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Abstract. This paper deals with the control of the temperature in non-isothefmal ;tirreq tank
reactors involving M (M > 1) chemical reactions. The proposed control algorithm is an input-
output linearization controller which accounts for the well-known process nonlinearities. The
control scheme is also adaptive in order to deal with the parameter uncertainty : itis sr.\ownAh.ow
to include explicit on-line estimates of the M activation energies within the adaptive linearizing
controller. The performance of the control law is illustrated in simulation.
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1. INTRODUCTION

The dynamics and control of exothermic reactors have
been extensively studied over the past decades (e.g.
Aris, 1969, Uppal et al, 1974, 1976; Ray, 1981). One
important feature of exothermic reactors is their strongly
nonlinear dynamics : beside the presence of the
classical bilinear terms, they exhibit e.g. exponential
nonlinearities due to Arrhenius law's dependence of
the temperature. One consequence of the nonlinear
dynamical structure of the process is the possible
existence of multiple equilibrium points, i.e. of different
sets of state variables for one set of input variables at
steady-state. It is well-known that, for instance, for a
reactor with one exothermic reaction, there may be up
to three equilibrium points for the same set of inputs.
Moreover, each of these points may present different
stability characteristics, some being stable and others
being unstable.

It is obvious that, because of the presence of
nonlinearities and of potentially unstable
characteristics, the control of exothermic reactors
requires a careful design. A commonly used approach
for the control of nonlinear systems is to consider them
as time-varying linear systems and to use black-box
linear approximate models to implement an adaptive
control law. Several applications of linear adaptive
controllers to exothermic reactor are reported in the
literature (e.g. Harris et al., 1980; Hallager and
Jorgensen, 1983). However, since these control
schemes are based on a linearized tangent model of
the process dynamics around one defined set point,
only local closed loop stability properties can be
emphasized which may no longer hold if the process is
“moving away" from that particular set point.

On the other hand, since the underlying process is
nonlinear, one can expect improved control
characteristics and performance by taking advantage of
the nonlinear structure of the process. Recent
developments in nonlinear system theory and its
application to automatic control have given rise to
linearizing control schemes based on differential
geometry concepts (e.g. Isidori, 1989). In Hoo and
Kantor (1985) and Limquesco and Kantor (1990), a full
state feedback linearization solution is presented for an

exothermic reactor with one reaction. However, the
computation of full state linearization controllers may be
very much involved for systems of order larger than two.

In this paper, an input-output linearization control
algorithm is proposed which does not require the full
linearization of the process dynamics and whose
computation remains rather simple. Moreover, it is
general in the sense that it is applicable to any
exothermic CSTR (Continuous Stirred Tank Reactors)
involving M reactions (M > 1).

Since feedback linearization techniques are based on
an exact cancellation of the process nonlinearities, they
may be very sensitive to modelling uncertainties. One
solution consists of adding integral action to the
linearizing controller (e.g. Kravaris.and Chung, 1987).
Here an adaptive linearizing control scheme is
preferred since the estimation procedure already
includes an integral action while giving extra potentially
useful information about the uncertain process
parameters. This approach is in line with different works
on adaptive control of nonlinear systems (e.g. Dochain
and Bastin, 1984; Taylor et al, 1989; Sastry and Isidori,
1989: Bastin and Dochain, 1990). It is also worth noting
that there has been recently some interesting attempts
to include the structural system nonlinearities into an
adaptive controller with application to a single
exothermic reaction (M = 1) process (Agarwal and
Seborg, 1987; Slotine and Ydstie, 1989). However, in
their paper, Agarwal and Seborg assume that the
activation energy is known. In this paper, it is shown
how to deal with the exponential Arhenius nonlinearity
so as to estimate the activation energy when it is
unknown (or at least not determined with certainty).

The objective of this paper is therefore to indicate how
to introduce the well-known nonlinearities of exothermic
processes into a nonlinear controller design which is
also capable to deal with the model uncertainties in an
adaptive way. The paper is organized as follows.
Section 2 introduces the dynamical model of non-
isothermal stirred tank reactors. Section 3 is concerned
with the design of the adaptive linearizing controller.
Section 4 presents simulation results.



2. DYNAMICAL MODEL OF STIRRED TANK
REACTORS

We can define a chemical process as a set of M
reactions in which N components (reactants and/or
products) intervene. In the following, we shall
concentrate on non-isothermal chemical processes
which take place in stirred tank reactors (STR). It is
obvious that these reactions can be formalized into a
reaction network, as it is now illustrated.

