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Abstract

This paper proposes a distributed estimation and inferential frame-
work for sparse multivariate regression and conditional Gaussian graph-
ical models under the unbalanced splitting setting. This type of data
splitting arises when the datasets from different sources cannot be ag-
gregated on one single machine or when the available machines are of
different powers. In this paper, the number of covariates, responses
and machines grow with the sample size, while sparsity is imposed.
Debiased estimators of the coefficient matrix and of the precision ma-
trix are proposed on every single machine and theoretical guarantees
are provided. Moreover, new aggregated estimators that pool infor-
mation across the machines using a pseudo log-likelihood function are
proposed. It is shown that they enjoy efficiency and asymptotic nor-
mality as the number of machines grows with the sample size. The
performance of these estimators is investigated via a simulation study



and a real data example. It is shown empirically that the performances
of these estimators are close to those of the non-distributed estimators
which use the entire dataset.

Keywords: Multivariate regression models; Conditional Gaussian graphical
models; Debiased estimation; Precision matrix; Sparsity;, Unbalanced dis-
tributed setting

1 Introduction

In multivariate linear regression, multiple response variables (say p) are re-
gressed on multiple predictors (say ¢). This model has many applications in
the real world, especially in genomic data analysis, where one can model the
dependence of RNA levels on DNA copy numbers through a multivariate re-
gression model with RNA levels being responses and the DNA copy numbers
being predictors as in |Peng et al.| (2010). Moreover, a natural way to char-
acterize the regularization network between a set of genetic variants and a
set of expressions is through multivariate regression models (see for example,
Wang et al.; 2015; Yin and Li, 2011, 2013). Estimation of the coefficient ma-
trix in multivariate regression models requires one to estimate pq coefficients,
which becomes challenging with high-dimensional predictors and responses.
Moreover, by adjusting the effect of covariates on the mean of the random
response, we are able to estimate the structure of a conditional graphical
model constructed using the elements of the precision matrix. Most studies
focusing on the estimation of the precision matrix for Gaussian graphical
models assume that the random vector has zero or constant mean. For a
treatment on the subject in the high-dimensional context for a mean zero
Gaussian graphical model, we refer the reader to Banerjee et al.| (2008)), Cai
et al.| (2011)), [Cai et al.| (2016]), Friedman et al. (2008)), Loh and Tan| (2018)),
Meinshausen and Biithlmann (2006), Ravikumar et al.| (2011)) and Yuan and
Lin (2007) among many others. However, in many real applications, adjust-
ing for the effect of covariates on the mean of the random vector is important
for understanding the underlying graph structure.

Several studies used regularization-based approaches to estimate the coef-
ficient and precision matrices with adjusted covariates. The works of |(Obozin-
ski et al.| (2011]) and |Yin and Li/ (2011) proposed a joint regularization penalty
to estimate both the multivariate regression coefficients corresponding to the
covariates and the precision matrix of a Gaussian graphical models iteratively.



In Rothman et al. (2010) and [Wang| (2015)), the coefficient and precision ma-
trices were estimated simultaneously via a joint penalized likelihood function.
The works of |Cai et al.| (2013) and Yin and Li (2013) proposed a two-stage
strategy which first estimates the regression coefficients and then using the
residuals from the first stage, estimates the precision matrix. In |Chen et al.
(2016)), a tuning parameter free estimator was proposed that is asymptot-
ically normal and efficient for the estimation of every finite sub-graph for
covariate adjusted Gaussian graphical models. In these studies, due to the
use of penalization, the estimators are biased. In this paper, by introducing
debiased estimators, we are able to perform not only the estimation, but also
inference and hypothesis testing.

With the development of technology, the size of the datasets grows at
a high rate, such that in certain situations it is not possible to store all
needed datasets in the memory of one single machine. Moreover, in recent
frameworks, like federated learning McMahan et al.| (2017), due to privacy
concerns, it may be impossible to collect datasets from different resources on
one single central machine. As such, the dataset is partitioned onto a cluster
of machines. Distributed statistical approaches, also known as ‘divide and
conquer’ approaches, have drawn a lot of attention in the last decade and
have been developed for various statistical problems. The two most pop-
ular techniques in distributed statistical inference and estimation problems
are ‘averaging’ estimators from local machines and the ‘one-step’ approach,
which combines the simple averaging estimator with a classical Newton’s
method to generate a one-step estimator. In |Jordan et al. (2018), the au-
thors presented a ‘Communication-efficient Surrogate Likelihood’ framework
for solving distributed statistical inference problems in low-dimensional, high-
dimensional and Bayesian frameworks. In Battey et al.| (2018), |(Chen and
Xie (2014) and |Lee et al| (2017), the authors considered a high-dimensional
sparse parameter vector estimation problem, where they adopted the penal-
ized M-estimator setting. For a detailed review on aggregation methods for
distributed estimators, the reader can refer to |Huo and Cao (2019)).

Nevertheless, most studies in the distributed setting have focused on the
balanced sub-samples case, while in recent approaches like federated learning,
some of the machines are more powerful than others and it is not efficient to
distribute a dataset on different machines with equal sizes. In this situation,
just taking a simple average is not an optimal approach for aggregating esti-
mators. Recently, Nezakati and Pircalabelu| (2023)) proposed a new weighted,
aggregated estimator for the elements of the precision matrix in a zero-mean



Gaussian graphical model, where the weights are a function of sub-sample
sizes and the variances estimated based on the sub-samples. In this paper, we
introduce new aggregated estimators for the coefficient and precision matri-
ces in multivariate regression models using a pseudo log-likelihood function
which is constructed using the asymptotic distribution of the debiased esti-
mators. It is shown empirically that these estimators perform better than
the simple average in terms of accuracy and coverage probabilities. These
estimators are constructed for the setting where the number of responses (p),
covariates (¢) and machines (K') grow with the sample size (n). As a conse-
quence, sparsity assumptions are imposed on the true matrices as a function
of p, ¢ and n. Different upper bounds are derived on the number of machines
to guarantee the consistency and asymptotic normality of the estimators.

The content of this paper is organized as follows. Notation and pre-
liminaries are presented in Section The debiased distributed estimators
and their statistical properties are provided for the coefficient matrix and
the precision matrix separately in Sections [3] and (] respectively. The final
aggregated estimators for both target matrices are introduced in Section [5
Theoretical properties of these estimators are also investigated in this sec-
tion. In Section [ the performance of the estimators is evaluated by means
of a controlled simulation study and in Section [7] the performance on a real
data set is illustrated. We close with a discussion on the method in Section [§
Proofs of the supporting lemmas and theorems and more simulation results
can be found in the Appendix.

2 Notation and preliminaries

The multivariate regression model in this paper is defined as
Y=I"X+¢, (1)

where Y = (Y',...,Y”)T € RPand X = (X',..., X9) T € R? are the random
response and covariate vectors, respectively. Moreover, the matrix I' is a
q x p regression coefficient matrix. Consider a random noise vector ¢ =
(e,...,eP)" € R? independent of X, which follows a p-dimensional Gaussian
distribution with mean zero, covariance matrix ¥ and precision matrix © =
-1, The components of Y are mapped to the node set V = {1,...,p} of
a graph G = (V,€) where &€ C V x V describes the set of edges between
all pairs (a,b) € V xV, a # b. An edge (a,b) € V x V,a # b, is called
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undirected if and only if both pairs (a,b) and (b, a) are included in €. A pair
(a,b) is included in the edge set £ if and only if the variables Y and Y are
conditionally dependent given X and all remaining random variables in Y.

According to model , conditionally on X = x, Y follows a p-dimensional
Gaussian distribution with mean vector I'"x, covariance matrix ¥ and pre-
cision matrix @. Every off-diagonal entry (a, b) of © is proportional to the
partial correlation between Y* and Y? given X and all other variables in
Y. As such, a pair of variables in Y is conditionally independent given all
remaining variables of Y and X, if and only if the corresponding entry in
the precision matrix © is zero. Denote A, as the (a,b)-th element of an
arbitrary matrix A. The support of the precision matrix © is defined as the
index set of its non-zero off-diagonal elements

S1:={(a,b) eV xV,a#b| O, #0}

with cardinality s; = #5; and the maximum node degree or row sparsity of
© is defined as

dy = meagc#{b eEV,b#a| By #0}.

Analogously, the support of the regression coefficient matrix I' is considered
as

Sy = {(a,b) € {1,...,q} x {1,...,p} | Tap # 0},

which is the index set of its non-zero elements, with cardinality sy = #.955.
Moreover, the support of the b-th column of the regression coefficient matrix
I' is defined as Sy(b) = {a € {l,...,q} | Ta # 0}, b =1,...,p, with
cardinality so(b) = #55(b).

Given n independent observations from the pair (YT,XT), our goal is
to introduce distributed, debiased estimators for I' and © from model .
Suppose that the n samples are randomly divided into K non-overlapping
unbalanced sub-samples with size ny for the k-th sub-sample, £ =1,..., K,
and consider ny = min;<p<x ng, while n = Zszl ng. In this paper, p and ¢
can grow with n, such that they might be larger than n. However, we suppose
that log(p) = o(n;) and log(q) = o(,/n;), where o(-) expresses the asymp-
totic behavior of a sequence and is defined below. The usual assumption
in the high-dimensional context is that the underlying matrices (coefficient
and precision matrices in this paper) are sparse, which means that the num-
ber of non-zero elements in the matrices cannot grow too fast and a certain



bound is imposed on it. This sparsity reflects that many predictors in the
regression model are redundant and that the graph related to the precision
matrix has a rather low number of edges. To impose this sparsity condi-
tion on the estimation, one common approach is to add an ¢; penalty to the
function which is going to be optimized. This kind of regularization effec-
tively forces some of the elements to zero, thus resulting in sparse solutions.
There exists a wide variety of methods making use of /1 regularization, see
for example Friedman et al.| (2008), Ravikumar et al. (2011) and van de Geer
et al.| (2014). For convenience of notation, denote by Y = [Yl,k, . ,Ynk,k]T
and & = [€11, ..., En k) the k-th sub-sample of the response vector Y and
the random noise ¢, respectively, both arranged as matrices of dimension
ng X p, with Yuf € RP, &, € R? as the [-th row, | = 1,...,n, and by
X = [XLk, . ,Xnk,k]T the k-th design matrix of dimension n, x ¢, with
X“g € RY as the [-th row, [ = 1,...,n,. With this notation, the sample
version of the regression model corresponds to

Y. = X'+ &, (2)

where the rows of &, are i.i.d. p-dimensional Gaussian vectors with mean
zero, covariance matrix 3 and precision matrix ®. In the next two sections,
debiased estimators for I' and ® based on the k-th sub-sample are derived.

Before starting the discussion, we introduce some order notation which
is needed later in the paper. For two sequences {a,;n > 1} and {b,;n > 1},
b, = O(a,) if there exist positive numbers M, and Ny such that |b,/a,| <
My for all n > Ny. Similarly, for a random sequence {X,;n > 1}, we
write X,, = O,p(a,) if for every e > 0, there exist finite numbers M, > 0
and Ny > 0 such that P(|X,/a,| > M) < € for all n > Ny. We write
b, < a, if both b, = O(a,) and a, = O(b,) hold. Moreover, b, = o(a,)
if lim,, o0 by/a, = 0. In the case of a random sequence {X,;n > 1}, we
write X, = o,(a,) if X,,/a, 20, as n — oo, where the notation 2 denotes
convergence in probability. For a matrix A, we use the notation |||A|||w =
max, »_, |Aq| and ||Allo = max,,|Ag| for the matrix and elementwise
l~ norms, respectively. The same symbol ||x||,, = maxy |x,| is used for
the /o, norm of a vector x, where x; is the b-th element of x. Moreover,
[A[lL =", [Aaw| and [[x[]1 = >, [xs| are used for the elementwise ¢; norm

of a matrix A and of a vector x, respectively. We use ||A||p = />, , A2 =

V/trace(ATA) for the Frobenius norm of a matrix and ||x||; = />, xj for

the ¢, norm of a vector x. Finally, by A®B we denote the Kronecker product
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of two arbitrary matrices A and B of dimension m xn and px q as a pm x qn
block matrix with A.,B for the block (a, b) where Ay, is the (a, b)-th element
of matrix A,a=1,...,m,and b=1,... n.

3 Distributed estimator of the coefficient ma-
trix using the k-th sub-sample

We make the following assumptions in this section.

(A1) The rows of the design matrix X; are i.i.d. ¢-dimensional Gaussian
vectors with mean zero and positive definite covariance matrix Q, where

max, Q.. = O(1).

(A2) The eigenvalues of Q are bounded, i.e., there exists a constant A; >
1 such that 1/A; < Apin(Q) < Apax(Q) < Ay, where Ay (Q) and

Apax(Q) are the minimum and maximum eigenvalues of Q, respectively.

Denote the maximum row sparsity of the inverse covariance matrix Q!
with dy == max,eqr,. g #{a’ € {1,...,¢},a #a| Q;al, # 0}. To find an ini-
tial estimator for the regression coefficient matrix I" in the k-th sub-sample,
following [Yin and Li| (2013), we minimize the following joint penalized resid-
ual sum of squares and denote by f‘k,

. (1
Iy = arg min {ﬂtf&ce{(Yk — X D) '(Y, — X)) + PkHFHl}a (3)
k

where pr > 0 is a regularization parameter that forces ', to be sparse.
Lemma [4] in Appendix [B] provides a bound on the ¢; norm of the difference
between I', and the true matrix I’ under additional regularity conditions.

