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This work derives closed-form expressions computing the expectation of co-presence and of number of
co-occurrences of nodes on paths sampled from a network according to general path weights (a bag of
paths). The underlying idea is that two nodes are considered as similar when they often appear together on
(preferably short) paths of the network. The different expressions are obtained for both regular and hitting
paths and serve as a basis for computing new covariance and correlation measures between nodes, which
are valid positive semi-definite kernels on a graph. Experiments on semi-supervised classification problems
show that the introduced similarity measures provide competitive results compared to other state-of-the-art
distance and similarity measures between nodes.
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1. Introduction
1.1 General introduction

This work addresses the important problem of defining similarities and distances between nodes of a
network based on its structure, faced in many applications such as link prediction, community detection,
node classification and network visualization, among others [1-12]. It extends previous work on the
randomized shortest paths and the bag-of-paths frameworks introduced in a series of papers [13—17],
and most notably [18]. This effort was initially inspired by models developed in transportation science,
especially [19, 20]. Of course, different meaningful notions of similarity between nodes can be defined,
depending on the application (see [5, 12] for several examples). The most common one states that two
nodes are considered as similar if (i) they are both close in the network (for instance in terms of shortest
path distance) and highly inter-connected. In other words, two nodes are similar when they are highly
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2 G. GUEX ET AL.

accessible from each other [21-23]. Another approach (ii) considers that two nodes are similar when they
share some common properties, for instance based on features of their neighbourhoods [24-27], or when
they often co-occur on trees or paths sampled from the network [18, 21]. This is the approach that will
be investigated in this article by considering a general bag-of-paths approach. A third relevant idea states
that (iii) two nodes could be considered as related when they play comparable roles in the network, for
instance if they influence the network in a similar way [28, 29] or if they are structurally equivalent (see
[12, 30] and references therein).

In this context, as discussed in [23] (see also [5, 14]), the specificity of our approach can be understood
as follows. Most traditional distances or similarity measures between nodes are based on two common
paradigms about the transfer of information, or more generally the movement, occurring in the network:
optimal communication based on shortest paths and random communication based on a random walk on
the graph. For instance, the shortest path distance is based on geodesics and the resistance distance ([31],
proportional to the commute-time distance [32, 33]), on random walks. However, both the shortest path
and the resistance distance suffer from some annoying drawbacks [5]: the shortest path distance does
not integrate the amount of connectivity between the two nodes and produces many ties in unweighted
networks, whereas random walks quickly loose the notion of proximity to the initial node when the graph
becomes larger [34, 35].

Contrarily to these standard measures, the randomized shortest paths framework integrates both
proximity and amount of connectivity for defining distance and betweenness measures between pairs
of nodes based on approach (i) [5, 15, 16, 36, 37]. In its basic form, this model assumes that paths
connecting the two nodes are chosen according to a Gibbs—Boltzmann probability distribution depending
on a temperature parameter balancing the smoothness of the measure. When the temperature of the
model is high, communication occurs through a random walk while, for low temperatures (close to zero),
shorter paths are promoted. The model has been extended recently by adding a priori probabilities on
the starting and ending nodes, thus allowing to weigh nodes [38, 39]. In the same spirit, the bag-of-paths
based measures aim to quantify the similarity between the nodes by considering arbitrary paths between
all pairs of nodes (and not only between one pair of predefined nodes) favouring low-cost, and thus
short, paths [14, 18]. Similarity measures can then be derived by computing number of co-occurrences of
nodes on paths, as in approach (ii). The present work expands on this idea by considering a more generic
framework as well as deriving new measures based on node presence and on hitting paths in a systematic
way. A nice property is that all the quantities of interest can be computed in closed form by standard
matrix operations. Moreover, the introduced measures have nice intuitive interpretations, as explained in
the next subsection.

Other such families of distances were recently introduced and studied, for instance in [40—42] by
considering the co-occurrences of nodes in forests or walks on a graph, in [35, 43, 44] based on a
generalization of the effective resistance in electric circuits, in [45, 46] by flow optimization with mixed
L1-L2 norms, and in [13, 47] by considering network flows with entropy regularization. The originality
of our work (see also [13]), in comparison with these previously developed methods, lies in the fact that
we adopt a bag-of-paths formalism, that is, the quantities of interest are defined on the set of whole paths
(or walks) appearing in the network.

For a comprehensive survey of related work on the design of similarity/distance measures on graphs
and networks, see [14, 15, 18, 48] as well as [5]. However, three closely related and highly relevant
works must be emphasized here. The first work [21, 22, 49] developed new similarity measures based
on the co-occurrence of nodes on the same tree appearing on forests (sets of trees) sampled from the
graph. The main quantity was called the relative forest accessibility between nodes and measures to
which extend two nodes co-occur on the same tree and are therefore both close and highly connected.
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COVARIANCE AND CORRELATION MEASURES 3

The approach is similar to (and has inspired) our work but involves different motifs: trees instead of paths.
More recently, distances derived from paths enumeration were investigated in [41]. Another interesting
closely related work is [50] which introduced the concept of co-betweenness. The authors aimed to extend
node betweenness centrality to sets of nodes in terms of shortest paths that pass through all nodes in a
set. They then provided an expansion for group betweenness in terms of increasingly higher orders of co-
betweenness. Moreover, they derived an efficient algorithm for computing the pairwise co-betweenness
involving two nodes only, which generalizes the standard shortest-path node betweenness. Our work
is similar in spirit but is based on paths sampled from the graph according to a general probability
distribution favouring low-cost paths, instead of shortest paths. Finally, the recent DeepWalk [51] is
based on simulating a large number of walks in the graph and uses a word2vec-like approach [52] to
compute a p-dimensional representation of the nodes based on their co-occurrences in a sliding time
frame. The algorithm provides a graph representation (or embedding) capturing the association between
the nodes in terms of co-occurrence. In the present paper, the same idea is exploited, but the association
measures between nodes (correlations and covariances) are computed in closed form instead of relying on
computer-based path generation. The DeepWalk approach has become very popular in the deep learning
community.

1.2 The main intuition behind the models

The idea behind the introduced node similarity measures is as follows. Let us assume we can enumerate
all paths g € P (the set of all paths) that can be sampled from a network G. Further consider that a
measure of ‘quality’ of these paths can be easily computed, the weight w(g), as in [41]. This weight
reflects the reward of following the path and could be based on the length of the path, the total cost
along the path, the time to follow the path, etc. Moreover, let us assume that paths are indexed and
ordered by decreasing degree of quality, (¢, 2, ...). As an example let us consider a corpus of doc-
uments from which a network is extracted (see [8]). If the nodes of the network represent terms and
the (weighted) links represent co-occurrences of terms within a given window in the text, then paths in
this network correspond to sequences of words (sentences) where highly likely sequences have a higher
weight.

The paths selection strategy, based on a sampling probability distribution derived from path weights,
naturally favours high-weight paths and the overall quality level of the chosen paths could be monitored
thanks to a temperature parameter (see Section 2.3.1). If the parameter is close to zero, only high-quality
paths are considered whereas, for high values, all paths are more and more considered equally. The model
can thus be considered as a bag of paths from which paths are drawn [14, 18]. Within this context, and as
already mentioned, our similarity measure has the following interpretation: two nodes are considered as
highly similar when they often co-occur on the same paths, when drawn thanks to a probability distribution
favouring high-weight paths. In other words, two nodes are considered as related if they share the same
paths.

Intuitively, this can be captured in the following way based on the enumeration of paths, although
some tricks will be used in order to efficiently compute the quantities. Let X be a data matrix (the path-
node matrix, inspired by the document-term matrix in information retrieval) with rows corresponding to
paths, g; € P, and columns to nodes, j € {1 ---n}, of G. The entries i, of this matrix are binary with a
1 if the node j appears on the path g; and zero otherwise.

Moreover, we further introduce a diagonal matrix weighting the paths, and containing as diago-
nal elements i, i the probability P(g;) of choosing path g; according to the sampling distribution with
ZZ] P(g;) = 1. Thus, as an example, these two matrices could be of the form:

120Z Ae\ 9z uo Jasn Jayax3 Jo AusiaAlun Aq L6191 9/9Z0BBUD/9/g/3[01LE/13UW0/W02 dNO"dIWapee//:sdly Wol) PaPEOjUMO(]



4 G. GUEX ET AL.

2 3 ®1 2 3 4

oo | 10 1 o1 | P@) O 0 0

92 01 0 o2 0 P(¢2) 0 0

X—m | 1 01 . D= 0 0 P(p;) O
os | 0 0 0

In this example, we observe that node 1 and node 3 look similar as they appear on the same paths (g,
and ;). Conversely, nodes 1 and 2 are quite different.

In other words, nodes are characterized by their appearance on paths so that a binary feature vector
indicating their presence on the different paths, x;, is associated to each node'. The x; vectors can therefore
be viewed as profile vectors characterizing each node j with respect to its presence on paths. These vectors
form the column vectors of the data matrix X. Alternatively, the data matrix could also contain the number
of occurrences of each node on the different paths, instead of a binary presence value.

Now, a simple, but still meaningful, measure of the similarity between pairs of nodes i and j is simply
the expected frequency of common presence on the paths. This quantity can be computed by taking the
inner product x!Dx; for nodes i, j, or X"DX for all pairs of nodes. Such quantities will be studied and
computed in this article in a general setting.

Note that this kind of similarity measure is closely related to contextual similarities used in information
retrieval where two words are considered as related when they often appear in the same context (same
sentence, window or document) [53], as illustrated by the recent, popular, word2vec method [52] and the
emerging field of representation learning [54, 55]. Similarly, the context is represented here by paths of
arbitrary length and the measures of association are computed directly in closed form from the structure
of the graph and its edge weights. As an example, and as already mentioned, this idea has been exploited
recently in the field of deep learning for computing a graph representation [51].

1.3 Contributions and contents

The paper derives closed-form expressions for computing similarity measures for two types of paths:
regular (non-hitting) and hitting paths. More precisely, the derived similarities are the covariance and
correlation kernels on a graph (which are positive semidefinite). Moreover, these kernels are defined for
two different measures: based on (i) simple binary common presence of nodes on paths and (ii) number
of co-occurrences on paths. In addition, various betweenness centrality measures are also derived within
the framework.

The material presented in this article is therefore an extension of the previously published work [18]
where a covariance and a correlation kernel were derived in the bag-of-paths framework for number of co-
occurrences and regular paths only, and then slightly extended to hitting paths in [56]. In comparison with
this previous work, the derivation of the different quantities in this work is more systematic, comprehensive
and generic. Moreover, the results involving node presence (both for regular and hitting paths) are new
and use a completely different technique than for those based on number of co-occurrences. Finally, the
framework developed in this work is more general as it can be applied to a large class of weights defined
on edges, whereas it was restricted to the bag-of-paths model based on Kullback-Leibler divergence

! Note that all vectors are considered as column vectors.
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COVARIANCE AND CORRELATION MEASURES 5

regularization in [14, 18]. The introduced framework contains the standard bag-of-paths model as a
special case.

The article is organized as follows. First, the necessary background, notation and framework are
detailed in Section 2. Then, Section 3 derives various important expressions computing the weights on
sets of paths avoiding or containing some nodes. These results are derived for both regular and hitting paths
and provide the basic support for the definition of the similarity measures. Section 4 develops betweenness
centrality and node similarity measures based on the presence and the number of occurrences of nodes
on paths, for both regular and hitting paths. Finally, those measures are assessed and compared in Section
5. Section 6 is the conclusion.

2. Framework and notation
2.1 The generalized bag-of-paths formalism

As already stated in the introduction, the standard bag-of-paths framework (BoP) [14, 18] sets up a Gibbs—
Boltzmann distribution defining the probabilities of drawing a path from the set of all paths in the graph,
also named the bag of paths, by assigning higher probabilities to short paths and lower probabilities to
long paths. The standard bag-of-baths formalism will be described in more details in Section 2.3.1. For
the moment, we will define a more generic framework, namely the generalized bag-of-paths formalism,
inspired by walk distances [40—42]. A summary of main notation appears in Table 1.

2.1.1 Paths, hitting-paths and sets of paths Let G = (V, £) be a weighted, strongly connected, directed
graph, with set of nodes V = {1,2,...,n} and set of edges £ = {(i,j)} containing m elements. This
graph is described by its weighted adjacency matrix W = (w;;) (or simply weight matrix), representing
non-negative local affinities between nodes or rewards on edges, with w; > 0. Moreover, the weights
must be equal to zero for missing links, w; = 0 when there is no link between i and j. This weight
matrix is not simply the usual adjacency matrix A in general, but a function of it depending on the
considered application like a substochastic transition matrix representing a killed random walk (see the
end of Section 2.1 for some examples). The weight matrix will be used in order to define path weights
and path probabilities on sets of paths. We will see later that it must satisfy some simple constraint in
order to make sure that probabilities of drawing paths are well-defined: it should have a spectral radius
strictly lower than 1, which implies that weights must be in the interval w;; € [0, 1]. This point will be
discussed in Section 2.1.4.

