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Abstract

Lévy flights are a specific model of random walks that appear to
be ubiquitous across a wide range of fields where the diffusion pro-
cess is faster than predicted by classical Brownian motion. Lévy
flights consist of a succession of random displacements whose step
lengths have a heavy-tailed probability distribution. Unlike Brown-
ian motion, whose step-length probability distribution decays expo-
nentially, the distribution of Lévy flights decays algebraically. This
leads to heavier tails and hence a larger probability of very long
displacements that would be almost impossible with a Brownian
motion. This thesis consists in deriving a space-fractional-order
diffusion model that explicitly represents the effect of Lévy flights,
deriving a numerical algorithm for solving the model equations, and
then applying it to study the dispersion of living organisms in the
field of life-science problems. In immunology, it has been observed
that CD8+ T cells adopt a Lévy flight foraging pattern in response
to Toxoplasma gondii infection in the brain. Here, we show that the
Lévy search pattern enables T cells to spread over the whole brain
tissue and hence they can rapidly destroy infected cells distributed
throughout the brain tissue. However, with the Brownian motion
assumption, T cells travel through the brain slowly, leading to a
slower decline of the infected cells far away from the source of T
cells. In nature, the existence of landscape and physiological limi-
tations prevents the occurrence of arbitrary large displacements by
the individuals following a Lévy flight. Instead, truncated Lévy
flights are introduced, which lead to truncated space-fractional-
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order diffusion models with a truncation parameter. As an appli-
cation of such equations, we propose a simple epidemic model with
the assumption that infected individuals follow a truncated Lévy
flight, and then we investigate the effect of different values of the
truncation parameter on the epidemic speed. Finally, we explore
the obtained results for a more realistic model, i.e., the West Nile
virus epidemic, which happens among wild birds and mosquitoes.
We suggest that truncated space-fractional-order diffusion models
can provide appropriate estimations of the epidemic speed that is
underestimated and overestimated by the models based on pure
Brownian and Lévy movements, respectively. Our proposed model
leads to accelerating epidemic waves that finally reach a constant
speed representing the maximum speed of the epidemic.
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Introduction

One can ask what would be a differential having as its exponent a
fraction. Although this seems removed from geometry... it appears
that one day these paradoxes will yield useful consequences.
Gottfried Leibniz (1695)1

Movement among living organisms is a ubiquitous process that
happens for numerous reasons. In their search for food, shelter,
and mate, animals need to move. Birds make different types of
movements, including local movements within their home range or
territory for daily activities, and migration away from the breeding
sites to live a season in a new area. Humans travel between home
and work. The immune system cells must move throughout the
body in order to find the sites of infected cells, and pathogens like
viruses also search for healthy cells in the tissues of the body to
infect them.

1This is a part of Leibniz’s reply to a question that L’Hôpital asked in a
letter: What is the meaning of the expression dny/dxn if n = 1/2? This was
the beginning of what we now call fractional calculus. (source: Kalmykov et al.
(2006))
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2 Chapter 1 - Introduction

A general crucial question relevant to the movements is what
strategy the organisms adopt in their search for targets. This has
prompted biologists and ecologists to statistically specify the char-
acteristics of the movement trajectories. As a way of categorizing
the movements, their displacements can be either regular and di-
rected or random and highly irregular. For instance, during an
infection in the body, there are molecules called chemokines that
direct the movement of activated T cells from lymph nodes towards
the infected tissues. However, T cells then move randomly within
infected tissues to find pathogens. When compared to directional
movement, random movements allow biological organisms to exe-
cute more efficient searches for the targets whose sites are unknown
a priori. The distribution of targets is a crucial factor that limits the
cognitive and detective skills of organisms and hence they randomly
move to optimize their search. The random (stochastic) motion is
the main focus of this thesis.

In a variety of disciplines, including ecology, biology, chemistry,
physics, and technology, the term “diffusion” is applied to the ran-
dom motions of living and non-living objects, such as molecules,
atoms, cells, bacteria, and animals in an environment. In physics,
the motion of molecules from a region of high concentration to
places of low concentration is referred to as diffusion. In ecology,
diffusion can be designated to the spread or dispersal of animals.
As examples of diffusion processes, see Figure 1.1. All of the sci-
entists in these fields have similar interests to study the diffusion
processes in space and time. To this end, the diffusion equations, as
the best-known models ranging from simple to complex have been
obtained. Indeed, diffusion models are partial differential equations
whose solutions represent the space and time evolution of the den-
sity (concentration) of particles following random movements in an
environment.

Given the ubiquity of diffusion processes in a variety of engineer-
ing and natural science applications, the most important question
arises as follows:
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How can diffusion equations be derived by considering different types
of diffusion processes?

Fig. 1.1: Upper panels: diffusion of an ink drop in liquid media (glyc-
erine). Lower panels: diffusion of ants (Aphaenogaster senilis) from a
center where they have been grouped previously. (source: Méndez et al.
(2016))

The answer to this question is relevant to topics, such as random
walk theory, and stochastic processes. More precisely, the most
well-known method of Continuous-Time Random Walk (CTRW)
has built bridges between diffusion processes and space-time diffu-
sion equations. Before moving to the discussion of a CTRW process,
let us first present some essential concepts of probability theory that
are used throughout this chapter.

1.1 Some topics from probability
theory

In this section, we provide a summary of some basic elements in
mathematical probability. More details can be found in the book
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by Freund et al. (2004).

Probability theory is defined as the mathematical study of an
empirical phenomenon whose outcome is not certain before it hap-
pens. In that case, we can consider a set of all possible outcomes
called the sample space, which is usually denoted by Ω. A sample
space according to the number of points or elements that it contains
can be classified - that is finite or infinite. Here, we only consider
sample spaces that are infinite, i.e., Ω is a continuous interval of
outcomes. Any subset A of Ω is called an event. The probability
of an event satisfies the property 0 ≤ P (A) ≤ 1, where P denotes
a probability measure.

A mapping X from the sample space Ω to a subset of R is called
a random variable if P ({ω : a ≤ X(ω) ≤ b}) can be calculated
based on the given probability P for every a, b ∈ R. Indeed, A
random variable X is defined as a real-valued function defined over
the elements of Ω. Note that X(ω) is called a realization of X. A
random variable X is said to be continuous if the set of realizations
of X is an interval I of the real line and there exists a non-negative
function f(x) such that

P ({ω : a ≤ X(ω) ≤ b}) = P{a ≤ X ≤ b} =
∫ b

a
f(x)dx,

for any [a, b] ⊂ I. The function f(x) defined on I is called the
probability density function (pdf) of X. It should be noted
that a function f can serve as a pdf of a continuous random vari-
able X if it satisfies the conditions: f(x) ≥ 0 for every x ∈ R, and∫∞
−∞ f(x) = 1.

Given a pdf f(x) of a continuous random variable X, the nth
moment about the origin of X, which is denoted by E[Xn], is
defined by

E[Xn] =
∫ ∞
−∞

xnf(x)dx,
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for n = 1, 2, ... . Some of the moments have special names. The
first-order moment E[X] is called the mean value of X, and it is
denoted simply by µ. the nth moment about the mean of X, which
is denoted by E[(X − µ)n], is defined by

E[(X − µ)n] =
∫ ∞
−∞

(x− µ)nf(x)dx,

The second moment about the mean is called the variance, which
is usually denoted by σ2. It can be easily shown that σ2 = E[X2]−
{E[X]}2.

A joint probability density function of the continuous ran-
dom variablesX and Y is defined as a bivariate function with values
f(x, y) over the xy-plane such that for any region A in the xy-plane:

P{(X, Y ) ∈ A} =
∫∫
A

f(x, y)dxdy.

In that case, f(x, y) satisfies the conditions: f(x, y) ≥ 0 for every
x, y ∈ R, and

∫∞
−∞

∫∞
−∞ f(x, y)dxdy = 1. If X and Y are continuous

random variables and f(x, y) is the value of their joint probability
density at (x, y), the function given by

g(x) =
∫ ∞
−∞

f(x, y)dy,

is called the marginal density of X. Correspondingly, the func-
tion given by

h(y) =
∫ ∞
−∞

f(x, y)dx,

is called the marginal density of Y . If the values of the joint pdf
f(x, y) are given by the products of the corresponding values of the
two marginal densities g(x) and h(y), i.e., f(x, y) = g(x)h(y), then
the two random variables X and Y are said to be independent.
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In probability theory, stochastic (or random) processes deal
with the evolution of a collection of random variables. More pre-
cisely, we can define a stochastic process as a family of random
variables {X(t, ω) : t ∈ T, ω ∈ Ω}, where T is a set of the time
parameter. If T is a continuous interval of real numbers, then the
process is called a continuous-time stochastic process. It should be
noted that for each fixed ω, the stochastic process can be consid-
ered as a function that depends on t, and for each fixed t, we have
a random variable X(ω).

1.2 Continuous-Time Random Walk
A Continuous-Time Random Walk (CTRW) is a stochastic process,
which originally described by Montroll and Weiss (1965). To illus-
trate this process in one dimension, we assume that a walker moves
randomly to the left and right sides. First, the walker starts at the
the origin at time t0 = 0. The walker makes a jump of size xi ∈ R at
time ti. After waiting until time ti+1, he or she makes another jump
of size xi+1 at time ti+1. The time between these two subsequent
steps is given by τi = ti+1 − ti, for i = 1, 2, ..., which is defined as
the pausing times (or waiting times). Here, it is assumed that the
jump sizes xi and the waiting times τi are independent and identi-
cally distributed random variables. By defining N(t) as the number
of jumps up to time t, which is given by N(t) = max{n : tn ≤ t},
the position of the walker at time t can be obtained as follows:

x(t) =
N(t)∑
i=1

xi.

Let T and X be the waiting time and jump size random variables,
respectively. If fxt(x, t) is the joint pdf of the random variables T
and X, then the marginal densities of X and T , respectively satisfy

fx(x) =
∫ ∞

0
fxt(x, t)dt, and ft(t) =

∫ ∞
−∞

fxt(x, t)dx.
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Now, given fx(x) and ft(t), the mean value of the waiting time µt
and the second moment of the jump size σ2

x about its mean with
zero value (µx = 0) can be obtained as follows:

µt =
∫ ∞

0
tft(t)dt, and σ2

x =
∫ ∞
−∞

x2fx(x)dx. (1.1)

We can classify different CTRW processes based on the finite or
diverging values of µt and σ2

x defined by Eq. 1.1.
Let P (x, t) represent the probability that the walker reaches the
position x at time t. Of great significance is the relationship be-
tween P (x, t) and fxt(x, t), which can be described by the following
equation called the Montroll-Weiss equation (or Master equation):

P (x, t) = δ(x)R(t) +
∫ t

0

∫ ∞
−∞

P (u, v)fxt(x− u, t− v)dudv, (1.2)

where δ(x) is the Dirac delta function and R(t) = P{T > t} =
1−

∫ t
0 ft(v)dv. In the case of an uncoupled (independent) CTRW,

i.e., fxt(x, t) = fx(x)ft(t), the Master equation 1.2 can be expressed
in the following Fourier-Laplace form:

˜̂
P (k, s) = 1− f̃t(s)

s

P̂ (k, 0)

1− ˜̂fxt(k, s)
= 1− f̃t(s)

s

P̂ (k, 0)
1− f̂x(k)f̃t(s)

,

(1.3)
where P̂ (k, 0) is the Fourier transform of the initial condition P (x, 0),
f̃t(s), and f̂x(k) are the Laplace and Fourier transforms of the pdf’s
ft and fx, respectively defined as follows:

L{ft(t)} = f̃t(s) =
∫ +∞

0
ft(t)e−stdt,

and
F{fx(x)} = f̂x(k) =

∫ +∞

−∞
fx(x)eikxdx.

For more details on the derivation of the Master equation, refer
to (Ibe, 2013; Méndez et al., 2016). In order to simulate CTRW
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processes, we need to define pdf’s for the jumps length and waiting
times. To do this, in the next two sections, we shall introduce a
family of pdf’s for the jump length, known as Lévy distributions,
and Mittag-Leffler functions for the pdf of the waiting times.

1.3 Lévy distribution
We define X as a Lévy stable random variable if its pdf S with
parameters 0 < α ≤ 2, −1 ≤ β ≤ 1, γ > 0, and δ ∈ R can be
expressed with the following inverse Fourier transform:
If α 6= 1

S(α, β, γ, δ;x) = F−1
{

exp
(
iδk − γα|k|α(1− iβ sgn(k) tan απ2 )

)}
,

(1.4)
and if α = 1

S(α, β, γ, δ;x) = F−1
{

exp
(
iδk − γ|k|(1 + iβ sgn(k) 2

π
ln |k|)

)}
,

(1.5)
where

sgn(x) :=


−1 if x < 0
0 if x = 0
1 if x > 0

and F−1 denotes the inverse Fourier transform defined as follows:

F−1(f̂(k)) = f(x) = 1
2π

∫ +∞

−∞
f̂(k)e−ikxdk.

The parameters α, β, γ, and δ characterize the Lévy distributions,
which have the following definitions:

1. The parameter α is called the tail exponent or the stability
index, which shows the decay rate of the distribution tails.

2. The parameter β is called the skewness parameter, which
shows the distribution direction to the left and right sides,
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i.e., the positive and negative values of β skew the distribu-
tion to the right and left sides, respectively. When β = 0, a
symmetric distribution is obtained.

3. The parameter γ is the scale parameter, which measures the
distribution width.

4. the parameter δ is the shift or location parameter, which de-
termines the rate at which the distribution peak has shifted.

Although we cannot generally express the Lévy distributions explic-
itly, we shall here introduce two special cases that have closed-form
expressions.

• When α = 2, we have the Gaussian (Normal) distribution
defined as follows:

S(2, β, γ, δ;x) = 1√
8πγ exp

{
−(x− δ)2

8γ

}
−∞ < x <∞.

In this case, the variance and the mean of the distribution
are given by σ2 = 2γ, and µ = δ. The Gaussian distribution
can thus be expressed in terms of its variance and mean as
follows:

S(2, β, σ, µ;x) = 1√
4πσ2

exp
{
−(x− µ)2

4σ2

}
−∞ < x <∞.

(1.6)

• When α = 1, we have the Cauchy distribution defined as
follows:

S(1, β, γ, δ;x) = γ

π {γ2 + (x− δ)2}
−∞ < x <∞.

It should be noted that in these two cases, the parameter β has no
impact on the skewness of the distributions.
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For α < 2 and arbitrary skewness parameter β, the Lévy distri-
butions asymptotically behave as a power-law of the following form:

lim
|x|→∞

S(α, β, γ, δ;x) ∼ α(1 + β)C(α)|x|−(α+1), (1.7)

where C(α) = 1
π

Γ(α) sin
(
πα

2

)
, and Γ(.) denotes Euler’s gamma

function. In this case, the variance σ2 about its mean with zero
value is given by

σ2 ≈
∫ ∞
−∞

x2x−(α+1)dx = 1
2− αx

2−α
∣∣∣∞
−∞

=∞,

That is the variance of a Lévy stable random variable with α < 2
is infinite. It is worth noting that in the case of Gaussian distribu-
tions, C(α) = C(2) = 0, and hence the tails go to zero as |x| → ∞.
Figure 1.2 shows the differences between a Lévy distribution with
α = 1.5, and a Gaussian distribution with α = 2.

(a) For Lévy distribution, α = 1.5, and for Gaussian, α = 2. In all
cases, β = 0, γ = 1, and δ = 0.

Fig. 1.2: Cont.
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(b) For Lévy distribution, α = 1.5, and for Gaussian, α = 2. In all
cases, β = −1, γ = 1, and δ = 0.

Fig. 1.2: Illustration of the differences between Lévy and Gaussian distri-
butions. A Lévy distribution leads to a heavy-tailed power-law asymp-
totic behaviour and its shape changes with different values of β. How-
ever, in the case of Gaussian distributions, the tails decay exponentially
and the value of β has no impact on its shape.

A wide variety of phenomena can be described by the bell-
shaped curve of the Gaussian distribution. This can be explained
by the most important theorem in statistics, i.e., the Central Limit
Theorem (CLT). The main idea of this theorem is indeed the de-
scription of the behaviour of the sum YN = X1 + X2 + · · · + XN ,
where X1, X2 · · · , XN are independent random variables, which
have a common probability distribution function fX(x). Accord-
ing to this theorem, given the finite mean µ and finite variance σ2,
when N gets large, the random variable YN has a Normal distribu-
tion with the mean Nµ, and the variance Nσ2. For a long time,
it was thought that the sum of a large number of independent and
identically distributed random variables have always a Normal be-
haviour. But, a seminal work by the French mathematician Paul
Lévy (Lévy, 1937) showed that the Gaussian distribution is a mem-
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ber of Lévy distributions. Since the finite mean and finite variance
of the random variables are the requirements for the so-called clas-
sical central limit theorem, this question arises:

Can the central limit theorem be extended in the case of the en-
semble of random variables whose variances diverge?

Yes, the CLT can be generalized as follows: if we consider the sum
SN = X1+X2+· · ·XN ofN independent and identically distributed
random variables, which do not necessarily have a finite variance
then the random variable SN converges to a random variable whose
pdf is a member of Lévy distributions family (Ibe, 2013).

Until now, we have discussed the mathematical and statistical
aspects of the Lévy stable random variables whose pdf’s have a
power-law asymptotic behaviour for α < 2. Now, this important
question arises:

Similar to the ubiquitous Normal distributions, are there any ex-
amples of Lévy distributions in nature?

The answer to this question is “yes”. After Paul Lévy, the so-called
Lévy flight (henceforth referred to as LF) has been defined as a
random walk process where the stochastic displacements made by
a walker are Lévy stable random variables, i.e., their correspond-
ing probability distribution function is a Lévy distribution with an
asymptotic power-law behaviour as ∼ |x|−(α+1), where |x| is the
length of the displacements, and α < 2. Since the searchers like
animals make random movements with the aim of searching for
targets in an environment, the Lévy flight is also called the Lévy
flight foraging pattern. In the context of organisms movement, the
existence of LF for the movement of ants was originally suggested by
Shlesinger and Klafter (1986). Cole (1995) also recognized the LF
pattern in the random movement of Drosophila. Later, the seminal
work of Viswanthan (1996) confirmed the LF foraging pattern of
sea birds, like wandering albatross and Diomedea exulans. Following
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this paper, thanks to the advances in the methods of tracking the
organism movements, such as GPS and satellite-tracking teleme-
try, the LF foraging patterns have been observed for a variety of
organisms, including social insects: (1) Reynolds et al. (2007a)
studied the movements pattern of displaced honeybees while for-
aging for their hives. The honey bees flight paths were recorded
by using harmonic radars. They analysed their results statistically
and showed that the bees adopt a LF to optimize their searching
mechanisms. (2) Bumblebees can fly for long periods of time. They
do not tend to land flowers that have been visited previously. This
issue motivated Reynolds (2009) to analyse their movements so that
they confirmed the existence of the LF searching pattern of bumble-
bees. (3) Miramontes et al. (2014) suggested that termite workers
perform LF movements for developing social interactions and that
such a strategy can secure them to search for nestmates and food,
especially when they are scarce, and (4) The search pattern of the
Australian desert ant Melophorus bagoti was studied by Reynolds
et al. (2014). They found that these ants do random movements
whose lengths are distributed exponentially when they are in fa-
miliar surroundings. However, when they are not certain about
the location of their nests, they do random searches that can be
described by a power-law distribution. Marine predators: Sims
et al. (2008) statistically analysed the displacements of more than
106 movements made by different marine predators, such as sharks,
sea turtles, bony fishes, and penguins and showed that the existence
of Lévy flight pattern can lead to higher encounter rates for preda-
tors. Mammals: (1) Ramos-Fernández et al. (2004) tracked the
daily movements of spider monkeys and found the evidence of a LF
pattern with Lévy exponent α = 1.11 for females. (2) Atkinson
et al. (2002) showed a power-law distribution in the foraging of a
species of African jackals, and (3) Regarding human movements,
Brockmann et al. (2006) analysed a dataset of more than 106 dis-
placements obtained by tracking the bank notes circulation in the
United States and confirmed that human travelling exhibit a power-
law behaviour as ∼ r−(α+1), where r is the displacements length and
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α = 0.59. Micro-organisms: The most important research on the
existence of the Lévy foraging pattern of micro-organisms was un-
dertaken by Harris et al. (2012). By using multi-photo microscopy,
they tracked the movements of T cells in the mice brains during
parasitic infection in the brain. They showed that T cells adopt
the Lévy flight searching strategy to find infected brain cells. The
pdf for the displacements behaves as a power law as ∼ l−(α+1),
where l is the length of the displacements, and α = 1.15.

In addition to these examples, the book by Viswanathan et al.
(2011) is full of examples of species that seem to have adopted a
Lévy search strategy and also nowadays, there are increasing in-
terests that scientists show in pointing towards the existence of
Lévy distributions in a wide range of particles. Besides the math-
ematical differences between Lévy and Normal distributions, these
experiments compared the trajectories obtained by both distribu-
tions. Figure 1.3 illustrates the difference between the trajectories
of Brownian motion and Lévy flights.

(a) Brownian motion (α = 2) (b) Lévy flight (α = 1.5)

Fig. 1.3: Illustration of differences between the trajectories of 103 dis-
placements made by a walker that moves randomly in 2D. In the case
of a Lévy distribution (α = 1.5), the walker makes occasionally longer
jumps between many short displacements.
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In the case of a Lévy distribution, the particles make long jumps
occasionally between many short displacements. Indeed, such a
random search strategy enables species to decrease the probability
to return to previous places they once visited. However, in the case
of Normal distribution, the particles only make short movements so
that some points can be revisited many times. Therefore, the Lévy
flight foraging pattern could be an efficient strategy when the tar-
gets are distributed sparsely in an environment while the abundance
of targets causes the foragers to make movements whose displace-
ments have a Normal distribution.
Up to now, for a CTRW, we have introduced two types of pdfs for
the displacements length, namely Gaussian distribution and a Lévy
distribution with a power-law asymptotic behaviour. The next task
is to mathematically define a pdf for the waiting times.

1.4 Mittag-Leffler distribution
For CTRW processes, similar to pdf’s for the length of jumps, ex-
ponential and power-law waiting time distributions can also be con-
sidered. In the case of an exponential waiting time, the pdf ft(t)
is given by an exponential distribution with parameter λ > 0 as
follows:

ft(t) = λe−λt, t ≥ 0, (1.8)

where 1/λ denotes the average time between successive steps made
by the walker. In this case, the random process has a Markov
(memoryless) property, i.e., its future state is dependent only on
the present state and any information in the past is irrelevant.

As a generalization of the exponential distribution, the Mittag-
Leffler waiting time distribution φML(t) is given by the following
density:

φML(t) = − d

dt
Eθ(−tθ), 0 < θ < 1,
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where Eθ(.) denotes the Mittag-Leffler function whose series repre-
sentation is expressed as follows:

Eθ(z) :=
∞∑
n=0

zn

Γ(θn+ 1) , z ∈ C, θ > 0.

The waiting time density φML(t) can also be expressed in terms of
the Mittag-Leffler function in two parameters as follows:

φML(t) = tθ−1Eθ,θ(−tθ), 0 < θ < 1, (1.9)

where Eθ,η(.) denotes the generalized Mittag-Leffler function

Eθ,η(z) :=
∞∑
n=0

zn

Γ(θn+ η) , z ∈ C, θ > 0, η ∈ R.

The Mittag-Leffler waiting time distribution φML(t) has a power-
law asymptotic behaviour for t → ∞ as follows (Gorenflo and
Mainardi, 2008b,a):

φML(t) ∼ sin(θπ)
π

Γ(θ + 1)
tθ+1 . (1.10)

In this case, the average waiting time defined by Eq. 1.1 is infinite,
and the CTRW is no longer Markovian. Indeed, it is called as a
long-memory process. In Figure 1.4, we show a sketch of the wait-
ing time distribution φML with θ = 0.5 defined by Eq. 1.9 and its
asymptotic behaviour, which highlights a power-law decaying tail
as approximated in Eq. 1.10.