Example : A Non-Isothermal STR

Let us consider a reactor characterized by the following
two sequential reactions :

A — bB
B — dD

In the above reaction network, for simplicity and without
loss of generality, we have normalized the
stoichiometric coefficients in each reaction with respect
to the reactants A and B respectively. Let us assume
that both reactions are non-isothermal, i.e.
characterized by a nonzero heat of reaction.

Dynamical Model of Stirred Tank Reactors
The dynamical model of a STR chemical process is
readily obtained from mass and energy balances and

can be written in the following matrix form :

dC F

TV (Cin—C) +Ko (1.a)
%=—5—(Tm—T)—p1TAHTcp—Q (1.0)
P

In equations (1), C is the reactant concentration vector
(mol/l) (dim(C) = N), Cin is the influent reactant
concentration vector (mol/l) (dim(Cin) = N), ¢ is the
reaction rate vector (kg/m3/sec) (dim(¢p) = M), K is the
stoichiometric coefficient matrix (dim(K) = NxM), F is the
influent flow rate (m3/s), V is the reactor volume (m3), T
is the temperature (K), Tin is the influent temperature
(K), p is the density (kg/m3), Cp is the specific heat
(kJ/kg/K), AH is a vector which contains the heat of each
reaction (kJ/kmole) (dim(AH) = M) :

AHT = [AH1, AH2,..., AHN]

and Q is the cooling heat removal rate (K/sec). Q is
often written as follows (e.g. Aris, 1969) :

hA: (T=-To)
Q= —W—_ (2)

where h is the overall heat transfer coefficient (W/m2/K),
Ac is the heat transfer area (m2) and T¢ is the coolant
temperature (K).

In equations (1), the reaction rate is, generally
speaking, a nonlinear function of the state, i.e. of the
concentrations C and of the temperature T, and can be
formalized as follows :

¢ = x(C)E(T) (3)
where x(C) is a MxM diagonal matrix and E is a M-

dimensional vector. In the important particular case
when the dependence of the process kinetics obeys to

the Arrhenius law, the reaction rate vector ¢ specializes
as follows :

9=[kgjy(C) O 0 il
0 k02a2(C) S e‘E’/RT
0 0 0 :
H : 0 e-E WwRT
0 0 o kOMaM(C)

where koi (i = 1 to M) the reaction rate constant of
reaction i, Ej (i = 1 to M) is the activation energy of
reaction i, R is the gas constant and ;(C) is a (generally
nonlinear) function of the concentration of the reactants
intervening in reaction i. For simplicity reasons, the rest
of the paper will concentrate on Arrhenius type kinetics
(although the ideas developed below can easily be
extended to other forms of kinetic models).

Example : Non-isothermal STR (continued)

Assume that the kinetics of the first reaction of the
above non-isothermal reactor is of second order with
respect to A and that the second reaction is of first order

with respect to B. Then the kinetics (with Arrhenius
temperature dependence) of each reaction is equal to :

2_-E,RT
@1 =Ko1Cae '

-E,RT
@2 = kooCge 2"
It is clear that the dynamics of the process will be

described by the model (1)(2)(3) via the following
definitions :

C = CA » Cin = CA.in N K =| -1 0 N AH = AH1
CB 0 b =l AHZ
G 0 0 d

k=[knCi 0 |,E=[e®RT
0 koCpg e ERT

Note that the dynamical model of the process (1) can be
rewritten in the following more compact form :

‘;—;‘=--\F7x+k¢+u (4)
with :
X= [ T] (5.a)
C
K= [—AHT/pCp] (5.0)
K
U= [ FT V- o] 5.0
FC,/V

3. ADAPTIVE LINEARIZING CONTROL OF NON-
ISOTHERMAL STIRRED TANK REACTORS

3.1. Formulation of the Control Problem

Let us consider the problem of controlling the
temperature T at a prescribed value T* by acting on the
cooling heat removal rate Q under the following
conditions :



A1. M state variables are available for on-line
measurement (i.e. the temperature T and M-1
concentrations); moreover, assume that the MxM

submatrix K, (constituted by the M lines of K
corresponding to the measured variables) is full
rank;

A2. the flow rate F, the volume V and the cooling heat
removal rate Q are known, either by measurement
or by choice of the user;

A3. the stoichiometric coefficient matrix K is known;

A4. the density p, the specific heat Cp and the heats of

reaction AH are known;

A5. the kinetics constants kgj (i = 1 ,M) are known but
the activation energies E; (i = 1, M) are unknown (or,
let's say, largely uncertain).

