whose main attention was directed to par-

ticular fields of application. In economics, contributions of increasing explicitness and

generality were made by Pigou, Henry shultz, Frish, Marschak. The main contribution

to the formalization and explicit mathematical analysis of the problem were made so

far by Haavelmo, Koopmans and Rubin, Wald and Hurwicz.

In his book on factor analysis, Thurstone discusses in several places questions of

identifiability. Models used in the analysis of latent structure in attitude and opinion

research by Lazarsfeld give rise to similar identification problems. In biometrics, the
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”method of path coefficients” of Sewall Wright, is essentially a method where a structure

postulated behind the observable distribution, and the identifiability of that structure

discussed. The identification problem is also met with in the theory of the design of

experiments, particularly in the method of confounding (Fisher, Chapter 7, Yates) .

2.4 Sufficient parameter

As a matter of fact, the concept of sufficiency of a parameter for a subfield may be

viewed as a reciprocal of identification, in view of the following definition and is par-

ticularly relevant in the case of partial observability.

Definition 2.4.1. (Barankin 1961) A parameter function g(ω) is said to be sufficient

in MΩ
T or, equivalently, T -sufficient, if:

∀ (ω1, ω2) ∈ Ωc
g : P ω1

T = P ω2
T (2.13)

Heuristically, let us assume that T is generated by a statistic T , the sampling dis-

tribution of which is representable by a density p(t | ω). The T -sufficiency of g(ω)

means that the density of T depends only on the value of g and may accordingly be

parameterized by γ = g(ω), viz:

p(t | ω) = p(t | γ) ∀ω ∈ g−1(γ) (2.14)

or equivalently:

p(x | ω) = p(t | γ) p(x | t, ω) ∀ω ∈ g−1(γ) (2.15)

Clearly, definition 2.4.1 enjoys the following property: If g is T1-sufficient then g is

T2-sufficient for every T2 ⊂ T1, in particular:

g is X -sufficient =⇒ g is T -sufficient. (2.16)

Property (2.13) actually describes a binary relationship between T and g. Thus

Picci (1977) refers to (2.13) as a function g being unresolvable for T and Basu (1977)
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as a subfield T being g-oriented. Later on, we shall also make use of Ξg, the set of all

g-oriented subfields, i.e. the set of all T satisfying (2.13) for a given function g.

The next theorem, useful for later results, gives a characteristic property for the

set Ξg of all g-oriented subfields. It states that if T ∈ Ξg and ω is X -identified, then
for every two distinct parameter values having a same value of g, there is no common

version of their T -conditional distributions.

Theorem 2.4.1. If ω is X -identified and T ∈ Ξg, then:

∀ (ω1 
= ω2) ∈ Ωc
g, ∃A ∈ X : Ṗ (A | T , ω1) ∩ Ṗ (A | T , ω2) = ∅ (2.17)

Proof of Theorem 2.4.1

Let us assume that there exist two distinct values (ω1, ω2) ∈ Ωc
g and a subfield

T ∈ Ξg such that, for each A ∈ X there exists a T -measurable common version
fA ∈ Ṗ (A | T , ω1) ∩ Ṗ (A | T , ω2). This means that:

∀ A ∈ X , ∀B ∈ T : P (A ∩ B | ω1) =

∫
B

fA dP ω1
T

T∈Ξg
=

∫
B

fA dP ω2
T

= P (A ∩B | ω2) (2.18)

Taking B = RX, equation (2.18) implies that:

∀A ∈ X : P (A | ω1) = P (A | ω2) (2.19)

which in turn implies that ω1 = ω2 because ω is X -identified. This contradicts the fact
that ω1 and ω2 are distinct values of Ω

c
g.

The meaning of theorem 2.4.1 may be viewed, in the simplified framework of statis-

tics representable by densities, as follows: Once T is a g-oriented statistic, then
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p(t | ω1) = p(t | ω2) for each (ω1, ω2) ∈ Ωc
g. Consider now the conditional densi-

ties p(x | t, ω1) and p(x | t, ω2). If they were equal, ω would not be X-identified;

equivalently, once ω is X-identified, these two conditional densities should be different.

Remarks

1)- Basu (1977) has called ”T is specific ancillary for β” the situation where T is

g-oriented along with β = h(ω) is a variation free complement of γ = g(ω) (See chapter

3 for details on the concept of a variation free complement). Note however that the

fact that ω may be reparameterized into (β, γ) does not affect the structure of (2.15),

but gives only a characteristic property of β. In such case, equation (2.15) becomes:

p(x | ω) = p(t | γ) p(x | t, β, γ) (2.20)

2)- Definitions 2.3.1 and 2.4.1 clearly refer to parameterized statistical models in

the form of (2.1). This implies that the initial parameterization, ω → P ω, is trivially

sufficient. For example, in a Gauss-Markov approach to a standard linear model such

as y = Zβ+ ε, a sufficient parameterization would be ω = (β, P σ2

ε ) ∈ IRk×L2,0 (where
L2,0 is the set of zero-expectation finite variance real-valued random variable) whereas

an identified function of interest would be g(ω) = (β, σ2). Thus, it is not unusual to

consider partially specified models where an identified function of interest is explicitly

specified without making a sufficient parameterization explicit.

Combining definitions 2.3.1 and 2.4.1, Barankin (1961) introduces the concept of a

minimal sufficient parameter. Such a concept is also called maximal identifiable (or

maximal unresolvable) parameter in Picci (1977).

Definition 2.4.2. (Barankin 1961) A parameter function g(ω) is said to be minimal

sufficient in MΩ
T or, equivalently, T -minimal sufficient, if it is both sufficient and

identified in MΩ
T .
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Thus, ω is X -identified is equivalent to ω is X -minimal sufficient because ω is trivially

X -sufficient, whereas an X -identified function g(ω) is not, in general, X -sufficient unless
g(ω) were also injective.

2.5 Connection between identification and sufficient

subfields

Next theorem gives a condition under which the two statements in (2.12) are equivalent

for g(ω) = ω. Florens et al. (1990, pp: 162) established a similar results in the bayesian

framework.

Theorem 2.5.1. If the subfield T is sufficient then:

ω is T -identified⇐⇒ ω is X -identified. (2.21)

Proof of Theorem 2.5.1

The =⇒ is given in (2.12) for g(ω) = ω; Thus we only proof the ⇐= part. Let us
assume that ω is X -identified but is not T -identified; this means by definition 2.3.2
that there exists (ω0

1, ω
0
2) ∈ Ω2 such that:

ω0
1 
= ω0

2 and P
ω0

1
T = P

ω0
2

T (2.22)

As T is sufficient inMΩ
X , there exists for each A ∈ X a T -measurable common version

fA such that:

∀ B ∈ T : P (A ∩B | ω0
i ) =

∫
B

fA dP
ω0

i
T i = 1, 2 (2.23)

Combining (2.22) and (2.23), we have:

∀ A ∈ X , ∀B ∈ T : P (A ∩ B | ω0
1)

(2.23)
=

∫
B

fA dP
ω0

1
T

(2.22)
=

∫
B

fA dP
ω0

2
T

(2.23)
= P (A ∩ B | ω0

2) (2.24)
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Equation (2.24) implies for B = RX that:

∀A ∈ X : P (A | ω0
1) = P (A | ω0

2) (2.25)

which in turn implies that ω0
1 = ω0

2 because ω is identified in MΩ
X . This contradicts

the fact that ω0
1 
= ω0

2 in (2.22).

Theorem 2.5.1 may be understood from two different contexts. In the first one, the-

orem 2.5.1 states that when we reduce an ”identified” complete model by marginalizing

w.r.t a sufficient subfield T , we do not lose the identification property. In another con-
text, theorem 2.5.1 states that for a given identified model MΩ

X , a necessary condition

for a subfield T to be sufficient for MΩ
X is that ω be identified in MΩ

T . This fact may

provide an easy way for detecting non-sufficient subfields. Next example provides an

illustration:

Example 2.5.1. Let Xi ∼ IN(µi, 1) i = 1, 2, ..., n. Let Ti = X1 − Xi+1 with i =

1, 2, ..., n−1 and consider the statistic T = (T1, T2, ..., Tn−1). To show that the statistic

T is not sufficient, it suffices ( by theorem 2.5.1) to show that ω is not T -identified.

As a matter of fact:

Ti ∼ N(µ1 − µi+1, 2) ∀ i = 1, 2, .., n. (2.26)

∀ i 
= j : cov(Ti, Tj) = 1 (2.27)

Now let us consider ω
′
= (µ

′
1, µ

′
2, ..., µ

′
n) and ω” = (µ”

1, µ
”
2, ..., µ

”
n) such that µ”

i =

µ
′
i + k ∀ i = 1, 2, ..., n, with k is a constant different from zero. Clearly, ω

′ 
= ω”

but the marginal distribution of T is the same for these two different values. Then ω

is not T -identified and consequently T is not sufficient. Notice that this argument is

an alternative easier than computing the T -conditional distribution of X and checking

whether it depends or not on ω.

24



Chapter 3

The role of the exogenous

randomness in the identification of

Conditional Models

3.1 Introduction

The object of this chapter is to make explicit the role of the exogenous randomness in

the identification of conditional models. The starting idea is to give a general definition

of a conditional model through embedding that concept into the concept of uncondi-

tional models, and to analyze the identification of a conditional model in the framework

of the identification of a function of the parameters in an unconditional model. Taking

explicitly into account the randomness of the exogenous variables, say Z, we show that

the identification of conditional models may crucially depend on conditions on Φ, the

set of distributions of Z.

This chapter gives solutions to three issues in statistical modelling. First, contrary

to unconditional models, identification in conditional models may not be considered

as a unique concept. Several levels should be distinguished, according to the require-
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ments made in terms of the distribution of the exogenous variables. Secondly, similar

distinctions are shown to be also required when defining properties of estimators in

conditional models, such as unbiasedness or consistency. Thirdly, this chapter makes

the relationships between these different levels of concept explicit. The main practical

implication is that, either identification in conditional model is controlled at a stronger

level in order to ensure lower levels, or identification is established at a particular level

in order to ensure the properties of an estimator at a particular level of specific interest.

The chapter is organized as follows: In section 3.2, we briefly sketch the structure of

the conditional binary response models drawn from Manski (1988) and give his iden-

tification condition. In section 3.3, we give a construction of a conditional model and

its characteristics. In section 3.4, we treat the identification in conditional models.

We start with a definition of identification in conditional models called weak identifi-

cation, derived from the concept of identification in unconditional models. We show,

in theorem 3.4.1, that weak identification coincides with that one usually met in the

statistical literature; in particular in Manski (1988) and Matzkin (1993). Furthermore,

theorem 3.4.4 shows an undesirable property of weak identification, namely that under

rather general conditions, the weak identification does not depend on the sample size.

An example of a standard regression model is given to illustrate why such a property

is undesirable. As an alternative, three levels of identification are given in section 3.5,

stressing the proper role of the randomness of the conditioning variables. Similar dis-

tinctions are also shown to be relevant for properties of estimators, such as unbiasedness

or consistency. The relationships between these different levels of identification, unbi-

asedness and consistency are given . The final section gives concluding remarks on the

practical relevance of these distinctions and also gives a graphical scheme illustrating

the links between the different concepts.
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3.2 A look on the literature

In the statistical literature, we have found no general definition designed specifically

for the identification in conditional models. However, we have found for some specific

models, conditions of identification of their parameters. As an example, we briefly

sketch the structure of the conditional binary response models drawn from Manski

(1988) and give his identification condition.

Let X = (Y, Z) be an observable vector where Y ∈ {0, 1} is an endogenous (re-
sponse) variable representing the individual observed choice, and Z ∈ RZ ⊂ IRK is

a vector of exogenous (explanatory) variables. Let also ε ∈ IR be a latent variable

connected with the observed choice Y by the relation Y = 1I{ε−Z′β≤0}, where 1I{.} is the

indicator function. In a semi-parametric framework, the parameter characterizing the

structural model is θ = (β, Fε|Z) ∈ Θ ⊂ IRk×T (RZ×B) where T (RZ×B) is the set of
all transitions defined on RZ ×B, with B being the Borel σ-field of IR. The statistical
model describing the Z-conditional observed choice probabilities is deduced from the

structural model as follows:

IE(Y | Z, θ) = P (Y = 1 | Z, β, Fε|Z) = Fε|Z(−Z
′
β)

Following Manski (1988), the parameter θ = (β, Fε|Z) is identified relative to another

parameter θ
′
= (b, Gε|Z) if the Z-conditional observed choice probabilities generated

by θ and θ
′
are different over an FZ-non null subset of RZ , where FZ represents a non

specified distribution of the exogenous vector Z; more specifically:

Definition 3.2.1. (Manski 1988) Let B(θ, θ
′
) = {z ∈ RZ : IE(Y | z, θ) 
= IE(Y |

z, θ
′
)}. The parameterization θ is said to be identified if ∀ θ

′ 
= θ : FZ(B(θ, θ
′
)) > 0.

Furthermore, a parameter of interest g(θ) is identified if ∀ g(θ
′
) 
= g(θ) : FZ(B(θ, θ

′
)) >

0.

Clearly, this definition of identification crucially depends on the non specified dis-

tribution FZ of the exogenous variables Z. As a matter of fact, Manski (1988) gives

conditions under which the complete parameter, say θ = (β, Fε|Z) (or a parameter of
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interest such as g(θ) = β, g(θ) = sign(β), ...) is identified. These conditions depend,

among other, on specific assumptions on FZ .

3.3 Conditional models

Let us now construct the conditional model through embedding that concept into the

usual concept of an unconditional model (2.1). For the sake of simplicity, this section

only considers the case where a random vector X of observations is decomposed into

X ′ = (Y ′ , Z ′) (where ’ denotes transposition) with values in (RY ×RZ , Y ⊗Z) and
the model is conditional on Z; more general conditioning might be introduced at the

cost of a somewhat more abstract presentation but without substantial benefits for the

object of this chapter.

The basic idea of a conditional model is the following: Starting from the uncondi-

tional model MΩ
X in (2.1), each sampling probability P is first decomposed into the

Markovian product:

P = PZ ⊗ PZ
Y

where PZ is the marginal probability on (RZ , Z) and PZ
Y is the conditional probability

given Z; more explicitly, PZ
Y is defined by means of the identity:

∀(A, B) ∈ Y ×Z : P (A× B) =

∫
B

P z
Y (A) dPZ (3.1)

Next, one makes specific assumptions on the conditional component leaving virtually

unspecified the marginal component. Thus a conditional model MZ,θ
Y may be repre-

sented as follows :

MZ,θ
Y = [(RY ×RZ , Y ⊗Z) , {P ω = φ⊗ PZ ,θ

Y : (3.2)

ω = (θ, φ) ∈ Ω = (Θ× Φ)}]

where Φ is a set of, possibly all, probability measures on (RZ ,Z) and for each θ ∈
Θ, PZ ,θ

Y is a transition of probability defined on (RZ × Y), with values denoted as
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P z,θ
Y (A) for any (z, A) ∈ (RZ × Y). The essential features of a conditional model are
therefore:

(i) θ indexes a ”well specified” family of transitions of probability defined onRZ×Y .
This family constitutes the kernel of the concept of a conditional model. This concept

relates, however, to a family of joint probabilities (on Y ⊗Z) by crossing the family of
transitions with a family of probabilities on Z. By so doing, for each ω = (θ, φ), the

transition PZ,θ
Y becomes a particular version of the conditional probability given Z, for

each φ defining a joint probability φ⊗ PZ,θ
Y .

(ii) θ is the only parameter of interest and φ is a nuisance parameter which is iden-

tified by definition (because φ ∈ Φ ⊂ P(RZ ,Z)). Furthermore θ and φ are variation

free. The notationMZ,θ
Y conveys the idea that θ is the only actual parameter of inter-

est, leaving to φ no explicit role.

(iii) The modelling restrictions are concentrated on the conditional part i.e. the set

{PZ,θ
Y : θ ∈ Θ} embodies the main hypotheses of the model, whereas in most cases,

the set Φ embodies a minimal amount of restrictions, typically only the hypotheses

necessary to guarantee essential properties for the inference on θ, such as identification

or convergence of estimators. Consequently, in most situations, but not in all, Φ is a

”thick” subset of the set of all probability measures on (RZ ,Z). We shall see never-
theless that Φ may play an important role. This will be illustrated in next sections.

(iv) In an asymptotic model, X = (Y, Z) correspond to infinite sequences, i.e. to a

stochastic process in discrete time, Y = (Y1, Y2, ..., Yi, ...) and Z = (Z1, Z2, ..., Zi, ...).

Finite sequences are denoted as Xn
1 = (Y

n
1 , Zn

1 ) with Y n
1 = (Y1, Y2, ..., Yn) and similarly

for Zn
1 . The sample space (RY ×RZ ,Y ⊗Z) is decomposed into pieces corresponding

to samples of size 1, namely (RYi
×RZi

,Yi⊗Zi). For every ω = (θ, φ) ∈ Ω = Θ×Φ, the
law P ω = φ⊗PZ,θ

Y of the stochastic process X = (Y, Z) induces a sequence of marginal

probability measures P ω(n)
= φ(n) ⊗ P

Zn
1 ,θ

(n)

Y n
1

on Xn
1 = (Y

n
1 , Zn

1 ). The parameter space
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of the conditional model (3.2) is accordingly decomposed into ω(n) = (φ(n), θ(n)) ∈
Φ(n)×Θ(n), where Φ(n) represents a non specified family of distributions on (RZn

1
,Zn

1 ).

In many instances, but not always, Θ(n) = Θ for any n ≥ 1.

3.4 Weak identification

In this section, we introduce a concept of weak identification, as a natural extension of

the concept of identification in unconditional models. We also show that this concept

has been used in the statistical literature but is liable to substantial drawbacks, to be

corrected in the next section.

The parameter function g : Θ −→ Γ is identified in the conditional model (3.2) if and

only if the parameter function g ◦ h is identified in that model, where h : Θ×Φ −→ Θ

such that h(θ, φ) = θ ∀ (θ, φ) ∈ Θ× Φ. Using the definition 2.3.1 of identification in
unconditional model, the identification of g ◦ h in (3.2) is equivalent to:

∀ (ω1, ω2) ∈ Ωg◦h : P ω1 
= P ω1 (3.3)

is equivalent to:

∀ (θ1, θ2) ∈ Θg, ∀(φ1, φ2) ∈ Φ2 : φ1 ⊗ PZ, θ1
Y 
= φ2 ⊗ PZ, θ2

Y (3.4)

As the nuisance parameter φ is identified, equation (3.3) or (3.4) may, equivalently, be

written in the form of the following definition.

Definition 3.4.1. The function g(θ) is weakly identified if:

∀ (θ1, θ2) ∈ Θg, ∀φ ∈ Φ : φ⊗ PZ, θ1
Y 
= φ⊗ PZ, θ2

Y (3.5)

Weak identification is accordingly the direct transposition of the usual identification

in unconditional model to the case of conditional model, and is explicitly based on the

joint distribution on (RY ×RZ ,Y ⊗Z), i.e. φ⊗ PZ,θ
Y . Weak identification satisfies

usual properties of identification in unconditional models, namely:
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1) If g is weakly identified, then k ◦ g is also weakly identified for any function k

defined on g(Θ).

2) If g is weakly identified in M
Z

n0
1 ,θ

Y
n0
1
, then g is weakly identified in M

Zn
1 ,θ

Y n
1

for any

n ≥ n0.

3) Let Un = f1(X
n
1 ) and Vn = f2(X

n
1 ) be two statistics. If g is identified in M

Zn
1 ,θ

Vn
,

then g is also identified in M
Zn

1 ,θ
Un

for any f2 = k ◦ f1 with k defined on f1(RZn
1
).

The next theorem gives a suitable assumption, under which an equivalent and more

operational condition for the weak identification is obtained.

Theorem 3.4.1. For any (θ1, θ2) ∈ Θ2, let B(θ1, θ2) = {z ∈ RZ | P z,θ1
Y 
= P z,θ2

Y }. If

Y is separable (i.e. countably generated), then:

(i) B(θ1, θ2) is Z-measurable for any (θ1, θ2) ∈ Θ2.

(ii) A necessary and sufficient condition for the weak identification of g(θ) is:

∀ (θ1, θ2) ∈ Θg, ∀φ ∈ Φ : φ(B(θ1, θ2)) > 0. (3.6)

The proof of theorem 3.4.1 is essentially based on the following lemma.

Lemma 3.4.1. If Y is separable, the following two statements are equivalent:

φ⊗ PZ,θ1
Y = φ⊗ PZ,θ2

Y (3.7)

PZ,θ1
Y = PZ,θ2

Y φ− a.s (3.8)

Proof of lemma 3.4.1

We need only to prove that (3.7) implies (3.8) because the other implication is triv-

ial. Note first that (3.7) is equivalent to:
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∀(A, B) ∈ Y ×Z :
∫
B

P z,θ1
Y (A)dφ =

∫
B

P z,θ2
Y (A)dφ

This implies:

∀A ∈ Y : PZ,θ1
Y (A) = PZ,θ2

Y (A) φ− a.s

Or equivalently:

∀A ∈ Y , ∃NA ∈ Z : φ(NA) = 0 and∀z ∈ N c
A : P z,θ1

Y (A) = P z,θ2
Y (A) (3.9)

Let Y0 be a countable π-system generating Y i.e. Y = σ(Y0) (Y0 is a π-system iff

∀ (A1, A2) ∈ Y02: A1 ∩ A2 ∈ Y0) and define a subset N =
⋃
A∈Y0

NA, with NA as defined

in (3.9). Clearly, φ(N) = 0, furthermore:

∀A ∈ Y0, ∀z ∈ N c : P z,θ1
Y (A) = P z,θ2

Y (A)

which implies by a monotone class theorem:

∀A ∈ Y , ∀z ∈ N c : P z,θ1
Y (A) = P z,θ2

Y (A)

Therefore, condition (3.9) and the separability of Y imply:

∃N ∈ Z, φ(N) = 0, ∀ z ∈ N c : P z,θ1
Y = P z,θ2

Y

which is equivalent to (3.8).

Proof of Theorem 3.4.1

The Proof of (i) :
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For every (θ1, θ2) ∈ Θ2, let B(θ1, θ2) = {z ∈ RZ | P z,θ1
Y 
= P z,θ2

Y }, then the separabil-
ity of Y ensures the measurability of B(θ1, θ2), more specifically:{

z ∈ RZ | P z,θ1
Y 
= P z,θ2

Y

}
=

{
z ∈ RZ | P z,θ1

Y = P z,θ2
Y

}c

=

( ⋂
A∈Y0

{
z ∈ RZ | P z,θ1

Y (A) = P z,θ2
Y (A)

})c

=
⋃
A∈Y0

{
z ∈ RZ | P z,θ1

Y (A) 
= P z,θ2
Y (A)

}
∈ Z (3.10)

The proof of (ii):

For any logical proposition, say P , the notation PN means the negation of that

proposition P . By lemma 3.4.1 and property (i) of theorem 3.4.1, we have:

φ⊗ PZ,θ1
Y 
= φ⊗ PZ,θ2

Y
lemma3.4.1⇐⇒ [PZ,θ1

Y = PZ,θ2
Y φ− a.s]N

⇐⇒ [φ{z ∈ RZ | ∀A ∈ Y : P z,θ1
Y (A) = P z,θ2

Y (A)} = 1]N

⇐⇒ φ{z ∈ RZ | P z,θ1
Y 
= P z,θ2

Y } > 0

⇐⇒ φ(B(θ1, θ2)) > 0 (3.11)

Theorem 3.4.1 shows that, under a separability condition, weak identification coin-

cides with a concept of identification used in the statistical literature; in particular, for

the conditional binary response model as seen in Manski (1988) (definition 3.2.1) and

for a polychotomous discrete choice model as in Matzkin (1993). The separability of

Y ensures the measurability of the set B(θ1, θ2) used in theorem 3.4.1, and eventually

solves an issue raised in Manski (1988). Note that when (RY ,Y) is euclidean (and
Y is the usual Borel σ-field), separability is ensured; however when Y is treated as a

functional observation, as in electrocardiograms or in human or animal growth curves,
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care should be taken to ensure the separability of Y , typically by endowing RY with a

separable topology and taking for Y the corresponding Borel σ-field.