As examples of such processes, we can refer to (1) As explained
previously, Harris et al. (2012) showed the heavy-tailed asymp-
totic behaviour for the T cells displacements in the brain. They
also analysed the pdf for waiting times and confirmed that T cells
pause between consecutive jumps for a time whose duration has a
power-law asymptotic behaviour as ∼ t−(θ+1), where θ = 0.7. (2)
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Fig. 1.4: Profile of the Mittag-Leffler waiting time distribution φML

obtained by Eq. 1.9 with θ = 0.5. The dashed curve corresponds to the
asymptotic behaviour approximated by Eq. 1.10, highlighting a power-
law (algebraic) decaying tail of φML for 0 < θ < 1. The y-axis is in the
logarithmic scale.

Brockmann et al. (2006) also revealed a power-law behaviour pdf
for human travelling as ∼ t−(θ+1), where θ = 0.6, and (3) One of
the most important studies on the application of the Mittag-Leffler
function was introduced by the seminal work of Dokoumetzidis and
Macheras (2009) in the field of pharmacokinetics. Based on the
dataset of drugs, like amiodarone, a drug that is used to treat ven-
tricular arrhythmias and atrial fibrillation, they found that the dif-
fusion of this drug into the bone and spaces of deeper tissues is
slow, and for a long time, the drug decays as a power-law, which
can be well described by the Mittag-Leffler function.

1.5 From CTRW processes to diffusion
equations

In this section, given a CTRW process with the exponential and
power-law asymptotic behaviours of the displacement and waiting
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time densities, we shall explain how diffusion equations can be de-
rived by using the Master equation defined by Eq. 1.3.

Case (I). Let a large number of particles perform a CTRW
such that the pdf for the jump length is a Normal distribution
with µx = 0, and the pdf for the waiting time is an exponential
distribution with parameter λ > 0 defined by Eqs. 1.6 and 1.8,
respectively, i.e.,

fx(x) = 1√
4πσ2

exp
{
− x2

4σ2

}
, ft(t) = λe−λt.

Here, the average waiting time µt = 1/λ, and the length variance
σ2

x = 2σ2 are finite. The Fourier and Laplace transforms f̂x(k) and
f̃t(s) as k → 0 and s→ 0 can be obtained as follows:

f̂x(k) ∼ 1− σ2k2, and f̃t(s) ∼ 1− s/λ.

By inserting the Fourier and Laplace transforms into the Master
equation 1.3, we get

s
˜̂
P (k, s)− P̂ (k, 0) = −Dk2 ˜̂P (k, s), (1.11)

Where D = σ2
x/2µt. Considering the Laplace transform of the

first-order derivative

L{g′(t)} = sg̃(s)− g(0),

and inverting by Laplace, Eq. 1.11 is written in the following form:

∂P̂ (k, t)
∂t

= −Dk2P̂ (k, t)

Now, by considering the Fourier transform of the second-order deriva-
tive

F{f ′′(x)} = −k2f̂(k),
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and inverting by Fourier, we obtain the following second-order dif-
fusion equation:

∂P (x, t)
∂t

= D
∂2P (x, t)
∂x2 . (1.12)

Here, such a CTRW process with both finite average waiting time
and variance leads to a diffusion process known as classical Brow-
nian motion.

Case (II). Let a large number of particles perform a CTRW
such that the pdf’s for the jump length and waiting time exhibit
heavy-tailed asymptotic behaviour as follows:

fx(x) ∼ |x|−(α+1), 1 < α < 2 and ft(t) ∼ t−(θ+1), 0 < θ < 1.

First, by considering the Laplace transform of the two-parameter
Mittag-Leffler function (Podlubny, 1998) as follows:

L
{
tηk+θ−1E

(k)
η,θ (±atθ)

}
= k!sη−θ

(sη ∓ a)k+1

with k = 0, η = θ, and a = 1, we get the Laplace transform of the
waiting time density φML(t) defined by Eq. 1.9 :

f̃t(s) = L
{
tθ−1Eθ,θ(−tθ)

}
= 1
sθ + 1 .

By putting f̃t(s) into Master equation 1.3, we get

sθ
˜̂
P (k, s)− sθ−1P̂ (k, 0) =

[
f̂x(k)− 1

] ˜̂
P (k, s).

By introducing the Caputo fractional derivative in time

C
0 D

θ
t f = 1

Γ(1− θ)

∫ t

0

∂f(τ)/∂τ
(t− τ)θ dτ, (1.13)

whose Laplace transform is

L
{
C
0 D

θ
t f
}

= sθf̃(s)− sθ−1f(0),
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and inverting the Laplace transform, we get

C
0 D

θ
t P̂ (k, t) =

[
f̂x(k)− 1

]
P̂ (k, t). (1.14)

According to Eq. 1.4, f̂x(k) is given by λ̂(k) = eΛ(k), where

Λ(k) = iδk − γα|k|α(1− iβ sgn(k) tan απ2 ). (1.15)

As |k| → 0, we use the approximation f̂X(k) ≈ 1+Λ(k). Therefore,
Eq. 1.14 can be written as follows:

C
0 D

θ
t P̂ (k, t) = Λ(k)P̂ (k, t). (1.16)

By introducing the positive (left) −∞Dα
x and negative (right) xDα

+∞
Riemann-Liouville fractional derivatives in space:

−∞D
α
xf(x) = 1

Γ(n− α)
∂n

∂xn

∫ x

−∞

f(ξ)
(x− ξ)α−n+1dξ, (1.17)

xD
α
+∞f(x) = (−1)n

Γ(n− α)
∂n

∂xn

∫ L

x

f(ξ)
(ξ − x)α−n+1dξ, (1.18)

where n = 1 + [α] such that [α] = max{m ∈ Z|m ≤ α} and Z is
the set of integers. Here, we get n = 2 as in this study 1 < α < 2.
The Fourier transforms of the left and right Riemann-Liouville can
be obtained as follows:

F{−∞Dα
xf(x)} = (ik)αf̂(k), and F{xDα

+∞f(x)} = (−ik)αf̂(k)
(1.19)

Now, by assuming that δ = 0, we write Λ(k) defined by Eq. 1.15
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in the following form:

Λ(k) = −γα|k|α(1− iβ sgn(k) tan απ2 )

= −γα|k|α
(1 + β

2 + 1− β
2 )− i(1 + β

2 − 1− β
2 ) sgn(k)

sin απ2
cos απ2


= −γα|k|α

[
1− β

2

(
1 + i sgn(k) sin απ2 / cos απ2

)

+ 1 + β

2

(
1− i sgn(k) sin απ2 / cos απ2

)]

= −γα
[

1− β
2 cos απ2

|k|α
(

cos απ2 + i sgn(k) sin απ2

)

+ 1 + β

2 cos απ2
|k|α

(
cos απ2 − i sgn(k) sin απ2

)]

= −γα
[

1− β
2 cos απ2

(ik)α + 1 + β

2 cos απ2
(−ik)α

]
(1.20)

By inserting Eq. 1.20 into Eq. 1.16, we get

C
0 D

θ
t P̂ (k, t) = γα

[
l(ik)α + r(−ik)α

]
P̂ (k, t), (1.21)

where l = − 1− β
2 cos απ2

and r = − 1 + β

2 cos απ2
.

By inverting the Fourier transform and considering Eq. 1.19, we
get the following space-time fractional order diffusion equation:

C
0 D

θ
tP (x, t) = γα

[
l−∞D

α
xP (x, t) + rxD

α
+∞P (x, t)

]
. (1.22)

Here, such a CTRW process with diverging average waiting time
and/or infinite variance of the jump length leads to a diffusion pro-
cess known as anomalous diffusion.
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Most of the experimental studies evaluate the type of diffusion pro-
cesses by using the mean-squared displacement (MSD) of the par-
ticles doing random movements. The MSD can be approximated
by ∼

∫∞
−∞ x

2P (x, t)dx, where P (x, t) is the probability of finding
the particles at x at time t, which is the solution of diffusion Eqs.
1.12 and 1.22. In the case of Normal diffusion processes (Brownian
motion), the MSD behaves linearly as ∼ t. However, in the case of
anomalous diffusion processes, the MSD exhibits a power-law be-
haviour as ∼ tζ , where 0 < ζ < 2. Anomalous diffusion processes
can be categorized by the scaling exponent ζ. When 0 < ζ < 1, we
get sub-diffusion processes in which the particles spread slower than
expected from classical Brownian motion, as the particles tend to
wait longer between jumps, which yields a power-law asymptotic
behaviour for the waiting time pdf. When 1 < ζ < 2, we get
super-diffusion processes in which the particles spread faster than
expected from classical Brownian motion. In that case, the pdf for
jumps has a power-law asymptotic behaviour. It should be noted
that the solutions of diffusion Eqs. 1.12 and 1.22 can also repre-
sent the concentration (density) of particles C(x, t), as the num-
ber of particles per unit length at position x at time t. Because
if we consider N particles with the same probability P (x, t) then
C(x, t) = NP (x, t) also satisfies the resulting diffusion equations.

One of the negative characteristics of (pure) Lévy flight dis-
tributions is divergent variance and mean. Therefore, the walker
can make displacements with arbitrary lengths. But, the physi-
ological and environmental constraints can prevent such long dis-
placements. Therefore, Mantegna and Stanley (1994) introduced
truncated (also called tempered) Lévy flights (TLF) distributions,
leading to a finite variance. In fact, the power-law behaviour of the
Lévy distribution tails is retained in a finite space. However, the
sum of a large number of random variables with TLF distributions
behaves like a Gaussian distribution. Rosiński (2007) proposed ex-
ponentially TLF distributions, which are asymptotically defined as
∼ e−λx|x|−(α+1), where λ is a truncation parameter with SI units
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of m−1. With the TLF assumption, we can derive truncated space-
fractional-order diffusion equations whose derivations are ignored
here. For more details refer to del Castillo-Negrete (2009).

When considering the concept of the CTRW processes and using
the Master equation, time and/or space fractional-order equations
can be obtained with a power-law asymptotic behaviour assumption
for the waiting times and/or jump lengths pdf’s. Therefore, one can
replace integer-order operators with fractional-order ones, which
have a meaningful connection with experiments. Although there are
increasing works on detecting the Lévy flight foraging patterns of
organisms, nowadays, studies on the resulting space fractional-order
diffusion models are related to the theoretical fractional calculus
rather than to practical uses in ecology, epidemiology, and biology.
While classical diffusion models have been used extensively in those
fields for many years, fractional-order versions are much more recent
and should be further studied.

1.6 Scope of the thesis

The goal of the present thesis is to study the application of fractional-
order diffusion models in immunology and epidemiology. In the con-
text of immunology, as mentioned previously, human T cells follow
Lévy flights during parasitic infection in the brain. This fact has
motivated us to study the influence of such a movement pattern on
the efficacy of the immune system. In the context of epidemiology,
the most important work has been done by Hanert et al. (2011),
which studies the impact of human travels following Lévy flight on
the propagation of epidemics caused by infectious diseases. As the
second application, by considering TLF distributions, we develop
the model proposed by Hanert et al. (2011).
In what follows, some key questions are raised about these two is-
sues and the subsequent chapters are concerned with their answers.
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1.6.1 Space fractional diffusion models in
immunology

CD8+ T cells are the most important immune cells that protect
the body against pathogens, such as viruses and parasites. In their
search for infected cells and pathogens in the body tissues, they
need to move. They can thus do their protective mechanisms, such
as controlling the growth of intracellular pathogens and killing in-
fected cells. Immunologists have conducted experiments on the
movement of the immune cells and confirmed the existence of ran-
dom and directional movements. In the case of random movements,
it was shown that the diffusion process of T cells in some organs is
Brownian motion (Miller et al., 2002; Wei et al., 2003). However,
later, Harris et al. (2012) confirmed the existence of the Lévy flight
foraging pattern of T cells in the brain during a parasitic infection,
known as Toxoplasma gondii. Now, the switch from Brownian mo-
tion to Lévy flight of T cells has raised this main question.

In comparison to Brownian motion, what advantages does the im-
mune system gain from a Lévy flight searching strategy?

Since the main aim of T cells is to destroy infected cells, one way
to answer this general question is to understand how Lévy flight
and Brownian motion searching influence the spatial elimination
dynamic and the time evolution of infected brain cells when T cells
are killing them. In Chapter 2, a space-fractional diffusion-order
model for the T cells density in the brain and also a mathematical
model representing the T cells response to infected cells are pre-
sented and the results of classical and fractional models are com-
pared.

It is worth noting that in immunology, fractional-order models
have been only derived based on the time-fractional operators, like
Caputo defined by Eq. 1.13 (Jajarmi and Baleanu, 2018; Baleanu
et al., 2020c). However, space-fractional-order diffusion models de-
fined by Riemann-Liouville operators defined by Eqs. 1.17 and 1.18
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have not been used to study the super-diffusion of T cells. There-
fore, adopting such an approach in chapter 2 is a new work that
illuminates our understanding of the impact of LF displacements
of T cells on the spread of infection in the organs of the body.

1.6.2 Space fractional diffusion models in
epidemiology

An epidemic is the geographic propagation of an infectious disease
that can sometimes spread globally, leading to a pandemic. The
speed at which epidemics spreads like waves across an area is de-
pendent on the random motion pattern of individuals. In the case of
a Brownian motion, the epidemic waves travel at a constant speed.
However, In the case of a Lévy flight, the pathogens can travel larger
distances due to the long jumps of infected hosts between short
movements. In that case, the epidemic speed grows exponentially.
For the former, the speed is obtained by a second-order diffusion
model, and for the latter, it is obtained by a space-fractional-order
epidemic model.

On the basis of work carried out by del Castillo-Negrete (2009),
which investigated the impact of the truncation parameter for the
truncated fractional-order Fisher–Kolmogorov equation, in Chapter
3, we propose a truncated space-fractional-order epidemic model
and discuss the epidemic speed based on different values of the
truncation parameter. Indeed, our aim is to find an answer to the
following question by analytical and numerical methods:

How does the truncation parameter affect the propagation pattern
of epidemic waves?

In this case, we consider a simple epidemic model, in general,
that is formulated based on the directly transmission mechanism
of pathogens.
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Following Chapter 3, of great importance is to explore the ob-
tained results for a more realistic model and also to derive use-
ful/usable conclusions. Therefore, in Chapter 4, we extend the
truncated space-fractional-order models to the West Nile virus epi-
demic, which happens by indirectly transmission mechanism of
viruses, and then we numerically solve the model with the param-
eter values based on observations. The results of this chapter will
answer the following key question:

What potentials/benefits do the truncated space-fractional-order dif-
fusion equations have for the epidemic models?

Indeed, in this work, we extend the implications of a truncated
fractional-order Fisher–Kolmogorov equation to epidemic models
consisting of two coupled diffusion-reaction equations, which have
not previously been studied.
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that causes serious brain diseases in fetuses and patients
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with immunodeficiency, particularly AIDS patients. In the
field of immunology, a large number of studies have shown
that effector CD8+ T cells can respond to T. gondii in-
fection in the brain tissue through controlling the prolifera-
tion of intracellular parasites and killing infected brain cells.
These protective mechanisms do not occur without T cell
movement and searching for infected cells, as a fundamental
feature of the immune system. Following infection with a
pathogen in a tissue, in their search for infected cells, CD8+

T cells can perform different stochastic searches, including
Lévy and Brownian random walks. Statistical analysis of
CD8+ T cell movement in the brain of T. gondii-infected
mouse has determined that the search strategy of CD8+ T
cells in response to infected brain cells could be described
by a Lévy random walk. In this work, by considering a
Lévy distribution for the displacements, we propose a space
fractional-order diffusion equation for the T cell density in
the infected brain tissue. Furthermore, we derive a mathe-
matical model representing CD8+ T cell response to infected
brain cells. By solving the model equations numerically, we
perform a comparison between Lévy and Brownian search
strategies. we demonstrate that the Lévy search pattern
enables CD8+ T cells to spread over the whole brain tis-
sue and hence they can rapidly destroy infected cells dis-
tributed throughout the brain tissue. However, with the
Brownian motion assumption, CD8+ T cells travel through
the brain tissue more slowly, leading to a slower decline of
the infected cells faraway from the source of T cells. Our
results show that a Lévy search pattern aids CD8+ T cells
in accelerating the elimination of infected cells distributed
broadly within the brain tissue. We suggest that a Lévy
search strategy could be the result of natural evolution, as
CD8+ T cells learn to enhance the immune system efficiency
against pathogens.
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2.1 Introduction
After the discovery of the Toxoplasma gondii (T. gondii) parasite in
1907, it has been extensively studied in various fields, such as mor-
phology, immunology, and identification of diseases caused by T.
gondii parasite (Weiss and Kim, 2011; McCabe et al., 1990). From
a morphological point of view, there are different forms of the T.
gondii parasite that lead to a complex life cycle for T. gondii and
widespread infection in almost all warm-blooded vertebrate hosts
(Dubey, 2016). Initially, T. gondii oocysts are created in the body
of cats, as definitive hosts and then transferred to their feces, which
can contaminate the environment, such as soil, water, and food.
Subsequently, through the transmission of oocysts into the bodies
of secondary hosts, other types of T. gondii parasites, known as
tachyzoites and bradyzoites, are formed. In humans, T. gondii can
be perilous for the fetus during pregnancy and cause congenital
diseases, known as toxoplasmosis, such as hydrocephalus, micro-
cephaly, and blindness (Hampton, 2015). T. gondii parasites can
maintain their survival in the brain tissue through the slow prolif-
eration of bradyzoites and the creation of tissue cysts in different
types of brain cells (Wohlfert et al., 2017). In adults, following
Toxoplasma infection in the brain, in addition to the possibility
of developing psychiatric disorders, like schizophrenia (Torrey and
Yolken, 2003), the transformation of tissue cysts into free tachy-
zoites can jeopardize the life of patients suffering from immunodefi-
ciency, particularly AIDS patients (Ferguson et al., 1989; Luft and
Remington, 1988). This issue highlights the importance of the im-
mune system in controlling the proliferation of tachyzoites, which
are capable of rapid division within the brain cells (Denkers and
Gazzinelli, 1998).

The human body is equipped with a complicated and inge-
nious system, known as the immune system that is composed of
molecules, such as cytokines and chemokines, and numerous cells,
like B cells and T cells. The goal of the immune system is to com-
bat pathogenic organisms, like bacteria, viruses, and parasites in
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the body leading to the control of the pathogen growth and the
elimination of the infected cells from the host body. There are two
main groups of immune responses: innate immunity and adaptive
immunity. Innate immunity includes the first reactions of the im-
mune system against pathogens that enter the body, like changes
in the temperature of the host body and nonspecific mechanisms
of the innate immune cells, such as the secretion of cytokines that
promote the proliferation of other immune cells. These initial mech-
anisms are not sufficient to clear an infection. However, adaptive
immunity comprises specific mechanisms that lead to the neutral-
ization of pathogens through antibodies produced by B cells and
the destruction of infected cells by CD8+ T cells. Although in-
nate and adaptive cells have different biological functions, they are
closely linked to each other. For instance, in the case of T. gondii
infection, initially, the innate immune cells, such as dendritic cells
respond to T. gondii tachyzoites. One of these responses is to se-
crete molecules, like IL−12. Then, CD8+ T cells, as the adaptive
immune cells, are stimulated by IL−12 leading to the secretion
of other molecules, such as cytokine IFN−γ that can control the
growth of intracellular parasites and help T cells to penetrate the
brain, as protective and regulatory mechanisms, respectively (Gazz-
inelli et al., 1994; Wang et al., 2007). Thus, CD8+ T cell deficiency
causes inadequate production of the cytokine IFN−γ, which trig-
gers the multiplication of a large number of tachyzoites in the brain
tissue. For more details on basic concepts in immunology, refer to
the book (E Paul, 2003) by E. Paul.

Over the last decade, as a fundamental characteristic of the
immune system, the movement of immune cells in the body and
search patterns in different tissues, including lymph nodes (Wei
et al., 2003), skin (Ariotti et al., 2015), brain (Harris et al., 2012),
and lungs (Mrass et al., 2017) have been considerably studied. As
soon as pathogens enter the body, the immune cells need to move
continuously and search for different types of cells, like infected cells
in various tissues. For instance, upon infection, naïve T cells, i.e.,
nonactivated T cells search for antigen-presenting cells, especially
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dendritic cells (DCs) in the lymph nodes. Following interactions
with DCs, they can convert into effector CD8+ T cells. Effector T
cells then move toward infected tissues where they search for in-
fected cells so that they can perform their protective mechanisms.
Therefore, the movement of T cells and their search for pathogens
during an infection in the body are essential for immune system ac-
tivities. T cell movement could have two components: directional
movement (chemotaxis) and stochastic motion. By chemotaxis, T
cells are directed to the infected organs by chemical signals, such
as chemokines (Witt et al., 2005; Okada et al., 2005). For example,
Landrith et al. (2015) have examined how effector CD8+ T cells
are recruited into the T. gondii-infected brain tissue by adhesion
molecules, VCAM-1, VLA-4, and chemokines CXCL9/10. How-
ever, studies of T cell motility in tissues have proposed that similar
to foraging animals, T cells do a random search for their targets
(Wei et al., 2003; Miller et al., 2002). Analysis of these random
motions suggests two types of search strategy: Brownian motion
and Lévy movement. In complex diffusion processes, occasional
large jumps between many short displacements can be considered
as a distinctive characteristic of a Lévy random walk (RW) versus a
Brownian motion. In that case, for a Lévy RW, the probability dis-
tribution function (pdf) for the random movements is obtained by a
heavy tail distribution with an asymptotic behaviour as ∼ l−(α+1),
where l is the length of the displacements and 0 < α < 2 (Metzler
and Klafter, 2000). Figure 2.1 shows three sample random displace-
ments of a particle following a Lévy RW. In all cases, initially, the
walker is placed at the origin (x, y) = (0, 0) and randomly makes
103 steps with different values of α. As the value of α increases,
the probability of large displacements decreases so that with α = 2,
a classical Brownian motion is obtained. For more details on the
simulation of Lévy distributions refer to (Chambers et al., 1976;
Weron and Weron, 1995). So the existence of large jumps for Lévy
RWs enables T cells to travel large distances within the tissues to
find their targets.
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(a) Lévy RW, α = 1.15. (b) Lévy RW, α = 1.5.

(c) Brownian motion, α = 2.

Fig. 2.1: Illustration of the difference between Lévy and Brownian RWs
based on the trajectories of their displacements. All trajectories are
drawn from a Lévy distribution with different values of α. (a) and
(b) In the case of a Lévy RW, there are large jumps between short
displacements. (c) As the value of α increases, the probability of large
displacements decreases so that with α = 2, a classical Brownian motion
is obtained.
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Studies have shown that due to finding rare DCs and also the
lack of information on the exact location of DCs in the lymph nodes,
naïve T cells perform a random search that can be described by a
Brownian RW (Preston et al., 2006; Riggs et al., 2008). However,
the search pattern of effector CD8+ T cells in a peripheral tissue
where the tissue is injured by pathogens could be represented by a
Lévy RW or a Brownian motion, depending on factors, such as the
type of infection and the features of infected tissues. For instance,
Effector T cells in inflamed lungs can have a similar foraging pattern
to naïve T cells (Moses et al., 2019). However, Harris et al. (2012)
observed that CD8+ T cells perform a Lévy RW search strategy
in the brain of T. gondii-infected mouse. The difference between T
cell search patterns in lymph nods and peripheral tissues may result
from factors, such as the properties of tissue and intrinsic differences
between nonactivated and effector CD8+ T cells (Krummel et al.,
2016).