A €(g) or simply £-length (regular) path or walk on the graph G, denoted by g, is a sequence of
adjacent nodes g = (iy,iy,-..,I—1,1¢), Where £ > 0 and (i,,i,1,) € £ forall7r =0,...,¢£ — 1. Note
that, in this work, paths can contain repeated nodes; paths without any node repetition are called simple
or self-avoiding paths. Moreover, O-length paths are allowed by convention. We denote by the variable
£y a path whose starting node is s and ending (target) node is . Moreover, the node at position t on path
g is referred to as g (7). A hitting path, denoted by the superscript h in p", is defined as a path such that
the final node i, appears only once on the path, that is, iy, # i, VT = 1,...,£ — 1, and of O length if
ip = i;. In other words, for hitting paths, the final node can be considered as an absorbing node: it can
only appear once, at the end of the path.

The set of all paths in G, also called the bag-of-paths, is denoted by P. This set P = Uy _ Py is
the union of the subsets P, of all regular (non-hitting) paths starting in node s and ending in target node
t. Several subsets of the bag of paths will be used in the sequel and, for the sake of clarity in further
developments, we will use special symbols for these different subsets (see Table 1).
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TABLE 1 Summary of notation for the enumeration of paths in a graph G for both regular and hitting paths.

wi = [W]; Element i, j of the weight matrix of graph G

o A particular path visiting nodes s = ig, i1,...,ip =1
w(p) = ]_[f;%) Wigios, The total weight along path g (product of edge weights)
w(Q) = ZWGQ w(g) The total weight for paths g in set of paths Q, g € Q

Py (£) Set of regular paths connecting s to ¢ in exactly ¢ steps
Py Set of regular paths of arbitrary length connecting s to ¢
P =U;_ Py Set of all regular paths of arbitrary length

P Set of regular paths from s to ¢ visiting intermediate node i
P Set of regular paths from s to ¢ avoiding node i

P Set of regular paths from s to ¢ visiting all nodes in set 7
2 Set of regular paths from s to ¢ avoiding all nodes in set Z
P Set of hitting paths of arbitrary length connecting s to ¢

Ph=ur_ Pt Set of all hitting paths of arbitrary length

Pshr(ﬂ) Set of hitting paths from s to ¢ visiting intermediate node i
PhD Set of hitting paths from s to ¢ avoiding node i

Psh,(”) Set of hitting paths from s to ¢ visiting all nodes in set 7
PhD Set of hitting paths from s to ¢ avoiding all nodes in set 7

The superscript in P! will refer to the set of hitting paths, also named the bag-of-hitting-paths. Still
another type of superscript has the form P or P2, where Z C V is a subset of nodes. This superscript
indicates that the set is composed of paths containing (with a 4+ symbol), or respectively avoiding (with
a —), all of the nodes in Z. Note that we will usually simply write P instead of P when there is
only one node i in the set. Of course, all these notations can be combined. For example, P?t(_{i’f D refers
to the subset of hitting paths connecting s to ¢ and avoiding nodes 7 and j.

Note that the set of all paths P is equipped with a composition rule for two paths where the ending node
of one path corresponds to the starting node of the other: if oy = (s,7;,...,k) and g, = (k,ji,...,1),
then oy o g, = (S,11,...,k,j1,...,1). By extension, let Py o Py, denote the set of all compositions
between sets of paths Py, and Py,.

2.1.2 Paths weights Paths weights are defined from the n x n non-negative weighted adjacency matrix
or simply weight matrix, W, of the graph (an example is provided later) and are used to define the bag-
of-paths probabilities. The weight of a path g = (i, . . ., i;), noted w(g), is defined in the usual way [41]
as the product of the weights on its edges,

-1
w(@) £ [ [Wicies @.1)
=0

where we recall that £ is the length (number of edges) of the path. By convention, we assume that all O-
length paths have a weight of one. Note that this definition favours shorter paths over longer ones because
the weight matrix will be restricted to irreducible sub-stochastic matrices, implying that w; € [0, 1].
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COVARIANCE AND CORRELATION MEASURES 7

Therefore, the weight of a path decreases with its length, at least in the long term. This type of weight
matrix defines a transition probability matrix of a killed random walk (the random walker has a probability
to stop his walk at each time step).

We also set the weight of any subset of the bag of paths Q C P to the sum of the weights of its
elements (paths),

w(Q) £ w(p). (2.2)

PEQ

Therefore, if two subsets, Q and R, are disjoint, we have w(Q U R) = w(Q) + w(R).

2.1.3 Bag-of-paths probabilities 'We now consider the bag of paths P and we would like to draw paths
from P with probabilities P(g¢) proportional to path weights. This is easily obtained by normalizing
the weight of the path by the total weight of the bag-of-paths. In short, the generalized bag-of-paths
probabilities of drawing a path ¢ are defined as

L W) w(p)
P = = . 2.3
@ = W)~ wP) @3

Note that the generalized bag-of-paths probabilities P(g¢) are non-null if and only if the normalizing
factor, the total weight of the bag-of-paths w(’P), is finite. This kind of measure is the object of interest
of the present work. The necessary requirements on the weights in order to satisfy this property will be
detailed in the next section.

More generally, if we want the conditional probability of drawing a path from a subset P* C P
knowing that we are in P? C P (with P* C P?), we use

w(P%)

P a béP a b: .
(PIP") £ Plp € Pllp € P =

2.4)

As probabilities restrained on the bag-of-hitting-paths form an important part of this work, we will often
use the notation P"(Q") £ P(Q"|P") for any subset Q" C P". In other words, we define the generalized
bag-of-hitting-paths probabilities of drawing the hitting-path p" by

weh _ wih
S pnepn WE) WP’

P'(p") = 2.5

2.1.4 Consistency condition on the weighted adjacency matrix W As stated before, we require well-
defined (non-null) bag-of-paths probabilities, which means a finite weight for the whole bag of paths P.
Note that the subsets of paths Py, with s, = 1, ..., n form a partition of the bag-of-paths, which implies
[14, 18]

wP) =Y WP)= D W)=Y Y Y W Wiy Wi = [ Wf}
0 st

stey s,teV pst €Pst st€V =0 iy,ip,....iy 1 =1 stey L=
(2.6)
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8 G. GUEX ET AL.

for paths of increasing length 7. This shows that w(/P) is finite if and only if > >~ WT converges. Let
0 (W) be the spectral radius of this weighted adjacency matrix, that is, its largest eigenvalue in modulus
(571,

p(W) £ max [A], 2.7)
reo (W)

where o (W) is the spectrum of W. By the Perron—Frobenius theorem (see [57, 58]), the non-negativity
of the components of W and its irreducibility imply that the largest eigenvalue is real and positive, and
thus A, £ p(W) > 0. A, is also called the Perron eigenvalue.

The series Y oo W* = I+ W + W2 + ... is called the Neumann series of W [57]. Concerning
Neumann series, the following statements are equivalent [57]

(1 p(W) <1,
(2) hmrﬁoo W' =0,
(3) Y., W converges.

In this case, (I— W) " exists with ) 02 W* = (I— W)~!, and we can define Z = (z;), the fundamental
matrix of the bag-of-paths system, as

Z2OI-wW)" (2.8)

This matrix is already well-known when W represents the adjacency matrix of a graph—it corresponds
(up to a constant term) to the celebrated Katz index [59] after rescaling the adjacency matrix in order to
obtain a convergent series. It was, e.g., recently used in order to define distance measures between nodes
based on walks [41].

Thus, by restricting ourselves to graphs with a weighted adjacency matrix verifying p(W) < 1,
we ensure that bag-of-paths probabilities are well-defined. Now, it is known that each irreducible (non-
negative) substochastic matrix has this property (see [57], p. 685, exercise 8.3.7). Therefore, the property
holds for strongly connected graphs with a substochastic weight matrix W which, instead otherwise
stated, will be assumed for now. More generally and intuitively, o (W) < 1 should still hold provided that
the weight matrix is substochastic and each node of G is connected through directed links to at least one
killing node—a node whose (weighted) outdegree is strictly less than one. Another interesting property
of an irreducible substochastic weight matrix W is that all of its elements are smaller or equal than 1
because its row sums are lesser or equal to 1.

In the case of a strongly connected graph and a weight matrix whose spectral radius is smaller
than 1, several important quantities defined on subsets of the bag-of-paths can be expressed through the
components of the fundamental matrix, as will be shown in Section 3.

2.2 Nodes (co-)presence and (co-)occurrences on paths

The introduced similarity measures between nodes will be based on node presences and node occurrences
on paths. We now introduce some notations related to these quantities that will be used all along the article.
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COVARIANCE AND CORRELATION MEASURES 9

Let the presence variable of node i on a given observed path g be

1 ifiep
8@ € £ ’ 2.9
2 0 otherwise, 29)

with (i € g) being an indicator function or variable [60], equal to 1 if the event i € g is true (node i
belongs to path ) and 0 otherwise.

Moreover, let the number of occurrences, or simply occurrences, variable for node i on path g =
(io, ey l[) be

L(p) L(p)
niep) £ 8@ == s, (2.10)
=0 =0

where  (7) denotes the node at position t and §;;, is the Kronecker delta [61] between i and i,, that is,
8i, = 1ifi; =i (node at position 7 on path g is equal to node i) and §;, = 0 otherwise. These variables
are also used to signify the presence of two nodes: let co-presences and number of co-occurrences of
nodes i and j on path g be, respectively, 6 (i € )d(j € ) and n(i € P)n( € ©).

In this work, we will mainly be interested in computing covariances and correlations of presence and
occurrence variables between nodes, defined with respect to either bag-of-paths or bag-of-hitting-paths
probabilities. These covariances and correlations between nodes are semi-definite positive by definition as
they are inner product, or Gram, matrices [62]. They will be used in Section 5 as kernel matrices in order to
perform semi-supervised classification tasks. Note that expected values of presence and occurrences also
define centrality indices, generalizing some other centrality measures such as the betweenness centrality
[63, 64] or the random walk centrality [65, 66]. However, studying these centrality indices is out of the
scope of this work, and some were already investigated in [67].

2.3 Some examples of weight matrix

2.3.1 A particular case: the standard bag-of-paths framework The standard bag-of-paths framework
is a good example of such a weighting scheme [14, 18, 36]. In that context, graph G is represented by its
weighted adjacency matrix, A = (a;;), with no special requirement except that a; > 0 and the fact that
the graph is strongly connected. This also allows us to derive a reference transition probabilities matrix
P, = D !A of a natural random walk on G with elements pl‘.ff, where D is the diagonal matrix containing
node out-degrees. Moreover, we assume a cost matrix C = (c;), which can be defined either independently
from weights a;;, or thanks to ¢; = 1/a; or ¢; = 1 (among others). In this context, any observed path

© = (o, ..., i) induces a random-walk likelihood 7" (g), defined by 7" (p) £ Hf;éﬁffi,ﬂ and a
cost c(gp) defined by c(p) = Zf;i) Cir.ip,(- The bag-of-paths probabilities are constructed in order to

favour paths of low cost subject to a Kullback-Leibler divergence (KL) regularization level by solving
the following problem, minimizing free energy [14, 18]:

minimize P(p)c(p) +T ) P(p)log(P(p)/Pret ()
{P(P)}pep 5;3 &; ' (2.11)

subjectto >, P(p) =1,

where T > 0, the temperature is a free parameter monitoring the KL level, and P*f () is the random walk
reference probability of a path g proportional to its likelihood, i.e., P () = 7™ (9)/ 3 e 7™ (9").
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10 G. GUEX ET AL.

As for maximum entropy problems [68—70], solving this problem yields a Gibbs—Boltzmann
probability distribution [14, 18]

7" () exp(—Bc(p))
> orer T exp(—Be(p”)

P'(p) = (2.12)

where B £ 1/T is the inverse temperature parameter. This solution allows us to choose paths according
to P () when the temperature 7 is high, and increases the probability of choosing low-cost paths as
the temperature decreases, up to eventually selecting shortest paths only when 7' — 0%,

Interestingly, for a path o = (i,...,i;), the numerator in (2.12) can be written as
7" () exp(—Bc(p)) = ]_[f;(lJ p,?jfim exp(—pBci, i,,,), which means that it corresponds to a generalized

path weight w() built from the matrix W defined by
W = P 0 exp[—SC], (2.13)

where exp[—BC] is the component-wise exponential and o the Hadamard product. We observe that if the
cost matrix has at least one non-zero value for a given edge, the matrix W is substochastic. Moreover,
when the graph is strongly connected, we saw that the substochastic weight matrix verifies p(W) < 1,
which implies that the standard bag-of-paths model is indeed a particular case of the generalized one.
In the case studies of Section 5, this standard bag-of-paths framework will be used in the considered
applications.

