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Preface

I began this work intrigued by what a modern tool — PEP — seems to promise
as a kind of Holy Grail in optimization: automated convergence rates for
optimization methods. That is what I tried to pursue over the years. However, 1
underestimated the path from numbers and nice plots to actual formulas. I still
remember that, when applying for a doctoral position, I wrote in my motivation
letter that I like writing proofs. This was true (and still is, depending on the
day), but I did not realize how many proofs I would end up writing. As my
father used to tell me when I was a kid: even if you love pizza, you might start
to dislike it after eating it for weeks.

My OCD and perfectionism kept me chasing patterns and proofs for months
(and sometimes years) in each chapter, even when I was told it might be better
to move on. Without them, this thesis might be more scattered and more
practically oriented, with more numerical experiments and a few more analyses
that are, in hindsight, less tight than I wanted. Finishing my PhD feels like
reaching the end of a journey, sometimes a race against the clock, against low
energy, and against growing responsibilities. But other races are still to come.
For now, I feel it is my responsibility to thank everyone who helped build the
person writing these lines: Dr. me.

Supervisors. When I started my PhD, I saw a meme saying that the supervisor
matters more than the research topic or even the student. I thought it was a
silly joke and could not possibly be true. After a few years, I understood the
importance of such a great academic parent and how much of a guide they can
be in the highly challenging and demanding world of research. How lucky I was
to have not one, but two such guides: Prof. Panos Patrinos and Prof. Frangois
Glineur!

When I applied to the open position with Panos, I was merely testing the
waters: my background did not fully match the requirements, beyond a strong
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interest in numerical methods. Still, he believed in me from the beginning,
waited almost a year until I could start, and then supported me with his broad
knowledge, spot-on references, and clear guidance on how to fill my gaps. 1
also deeply appreciated the friendly and smart-working oriented atmosphere
in his group and the rare balance between freedom in research and thoughtful
supervision.

I cannot help admiring how Frangois always seemed to be several steps ahead
of my research, with intuitions that felt obvious only later, and that I would
reach myself weeks later, often after other additional meetings. Many times I
challenged his ideas, chose my own (often stubborn) path, and got stuck — until
I had to acknowledge that he was right again. Beyond that, I deeply appreciated
his genuine care: making me feel welcome, solving countless administrative
issues, and introducing me to the fascinating world of PEP, where he has
been one of the main contributors. Even with my strong preference for truly
last-minute submissions, he was always there, offering invaluable help. I will
always remember our long whiteboard meetings, playing with equations and
brainstorming about worst-case behaviours — moments that made my childhood
dream of research feel real.

A big and sincere thank you to both of youl!

Committee. [ would like to thank all members of my examination committee
for their careful reading of the manuscript and for the valuable feedback that
helped improve this work. I am grateful to Prof. Nick Vannieuwenhoven for his
out-of-the-box remarks during the yearly presentations, which often challenged
my way of thinking. I thank Prof. Nelly Pustelnik and Prof. Aritra Konar
for their constructive comments and suggestions, which directly contributed
to improving the quality and clarity of this manuscript. I thank Prof. Julien
Hendrickx for creating an atmosphere of trust during our interactions in LLN,
which reinforced my confidence and optimism in my research. Finally, I thank
Dr. Adrien Taylor for the many insightful discussions we had; as I often told
him, each of them gave a noticeable boost to my research. I also thank Prof.
Adhemar Bultheel for chairing my defenses.

Institutions and support. I would like to thank the support provided by the
Global PhD Partnership KU Leuven—UCLouvain. Whenever I needed help,
I received it at both universities. In particular, I thank Elsy, Ida, John, and
Aldona (at Stadius), and Marie-Christine and Pascale (at INMA).
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Colleagues. There is a high risk that I will miss some people who deserve
credit; please accept my apologies in advance!

I must thank Puya for years of (caring) mockery: “drop the numbers and write
real proofs” or “remove the epilepsy-generating plots”. While I might agree
with the first part, the second is non-negotiable (Giovanna clearly liked them).
Miguel, you made our move to Leuven much more pleasant, and I am glad we
still keep in touch. Manu, thank you for our silly discussions about optimization,
industry, and life, for the funny accents, and for the good times, whether in
the office, cleaning out the RV in the middle of nowhere, or laughing so hard
at a conference that we nearly ruined the session. Robin K., you inspired me
with your way of balancing PhD life and fatherhood. Renzi, we started the
PhD almost at the same time, and I learned a lot about perseverance from
your example. Awesome Brecht, the weak-Minty engineer: one day we will
finish PEPing some nice 72-regimes proof, hopefully in some remote location
that only you can find. Mathijs, despite hosting my birthday at your place
and listening to my silly jokes for years, you still seem to enjoy my presence;
a true leader (thanks Celine & Julia). Peter, the rigorous all-rounder, thank
you. Pieter, even your C++ skills could not prevent political overflow; thank
you for our evening office talks. Jan, I am disappointed that you managed to
go two whole months without a strong paper in a top venue during your first
year of PhD; truly impressive. Kosta, even Siberian enemies can become good
friends. Alex, thank you for your genuine care for others, even when your brain
generates one research idea per minute (and yes, you can always share them).
Leander, I truly admire your “nothing can stop me” attitude. Jia, I am still
running on your Chinese water. Matisse, you’ll nail it! T am also grateful to
Pourya, Jean-Pierre, Robin B., and Francesco.

I would also like to thank the other current and former Stadius members, with
whom I played football, beach volleyball, padel, tennis, or badminton; attended
concerts and parties; and enjoyed many coffee-break discussions that made days
at ESAT genuinely enjoyable. Raphael, your constant enthusiasm for almost
everything is contagious. Angeliki, our perfectly balanced complaint-and-relief
conversations were always on point. Simon, looks like your planning obsession
is actually useful sometimes. Thomas, I finally met someone more competitive
than I am. Many thanks also to Amir, Cem, Charles, Charlotte, Guanchun,
Helene, Joran, Konstantinos, Lennert, Luis, Maarten, Manos, Miguel, Nefely,
Nico, Rob, Robin W., Stijn, Tim, and Zander.

Even though I spent less time at INMA, I always felt welcome whenever 1 was
there. Many thanks to my office mates Philémon, Hazan and Florentin. I
also felt right at home among the other PEPers, and I was lucky to discuss
my research with Nizar (and my best wishes to Appoline as well), Anne,
Sébastien, and Yassine, as well as with the fresh generation: Pierre, Erwan,
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and Martina. I also enjoyed exchanging with non-PEP optimizers, in particular
Anton, Dana, Guillaume, Mihai, Nikita, and Sofiane. Finally, thank you to
the young and highly motivated professors Geovani and Estelle for the many
pleasant discussions.

Special thanks to Moslem and Hadi: you were both path-openers and the fuel
that pushed me to publish my work faster; I am very grateful to have met you
both.

Teachers. During my school years, I was lucky to meet professors who had
a dramatic (in the best possible sense) impact on my life: Daniela Davidescu
(who boosted my love for maths and travelling), Monica Cristea (who taught me
that poetry is the grammar for life, like maths is to science), Dorel Haralamb
(who shaped my critical eye and deepened my understanding of physics and
human nature).

I would also like to thank my professors from University Politehnica of Bucharest,
who pushed me to study more, and (almost inevitably) nudged me towards a
PhD: Bogdan Ciubotaru (deep thanks for continuous friendship and guidance),
Bogdan Dumitrescu (the professor who got me hooked on numerical methods),
Ton Necoard (my first contact with optimization), Cristian Oara (a leader who
insists on mathematical rigour in engineering), and Florin Stoican (for work
ethic and dedication to students).

I must thank the other Duamne in the group of ACSE fans: Andrei, Denis, and
Sabin — my doctoral brothers — who were role models in different aspects of
research, teaching, and dedication to improving academia.

I also want to thank Ionela Prodan, who helped me enormously during the
transition from my Master’s to my PhD—and I apologise for not choosing the
applications-and-control path. Ionut Farcas was a tremendous help during some
of the hardest periods of my academic life, especially during COVID, always
believing in me and supporting me despite the strong evidence that I was close
to failing.

Friends. Elvira, I am happy that, after so many years of questioning together,
you now know what you want to do in life. I promise not to betray you: I will
keep searching. Delia and Bogdan, you were the hidden treasure we found after
moving to Leuven; thank you. Mister Alex, you kept me on track by constantly
asking how I was doing, and I am also forever in debt to you for training me
to work late at night. Bogdan, I am very happy that our friendship is now 20
years old, built on chess, maths, and coding; thank you for all your help over
the years. Vlad, you are the maestro showing that true passion can break the
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established PhD routes, because chess rullz. Andrei and Ana, wait for us. 1
also want to thank Anca, Bea, Cici, Corina, Dan, Denisse, and Maria.

In memoriam. I want to remember those I miss: Bunelu (find joy while staying
serious), Mau (strong life lessons from when I was a kid), Mamaia (a touch of
severity, and a lot of love), Olguta, and Vasile Corduneanu (chess-based lessons
about how the world works).

Family. However, the first professor I ever interacted with is my father. A
day-to-day physics teacher, he is the all-rounder who made me feel bored in
school, the person I always felt had the answers, and the one who opened my
eyes to the beauty of maths even as a pre-schooler. I know I have disappointed
you by not following the predicted tomberonist career, or your second proposal,
chasing goats in the hills. To be fair, that might indeed have been a less stressful
learning path.

To my mother, mersic is not enough. Always there, always present, day and
night: for every silly request or joke I made, you still replied with love and
help. People hide many things underground, but those bricks of trust are the
strongest foundation one can have in life. Tucam pupam!

Oh, SisMatusAna, I am happy you finally stopped chasing me through life
in order to prove you can do better. This time you were also smarter. And
honestly, you always have been — even back when you let me steal your bank,
when we played with knives, or when we were indoor, full-pipeline, firefighters
(yes, we survived). Also, thanks to Cristi!

I also thank my special aunts, Mona and Lila, for their constant support,
encouragement, massages, and their always-warm thoughts. I also want to
thank my parents-in-law, Emi and Dana Andronic, and my sister-in-law Andra
for their support.

The last years of my PhD, although among the hardest, were also full of joy
thanks to Nadia’s smile. Even when we did not see each other for days (the
intersection of our wake-up schedules was empty), you always reminded me
what matters in life—not some edge-case detail in an intricate proof, but love,
in full.

Lastly, in the traditional spirit of blaming the wife, I(i)ustina is the guiltiest
person responsible for this PhD: you found the position, (almost) submitted the
application for me, insisted on moving from Munich to Leuven, and we even
ended up working on the same floor for our PhDs. You supported me even
when I showed more empathy for PEP simulations than I did for you, in my
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never-ending search for patterns. You are a great wife, mother, and researcher,
and I am very proud of you. We went through the rough PhD years together.
Multuteiu mult, (soon Dr.) Ius!

Teodor Rotaru
Leuven, February 2026



Popularized Abstract

Computers constantly solve optimization problems, which means finding the
best possible solution according to some (well-defined) criterion. Many tasks
use first-order methods, which follow the “gradient”, or the steepest downhill
direction, to find the answer. The most famous example, and the base for many
of these methods, is gradient descent, which is a key focus of this thesis. This
method is like a hiker always walking downhill to find a valley’s lowest point.

Standard optimization research often focuses on smooth and convex problems,
where gradients change gradually rather than abruptly and the surface is bowl-
shaped and with a single minimum. This work goes beyond that setting to study
smooth weakly convex problems, where curvature can occasionally be negative
(sine-like), leading to multiple minima yet still allowing reliable progress with
gradient-based methods. Such problems commonly arise in machine learning,
where complex models produce structured but nonconvex landscapes.

While we know these methods work, we often only have a general idea of
their speed. We might know the distance to the optimal solution shrinks
roughly like inverse proportionally to the number of iterations, but this hides
the constants determining the precise performance; for example, an algorithm
can be guaranteed to be twice as fast. This thesis finds the exact speed limits
that cannot be improved for gradient descent and other key algorithms. This
shows their true, guaranteed theoretical performance, which may be reached in
a worst-case scenario.

To find these limits, the research uses methods inspired by a modern technique
called performance estimation problem (PEP). This approach uses a computer
to figure out the absolute worst case scenario for an algorithm. Understanding
this worst-case limit is vital because it marks the boundary of what these
methods can ever achieve. This deepens our knowledge of the mathematical
engines that drive modern technology, from artificial intelligence to engineering.






Gepopulariseerde
Samenvatting

Computers lossen voortdurend optimalisatieproblemen op: ze zoeken de best
mogelijke oplossing volgens een duidelijk criterium. Veel taken gebruiken eerst-
orde methoden, die de gradiént volgen - de steilste afwaartse richting - om
het optimum te vinden. Het bekendste voorbeeld, en basis voor veel van deze
methoden, is gradient descent, het hoofdonderwerp van deze thesis. De methode
lijkt op een wandelaar die steeds bergafwaarts gaat om het laagste punt van
een vallei te bereiken.

Traditioneel richt onderzoek zich op gladde, convexe problemen, waarbij
gradiénten geleidelijk veranderen en het oppervlak komvormig is met één
minimum. Deze thesis bestudeert gladde zwak-convexe problemen, waar de
kromming soms negatief kan zijn (zoals bij een sinus). Zulke oppervlakken
hebben meerdere minima, maar laten nog steeds betrouwbare voortgang toe
met gradiént-gebaseerde methoden. Dergelijke problemen komen veel voor in
machine learning, waar complexe modellen niet-convexe landschappen creéren.

We weten dat deze methoden werken, maar hun snelheid is vaak slechts globaal
bekend. Meestal daalt de afstand tot het optimum ongeveer omgekeerd evenredig
met het aantal iteraties, maar de precieze constanten blijven verborgen. Zo kan
een algoritme theoretisch twee keer zo snel zijn. Deze thesis bepaalt de exacte
snelheidsgrenzen voor gradient descent en verwante algoritmen - grenzen die
niet verder te verbeteren zijn. Dit onthult hun ware, gegarandeerde prestaties.

Om deze limieten te vinden, gebruikt het onderzoek technieken geinspireerd op
het performance estimation problem (PEP). Deze methode laat een computer het
slechtst mogelijke scenario voor een algoritme berekenen. Inzicht in deze worst-
case limiet is essentieel: het markeert wat dergelijke methoden maximaal kunnen
bereiken. Zo verdiepen we ons begrip van de wiskundige motoren achter moderne
technologie - van kunstmatige intelligentie tot ingenieurswetenschappen.

xi






Abstract

In this thesis are derived exact worst-case convergence bounds for three canonical
first-order optimization methods: gradient descent, proximal gradient descent
(or difference-of-convex algorithm), and Douglas—Rachford splitting, applied to
smooth, weakly convex functions.