In addition to CD8+ T cells in the T. gondii-infected brains,
there are many species that perform a Lévy RW search for their
targets. Some of these species are listed as follows: jackals (Atkin-
son et al., 2002), spider monkeys (Boyer et al., 2006), honeybees
(Reynolds et al., 2007a,b), bumblebees (Lihoreau et al., 2016), fruit
flies (Reynolds and Frye, 2007), and large marine predators (Sims
et al., 2008; Humphries et al., 2010). In the field of modelling a
large number of random walkers, such as living organisms following
a specific random motion in an environment, diffusion equations
for the density of the random walkers can be obtained. These
equations consist of terms with time and space derivatives. For
a Brownian motion, a Gaussian probability distribution function
(pdf) for the displacements leads to a second-order diffusion equa-
tion (Okubo and Levin, 2013). However, for a Lévy RW, a power-
law asymptotic behaviour of the pdf for the displacements results
in a space-fractional-order diffusion equation with order 1 < α < 2.
In some anomalous diffusion processes, the random walkers tend to
pause between displacements, and hence they diffuse slower than
predicted by a Brownian motion. Therefore, the pdf for waiting
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times between jumps exhibits a power-law asymptotic behaviour.
In that case, a time-fractional-order equation with order 0 < γ < 1
is obtained. However, in the case of a Brownian motion, consider-
ing a Poissonian pdf for the pausing times leads to a time integer-
derivative with order γ = 1 (Metzler and Klafter, 2000). In recent
years, such modelling using fractional derivatives has been applied
to a broad range of problems in finance (Scalas et al., 2000; Cartea
and del Castillo-Negrete, 2007b), plasma turbulence (del Castillo-
Negrete et al., 2004, 2005), epidemiology (Hanert et al., 2011; Han-
ert, 2012), ecology, and biology (Raghib et al., 2010; Vallaeys et al.,
2017). As well as the applications of fractional calculus, designing
efficient numerical methods for solving the fractional models is one
of the key issues that has been widely studied (Baleanu et al., 2020a;
Jajarmi and Baleanu, 2020; Sajjadi et al., 2020; Baleanu et al.,
2020b; Jajarmi and Baleanu, 2021; Mohammadi et al., 2018).

In immunology, mathematical models have been widely applied
to study the dynamics of host immune responses to tumour cells
and viral infections, like hepatitis, human immunodeficiency virus
(HIV), and influenza in the form of an ordinary differential sys-
tem of equations with integer or fractional orders (see for instance
(Kuznetsov et al., 1994; Ding and Ye, 2009)). In these models,
the interactions between viruses or infected cells and immune re-
sponses are considered as predator-prey dynamics, i.e., viruses and
infected cells are the prey and CD8+ T cells are the predators. In
recent years, researchers have tried to examine the interplay be-
tween viruses or tumour cells and immune system cells based on
their spread or movements in the organs of the body (Bocharov
et al., 2016; Chaplain and Matzavinos, 2006). The resulting mod-
els are in the form of a system of reaction and diffusion equations.
In these models, it is assumed that T cells search for viruses or
tumour cells based on a Brownian motion, and viruses and tumour
cells proliferate logistically and spread in the injured tissues relying
on a Brownian dispersion.

Observation of the Lévy RW pattern performed by CD8+ T
cells in their search for the T. gondii infected brain cells has led
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to more studies on such a pattern of the movement in the body
(Cannon et al., 2014; Li et al., 2015). Therefore, following such
studies, it would be essential to derive appropriate mathematical
models based on the Lévy RW that can shed some light on dif-
ferences with the classical Brownian motion, which has been also
observed in the immune system. Such modelling based on the Lévy
random motion leads to space-fractional-order diffusion equations.
However, recently, in the field of immunology, fractional-order mod-
els of infections, such as HIV have been just designed relying on
the time-fractional operators (Jajarmi and Baleanu, 2018; Baleanu
et al., 2020c; Ali et al., 2020). In these models, CD4+ T cells, as
the immune cells, are the target of HIV infection, and the dynamics
of free HIV particles, healthy and infected CD4+ T cells have been
investigated by numerical and analytical methods. For instance,
Baleanu et al. (2020c) performed a comparison of their results by
applying ordinary, Caputo, and Caputo-Fabrizio time-fractional op-
erators to their models. However, Ali et al. (2020) introduced a
new fractional model by using the conformable fractional deriva-
tive and examined the analytical and numerical solutions of their
model. However, in these models, the effect of the CD8+ T cells on
HIV infection has not been considered. Hence, to our knowledge,
applying space-fractional-order operators to modelling the immune
system response to infection has been ignored. This is obviously
a serious knowledge gap since the function of the immune system
is necessarily dependent on the movement of T cells. Thus, the
aim of this study is to address this knowledge gap by applying the
Lévy foraging pattern of T cells to the spatio-temporal modelling of
the interaction between CD8+ T cells and bradyzoite-infected cells
during T. gondii infection in the brain. Here, the main idea will
be to understand how the Lévy RW of CD8+ T cells can lead to
an efficient immune response to the infected brain cells. Therefore,
the fractional-order model results will be compared with the results
obtained with the classical model to highlight the effect of Lévy RW
on killing infected cells distributed broadly within the brain tissue.

We organize the remainder of the paper in the following struc-
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ture. In the next section, we derive a space-fractional-order diffu-
sion equation for the CD8+ T cells density and also a space-time
model describing the interactions between CD8+ T cells, healthy
and infected brain cells. We discuss the system parameters and
the estimation of their values in Section 2.3. A numerical method
for solving space-fractional-order diffusion equations is applied in
Section 2.4. Our model is then used to estimate the efficiency of
effector CD8+ T cells for a Lévy RW versus a Brownian motion
in Section 2.5, and in the last section, we finish the paper with a
review of the results and also some suggestions for future work.

2.2 Model description
In this paper, our goal is to investigate the efficacy of a Lévy search
pattern performed by effector CD8+ T cells in the T. gondii-infected
brain tissue. When effector T cells enter the brain, they perform
random searches to find the infected brain cells. Therefore, we
can study the impact of a Lévy random search on the density of
infected cells distributed throughout the brain tissue. To do so,
we first derive a model with non-local diffusion representing the
density of CD8+ T cells, and then according to the T. gondii life
cycle in the brain, we shall formulate a model composed of three
coupled equations representing the density of healthy and infected
brain cells in space and time with no diffusion term.

2.2.1 Modelling the superdiffusion of CD8+8+8+ T
cells

Like viral pathogens, as a result of T. gondii parasites entering the
body, naïve T cells located in the lymph nodes are activated and
proliferate due to interactions with dendritic cells. Activated or
effector CD8+ T cells can then do their protective mechanisms in
the infected tissues of the body, including the brain tissue (John
et al., 2009).
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It is worth noting that CD8+ T cells can infiltrate into the
brain parenchyma (gray and white matter) only during infection
(Hawkins and Davis, 2005). In the pathway of CD8+ T cells toward
the brain tissue, there are barriers, known as blood-brain barriers
(BBBs) that control the penetration of the immune cells into the
brain parenchyma (Wilson et al., 2010). However, CD8+ T cells
can overcome such barriers through a series of steps leading to a
directed migration of CD8+ T cells into the brain tissue. In (Lan-
drith et al., 2015), for T cell infiltration into the brain parenchyma
during T. gondii infection, a process consisting of three steps has
been considered. Initially, the speed of CD8+ T cells moving in
the blood vessels is slowed down by the adhesion molecules. At
the next step, they can infiltrate into the perivascular space, and
eventually, chemokines lead them to the brain parenchyma. When
CD8+ T cells reach the brain, they do random searches for their
targets, i.e., infected brain cells. The properties of such random
searches have been studied by Harris et al. (2012).

From a statistical point of view, there are basic properties for
Brownian and Lévy RWs that can be used to understand their dif-
ferences. One of these properties is the mean-square displacement
(MSD). If the MSD grows linearly as a function of time, the ran-
dom motion can be described by a Brownian RW, while a nonlin-
ear growth of the MSD represents a Lévy RW. By considering this
property, the random search strategy of living organisms in an en-
vironment can be determined. For instance, Harris et al. (2012)
examined the movement of CD8+ T cells in the brain of T. gondii-
infected mouse and suggested that the MSD grows superlinearly,
i.e., < x2 >∼ t1.4. It means that a Lévy RW search pattern is
adopted by CD8+ T cells in response to Toxoplasma infection in the
brain. In that case, CD8+ T cells can diffuse within the brain tissue
faster than expected from a Brownian motion leading to superdif-
fusion. Another property is the probability distribution function
(pdf) for the jumps of the random walker. For a Brownian RW,
the pdf is a Gaussian function. However, in the case of a Lévy RW,
the pdf exhibits a power-law asymptotic behaviour. For instance,
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based on the statistical analysis of T cell movement in the infected
brain (Harris et al., 2012), the pdf for the displacements of CD8+

T cell has a power-law asymptotic behaviour as ∼ |x|−(α+1), where
|x| is the length of displacements and α = 1.15. Thus, when CD8+

T cells enter the brain tissue from a source, with non-zero proba-
bility, they can make large displacements in the brain tissue. For
more details on the properties of Lévy and Brownian RWs, refer to
(Klafter and Sokolov, 2011).

To derive a fractional-order diffusion equation representing the
density of CD8+ T cells in the T. gondii-infected brain, we shall
consider the continuous-time random walk (CTRW) processes con-
sisting of a large number of walkers (here T cells) that make random
jumps, x1, x2, ..., xi, ... at times t1, t2, ..., ti, .... As the displacements
xi and the waiting times τi = ti − ti−1 are random variables, we
define the probability distribution functions (pdf’s) η(x) and ψ(τ)
for the jumps and waiting times, respectively. By considering a
separable CTRW and given τ and ψ, we can get the probability
of finding a walker P (x, t) at place x and time t by the Montroll-
Weiss equation (Montroll and Weiss, 1965) in Fourier-Laplace form
as follows: ˜̂

P (k, s) = 1− ψ̃(s)
s

1
1− ψ̃(s)η̂(k)

, (2.1)

where ψ̃(s) and η̂(k) are the Laplace and Fourier transforms of the
pdf’s ψ and η, respectively defined as follows:

L{ψ} = ψ̃(s) =
∫ +∞

0
e−stψ(t)dt, F{η} = η̂(k) =

∫ +∞

−∞
eikxη(x)dx.

Different CTRW processes can be obtained by different asymp-
totic behaviours of the jump and waiting time pdf’s, which lead
to whether integer- or fractional-order diffusion equations. For ex-
ample, we suppose that the pdf’s for the waiting times and jumps
exhibit heavy-tailed (power-law) asymptotic behaviours as follows:

ψ(τ) ∼ τ−(γ+1), η(x) ∼ |x|−(α+1), (2.2)
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where 0 < γ < 1 and 1 < α < 2. If we use the fact that

F [−∞Dα
xf ] = (−ik)αf̂ , F [xDα

+∞f ] = (ik)αf̂ ,

and
L[C0 D

γ
t f ] = sγ f̃ − sγ−1f(0),

where f(0) is the initial condition, −∞Dα
x and xD

α
+∞ are the positive

(left) and negative (right) space-fractional-order Riemann-Liouville
operators, and C

0 D
γ
t is the time-fractional-order Caputo operator

defined as:

−∞D
α
xf = 1

Γ(2− α)
∂2

∂x2

∫ x

−∞

f(ξ)
(x− ξ)α−1dξ,

xD
α
+∞f = (−1)2

Γ(2− α)
∂2

∂x2

∫ ∞
x

f(ξ)
(ξ − x)α−1dξ,

C
0 D

γ
t f = 1

Γ(1− γ)

∫ t

0

∂f(τ)/∂τ
(t− τ)γ dτ,

where Γ(.) denotes Euler’s gamma function, by taking the inversion
of the Laplace and Fourier transforms of Eq. (2.1), one can then
find the following space-time fractional-order diffusion equation:

C
0 D

γ
t P (x, t) = Kα,γ

[
1− β

2 −∞D
α
xP (x, t) + 1 + β

2 xD
α
+∞P (x, t)

]
,

(2.3)
where coefficient Kα,γ represents a generalised diffusivity whose di-
mension is [Kα,β] = mαs−γ and the parameter β ∈ [−1, 1] is a
skewness parameter that shows a preferred direction of displace-
ments that can be seen in heterogeneous systems. When β = 0, the
distribution is symmetric and space derivative represents a sym-
metric Riesz derivative. For more details on the derivation of Eq.
(2.3), refer to (Metzler and Klafter, 2000; Cartea and del Castillo-
Negrete, 2007a). Here, we note that by defining the concentration
of walkers C(x, t) in one dimension as the number of walkers per
unit length at position x and time t and assuming that there are N
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random walkers in total with the same probability P (x, t), we can
easily see that C(x, t) = NP (x, t) also satisfies Eq. (2.3).

As an application of Eq. (2.3) to obtain the concentration of
walkers following a CTRW defined by (2.2), by considering a large
number of CD8+ T cells following a superdiffusion in the T. gondii-
infected brain tissue and the fact that the pdf for the T cell displace-
ments has a power-law asymptotic behaviour with order α, where
α = 1.15, in one dimension, the concentration (density) of CD8+

T cells E(x, t) at position x and time t with the dimensions of the
number of T cells per unit length is the solution of the following
space-fractional-order diffusion equation:

∂E(x, t)
∂t

= Kα

[
1− β

2 0D
α
xE(x, t) + 1 + β

2 xD
α
LE(x, t)

]
, (2.4)

where L is the domain length, the parameter Kα is a fractional
diffusion coefficient whose dimension is [Kα] = mαs−1, and 0D

α
x

and xD
α
L are the left and right space-fractional Riemann-Liouville

derivatives on [0, L], respectively defined as follows:

0D
α
xE(x, t) = 1

Γ(n− α)
∂n

∂xn

∫ x

0

E(ξ, t)
(x− ξ)α−n+1dξ, (2.5)

xD
α
LE(x, t) = (−1)n

Γ(n− α)
∂n

∂xn

∫ L

x

E(ξ, t)
(ξ − x)α−n+1dξ, (2.6)

where n = 1+[α] such that [α] = max{m ∈ Z|m ≤ α} and Z is the
set of integers. Here, we get n = 2 as in this study α = 1.15. Since
the Riemann-Liouville derivatives are singular on the boundaries
of the domain, instead, Caputo derivatives can be used. The left
and right Caputo derivatives of order α, respectively are defined as
follows:

C
0D

α
xE(x, t) = 1

Γ(n− α)

∫ x

0

∂nE(ξ, t)/∂ξn
(x− ξ)α−n+1 dξ, (2.7)

C
xD

α
LE(x, t) = (−1)n

Γ(n− α)

∫ L

x

∂nE(ξ, t)/∂ξn
(ξ − x)α−n+1 dξ. (2.8)
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For more details on the fractional derivatives, see (Oldham and
Spanier, 1974; Podlubny, 1999).
It should be noted that in addition to the power-law asymptotic be-
haviour of the pdf for the CD8+ T cell jumps in the brain, based on
the same experiments in (Harris et al., 2012), the pdf for the wait-
ing times exhibits a power-law asymptotic behaviour as ∼ τ−(γ+1),
where γ = 0.7. Here, for the sake of simplicity, we have only con-
sidered the space-fractional-order operator in our model.

2.2.2 Modelling CD8+8+8+ T cells response to
infection

Just as CD8+ T cells cross BBBs to enter the brain, T. gondii par-
asites can go through such barriers by certain mechanisms (Kon-
radt et al., 2016) and then reach the brain parenchyma. When T.
gondii parasites (tachyzoites) enter the brain, they begin to infect
brain cells, such as astrocytes, neurons, and microglia. The infec-
tion occurs as soon as free parasites attack brain cells and multiply
inside them. Tachyzoites are then placed in a covering called para-
sitophorous vacuole (PV). This stage of infection is called the early
stage of the T. gondii life cycle. In order to maintain their survival,
tachyzoites need to enter into the second stage of their life cycle.
Therefore, there is another form of T. gondii parasites, known as
bradyzoites. Similar to tachyzoites, they multiply in a PV, but their
growth and proliferation are slower than tachyzoites. PVs contain-
ing bradyzoites create intracellular tissue cysts over time that can
be stable and persistent in the brain tissue for a long period of time
(Skariah et al., 2010).

As a result of parasites entering the brain tissue, effector CD8+

T cells move from lymph nodes to the brain parenchyma. They then
exert two protective responses against infected brain cells through
(IFN)-γ and perforin molecules. The type of such mechanisms de-
pends on the type of T. gondii parasite. It means that in the case
of infection with tachyzoites, effector CD8+ T cells are able to stop
the proliferation of intracellular tachyzoites through the secretion
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of (IFN)-γ (Denkers, 1999). It is important to note that neurons
provide favourable conditions for the creation and stability of tis-
sue cysts in the brain tissue because neurons live longer than other
brain cells, and according to in vitro studies, (IFN)-γ mechanism
has little effect on the infected neurons compared to other infected
brain cells (Schlüter et al., 2001). Effector CD8+ T cells can also
identify all bradyzoite-infected brain cells and also infected cells
that carry tissue cysts of various sizes. Following the identification,
CD8+ T cells bind themselves to the surface of infected cells, enter
the tissue cysts, and eventually, through the secretion of perforin,
tissue cysts are eliminated from the brain tissue (Suzuki et al., 2010;
Tiwari et al., 2019).

Based on the above biological information, to derive a mathe-
matical model representing effector CD8+ T cells response against
infected cells, we shall consider the density of four cell popula-
tions at position x and time t, the susceptibles (healthy brain cells)
S(x, t), tachyzoite-infected brain cells I1(x, t), bradyzoite-infected
brain cells I2(x, t) and effector CD8+ T cells E(x, t). We assume
that susceptibles convert into tachyzoite-infected cells at a rate θ
and that the transmission from tachyzoite- to bradyzoite-infected
cells occurs at a rate β. In this model, we only consider the perforin-
mediated response against infected cells. Hence, it is assumed that
bradyzoite-infected cells could be killed at a rate p by effector CD8+

T cells. The parameters d1, d2, and d3 represent the mortality rate
of infected cells with tachyzoite, infected cells with bradyzoite, and
CD8+ T cells, respectively. Since effector CD8+ T cells present in
the infected brain are recruited from lymph nodes toward the brain
tissue, the model considers the function F (x, t) representing the
source of CD8+ T cells. This model is schematically represented in
Figure 2.2.

By taking the schematic representation of the model and Eq.
(2.4) into account, we obtain the following model representing the
density of healthy, T. gondii-infected brain cells and CD8+ T cells
in the brain tissue:
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S I1 I2 E
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F

Fig. 2.2: Schematic representation of transmission from susceptibles S
to infected brain cells with tachyzoite I1 at a rate θ, tachyzoite-infected
cells conversion into bradyzoite-infected brain cells I2 at a rate β and
effector CD8+ T cells E response to I2 at a rate p. The function F
represents the source of effector CD8+ T cells. The parameters d1, d2,
and d3 are the mortality rates of S, I1 and I2, respectively.

∂S(x, t)
∂t

= −θS(x, t)I1(x, t), (2.9)

∂I1(x, t)
∂t

= θS(x, t)I1(x, t)− βI1(x, t)− d1I1(x, t), (2.10)

∂I2(x, t)
∂t

= βI1(x, t)− pE(x, t)I2(x, t)− d2I2(x, t), (2.11)

∂E(x, t)
∂t

= Kα

[
1− β

2 0D
α
xE(x, t) + 1 + β

2 xD
α
LE(x, t)

]
+ F (x, t)

− d3E(x, t). (2.12)

If it is assumed that effector CD8+ T cells perform a Brownian RW
search for infected brain cells, then the model reduces to a classical
model with α = 2. Therefore, the advantage of such a model is
that we can compare the results of a Lévy RW (α < 2) with those
obtained by the Brownian RW assumption

2.3 Model parametrization
In this section, we shall discuss the value of the parameters defined
in Eqs. (2.9)–(2.12). Since there have been very few attempts to
model T. gondii infection (Sullivan et al., 2012, 2013) and necessary
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experimental data are scant, here we try to estimate the value of
the model parameters from direct measurements or by considering
the parameter value in other studies.

One of the problems in relation to brain infection with T. gondii
is the infection rates of different brain cells from different host
species. Extensive studies have been conducted on the infection
rate of brain cells by free tachyzoites (see for instance (Halonen
et al., 1996; Lüder et al., 1999)). When we investigate the results
of the experiments, we see that there are many differences in the
value of rates that are mainly due to factors, such as the type of
brain cells, the brain regions where the cells come from, the host
species (rat, human, and mouse), and the type of Toxoplasma para-
site. For instance, the rate of infection by the first type of parasites
(RH strains) is higher than the second type (ME49 and Prugni-
aud). Neurons of the hippocampus region of the brain from rats
are infected by T. gondii at a lower rate than astrocytes, while it is
more likely that cortical neurons from rats are infected. According
to in vitro studies (Halonen et al., 1996; Lüder et al., 1999), if we
consider a range of infection rate of 5% to 30% based on the type of
brain cells, then by adding 105 tachyzoites to the cultures one day
after infection, and assuming that each infected cell egresses 8 to
16 tachyzoites, we can estimate a range of the infection rate given
by θ = 4 × 10−6 day−1cells−1 to θ = 5 × 10−5 day−1cells−1. For
instance, if we consider the infection rate of 5% by 105 parasites
and also assume that each infected cell egresses 8 tachyzoites, we
can then compute θ = 0.05× 8× 10−5 = 4× 10−6 day−1cells−1.

In order to estimate the transmission rate β and the death rates
of infected cells d1 and d2, we refer to the experiments in (Radke
et al., 2001). When free tachyzoites attack brain cells, they mul-
tiply inside infected cells by dividing. After 5 divisions, they go
out of the infected cells, which leads to infecting the brain cells in
their neighbourhood. Tachyzoites have a half-life of 6 hours. Thus,
the estimated daily death rate of tachyzoite-infected cells is given
by d1 = ln 2/(5 × 6) h−1 ≈ 5 × 10−1 day−1 . These tachyzoites
convert into bradyzoites approximately after 20 divisions, which
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results in the estimated transmission rate β = 1/(20 × 6) h−1 =
2× 10−1 day−1. Bradyzoites have a half-life of 15 hours. If we sup-
pose that bradyzoites go out of the infected cells after 10 divisions,
the estimated daily death rate of bradyzoite-infected cells is given
by d2 = ln 2/(10× 15) h−1 ≈ 1× 10−1 day−1.

The average per capita killing rate p is the number of targets
(bradyzoite-infected cells at the chronic stage) destroyed per effec-
tor CD8+ T cell per day. There are very few studies discussing
perforin-mediated response against bradyzoite-infected cells or tis-
sue cysts at the chronic stage of infection (Suzuki et al., 2010; Tiwari
et al., 2019). Hence, experimental data are scant. However, based
on the experiments during 7 days in (Suzuki et al., 2010), if we as-
sume that on average 50 brain cysts per day are killed by immune
CD8+ T cells and also that there are about 5 × 104 T cells per
day, then by the definition of p, we can measure directly an average
value that is given by p = 10−3 day−1cells−1. Although this value
may be better estimated in future works, this estimated value is
sufficient for our numerical simulations because, in this work, we
aim to perform a comparison between the results of Brownian and
Lévy RWs with the same conditions.

In order to obtain an approximation of diffusivity Kα, we follow
the observations of Harris et al. (2012). To do so, we know that
Kα has SI units of mαs−1. Thus, the mean displacement length
of diffusion L can be defined as L = (KαT )1/α, where T is the
corresponding time interval. Hence, based on the findings of Harris
et al. (2012) on the diffusion coefficient of CD8+ T cells in the T.
gondii-infected brain, if we assume that L = 8µm and T = 1min,
the fractional diffusion coefficient can then be estimated as Kα =
(8× 10−6)α/60mαs−1. It is important to note that this value could
be reduced when no chemokine signals and CXCL10 are present in
the infected brain. In that case, CD8+ T cells nevertheless maintain
the behaviour of the Lévy search pattern.
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2.4 Numerical solution of
space-fractional order diffusion
equations

Over the past decade, in order to solve time-space fractional-order
diffusion equations, analytical methods are replaced by various nu-
merical methods due to the complexities of fractional derivatives.
Most of these numerical methods are based on the finite element
(FE), finite-difference (FD), and Chebyshev pseudo-spectral schemes.
In this work, we have considered the same FE method used by
Hanert (2010) to solve fractional-order transport models. More
precisely, we have used a piecewise linear finite-element method
based on a Galerkin formulation for solving Eq. (2.12). In this
method, the exact solution (unknown variable) E(x, t) is expressed
as a sum of the unknown coefficients ej(t) and basis functions φj(x)
as follows:

E(x, t) ≈ Ẽ(x, t) =
N∑
j=1

ej(t)φj(x).