2.3.2 Anotherparticular case: absorbing Markov chains  Letus now consider absorbing Markov chains.
In this context, some nodes, called absorbing nodes A, are trapping the random walker so that the
corresponding rows of the transition matrix of the Markov chain P are set to 0, except on the diagonal
where we find a 1 [71-75]. However, in that case, the matrix (I — P), which would be a good candidate
for the fundamental matrix of the process, is not of full rank and its standard inverse is not defined. Then,
one has to rely on pseudo-inverses which introduces an extra level of complexity to the theory of finite
Markov chains [71-73].

One simple trick solving this issue is to consider killing absorbing nodes, which simply aims at setting
the corresponding rows of the original transition matrix (considered as stochastic and irreducible) to 0
[5, 76]. Thus, we consider that the random walker stops its walk after reaching such a killing absorbing
node. The matrix of this killed process, denoted by W, is then substochastic and has a spectral radius lesser
than one, even if the corresponding graph is not strongly connected any more. Then, the fundamental
matrix is simply Z = (I — W)~! and the quantities of interest can be computed from its elements. For
instance, the probability of being killed in node ¢ € .4 when starting a random walk from node s ¢ A is

Z@stGPsr W(pst) _ st
- )
ZaeA megpm W(@m) ZaeA Zsa

which relies on Result (R.1) stated later, and is quite intuitive. Let us now turn to the computation of the
various quantities of interest.

3. Basic expressions for computing weights of various subsets of paths

We saw how the generalized bag-of-paths formalism revolves around computing weights associated to
subsets of paths in order to compute quantities of interest. In this section, we assume a strongly connected
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graph as well as p(W) < 1. In this case, we show that weights of various paths subsets can be computed
directly from the components of the fundamental matrix Z = (I — W)~! (see (2.8)). When expressed
properly, these results are quite intuitive, although their derivations can be rather tedious. Therefore, all
proofs are transferred to the Appendices A and B.

Note that these developments only concern subsets where the starting and ending nodes are known
exactly. However, the weights of subsets with undetermined starting and ending location are easily found.
Indeed, sets Py, form a partition of P, implying w(P) = Zmev w(Py,). All subsets defined by a particular
superscript can be handled in exactly the same way, e.g., w(P"?) = 3", w(P4§ ™). The main results
(numbered (R.1)-(R.18)) are presented in a sequential way, from the most obvious to the most complex.
Moreover, each derived quantity usually depends on the previous ones.

3.1 Key elementary relationships

As a starting point, the following closed-form expressions, already known in the standard bag-of-paths
and randomized shortest paths frameworks [14, 15], are derived in Appendix A for both regular and
hitting paths,

w=wPy) =[Zl;= ) w(p), (R.1)
©EPst
2E2w(P) =3 wip) =, (R.2)
Boe’Pg n

and we observe that z:‘, = 1 from (R.2). Moreover, we also have z, = Z?,Zn which will be useful later.
Thus, the sum of the weights of regular paths between two nodes is given by the corresponding element
of the fundamental matrix (2.8).

3.2 Computing weights for sets of paths containing or avoiding nodes (node presence)

In this subsection, a number of auxiliary z-quantities computing total weights of subsets of paths are
defined and calculated. They serve as building blocks for computing association measures between
nodes, like covariance and correlation. We start with quantities involving visits to one intermediate node,
then we consider visiting two nodes, and we finally extend the results to an arbitrary number of nodes. A
summary of the relevant notation appears in Table 2.

3.2.1 Path weights containing or avoiding one node Expressions computing the total weight for sets
of paths containing or avoiding a particular node i can be further developed for both regular and hitting
paths (see Appendix A.1 for all derivations and details). For regular paths,

P Ew(PS) = Y 86 e p)wip) = i (R.3)

©€Pst

and we recall that indicator function §(i € &) = 1 when path g contains node i and 0 otherwise. It can

be observed that zﬁf " reduces to z¢ When i = s and when i = ¢, which is natural.
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TABLE 2 Notation for the z auxiliary variables computing total weights of subsets of paths on G, for both

regular and hitting paths.

wi = [Wlj

Element i, j of the weight matrix of graph G

2y = [L]y = w(Py)

h

— h
Zst =w (Pst)
& =w(P)

2D =y (P?,‘*”)
&= w(P)

2D =y (Pg<—i>>
LHED — (Pﬁ{"’”))
LD (Pf,‘”””)
LD W( Sgt—{t,j}))
LCED (7);1;—{:';}))
&7 =w (PP
26D =y (P?t(ﬂ))
& =w(P?)

h(~T) h(=1T)
st =w (Pst )

Element s, ¢ of the fundamental matrix Z computing the total
weight on regular paths

Total weight of hitting paths connecting s to ¢

Total weight of regular paths connecting s to ¢ and visiting
intermediate node i

Total weight of hitting paths connecting s to ¢ and visiting
intermediate node i

Total weight of regular paths connecting s to ¢ and avoiding node
i

Total weight of hitting paths connecting s to ¢ and avoiding node
i

Total weight of regular paths connecting s to ¢ and visiting
intermediate nodes i, j

Total weight of hitting paths connecting s to ¢ and visiting
intermediate nodes i, j

Total weight of regular paths connecting s to ¢ and avoiding
nodes i, j

Total weight of hitting paths connecting s to t and avoiding nodes
i,j

Total weight of regular paths connecting s to ¢ and visiting
intermediate nodes in set 7

Total weight of hitting paths connecting s to t and visiting
intermediate nodes in set 7

Total weight of regular paths connecting s to ¢ and avoiding
nodes in set Z

Total weight of hitting paths connecting s to t and avoiding nodes
insetZ

From Equation (R.3), we further obtain, when avoiding i,

and this time, by (R.2), z;

w(PS) =Y (-8 € ) wip)

©EPst

+H)

h
=g — 2y Zst — ZgiZit» (R4)

= 0 when i = s and when i = ¢, as should be. For hitting paths now,

120Z Ae\ 9z uo Jasn Jayax3 Jo AusiaAlun Aq L6191 9/9Z0BBUD/9/g/3[01LE/13UW0/W02 dNO"dIWapee//:sdly Wol) PaPEOjUMO(]



COVARIANCE AND CORRELATION MEASURES 13

A Ew(PYT) = Y (1—8(i € p) wip)

peP?,
—i h h _h
Zit ! Lo — Zyilis if i
— (—i) — h_h 1 75 ! RS
- o - 1 - Z[izil ( . )
0 0 ifi=t,
where z?,(fi) = 0 when i = s, as should be. Observe the similarity with (R.2). Note that when s = ¢, the

result is equal to 1. Considering now the presence of node i,

D0h it

2 £ w (PEH) = Z siiep)wip)=1{" o (R.6)
i Zg ifi=t,
PEP
o (D) h P
and we naturally obtain z;, "~ = z;, wheni = s.

3.2.2 Path weights containing or avoiding two nodes In this subsection, we consider that i # j and
the expressions are only valid in this situation. When this is not the case, the problem is reduced to the
task of finding only one node on paths, and its solution is provided in the previous section with, e.g.,
w(Pgr & ) = w(79;,+ i)). In Appendix A.2, the expressions computing the total weight on sets of paths
containing or avoiding two nodes of interest i and j, for both regular and hitting paths, are derived. The
main results are summarized in (R.7)—(R.10),

A7 2 (PE) = 376G € 930 € o) w(p)
#EPst

O if i # j. (R.7)

= Zsj

Notice that this expression is coherent when i = s,j = 5, i = t and j = ¢ as it reduces to the expressions
involving only one node (R.3). Three different expressions (R.8.1)—(R.8.3) can be derived for computing
the next quantity,

a2 (PE) = 37 (1= 86 € p)(1 = 5G € ) w(p)

PEPy
=zu— 24 Dz — 2 % ifi £ (R8.1)
=) =MD ifi#j (R.8.2)
=700 — ) g ifi . (R.8.3)

The following results (R.9) and (R.10) for hitting paths assume that i # j # t. If eitheri =t orj = ¢,
the quantity (R.9) must be equal to O (the destination node ¢ cannot be avoided). When i = j (only
one node is present or absent), the equations (R.5) and (R.6) must be used instead. Once again, three
alternative expressions (R.9.1)—-(R.9.3) can be derived from the more general result (R.9) for computing

120Z Ae\ 9z uo Jasn Jayax3 Jo AusiaAlun Aq L6191 9/9Z0BBUD/9/g/3[01LE/13UW0/W02 dNO"dIWapee//:sdly Wol) PaPEOjUMO(]



14 G. GUEX ET AL.

the equivalent quantity for hitting paths,

AT 2 (PUTY) = 3 (1= 8G € p)) (1 - 3G € 9) w(p)
gaepxht
2 L L
= =i ifi,jEtNIF#] (R.Y9)
1t

=0 ifi=tvj=t (R.9)

h h(=j) _h h(=i) _h
Tqp =& % — X g

_ s St o ..
P Y ifij#Atni#] (R.9.1)
i = %
S )
= A ifij# NI ] (R9.2)
1— (=) h(=))
Zl‘l Zl[
h(—i) h(—i) _h(—i)
_s Ty Y T RO3
= h(—) _h(—D) ifi,j#Ftni#]. (R.9.3)
I—z; "z

Note also that the result is equal to 1 when s = ¢. Finally, for node presence, we obtain

Zilf(+(l}f)) AL w (Pg(-F[iJ])) — Z (S(l c 60)8(] e 8/‘)) W(K‘))
PPy

h(—{j,1}) h(+j h(—{i,t}) _h(+i s .
=Zsi( {/t})Zit(ﬁ) +Zsj( (lt})Z.(th) ifi ], (R.10)

7

and, again, this expression is coherent when i = 5, j = s, i = r and j = ¢ as it reduces to (R.6). When
s = tand i # j, the result is simply 0. Now, if i = j, the quantity reduces to Z2"*9 which is not accounted

for in (R.10).

3.2.3 Path weights containing or avoiding sets of nodes Up to now, we were mainly interested in
computing weights on subsets of paths containing or avoiding one or two nodes. However, it is possible
to deal with subsets with higher numbers of nodes through some recurrence formulae.

Let us assume we have a set of distinct nodes Z, where s, t ¢ 7, and let S be asubsetof Z, S C Z. The

weight of the regular paths avoiding all nodes in S is denoted as z'; © = W(Ps(t_s)) and the corresponding

weight for hitting paths by 4 = W(P;‘,(*S)). The same convention, but with a 4 sign this time, is used
for paths containing a set of nodes S (all nodes in S present). We would like to compute quantities like
2D D D and 22 for the set Z, in terms of some subsets S; of Z.

First, let us compute the weights of avoiding paths. Let S; 2 Z\i withi € 7, meaning that 7 = S;U{i}.

We obtain (see Appendix A.3)

_ _ -S: h(-S; -S: .
250 2w (PSP = g% — T Vie, (R.11)

st Si it
Z(7I) Zh(—S,-) _ Zh(—Si)Zh(—S,-)

h(-7) & h(-T)\ __ Zst_ _ Zst si it .

P 2w (PYY) =" = SRS Viel. (R.12)
2t 1— % it
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COVARIANCE AND CORRELATION MEASURES 15

In addition, weights on sets of paths containing some predefined nodes in Z can be obtained (see also
Appendix A.3) from the previously computed quantities (R.11) and (R.12) thanks to

P Ew(PIP) =za+ Y (=D =Y (1)1, (R13)
ST Scz
S#£D
DD Ly (PEED) =2 4 D (=D =3 (=S, (R.14)
ScT SCT
S£D

where the summation on S € 7 with § # @ means a summation on all subsets S of Z, except the empty
set. Moreover, by convention, (—1)° = 1.
Let us take an example with set Z = {7, j} and regular paths. We easily obtain from (R.13)

(+ijh —i (G (—{iyh)
st =g — Zit D — st + st s

and zf.f D g computed with (R.11), zf,; b = szj - Z?,-H )Z,-(,fj), which also corresponds to (R.8.2). It can

be easily verified numerically that the obtained expression for zﬁf”m provides the same results as (R.7).
We now turn to the computation of related quantities involving, this time, the number of visits (instead

of presence) to some set of predefined nodes.