Due to the ¢; penalty which is added to this loss function, T}, is a biased
estimator. To obtain a debiased estimator of I', we use the idea of [van de
Geer et al| (2014) by inverting the Karush-Kuhn-Tucker (KKT) conditions.
They showcased this method in the linear regression and generalized linear
models framework. Using the KKT conditions in (3], we have

— XY/ + XX Dy /nx + pxBr = 0, (4)

where By belongs to the sub-differential of the /; norm evaluated at T. By
adding and subtracting X, & /ny, to , performing some algebra calculations
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and finally vectorizing, we get
Vngvec (f‘i —T)=Ti+ Ry, (5)

where vec(-) is an operator which converts the matrix into a column vec-
tor by stacking the columns of the matrix on top of one another, f‘g =
f‘k—i‘MkX;(Yk—ka‘k)/nk, Tk = vec(MkX;&)/\/n_k, RkJ‘ = \/n_kvec((lq—
Mka)(f‘k — I‘)), I, is the identity matrix of dimension g x ¢ and My, plays a
similar role to an inverse matrix. As C; = X;Xk/nk, i.e. the sample covari-
ance matrix using the sub-sample Xy, is not always invertible, we consider
M, such that M;Cy =~ I,. The estimator in is the multivariate version of
the one introduced in van de Geer et al,| (2014). Note that the quantities in
are indexed by k, and as such one obtains a collection of debiased estima-
tors I‘il, .. I“Ii(7 each using a particular sub-sample. In Sectlon . We propose
a novel, aggregated estimator based on the collection I‘l, e ,I‘d . In order
to construct the aggregated estimator one needs the asymptotic distribution
of 0, k=1,..., K, which is investigated in the sequel.

Similarly to the case of a univariate response, by conditioning on Xy, one
can show the normality of T from . One just needs next to show that the
remainder term Ry, r vanishes with increasing ny. To this end, we consider a
suitable approximation for My, such that with increasing ny, the entries in
(I, — M;Cy) get closer to zero. Several works (for instance, Javanmard and
Montanari, 2018; van de Geer et al., 2014} Zhang and Zhang, [2014) assumed
that Q! is sparse and then using the method of nodewise Lasso, estimated
Q! and have set M, = Qfl, where Q*I is the nodewise Lasso estimator
of Q7. We follow the same procedure, and for the reader’s convenience, a
brief description of the method is provided in Appendix [A.I Furthermore,
we need to control the randomness of the product between the noise matrix
& and the design matrix Xj in the multivariate linear regression. Many
studies, focusing on Lasso regression models, control the randomness of the
noise by conditioning on an event of interest (see for instance, Bithlmann and
Van De Geer, 2011} |Javanmard and Montanari, 2018). Similarly, considering
the constant 2py < py, recall that py is the regularization parameter in (3),
we consider the event

Fr(n,p,q) = {HVGC(X;&)Hoo/”k < Po}~

Lemma [2] in Appendix [B| shows that for a suitable value of pg, the event
Fi(ng, p, q) happens with a large probability. To show the asymptotic nor-
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mality of T}, from , we need to impose as well a sparsity condition on the
inverse covariance matrix Q~!. The sparsity condition in van de Geer et al.
(2014) is considered as ds = o(n/log(q)). In this paper, we need to restrict
the elements of Q™! to a sparser regime such that the maximum row spar-
sity grows at the rate dy = o(,/ny/log(q)). With this sparsity condition, we
show the asymptotic normality of the final aggregated estimator in Section
as this condition is needed in Lemma [, where we show that under such
an assumption two sequences are equivalent in probability. Moreover, due to
the fact that both K and ng, k= 1,..., K, grow in the distributed case, we
impose the sparsity condition sy = o(n’;l/(log(q) log(pg))), 0 < m < 1/2 on
I' to guarantee the theoretical properties of the aggregated estimator.

Theorem 1. Consider the regression model for the k-th sub-sample with
zero-mean Gaussian noise matriz & having covariance matriz 3 and random
design matriz Xy, which satisfies assumptions (Al) and (A2) with sparsity
condition dy = o(,/n;/log(q)). On the event Fi(n, p,q), with regularization

parameter p, < \/log(pq)/ng in and pjr =< /log(q)/mk, j =1,....q,

from the nodewise Lasso procedure, defined in Appendiz[A.1], we have

T Xs, ~ Npg (0,2 @ (MpCiM})),  ||Ryrlloo = Op(s2/10g(q) log(pq)/ni),
(6)

and under the additional sparsity condition s, = o(n?l/(log(q) log(pq))),
0 <m <1/2, we have ||Ryr||leo = 0p(1).

The proof is given in Appendix

One can use Theorem [I] to construct asymptotic inferential tools for I'
based on the k-th sub-sample. However, the covariance matrix X is in gen-
eral unknown and it can be replaced in practice by a consistent estimator.
Lemma [5| in Appendix [B| shows that if the eigenvalues of 3 are uniformly
bounded, then under the random design setting, with sparsity condition
Sy = o(nTl/(log( )log(pq))), 0 < m < 1/2, the estimator 214,1% = (Y —
XkI‘k) (Yr — Xkl"k) /g is a consistent estimator for the covariance matrix

3 with convergence rate in ¢, norm of order O, (max{+/log(p)/n, s2 log(pq)/
ny}).

Using ([9)), one can also obtain the convergence rate of the debiased esti-
mator I‘d ThlS bound is investigated in Theorem



Theorem 2. Consider the regression model for the k-th sub-sample with
design matriz Xy, which satisfies assumptions (A1) and (A2). On the event

Fi(ng, p, q), with reqularization parameter p, < /log(pq)/ni, we have

|7 — T||oo = O, (max{+/ds log(pq) /nx, s21/10g(q) log(pg)/ns}),  (7)

where under the assumption log(p)/log(q) = o(ni?), 0 < my < 1/2, and the
sparsity conditions dy = o(y/ni/log(q)) and sy = o(n?l/(log(q) log(pq))),
0 < m <1/2, we obtain |0 — T'||os = 0,(1).

The proof is given in Appendix [A.2] In the next section, the distributed
estimation of ® based on the k-th sub-sample is provided.

4 Distributed estimator of the precision ma-
trix using the k-th sub-sample

Given the design matrix Xy, the following assumptions (similarly to|Jankova
and van de Geer} 2015} Ravikumar et al., 2011)) are adapted to our context
and are considered for providing theoretical guarantees in the estimation
procedure of ©.

(B1) The eigenvalues of the precision matrix ® are bounded, i.e., there exists
a constant Ay > 1 such that 1/Ay < Apin(0) < Apax(©) < Ay, where
Apin(©) and Ay (©) are the minimum and maximum eigenvalues of
©, respectively. Moreover, max, ®,, = O(1), where ©,, is the a-th
diagonal element of ©.

Recall that ﬁ]krk = (Yi — ka‘k)T(Yk — ka‘k)/nk and consider H as
the Hessian of the negative log-likelihood function proportional to I(©®) =
trace(ﬁk’fke)) — log det(®) which can be shown to be H = ¥ ® X (see
Jankova and van de Geer| 2015). By definition, H is a p? x p? matrix in-
dexed by the pair of elements from the node set, such that H = [H, ) (c,a)]
where (a,b), (c,d) € V x V. Let S; = {51 U{(1,1),(2,2),...,(p,p)}} with
cardinality [1, which is equal to [} = s; + p, and denote its complement set
with SY.

(B2) The irrepresentability condition holds for the true precision matrix ©,
i.e., there exists ay € (0,1] such that maxcese ||Hes, (H§151)71||1 <
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1 — aj, where Hgs, € R/ is a sub-matrix of H whose rows and
columns are indexed by the elements of S;. Moreover, e is a pair
(a,b) € S§ such that H, is an [j-dimensional column vector with
elements H, (. 4), where (¢, d) € S;.

This assumption is a necessary and sufficient condition for the graphical
Lasso procedure to recover the edge-based (active) variables from the non-
edge (non-active) ones.

Given X}, one can construct an estimator for ® using the following graph-
ical Lasso optimization problem

~

©) = arg min {trace(ﬁkrk@) — log det(®) + )\k||®||1’0ff}, (8)

IS

where || -||1 0 is the ¢; off-diagonal norm of the matrix defined as ||®|]1 o =
Y b |®4| and S, is the space of positive definite matrices of dimension
p X p. To obtain a debiased estimator of @, similarly to | Jankova and van de
Geer| (2015), by inverting the KKT conditions from the optimization problem
(8]), we have

A

Y5 — O+ MDDy =0, 9)

where the matrix Dy, belongs to the sub-differential of the ¢; off-diagonal
norm evaluated at ©;. The difference between @ and the problem in
Jankova and van de Geer| (2015)) is that the previous work used the sam-
ple covariance matrix Y} Yj/ng, but here due to the non-zero mean of the
model, we use gk,i‘k which contains the plug-in estimation of the regression
coefficient matrix I" therein, thus making the analysis more complicated. To
simplify notation, define

W, = 2k,r -3 W;g = gk,f‘k - X, W; = 2k,f‘k - 2&1“7
where
ik,p = (Yk - XkF)T(Yk — XkI‘)/nk.

Using the KKT condition @) and performing some algebra calculations, leads
to

Vi(Of — ©) = —\/n,®@W,;0 + Ry e, (10)
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where @z =20, — ékﬁ]krkék is the k-th debiased estimator of ® and the
term Ry @ is defined as

Rie = —nr(0:3, 5, — L)(Or — ©) — /ni(© — O)W, 0 — /1 OW, O,
(11)

In the sequel, it is shown that under suitable conditions, ||Ry.ellew = 0,(1)
and that the term /n;©OW,0O is elementwise asymptotically normal.

Relative to the work of [Jankova and van de Geer| (2015)), in addition to
different covariance matrices used in , our remainder contains the extra
term /ny @W;@. This extra term is bounded in elementwise /., norm at the
rate of Oy (dysylog(pq)//nx), as it is shown in Lemma [I} In the estimation
procedure, if one considers I' = 0 as a special case, then the KKT condition
(9) will simplify to the one in [Jankova and van de Geer| (2015), and as such
the estimator we propose, (:)z, will simplify to the same debiased estimator
with the same convergence rate from that work. Denote kx = |||X|||o as
the matrix /o, norm of ¥ and kg = ||’(H§17Sl)_1’”oo as the matrix /., norm
of the inverse of Hg, s,. In Lemma [I], negligibility of Ry e is shown.

Lemma 1. Consider the multivariate regression model with random
Gaussian noise matrix & having zero-mean rows, covariance matrix 3 and
precision matrix ©. Let assumptions (B1)-(B2), (C1)-(C3) from Appendix
and from Appendix hold. Consider the debiased estimator in ({10])

with regularization parameter \; < +/log(p)/ng. On the event F(ng,p,q)

with 2py < pg, where py < \/log(pq)/ng, and under the assumptions 1/ =
O(1), kx = O(1) and kg = O(1), we have

IRk0lle = Op(max {d}*1og(p)/ /i, 43 (log(p))*'?/ 1k, d153 log(pQ)/\/n_k}) :
(12)

and under the sparsity conditions dil)’/ 2= o(y/m7/1og(p)) and sy = o(ni*/
log(pq)), where 0 < w3 < 1/6, we get ||Ri.el|lw = 0p(1).
The proof is given in Appendix

Remark 1. A similar convergence rate for the remainder term is obtained
in |Jankova and van de Geer| (2015) but for the zero-mean model, which is

of order O,(max {d:f/Q log(p)/v/m, d3 (log(p))*?/ny }). Comparing it with
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(12), it is observed that the convergence rate of the extra term , /N OW, ©
is of order O,(d;s2log(pq)/+/nx) which also adds more constraints on the
negligibility of Ry e.