By introducing a partition of the domain [0, L] into N − 1 subin-
tervals [xj, xj+1] with a constant length h, i.e., x1 = 0, xN = L, and
xj+1 − xj = h for j = 1, . . . , N − 1, we can consider the piecewise
linear basis functions φj(x) for j = 1, 2, . . . , N as follows:

φ1(x) =


x2 − x
x2 − x1

: x1 ≤ x ≤ x2,

0 : x 6∈ [x1, x2].

for j = 2, ..., N − 1,

φj(x) =



x− xj−1

xj − xj−1
: xj−1 ≤ x ≤ xj,

xj+1 − x
xj+1 − xj

: xj ≤ x ≤ xj+1,

0 : x 6∈ [xj−1, xj+1].
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and for j = N ,

φN(x) =


x− xN−1

xN − xN−1
: xN−1 ≤ x ≤ xN ,

0 : x 6∈ [xN−1, xN ].

Now we approximate the source term F (x, t) by the same discretiza-
tion as the model solution as follows:

F (x, t) ≈ F̃ (x, t) =
N∑
j=1

fj(t)φj(x).

Since the basis functions φj(x) for j = 1, 2, ..., N have a value of
1 at node xj and 0 at other nodes, fj(t) = F (xj, t). By using a
Galerkin formulation, we replace Ẽ(x, t) and F̃ (x, t) in the model
equation and then by orthogonalizing the discrete equation with
respect to all φj, we get the following equation:(∫ L

0
φiφjdx

)
dej
dt

(t) =
(
Kα

∫ L

0
φi
d2

dx2Gαβ(x, φj)dx,
)
ej(t)

+
(∫ L

0
φiφjdx

)
F (xj, t)

− d3

(∫ L

0
φiφjdx

)
ej(t),

for i, j = 1, ..., N and

Gαβ(x, φj) ≡
1− β

2Γ(2− α)

∫ x

0

φj(ξ)
(x− ξ)α−1dξ

+ 1 + β

2Γ(2− α)

∫ L

x

φj(ξ)
(ξ − x)α−1dξ.

By performing integration by parts (see Hanert (2010) for details),
we get a semi-discrete equation in a matrix form as follows:

M
de
dt

(t) = De(t) + M (f(t)− d3e(t)) , (2.13)
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where e(t) = [e1(t) . . . eN(t)]T is the vector of unknown coefficients
at time t and the elements of the vector f(t) = [F (x1, t) . . . F (xN , t)]T
are the known values of the source term at a node j at time t. The
elements of the mass matrix M and the diffusion matrix D read:

Mij =
∫ L

0
φiφjdx, Dij = −Kα

∫ L

0

dφi
dx

(x) d
dx
Gαβ(x, φj)dx,

where d

dx
Gαβ(x, φj) ≡

1− β
2 0D

α−1
x φj(x) + 1 + β

2 xD
α−1
L φj(x) is a

combination of the left and right Riemann-Liouville derivatives of
order α − 1 of φj. Finally, we can discretize Eq. (2.13) by using
standard time integration methods. Here, a third-order Adams-
Bashforth scheme has been considered. To solve Eq. (2.12), we
also need to consider initial and boundary conditions.

E(x, 0)

x

E(x, t = T )

10−3

10−2

10−1

100

0 0.5 1

α = 2

α = 1.75

Fig. 2.3: Numerical solution of Eq. (2.12) with F (x, t) = 0, d3 = 0 at
time T for α = 2 and α = 1.75. Black curve shows a Gaussian function,
as the initial condition. In the case of a Brownian motion (α = 2),
the solution tails decay exponentially (red curve). But, for a Lévy RW
(α < 2), the solution has a power-law asymptotic behaviour (blue curve).
Here, The y-axis is in a logarithmic scale.

Here, we present an example to illustrate how different values
of the parameter α affect the behaviour of the solution. We have
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solved Eq. (2.12) with F (x, t) = 0, and d3 = 0. Figure 2.3, black
curve shows a Gaussian function, as the initial condition. In the
case of a Brownian motion (α = 2), the solution tails decay expo-
nentially (Figure 2.3, red curve). But, for a Lévy RW (α < 2), the
solution has a power-law asymptotic behaviour (Figure 2.3, blue
curve). Since with a Lévy RW, particles can make large displace-
ments, as we see, the solution decays more slowly compared to the
Brownian motion assumption.

2.5 Effect of Lévy RW of CD8+++ T cells
on the infected cells

In this section, by using the model Eqs. (2.9)–(2.12) with the pa-
rameter values estimated in Section 2.3, we investigate the influ-
ence of a Lévy RW search performed by T cells on the density of
infected cells in the brain. To do so, we can consider a comparison
between the classical model based on the Brownian RW assump-
tion (α = 2) and the fractional model relying on the Lévy RW
assumption (α = 1.15).

In order to solve the proposed model, we need to define a com-
putational domain L as a part of the brain tissue and the source
function F (x, t) in Eq. (2.12). The Brain tissue is composed of
two kinds of tissue: grey matter and white matter. Based on the
microscopic studies, tissue cysts can be formed in all regions of the
brain tissue, but most of them are distributed in the cerebral cor-
tex and hippocampus regions (Berenreiterová et al., 2011). The
cerebral cortex is the outer layer of grey matter that covers the
brain. Hence, we assume that the computational domain is a part
of the cerebral cortex. A detailed description of the cerebral cortex
is provided in (Von Economo, 2009). We define the source term by

F (x, t) := f(t)δ(x− L/2),

where the time-dependent function f(t) gives the number of CD8+

T cells entering the domain in the middle per unit of time at time
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t and δ(x− L/2) is the Dirac delta function centred in the middle
of the domain. We define the input function f(t) as a decreasing
function given by f(t) := rNe−rt, where N and r represent the
number of CD8+ T cells and the rate at which they enter the do-
main, respectively. To estimate the input rate r, we followed the
observations of John et al. (2009) who studied the kinetics of CD8+

T cells in the T. gondii infected brains. If we assume that the death
rate of CD8+ T cells is equal to 10−1 day−1 and consider a maximum
number of CD8+ T cells in the brain by day 14, we can then esti-
mate the value of the input rate to be given by r = 8× 10−2 day−1.
Here, it is assumed that CD8+ T cells enter the brain with a delay
on day 3 (John et al., 2009). It should be noted that in the nu-
merical simulations, we consider the values of N according to the
estimations of Harris et al. (2012) (see supplementary information
in (Harris et al., 2012)).

In order to compare the efficiency of CD8+ T cells for Lévy RW
versus Brownian RW, we define the average number of bradyzoite-
infected cells n(t) during simulation time as follows:

n(t) :=
∫ L

0
I2(x, t)dx, (2.14)

where I2(x, t) is the density of bradyzoite-infected cells (tissue cysts)
with units of the number of cells per mm. We discretize Eqs. (2.9)–
(2.12) with a piecewise-linear FE method based on a Galerkin for-
mulation. For more details on the discretization of the model equa-
tions, see Section 2.4 and appendix A.1. Eq. (2.12) needs to be
solved with appropriate boundary conditions that guarantee mass
conservation in the numerical simulations (see appendix A.2 for
details).

In the first numerical simulation, we consider constant initial
conditions S(x, 0) = 2.5×104 healthy brain cells and I1(x, 0) = 150
tachyzoite-infected cells per mm over the whole domain. We com-
pare the average number of infected cells n(t) for Lévy and Brown-
ian RWs of CD8+ T cells over the domain [0, L] of the brain tissue.
Here, we suppose that L = 14mm. According to our model, in-
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fected cells with tachyzoites I1 and bradyzoites I2 will first increase
in a period [0, T0] and then tend to 0 after T0. The time evolution
of the average number of infected cells n(t) over the domain [0, 14]
with different foraging patterns of CD8+ T cells is shown in Figure
2.4.

Fig. 2.4: Time evolution of the average number of infected cells n(t)
obtained by Eq. (2.14) over the domain [0, 14] with Lévy RW (α = 1.15)
and Brownian RW (α = 2). The average value of n(t) in the period [0, 30]
for Lévy RW (N̄L) is equal to 26% of that value for Brownian RW (N̄B),
highlighting the fact that a Lévy RW search strategy is more efficient
than a Brownian motion in killing infected cells distributed in a large
distance of the brain tissue.

Figure 2.4 shows that in the case of a Lévy RW, n(t) reaches
its maximum value at time t = 8 and after that tends to 0 at time
t ≈ 35. However, in the case of a Brownian motion, n(t) grows
quickly and reaches its maximum value at time t = 11 and then
decreases such that n(50) = 60. Here, we define the average of n(t)
in a period [0, T ] by

N̄ =
∫ T

0
n(t)dt/T.
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That quantity is computed for Brownian RW (N̄B) and Lévy RW
(N̄L). By taking the ratio between the values of N̄B and N̄L, we get
N̄L = 0.26N̄B in the period [0, 30]. This result shows that a Lévy
foraging pattern of CD8+ T cells is about four times more efficient
than a Brownian motion in detecting and killing infected cells dis-
tributed throughout the brain tissue. To illustrate this result, we
consider the diffusion profiles for CD8+ T cells on the domain [0, 14]
with Lévy and Brownian RWs, which are shown in Figure 2.5 and
2.6.

Figure 2.5 and 2.6 show that the difference between Brownian
and Lévy CD8+ T cell density models is most obvious in the tails
of T cell distribution. The Lévy RW search strategy increases the
number of T cells further away from the source more than a Brow-
nian motion and thus leads to an increase in the thickness of T cell
distribution tails. However, for a Brownian motion, CD8+ T cells
are present more around the source, and hence they are not able to
successfully eradicate infected cells located further away from the
source (see Figure 2.5(a) and Figure 2.6(a)). T cells with a Lévy
search strategy can travel larger distances and hence scan the en-
tire tissue much more rapidly (see Figure 2.5(b) and Figure 2.6(b)).

The objective of CD8+ T cell search is to remove all or nearly all
infected cells from infected tissues. Since a Lévy RW search allows
CD8+ T cells to scan further distances from the source more effi-
ciently than a Brownian motion, our results suggest that a Lévy RW
search can lead to a complete detection of T. gondii-infected cells
in the brain tissue. For instance, the average number of infected
cells n(t) over the domain [0, 14] with a Lévy RW vanishes after 35
days, while with the Brownian motion assumption, n(50) = 60.
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(a)

(b)

Fig. 2.5: Diffusion profiles for CD8+ T cells density at different time
instants on the domain [0, 14] with Lévy RW (α = 1.15) and Brownian
RW (α = 2) obtained by solving Eq. (2.12), highlighting the fact that
Lévy RW assumption of T cells (α = 1.15) increases the number of T
cells further away from the source more than a Brownian motion (α = 2).
The arrows indicate the direction of diffusion of CD8+ T cells starting
from the zero initial condition represented on the x-axis until reaching
the maximum number of T cells on day 14. Here, we assumed that
CD8+ T cells enter the brain with a delay on day 3. The time interval
between profiles starting from day 4 is set to 2 days.
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(a)

(b)

Fig. 2.6: Diffusion profiles for CD8+ T cells density at different time
instants on the domain [0, 14] with Lévy RW (α = 1.15) and Brownian
RW (α = 2) obtained by solving Eq. (2.12), highlighting the fact that
Lévy RW assumption of T cells (α = 1.15) increases the number of T
cells further away from the source more than a Brownian motion (α = 2).
The arrows indicate the decrease in the number of T cells after day 14.
The time interval between profiles starting from day 16 is set to 4 days.
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We here note that from a biological point of view, when initially
the infection load (burden) in the brain tissue is growing, activated
CD8+ T cells migrate from lymph nodes to the brain tissue to elim-
inate the infected brain cells. In that case, the number of immune
cells throughout the tissue increases so that the infection load de-
creases. At this stage, the spatial propagation of CD8+ T cells
throughout the tissue in the case of Brownian and Lévy random
walks are shown in Figure 2.5(a) and 2.5(b), respectively. Once the
infection is resolved, the number of CD8+ T cells declines. This
is called the “contraction phase”. Here, the spatial decline of T
cells in the case of Brownian and Lévy random walks are compared
in Figure 2.6(a) and 2.6(b), respectively, and finally, T cells could
persist at a level for long periods of time in the tissue. Figure 2.4
shows the time evolution of the infection load during the immune
response to the infected brain cells.

In order to highlight the efficiency of Lévy RW versus Brownian
RW on the domain [0, 14], we can also compute a time such that
the average number of infected cells at that time is equal to 1%
of the maximum value of n(t) for α = 2 (tB) and α = 1.15 (tL).
By taking the ratio between the values of tB and tL for the domain
[0, 14], we get tL = 0.58tB. However, that ratio for the domain [0, 6]
is approximately 1. Here, if we increase the length of the domain
from 6mm to 20mm, then tL and tB increase from 24 to 25 days
and from 24 to 50 days, respectively. In other words, the ratio tL/tB
decreases from 1 to 0.5 (see Figure 2.7).
The numerical result shown in Figure 2.7 has been obtained by
considering the time dynamics of the infection load throughout the
tissue with different lengths. As the domain of infection gets larger,
the average number of infected cells n(t) after reaching its maximum
value with a Brownian motion decreases more slowly compared to
a Lévy RW search. Therefore, this result highlights the importance
of a Lévy RW search pattern for accelerating the elimination of
infected cells distributed broadly within the brain tissue.
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Fig. 2.7: The ratio tL/tB versus the length of the domain L. As L in-
creases, the average number of infected cells reaches 1% of its maximum
value rapidly with the Lévy RW compared to the Brownian motion as-
sumption. It highlights the importance of a Lévy search pattern for
accelerating the elimination of infected cells distributed broadly in the
brain tissue.

The final example illustrates the differences between the elim-
ination dynamics of infected cells with Lévy and Brownian RWs.
Here, we consider the following model for the density of CD8+ T
cells and bradyzoite-infected cells:
∂I2(x, t)

∂t
= −pE(x, t)I2(x, t), (2.15)

∂E(x, t)
∂t

= Kα

[
1− β

2 0D
α
xE(x, t) + 1 + β

2 xD
α
LE(x, t)

]
+ F (x, t)

− d3E(x, t), (2.16)

with the initial condition I2(x, 0) = I0. We suppose that an equal
number of CD8+ T cells per unit of time at time t enter the right-
hand side of the domain L = [0, 14] with a Lévy RW and the
left-hand side of the domain with a Brownian motion. Here, the
simulation has a duration of 5 days and I0 = 300 infected cells per
mm over the domain.
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The elimination dynamics of the infected cells with Lévy and
Brownian RWs are shown in Figure 2.8. CD8+ T cells with a Lévy
RW can spread across the whole domain on the right, [7, 14], and
hence they can rapidly destroy infected cells distributed over the
entire tissue. However, CD8+ T cells with a Brownian RW travel
through the tissue on the left, [0, 7], more slowly, leading to a slower
decline of the infected cells faraway from the source. In this exam-
ple, with the Lévy RW search pattern, about 90% of infected cells
are killed. However, with a Brownian motion, about 36% of infected
cells are eliminated from the domain [0, 7].

Fig. 2.8: Profiles for infected cells densities at different time instants on
the domain [0, 14] with Lévy RW (α = 1.15) and Brownian RW (α = 2)
obtained by solving Eqs. (2.15) and (2.16). The equal number of CD8+

T cells enter the right-hand side of the domain with a Lévy RW and
the left-hand side with a Brownian RW, leading to rapid elimination of
infected cells over the whole domain on the right with a Lévy RW (blue
curves), and a slower decline of infected cells faraway from the source
with a Brownian RW (red curves). The arrows show the direction of
the model solutions over time beginning from the initial condition of
infected cells displayed by a black horizontal line. Here, the simulation
has a duration of 5 days and the time interval between profiles is set to
1 day.
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Suzuki et al. (2010) studied the removal of tissue cysts in the
brains of mice infected with T. gondii by perforin-mediated protec-
tive immunity. They transferred the immune T cells to the infected
brains and then observed a significant decrease in the number of
tissue cysts. They suggested that a local expansion of CD8+ T
cells in the brain tissue could lead to the high destruction of tissue
cysts. In our model, we considered the impact of the protective
mechanism of CD8+ T cells by perforin on the bradyzoite-infected
cells. Our results suggest that the Lévy RW search enables T cells
to accelerate the elimination of tissue cysts. Thus, we predict that
in addition to possible reasons for high reduction of cysts, such as
a local proliferation of CD8+ T cells, the Lévy RW search strategy
performed by CD8+ T cells can be a possible factor for marked
decreases in tissue cyst numbers in the T. gondii-infected brain.

2.6 Conclusion
In their search for targets, many species in almost any biological
environment do random searches when their intellectual capacities
are constrained by the distribution of their targets. For instance, T
cells can perform different search patterns for their targets across
different tissues. Mathematical models are useful tools to study how
the search strategies performed by T cells can lead to an efficient
immune response against pathogens. Among all foraging patterns
in tissues, random motion of CD8+ T cells in the T. gondii-infected
brain is considerable due to a switch in the random search strategy
of T cells from a Brownian motion observed in other tissues to a
Lévy RW search in the brain tissue. Hence, studying the effective
role of a Lévy RW search indeed requires specific tools. One of
them is to use fractional diffusion equations to obtain the density
of T cells in the infected brain.

In this work, we have derived a space fractional-order equation
consisting of fractional-order diffusion and reaction terms to get
the density of T cells in the infected brain. The fractional diffusion
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with order α < 2 represents a complex dispersion of T cells called
superdiffusion, and the reaction terms describe the recruitment of
T cells from lymph nodes into the brain and their natural death.
When α = 2, the resulting equation represents the Brownian mo-
tion. Hence, we were able to perform a comparison between the
results of Lévy and Brownian RWs. Based on the T. gondii life cy-
cle in the brain, we have also derived space-time reaction equations
representing the density of tachyzoite- and bradyzoite-infected cells
in the brain tissue. This allowed us to study the effect of the Lévy
RW search of CD8+ T cells on the bradyzoite-infected cell (tissue
cysts) density by the perforin-mediated immune response. Our sim-
ulation results have shown that the average number of infected cells
(N̄) in the period [0, 30] with a Lévy RW on the domain [0, 14] is
26% of N̄ with the Brownian motion. This means that CD8+ T
cells with a Lévy RW search are more successful than a Brownian
motion in response to infection because T cells can travel faraway
from the source, leading to more eradication of the cysts in the
brain. Furthermore, as T. gondii parasites are capable of infecting
large areas of the brain tissue, a Lévy RW search allows CD8+ T
cells to scan large distances, which results in a complete detection of
infected cells and hence all or nearly all infected cells are eliminated
from the brain tissue. However, with the Brownian motion assump-
tion, infected cells located further away from the source could be
out of reach of CD8+ T cells.

We here note that Harris et al. (2012) have also shown the effi-
ciency of effector CD8+ T cells for Lévy RW versus Brownian RW.
In their model, the efficiency has been defined based on the sum of
T cells displacements at the moment when the first T cell reaches
a target at the origin of a sphere. They showed that in the case of
a Lévy RW, the sum of the displacements to reach a target is less
than a Brownian motion, and hence a Lévy RW search is more ef-
ficient. However, our model provides a much more realistic picture
of the efficient role of the Lévy search strategy on the protective
mechanism of CD8+ T cells.

It is noteworthy to point out that the model could be further
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improved by considering some issues that have been ignored. One of
them is the effect of the anti-parasitic mechanism of effector CD8+

T cells by IFN-γ on controlling the rapid division of tachyzoites. In
(Wodarz et al., 2002), the two protective mechanisms of CD8+ T
cells by perforin and IFN-γ are referred to as the lytic and nonlytic
responses of the immune system against pathogens, respectively.
This model may therefore be improved by considering both the
lytic and non-lytic immune responses using the same approach that
Wodarz et al. (2002) applied to develop viral infection models.

Another issue is the study of non-Markovian property in anoma-
lous dispersions. According to observations of Harris et al. (2012),
when CD8+ T cells make a displacement, the probability distribu-
tion function for the waiting or pausing times exhibits a power-law
asymptotic behaviour as ∼ τ−(γ+1) with γ = 0.7. In that case, the
anomalous diffusion of CD8+ T cells has a non-Markovian effect.
By considering a large number of CD8+ T cells, for the T cell den-
sity in the brain, a time fractional-order diffusion equation with
order 0 < γ < 1 is obtained. However, for a Brownian motion, the
time derivative order is equal to 1 and the diffusion has a Marko-
vian property. For solving space-time fractional-order equations,
there are some efficient numerical methods based on Chebyshev
pseudospectral method. For instance, see (Hanert, 2011; Hanert
and Piret, 2014).
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This chapter reproduces the following article1:
A. Farhadi, E. Hanert, Front Propagation of Exponentially Trun-

cated Fractional-Order Epidemics, Fractal and Fractional, 2022,
doi: 10.3390/fractalfract6020053

Abstract

The existence of landscape constraints in the home range
of living organisms that adopt Lévy-flight movement pat-
terns, prevents them from making arbitrarily large displace-
ments. Their random movements indeed occur in a finite

1Only minor modifications were made.
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space with an upper bound. In order to make realistic mod-
els, by introducing exponentially truncated Lévy flights,
such an upper bound can thus be taken into account in
the reaction-diffusion models. In this work, we have inves-
tigated the influence of the λ-truncated fractional-order dif-
fusion operator on the spatial propagation of the epidemics
caused by infectious diseases, where λ is the truncation pa-
rameter. Analytical and numerical simulations show that
depending on the value of λ, different asymptotic behaviours
of the travelling-wave solutions can be identified. For small
values of λ (λ & 0), the tails of the infective waves can de-
cay algebraically leading to an exponential growth of the
epidemic speed. In that case, the truncation has no impact
on the superdiffusive epidemics. By increasing the value
of λ, the algebraic decaying tails can be tamed leading to
either an upper bound on the epidemic speed representing
the maximum speed value or the generation of the infective
waves of a constant shape propagating at a minimum con-
stant speed as observed in the classical models (second-order
diffusion epidemic models). Our findings suggest that the
truncated fractional-order diffusion equations have the po-
tential to model the epidemics of animals performing Lévy
flights, as the animal diseases can spread more smoothly
than the exponential acceleration of the human disease epi-
demics.

3.1 Introduction
Infectious pathogens, such as viruses are the microorganisms that
can cause infectious diseases following their presence and growth
in humans and animals (hosts) (Cleaveland et al., 2001). One of
the characteristics of infectious diseases is the ability of pathogens
to be transmitted between individuals by either close contact be-
tween infected and non-infected (susceptible) individuals or a sec-
ondary host that carries the pathogens. Infectious diseases are
thus also called communicable or transmissible diseases. Influenza,
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novel coronavirus (COVID-19), malaria, dengue fever, and West
Nile virus are examples of infectious diseases. The propagation of
infectious pathogens into non-infected regions leads to the spatial
expansion of transmissible diseases and as a result, a large num-
ber of susceptible individuals can be infected so that an epidemic
occurs. In some cases, a human epidemic can propagate over the
entire globe, which is known as a pandemic. The 1918 Spanish in-
fluenza and COVID-19 are examples of classic and novel pandemics,
respectively, (Nelson and Williams, 2014; Ciotti et al., 2020).