While the asymptotic behaviour of these algorithms is well established,
traditional analyses often rely on big-O notation, which hides the constants
that determine their true guaranteed convergence speed. This work goes
beyond asymptotic descriptions to establish tight, non-improvable bounds that
characterize the exact theoretical performance limits of these methods. Such
bounds provide a clearer understanding of the capabilities and limitations of
first-order methods in deterministic smooth optimization.

The analysis is fully analytical and interpretable, inspired by the Performance
Estimation Problem (PEP) framework. The proofs stand on their own and
do not rely on computer-aided verification. Our goal is to provide transparent
derivations that reveal the underlying structure of both the algorithms and the
analysis, typically in weakly convex settings.

The main results include a complete worst-case analysis of gradient descent
with constant stepsizes. This analysis captures its behaviour across weakly
convex, convex, and strongly convex regimes, showing how the rates continuously
interpolate between different curvature assumptions and providing optimized
stepsize schedules, particularly those independent of a priori fixed iteration
counts. Extending to constrained minimization, proximal gradient descent
is examined through its equivalence with the difference-of-convex algorithm,
a simpler parameter-free approach. The analysis provides tight performance
bounds on the convergence to critical points. It also extends previous works
by introducing the novelty of accommodating weakly convex functions in the
second, subtracted term. This yields the broadest admissible range of proximal
gradient descent stepsizes and reveals a continuous bridge between smooth

xiii
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nonconvex and convex regimes, with tight rates in all cases. Finally, new exact
bounds are established for the Douglas—Rachford splitting method applied to
smooth, weakly convex plus prox-bounded functions, covering the entire range
of stepsizes and relaxation parameters that ensure convergence.

Together, these results offer a unified and rigorous characterization of the worst-
case performance of fundamental first-order methods. Although such worst cases
rarely occur in practice, understanding them clarifies the theoretical boundaries
of algorithmic behaviour and strengthens the connection between optimization
theory and its practical applications.



Beknopte samenvatting

In dit proefschrift worden exacte worst-case-convergentiegrenzen afgeleid
voor drie canonieke optimalisatiemethoden van de eerste orde: gradient
descent, proximale gradient descent (of het difference-of-convex-algoritme) en
Douglas—Rachford-splitting, toegepast op gladde, zwak convexe functies.

Hoewel het asymptotische gedrag van deze algoritmen goed is vastgesteld,
steunen traditionele analyses vaak op big-O-notatie, die de constanten verbergt
die hun werkelijk gegarandeerde convergentiesnelheid bepalen. Dit werk gaat
verder dan asymptotische beschrijvingen en stelt strakke, niet te verbeteren
grenzen vast die de exacte theoretische prestatielimieten van deze methoden
karakteriseren. Dergelijke grenzen bieden een duidelijker inzicht in de
mogelijkheden en beperkingen van eerste-ordemethoden in deterministische
gladde optimalisatie.

De analyse is volledig analytisch en interpreteerbaar, geinspireerd door het
Performance Estimation Problem (PEP)-raamwerk. De bewijzen staan op
zichzelf en steunen niet op computerondersteunde verificatie. Omns doel is
transparante afleidingen te geven die de onderliggende structuur blootleggen
van zowel de algoritmen als de analyse, doorgaans in zwak convexe omgevingen.

De belangrijkste resultaten omvatten een volledige worst-caseanalyse van
gradient descent met constante stapgroottes. Deze analyse beschrijft het
gedrag in zwak convexe, convexe en sterk convexe regimes, toont hoe de
snelheden continu interpoleren tussen verschillende krommingsaannames en
levert geoptimaliseerde stapgrootteschema’s, in het bijzonder schema’s die
niet athankelijk zijn van een vooraf vastgelegd aantal iteraties. Uitbreidend
naar gecontrainde minimalisatie wordt proximale gradient descent onderzocht
via zijn equivalentie met het difference-of-convex-algoritme, een eenvoudigere
parameterloze aanpak. De analyse geeft strakke prestatiegrenzen voor de
convergentie naar kritieke punten. Zij breidt ook eerder werk uit door de
nieuwigheid te introduceren dat zwak convexe functies ook in de tweede,

XV
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afgetrokken term kunnen worden toegelaten. Dit levert het breedst toelaatbare
bereik van stapgroottes voor proximale gradient descent op en onthult een
continue brug tussen gladde niet-convexe en convexe regimes, met strakke
snelheden in alle gevallen. Tot slot worden nieuwe exacte grenzen vastgesteld
voor de Douglas—Rachford-splittingmethode toegepast op gladde functies van
het type “zwak convex plus prox-begrensd”, waarbij het volledige bereik van
stapgroottes en relaxatieparameters dat convergentie garandeert wordt afgedekt.

Samen bieden deze resultaten een verenigde en rigoureuze karakterisering van
de worst-caseprestaties van fundamentele eerste-ordemethoden. Hoewel zulke
worst cases zich in de praktijk zelden voordoen, verheldert hun begrip de
theoretische grenzen van algoritmisch gedrag en versterkt het de verbinding
tussen optimalisatietheorie en haar praktische toepassingen.
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Vf Gradient of f

V2f  Hessian of f

id The identity mapping

T: A= B A set-valued operator T

T—'  Inverse of operator T

prox; Proximal mapping of f

dist(z, X) Distance of  from set X (in Euclidean norm)

of Convex (Fenchel) subdifferential of f

d f Regular subdifferential of f

Orf  Limiting (Mordukhovich) subdifferential of f

O(-) Big-O Bachmann-Landau notation

o(-)  Little-o Bachmann-Landau notation

F Function class

Fu,  Class of smooth functions whose curvature lies in [y, L]
Fu,o Class of nonsmooth functions with lower curvature bounded by p
K Curvature’s ratio £ (“inverse condition number”)

PBy, Interpolation conditions for prox-bounded functions

T Index set

T First-order oracle / triplets

gi (Sub)Gradient of f evaluated at iterate z;
fi Function f evaluated at iterate x;

i or k Iteration count

N Number of iterations

¥ Stepsize

vL Normalized stepsize

(vL)* Optimized normalized stepsize
~vL Stepsize thresholds
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Chapter 1

Introduction

Numerical optimization is a field at the intersection of applied mathematics
and computer science that studies how to find the best possible solution to a
problem using numerical methods. It aims to minimize or maximize an objective
function, usually subject to certain constraints. In many cases, exact analytical
solutions to such problems are difficult or even impossible to obtain. Therefore,
they are solved numerically using optimization algorithms. Many real-world
problems can be expressed as optimization problems, for example, training
machine learning models or designing engineering systems.

First-order methods are optimization algorithms that update the solution using
only first-order information about the objective function, namely gradient or
subgradient evaluations and proximal operators of the functions that make up
the objective.

For smooth optimization problems, gradient-based methods decrease the
function value at each step by following the direction of the negative gradient.
The most fundamental of these is gradient descent, which forms the basis
of many other first-order algorithms. Proximal, accelerated, and splitting
methods can all be seen as generalizations or extensions of gradient descent that
handle additional problem structures, such as nonsmooth terms, constraints,
or separable objectives. These methods are popular because they are simple,
require little memory, and scale well to large problems. They are especially
useful for large-scale problems where second-order methods, which rely on
Hessian information, are too expensive.

Proximal splitting methods are first-order algorithms designed for structured
problems where the objective is written as the sum of smooth and possibly
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nonsmooth components. The smooth part is handled with gradient steps, while
the nonsmooth part, often representing constraints through indicator functions,
is handled with its proximal operator. The two updates are then combined
through fixed-point iterations.

This work focuses on non-accelerated first-order methods for nonlinear and
deterministic objective functions that can be written as composite problems
with at least one smooth term. In machine learning, training models such as
logistic regression, support vector machines, and neural networks often involves
minimizing smooth loss functions using first-order methods. In engineering,
smooth optimization appears in control design, signal processing, and parameter
estimation, where gradients can be computed efficiently. These applications
require scalable algorithms that maintain predictable convergence behaviour,
making first-order methods a natural and practical choice.

In this thesis, while sometimes also considering convex problems, we focus on
smooth weakly convex (or hypoconvex) functions, a broad and structured class
of nonconvex objectives that satisfy a controlled curvature condition keeping
them close to convex behaviour. In such cases, first-order methods generally
guarantee convergence to stationary points, which may correspond to local
minimizers.

The efficiency of optimization methods is evaluated through their iteration
complexity, which measures how fast an algorithm approaches the optimal
solution. This progress is typically quantified by the decrease in the objective
value or the gradient norm. Complexity bounds describe how many iterations
or gradient evaluations are required to achieve a desired accuracy, providing
convergence rates, for example, of order O(1/N), where N is the number of
iterations the algorithm performs. These bounds are essential because they
offer a theoretical measure of algorithmic efficiency, allowing one to compare
methods, predict their behaviour, and design improved algorithms. In this way,
complexity analysis connects the mathematical theory of optimization with its
practical performance in applications.

A tight (or ezact) convergence rate of an algorithm is a performance bound that
is actually attained by some function within the considered class. Obtaining tight
convergence rates with explicit constants is important for a precise understanding
of algorithmic performance. While asymptotic rates such as O(1/n) describe the
general speed of convergence, they often omit the constants that determine the
actual rate of progress. Two algorithms sharing the same asymptotic rate may
differ substantially in practice because of these constants, and even comparisons
between methods with different asymptotic orders can change once constants
are accounted for. Tight bounds with explicit constants therefore provide a
more accurate and fair basis for comparison, helping researchers assess efficiency,
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identify optimal methods, and understand fundamental performance limits.
Such results also strengthen the connection between theoretical analysis and
practical observations, offering a clearer picture of how first-order methods
perform in real applications and in challenging scenarios equal to or close to
worst cases.

There is a gap between well-established convergence proofs and exact ones (with
explicit constants) for which one can provide worst-case problem instances. The
seminal work [44] initiated a systematic, computer-aided approach to address
this gap, called the performance estimation problem (PEP). The methodology in
[44] has been extended to generate numerical certificates for the tightest possible
bounds, together with worst-case instances and a principled way to combine
inequalities to generate a mathematical proof [116, 113, 115, 56, 124]. With
this tool, it is easy to verify whether a performance bound from the literature
is improvable for specific parameter values such as the number of iterations,
curvature parameters describing the problem class, or tuning hyperparameters
like stepsizes. However, the main difficulty lies in obtaining analytical worst-case
values and proofs, due to intricate dependencies between all these parameters.

Consequently, the main research goal of this thesis is formulated as follows:

Obtain exact, non-improvable, convergence bounds for canonical
gradient- and proximal-based methods, with a focus on weakly convex
optimization.

Our derivations are inspired by the PEP framework; however, several of our
arguments differ from the computer-generated proofs, which are often difficult
to interpret. Besides providing non-improvable bounds, we aim to present clear
and principled proofs, typically in the form of descent-lemma-type arguments.
This approach helps us better understand special cases, reveal patterns, and
identify connections between different optimization problems, leading to more
unified analyses.

In this work, we consider gradient descent (GD), proximal gradient descent
(PGD), and Douglas—Rachford splitting (DRS) as canonical examples of first-
order algorithms in smooth nonconvex settings. These methods rely solely
on first-order information, such as gradients or proximal mappings, and lie at
the foundation of modern optimization theory. Gradient descent serves as the
basic approach for smooth problems, while proximal gradient descent extends it
to composite problems that include a smooth term and a simple nonsmooth
regularizer. We analyse the performance of PGD by using an extended version
of the difference-of-convex algorithm (DCA). The Douglas—Rachford splitting
method further generalizes this framework to problems involving the sum of
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multiple structured functions. Together, these algorithms represent fundamental
building blocks for understanding the behaviour and convergence properties of
first-order methods in nonconvex settings.

1.1 Motivating example for GD, PGD/DCA, DRS

To motivate the theoretical developments of this thesis, we introduce a running
example that progressively incorporates the structures targeted by gradient
descent (GD), proximal gradient descent (PGD) (and its DCA viewpoint), and
Douglas—Rachford splitting (DRS). The goal is not to emphasize a particular
application, but to provide a concrete template that clarifies (i) why each
algorithm is natural for a given objective structure and (ii) why different
stationarity measures arise in each chapter.

Indexing conventions. To remain consistent with the subsequent chapters, we
use subscripts for the GD and DRS iterates (e.g., zx and si), and superscripts
for the PGD/DCA iterates (e.g., #¥). This distinction is purely notational.

Step 1. A smooth (possibly weakly convex) objective f and GD (Chapter 3).
We begin with the smooth unconstrained problem

minimize f(x),
z€R

where f is differentiable with Lipschitz continuous gradient and, in the nonconvex
regime of interest, may further belong to the bounded-curvature class 7, 1,
(with curvature bounds p and L). A prototypical example is the quadratic
model

1
f@) = 5lAz —b* = Zllz|?, AeR™ beR™, p>0,

for which Vf(z) = AT(Az — b) — px and V2f(2) = ATA — pI. Hence f €
Famin (AT A)—p, Amax (AT A)—p» SO f is smooth and may be weakly convex when
Amin(ATA) — p < 0. In this setting, GD iterates as

L1 = Tk — YV f(2g),

and the natural stationarity measure is the gradient norm ||V f(z)||, which
motivates the performance criteria in Chapter 3:

min_ {||Vf(xr)]*}-

0<k<N
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In the convex setting (for a standard admissible range), the gradient norm
is nonincreasing, so the best one is attained at the last iterate. As initial
condition, we consider either the optimality gap f(z¢) — f« or the last iterate

gap f(zo) — f(zn).

Step 2. A composite objective ' = ¢ + h and stationarity measures for
PGD/DCA (Chapter 4). To model nonsmooth regularization (e.g., sparsity),
we consider the composite problem

minimize F'(z) = ¢(x) + h(x),
zER?
where ¢ € F,_ 1, is differentiable with Lipschitz gradient (possibly weakly
convex) and h € F,, 1, is proper, lower semicontinuous, and proximable (e.g.,
h(z) = Al|z||1; when pp, = 0 and Lj, = oo, h is convex). Throughout the
PGD/DCA analysis we assume a feasible initialization, namely 2° € domh
(equivalently F(2°) < co). In the running example one may take ¢ = f and
add h as a regularizer. Stationarity is expressed by

0 € Vo(x) + Oh(z).
With a stepsize v > 0, PGD applies
gt = prox,yh(xk — V(")) (1.1)

We consider two closely related certificates of distance to stationarity. As an
initial condition, we assume that the last iterate gap F(z%) — F(2?V) is bounded.
This quantity is always upper bounded by the optimality gap F(2°) — inf F(z).

i) Gradient mapping. Define the (proximal-)gradient mapping

1
;(ajk — k),

By the proximal optimality condition, there exists gi ** € dh(z*+1) such that
1

k k k k
;(;v — ") = Vo(z )+gh+1.