3.4.1 Weak identification, weak unbiasedness and weak con-

sistency

The next Theorem shows the relation between weak identification and weak unbiased-

ness. Let us first introduce the concept of weak unbiasedness.

Definition 3.4.2. Let T be an estimator of g(θ), i.e. T = f(X). Then, T is said to

be weakly unbiased for g(θ) if:

∀ (θ, φ) ∈ Θ× Φ : IEθ,φ(T ) = g(θ) (3.12)

where IEθ,φ(T ) is the expectation of T with respect to the joint distribution P ω =

φ⊗ PZ,θ
Y . Weak unbiasedness is accordingly the direct transposition of the usual unbi-

asedness in unconditional model to the case of conditional model and is explicitly based

on the joint distribution on (RY ×RZ ,Y ⊗Z), i.e. φ⊗ PZ,θ
Y . Similarly to the weak

identification, the unique conditional aspect of the concept of weak unbiasedness is that

T estimates a function of the parameter θ characterizing the conditional distribution.

Theorem 3.4.2. A necessary condition for the existence of a weakly unbiased estimator

of g(θ) is that g(θ) is weakly identifiable.

Proof of Theorem 3.4.2

The proof of theorem 3.4.2 is an immediate consequence of the fact that, if T is

weakly unbiased for g(θ) then:

∀ (θ1, θ2) ∈ Θg, ∀φ ∈ Φ : IEθ1,φ(T ) 
= IEθ2,φ(T ) (3.13)

which also implies that:

∀ (θ1, θ2) ∈ Θg, ∀φ ∈ Φ : φ⊗ PZ,θ1
Y 
= φ⊗ PZ,θ2

Y
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Similarly to definition 3.4.2, we now consider the concept of weak consistency in

conditional models.

Definition 3.4.3. Let Tn be a sequence of estimators of g(θ) (i.e. Tn = fn(X
n
1 )).

Then, Tn is said to be weakly consistent if:

∀ω = (θ, φ) ∈ Θ× Φ, ∀ ε > 0 : lim
n−→+∞

P ω(|Tn − g(θ)| < ε) = 1 (3.14)

This will be denoted pωlim Tn = g(θ).

In this definition, Pw represents the law of the stochastic process X = (Y, Z) (see

property (iv) of the conditional model, section 3.3). Again, the unique conditional

aspect of the weak consistency is reduced to the fact that the parameter of interest,

g(θ), is a function of θ which characterizes the conditional distribution. The next

theorem gives the link between weak identification and weak consistency.

Theorem 3.4.3. A necessary condition for the existence of a weakly consistent esti-

mator for g(θ) is that g(θ) is weakly identified in the asymptotic model.

Proof of Theorem 3.4.3

Let us prove theorem 3.4.3 by contradiction. Indeed, suppose that g(θ) is not

weakly identified in the asymptotic model; This means that there exists φ0 ∈ Φ and
(θ01, θ

0
2) ∈ Θg such that φ0 ⊗ P

Z,θ01
Y = φ0 ⊗ P

Z,θ02
Y .

Suppose that there exists a weakly consistent estimator of g(θ), say Tn. This means,

by definition 3.4.3 that:

∀ω = (θ, φ) ∈ Θ× Φ : pωlim Tn = g(θ) (3.15)

Let now ω0
i = (θ0i , φ

0) with i ∈ {1, 2}. By equation (3.15), pω
0
i lim Tn = g(θ0i ) for

i ∈ {1, 2}. This implies that g(θ01) = g(θ02) because, by hypothesis, P ω0
1 = P ω0

2 , and

this contradicts the fact that (θ01, θ
0
2) ∈ Θg.
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3.4.2 Weak identification and the sample size

In the i.i.d case of the unconditional model (2.1), it is known that the identification

does not depend on n, the sample size, in the sense that identification for n = 1,

for finite n and in the asymptotic model are equivalent. It is accordingly of interest

to consider the relationship between identification in finite sample and identification

in the asymptotic model for conditional models. The next theorem states that under

some rather general conditions, weak identification does not depend on the sample size.

The first two conditions of this theorem may be viewed as ”convenience assumptions”,

they are not substantially restrictive but facilitate the exposition:

(C.1) ∀ i ≥ 1 : (RYi
×RZi

, Yi ⊗ Zi) = (RY1 ×RZ1 , Y1 ⊗ Z1)

(C.2) ∀n ≥ 1 : Θ(n) = Θ

The next one is a coherence condition, similar, for a family of stochastic processes,

to the Kolmogorov coherence condition (of a projective system) for a unique stochas-

tic process. More specifically, let us define Φ
(n)
n+1, a set of transitions φ

(n)
n+1 defined on

(RZn
1
×Zn+1) (representing the distributions of Zn+1 given Zn

1 ); this condition requires

the sequence Φ(n) to be monotonically increasing in the following sense:

(C.3) ∀n ≥ 1 : Φ(n+1) = {φ(n) ⊗ φ
(n)
n+1 | φ(n) ∈ Φ(n) ; φ

(n)
n+1 ∈ Φ

(n)
n+1}

Next condition requires that the set Φ
(n)
n+1 contains all the initial distributions φ(1)

understood as degenerate transitions, and eventually assumes that the family Φ(n) con-

tain the i.i.d case for the Zi’s.

(C.4) ∀n ≥ 1, ∀φ(1) ∈ Φ(1), ∃φ
(n)
n+1 ∈ Φ

(n)
n+1 such that:

∀φ(n) ∈ Φ(n) : φ(n)({zn1 | ∀B ∈ Z1 : φ
(n)
n+1(B | zn1 ) = φ(1)(B)}) = 1
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The following and main condition is a sifting condition, which is standard in asymp-

totic theory (for details, see e.g. Florens et al. (1990), section 7.6), viz.

(C.5) ‖
1≤i≤n

Yi |Zn
1 , θ and Yi ‖ Zn

1 |Zi, θ; ∀ 1 ≤ i ≤ n.

The last condition is, under (C.1) and (C.5), a condition of conditional stationarity:

(C.6) ∀n ≥ 1, ∀ θ ∈ Θ : PZn=z,θ
Yn

= PZ1=z,θ
Y1

∀ z ∈ RZ1

Theorem 3.4.4. Consider a parameter function g : Θ −→ Γ. Under the assumptions

(C.1) to (C.6), the following two relations are equivalent:

∀ (θ1, θ2) ∈ Θg, ∀φ(n+1) ∈ Φ(n+1) : φ(n+1) ⊗ P
Zn+1

1 ,θ1

Y n+1
1


= φ(n+1) ⊗ P
Zn+1

1 ,θ2

Y n+1
1

(3.16)

∀ (θ1, θ2) ∈ Θg, ∀φ(n) ∈ Φ(n) : φ(n) ⊗ P
Zn

1 ,θ1
Y n
1

= φ(n) ⊗ P

Zn
1 ,θ2

Y n
1

(3.17)

Proof of Theorem 3.4.4

To prove theorem 3.4.4, it is sufficient to prove that (3.16) implies (3.17), the con-

verse implication being trivial. This is equivalent to prove that the negation of (3.17)

implies the negation of (3.16) i.e. if there exist two parameter values (θ1, φ
(n)∗) and

(θ2, φ
(n)∗) for which the model is not weakly identified for a sample of size n, then there

exist parameter values (θ1, φ
(n+1)∗) and (θ2, φ

(n+1)∗) for which this model is not weakly

identified for a sample of size n+ 1.

For a fixed n, let us assume under condition (C.2) that there exist parameter values

(θ1, φ
(n)∗) and (θ2, φ

(n)∗) such that g(θ1) 
= g(θ2) and:

φ(n)∗ ⊗ P
Zn

1 ,θ1
Y n
1

= φ(n)∗ ⊗ P
Zn

1 ,θ2
Y n
1

(3.18)
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This is equivalent to:

∀(A, B) ∈ Yn
1 × Zn

1 :

∫
B

P
zn
1 ,θ1

Y n
1
(A)dφ(n)∗ =

∫
B

P
zn
1 ,θ2

Y n
1
(A)dφ(n)∗ (3.19)

As shown in the beginning of the proof of this theorem, the converse implication i.e.

(3.17) =⇒ (3.16), is trivial. This means that if the model is not weakly identified

for sample of size n, then it is not weakly identified for samples of sizes less than n.

Furthermore, in the sifted case, the parameter values (θ1, θ2) for which the model is not

weakly identified for sample of size n are the same as that ones for which this model is

not weakly identified for samples of sizes less than n, in particular for n = 1. Therefore,

using assumption (C.1), equation (3.19) implies that there exists φ(1)∗ ∈ Φ(1) such that:

∀(A, B) ∈ Y1 ⊗Z1 :

∫
B

P z1,θ1
Y1

(A)dφ(1)∗ =

∫
B

P z1,θ2
Y1

(A)dφ(1)∗ (3.20)

By assumption (C.4), there exists a transition φ
(n)∗
n+1 ∈ Φ

(n)
n+1 such that:

∀φ(n) ∈ Φ(n) : φ(n)
{
zn1 | ∀B ∈ Z1 : φ

(n)∗
n+1(B | zn1 ) = φ(1)∗(B)

}
= 1

Under condition (C.3), we may consider φ(n+1)∗ = φ(n)∗ ⊗ φn∗
n+1 and show that, under

the sifting condition, the probability measures corresponding to ω(n+1)∗ = (θ1, φ
(n+1)∗)

and ω(n+1)∗∗ = (θ2, φ
(n+1)∗) coincide; indeed:

Let (A, B) ∈ Yn+1
1 ×Zn+1

1 with A = An×An+1 ∈ Yn
1×Y1 and B = Bn×Bn+1 ∈ Zn

1×Z1.

Then, we have the following:

38



The role of the exogenous randomness in the identification of Conditional Models

∫
B

P
zn+1
1 ,θ1

Y n+1
1

(A)dφ(n+1)∗ C.5
=

∫
B

P
zn
1 ,θ1

Y n
1
(An)P

zn+1,θ1
Yn+1

(An+1) dφ(n+1)∗

=

∫
Bn

P
zn
1 ,θ1

Y n
1
(An)[

∫
Bn+1

P
zn+1,θ1
Yn+1

(An+1) dφ
(n)∗
n+1] dφ(n)∗

C.4
=

∫
Bn

P
zn
1 ,θ1

Y n
1
(An)dφ(n)∗

∫
Bn+1

P
zn+1,θ1
Yn+1

(An+1) dφ(1)∗

C.6
=

∫
Bn

P
zn
1 ,θ1

Y n
1
(An)dφ(n)∗

∫
Bn+1

P
zn+1,θ1
Y1

(An+1) dφ(1)∗

(3.19) & (3.20)
=

∫
Bn

P
zn
1 ,θ2

Y n
1
(An)dφ(n)∗

∫
Bn+1

P
zn+1,θ2
Y1

(An+1) dφ(1)∗

=

∫
B

P
zn+1
1 ,θ2

Y n+1
1

(A) dφ(n+1)∗

Theorem 3.4.4 shows a characteristic property of weak identification, namely that

under rather general conditions, the weak identification does not depend on the sample

size. The next example shows why such a property is eventually undesirable.

Example 3.4.1. Let us consider a standard linear regression model defined as follows

(Y | Z, β, σ2) ∼ N(n)(Zβ, σ2In), where Z ∈ IRn×(k+1) is a matrix of k exogenous vari-

ables plus a constant term and β = (α, γ
′
)
′ ∈ IRk+1 (α ∈ IR) is a vector of regression

coefficients. Thus, θ = (β, σ2) ∈ IRk+1 × IR+. One can easily show that g(θ) = σ2 is

weakly identified for any sample size. Let us now show under what conditions g(θ) = β

is weakly identified. Taking into account the constant term in the regression, we first

decompose the matrix Z as follows Z = (in,Z2), with in = (1, 1, ..., 1)′ ∈ IRn and Z2

is a random n × k matrix of exogenous (random) variables. Following theorem 3.4.1,

g(θ) = β is weakly identified if:

∀ β1 
= β2, ∀φ ∈ Φ : φ{z ∈ IRn×(k+1) | N(zβ1 , σ2In) 
= N(zβ2 , σ2In)} > 0 (3.21)
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Let β1 = (α1, γ
′
1)

′
and β2 = (α2, γ

′
2)

′
and define:

B(β1, β2) = {z2 ∈ IRn×k | z2(γ2 − γ1) 
= in(α1 − α2)}

Equation (3.21) may equivalently be written as:

∀ β1 
= β2, ∀φ ∈ Φ : φ(B(β1, β2)
c) < 1 (3.22)

A standard distributional assumption for the exogenous variables Z2 is to take Φ = {φ |
φ λn×k} with λn×k being the Lebesgue measure on IRn×k and φ λn×k means that φ

is absolutely continuous with respect to λn×k. In such a case, the set B(β1, β2)
c has zero

lebesgue measure, because the dimension of B(β1, β2) is equal to n(k−1), and therefore

has zero probability measure for every φ ∈ Φ. This makes the regression coefficients of

the standard regression model weakly identified even for a sample of size 1.

This example illustrates an unpalatable property of the weak identification because,

for instance, in the case of a linear multiple regression model, the existence of a (linear)

unbiased estimator of β requires the rank of the matrix Z to be equal to k + 1 and

therefore n ≥ k + 1, a seemingly natural requirement of identification. Theorem 3.4.4

suggests therefore that a concept of identification stronger than the weak one is called

for. This is the object of next section.

3.5 Alternative definitions

For each z ∈ RZ ,M
z,θ
Y is defined as a model on (RY ,Y) as followsMz,θ

Y = {(RY ,Y), {P z,θ
Y :

θ ∈ Θ}}. The undesirable property of weak identification comes from the fact that the
probability of values z of RZ such that g(θ) would be identified in the modelMz,θ

Y can

be zero for every φ ∈ Φ. This leads us to introduce alternative definitions of identifica-
tion in conditional models, taking better into account the randomness of the exogenous

variables.
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3.5.1 Three levels of identification

The next definition provides a natural strengthening of weak identification, at the

cost of introducing some regularity conditions (paid for the sake of avoiding irrele-

vant complications). For this purpose, let us denote the set of z-values providing the

identification of g(θ) in Mz,θ
Y as follows:

RZ,g = {z ∈ RZ | ∀ (θ1, θ2) ∈ Θg : P z,θ1
Y 
= P z,θ2

Y } (3.23)

=
⋂

{(θ1,θ2)∈Θg}

B(θ1, θ2)

Definition 3.5.1. Let Φ ⊂ P(RZ ,Z) and assume that RZ,g ∈ Z.
a) The parameter function g(θ) is said to be identified in the conditional model MZ,θ

Y

if ∀φ ∈ Φ : φ(RZ,g) > 0.

b) The parameter function g(θ) is said to be almost surely identified in the conditional

model MZ,θ
Y if ∀φ ∈ Φ : φ(RZ,g) = 1.

c) The parameter function g(θ) is said to be R∗
Z-uniformly identified in the conditional

modelMZ,θ
Y if ∀ z ∈ R∗

Z , ∀ (θ1, θ2) ∈ Θg : P z,θ1
Y 
= P z,θ2

Y . When R∗
Z = RZ , we say that

g(θ) is uniformly identified.

Clearly, g(θ) is uniformly identified implies that g(θ) is almost surely identified which

also implies that g(θ) is identified which also implies that g(θ) is weakly identified. The

case where the exogenous variables are treated as if they were not random, corresponds

to the case where Φ contains point masses only, i.e. Φ ⊂ Φδ where Φδ = {δz : z ∈ RZ}
with δz denoting the point mass distribution (giving probability 1 to the point z), i.e.

∀B ∈ Z : δz(B) = 1⇐⇒ z ∈ B. Uniform identification may be viewed as weak identi-

fication for the case Φ = Φδ. Clearly, in such a case, the four concepts of identification
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coincide.

Example 3.5.1. (example 3.4.1 continued). As an example, the regression model

introduced above is identified (resp. almost surely identified) if:

∀φ ∈ Φ : φ{z | ∀ β1 
= β2 : z(β1 − β2) 
= 0} > 0 (resp. = 1) (3.24)

Using a similar argument as in example 3.4.1, we define:

RZ2,g = {z2 ∈ IRn×k | ∀ β1 
= β2 : z2(γ2 − γ1) 
= in(α1 − α2)} (3.25)

Equation (3.24) may equivalently be written as:

∀φ ∈ Φ : φ(RZ2,g) > 0 (resp. = 1) (3.26)

Which is also equivalent to:

∀φ ∈ Φ : φ{z2 ∈ IRn×k | r(z2) = k} > 0 (resp. = 1) (3.27)

Where r(z2) is the rank of the matrix z2.

In what follows, we give an example showing that the level of identification of β

crucially depends on the specification of Φ. For this purpose, let us first partition

the matrix Z2 according to its rows Zi, i = 1, 2, .., n. Let us also assume that the

Zi’s are mutually independent and identically distributed with common distribution φ,

expectation µφ and covariance matrix Σφ and define:

Φiid1 = {φ | φ λk} (3.28)

where λk is the Lebesgue measure on IRk and therefore:

∀φ ∈ Φiid1 : r(Σφ) = k (3.29)

In the second case, the distributions of Zi’s are considered as mixtures, the compo-

nents of which have singular covariance matrix such that for any a ∈ (0, 1), the mixed

distributions have full rank covariance matrix.

Φiid2 = {φ | φ = a φ1 + (1− a)φ2, a ∈ (0, 1)with

r(Σφ) = k and r(Σφi
) < k, ∀ i ∈ {1, 2}} (3.30)
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In the third case, the matrix Z is treated as if it were not random, but with full rank,

more explicitly, we consider:

Φnr3 = {δz | z ∈ R∗
Z = {z ∈ IRn(k+1) : r(z) = k + 1}} (3.31)

If Φ = Φiid
1 , then the regression model is almost surely identified and therefore identified

for any finite sample size n ≥ k + 1, because (3.29) implies:

∀n ≥ k + 1, ∀φ ∈ Φiid
1 : φ({z2 | r(z2) = k}) = 1 (3.32)

If Φ = Φiid
2 , then for any finite sample size n ≥ k + 1, the regression model will be

identified, but not almost surely identified, because:

∀n ≥ k + 1, ∀φ ∈ Φiid
2 : φ({z2 | r(z2) < k}) = an + (1− a)n > 0 (3.33)

We nevertheless have the almost sure identification in the asymptotic model.

Finally, if Φ = Φnr
3 , the regression model will be R∗

Z-uniformly identified. In this

case, the definition of Φnr
3 involves n ≥ k + 1.

Example 3.5.2. A particular case of example 3.5.1 may be illuminating, namely the

case where the conditioning variable is univariate (k = 1) and binary. More specifically,

let (Yi | Zi) ∼ I.N(µZi
, σ2) , be a conditional model such that ∀ i ∈ {1, 2, ..., n}:

Zi are i.i.d binary random variables, i.e.

P (Zi = z |φ) = φz(1− φ)1−z1I{0,1}(z) with φ ∈ Φ ⊂ [0, 1]

Following the above notation we have (Y |Z, β, σ2) ∼ N(n)(Zβ, σ2In) where β = (µ0 , µ1−
µ0)

′
and Z = (in, Z) with in = (1, 1, ..., 1)

′ ∈ IRn and Z = (Z1, Z2, ..., Zn)
′ ∈ {0, 1}n.

If φ = 0 (respectively φ = 1), µ1 (respectively µ0) would not be identified. Thus a

sufficient condition for the identification of this model is Φ = (0, 1). Note however

that in finite sample size, this model is not almost surely identified because even for

φ ∈ (0, 1), the probability of Z = 0 (respectively Z = in) is equal to (1 − φ)n > 0

(respectively φn > 0). Nevertheless, under Φ = (0, 1), the asymptotic model is almost

surely identified.
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3.5.2 Identification, unbiasedness and consistency

Let us now consider further the identification for finite sample size n (resp. in the

asymptotic model) as necessary condition for the existence of an unbiased (resp. con-

sistent) estimator.

Similarly to the weak identification, weak unbiasedness of T does not prevent that for

any z ∈ RZ , T would not be unbiased in the modelM
z,θ
Y = {(RY ,Y), {P z,θ

Y : θ ∈ Θ}}.
The following simple example shows this fact.

Example 3.5.3. Let T be an estimator of g(θ) such that:

∀ z ∈ RZ , ∀ θ ∈ Θ : IE(T | z, θ) = g(θ) (3.34)

Let T ∗ be a linear transformation of T , i.e. T ∗ = a(Z)+ b(Z)T with a(Z) and b(Z)

satisfy ∀ z ∈ RZ : a(z) 
= 0 or b(z) 
= 1 and:

∀φ ∈ Φ : IE(a(Z) | φ) = 0 and IE(b(Z) | φ) = 1 (3.35)

Then, for each z ∈ RZ and for each θ ∈ Θ, we have:

IE(T ∗ | z, θ) = a(z) + b(z)IE(T | z, θ)

(3.34)
= a(z) + b(z) g(θ)


= g(θ) (3.36)

Thus, for any z ∈ RZ , T ∗ is biased for g(θ) in the model Mz,θ
Y . However, T ∗ is weakly
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unbiased in view of the following:

IE(T ∗ | θ, φ) = IE(IE(T ∗ | Z, θ) | φ)

= IE(a(Z) + b(Z) g(θ) | φ)

= IE(a(Z) | φ) + IE(b(Z) | φ) g(θ)

= g(θ)

When such a feature is considered undesirable, one may strengthen the weak con-

dition of unbiasedness in a way similar to what has been suggested in definition 3.5.1,

for the identification in conditional model. For this purpose, let g(θ) be the parameter

of interest and T = f(Y, Z) an estimator of g(θ) and denote:

Cg,T (θ) = {z ∈ RZ | IEθ(T | Z = z) = g(θ)} (3.37)

Let us also consider:

Cg,T =
⋂
θ∈Θ

Cg,T (θ) (3.38)

= {z ∈ RZ | ∀ θ ∈ Θ : IEθ(T | Z = z) = g(θ)} (3.39)

Definition 3.5.2. Let us assume that Cg,T is Z-measurable. Then, T is said to be

unbiased (resp. almost surely unbiased) for g(θ) if:

∀φ ∈ Φ : φ(Cg,T ) > 0 (resp. = 1) (3.40)

T is said to be uniformly unbiased for g(θ) if:

∀ θ ∈ Θ, ∀ z ∈ RZ : IEθ(T | Z = z) = g(θ) (3.41)
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The unbiasedness (resp. almost sure unbiasedness ) of Tn for g(θ) requires the set

of z ∈ RZ , for which T is unbiased for g(θ) in the modelMz,θ
Y = {(RY ,Y), {P z,θ

Y : θ ∈
Θ}}, to have probability strictely greater than zero (resp. = 1) for every φ ∈ Φ. Clearly,
uniform unbiasedness implies almost sure unbiasedness which implies unbiasedness .

Contrary to the concept of identification, unbiasedness does not imply in general weak

unbiasedness. The following example illustrates this fact.