With respect to the above control problem, equation
(1.b) constitutes the output dynamical equation and
contains the input Q (therefore it is straightforward to
note that the relative degree of the process (e.g. Isidori,
1989) is equal to one). This equation will be used to
synthetize the adaptive linearizing control law.

Remark : note that, under the above assumptions, the
N-M unmeasured concentrations can be estimated on-
line by using an asymptotic observer (Dochain et al.,
1991; Bastin and Dochain, 1990) which offers the
advantage of being independent of the reaction kinetics
(which are here assumed to be (at least partially)
unknwon and for which theoretical stability and
convergence properties can be emphasized.

3.2. Zero Dynamics

It is a well-known result (e.g. Isidori, 1989) that, if the
zero dynamics of the process is asymptotically stable,
input-output linearization may result in a stable closed
loop process behaviour. It is straightforward to note that
here the zero dynamics corresponds to equation (1.a)
in isothermal conditions. Therefore the analysis of the
zero dynamics reduces to the analysis of the
corresponding isothermal STR (1.a). For instance, if the
kinetics are all of first order, then the stability of the zero
dynamics is readily deduced from the poles of (1.a) for
a fixed value of the temperature T. In case of nonlinear
kinetics, sufficient stability conditions can be deduced
from the poles of the linearized tangent model (e.g.
Bastin and Dochain, 1990). For instance, in the above
non-isothermal example, the state matrix of the
linearized tangent model of the zero dynamics is equal
to:

A=|- % - 2kp:Ca 0 0
" F ”
2bkoiCa  — 77 ~kKoCs O

x F
0 dkole -7

where Ca and Cg hold for the steady-state values of Ca
and Cg. It is then straightforward to check that, for any
strictly positive value of F/V, the poles of the linearized
tangent model of the zero dynamics are negative and
that therefore the zero dynamics are asymptotically
stable.

3.3. Model Reference Linearizing Control
Scheme

Assume that we wish to have the following stable first
order closed loop dynamics :

‘:j—‘t’+xe=o 220 ®)

where e is the control error :
6=T"-T (7)

and T* is the reference signal of the temperature T. The
control law can be readily obtained by combining
equations (1.b) and (6) :

daT*  F

VLT« J LI e S S BN
Q=-AT* =T -+ 5(Ta=D pcpAHtp ®)

More precisely, if equation (2) is used and h is
considered as the control input, equation (8) takes the
following form :

AT -T) - % +g(T0)
h= pCpV AC(T e Tc) (9)

. F 1
with g(T,C) = 7 (Tjp = T) - o AHTo

Equation (8) (or (9)) is the Model Reference Linearizing
Control Law (see also Bastin and Dochain, 1990).

3.4. Adaptive Model Reference Linearizing
Control

In section 3.1, it has been assumed that some
parameters of the model (here, the activation energies
Ei) are unknown. The above linearizing control law (8)
(or (9)) will then implemented with estimated values of
Ej:

daT* F

a9 Fo oy 1 Ta
Q=-AT"-T -+ 7Ta=TD pCpAH(p (10)

with @ = @(E), or :

AT =T) - C{TT. +8(T.0)

h=pCpV T (11

- N U B
with (T,0) = (T =T) s AHTQ(E)

Since the system equations (1)(3) are not linear in the
parameters Ej, some transformations are required so as
to be able to use some linear regression estimation
method. First of all, let us consider the dynamical
equations of the M measured variables (the
temperature T and the M-1 concentrations) and define
the following state partition :

xT =[x1 x2]

where xq1 and x2 contain the M measured and N-M
unmeasured state variables, respectively. The
dynamics of xi is clearly described by the following
equations :

dx,

—at——-"\F7X1+k1(O+U1 (12)

Since K, is full rank, it can be upper triangularized by
using the Gauss method. This defines a state
transformation :

£ = Pxq (13)



and the system equations can be rewritten with the new
coordinates & as follows :