In epidemiology, mathematical models have been widely used
to study the temporal and spatial dynamics of infectious diseases.
Assuming the spatial homogeneity of the environment leads to the
models that encompass the temporal dynamics of infectious diseases
(Brauer, 2008; Cruz-Pacheco et al., 2005; Esteva and Vargas, 1998;
Chen et al., 2020). These models vary based on the characteristics
of the particular disease, such as the transmission mechanism by
either close contact or secondary hosts (see (Keeling and Rohani,
2011) for an extensive review of various mathematical models of an-
imal and human infectious diseases). One of the purposes of such
models is to derive the basic reproductive number that indicates
the potential for the propagation of infectious diseases within a
population. When its value is greater than unity, it shows that the
infection is capable of invading the susceptible population, leading
to the occurrence of an epidemic. Since this number is dependent
on the model parameters, some strategies can be taken into account
to control the propagation of the epidemics (Van den Driessche and
Watmough, 2008; Bowman et al., 2005). However, considering the
random mobility of hosts and also the spatial heterogeneity of the
environment lead to the reaction-diffusion models that describe the
spatial dynamics of infectious diseases (Wu, 2008; Maidana and
Yang, 2009, 2008). As an original model of this type, Källén et
al. (Källén et al., 1985) studied the spatial spread of rabies among
foxes. The main advantage of the reaction-diffusion epidemic mod-
els is to understand how fast an infectious disease can propagate.
In that case, in order to control the spatial spread of the diseases,
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the parameters that govern the epidemic speed can be distinguished
(Murray, 2001).

The type of host random mobility is a key factor that affects
the epidemic speed and the patterns of the epidemic spread. Brow-
nian motion and Lévy flight are two different patterns of ran-
dom movements. Brownian motion is a normal dispersion process
in which particles (walkers) make short movements such that the
probability distribution function (pdf) of the displacement is ob-
tained by the normal (Gaussian) distribution (Okubo and Levin,
2001). Considering Brownian motion pattern of susceptible and
infective individuals leads to a second-order reaction-diffusion epi-
demic model. In that case, the epidemic waves propagate at a
constant speed and the tails of the epidemic’s fronts decay expo-
nentially. Such classical models have been applied to estimate the
propagation speed of the plague in the 14th century and rabies
in Europe (Murray, 2001; Shigesada and Kawasaki, 1997). How-
ever, Lévy-flight mobility pattern represents an anomalous diffu-
sion process in which the walkers make occasionally large jumps
between many short movements such that the pdf of the displace-
ment is obtained by a power-law distribution with an asymptotic
behaviour as l−(α+1), where l is the length of the displacement
and 0 < α < 2 (Metzler and Klafter, 2000). Different studies have
shown that the random movement of many living organisms can be
described by Lévy flights, including large marine predators (Sims
et al., 2008; Humphries et al., 2010), fruit flies (Reynolds and Frye,
2007), bumblebees (Lihoreau et al., 2016), honeybees (Reynolds
et al., 2007a,b), albatrosses (Humphries et al., 2013) and even
humans (Brockmann et al., 2006). Considering a population of
the walkers performing a Lévy-flight mobility pattern leads to a
fractional-order reaction-diffusion equation whose solution repre-
sents the walker densities (Metzler and Klafter, 2000; Chaves, 1998).
From an applied point of view, fractional-order models have been
used in a broad range of problems in ecology (Hanert, 2012; Val-
laeys et al., 2017), biology (Raghib et al., 2010), plasma turbulence
(del Castillo-Negrete et al., 2004, 2005), finance (Cartea and del
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Castillo-Negrete, 2007b) and also recently numerous studies have
been conducted on the subjects of bifurcation analysis, stability,
and optimal control of fractional-order systems, such as predator-
prey models (Yuan et al., 2021; Huang et al., 2020), neural networks
(Xu et al., 2021a; Huang et al., 2019; Xu et al., 2021b), and dif-
fusive mussel-algae models (Djilali et al., 2020). As an application
of space fractional-order diffusion equations in epidemiology, Han-
ert et al. (2011) have shown that such equations can be applied
to model the modern epidemics, such as avian influenza, and even
SARS and also that the fractional-order diffusion operators make
the epidemic waves travel at an exponential speed and the tails of
the wave solutions decay algebraically as a power-law.

The existence of landscape and physiological constraints in the
home range of living organisms following a pure Lévy-flight mobility
pattern, can prevent arbitrarily large movements. To make realis-
tic displacements, the tails of the power-law distribution must be
truncated. In that case, the pure Lévy distribution is replaced by
a truncated power-law distribution whose tail decays more quickly
than it does in the pure Lévy case. Mantegna and Stanley (1994)
and Koponen (1995) originally introduced truncated Lévy processes
and after that Rosiński (2007) proposed an exponentially truncated
(tempered) Lévy process that yields a smoother decay than the
abrupt cutoff. The pure power-law distributions result in diverging
measurable quantities, such as variance and moments that cannot
be observed in physically realizable systems. However, the trun-
cated Lévy flight leads to the finite moments. The exponentially
tempered Lévy distribution exhibits an asymptotic behaviour as
∼ e−λll−(α+1), where l is the length of the displacement, 0 < α < 2,
and λ > 0 is the truncation parameter. When λ = 0, it leads
to a pure Lévy flight distribution. Considering a large number
of random walkers performing a truncated Lévy flight leads to a
truncated fractional-order diffusion equation whose solution repre-
sents the walker densities (Cartea and del Castillo-Negrete, 2007a;
Baeumer and Meerschaert, 2010). As an application of such equa-
tions, Vallaeys et al. (2017) estimated isolation distances between



66 Chapter 3 - Exponentially truncated fractional epidemics

genetically modified (GM) and non-GM crops by considering the
fact that the honeybees mobility pattern can be well described by
truncated Lévy flights. del Castillo-Negrete (2009) examined the in-
fluence of the truncation on the travelling-wave solutions of a trun-
cated fractional-order Fisher–Kolmogorov equation. It would be
of interest to investigate the results of such an equation in the epi-
demic models, as modern epidemics do not follow Brownian dynam-
ics and can lead to accelerated waves of infectious diseases (Small
et al., 2007; Mundt et al., 2009). Hence, in this study, we apply the
random mobility of infective individuals following truncated Lévy
flights to an epidemic model and explore the epidemic speed based
on the different values of the truncation parameter.

The remainder of the paper is organized as follows. In Sec-
tion 3.2, we introduce the space fractional-order operators. In Sec-
tion 3.3, we first review the classical and untruncated fractional-
order epidemic models, then formulate a truncated fractional-order
epidemic model and finally, discuss the epidemic speed of the new
model. In Section 3.4, we explore our analytical results by numer-
ically solving the model and conclusion is given in Section 3.5.

3.2 Preliminaries for
fractional-order operators

In this section, we shall give some definitions and notations that are
required for this work. In the field of fractional models, the clas-
sical operators in time and/or space are replaced by the fractional
derivative operators that are defined as follows.

For a given function f , the untruncated space fractional-order
derivative operator of order α with a shorthand notation Dα

x or
dα/d|x|α is defined as (Cartea and del Castillo-Negrete, 2007a):

Dα
xf(x) = l −∞D

α
xf(x) + r xD

α
∞f(x), (3.1)

where −∞Dα
x and xD

α
∞ are the positive (left) and negative (right)

space-fractional Riemann–Liouville derivatives, respectively, defined
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as (Kilbas et al., 1993; Podlubny, 1998):

−∞D
α
xf(x) = 1

Γ(n− α)
∂n

∂xn

∫ x

−∞

f(ξ)
(x− ξ)α−n+1dξ, (3.2)

xD
α
∞f(x) = (−1)n

Γ(n− α)
∂n

∂xn

∫ ∞
x

f(ξ)
(ξ − x)α−n+1dξ, (3.3)

where Γ(.) denotes Euler’s gamma function and n = 1 + [α] such
that [α] = max{m ∈ Z|m ≤ α} and Z is the set of integers. For in-
stance, for 1 < α ≤ 2, we get n = 2, and the parameters l and r
are the weighting factors defined as:

l = − 1− β
2 cos(απ/2) , r = − 1 + β

2 cos(απ/2) , (3.4)

where the parameter β ∈ [−1, 1] is a skewness parameter that shows
a preferred direction of displacements that can be seen in hetero-
geneous systems. When β = 0, the distribution is symmetric and
space derivative represents a symmetric Riesz derivative.

Since the Riemann–Liouville derivatives are singular on the bound-
aries of a bounded domain [0, L], where L > 0, instead, Caputo
derivatives can be used. The left and right Caputo derivatives of
order α are defined as follow (Kilbas et al., 1993; Podlubny, 1998):

C
0 D

α
xf(x) = 1

Γ(n− α)

∫ x

0

∂nf(ξ)/∂ξn
(x− ξ)α−n+1dξ, (3.5)

C
xD

α
Lf(x) = (−1)n

Γ(n− α)

∫ L

x

∂nf(ξ)/∂ξn
(ξ − x)α−n+1dξ. (3.6)

The λ−truncated (tempered) fractional-order derivative opera-
tor of order α with a shorthand notation Dα,λ

x is defined as (Cartea
and del Castillo-Negrete, 2007a).

For 0 < α < 1,

Dα,λ
x f(x) = le−λx −∞D

α
x (eλxf(x)) + reλx xD

α
∞(e−λxf(x))

+ λα

cos(απ/2)f(x), (3.7)
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For 1 < α < 2,

Dα,λ
x f(x) = le−λx −∞D

α
x (eλxf(x)) + reλx xD

α
∞(e−λxf(x))

+ λα

cos(απ/2)f(x) + αβλα−1

| cos(απ/2)|
∂f

∂x
, (3.8)

where the operators −∞Dα
x and xD

α
∞ and the parameters l and r

are defined by Eqs. (3.2)–(3.4), respectively, and λ ≥ 0 is a trun-
cation parameter with SI units m−1. Now, for 1 < α < 2, we can
define the left and right-sided truncated fractional-order operators
−∞Dα,λ

x and xDα,λ
∞ , for β = −1 and β = 1, respectively, as follows:

−∞Dα,λ
x f(x) = −1

cos(απ/2)

(
e−λx −∞D

α
x (eλxf(x))

− λαf(x)− αλα−1∂f

∂x

)
. (3.9)

xDα,λ
∞ f(x) = −1

cos(απ/2)

(
eλx xD

α
∞(e−λxf(x))− λαf(x) + αλα−1∂f

∂x

)
.

(3.10)

3.3 Spatial propagation of an epidemic
In this section, we investigate the effect of different random move-
ments of individuals on the spatial spread and speed of an epi-
demic. To do so, we consider a simple version of the epidemic
models. The model takes into account the densities of two pop-
ulations at location x at time t, the susceptibles S(x, t) and the
infectives I(x, t). We assume that the susceptibles catch the dis-
ease from the infectives at a constant transmission-efficiency rate δ
and that the infectives disappear either by recovery from the dis-
ease or disease-induced mortality, at a constant rate γ. We model
the random movement of susceptibles and infectives by considering
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diffusion operators in the model equations. With these assump-
tions, the densities of susceptiples and infectives vary according to
the following equations:

∂S

∂t
= −δS(x, t)I(x, t) + diffusion operator︸ ︷︷ ︸

random motion

, (3.11)

∂I

∂t
= δS(x, t)I(x, t)− γI(x, t) + diffusion operator︸ ︷︷ ︸

random motion

.(3.12)

In what follows, we shall formulate “diffusion operator” by con-
sidering three patterns of random mobility of individuals, namely
Brownian motion, pure (untruncated) Lévy flight and truncated
Lévy flight, and then discuss the epidemic speed in each case.

3.3.1 Brownian Motion
Brownian motion is a normal dispersion process that the probabil-
ity distribution function (pdf) for the displacements is a Gaussian
(Normal) distribution. In that case, if we assume that the mobility
of susceptible and infective individuals is described by Brownian
motion, the diffusion operators in Eqs. (3.11) and (3.12) are the
second-order diffusion denotedK∂2S(x, t)/∂x2 andK∂2I(x, t)/∂x2,
respectively, where K represents the diffusion coefficient and has
units of m2s−1. Therefore, we get

∂S

∂t
= −δS(x, t)I(x, t) +K

∂2S(x, t)
∂x2 , (3.13)

∂I

∂t
= δS(x, t)I(x, t)− γI(x, t) +K

∂2I(x, t)
∂x2 , (3.14)

To obtain the epidemic speed, we consider a situation in which
the wave of infectives propagates into the susceptible population
whose density is uniformly set to be S(x, 0) = S0 throughout the
entire domain. In that case, the constant epidemic speed at the
leading edge, i.e., where S ≈ S0 and I ≈ 0 is given by c =
2
√
K(δS0 − γ) for K(δS0−γ) > 0. For more details, refer to (Mur-

ray, 2001; Shigesada and Kawasaki, 1997).
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3.3.2 Pure (Untruncated) Lévy flights

For pure Lévy flights, the power-law asymptotic behaviour of the
pdf for the displacements leads to the space fractional-order diffu-
sion operator Dα

x defined by Eq. (3.1). If we assume that the suscep-
tible and infective populations perform Lévy flights, the fractional-
order epidemic model reads

∂S

∂t
= −δS(x, t)I(x, t) +KαDα

x , (3.15)
∂I

∂t
= δS(x, t)I(x, t)− γI(x, t) +KαDα

x , (3.16)

where Kα is the fractional-order diffusivity with units of mαs−1.
Hanert et al. (2011) investigated the effect of the left-sided frac-
tional diffusion operator on the left-and right-moving fronts. It was
shown that the epidemic waves travel to the right side at an un-
bounded and exponential speed given by c(t) ∼ (1−λ)e((1−λ)/(α+1))t

for large values of t and to the left side at a constant speed given by
c = α((1−λ)/(α−1))(α−1)/α, where λ = γ/δS0. It should be noted
that in the case of the symmetric fractional operator (β = 0), the in-
fective waves propagating to the left and right sides have the same
speed, i.e., both the left- and right-moving waves accelerate expo-
nentially.

3.3.3 Truncated Lévy flights

In this subsection, we investigate the effect of the truncated Lévy
flights on the epidemic speed. To do so, we consider the left-
sided truncated fractional-order diffusion operator −∞Dα,λ

x defined
by Eq. (3.9). Since the movement of susceptible individuals does
not change the front speed, for the sake of simplicity, we suppose
that there is no diffusion term in the S equation. However, infec-
tious individuals move into the susceptible population. The model
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equations then read as follows:
∂S(x, t)
∂t

= −δS(x, t)I(x, t), (3.17)

∂I(x, t)
∂t

= δS(x, t)I(x, t)− γI(x, t)

+ Dα

(
e−λx −∞D

α
x (eλxI(x, t))− λαI(x, t)

)
, (3.18)

where Dα = Kα/| cos(απ/2)|. It should be noted that similar to the
assumption used by del Castillo-Negrete (2009) for the truncated
fractional-order Fisher–Kolmogorov equation, we do not consider
the term ∂I(x, t)/∂x in the I equation. In order to analyse the
solutions of Eqs. (3.17) and (3.18), we first make them dimensionless
by introducing the following variables:

S̄ = S

S0
, Ī = I

S0
, x̄ = x

xc
, t̄ = t

tc
,

where xc and tc are characteristic values of x and t, respectively.
In what follows, we estimate these values. The next task is to
insert the new dimensionless variables into Eqs. (3.17) and (3.18).
That is, we replace S by S0S̄, I by S0Ī, t by tct̄ and x by xcx̄.
The derivative with respect to t̄ is derived through the chain rule
as

∂I

∂t
= ∂(S0Ī)

∂t̄

dt̄

dt
= S0

∂Ī

∂t̄

1
tc

= S0

tc

∂Ī

∂t̄
,

∂S

∂t
= S0

tc

∂S̄

∂t̄
,

and the left fractional-order derivative with respect to x̄, −∞Dα
x̄ is

also derived as follows:

−∞D
α
x (eλxI) = S0 −∞D

α
x̄ (eλxcx̄Ī)(dx̄

dx
)α = S0

xαc
−∞D

α
x̄ (eλxcx̄Ī).

Therefore, Eqs. (3.17) and (3.18) now become

S0

tc

∂S̄

∂t̄
= −δS2

0 S̄Ī,

S0

tc

∂Ī

∂t̄
= δS2

0 S̄Ī − γS0Ī + DαS0

xαc
e−λxcx̄ −∞D

α
x̄ (eλxcx̄Ī)−Dαλ

αS0Ī ,
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By choosing tc = 1
δS0

and xc =
(
Dα

δS0

)1/α
, we get the following

model in a dimensionless form:
∂S(x, t)
∂t

= −S(x, t)I(x, t), (3.19)

∂I(x, t)
∂t

= S(x, t)I(x, t)− θI(x, t)

+ e−µx −∞D
α
x (eµxI(x, t)), (3.20)

where we have dropped the overbar “−”, θ = γ +Dαλ
α

δS0
, and µ =

λ
(
Dα

δS0

)1/α
are dimensionless parameters.

3.3.3.1 Theoretical analysis (right-propagating front)

Here, we look for the speed of the infective waves propagating to the
right side. Similar to the theoretical analysis of the model studied
in (Hanert et al., 2011), we replace S(x, t) by 1 − s(x, t), where
s(x, t) is the deviation with respect to the initial density of the
susceptible population. Since the epidemic speed can be obtained
by the speed of the right-moving fronts in the leading edge region,
i.e, where s ≈ 0 and I ≈ 0, Eqs. (3.19) and (3.20) in that region
can be expressed as

∂s(x, t)
∂t

= I(x, t), (3.21)

∂I(x, t)
∂t

= (1− θ)I(x, t) + e−µx −∞D
α
x (eµxI(x, t)). (3.22)

Here, we assume that 1− θ > 0, which guarantees the existence
of the right-moving fronts.

Now, we find the analytical solution of Eq. (3.22), by defining
the following localized initial condition:

I(x, t = 0) =
A ifx < 0
Ae−νx ifx ≥ 0,

(3.23)



73

where A and ν are positive and non-zero constants. We next
follow the same method as the one used by del Castillo-Negrete
(2009) for the truncated fractional-order Fisher–Kolmogorov equa-
tion. First, we assume a solution of Eq. (3.22) in the form of
I(x, t) = e−µx+(1−θ)tΦ(x, t). By substituting this solution into (3.22)
and initial condition (3.23), one gets the following fractional-order
diffusion equation

∂Φ(x, t)
∂t

=−∞ Dα
xΦ(x, t), (3.24)

with the initial condition

Φ0(x) = Φ(x, t = 0) =
Aeµx ifx < 0
Ae(µ−ν)x ifx ≥ 0.

(3.25)

Eq. (3.24) with initial condition (3.25) has the general solution
of the form

Φ(x, t) =
∫ ∞
−∞

G(x− y, t)Φ0(y)dy, (3.26)

where G(x, t) = t−1/αpα(x/t1/α) is the Green function of Eq. (3.24)
and pα(η) = (1/2π)

∫∞
−∞ e

(ik)α+ikηdk is a skewed Lévy distribu-
tion with exponent α. By substituting initial condition (3.25) into
Eq. (3.26), we get

Φ(x, t) =
∫ xt−1/α

−∞
Ae(µ−ν)(x−t1/αη)pα(η)dη

+
∫ ∞
xt−1/α

Aeµ(x−t1/αη)pα(η)dη

= Ae(µ−ν)x
∫ x/τ

−∞
e(ν−µ)τηpα(η)dη

+ Aeµx
∫ ∞
x/τ

e−µτηpα(η)dη, (3.27)

where τ = t1/α. Now, one can find the solution of Eq. (3.22) in the
following form

I(x, t) = Ae−νx+(1−θ)tI1 + Ae(1−θ)tI2, (3.28)
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where I1 =
∫ x/τ

−∞
e(ν−µ)τηpα(η)dη and I2 =

∫ ∞
x/τ

e−µτηpα(η)dη.
The next task is to look for the asymptotic behaviour of the

integrals I1 and I2 for x/τ → ∞ with a fixed τ . We first consider
the asymptotic behaviour of I2. By considering the fact that for
η > 0 the Lévy distribution pα(η) exhibits fat tails as ∼ η−(α+1)

(Mainardi et al., 2007; del Castillo-Negrete, 2009), and integration
by parts, we get

I2 ∼
∫ ∞
x/τ

e−µτηη−(α+1)dη =
[
−1
µτ

e−µτηη−(α+1)
]η=∞

η=x/τ

− α + 1
µτ

∫ ∞
x/τ

e−µτηη−(α+2)dη

= τα

µ

e−µx

xα+1 −
α + 1
µτ

∫ ∞
x/τ

e−µτηη−(α+2)dη

∼ τα

µ

e−µx

xα+1 . (3.29)

For the first integral I1, if we define a cutoff Ω with 1� Ω < xτ
so that pα(η) ∼ η−(α+1), we can then write the integral I1 as

I1 ∼
∫ Ω

−∞
e(ν−µ)τηpα(η)dη +

∫ x/τ

Ω
e(ν−µ)τηη−(α+1)dη. (3.30)

Because of the exponential decay of pα(η) at minus infinity (for
more details, refer to Mainardi et al. (2007); del Castillo-Negrete
(2009)), the first integral converges to a finite value C. By applying
an integration by parts to the second integral of Eq. (3.30), we get

∫ x/τ

Ω
e(ν−µ)τηη−(α+1)dη =

[
1

(ν − µ)τ e
(ν−µ)τηη−(α+1)

]η=x/τ

η=Ω

+ α + 1
(ν − µ)τ

∫ x/τ

Ω
e(ν−µ)τηη−(α+2)dη

∼ τα

ν − µ
e(ν−µ)x

xα+1
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Therefore,

I1 ∼ C + τα

ν − µ
e(ν−µ)x

xα+1 . (3.31)

By substituting Eqs. (3.29) and (3.31) into Eq. (3.28), we get

I(x, t) ∼ ACe−νx+(1−θ)t +A

(
1

ν − µ
+ 1
µ

)
t

xα+1 e
−µx+(1−θ)t, (3.32)

where ν 6= µ and µ 6= 0.
In order to find the asymptotic behaviour of I(x, t) for large x,

one can find the dominant term in Eq. (3.32) by considering the
relative values of ν and µ.

If µ < ν, the truncation decays slower than the initial condition.
In that case, the second term of Eq. (3.32) is the dominant term
for large x, i.e.,

I(x, t) ∼ A

(
1

ν − µ
+ 1
µ

)
t

xα+1 e
−µx+(1−θ)t. (3.33)

By considering the expansion of the exponential function e−µx,
we get

I(x, t) ∼ A

(
1

ν − µ
+ 1
µ

)
te(1−θ)t 1

xα+1

(
1− µx+ µ2

2 x
2 − . . .

)
.

(3.34)
For µx� 1, the solution of I(x, t) thus decays algebraically as

I(x, t) ∼ te(1−θ)tx−(α+1), (3.35)

However, for µx� 1, the algebraic decaying tail of the solution
is tempered with the exponential factor e−µx as

I(x, t) ∼ te−µx+(1−θ)tx−(α+1). (3.36)

If µ > ν, the truncation decays faster than the initial condition.
In that case, the first term of Eq. (3.32) is the dominant term for
large x, i.e.,

I(x, t) ∼ e−νx+(1−θ)t, (3.37)
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which shows an exponentially decaying tail of the solution.
Until now, we have assumed that ν 6= µ. To explore the case

ν = µ, we cannot use Eq. (3.32). Instead, we need to go back to
Eq. (3.30) and write the integral I1 as

I1 ∼
∫ Ω

−∞
pα(η)dη +

∫ x/τ

Ω
η−(α+1)dη. (3.38)

By defining the finite value C =
∫ Ω

−∞
pα(η)dη and solving the

second integral of Eq. (3.38), we have

I1 ∼ C − τα

α

1
xα
. (3.39)

By substituting Eqs. (3.29) and (3.39) into (3.28), we obtain the
solution I(x, t) as

I(x, t) ∼ ACe−νx+(1−θ)t + A

(
1

µxα+1 −
1
αxα

)
te−νx+(1−θ)t. (3.40)

In this case, the first term of Eq. (3.40) decays slower than the
other term. Therefore, it is the dominant term for large x. We
conclude that for the case ν = µ, the solution tail exhibits an
exponentially decaying as

I(x, t) ∼ e−νx+(1−θ)t (3.41)

Obviously, the solution of Eq. (3.21), the susceptibles equation,
is obtained from the solution of the infectives equation. Thus,
the asymptotic behaviour of the susceptible front is the same as
the infective front.