Example 3.5.4. Let T be an estimator of g(θ) such that:

∀ z ∈ RZ , ∀ θ ∈ Θ : IE(T | z, θ) = g(θ). Let B ∈ Z such that ∀φ ∈ Φ : φ(B) > 0. Let

us now construct an estimator of g(θ) as follows:

T ∗ =

{
T if z ∈ B

bT if z ∈ Bc,

with b 
= 1. Then T ∗ is an unbiased estimator of g(θ) because:

∀φ : φ{z ∈ RZ | ∀ θ ∈ Θ : IE(T ∗ | z, θ) = g(θ)} = φ(B) > 0 (3.42)

However, T ∗ is not weakly unbiased for g(θ). Indeed:

IE(T ∗ | θ, φ) = IE(IE(T ∗ | z, θ) | φ)

=

∫
B

IE(T ∗ | z, θ) dφ+

∫
Bc

IE(T ∗ | z, θ) dφ

= g(θ)φ(B) + b g(θ)φ(Bc)

= g(θ)(φ(B) + b φ(Bc))


= g(θ) (3.43)

Theorem 3.5.1. A necessary condition for the existence of respectively an unbiased,

almost surely unbiased or uniformly unbiased estimator of g(θ) is that g(θ) be respec-

tively identified, almost surely identified or uniformly identified.
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Proof of Theorem 3.5.1

Let T be an unbiased (resp. almost surely unbiased) estimator of g(θ). This implies

that ∀φ ∈ Φ :
φ({z | ∀ θ ∈ Θ : IEθ(T | z) = g(θ)}) > 0 (= 1) (3.44)

This implies that ∀φ ∈ Φ :

φ({z | ∀ (θ1, θ2) ∈ Θg : IEθ1(T | z) 
= IEθ2(T | z)}) > 0 (= 1)

This also implies that ∀φ ∈ Φ :

φ({z | ∀ (θ1, θ2) ∈ Θg : P z,θ1
Y 
= P z,θ2

Y }) > 0 (= 1) (3.45)

Equation (3.45) means that the parameter g(θ) is identified (resp. almost surely

identified).

The same argument as above is used to define three other levels of consistency. Let

us first define:

D(Tn),g(θ) = {z ∈ RZ | ∀ ε > 0 : lim
n−→+∞

P z,θ
Y (|Tn − g(θ)| < ε) = 1} (3.46)

Let us also consider:

D(Tn),g =
⋂
θ∈Θ

D(Tn),g(θ) (3.47)

= {z ∈ RZ | ∀ θ ∈ Θ, ∀ ε > 0 : lim
n−→+∞

P z,θ
Y (|Tn − g(θ)| < ε) = 1}

Definition 3.5.3. Let us assume that D(Tn),g is Z-measurable. Then, the sequence of

estimators Tn is said to be consistent (resp. almost surely consistent) if:

∀φ ∈ Φ : φ(D(Tn),g) > 0 (resp. = 1) (3.48)

The sequence of estimators Tn is said to be uniformly consistent if:

∀ z ∈ RZ , ∀ θ ∈ Θ, ∀ ε > 0 : lim
n−→+∞

P z,θ
Y (|Tn − g(θ)| < ε) = 1 (3.49)
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The next theorem, similar to theorem 3.5.1, shows that the necessity of identification

for the existence of a consistent estimator depend on the level of consistency that is

required.

Theorem 3.5.2. A necessary condition for the existence of respectively a consistent,

almost surely consistent or uniformly consistent estimator of g(θ) is that g(θ) be re-

spectively identified, almost surely identified or uniformly identified in the asymptotic

model.

Proof of Theorem 3.5.2

We will prove that identification in the asymptotic model is a necessary condition

for the existence of a consistent estimator. For the almost sure and the uniform cases,

the proof is similar. We also make use of the sets RZ,g and D(Tn),g respectively defined

in (3.23) and (3.47), and assumed to be measurable in the definitions 3.5.1 and 3.5.3.

Let us assume that g(θ) is not identified in the asymptotic modelMZ,θ
Y . This implies,

by definition 3.5.1, that there exists φ0 ∈ Φ such that φ0(RZ,g) = 0 or equivalently that

φ0(Rc
Z,g) = 1, where:

Rc
Z,g = {z ∈ RZ | ∃ (θz1, θz2) ∈ Θg : P

z,θz
1

Y = P
z,θz

2
Y } (3.50)

Now, let Tn be a consistent estimator of g(θ). This implies, by definition 3.5.3, that

φ0(D(Tn),g) > 0. Consequently, φ0(D(Tn),g ∩ Rc
Z,g) > 0. Let us show, however, that

D(Tn),g ∩ Rc
Z,g = ∅. Indeed, let z ∈ D(Tn),g ∩ Rc

Z,g. That z ∈ Rc
Z,g means that there

exists (θz1, θ
z
2) ∈ Θg such that P

z,θz
1

Y = P
z,θz

2
Y = P z,0

Y , say. Furthermore, that z ∈ D(Tn),g

means that:

∀ ε > 0, ∀ i ∈ {1, 2} : lim
n−→+∞

P z,0
Y (|Tn − g(θzi )| < ε) = 1 (3.51)

So, Tn converges according to the same probability measure P z,0
Y to both g(θz1) and

g(θz2). This implies that g(θz1) = g(θz2), in contradiction with the non identification of

g(θ) in the asymptotic model.
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3.6 Identification in conditional models: A varia-

tion free case

Suppose that the parameter θ, characterizing the transitions in the conditional model

MZ,θ
Y (3.2), admits a variation free reparameterization, i.e. θ = (β, F ) ∈ Θβ ×ΘF . Let

us consider the function b : Θβ × ΘF −→ Θβ with b(β, F ) = β ∀ (β, F ) ∈ Θβ × ΘF as

the parameter of interest. Then, for any β ∈ Θβ, we have that b−1(β) = {β} × ΘF .

The conditions characterizing the different levels of identification become:

Definition 3.6.1. The parameterization β is weakly identified iff:

∀φ ∈ Φ, ∀ β1 
= β2, ∀(F1, F2) ∈ Θ2
F : φ{B(β1, F1, β2, F2)} > 0 (3.52)

Definition 3.6.2. The parameterization β is identified (resp. a.s identified) iff:

∀φ ∈ Φ : φ{
⋂

β1 �=β2

⋂
(F1,F2)∈Θ2

F

B(β1, F1, β2, F2)} > 0(resp. = 1), (3.53)

where:

B(β1, F1, β2, F2) = {z ∈ RZ | P z,β1,F 1

Y 
= P z,β2,F 2

Y } (3.54)

3.7 A comment on the link between conditional

models and mixtures

Let us firstly remind the structure of mixtures as given in Prakasa Rao (1992). Let

(RU ,U) and (RV ,V) be two measurable spaces. Let P = {P v
U : v ∈ RV } be a family

of probability measures on (RU ,U). Let G be a probability measure on (RV ,V) and
define

HG(A) =

∫
RV

P v
U(A)dG(v), ∀A ∈ U (3.55)

Then HG is a probability measure on (RU ,U). HG is called a mixture of the family

P = {P v
U : v ∈ RV } and G is called a mixing distribution. Let Λ be the class of all

mixing distributions (defined on (RV ,V)) and ζ be the corresponding class of mixtures,
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i.e. ζ = {HG : G ∈ Λ}. The family ζ or equivalently Λ is said to be identified (in

mixture) with respect to P if:

∀G1 
= G2 : HG1 
= HG2 (3.56)

Let us now consider the conditional model (3.2). From this conditional model, let

us deduce the marginal model describing the distribution of Y , i.e.

Mθ,φ
Y = {(RY ,Y),P = {P θ,φ

Y : θ ∈ Θ, φ ∈ Φ}} (3.57)

where the probability measure P θ,φ
Y is given as follows:

P θ,φ
Y (A) = IE(P z,θ

Y (A)) =

∫
RZ

P z,θ
Y (A)dφ (3.58)

A natural question arise: what about the identification in the marginal model (3.57)?

The first thing to notice is that contrary to the conditional model, the nuisance pa-

rameter φ is not in general identified in the marginal model Mθ,φ
Y . To identify this

parameter, one may use results on identification of mixtures. In fact, for each θ ∈ Θ,
the probability measure P θ,φ

Y in (3.57) may be viewed as a mixture of the family

Pθ = {P z,θ
Y : z ∈ RZ} with φ as the mixing distribution. From this context and

for each θ ∈ Θ, Φ is the class of all mixing distributions and the corresponding class
of mixtures is ζθ = {P θ,φ

Y : φ ∈ Φ}. For each θ ∈ Θ, the family ζθ is identified with

respect to Pθ if:
∀φ1 
= φ2 : P θ,φ1

Y 
= P θ,φ2

Y (3.59)

If for each θ ∈ Θ : ζθ is identified with respect to Pθ i.e. if condition (3.59) is satisfied
for each θ, then this is equivalent to the identification of the nuisance parameter φ in

the marginal model Mθ,φ
Y .

3.8 Conclusion

By explicitly taking into account the randomness of Z, we show that the identification

in conditional models may crucially depend on conditions on Φ. Furthermore, four
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levels of identification in conditional models, stress different intensities of this depen-

dence on Φ: the weak, the standard, the almost sure and the uniform one. The weak

one, frequently used in the statistical literature, is related to the joint distribution on

X = (Y, Z). The unique ”conditional aspect” of this concept is that g(θ) is a function

of the parameter θ characterizing the conditional distribution. The next two concepts

i.e. the standard, respectively the almost sure one, make explicitly use of the condi-

tional distribution. They require the set of z values, for which the parameter of interest

g(θ) is identified from the conditional distribution, to be a φ-non null subset of RZ ,

respectively of measure one. Finally, the uniform concept, the strongest one, assumes

that the parameter function g(θ) is identified in Mz,θ
Y , for every z ∈ RZ . In this last

concept, the exogenous variables are treated as if they were not random. Other con-

cepts such as consistency and unbiasedness in conditional models, have been shown

to follow the same structure as identification. As a final conclusion, the table below

exhibits the relationships between all these concepts.
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Unbiasedness Identification Consistency

usual in stat. literature

Theorem 3.4.1 �

Weak

eq. (3.12)

Theorem 3.4.2
=⇒

Weak

eq. (3.5)

Theorem 3.4.3
⇐=

Weak

eq. (3.14)

, ⇑ ⇑

Standard

eq. (3.40)

Theorem 3.5.1
=⇒

Standard

definition 3.5.1, part. a)

Theorem 3.5.2
⇐=

Standard

eq. (3.48)

⇑ ⇑ ⇑

Almost sure

eq. (3.40)

Theorem 3.5.1
=⇒

Almost sure

definition 3.5.1, part. b)

Theorem 3.5.2
⇐=

Almost sure

eq. (3.48)

⇑ ⇑ ⇑

Uniform

eq. (3.41)

Theorem 3.5.1
=⇒

Uniform

definition 3.5.1, part. c)

Theorem 3.5.2
⇐=

Uniform

eq. (3.49)

table 3.1: Relationships between the four levels of identification, unbiasedness and

consistency.

eq: Equation number in the text.

⇑: Trivial.
< Unbiasedness does not imply weak unbiasedness, see Example 3.5.4

=⇒ and ⇐=: Theorem
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Chapter 4

Partial Sufficiency in unconditional

models and Connection with

Identification

4.1 Introduction

Let us consider the structure of the unconditional model (2.1). When the parameter

function g(ω) is injective, the usual concept of sufficiency applies and many results have

been established in the statistical literature. However, in many situations, only a non

injective function of ω, say g(ω), is of interest. A general theory, i.e. basic concepts

and general theorems, similar to the injective case, as reminded in chapter 2, seems to

be desirable.

The basic idea of partial sufficiency is to find a statistic sufficient (w.r.t the com-

plete observation) to make inference on the parameter of interest, defined here as a

non injective function of the complete parameter. Such a statistic should accordingly

contain all the relevant information about the parameter of interest. Following Fraser

(1956), Barndorff-Nielsen (1978) has defined a concept of S-sufficiency. This definition
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is essentially based on two fundamental concepts. The first one, introduced in chapter

2, concerns the notion of sufficient parameter and the second one is related to the no-

tion of a variation free reparameterization. This definition has been criticized by some

authors like Basu (1977) and Dawid (1975).

Our contribution to this area is to give some further properties of S-sufficiency.

In particular, we establish the connection between S-sufficiency and the identification

concept (extension of Theorem 2.5.1). Furthermore, we study the properties and the

conditions of applicability of S-sufficiency, with a view to compare the properties of

the standard concept of sufficiency and of S-sufficiency respectively.

Two different contexts should be borne in mind in the study of partial sufficiency:

Context 1: For a given parameter of interest, say g(ω), one may look for a statis-

tic sufficient (w.r.t the full observation) to make inference about g(ω) without loss of

relevant information. In this case, the partial sufficiency argument is used to reduce

the sample space of the statistical model, as far as possible without loss of relevant

information. Several motivations should be mentioned, among which is the objective

of simplifying and reducing the burden of model specification and, eventually, to im-

prove robustness against specification error, as well as diminishing the volume of the

computations involved in the treatment of statistical data.

Context 2: In the case of partial observability, X represents a latent vector and

T = f(X) is an observable one. MΩ
X is the structural model and MΩ

T , the image of

MΩ
X under the transformation f , is the statistical model. Here T is given by a criterion

of observability rather than of sufficiency and the problem is now to analyze the iden-

tification of the statistical model MΩ
T ; in particular, whether a parameter of interest

g(ω) is identified or not in that statistical model. This chapter will show that the two

contexts, although logically quite different, are actually closely related.
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This chapter is organized as follows: In section 4.2, we introduce a notion of a g-

partition. Such a notion offers an alternative view on the concept of a variation free

reparameterization, introduced in Barndorff-Nielsen (1978) and used in the definition

of S-sufficiency. In section 4.3, we give the definition of S-sufficiency with some ex-

amples. The main section 4.4 treats the connection between S-sufficiency and the

identification, and also compares the properties of the standard concept of sufficiency

and of S-sufficiency respectively. In a final section, we offer some concluding remarks.

Firstly, let us introduce the notion of a g-partition. Such a technical tool provides

us with a deeper understanding of the variation free concept introduced by Barndorff-

Nielsen (1978) and makes the conditions of applicability of S-sufficiency more explicit.

4.2 g-partitions and variation free reparameteriza-

tion

As mentioned above, the concept of S-sufficiency is based on two basic issues. That

of a parameter of interest being sufficient for a subfield and that of a variation free

reparameterization. A deeper understanding of this last concept seems therefore ap-

propriate. This is the object of this section.

The following theorem offers an alternative view to the concept of a variation free

reparameterization.

Theorem 4.2.1. Let h and g be two functions defined on Ω, with range space h(Ω)

and g(Ω) respectively. The following two properties are equivalent:

(i) (h, g) is surjective on a factor space, i.e. {(h(ω) , g(ω)) : ω ∈ Ω} = h(Ω) × g(Ω)

and (h, g) is injective on Ω.
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(ii) ∀ (β, γ) ∈ h(Ω)× g(Ω) : Card { h−1(β) ∩ g−1(γ) } = 1

where the symbol Card{.} means the Cardinality of a set.

Proof of Theorem 4.2.1

(ii) =⇒ (i)

(β, γ) ∈ h(Ω)× g(Ω)
(ii)
=⇒ Card(h−1(β) ∩ g−1(γ)) = 1

=⇒ ∃!ω ∈ Ω : (β, γ) = (h(ω), g(ω))

=⇒ (β, γ) ∈ {(h(ω) , g(ω)) : ω ∈ Ω} (4.1)

Equation (4.1) implies that h(Ω)× g(Ω) ⊂ {(h(ω) , g(ω)) : ω ∈ Ω}. Furthermore, it is
clear that h(Ω)× g(Ω) ⊃ {(h(ω) , g(ω)) : ω ∈ Ω}. So (h, g) is surjective on the factor

space.

Let us now show that the function f = (h, g) is injective on Ω, more specifically:

f(ω1) = f(ω2) =⇒ h(ω1) = h(ω2) and g(ω1) = g(ω2)

=⇒ ∃(β, γ) ∈ h(Ω)× g(Ω) : (ω1, ω2) ∈ h−1(β) ∩ g−1(γ)

(ii)
=⇒ ω1 = ω2
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(i) =⇒ (ii)

(β, γ) ∈ h(Ω)× g(Ω)
(i)
=⇒ ∃!ω ∈ Ω : (h(ω), g(ω)) = (β, γ)

=⇒ h−1(β) ∩ g−1(γ) = {ω}

=⇒ Card(h−1(β) ∩ g−1(γ)) = 1 (4.2)

Definition 4.2.1. Under any one of the two conditions in Theorem 4.2.1, the trans-

formation (h, g) is said to be a variation free reparameterization or, equivalently, h and

g are said to be (mutually) variation free complements. This will be denoted h ⊥
vf

g.

Under the conditions of Theorem 4.2.1, if h (resp. g) is injective on Ω, g(Ω) (resp.

h(Ω)) reduces to a singleton, i.e. g (resp. h) is a constant function. In the sequel, we

denote by Vg as the set of all the variation free complements of a given parameter of

interest g.

As a first use of the concept of a variation free complement of a given function,

let us consider a particular case of Theorem 2.4.1, namely when the statistical model

is dominated, so that the sampling distributions are representable by densities, and

when there exists a variation free complement of the parameter of interest. We then

obtain the next proposition which is a corollary of Theorem 2.4.1, as a matter of fact

a rewriting for a particular case.

Proposition 4.2.1. Suppose that, in a dominated model, the statistic T is g-oriented,

and that h(ω) is a variation free complement of g(ω), namely:

p(x | ω) = p(t | γ) p(x | t, β, γ) (β, γ) ∈ h(Ω)× g(Ω) (4.3)

Then, if ω is identified in p(x | ω), β = h(ω) is identified in p(x | t, β, γ) for any fixed

value of γ = g(ω), i.e.

∀ (β1 
= β2), ∀ γ ∈ g(Ω) : p(x | t, β1, γ) 
= p(x | t, β2, γ) (4.4)
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In other words, theorem 2.4.1 generalizes proposition 4.2.1 to the non dominated

and the non variation free cases.

Let us now construct a variation free complement parameter from a given non in-

jective function g. We start with the following equivalence relation defined on Ω:

ω1∼
g

ω2 ⇐⇒ g(ω1) = g(ω2) (4.5)

The quotient set generated by (4.5) is a partition on Ω, denoted by Ω/g, and may be

represented as Ω/g =
{
g−1(γ) : γ ∈ g(Ω)

}
. Let us accordingly introduce a concept of

a g-section. This is a subset of Ω made of exactly one element from each equivalence

class in Ω/g, namely:

Definition 4.2.2. A subset Ω∗
g of Ω is said to be a g-section of Ω if:

∀ γ ∈ g(Ω) : Card{g−1(γ) ∩ Ω∗
g} = 1 (4.6)

On every g-section, g is injective and has the same image, namely g(Ω∗
g) = g(Ω).

So that all the g-sections are in bijection. This means that if Ω∗
g,1 and Ω

∗
g,2 are two

g-sections of Ω, then ∀ω1 ∈ Ω∗
g,1 there exists a unique ω2 ∈ Ω∗

g,2 such that ω1∼
g

ω2.

Remark An alternative approach is to define a g-section as any functionm : Ω/g −→ Ω

such that v ◦m is the identity on Ω/g, where v is the canonical surjection from Ω to

Ω/g. That the two approaches are equivalent may be viewed through the equality:

m(Ω/g) = Ω∗
g.

In next definition, we introduce a notion of a g-partition, viewed as a technical

tool for constructing a variation free complement of a given parameter function g(ω),

namely:

Definition 4.2.3. Let Π = {Ω∗
g,β : β ∈ B} be a parameterized family of g-sections of

Ω. Π is said to be a g-partition of Ω if the elements of Π form a partition of Ω.
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As matter of fact, a g-partition is one way of considering a variation free comple-

ment of a given function g. In particular their existence is equivalent, in view of the

following theorem.

Theorem 4.2.2. The following two statements are equivalent:

(i) A variation free complement of g exists.

(ii) A g-partition of Ω exists.

Proof of Theorem 4.2.2

Let h be a variation free complement of g; then the quotient set generated by h i.e.

Ω/h is a partition of Ω, the elements of which are g-sections. So, condition (i) implies

condition (ii).

Conversely, let us show that every g-partition defines, on the parameter space Ω,

a unique function, say h, which is a variation free complement of g. Indeed, Let

Π = {Ω∗
g,β : β ∈ B} be a given g-partition of Ω and let us construct, on Ω, a

function h as follows, h : Ω −→ B such that h(ω) = β, ∀ω ∈ Ω∗
g,β. Clearly,

∀ β ∈ B : h−1(β) = Ω∗
g,β and Π coincides with the quotient set generated by h,

i.e. Π = {h−1(β) : β ∈ B}. Because Π is a g-partition, the function h satisfies by

condition (4.6):

∀ (β, γ) ∈ h(Ω)× g(Ω) : Card(h−1(β) ∩ g−1(γ)) = 1 (4.7)

Then, h satisfies condition (ii) of theorem 4.2.1.

When the parameter space Ω is finite, a necessary and sufficient condition for the

existence of a g-partition (and thus by theorem 4.2.2 of a variation free complement
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of g) is that all the equivalence classes defined by g have the same cardinality. That a

variation free complement may not exist for a given function g, may be viewed in the

following example.

Example 4.2.1. Suppose that ω = (µ1, µ2) ∈ IR2 and g(ω) = µ1 − µ2; then h(ω) =

µ1 + µ2 is a variation free complement of g. Suppose now that (µ1, µ2) ∈ [0, 1]2 along

with the same g(ω) = µ1 − µ2. The absence of a variation free complement of g is

due to the fact that the equivalence classes g−1(γ) γ ∈ [−1, 1] have not a constant

cardinality. For instance g−1(1) = {(1, 0)} and g−1(−1) = {(0, 1)} are each reduced to

a singleton making accordingly impossible the construction of disjoints g-sections and

then of a g-partition.

4.3 Partial sufficiency: S-sufficiency

Let us now consider a parameter of interest described by a non injective function, g(ω).

A simple corollary of theorem 4.2.2 entails the following:

Proposition 4.3.1. Let T ⊂ X . Then, the following two statements are equivalent:

i) There exists a variation free complement of g, say h, such that:

∀ β ∈ h(Ω) :
⋂

h−1(β)

Ṗ (A | T , ω) 
= ∅ (4.8)

ii) There exists a g-partition of Ω, say Π = {Ω∗
g,β : β ∈ B}, such that T is sufficient

for each submodel M
Ω∗

g,β

X , β ∈ B.

Basu (1977) has called the condition (4.8) ”T is specific sufficient for γ = g(ω)”.

Following Fraser (1956), Barndorff-Nielsen (1978) has defined a concept of S-sufficiency

as follows:

Definition 4.3.1. A subfield T of X is S-sufficient for g if T is g-oriented (i.e.

T ∈ Ξg) and any one of the conditions of Proposition 4.3.1 holds.
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Heuristically, to say that a statistic T is S-sufficient for a given g means the following:

ω accepts a variation free reparameterization ω ↔ (β, γ), where β = h(ω) ⊥
vf

γ = g(ω),

such that the joint density p(x | ω) can be factorized into:

p(x | ω) = p(t | γ) p(x | t, β) (β, γ) ∈ h(Ω)× g(Ω) (4.9)

Thus, the new requirement added to the g-orientedness of the statistic T , is that T

operates a marginal-conditional decomposition of the sampling process, characterized

by a variation free reparameterization, one element of which is the parameter of interest

γ = g(ω). The same structure as (4.9) has also been called a Cut by Barndorff-Nielsen

(1978) when γ is not necessarily a parameter of interest. He also noticed that the

standard concept of sufficiency (resp. ancillarity) corresponds to a cut when g(ω) is

injective (resp. g(ω) is a constant function). Also, Basu (1977) has called the structure

of (4.9) as T is p-sufficient for γ or T is p-ancillary for β. The next example illustrates

the concept of S-sufficiency.

Example 4.3.1. Let MZ,θ
Y be a conditional model as defined in (3.2). Let us con-

sider the projection statistic W : RY ×RZ −→ RZ such that W (y, z) = z, ∀ (y, z) ∈
RY × RZ. Clearly, W = σ(W ) = RY × Z. Then, the subfield W = RY × Z is S-

sufficient for the nuisance parameter h(ω) = φ.