9

T =-%§+K1«p+UT (14)

where KT = PK, (upper triangular) and Ut = PUs. Let us
now discretize the above equations by using a first
order Euler approximation (with At the sampling period
and t the time index) :

F At
g‘q - §| = —V—gx + AtK'[(pt + AtU'n (15)

Let us rewrite the last equation (corresponding to Em) by
isolating the kinetic term on the right hand side :

FAt
Enter = S+ 7w — AtUn = omn
= ko ap(Cpe WA
Let us now take the logarithm of both sides of the above

equation (which, from assumption A5, contains only
one unknown, i.e. Epm) :

FAt
1094 Emrer — S + _V_§Mt - AtUqy
= log{ko c(CpAL} - ﬁ‘r' En (16)
t

or, in a classical linear regression form :

ymt = GEM (17)
with :
Kom om(Cyp)
Yme = Iog F
Emtet — Emt FRATY
At V] Mt Tt

=

= AT,

Equation (17) is linear-in-the-parameter Em. We can
proceed similarly for the other M-1 equations by
isolating the jth kinetic term in the jth (j =1 to M-1)
equation and then applying the logarithmic
transformation :

M
FAt
log i]tal T g]t . 'V_gjl - AtUTn - At z kTp"pll
i=p1

- loglky 4(C)A) - 5= € j=TtoM-1  (18)
t

Equation (18) can be rewriiten in a more linear
regression form :

¥t = OEi (19)
koj al(C,)

with y; = log m
éﬂt‘ = éﬂ Fl
% tva-Un- Z krjiPa

1=p1

Note that now each jth (j = 1 to M) equation is linear-in-
the parameter Ej. For the on-line estimation, we can
proceed backward from the last equation to the first one
at each time t. Each jth unknown parameter E;is
estimated by using a linear regression estimation

method based on the jth equation and incorporating the
values of the i = j+1 to M already estimated parameters
(appearing in the left hand side of (18)), e.g. a recursive
least squares estimation scheme (e.g. Bastin and
Dochain, 1990; Shah and Cluett, 1991) :

Egur = Eg+ Ty, - 0. (20.2)
T, ro?

r.=—‘[1-'—¢'2) Ip>0,0<y<1 (20.0)
¥ v+ oy

where Ty is the estimator gain and y is a forgetting
factor.

The combination of equation (10) (or (11)) with the
estimation scheme (20) based on equations (16)(18)
constitutes the Adaptive Model Reference Linearizing
Control Law.

Remark : for simplicity reasons, the estimation has
concentrated here on the activation energies. But it is
obvious that the above representation (16)(18) can be
used to also estimate on-line the kinetics constants Ko; (i
= 1, M). The main problem consists of being able to
guarantee the persistence of excitation (e.g. Bastin and

Dochain, 1990) of the regressor vector [log(aj(Ct)At,

1/RTy]T which may not be a trivial question because of
the nonlinear characteristics of the process.

Example : Non-Isothermal STR (continued)
Assume that T and Ca are available for on-line
measurement, i.e. x1 = [T CalT. The matrix K; :
K, =[AH, AHZ]
-1 0
is full rank if AHz # 0. The state transformation which

upper triangularize f(, is defined as follows :
g,] =P[ T]: 1/AH; 0 [ T]
&2 Cal |1/aH; 1 Ca

In discrete-time and after the application of the above
state transformation and the logarithmic transformation,
the discrete-time equations used for the on-line
estimation of the unknown activation energies Eq and
Ep are written in terms of the physical variables T and
Ca as follows :

lo{ AH1ko1Cit }_ 1

—_—t==—E (21.a)
¢ pColwyy + W2y RT,
AH2ko2Cg; } 1
log{ —————} ===E (21.b)
g{ Pcp(‘l’n + yaAHy) RT, :
with :
Tl#1 = Tl Fl
Vi = At V(Tm -T)+Q
AHp —E,RT
Yo = ——KooCpgi@™ 2 !
2t PCp 02V Bt
CAH-‘I . CA' Fl
Vao=—Qa V(CAm -Ca)

In a first step, equation (21.b) is used for the estimation
of E» and in a second step, equation (21.a)(which



contains Ep) is used for the estimation of E1.