Thus [|[Ve(z*) 4+ gi ™| is computable from the PGD step and vanishes at
stationary points (under standard qualification conditions). We track

. k k4172
omin (V@) + g7 1P}
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ii) Residual subgradient. We also measure distance to stationarity via

. k k|2 k k
Jmin {IVe(@®) +gill*},  gi € Oh(a®),
interpreted for an algorithmically consistent selection of g’,;’ (since Oh(z*) is
set-valued). A canonical choice is induced by the PGD step: for k > 0 the
optimality condition of (1.1) yields

1, 5
(= ) V() € h(att),

~

This viewpoint is particularly convenient in the equivalent DCA formulation,

where subgradient selections are intrinsic to the method.

k+1 __
9, =

DCA viewpoint and equivalence. In the DCA analysis, we consider a DC
decomposition

F(z) = fi(z) — fa(2),
with associated subgradients g¥ € df;(x*) and g5 € df2(2*). The DCA step

2" € argmin{ fy (w) — (g5, w)}
wERT

is characterized by the optimality condition gf“ = g5. When at least one

component is smooth, we measure near-criticality through the residual gradient
llgF — g5| and through the iterate gap ||z* — 2¥*1|| (equivalently, the gradient
mapping up to scaling). To connect PGD and DCA, set

1 1
fi(@) = h(x) + ﬂlleQv fa(z) = %HSEII2 — p(x),
so that F' = f1 — fo and the DCA update coincides with the PGD update (1.1).
In the running example with
1 P
p(x) = Sl Az = bl* = Sll=l*, h(z) = Allzlh,

we obtain a DC decomposition in which f; is (nonsmooth) strongly convex and
f2 is smooth (and possibly weakly convex). Concretely,

-1 -1
gl 1t 1
A) = Azl + = ll=l? - fol@) = ———ll=]* = Sl Az — blJ*.

The curvature bounds then translate from the PGD setting
P € Frmim(ATA)—p, Amax(ATA)—p»  1(T) € Fo,00
to the corresponding DCA setting

J2 € Pyt p dman(ATA), v 1 p—Amm(ATA)s  J1 € Fy-1 oo
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Step 3: A splitting objective ¢ = ¢ + ¢ and DRS (Chapter 5). Finally,
to cover problems that split into two proximable terms (possibly including
nonconvex but prox-bounded regularizers), we consider

minimize p(z) == 1 () + p2(z),

zER

where ¢; is smooth (possibly nonconvex) and ¢4 is proper, lower semicontinuous,
and prox-bounded (possibly nonconvex). Using the notation of Chapter 5, DRS
generates an outer sequence (sy) and inner iterates (uy) and (vg) via

uk, € Prox., (sk),
Uk € ProX,,, (2ug — sk),

Sk+1 = Sk + )\(’Uk — uk),

with stepsize v > 0 and relaxation parameter A. Unlike GD and PGD, DRS is
not primarily a descent method for ¢; its convergence is naturally formulated
in terms of fixed-point/progress measures and stationarity residuals associated
with

0 € Vi (x) 4+ 9pa(z).

Accordingly, we track two residuals:

i) Iterate progress:

P4 = iz Al ol '}

ii) Residual subgradient:

v ._ . g .
PY = Ogllvrél]%_l{dlbt (0, d¢(vr,))}

= min {7 e )~ [Ver ) — Ver ()] ).

As an initial condition, we assume that the Douglas—Rachford envelope gap is
bounded, namely (,DER(S()) —inf p < 0.

Summary. We start from smooth optimization (GD), then study composite
objectives F' = ¢o+h (PGD/DCA) covering both smooth and nonsmooth regimes,
and finally analyze splittings ¢ = 1 + @2 where ¢ is smooth and (o is treated
by a proximal step (possibly nonconvex but prox-bounded), which motivates
DRS. In Table 1.1 we summarize the analyzed problem classes, algorithms and
performance measures (including the initial condition).
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Table 1.1: Summary of problem classes, methods, performance measures, and initial conditions (bounded quantities).
Abbreviations: S=smooth, NS=nonsmooth, w.c.=weakly convex, c.=convex, s.c.=strongly convex.

Ch. | Method Objective Assumptions / class Performance measure Initial condition
best gradient f(xo) — f(zn)
3 GD (x € F S: w.c./c./s.c. : 2 0 N
1) fE€Fur (Siwefe/se) Jmin (Vo) f(zo) ~ f.
(i) residual gradient
. . i Vo(zk) + oh(xk)||? 0y _ N
R R e N A G g i B NN R
pun Ly, PTOXIINADIC (ii) gradient mapping a o
. —1(k _ o kt1y(2
oin [ly™H (2" — 2P|
(i) residual gradient
R E Py (/s SINS) - in [0A(04) = ORI
€ F .c./c./s.c.; S/NI T . : 0y — N
4 DCA | F(z) = fi(z) — fa(x) f2 paita (Wee.fe.[s.c.; S/NS) (ii) gradient mapping ﬁmw vo Num% )
min ||z* — 2k (2) = Fo
0<k<N
(iii) Bregman divergence
fi, J2 NS min T(%)
0<k<N
(i) iterate progress
. : N
5 DRS | p(s) = p1(s) + pa(s) P1 € Fpr (St we./c.) om:wMHZ ™" (s = o)l ﬁww@ov —inf e

2 Ls.c. prox-bounded B . .
(ii) residual subgradient

BMSOM\AMZAQE” AO, @)ﬁﬁdwvv Ww
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1.2 Thesis contributions and organization

This thesis improves existing theoretical results by providing tight, non-
improvable convergence guarantees for all the methods under consideration.
Our work can be viewed as a collection of tight-rate results, with analytical
formulas that can serve as final exact bounds for inclusion in optimization
textbooks. Most of these results are accompanied by complete proofs, while in
a few remaining cases they are supported by intuitions and informed guesses
confirmed through PEP-based verification.

A tight (exact) performance bound is established in two steps: (i) deriving
an upper bound on the convergence measure and (ii) constructing a problem
instance (a lower bound) achieving it. For convenience, the performance measure
is often called (convergence) rate. This term refers not only to the asymptotic
order, such as O(-), but also to its associated, and often exact, constant.

Chapter 2 introduces the necessary theoretical background, with a focus on
explaining the Performance Estimation Problem (PEP) methodology.

The rest of the thesis is organized so that each method is featured in its own
dedicated chapter.

Chapter 3: A complete analysis of gradient descent

In the unconstrained setting, we provide a complete study of the canonical
optimization method: gradient descent (GD) with constant stepsizes. We derive
exact worst-case convergence rates on the best gradient norm of the iterates.
Our analysis covers all possible stepsizes and arbitrary upper/lower bounds on
the curvature of the objective function, thus including convex, strongly convex
and weakly convex (hypoconvex) objective functions.

Among the challenging parts of the analysis, we note the necessity to exploit
dependencies between non-consecutive iterates. While this complicates the
proofs to some extent, it enables us to achieve an exact full-range analysis of
gradient descent for any constant stepsize (covering, in particular, normalized
stepsizes greater than one), whereas the literature contained only conjectured
rates of this type.

In the nonconvex case, allowing arbitrary bounds on upper and lower curvatures
extends existing partial results that are valid only for gradient Lipschitz functions
(i.e., where lower and upper bounds on curvature are opposite), leading to
improved rates for weakly convex functions.
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From our exact worst-case performance bounds, we deduce the optimal constant
stepsize for gradient descent for any number of iterations. Leveraging our
analysis, we also introduce a new variant of gradient descent based on a unique,
fixed sequence of variable stepsizes, demonstrating its superiority in the worst-
case over any constant stepsize schedule.

Chapter 4: A comprehensive study of the difference-of-convex
algorithm and proximal gradient descent

In constrained settings, the natural extensions of gradient descent are projected
and proximal gradient descent (PGD) algorithms, which belong to the framework
of proximal splitting methods. They incorporate constraints into a term to
which the proximal mapping is applied. Using the equivalence between the
PGD iteration and another well-established method, the difference-of-convex
algorithm (DCA), we provide an extensive analysis of the latter, which is simpler
to perform, and thereby obtain exact bounds for both methods.

DCA is a simple, classical parameter-free algorithm designed to minimize a
difference of convex functions. We present a comprehensive convergence analysis
of its extension to the case where the second, subtracted function is weakly
convex. This generalization allows us to derive performance bounds for larger
PGD stepsizes (greater than the inverse of the Lipschitz constant).

Assuming at least one function is smooth, we evaluate the algorithm’s
performance using the norm of the best (sub)gradient residual or the best
(proximal-)gradient mapping. Six distinct regimes are identified, two of them
corresponding to the previously studied standard difference-of-convex setting.
Our simplified proofs are based on deriving six distinct descent lemmas, inspired
by solving the associated performance estimation problems (PEP). These lemmas
establish sublinear convergence rates, which are provably tight for three of the
regimes in each case. We also conjecture the exact behaviour across any number
of iterations in the other regimes, informed by extensive numerical simulations
and by connections to the gradient descent method.

Additionally, we propose a new technique to improve the guaranteed worst-
case convergence performance through a curvature-shifting strategy, which can
transform the subtracted function into a weakly convex one.
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Chapter 5: Exact performance bounds for the Douglas—Rachford
splitting for smooth plus prox-bounded objective functions

Constraints can be replaced by adding more general nonsmooth terms in the
objective function, provided that they satisfy the prox-boundedness condition. In
the setting where they are composed with a smooth weakly convex function, we
study an alternative proximal algorithm to PGD, namely the Douglas—Rachford
splitting (DRS).

Unlike PGD, DRS involves two proximal mapping steps per iteration, which
often improves numerical conditioning and empirical performance in nonconvex
problems. Moreover, DRS underlies the alternating direction method of
multipliers (ADMM), a widely used algorithm in machine learning, signal
processing, and control.

We derive explicit performance bounds across the full admissible range of
stepsizes and relaxation parameters. Our guarantees quantify either (i) the (best)
iterate progress or (ii) the (best) residual subgradient. For both performance
measures, we prove three distinct regimes governed by the curvature parameters
of the smooth component, all exhibiting sublinear convergence. Numerical
evidence from the PEP framework confirms that these bounds are tight for
any number of iterations. Finally, we provide practical hyperparameter tuning
recommendations derived from the worst-case analysis and validate them on
illustrative examples.






Chapter 2

Preliminaries

In this chapter, we introduce the notation and theoretical background that form
the basis of the results developed throughout this thesis. Section 2.1 provides the
key definitions and mathematical preliminaries used in the analysis. Section 2.2
presents the performance estimation problem (PEP) framework, together with
the proof methodology and the notion of interpolation inequalities, which serve
as the central analytical tools for deriving exact convergence results.

2.1 Theoretical background

We recall standard definitions and results that are used throughout the thesis
(see, e.g., [89, 15, 16, 96, 98]).

The set of real numbers is denoted by R, and the set of extended real numbers
by R := (—o0, +00]. For any = € R, we define the positive and negative parts
as [z]+ = max{z,0} and [z]_ = min{—=x,0}, respectively.

The identity operator is denoted by id. A function class is denoted by F. We use
Lh.s. and r.h.s. to refer to the left-hand and right-hand sides of an inequality,
respectively.

For a matrix A, we denote its entries by A(; ;). A symmetric matrix A is
positive semidefinite (PSD), written A > 0, if all its eigenvalues are nonnegative.
The identity matrix is denoted by I, and its dimension is typically clear from
context. For symmetric matrices, the elements below the main diagonal may be
indicated by a dot “-” when omitted for brevity.

13
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For a function f: R — R, we define its domain and range as
dom f == {z € R?: f(z) < 400},
range f = {y € R: Jz € dom [ s.t. y = f(x)}.

A function is said to be proper if it is not identically equal to 400, and is said
to be lower semicontinuous (1.s.c.) if liminf, ,z f(z) > f() for all z € R%.

A function f is conver if, for all z,y € R% and 0 € [0, 1],
fOx+(1—0)y) <Of(z)+ (1 —0)f(y).
If f is differentiable, this is equivalent to
fy) = f2) +(V[(2),y —2),

for all 2,y € R?.

Smooth and weakly convex functions

A differentiable function f is called Lipschitz smooth (or B-smooth) if its
gradient is Lipschitz continuous with constant B > 0, i.e.,

IVf(z) = VWl < Blle -y, Va,yeR"

Throughout this work, we use a more general characterization of smoothness
based on curvature bounds.

Definition 2.1.1 (Bounded curvature class F, ). Let L € R and p € [—oo, L].
A function f: R? — R belongs to the class Fu.L if it satisfies the following
curvature—convexity conditions:

(i) (Upper curvature bound) If L < +oo, then the function
z = glzl? — f(z)

is convex. (If L = 400, this condition is understood as vacuous, i.e., no
upper curvature bound is imposed.)

(ii) (Lower curvature bound) If i > —oo, then the function
o= fla) = §la]?

is convex. (If w = —o0, this condition is vacuous, i.e., no lower curvature
bound is imposed.)
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Intuitively, if f € C* N F, 1, then this means that the eigenvalues of its Hessian
lie in [p, L]. Depending on the sign of p, f is categorized as: (i) weakly convex
(or hypoconvex) if 4 < 0, (ii) convex if p = 0, or (iii) strongly convex if p > 0.
Moreover, depending on the sign of L, f is categorized as: (i) concave if L =0,
(ii) B-smooth, with B = max{—u, L}, if L > 0, or (iii) strongly concave if
L <0.

Weakly convex functions were introduced in [92]; see also [95, 96, 45]. The
class of smooth weakly convex functions includes smooth not-necessarily convex
functions under the condition y = —L.

Functions in F,, ; are necessarily smooth when L < oo, whereas F, o, also
includes nonsmooth functions.

For convenience, we define the curvature ratio k := % € (—o0, 1], which, when
1 > 0, can be the inverse condition number.