In fact, according to Definition 4.3.1, one should first prove that RY × Z ∈ Ξh, or

in other words that RY × Z is φ-oriented. Indeed, from equation (3.1), we have that:

∀ (θ, φ) ∈ Θ× Φ, ∀ B ∈ Z : P θ,φ(RY ×B) = φ(B)

Now, let us consider (A, B) ∈ Y × Z and θ ∈ Θ. Then:

∀ C ∈ Z : P θ,φ((A×B) ∩ (RY × C)) = P θ,φ(A× (B ∩ C))

=

∫
B∩C

P z,θ
Y (A) dφ

=

∫
C

1IB(z)P
z,θ
Y (A) dφ (4.10)
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Equation (4.10) means that for a given (A, B) ∈ Y × Z and θ ∈ Θ, the Z-measurable

function 1IB(z)P
z,θ
Y (A) may be considered as a common version of the conditional prob-

abilities {Ṗ θ,φ(A× B | RY × Z) : φ ∈ Φ}. Therefore:

∀ (A, B) ∈ Y ×Z, ∀ θ ∈ Θ :
⋂
φ∈Φ

Ṗ θ,φ(A× B | RY × Z) 
= ∅ (4.11)

As the parameter θ is a variation free complement of φ, equation (4.11) (with the φ-

orientedness of RY ×Z) means that RY ×Z is S-sufficient for φ.

Example 4.3.2. Let X =

(
X1

X2

)
∼ N(2)

( (
µ1

µ2

)
,

(
1 0

0 1

))
with ω = (µ1, µ2) ∈

IR2 and consider g(ω) = µ1−µ2 as the parameter of interest. To show that the statistic

T = X1 −X2 is S-sufficient for g(ω), let us consider the following g-partition:

Π = {Ω∗
g,β : β ∈ IR} with Ω∗

g,β = {(µ1, µ2) ∈ IR2 : µ1 + µ2 = β}. (4.12)

Clearly (4.9) is satisfied with h(ω) = µ1+µ2 because (T | ω) ∼ N(g(ω), 2), i.e. T ∈ Ξg

and the T -conditional distribution of X depends only on h(ω), namely:

(X | T, ω) ∼ N(2)

(
1

2

(
h(ω) + T

h(ω)− T

)
,

(
1
2

1
2

1
2

1
2

))
(4.13)

Thus, ∀ Ω∗
g,β ∈ Π : T is sufficient for M

Ω∗
g,β

X . The g-partition in (4.12) satisfies

condition (ii) of proposition 4.3.1. Thus, by definition 4.3.1, T is S-sufficient for the

parameter function µ1 − µ2 when (µ1, µ2) ∈ IR2.

For many other examples, see, among others, Basu (1977), Barndorff-Nielsen (1978),

Fraser (1956) or Godambe (1980). In what follows, we give an example of statistics

satisfying only one condition in definition 4.3.1.

Example 4.3.3. Let X = (X1, X2, ..., Xn) with Xi ∼ IN(µ, σ2) and consider the

statistics X = 1
n

∑n
i=1 Xi and S2 = 1

n−1

∑n
i=1(Xi − X)2. Here ω = (µ, σ2). Classical
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results for the multivariate normal distribution show that:

X | µ, σ2 ∼ N(µ,
σ2

n
) (4.14)

X | X, µ, σ2 ∼ N(n)(X in, σ2[In −
1

n
ini

′
n]) (4.15)

S2 | µ, σ2 ∼ σ2

n− 1χ
2
n−1 (4.16)

Where In is the (n× n) identity matrix, in = (1, 1, ..., 1)
′ ∈ IRn.

Case 1: The parameter of interest is g(ω) = µ

Relation (4.15) shows that the conditional distribution (X | X) depends only on σ2

which is a variation free complement of µ. So, according to Basu’s terminology, X is

specific sufficient for µ (satisfies conditions of proposition 4.3.1). However, relation

(4.14) shows that the sampling probabilities of X depend on both µ and σ2. So X is

not µ-oriented and consequently not S-sufficient for µ.

Case 2: The parameter of interest is g(ω) = σ2

For each (µ, σ2) the S2-conditional probability of X may be decomposed as follows:

p(x | s2, µ, σ2) = p(x | x, s2, µ, σ2) p(x | s2, µ, σ2)

= p0(x | x, s2) p(x | µ, σ2), (4.17)

where p0(x | x, s2) represents a common version of all (w.r.t (µ, σ2)) the (X, S2)-

conditional probabilities of X (this common version exists because (X, S2) is sufficient

for (µ, σ2)). The second term in the right hand side of (4.17) is obtained by using the

sampling independence property between X and S2. Relation (4.16) shows that S2 is

σ2-oriented and, according to Basu’s terminology, specific ancillary for µ. However,
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relations (4.14) and (4.17) show that the S2-conditional probability of X depend on µ

but also on the parameter of interest σ2. So S2 is not S-sufficient for σ2.

4.4 Properties and connection with identification

In what follows, we consider some properties of the concept of S-sufficiency. A first

question to be asked is the following: Why S-sufficiency does not require equation

(4.8) to be satisfied for all the variation free complements of g, i.e. ∀h ∈ Vg? The next

Theorem shows that, for a standard family of statistical models, this requirement is

not possible, because such an h is essentially unique.

Theorem 4.4.1. Let MΩ
X be an identified homogeneous model, i.e. all the probability

measures in the model have the same null-sets. Let T be a g-oriented subfield and h a

variation free complement of g making of T an S-sufficient subfield for g. Then, h is

unique up to an injective transformation.

Proof of Theorem 4.4.1

To prove theorem 4.4.1, it suffices to show that if there exist two different g-sections

Ω∗
g,1 and Ω

∗
g,2 such that T is sufficient for bothM

Ω∗
g,1

X and M
Ω∗

g,2

X , then Ω∗
g,1 ∩ Ω∗

g,2 = ∅.

Let us assume that T is sufficient for both M
Ω∗

g,1

X and M
Ω∗

g,2

X with Ω∗
g,1 and Ω

∗
g,2

being two non-disjoints g-sections. This means that for each A ∈ X , there exist two
T -measurable function fi,A ∈

⋂
ω∈Ω∗

g,i

Ṗ (A | T , ω) i = 1, 2.

Let ω0 ∈ Ω∗
g,1 ∩ Ω∗

g,2, then:

∀A ∈ X , ∀B ∈ T : P (A ∩B | ω0) =

∫
B

f1,A dP ω0
T

=

∫
B

f2,A dP ω0
T (4.18)

This implies that:
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∀A ∈ X , ∀B ∈ T :
∫
B

(f1,A − f2,A)dP ω0
T = 0 (4.19)

which also implies that:

∀A ∈ X : f1,A = f2,A P ω0
T a.s (4.20)

Because MΩ
X is a homogeneous model, equation (4.20) implies that:

∀A ∈ X : f1,A = f2,A P ω a.s ∀ ω ∈ Ω∗
g,1 ∪ Ω∗

g,2 (4.21)

Equation (4.21) implies that for each A ∈ X , {f1,A, f2,A} are common versions of
{Ṗ (A | T , ω) : ω ∈ Ω∗

g,1 ∪ Ω∗
g,2}, which implies that:

∀A ∈ X :
⋂

Ω∗
g,1 ∪Ω∗

g,2

Ṗ (A | T , ω) 
= ∅ (4.22)

Now, equation (4.22) implies that within each equivalence class defined by g, there exist

two distinct values having a same T -measurable common version, more specifically:

∀ γ ∈ g(Ω) ∃(ω1, ω2) ∈ (g−1(γ))2 with ω1 
= ω2 and such that :

∀A ∈ X : Ṗ (A | T , ω1) ∩ Ṗ (A | T , ω2) 
= ∅ (4.23)

Clearly, equation (4.23) contradicts Theorem 2.4.1 because T ∈ Ξg and ω is MΩ
X

identified.

The next theorem can be considered as a generalization of theorem 2.5.1, for the

case where the parameter of interest may be a non injective function of the complete

parameter and a variation free complement of the parameter of interest is made explicit,

as in the S-sufficiency. This theorem also makes the relationship between S-sufficiency

and the identification explicit.

Theorem 4.4.2. If the subfield T is S-sufficient for g then:

g is T -identified⇐⇒ g is X -identified. (4.24)
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Proof of Theorem 4.4.2

Because equation (2.12) makes the other implication trivial, one should only prove

that the T -identification of g is implied by its X -identification. Let us assume that g

is not T -identified; this means by definition 2.3.1 that:

∃ (ω1, ω2) ∈ Ωg such that P ω1
T = P ω2

T (4.25)

The S-sufficiency of T implies the existence of a g-partition, say Π, satisfying: ∀ Ω∗
g ∈

Π, T is sufficient for MΩ∗
g

X . Let us now consider (ω1, ω2) ∈ Ω2 satisfying (4.25). Then

there exist two g-sections (Ω∗
g,1,Ω

∗
2,g) ∈ Π2 such that (ω1, ω2) ∈ Ω∗

g,1 × Ω∗
2,g, because a

g-partition cover all Ω.

Let ω
′
2 be an element of Ω

∗
g,1 satisfying ω

′
2∼

g
ω2 (ω

′
2 exists and is unique by definition

of a g-section); then P ω2
T = P

ω
′
2

T (because T ∈ Ξg) which implies by equation (4.25)

that P ω1
T = P

ω
′
2

T .

The S-sufficiency of T implies, in particular for (ω1, ω
′
2), that for each A ∈ X there

exists a T -measurable common version fA,ω1,ω
′
2
such that:

∀A ∈ X , ∀B ∈ T : P (A ∩ B | ω1) =

∫
B

fA,ω1,ω
′
2
dP ω1

T

=

∫
B

fA,ω1,ω
′
2
dP

ω
′
2

T

= P (A ∩B | ω′

2) (4.26)

Equation (4.26) implies for B = RX that:

∀A ∈ X : P (A | ω1) = P (A | ω′
2) (4.27)

Because g(ω) is X -identified, equation (4.27) implies that g(ω1) = g(ω
′
2) = g(ω2) which

in turn implies a contradiction of (4.25).
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In the case of partial observability, MΩ
X represents a structural model where X in-

volves latent variables, along with other manifest variables. The statistic T = f(X)

represents the manifest variables. MΩ
T , the image of M

Ω
X under the transformation f ,

is the statistical model. A sufficient parameterization in that statistical model MΩ
T is

often described by a non injective function of the complete parameter (characterizing

the structural model), say g(ω). From the context 2, given in the introduction of this

chapter, the practical problem is to obtain conditions ensuring that g(ω) is identified

in MΩ
T . Theorem 4.4.2 gives such conditions. It states that if we reduce a complete

model MΩ
X by marginalizing w.r.t an S-sufficient subfield for g, say T , then we do not

lose the identification of g in that reduced modelMΩ
T . In other words, if the observable

vector is S-sufficient for g(ω), then it is equivalent to identify that parameter of interest

from the structural model or from the statistical one. This fact gives us an alternative

approach to identify the parameter of interest in partially observable models. As a

matter of fact, instead of identifying directly g(ω) from the statistical model, which

is usually not easy, one may first identify g(ω) in the structural model (often easy to

do, because the complete parameter is usually identified in the structural model) and

thereafter find conditions under which the observation is S-sufficient for the parameter

of interest. Moreover, from the context 1, theorem 4.4.2 gives necessary conditions for

a subfield T to be S-sufficient for g.

Let us now check which properties of sufficiency for a complete parameter, as re-

viewed in chapter 2, also hold for S-sufficiency.

Property 1 does not hold any more for S-sufficiency because S-sufficiency crucially

depends on the non-emptiness of the set Vg, i.e. the set of all the variations free com-

plements of a given parameter of interest g. Thus in example 4.2.1, Vg is not empty

for Ω = IR2 but is empty for Ω = [0, 1]2 ⊂ IR2.

Property 2 still holds for S-sufficiency. The following lemma is necessary to prove

this result.
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Lemma 4.4.1. Let T1 be a g-oriented subfield of X and let T2 ⊂ T1. If there exists a

g-section of Ω, say Ω∗
g,0 such that:

∀B ∈ T1 :
⋂

ω∈Ω∗
g,0

Ṗ (B | T2, ω) 
= ∅. (4.28)

Then, every g-section of Ω satisfies (4.28).

Proof of Lemma 4.4.1

Let Ω∗
g,1 be an arbitrary g-section. Then, ∀ω1 ∈ Ω∗

g,1 there exists a unique ω0 ∈ Ω∗
g,0

such that ω1∼
g

ω0 and then P ω1
T1
= P ω0

T1
because T1 ∈ Ξg. This implies that:

∀B ∈ T1 : Ṗ (B | T2, ω1) = Ṗ (B | T2, ω0).

and therefore, by equation (4.28) that:

∀B ∈ T1 :
⋂

ω∈Ω∗
g,1

Ṗ (B | T2, ω) 
= ∅. (4.29)

The following theorem, the proof of which is based on lemma 4.4.1, shows that

S-sufficiency preserves property 2 of transitivity.

Theorem 4.4.3. Let T1 be S-sufficient for g in MΩ
X and let T2 be S-sufficient for g in

the reduced model MΩ
T1
. Then T2 is S-sufficient for g in the complete model MΩ

X .

Proof of Theorem 4.4.3

T1 is S-sufficient for g in MΩ
X means that there exists a g-partition of Ω, say Π =

{Ω∗
β : β ∈ H} such that:

∀ β ∈ H, ∀A ∈ X :
⋂

ω∈Ω∗
β

Ṗ (A | T1, ω) 
= ∅. (4.30)
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T2 is S-sufficient for g in MΩ
T1
implies the existence of a g-section satisfying (4.28).

This implies by lemma 4.4.1 that every g-section in Π satisfies equation (4.28), more

specifically:

∀ β ∈ H, ∀B ∈ T1 :
⋂

ω∈Ω∗
β

Ṗ (B | T2, ω) 
= ∅. (4.31)

Finally, let β ∈ H and A ∈ X . Let us also denote by f
Ω∗

β

A any common version of

{Ṗ (A | T1, ω) : ω ∈ Ω∗
β} (This common version exists by (4.30)). In order to show

that T2 is S-sufficient in MΩ
X , we notice:⋂

ω∈Ω∗
β

Ṗ (A | T2, ω) =
⋂

ω∈Ω∗
β

İE(Ṗ (A | T1, ω) | T2, ω)

=
⋂

ω∈Ω∗
β

İE(f
Ω∗

β

A | T2, ω) 
= ∅ (4.32)

Theorem 4.4.3 means the following: Let us reduce the complete model by marginal-

izing with respect to an S-sufficient subfield, say T1, and consider the reduced model
MΩ

T1
. If there exists a subfield, say T2, which is S-sufficient for g in that reduced model,

then it will also be S-sufficient in a complete model.

For a particular case of statistics representable by densities, let T1 and T2 be two

statistics such that T2 = f(T1). The two conditions of theorem 4.4.3, i.e. T1 is S-

sufficient for g in the complete model and T2 is S-sufficient for g in the reduced model

are respectively described as follows:

p(x | ω) = p(t1 | γ) p(x | t1, β) (4.33)

p(t1 | γ) = p(t2 | γ) p(t1 | t2) (4.34)

Combining equations (4.33) and (4.34) and using the fact that T2 is a reduction of

T1 implies that:

p(x | ω) = p(t2 | γ) p(t1 | t2) p(x | t1, β)

= p(t2 | γ) p(x | t2, β) (4.35)
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Equation (4.35) clearly means that T2 is S-sufficient for g in the complete model.

Property 4 does not hold any more for S-sufficiency because of the following simple

corollary of theorem 4.4.2.

Corollary 4.4.1. If ω is X -identified and T is sufficient, then T is not S-sufficient

for any non injective function g(ω).

Indeed, the fact that ω is X -identified and T is sufficient implies by theorem 2.5.1

that ω is a minimal sufficient parameter for T . This also implies that every non in-
jective function of ω, say g(ω), cannot be minimal sufficient for T , which also implies
by theorem 4.4.2 that T is not S-sufficient for that function g. Therefore if T is an
S-sufficient subfield for an non injective function g, then the whole sample X will never
be S-sufficient for such function g because of corollary 4.4.1.

4.5 S-sufficiency and Dominated models

In this section, we analyze the S-sufficiency concept when the modelMΩ
X is dominated.

In such case, we assume the existence of a σ-finite measure, say m, dominating the

modelMΩ
X . For each ω ∈ Ω, the density dPω

dm
will be denoted pω. The following theorem,

based on results in Halmos & Savage (1949), gives a characterization of S-sufficiency.

Theorem 4.5.1. The statistic T is S-sufficient for g(ω) iff T is g-oriented and if there

exits a variation free complement of g, say h such that:

∀ β ∈ h(Ω), ∀ (ω1, ω2) ∈ h−1(β) :
p(x | ω1)

p(x | ω2)
= f(t, ω1, ω2, β) (4.36)

where f is a function defined on RT . Equation (4.36) should be satisfied for all x such

that p(x | ω) 
= 0 ∀ω ∈ Ω.

Theorem 4.5.1 means that the ratio of the densities pω1 and pω2 for any (ω1, ω2) ∈
h−1(β) depends on x only through t. This theorem is useful and practical in the sense
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that we are not constraint to compute the conditional distribution (X | T ) to show

whether or not T is S-sufficient for g(θ), because it is not always easy to compute the

conditional distribution. The proof of theorem 4.5.1 is an immediate consequence of

the Radon-Nikodym theorem given in chapter 2 (theorem ). The following example

gives an illustration of theorem 4.5.1.

Example 4.5.1. Let X be a random variable with probability density function:

f(x | ω = (γ, β)) =

{
(1− γ)βeβx for x ≤ 0

γβe−βx for x > 0,

where γ and β are variation free complements with γ > 0 and β > 0. Let (X1, X2, ..., Xn)

be an iid random sample from X. For each Xi, let us consider the indicator function

Ti = 1I{Xi>0}. Let us define the statistic T =
∑n

i=1 Ti, i.e. the number of positive

Xi’s. Then the statistic T is S-sufficient for the parameter of interest g(ω) = γ. In

fact, T is γ-oriented because T ∼ Bin(n, γ). Furthermore, the parameter function

h(ω) = β is a variation free complement of g(ω) = γ and we have that for each

β ∈ h(Ω) : h−1(β) = g(Ω)×{β}. Let β ∈ h(Ω) and let (ω1, ω2) ∈ (h−1(β))2, this means

that ω1 = (γ1, β) and ω2 = (γ2, β) with γ1 
= γ2. the likelihood ratio of ω1 and ω2 is as

follows:

f(x1, x2, ..., xn | ω1)

f(x1, x2, ..., xn | ω2)
=

∏n
i=1(γ1βe−βx1)Ti((1− γ1)βeβxi)1−Ti∏n
i=1(γ2βe−βx1)Ti((1− γ2)βeβxi)1−Ti

= (
γ1
γ2
)
T

(
1− γ1
1− γ2

)
n−T

(4.37)

Then for each β ∈ h(Ω) and for each (ω1, ω2) ∈ (h−1(β))2 the likelihood ratio between ω1

and ω2 depends only on the statistic T rather than the complete sample size. The statis-

tic T satisfies conditions of theorem 4.5.1 and then is S-sufficient for g(ω) = γ. Let us

remark that this way is easier than computing the conditional distribution (X | T ) and
to show whether or not it depends only on β.
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4.6 Conclusion

The S-sufficiency concept crucially depends on the non emptiness of the two sets Vg

and Ξg, i.e. the set of all variation free complements of g and the set of all g-oriented

subfields. If for a given parameter of interest γ = g(ω), any one of these two sets is

empty, S-sufficiency is not available.

Condition Ξg 
= ∅ ensures that there exists a g-oriented subfield T such that the

marginal model generating T contains information only on the parameter of interest
or, equivalently, that γ = g(ω) is a sufficient parameter for T in the sense of definition
2.4.1 in chapter 2. That condition Ξg 
= ∅ is not sufficient in itself is due, among oth-
ers, to the fact that a subfield containing T may not be g-oriented or that a subfield

sufficient for the complete parameter may not be sufficient for a non injective function

of ω (see corollary 4.4.1).

Adding the condition Vg 
= ∅ to the condition Ξg 
= ∅ is not enough to produce a use-
ful concept: S-sufficiency requires furthermore that the T -conditional model admits a
variation free complement of γ = g(ω) as a sufficient parameter. This property ensures

that neglecting the T -conditional model does not lose information on the parameter of
interest. S-sufficiency is accordingly equivalent to a cut.

S-sufficiency raises several difficulties, one is the proof of the existence and the con-

struction of an S-sufficient subfield. Another one is the existence, or the non existence,

and the construction of an optimal cut, i.e. a minimal S-sufficient subfield.

However, a good and practical property of S-sufficiency (when conditions of its ap-

plicability are satisfied) is its connection to the identification problem. In fact, from

context 2, given in the introduction of this chapter, S-sufficiency preserves the identi-

fication of the parameter of interest g(ω). In other words, if the observable vector is

S-sufficient for g(ω), then it is equivalent to identify that parameter of interest from the
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structural model or from the statistical one. This fact gives us an alternative approach

to identify the parameter of interest in partially observable models. As a matter of

fact, instead of identifying directly g(ω) from the statistical model, which is usually not

easy, one may first identify g(ω) in the structural model (often easy to do, because the

complete parameter is usually identified in the structural model) and thereafter find

conditions under which the observation is S-sufficient for the parameter of interest.

This approach happens to be promising when studying the identification of discrete

choice models.

Another aspect of this chapter is to show the abundance of overlapping concepts

in the statistical literature on partial sufficiency. We payed a particular attention

to connect among themselves the many concepts proposed earlier, and eventually we

showed that a small number of them are actually different, even when they have been

introduced from different perspectives.
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Chapter 5

Conditional models with partially

observable endogenous variables

5.1 Introduction

In chapter 3, we draw the attention on several subtleties requiring a proper approach

to both conditional models and their identification. We show that weak identification

coincides with that one usually met in the statistical literature but presents an undesir-

able property, namely that under rather general conditions, the weak identification does

not depend on the sample size. As an alternative, three other levels of identification are

given, stressing the role of the randomness of the conditioning variables. In chapter 4,

we considered the concept of partial sufficiency in unconditional models. A main result

of that chapter is the connection between S-sufficiency and the identification problem.

The main object of the present chapter is to extend the connection between the suf-

ficiency and the identification concepts in unconditional models treated in chapter 4,

to the case of conditional models. This extension will be made for conditional models

with partially observable endogenous variables. This connection between concepts will

be extended for the four levels of identification in conditional models given in chapter 3.
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Two principal motivations for this chapter should be born in mind. The first one is

to give a contribution to building of a general theory of conditional models. The second

one is to use the S-sufficiency concept as a sufficient condition for the identification

of the parameter of interest in conditional models when the endogenous variables are

partially observable. In other words, this last motivation is an extension of context

2, explained in the introduction of chapter 4, to the case of conditional models when

the endogenous variables are partially observable and the exogenous variables are com-

pletely observed. This is the case, for instance, of a random utility approach to discrete

choice models or a competing risk approach to censored data or to multiple exits du-

ration models. The conditional structural model specifies the distributions of (Y | Z)
and the conditional statistical model specifies the distributions of (T = f(Y ) | Z).

5.2 Sufficiency and connection with weak identifica-

tion

As a preliminary remark, let us first remind that a conditional model MZ,θ
Y may be

viewed as an unconditional modelMΩ
X where X = (Y, Z) and ω = (θ, φ) in such a way

that φ is a nuisance parameter that is minimal sufficient for the marginal model MΩ
Z

and is accordingly identified in MΩ
X . Furthermore, θ and φ are variation free and, as

seen in example 4.3.1, the subfield RY × Z is S-sufficient for the nuisance parameter

h(ω) = φ.

As mentioned in the introduction, one principal motivation of this chapter is to es-

tablish similar results connecting sufficiency (resp. S-sufficiency) to the identification

to the case of conditional models where the Z-component is completely observable

whereas the endogenous variables Y is only partially observable. For instance, in a

random utility approach to discrete choice models (to be investigated more in detail
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in the next chapter), X = (Y, Z) where Y stands for a vector of latent utilities corre-

sponding to each alternative and the observed choice, T , corresponds to the observable

coordinate with higher utility. In this context, there is no interest in looking for a

statistic reducing Z. Thus, the search for a sufficient statistic in this case, may focus

the attention on statistics reducing Y rather than Z. The subfield to be used should

then have the form T ⊗ Z ⊂ Y ⊗Z where T ⊂ Y rather than T ⊂ Y ⊗ Z.