3.3 Computing weights of node (co)-occurrences on sets of paths

This section will derive equivalent results for the number of occurrences of nodes (and not simply the
presence of the node as in the previous section) on paths of the graph. The first moments of occurrence
variables of the type n(i € ) (the number of times node i is visited on path &) can be obtained, but in
a very different way than in the previous subsections. Indeed, most of the results of this subsection are
calculated by taking some partial derivatives with respect to path weights, as shown in Appendix B and
already exploited in [18] for the standard bag-of-paths framework and regular paths. Note that we are not
interested in paths avoiding nodes in this section as they correspond to paths with zero presence, which
was covered in the previous section.

We now compute the weighted number of occurrences of some nodes on the sets of regular paths P
and hitting paths P", expressed in terms of the fundamental matrix. This provides (see Appendix B for
details), for regular paths between s and ¢,

D" 0l € o) wpw) =zt (R.15)
©st€Pst
Z N € ©sING € ©5) W(Est) = ZsiZijZie + 25iZjiZic — 8ijZsiZjt- (R.16)

st €Pst

Note that this expression includes the i = j case. For hitting paths, we have

> 0t e e wiph) =25 + 8uzl, (R.17)

h h
851 € P.Yt
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and this quantity is equal to z". when i = 7. Moreover, for two nodes,

> e phnG e phwiph) =225 "2 + 25"z b
K’?tepxt
— 8525 "2y + 852 Tl 4 8uzy 2l + bl (R.18)

These various quantities will now be used in order to define centrality and association measures on nodes.

4. Betweenness and association measures

In this section, we will be interested in computing the expected value of (co-)presence as well as number
of (co-)occurrences of nodes on paths (moments and co-moments), with respect to the generalized bag-
of-paths and bag-of-hitting-paths probabilities. These quantities will allow us to compute the covariance
and the correlation between node presence and occurrences. It is also shown that distance measures,
extending the free energy distance [14, 15], can be derived from the quantities introduced so far. Note
that still other similarity measures could be computed from the same expressions, like equivalents of
cosine measure, Jaccard index, etc.

First, let us calculate the weights of the set of all paths P and the set of all hitting paths P", as these
will be used as normalizing factors in order to compute our paths probabilities. We readily obtain from
(R.1) and (R.2)

wP) =D w(Py) =z, WP =) w(Ph =2, (4.1)

s,tey s,teV

where e indicates summation over the corresponding index.
Then, recall that the probabilities of choosing a particular, regular, path ¢ (see Equation (2.3)) or a
hitting path p" (see Equation (2.5)) are simply

_ w(p) he N
P(p) = P’ P'(p) = P 4.2)

Let us now compute the quantities of interest.

4.1 Covariance and correlation for node presence

From (R.1), (R.2), (R.3), (R.6), the expectation of node presence, regarding P(g) (regular paths
framework) and P" (") (hitting paths framework), is easily obtained thanks to

| | wP) T () s,
E[§(i € p)] = ;5(1 € p)P(p) = WP Y w Pz 4.3)

h(=1) _h h

w(PhH")) Ztev( o )+
w(Ph) 2, ’

E'[s(i € "] = ) 8(iephPph =

K)h eph

4.4)
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COVARIANCE AND CORRELATION MEASURES 17

where the last term is the contribution for # = i as given in (R.6). These two quantities define betweenness
measures based on node presence, quantifying to which extend each node is an important intermediary
with respect to the communication (along paths) between pairs of nodes [67]. Communication along short
paths is usually promoted by putting more weight on them, as in the standard bag of paths.

Similarly, from (R.7) and (R.10), the expected values of co-presence are

. h h(+j
w (PHDY 2 420z — 852z

E[8(i € p)8(i € )] =Y _8(i € p)3(j € ) P(p) =

b}

= wP) Zes
“.5)
w (PhCHi)
E'8(i € "8G € M= Y 8 e phi(eph)P(p" = %
pheph
h(—{j.t}) h(+) —{i,t}) _h(+i) —1) . i
D e e Mt i I R R R
h h 5 (4’6)
Z Z

where terms like —8;2".zi,, 8;z0. "2! and 82", were added in order to take into account the special cases
where i = j. Indeed, (R.7) and (R.10) concern only the situation where i # j and must be extended in
order to compute these diagonal terms. The details about these technicalities are transferred to Appendix
C, for the interested readers.

These expected values are the building blocks needed to compute the covariance and the correlation
measures between the common presence of two nodes on paths (the random variables §(i € &) and
8(j € )). This provides, for regular paths,

cov(8(i € p),0( € ) = E[5(i € 9)8( € p)] —E[6( € p)IE[( € p)], 4.7

| | cov(8(i € 9).5( € )
(8(i € 9,50 € ) = )
o JCoV(0(i € ),5(i € ) cv3( € £).50 € £))

and the expressions for hitting-paths probabilities are similar, with g replaced by g". The intuition behind
these quantities is that two nodes are correlated when they often appear on the same, preferably short,
paths.

4.2 Covariance and correlation for the number of occurrences of nodes

We now derive the same quantities for the number of occurrences of nodes on paths. From (R.15) and
(R.17), we have for regular paths

Bl e )l = Y nii € p)P(o) = Y ni € ) o0
peEP peEP (P)
(prt) Z.lZl.
=2 2 e o= 4.9)

S,teV st €Pst
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. izf;t)z? + 22,
E'nGiepl=)_ > nie @;)W(ﬁﬁ) PR —. (4.10)
SIEV ph eph w(P") Zoe

As before, these two quantities define betweenness measures based on node occurrences.
For the expected values of co-occurrences, (R.16) and (R.18) provide

w(gs)
ElnG e pnGeol=Y_ Y nlic o€ pu)——
StV st €Pst ( )
_ ZeiZi%je + ZejZjiZie — 0ijZeiZje , @.11)
Z..
: . ) . w(gpy)
E'lnii e p"nGepl=Y_ Y niepnnieph) )
stevp}}Eph w
| Xy (0 4 5 - 029
z8,
zﬁf”z?j +z ') 7+ 85zl
4 4.12)

which, again, allows us to compute the covariance and the correlation, but now for the number of co-
occurrences of nodes on paths, with

cov(n(i € p),n(j € ) = E[ni € p)nG € 9)] — E[ni € p)EM0G € )], (4.13)

. . cov(n(i € §).1G € 9))
(i € p),1(j € P)) = . (4.14)
oI ). & P = e ) i € ) cov(n G € 9).1G € )

The expressions considering hitting-paths probabilities are similar. It is well known that such covariance
and correlation matrices are positive semi-definite (Gram matrices [62]) and are therefore valid kernels
on a graph representing similarities between nodes (see [77-79] for kernels in general and [5, 48] for
kernels on a graph).

Note that for all these formulae, computing the results for hitting paths requires an iteration over nodes
t, which is more computationally intensive than for the non-hitting case. Moreover, the computation time
complexity of all derived kernels is in O(n®) where n is the number of nodes and when using basic matrix
operations (without elaborated data structures nor parallel algorithms). Indeed, it is dominated by the
computation of the fundamental matrix Z which requires a n x n matrix inversion. Once this matrix is
computed, all the supplementary steps for computing the kernel matrices are standard matrix operations
that do not exceed O(n%).

4.3 A distance measure between nodes

When the elements of the matrix W represent local affinities between linked nodes, a useful distance
measure—that was called the free energy potential distance in the standard bag-of-paths framework
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[14, 15]—can be computed from previous result (R.6). The directed distance is defined as

¢ (i.j) = —log (h). (4.15)

It was shown in [14] that this quantity can be interpreted as minus log the probability of surviving during
a killed random walk from i to j, for a random walker moving according to the sub-stochastic transition
matrix W. Notice that a closely related distance measure between nodes, called the walk distance, has
been proposed in [41], by applying a transformation on (4.15).

Then, the bag-of-paths, free energy potential, distance measure can immediately be deduced from
the previous quantity,

BoP A
A2

HoGp+¢G.0) ifiz) (4.16)
: .

ifi =]

The quantity is non-negative because it represents minus log of probabilities. Moreover, it can easily
be shown that the triangle inequality is satisfied. Indeed, from result (R.3), z?, = Zu/Zu = Zifri) /Zn
(because P, C P,). Then, from (R.3) and (R.2), the quantity on the right side of the inequality
becomes 24" /zu = 2"zi/z4 = 22" Therefore, 2 > z"z" and taking — log of this inequality proves
the triangle inequality for the directed distance, and thus also for the distance. In the standard bag-
of-paths formalism, this distance provided competitive results in semi-supervised and clustering tasks

[14, 80, 81].

5. Case study: application to semi-supervised classification

For illustration, the accuracy of the introduced methods will be compared on semi-supervised classi-
fication tasks. However, we have to emphasize that our goal here is not to propose new graph-based
semi-supervised classification algorithms outperforming state-of-the-art techniques. Its aim is more to
investigate if the introduced similarity measures are able to capture the community structure of networks
in an accurate way. In our case, the main baseline method will be the free energy potential distance defined
in the bag-of-paths framework, which performed best in a number of pattern recognition tasks [14, 80].
Thus, the experiments will tell us if the introduced similarity measures are competitive with respect to
this free energy distance. But before going into the details of the experiments, let us first introduce the
different similarity measures that are derived from the studied models.

Following the discussion in the introduction (Section 1.2), our introduced measures can also be
interpreted as inner products in the (usually infinite-dimensional) vector space of paths in which each
node x € V has a coordinate® ¢;(x) = ¢ (x, g;), for paths g; € P which have been numbered as in Section
1.2, ($1, 2, - . . ) by decreasing weight, so that P becomes a totally ordered set. For two arbitrary nodes
x,y eV, x|y) = ijl ¢:(x)P(:)¢:(y) where ¢;(x) is a function of node x and path g;; in our case, the
presence of node x on path p; € P (¢:(x) = §(x € g;)) or the number of occurrences of node x on ;
(¢i(x) = n(x € ©1)).

Using this property, we can define eight different kernel matrices (see Table 3). All of these similarity
measures will be used in a semi-supervised classification task and compared to eight other methods
on various datasets, in order to investigate if these new kernel matrices are able to accurately capture

2 Not to be confounded with the free energy ¢ (i, ).
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TABLE 3 The different similarity matrices compared in this experimental section. The first eight methods
are the baselines and the remaining eight are the association (covariance and correlation) measures
introduced in this paper.

Acronym Method and similarity matrix

BoPP Bag-of-paths free energy potential distance

RSP Randomized shortest path dissimilarity

SP Shortest path distance

LF Logarithmic forest distance

SoS Sum-of-similarities method

Q Modularity matrix

LogCom Logarithmic communicability kernel

Katz Neumann kernel

Cov Covariance matrix (presence on regular paths)

Cor Correlation matrix (presence on regular paths)

CovH Covariance matrix (presence on hitting paths)

CorH Correlation matrix (presence on hitting paths)

NCov Covariance matrix (number of occurrences on regular paths)
NCor Correlation matrix (number of occurrences on regular paths)
NCovH Covariance matrix (number of occurrences on hitting paths)
NCorH Correlation matrix (number of occurrences on hitting paths)

meaningful information from the graph structure. The kernels and the semi-supervised classification
technique are described in detail in the following subsections.

5.1 Investigated kernels and methods

As most of the datasets used in this section are defined from their adjacency matrix A = (a;), thus
without costs assigned to edges, we define the cost matrix simply as C = (c¢;) = (1/a;) [14], therefore
interpreting the elements of the adjacency matrix as conductances and costs as resistances. As in the
standard randomized shortest paths and bag-of-paths formalism [14—18], the weighted adjacency matrix
is defined as (see Equation (2.13))

W = P, o exp[—BC], with P,.; = Diag(Ae)'A,
where P, is the transition probabilities matrix of the natural random walk on the graph, Diag(v) is a

diagonal matrix with vector v on its diagonal, e is a column vector full of 1’s, o is the element-wise product,
and B > 01is a hyperparameter (the inverse temperature) which will be tuned by internal cross-validation.

5.1.1 Kernel matrices and their computation The eight different kernel matrices (see Table 3 for the
definition of the acronyms) that will be compared to baseline methods are defined as

Keov = (k™) 2 (cov(8(i € ),8( € P))), (.1
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Keor = (k™) £ (cor(8(i € 9),8( € P))), (5.2)
Koo = (™) £ (cov(3(i € p"),8( € ")), (5.3)
Koo = (k™) £ (cor(8i € 9", € p™),) (5.4)
Koo = (k) £ (cov(n(i € 9),n( € 9))), (5.5)
Kyeor = (k) £ (cor(n(i € 9),1( € 9))), (5.6)
Kyeon = (k™) £ (cov(n(i € "), n(j € ")), (5.7
Kneont = (k™) £ (cor(n(i € p"),n(j € ")) (5-8)

The procedure for computing these kernels follows four different steps,

(1

2

3)

“)

5.1

First, calculate the fundamental matrix Z = (I— W)~! and choose the kernel that must be computed
among (5.1)—(5.8).