Subdifferentials and related notions

A set-valued mapping H: R™ = R™ is a correspondence from R™ to the power
set P(R™) (the set of all subsets of R™). Its graph is defined as gph H :=
{(z,y) e R" xR™|y € H(x)}.

For o € R, the a-level set of a function f: RY — Risleve, f == {z € R%: f(x) <
a}. A function f is level-bounded if lev<, f is bounded for all & € R.

We denote by 0f : RY = R? the conver (Fenchel-Rockafellar) subdifferential of
f: R = R, where

of (@) :={g € R*| f(y) > f(x) + (g,y — z) Vy € R%}.
The regular (Fréchet) subdifferential df of f: R? — R is given by (e.g., see [98])

g€ 0f(7) = liminf L T@ =92 7)
TH#T

> 0.

We denote by drf: R = R the limiting (Mordukhovich) subdifferential of
f: R? — R, which is defined as follows (e.g., see [98, 80]):

g €0rf(Z) <= Iak,gr)ren C gphéf such that (xg, f(zk), gx) — (&, f(Z), g).

According to [98, Theorem 10.1], a necessary condition for local minimality
of a point z for a function f is 0 € df(x). The domain and range of the
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subdifferential are

domdf = {x € RY: Of () # 0},
range 0f = Uzcdomays {0f(x)}.

The convex conjugate of a l.s.c. function f is

[ (y) = sup {{y,z)— f(2)},

z€dom f
which is always a closed and convex function.

For weakly convex functions f € F, o, with p < 0, one may define the
subdifferential following [14, Proposition 6.3]. Let f(z) == f(x) — u%7 which
is convex and has a well-defined subdifferential 8 f(z), and let

0f(x) = {g +nuz|g € 0f(x)}.

If f is (weakly) convex, then the subdifferential notions coincide, i.e., df =
Of = Opf [14, Proposition 6.2]. Moreover, if f is differentiable at z, then
Of(x) ={V[f(2)}.

Definition 2.1.2 (_Proximal mapping). The prozimal mapping of a proper l.s.c.
function f: R? — R with parameter v > 0 is the set-valued operator

. 1
prox. ¢(x) = arg min{ f(w) + 2—||w —z|*}. (2.1)
weR? Y

The proximal mapping can be equivalently expressed in terms of the resolvent
of 0f as prox, ;(z) = (id + v~ 10f)~1z. The first-order optimality conditions
defining the proximal mapping, together with [98, Theorem 10.1, Exercise 8.8],
imply

e —z)edf(x), Vze prox. ¢ ().

2.2 Performance Estimation Methodology

The worst-case analysis framework, formalized by Nemirovski and Yudin [85,
83, 84], defines the performance of an algorithm over a function class by its
maximum possible error within that class, based on black-box oracle information
such as function values, gradient or proximal mapping values, Hessian, or higher-
order derivatives. This perspective has been fundamental in understanding the
limits of optimization methods and inspired the development of the celebrated
accelerated gradient descent method of Nesterov [86]. For completeness, we note
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that while worst-case analysis is the standard benchmark and the framework
adopted in this work, it can sometimes provide an overly pessimistic view, since
the extreme instances defining the worst case may be rarely observed in practice.

Drori and Teboulle tackled the problem of finding the worst-case convergence
rate of first-order optimization methods with access to a black-box oracle in
a novel and systematic way in [44], introducing the performance estimation
problem (PEP), a general tool for analyzing first-order methods. This framework
was further refined and formalized by Taylor, Hendrickx and Glineur in [116, 113].
The key idea is to formulate the search for the most unfavorable behaviour of
an algorithm within a given problem class as an optimization problem itself. By
expressing this problem using inequalities that characterize the function class,
PEP can often be reformulated as a convex semidefinite program (SDP), which
can be solved efficiently.

Taylor et al. [116, 113] identified interpolation inequalities as necessary and
sufficient conditions ensuring that the SDP formulation is tight, thereby
providing a principled way to derive exact performance bounds. The PEP
framework not only enables exact or tight convergence guarantees, but also
provides a practical tool to compare algorithms, test the convergence of newly
developed methods, and optimize their parameter settings based on worst-case
behaviour. An important observation from this methodology is that any tight
proof can be expressed as a linear combination of the interpolation inequalities
describing the problem.

The PEP framework has since evolved and been applied to study many
algorithms and to design new ones. For comprehensive views on PEP, one
can check the following list of references [110, 111, 32, 1, 54, 19]. Notably, PEP
has led to the development of the fastest known first-order methods in the worst-
case sense for smooth functions: optimized gradient methods OGM [66] and
OGM-G [65] for convex problems, and the triple momentum method [125] and
the information-theoretic exact method [112] for strongly convex ones. Inexact
oracle models can also be incorporated into the PEP framework, as shown in
[11, 126]. An alternative line of work uses integral quadratic constraints (IQC)
[75], while tight Lyapunov analysis for first-order methods can be automatically
generated using some ideas in common with PEP [117, 123, 124].

We now describe the general PEP procedure, tailored to the gradient descent
algorithm in Section 2.2.1. Consider an optimization problem over a function
class F and a method M. We seek to compute the worst-case behaviour of M
when applied to a function in F (e.g., smooth/nonsmooth, convex/nonconvex).
The worst-case behaviour is defined relative to an arbitrary starting point
(possibly under constraints) and a specific performance criterion. Specifically,
we are interested in computing the largest possible error in the result produced
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by the method.

Intuitively, the distance to the solution after performing N iterations of M
is maximized over the class of functions F. To ensure boundedness, we must
specify the initial conditions and usually a characterization of the solution. A
general form of the PEP problem is the following:

maximize Performance Measure ( [, (@i)i=o0,... N a:*)
feF,(zi)i=o0,...,N T« ’

subject to Iterates x; generated by method M from xg,i=1,..., N
Initial conditions on x

Optimality conditions on .,
(2.2)
where the decision variables are the function f € F and the initial point xg,
while z, denotes a minimizer.

Examples of performance measures include the optimality gap f(zn) — fs,
distance to the optimum ||z — .||, residual gradient |V f(z )] or best residual
gradient (best stationarity measure) ming<;<n{||Vf(2:)||}, where xy is the
final iterate generated by M. Common initial conditions include bounds on
the initial distance to optimum ||z¢ — x.|| < R, initial optimality /function gap
f(zo) — fr < A or initial stationarity residual |V f(zo)|| < R, with constants
R,A > 0. If present, the optimality conditions provide a characterization of
the minimizer, ranging from the trivial inequality f(z;) > f. to tighter forms
(see Lemma 3.6.1 for such a condition in the context of gradient descent).

Problem (2.2) is infinite dimensional because the maximization is taken over
a class of functions. To obtain a finite formulation, one uses necessary and
sufficient interpolating conditions for functions in F. These conditions were first
established in the context of PEP by Taylor et al. [116, 113]. In Section 2.2.2,
we formally introduce these conditions, together with a short extension that
covers weakly convex functions, and we also provide interpolation conditions
characterizing prox-bounded functions.

Black-box model. We generally assume access to a first-order oracle
represented by the set of triplets 7 = {(zs, gi, fi)U(zs, vi, fi) Vier € RIxRY xR,
where 7 is an index set. This oracle provides information about the iterates
x;, their gradients g; and/or their proximal mapping values v;, and the
corresponding function values f;.



PERFORMANCE ESTIMATION METHODOLOGY 19

2.2.1 Example: PEP setup for gradient descent

We now illustrate the PEP methodology for the case M = gradient descent,
applied to functions f € F, 1 (see Definition 2.1.1).

The problem in (2.3) below instantiates the PEP formulation (2.2), using the
minimum gradient norm over the iterations as the performance measure and a
bound on the initial optimality gap as the initial condition. Given curvature
parameters p and L, a bound A > 0 characterizing the initial objective distance
from the optimum, a number of iterations IV and a fixed sequence of stepsizes
v;, we consider:

. : 2
maximize OISI%DN {IVf ()™}

subject to  x;y1 =z — vV f(z), i€{0,...,N—1} (2.3)

feFur

f(xo)—f* SA

Because the maximization is taken over the entire class F, r, the problem
is infinite dimensional. To make it tractable, we relax it and show that the
relaxed version yields the same optimal value (see Proposition 2.2.1 below).
This relaxation step is key in the PEP methodology and relies on restricting
the function to its values on the iterates by enforcing interpolation conditions.

For functions in F,, 1, the corresponding interpolation conditions are stated in
Theorem 2.2.1, formulated in the next section. Specifically, we have a set of
inequalities Q; ; > 0 holding for all ¢, j € Z, with i # j, where Z = {0, ..., N, %}
and:

I”.

1 14
Qij=fi—[i— <gj737i_xj>_ﬁ”gi_ng2_ ) ||gi_gj —L(xi—l‘j)

2L(L — 2.4

These inequalities encode a linear combination of function values and quadratic
terms in the iterates x;, x; and gradients g;, g;.
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Based on these interpolating conditions, the infinite dimensional PEP (2.3) is
transformed into the finite dimensional PEP (2.5):

maximize min { ng||2 }
{(mﬂgi’fi)}iEI 0<i<N

subject to  { (4, 9: fi)}iez satisfy (2.4) (2.5)

Tiy1 =T — %G, 1€0,...,N—-1

fOff*SA-

Proposition 2.2.1 (Equivalence of infinite- and finite-dimensional PEPs). The
optimization problems (2.3) and (2.5) have the same optimal value.

Proof. Problem (2.5) is a relaxation of (2.3). It suffices to show that for any
feasible solution 7 = {(Zi, gi, fi) },.; of (2.5), there exists a function f € F,
such that f(z;) = fi, V(i) = gi, Vi € T, and mingega f(x) = f.. Since T is
a feasible point of problem (2.5), the assumptions of Theorem 2.2.1 are valid,
hence such a function exists. O

The finite dimensional formulation (2.5) is still nonconvex and thus intractable.
A tractable convex relaxation, known as the SDP lifting, is obtained by
introducing a Gram matrix G to represent all inner products between pairs
from the set containing both the iterates z; and the gradients g¢;. This
allows rewriting the quadratic expressions in terms of linear combinations

of entries of G. The gradient descent iterates are expressed as xz; = xy +
i—1
> kg, so that all x; except zp vanish from the formulation. Then, letting
k=0

T .
G = [go g1 ... gN Tg— a:*] [go g1 ... gN Xo— x*], we obtain the
following tractable semidefinite program:

maximize Y4
G, 4, x0,{(g:i,fi) }iez

subject to  Q;; = fi — f; +tr(4;;G) >0, i #j
fo—fo+A>0 (primal-PEP)
Gimy—>0, i=0,...,N
G >0,

where the matrices A;; encode the interpolation conditions for the class F, 1.
A detailed derivation of these matrices and the SDP reformulation can be found
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in [116, Sections 3.2-3.3]. This relaxation is exact when the dimension d of the
function is large enough, namely when d > N + 2 (the so-called “large-scale
setting”). For lower dimensions, an additional nonconvex rank constraint may
be introduced [116, Theorem 5].

The proofs of performance bounds are obtained by solving the dual of
(primal-PEP). Let o; denote the Lagrange multipliers for the gradient norm
constraints G(; ;) — ¢ > 0, a;; > 0 the multipliers for the interpolation
inequalities, and 7 > 0 the multiplier for the initial condition f, — fo + A > 0.
The Lagrangian is given by

N N
L:=101- o)+ ZUiG(i,i)—T(fo—f*—A)"’ Z @i jQij-
i=0 i=0 i,j€T

The dual formulation is obtained by maximizing over the primal variables and

reads as:
minimize TA

TN, 2>

subject to TUr — o; b =0
) DL (dual-PEP)
i,j€T
dl&g(O’z) + Z Olz'J'AiJ' < 0,
i,jeT

where v; and v?j are coefficient vectors defined by (F,v;) = (fo — f«) and

(Fuid) = (fi— f;), with F = [fo— fu ... fv—fu.

The prototype proof results from using weak duality, namely that the dual is
larger than the Lagrangian value for any feasible primal variables F' and G and
feasible dual variables 7 and o ;:

N N
T(fo— fu) — 41— Zgi) - ZUiG(i,i) - Z @;,;jQij = 0.
i=0 i=0 ijET

Using that ¢ = min;{G;; }, the factor of £ must cancel. Then dividing the
inequality by 7 gives the standard form used to derive descent lemmas: (with
an abuse of notation, we preserve o; and «; ;)

N
2 . .
(fo—fo) - ZUngiH - Z a; ;Qi; > 0. (target inequality)
initial condition =0 i,j€L
performance metric interpolation conditions

A worst-case guarantee is obtained by taking appropriate linear combinations of
all constraints (interpolation inequalities, initial conditions, possible optimality
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conditions). These multipliers, «; ; and o;, are a solution of the dual problem,
and hence define the analytical proof of the bound. In this work, we sought
principled ways of obtaining the multipliers «; ;, for instance by forming sums
of squares from the interpolation conditions and enforcing certain cancellations
consistent with the primal solution.

A more general description of the general proof methodology can be found in
the tutorial by Goujaud et al. [55] or in the PhD thesis [116]. It is also noted
there that strong duality holds when the iterates x; are appropriately removed
from the basis of G (as we have shown above), ensuring the existence of strictly
feasible points F' and G > 0.

Generally, PEP setup is limited to the cases where the performance measure,
the initial conditions and the optimality conditions are expressed as linear
combinations of the function values and the entries of the Gram matrix G
(hence quadratic in x; and g¢;). Moreover, the number of iterations N is fixed a
priori, and the considered methods are non-adaptive (i.e., with predetermined
stepsizes).

Software tools. The primal and dual problems (primal-PEP)-(dual-PEP) can
be solved with any standard SDP solver. Alternatively, the finite dimensional
formulation in (2.5) can be handled directly using the MATLAB toolbox PESTO
[115] or the Python package PEPit [56], both of which automatically convert
the problem into an equivalent SDP. Moreover, [57] provides comprehensive
and up-to-date documentation of PEP-based results.

2.2.2 Interpolation conditions

Interpolation conditions are a set of inequalities that tightly characterize whether
a function belongs to a specific function class F, based on a set of triplets
T = {(zi,gi/vi, [i) }icz, where z; are the iterates, g; the gradients, v; the
proximal mappings and f; the function values. The interpolation problem
itself, described in [96, 70], has its historical roots in Whitney’s work on the
extension of continuous functions [130, 131]. As demonstrated by Taylor et
al. [116], interpolation conditions are a key tool for the precise convergence
analysis required to ezactly solve the infinite dimensional performance estimation
problems (PEPs).
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Interpolation conditions for 7, -functions

In this section we present the interpolation inequalities for F,, r-functions, which
are central to our derivations. For smooth (strongly) convex functions they
were introduced by Taylor et al. [116, Theorem 4], and for smooth nonconvex
(p = —L) in [113, Theorem 3.10]. We show in [100, Theorem 3.2] that these
conditions also hold for weakly convex functions, i.e., for u € (—o0,0) with
u # L. The proof follows similar arguments to the aforementioned works and is
provided below.