Formally, let T : RY −→ RT be a statistic and T = σ(T ) ⊂ Y the subfield of Y
generated by T . Let us also consider the statistic U : RY × RZ −→ RT × RZ such

that U(y, z) = (T (y), z) ∀ (y, z) ∈ RY ×RZ . Clearly, the subfield of Y generated by
U has the form σ(U) = T ⊗ Z.

Let us consider the first objective of this chapter that connects sufficiency and

weak identification in conditional models. The following result may be considered as

a corollary of theorem 2.5.1 connecting sufficiency and identification in unconditional

models.

Proposition 5.2.1. If T ⊗ Z is sufficient for ω = (θ, φ) then:

θ is weakly identified in MZ,θ
T ⇐⇒ θ is weakly identified in MZ,θ

Y (5.1)

Proof of proposition 5.2.1

The conditional model MZ,θ
Y may be viewed as an unconditional model MΩ

X , where

X = (Y, Z) and ω = (θ, φ) in such a way that φ is a nuisance parameter that is minimal

sufficient in the marginal modelMΩ
Z and is accordingly identified inM

Ω
Z . Furthermore,

θ and φ are variation free. From theses consideration, we deduce from theorem 2.5.1

77



Conditional models with partially observable endogenous variables

the following results.

θ is weakly identified in MZ,θ
T ⇐⇒ ω = (θ, φ) is (T ⊗ Z)-identified

theorem2.5.1⇐⇒ ω = (θ, φ) is (Y ⊗ Z)-identified

⇐⇒ θ is weakly identified in MZ,θ
Y (5.2)

In proposition 5.2.1, we require (T ⊗ Z) to be sufficient for ω = (θ, φ). This re-

quires that for each (A, B) ∈ Y ×Z a version of the conditional probability Ṗ (A×B |
T ⊗Z, ω = (θ, φ)) exists and is the same for all ω = (θ, φ) ∈ Θ×Φ. To verify this, at
least ”specific forms” of distributions on (RY ×RZ ,Y ⊗Z), such as e.g. normality...,
are needed. In the present context, this requirement may not generally be met because

Φ is a thick subset of the set of all the distributions on (RZ ,Z). However, specific
forms of the conditional distributions, indexed by θ ∈ Θ, are often (but not always)
made. Furthermore, even when specific distributional assumptions underly Φ, it may

also be the case that the joint distribution φ× PZ,θ
Y is unmanageable. Thus a natural

question tries to characterize the sufficiency of (T ⊗ Z) for ω = (θ, φ) in terms of the

conditional distributions only. This is the object of the next development.

Let us define C, the set of z-values such that T is sufficient in Mz,θ
Y , namely:

C = {z ∈ RZ | T is sufficient inMz,θ
Y } (5.3)

= {z ∈ RZ | ∀A ∈ Y :
⋂
θ∈Θ

Ṗ z,θ
Y (A | T ) 
= ∅} (5.4)

= {z ∈ RZ | ∀A ∈ Y , ∃ fA ∈ [T ], ∀A
′ ∈ T , ∀ θ ∈ Θ : P z,θ

Y (A ∩ A
′
) =

∫
A′

fAdP z,θ
T }

For each (A, f, A
′
, θ) ∈ Y × [T ]× T ×Θ, the set C may be decomposed as follows:

C(A, f, A
′
, θ) = {z ∈ RZ | P z,θ

Y (A ∩ A
′
) =

∫
A′

f dP z,θ
T } (5.5)
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and therefore:

C =
⋂
A∈Y

⋃
f∈[T ]

⋂
(A′ ,θ)∈T ×Θ

C(A, f, A
′
, θ) (5.6)

We may therefore characterize the sufficiency of T ⊗ Z for ω = (θ, φ) in terms of

necessary and of sufficient conditions as follows.

Theorem 5.2.1. Let T ⊂ Y be a statistic based on Y. Then:

(i) (Necessary condition). If T ⊗ Y is sufficient for ω = (θ, φ) then:

∀A ∈ Y , ∃fA ∈ [T ⊗ Z], ∀A
′ ∈ T , ∀ (θ, φ) ∈ Θ× Φ : φ(C(A, fA, A

′
, θ)) = 1 (5.7)

(ii) (Sufficient condition). If ∀φ ∈ Φ : φ(C) = 1, then:

T ⊗ Y is sufficient for ω = (θ, φ) (5.8)

Proof of theorem 5.2.1

Proof of the necessary condition (i)

T ⊗ Z is sufficient for ω = (θ, φ) in MZ,θ
Y means that:

∀ (A, B) ∈ Y × Z :
⋂

{(θ,φ)∈Θ×Φ}

Ṗ θ,φ(A×B | T ⊗ Z) 
= ∅ (5.9)

Let (A, B) ∈ Y × Z. Then there exists a (T ⊗ Z)-measurable function, say fA,B such

that ∀ (A′
, B

′
) ∈ T × Z and ∀ (θ, φ) ∈ Θ× Φ :

P θ,φ((A× B) ∩ (A′ × B
′
)) =

∫
A′×B′

fA,B(t, z) dP θ,φ
T ⊗Z

=

∫
B

′
(

∫
A

′
fA,B(t, z) dP z,θ

T ) dφ (5.10)
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By a general property of a conditional probability, we also have:

P θ,φ((A× B) ∩ (A′ × B
′
)) = P θ,φ((A ∩ A

′
)× (B ∩ B

′
))

=

∫
B∩B′

P z,θ
Y (A ∩A

′
) dφ

=

∫
B′
1IB(z)P

z,θ
Y (A ∩ A

′
) dφ (5.11)

Using equations (5.10) and (5.11) we have that ∀ (A′
, B

′
) ∈ T × Z, ∀ (θ, φ) ∈ Θ× Φ :∫

B′
(

∫
A′

fA,B(t, z) dP z,θ
T ) dφ =

∫
B′
1IB(z)P

z,θ
Y (A ∩ A

′
) dφ

This implies that ∀ A
′ ∈ T and ∀ (θ, φ) ∈ Θ× Φ :

[ 1IB(Z)P
Z,θ
Y (A ∩A

′
) =

∫
A′

fA,B dPZ,θ
T ] φ− a.s (5.12)

Taking B = RZ , equation (5.12) means that:

∀A
′ ∈ T , ∀ (θ, φ) ∈ Θ× Φ : [PZ,θ

Y (A ∩A
′
) =

∫
A′

fA dPZ,θ
T ] φ− a.s (5.13)

This also means:

∀A
′ ∈ T , ∀ (θ, φ) ∈ Θ× Φ : φ(C(A, fA, A′, θ)) = 1 (5.14)

Proof of the sufficient condition (ii)

Any z ∈ C satisfies the following:

∀A ∈ Y , ∃ f z
A ∈ [T ], ∀A

′ ∈ T , ∀ θ ∈ Θ : P z,θ
Y (A ∩ A

′
) =

∫
A′

f z
A(t) dP z,θ

T (5.15)
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Let (A, B) ∈ Y × Z and (θ, φ) ∈ Θ× Φ. Then ∀(A′
, B

′
) ∈ T × Z we have that:

P θ,φ((A×B) ∩ (A′ × B
′
)) = P θ,φ((A ∩A

′
)× (B ∩B

′
))

=

∫
B∩B′

P z,θ
Y (A ∩ A

′
) dφ

5.15
=

∫
B∩B′

[

∫
A′

f z
A(t) dP z,θ

T ] dφ

=

∫
B

′
[

∫
A

′
1IB(z)f

z
A(t) dP z,θ

T ] dφ

=

∫
A′×B′

1IB(z)f
z
A(t) dP θ,φ

T ⊗Z (5.16)

So, for each (A, B) ∈ Y × Z the T ⊗ Z-measurable function 1IB(z)f z
A(t) may be con-

sidered as a version common to {Ṗ θ,φ(A×B | T ⊗ Z) : (θ, φ) ∈ Θ× Φ}.

5.3 S-sufficiency and connection with weak identifi-

cation

In a conditional modelMZ,θ
Y , a parameter of interest actually takes the form g(θ). The

next result connects the S-sufficiency of a statistic and the weak identification of g(θ)

in conditional models. It may be considered as a corollary of theorem 4.4.2 connecting

S-sufficiency of a statistic and the identification of g(θ) in unconditional models. It

may also be considered as an extension of proposition 5.2.1.

Proposition 5.3.1. If T ⊗ Z is S-sufficient for m(ω) = (g(θ), φ) then:

g(θ) is weakly identified in MZ,θ
T ⇐⇒ g(θ) is weakly identified in MZ,θ

Y (5.17)

Proof of proposition 5.3.1
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The proof is similar to the proof of proposition 5.2.1, indeed, by considering the

conditional model MZ,θ
Y as an unconditional model MΩ

X , where X = (Y, Z) and ω =

(θ, φ), we deduce from theorem 4.4.2 the following:

g(θ) is weakly identified in MZ,θ
T ⇐⇒ m(ω) = (g(θ), φ) is (T ⊗ Z)-identified

theorem4.4.2⇐⇒ m(ω) = (g(θ), φ) is (Y ⊗Z)-identified

⇐⇒ g(θ) is weakly identified in MZ,θ
Y (5.18)

Proposition 5.3.1 involves the concept of S-sufficiency of T ⊗Z for the subparameter
m(ω) = (g(θ), φ). As seen in chapter 4, the definition of S-sufficiency for any parameter

of interest requires the existence of a variation free complement for that subparameter.

Thus, the first thing we will do is to point out the structure of a variation free comple-

ment for the parameter function m(ω) = (g(θ), φ). This is the object of the following

theorem, the proof of which is based on the following lemma.

Lemma 5.3.1. Let n : Θ × Φ −→ Λ be a parameter function and g : Θ −→ Γ be a

parameter of interest.

If:

∀ (λ, γ, φ) ∈ (Λ× Γ× Φ) : card{n−1(λ) ∩ {g−1(γ)× {φ}}} = 1. (5.19)

Then:

(i) For each (λ, φ) ∈ Λ × Φ there exists a unique g-section of Θ, say Θ∗,λ,φ
g such that

n−1(λ) ⊃ Θ∗,λ,φ
g × {φ}.

(ii) ∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}}

(iii) ∀φ ∈ Φ, the set of the g-sections {Θ∗,λ,φ
g : λ ∈ Λ} given in (ii) define a g-partition

on Θ.
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Proof of Lemma 5.3.1

Proof of (i)

Let us fix λ ∈ Λ and φ ∈ Φ. By varying γ over Γ in equation (5.19), we show the

existence of a g-section satisfying n−1(λ) ⊃ Θ∗,λ,φ
g × {φ}.

Now, let us prove that for a given λ and φ, such a g-section is unique. We will prove

this by contradiction. In fact, let us assume the existence of two different g-sections,

Θ∗,λ,φ
g,1 and Θ∗,λ,φ

g,2 , say, such that:

n−1(λ) ⊃ Θ∗,λ,φ
g,1 × {φ} and n−1(λ) ⊃ Θ∗,λ,φ

g,2 × {φ} (5.20)

This implies that:

n−1(λ) ⊃ (Θ∗,λ,φ
g,1 ∪Θ

∗,λ,φ
g,2 )× {φ} (5.21)

That the two g-sections Θ∗,λ,φ
g,1 and Θ∗,λ,φ

g,2 are different means the following:

∃ γ0 ∈ Γ, ∃ (θ1 
= θ2) ∈ (g−1(γ0))
2 such that (θ1, θ2) ∈ Θ∗,λ,φ

g,1 ×Θ∗,λ,φ
g,2 (5.22)

In such case, we have the following:

{n−1(λ) ∩ {g−1(γ0)× {φ}}}
(5.21)
⊃ {(Θ∗,λ,φ

g,1 ∪Θ
∗,λ,φ
g,2 )× {φ}} ∩ {g−1(γ0)× {φ}}

= {(Θ∗,λ,φ
g,1 ∪Θ

∗,λ,φ
g,2 ) ∩ g−1(γ0)} × {φ}

= {(Θ∗,λ,φ
g,1 ∩ g−1(γ0)) ∪ (Θ∗,λ,φ

g,2 ∩ g−1(γ0))} × {φ}

= {(Θ∗,λ,φ
g,1 ∩ g−1(γ0))× {φ}} ∪ {(Θ∗,λ,φ

g,2 ∩ g−1(γ0))× {φ}}

= (θ1 × {φ}) ∪ (θ2 × {φ}) (5.23)
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From equation (5.23), we have that:

Card{n−1(λ) ∩ {g−1(γ0)× {φ}}} ≥ 2 (5.24)

This contradicts equation (5.19). Thus, Θ∗,λ,φ
g,1 = Θ∗,λ,φ

g,2 .

Proof of (ii)

By lemma 5.3.1(i), for each (λ, φ) ∈ Λ×Φ, there exists a unique g-section of Θ, say

Θ∗,λ,φ
g such that n−1(λ) ⊃ Θ∗,λ,φ

g × {φ}. This also implies by varying φ over Φ that:

∀λ ∈ Λ : n−1(λ) ⊃
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}} (5.25)

Let us now prove that ∀λ ∈ Λ : n−1(λ) ⊂
⋃
φ∈Φ
{Θ∗,λ,φ

g ×{φ}}. For that reason, let us

fix λ and consider (θ, φ) ∈ n−1(λ). One should prove that (θ, φ) ∈
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}}.

Let us prove this by contradiction, i.e. we assume that (θ, φ) /∈
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}}.

This means that θ /∈ Θ∗,λ,φ
g . Let us consider θ

′ ∈ Θ∗,λ,φ
g such that g(θ

′
) = g(θ) (This

point θ
′
exists and is unique by construction of a g-section). By (5.25) n(θ

′
, φ) = λ.

Furthermore, n(θ, φ) = λ, by assumption. Let us now consider the equivalence class

of g containing θ and θ
′
and denote it by g−1(γ0). Then the cardinality of {n−1(λ) ∩

{g−1(γ0) × {φ}}} ≥ 2. This contradicts equation (5.19). Thus, θ = θ
′
and then

(θ, φ) ∈ Θ∗,λ,φ
g × {φ}. Hence:

∀λ ∈ Λ : n−1(λ) ⊂
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}} (5.26)

Equations (5.25) and (5.26) means that:

∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}} (5.27)

Proof of (iii)
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Firstly, one should prove that these g-sections are mutually disjoints, namely that:

∀λ1 
= λ2, ∀φ ∈ Φ : Θ∗,λ1,φ ∩Θ∗,λ2,φ = ∅ (5.28)

Let us assume the negation of equation (5.28), i.e.

∃λ1 
= λ2, ∃φ ∈ Φ such that Θ∗,λ1,φ ∩Θ∗,λ2,φ 
= ∅ (5.29)

Let θ0 ∈ Θ∗,λ1,φ ∩Θ∗,λ2,φ. Then:

n−1(λ1) ∩ n−1(λ2) ⊃ {θ0 × {φ}} (5.30)

Equation (5.30) contradicts the fact that n(ω) operates a partition on Ω = Θ× Φ.

Secondly, one should prove that for each φ ∈ Φ :
⋃
λ∈Λ
Θ∗,λ,φ

g = Θ. Indeed, using

equation (5.27) we have that:

⋃
λ∈Λ

n−1(λ) =
⋃
λ∈Λ

⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}}

=
⋃
φ∈Φ

⋃
λ∈Λ
{Θ∗,λ,φ

g × {φ}}

=
⋃
φ∈Φ
{
⋃
λ∈Λ

Θ∗,λ,φ
g × {φ}} (5.31)

By construction:
⋃
λ∈Λ

n−1(λ) = Θ× Φ. Using equation (5.31), we have that:

⋃
φ∈Φ
{
⋃
λ∈Λ

Θ∗,λ,φ
g × {φ}} = Θ× Φ (5.32)

Which implies that:

∀φ ∈ Φ :
⋃
λ∈Λ

Θ∗,λ,φ
g = Θ (5.33)
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Theorem 5.3.1. A parameter function n : Θ×Φ −→ Λ is a variation free complement

of m(ω) = (g(θ), φ) if and only if:

∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{h−1

φ (λ)× {φ}} (5.34)

where for each φ ∈ Φ: hφ is a variation free complement of g satisfying hφ(Θ) = Λ.

Proof of theorem 5.3.1

The Necessary condition: n(ω)⊥
vf

m(ω) =⇒ ∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{h−1

φ (λ)×{φ}}

Let m(ω) : Θ×Φ −→ Γ×Φ, with m(θ, φ) = (g(θ), φ), be the parameter of interest.

Then:

∀ (γ, φ) ∈ Γ× Φ : m−1(γ, φ) = g−1(γ)× {φ} (5.35)

Let n : Θ×Φ −→ Λ, be a variation free complement of m(ω). This means by definition

4.2.1 that:

∀ (λ, γ, φ) ∈ (Λ× Γ× Φ) : card{n−1(λ) ∩m−1(γ, φ)} = 1. (5.36)

Using (5.35), equation (5.36) is equivalent to:

∀ (λ, γ, φ) ∈ (Λ× Γ× Φ) : card{n−1(λ) ∩ {g−1(γ)× {φ}}} = 1. (5.37)

This implies, by using lemma 5.3.1, that:

∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{Θ∗,λ,φ

g × {φ}} (5.38)

Where for each φ ∈ Φ, the set {Θ∗,λ,φ
g : λ ∈ Λ} defines a g-partition on Θ. In chapter

4, theorem 4.2.2 shows that to each g-partition of Θ, one can associate a function on Θ,

say h(θ) unique up to an injective transformation and such that h(θ) is a variation free

complement of g(θ). Hence, in our case, for each φ ∈ Φ, the g-partition {Θ∗,λ,φ
g : λ ∈ Λ}

may also be represented as {h−1
φ (λ) : λ ∈ Λ} with hφ(θ) is a variation free complement
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of g(θ).

The Sufficient condition: ∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{h−1

φ (λ)×{φ}} =⇒ n(ω)⊥
vf

m(ω)

Let us assume that ∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{h−1

φ (λ) × {φ}} and that n(ω) is

not a variation free complement of m(ω) = (g(θ), φ). This means that there exists

(λ0, γ0, φ0) ∈ Λ× Γ× Φ such that:

Card{[
⋃
φ∈Φ
{h−1

φ (λ0)× {φ}}] ∩ {g−1(γ0)× {φ0}}} 
= 1 (5.39)

This implies that:

Card{[h−1
φ0
(λ0)× {φ0}] ∩ {g−1(γ0)× {φ0}}} 
= 1 (5.40)

Which also implies that:

Card{[h−1
φ0
(λ0) ∩ g−1(γ0)]× {φ0}} 
= 1 (5.41)

Equation (5.41) contradicts the fact that for each φ ∈ Φ, the function hφ(θ) is a

variation free complement of g(θ).

Once the structure of a variation free complement for the parameter functionm(ω) =

(g(θ), φ) is pointed out in theorem 5.3.1, the second step, as explained above, is to char-

acterize the S-sufficiency of T ⊗ Z for the subparameter m(ω) = (g(θ), φ) in terms of

conditional distributions only. This is the object of next development.

Let h be a variation free complement of g, i.e. h⊥
vf

g and define C(h) as the set

of z-values such that T is h-specific sufficient for g(θ) in the model Mz,θ
Y (Basu’s

terminology, chapter 4: proposition 4.3.1, part (i)) namely:

C(h) = {z ∈ RZ | ∀A ∈ Y , ∀λ ∈ h(Θ) :
⋂

h−1(λ)

Ṗ z,θ
Y (A | T ) 
= ∅} (5.42)
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C(h) may also be written as follows:

C(h) =
⋂

(A,λ)∈Y×h(Θ)

⋃
f∈[T ]

⋂
(A′ ,θ)∈T ×h−1(λ)

C(A, f, A
′
, θ) (5.43)

where the set C(A, f, A
′
, θ) is defined in (5.5). We may therefore characterize the

S-sufficiency of T ⊗ Z for m(ω) = (g(θ), φ) in terms of necessary and of sufficient

conditions as follows.

Theorem 5.3.2. Let T ⊂ Y.

(i) (Necessary condition). If T ⊗ Z is S-sufficient for m(ω) = (g(θ), φ), then:

(a) ∀ γ ∈ Γ, ∀ (θ1, θ2) ∈ (g−1(γ))2, ∀φ ∈ Φ : φ{z ∈ RZ | P z,θ1
T = P z,θ2

T } = 1

(b) ∀φ ∈ Φ, ∃hφ(θ)⊥
vf

g(θ) with hφ(Θ) = Λ and

∀A ∈ Y , ∀λ ∈ Λ, ∃fA ∈ [T ⊗ Z], ∀A
′ ∈ T , ∀ θ ∈ h−1

φ (λ) : φ(C(A, fA, A
′
, θ)) = 1

(5.44)

(ii) (Sufficient condition). If:

(a) ∀φ ∈ Φ : φ{z ∈ RZ | ∀ γ ∈ Γ, ∀ (θ1, θ2) ∈ (g−1(γ))2 : P z,θ1
T = P z,θ2

T } = 1

(b) ∀φ ∈ Φ, ∃hφ(θ)⊥
vf

g(θ) with hφ(Θ) = Λ and φ(C(hφ)) = 1

Then, T ⊗ Z is S-sufficient for m(ω) = (g(θ), φ).

Proof of theorem 5.3.2

Proof of the necessary condition (i) part (a)

88



Conditional models with partially observable endogenous variables

The subfield T ⊗ Z is S-sufficient for m(ω) = (g(θ), φ) means first that T ⊗ Z
is m(ω)-oriented, this means that: ∀ (ω1, ω2) ∈ ΩC

m : P ω1
T ⊗Z = P ω2

T ⊗Z . This is also

equivalent to:

∀ (θ1, θ2) ∈ ΘC
g , ∀φ ∈ Φ : φ⊗ PZ,θ1

T = φ⊗ PZ,θ2
T

which also is equivalent to:

∀ γ ∈ Γ, ∀ (θ1, θ2) ∈ (g−1(γ))2, ∀φ ∈ Φ : PZ,θ1
T = PZ,θ2

T φ− a.s

.

Proof of the necessary condition (i) part (b)

The subfield T ⊗Z is S-sufficient for m(ω) = (g(θ), φ) means also that there exists

a variation free complement of m(ω) = (g(θ), φ), say n(ω) : Θ× Φ −→ Λ such that:

∀ (A, C) ∈ Y × Z, ∀λ ∈ Λ :
⋂

n−1(λ)

Ṗ θ,φ(A× C | T ⊗ Z) 
= ∅ (5.45)

By theorem 5.3.1, To say that n(ω) is a variation free complement of m(ω) = (g(θ), φ)

is equivalent to say that for each φ ∈ Φ there exists a variation free complement of
g(θ), say hφ with hφ(Θ) = n(Θ× Φ) = Λ satisfying property (5.34).

Thus we have that ∀φ ∈ Φ, ∃hφ⊥
vf

g such that:

∀ (A, C) ∈ Y × Z, ∀λ ∈ Λ :
⋂

h−1
φ (λ)

Ṗ θ,φ(A× C | T ⊗ Z) 
= ∅ (5.46)

Let φ ∈ Φ and let (A,RZ) ∈ Y × Z. Then from equation (5.46) we have that:

∀λ ∈ Λ there exists a (T ⊗ Z)-measurable function, say fλ
A such that ∀ (B, C) ∈

T × Z and ∀ θ ∈ h−1
φ (λ) :

P θ,φ((A×RZ) ∩ (B × C)) =

∫
B×C

fλ
A dP θ,φ

T ⊗Z

=

∫
C

(

∫
B

fλ
A dP z,θ

T ) dφ (5.47)
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Let us also remark that:

P θ,φ((A×RZ) ∩ (B × C)) =

∫
C

P z,θ
Y (A ∩B) dφ (5.48)

Using equations (5.47) and (5.48) we have that ∀ (B, C) ∈ T × Z, ∀ θ ∈ h−1
φ (λ) :∫

C

(

∫
B

fλ
A dP z,θ

T ) dφ =

∫
C

P z,θ
Y (A ∩ B) dφ

This implies that ∀ B ∈ T and ∀ θ ∈ h−1
φ (λ) :

PZ,θ
Y (A ∩ B) =

∫
B

fλ
A dPZ,θ

T φ− a.s. (5.49)

Proof of the sufficient condition (ii) part (b)

For each φ ∈ Φ, let z ∈ C(hφ). For each A ∈ Y and for each λ ∈ Λ, we denote by
f z,λ,φ
A the common version of {Ṗ z,θ

Y : θ ∈ h−1
φ (λ)}.