Then, depending on the kernel which is investigated, compute the needed auxiliary z quantities from
Results (R.2)—(R.12) or (R.15)—(R.18).

Depending on the kernel, compute the needed statistical moments and co-moments from Equations
(4.3)—~(4.6) or (4.9)—(4.12).

Finally, compute the kernel from Equations (4.7) and (4.8) or (4.13) and (4.14).

.2 Other investigated methods In this context, the introduced covariance and correlation kernels

(5.1-5.8) will be compared to eight known methods, most of which were already investigated in previous
semi-supervised and clustering tasks [14, 80—87]. Notice that the compared methods, the experimental
setting, and the investigated datasets are very similar to [88], so that our description closely follows this
work.

The bag-of-paths potential distance [14], also known as the free energy distance [15], and the ran-
domized shortest path distance [16, 67], both defined in the bag-of-paths framework. These methods
are respectively denoted here by BoPP and RSP, and have one hyperparameter 8. This hyperparam-
eter corresponds to the inverse temperature parameter 7' presented in Section 2.3.1. It allows to define
distances which interpolate between the shortest paths distance when T — 0% and the commute time
distance (up to a scaling factor) when T is high. In [14], it was found that the BoPP distance provided
the best results overall (using almost the same methodology and datasets as those investigated in
this paper). It is therefore a challenging competitor for the eight covariance and correlation kernels
defined above.

The shortest path distance between two nodes i and j corresponds to the total cost along the least cost
paths, derived from the cost matrix C. This method is denoted by SP and has no hyperparameter.

The logarithmic forest distance introduced in [40], is based on the matrix forest theorem [21]. This
method is denoted by LF and has one positive hyperparameter «. It allows to interpolate between the
shortest paths distance when ¢ — 0" and the commute time distance (up to a scaling factor) when
«a is high. Furthermore, for every o > 0, it ensures the graph-geodetic property [5].
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*  The Neumann kernel [89], initially proposed in [59] by Katz as a method of computing degrees of
influence, is defined as K = (I —«A)~! — I for an undirected graph. This method is denoted by Katz
and has one hyperparameter o which has to be chosen positive and smaller than the inverse of the
spectral radius of A, p(A), to guarantee convergence. This hyperparameter is a discounting factor
which defines the attenuation in a link, where o = 0 corresponds to a complete attenuation and o« = 1
to an absence of any attenuation [5].

* The logarithmic communicability kernel [82] is the logarithmic version of the exponential diffusion
kernel [90], closely related to the communicability measure [91], and defined as K = In(expm(«A))
where expm is the matrix exponential. This method is denoted by LogCom and has one positive
hyperparameter «. This hyperparameter is also a discounting factor favouring the short-length paths
between two nodes by giving them a larger weight [5].

e The modularity matrix Q [9, 92] defined as Q = A — % where d contains the node degrees (we
assume an undirected graph) and vol is the volume of the graph. This method is denoted by Q and

has no hyperparameter.

e The sum-of-similarities method [48, 93], which is based on the regularized commute time kernel.
This method differs from the previous ones, as it uses a simple label propagation technique in order to
classify nodes. It is both computationally efficient and competitive in terms of accuracy [14, 48, 93].
This method is denoted by SoS and has one hyperparameter «, which is also a discounting factor.

5.1.3 Graph node features extraction and classification The methodology for comparing the different
measures on semi-supervised tasks closely follows® [14, 88] and was initially inspired by [83—-87]. There-
fore, the procedure is summarized; for a more complete description of the methods, see reference [14],
Section 7.

The classification method consists in extracting five graph node feature vectors* from the investigated
kernel and similarity/dissimilarity matrices by classical multidimensional scaling in order to use them as
input to a linear support vector machine (SVM?®) for classification. Thus, information is extracted from
the structure of the graph in an unsupervised way. The main objective is to evaluate to which extent the
different similarity measures are able to capture the information present in the graph structure in only a
few dimensions (the 5 dominant eigenvectors of the similarity matrix). In other words, the question we
are asking is: are the different measures able to perform efficient (for supervised classification purposes)
feature extraction from the graph?

More precisely, first, following classical multidimensional scaling [95, 96], each dissimilarity matrix
D is transformed into a kernel matrix by centring, K = —1HD®H where H = I — ee" /n is the centring
matrix, e is a column vector full of 1’s and D is the matrix of (elementwise) squared distances. Then, the
spectral decomposition of each kernel and similarity matrix is computed and the p dominant eigenvectors
u, (column vectors) are sorted by decreasing eigenvalue A; > A, > --- > A,. Eigenvectors corresponding
to negative eigenvalues are then eliminated. At this stage, we tested two different options for extracting
the node features.

3 We thank the authors of this paper for providing the code and the datasets.
4 We arbitrarily extract five dimensions but performed the same experiment with some more dimensions with similar results.
5 We use the LIBLINEAR library [94] with the options ‘-s 1’ and B 1’.

120Z Ae\ 9z uo Jasn Jayax3 Jo AusiaAlun Aq L6191 9/9Z0BBUD/9/g/3[01LE/13UW0/W02 dNO"dIWapee//:sdly Wol) PaPEOjUMO(]



COVARIANCE AND CORRELATION MEASURES 23

* Either the dominant eigenvectors u; are weighted by the square root of their corresponding eigenval-
ues, «/Ag, and concatenated in order to build the data matrix X containing node features on its rows,
X = [v/A Uy, /AU, . . . ], to be injected as input to a SVM. This is exactly multidimentional scaling
limited to p dimensions.

e Or the eigenvectors are simply concatenated X = [u;, Uy, . . . ] and then each row of X is normalized,
X; < X;/||X;||2, so that each node feature vector is of unit length. This corresponds to the projection of
the feature vector on the sphere of radius 1 centred at the origin. This way of defining the node feature
vectors removes the effect of the size of the vector, which works better when the angle between the
node vectors is more relevant than their distance, like, for instance, for covariance measures.

For simplicity, we only report the results of the best option for each method, according to the Nemenyi
test described later.

This classification setting is inspired by the work of Zhang et al. [86, 87] as well as Tang et al.
[83—85] who compute the dominant eigenvectors (a ‘latent space’) of graph kernels or similarity matrices
and then input them into a supervised classification method, such as a logistic regression or a SVM,
to categorize the unlabelled nodes. Notice that these techniques based on similarities and eigenvectors
extraction sometimes allow to scale to large graphs, depending on the kernel [97].

5.2 Experimental settings

As already mentioned, the experimental methodology is inspired by [14] and briefly summarized here;
see this reference for further details.

5.2.1 Datasets The different classification methods will be compared on 14 well-known network
datasets, already used in previous experimental comparisons. Note that all graphs are undirected.

¢ WebKB (four datasets). These datasets [98] come from networks of co-citation between webpages
of computer science departments of four different universities: webKB-texas, webKB-washington,
webKB-wisconsin and webKB-cornell. Each page of these websites has been labelled manually to
form six different classes: course, department, faculty, project, staff and student.

* 20 Newsgroups (nine subsets). The Newsgroup dataset consists of 20000 documents taken from
20 discussion groups of the Usenet diffusion list [99]. Nine subsets have been extracted from this
data (for details, see [37, 100]): news-2cl-1, news-2cl-2, news-2cl-3, news-3cl-1, news-3cl-2, news-
3cl-3, news-Scl-1, news-5cl-2 and news-5cl-3. As their names suggest, there are different numbers
of classes/topics in these datasets (e.g. news-3cl-1 contains documents from three different topics
considered as classes). For each of these datasets, a sparse graph structure was derived from the
term-document matrix T £ (t;), with t; being the #f-idf score [101] of term i in document j. The
corresponding adjacency matrix is then obtained by A = T'T.

* IMDB. This dataset comes from the well-known Internet Movie Database [98]. Nodes represent
movies and the adjacency matrix contains the number of production companies two movies have in
common. There are only two labels in this dataset: box-office hit or not.

5.2.2 Comparisons on semi-supervised classification The different classification methods are com-
pared in terms of classification accuracy on semi-supervised tasks [102, 103] where a subset of nodes of
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the graph is kept unlabelled (their label is hidden to the classifier). The classification model then predicts
the label of these unlabelled nodes and its prediction is compared to the true label which was hidden.

In order to reduce variance in accuracy, methods are tested by using a standard 5 x 5 nested cross-
validation methodology. Each external cross-validation contains five folds, and methods are tested with
a labelling rate of 20% (80% of the labels are hidden and then predicted by the classifier trained on the
labelled 20%). Indeed, the most interesting setting in practical applications is the one where there are few
labelled nodes compared to unlabelled. To tune hyperparameters, an internal 5-fold cross-validation on
the training fold is performed, by taking 4/5 of the training fold as labelled and 1/5 as unlabelled. The
average accuracy obtained from the external cross-validation folds is then computed for each method.
The whole cross-validation procedure is repeated five times for different random permutations of the
data, inducing different sets of labelled/unlabelled nodes. The final accuracy of the classifier on the
investigated dataset is then obtained by averaging the results over the five repetitions, and is reported in
Table 4.

Concerning the hyperparameters, the bag-of-paths-type methods and logarithmic forest distance (LF)
are tuned among values of {107%,107°,107%,107%,1072,107, 1, 10}, the Katz kernel and the sum-of-
similarities (SoS) method {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} and the logarithmic communicability
kernel (LogCom) {0.01,0.1,0.5, 1, 5, 10}. For the SVM, the margin hyperparameter C is tuned on the set
of values {1072,107!, 1,10, 100}. External and internal cross-validation folds are kept identical for all
methods inside each repetition.

5.3 Results and discussion

As already mentioned, Table 4 reports average classification accuracy in percent for all the investigated
methods on the different datasets, and labelling rates of 20%. The method performing best is highlighted
in boldface for each dataset. Moreover, a simple Borda ranking of the techniques is performed and shown
in Table 5. This ranking provides a score to each method equal to the sum of its ranks over all the datasets,
where the methods are sorted in ascending order of classification accuracy. Thus, the higher the rank, the
higher the accuracy on the dataset. The best method overall in this context is the one showing the highest
Borda score.

As can be seen in Table 5, according to this ranking, the correlation matrix based on the presence of
nodes on regular paths (Cor), the covariance matrix based on the presence of nodes on hitting paths (CovH)
and the bag-of-paths free energy potential distance (BoPP) obtain the best results overall. Just below,
the randomized shortest path dissimilarity (RSP), the logarithmic communicability kernel (LogCom)
and the other covariance and correlation measures, except the covariance matrix based on the number
of occurrences on regular paths (NCov), provide good results slightly superior to those obtained by the
logarithmic forest distance (LF) baseline. We can also observe that the sum-of-similarities (SoS), the
Neumann kernel (Katz), the modularity matrix (Q) and the shortest path distance (SP) obtain much worse
results in comparison with the other methods.

However, when examining the raw results of Table 4, it can be seen that the best method is dataset-
dependent and that no obvious pattern is present. Moreover, the differences between the different methods
are often small. This is probably because the top methods have been selected because they already
performed well in other comparisons. We observe on Table 4 that the BoPP is the best performing
method on three datasets and CovH, NCovH on two datasets. Seven other methods are best only once.
In practice, one might therefore think about using a model selection method by, for instance, keeping a
validation set in order to select the best-performing model. This could help selecting the most appropriate
technique on each dataset, provided that the number of training data is sufficient.
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TABLE 4 Classification accuracy in percent for the various classification methods obtained on the differ-
ent datasets. For each dataset and method, the final accuracy is obtained by averaging over five repetitions
of a standard cross-validation procedure. Each repetition consists of a nested cross-validation with five
external folds (test sets, for validation) on which the accuracy of the classifier is averaged, and five
internal folds (for parameter tuning). The best performing method is highlighted in boldface for each
dataset.