Definition 2.2.1 (F, p-interpolable set [116, Definition 2]). The set T =
{(xs, gi, fi) yiez s called F,, 1 -interpolable if and only if there exists a function
f € Fur such that Vf(z;) = g; and f(z;) = f; for alli € T.

Lemma 2.2.1 (F, 1, upper & lower bounds). Let L € R and u < L, and let
f € Fur. Then, for all z,y € R% and g € Of(y), the following holds:

Sl —yll* < fl2) = fly) = (9.2 —y) < Fllz —yl*. (2.6)
Proof. Consider the subgradient inequality for convex functions,
h(z) = h(y) + {g.x —y), Yz,y € R,
where g € f(y). The two inequalities follow by setting h = f — & - |? and
h=L 0=, .

Theorem 2.2.1 (F), p-interpolation). Given an index set I, consider the set
of triplets T = {(x,9i, fi) }ier € R? x R4 x R. There exists f € Fu,r, with
L €R and pu € (—oo, L], such that f(x;) = fi and g; € Of (x;) for all i € T, if
and only if the following the interpolation inequality Q;; > 0 holds for every
pair of indices (i,7), with i,j € I, where

1
QJ:ﬁ*E*Q%%*%%QﬂM*%W
2.7)
I
—ﬂﬁ;jﬂw—%—ﬂm—%ma

when L # u, while for L = p it is
L
Qi = fi— fi = {gj,mi = 25) = S llg: = gill*.

Proof. The proof follows the same steps as in [116, Theorem 4], with a minimal
extension to accommodate p < 0. This extension impacts only the first step
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of the demonstration, known as minimal curvature subtraction, which involves
shifting the lower curvature of the function to 0, effectively converting it into a
convex function. This adjustment remains valid for p < 0, as shown below.

Let f € Fo,p—p be defined by f(z) == f(z) — &||z||?, with f(z) = Of (z) — px.
By substituting f with f in the quadratic bounds inequality (2.6), we obtain:

0= (@)~ F&) ~ gz — v} < T L e P,

where g, € 0f(y). Hence, the set {(z;, g;, f;) }ier is F,, -interpolable if and only
if the set {(x;, g; — px;i, fi — %||$i||2)}iez is Fo,—-interpolable. The remainder
of the proof follows identically to [116, Theorem 4]. O

Theorem 2.2.1 provides tighter conditions than [120, Theorem 2.2], which, to
the best of our knowledge, is the first to explicitly include lower curvature
information in weakly convex settings. The authors use it to derive the previous
state-of-the-art convergence rates for the Douglas—Rachford splitting method;
using Theorem 2.2.1 enables a tighter analysis, as we show in Chapter 5.

The terminology introduced in Definition 2.2.2 is used when describing the
necessary and sufficient inequalities in the proofs.

Definition 2.2.2 (Distance-N interpolation conditions). Inequalities Q; ; > 0
with |i — j| = N are referred to as distance-N interpolation conditions.

Corollary 2.2.1 (F, «-interpolation). The set {(z;, g, fi)} is F,0c-interpolable,
with p € R, if and only if the conditions (2.7) hold for every pair of indices
(i,4), with i,5 € I:

i
fi—fi =g,z —x5) > 5”%‘ — %

Proof. The result follows by taking the limit L — oo in (2.7). O

Corollary 2.2.2 (Co-coercivity for weakly convex functions). Let f € F, ,
with € (—oo, L). For all ;,x; € R%, the following holds:

0> (Vf(wi) = Vf(z;) = L(xi — x5), Vf(z:) = Vf(x;) — ple —x5)) . (2.8)

Proof. Inequality (2.8) is obtained by summing the inequalities (2.7) written
for the pairs (z;,x;) and (z;,2;) and simplifying the result. O

Corollary 2.2.2 extends the co-coercivity property from [89, Theorem 2.1.12]
to negative lower curvature values (¢ < 0). When L + p > 0, the class F, 1
fits within the framework of ( LL—fM, L%W)—semimonotone operators (see, e.g., [47,

Proposition 4.13]), which satisfy (2.8) by definition.
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Interpolation conditions for prox-bounded functions

We now consider a more general class of functions. Specifically, assume that f
is proper, L.s.c. and its proximal subproblems are well defined for the stepsizes
of interest, i.e., prox-bounded (see Definition 2.2.3 below). Together with the
interpolation conditions for F,, r-functions from Theorem 2.2.1, the conditions
in this subsection form the foundation for deriving tight performance bounds
for the Douglas—Rachford splitting method in the nonconvex setting analyzed in
Chapter 5, which considers a smooth objective combined with a prox-bounded
function.

Definition 2.2.3 (Prox-boundedness). An l.s.c. function f is called v-proz-
bounded (or simply proz-bounded) if f + %H -||? is bounded from below for some
v > 0.

Definition 2.2.4 (Prox-boundedness threshold). The proxz-boundedness
threshold of a function f is

o o 1 2
vf = sup {’y >0: gclenllgd {f(z)+ %HxH }> —oo}.
If f is bounded from below, then vy = 4o0.

With f being ls.c., prox,; is nonempty and compact-valued on R? for all
v € (0,7¢) [98, Theorem 1.25].

Let {(x;,w;, fi)}ier C R4 x R? x R be a finite collection, where x; are candidate
proximal points, w; are proximal centers, and f; are prescribed function values.
For prox-bounded functions, the following theorem characterizes when such
finite data can be interpolated.

Theorem 2.2.2 (Prox-bounded interpolation). Let~y > 0 and let {(x;,w;, i) }iez C
R? x R? x R, with d € N and T being a finite index set. Define

PBY, = f(y)—f(x)—#%(y—x,y—#x—Qw). (2.9)

Then there exists a proper l.s.c. y-proz-bounded function f: R — R such that
fi = f(z:) and z; € prox s (w;) for alli € I if and only if PB;, >0 for all
1,7 €.

Proof. Necessity. If x; € prox,;(w;), then by definition of the proximal
mapping (see Definition 2.1.2), for all z € R,

1 1
@)+ o lle = will = i) + oy i = wil .
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Plugging in = x; yields:

1
f(xj)_f(l‘i)‘*‘%(%j—xi,xj+xi—2wi> >0,

which is exactly PB;”;I], > 0.

Sufficiency. Define

fi, x = x; for some i € Z,
fla) = ,
400, otherwise.

This function is proper and l.s.c., and it is y-prox-bounded because

1 1
o {10+ e} g {1+ S}
IIEn]Rd f(x) + 2,y||wH %1%1 fi+ 2,)/Hx1|| o
For a fixed i € Z, since f(xz) = +oo for all ¢ {z;: j € T}, minimizing the
proximal objective reduces to a finite comparison over {z;};ez, i.e.,

. 1 2 . 1 2
argmln{f(ac) + —|lz — w;| } = argmm{f— + —||lx; — wy| }
zERY 2y ' JET L '

Since PBy,, > 0, z; attains the minimum, i.e., z; € prox, ¢ (w;). O

2.2.3 PEP-type results

There exist several levels of PEP-related results, which can be organized as
follows:

i) Numerical worst-case values (primal-PEP solutions). These
correspond to purely numerical evaluation of the worst-case performance. Such
results can be compared with analytical formulas to assess whether there is
potential for improvement of known bounds.

ii) Analytical worst-case performance bounds. From the numerical results,
one identifies the analytical expression of the worst-case value, thereby providing
an interpretable and verifiable formula.

iii) Formally proved bounds (dual-PEP solutions). From the dual PEP
solutions, one can identify the structure of the proofs and the corresponding
multipliers of the interpolation inequalities involved. In some cases, this
approach can be more straightforward than directly inferring the worst-case
value and may provide a path to obtaining it analytically. Then, typically one
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must either construct a proof based on a sum of squares representation or,
alternatively, verify that a corresponding slack matrix is positive semidefinite.
This verification step often represents the most technically challenging part of
the analysis.

iv) Tightness and worst-case functions (primal-PEP solutions).
Constructing explicit functions that achieve the worst-case behaviour enables a
formal verification of the tightness of the obtained bounds. The primal-PEP
solution provides triplets that can often be interpolated by functions within
the considered class. These triplets are typically easier to identify than dual
multipliers and are often one-dimensional, allowing direct construction of a
worst-case function. However, multidimensional worst-case examples also exist
in the PEP literature, including some presented in this thesis for gradient descent.
In such cases, one may instead verify that the PEP triplets are interpolable, a
task that can be particularly challenging, as discussed in Chapter 3.

All our analyses provide analytical worst-case values on the entire feasible domain
of the considered methods and function classes. We provide complete proofs
of upper bounds for gradient descent (Chapter 3) and the Douglas—Rachford
splitting (Chapter 5), and almost complete (up to a certain subdomain) for the
difference-of-convex algorithm (Chapter 4). Moreover, for gradient descent we
formally prove that these bounds are exact.






Chapter 3

Gradient descent: a complete
worst-case analysis

[100] Teodor Rotaru, Francois Glineur, and Panagiotis Patrinos. Exact
worst-case convergence rates of gradient descent: a complete analysis for
all constant stepsizes over nonconvex and convex functions. arXiv preprint
arXi:2406.17506, 2024

(accepted for publication in the journal Mathematical Programming [99],
d0i:10.1007/s10107-025-02313-1)

3.1 Introduction

Tight convergence rates for the canonical first-order optimization algorithm, i.e.,
the gradient descent method, applied to smooth functions are demonstrated. We
analyse functions with arbitrary upper and lower curvatures, covering weakly
convex, convex and strongly convex cases. For all constant stepsizes ensuring
descent, we derive tight bounds and establish convergence rates parameterized
by curvature bounds, stepsize, and iteration count.

The key tool enabling us to obtain a complete characterization is the analysis
of interconnection of iterations not only for consecutive steps, but also for
the ones lying at distance two, unlike classical convergence analysis, e.g., [89,

29
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23, 17]. Standard PEP formulations typically rely on non-consecutive iterates
to characterize worst-case performance. However, incorporating all resulting
dependencies generally leads to substantially harder proofs; consequently, in
practice, relatively few analyses leverage more than consecutive iterates.

Our proof strategy slightly differs from existing work on PEP (e.g., [65]),
which connects consecutive iterates to the final one, as well as from the recent
line of work on stepsize-based acceleration (e.g., via silver stepsizes), which
exploits only a subset of inter-iterate connections. In contrast, our approach
enables an analysis that is decoupled from the final iterate, relying instead on
standard descent lemmas to establish performance bounds. To the best of our
knowledge, results covering the full range of stepsizes had previously been, at
most, conjectured, even in the apparently simpler scenario of convex objectives.

3.1.1 Notations and Definitions

We consider the unconstrained optimization problem

minimize f(x),
zER?

where f belongs to the class of functions F,, 1, (recall Definition 2.1.1). Recall
that, based on the sign of yu, the function f is (i) weakly convex (or hypoconvex)
for p < 0, (ii) convex for u = 0 or (iii) strongly convex for yu > 0. Moreover,
its Lipschitz gradient constant is max{—p, L}. Note that the class of smooth
weakly convex functions includes the smooth not-necessarily convex ones under
the condition 4 = —L. The trivial case 4 = L is not explicitly addressed. It
leads to a simple quadratic problem, whose Hessian with all eigenvalues equal to
L and for which the answers are easy to derive (for a one-dimensional example,
see Proposition 3.6.1).

Gradient descent. Starting from some initial point zo € R?, we consider
N iterations of gradient descent, as in Algorithm 1. We restrict the analysis
to fixed stepsizes ~; € (0, %), ensuring a decrease in the function value after
a single iteration. We assume the function f to be bounded from below and
denote f, = inf, f(z) > —oo. In the nonconvex case, where first-order methods
cannot guarantee convergence to a global minimizer, analysis focuses on the
stationarity measure ming<;<n{||Vf(z;)||?}, typically bounded in terms of
the initial optimality global gap f(xzg) — f«, or, when f, is unknown, by the
observable decrease f(xo) — f(xn).
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Algorithm 1: Gradient descent algorithm (GD)

Data: f € F, 1, with L > 0 and p € (—o0, L); N > 1 iterations starting
from zy € R?
1 fori=0,...,N do

L Tip1 =z — %V f(2;) (GD)

Result: Best iterate z; with i = argming<,< v {[|V f(2:)[*}

3.1.2 Prior work

The conventional analysis of gradient descent relies on a constant stepsize
schedule and provides non-tight rates (for example, see the textbooks [89, 17,
23, 25, 15]).

Convergence rates of first-order methods applied to smooth convex functions
have been extensively examined using PEP. For gradient descent, in [44] tight
rates are proved for smooth convex functions with stepsizes yvL € (0, 1] and
conjectured for vL € (1,2); exact rates for smooth strongly convex functions
are conjectured for yL € (0,2) [116] and proved when employing line-search
[37]. Optimized first-order methods can be derived within the PEP framework,
e.g., in [65] for an optimal algorithm to decrease the gradient norm of smooth
convex functions. A recent breakthrough by Teboulle [118] establishes tight
convergence rates for smooth convex functions using stepsizes vL € (1, %]

For smooth nonconvex functions, sometimes encountered in fields like machine
learning, there is a notable gap in comprehending convergence rates. Carmon
et al. establish lower bounds for finding stationary points in [26, Theorem 2],
demonstrating that gradient descent is worst-case optimal for functions with only
a Lipschitz gradient. In a related study, Cartis et al. present tight lower bounds
for steepest descent [28]. Notably, by additionally assuming Lipschitz continuity
of the second derivatives, Carmon et al. [27] derive accelerated gradient descent
for weakly-convex functions. Within the PEP framework, Taylor examines the
convergence rates of gradient descent applied to smooth, not-necessarily convex
functions, i.e., p = —L, with a constant stepsize % [110, p. 190]. Drori and
Shamir extend this result to the case of variable, yet predetermined, stepsizes
below 1 [43, Corollary 1] (using scaling arguments, this extension could also

be derived from the result in [110, p. 190]). Abbaszadehpeivasti et al. further

improve upon these findings [2], achieving state of the art for stepsizes up to %

Typically, these aforementioned results solely rely on exploiting smoothness,
neglecting the weak convexity parameter u. Recent interest in weakly convex
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optimization has emerged, e.g., [306, 8].