The above results are based on the assumption µ 6= 0. However,
in the absence of the truncation parameter, i.e., µ = 0, we have to
explore the asymptotic behaviour of the following integrals

I1 =
∫ x/τ

−∞
eντηpα(η)dη, I2 =

∫ ∞
x/τ

pα(η)dη. (3.42)
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The analysis of the asymptotic behaviour of these integrals has
been studied in (Hanert et al., 2011) and it was shown that the so-
lution I(x, t) has the same algebraically decaying tail as Eq. (3.35).

In order to derive the epidemic speed, we first compute a La-
grangian trajectory xL(t) of infective fronts such that I(xL(t), t) =
I0, where I0 ≈ 0. Given xL(t), the epidemic speed is given by
c(t) = dxL(t)/dt.

In the case of a power-law decaying tail, we find xL(t) from
Eq. (3.35) such that I(xL(t), t) = te(1−θ)txL(t)−(α+1) = I0. Af-
ter some calculation, xL(t) and c(t) can be computed as

xL(t) = I
−1/(α+1)
0 t1/(α+1)e((1−θ)/(α+1))t, c(t) ∼ (1− θ)e((1−θ)/(α+1))t.

(3.43)
For the truncated algebraically decaying tail, we use Eq. (3.36)

to find I(xL(t), t) = te−µxL(t)+(1−θ)txL(t)−(α+1) = I0. Thus, xL(t)
satisfies the following equation

ln t+ (1− θ)t− µxL(t)− (α + 1) ln xL(t) = ln I0, (3.44)

and c(t) can be expressed as

c(t) =
(1− θ) + 1

t

µ+ α + 1
xL(t)

. (3.45)

When t → ∞, the velocity of the fronts converges towards a
constant value representing the maximum value of the epidemic
speed given by cmax = (1− θ)/µ.

Finally, in the case of exponentially decaying tail, we can use
Eq. (3.37) to find I(xL(t), t) = e−νxL(t)+(1−θ)t = I0. Thus, xL(t) =
(− ln I0 + (1 − θ)t)/ν and the front moves at a constant velocity
c(t) = c̄ = (1− θ)/ν.

3.3.3.2 Theoretical analysis (left-propagating front)

For exploring the impact of the left-sided truncated operator de-
fined by Eq. (3.9) on the left-moving fronts, we consider a travelling-
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wave solution of a constant shape as follows:

I(x, t) = I(z), s(x, t) = s(z), z = x+ ct,

where c represents the speed of the epidemic waves moving to the
left side. Substituting this solution into Eqs. (3.21) and (3.22), one
can find the following system:

c
∂s

∂z
= I, (3.46)

c
∂I

∂z
= (1− θ)I + e−µz −∞D

α
z (eµzI). (3.47)

Now we define a solution of the following form

I(z) = Îekz, s(z) = ŝekz, (3.48)

where k is a parameter depending on the value of c. Considering
the fact that −∞Dα

z e
kz = kαekz and substituting the solutions (3.48)

into Eqs. (3.46) and (3.47), we get the following system:[
ck −1
0 ck − (k + µ)α − (1− θ)

] [
ŝ

Î

]
=
[
0
0

]
. (3.49)

If ck(ck − (k + µ)α − (1 − θ)) = 0, we can find a non-trivial
solution. In that case, we get the following relation representing
the value of the epidemic speed as a function of the parameter k:

c(k) = 1− θ
k

+ (k + µ)α
k

. (3.50)

In order to obtain the minimum epidemic speed, one can min-
imize Eq. (3.50) with respect to k. For 0 < α < 2 and µ 6= 0,
we cannot analytically calculate the minimum speed cmin. In the
next section, we thus find it numerically. However, for 0 < α < 2
and µ = 0, as it is discussed in (Hanert et al., 2011), cmin =
α ((1− θ)/(α− 1))(α−1)/α and the corresponding rate of the expo-
nential decay is equal to kmin = ((1− θ)/(α− 1))1/α. For α =
2, the minimum speed of the classical model is given by cmin =
2
√

1− θ.
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3.4 Numerical examples
In order to illustrate the analytical results obtained for the asymp-
totic behaviour of the infective waves, we numerically solve the
model equations on a finite domain [0, L], where L > 0. Here,
we have used the same method as the one performed by Vallaeys
et al. (2017) for solving a symmetric truncated fractional-order dif-
fusion equation. To study more numerical methods for solving the
space fractional-order diffusion equations, refer to (Hanert, 2011;
Piret and Hanert, 2013; Hanert and Piret, 2014). We discretize
Eqs. (3.19) and (3.20) by finite-element (FE) method based on a
Galerkin formulation. To illustrate this method more precisely, we
discretize the following simple diffusion equation:

∂I(x, t)
∂t

= e−λx 0D
α
x (eλxI(x, t))− λαI(x, t). (3.51)

In this method, the exact solution (unknown variable) I(x, t)
is expressed as a sum of the unknown coefficients ej(t) and basis
functions φj(x) as follows:

I(x, t) ≈ Ĩ(x, t) =
N∑
j=1

ej(t)φj(x). (3.52)

By introducing a partition of the domain [0, L] into N−1 subin-
tervals [xj, xj+1] with a constant length h, i.e., x1 = 0, xN = L, and
xj+1 − xj = h for j = 1, . . . , N − 1, we can consider the piecewise
linear basis functions φj(x) for j = 1, 2, . . . , N as follows:

φ1(x) =


x2 − x
x2 − x1

: x1 ≤ x ≤ x2,

0 : x 6∈ [x1, x2].
for j = 2, . . ., N − 1,

φj(x) =



x− xj−1

xj − xj−1
: xj−1 ≤ x ≤ xj,

xj+1 − x
xj+1 − xj

: xj ≤ x ≤ xj+1,

0 : x 6∈ [xj−1, xj+1].
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and for j = N ,

φN(x) =


x− xN−1

xN − xN−1
: xN−1 ≤ x ≤ xN ,

0 : x 6∈ [xN−1, xN ].

We also discretize the exponentially truncated unknown solu-
tion, i.e., eλxI(x, t) as follows

eλxI(x, t) ≈ Ĩ l(x, t) =
N∑
j=1

elj(t)φj(x). (3.53)

where elj(t) is the unknown coefficient corresponding to the left
truncated solution.

By using a Galerkin formulation, we replace Ĩ(x, t) and Ĩ l(x, t)
in Eq. (3.51) and then by orthogonalizing the discrete equation with
respect to all φj, we get the following equation:(∫ L

0
φiφjdx

)
dej
dt

(t) =
(∫ L

0
φie
−λx

0D
α
xφjdx

)
elj(t)

− λα
(∫ L

0
φiφjdx

)
ej(t),

for i, j = 1, . . ., N .
By introducing the following matrices

M :=
∫ L

0
φiφjdx, D :=

∫ L

0
φie
−λx

0D
α
xφjdx,

we get the following semi-discrete equation in a matrix form

M
de
dt

(t) = Del(t)− λαMe(t), (3.54)

where e(t) = [e1(t) . . . eN(t)]T and el(t) =
[
el1(t) . . . elN(t)

]T
are

the vector of unknown coefficients at time t. It should be noted that
by considering the same method in (Hanert, 2010), the diffusion ma-
trix D can be expressed as: D = −

∫ L
0 e−λx(dφi

dx
− λφi) 0D

α−1
x φjdx.
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Here we use the left Caputo derivative of order α − 1 of φj de-
fined by Eq. (3.5) as Caputo derivatives are easier to handle and
also for many applications could prevent mass-balance errors on
bounded domains, while such errors can be made by Riemann–
Liouville derivatives (for more details, see (Zhang et al., 2007)).

In order to solve Eq. (3.54), the vector el(t) needs to be com-
puted in terms of the vector e(t). To do so, we use Galerkin for-
mulation for Eqs. (3.52) and (3.53) as follows:

∫ L

0
φie

λxĨdx =
∫ L

0
φiĨ

ldx −→
(∫ L

0
φie

λxφjdx

)
ej(t)

=
(∫ L

0
φiφjdx

)
elj(t).

By defining the matrix

W :=
∫ L

0
φie

λxφjdx,

we get el(t) = M−1We(t). we can thus express Eq. (3.54) as follows

M
de
dt

(t) =
(
DM−1W− λαM

)
e(t), (3.55)

Finally, in order to discretize Eq. (3.55), we use a third-order
Adams–Bashforth method.

In order to solve the model Eqs. (3.19) and (3.20), we use the
following initial conditions:

S(x, t = 0) = S0(x) = 1− hS
(

1± tanh (x− x0

wsL
)
)
,

I(x, t = 0) = I0(x) =
{
hIe

−ν(x−x0) : x ≥ x0,
hIe

ν(x−x0) : x ≤ x0,

where hS = 0.37, wS = 0.003, hI = 0.14, and ν = 0.001. we con-
sider the “+” sign and x0 = 9L/10 for the left-moving front and
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the “−” sign and x0 = L/30 for the right-moving front. The di-
mensionless length of the domain is set to L = 105 and L = 3× 105

for the left- and right-moving fronts, respectively. For all simula-
tions, θ = 0.5, and the value of the fractional order α is set to 1.2.
According to the analytical results, we can consider three different
asymptotic behaviours for the right-moving fronts, i.e., y1 = x−(α+1)

(power-law decay), y2 = e−µxx−(α+1) (truncated power-law decay),
and y3 = e−µx (exponential decay). In what follows, we shall show
how different values of the truncation parameter µ lead to these
different asymptotic behaviours.

The algebraic decaying tail of the right-moving fronts are shown
in Figure 3.1. Here, we take µ = 5 × 10−6 < ν. Figure 3.1(a)
shows the densities of both the susceptibles and infectives at dif-
ferent times. Figure 3.1(b) and 3.1(c) show that the right-moving
fronts for both the susceptibles and infectives exhibit a power-law
decaying tail as y1 = x−(α+1). The Lagrangian trajectory xL(t) and
the epidemic speed c(t) corresponding to this case are shown in
Figure 3.2(a) and 3.2(b), respectively.

(a)

Fig. 3.1: Cont.
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(b)

(c)

Fig. 3.1: (a) Profiles of the susceptible and infective waves moving to the
right side at different times obtained by solving Eqs. (3.19) and (3.20)
with α = 1.2 and µ = 5 × 10−6 < ν. The arrow shows the direction
of the front propagation. (b,c) Highlighting an algebraic decaying tail
for the susceptible and infective waves, i.e., 1− S and I ∼ y1 = x−(α+1)

shown by the black dashed curves. The duration of the simulation and
the time interval between curves equal 30 and 6, respectively.
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(a)

(b)

Fig. 3.2: (a) Time evolution of the Lagrangian trajectory xL(t) at the
leading edge of the infective waves such that I(xL(t), t) = I0, where
I0 = 0.01. The value of µ is equal to 5 × 10−6. The dashed curve
corresponds to the asymptotic expansion of the Lagrangian trajectory,
i.e., xL(t) ∼ t1/(α+1)e((1−θ)/(α+1))t. (b) Time evolution of the instan-
taneous velocity of the right-propagating infective waves obtained by
c(t) = dxL(t)/dt. The dashed curve corresponds to the asymptotic ex-
pansion of the Lagrangian velocity, i.e., c(t) ∼ (1 − θ)e((1−θ)/(α+1))t,
highlighting the exponential speed of the epidemic and also the agree-
ment of the numerical result with the analytical velocity.
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Figure 3.2(a) shows the time evolution of the Lagrangian tra-
jectory xL(t) such that I(xL(t), t) = I0, where I0 = 0.01. Fig-
ure 3.2(b) shows the time evolution of the numerical estimation of
the instantaneous speed of the points with density I0 = 0.01. Both
Figure 3.2(a) and 3.2(b) also show that the results obtained nu-
merically agree well with the asymptotic expansions obtained by
Eq. (3.43). It should be noted that the truncation parameter here
has no influence on the rapid propagation of the epidemic and the
fronts move at an exponential speed similar to the fractional-order
epidemic model based on pure Lévy flights (Hanert et al., 2011).

By increasing the value of the truncation parameter µ, the al-
gebraically decaying tail of the solutions can be tamed. If we take
µ = 10−4 < ν, both the susceptible and infective fronts propagate
so that their tails exhibit a tempered algebraic decaying, i.e., 1−S
and I ∼ y2 = e−µxx−(α+1) (see Figure 3.3).

(a)

Fig. 3.3: Cont.
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(b)

(c)

Fig. 3.3: (a) Profiles of the susceptible and infective waves moving to the
right side at different times obtained by solving Eqs. (3.19) and (3.20)
with α = 1.2 and µ = 10−4 < ν. The arrow shows the direction of the
front propagation. (b,c) Highlighting an exponentially tempered alge-
braic decaying tail for the susceptible and infective waves, i.e., 1−S and
I ∼ y2 = e−µxx−(α+1) shown by the black dashed curves. The duration
of the simulation and the time interval between curves equal 90 and 9,
respectively.
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(a)

(b)

Fig. 3.4: (a) Time evolution of the Lagrangian trajectory xL(t) at the
leading edge of the infective waves such that I(xL(t), t) = I0, where
I0 = 0.01. The value of µ is equal to 10−4. The dashed curve corre-
sponds to the analytical Lagrangian trajectory satisfies in the equation
ln t+(1−θ)t−µxL(t)−(α+1) ln xL(t) = ln I0. (b) Time evolution of the
instantaneous velocity of the right-propagating infective waves obtained
by c(t) = dxL(t)/dt. The dashed curve corresponds to the analytical La-
grangian velocity obtained by c(t) = ((1− θ) + 1/t)/(µ+ (α+ 1)/xL(t)),
highlighting the agreement of the numerical result with the analytical
velocity and also the convergence of the epidemic speed towards the max-
imum epidemic speed value cmax ≈ 5× 103 (see the black dashed line).
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Figure 3.4 shows that the Lagrangian trajectory xL(t) and the
velocity c(t) obtained by numerically solving Eqs. (3.19) and (3.20)
are in good agreement with the results obtained analytically by
Eqs. (3.44) and (3.45). As expected, the infective fronts initially
propagate at the minimum average speed cmin = 5× 102 and then
the front speed gradually increases so that after some time, it con-
verges towards the maximum front speed value cmax = 5× 103.

Figure 3.5 shows the dynamics of the right-moving susceptible
and infective fronts for µ = 10−3. As expected, for µ ≥ ν, the tails
of the solutions for the susceptible and infective fronts exhibit an
exponential decay, i.e, 1 − S and I ∼ y3 = e−νx (see Figure 3.5(b)
and 3.5(c)).

(a)

Fig. 3.5: Cont.
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(b)

(c)

Fig. 3.5: (a) Profiles of the susceptible and infective waves moving to the
right side at different times obtained by solving Eqs. (3.19) and (3.20)
with α = 1.2 and µ = 10−3 = ν. The arrow shows the direction of the
front propagation. (b,c) Highlighting an exponential decaying tail for
the susceptible and infective waves, i.e., 1−S and I ∼ y3 = e−νx shown
by the back dashed curves. The duration of the simulation and the time
interval between curves equal 90 and 9, respectively.
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(a)

(b)

Fig. 3.6: (a) Time evolution of the Lagrangian trajectory xL(t) at the
leading edge of the infective waves such that I(xL(t), t) = I0, where
I0 = 0.01. The value of µ is equal to 10−3. The dashed curve cor-
responds to the asymptotic expansion of the Lagrangian trajectory,
i.e., xL(t) = (− ln I0 + (1 − θ)t)/ν. (b) Time evolution of the in-
stantaneous velocity of the right-propagating infective waves obtained
by c(t) = dxL(t)/dt. The dashed curve corresponds to the constant La-
grangian velocity, i.e., c(t) = c̄ = (1− θ)/ν, highlighting the agreement
of the numerical result with the analytical velocity.
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Figure 3.6 shows that the Lagrangian trajectory xL(t) and the
velocity c(t) obtained by numerically solving the model equations
are in good agreement with the analytical results. In this case, sim-
ilar to the classical epidemic models, the infective fronts propagate
at a constant speed c = 5 × 102. It should be noted that since in
the first case (µ = 5×10−6), the epidemic fronts propagate over the
entire domain during a shorter time compared to the other cases
(µ = 10−4 and µ = 10−3), for the first case, we consider the sim-
ulation duration equals 30. However, for the others, it is equal to
90.

Figure 3.7 shows the time evolution of the susceptible and in-
fective waves propagating to the left side. Figure 3.7(a) shows the
densities of the susceptibles and infectives at different times. Fig-
ure 3.7(b) and 3.7(c) show that the tails of the solutions decay
exponentially as ∼ y = eνx. Here, the simulation duration is equal
to 90. In this case, for all values of the truncation parameter,
the fronts move at a constant velocity that is equal to c = 5× 102.

(a)

Fig. 3.7: Cont.
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(b)
m

(c)

Fig. 3.7: (a) Profiles of the susceptible and infective waves moving to
the left side at different times obtained by solving Eqs. (3.19) and (3.20)
with α = 1.2 and different values of the truncation parameter µ =
5 × 10−6, 10−4 and 10−3. The arrow shows the direction of the front
propagation. (b,c) Highlighting an exponential decaying tail for the
susceptible and infective waves, i.e., 1 − S and I ∼ y = eνx shown by
the black dashed curves. The duration of the simulation and the time
interval between curves equal 90 and 9, respectively.

It should be noted that when we consider both the left-and right-
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sided truncated fractional-order diffusion operators by choosing the
strict values of the skewness parameter β, i.e., −1 < β < 1, (β =
0 leads to a symmetric operator), both the left- and right-sided
derivatives affect the epidemic speed and the asymptotic behaviour
of the front’s tail. In that case, both the left- and right-moving front
tails exhibit the same asymptotic behaviour based on the values of
the truncation parameter. For instance, if the truncation parameter
µ is set to 10−4, the tails of both the left- and right-moving fronts
decay as ∼ e−µxx−(α+1).

Figure 3.8(a) shows the time evolution of the Lagrangian trajec-
tory xL(t) for the constant value of the fractional-order derivative
α = 1.2 and different values of the truncation parameter µ. As we
see, in all cases, the values of xL(t) initially increase linearly at a
constant speed on average equals 5×102 and then, for µ = 5×10−6,
xL(t) increases exponentially leading to an exponential and un-
bounded velocity of the infective fronts (see Figure 3.2(b)), but for
µ = 10−4, xL(t) increases gradually leading to the convergence of
the epidemic speed to the maximum velocity value cmax ≈ 5× 103

(see Figure 3.4(b)), and finally for µ = 10−3, xL(t) increases linearly
leading to the constant speed c = 5× 102 (see Figure 3.6(b)).

Figure 3.8(b) shows the time evolution of the Lagrangian tra-
jectory xL(t) for different values of the fractional-order derivative
α and a constant value of the truncation parameter µ = 10−4.
Since, the value of µ is constant, in all cases the Lagrangian ve-
locity converges towards a plateau showing the maximum average
speed, but the time to reach that plateau is not the same for differ-
ent values of α. As we see, the smaller the value of α, i.e., the closer
it is to 1, the faster the Lagrangian trajectory accelerates leading
to the faster convergence of the front speed towards the maximum
speed compared to values of α that are closer to 2.
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(a)

(b)

Fig. 3.8: (a) Time evolution of the Lagrangian trajectory for fractional-
order derivative α = 1.2 and different values of the truncation parameter
µ. The blue, red and black curves correspond to µ = 5 × 10−6, µ =
10−4, and µ = 10−3, respectively. (b) Time evolution of the Lagrangian
trajectory for different values of the fractional-order derivative α and
the truncation parameter µ = 10−4. The blue, red and black curves
correspond to α = 1.2, α = 1.6, and α = 1.99, respectively.
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3.5 Conclusions
In this work, we have investigated the spatial propagation of the
epidemics caused by infectious diseases. We have considered a sim-
ple version of the epidemic models consisting of susceptible and
infective populations. The diffusion process resulting from the ran-
dom mobility of the infective individuals is taken into account in
our model. Based on the previous studies, in the case of the Brown-
ian motion, the infective waves propagate into the susceptible pop-
ulation at a constant speed and the tails of the travelling-wave
solutions exhibit an exponential decay, while in the case of pure
(untruncated) Lévy flights, the left-sided fractional derivative leads
to an exponential and unbounded speed of the infective waves mov-
ing to the right side, but generates a constant speed at the left side.
In that case, right-moving fronts have an algebraic tail. However,
left-moving fronts exhibit an exponential tail.

As a new study, we have applied the truncated Lévy flight to the
proposed model. Similar to the results obtained for the λ-truncated
fractional-order Fisher–Kolmogorov Equation (del Castillo-Negrete,
2009), for the right-moving fronts, we have shown that the epidemic
speed is dependent on the level of the truncation parameter. In this
case, we have considered a left-sided truncated fractional-order dif-
fusion operator. For small values of λ (λ & 0), the tails of the
infective waves can decay algebraically leading to an exponential
growth of the epidemics. In that case, the truncation has no im-
pact on the superdiffusive epidemics. By increasing the value of λ,
the algebraic decaying tails can be tamed leading to either an up-
per bound on the epidemic speed representing the maximum speed
or the generation of the infective waves of a constant shape propa-
gating at a minimum constant speed similar to the classical mod-
els (second-order diffusion epidemic models). For the left-moving
fronts, our numerical results show that for different values of the
truncation parameter, the truncated left-sided fractional derivative
generates the waves of a constant shape moving at a constant speed.
Obviously, considering the strict values of the skewness parameter
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β, i.e., −1 < β < 1, leads to the effect of both the left-and right-
sided truncated fractional-order diffusion operators on the epidemic
speed. In that case, based on the value of the truncation param-
eter, the tails of both the left- and right-moving fronts have the
same asymptotic behaviour.

From an applied perspective, the untruncated power laws (pure
Lévy flights) have some drawbacks. As discussed in (Viswanathan
et al., 2008), in nature, due to the finite space, landscape and phys-
iological limitations, the occurrence of arbitrarily large displace-
ments by the individuals following a pure Lévy flight is not realistic.
In that case, one individual cannot make displacements beyond an
upper bound. By introducing truncated power-laws, such an upper
bound can thus be taken into account in the fractional-order diffu-
sion models. As mentioned by Hanert et al. (2011), since modern
epidemics caused by human infectious diseases can propagate over
the entire globe very quickly, the untruncated fractional-order dif-
fusion epidemic models can better represent such epidemics. How-
ever, concerning the infectious diseases of animals doing a Lévy
flight, the propagation of the epidemics is smoother. Our findings
thus suggest that truncated fractional-order diffusion models are
more appropriate for modelling the animal diseases.

The space fractional-order epidemic models could be further
improved by considering the non-Markovian diffusion processes in
which the pdf for waiting times between displacements have a power-
law asymptotic behaviour as ∼ τ−(γ+1), where 0 < γ < 1. In that
case, the time derivative of order one is replaced by a time fractional
derivative of order γ (Metzler and Klafter, 2000). As an example of
such diffusion processes, Brockmann et al. (2006) observed that the
dispersion of bank notes has memory effects. In order to numeri-
cally solve time-space fractional diffusion equations, Hanert (2011)
has proposed an efficient and flexible scheme.
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A tempered space

fractional-order diffusion
model of West Nile virus

epidemics

Abstract

Understanding how fast epidemic waves propagate across
an area is necessary to adopt control and mitigation strate-
gies. The epidemic speed can be mathematically estimated
by deriving reaction-diffusion models based on the pattern
of infected host movements. West Nile virus (WNv) is an in-
fectious disease that circulates between birds and mosquitoes
as the primary and secondary hosts, respectively. For es-
timating the speed of the WNv epidemic across the USA
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during 5 years (1999–2003), previous models were formu-
lated based on the assumption that random movements
of wild birds are described by a Brownian motion, which
results in second-order reaction-diffusion models. In that
case, the epidemic waves travel at a constant speed. How-
ever, based on some experiments, the WNv epidemic waves
propagated rapidly across North America, leading to a non-
constant epidemic speed. In addition, when using classical
models, the estimated epidemic speed could be less than
the observed range of the wave speed. One way to acceler-
ate the epidemic front speed is to use a Lévy flight disper-
sion pattern instead of the Brownian motion. In that case,
the resulting space fractional diffusion equation however
overestimates the infected waves speed. Here, we develop
a classical coupled reaction-diffusion model by assuming
that the infected reservoirs (birds) could perform truncated
Lévy flights, which yields a λ-truncated space-fractional-
order diffusion model with order 1 < α < 2, where λ > 0
denotes the truncation parameter. Our numerical results
confirm that the second-order diffusion model could lead
to underestimating the epidemic speed while our proposed
model has the potential to rectify this problem. With the
new model, the speed initially increases and then reaches
a constant and maximum value, which falls within the real
speed range. Moreover, we show that the closer the value of
α to 1, the faster the epidemic waves reach the maximum
speed, and also that for different biting rates, the value of
truncation parameter plays an important role in estimating
the epidemic speed. We suggest that with the Lévy flight as-
sumption, truncated space-fractional-order diffusion models
can provide appropriate estimations of the epidemic speed
that is underestimated and overestimated by the models
based on pure Brownian and Lévy movements, respectively.
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4.1 Introduction
West Nile virus (WNv) is an infectious pathogen that has affected
the health of both birds and humans since its outbreak in the USA
in 1999. The name of the virus originates from its first identifica-
tion in the West Nile area of Uganda in 1937 (Smithburn et al.,
1940). Several outbreaks have occurred since then in Europe, West
Asia, the Middle East, and Africa (Hubálek and Halouzka, 1999;
Murgue et al., 2001). In 1999, WNv entered the Western Hemi-
sphere following its emergence in New York and then quickly prop-
agated throughout the USA, leading to an epidemic during 5 years
(1999–2003), and hence increased mortality among humans and
many species of birds (Nash et al., 2001). In subsequent years, the
virus reached central America, Canada, and many central European
countries (Giordano et al., 2017; Ziegler et al., 2019).