Classif. method: BoPP RSP Sp LF SoS Q LogCom Katz
Dataset:
webKB-texas 7335 7582 6475 7528 7326  73.01 75.45 64.98

webKB-washington  68.15  70.35 5647 71.19 61.72 6252 69.92 67.25
webKB-wisconsin 7433 7402 6399 7445 7388 7342 74.99 73.46

webKB-cornell 5720  57.31 48.76 5824 5743 50.71 59.16 52.88
imdb 75.31 76.68 7522  76.41 7812 7437 76.28 73.75
news-2cl-1 96.79 96.14 9346  96.83 91.09  95.85 96.18 95.84
news-2cl-2 91.21 90.16  90.15 89.62 87.70  91.22 91.18 91.49
news-2cl-3 9598 9566 9590 95.14 9420  95.78 95.43 95.50
news-3cl-1 92.53  93.08 93.18 93.00 88.93 93.02 94.00 93.56
news-3cl-2 93.45  92.56 89.53 91.33 88.01 92.63 92.17 93.30
news-3cl-3 93.66 93.06 91.71 91.19 88.29  91.20 91.49 90.37
news-5cl-1 88.70  87.81 86.34 86.63 84.84  77.04 86.30 79.49
news-5cl-2 82.32 81.81 78.42 80.49 7880 7597 79.04 69.25
news-5cl-3 80.27 8030 73.11 79.45 79.22  76.51 78.65 68.65
Classif. method: Cov Cor CovH CorH NCov  NCor NCovH NCorH
Dataset:

webKB-texas 75.52  76.57 75.76 76.48 75.63 76.90 75.54 76.65
webKB-washington ~ 69.47  67.21 66.59 6730 68.09 66.44 68.57 66.62
webKB-wisconsin 7425 7437 75.56  74.07 73.21 74.14 73.13 73.85
webKB-cornell 5575 58.86  58.83 58.13 52.90  58.02 53.32 58.97
imdb 76.04  77.00 77.57 76.57 7642  76.67 76.39 76.67
news-2cl-1 96.61 96.83 96.73 96.53 96.05 96.80 96.05 97.26
news-2cl-2 9142  91.07 91.86 90.84 91.66  90.67 91.83 91.17
news-2cl-3 96.49  96.45 96.45 96.30  96.53 96.42 96.75 96.55
news-3cl-1 9372 9376 9374  93.68 93.43 93.80 94.06 93.60
news-3cl-2 93.72  93.11 93.39 93.04 93.79 9298 93.78 92.87
news-3cl-3 91.69 91.51 91.45 91.81 9190 91.76 91.85 91.92
news-5cl-1 83.28  86.38 83.43 86.45 82.91 86.33 82.48 86.18
news-5c¢l-2 75.03  77.07 75.06 7756  73.18 77.25 75.02 77.50
news-5cl-3 78.39  76.56  78.35 76.56 76.86 76.26 76.85 76.22

In order to rate globally the results of each method, a non-parametric Friedman—Nemenyi statistical
test [104] allowing to make comparisons across all the 14 datasets is investigated. At first, we run
a Friedman test [105, 106] on our results. This tells us whether at least one classification method is
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TABLE 5 Overall position of the different classification techniques (see Table 3) according to Borda's
method performed across all datasets (the higher the score, the better).

Method Position Score
Cor 1 152
CovH 2 149
BoPP 3 147
NCorH 4 144
RSP 5 143
LogCom 6 137
CorH 7 136
NCor 7 136
Cov 8 131
NCovH 8 131
LF 9 128
NCov 10 121
SoS 11 76
Katz 12 64
Q 13 61
SP 14 60

significantly different from the others. We obtain a p-value of 5 x 107°. This p-value is lower than the
threshold « of 0.05 and we can reject the null hypothesis, at least at this level.

Then, we perform a multiple comparison with the Nemenyi test [ 104, 107]. The results of this test are
illustrated in Figure 1 and are quite similar to those provided by the Borda ranking. The figure confirms
that the BoPP, the Cor and the CovH all provide good results, which are significantly superior to the results
obtained by the shortest path distance SP. We can also observe that the Cor and CovH perform better than
the modularity matrix Q. Furthermore, the Cor also outperforms the Neumann kernel (Katz). With regards
to the other covariance and correlation measures, we cannot say that they are significantly different from
the other baselines. This is partly because the Friedman—Nemenyi test is rather conservative, especially
when comparing many different models.

Therefore, to obtain more precise information concerning the relative performance of the methods,
we decided to also perform a Wilcoxon signed-ranks test [104, 108] for matched data with a threshold «
of 0.05. The results of these tests, comparing the results of the methods on the 14 different datasets, are
presented in Table 6. They show that all the introduced covariance and correlation methods, the BoPP,
the RSP, the LF and the LogCom are significantly better than the modularity matrix Q, the shortest path
distance SP and the Neumann kernel (Katz). The tests also show that all these methods except the Cov,
the NCov and the NCovH obtain results significantly better than the SoS.

In summary, the experiments performed on the investigated datasets showed that most of the intro-
duced covariance and correlation measures achieve reasonably good results on a graph features extraction
task for semi-supervised classification, in comparison with the eight already known techniques. However,
from Table 6, we cannot conclude that the introduced methods perform better or worse than the other
baselines (BoPP, RSP, LF and LogCom). Indeed, none of these methods are significantly different after

120Z Ae\ 9z uo Jasn Jayax3 Jo AusiaAlun Aq L6191 9/9Z0BBUD/9/g/3[01LE/13UW0/W02 dNO"dIWapee//:sdly Wol) PaPEOjUMO(]



COVARIANCE AND CORRELATION MEASURES 27

Friedman/Nemenyi test for Accuracy
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FIG. 1. Mean ranks and 95% Nemenyi confidence intervals for the 16 methods (see Table 3) across the 14 datasets. Two methods
are considered as significantly different if their confidence intervals do not overlap. The higher the rank, the best the method. The
worse method (SP) and the best method (Cor) overall are highlighted.

performing the pairwise statistical tests. Moreover, only some of these methods (Cor and CovH) are
globally better ranked than them. Nevertheless, we can state that they perform reasonably well on the
investigated datasets, which is already a good result as some of the baselines performed well in previous
experimental comparisons, on both semi-supervised classification and clustering tasks [14, 80—82] .

6. Conclusion

This article derived a series of useful mathematical expressions for computing the expectation of (co-)
presence and of the number of (co-) occurrences of nodes on paths sampled from a network. These
quantities can then be used for defining similarity measures between nodes as well as betweenness
centrality measures. Most of the derived similarity measures are positive semi-definite and can therefore
be considered as kernels on a graph and used with kernel-based methods for solving pattern recognition
tasks such as node clustering and supervised classification. The main intuition behind these measures is
that two nodes are considered as closely related if they often co-occur on the same (preferably short)
paths in the network. Experiments on semi-supervised classification tasks have shown that the introduced
quantities provide competitive results on the investigated datasets, within a clear theoretical framework.

Note that, as in [5, 36], the different methods could easily be extended in order to provide similarity
and centrality measures between groups of nodes, which is left for further work.

Another application that is left for future work is the task of embedding graphs in low-dimensional
spaces [55, 109]. Indeed, such a representation can easily be deduced from our measures by applying

120Z Ae\ 9z uo Jasn Jayax3 Jo AusiaAlun Aq L6191 9/9Z0BBUD/9/g/3[01LE/13UW0/W02 dNO"dIWapee//:sdly Wol) PaPEOjUMO(]



28

G. GUEX ET AL.

TABLE 6 The p-values provided by a pairwise Wilcoxon signed-rank test for the results presented in Table
4. The p-values inferior to 0.05 are highlighted.

Classif. method:  BoPP RSP SP LF SoS Q LogCom Katz
Classif. method:

BoPP 1.0000 0.8077 0.0006 0.5830 0.0031 0.0012 0.7148 0.0040
RSP 0.8077 1.0000 0.0012 0.1353 0.0012 0.0067 0.3910 0.0134
SP 0.0006 0.0012 1.0000 0.0107 0.3575 0.1937 0.0017 0.7148
LF 0.5830 0.1353 0.0107 1.0000 0.0017 0.0353 0.7148 0.0203
SoS 0.0031 0.0012 0.3575 0.0017 1.0000 0.9032 0.0040 0.6257
Q 0.0012 0.0067 0.1937 0.0353 0.9032  1.0000 0.0052 0.8077
LogCom 0.7148 0.3910 0.0017 0.7148 0.0040 0.0052 1.0000 0.0040
Katz 0.0040 0.0134 0.7148 0.0203 0.6257 0.8077 0.0040 1.0000
Cov 0.6698 0.1937 0.0166 0.5830 0.0785 0.0023 0.2676 0.0002
Cor 0.6257 0.7148 0.0031 0.6848 0.0134 0.0004 0.8077 0.0023
CovH 0.8552  0.6698 0.0166 0.7148 0.0203 0.0023 0.9032 0.0009
CorH 0.4263 0.5830 0.0017 1.0000 0.0134 0.0004 0.3910 0.0031
NCov 0.2166 0.1189 0.0295 0.2676 0.2412  0.0134 0.1531 0.0023
NCor 0.3575 0.6257 0.0023 0.9515 0.0166 0.0009 0.5016 0.0067
NCovH 0.2958 0.1353  0.0203 0.2676 0.1531 0.0031 0.2412 0.0004
NCorH 0.5416 0.6257 0.0017 0.7609 0.0134 0.0009 0.6698 0.0067
Classif. method: Cov Cor CovH CorH NCov NCor NCovH  NCorH
Classif. method:

BoPP 0.6698 0.6257 0.8552 0.4263 0.2166 0.3575 0.2958 0.5416
RSP 0.1937 0.7148 0.6698 0.5830 0.1189 0.6257 0.1353 0.6257
SP 0.0166 0.0031 0.0166 0.0017 0.0295 0.0023 0.0203 0.0017
LF 0.5830 0.6848 0.7148 1.0000 0.2676 0.9515 0.2676 0.7609
SoS 0.0785 0.0134 0.0203 0.0134 0.2412  0.0166 0.1531 0.0134
Q 0.0023  0.0004 0.0023 0.0004 0.0134 0.0009 0.0031 0.0009
LogCom 0.2676  0.8077 0.9032 03910 0.1531 0.5016 0.2412 0.6698
Katz 0.0002  0.0023 0.0009 0.0031 0.0023 0.0067 0.0004 0.0067
Cov 1.0000 04631 0.3258 0.8077 0.0676  0.6257 0.2958 0.5016
Cor 0.4631 1.0000 0.7148 0.1726  0.1531 0.1189 0.2676 0.5830
CovH 0.3258 0.7148 1.0000 0.7148 0.0676  0.7148 0.2676 0.9032
CorH 0.8077 0.1726  0.7148 1.0000 0.2412  0.5830 0.5016 0.8077
NCov 0.0676  0.1531 0.0676 0.2412 1.0000  0.2958 0.3396 0.1726
NCor 0.6257 0.1189 0.7148 0.5830 0.2958  1.0000 0.4263 0.4631
NCovH 0.2958 0.2676 0.2676 0.5016 0.3396  0.4263 1.0000 0.3258
NCorH 0.5016  0.5830 0.9032 0.8077 0.1726 0.4631 0.3258 1.0000

classical multidimensional scaling to the defined kernels. Interestingly, the recently introduced DeepWalk
technique [51] (an example of representation learning applied to graph data) and variants seem to provide
accurate low-dimensional representations of the nodes of the network and its structure. Quoting [51],
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‘DeepWalk uses local information obtained from truncated random walks to learn latent representations
by treating walks as the equivalent of sentences’ (in natural language processing). This is similar in spirit
to the techniques studied in this article with an important difference: our measures are computed in closed
form through matrix operations whereas DeepWalk uses sampled paths and an artificial neural network
to build the representation. Therefore, we plan to work on a thorough experimental comparison between
representation learning based techniques and our proposed methods, on semi-supervised classification and
graph embedding tasks. In this context it would also be interesting to try to directly estimate the elements
of the fundamental matrix Z by sampling paths according to a killed random walk with transition matrix®
W. This would allow to scale on larger graphs, the main advantage of DeepWalk.

Still another interesting avenue would be to examine the properties of the investigated networks and
to try to understand why a method works better on some data sets, based on these properties. Indeed, each
considered measure captures a different structural property of the network in a low-dimensional feature
vector. In this context, it would also be interesting to combine different extracted feature vectors (coming
from different measures) in order to verify if their combination improves the performance.

It would also be interesting to extend the bag-of-paths framework to other probability distributions on
paths, beyond the Gibbs—Boltzmann distribution. Changing the probability distribution to, for instance,
distributions belonging to the more general exponential family [110], could be attempted.

However, the main drawback of the introduced techniques is the fact that they require the inversion
of a n x n matrix so that they do not scale well on large graphs. Thus, another interesting further work
would be the study of co-occurrence measures, defined this time on truncated paths, such as in [93, 111].
This should allow to scale to medium to large sparse graphs.
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Appendix: proofs of the main results

This appendix contains the proofs of the results stated in Section 3 as well as a discussion of Equations
(4.5) and (4.6) appearing in Section 4. See Tables 1 and 2 for the notation.

A. Proofs of results of Sections 3.1 and 3.2 (node presence)

A.1 Results involving one intermediate node
R.1).
Let Py (£) be the set of all regular paths g, from s to 7 of length exactly equal to £. We easily obtain that

Yoowel = Y wawan owi e = [W, (A1)

plePu(© i1 =1

Therefore, from (2.8),

Z W(éost)zz Z W(@ft)

w(Py) =
st EPst =0 A’Jf,EPst(l)
=Y Wi, = [Z w‘} = [Zly = 7o (R.1)
£=0 =0 st

R.2).