4. SIMULATION RESULTS

The non-isothermal stirred tank reactor example
presented above has been simulated under the
following conditions (based on data from Kravaris and
Chung, 1987) :

b=d=1, kot = 4 /mol/sec, kg2 = 172.2 sec’1,
Ey=2.09 x 104 kJ/kmol, E2 = 4.18 x 104 kJ/kmol,
AH{ = -4.18x104 kJ/kmol, AH2= -8.36x104 kJ/kmol,
Tin =300 K, R = 8.3143 kJ/kmol/K,

h=1.3 Wm2/K, Ac = 170 m2, T¢ = 300K,

F=0.1 m3sec, V=10m3

Ca.in= 10 mol/l, p = 1000 kg/m3, Cp = 1 kJ/kg/K

The temperature T and the concentration of the reactant
A, Ca, are assumed to be measured on-line. We also
assume that the concentration of the reactant B, Cpg, is
not measured on-line : its value is given by an
asymptotic observer (for a general approach on the
asymptotic observer in chemical reactors, see Dochain
et al., 1991). The asymptotic observer in our example is
derived as follows.

Let us define the auxiliary variable z :

AH| + AH2 AH2
z2=T- CA— CB
pCp pCp
Let us calculate the time derivative of z by using
equations (1) :

dz F F AH, + AH, )
=-gz+ ( 'n-p—CpCAm -Q

dt Ve v
This equation is independent of the kinetics (which
have been assumed to be unknown (assumption AS5)).
Under assumptions A2-A4, the above equation can be
used to compute z and therefore to implement the
following "asymptotic observer" :

dz F - F( AH, + AH, ]
—=-=2+ | Tin—-——=—Cain |-Q
dt \" VA ™ pCp n

- pCp .. AH;+AH,
CB-—AW;(T-Z)+T A

The above observer has been called "asymptotic*
because the estimation error in z :

z2=2-2

(and in consequence in Cg in our example) obeys to
the following equation :

a__F.

at =~V

which is asymptotically stable if F/V is positive.

The initial values of T, Ca, Cg and Cp considered in the
simulation correspond to an open-loop unstable steady
state :

T(0) = 507 K, CA(0) = 1.716 mol/l
Cg(0) = 4.474 mol/l, Cp(0) = 0.3811 mol/l

The reference set point T* has been set to 507K. In the
simulation, the overall heat transfer coefficient h has
been considered as the control input. The controller
design parameter A has been set to 0.08. The estimates
of Ey, E2 and Cg have been initially set to the following

(incorrect) values :
E,(0) = E»(0) = 10* ku/kmol, Cg(0) = 3.2 mol/!

E¢ and E2 have been estimated by using a recursive
least squares estimator with a forgetting factor (equal to
0.99 for both estimations)(the estimator gain has been
initially set to 108 in both cases). A sampling period At
equal to 10 s has been considered both for estimation
and control. Figure 1 shows the closed loop behaviour
of the process when a square wave value of the influent
reactant concentration, Cain, (Fig.1a) is applied to the
reactor. Figure 1b&c show the controlled output T and
the control input h; note the ability to compensate the
variations of the disturbance Ca in (whose
measurement only appear indirectly in the controller via
the estimation scheme (see equation (18b)). Note also
the good control performance in spite of the
uncertainties on Eq, Ez and Cg (Fig.2a&b, which also
show the convergence of the estimates of Eq, E2 and
Cpg to their true values).

A
16 4 CA_"‘ (mol/l)

9 T T T T ~>»
0 1000 2000 3000 4000 5000
time (s)
5204 T (K)
510 4
500
T* = 507 K
490
time (s)
480 T - T T —>
0 1000 2000 3000 4000 5000
‘rn (W/Km?2)
204
1.0 4
[-X+] T § = T T T
c 1000 2000 3000 4000 5000
time (s)

Fig.1. Adaptive linearizing control : control results
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Fig.2. Adaptive linearizing control : estimation results

5. CONCLUSIONS

In this paper, it has been shown how to design an
adaptive linearizing controller for an non-isothermal
process involving M (2 1) reactions. Here the particular
(although widely encountered) situation of Arrhenius
kinetics has been considered. It has been suggested
how to include the estimates of the activation energies
into an adaptive version of an input-output linearization
control scheme. The proposed adaptive linearizing
controller can be extended so as to include the
estimation of other process parameters or to treat other
types of nonlinearities (see e.g. Chen and Bastin (1991)
who treat the identifiability of biological kinetics models
which are ratios of polynomials (such as the well-known
Monod model)).
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