WNv is classified within mosquito-borne zoonotic diseases and
has multiple hosts. A wide variety of wild and domestic birds (more
than 300 species) can act as reservoirs to the virus, and humans and
other mammals, such as horses are considered incident hosts (Marra
et al., 2004). Multiple species of mosquitoes in the culicine family,
such as Culex are the intermediate (secondary) hosts (Darsie Jr
and Ward, 1981). The mechanism of the infection transmission is
not direct, i.e., animal to animal or person to person. Indeed, the
mosquitoes (vectors) transmit the virus by taking the blood-meals
from the birds and humans (Molaei et al., 2006).

For the last two decades, scientists have been utilizing mathe-
matical models to study the temporal and spatial dynamics of WNv
based on different characteristics of the birds and mosquitoes pop-
ulations (Bowman et al., 2005; Kenkre et al., 2005; Lewis et al.,
2006b; MAIDANA and YANG, 2008). Vertical transmission of dis-
ease, i.e., the transmission of the pathogen from mother to child is
one of the aspects that has been taken into account in the mosquitoes
population. With such a mechanism, the virus can continue to live
in nature for a long time (Goddard et al., 2003; Cruz-Pacheco et al.,
2005). In some models, the birth rate of bird populations is con-
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sidered (Cruz-Pacheco et al., 2005) while in others, the population
of birds is assumed to be constant (Wonham et al., 2004). The
population of humans can also be added to models (Bowman et al.,
2005; Chen et al., 2016). By taking into account the movements
of birds and vectors, WNv temporal models have been extended
to reaction-diffusion models. In that case, the speed of epidemic
waves across an area and factors that influence it, could be deter-
mined. In recent years, most of WNv spatial models have been
formulated based on two spatial models. In 2006, the initial spatial
model of WNv (Lewis et al., 2006a) was presented based on the
temporal model (Wonham et al., 2004), which ignored the vertical
transmission of disease and assumed a constant population of birds.
Considering the model proposed by Lewis et al. (2006a), the spatial
dynamic of WNv has recently been investigated from some aspects,
like the analysis of the spreading fronts with free boundaries (Pu
et al., 2021; Cheng and Zheng, 2021). The latter (Maidana and
Yang, 2009), a more complex model was proposed in 2009, which
took the vertical transmission and birth rate of birds into account.
The temporal dynamic of that model was studied by Cruz-Pacheco
et al. (2005). They showed that the directional movements of birds
play an important role in accelerating the epidemic wave speed,
especially when the biting rate of mosquitoes is low. The flaw of
model proposed by Lewis et al. (2006a) is that the estimated speed
for low biting rates does not fall within the reported speed range
in the USA (3–3.5 km/day). The underestimation of speed is then
rectified in the second model (Maidana and Yang, 2009) by tak-
ing into account the directional movement of birds. All of these
models assume that the random movement of birds in their home
range is based on Brownian motion, resulting in an epidemic with
a constant speed.

Recently, there has been increasing interest in studying different
patterns of random searches performed by living organisms. In this
case, empirical studies on the random movement of species have
challenged Brownian motion and pointed towards the existence of
Lévy flight foraging patterns for many species in their search for tar-
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gets with low availability. Some examples of such species include
human T cells in the brain (Harris et al., 2012), marine predators
(Sims et al., 2008; Humphries et al., 2010), honeybees (Reynolds
et al., 2007a,b), and albatrosses (Humphries et al., 2013). Lévy
flight pattern allows species to make occasionally long steps between
multiple short displacements. This is an important attitude that
distinguishes it from Brownian motion, which only comprises short
displacements. In the case of Lévy flights, the searching walker
undertakes excursions whose length is derived from a probability
distribution function (pdf) exhibiting a heavy-tailed asymptotic be-
haviour as∼ |x|−(α+1), where 1 < α < 2 and |x| is the displacements
length while for a Brownian motion, the tails of a Normal pdf decay
exponentially (Klafter and Sokolov, 2011).

Nowadays, time fractional-order dynamical systems are being
studied for modelling a wide range of problems in science, engi-
neering, and medicine. Following the identification of the Lévy
flight pattern of the species movements, space fractional-order dif-
fusion equations have been of great significance for modelling the
spatial dynamics in biology and ecology (Hanert, 2012; Vallaeys
et al., 2017; Farhadi and Hanert, 2022a). In epidemiology, it has
also been shown that such models can well describe human epi-
demics propagating exponentially (Hanert et al., 2011). In recent
years, time fractional-order derivative has also been applied to mod-
elling diseases such as, West Nile virus (Sweilam et al., 2019), and
HIV-infection (Jajarmi and Baleanu, 2018; Baleanu et al., 2020c).

In this work, our objective is to improve the model proposed
by Lewis et al. (2006a) by introducing Lévy flights. On the one
hand, Mundt et al. (2009) showed that the WNv epidemic propa-
gated rapidly with a non-constant speed throughout North Amer-
ica. But, such a classical model is a second-order diffusion equa-
tion, which relies on the assumption that birds perform a Brow-
nian motion and hence results in a constant speed for the epi-
demic waves. On the other hand, it could underestimate the epi-
demic speed for low mosquito biting and recovery rates. To address
these drawbacks, we propose a tempered-space fractional-order dif-
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fusion model. In recent work, we have recently shown that such
fractional-order diffusion models are suitable for modelling the an-
imal epidemics (Farhadi and Hanert, 2022b). Here, we show how
symmetric truncated fractional-order diffusion operators affect the
propagation pattern of WNv epidemic waves and also the epidemic
speed for different values of biting rates. The paper is organized
as follows. In the next section, we review the model studied by
Lewis et al. (2006a). In Section 4.3, we extend the classical model
to a fractional-order diffusion model. Our proposed model is nu-
merically solved and simulation results are discussed in Section 4.4.
Finally, we finish the work with conclusions in Section 4.5.

4.2 Model formulation review
In 2006, a space-time model of WNv was proposed by Lewis et al.
(2006a). In that work, they first modified a temporal model of WNv
derived by Wonham et al. (2004), and then obtained a simplified
version of that model by making some assumptions. In that case,
to study the spatial dynamics of WNv, they formulated a reaction-
diffusion model relying on the Brownian motion of mosquitoes and
birds by reducing the number of the model equations. In what
follows, we shall review Lewis et al. (2006a) model.

The temporal model simplified by Lewis et al. (2006a) con-
sists of the indirectly transmitted infection between the birds and
mosquitoes populations whose numbers at time t are denoted by
Nb(t) and Nm(t). The bird population is divided into three sub-
populations, namely the susceptibles Sb, the infectives Ib, and the
recovered class Rb while the mosquito population is divided into
the susceptibles Sm and the infectives Im sub-populations.
For the mosquito population, assuming that the birth and death
rates are equal to µ leads to a constant total population size Nm

of mosquitoes. Therefore, Sm(t) + Im(t) = Nm. In the case of the
birds, the recruitment birth rate is ignored and, since a large num-
ber of bird species have a low mortality rate for the WNv virus
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(Komar et al., 2003), the death rate of the birds is assumed to be
equal to 0. In that case, the total birds population has a constant
size equals Nb. Therefore, Sb(t) + Ib(t) +Rb(t) = Nb.

The effective contact rate βb is defined as the average number
of contacts between a susceptible bird and infected mosquitoes per
day, which can be given by the product bpmbNm/Nb, where the
biting rate b is defined as the average number of bites per mosquito
per day and pmb is the probability of the infection transmission
from mosquito to the bird. The effective contact rate βm is defined
as the average number of contacts between a susceptible mosquito
and infected birds per day, which can be given by the product of
the biting rate b, and the probability of the infection transmission
from bird to mosquito pbm. Therefore, the indirect infection rates
per susceptible mosquitoes and susceptible birds, respectively, are
given by:

βm
Ib
Nb

= bpbm
Ib
Nb

, βb
Im
Nm

= bpmb
Nm

Nb

Im
Nm

= bpmb
Im
Nb

. (4.1)

The infected birds are recovered from infection at rate γ and the
recovered birds lose the immunity at rate η, and then become sus-
ceptible. By considering the above assumptions and the definitions
of the parameters, a schematic representation of the model can be
obtained in Figure 4.1, leading to formulating a spatially homoge-
neous model of WNv disease as follows:

dSm
dt

= µNm − bpbm
Ib
Nb

Sm − µSm, (4.2)

dIm
dt

= bpbm
Ib
Nb

Sm − µIm, (4.3)

dSb
dt

= −bpmb
Im
Nb

Sb + ηRb, (4.4)

dIb
dt

= bpmb
Im
Nb

Sb − γIb, (4.5)

dRb

dt
= γIb − ηRb, (4.6)
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By multiplying both sides of Eq. (4.6) by the integrating factor eηt,
its solution can be obtained in terms of Ib(t) as follows:

d

dt
(Rb(t)eηt) = γeηtIb(t). (4.7)

By integrating with respect to t and assuming that Rb(0) = 0, we
get

Rb(t) = e−ηt
∫ t

0
γeητIb(τ)dτ. (4.8)

Since Ib(t) < Nb, we have the inequality Rb(t) ≤
γ

η
Nb. Lewis et al.

(2006a) supposed that the recovered birds have no immunity to the
infection and could be transmitted to the susceptibles and become
infected at any time. In that case, η → ∞. Therefore, Rb(t) → 0,
and we can ignore Eq. (4.6). Now by considering the relations
Sb(t) + Ib(t) = Nb and Sm(t) + Im(t) = Nm, the 5-equation model
(4.2)–(4.6) reduces to a model consisting of only the equations for
infective mosquitoes and birds as follows:

dIm
dt

= bpbm
Nm − Im(t)

Nb

Ib(t)− µIm(t), (4.9)

dIb
dt

= bpmb
Nb − Ib(t)

Nb

Im(t)− γIb(t). (4.10)

At the next step, Lewis et al. (2006a) extended the simplified tem-
poral model (4.9) and (4.10) to a space-time model by considering
the random movement of the infective mosquitoes and birds. In
that case, by assuming that the mosquitoes and birds movements
can be represented by a Brownian motion, the second-order diffu-
sion operators Dm∂

2Im(x, t)/∂x2, and Db∂
2Ib(x, t)/∂x2 should be

added to Eqs. (4.9) and (4.10), respectively, where Dm and Db

represent the diffusion coefficients with SI units of m2s−1. Since
mosquitoes move much more slowly than birds, we have Dm � Db,
and the diffusion operator for the infectious mosquito equation can
thus be ignored. In that case, one can get the final simplified ver-
sion of the WNv spatially dependent model proposed by Lewis et al.
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(2006a) as follows:
∂Im
∂t

= bpbm
Nm − Im(x, t)

Nb

Ib(x, t)− µIm(x, t), (4.11)

∂Ib
∂t

= Db
∂2Ib(x, t)
∂x2 + bpmb

Nb − Ib(x, t)
Nb

Im(x, t)

− γIb(x, t). (4.12)

birds

mosquitoes

Rb

Sb Ib

Sm Im

βm
Ib
Nb

βb
Im
Nm

µµ

µNm

γη

Fig. 4.1: Schematic representation of a compartment model for indirectly
transmitted WNv virus between birds and mosquitoes, where Sm and
Im are the susceptible and infected mosquitoes, respectively, and Sb, Ib,
and Rb are the susceptible, infected and recovered birds, respectively.
The susceptibles Sm receive infection from the infectives Ib at a rate
βmIb/Nb, and the susceptibles Sb are infected by the infectives Im at
a rate βbIm/Nm, where Nb and Nm are the constant total population
size of birds and mosquitoes, respectively. µ is the birth and death
rate of mosquitoes. The transmissions from Ib to Rb and Rb to Sb
are represented by a recovery rate γ and a loss of immunity rate η,
respectively.
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4.3 The extended fractional modelling
The spatio-temporal model (4.11) and (4.12), as a classical model
in which the random movement of the infected birds is based on
a Brownian motion, has been used to calculate the propagation
speed of the WNv epidemic that occurred in North America in
1999. Such a classical approach to modelling spatial dynamics re-
sults in travelling waves propagating across a domain at a constant
speed. However, Mundt et al. (2009) proposed accelerating waves
of the disease across North America, which cannot be obtained by
the second-order diffusion models. Hanert et al. (2011) and Farhadi
and Hanert (2022a) have shown that the space-fractional-order dif-
fusion models can lead to non-constant speed of the epidemics. It
thus seems reasonable to replace the second-order diffusion operator
with a suitable fractional-order diffusion one. Here, we use a sym-
metric truncated-space fractional-order diffusion operator, which
could lead to an upper bound on the epidemic speed (Farhadi and
Hanert, 2022a). However, un-truncated space fractional-order diffu-
sion models have the potential to model the epidemics propagating
at exponential speed (Hanert et al., 2011).

A large number of species of wild birds can be infected with
WNv and they certainly adopt different random searching patterns
in their home range. Although nowadays increasing studies and
experiments are being conducted to show the existence of a Lévy
flight foraging pattern for biological and ecological species, there is
no strong evidence of such a random movement for all wild birds.
Nevertheless, among such birds, based on some experiments (Veit
and Lewis, 1996) and references therein, the spread of the house
finches population could be included in a combination of short
movements and jumps (long movements), which shows a possibil-
ity of Lévy movements. It should be noted that the house finches
are thought to be important in the transmission of WNv, as they
are competent birds in the WNv dissemination such that the Culex
mosquitoes can frequently feed upon them (Kilpatrick et al., 2007).
Therefore, we assume that the infected bird displacements could be
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described by a probability distribution function (pdf) that is tem-
pered exponentially and asymptotically behaves as ∼ e−λx|x|−(α+1),
where 1 < α < 2 is the fractional-order derivative, |x| is the dis-
placements length, and λ is called truncation parameter, whose
dimension is length−1 and is defined by λ = 1/Ltrunc, where until a
distance of the length Ltrunc, the tails of the pdf for displacements
exhibit a power-law decay and after that has an exponential be-
haviour. It is worth noting that the assumption of truncated Lévy
flights is closer to the fact that long movements can not be arbi-
trarily made by birds within their home range or territory due to
environmental and physiological constraints.
Therefore, based on the above explanations, we extend the classical
spatial model (4.11)–(4.12) to the following fractional-order model:

∂Im
∂t

= bpbm
Nm − Im(x, t)

Nb

Ib(x, t)− µIm(x, t), (4.13)

∂Ib
∂t

= Db,αDα,λ
x Ib(x, t) + bpmb

Nb − Ib(x, t)
Nb

Im(x, t)

− γIb(x, t), (4.14)

where

Dα,λ
x Ib(x, t) = −1

2 cos(απ/2)

(
e−λx 0D

α
x (eλxIb(x, t))

+ eλx xD
α
L(e−λxIb(x, t))− 2λαIb(x, t)

)
,

(4.15)

and the parameter Db,α denotes a fractional diffusivity with the di-
mension [Db,α] = lengthαtime−1, and 0D

α
x and xD

α
L are the left and

right Riemann-Liouville fractional derivatives on [0, L], respectively
defined as follows:

0D
α
xIb(x, t) = 1

Γ(n− α)
∂n

∂xn

∫ x

0

Ib(ξ, t)
(x− ξ)α−n+1dξ, (4.16)

xD
α
LIb(x, t) = (−1)n

Γ(n− α)
∂n

∂xn

∫ L

x

Ib(ξ, t)
(ξ − x)α−n+1dξ, (4.17)
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where n = 1+[α] such that [α] denotes the largest integer less than
or equal to α. Here, 1 < α ≤ 2. So we get n = 2. More details on
fractional derivatives can be found in (Oldham and Spanier, 1974)
and (Podlubny, 1999).
It should be noted that under some conditions, such as the ability
of migrating birds to infect mosquitoes, migration, as a directional
movement has been studied for its contribution to spreading the
virus (Peterson et al., 2003). Mathematically, for the infected bird
equation, we can consider the advection term −c∂Ib/∂x, where c is
the migration velocity with units of km/day.

4.4 Simulation results and discussion
In this section, we numerically solve the fractional model Eqs.
(4.13) and (4.14) by the method explained in appendix A.3. We
consider a finite domain [0, L], where L =700 km. Since we have
defined a symmetric diffusion operator by Eq. (4.15), the epidemic
waves travel to the right and left sides. So we consider a localized
initial condition of the exponential form in the middle of the do-
main for the infected birds and assume that there are initially no
infected mosquitoes throughout the domain. Moreover, we impose
zero-Neumann boundary conditions on the left and right bound-
aries, which let the waves go out the boundaries smoothly. So, we
have the initial and boundary conditions as follows:

Im(x, t = 0) = 0, Ib(x, t = 0) = I0(x) =
e−ν(x−x0) : x ≥ x0,

eν(x−x0) : x ≤ x0,

(4.18)
∂Im
∂x

(x = 0, t) = ∂Im
∂x

(x = L, t) = 0,
∂Ib
∂x

(x = 0, t) = ∂Ib
∂x

(x = L, t) = 0, (4.19)

where x0 = L/2, and ν = 0.8 km−1. The values of the model pa-
rameters, their definitions, and corresponding references are sum-
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marized in Table 4.1 and 4.2. In the numerical examples, the total
population of birds and mosquitoes are set to 20 and 400 per km,
i.e., we have the ratio Nm/Nb = 20 as it is estimated by Lewis et al.
(2006a). For all simulations, we consider a duration of 90 days and
set α = 1.5, and c = 0, where c is the migration velocity. Only the
last example illustrates how a non-zero value of c impacts the wave
speed.
In the following examples, our main purpose is to compute nu-
merically the epidemic front speed to see how the tempered-space
fractional diffusion operator affects the epidemic waves. To do so,
a Lagrangian trajectory xL(t) is numerically computed such that
Ib(xL(t), t) = I0, where I0 ≈ 0. Here, I0 is set to 0.01. Then, the
instantaneous speed is given by v(t) = dxL(t)/dt.

It should be noted that since numerous bird species and some
types of mosquitoes act as the reservoirs and vectors of WNv, re-
spectively, the epidemic speed is considerably affected by the value
of some parameters, such as the recovery rate of birds, and the bit-
ing rate of mosquitoes, which can change widely. By considering a
zero value of the recovery rate (Work et al., 1955; Wonham et al.,
2004), the average duration of infection goes to infinity. So, the
number of infected birds and hence the epidemic speed increases.
On the other hand, by increasing the value of recovery rates, as
observed for some species of birds, such as house finch, common
grackle, blue jay (Komar et al., 2003), the mean duration of in-
fection decreases such that the wave speed decreases. In that case,
the birds could transfer again to susceptible sub-populations. Here,
the disease-induced death rate of birds is not considered (Wonham
et al., 2004). But, it has been observed in some bird species (Ko-
mar et al., 2003). A non-zero value of that parameter leads to a
decrease in the number of infected birds and hence the epidemic
speed declines. Regarding the mosquito biting rates, we here con-
sidered two values b = 0.3 and 0.5 day−1, and discussed our results
for each value. For a detailed study on the wave speed sensitivity
refer to Maidana and Yang (2009).
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In the case of a Brownian motion pattern of bird movements,
by solving the model equations (4.11)–(4.12) for the biting rate
b = 0.3 day−1, we show the spatial propagation of the infected
mosquitoes and birds populations in Fig. 4.2(a) and 4.2(b), re-
spectively.

(a)

(b)

Fig. 4.2: Cont.
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(c)

Fig. 4.2: (a,b) Wave solutions of the infected birds and mosquitoes
travelling to the left and right sides at different times obtained by solving
Eqs. (4.11) and (4.12), considering the biting rate b = 0.3 day−1. The
arrows show the direction of the waves propagation. (c) Time evolution
of the epidemic speed. The dashed line is related to the constant speed
equals v̄ = 2km/day.

As we see both the left and right-sided waves travel at the same
constant speed v(t) ≈ v̄ = 2km/day, which is lower than the
recorded epidemic speed ranging between 3–3.5 km/day (see Fig.
4.2(c)). The second-order diffusion model (4.11)–(4.12) thus un-
derestimates the epidemic wave speed.
In order to obtain an estimation of the speed that falls within that
range, we consider the nonlocal diffusion model (4.13)–(4.14) by
assuming that birds follow a truncated Lévy flight with the trun-
cation parameter λ = 0.11 km−1. Here, the value of Ltrunc is set
to 9 km. In that case, the epidemic waves initially move at an in-
creasing speed (see Fig. 4.3(c), phase(I)), and then they travel at
a constant speed showing the maximum speed vmax ≈ 3.2 km/day
(see Fig. 4.3(c), phase(II)). Here, the speed falls within the range of
the observed value for the epidemic speed. In this case, the spatial
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propagation of the infected mosquitoes and birds are shown in Fig.
4.3(a) and 4.3(b).

(a)

(b)

Fig. 4.3: Cont.
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(c)

Fig. 4.3: (a,b) Wave solutions of the infected birds and mosquitoes
travelling to the left and right sides at different times obtained by solving
Eqs. (4.13) and (4.14), considering α = 1.5, λ = 0.11 km−1, and the
biting rate b = 0.3 day−1. The arrows show the direction of the waves
propagation. (c) Time evolution of the epidemic speed. The dashed line
is related to the maximum value of the epidemic speed equals vmax ≈
3.2 km/day. The phases (I) and (II) correspond to the accelerating and
constant speed stages of the front propagation.

By increasing the value of biting rate, the density of infected
birds will increase so that the epidemic front accelerates. With the
assumption that birds do random movements based on a Brown-
ian motion, for b = 0.5 day−1, we obtain the estimated constant
epidemic speed v(t) ≈ v̄ = 3km/day, which shows the lowest ob-
served speed (see Fig. 4.4(c)). In that case, the profiles of infected
mosquitoes and birds at different times are shown in Fig. 4.4(a)
and 4.4(b).
For estimating the epidemic speed greater than 3 km/day, we con-
sider the truncated-space fractional order model (4.13)–(4.14) with
the truncation parameter λ = 0.2 km−1 (Ltrunc = 5km), which
yields the epidemic waves that first propagate increasingly (see Fig.
4.5(c), phase(I)) and then the waves propagate at a constant speed
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equals vmax ≈ 3.7 km/day (see Fig. 4.5(c), phase(II)). The both
infected waves of mosquitoes and birds at different instant times
are shown in Fig. 4.5(a) and 4.5(b), respectively.

(a)

(b)

Fig. 4.4: Cont.
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(c)

Fig. 4.4: (a,b) Wave solutions of the infected birds and mosquitoes
travelling to the left and right sides at different times obtained by solving
Eqs. (4.11) and (4.12), considering the biting rate b = 0.5 day−1. The
arrows show the direction of the waves propagation. (c) Time evolution
of the epidemic speed. The dashed line is related to the constant speed
equals v̄ = 3km/day.