Theorem [3] investigates the elementwise asymptotic normality of the de-
biased estimator @¢, which will be leveraged further in Section||to construct
an aggregated estimator using all K estimators @ .. @d

Theorem 3. Under the assumptions of Lemmal[l| and the sparsity conditions

‘f/Q = o(y/nt/log(p)) and sy = o(n}*/log(pq)), 0 < m3 < 1/6, for all (a,b) €
V x V,a # b, it holds that

V(O = Ouw)/Tar = Zan + 0p(1),; (13)

where O, and @abk are the (a,b)-th element of © and ©f, respectively, and
02, = 0y, On + ©2,. Moreover, 1/o,, = O(1) and Zyyy converges weakly to
N(0,1) as ny, grows.
The proof is given in Appendix
Remark 2. One can use Theorem |3 to construct asymptotic confidence in-
tervals and hypothesis testing procedures. However, to perform inference,

one needs a consistent estimator for o, as it is unknown. By similar argu-
ments as in Lemma 2 of |Jankova and van de Geer (2015) and considering

3/2 = o(y/m;/ log(p)), the estimator 67, , = = © a0k Ou i + @ab . 1s a consistent

estlmator for o2, with convergence rate O,(max{log(p)/nk, /d1 log(p)/nx})

Remark 3. To quantify the convergence rate of the debiased estimator @ﬁ,

from 7 we have that

10% = ©lloe < I®112/[Willoo + [Riolloo/ vtk

Given X; and under assumption (B1), by considering & = Y — X;I'" and
setting A = B =1, in Lemma 2 of Lam and Fan (2009), for which the con-

ditions are fulfilled, one can write ||W|| = O,(+/log(p)/ny). Combining
this bound with and from Appendix , we get

167 - O]l = op(max {ds /108 (D) s &/ 10g(p)
d; (log(p) /i )*/?, dy 55 log(pq)/nk}) :

and under the sparsity conditions d/* = o(y/nt/log(p)), and sy = o(nf*/
log(pq)), 0 < 3 < 1/6, the consistency of ©% follows.
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5 The final aggregated estimators across the
sub-samples

The results in the previous sections are provided at the level of the k-th sub-
sample, £k = 1,..., K. To construct more reliable estimators, we aggregate
estimators drawn from different distributed locations. There are multiple
ways to aggregate these K estimators into a combined estimator. In this
paper, due to the asymptotic normal distribution of the local estimators, we
derive the final aggregated estimator by maximizing a pseudo log-likelihood
function, which is constructed using the asymptotic normal density of local
estimators constructed based on the sub-samples. Consider A as a general
parameter of interest, for example @, or vec(I'), in this paper, where vec(T"),
is the a-th element of the vectorized form of T', and Ay, as the k-th estimator
based on the k-th sub-sample with variance ¢? and denote its consistent
estimator by 67 which is also derived based on the k-th sub-sample. Consider
the asymptotic normal density of Ak at point ¢ as fk(bk | A, 6,), where the
variance o is replaced by its consistent estimator 7. By maximizing the
pseudo log-likelihood function constructed as

K K
I(A) = log <H Filue | A, &k)) 5 Y (—ni/2) (e — A)* /67,
k=1 k=1
with respect to A, the final aggregated estimator is of the form
1 " n
- 5 A
Agwavg = =K o X Z ?Aky (14)

k=162 k=1 kK

where the subscript “owAvg” stands for the optimally weighted average. We
call this estimator an “optimally weighted average”, as it is obtained using
a maximization problem. Substituting debiased estimators f‘z and (;)i in
, one can aggregate distributed estimators of the coefficient and precision
matrices from the sub-samples into the final combined estimators f‘OWAVg and
(:)OWAVg, respectively. Note that if the variance ¢? is known, then replacing
6% by o? simplifies the aggregated estimator AOWAVg to two special cases. In
the case of unbalanced sub-samples, AOWAVg is simplified to the sample size
weighted average estimator

K
- N ~
AWAvg = Z _kAka (15>



where “wAvg” stands for the weighted average proportional to the sub-
sample sizes. Similarly to the optimally Weighted average estimator, by
substituting debiased estimators f‘ and Gk in , the weighted average
aggregated estimators of I' and © can be constructed and denoted by f‘WAVg
and éWAVg, respectively. Moreover, if the sub-samples are also balanced,
AOWAVg is further simplified to the simple average estimator

_ 1 <. .
AsAvg = E ZAIW (16>

k=1

where “sAvg” stands for the simple average. By the same argument as for
the optimally weighted and weighted averages, the simple average estimators
of I' and ® can be constructed and denoted by f‘sAvg and (:)sAvg, respec-
tively. As an example of applying simple average to the penalized regression
models, the reader can refer to Battey et al. (2018) which studied distributed
parameter estimation methods for penalized regression and established the
oracle asymptotic property of the averaged debiased estimators. However,
from a finite sample perspective, the simple average estimator tends to un-
derperform severely for unbalanced settings, as it will be shown in Section [6]
The weighted average proportional to the sub-sample sizes is slightly more
adapted as it accounts for the unbalanced setting by weighting according
to the size of the samples on each machine. Note that as the variances of
the estimators are unknown in practice, in the sequel, the special cases
and are considered as general simple and weighted average estimators
with unknown variances and their asymptotic distribution as well as the
asymptotic distribution of the optimally weighted average estimator are in-
vestigated in Theorems {4| and |5 as ny and K both grow, where we remind
the reader that ny = minj<p<x ny.

Using (9)) and . ), by considering the consistent estimator Ekl" for X2,
the optimally weighted average estimator for the a-th element of vec(F)
a=1,...,qp, is of the form

. -1
FOW V, a - ;-
vec(Lowave) <Z [Zk,f‘k ® (MkaM;)}aa>




It can be shown that

K
Z nk/[flkpk ® (MxCrM] )]s (Vec(f‘OWAVg)a — vec(I‘)a) =W,r+R.r,

k=1

(18)
where
K

R, o — i /[ OQ  aw wEEQ b

a, - - 2 a,k,L

S/ [Bg, © (MR CMD oo 1 Vi[Z, p, © (MECRM])lua
K -1 K -1
W, = D1 /(2O Q aa XZ ng[2® Q1 aa T, ,
’ S /[0, © (MCMDlaa £ VAlE,p, © (MRCM g

and R, ,r and T, ;, are the a-th element of Ry, r and T}, respectively, defined
in ().

Similarly, using and , by considering the consistent estimator
G2, for o2, in (13)), the aggregated estimator for the (a,b)-th element of ©,
(a,b) € V x V,a # b, is of the form

Ko -1 K
~ k k Ad
®ab,0wAvg = < E ~9 ) X § ~92 Gach' (19)
i1 Cabk 1 Cab.k
Moreover,
K
N ~
g = | Owowavg — Ow | = Wye + Rape, (20)
Oabk
k=1~ ab,
where
K 2 K
R . Zk:l nk/aab V kT ab R
ab,® — K ~9 \/ﬁé_g ab,k,® >
Zk:l nk/o-ab,k k=1 ab,k
SE /ol o om &
_ k=1""k/"ab ab T~ T
Wab,@ - K ~9 N2 § : (@a <Yl7k -T Xl,k)
Zk:l nk/aab,k k=1 abk |—1

x (Y, —T7X;) '@, — Ouw),
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and Ry k. is the (a,b)-th element of Ry e from , Yuf € RP and Xl,k €
R? are the [-th row of Y, and Xy, respectively, while ®, and ©, are p-
dimensional vectors coming from the a-th row and the b-th row of ®, respec-
tively.

Theorem 4. Consider the regression model , where Xy, satisfies assump-
tions (A1) and (A2), and consider the mazimum row sparsity of Q™' as
dy = o(\/ni/log(q)). Moreover, consider the coefficient matriz T' with spar-

sity condition sy = o(n?l/(log(pq) log(q))), 0 < m < 1/2. Suppose that
f‘g, k=1,...,K, 1s the k-th debiased estimator in with tuning param-
eter pr < /log(pq)/ni and let ng/n — ¢, € (0,1) as ng grows such that
lim g o0 Zszl ¢k = 1. Then, on the event Fi(ng,p,q),
a) If K grows at the rate of K = O(n”‘*/( log(pq) log(q) max{ss, \/a})),
0 <y < 1/4, and log(p)/log(q) = o(ni?), 0 < my < 1/2, for the a-th
element of the vectorized form of fOWAVg, a=1,...,qp, in , we
have

War 5 N(0,1), and [Rur|=o,(1), (21)
where % denotes convergence in distribution.

b) If K grows at the rate of K = O(n™ /(1/log(pq) log(q) max{ss,d>})),
0 < 75 < 1/2, in the spirit of the special case , for the a-th element
of the vectorized form of fWAVg, a = 1,...,qp, which is denoted by
Vec(f‘WAvg)a, we have

\/ K -~ ! !
- " (vec(FwAvg)a — VeC(I‘)a) =W,r+R,r,
VI B, ® (MGCM g

where W;,F converges weakly to N'(0,1) and |R;7P| = 0,(1).

¢) If K grows at the rate of VK = O(n?ﬁ/( log(pq) log(q) max{ss,d>})),
0 < g < 1/2, in the spirit of the special case , for the a-th element
of the wectorized form of f‘sAvg, a = 1,...,qp, which is denoted by
Vec(f‘sAvg)a, we have

K3/2

VK Ber, © (MCM]Laa) (S, 1/m)
= W;,I‘ + R;,IW

(vee(Tsavg)a — vee(T),)
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where W;,r converges weakly to N'(0,1) and |R;7F| = 0,(1).
The proof is given in Appendix

Remark 4. Note that Theorem [I]in Section [3] provides the asymptotic nor-
mality, conditionally on the design matrix X, while the asymptotic nor-
mality result in Theorem H4| is more general as it is an unconditional re-
sult. By using a similar argument to the proof of Theorem [, it can be
shown that both Vec(f‘OWAVg)a and Vec(f‘WAVg)a have an asymptotic vari-
ance equal to [X ® Q7 !,, which implies that their asymptotic relative ef-
ficiency is equal to 1. This result is expected because (i) the definitions
of Vec(f‘OWAVg)a and Vec(f‘WAvg)a are closely related, and (ii) the estimated
variances based on the sub-samples are consistent estimators for the true
variance, i.e., [2ki‘k ® (MrCiM)]aa/[Z ® Q Yue 2 1. A comparison of
these two estimators from a finite sample perspective is also provided through
simulation and real data examples in Sections [0 and [7] respectively.

In Theorem [5, the asymptotic normality of the estimator in and its
two special cases is investigated as ny and K both grow.

Theorem 5. Consider the regression model and suppose that assump-
tions (B1)-(B2), (C1)-(C3) from Appendiz and from Appendiz [B

hold. Moreover, consider the coefficient matriz T' with sparsity condition
sy = o(ni*/log(pg)), 0 < m3 < 1/6. Suppose that (;)ﬁ, k=1,...,K, is the
k-th debiased estimator in with tuning parameter A\, < /log(p)/ny and
let ni./n — ¢ € (0,1) as ng grows, such that limg 25:1 cp = 1.

a) If K and the mazimum node degree of © grow at the rates of K =

O(n™ f(d1og(p))), 0 < 77 < 173, and &2'* = o(/75/ log(p), respec-
tively, then for every pair (a,b) € V x V,a # b, of the pooled estimator

Oowavg N , we have
Wao 5 N(0,1), and |Rae|=o0,(1). (22)

b) Under the same conditions as in part a), in the spirit of the special case
N, for every pair (a,b) € V XV, a # b, of Oyave, which is denoted
by Ogpwave, we have

N

/ !
K—<®ab,WAvg - @ab) = Wab,@ + Rab’@’
~2
\/ > ket Oabk
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where W;b’@ converges weakly to N'(0,1) and |R’ab7@| = 0,(1).

c) If K and the maximum node degree of ® grow at the rates of K =
O(n;/:}’/nl/‘*) and d°* = o(ni/g’/log(p)), in the spirit of the special
case , for every pair (a,b) € VXV, a # b, of C:)SAVg, which s
denoted by Ogpsave, we have

K3/2 ~ 1" 1"
K 5 % <@ab,sAvg - @ab) = Wab,@ + Rab,@7
\/(Zk:l Uab,k)(Zk:l 1/ng)

where W, o converges weakly to N'(0,1) and |Ry, g| = 0,(1).
The proof is given in Appendix

Remark 5. By a similar argument to that in Remark [4] it can be shown
that the asymptotic variances of éab’ow Avg and (:)ab,w Avg are both equal to o2,
where we recall that 02, = ©,,0,+©?2,. Additionally, by rewriting Theorem
for the full sample estimator, which uses the entire dataset of size n, it can
be shown that the asymptotic variance of the debiased full estimator is also
equal to o2,. Therefore, we can deduce that both the optimally weighted
and the weighted distributed estimators are asymptotically as efficient as the
debiased full sample estimator, which implies that the efficiency loss from

the distributed setting is asymptotically zero.

According to the asymptotic normal distribution of the proposed estima-
tors, one can construct confidence intervals and perform hypothesis testing
for the elements of the coefficient matrix I' and of the precision matrix ©.
The (1—«)100% asymptotic confidence intervals for a general quantity of in-
terest A, namely ©,;, or vec(I'), in this paper, using the optimally weighted,
weighted and simple average estimators can be constructed as

AOWAvg + q)il(l - &/2)/

Apavg 271 — a/2)

(
\'&

B £ 0711 0/2)) 3o 1/me) K (25)
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where @~ (1 —a/2) is the (1 —a/2)-th quantlle of standard normal distribu-
tion and 6 O'k is the k-th consistent estimator of 0 Substltutmg Vec(FowAvg)a,
Vec(I‘WAVg) and Vec(I‘s Ave)as respectlvely in , and (| and then
replacing the estimated variance 67 by [Ek P, ® (MkaM )]aa, one can con-
struct (1 —a)100% asymptotic confidence intervals for the a-th element, a =
1,...,qp, of the vectorized from of the coefficient matrix I'. Similarly, sub-
stituting (:)aprAvg, (:)ab’WAVg and éab,SAvg, respectively in , and
and then replacing the estimated variance 67 by 62, ; = ©4q;Ouy, + ©2 1,
the (1 —a)100% asymptotic confidence intervals for every pair (a,b) € V XV,
a # b, of the precision matrix ® can be constructed. Moreover, by substi-
tuting the same quantities in

|AowAVg’ > @—1(1 - 0‘/2)/

|[Avavg] > @711 - a/2)\ Do)/ (nK),

[Asavg| > @711 - a/2)\ (D oh(Q 1/ /K,

the rejection regions at level « for the hypothesis tests Hy : vec(T'), = 0 vs
Hy : vec(T), # 0, where a = 1,...,pq and Hy : Oy = 0 vs Hy : Oy # 0,
where (a,b) € V x V,a # b can be constructed.