Observe that there is a bijection between P, and P! o P,. In other words, any regular path from s to ¢
can be decomposed uniquely into a hitting sub-path from s to ¢, where node  is reached for the first time,
followed by a regular sub-path (a cycle) connecting ¢ to itself. We then have w(gp,) = w(p!)w(g,) for
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the weight of corresponding paths. This implies that

W(,Psh,)W('Prt) =( Z W(@;))( Z W(g),,))

oheph 1Pt
h
= D ) wiphwp) = Y wips) =wPy),
pshtspglt o1 €Pit st €Pst

and, from (R.1), we get the result (R.2), z?, = 7 /2. Note that this implies, for s = ¢, zﬁ} =1.

R.3).

Similarly to (R.2), there exists a bijection between P! o P, and PS. Indeed, any path from s to ¢
visiting i can be decomposed uniquely into a hitting sub-path from s to i, where node i is visited for the
first time, followed by a regular sub-path from i to z. Consequently, we have w(g,) = w(pl)w(g;) for
corresponding paths. Thus,

w(PS) = D" sl epwlon) = Y. Y. wehwpn) =iz (R.3)
95t €Pst @?iep?i ©ir€Pir
(R.4).
From (R.3), we observe that

w(PS) = " S g pwlen) = Y (1=68G € pu)W(ps) =24 —2hzir  (R4)

st €Pst st €Pst

and the result is also valid for s = .

R.5).

Let us now consider results involving hitting paths. The derivation is similar to the proof of (R.4) and
(R.2). Considering i # t,

w(PS) = > 86 ¢ pu)w(w)

st €Pst

= D Y S Pl 3 ¢ puw(sn)

h —psh O eP,
st EPA‘[ b "

=w(Py")w(Py").
Therefore, by isolating w (Psh,(*")) and using (R.4) as well as (R.2),

(=) h h h h

w (Ph(—n) _ &t % T Lk Ly T Ly (R.5)
st - = _h__l_hh’ '

Zy n — Z4%i e
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where we divided the numerator and the denominator by z,. Now, if i = ¢, we trivially have that
8(i ¢ ©!) = 0 and therefore z5, ” = 0.

(R.6).

Still for hitting paths, if i # ¢, we obtain from w (Psht) =w (Pﬁ‘,“” ) +w (P:’,(_i)) and from the previous
result (R.5),

w (fpsht(-%—i)) (Ph) —w (Ph( l)) — Z Zh( i)

— (1 — Zttzlt)zst Zsr — inzit

1— izt 1—ziz)
(ZSl — ZStZtl)Zl[ h(=1) _h
ﬁ =z "z (R.6)
tisit
Moreover, if i = ¢, obviously z'. ” = .

A.2 Results involving two intermediate nodes
R.7).

Assuming i # j, let P, PU be the set of all regular paths containing i and j with node i appearing first on
the path, that is, before the first visit to node j. Then

(P“ w})) <p<z</)> (Po<z)>

We can observe that there exists a bijection between ’PY(,' < and (P?i(_j ) o P}} o P;) with corresponding
weights. Indeed, each path g from s to ¢, visiting node i first and then node j, can be decomposed into a
first hitting sub-path from s to the first occurrence of node i on g, followed by a second hitting sub-path
from i to the first occurrence of node j, and finally a third regular sub-path from j to . Thus,

W (Pf,k"')) —w (7’2(_’”) w (PR w (Py) = 222z
We therefore obtain from (R.6), for i # j,

(P(H"’ ) = g+ 2 e =2 g+ 2 2 R.7)
which is the desired result.

(R.8).
We will derive three different expressions for computing the quantity. For the first expression, by assuming

i # j and using (R.1), (R.3) and (R.7), we obtain

w(P) = 3 (1 =86 € )1 =80 € 9u) W)

st €Pst
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h h (+ijh
= Zot — Lyt — Lg% T W (Pst )

h h hC+) h(+)
= 20 — Z0zu — 2% + (2§ % + 25 )
) hhCH)
=z — (2 — 20 )z — (2 — 25 )z (A2)
h(=)) h(~i)
=t — Xy it — X5 Zee (R.8.1)

Note that expression (A.2) is obtained by rearranging the terms. Moreover, the last expression (R.8.1) is
either obtained by direct calculation, or by observing that z!, = z?l-(ﬂ )+ zz'i(fj ).

Let us derive still another expression for this quantity. As a regular path from s to 7 visiting node j can
be decomposed uniquely into a hitting path from s to j (visiting j for the first time) followed by a regular

path from j to 7, we have

w(PC) = 30 (=86 € )1 - 5G € i) wipw)

Pst €Pst

= Z (1 =460 € o) w(gos)

st €Pst
— Y (1=8(i € 98 € 9u) ()
st €Pst
=w(PS) = Y 8 ¢ 9SG € ) W(gn)

st EPst

=w(PS) = 303 86 ¢ ohwiph) 86 ¢ pw(en)
phePh <Pt
=w (’Pff”) —w (P;“”) w (73]-(,7"))
=250 — 20D (R8.3)

St Sj °jt

It can be shown in the same way that, symmetrically,
Y - N
W (Ps(t {z,m) - 2 ”zf, 7 (R.8.2)

R.9).

Let us consider hitting paths now. It is obvious that w (Ps}}(*{i’j})) = 0if i =t or j = ¢. Therefore, we

assume ¢ # i # j # t. Similarly to (R.2), we decompose paths gy, in 9" o 0,

w(PE) = 3 80 ¢ 908G ¢ 9) i)

st EPst
= Y 3¢l EeDwEl) Y 3G ¢ P3G ¢ o) wign)
50?,677?, ©1t€Pr

h(—{i]) (i
=7 ( [lmzt(z {l/)).

— Kt
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38 G. GUEX ET AL.

Consequently, zo P = D /2D which proves (R.9); thus, with the help of (R.8.1)—(R.8.3),

b, hD

i st — 2y Zit Zit .
Mot - 2 ;’H) - ;’H) ~ (obtained from (R.8.1))
I — % % — & e
R (S
st i i .
=73 7 (obtained from (R.8.3))
(=i) _ _h(=i)_(=i)
o Ty
=) h(=)) (=)
_ Zs T % .
= m (obtained from (R.8.2))
i ti it

and by dividing numerators and denominators by, respectively, z,, Z27” and 27, we get the results

(R.9.1)-(R.9.3).

(R.10).

This result can be obtained by developing expressions in terms of z; and zJ}, then grouping them differently.
However, we will use a more intuitive argument here, similar to the one used for deriving (R.7). Assuming
t#£ 1 #£j#£t,let Pg(kj) be the set of all hitting paths containing i and j with node i appearing first
(before node j) on the paths. We have

W (P;(Hu») —w (P;uq)) T (73;(/<i>> .

Asfor (R.7), observe that there is a bijection between Psh,(iq ) and (7?2(7("”” 073;(7') 073}}), with corresponding
weights. Thus,

W (P;aq)) —w (Phﬁf{/,r})) w (Ph(fr)) W (Ph) = U A0

i ij i ij jt

Moreover, from (R.6),

h(+{ig}) h(=(i) h(=1)_h | _h(={i.t}h) Jh(=1) _h
w (Ps, ) =Zy S S i %y
_ W= _h(+) | _h(={is)_h(+i)
= Z Zy T % Zy (R.10)

When j = t, W(P?t(ﬂi’f D) = W(P?,(H)) = zh(_’)zg, from (R.6). It corresponds to the expression (R.10)

i
above knowing that the first term gives zl;,-(_“”})z:;(“) = z?i(f’)zi"t and that the second term is zero. The same

applies for i = ¢.

A.3 Results involving any number of intermediate nodes
R.1D).
Recall that §; = 7 \ i for any i € 7 or, in other words, Z = S; U {i}. Similarly to the proof of (R.3),

we notice that there is a bijection between the set of paths P?i(_s") o Py " and the set of paths in P}
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containing i. Thus,

w(PE) =w (PE) = 3T (1= e ol ) wloh )

oy Vepy
=Sp _ h(-5)) (=S
= g Z Z (50" ) (pn )
h(=Sp) h( Sp ( Si) e p(=Si)
Bsi Py

=755 — 7" S)zft S (R.11)
(R.12).
Similarly to (R.2), with the bijection between (733,( Do ( I)) and PSP, we have

w ('p(*l')) —w (ph(*I)) (7)( I)) — Zh( I)Z( I)
st st 1t

So, zh( D= P / Z5 P, and we get the result (R.12) by using (R.11) and dividing the numerator and the

S
denominator by z,([ ’).

(R.13)~(R.14).

We already know how to calculate weights of sets of paths avoiding a set of nodes. Conversely, let us
now compute weights on path containing a set of nodes 7 = S; U {i} from these quantities. Indeed,
4P = W(P(+I)) (73(+$ U{'})) can be obtained through the inclusion—exclusion principle as follows
(see e.g. [112]). In this context, the properties that are studied are the (mutually exclusive) presence or
absence of nodes on the paths.

Observe that the total weight of the union of all sets of paths from s to t avoiding at least one node

in T, w( U,z PS"), can be computed by ([112], Eq. (6.3)")

(Uﬂp( t) Z( 1)(si=b (p( S> Z( 1)!Shy 73( s)),

Scz scz

S#£0 S#£@
where the summation on S € 7 with S # & means a summation on all subsets S of Z, except the empty
set. In the last equation, if we denote some subset S = {iy, i, . . ., i,,} (Where nodes are distinct), then the
set of paths avoiding all nodes in S is PS> = PSV npPi? n. . .nplim = Nies P Now, it is
clear that the set of paths visiting all nodes in Z (the set we are interested in) is equal to the set of all paths
between s and ¢ minus the set of paths avoiding at least one node in Z (the quantity in the last equation)

Therefore, from the additivity of weights on disjoint subsets, W(PS,) = W(P(+Z)) ( Uier P '))

deduce that W(P(+Z)) = W(Pg,) (Ulez 77( ’)) thus, knowing that W(PS,) =z, and W(Pf, S)) = it S),
we get the result (R.13). The same reasoning applies to hitting paths in order to derive (R.14).

7 This equation computes the weight of objects in a set which have at least one of the m properties associated to these objects.
In our case, the objects are s-¢ paths and the property is to avoid a node in Z.
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B. Proofs of results of Section 3.3 (number of co-occurrences)

First, let us recall that the number of occurrences of an edge (i,j) on path g is n((i,j) € gy). Observe
also that node occurrences can be computed from edge occurrences by using

G € pu) =Y (i) € ou) + 8 = Y _0((.i) € Pu) + bs (B.1)

JjeV jev

where §;, is the Kronecker delta. As a matter of fact, the total number of visits will be missing one unit if
the node i is at the end (respectively the beginning) of the path as only outgoing (respectively ingoing)
edges are counted in (B.1). Notice that these expressions are also valid for hitting paths.

Thus, in order to compute 7 (i € gy), we need to compute 1((i,j) € ) in terms of the elements of
the fundamental matrix Z. To this end, let us first prove a preliminary result.

B.1 Number of occurrences in terms of partial derivatives of path weights

From the definition of w(g,,) (Equation (2.1)),

-1

n
W) = [ [Wieip = [ Ovap) @250

=0 a,p=1

Taking the partial derivative of this expression provides

n

%@”)) =n((i,)) € py) (Wi/,)n((i,i)ﬂ%r)fl 1_[ (Waﬁ)n((a,ﬂ)esosr)
Wij ’
o,f=1
(a.f)#(iy)
o ()1 EPst) " . ,
= n((.)) € Px) /— 1_[ (Wep)" Brepst)
v a,B=1
(Dt,ﬁ?#(i:i)
. w(gs)
= 0((i.)) € ) ———. (B.2)
ij
From this last result, the following relationship holds
. I(w(ps))
n((i,)) € ©u) W(gy) = W,Tt (B.3)
ij

Taking once more the partial derivative of w(g,,) with respect to wy, (k,[) # (i,j), yields

2 (w(gy) . D) — , _
W = 10((i,)) € pu) Wy)" PO ((k, 1) € py) (wy)"EPPO!
WOWij

n

x l_[ (Waﬂ)n((a,ﬁ)em)
a,f=1

() A{ (@), (kD)
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COVARIANCE AND CORRELATION MEASURES 41

=1((0.)) € puIn((k,1) € pst)W(pSt)~ (B.4)

iiWki

Therefore, for (k,1) # (i,}),

39> (w(gs))

n((@.)) € pa)n((k,1) € po) W) = wywu .
3Wk18W,‘j

Now, proceeding in the same way for the case (i,j) = (k, [), we obtain from Equation (B.2)

(W) w(ps) w(s)
—a ., = .’.e S| .’.e st) T 5 .,.e st) - BS
Gy = 10D € 0N € P TS = () € PSS (B.5)
After multiplying this last equation by (w;)? and then using (B.3), this provides an additional term,
leading to the following, more general, expression,

2 (w(gs)) I(w(ps)

585 :
8Wk]aW,‘j + KOy aWU

n((@.)) € pa)n((k, 1) € ©o) W(gst) = wiywu (B.6)

which is also valid when (i,j) = (k, ). Equations (B.3) and (B.6) are the first needed preliminary results.
Note that these two expressions also hold for hitting paths.