Now, let us consider a parameter function n(ω) defined on Θ× Φ with values on Λ
with the following property.

∀λ ∈ Λ : n−1(λ) =
⋃
φ∈Φ
{h−1

φ (λ)× {φ}} (5.50)

Then, by theorem 5.3.1, the subparameter n(ω) is a variation free complement of

m(ω) = (g(θ), φ).

Let (A, B) ∈ Y × Z. Then ∀λ ∈ Λ, ∀ (θ, φ) ∈ n−1(λ), ∀ (A′
, B

′
) ∈ T × Z we have

that:

P θ,φ((A× B) ∩ (A′ × B
′
)) = P θ,φ((A ∩ A

′
)× (B ∩ B

′
))

=

∫
B∩B′

P z,θ
Y (A ∩A

′
) dφ (5.51)
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Let us remark, that for a given λ ∈ Λ, (θ, φ) ∈ n−1(λ) means that φ is fixed and

θ ∈ h−1
φ (λ). From this, one can replace the term P z,θ

Y (A ∩ A
′
) in equation (5.51) by∫

A
′
f z,λ,φ
A (t) dP z,θ

T . We have then:

P θ,φ((A× B) ∩ (A′ × B
′
)) =

∫
B∩B′

[

∫
A′

f z,λ,φ
A (t) dP z,θ

T ] dφ

=

∫
B

′
[

∫
A

′
1IB(z)f

z,λ,φ
A (t) dP z,θ

T ] dφ

=

∫
A′×B′

1IB(z)f
z,λ,φ
A (t) dP θ,φ

T ⊗Z (5.52)

Thus, for each (A, B) ∈ T × Z and for each λ ∈ Λ: 1IB(z)f
z,λ,φ
A (t) is a common

version of {Ṗ θ,φ(A× B | T ⊗ Z) : (θ, φ) ∈ n−1(λ)}.

The sufficient part (ii) in theorem 5.3.2 requires T to be S-sufficient for g(θ) inMz,θ
Y

φ-almost surely for each φ ∈ Φ. But it does not require the variation free complement
of g(θ), making of T S-sufficient for g(θ) inMz,θ

Y , to be the same for all theses models.

5.4 Connection between Sufficiency and other lev-

els of identification

In this section, we establish the connection between sufficiency and the two levels of

identification of g(θ) in the conditional model, namely the identification and the almost

sure identification.

Theorem 5.4.1. Let MZ,θ
Y be a conditional model and T be any subfield of Y. Under

the sufficient condition (ii) of theorem 5.2.1 , we have the following:

(i) θ is almost surely identified in MZ,θ
Y ⇐⇒ θ is almost surely identified in MZ,θ

T

(ii) θ is identified in MZ,θ
Y ⇐⇒ θ is identified in MZ,θ

T
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Proof of theorem 5.4.1

We will only prove (i) because the proof of (ii) is similar.

Proof of (i)

The⇐= is trivial because of property (2.12) of identification given in chapter 2. We
should prove only the =⇒ part.

Let us assume that θ is not almost surely identified in MZ,θ
T . This means by defi-

nition 3.5.1 part b) that there exists φ0 ∈ Φ such that: φ0(RZ,g) < 1 or equivalently

that φ0(R
c
Z,g) > 0. Now, Let C = {z ∈ RZ | ∀A ∈ Y :

⋂
θ∈Θ

Ṗ z,θ
Y (A | T ) 
= ∅}. The

sufficiency of T implies that ∀φ ∈ Φ : φ(C) = 1, in particular φ0(C) = 1. Thus

φ0(R
c
Z,g ∩ C) > 0.

Now, let z ∈ Rc
Z,g ∩ C. This implies that z ∈ RC

Z,g and z ∈ C. This is implies

respectively the following:

∃ θz1 
= θz2 such that: P
z,θz

1
T = P

z,θz
2

T (5.53)

and:

∀A ∈ Y , ∃ fA ∈ [T ], ∀B ∈ T , ∀ θ ∈ Θ : P z,θ
Y (A ∩ B) =

∫
B

fAdP z,θ
T (5.54)

Combining equations (5.53) and (5.54) we obtain the following:

∀A ∈ Y , ∃ fA ∈ [T ], ∀B ∈ T : P
z,θz

1
Y (A ∩B) =

∫
B

fAdP
z,θz

1
T

=

∫
B

fAdP
z,θz

2
T

= P
z,θz

2
Y (A ∩B) (5.55)
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Taking B = RZ , we have that:

∀A ∈ Y : P
z,θz

1
Y (A) = P

z,θz
2

Y (A) (5.56)

Thus, for each z ∈ Rc
Z,g ∩ C, there exists θz1 
= θz2 such that P

z,θz
1

Y = P
z,θz

2
Y . This also

implies that:

Rc
Z,g ∩ C ⊂ {z ∈ RZ | ∃θz1 
= θz2 and P

z,θz
1

Y = P
z,θz

2
Y }

⊂ {z ∈ RZ | ∀ θ1 
= θ2 : P z,θ1
Y 
= P z,θ2

Y }C (5.57)

Finally, φ0(R
c
Z,g ∩ C) > 0 implies by equation (5.57) that φ0({z ∈ RZ | ∀ θ1 
= θ2 :

P z,θ1
Y 
= P z,θ2

Y }) < 1. This means that g(θ) is not almost surely identified in MZ,θ
Y .

5.5 Connection between S-sufficiency and other lev-

els of identification

Once T ⊗Z is S-sufficient for m(ω) = (g(θ), φ), it becomes natural to ask whether the

identification of g(θ) in MZ,θ
Y is equivalent to its identification in MZ,θ

T . The precise,

and positive, answer is given in next theorem, which actually extends theorem 5.4.1

from the sufficient case to the S-sufficient case.

Theorem 5.5.1. Let MZ,θ
Y be a conditional model and T a subfield of Y. Under the

sufficient condition (ii) of theorem 5.3.2, we have the following:

(a) g(θ) is almost surely identified in MZ,θ
Y ⇐⇒ g(θ) is almost surely identified in

MZ,θ
T

(b) g(θ) is identified in MZ,θ
Y ⇐⇒ g(θ) is identified in MZ,θ

T

Proof of theorem 5.5.1
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As before, we only prove the part (a). The proof of (b) is similar.

Proof of (a)

The ⇐= is trivial. We must prove only the =⇒ part.

Under condition (ii)a of theorem 5.3.2 we have that ∀φ ∈ Φ : φ(B∗) = 1 and under

condition (ii)b of this theorem we have that ∀φ ∈ Φ : φ(C(hφ)) = 1, where the sets B∗

and C(hφ) are defined as follows:

B∗ = {z ∈ RZ | ∀ γ ∈ Γ, ∀ (θ1, θ2) ∈ (g−1(γ))2 : P z,θ1
T = P z,θ2

T } (5.58)

C(hφ) = {z ∈ RZ | ∀A ∈ Y , ∀λ ∈ Λ :
⋂

h−1
φ (λ)

Ṗ z,θ
Y (A | T ) 
= ∅} (5.59)

Let us now assume that g(θ) is not almost surely identified in MZ,θ
T . This means that

there exists φ0 ∈ Φ such that φ0(RZ,g) < 1, or equivalently that φ0(R
c
Z,g) > 0. Hence,

φ0(B
∗ ∩ C(hφ0) ∩Rc

Z,g) > 0.

Now, let z ∈ B∗ ∩ C(hφ0) ∩Rc
Z,g, then z satisfies the following properties:

(1)-∀ g(θ1) = g(θ2) : P z,θ1
T = P z,θ2

T .

(2)- ∀A ∈ Y , ∀λ ∈ Λ, ∃ f z,λ
A ∈ [T ] such that:

∀B ∈ T , ∀ θ ∈ h−1
φ0
(λ) : P z,θ

Y (A ∩B) =

∫
B

f z,λ
A dP z,θ

T (5.60)

(3)- ∃ g(θz1) 
= g(θz2) such that P
z,θz

1
T = P

z,θz
2

T .

Now, for (θz1, θ
z
2) satisfying (3) there exists (λ1, λ2) ∈ Λ2 such that (θz1, θ

z
2) ∈

h−1
φ0
(λ1) × h−1

φ0
(λ2) (Because ∀φ ∈ Φ : hφ ⊥

vf
g). Let also θ

′z
2 ∈ h−1

φ0
(λ1) such that
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g(θ
′z
2 ) = g(θz2) (This point θ

′z
2 exists and is unique because hφ0 is a variation free com-

plement of g). Furthermore, g(θ
′z
2 ) 
= g(θz1), because h−1

φ0
(λ1) is a g-section of Θ. Then

by properties (1), (2) and (3) we have the following:

∀A ∈ Y , ∀B ∈ T : P
z,θz

1
Y (A ∩ B) =

∫
B

f z,λ1

A dP
z,θz

1
T

(3)
=

∫
B

f z,λ1

A dP
z,θz

2
T

(1)
=

∫
B

f z,λ1

A dP
z,θ

′z
2

T

(2)
= P

z,θ
′z
2

Y (A ∩B) (5.61)

Taking B = RY , equation (5.61) means that: P
z,θz

1
Y = P

z,θ
′z
2

Y .

Thus, we prove that if z ∈ B∗ ∩ C(hφ0) ∩Rc
Z,g then there exists g(θz1) 
= g(θ

′z
2 ) such

that P
z,θz

1
Y = P

z,θ
′z
2

Y . By this fact, we have the following:

B∗ ∩ C(hφ0) ∩Rc
Z,g ⊂ {z ∈ RZ | ∃ g(θz1) 
= g(θz2) and P

z,θz
1

Y = P
z,θz

2
Y }

⊂ {z ∈ RZ | ∀ g(θ1) 
= g(θ2) : P z,θ1
Y 
= P z,θ2

Y }C (5.62)

Finally, φ0(B
∗ ∩ C(hφ0) ∩ Rc

Z,g) > 0 implies by (5.62) that φ0({z ∈ RZ | ∀ g(θ1) 
=
g(θ2) : P z,θ1

Y 
= P z,θ2
Y }) < 1. This means that g(θ) is not almost surely identified in

MZ,θ
Y .

Remarks

(1)- The uniform concept of identification follows the same structure as the other

levels of identification. To show this, it suffices to remark that uniform identification

is equivalent to:

∀φ ∈ Φδ : φ{z ∈ RZ | ∀ θ1 
= θ2 : P
z,θ1
Y 
= P z,θ2

Y } = 1,
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where Φδ = {δz : z ∈ RZ} with δz denoting the point mass distribution (giving prob-

ability 1 to the point z), i.e. ∀B ∈ Z : δz(B) = 1⇐⇒ z ∈ B.

(2)- In this thesis, the problem of partial observability is considered by using the

relation PT = PY ◦ T−1. Another approach is to assume that the latent vector Y is

decomposed into Y = (U, T ) where T is the observable component of Y . In such case

the conditional model MZ,θ
T describing the conditional distribution (T | Z) may be

viewed as a mixture namely:

∀B ∈ T : P (T ∈ B | z, θ) =
∫

RU

P (T ∈ B | z, u, θ) d FU |z(u) (5.63)

where RU and FU |z are respectively the range and the conditional distribution of (U |
Z). Representation (5.63) gives a way of evaluating the marginal distribution of T ;

such an approach make use of the structure of mixture and is operational as long

as the marginal-conditional decomposition of the distribution of Y through (U, T ) is

manageable. For such a case, results on identification of mixtures may be used. The

approach by mixtures requires however the specification of a family of conditional

distributions (T | Z, U) in addition to a family of conditional mixing distributions

(U | Z).
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Chapter 6

Identification of Conditional Binary

Response Models

6.1 Introduction

In the conditional binary response models, we observe a realization of a vector X =

(T, Z) where T ∈ {0, 1} is the response or the endogenous variable and Z ∈ RZ ⊂
IRK+1 is the vector of K exogenous or explanatory variables plus a constant term. The

endogenous variable T is binary and is modelled as T = arg max
j∈{0,1}

Yj, where for each

j ∈ {0, 1}, Yj represents the random (with respect to the statistician) utility associ-

ated to the alternative j. The structural model describing the conditional distribution

((Y0, Y1) | Z) is latent because (Y0, Y1) are not observable, and is called the Random

Utility Model. The statistical model, i.e. that one describing the conditional distribu-

tion (T | Z) is the image of that structural model under the transformation arg max
j∈{0,1}

.

The statistical model may therefore be viewed as a model of partial observability be-

cause only the sign of the latent variable Y1 − Y0 is observable.

In the statistical literature, each latent variable Yi is usually modelled by Yi =

Z
′
βi + δi, i ∈ {0, 1} where for each i ∈ {0, 1} δi is a real random variable on (IR,B).
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The observable endogenous variable T is then given by T = arg max
j∈{0,1}

Yj = 1I{Y1≥Y0} =

1I{ε−Z′β≤0}, where β = (β1 − β0) and ε = (δ0 − δ1).

Written in terms of conditional distribution functions, the semi-parametric version of

the statistical model is eventually specified by means of the choice probability, namely:

P (T = 1 | Z, θ) = Fε|Z(Z
′
β) (6.1)

The parameter is therefore θ = (β, Fε|Z) ∈ Θ = Θβ ×ΘF ⊂ IRK+1×T (RZ ×B), where
B is the Borel σ-field on IR and T (RZ ×B) represents the set of all the transitions on
RZ × B.

In this chapter, we study the identification of β and of (β, Fε|Z). We discuss two

cases. The first one is when ε is not statistically independent of the exogenous Z. In

such case, we give conditions sufficient (resp. necessary) for the weak identification

(resp. for the identification) of β. We also illustrate the role of the sample size for

the two levels of identification. In the case of the statistical independence between ε

and the exogenous Z, we show that in the semi-parametric point of view, the problem

of identification of β or of (β, Fε), where Fε is the distribution of ε, is not originated

only from the location and the scale problem as in the purely parametric models like

in probit or logit models.

6.2 Conditional binary response models: Model spec-

ification

In the conditional binary response models, we observe a realization of (T, Z), where

T ∈ {0, 1} is the response or the endogenous variable and Z ∈ RZ ⊂ IRK+1 is the

vector of K exogenous or explanatory variables plus a constant term.
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The interpretation of T is settled by the following representation:

T = 1I{ε−Z′β≤0} (6.2)

where ε is a real-valued latent random variable and β ∈ IRK+1. This model may there-

fore be viewed as a model of partial observability because only the sign of the latent

variable ε− Z
′
β is observable.

Written in terms of conditional distribution functions, the semi-parametric version of

the statistical model is eventually specified by means of the choice probability, namely:

P (T = 1 | Z, θ) = Fε|Z(Z
′
β) (6.3)

The parameter is therefore θ = (β, Fε|Z) ∈ Θ = Θβ ×ΘF ⊂ IRK+1×T (RZ ×B), where
B is the Borel σ-field on IR and T (RZ × B) represents the set of all the transitions
onRZ×B. For the sake of notation, Fε|Z will be denoted F when there is no ambiguity.

Let us define the following subset of T (RZ × B):

T C.S.I = {Fε|Z ∈ T (RZ × B) | ∀ z ∈ RZ : Fε|z is C.S.I } (6.4)

where C.S.I stands for ”continuous and strictly increasing” or equivalently injective.

Throughout this analysis, we assume, as in Manski (1988), the following:

Basic assumption: ΘF ⊂ T C.S.I (6.5)

In the semi-parametric conditional binary response model, the parameter character-

izing the conditional probabilities is decomposed into a euclidean parameter β, and a

functional one F , which is a variation free with β. Usually, the object is to identify

the parameter of interest β. In order to particularize the definitions of weak identi-

fication and of identification of β, we denote the set of z-values where a given pair

θi = (βi, F
i) i = 1, 2 is identified in the model Mz,θ

T by:

B(β1, F
1, β2, F

2) = {z ∈ RZ | F 1
ε|z(z

′
β1) 
= F 2

ε|z(z
′
β2)} (6.6)
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(i) According to the definition 3.6.1, the parameter β is weakly identified iff:

∀φ ∈ Φ, ∀β1 
= β2, ∀(F 1, F 2) ∈ Θ2
F : φ{B(β1, F

1, β2, F
2)} > 0 (6.7)

(ii) According to definition 3.6.2, the parameter β is identified (resp. a.s identified) iff:

∀φ ∈ Φ : φ{
⋂

β1 �=β2

⋂
(F 1,F 2)∈Θ2

F

B(β1, F
1, β2, F

2)} > 0 (resp. = 1) (6.8)

6.3 The case of known distribution on the latent

variable ε

In this section, we assume that the distribution of ε is known. So that the set ΘF is re-

duced to a single known distribution, denoted F 0. In such case, the choice probabilities

are given as follows:

P (T = 1 | Z, θ) = F 0(Z
′
β) (6.9)

The case of a unique known distribution is a standard one for purely parametric mod-

els, as in logit or probit models. The motivation of this section is also to illustrate the

role of the sample size for the two levels of identification introduced below. For the

following theorem, we need the following condition:

Non degenerescence of Φ:

For any proper linear subspace E of IRK and ∀φ ∈ Φ : φ(E) < 1 (6.10)

This condition is less restrictive than the continuity of φ which implies that each proper

linear subspace of IRK has measure 0. Note also that when φ admits a (finite) matrix

of variance-covariance, this condition amounts to require the matrix to have full rank.

Next theorem gives a sufficient condition for β to be weakly identified.

Theorem 6.3.1. (Manski (1988)) Under the basic C.S.I assumption (6.5), the non

degenerescence condition (6.10) is sufficient for the weak identification of β in the

model (6.9).
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So, one can weakly identify the (K +1)- dimensional parameter β without requiring

conditions on the sample size. However, this is not the case for the identification of β.

This is the object of the following theorem.

Theorem 6.3.2. The parameter β is not identified from a sample of size one.

Proof of theorem 6.3.2

The parameter β is identified iff:

∀φ ∈ Φ : φ{z | ∀ β1 
= β2 : F
0(z

′
β1) 
= F 0(z

′
β2)} > 0 (6.11)

Equation (6.11) is equivalent to:

∀φ ∈ Φ : φ{z | ∀ β1 
= β2 : z
′
(β1 − β2) 
= 0} > 0 (6.12)

Equation (6.12) is equivalent to:

∀φ ∈ Φ : φ{z | ∃ βz
1 
= βz

2 : z
′
(βz

1 − βz
2) = 0} < 1 (6.13)

Condition (6.13) cannot be satisfied because {z ∈ RZ | ∃ βz
1 
= βz

2 : z
′
(βz

1 − βz
2) = 0} =

{z ∈ RZ | ∃ az ∈ IRK+1 : z
′
az = 0} = RZ and has therefore probability equal to 1 for

any φ ∈ Φ.

The next theorem generalizes results of theorem 6.3.2 and shows the necessity of a

sample of size greater or equal than K + 1, the number of the explanatory variables

plus a constant term, in order to identify β. For that reason, let us introduce a notation

for conditional binary model, with a sample of size n.

We observe a sequence of (Ti, Zi) : i = 1, 2, ..., n. The vector of response probabil-

ities is denoted as T n
1 = (T1, T2, ..., Tn) ∈ {0, 1}n and the n × (K + 1) matrix of the
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exogenous variables is Zn
1 = (Z1, Z2, ..., Zn)

′
. Under the sifting condition (chapter 3),

the statistical model may be written as follows:

T n
1 | Zn

1 , β, F 0 ∼ ⊗
1≤i≤n

Be(F 0(Z
′
iβ)) (6.14)

Where ⊗ denotes the independent product of probabilities and Be(p) represents the

Bernoulli distribution with parameter p.

Theorem 6.3.3. A necessary and sufficient condition for β to be identified (resp. a.s

identified) is that the (n × (K + 1)) matrix Zn
1 has full column rank with probability

strictly greater than zero (resp. =1), i.e. that:

∀φ ∈ Φ : φ{zn1 | ∀ β 
= 0 : zn1β 
= 0} > 0 (resp. = 1) (6.15)

Proof of theorem 6.3.3

The parameter β is identified (resp. a.s identified) iff for each φ ∈ Φ:

φ{zn1 | ∀ β1 
= β2 : P (T n
1 | zn1 , β1, F

0) 
= P (T n
1 | zn1 , β2, F

0)} > 0(resp. = 1) (6.16)

Equation (6.16) is equivalent to:

φ{zn1 | ∃ β
zn
1

1 
= β
zn
1

2 : P (T n
1 | zn1 , β

zn
1

1 , F 0) = P (T n
1 | zn1 , β

zn
1

2 , F 0)} < 1(resp. = 0) (6.17)

Using the notation in (6.14), equation (6.17) is equivalent to:

φ{zn1 | ∃ β
zn
1

1 
= β
zn
1

2 , ∀ 0 ≤ i ≤ n : F 0(z
′
iβ

zn
1

1 ) = F 0(z
′
iβ

zn
1

2 )} < 1(resp. = 0) (6.18)

Equation (6.18) is also equivalent to:

φ{zn1 | ∃ β
zn
1

1 
= β
zn
1

2 , ∀ 0 ≤ i ≤ n : z
′
i(β

zn
1

1 − β
zn
1

2 ) = 0} < 1(resp. = 0) (6.19)

Equation (6.19) is equivalent to:

φ{zn1 | ∃ β
zn
1

1 
= β
zn
1

2 : zn1 (β
zn
1

1 − β
zn
1

2 ) = 0} < 1(resp. = 0) (6.20)

Finally, equation (6.20) is equivalent to:

φ{zn1 | ∀ β1 
= β2 : zn1 (β1 − β2) 
= 0} > 0(resp. = 1) (6.21)

102



Identification of Conditional Binary Response Models

Equation (6.21) requires the probability that the random matrix Zn
1 be non singular

is strictly greater than 0 (resp. = 1). Consequently, the sample size should exceeds

K + 1, the number of explanatory variables.

In chapter 3, we show in theorem 3.5.1 that each level of identification is necessary

for the existence of estimators having specific level of unbiasedness. The following

result is a corollary of theorem 3.5.1 for the model (6.9).

Corollary 6.3.1. Let us consider the model in (6.14), with a known and strictly in-

creasing distribution function F 0. Let β̂n be an estimator of β. Then, a necessary

condition for β̂n to be unbiased (resp. a.s unbiased) is that the matrix Zn
1 has full

column rank with probability strictly greater than 0 (resp. = 1)

In what follows, we show that, in a conditional binary logit model, the condition of

identification of the regression coefficient also implies the unicity of the MLE, whereas

the condition of weak identification would not.

Example 6.3.1. (MLE and identification of the binary logit model). As an

example, let us consider the case where F0 is the standard logistic distribution function,

i.e. F 0(x) = ex

1+ex . We will show that the condition of identification, namely that Zn
1

has full column rank, also insures that the maximum likelihood estimator of β in the

case of the conditional binary logit model is unique. Let us briefly sketch the structure

of the conditional binary logit models.

The logit model is represented as follows:

P (Ti = 1 | Zi, β) =
exp(Z

′
iβ)

1 + exp(Z
′
iβ)

, (6.22)

where β ∈ IRK and Zi ∈ IRK is a vector of exogenous variables. The Likelihood function
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is defined as follows:

L(β) =

n∏
i=1

(P (Ti = 1 | Zi, β))
Ti(1− P (Ti = 1 | Zi, β))

1−Ti (6.23)

The log likelihood function may be written as follows:

lnL(β) =

n∑
i=1

[Ti ln(P (Ti = 1 | Zi, β)) + (1− Ti) ln(1− P (Ti = 1 | Zi, β))] (6.24)

Using the logit model in (6.22), the log likelihood function is:

lnL(β) =

n∑
i=1

[Ti ln(
exp(Z

′
iβ)

1 + exp(Z
′
iβ)
) + (1− Ti) ln(

1

1 + exp(Z
′
iβ))

)]

=
n∑
i=1

[TiZ
′
iβ − ln(1 + exp(Z

′
iβ))] (6.25)

Deriving the log-likelihood function with respect to the coordinates k of β, we obtain:

∂lnL(β)

∂βk
=

n∑
i=1

(Ti −
exp(Z

′
iβ)

1 + exp(Z
′
iβ)
)Zik

= Z
′
k(T

n
1 −W (Zn

1 , β)), (6.26)

where Zk is the column k of the matrix Zn
1 and the vector W (Zn

1 , β) = { exp(Z
′
iβ

1+exp(Z
′
iβ)
}1≤i≤n.