As it is mentioned, the distributed estimator has an efficiency loss ap-
proaching zero as the sample size grows. This allows us to compare its
incurred loss with that of the practically unavailable, full-sample debiased
estimator. Considering the definition of Vec(f‘ovv Avg)a, it can be written

vec(f‘owAvg)a — vec(T),

Zszl nk/[z ® Q_l]aa % i \/n_k[z ® Q_l]aa

YK /B, © (MCMD e S lEp, @ (MCM] )]
Yy m/BEQ N s VRS g
Zk 1nk/[ ki © (MkaMk )aa k=1 [Zkl" ® (MkaM Naa

Since [2® Q Yao/[E) 5, @ (MrCiM] o & 1 and 373 (n/[2 ® Q Vaa)/
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Zszl(nk/[ZA]k’f ® (MkaMg)]aa) 21 as K = oo and np — 00, k =
1,..., K, see (66) for more details, using similar arguments to the proof of
Theorem [2, we can write

||I~‘OWAVg —TI'||o = max |Vec(f‘owAVg)a — vec(T),|
ae{l,...,.qp}

= O, (K max{y/ds log(pq) /n, s2/log(q) log(pg) /n}), (26)

where the last equality is deduced using @, and . By using the
full sample data in Theorem 2, the convergence rate of the debiased full
estimator, call it T'%, is of order

IT% = Tl = Op (max{+/ds10g(pg) /. 551/log(q) log(pa)/n}).  (27)
Combining the triangle inequality with and , it is deduced that

T owave — Do = O, (K max{+/dy log(pq) /n, s1/1og(q) log(pg)/n}),

which implies that the convergence rate of the distance between the dis-
tributed estimator and the full one is equal to the rate of the distance between
the distributed estimator and the true matrix I'. As such, it is noteworthy
that f‘OWAVg not only follows an asymptotic normal distribution, but it also

approximates the debiased full estimator f‘ﬁlp well, and it exhibits a similar
statistical error as I'% as long as the number of machines K is not too large.

By a similar argument, one can derive the convergence rate of éow Avg O
be of the order

1©owavg — Ol = O, (K max{d;/log(p)/n, d7"* log(p)/n,
d(log(p))*?/(ny/n7), di s log(pg) /n}),

which is obtained by combining the definition of (:)owAVg with the rate in

(12), the upper bound on ||[Wy||s from Remark [3| and from Appendix
[A.3l Comparing this convergence rate with the one from Remark [3] for the
full sample data estimator, call it ©%, which is of the order

A 3/2
16% = Olloc = Oy (max{ds/log(p)/n, d}"* 1og(p) /n,
di(log(p)/n)*/?, dysy log(pg) /n}),
one can achieve the same conclusion as for the estimation of I', which im-
plies that if K is not too large, ®gyave attains a similar statistical error
as the debiased full estimator ©%. In the next section, the statistical error

and coverage probability of estimators are compared from a finite sample
perspective.
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6 Simulation study

In this section, we examine empirically the performance of our proposed
estimators. To this end, we followed the simulation setup of Yin and Li
(2013)) for generating sparse matrices I' and ©.

First, to generate the precision matrix @, we randomly generated a link
between all pairs (a,b) € V x V,a # b, with probability of connection of 0.01.
Then, the corresponding entry in the precision matrix is generated uniformly
from [—1,—0.5]J[0.5, 1], for each link. After that, for each row, each entry
except the diagonal one is divided by the sum of the absolute values of the
off-diagonal entries multiplied by 1.5. Finally, the matrix is symmetrized
and the diagonal entries are fixed to 1. To generate the regression coefficient
matrix, we first generated a sparse indicator matrix with non-zero elements
having a probability of 0.01 of occurring for every pair (a,b);a =1,...,¢,b =
1,...,p. Then, corresponding to the non-zero entries of this indicator matrix,
we generated uniformly the entries of T' from [—1, —vp,| U [V, 1], where v,
is the minimum absolute non-zero value of the generated precision matrix.
To generate a dataset, we first generated X = (XL, ..., X7 from a ¢-
dimensional Gaussian distribution with mean zero and covariance matrix
Q. We used the Toeplitz structure 0l a,b € {1,...,¢} with o = 0.9 to
generate the covariance matrix Q. Finally, given X = %, we generated Y
from a p-dimensional Gaussian distribution with mean I''x and covariance
matrix @71

To conduct the simulation, we set n = 25000 and 50000 and the number of
machines to K = 5,10 and 20. To show the performance of the distributed
estimator in the unbalanced setting, we considered the following splitting
procedure. Suppose that among all available machines, two of them are
powerful. The first one is the most powerful one and (55 — K)% of the
dataset is distributed on this machine. The second one is less powerful than
the first one and (60 — K)% of the remaining dataset is distributed on this
one. The remaining dataset is distributed roughly equally on the remaining
machines. By considering this splitting procedure and setting the number of
responses to p = 1100 and the number of predictors to ¢ = 550, for some
sub-samples we have high-dimensionality. For example, when n = 25000 and
K =10, we have p > ng, Vk = 3,...,10 and when K = 20, we have p, q > ny,
Vk = 3,...,20. Moreover, when n = 50000 and K = 20, we have p > ny,
Vk = 3,...,20. To compare the performance of the distributed estimators,
we considered two types of estimators: debiased (which are non-sparse) and

22



sparse. The debiased estimators consist of:

1) (Full) A debiased estimator based on the full non-distributed data.

2) (sAvg) An estimator based on first splitting the data and averaging
directly the debiased estimators from each machine.

3) (wAvg) An estimator based on splitting first the data and taking the
weighted average of the debiased estimators from each machine, where
the weight for the k-th sub-sample is set to (ny/n).

4) (Topl) The estimator produced by the most powerful machine which
takes (55— K )% of dataset. Since estimation on each machine is consis-
tent and asymptotically normal, investigating the performance on the
first machine which takes most of the dataset, is relevant.

The sparse competitors, which are shown respectively by SFull, SsAvg, SwAvg,
STopl, are obtained in the same way as estimators in 1)-4) but without the
debiasing step. A comparison with the full estimator reveals how much the
performance deteriorates due to splitting the data, while a comparison with
the simple and weighted average estimators has the purpose of evaluating if
indeed the proposed estimator is better equipped to tackle unbalanced set-
tings due to a more appropriate weighting. A comparison with the Topl
estimator has the purpose to evaluate if the remaining (K — 1) machines
which account for (45 + K)% of the original data are still able to produce
informative estimates even though they receive low amounts of data. In this
study, the tuning parameters in , and ([28)), which is needed to obtain
My, see Appendix|A.1f are set to pr, = p = /log(pq)/n, A\, = XA = y/log(p)/n
and pjr = p = +/log(q)/n for all simulation runs. All simulation results are
calculated as averages over R = 500 different replications.

To compare the performance of the estimators, we used the Frobenius
norm between the estimated matrix for each competitor and the true matrix
from the data generating process. The results of the Frobenius norm and
their standard deviation (between parentheses) for n = 50000 are presented
in Table 1| for each competitor, separately on the active and the non-active
sets. Note that the active sets on ® and I' are indexed by S; and S,,
respectively. The results for n = 25000 are similar and are presented in
Table [4 in Appendix [C]

From Table (1] it is observed that the performance of the proposed debi-
ased owAvg estimator is similar to that of the non-distributed, full estimator
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in terms of Frobenius norm. With increasing K from 5 to 20, the norm of the
distributed estimator stays relatively constant. This suggests that by split-
ting observations in combination with the proposed aggregation, one might
not lose much information. On the other hand, wAvg is quite sensitive to the
number of machines and with increasing K, its norm performance deterio-
rates. Especially, when K = 20, the difference relative to the full one is large
on the non-active set. The worst estimator between debiased ones is sAvg
which imposes the same weights on all sub-samples and it is observed that its
norm increases substantially, which suggests that it is highly sensitive to K,
as opposed to the distributed owAvg estimator. Furthermore, the Frobenius
norm of Top1 is much larger than that of the centralized full estimator, which
implies that by considering just the first machine with the largest amount
of data and disregarding the remaining machines one loses information as
this strategy does not provide an accurate estimate. Moreover, as it is ex-
pected, the performance of the sparse estimators is much better than the
performance of the debiased estimators on the non-active set as they shrink
most of the elements to zero. However, their errors are much larger than the
errors of the debiased estimators on the active set as they do not correct for
the bias.

Due to the asymptotic distribution of the proposed estimators, investigat-
ing their inferential properties is also of interest. However, since there is no
distributional result available for the sparse estimators, it is not possible to
perform inference using these estimators. Figure[l|shows the normalized dis-
tribution of the proposed debiased optimally weighted estimator and the full
non-distributed estimator for both I and ©, respectively from top to bottom.
As an illustrative example, these figures are reported for (a,b) = (1, 3), oth-
ers are available from the authors, but are similar. The light gray histograms
correspond to the normalized distribution of the full estimators which are ob-
tained from @ and , by setting K = 1, for I and ©, respectively. The
dark gray histograms correspond to the asymptotic distributions of and
, respectively. The presented histograms confirm the asymptotic normal
distribution of the proposed estimators and its similarity to the full one.

Using the asymptotic distribution of the estimators, the coverage prob-
abilities and the length of the confidence intervals are presented in Table
at significance level a = .05. Here, we explain the procedure for computing
the empirical coverage probability for the elements of ®. The same proce-
dure is applied to compute the empirical coverage probability and the length
of the confidence intervals for the elements of I'. Similarly to |Jankova and
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Table 1: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets, for the
proposed estimators and different competitors, when n = 50000.

Active set Non-active set
K K
1 5 10 20 1 5 10 20
Full | 0.73 475
(.01) (.01)
owAvg 074 078  0.89 486 513 5.59
(00) (.01) (.01) (00)  (01)  (.01)
T Topl 100 1.05 1.19 660 695 7.8
2 (01) (.01) (.01) (01)  (.01)  (.01)
g sAvg 1.07 1.81 294 7.00 1044  12.96
(01)  (.02) (.02) (01)  (.05)  (.03)
wAvg 075 084 1.32 489 542 674
o (.00) (.01) (.01) (.00)  (.01)  (.01)
SFull | 2.03 38
(.01) (.00)
s STopl 213 215 2.20 102 119 169
i (.01) (.01) (.01) (.01) (.01) (.01)
@ SsAvg 202 182 1.49 312 506  6.06
(.01) (.01) (.01) (.00) (.02) (.01)
SwAvg 1.99 1.90 1.68 144 195  2.78
(.01) (.01) (.01) (.00)  (.00)  (.00)
Full | 1.09 10.85
(.01) (.01)
owAvg 111 115 123 1110 1144  12.24
(01)  (01) (.01) (01)  (01)  (.01)
g Topl 155 1.63 1.86 1543 16.29 18.54
2 (.01) (.01) (.02) (02)  (02) (.02)
g sAvg 157  2.02 223 15.67 20.15 22.23
(01)  (.02) (.02) (02)  (.03)  (.03)
wAvg 111 1.16  1.29 1112 1159  12.89
r (01) (01) (.01) (01)  (01)  (.02)
SFull | 4.74 1.93
(.00) (.00)
s STopl A74 474 45 1.99 200  2.04
: (.00)  (.00) (.00 (00)  (.00)  (.00)
@ SsAvg 475 436 3.97 204 227 265
(00) (.13) (.03) (00)  (.05)  (.02)
SwAvg 474 461  4.40 193  1.90  1.93
(00) (.04) (01) (00)  (01)  (.00)
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set S is obtained as Avg.Covg,

, the empirical probability that the true parameter ©,,
where s; is the number of active components.

~

After obtaining P, for all (a,b) € V x V,a # b, the average coverage prob-

(dark gray bars), respectively, when n = 50000, (a, b)
or 20. From top to bottom, the figures present the asymptotic distributions

Figure 1: Histogram of the normalized full (light gray bars) and distributed
for the estimation of I' (top) and © (bottom).

confidence interval for @, at the r-th replication, and # denotes the number
of times in which the true parameter ©,, belongs to the confidence interval.

is included in the confidence interval is defined as Py, = #{®, € Cly, }/R,
where R is the number of replications in the simulation, Cl,, is the estimated

van de Geer (2015)
ability on the active

been implemented for obtaining the estimated coverage probability over the

non-active set SY.
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Table 2: Average coverage probability and average length of the confidence
intervals over 500 repetitions for the proposed estimators and different com-
petitors, when n = 50000.

Avg.Cov Avg.Len
K K
1 5 10 20/1 5 10 20
. Full [.93 .02
2  owAvg| .93 .93 92| .02 .02 .02
£ Topl 94 94 94 .02 .03 .02
g sAvg 92 8 .71 02 .03 .04
© wAvg 94 96 .91 02 .02 .03
,  Full |.93 .02
2 owAvg| .95 .95 .95 .02 .02 .02
2%  Topl 95 .95 .95 .02 .03 .05
E  sAvg 94 .92 92| .02 .03 .04
“ wAvg| 95 .97 98 .02 .02 .03
. Full [.95 .06
2 owAvg| 95 .95 95| .06 .06 .06
£ Topl 95 .95 .95 .09 .08 .09
5 sAvg 95 .94 .93 09 .10 .10
r wAvg 96 .96 97| .06 .06 .07
., Full |.96 .08
Z  owAvg| 95 95 .95 .06 .06 .06
2% Topl 95 95 .95 .09 .08 .09
§  sAvg 95 94 93] .09 .10 .10
“ wAvg| 96 .96 97| .06 .06 .07

From Table[2] it is observed that the performance of the owAvg estimator
is close to the full one on both the active and non-active sets, as the coverage
probabilities are close to the nominal level of 95%. Moreover, the average
lengths are relatively low and are stable with increasing K. The results
for Topl are also close to the nominal level, but its length is slightly larger
than that of the full and of the distributed estimator. However, in Table [1]
we observed that its Frobenius norm is far away from the norm of the full
estimator making it a less interesting alternative. The coverage probability
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of sAvg is low in some cases, especially in estimating © on the active set.
The length of its confidence interval is also relatively large, especially when
estimating I'. The performance of wAvg is generally better than that of sAvg
but over-coverage is observed. More than that, the length of its confidence
interval is not stable and it increases with increasing K. The results for
n = 25000 are similar and they are presented in Table [5] in Appendix [C]|

Another quantity which is important to keep track of, is the running
time. In this paper, it is considered as the maximum running time among all
parallel jobs plus the time to combine the results. These results are shown
in Figure [2 for the debiased estimators of I' and © for different sample sizes
from n = 50000 to 200000 and K = 5,10,20. Not surprisingly, the running
time of the sparse estimators were less than the running time of the debiased
ones as they do not have the debiasing step in the estimation procedure, and
they are not reported in this figure. It is observed from Figure 2| that for any
fixed sample size, the computation time of the distributed estimators is less
than that of the full one and as expected it decreases with increasing K. This
running time is quite close for all owAvg, wAvg, sAvg and Topl estimators.
This behavior is the same for both estimators of I' and ® and shows, as
expected, the efficiency of the proposed estimators in terms of computation
time.