B.2 Number of occurrences in terms of the fundamental matrix

From here, results for the non-hitting and hitting paths will differ. Before proceeding, we still need some
other useful results showing that

02y

Fot ooz B.7
o, ZsiZjr (B.7)
P ZuZikZ + sk Ziiji- (B.8)
aszaW,'j ’ ’

These expressions are obtained by using the standard formula computing the partial derivative of a matrix

inverse, %;1 =-M" %M‘l (details and similar approaches can be found in [14, 15, 18, 67]). When
ij ij
applying this formula to the fundamental matrix Z = (I — W)™,
9z 0Z oI—-—W
el e, = —e:ZQZe,

=e Zee/ Ze, = 2,7,
which is the first result (B.7). Taking once more the partial derivative provides (B.8),

2
07z 0(zazi)  0(zq) a(z;r)

= = e+ Zsi T = ZskZiZje + ZsiZiu-

aWkIBWij 8Wk1 Bwk, 8Wk1

We are now ready to prove the next results (R.15)—(R.18).
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42 G. GUEX ET AL.
B.2.1 Results for regular paths

(R.15)-(R.16).
For regular paths, following (B.3), (R.1) and (B.7), we find for edge occurrences

Mw _ 3 (Zme?s, W(@st))

D () € o) wipn) = Y i = Wi
st €Pst st €Pst an] awU
0Zq
= MWU = ZsiWijiZjt- (B9)

Moreover, from (B.6), (R.1) and (B.7) and (B.8),

> () € pan((k,1) € o) W)

st EPst

*w(gy) Iw(py)
= Z —’wljwkl—i—&kéjl Z a—tW,'j

oWy ow;; Wi
st €Pst ki v st €Pst v
2
st 82.?1
= WiiWk + Siijz—w,—j
oW ow;; owj;
= ZaWiZkWhZir + ZkWhZiWiZie + Si8jizsiWiiZir- (B.10)

This is almost the expected result, as we are mainly interested in the closely related quantities involving
node occurrences instead of edge occurrences, » o5t <Pyt n(i € og) w(gpy) and > o5t <Pyt n@ € pynk €
) W(gy). For the first expression, using (R.1), (B.1), (B.9) and (I — W)Z = I, that is, ) |, wyz; =
Zy — O, finally provides (R.15)

Yo nliep)wipn) =Y. (Z n((i.)) € ou) + 6") Ww(s)

st €Pst st €Pst Jjev

=3 3" () € P W)+ Y w(ew)
JEV IKth €Pst | IKth €Pst |

siWijljt Zst
= E ZsiWyiZjs + 8isZst
Jjev

= Zi(Zir — 8ir) + 8%yt = ZsiZir- (R.15)

Let us now compute the second expression,

Y i€ pank € pu) wiga)

st €EPst

= ( D on(()) € pu) + 8,-[> ( D on(k,D € pu) + %) W)

©st€Pst ~ JEV ley
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= > (Z n((i.j) € m)(z n((k.1) € p)) Ww(w)

©st€Pst ~ JEV lev

+ Y (Zn((i,j)eps»)akfw(pﬂw > (Zn((k,l)eps,))aﬁw(ps»
©st€Pst ~ jeV ©stE€EPst ley

+ D Subuw(py)
©st€Pst

=y ( > n((i)) € pn(k.D) € pu) w(m))

JjeV eV “pst€Pst

+ 8 Z( Y 0. € pu) w(m)) + 8 Z( Y n(kD € py) w(m))

JEV st €Pst levy st €Pst

+ aitakf( > w(sos,)). (B.11)

st EPst

From this last result, further using Equations (B.9), (B.10), (R.1) and, again, Ziev WyiZis = Zst — Ot
provides (R.16),

Y G € pnk € o) wipw)

st €Pst

=D > (zawyzawuzn + ZaWuziWiZi + Sudizawiizi)

Jjev lev
+ Su Z (ZsiWiijt) + 8t Z (ZskWiizZi) + 88 Zst
jev ley

= (Zsi(zik = 8i)(zi — Our) + zak (@i — ki) (zir — Sir) + Sunzsi(zir — 5[:))
+ 8125 (ir — 8ir) + 8irZok (2t — Sur) + 8itSis Tt

= ZyiZitZks + ZokZkiZit — OikZsiZur- (R.16)
B.2.2 Results for hitting paths

(R.17)-(R.18).

We proceed in the same way for hitting paths. By using the expressions (B.7)—(B.8) for computing the
partial derivative of z!, = z,,/z, (see Equation (R.2)), and using (R.4), we get

Azt 9z 9z, !

t st _—1 1t

= = Z, +2zg
8wij

(s _ b\ h_ (-D_h
dwy  dwy a (Zﬂ Zﬂzn) Ea B12)

2.h
07z,

_ h h h h h h
Dwgiwy (zsi = 292i) @ik — 23207y + ok — Zg20) @i — 23,20)
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=z "2 ey + 252 2 (B.13)
Observe the similarity with the results for regular paths, (B.7) and (B.8).

As for the previous subsection (see Equations (B 9), (B.10)), by using (B.3)-(B.6), (R.2), and the
previous expressions for the partial derivatives of z", we obtain the equivalent of (B.9) and (B.10) for
hitting paths,

st

. aw(ph) az"
D nGHeppwp = Y, — Sy = ey =2 wig, (B.14)

h h h
5t €Pst Wstep !

and

d h d h
S n@h € D € pywiphy = 3 O s 3 20O,

oWy ow;; ow;;i
y ij
p?[eP_l‘l KJ?IEP?[ Wsteph
Az bon
WiiWii + 8,k8 —StW,‘j
awk,awy owy;
(=0 (=0 (= (=0 h
= Zgq Wiy Wklle + Zak Wkth Wt/Z + Sidjzy; WijZj- (B.15)

We observe that these results are surprisingly similar to the equivalent results for regular paths, displayed
in Equations (B.9) and (B.10).
But, as before, we are in fact interested in the closely related quantities involving node occurrences,
phepn 1(i € o) w(gph) and Zplg,epg n(i € pPn(k € ") w(p?). For the first expression, using (R.1),
(R.2), (B.1), (B.14) and ¥",.,, Wyzi = Zy — 8, provides result (R.17):

Y nlephwph =Y (Zn((i,n € 9l +ai,> w(gl)

pheph pheph eV
— ] h h S h
- n((lv.]) € K')_gt) W(pg) + it w(psz)
Jjev 50},1,673?, 50},1,673?,
L | L |
zgl t)WU %t st
_ (=0, h 4 5 oh -1 th s
- -~ Wiij, + itly = Ly ij + ”Z
JEV Jjev
1) (Zzt — 8ir) h —1)_h
= ZSl z + (Sifzst =% % + SZstt’ (R17)
it

where we used zﬁf’) 3i; = 0 (see (R.5)) in the last equality.
Let us now compute the second expression by proceeding in the same way as in the previous section
for non-hitting paths (see Equation (B.11)),

D nli € phnk € ph) w(ph)

h h
851 Pst
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= (Z n((i.)) € o) + 8) (Z n(tk, D) € ph) + 6,“) w(ph)

A’lgeph jev ley

=y (Z n((i.j) € @;‘,)) (Z n((k, 1) € so_i‘») w(ph)

h h jev 1
©51€Ps i

+ Y (Zn((i,j>e@;)>ak,w<go;>+ > <Z77((k,l)€[@sh;)>5izw(59;)

h h je h h
KJ”G'PS, jev psrepst lev

D Subiw(ph). (B.16)

h h
85t €Pst

Further using Equations (B.14), (B.15), (R.1), (R.4) provides

> nGi e phnk € ph) wigh)

h h
85t €Pst

- -
= Z<M Wiz "Wzl + 2wz Wiz + Sadpzy; WuZ)

Jj.ley

+ Sk Z (Z‘E[_I)Wijzjh,) + 8 Z (Zik_t)WklZ;}) + 8idu 20,

jev ley

== 2 N wedh)) + 2 ((wuet ) (Xwizh))
lev ley jev
() + 5 (S ) 1657
. levy

JjEV

+ 8iSu 20 B.17)

Before going further, note that we encounter expressions like Y. . w;:zhand ¥ . w,-zﬁ) ,each multiplied
g g p jev Ut jev syt p

by z( " Let us compute these expressions. We already know that (I — W)Z = I, or elementwise,
Z/‘Ev WyZi = Zy — 8. Therefore, from (R.2),

( 1) —t) (—t)

( t =1 _h
N widh = B3 iz = (o~ 80) = By = 7, (B.18)

L 2 L

Jjev jev

and the last equality holds because z(_’)
discussion) so that Sl,z( D = 0. It means that this simplification is only valid when z;

Moreover, in the same way, following Equation (R.4) and using the last expression (B.1 8),

( 1) ( n __ (*t)
Z Wijly ~ = i Z wi (2 — Ztk) = Zsz (Z WijZjk — Zik Z WiiZ; )

JjEV JjeV JjEV JjEV

25— 8w) — zazh) = 25 (2% " = 8a). (B.19)

is equal to 0 when i = ¢ (see Equation (R.4) and the following
" s present.
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Injecting successively the expressions (B.18) and (B.19) in Equation (B.17) provides (R.18),

> ntie phnk € ol wiph)

h h
©5t€Pst

=22 ) (wagie ") + 220 ) vz )

Jjev ley
1) _h (=) _h
+ (SlkZS, 7 + (Skfz %+ (Sltzsk Zkt + 861 Zst
(=0 ( (=0 (=) (=1
= Zy (Zik - Slk)zkt + Lk (Zkt - Ski)Z,'[

(=0 _h (— H_h h
+ Suzy 2y + Ouzg )z + 5nZ§k Zk; + 8ibuz,,

(f)(f)h (=0 (=0 h
=Zsi i Lk +Zsk g it

(=) _h (=1)_h (=) _h h
— 8wz  Suzy Nl 4 Suzy 2y + Suduzh (R.18)

Note that, contrary to regular paths (see Equation (R.16)), in this case, some terms containing Kronecker
deltas do not cancel out, leading to a more complex expression.

C. Discussion of Equations (4.5) and (4.6)

This appendix provides some additional details about the derivation of Equations (4.5) and (4.6), in
particular the additional diagonal terms containing Kronecker delta.

Recall that terms like —5,~jz'jizi., Suzh( 9 2 and § jz" were added to Equations (4.5) and (4.6) in order
to take into account the special cases where i = j. Indeed, the basic Equations (R.7) and (R.10) concern
only the situation where i # j and must be extended in order to compute these diagonal terms.

In the first case (4.5) (regular paths), when i = j, the expression in (R.7) provides 2z; b+ )z,,. However,
the result should instead provide Equation (R.3), that is, the expression for the total welght computed on
paths containing only one node i. But this expression (R.3) is equal to zh(+’)z,, so that we have to remove
one time this quantity to (R.7) in order to obtain (R.3) when i = j. Hence, the subtraction of zh(+’) Zir
appearing in Equation (4.5).

For the second case (4.6) (hitting paths), the expression in (R.10) provides O when i = j (and i # ¢).
However, the result should instead be Equation (R.6), the corresponding expression for the total weight
computed on hitting paths containing only one node i. This expression (R.6) is equal to zh( ’)zf} so that
we have to add this quantity to (R.10) in order to obtain (R.6) when i = j (and i # f). Hence, the addition
of zh( K z! appearing in the first line of Equation (4.6).

The last line of Equation (4.6) aims at taking care of the special cases i = ¢t and j = ¢, which are also

prohibited in (R.10). In the situation i = ¢, i is automatically part of the paths and the quantity zh(+ W

should reduce to z, " = 2 = " that is, to (R.6 with ¢ # i). Hence the addition of the term
zg( ) h . in the last line of (4. 6) Symmetrlcally, the same holds for the case j = ¢, with the introduction of

2y h in the last line of (4.6).

h(l)h h(=j) _h

Flnally, as both Z and z,; z; are equal to zero when i = j, we still need to handle the case
i =j =t and add the correspondlng contrlbutlon In that situation, the contribution is z; M) — zh(+') that

is, (R.6 with ¢ = i) which provides zﬂ.. This corresponds to the last term of Equation (4.6).
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