The MLE of β is given by solving the first derivatives, namely:

∀ 1 ≤ k ≤ K : Z
′
k(T

n
1 −W (Zn

1 , β)) = 0 (6.27)

From equation (6.27), a necessary condition for β̂MLE being the maximum likelihood

estimator for β is:

Zn
1

′
W (Zn

1 , β̂MLE) = 0 (6.28)

Now, the second partial derivatives are given as follows:

∂2lnL(β)

∂βk∂βl
= −

n∑
i=1

exp(Z
′
iβ)

1 + exp(Z
′
iβ)

ZikZil (6.29)
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The (K+1)×(K+1) matrix of the second partial derivatives, denoted M(β) is obtained

as follows:

M(β) = −Zn
1

′
H(β)Zn

1 (6.30)

where H(β) = {hij} ∈ IRn×n is a diagonal matrix defined by:

hij =




exp(Z
′
iβ)

1+exp(Z
′
iβ)

if i = j

0 if i 
= j

Let us remark that the matrix H(β) is a negative semi-definite matrix for all β ∈ IRK+1.

However, when the matrix Zn
1 is a non singular, H(β) is negative definite and then

lnL(β) is strictly concave. In such case, any β̂MLE satisfying equation (6.28) would be

the unique MLE.

6.4 Dependent case

We now treat the case where Fε|Z is not known and ε and Z are not statistically

independent. Identification of β imposes some restrictions on the set ΘF . Following

Manski (1988), we first focus the attention on the following restriction on T C.S.I :

T C.S.I
q.i = {Fε|Z ∈ T C.S.I | ∀ z ∈ RZ : Fε|z(0) = α} (6.31)

where α is a known and fixed value in ]0, 1[. The elements of the set in (6.31) satisfy the

quantile independence (q.i) property. The following (easy) lemma provides a motivation

for including assumption (6.5) in the q.i property (6.31).

Lemma 6.4.1. Let Fε|Z ∈ T C.S.I
q.i , then:

∀ z ∈ RZ , ∀ a < 0 : Fε|z(a) < α

∀ z ∈ RZ , ∀ b > 0 : Fε|z(b) > α (6.32)
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For β1 
= β2, Manski (1988) considered the following subset of RZ :

Q(β1, β2) = {z ∈ RZ | z
′
β1 < 0 ≤ z

′
β2} ∪ {z ∈ RZ | z

′
β2 < 0 ≤ z

′
β1}

= Q1(β1, β2) ∪Q2(β1, β2), say (6.33)

Heuristically, Q(β1, β2) is the set of z-values that separates β1 and β2 by zero. This

suggests the following definition:

Definition 6.4.1. Φ strictly separates β if:

∀φ ∈ Φ, ∀ β1 
= β2 : φ(Q(β1, β2)) > 0 (6.34)

The following theorem is a correction of the Proposition 2 of Manski (1988).

Theorem 6.4.1. If ΘF ⊂ T C.S.I
q.i , then the strict separation of β by Φ is sufficient for

the weak identification of β.

Proof of theorem 6.4.1

One should prove the following:

φ{Q(β1, β2)} > 0 =⇒ ∀(F 1, F 2) ∈ Θ2
F : φ{B(β1, F

1, β2, F
2)} > 0 (6.35)

Let z ∈ Q1(β1, β2), this implies that z
′
β1 < 0 and z

′
β2 ≥ 0. This also implies under

lemma 6.4.1 that ∀ (F 1, F 2) ∈ Θ2
F : F

1
ε|z(z

′
β1) < F 2

ε|z(z
′
β2), therefore:

Q1(β1, β2) ⊂
⋂

(F 1,F 2)∈Θ2
F

B(β1, F
1, β2, F

2) (6.36)

In the same manner we have that:

Q2(β1, β2) ⊂
⋂

(F 1,F 2)∈Θ2
F

B(β1, F
1, β2, F

2) (6.37)

Using equations (6.33), (6.36) and (6.37), we have that:

Q(β1, β2) ⊂
⋂

(F 1,F 2)∈Θ2
F

B(β1, F
1, β2, F

2) (6.38)
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Then we have:

φ{Q(β1, β2)} > 0 =⇒ φ{
⋂

(F 1,F 2)∈Θ2
F

B(β1, F
1, β2, F

2)} > 0 (6.39)

=⇒ ∀ (F 1, F 2) ∈ Θq.i
F : φ(B(β1, F

1, β2, F
2)) > 0 (6.40)

Manski (1988) gives two conditions on Φ ensuring the strict separability of β by Φ,

namely, the non degenerescence condition (6.10) along with the following strict condi-

tional monotonicity condition.

Strict conditional monotonicity: Let GZK |Z1,..,,ZK−1
be the conditional distribution

of (ZK | Z1, ..., ZK−1) and βK the coordinate K of the vector β ∈ Θβ. The strict

conditional monotonicity means that the coordinates of β may be ordered in such way

that:

∀ β ∈ Θβ : βK 
= 0 and GZK |Z1,..,,ZK−1
is φ− a.s C.S.I ∀φ ∈ Φ. (6.41)

Theorem 6.4.2. (Manski(1988)). The non degenerescence condition (6.10) and the

strict conditional monotonicity condition (6.41) imply that Φ strictly separates β.

It should be stressed that the condition in theorem 6.4.1 is sufficient for the weak

identification but not necessary, even though Manski (1988) asserts that this condition

is necessary and sufficient. The following counter-example shows that this condition is

not necessary, and also illustrates the importance of the specification of Φ.

Example 6.4.1. Let us consider the case K = 1, i.e. one explanatory variable, so that

Z
′
β = β0 + β1Z. Let us assume that (ε | Z, σ2) ∼ N(0, Z2σ2). Let us also assume that

Φ, the set of distributions of Z, contains only distributions having support in ]0,+∞]
and does not contain degenerate distributions, i.e. ∀φ ∈ Φ, ∀ a > 0 : φ{a} < 1. We

denote for each (z, σ) the cumulative distribution of a N(0, z2σ2) as Φ[z2σ2]. Thus, to
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each fixed value of σ > 0, corresponds a transition on RZ ×B satisfying the q.i (quan-

tile independence) property, namely for each (σ, z) ∈ IR+∗ ×RZ, Φ[z2σ2] has median 0

and is also continuous and strictly increasing and therefore, satisfies the condition of

Theorem 6.4.1, i.e. ΘF ⊂ T C.S.I
q.i

Let β(j) = (β
(j)
0 , β

(j)
1 ) j = 1, 2 with β

(j)
i > 0, j = 1, 2, i = 0, 1 and β

(1)
1 β

(2)
0 
=

β
(2)
1 β

(1)
0 . Without loss of generality, let us assume that β

(1)
1 β

(2)
0 > β

(2)
1 β

(1)
0 , Then:

Q1(β
(1), β(2)) = {z | β(1)

0 + β
(1)
1 z < 0 ≤ β

(2)
0 + β

(2)
1 z}

= {z | z <
−β

(1)
0

β
(1)
1

, z ≥ −β
(2)
0

β
(2)
1

}

= [
−β

(2)
0

β
(2)
1

,
−β

(1)
0

β
(1)
1

[ (6.42)

With a similar argument, we obtain Q2(β1, β2) = ∅. So Q(β1, β2) = [
−β

(2)
0

β
(2)
1

,
−β

(1)
0

β
(1)
1

[. Thus

φ(Q(β1, β2)) = 0, because by assumption, φ has support in ]0,+∞]. However, we will

show that the pair (β(1), β(2)) is weakly identified. As any value of σ corresponds to a

transition Φ[Z2σ2], let us consider the set of z-values for which (β(1), σ1) and (β
(2), σ2)

are identified in the model Mz,β,F
T , namely:

B(β(1), σ1, β
(2), σ2) = {z | Φ[z2σ2

1 ]
(β

(1)
0 + β

(1)
1 z) 
= Φ[z2σ2

2 ]
(β

(2)
0 + β

(2)
1 z)}

= {z | Φ[1](
β
(1)
0 + β

(1)
1 z

zσ1

) 
= Φ[1](
β
(2)
0 + β

(2)
1 z

zσ2

)}

= {z | β
(1)
0 + β

(1)
1 z

zσ1

= β

(2)
0 + β

(2)
1 z

zσ2
}

= {z | (σ2β
(1)
1 − σ1β

(2)
1 )z 
= σ1β

(2)
0 − σ2β

(1)
0 } (6.43)

Thus, B(β(1), σ1, β
(2), σ2) is either IR+ or a set of values different from a constant

provided that the two constants (σ2β
(1)
1 − σ1β

(2)
1 ) and (σ1β

(2)
0 − σ2β

(1)
0 ) are not simul-

taneously equal to zero, a case excluded by the condition β
(1)
1 β

(2)
0 > β

(2)
1 β

(1)
0 . Now, the
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pair (β(1), β(2)) is weakly identified iff:

∀ (σ1, σ2) ∈ IR∗+2
: φ(B(β(1), σ1, β

(2), σ2)) > 0 (6.44)

This is equivalent from equation (6.43) to:

∀ (σ1, σ2) ∈ IR∗+2
: φ{z | (σ2β

(1)
1 − σ1β

(2)
1 )z = σ1β

(2)
0 − σ2β

(1)
0 } < 1 (6.45)

Equation (6.45) is true as soon as φ does not contain degenerate distributions. We

show from this counter-example that the pair (β(1), β(2)) is weakly identified even though

φ(Q(β(1), β(2))) = 0.

In what follows, we will give conditions on ΘF under which the strict separation of β

by Φ is necessary for the identification of β. For that reason, let us define the following

subset of IR2.

S = {(a, b) ∈ IR2 | sign(a) = sign(b)} (6.46)

where for each x ∈ IR, sign(x) is defined as follows:

sign(x) =




1 if x > 0

0 if x = 0

−1 if x < 0

Let us also define the following subset of P(IR,B):

Pq.i(α) = {F ∈ P(IR,B) | F is C.S.I and F (0) = α} (6.47)

For each Fε|Z ∈ T C.S.I
q.i , for each z ∈ RZ and for each (a, b) ∈ IR2 let us denote the set

of distribution functions in Pq.i(α), that take the same value in b as Fε|z take in a, as

follows:

N(Fε|Z , z, a, b) = {F ∈ Pq.i(α) | Fε|z(a) = F (b)} (6.48)

Next lemma is easily checked.

Lemma 6.4.2. ∀Fε|Z ∈ T C.S.I
q.i , ∀ z ∈ RZ we have that:

∀ (a, b) ∈ Sc : N(Fε|Z , z, a, b) = ∅ (6.49)

∀ (a, b) ∈ S : N(Fε|Z , z, a, b) 
= ∅ (6.50)
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Finally, let us give the following definition.

Definition 6.4.2. The set ΘF is said to be relatively complete if and only if the

following two conditions hold:

(i) ΘF ⊂ T C.S.I
q.i

(ii) ∀F 1
ε|Z ∈ ΘF , ∀ z ∈ RZ , ∀ (a, b) ∈ S, ∃F 2

ε|Z ∈ ΘF such that:

F 2
ε|z ∈ N(F 1

ε|Z , z, a, b) (6.51)

Theorem 6.4.3. Let ΘF be relatively complete and φ(Z
′
β = 0) = 0, ∀ β ∈ Θβ.

Then, the strict separation of β by Φ is a necessary condition for the identification of

β.

To prove theorem 6.4.3 we need the following trivial lemma.

Lemma 6.4.3. Let (A, B) ∈ Z2. If φ(A) = 1 and φ(B) < 1 then:

φ(A ∩ Bc) > 0 (6.52)

Proof of theorem 6.4.3

One should prove that:

φ(
⋂

(F 1,F 2)∈Θ2
F

B(β1, F
1, β2, F

2)) > 0 =⇒ φ(Q(β1, β2)) > 0 (6.53)

which is equivalent to:

φ(Q(β1, β2)
c) = 1 =⇒ φ(

⋃
(F 1,F 2)∈Θ2

F

Bc(β1, F
1, β2, F

2)) = 1 (6.54)
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To prove the result, we will reason by contradiction. In fact, we assume the existence

of (β1 
= β2) such that:

φ(Q(β1, β2)
c) = 1 and φ(

⋃
(F 1,F 2)∈Θ2

F

Bc(β1, F
1, β2, F

2)) < 1 (6.55)

For the sake of simplicity and because (β1, β2) are fixed, the set B(β1, F
1, β2, F

2) will

be denoted as B(F 1, F 2).

Let us first remark that the setQ(β1, β2)
c may be decomposed into five disjoints subsets,

namely:

Q(β1, β2)
c = C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5 (6.56)

where:

C1 = {z ∈ RZ | z
′
β1 < 0 and z

′
β2 < 0}

C2 = {z ∈ RZ | z
′
β1 > 0 and z

′
β2 > 0}

C3 = {z ∈ RZ | z
′
β1 = 0 and z

′
β2 = 0}

C4 = {z ∈ RZ | z
′
β1 = 0 and z

′
β2 > 0}

C5 = {z ∈ RZ | z
′
β1 > 0 and z

′
β2 = 0}

The following relevant lemma, gives some characteristics of these events which will

be crucial for the proof of the theorem.

Lemma 6.4.4. If ΘF is relatively complete then:

1)
3⋃

i=1

Ci ⊂
⋂

F 1∈ΘF

⋃
F 2∈ΘF

Bc(F 1, F 2)

2)

5⋃
i=4

Ci ⊂
⋂

(F 1,F 2)∈Θ2
F

B(F 1, F 2)

Now, let us assume the existence of (β1 
= β2) satisfying condition (6.55). Then,

from lemma 6.4.3, we have that:

φ(Q(β1, β2)
c ∩

⋂
(F 1,F 2)∈Θ2

F

B(F 1, F 2)) > 0 (6.57)
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Which also implies that:

φ((
5⋃

i=1

Ci) ∩
⋂

(F 1,F 2)∈Θ2
F

B(F 1, F 2)) > 0 (6.58)

Equation (6.58) is equivalent to:

φ((
3⋃

i=1

Ci) ∩
⋂

(F 1,F 2)∈Θ2
F

B(F 1, F 2)) + φ((
5⋃

i=4

Ci) ∩
⋂

(F 1,F 2)∈Θ2
F

B(F 1, F 2)) > 0 (6.59)

Using Lemma 6.4.4, equation (6.59) is equivalent to φ(
5⋃

i=4

Ci) > 0. This contradicts the

assumption of theorem 6.4.3, which requires that φ(Z
′
β = 0) = 0 for each β ∈ Θβ and

consequently that φ(C4) = φ(C5) = 0.

The following example gives an illustration of theorem 6.4.3 and shows that the pair

(β(1), β(2)) studied in example 6.4.1 is not identified when φ(Q(β(1), β(2))) = 0.

Example 6.4.2. Let us consider the conditions of example 6.4.1. Thus, φ(Q(β(1), β(2))) =

0. Let us now show that the pair (β(1), β(2)) is not identified. Let us consider the set of

z where β(1) and β(2) are identified in the model Mz,θ
T , namely:

⋂
(σ1,σ2)∈IR

∗+2

B(β(1), σ1, β
(2), σ2)

= {z | ∀ (σ1, σ2) ∈ IR∗+2
: Φ[z2σ2

1 ]
(β

(1)
0 + β

(1)
1 z) 
= Φ[z2σ2

2 ]
(β

(2)
0 + β

(2)
1 z)}

= {z | ∀ (σ1, σ2) ∈ IR∗+2
:

σ2

σ1


= β
(2)
0 + β

(2)
1 z

β
(1)
0 + β

(1)
1 z
}

= {z | β
(2)
0 + β

(2)
1 z

β
(1)
0 + β

(1)
1 z
≤ 0} (6.60)
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The pair (β(1), β(2)) is then not identified because φ(
⋂

(σ1,σ2)

B(β(1), σ1, β
(2), σ2)) = 0

given that for each φ the support is included in ]0,+∞[.

Note that in this example, the set ΘF = {Φ[Z2σ2] : σ > 0} is relatively complete
because ∀σ1 > 0, ∀ z ∈ IR and ∀ (a, b) ∈ S, there exists σ2 = σ(σ1, z, a, b) = σ1.

b

a
such

that Φ[z2σ2
1 ]
(a) = Φ[z2σ2

2 ]
(b). Thus, ΘF satisfies condition of theorem 6.4.3.

Remark

In his paper, Manski (1988) consider ΘF as the cartesian product, over RZ , of the

set of all the continuous and strictly increasing distributions on IR having a same α-

quantile; more precisely that ΘF =
∏
RZ

Pq.i(α) where the set Pq.i(α) is defined in (6.47).

In such case one can prove, under the assumption φ(Z
′
β = 0) = 0, ∀ β ∈ Θβ, that the

strict separation of β by Φ is necessary for the weak identification of β and then nec-

essary for the identification of β. However, assuming that ΘF =
∏
RZ

Pq.i(α) for a given

α ∈]0, 1[ raises a problem of measurability. In fact, as we showed before, the condition

of weak identification requires that for each pair θ1 = (β1, F
1) 
= θ2 = (β2, F

2) the set

B(β1, F
1, β2, F

2) = {z ∈ RZ | F 1
ε|z(z

′
β1) 
= F 2

ε|z(z
′
β2)} has measure > 0 with respect to

φ. This requires first that B(β1, F
1, β2, F

2) is Z-measurable. This cannot be guaran-
teed by assuming ΘF =

∏
RZ

Pq.i(α). A sufficient condition to ensure the measurability

of the above subset of RZ is that Fε|Z being a transition.

6.5 Independent case

In this section, we assume that the unknown distribution of ε is independent from Z.

So that, under (6.5), ΘF becomes a subset of all the strictly increasing continuous dis-

tributions on (IR,B). In particular, the q.i property boils down for a fixed α, to require
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a same α-quantile of each distribution in ΘF . In such a case, the choice probabilities

become:

P (T = 1 | Z, β, F ) = F (Z
′
β) (6.61)

6.5.1 Weak identification of (β, F )

In this section, we will analyze the weak identification of the complete parameter θ =

(β, F ). Let us remark from (6.61) that:

P (T = 1 | Z, β, F ) = Fε(Z
′
β) = P (ε ≤ Z

′
β | Z, β, F ) (6.62)

In the independent case, we eventually obtain:

∀ a ∈ IR, ∀ b > 0 : Fε(z
′
β) = Fa+bε(a+ z

′
bβ) ∀z ∈ RZ . (6.63)

Now let θ0 = (β
(0), F 0) be a parameter value in Θβ×ΘF and let us define the following

equivalence relation:

Definition 6.5.1. We say that the parameter value θ1 = (β(1), F 1) is equivalent up

to location and scale to θ0 = (β
(0), F 0) denoted, (β(1), F 1) ∼l.s (β

(0), F 0) if there exists

a ∈ IR and b > 0 such that:

β(1) = (a+ bβ
(0)
0 , bβ

(0)
1 , ..., bβ

(0)
K )

′
(6.64)

∀x ∈ IR : F 1(x) = F 0(
x− a

b
) (6.65)

From this equivalence relation, we define the set of parameters equivalent up to

Location and Scale to θ0 = (β
(0), F 0), namely:

El.s(θ0) = {(β, F ) ∈ Θβ ×ΘF | (β, F ) ∼l.s (β
(0), F 0)} (6.66)

Now let us define the following equivalence relation:

Definition 6.5.2. We say that the parameter value θ1 = (β(1), F 1) is observation-

ally equivalent to θ0 = (β(0), F 0) denoted, (β(1), F 1) ∼obs (β
(0), F 0) if (β(0), F 0) and

(β(1), F 1) are not pairwise weakly identified, more specifically:

∃φ ∈ Φ : φ{z ∈ RZ | F 1(z
′
β(1)) = F 0(z

′
β(0))} = 1 (6.67)
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From this equivalence relation, we define the set of parameters observationally equiv-

alent to θ0 = (β
(0), F 0), namely:

Eobs(θ0) = {(β, F ) ∈ Θβ ×ΘF | (β, F ) ∼obs (β
(0), F 0)} (6.68)

Notice that the two sets {El.s(θ) : θ ∈ Θ} and {Eobs(θ) : θ ∈ Θ} respectively, operates
two partitions on the parameter space Θ = Θβ × ΘF corresponding to two quotient

spaces with respect to the equivalence relation ∼l.s and ∼obs respectively. These quo-

tient spaces will respectively be represented by Θβ×ΘF/ ∼l.s and Θβ×ΘF/ ∼obs. Next

easily checked lemma asserts that Θβ×ΘF/ ∼l.s is a finer partition than Θβ×ΘF/ ∼obs.

Lemma 6.5.1.

∀ θ = (β, F ) ∈ Θβ ×ΘF : El.s(θ) ⊂ Eobs(θ) (6.69)

A simple example where El.s(θ) is strictly included in Eobs(θ) for some θ’s is the

following:

Example 6.5.1. Take Z = (1, Z1) and suppose that for any φ ∈ Φ : IE(Z1 | φ) = 0

and for some φ0 ∈ Φ, the variance-covariance matrix Σφ0 of Z1 is singular. In such

case, for any a 
= 0 such that Σφ0a = 0, we have that:

∀ c ∈ IR, ∀ β(0) ∈ Θβ : [β
(0)
0 + β

(0)
1

′

Z1 = β
(0)
0 + (β

(0)
1 + ac)

′
Z1] φ0 − a.s (6.70)

although (β
(0)
0 , β

(0)
1

′

) 
= (β(0)
0 , (β

(0)
1 + ac)

′
). In other terms, if we write β(0) = (β

(0)
0 , β

(0)
1 )

and β(1) = (β
(0)
0 , β

(0)
1 + ac), then for each F ∈ ΘF we have that (β(0), F ) ∼obs (β

(1), F )

even though (β(0), F ) and (β(1), F ) are not equivalent up to a location and scale.