7 Real data example

To explore the performance of the proposed methodology, we used the Pan-
Cancer dataset from The Cancer Genome Atlas (TCGA) project (available at
https://xenabrowser.net/datapages/). This project was started in 2006 and
in 10 years time, TCGA network investigators had characterized the molec-
ular landscape of tumors from more than 11000 patients across 33 cancer
types. This particular TCGA molecular dataset has been studied in multi-
ple works to understand the cancer biology, including those of glioblastoma
multiforme (GBM), ovarian, breast, lung, prostate, bladder and others (see
for instance, |[Akbani et al., [2015; |Cancer Genome Atlas Research Networkl,
2017; [Liu et al. 2018).

Although the estimation of the graph structure of genes can be effective in
identifying the associated genetic variants, external covariates such as single
nucleotide polymorphisms may affect their structure. As such, we applied
the proposed conditional multivariate regression to regress 743 microRNA
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Figure 2: Running time in seconds for the full and proposed estimators
in estimating I' (left) and ® (right), when p = 1100 and ¢ = 550. The
regularization parameters for the distributed estimators are considered as

M = /1og(p)/nn, pr = \/1og(pg)/nx and pr = /log(q)/ny.

mature strand expressions on 27147 tumor gene-level copy numbers and to
model how the microRNA expressions regulate gene expressions. Estimation
of the underlying graph among the microRNAs is also of interest. We further
selected 1164 tumor gene expressions with variance greater than 0.3, and the
final dataset consists of n = 9986 subjects having both ¢ = 1164 covariates
and p = 743 responses.

To compare the performance of the proposed method, we split the dataset
on K = 3,5 and 10 different machines with the same splitting setting as in
the simulation study in Section [0l Tuning parameters are also fixed as in
the simulation study with o = 5% and a Bonferroni correction is applied for
multiple testing. The results are presented in Table |3| and it is observed that
when estimating I', the owAvg and wAvg estimators identify more common
non-zero coefficients with the full estimator, while sAvg and Top1 are further
away from the full estimator. When K = 3, sAvg is close to the full one,
but with increasing K, it grows further apart, such that when K = 10, it
identified only 234 coefficients of which only 217 of them are common with the
full estimator. The same holds for Top1 which identified much less coefficients
compared to the full, owAvg and wAvg estimators. We conclude that there
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Table 3: Significant and common pairs between four competitors and the estimator
using the full dataset. For all methods a Bonferroni correction is applied.

Significant pairs Common pairs
with Full
K K
1 3 5 10 3 5 10
Full 964
owAvg 897 832 828 | 797 756 685
' Topl 300 290 295 | 255 241 186
sAvg 817 466 234 | 735 416 217
wAvg 888 948 1334 | 812 761 778
Full T 6564
owAvg 6168 5917 5535 | 5888 5675 5299
® Topl 3095 2966 2655 | 3060 2933 2632
sAvg 5234 2923 1914 | 5099 2896 1902
wAvg 6120 5463 4169 | 5854 5331 4130

are more common edges between the graphs estimated by the distributed
owAvg method and the full one, while the least similar competitors are Top1
and sAvg. With increasing K, the number of common edges tends to decrease
for all competitors due to the loss of information by splitting data on more
machines.

As it is mentioned in |Wang] (2015)), the tuple hsa-miR-136, hsa-miR-376a
and hsa-miR-377 are the most important genes in identifying GBM cancer.
Topl could not identify any edges between these genes, while sAvg could
identify an edge between hsa-miR-136 and hsa-miR-377, when K = 3. With
the full, distributed owAvg and wAvg estimators, we could successfully iden-
tify an edge between hsa-miR-~136 and hsa-miR-377 and another one between
hsa-miR-376a and hsa-miR-377. However, wAvg missed the couple hsa-miR-
376a and hsa-miR-377 when K = 10. The sparse graphical Lasso estimator
is also considered as a competitor and with this method we identified 37376
edges suggesting that many estimated edges might in fact be false positive
edges.

Afterwards, to investigate the performance of the estimators for com-
pletely independent variables, we permuted randomly sample data for each
variable, thus breaking up the correlation structure in order to construct
a dataset with mutually independent variables. As such, we expect that
there are no selected variables in the estimated coefficient matrix and zero
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off-diagonal elements in the estimated precision matrix. By implementing
separately the proposed owAvg estimator and all competitors on the dataset
with K = 3,5 and 10, we identified no edges in the estimated precision ma-
trix which confirms this assertion. However, a couple of non-zero coefficients
were wrongly identified in the estimated coefficient matrix. The owAvg and
sAvg estimators, both identified around 10 non-zero coefficients, while wAvg
identified 84, which indicates more false positive discoveries produced by this
estimator.

8 Discussion

Splitting a dataset on multiple locations with different sizes is an inevitable
method to tackle the problem of large scale datasets which cannot be read
nor stored in one single location. It is also of contemporary interest due to
today’s security and privacy concerns. The most essential step in distributed
problems is choosing how to aggregate different estimators to a final one.

In this paper, aggregated estimators are introduced for the coefficient
matrix in the multivariate regression models and the precision matrix cor-
responding to the graph structure of the response vector. To build these
estimators, first debiased estimators were provided on each machine and
then, they were pooled together to create the final estimators by maximizing
a pseudo log-likelihood function which is constructed using the asymptotic
distribution of the debiased estimators. Two special cases of the aggregated
estimators, including simple and weighted averages, were provided under
the known variance assumption. Statistical guarantees and the asymptotic
distribution of the aggregated estimators were investigated under sparsity
conditions and a growing number of machines as a function of the sample
size.

It is shown that the aggregated estimators are asymptotically as efficient
as the debiased, full non-distributed estimators and confirm the asymptotic
negligibility of the efficiency loss in the distributed procedure. Moreover,
based on the provided convergence rates, it is deduced that the aggregated
estimators exhibit a similar statistical error as the debiased full estimator
as long as the number of machine is not too large. In the estimation of
the coefficient matrix, it is shown that as the number of machines grows at
the rate of K = O(n™ /(y/log(pq) log(q) max{ss,v/d>})), 0 < my < 1/4, the
final estimator is consistent and asymptotically normal. This growth rate
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adjusts to K = O(n’”/(dl log(p))), 0 < m7 < 1/3, in estimating the precision
matrix. Statistical inference was also proposed based on the asymptotic
normal distribution of the aggregated estimators. These distributions are
valid as long as the number of machines grows at the mentioned rates.

The finite sample performance of the proposed estimators was evaluated
with a simulation study where it was observed that the estimators produced
competitive results relative to the non-distributed estimators that use the
entire data. Since we perform estimation by distributing the computational
load across multiple machines, not surprisingly the computational time com-
parison favors our novel estimator. Moreover, this estimator performed sub-
stantially better than the simple average-based estimator in terms of accu-
racy. It was also observed that the coverage probabilities of the distributed
estimators are close to those of the non-distributed estimators. This points
to the fact that in practice, performing distributed estimation across multiple
machines in our unbalanced framework induces a minimal loss in performance
relative to models using all the data in a centralized location.
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A Proofs of the main theorems and lemmas

A.1 Proof of Theorem 1]

Before starting the proof of Theorem [I we provide a short description of
the nodewise Lasso method from van de Geer et al. (2014)) using the k-th
sub-sample, which is needed later in the proof.

For every j € {1,..., ¢}, use Lasso for the regression problem X ; against
X_;k, where X, and X_; are, the j-th column and nj x (¢ — 1) dimen-
sional sub-matrix of X obtained by removing the j-th column, respectively.
Formally,

R : 1 .
s = o o, {10~ Xl palallef (9
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with components 7, = {0k =1,...,¢,5 # j}. Define

1 —Na2k -~k
e I
—Ng )k —Mg2)k - 1

and write

A

Y5 =diag(7 .- Ton)y  Toe = X — Xojwiwll3/ne + Biel 191,
and finally, set o
M, = Y, 20,

Now to prove Gaussianity in Theorem [1, we mention that & is an ny X p
matrix with independent rows and distributed as N,(0,X). As such, the
random vector vec(§) is distributed as a pnj-dimensional Gaussian vector
with mean zero and covariance matrix (X ®1,, ), which is a pny, x pnj, matrix.
Due to the properties of the vec(+) function,

vee( M Xy & /v/mr) = (1/v/m) (T, © (M X)) vee(é).-

As such, given Xy, the random vector T} is a linear transformation of vec(&y,)
and thus it is a pg-dimensional Gaussian vector with mean zero and variance

Var(Tx[Xp) = (1/m) (T, ® (MyX[))(2 @ L (I, @ (XpM))
=¥ ® (MCMy).

To show negligibility of the remainder term Ry r in (5)), we have

IRkrlloe < v/il[Ty = MiChllocl [T = Tl
< /g1y = M Crl ||| T% — T (29)
Using the KKT conditions, van de Geer et al | (2014) showed that [|CM], —
€jlloo < ﬁj,k/f'j?’k, where M, ;, is the j-th row of My and e; is the j-th unit
column vector with 1 at the j-th position and zero at others. Under the

assumptions (A1) and (A2) and considering the maximum row sparsity dy =
o(,/n;i/log(q)) in Lemma 5.3 of van de Geer et al. (2014), we have

~2
ety e = O
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Therefore, by choosing uniformly p;, =< \/log(q)/ni for each j = 1,...,¢,
we get

ICMy — Lo = max |G Mk — ejlfoc = Op(v/10g(q)/1)- (30)
Substituting and from Lemma (see Appendix [B)) in , we get

IRk.xlloo = Op(s21/108(q) log(pg) /nk).-

Finally, by considering s, = o(n’;l/(log(q) log(pg))), 0 < m < 1/2, the
required result follows. [J

A.2 Proof of Theorem 2
Using , we have that,

115 = Tloe < |[vec(MuX [ ) [oo/mk + [|Rirl oo/ v/ (31)

Due to the properties of the vec(+) function,

[[vee(M X &) lloo /me < 11Ty & M [oo[vee(Xy €)oo/

= O,(v/d2log(pq) /n), (32)

where the last equality is obtained by (i) working on the event Fy(ny, p,q)

with pr =< +/log(pq)/nk, and (ii) by the same argument as in the proof of
Lemma 5.4 from [van de Geer et al|(2014])), as

.....

where M, is the j-th row of M. Under assumptions (Al) and (A2) and

using Theorem , by substituting @ and in , the result in (|7]) follows
directly. [

A.3 Proof of Lemma 1

Before starting the proof of this Lemma, we provide some technical assump-
tions on the sample covariance matrix Cj, which are needed later in the

proof. For more information on these assumptions, the reader can refer to
Yin and Li (2013).
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(C1) There exists an as € (0, 1], such that

sup  |[|(Cr)ss)5:) [(Cr)so)so ()]~ oo < 1 — s,

where (Cy) S5(b)Sa(b) 15 @ sub-matrix of C;, whose rows and columns are
indexed by the elements of S$(b) and Ss(b), respectively, where SS(b)
is the complement set of Sy(b), defined in Section

(C2) There exists a constant Ciay, such that the largest eigenvalue
Amax([(ckz ®1,)s,8,] (Cr® D)s,s, [(Cr®1,)s,s,] 1) < Chax-
(C3) For all ng, > 0, the largest eigenvalue of Cy has a common upper bound
Ag, that is AmaX(Ck) < A3.
Now to prove Lemma , using , we have
IRtolle = vkl = (©x3, 5, = L)(Or — ©) — () — ©)W,0 — OW, 0|

< Vil|©:B, 5, — Lllsolll©k — Olllos + Ve[| — O] [ WO

+ k| OW O |oc.
(33)

To find an upper bound on Hékgkrk — I, ||, We write

10k 5, = Llle = 1Ok 5, — Ok Z + O, — L ||
SE (2 —z)+ékz—@z+@z—1p||oo
= II@)k(kark ~ %)+ (0, - O)T + 0%

=10k 5, —2)+ (Or —O)X -O(%,;, — )
+O%, 1 — 0|«
<118k = B[ [Willso + 11O = Ol|oo[[Z[|c + [|OW |
(34)
Substituting in , we have

IRiolle < v {2lRyellx + [[Riollx + [[Riollx + [Ri oo}, (35)
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where

IRLellx = 1OW,][|l©k — O]l

IR 6llee = [11©x = O|%[[Wi|oo,

IR} el = 11Ok — O[04 — Ol[|rs:.
IR:ellx = |OW;O)l.