(a)

Fig. 4.5: Cont.
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(b)

(c)

Fig. 4.5: (a,b) Wave solutions of the infected birds and mosquitoes
travelling to the left and right sides at different times obtained by solving
Eqs. (4.13) and (4.14), considering α = 1.5, λ = 0.2 km−1, and the
biting rate b = 0.5 day−1. The arrows show the direction of the waves
propagation. (c) Time evolution of the epidemic speed. The dashed line
is related to the maximum value of the epidemic speed equals vmax ≈
3.7 km/day. The phases (I) and (II) correspond to the accelerating and
constant speed stages of the front propagation.
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Fig. 4.6: Comparison between the time evolution of the epidemic speed
obtained by two different values of the fractional-order α, i.e., α = 1.5
and α = 1.01. The biting rate and the truncation parameter are set
to b = 0.3 day−1 and λ = 0.11 km−1, respectively. For α = 1.01, the
epidemic waves reach the constant speed vmax ≈ 3.4 km/day at time
55 days. However, for α = 1.5, the constant speed vmax ≈ 3.2 km/day at
time 80 days is obtained. Highlighting the importance of the fractional-
order α in the time evolution of the epidemic speed.

Fig. 4.6 shows the difference between the time evolution of the
epidemic speed in the cases of α = 1.01 and α = 1.5. Here, we
set the same values of λ = 0.11 km−1 and b = 0.3 day−1. As we
see, when the fractional-order α is closer to 1, the epidemic waves
propagate more quickly so that they reach the maximum speed
within a shorter time compared to values of α closer to 2.

It is worth noting that based on our simulation results, for dif-
ferent biting rates, the value of truncation parameter should vary
so that an appropriate estimation of the epidemic speed could be
achieved. For each biting rate, different values of truncation pa-
rameter can also be considered. In that case, values of λ can lead
to either underestimating or overestimating the epidemic speed.
But, we can estimate a domain of λ values such that the obtained
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epidemic speed can fall within the range of observed speed. For
instance, for b = 0.3 day−1 and λ = 0.11 km−1, we get vmax ≈
3.2 km/day. Now, if we set Ltrunc = 11 km (λ = 0.09 km−1) then
the maximum epidemic will increase, i.e., vmax ≈ 3.7 km/day. How-
ever, if Ltrunc is set to 7 km (λ = 0.14 km−1) then the epidemic
speed is underestimated as vmax ≈ 2.6 km/day. Therefore, for b =
0.3 day−1, we can approximately estimate the values between 8 km
and 10 km for Ltrunc such that the obtained epidemic speed varies
in the range of (3–3.5 km/day).

The final example illustrates the impact of the migration veloc-
ity on the epidemic propagation. In this case, for migrating birds, a
preferential direction to the left is considered. Here, we assume that
c = −1 km/day as considered by Maidana and Yang (2009) in their
numerical examples, α = 1.5, b = 0.3 day−1, and λ = 0.11 km−1.

(a)

Fig. 4.7: Cont.
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(b)

(c)

Fig. 4.7: (a) Asymmetrical wave solutions of the infected birds to the
left and right sides at different times obtained by solving the model
(4.13)–(4.14), considering α = 1.5, λ = 0.11 km−1, b = 0.3 day−1, and
c = −1 km/day. The arrows show the direction of the waves propa-
gation. (b,c) Time evolution of the epidemic speed for the left- and
right-moving waves. The dashed line is related to the constant speeds
equal v̄lmax ≈ 3.6 km/day and v̄rmax ≈ 2.78 km/day, for the left- and
right-moving waves, respectively.



122 Chapter 4 - FDM of West Nile virus epidemics

Fig. 4.7(a) shows that the left- and right-moving waves are not
symmetric so that epidemic waves travel to the left more quickly
than those moving to the right. Therefore, the left-propagating
waves initially accelerate and then moving at a constant speed
v̄lmax ≈ 3.6 km/day (see Fig. 4.7(b)). However, the right-propagating
waves are greatly decelerated so that they propagate at a maximum
constant speed v̄rmax ≈ 2.78 km/day (see Fig. 4.7(c)).

4.5 Conclusion
In this paper, we have proposed a tempered space fractional-order
diffusion model based on the spatial model formulated by Lewis
et al. (2006a) for the West Nile virus epidemic. Our model incorpo-
rates the anomalous diffusion process that occurs as a result of the
Lévy movements assumption of the infected wild birds when doing
random searches, especially for scarce resources in their home range.
By numerically solving the model equations, we have performed a
comparison of the epidemic speed estimated by the classical and
fractional-order models. Maidana and Yang (2009) showed that if
we consider an average value of parameters corresponding to birds
species, such as common grackle, and blue jay, then the estimated
speed by the model proposed by Lewis et al. (2006a) does not match
that observed in the field data. Indeed, the classical model based
on the Brownian motion assumption generates the epidemic waves
moving at a constant speed, which might be less than the range
of observed epidemic speed. However, we showed that the esti-
mated wave speed by our model could fall within that range. That
is, the truncated fractional-order diffusion model initially leads to
the waves accelerating so that the epidemic could reach a maxi-
mum speed, which is consistent with the range of observed speed.
It should be noted that tuning the value of the model parameters
can modify the speed and hence by considering a classical model,
we can also get the correct epidemic speed. But what generally
differentiates classical and truncated-fractional-order models is the
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fact that our model relying on a truncated Lévy flight assumption
generates non-constant travelling waves (accelerating waves of the
epidemic), which are shown in Mundt et al. (2009).

Furthermore, we have shown that the values of the fractional-
order, truncation parameter, and migration velocity are important
factors that can affect the epidemic speed and the pattern of the
waves propagation. Different values of the truncation parameter are
required for different biting rates to explain the real speed reported
in the field data. The fractional-order affects the time to reach
the maximum speed. For values closer to 1, the epidemic waves
travel more quickly than the values closer to 2. The preferential
movement of birds to the left leads to generating waves that travel
to the left at a speed higher than those moving to the right side.

In the case of directly transmitted infectious diseases, Farhadi
and Hanert (2022b) also derived analytical results for a truncated
fractional-order epidemic model. For indirectly transmitted epi-
demics, like West Nile virus, as more complex models our results
were obtained by numerical methods. Our numerical simulations
propose that the same results of the work by Farhadi and Hanert
(2022b), are still valid. That is, truncation parameter is an im-
portant factor that influences the epidemic speed and can lead to
different propagation patterns of epidemic.
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Conclusions and

perspectives

This chapter will conclude the study by reviewing the major re-
search findings in relation to the research goals and questions, as
well as discussing their value and contribution. It will also make
suggestions for further research.

Summary of key findings
Today, after more than three centuries, Leibniz’s prediction of the
benefits of fractional derivatives has come true so that fractional
calculus has received increasing attention in recent years and its
applications have covered a wide range of different issues in engi-
neering and science. As a part of these developments, throughout
this thesis, our main objective was to apply fractional-order dif-
fusion models to life-science problems in the fields of immunology
and epidemiology. Our proposed model equations were driven by
the observation that living species do not always perform random
displacements that can be approximated by a Brownian motion.
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Instead, Lévy flight displacement patterns often provide a more
realistic picture of their displacements. In this thesis, we showed
how the type of random movements of living species influences the
elimination of infection in the body by the immune system and the
speed of epidemics propagation in an area.

At first, we discussed the elimination speed of infected brain
cells during T. gondii infection by considering different patterns
of CD8+ T cell random movements. In Chapter 2, our simula-
tions demonstrated that the effectiveness of the immune system is
enhanced when CD8+ T cells move super-diffusively in the brain.
Indeed, while doing their protective mechanisms, in comparison to
Brownian motion, with a Lévy flight searching, T cells make long
jumps between many short movements so that the whole brain tis-
sue can be scanned during infection, and they spread more quickly
throughout the brain tissue, leading to a rapid decrease of tissue
cysts distributed throughout the brain. In the case of a Lévy flight,
the infected cells distributed over the whole brain even those lo-
cated far away from the source of T cells could be killed while in
the case of a Brownian motion, the elimination speed of infected
cells is much slower so that it takes a long time to kill the infected
cells distributed throughout the brain tissue. Therefore, during in-
fection, the spatial dynamic and elimination speed of infected cells
are dependent on the type of random movement of T cells.

Nowadays, mathematical models about the immune system are
focused on time-fractional-order and/or second-order diffusion mod-
els. However, our new results can illuminate our understanding
of how the immune system can get benefit from the LF foraging
pattern of T cells in response to infection. This work paves the
way to further scientific investigations around the advantages of the
LF searching mechanism for the immune system in other tissues,
like lymph nodes. Fricke et al. (2016) showed that the movement
of inactive (naïve) T cells within lymph nodes are super-diffusive.
Thus, this will allow us to study the efficiency of T cells at finding
antigen-presenting cells (APCs) in lymph nodes by deriving space-
fractional-order models and using the same strategy by comparing
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the obtained results to a classical model relying on the second-order
diffusion models.

In the context of epidemiology, the propagation speed of epi-
demics has been widely studied based on the assumption that in-
fected hosts move in a diffusive fashion (Brownian motion). In a
few studies, by assuming that the random movement of infected
hosts is described by a pure Lévy flight, the epidemic speed was
also studied. However, in this study, a space-fractional-order dif-
fusion epidemic model is developed by assuming that the random
movement of infected hosts is described by a truncated Lévy flight.
Therefore, in Chapter 3, we considered a simple epidemic caused by
direct transmission of infection. Our numerical and analytical re-
sults well confirmed that different values of the truncation parame-
ter could lead to various types of epidemics spread. For small values
of truncation parameter & 0, the propagation speed of an epidemic
is exponential and the solution tails have a power-law asymptotic
behaviour. Increasing the value of the truncation parameter causes
the epidemic propagation gets smoother so that it leads to either a
gradual increase of the epidemic speed, which finally becomes con-
stant or a constant speed like classical models. Then, we suggested
that the truncated space-fractional-order diffusion models can be
applied to modelling animal epidemics as they can be propagated
more smoothly than human epidemics. Chapter 4 was thus con-
cerned with a real problem. In that case, we considered the West
Nile virus epidemic propagated at a non-constant speed across the
USA in 1999. In this study, we extended a classical model by as-
suming that the random movement of infected birds in their home
range can be described by a truncated Lévy flight. We showed
that our proposed model could estimate the epidemic speed, which
falls within the observed speed range while a space-fractional-order
diffusion model with zero value of the truncation parameter and a
second-order diffusion model overestimate and underestimate the
epidemic speed, respectively.

In this study, an application of the exponentially truncated
space-fractional-order diffusion operator was investigated for epi-
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demiological problems. More broadly, we expect that one can ap-
ply such an operator to other biological reaction-diffusion systems
since the truncated Lévy flight pattern of random movements is a
more relevant model for describing limited/bounded biological sys-
tems. For instance, as mentioned above, for modelling the random
movement of naïve T cells in lymph nodes, we can thus consider
truncated space-fractional-order diffusion operators, which could
provide a better estimation of T cells efficiency at finding APCs
compared to pure Lévy flight and Brownian motion. As another
example, we can refer to the work by Huda et al. (2018) who anal-
ysed the movement patterns of non-metastatic versus metastatic
cancer cells. They showed that the probability distribution function
for metastatic cell displacements well exhibits a truncated power-
law with an exponent between 2.22 − 2.99 for different types of
metastatic cancer cells. Nowadays, mathematical modelling in the
field of cancer has made significant progress. By considering such
classical models, we can extend them to a fractional-order model
by assuming that tumour cells move by a truncated Lévy flight.
Indeed, the second-order diffusion term can be replaced by a sym-
metric truncated fractional-order diffusion operator. In that case,
we can compare our numerical results with the classical model.
Therefore, by considering such studies, the effect of the Lévy flight
pattern on the spread of cancer cells to adjacent tissues can be
compared with the Brownian motion assumption.

Overall, in this study, our strategy to quantify the improvements
our proposed fractional-order models brought was to compare our
results to classical Brownian models by numerically solving those
equations. We concluded that space-fractional-order diffusion equa-
tions are powerful tools that can be used to well understand the
effect of Lévy movements on the temporal evolution of quantities
in complex systems, such as the number of infected cells in the
brain and the speed of an epidemic, which were examined in this
work because second-order models ignore the effect of the main
feature of Lévy movements, i.e., long jumps between many short
displacements. Thus, making a comparison between the results
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of the second-order and fractional-order diffusion models can be a
useful strategy for studying other problems in population dynamics
that are characterized by a power-law asymptotic behaviour.

Perspectives
All the fractional-order diffusion models used in biology and other
fields such as ecology and finance have been proposed over the last
15 years and have not been studied extensively. While classical dif-
fusion models have been used in those fields for more than 40 years,
the fractional-order versions are much more recent. This means that
many aspects of these models still need to be developed or further
studied. In particular, all the models throughout this thesis were
derived and used only in one spatial dimension. Higher dimensions
have not been considered mostly because of the complexity of multi-
dimensional formulations and the computational cost to compute a
numerical approximation. This is a serious knowledge gap as most
realistic problems in biology, are inherently multi-dimensional. For
instance, one might be interested to study the dispersal of CD8+ T
cells during T. gondii infection over a realistic domain of the brain
tissue and not only in one dimension as we did in Chapter 2. There-
fore, the next future goal would be to address this knowledge gap
by deriving a 2D and 3D space-fractional-order diffusion model.

We suggest that at first, one can review all multi-dimensional
models that have been proposed, compare the mathematical prop-
erties of their solutions (existence, uniqueness, regularity) and eval-
uate their adequacy for the applications would be considered, then
the numerical methods that have been designed for the 1D frac-
tional diffusion equation (see for instance (Hanert, 2011; Hanert
and Piret, 2014)) should be extended to the 2D equation. Here,
the main challenge will be to derive a numerical scheme whose
computational cost remains reasonable. Once the mathematical
and numerical aspects will have been solved, the next objective will
be to apply the 2D and 3D fractional diffusion models to realistic
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problems, like fractional modelling of T cells in the brain.



A
p

p
e

n
d

ix A
Appendices

A.1 Fractional Neumann boundary
conditions

One of the delicate issues in the field of modelling using fractional
diffusion equations is to apply appropriate boundary conditions to
the models on bounded domains. One of the boundary conditions is
Neumann (no-flux), which contains the first-order derivatives with
respect to space on the boundaries of the domain. They are also
known as classical Neumann boundary conditions. In Chapter 2,
since our goal is to perform a comparison between the results of
Lévy and Brownian RWs, the total number of CD8+ T cells en-
tering the domain at time t should be the same in both cases. In
other words, the issue of mass conservation should be guaranteed.
In the case of Brownian RW, it can be done by using classical
Neumann boundary conditions. However, they do not guarantee
mass conservation for diffusion equations related to a Lévy RW,
i.e., space-fractional-order diffusion equations. Thus, we have used
the following fractional Neumann boundary conditions proposed by
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Kelly et al. (2019):

1− β
2

C
0D

α−1
x E(x, t) = 1 + β

2
C
xD

α−1
L E(x, t),

for all t ≥ 0 at positions x = 0 and x = L and the fractional
derivatives of order α − 1 are in the Caputo sense defined in Eqs.
(2.7) and (2.8). In the numerical examples, the following bound-
ary conditions in the symmetric case, i.e., when β = 0 have been
considered:

C
0D

α−1
x E(x, t) = C

xD
α−1
L E(x, t),

for all t ≥ 0 at positions x = 0 and x = L.

A.2 Numerical discretization of T.
gondii model

In this section, we shall illustrate the discretization of the T. gondii
model equations by the finite-element scheme. To do this, we ap-
proximate the exact solutions of the model equations by the follow-
ing expansions in terms of basis functions φj(x):

S(x, t) ≈ S̃(x, t) =
N∑
j=1

sj(t)φj(x), I1(x, t) ≈ Ĩ1(x, t) =
N∑
j=1

aj(t)φj(x),

I2(x, t) ≈ Ĩ2(x, t) =
N∑
j=1

cj(t)φj(x), E(x, t) ≈ Ẽ(x, t) =
N∑
j=1

ej(t)φj(x),

where sj, aj, cj and ej are unknown nodal values. With the same
method in Section 2.4, the resulting discrete Eqs. (2.9)–(2.11) then
read:

Mijs
′
j(t) = −θRijksj(t)ak(t),

Mija
′
j(t) = θRijkhj(t)ak(t)− (β + d1)Mijaj(t),

Mijc
′
j(t) = βMijaj(t)− pRijkcj(t)ek(t)− d2Mijcj(t),
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where
Mij =

∫ L

0
φiφjdx, Rijk =

∫ L

0
φiφjφkdx,

for i, j, k = 1, ..., N . Here, our aim is to find possible values of the
coefficients Rijk. First, We consider a fixed index i ∈ {2, ..., N−1}.
So, there are only the three possible values of j : i−1, i and i+1. Be-
cause for j = i− 1, i, i+ 1, there are intervals Ji−1 = (xi−1, xi), Ji =
(xi−1, xi+1) and Ji+1 = (xi, xi+1) such that for any x ∈ Jj, we have
φi(x)φj(x) 6= 0. Now, for these values of j, we determine the possi-
ble values of index k such that φi(x)φj(x)φk(x) 6= 0 for any x ∈ Jj.
Here, we have three cases. (1) for j = i− 1, by considering the two
possible values of index k = i−1, i, we have φi(x)φj(x)φk(x) 6= 0 for
any x ∈ Ji−1. (2) for j = i, by considering the three possible values
of index k = i − 1, i, i + 1, we have φi(x)φj(x)φk(x) 6= 0 for any
x ∈ Ji, and (3) for j = i+ 1, the only possible values of index k are
i and i+ 1 such that for any x ∈ Ji+1, we get φi(x)φj(x)φk(x) 6= 0.
Therefore, we get the following nonzero values of the coefficients
Rijk:
Ri,i−1,i−1, Ri,i−1,i, Ri,i,i−1, Ri,i,i, Ri,i,i+1, Ri,i+1,i, Ri,i+1,i+1.

For i = 1, the coefficients R1,1,1, R1,1,2, R1,2,1 and R1,2,2, and fi-
nally for i = N , the coefficients RN,N−1,N−1, RN,N−1,N , RN,N,N−1
and RN,N,N have nonzero values. After some calculation, we can
express the nonzero values Rijk in terms of Mij as follows:

R1,1,1 = 3
4M1,1, R1,1,2 = R1,2,1 = R1,2,2 = 1

2M1,2,

for i = 2, ..., N − 1,

Ri,i,i = 3
4Mi,i, Ri,i−1,i−1 = Ri,i−1,i = Ri,i,i−1 = 1

2Mi,i−1,

Ri,i,i+1 = Ri,i+1,i = Ri,i+1,i+1 = 1
2Mi,i+1,

and finally,

RN,N,N = 3
4MN,N , RN,N−1,N−1 = RN,N−1,N = RN,N,N−1 = 1

2MN,N−1.
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A.3 Numerical discretization of the
West Nile virus model

In order to numerically solve Eqs. (4.13) and (4.14), based on a
Galerkin formulation, we use a finite-element method that used by
Vallaeys et al. (2017). To explain that scheme with more details,
we consider the following reaction-advection-diffusion equation:

∂Ib
∂t

= Db,αDα,λ
x Ib(x, t)− c

∂Ib
∂x
− γIb(x, t), (A.1)

where the parameters Db,α, c, and γ and the operator Dα,λ
x are de-

fined in Section 4.3. First, we express the unknown solution Ib(x, t)
as a sum of basis functions φj(x) and the unknown coefficients bj(t):

Ib(x, t) ≈ Ĩb(x, t) =
N∑
j=1

bj(t)φj(x). (A.2)

Then we divide the interval [0, L] into N − 1 subintervals [xj, xj+1]
whose lengths are equal to h, i.e., x1 = 0, xN = L, and xj+1−xj = h
for j = 1, . . . , N−1 so that the piecewise linear basis functions φj(x)
for j = 1, 2, . . . , N are defined as follows:

φ1(x) =


x2 − x
x2 − x1

: x1 ≤ x ≤ x2,

0 : x 6∈ [x1, x2].

for j = 2, . . ., N − 1,

φj(x) =



x− xj−1

xj − xj−1
: xj−1 ≤ x ≤ xj,

xj+1 − x
xj+1 − xj

: xj ≤ x ≤ xj+1,

0 : x 6∈ [xj−1, xj+1].

and for j = N ,

φN(x) =


x− xN−1

xN − xN−1
: xN−1 ≤ x ≤ xN ,

0 : x 6∈ [xN−1, xN ].
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The left and right exponentially tempered unknown solutions,
i.e., eλxIb(x, t) and e−λxIb(x, t) are also discretized, respectively as
follows:

eλxIb(x, t) ≈ Ĩ lb(x, t) =
N∑
j=1

blj(t)φj(x). (A.3)

and

e−λxIb(x, t) ≈ Ĩrb (x, t) =
N∑
j=1

brj(t)φj(x). (A.4)

where blj(t) and brj(t) are the unknown coefficients corresponding to
the left and right tempered solutions, respectively.

By replacing Ĩb(x, t), Ĩb
l(x, t), and Ĩb

r(x, t) in Eq. (A.1), using a
Galerkin formulation, and then orthogonalizing the discrete equa-
tion with respect to all φj, we get the following equation:(∫ L

0
φiφjdx

)
dbj
dt

(t) = −Db,α

2 cos(απ/2)

((∫ L

0
φie
−λx

0D
α
xφjdx

)
blj(t)

+
(∫ L

0
φie

λx
xD

α
Lφjdx

)
brj(t)

)

− c
(∫ L

0
φi
dφj
dx

dx

)
bj(t)

+ λαDb,α

cos(απ/2)

(∫ L

0
φiφjdx

)
bj(t)

− γ
(∫ L

0
φiφjdx

)
bj(t),

for i, j = 1, . . ., N .
Now by defining the following matrices

M :=
∫ L

0
φiφjdx, D :=

∫ L

0
φi(dφj/dx)dx,

Dl :=
∫ L

0
φie
−λx

0D
α
xφjdx, Dr :=

∫ L

0
φie

λx
xD

α
Lφjdx,
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the following semi-discrete equation in a matrix form is obtained:

M
db
dt

(t) = −Db,α

2 cos(απ/2)

(
Dlbl(t) + Drbr(t)

)

+
((

λαDb,α

cos(απ/2) − γ
)

M− cD
)

b(t), (A.5)

where the vectors b(t) = [b1(t) . . . bN(t)]T , bl(t) =
[
bl1(t) . . . blN(t)

]T
,

and br(t) = [br1(t) . . . brN(t)]T consist of the unknown coefficients at
time t. For solving Eq. (A.5), we need to compute the vectors bl(t)
and br(t) in terms of the vector b(t). To do this, we applying a
Galerkin formulation to Eqs. (A.2) – (A.4) as follows:∫ L

0
φie

λxĨbdx =
∫ L

0
φiĨb

l
dx −→

(∫ L

0
φie

λxφjdx

)
bj(t)

=
(∫ L

0
φiφjdx

)
blj(t).

and ∫ L

0
φie
−λxĨbdx =

∫ L

0
φiĨb

r
dx −→

(∫ L

0
φie
−λxφjdx

)
bj(t)

=
(∫ L

0
φiφjdx

)
brj(t).

By introducing the matrices

Wl :=
∫ L

0
φie

λxφjdx, Wr :=
∫ L

0
φie
−λxφjdx,

we get bl(t) = M−1Wlb(t), and br(t) = M−1Wrb(t). Eq. (A.5)
can thus be expressed in the following form

M
db
dt

(t) =
(
−Db,α

2 cos(απ/2)

(
DlM−1Wl + DrM−1Wr

)

+
(

λαDb,α

cos(απ/2) − γ
)

M− cD
)

b(t), (A.6)
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Finally, by using a third-order Adams–Bashforth method, we
can discretize Eq. A.6 in order to obtain the coefficients bj defining
the model solution at the current time.
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