Clearly for each θ = (β, F ), the set El.s(θ) is never empty (it contains at least {θ}).
Thus, the analysis of the weak identification of θ = (β, F ) boils down to two issues:

Firstly, under which conditions is Eobs(θ) a singleton for each θ ∈ Θ, this is precisely
the weak identification of θ = (β, F ). Secondly, under which conditions is El.s(θ) equal

to Eobs(θ), in which case, the weak identification of θ is only a matter of a location and

scale. The following theorem gives conditions on ΘF under wich El.s(θ) = Eobs(θ) for

all θ ∈ Θ.
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Theorem 6.5.1. Suppose that the group of strictly increasing linear transformations

of IR operates transitively on ΘF ; more precisely, let F ∗ be a continuous and strictly

increasing distribution on (IR,B) such that ΘF may be constructed as follows:

ΘF =
⋃

(µF ∈IR,σF>0)

{F[µF ,σF ] | F[µF ,σF ](x) = F ∗(µF + σFx)} (6.71)

Then under the non degenerescence of Φ in (6.10) we have:

∀ θ = (β, F ) ∈ Θβ ×ΘF : El.s(θ) = Eobs(θ) (6.72)

Proof of theorem 6.5.1

For a fixed value of the parameter θ0 = (β
(0), µ0, σ0), let us consider the set Eobs(θ0),

namely:

Eobs(θ0) = {(β, µF , σF ) | ∃φ : φ{z | F[µF ,σF ](z
′
β) = F[µ0,σ0](z

′
β(0))} = 1}

= {(β, µF , σF ) | ∃φ : φ{z | z′
(σFβ − σ0β

(0)) = µ0 − µF} = 1} (6.73)

Let θ = (β, µF , σF ) ∈ El.s(θ0). This implies by definition 6.5.1 that there exists a ∈ IR

and b > 0 such that:

β = (a+ bβ
(0)
0 , bβ

(0)
1 , ..., bβ

(0)
K )

′
(6.74)

and:

∀x ∈ IR : F[µF ,σF ](x) = F[µ0,σ0](
x− a

b
)) (6.75)

Equation (6.75) also implies that:

∀x ∈ IR : F ∗(µF + σFx) = F ∗(µ0 + σ0(
x− a

b
)) (6.76)

Which also implies that:

µF = µ0 −
a

b
σ0 and σF =

σ0

b
(6.77)

From equations (6.74) and (6.77), the set El.s(θ0) may be represented as follows:

El.s(θ0) =
⋃

(a∈IR,b>0)

{(β, µ0 − a
σ0

b
,
σ0

b
) | β = (a+ bβ

(0)
0 , bβ

(0)
1 , ..., bβ

(0)
K )

′} (6.78)
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Now, Let (β, µF , σF ) ∈ Eobs(θ0). Then, there exists a ∈ IR, b > 0 such that:

µF = µ0 −
a

b
σ0 and σF =

σ0

b
(6.79)

Furthermore, the fact that (β, µF , σF ) ∈ Eobs(θ0) implies by (6.73) that:

∃φ ∈ Φ : φ{z | z′
(σFβ − σ0β

(0)) = µ0 − µF} = 1 (6.80)

Combining (6.79) and (6.80) we obtain:

∃φ ∈ Φ : φ{z | −a

b
+ z

′
(
β

b
− β(0)) = 0} = 1 (6.81)

Let us define a vector m ∈ IRK+1 as follows:

m = (
β0 − a

b
− β

(0)
0 ,

β1

b
− β

(0)
1 , ...,

βK

b
− β

(0)
K )

′
(6.82)

Then, equation (6.81) means that:

∃φ ∈ Φ : φ{z | z′
m = 0} = 1 (6.83)

Equation (6.83) with the non degenerescence property of Φ, imply that m = 0 which

is equivalent to:

β = (a+ bβ
(0)
0 , bβ

(0)
1 , ..., bβ

(0)
K )

′
(6.84)

From equations (6.79) and (6.84), it is clear that θ = (β, µF , σF ) ∈ El.s(θ0). Hence

Eobs(θ0) ⊂ El.s(θ0). From lemma 6.5.1, we have:

∀ θ ∈ Θ = Θβ ×ΘF : El.s(θ) = Eobs(θ) (6.85)

The standard parametric models such as probit or logit satisfies condition (6.71) of

theorem 6.5.1. Thus, for these models, only the problem of the scale and the location is

in the origin of the problem of identification. Once for each θ the set El.s(θ) is reduced

to a singleton, these models will be identified. Next theorem gives a sufficient condition

on ΘF to reduce El.s(θ) to a singleton for each θ ∈ Θ.
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Theorem 6.5.2. Let ΘF to be the set of all continuous and strictly increasing distri-

butions on (IR,B). If all the distributions on ΘF have the same expectation and the

same variance, then for each θ ∈ Θ, the set El.s(θ) reduces to a singleton. Formally:

∀F ∈ ΘF : IE(ε | F ) = µ0 and V ar(ε | F ) = σ2
0 =⇒ ∀ θ ∈ Θ : El.s(θ) = {θ} (6.86)

The following meaningful lemma shows a characteristic property of the set El.s(θ)

for each θ and implicitly gives the structure of Eobs(θ) ∩Ec
l.s(θ).

Lemma 6.5.2. Let θ0 = (β
(0), F 0) ∈ Θβ ×ΘF . Then:

∀ (β(1), F 1) 
= (β(2), F 2) ∈ (El.s(θ0))
2 : β(1) 
= β(2) and F 1 
= F 2 (6.87)

Lemma 6.5.2 shows that for each θ0 = (β
(0), F 0), the parameters values θ = (β, F ) 
=

θ0 which do not belong to El.s(θ0) has the following form: (β = β(0) and F 
= F 0)

or (β 
= β(0) and F = F (0)). However, the parameters values θ = (β, F ) 
= θ0 which

belong to Eobs(θ0) may have the above form, i.e. (β = β(0) and F 
= F 0) or (β 
= β(0)

and F = F (0)) in addition to (β 
= β(0) and F 
= F (0)).

The strict inclusion of El.s(θ) in Eobs(θ) may be the consequence of the support of

φ to be strictly included in IRK , either by null probability on some tail, or by unit

probability on a strict linear subspace. To show this feature is the object of next two

theorems. The first one gives a condition in the support of, at least, one distribution

of Z.

Theorem 6.5.3. Let us assume the following condition:

∃φ0 ∈ Φ, ∃ β(0) ∈ Θβ, ∃λ > 0 such that |Z ′
β(0)| ≤ λ φ0 − a.s (6.88)

Under condition (6.88), there exists θ = (β, F ) ∈ Θ such that El.s(θ) is strictly included

in Eobs(θ).

Proof of theorem 6.5.3
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Let (β(0), F 0) to be a fixed value of the parameter with F 0 is any distribution in ΘF

and β(0) satisfies condition (6.88) of theorem 6.5.3. Let F being any distribution in

ΘF satisfying F (x) = F 0(x) for |x| ≤ λ and F (x) 
= F 0(x) for |x| > λ. Then, F 
= F 0.

Furthermore:

φ0{z ∈ RZ | F (z
′
β(0)) = F 0(z

′
β(0))} = 1 (6.89)

From equation (6.89), the parameter value θ = (β(0), F ) ∈ Eobs(θ0) with θ 
= θ0.

However, from lemma 6.5.2, θ = (β(0), F ) /∈ Els(θ0). Then, El.s(θ0) is strictly included

in Eobs(θ0).

Consequently, even El.s(θ) is reduced to a singleton for each θ ∈ Θ (This can be

done by using theorem 6.5.1), the set Eobs(θ) is not necessarily reduced to a singleton,

and then the problem of identification remains present.

A simple condition for ensuring (6.88) is to require, up to a possible permutation of

coordinate of Z, that:

∃φ0, ∃ k ∈ {1, 2, ..., K}, ∃λ > 0 such that |Zk| ≤ λ φ0 − a.s (6.90)

Next theorem gives a condition with form of a degeneracy of the support.

Theorem 6.5.4. Let us assume the following condition:

∃φ0 ∈ Φ, ∃ β0 
= 0 such that Z
′
β(0) = 0 φ0 − a.s (6.91)

Under condition (6.91), there exists θ = (β, F ) ∈ Θ such that El.s(θ) is strictly included

in Eobs(θ).

Proof of theorem 6.5.4

Under condition (6.91) of theorem 6.5.4, we have that:

∃φ0 ∈ Φ, ∃ β0 
= 0 such that Z
′
β0 = 0 φ0 − a.s (6.92)
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Let us consider (β(1), β(2)) ∈ Θ2
β such that β(1) − β(2) = β(0). Then β(1) 
= β(2) because

β(0) 
= 0. Now, from equation (6.92), we have the following:

φ0{z ∈ RZ | z
′
β(0) = 0} = 1 (6.93)

Replacing β(0) in (6.92) by β(1) − β(2), we have that:

φ0{z ∈ RZ | z
′
β(1) = z

′
β(2)} = 1 (6.94)

Equation (6.94) implies that:

∀F ∈ ΘF : φ0{z ∈ RZ | F (z
′
β(1)) = F (z

′
β(2))} = 1 (6.95)

Finally, equation (6.95) implies that:

∀F ∈ ΘF : {(β(2), F )} ∈ Eobs(β
(1), F ) (6.96)

However, from lemma 6.5.2, ∀F ∈ ΘF : (β
(2), F ) /∈ Els(β

(1), F ). Then, ∀F ∈ ΘF :

El.s(β
(1), F ) is strictly included in Eobs(β

(1), F ).

For each φ ∈ Φ, let Σφ be the variance-covariance matrix of the random vector Z.

Then, a necessary and sufficient condition for condition (6.91) of theorem 6.5.4 to be

true is:

∃φ0 ∈ Φ such that rank(Σφ0) < K (6.97)

In his paper, Manski (1988) asserts the following:

” Corollary 2 (here, theorem 6.4.2 ) reported that if one quantile of ε is known to be

independent of x (here z), conditions X1 (here: non degenerescence of Φ (6.10)) and

X3 (here: strict conditional monotonicity (6.41)) identify β up to scale. If all of the

quantiles of ε are independent of x (here z), theses conditions on Fx(here φ) identify

(β, F ) up to scale... ” . From these considerations, Manski gives the following result:

Corollary 6.5.1. (Manski (1988)). The non degenerescence condition of Φ (6.10) and

the strict conditional monotonicity condition (6.41) weakly identifies (β, F ) up to scale

in the model (6.61).
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Comments

As seen before, the complete parameter θ = (β, F ) is identified if Eobs(θ) is reduced

to a singleton for each θ ∈ Θ. The reduction of Eobs(θ) to a singleton is not satisfied only

under conditions (6.10) and (6.41) as mentioned in corollary 6.5.1 of Manski (1988).

As a matter of fact, if condition (6.88) of theorem 6.5.3 or condition (6.91) of theorem

6.5.4 hold, the cardinality of Eobs(θ) is strictly greater than 1 even if the cardinality

of El.s(θ) is equal to one. Thus, one should require the negation of conditions (6.88)

and (6.91) in addition to the two conditions given in corollary 6.5.1 of Manski (1988)

to weakly identify (β, F ) up to scale in the model (6.61).

6.5.2 Weak identification of β

The distributions F ∈ ΘF in an independent case are particular transitions that might

enter as a subset of ΘF in a dependent case. From such a point of view, the conditions

of identification of β (or of β and F ) might expected to be less restrictive in the first

than in the second case. Let us make more specific this argument.

Let us assume that β is not weakly identified in the independent case; this means that

there exists (β1, β2) ∈ Θ2
β and there exists (F

1, F 2) ∈ Θ2
F such that φ(B

c(β1, F
1, β2, F

2)) =

1, where:

Bc(β1, F
1, β2, F

2) = {z ∈ RZ | F 1(z
′
β1) = F 2(z

′
β2)} (6.98)

For i ∈ {1, 2}, let us construct two transitions as follows:

F i
ε|Z = {F i : z ∈ Bc(β1, F

1, β2, F
2)} ∪ {F i

ε|z : z ∈ B(β1, F
1, β2, F

2)} (6.99)

where the distributions F i
ε|z defined for z ∈ B(β1, F

1, β2, F
2) are arbitrary C.S.I distri-

butions functions.

Now, from the construction in (6.99), one can easily show that:

φ{Bc(β1, F
1
ε|Z , β2, F

2
ε|Z)} = φ{z ∈ RZ | F 1

ε|z(z
′
β1) = F 2

ε|z(z
′
β2)} = 1 (6.100)
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And so, β is not weakly identified in the dependent case. The same argument should

be used for the identification.

In what follows, we give a sufficient condition for the weak identification of β. This

condition is given in Manski (1988), but the proof is not the same. Furthermore, Man-

ski (1988) asserts hat this condition is also necessary.

For each (β1, β2) ∈ Θ2
β, Manski (1988) considers the following subset of R

2
Z .

R(β1, β2) = {(z1, z2) ∈ R2
Z | (z1 − z2)

′
β1 < 0 ≤ (z1 − z2)

′
β2}

∪ {(z1, z2) ∈ R2
Z | (z1 − z2)

′
β2 < 0 ≤ (z1 − z2)

′
β1}

We have the following result:

Theorem 6.5.5. A sufficient condition for the parameter β to be weakly identified is

the following:

∀φ ∈ Φ : φ(Q(β1, β2)) + φ(R(β1, β2)) > 0 (6.101)

Proof of theorem 6.5.5

It is shown in the first section when ε is not independent of Z that φ(Q(β1, β2)) > 0 is

sufficient for the weak identification of β. It suffice now to prove that φ(R(β1, β2)) > 0

also suffice for the weak identification of β.

We shall prove the following:

φ(R(β1, β2)) > 0 =⇒ ∀ (F 1, F 2) ∈ Θ2
F : φ(B(β1, F

1, β2, F
2)) > 0 (6.102)

We first decompose R(β1, β2) as R1(β1, β2) ∪ R2(β1, β2) where:

R1(β1, β2) = {(z1, z2) ∈ RZ | (z1 − z2)
′
β1 < 0 ≤ (z1 − z2)

′
β2} (6.103)

and:

R2(β1, β2) = {(z1, z2)
′ ∈ RZ | (z1 − z2)

′
β2 < 0 ≤ (z1 − z2)

′
β1} (6.104)
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Let us consider (z1, z2) ∈ R1(β1, β2) then z
′
1β1 < z

′
2β1 and z

′
1β2 ≥ z

′
2β2. This implies

that:

∀ (F 1, F 2) ∈ Θ2
F : F 1(z

′
1β1) < F 1(z

′
2β1) and F 2(z

′
1β2) ≥ F 2(z

′
2β2). (6.105)

Suppose now that there exists (F 1
0 , F 2

0 ) ∈ Θ2
F such that:

F 1
0 (z

′
1β1) = F 2

0 (z
′
1β2) and F 1

0 (z
′
2β1) = F 2

0 (z
′
2β2) (6.106)

From equation (6.105), no pair (F 1
0 , F 2

0 ) ∈ Θ2
F can satisfy equation (6.106). Conse-

quently:

∀ (F 1, F 2) ∈ Θ2
F , ∃ i ∈ {1, 2} such that F 1(z

′
iβ1) 
= F 2(z

′
iβ2) (6.107)

From this, we have that:

R1(β1, β2) ⊂
⋂

(F 1,F 2)∈Θ2
F

[(B × Bc) ∪ (Bc × B) ∪ (B ×B)] (6.108)

where B = B(β1, F
1, β2, F

2) and similarly for R2(β1, β2). Thus, φ(R(β1, β2)) > 0

implies that ∀ (F 1, F 2) ∈ Θ2
F : φ(B(β1, F

1, β2, F
2)) > 0.

The condition in theorem 6.5.5 is sufficient for the weak identification of β but not

necessary, even though Manski (1988) asserts that this condition is necessary and suf-

ficient. The following counter-example, similar to the example 6.4.1 with some minor

restrictions, shows that this condition is not necessary.

Example 6.5.2. Consider the same conditions as in example 6.4.1. However, because

we treat the independent case, ε is taken to be distributed as (ε | σ2) ∼ N(0, σ2).

One can easily show that R(β(1), β(2)) = ∅. Furthermore, with a similar argument

as in example 6.4.1, φ(Q(β(1), β(2))) = 0 and (β(1), β(2)) is weakly identified. Thus, we

show from this counter-example that the pair (β(1), β(2)) is weakly identified even though

φ(Q(β1, β2)) + φ(R(β1, β2)) = 0.
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6.6 Conclusion

This chapter clearly makes the difference between two concepts of identification applied

to the conditional binary response models. We show that the parameter β ∈ IRK+1 is

weakly identified in the case of a known continuous and strictly increasing distribution

of ε (for example in the logit or probit models) or in the case of an unknown continuous

and strictly increasing distribution of ε. Evidently, conditions of weak identification of

β are more restrictive in the unknown case than in the known one, but this does not

require any condition on the sample size n.

However, the situation is different when the other level of identification is applied.

This level, generally, requires that the set of z-values for which the parameter β is

identified in the modelMz,β,F
T , should be of measure strictly greater than zero or equal

to one. Let us analyze this statement for the case of known and unknown distribution.

The case of known distribution F 0:

Let us consider the model MZ,β,F 0

T as described in (6.9). Let z ∈ RZ ⊂ IRK+1 and

Mz,β,F 0

T its corresponding model on (RT , T ). Clearly, the minimal sufficient parameter

in this model is z
′
β. Consequently, β cannot be identified from this model because there

is no bijection between (z, β) and (z, z
′
β). Let us now consider the model M

Zn
1 ,β,F

0

Tn
1

as

described in (6.14). Let zn1 ∈ RZn
1
⊂ IRn×(K+1) and M

zn
1 ,β,F

0

Tn
1

its corresponding model

on (RTn
1
, T n

1 ). Clearly, the minimal sufficient parameter in this model is zn1 β. To iden-

tify β in this model, one should find conditions under which (zn1 , β) and (zn1 , zn1β) are

in bijection. One condition is that the matrix zn1 is of full rank.

The case of unknown distribution F ∈ ΘF :

Let us now turn to the more complicated situations, when the distribution of ε is

unknown but assumed continuous, strictly increasing and satisfies the quantile inde-
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pendence.

Under the above assumptions on F , let z ∈ RZ ⊂ IRK , then the identified pa-

rameter in its corresponding model Mz,β,F
T is not z

′
β but sign(z

′
β). So β cannot be

identified from this model because there is no bijection between β and sign(z
′
β).

Now, for a sample of size n, let us consider the model M
Zn

1 ,β,F
Tn
1

. Let zn1 ∈ RZn
1
⊂

IRn×K andM
zn
1 ,β,F
Tn
1

it’s corresponding model on (RTn
1
, T n

1 ). Then,

(sign(z
′
1β), sign(z

′
2β), ..., sign(z

′
nβ)) is identified in M

zn
1 ,β,F
Tn
1

. In order to identify β in

this model, one should find conditions under which the identified parameter

(sign(z
′
1β), sign(z

′
2β), ..., sign(z

′
nβ)) and β are in bijection. This is not possible with-

out further assumptions on F .
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Chapter 7

Conclusion

7.1 Random exogenous variables

Conditional models are often analyzed point-wise on the sample space of the exogenous

variables Z, i.e. Z are often considered ”as if” they were not random. For instance,

when analyzing properties of estimators in regressions models, it is not unusual to see

conditions such as rank(Z) = rank(Z
′
Z) = K+1 or lim

n−→∞

1

n
Zn′
1 Zn

1 = Q PSD (Positive

semi-definite). In this thesis, the exogenous variables Z are systematically treated as

randomly generated by a process uninformative on the parameters of interest, these one

are parameters that characterize the conditional distributions that generates (Y | Z).
In short, from the statistical point of view, the only non random quantities are the

constants.

More specifically, the conditional model is considered as a statistical model bearing

on all the variables, i.e. on the ”endogenous variables” Y , and the conditioning, or

”exogenous”, variables Z such that φ, the parameter characterizing the marginal dis-

tribution of Z, is a nuisance parameter that is identified and ”well-separated” from θ,

the parameter of interest, characterizing the Z-conditional distribution. Therefore, a

conditional model is characterized by a family of marginal distributions on the exoge-
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nous variables and a family of ”well specified” transitions of probabilities, playing a

role of conditional probabilities in a global model. Typically, but not always, φ takes

values in a ”thick” subset Φ of all the probability distributions of Z. From the statisti-

cal information point of view, the structure of the conditional model is strongly based

on the concept of partial sufficiency. As a matter of fact, the main characteristic of a

conditional model is the property of the exogenous vector Z to be S-sufficient for the

identified nuisance parameter φ.

7.2 Identification in conditional models

By taking explicitly into account the randomness of Z, we show that the identification

in conditional models may crucially depend on conditions on Φ. Furthermore, four

levels of identification in conditional models stress different intensities of this depen-

dence on Φ: the weak, the standard, the almost sure and the uniform one. The weak

one, frequently used in the statistical literature, is related to the joint distribution on

X = (Y, Z). The unique ”conditional aspect” of this concept is that g(θ) is a function

of the parameter θ characterizing the conditional distribution. The next two concepts

i.e. the standard, respectively the almost sure one, makes explicitly use of the condi-

tional distribution. They require the set of z values, such that the parameter of interest

g(θ) is identified in the model Mz,θ
Y to be a φ-non null subset of RZ , respectively of

measure one. Finally, the uniform concept, the strongest one, assumes that the pa-

rameter function g(θ) is identified from Mz,θ
Y , for every z ∈ RZ . In this last concept,

the exogenous variables are treated as if they were not random. Other concepts such

as consistency and unbiasedness in conditional models, have been shown to follow the

same structure as identification.

128



Conclusion

7.3 Partial sufficiency

Another aspect of this thesis is the analysis of the concept of partial sufficiency for un-

conditional and conditional models. We showed that the S-sufficiency concept crucially

depends on the non emptiness of the two sets Vg and Ξg, i.e. the set of all variation

free complements of g and the set of all g-oriented statistics. If for a given parameter

of interest γ = g(ω), any one of these two sets is empty, S-sufficiency is not applica-

ble. Condition Ξg 
= ∅ ensures that there exists a g-oriented statistic T such that the
marginal model generating T contains information only about the parameter of inter-
est or, equivalently, that g is a sufficient parameter for T . Adding condition Vg 
= ∅ to
the condition Ξg 
= ∅, S-sufficiency requires furthermore that the T -conditional model
admits a variation free complement of g, say h ∈ Vg, as a sufficient parameter. This

property ensures that neglecting the T -conditional model does not lose information on
the parameter of interest.

S-sufficiency raises several difficulties, one is the proof of the existence and the con-

struction of an S-sufficient statistic. Another one is the existence, or the non existence,

and the construction of an optimal cut, i.e. a minimal S-sufficient statistic. However,

as a good and practical property of S-sufficiency (when conditions of its applicability

are satisfied) is its connection with the identification problem. As a matter of fact,

from the context 2 given in the introduction of chapter 3, S-sufficiency preserves the

identification of the parameter of interest g. In other words, if the observable vector is

S-sufficient for g, then it is equivalent to identify that parameter of interest from the

structural model or from the statistical one. This fact gives us an alternative approach

to identify the parameter of interest in partially observable models. As a matter of fact,

instead of identifying directly g from the statistical model, which is not usually easy,

one may first identify g in the structural model (often easy to do, because the complete

parameter is usually identified in the structural model) and thereafter find conditions

under which the observation is S-sufficient for the parameter of interest. This ap-

proach holds for unconditional and conditional models as shown in chapters 4 and 5

and happens to be promising when studying the identification of discrete choice models.
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7.4 Bayesian and classical approach to conditional

models

Whereas the sampling approach considers a statistical model as an indexed family

of distributions on the sample space (as in (2.1)), the Bayesian approach considers

a unique probability measure on the product space parameters × observations. This

produces two different approaches to the identification, namely the injectivity of the

mapping ω → P ω in a sampling theory approach or the minimal sufficiency of the

parameterization in a Bayesian approach (where, heuristically, the minimal sufficiency

of the parameter corresponds to the minimal sufficiency of a statistic, after permuting

the role of the observation and of the parameter). Florens et al (1990, section 4.6.2)

gives the technical conditions required for an equivalence of the two approaches.

When we turn to conditional models (3.2), sampling theory reasons point-wise on

the parameter space but treat the conditioning variable as a random one whereas the

Bayesian approach treat all the variables and parameter as jointly random, retaining

from the marginal distribution of the conditioning variables the structure of its null

sets only. This difference of treatment of the parameter and of the conditioning vari-

ables has led, in chapter 3, to introduce several levels of identification for the sampling

theory approach whereas the Bayesian identification in conditional models is again a

concept of minimal sufficiency of the parameter, after noticing that the parameters of a

conditional model are functions of the (entire) parameter and of the conditioning vari-

ables. Indeed, the conditional model is defined by a family of distributions (Y, ω | Z)
where the parameter ω and the conditioning variable Z are random. The parameter

θ = f(ω, z) is identified if it is minimal sufficient, i.e. if it is sufficient in the sense that

Y ‖ ω | Z, θ and minimal sufficient in the sense that θ is a function of any sufficient

subparameter. For more detail, see e.g Florens et al. (1990, sections 4.4.5 and 4.6.1).

130



Conclusion

The reader might like to notice that Florens et al. (1990) does not explicitly compare

Bayesian and sampling identification for conditional models in general, but Mouchart

et al. (1998) obtains for the semi-parameteric binary choice models, under a Dirichlet

specification for the link function, an identification analysis substantially different from

that obtained for the same model in chapter 6 of this thesis.
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