Given our focus on constant stepsize schedule, our analysis is confined to the
interval vL € (0,2). However, recent advancements address longer stepsizes
and achieve improved asymptotic rates. Interested readers are directed to the
works of Altschuler and Parrilo [5, 6], Das Gupta et al. [34] and Grimmer et al.
[58, 59, 60]. Notably, similar to our approach, proving their rates requires
connecting more than just consecutive iterations, deviating from classical
analyses. Comparable demonstrations are provided in [65, 138].

Nesterov highlighted the significance of minimizing the gradient norm [87],
asserting that ||V f(x)| might serve better than other performance metrics for
minimization purposes. Evaluating the gradient norm for initially bounded
functions is a common approach in analyzing gradient-based methods for smooth
nonconvex optimization, seen in works such as [43] for stochastic gradient descent
and in [65] for the OGM-G algorithm optimizing the gradient norm for smooth
convex functions. This convergence measure is suitable for applications where
both the initial optimality gap and the gradient norm across iterations can
be directly measured, unlike metrics involving the optimizer. We maintain
consistency by utilizing this performance metric for both convex and strongly
convex functions.

3.1.3 Chapter organization and main contributions

Our contributions can be summarized as follows, with a comprehensive
comparison to the state of the art provided in Table 3.1:

1. We provide tight performance bounds for gradient descent with constant
stepsizes vL € (0,2), proving their tightness through worst-case examples.
Our analysis applies to weakly convex (Theorem 3.2.3), strongly convex
(Theorem 3.2.2), and convex functions (Theorem 3.2.1), with a comprehensive
summary in Table 3.2.

2. A performance bound for not-necessarily convex functions using variable
stepsizes ;L € (0,vL, (k)]!(Theorem 3.2.4), which we prove is tight for stepsizes
below 1 and conjecture for the remaining range. This result generalizes the
constant stepsize case for weakly convex functions (Theorem 3.2.3).

3. Leveraging our tight performance bounds, we propose optimized stepsize
rules for gradient descent, namely: (i) best constant stepsize for convex, strongly

1The quantities "TLk(Ii) denote normalized stepsize thresholds that depend on the curvature
ratio k. They are monotonically increasing in the index k > 0 and are formally defined in
Definition 3.2.2.
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Table 3.1: State of the art vs contributions for gradient descent analysis.
Legend: Bold = complete/proven results in this chapter.

w.c./c./s.c. = weakly convex / convex / strongly convex.

Criterion

State of the art

This chapter

Function class

Constant
stepsizes

Performance
metric

Proved
bounds

upper

Proved tightness
(lower bounds)

Proof technique

Stepsize design

Partial coverage: c./s.c. [44, 116]; w.c.
mainly p = —L slices [110, 43, 2]

c.t yL € (0,1] [44]; L € (1, 3] [118];
s.c.: conjectured for vL € (0,2) [116];
w.c.: up to % 2]

Mixed: function gap/distance for

c./s.c. [44, 116]; gradient norm for w.c.
[26]

e 9L € (0,1] [44], 7L € (1, 3] [118];
s.c.: 7L € (0, 2) for some criteria [116,
113], line-search [37]; w.c. (u = —L):
WL'<1 [43], AL < V3 [2

c.: vL € (0, %] [44, 118]; s.c.: vL €
(0,2) for various criteria [116, 113],
line-search [37]

Standard PEP with consecutive iter-
ates or final-iterate coupling [65]

Limited rules; predetermined se-
quences v; < 1/L for w.c. (u = —L)
[43]; optimized methods for c. [65];
stepsize-based acceleration [5, 6, 58,
59, 60, 34]

Complete: w.c./c./s.c; [ €
Fu,L

Full range: 7L € (0,2) for all

curvature regimes

Unified: min; |V £ (z;)||2
subject to f(wo)—f(zn) or
fxo)—f«

All: vL € (0,2) for w.c./c./s.c.

Complete: worst-case exam-
ples for all bounds

Distance-2 coupling: three-
iterate interconnections

Focus on constant step-
sizes: iteration-count optimal
+ horizon-free dynamic policy

Abbreviations:

convex and weakly convex functions (Propositions 3.3.1 to 3.3.3) for a given
number of iterations; (ii) a dynamic sequence of stepsizes, independent of the
iteration count NN, achieving a superior guarantee compared to any constant
stepsize policy (Theorem 3.3.1).

The aforementioned works typically address only the convex case (u = 0),
the strongly convex case (u € (0, L)), the Lipschitz smooth case (u = —L),
or the setting without lower curvature information (1 = —o0) (see, e.g., [89,
§1.2.3]). Our framework unifies these regimes and yields a continuous spectrum
of performance guarantees interpolating between them. We recall that the
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Figure 3.1: Regimes outlined in Theorem 3.2.1 (smooth convex), Theorem 3.2.2
(smooth strongly convex) and Theorem 3.2.3 (smooth weakly convex) with
respect to the constant stepsize vL and curvature ratio k, for N = 4 iterations.
State-of-the-art proven tight convergence rates are limited to the cases Kk = —o0
[89], k = —1 [2] and k = 0 [44, 118], with stepsizes lower than yL, (k). Above this
threshold, a series of N regimes parameterized by k =1,..., N exist and they
are sublinear for non-strongly convex functions. Stepsize thresholds converge
to ﬁ as N — oo, as illustrated for & = {10, 30,50, 100,200, 1000}. The

optimal constant stepsize (yL)" (k) for weakly convex functions is independent

of N for k < —0.1, otherwise it is only asymptotically valid (as marked with

blue dashed line). We use inequalities connecting three consecutive iterations to
2

prove the regimes corresponding to stepsizes vL € (’TLl, m) The worst-case

function (fy.) dimensionality and the tightness’ proof references are illustrated.

performance metric for (strongly) convex functions usually differs, e.g., in [44,
Conjecture 1], [116, Conjecture 3] and [114, Theorem 2.1].

The gist in proving tight rates on the full interval of stepsizes is its partition
into a collection of intervals delimited by stepsize thresholds dependent on the
curvature ratio x, each of them requiring distinct analysis. Figure 3.1 illustrates
this partitioning for curvature ratio and (normalized) stepsizes, along with their
corresponding rates for N = 4 iterations.

The remainder of this chapter is organized as follows. Section 3.2 contains
the formal statements of our main theoretical findings. Section 3.4 provides
preliminary results required for the proofs. The complete proofs for the upper
convergence bounds are detailed in Section 3.5, while Section 3.6 presents the
worst-case examples that establish their tightness. To facilitate reproducibility,
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we provide a supplementary GitHub repository? containing MATLAB scripts
for numerical verification and symbolic validation of the primary algebraic
manipulations.

3.2 Performance bounds

In Sections 3.2.1 to 3.2.3 we provide the exact performance bounds for constant
stepsize schedules. Table 3.2 summarizes the different results involved in
their proofs. In Section 3.2.4 we give the tight bounds for smooth not-
necessarily convex functions when using variable stepsizes, upper bounded
by some threshold. Section 3.2.5 describes the challenging stepsize thresholds
defining the regimes for constant stepsizes. Section 3.3 provides optimal stepsize
rules with respect to the theoretical worst-case scenarios: best constant stepsize
policies in Section 3.3.1 and a dynamic stepsize schedule with better worst-case
guarantees in Section 3.3.2.

The convergence rates are influenced by: (i) curvature ratio x = %, (ii) the
(normalized) fixed stepsizes ;L € (0,2), and (iii) the number of iterations N.
Given a fized budget (number of iterations N), the rates show stepsize dependent
accuracies in finding a stationary point, of the type

— min |17 f(xO)_f*
2L 0§1§N{va(xZ)H }S 1+TN(I€,('Y;’L)£\L_()1)’

(P.)

where 7x(+) is some function we determine through our analysis.

Remark 3.2.1 (Removing f. in analysis). To be consistent with standard
performance bounds in the literature, our final theorems use the optimality gap
f(zo) = f«, as in (P.). We derive these results by providing a bound on the gap
f(xo) = f(xn), which is a measure directly available from the first-order oracle:

L i {1952y < L= Slaw) (Px)

2L 0<i<N 5 (K, (viL) )

The two bounds differ only by a “+17 term in the denominator. In nonconvex
settings, e.g., multimodal functions, possessing multiple local optima, (Px) can
be more effective for characterizing local convergence as it avoids the distortion
of the numerator from a distant global optimum f. with a much lower value.

2GitHub repository: https://github.com/te02605/GD_ tight_ rates
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Table 3.2: Overview of performance bounds proofs and their tightness for
all regimes with constant stepsizes (the thresholds yL,, formally defined in
Section 3.2.5, increase with k). The demonstrations use interpolation inequalities
connecting consecutive iterations (distance-1) or, additionally, the ones situated
at distance-2. Tightness is shown by constructing a worst-case function or by
proving its existence via interpolating triplets.

Class Stepsizes Key result Inequalities Tightness Worst-case
proof example
Lemma 3.5.1 & .
convex (0.3] Lemma 3.5.2 distance-1 ition
mma 9.9. Proposition 3.6.3
Tt = 03 9.1 (g,'TLN) Corollary 3.5.1 distance-1&2 1D function
eorem 3.2.
YLy,2) Lemma 3.5.7  distance-1&2 Proposition 3.6.1
(0,7L,] Lemma 3.5.4 distance-1
strongly WL, 7Ly 1) Lemma 3'[5'4 & distance-1&2 Proposition 3.6.2
convex Lemma 3.5.8
— — 1D functi
>0 (vLy_1,7Ly) Lemma 3.5.8  distance-1&2 unction
Theorem 3.2.2 — 9 i
VLN, 1) Lemma 3.5.7  distance-1&2
” Proposition 3.6.1
[ﬁ, 2) Lemma 3.5.3 distance-1
(0,1] Lemma 3.5.1 distance-1 Proposition 3.6.4 1D function
weakly convex [1,7vL,] Lemma 3.5.2 distance-1 Proposition 3.6.6 2D triplets
n<0 (YLi,vLn_1) Lemma 3'5',_2 & distance-1&2  Proposition 3.6.8 3D triplets
Theorem 3.2.3 Lemma 3.5.6
[YLy_1,7Ly) Lemma 3.5.6  distance-1&2 Proposition 3.6.7 2D function
[YLy,2) Lemma 3.5.7  distance-1&2  Proposition 3.6.1 1D function

3.2.1 Performance bounds for convex functions

In Theorem 3.2.1 we establish the exact performance bound for smooth
convex functions. This result arises as a limiting case of Theorem 3.2.2
and Theorem 3.2.3. Since the smooth convex setting is the most commonly
encountered regime in analyses of gradient descent, we present it as a theorem.

Theorem 3.2.1 (Exact performance bound for convex functions). Let f € Fo 1,
and consider N iterations of (GD) with constant stepsizes vyL € (0,2) starting
from xo. Then the following bound holds:

f(l'O) - f*
1 Jr”yLmin{QN, %(1;72”%}

V@) < . (3.1)
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We prove Theorem 3.2.1 in Section 3.5.6. In Proposition 3.6.3, we provide a
worst-case function attaining the performance bound (3.1).

To our knowledge, this result establishes the first proved tight rate in the convex
case for the full range of constant stepsizes. The denominator in (3.1) is similar
to the numerically conjectured one from [44, Conjecture 3.1], even though for a
different performance metric, with x, € argmin,, f(z):

L lwo — 21?

214 yLmin {2N, ZEISET

flan) = fe < (3.2)

Since the denominator is the same, both metrics are optimized by the same
optimal constant stepsize (see Proposition 3.3.1).

3.2.2 Performance bounds for strongly convex functions

In Theorem 3.2.2 we derive the exact performance bound for smooth strongly
convex functions.

Theorem 3.2.2 (Exact performance bound for strongly convex functions). Let
feFur, with p € (0,L), and consider N iterations of (GD) with stepsizes
~L € (0,2) starting from xo. Then the following bound holds:

1 fzo) — 1

IV f(an)|? < TN Sy (3.3)
o —14(1—yp) 2N —14(1—AL)2N .

2L 1+~+L mln{ wj/ , WZ }

We prove Theorem 3.2.2 in Section 3.5.5. In Proposition 3.6.2, we provide a
worst-case function that reaches the performance bound (3.3).

Tight performance bounds for measures different from ours are given in [114,
Table 2]%. For the metric analysed in this chapter, however, only the rate
corresponding to the stepsize v = % is conjectured there. In [113], the tight
contraction factor max{yL — 1,1 — yu} is derived and is optimized by choosing
v = LL_W Notably, this stepsize choice is suboptimal for the metric considered
in our work (see Proposition 3.3.2) and is also outperformed by the dynamic
stepsize procedure proposed in Section 3.3.2.

Subsequent to the publication of our work on arXiv [100], an alternative proof
of Theorem 3.2.2 was provided in [68]. In the same paper, exploiting the H-
duality phenomenon [67], the author provides the first proof for the numerically

3The work in [114] provides tight performance bounds for the proximal gradient method,
which generalizes gradient descent.
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conjectured rate from [116, Conjecture 2], which in our notation writes as:

L lwo — .||

21+ vL mln{ 1+(1;;/#)*2N , 71+(1;ZL)72N }7

flzn) = [

| A\

(3.4)

where z, = argmin, f(z). Since the denominator is the same, both metrics are
optimized by the same optimal constant stepsize (see Proposition 3.3.2).

Letting 1 N\, 0, the rate for convex functions from Theorem 3.2.1 is recovered.

3.2.3 Performance bounds for weakly convex functions

In this section we derive and discuss performance bounds for smooth weakly
convex functions, when using constant stepsizes. We begin by stating the bound
in Theorem 3.2.3.

Theorem 3.2.3 (Exact performance bound for weakly convex functions). Let
f € Fur, withp <0, and consider N iterations of (GD) with constant stepsizes
~L € (0,2) starting from xo. Then the following bound holds:

IV Fl?) < f(xo) = J. . 35)

{| - — _ 2N
oL 0< <N 1+ vL min {PN(WL,WJ) ) %}

with Py (¢,u) defined as:

Py (4, u) == p(l,u) { ; el;iv:[ 1+ ( l—u) k__1+(1_€)2k}+]

k=1 ¢
(3.6)
where ’
_ — =, ¢ e (0,1];
p(bu)=2= m% =1 ne N
—u—|1- 2-0)(2—u
0w - ye1,2).