Under assumption (B1) for the matrix ©, it holds that
1101l = max €41 < v/dy max[|©ulls < Vil Au(©) = O(V/L), (36)

where O, is the a-th row of ®. Under (B2) and additional assumptions
(C1)-(C3), the conditions of result 1 from Theorem 2 of |Yin and Li| (2013)
are fulfilled, and for the k-th sub-sample we have

1©,—0]|o = Op({16\/§(1+472)(1+8/0z1) mngaa/iH} M), (37)

Nk

where max, X,, is the maximal diagonal element of the covariance matrix 3,
T > 2 is a constant and 7y is a common sub-Gaussian parameter for Gaussian
random variables €', &P, where v = O(1). Moreover, based on result 2
of the aforementioned theorem, the edge set £ (@k), i.e. the edge set created
based on the estimated @k, is a subset of the true edge set £(®) with high
probability. As such, ©,, has at most d; non-zero entries per row, and we get

D dy
|H@k - @H|oo = HlaaXZ ’@ab,k - @ab\ = méiXZ \@ab,k - @ab|
b=1 b=1

dy
< maxz max |éab,k - @ab’
1 b
- d1||®k - ®||O<>>

where @ab’k is the (a, b)-th element of ©,.. Thus, using ,

: log(4p™
1164 — B[] < O, (d1{16\/§(1 +492) (1 + 8/an) max Sygrm } M).

N
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Therefore in (35)), we have

IRkelle < 5y max {|[Ry olloc, [RE0lls: R} 0llc: [Riolloc }  (38)

where

IR} el < Vi Amax(©)[[ Wi |

x O, (d1{16\/§(1 + 44?)(1 + 8/ay) max Eaa,iH} logy(;lpr))’
¢ k

log(4p™
IR? ol < [[W}[|scO (d%{16ﬂ<1+472><1+8/m>mgxzam}2 gflkf’)),

2%)

ng

IR} 6lloe < w20, (d1{16\/_ 14 442 )(1+8/0z1)maana H}

To obtain an upper bound on ||W||s, using Lemma 2 of Yin and Li| (2013),
we can write

/ log(4p™
W, | =0p( M)

ank
where Cy = [128(1 + 44%)? max? 3,,]~!. Moreover,
IRE el = 1©(Yi — XaT'w) "(Y5 = XuLh) /rc = €[/ } Ol

Adding and subtracting X;I" to the first term in Ri’@, we get that

IR ollee < [[1O]I2 {2r|<fk D)X 6l e+ X (B —rm%/nk}.

Under assumption (B1) and by conditioning on the event Fy(ng,p,q), we
have

IR: ol < di{pul|Tk = Tllu + |1 X (Li — T)I[7/ e}

Recall that Sy and S2(b) denote the support of the coefficient matrix I' and
its b-th column, b = 1,...,p, with cardinalities so and sy(b), respectively.
Under condition , by a similar argument as in the proof of Lemma , it
holds that for the fixed design matrix Xy,

[1X(Lx = D)IE/m4 > pisal Tr = Tl
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where fimin = minj<p<p 5. The reader can refer to Lemmas 3| and [4] and their
preliminaries for more details. Combining this inequality with (55| and
from the proof of Lemma [4] we get

20k][Tx = Tl[1 + [ Xu(Tr = D)I[3/ni < 160752/ i

Since fimin € (0, 00), there exists L = O(1) such that 1/p2. < L. Combining
this with pp =< /log(pq)/nk, and substituting in Ri’@, we get

IR} ollo = Op(dis2 log(pq) /me)-

Substituting the obtained bounds in and considering kx = O(1),
kp = O(1), 1/ag = O(1), and v = O(1), we get

IRiellec = Op (\/”_kmax {d}log(p) /ny, &3 (log(p) /nx)*'?, dy log(p) /.,

dys510g(pq)/ ”k}) :

and under the sparsity assumptions d3/ = o(y/n1/ log(p)) and sg = o(ni*/
log(pq)), 0 < w3 < 1/6 the result ||Rk@||oo = 0,(1) follows.

A.4 Proof of Theorem [3

The proof of this theorem is an extension of the proof of Theorem 1 from
Jankova and van de Geer| (2015) by considering a non-zero mean structure.
Under the assumptions of Lemma [I| from the main text, it is shown that

IRi0|l0c = 0p(1). As such, using (L0]), we have
V(95 — Ou) = —\/_{@Wke)}ab +0p(1)
Z o (Y0 =TTX ) (Yo =T X ) "©,
- eab> +o,(1), (39)

where Yl,k € RP and Xl,k € RY are the [-th row of the sub-matrices Y and
Xy, respectively, and ©, and ©, are p-dimensional Vectors coming from the
a-th row and the b-th row of ®. The second equality in (39)) follows directly
since OW, 0 = @Ek r® — ©. To show the normality of the term in (39)),
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define Zab,l,k = @I(th — FTX[,k)(YZ,k — FTXUﬁ)T@b — Gaba l = 1, ey N
Then,

E(Zupux) = G)IE{(YZ,k — FTXl,k)(Yl,k — FTXz,k)T}@b — Oy
= eZ@eb — @ab = 0,

where e, is a p-dimensional unit column vector of zeros with one at position
b and similarly for e,. On the other hand, since Y, — I‘TX“C is a Gaussian
random vector, the variance

O—gb = Var(Zab’l,k) = Var(@aT(Ylvk — ]__‘Tj(l,]f)(Yl’]C — FTXLk)T@b)

is finite. Denote by Z,, = > Zayr. Then, 22 := Var(Z,,) = nol,
Dividing by o4 > 0, we get

V(O 1 = Ow)/0ar = Zu [ 20, + 05(1) [T

It is enough to show that 2, /z, - N(0,1), where <> denotes conver-
gence in distribution. By substituting Z,;; ; in the proof of Theorem 1 from
Jankova and van de Geer| (2015]), with the same argument, the normality of
2.,/ #n,, follows. The reader can refer to|Jankova and van de Geer| (2015) for
more details.

To show 0% = ©,,0y + ©2,, under the multivariate Gaussian distri-
bution of €, which is the [-th row of {;, we have ¢;;, = Yl’k — 1"TXZJ€ ~
N,(0,%), and as such ©(Y;, — T'"X;;) ~ N,(0,0). Using a similar argu-
ment as in the proof of Lemma 2 from Jankova and van de Geer| (2015)), it
holds that 0%, = ©,,0y, + ©2%, and 1/0,, = O(1). T

A.5 Proof of Theorem 4

a) The proof of this theorem relies on Lemma |§|, which shows the negligibility
of the remainder term R,r as ni and K grow. To show the asymptotic
normality of W, r, define

Z nk2®Q ] % Ta,k:
Zir, © MCMlaa\[155, 1@ (MyCM])]a

Y

1 - Zi{:l nk/[2®Q71]aa
where T, 1, is the a-th element of T, from . As \/ZkK_l nk/[ﬁlk’fk(@(MkaMz)}aa

21, see , using Slutsky’s theorem, it is enough to show that (, converges
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in distribution to A(0,1). Defining ¢, = 3, /™= x \/z@) —= MT)] , We
k%“k aa

show in Lemma@that 1Ca—C | B 0as K —ocoandn, — o0, k=1,... K,
and then convergence in distribution of (, follows by convergence in distri-
bution of (/.

Now to show the asymptotic normal distribution of /,, denoting by Z, ;. :=

2 X Lok , we use the Lindeberg theorem (see for instance,
" VI[E&(M.CM])]aa

Theorem 2.1 of |Gut|, 2005). We have that

E(Z. { <\/> ¢2® MkaMT)] |X’“)}

E(Tus | Xk)} o,

N E{ el MkckMTﬂ

where the last equality is deduced from the conditional normal distribution
of Ty shown in Theorem [ Moreover,

K K
2 Mk o 1 2 _ e
> E(Z) - ZE{ 0 XS e (MG an (L | X’“)} =2 =1

k=1

where the second equality is deduced using the conditional variance of T,
which is equal to [£® (M, CrM} )]ae. Now to check the Lindeberg condition,
for every € > 0, we can write

E(szk}l(\zmk\ > €) | Xy)
Y ® (M,.C.MT
Nk )] E{Tik]l“Ta,kl > E\/n[ ® ( kck k)]aa) | Xk},

- TL[E ® (MkaMkT aa Nk
(40)
where I(-) is the indicator function. Following |Jankova and van de Geer

(2015)), pp. 1223, for a random variable X and a positive constant a, one can
write

E(X?L(|X| > a)) = ’P(|X]| > a) + 2/00 uP(|X| > u) du
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Applying this equality to , we get

E(Z2 0(|Zay| > €) | Xy)

¥ ® (MpCiM])|aa
- r( T > o RS OMs
k

an /OO
+ U]P)(’Ta,kl > U | X)) du.
n[X ® (MiCrM])]ua e/n[B@ (M. CyM] )]aa /1 )

(41)

+2
Applying the concentration inequality P(|X — pu| > t) < 2e 22, t € R, for a
normal random variable X with mean p and variance 0%, we get

3 ® (MyCiM oo 2
P<|Ta7k|>€\/n[ ®( k“Ek k)] ’Xk) < 2¢ 2,

N

In the integral, by substituting ¢ := 6\/n[2®(‘1<EZkM”m

, we have

/ WP(|Tos] > u| X)) du

V/[ER(MCM)aa/nk

T 2 oo Y ® (M,C. M/
1

T T
3 @ (MpCpM )]aa€? [, —n? 5
< TL[ ®< 'k k)] € / e 2 dt = 2[2 X (MkaM;)]aae e
1

ng

As such, in ,

77452
E(Z: 1 1(|Za k] > €) | Xi) < 2¢ 25 {€* + 2ng/n}.
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Thus, in the Lindeberg condition, we get

NI S R NER):

k=1,..K k=1

- ZE{ 22, 0(12us] > )1 %) }

k=1,...K k=1

Kn
< lim lim 226 T {e +2n;/n} =0,

K—o0 nk—>oo

where the last equality follows by the dominated convergence theorem.
b) By basic algebra it can be shown that

\/ K ~ ! i
- " (vec(I‘wAvg)a — vec(I‘)a) =W,r+R,r,
VI B, ® (MGCM] g

where

KXo Q! Z\/7
Zk‘ 1 kl" ®(M/€CkM aak 1 \/ E®Q

KXo Q! Z\/7
ak:l"y
Zk 1l X by ®(MkaM | P \/ Z®Q

where T, and R, r are respectively the a-th element of Tj; and Ryp
. : : _ 1 K Tk
defined in ((5)). Consider the random variable (, = NG Yo /=T g

s ;K /m 1

In part a), it is shown that ¢, = >, \/%x Y AT
in distribution to AM'(0,1). On the other hand, one can easily show that |, —
¢l = O,(Kdyv/log(pg)log(g)/n), and then the o,(1) result follows by the
mentioned sparsity condition on dy and with K = O(n™ /(+/log(pq) log(q)
max{sy,d>})), 0 < 75 < 1/2. As such, the asymptotic normality of {, follows

directly. Moreover, the 0,(1) result of the remainder term R;,r is reached by
the same technique as in part a).

T, 1 converges
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c¢) By basic algebra it can be shown that

K3/2 -
— = (VGC(FSAVg)a — Vec(I‘)a)
VO Ber, © (MCMD]a) (S, 1/m)
= W;/,I‘ + R;,I‘»
where
. K2 -1 1
L — VAE2 Q7] y
VI B, © MCMD e /(29 Q1) (SE, 1/ny)
Koo
X Z o Ta ks
k=1
. K[® -1 1
Ra,l" = K \/A [ ® Q ] X :
\/Zk:l[zk,f‘k ® (M.CiM} )]aa \/([E ® QYaa) Xry 1/
Ko
X _Ra,k r
Considering ¢, = L ZK —LT,x and G = ZK
) V(E0Q aa) (TE, 1/ny) k=1 Ve =@ ¢ k=1

T, 1, by similar techniques as in part a), usin
VM My on o, ) Y b part a), using
the Lindeberg theorem, one can show that ¢/ is asymptotically normal with

mean zero and variance 1. Moreover, |(,—C| = O, (d2+/nK log(pq) log(q)/n+)
and |R;F| = O, (s2y/nK log(pq) log(q)/nt), which are 0,(1) under the men-
tioned sparsity conditions and with vK = O(n;r6 /(\/log(pq) log(q)
max{sy,d>})), 0 < mg < 1/2. O

A.6 Proof of Theorem [Gl

a) The proof of this theorem relies on Lemma , which shows the negligibility
of the remainder term Ry, @ as ny and K both grow. To show the asymptotic
normality, define

K n
1 02b k . . . '
w=) —% N (O] (Yo —T X)) (Yo — T X) 0, — O,
g b — \/ﬁo'ab X 6_2b7k ; ( a ( Lk l,k)( I,k lyk> b b)7
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where YlJc and Xl,k: are the [-throw, [ = 1,...,ng, of Y, and X, respectively.
Similarly to the proof of Theorem 4], by defining the sequence

K o
1 . . . .
Cop = E Trow E (©) (Vi = TTX0) (Yo — TTX00) 'O, — O),
k=1 ab -y

we first show that |Cu — ()l B0as K s ocandn, = o0, k=1,...,K,
and then convergence in distribution of ¢/, yields convergence in distribution
of Cup- As it is shown in the proof of Lemmal S the term (1/67,,) = Op(1).
Using Remark [4] we have

K
|Car = o <D \/ﬁlg x O, ( max{log(p)/nx, /dilog(p)/nx})
1 ab

> (O] (Vi — T X 0) (Yo —TTX01) "0, — )| (42)

=1

X

Due to the definition of Wy, in Section , we have that | >, (@I(Yl,k -
FTXZ,k)(Yl,k — I‘TXM)T@I; — @ab)‘ = nk‘{GWk@}ab‘. Under assumption
(B2) and using Lemma 2 of Lam and Fan| (2009), we have

n [ {OW.0} | < 1y [OW 0] < ni|||O]] |2 [ Wil < div/ny log(p).

Substituting this bound in (42)), we get
/ K 3/2 3/2
[R Op(% max {d (log(p))**/\/ny,dy’ " log(p) }),

and under the conditions d°/* = o(y/n1/log(p)) and K = O(n™ /(dy log(p))),
0 < w7 < 1/3, the result |(op — (| = 0,(1) follows.

Now to show the asymptotic normality of ¢/, we use the Lindeberg-Feller
theorem (see for instance, Theorem 4.12 of [Kallenberg,, |1997). By defining
LZapry := e, (Yz ko
— FTXLk)(YLk — I‘TXLk)T@b - Gaba we have ]E(Zab,l,k/(\/ﬁo-ab)) = (0. More-

over,

A S SR 003) = il D= dm Y a=1

..... K k=1 I=1 k=1,... K k=1 k=1
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where the first equality is deduced based on the definition of Var(Zg; )
which is equal to 02, under the p-dimensional Gaussian distribution of &, =
Y”g —I‘TXM. Since the term ng/n is bounded and lim,,, o nx/n = ¢, using
the dominated convergence theorem, the second equality also follows. Since
Zap, 1, are identically distributed for any [ = 1,...,ny and k =1,..., K, we
can write

1
lim lim ZZ 5 E(Zzw’kﬂﬂzab’l’ﬂ > \/ﬁO’abE))

. : n
= lim lim Z 2E(Z3b71’1H(|Zab7171| > \/noawe))

: : 1
= ( lim  lim  —E(Z2 1 11(1Zab1.1| > \/ﬁaabe))>

K—o00 Nk—00
® k=1, K %ab
K on
. . k
X [ lim lim — . (43)
K—oo Mk—00 n
k=1,....K k=1

Under the sparsity condition di’/ 2= o(,/n;/log(p)), Jankova and van de Geer;
(2015) showed that lim, o = X E(Z2, 1 1(|Zap1,1| > v/nowe)) = 0. Due
ab 7

to the fact that n = Zszl ny, the first limit in is zero and using the
dominated convergence theorem, the second limit is equal to 1. As such,
the requirements of the Lindeberg-Feller condition hold and ¢/, converges in
distribution to N (0, 1).

To show the results of parts b) and c), we refer the reader to part b) and
c) of Appendix due to the similar technique which can be used here as
well. [J

B Some technical lemmas and their proofs

Lemma 2. Consider the regression model with random noise matrix &
and random Gaussian design matrix Xy. Supposing [Cyle, = 1, a=1,...,q,
where [Cjlaq is the a-th diagonal element of Cj = X Xy /ng, and choosing

po = (maxi<p<p vV 2w )/ Alog(pg) /nk, where A > 2 is a constant, we have

P(./Tk(nk,p, q)) >1— 2/(pq)A/2*1.
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Proof. According to the definition of the elementwise £, norm, the event Fy
is equivalent to

1<a<q 1<b<p

ng
Fk(nkap7 q) = { max max ’Zg?,kXﬁkl/nk < 90}7
=1

where X/} and 5?7,{: are the a-th and the b-th components of the vectors X
and €;;, which are the I-th row of X and &, respectively. Conditioning

a a . nk b a . .
on X{y,..., Xy ,, the random variable ) ) €7, X[, is a linear transforma-

tion of €}, ..., , and it is normally distributed with mean zero and vari-

ance 7% [Cplaa. Supposing [Crlaa = 1, we get Vop | (X{y, ..., X5 )T ~

N(0,1), where Vo := > %, €7 X% /v/niuXp. With our choice of pg, we have
that,

= max ™ b xa
P( max ‘Zg?leakVnk > ,00) = P< max 1<b<p ‘ 21t Bl lﬂk}

1<a<gq 1<a<q N Max VX
Sher = k 1<b<p bb

>/ Alog(pq)/ nk)

Z?—kﬁthak
<Pl max |=—/——= | > +/Alo
< P s [SEL /gl
1<6<
q p

<Y O P(Va| > VAlog(pg).  (44)

To obtain a bound on P(|V,| > \/Alog(pg)), by conditioning on X :=
(Xfpso o ,ng’k)T, a=1,...,q, and the Gaussian concentration inequality

P(|X — u| > ot) < 2exp(—t?/2), t € R, for a normal random variable X
2

with mean p and variance o, we get
P(|Vas| > v/ Alog(pg)) = /P(IVab! > \/Alog(pg) | X* = x") fxe(x") dx*
2
< 2exp{—Alo 2 / o(xX) dx* = ———
p{ g(pg)/2} [ fxe(x*) (pq) A/
(45)
Substituting in , the result of lemma follows directly. O]
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Before providing Lemmas [3| and |4} we need some preliminary notation.
The results are provided under the Restricted Eigenvalue (RE) condition.
The following definition from Raskutti et al. (2010) defines the RE condition
for the population covariance matrix and is essentially equivalent to the RE
condition of Bickel et al. (2009). For a given subset G C {1,...,¢} with
cardinality ¢ = #G and a constant 6 > 1, define the set

C(G;0) = {v e R [ |Jvge|l < dllvalli},

where vq is the restriction of v to G and has zeros outside the set G. The
symbol G denotes the complement set of G.

Definition 1. (Raskutti et al., [2010) A deterministic covariance matrix Q
satisfies the RE condition over G of order g, if there exist constants (0, u) €
[1,00) x (0,00) such that

11QY2v||y > pl|v||a,  for all v e C(G;9),
where Q!/2 is the square root matrix of Q.

Note that Definition [l provides a lower bound on the ¢, norm of the
product between Q'/? and the vector v. As in the multivariate regression we
have a matrix of coefficients not a vector, we need to provide a lower bound
on the product of Q2 and each column of the coefficient matrix. To this
end, consider the matrix V € R?*P in general, and denote its vectorized form
with v := vec(V) such that v = (I/(Tl), e V(;))T € R?, where v € R? is the
b-th column of V, b =1, ..., p. To simplify the notation and having one index
for the elements of v, denote the index set of vy as {¢(b—1) +1,...,qb},
b=1,...,p. Consider G, C {q(b—1)+1,...,qb} with cardinality g, = #G}
and complement set Gf. For a constant o, > 1, define the set

C(Gy; 0) = {vw) € RY | [|[vweslly < 0lllvwla, |}

where [v()]q, is the restriction of v to G, which has zeros outside the subset

Gy.

Definition 2. A deterministic covariance matrix Q satisfies the multivariate
restricted eigenvalue (MRE) condition over G = {Gy,...,G,} of order g =
> h_1 b, if there exist constants (0p, 1) € [1,00) x (0, 00), such that for every
b=1,...,p,

1Q vl = mllvllz,  for all 1) € C(Gyi dy).
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Definition 3. The sample covariance matrix Cj = XkTXk /ny of the design
X satisfies the MRE condition over G = {G},...,Gp} of order g = >7_, s,
if there exist constants (0, ttp) € [1,00) x (0,00), such that for every b =

17 A 7p7
V(—E)Cky(b) = HXkV(b)Hg/nk Z ug||V(b)|‘§, for all l/(b) S C(Gb; 55) (46)

To introduce Lemma |3] let Sy(b) be the support of the b-th column of T
By vectorizing I' and rewriting its columns as explained for the general matrix
V, we have Sy(b) C {q(b— 1)+ 1,...,qb}, with cardinality ss(b) = #S2(b)
and complement set S§(b). For a constant &, > 1, denote the set

C(S2(b); 8) := {vy € RY | [|[v]ssw |t < dlllvw) sl }s

where [v()] s, is the restriction of v to S»(b) which has zeros outside the
subset Sy(b).

Lemma 3. Consider the regression model for the k-th sub-sample with
random Gaussian design X which has independent and identical N, (0, Q)
rows, and denote the maximum diagonal element of Q by Q.x. Suppose that
Q satisfies the MRE condition over Sy of order s, for all vectors in C'(S2(b); 0p)
with parameters (0, i1p), b = 1,...,p. On the event Fi(ng,p,q), for some

positive constants ¢, ¢ and ¢”’, if the sub-sample size n;, k& = 1,..., K,
satisfies Q. (14 5,m)?
max + max
ng > 12 - s9log(q), (47)

where fipin = minj<p<; (i and Opmax = Maxi<p<p Op, then we have

|| Xk (T,

)| -
M (/808 T ()

with probability at least 1 — ¢’ exp(—cny).

Proof. In general, consider the matrix V € R?? with the b-th column v,
b=1,...,p, and its vectorized form as v € R?. We have

(49)

X Vlle _ [lveeXuV)[l2 _ [I(T ®Xk VIIz 2 bt IIme 15
\/ Tk A/ T

48



Using Theorem 1 of Raskutti et al. (2010)), under the Gaussianity of the
design matrix Xy, we have

Xevlls _ 1 log(q)
A/ T 4

with probability at least 1 — ¢ exp(—cny). Under the MRE condition of Q

for all vectors vy € C'(52(b); 0p) with parameters (i,65), b = 1,...,p, and

the relation between ¢; and /5 norms, we get

v

Q212 — 9Qumax lv@lly,  forall vy € RY,

| X | |2 1 ss1og(q) ) 2
vl 5 1 = 9Qua(+ G222 V2 (50)
N 4 Nk
Substituting in ,
XV 1 s9 log(q
M > {Zumin - 9Qmax(1 + 5max) 2—()} (51)

Vi
Applying the lower bound in for some constant ¢’, we get

Xk VIlr/ Ve 2 (pmin/8)|[V]|F. (52)
Note that using in the proof of Lemma |4, we have

N

ITs5x — Toglls < 4||Ts, 0 — Ty [1, (53)

where I'g, and I s,k are the matrices I' and I, which have zeros outside the
set Sy, respectively. By the same argument as in the proof of Lemma {4] for
univariate linear regression (see for example, Bickel et al., 2009), a similar
inequality to can be written for the b-th column of I’y — " and it can
be deduced that the b-th column of T’y — T is in C(S2(b); dp). As such, by
replacing V with I',—Tin , the result in follows directly. O]

The following Lemma provides a convergence rate on the coefficient ma-
trix estimator I'g, by a similar approach to that of (Cai et al.| (2013) for the
Dantzig selector.

Lemma 4. Under the conditions of Lemma |3| and the lower bound on
the sub-sample size ny, with probability at least 1 — ¢ exp(—cny.), we have

1Tk = Tl = Oy (s2v/10g(pa) /nn)- (54)
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Proof. Consider the regression model and recall the Lasso solution ({3)).
Due to the fact that I'y minimizes the loss in (3)),

|1Xi (T — i) [%/(2n) + prl ITwl|1 < trace((Ty — T) X[ &) /ni + pil Tl 1,
where

trace((f‘k —T)'X[ &) < trace((f‘k — )X &)

(vec(Ty — I‘))Tvec(X;&c)

< [Tk = Tl | vee(X, €)oo,

where the last inequality holds due to Holder’s inequality. Now, on the event
Fi(ng, p,q), by a similar argument as in the univariate regression (see for
example, chapter 6 of Bithlmann and Van De Geer, 2011, we get

[1X(F — D)7 N pellTe = Tl

< 20|ITg, . — T 55
o 5 < 20Ty 6 — Tsy 1, (55)

where I'g, and f‘s%k are the matrices I' and T’y which have zeros outside
the set Sy, respectively. Due to the relation between the elementwise ¢; and
Frobenius norms of a matrix, we have

1T, = Taalli < v/5l|T — Tl (56)

Substituting in and then applying Lemma [3|under the lower bound
on the sub-sample size n;, we get

[1X(T — D)l N pellTe =Tl
2

8 || Xu(Ty —T)||r
< 2014/
o > 2Pk S2(M ) )

min V1

with probability at least 1 — ¢’ exp(—cny,), and
|| X5 (T _f‘ks)H%/nk < 16PZ32(8/Mmin)27 ||f‘k ~T; < 8Pk;82(8//~bmin)2- (57)

Since fimin € (0,00), there exists L = O(1) such that (8/pumin)? < L, and by

considering py =< +/log(pq)/ns, the result of follows. O
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Lemma 5. Consider the regression model where X satisfies assump-
tions (Al) and (A2). Suppose that the eigenvalues of X, the covariance
matrix of the noise, are uniformly bounded. On the event Fy(ng,p,q) with

regularization parameter py, < +/log(pq)/ny, we have

1255, = Blloo = Op(max{y/log(p) /nx. 52 log(pg) /ni}), (58)

and under the sparsity condition s, = o(nj'/(log(q) log(pq))), 0 < m < 1/2,
we get |2, 5 — X[ = 0,(1).