We prove Theorem 3.2.3 in Section 3.5.4. We then establish the tightness of
these rates over the entire stepsize interval, which we partition into several
subintervals. Explicit worst-case functions are provided for vL € (0, 1] (one-
dimensional, Proposition 3.6.4), vL € [yLy_1(k),vLy(k)) (two-dimensional,
Proposition 3.6.7) and yL € [yLy(k),2) (one-dimensional, Proposition 3.6.1).
For the remaining intervals, the worst-case behaviour is captured by interpolating
triplets: yL € (1,7L;(k)] (two-dimensional, Proposition 3.6.6) and yL €
[YL,(k),vLy(k)) (three-dimensional, Proposition 3.6.8).
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The rate’s denominator combines a set of N sublinear regimes with a linear
regime also observed for convex and strongly convex functions (Theorem 3.2.1
and Theorem 3.2.2), holding for stepsizes close to 2. For vL € (0, 1], each term
in the sum appearing in (3.6) is equal to zero. With vL € (1,2), only the terms
up to some index k become positive, while the remaining (N — k) terms are
negative. The expression is continuous with respect to the stepsize. A new term
in the sum becomes nonnegative when evaluated at specific stepsize thresholds
L, rigorously defined in Section 3.2.5 and satisfying the condition:

14+ (1 =rm L) =14 (1 —ALy)*
/VTLk 'Ek

=0. (3.8)
Using the identity

—“1+(1-uw)™ —14+0Q-0)"%
U l

k

j=1

1—(1—u) 1—(1-1)2

1+ (1—-u)"2% —1401-0D"2% 1 1
+ (1 —u) + (01 =1 +(l )k

the expression of Py (yL,yu) from (3.6) can be equivalently written as
€ e 7 I € S 170 B

. LI—-(1—LD)?] T—(1—p)?
pN(yL,w):p(vL,w)og}gN{v[ (=307~ 5l =0 +N_k}_

YL oy

For stepsize thresholds satisfying (3.8), it reduces to summing an exponential
term with a linear one:

2 —~L,)(2— kL -1 1—~L, )2k
( 77k)( @k)(Nik)Jr +(7’y k) .
2Ly — KLy YLy,

PN(’TLkvn’TLk) =

When reaching the maximum threshold vLy corresponding to k = N,
—1+(—y L)~
7 YLy

in (1 —~yLy). Summarizing, the expression of Py(vL,yu) can be expanded as
follows:

Py (~vL,vu) becomes and the rate shifts to the regime linear

(2+ 2N, L € (0,1];
e € o7 ) It o € S 77) M —  —
CoaL)C—m) ( _ ) 4 FL—(—L07 ~ 3uli-0—w7 YL € [vLy, ¥Lgy1)
2=yL—yp 1 — 1 T k=0,...,N—1;

1-(1-yL)? 1-(1—7p)?

—14(1—yL) 72N —
= YL =7Ly.
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By fixing stepsize yL and varying N, another perspective on convergence rates
emerges: determining the maximum number of iterations to reach a desired
accuracy with a given stepsize. Let N be the largest index k corresponding to a
strictly positive term in expression of Py (yL,yu) from (3.6). Then for N < N
the rate is linear in (1 — L), whereas for N > N 4 1 it shifts to a sublinear
regime.

We end this subsection with Corollary 3.2.1 addressing the standard smooth
and not-necessarily convex case, namely p = —L, extending the results from [2]

. . V3
holding for constant stepsizes up to =.

Corollary 3.2.1 (Exact performance bound under smoothness only). Let
f € F_p 1 and consider N iterations of (GD) with constant stepsizes vL € (0,2)
starting from xqo. Then the following bound holds:

flxo) = [+
Vi)|*} < Ny
2L 0<i <N{H I} 14 yLmin {Py(vL), %}
with Py (¢) defined as:
|
_ 1 Z B =2k
Py(f) = ( 2 k=1 {2 1+67"-(1-9 }'*')
where L
4 — fmax{1,/ o e (0,1];
p(g) = A frd 2

2 4-g?
2 bl

Lel,2).

3.2.4 Performance bounds for non-strongly convex functions
and variable stepsizes

In this section, we derive and discuss performance bounds for smooth weakly
convex and convex functions under variable (but predefined) stepsizes, up to
a well-defined threshold. In Theorem 3.2.4, we establish the corresponding
guarantee for u < 0, and Corollary 3.2.2 specializes this guarantee to the convex
setting (i.e., p = 0).

Theorem 3.2.4 (Exact performance bound for non-strongly convex functions
and variables stepsizes up to first threshold). Let f € F, 1, with p € (—o0,0],
and consider N iterations of (GD) starting from mo with stepsizes ;L €
(0,7L,(x)], i =0,..., N — 1, where YL, (x) == 1+K+m € [2,2). Then the
following bound holds, where p(yL,vu) is defined in (3.7):

f(@o) — fs
Vf(x; <
2z o2ty VI < 14 3 L p(iL, i)

(3.9)
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Figure 3.2: The dominant term L p(vL,vyu) (see (3.7)) in the bounds for
weakly convex functions for several curvature ratios. 7L = 1 delimits the two
main sublinear regimes, while the one-step analysis is tight up to the threshold
vL, (), marked in black dots, above which intervene transient contributions

(see Py(vL,~u) in (3.6)).

Theorem 3.2.4 is demonstrated in Section 3.5.4. The bound in (3.9) is proved
to be tight for ;L € (0, 1] in Proposition 3.6.4. For the range v, L € (1,vL;(k)],
we conjecture its tightness based on a two-dimensional worst-case example
(Conjecture 3.6.1).

Remark 3.2.2 (Overlap of Theorem 3.2.3 and Theorem 3.2.4). Restricting
it to constant stepsizes yL < yL,(k), Theorem 3.2.4 recovers the result from
Th . —14+(1—y) " —14+(1—yL) "2

eorem 3.2.3 corresponding to n — T <0 forallk>1
in (3.6), namely Pn(yL,vu) = p(yL,y1) N. The extension to variable stepsizes
relies on the proof which, within the stepsize range from Theorem 3.2.4, only
requires inequalities relating consecutive iterations.

Figure 3.2 illustrates the behaviour of the leading term ~Lp(yL,yu),
emphasizing the stepsize threshold 7L (k) and additionally showing that optimal
rates, i.e., with larger denominators, are achieved in the regime of stepsizes
greater than 1.

Remark 3.2.3 (Recovering state of the art). Theorem 3.2.4 extends to arbitrary
u < 0 the state-of-the-art rate for smooth not-necessarily convex functions
(n=—L) from [2, Theorem 2], corresponding to stepsizes ;L € (0,/3]:

f(ﬂ?o) — f*
+ Y00 il (2~ % max{1,7L})

min {[|Vf(z;)|?} < ; (3.10)

2L 0<i<N
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The standard convergence rate (3.11), stated for instance in [89, §1.2.8], is
derived for smooth functions using only the upper curvature L:

f(xo) - f*
1+ SN L2 — L)

Theorem 3.2.3 recovers this result in the absence of lower curvature information,
i.e., for u \( —oo and effectively becomes Theorem 3.2.4 covering the full
stepsize domain (0,2) (as yLy(—00) = 2). The proof of this celebrated result
lacks the utilization of quadratic lower bounds and thus remains generally non-
tight. The convergence rate from Theorem 3.2.3 exhibits a smooth interpolation
between the result in (3.11) (when p N\, —00), the rate for smooth not-necessarily
convez functions (u = —L) from (3.10) and the rate on smooth convex functions

(n="0).

Corollary 3.2.2 (Exact performance bound for convex functions and variables
stepsizes below 3/2). Let f € Fo 1 and consider N iterations of (GD) starting
from xg with fixed stepsizes v; L € (0, %}, 1=0,...,N —1. Then the following
bound holds:

fxo) — [

L+2 0 ) vl

L min {[Vf@)]?} <

2L 0<i<N , V%L e(0,2). (3.11)

1
EHVJC(JJN)H2 <

Corollary 3.2.2 is obtained by taking p = 0 in Theorem 3.2.4. Although not
explicitly presented as such, Teboulle and Vaisbourd propose in [118] two
sufficient decrease results (Lemma 1 and Lemma 5) yielding the same rate from
Corollary 3.2.2 through telescoping summation (see also Remark 3.5.1).

3.2.5 Stepsize thresholds

Stepsize thresholds are given by the roots of (3.8). For N iterations, there
are exactly IV such thresholds, delimiting the regimes for vL > 1. These
thresholds play a central role in the proofs for (strongly) convex and weakly
convex functions in Theorems 3.2.1 to 3.2.3, as they partition the stepsize
domain into N + 1 distinct regimes, each corresponding to a different worst-case
instance. We begin by introducing the following auxiliary expressions.

Definition 3.2.1 (T} quantity determining the thresholds). Let k be a positive
integer and define Ej, : R\{0} — R:

ko L AT
E (ZL') = Z;Uﬁj = { l—z 7 ’ (Ek)
= 2k, =1
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Let V. ={(l,k): k € (—o0,1), £ € (1, } and define Ty, : V — R as

2
ATy

Tk(f, H) = Ek (1—;‘65)—Ek (1—@). (Tk>

Tr(vL, k) denotes exactly the individual terms summed up in (3.6) and canceled
by the k-th stepsize threshold in (3.8). Moreover, T (vL, ) is the difference of
the arguments in the denominators of the rates for convex functions (3.1) and
strongly convex functions (3.3), respectively.

Proposition 3.2.1 (Monotonicity of Ty). The function Ty(-, k) is strictly
increasing in the first argument.

Proof. See Section 3.A.1. O
The sign of Ty (vL, k) changes in the stepsize interval yL € (1, ﬁ), on which
it therefore possesses a unique root.

Definition 3.2.2 (Stepsize thresholds). Let YL (k) = ﬁ The unique

roots of Tp(vL,x) in the interval (1,vLy,(k)) are referred to as stepsize
thresholds and denoted by vL;,(k), where vLy(k) := 1 and:

{(7Li(k)} = {7L € L,VLo (W) | Te(vL, k) =0} Ve =1,2,....  (7Ly)

The definition of stepsize thresholds (yL,) resembles exactly the condition
(3.8) marking the transitions between the different regimes indexed by % in
Theorem 3.2.3.

Proposition 3.2.2 (Properties of stepsize thresholds). The stepsize thresholds
~vLi. () satisfy the following properties:

1.9Ly, (k) < YLy 41 (K), for all integers k > 0;

2. 1imy o0 YLi (k) = YL oo (K);

3. For any vL € [YLy(k), 7Ly y1(k)): Ti(vL, k) > 0 Vi < k, and T;(vL, k) <0
Vi>k+1.

Proof. See Section 3.A.1. O

Figure 3.1 illustrates the dependence on & of the first N = 4 stepsize thresholds.
Complementary, Figure 3.3 details the rapid increase of the thresholds with
the number of iterations, reaching: (i) 1_%{ for strongly convex functions and
(ii) 2 in the non-strongly convex case. The distance between two consecutive

thresholds decreases when increasing their index. Figure 3.4 depicts Ty (vL, k)
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Figure 3.3: StepSQize thresholds  Figure 3.4: Dependence of Ty (7L, k)
YLy (k) converge to % for strongly on~L (for k = —0.5): with vL = 1.83,
convex functions and to 2 for non- T3 >0 for k € {1,2}. 7L, (k) are the

strongly convex functions. intersections with the abscissa.

defined in (7)) for £ = —0.5 and several indices k, offering insight on how to
determine the stepsize thresholds. For example, with vL = 1.83, Ty (vL, k) is
positive for k < 2 and negative for k£ > 3; thus, the interval corresponding to
these conditions is [yLy,vL3).

3.3 Stepsize schedules to improve worst-case guar-
antees

Building on our worst-case performance analysis, we provide several stepsize
policies that minimize these upper bounds. Recommendations are provided for
both constant stepsizes (Section 3.3.1), which depend on the iteration count,
and variable stepsizes (Section 3.3.2); the latter improve upon the constant
choices while also remaining independent of the horizon.

3.3.1 Optimal constant stepsizes

In this section, we derive the optimal constant stepsize that maximizes the
worst-case performance established in Section 3.2. Proposition 3.3.1 and
Proposition 3.3.2 provide this stepsize for convex and strongly convex functions,
respectively. Proposition 3.3.3 derives the (asymptotically) optimal constant
stepsize for weakly convex functions.
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Proposition 3.3.1 (Optimal constant stepsize for convex functions). Let
f € Fo,L and consider N iterations of (GD) starting from xo with constant
stepsizes. The worst-case rate for convex functions (3.1) is minimized by the
choice YL = L (0), implying the best worst-case bound:

)H2 f(’lfo) f*

1
I v g N 7 J7
o IV amll < 1+ 2N~Ly(0)

(3.12)

Proposition 3.3.2 (Optimal constant stepsize for strongly convex functions).
Let f € F1, with p € (0,L), and N iterations of (GD) starting from xo with
constant stepsizes. The worst-case rates for strongly convex functions (3.3) is
minimized by the choice YL = v Ly (k), implying the best worst-case bound:

f(x0) = fe

1
—[IVf(zn)|® < — : 3.13
To the limit N — oo, 7Ly (k) becomes 1%@’ yielding a rate with (i—’;)mf

behaviour.

The N-th stepsize threshold vL y () is the best for (strongly) convex functions.
When evaluated at yLy(k), Definition 3.2.2 implies that the two arguments
in the minimization defining the performance bounds of Theorem 3.2.1 and
Theorem 3.2.2 coincide.

The same optimal constant stepsize 7L (k) is minimizing the worst-case rate
f( N )= fx

lzo—z. >
are the same (see Theorem 3.2.1 for convex functions and Theorem 3.2.2 for

strongly convex functions). We refer the reader to the discussion following [44,
Conjecture 3.1] for convex functions and [116, Sections 4.1.1-2] for strongly
convex functions. These rates were recently proved in [68].

for the more standard performance criterion since the denominators

Proposition 3.3.3 (Optimal constant stepsize for weakly convex functions).

Let k < 0, & = == 55+ Y L90+90V5 ), 1001, and define (yYL)*(k) as the
unique solution belonging to the mterval [1 2) of the equation:

—k(1+ K)YL)E + [Br+ (14 £)2](YL)? =41+ K)(YL) +4=0.  (3.14)
With respect to minimizing the tight performance bound for weakly convex
functions from Theorem 3.2.3, (YL)" (k) is:

1. the optimal constant stepsize for any N, when k < K;

2. the asymptotically optimal constant stepsize as N — oo, i.e., when the
algorithm runs for a sufficiently large number of iterations, if k € (k,0).
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Figure 3.6: Optimal stepsize’s
(logarithmic) dependence on N: asymp-
totic convergence to (yL)*(k) from
Proposition 3.3.3; closer to convex,
a transient staircase-like behaviour
emerges.