Proof. Recalling that &, = Y — XTI, by adding and subtracting & & /ny to
Ypp, — 2, we get

12500 = Blloo < 116 &0/ = Blloo + 11y 1, — & Ex/nblloo- (59)

Under uniformly boundedness of the eigenvalues of 3, using Lemma 2 of
Lam and Fan! (2009),

166 /1 — Blloo = Op(v/log(p) /10)- (60)

To find an upper bound on the second term of , by adding and subtracting
XkF to Yk — XkI‘k, we get

1205, — &k Er/7kl oo

= 1(& — Xa(@s =) " (& — Xp(Dy — ) /ns — & &/l oo
< 2/|(Ty — D) X & /il oo + ||(Dk — D)X Xy (Th — T) /1o (61)

Using Lemma , on the event Fi(n, p, q),

2/|(T = T) "X /e oo < 2|[T% = T |1X €kl oo /76 = Op(s2108(pa) /1)
(62)
On the other hand,

(T = T) "X X4 (T = T) /il oo < |1Xi(T = T)|[3/14 = Op(s2l0g(pq) /),
(63)

where the last equality is due to the fact that in (57)), ptmin € (0,00) and
= +/log(pq)/ny. Substituting and in and then substituting
and in , the result in follows. O
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Lemma 6. Consider the regression model (2) where X, satisfies assumptions
(A1) and (A2), and consider the maximum row sparsity of Q™! as dy =
o(,/ni/log(q)). Moreover, consider the coefficient matrix I' with sparsity
condition sy = o(n}”/(log(pq) log(q))), 0 < m < 1/2. Suppose that Td,
k=1,...,K, is the k-th debiased estimator in with tuning parameter
pr =< +/1og(pq)/ni and fOWAVg is the pooled estimator in . Let ng/n —
cr € (0,1) as ng grows, such that limg Zle ¢, = 1, and consider the
remainder term R, r defined in . Then it follows that

IRor| = O, (Ks21/log(pg) log(q)/n), (64)

and if K grows at the rate K = O(n™/(y/log(pq)log(q) max{ss, /d>})),
0 < my < 1/4, we have |R,r| = 0,(1).

Proof. First note that using Lemma , Hﬁ)krk —3] 40| = O, (max{+/log(p)/ny,
s21og(pg) /nk}), where we recall that A,, is the a-th diagonal element of an

arbitrary matrix A. Moreover, under the sparsity condition ds = o(,/n1/log(q)),

with tuning parameter p;, < 1/log(q)/ni in the nodewise Lasso regression
[28)), using Lemma 5.4 of van de Geer et al.| (2014), we get |[M;CiM, —

Qil]aa| = Op( \/ ds log(Q)/nk) As such,

[Ek,f‘k ® (MkaM;)]aa -[Z® Q_l]aa‘ = Op( max{/dz log(q)/n,
Vv log(p>/nk7 52 log(pq)/nk}),

(65)

where under the sparsity conditions dy = o(,/n;/log(q)) and s, = O(n?l /
(log(pq) log(q))), 0 < m1 < 1/2, we get

[Ek,f‘k ® (MkaMg)]aa -[Ze Q_l}aa‘ = Op(l)-

As such, [ﬁ]krk ®(M},C M, )]aa is a consistent estimator for [X®@Q1],,. Us-
ing the continuous map g(z) = 1/z, we get [E@Q_l]aa/[2k’fk®(MkaMg)]aa

%, 1 and since ny,/n — ¢, then (ny/n) x [E@Qil]aa/[ﬁkvfk®(MkaMg)]aa 2,
¢, as np — 0o. Using the dominated convergence theorem and the assump-
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tion lmpg_ oo Zszl c, =1, we get
lec{:l nk/[ﬁ]k,f‘k ® (MkaMgﬂaa
Sy /(2 0 Q Vaa P

[
™)~

{nk/[gkrk & (MkaM;)]aa}
ZkK:1 /(2 @ Q aa

by -1
{%X ] [ ®Q ]aaT }gl,
no 35 © (MpCyM; e
(66)
as K — oo and np — oo, k = 1,..., K. Again, by considering the con-

: K7 2 -1 aa
tinuous map g(x) = 1/4/z, the sequence \/Zf_lik/_[é:;/k[®§\?kCLMZ)]aa con-

verges in probability to 1 as K and ng, & = 1,..., K, grow. As such,
due to the definition of R,p, it is enough to show the bound for

\/TLk[E@Q aa . .
Y et NS R, r, with R, ;1 the a-th element, a = 1,..., gp,

of Ry r from .

We first show that 1/[2,6,“ ® (M,CiM] )]ua = O,(1). Note that [ﬁlkrk ®
(M;,C1. M, )]a is nothing else than the a-th element of the outer product of
the diagonal elements of E rr, and M;CM/]. Thus, it is just needed to
find a lower bound for the dlagonal elements of these two matrices. By
construction, the diagonal elements of E rp, are always positive. Combining
Theorem 2.2 of van de Geer et al.| (2014)) and the reversed triangle inequality,
for each a € {1,...,q} we get

Q| = [IMCiMy ool < 1Qz — [MCiMy Jua| = 0,(1). (67)
Since Q! is positive definite, using assumption (A2) we get Q1 > Anin(Q71)

> 1/A;. As such, for sufficiently large ny, using we have that
|[IM;CxM/ ].a| > 0. Thus, for every a,b,c € {1,... ,q}, there exists a bound
Jj, such that

1 1 1
~ < —= < —
2ir, @ (MRCiMaa (B I [MeCiMee| — Ji

By the fact that [ ® Q7 !],, does not grow with n, using Theorem (1| and
combining it with (| . we have that

‘ Z \/nk 20 Q N a,k,l'“ < Z vV nk/n‘Ra,k,I‘| x 0,(1)

k=1 kl" ® (Mkc MT)]

1

[
[M] =

i

1

= Op(1).  (68)

<0 (K s21/log(q) log(pq) /n).
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Considering the sparsity conditions sy = o(n (log(pg)log(q))), 0 < m <

1/2, dy = o(,/ni/log(q)) and K = O( ™ /(y/log(pq) log(q )max{sz,\/@})),

0 < my < 1/4, the 0,(1) result follows immediately. O

Lemma 7. Under the assumptions of Theorem [, by considering

Z ’I’Lk E ® Q ] % Ta,k
n[S, 5, ® (MrCM])]aa VBr, © (MCM] g

)

where T, is the a-th element of T}, from , and

CI — i @ X Ta,k
=V /20 (MCM] )]

we have |¢, — ¢}| & 0 on the event Fi(ng,p,q), as K — oo and ny — oo,
k=1,... K.

Proof. Denoting the sequence (! = Zk LV \/[z: = Tak . we
kI‘

M, CiM])]aa

show that |§a ¢! —> 0 and |¢” —¢'| & 0, and then automatically, |¢, — .| &

0. Using (68), 1/[%, 5, ® (MkaMT)]aa_O (1). Thus,

K
¢ <
k=1

Moreover, using we get

% V [2 ® Q_l]aa - \/[gk,f‘k X MkaM;]aa X }Ta,k{‘

K
‘Ca — CZZ\ < Z %|Ta,k‘ X Op(max{\/d2 log(q)/nx, v/log(p) /1,

5 log(pq)/nx})- (69)

On the other hand,
Ty, = vec(M X, & /v/m) = (I, @ My)vece(X &)/ v/,
and working on the event F(ny,p, q), by considering pp =< \/m,
ITilloe < VRO, (Vioga) fr) 1T, & Ml (70)
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By the same argument as in the proof of Lemma 5.4 from van de Geer et al.
(2014),

.....

where M, is the j-th row of My. As such, in (70), we get ||Ty||cc <
O,(1/dzlog(pq)). Substituting this result in , we have

60— 21 = 32 /20, (Ve Toglp) % wax{ v/ os(o) s, 08051

s2log(pq)/mi})
< O, (K+/dylog(pg) /n x max{+/dz1og(q), /log(p),
s2log(pq)/\/nr}),

where by considering the sparsity conditions sy = 0(71?1 /(log(pq) log(q))),

0 <m <1/2,dy = o(,/m7/1og(q)) and K = O(n™ /(1/log(pq) log(q) X

max{sz, V/da})), 0 < 74 < 1/4, the 0,(1) result follows immediately.
Now, to show |C(’l’ — C(’l} 20, by the same argument,

K
(RS S
k=1

X ‘ka}
23 V2 ViEe MLCM L, - VER QT
k=1
+ ‘\/ [2 ® Qil]aa - \/[Sk,f‘k ® (MkaM;—)]aa }’Ta,k}'

Similarly to the proof of |¢, —”| £ 0, by considering the mentioned sparsity
p
— 0. [

VI ® (MCM] )u — 1/[5, 5, © (MLCM]

conditions, we conclude that ‘C;’ -

Lemma 8. Consider the regression model ({2)), and suppose that assump-
tions (B1)-(B2), (C1)-(C3) from Appendix and from Appendix
[B] hold. Consider the coefficient matrix I' with sparsity condition s, =
o(ni*/log(pg)), 0 < m3 < 1/6, and the precision matrix © with maximum
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node degree di’/z = o(y/ny/log(p)). Suppose that (;)z, k=1,...,K, is the
k-th debiased estimator in (10) with tuning parameter A, < /log(p)/n; and
Oowavg 18 the pooled estimator in (19). Let ny/n — ¢x € (0,1) as ny, grows,

such that limg_ Zle ¢, = 1, and consider the remainder term R, e de-
fined in . Then it follows that

K
Rue| =0, (% max {di/* log(p), d} (log(p))** / /5, d s 10g(pf1)}> . (T1)
and if K grows as K = O(n™ /(dylog(p))), 0 < 77 < 1/3, we have |[Rue| =
op(1).

Proof. By a similar argument as in the proof of Lemma [f] and using Remark

K 2
, the sequence ,/Z;?:l—n’“/f;b converges in probability to 1 as K and ny,
2 k=1 "k/%b,k

1,..., K, grow. As such, we just need to show the boundedness of
ZkK \ Um FU‘“’ Rab re. Due to the positive definiteness of the graphical Lasso

estlmator deﬁned m . there exists a positive constant L, such that with
high probability &2, , > A2, (©) > Ly, where Apin(©}) is the minimum

eigenvalue of @, and then the term 1/ 62 = Op(1). Moreover, using (12),

|Z \/_aab Rukel| < Z \/150 (max{d/ log(p), d3(log(p))*'?/\/ns,

dysylog(pq)}),
and the result in follows directly. By considering the mentioned sparsity
and K = O(n™ /(d, log(p))), 0 < w7 < 1/3, one can reach the o,(1) rate. O

C Extra simulation results
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Table 4: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets, for the
proposed estimators and different competitors, when n = 25000.

Active set Non-active set
K K
1 5 10 20 1 5 10 20
Full | 1.00 6.50
(.01) (.01)
owAvg 1.03  1.08 1.8 672 715 779
(.01) (.01)  (.01) (01)  (.01)  (.01)
T Topl 1.39 146 119 912  9.60  7.85
2 (.01) (.01) (.01) (01)  (01) (.01
g sAvg 159 2.88  3.95 1027 1691  20.15
(01) (.02) (.03) (.03)  (.02)  (.03)
wAvg 104 125 181 680  8.00  10.10
6 (.01) (.01) (.01) (01)  (.01)  (.01)
SFull | 2.74 35
(.01) (.00)
o STopl 282 284  2.88 131 156 2.28
g (.01) (.01)  (.01) (01)  (.01)  (.01)
@ SsAvg 254 229  2.04 429 737 883
(.01) (.01) (.01) (01)  (.01)  (.01)
SwAvg 259 245  2.22 1.93 277 4.01
(.01) (.01) (.01) (.00)  (.00)  (.01)
Full | 1.55 15.43
(.01) (.02)
owAvg 1.62 1.74 155 16.18 17.30  14.28
(.02) (.02) (.01) (02)  (02)  (.02)
T Topl 221 234  2.67 22.08 23.33  26.65
2 (.02) (.02) (.03) (.03)  (.03)  (.03)
g sAvg 242 391  7.09 24.17  39.04  70.18
(.02)  (.04) (1.45) (.03)  (.06)  (14.36)
wAvg 1.63 1.90 3.38 16.30  18.93  33.51
r (.02) (.02) (.61) (.02)  (.02)  (6.03)
SFull | 4.79 1.82
(.00) (.00)
s STopl 480 480  4.80 1.91 193  1.99
2 (.00)  (.00)  (.00) (00)  (.00)  (.01)
@ SsAvg 467 423 417 203 282  3.11
(12)  (.02)  (.02) (02)  (.01)  (.01)
SwAvg 475 459  4.51 1.82 184  1.98
(.04) (.01) (.01) (.02)  (.00)  (.00)
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Table 5: Average coverage probability and average length of the confidence
intervals over 500 repetitions for the proposed estimators and different com-
petitors, when n = 25000.

Avg.Cov Avg.Len
K K
1 5 10 201 5 10 20
. Ful [o4 02
2 owAvgl .94 94 95| .02 .03 .03
£ Topl 94 .94 94 .03 .04 .03
T sAvg 92 89 90| .04 .06 .08
o wAvg| 95 98 .98 .03 .04 .06
o Ful |95 02
Z  owAvg| .95 .96 96| .02 .03 .03
=8 Topl 96 .96 .95 .03 .04 .03
5 sAvg 94 94 97| .04 .06 .08
“ wAvg| 97 9% 98] .03 .04 .06
_ Ful [.95 08
S owAvgl 95 95 92| .08 .09 .07
£ Topl 95 .95 .95 .11 .12 .14
S shwg 94 .92 90 .12 17 .27
r wAvg| .96 .97 .98 .09 .12 .20
»  Full |95 08
Z owAvg| .95 95 94| .08 .09 .07
¢ Topl | .95 .95 .95 .11 .12 .14
g sAvg 94 .92 90| 12 17 .27
“ wAvg| 96 .97 98] .09 12 .20
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