Figure 3.5: Comparison of benefit
between (normalized) optimal stepsize
recommendations: (i) (yL)*(k) from
Proposition 3.3.3, (ii) vL = % from
[2] and (iii) vL = 1 (classical).

Proof. See Section 3.A.2. O

Unlike the optimal stepsize ﬁ provided in [2, Theorem 3] for the usual smooth
not-necessarily convex case u = —L, the recommendation in Proposition 3.3.3
leverages lower curvature information and maximizes the leading term
~L p(yL,~vyp) in the rate’s denominator from Theorem 3.2.3. As k approaches
—o00, implying the absence of lower curvature information, the quantity
~vL(2 — vL) is maximized, resulting in the celebrated optimal stepsize %
Similarly, substituting k = —1 in equation (3.14) yields the optimal stepsize for
smooth not-necessarily convex functions from [2].

Figure 3.1 depicts the continuous dependence of (yL)"(k) on the curvature
ratio; above kK =~ —0.1, the dashed line marks its asymptotic optimality.
Figure 3.5 illustrates the maximum guaranteed improvement achievable by
optimizing the leading term p~!(yL,yu) and compares: (i) the (asymptotically)
optimal stepsize (yL)"(k) from Proposition 3.3.3, (ii) the optimal stepsize for

smooth functions (yL)"(—1) = %, and (iii) the celebrated optimal stepsize

(yL)*(=o0) = 1. As nonconvexity decreases (x ,* 0), the optimal stepsize
from Proposition 3.3.3 exhibits a greater improvement compared to stepsize
(vL)*(—1), which does not employ lower curvature information.

In contrast to the constant optimal stepsize recommendations for (strongly)
convex functions, in the weakly convex case there exists an asymptotically
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optimal schedule independent of the number of iterations. A transient regime
appears only for —0.1 < k < 0, where the optimal constant stepsize also varies
with N, i.e., (yL)* = (vL)*(k, N), increasing monotonically. Figure 3.6 shows
this dependency for several curvature ratios, where the worst-case is numerically
minimized for a given iteration budget. As k 0, the transient regime to reach
the asymptotically optimal stepsize from Proposition 3.3.3 expands. During the
initial iterations, a staircase-like behaviour is observed and the optimal stepsize
is confined within a specific subdomain determined by the stepsize thresholds,
ie., (YL)*(k,N) € [1,7Ly(k)). In the convex case, the staircase behaviour
disappears, as the optimal constant stepsize (yL)*(0, N) becomes vL 5 (0), lying
at the intersection of two linear regimes (see Proposition 3.3.1).

3.3.2 Dynamic stepsizes

Stepsizes with vL > 1 admit faster rates, motivating analysis in this regime. For
(strongly) convex functions, variable stepsize policies can attain superior worst-
case performance to constant ones by occasionally exceeding 2 [6, 5, 60, 139, 140],
but they rely on intricate proofs, may depend on a fixed horizon, and their
non-monotone nature makes them sensitive to curvature misestimation.

We introduce a monotonically increasing stepsize sequence inspired by
Theorem 3.2.4 and the work of Teboulle-Vaisbourd [118], that avoids these issues.
It applies to smooth strongly convex, convex, and weakly convex functions, is
horizon-free, achieves better worst-case guarantees than the optimal constant
stepsize, and admits significantly simpler convergence proofs. The construction
is derived by telescoping a two-point descent inequality (Lemma 3.5.2), yielding
a recurrence that cancels a key term and produces the largest admissible stepsize
at each iteration.

Definition 3.3.1 (Dynamic stepsizes). Let K € (—o0,1). We consider the
sequence {sg(k)}re ;. with s_1 = 0, recursively defined as:

. 2 \.5+[@2—s)(2—ksy) —1] sk (k)
sk (r)={s1 € (L fy) = 2—+8+(1+/£;r +27$k(]€/€)(1+ﬁ) =0k
(3.15)

Proposition 3.3.4 (Properties of dynamic stepsizes). For any fived k €
(—00,1), the sequence (si(k))pe_; is:

(i) uniquely defined;
(i) monotonically increasing; and
(#8) im0 Sk(K) = ﬁ

Moreover, for any k > 1 it holds that
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Proof. See Section 3.A.3. O

Note that sg = yL;(k) is the largest value for which Theorem 3.2.4 holds.
Obtaining a closed-form expression for s is difficult, as each step requires
solving a quadratic equation (in the convex case) or cubic one (when k # 0).

Theorem 3.3.1 (Performance bound with dynamic stepsizes). Let f € F, 1,
with p € (=00, L), and k = . Consider N iterations of (GD) starting from
xo with stepsizes ;L defined as follows:
o mingsi(e), GL) (0}, m<0 .
%L._{ si(k), k>0 Vi=0,..,N—1,
where (yL)" (k) is defined in Proposition 3.3.3 and s;(k) is given in Defini-
tion 3.3.1. Then the following bound holds:

! F(wo) — f
i 0ie 111 {”vf Ty || } < N=T p L L) (—ryiL) (316)
1+ Zi:o 2= L(1+k)
Proof. See Section 3.A.4. 0

Based on numerical observations, we conjecture that the bound in (3.16) is
tight. Theorem 3.3.1 extends Theorem 3.2.4 to larger stepsizes (i.e., > vL,(x))
and also applies to the strongly convex case (k£ > 0). Theorem 3.3.1 is proved in
Section 3.A.4, together with the resulting corollaries for convex, strongly convex
and weakly convex functions, respectively (Corollaries 3.3.1 to 3.3.3).

Corollary 3.3.1 (Performance of dynamic stepsizes on convex functions). Let
f € For and consider N iterations of (GD) starting from xy with stepsizes

T . 2 C . .
L =s;(0)=1+ py O foralli=0,...,N —1. Then the following
bound holds:

1 2 f(@o) — [+
2—81\7'71(0)

According to Proposition 3.3.4(iv), the bound can be relaxed by ! (10) , which

recovers the standard rate of O(

¢
)-

Z\H
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Table 3.3: Comparison of complexity bounds (denominators) for convex
functions between the policies: (i) celebrated stepsize yL = 1; (ii) optimal
constant stepsizes (Proposition 3.3.1) and (iii) dynamic schedule (from
Corollary 3.3.1); higher is better. The last column displays the ratio of the
these last two denominators.

Standard choice Proposition 3.3.1 Corollary 3.3.1
YL=1 142N Ly 1+42NyLy sy-1 14325~ Ratio (%)
1 1.500 4.000 1.500 4.000 100.000
1 1.606 7.423 1.732 7.464 100.549
1 11 1.747 18.471 1.893 18.619 100.806
10 1 21 1.834 37.681 1.947 37.933 100.670
20 1 41 1.897 76.885 1.974 77.235 100.456
30 1 61 1.924 116.426 1.983 116.826 100.343
40 1 81 1.939 156.106 1.987 156.535 100.275
50 1 101 1.949 195.859 1.990 196.310 100.230
100 1 201 1.971 395.109 1.995 395.612 100.127

Corollary 3.3.2 (Performance of dynamic stepsizes on strongly convex
functions). Let f € F,r, with p € (0,L), and consider N iterations of
(GD) starting from xo with stepsizes v;L = s;(k) from Definition 3.5.1, with
1=0,...,N —1. Then the following bound holds:

f(xo) — fs
sn—1(K)
2—sn—1(k)(1+kK)

S IV < (3.18)

As a consequence of Proposition 3.3.4(v), the gradient norm converges to zero

at a rate of O((152)*V).

Following the approach in [118, Table 1], we numerically compare our dynamic
stepsize policy with the optimal constant stepsize dependent on the number
of iterations. This comparison is presented in Table 3.3 (convex case) and
Table 3.4 (strongly convex case). Such a numerical comparison is necessary to
evaluate the worst-case performance, as our dynamic policy lacks a closed-form
expression.

Corollary 3.3.3 (Performance of dynamic stepsizes on weakly convex functions).
Let f € F, 1, with p € (—00,0), and consider N iterations of (GD) starting
from xq with stepsizes v; L=min{s;(x), (vL)"(k)}, withi =0,...,N — 1, s;(k)
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Table 3.4: Comparison of complexity bounds (denominators) for strongly
convex functions between the policies: (i) celebrated stepsize yL = 1—%@;
(ii) optimal constant stepsizes (Proposition 3.3.2) and (iii) dynamic schedule
(Corollary 3.3.2); higher is better. The last column displays the ratio of these
last two denominators.

. N Standard choice Proposition 3.3.2 Corollary 3.3.2

2 ()7 ALy (1-ALy) W syor 1452 Ratio (%)

1 1.998 1.004 1.500 4.006 1.500 4.006 100.000

2 1.998 1.008 1.605 7.447 1.731 7.488 100.551

5  1.998 1.020 1.746 18.633 1.892 18.784 100.813

10 1.998 1.041 1.833 38.381 1.946 38.643 100.682

1073 | 20 1.998 1.083 1.896 79.879 1.973 80.257 100.473
30 1.998 1.127 1.923 123.416 1.982 123.865 100.363

40 1.998 1.174 1.938 168.871 1.986 169.373 100.297

50 1.998 1.221 1.948 216.257 1.989 216.805 100.253

70 1.998 1.492 1.960 317.040 1.992 317.670 100.199

1 1.9998 1.000 1.500 4.001 1.500 4.001 100.000

2 1.9998 1.001 1.606 7.426 1.732 7.467 100.550

5 1.9998 1.002 1.747 18.487 1.893 18.636 100.807

10 1.9998 1.004 1.834 37.750 1.947 38.004 100.671

1074 | 20 1.9998 1.008 1.897 77.178 1.974 77.531 100.457
30 1.9998 1.012 1.924 117.101 1.983 117.505 100.345

40 1.9998 1.016 1.939 157.323 1.987 157.759 100.277

50 1.9998 1.020 1.949 197.780 1.990 198.240 100.232

70 1.9998 1.028 1.961 279.309 1.993 279.801 100.176

defined in Definition 3.3.1 and (yL)*(k) given in Proposition 3.5.5. Then the
following bound holds:

1 (o) = J-
5 o (V7)€ —— L oy 19
<i< PN+ max (e e~ R

where p. = p((yL)*, k(yL)") is the mazimized coefficient p(yL,vu) from (3.7).

In the weakly convex case, the sequence {si(k)},e is truncated when exceeds
the asymptotically optimal constant stepsize for nonconvex functions from
Proposition 3.3.3. The numerical evidence in Table 3.5 supports that the
rate from Corollary 3.3.3 outperforms both: (i) optimal constant stepsize
schedule (vL)*(N, k) (obtained by numerically maximizing the denominator
from Theorem 3.2.3) and (ii) asymptotically optimal constant stepsize (YL)" (k).
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Table 3.5: Comparison of complexity bounds (denominators) for weakly
convex functions (example x = —1073) between the policies: (i) asymptotically
constant optimal stepsize (yL)*(k) from Proposition 3.3.3, resulting in a
denominator denoted by P{} = Px((vL)"(k), k(vL)"(k)); (ii) constant optimal
stepsize depending on the number of iterations (vL)*(N,k) determined
by numerically maximizing the denominator Py(vL,vyu), denoted by
Py = Pnx((vL)*(N,k),x(yL)*(N,k)); and (iii) dynamic sequence from
Corollary 3.3.3, leading to the denominator Dy. The transition between the
increasing sequence and the constant schedule is marked by the horizontal line.
The last column displays the ratio Dy (x)/ Py .

N Proposition 3.3.3 Proposition 3.3.3 Corollary 3.3.3
(L)) P (L'(Nur) Py min{sn—1,(70) (1)} Dn(x) Ratio (%)
1 1.939 1.135 1.500 3.994 1.500 3.994 100.000
2 1.939 1.288 1.606 7.400 1.733 7.440 100.547
5 1.939 1.882 1.748 18.310 1.893 18.456 100.798
8 1.939 2.750 1.809 29.509 1.935 29.721 100.719
9 1.939 3.121 1.823 33.254 1.939 33.483 100.689
10 1.939 3.542 1.835 36.999 1.939 37.246 100.667
20 1.939 12.546 1.885 74.170 1.939 74.867 100.940
30 1.939 44.438 1.894 111.360 1.939 112.489 101.014
40 1.939 144.899 1.898 148.645 1.939 150.111 100.986
50 1.939 182.520 1.905 186.003 1.939 187.733  100.930
100 1.939 370.629 1.916 373.255 1.939 375.841 100.693

As k approaches 0, (vL)" (k) converges to 2 and the result from Corollary 3.3.1
is retrieved.

3.4 Preliminary results for the proofs

The necessary and sufficient interpolation conditions for F,, r-functions given in
Theorem 2.2.1 are used in conjunction with the (GD) iterations by substituting

j—1

zj =z — > WV f(a),

k=i

as detailed in Definition 3.4.1. Since the proofs are limited to constant stepsizes,
we set vy, to .

Definition 3.4.1 (Distance-(j — 4) inequalities for gradient descent). Consider
inequalities (Q[; ;1) and (Qp;:) connecting gradient descent iterations separated
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by (j — i) steps:

flos) = 1z;) 2 7<Vf<xj>vf§l_ VA + 57 IV () — V) +
_ (Qri))

1% Jj—1 2'

s IVF @) = Vi) =L 3 Vi@l

) = 7o) 2 =1, 5 VSl + 51 197w = VI +
, (Qu.a)

H j—1 )

m”vf(xi) = Vf(z;) - yLkz Vi)

=1

We refer to inequalities (Qp ;1) and (Qpjq) as distance-1 or distance-2
inequalities if the distances between their indices satisfy |i —j| <1 or|i—j| < 2,
respectively.

In contrast to traditional convergence study, e.g., [89], we separate the analysis
concerning the optimal objective value f, and solely focus on the function value
gap up to step N, namely f(zg) — f(zn). By making a slight modification, as
detailed in the descent result from Lemma 3.4.1, we derive a convergence rate
incorporating f. (alternative proof of the lemma given in [89, §1.2.3]).

Lemma 3.4.1 (Sufficient decrease for gradient descent). Let f € F, 1, with
u € (—oo,L). One iteration of (GD) with stepsize vL € (0,2) decreases the
function values and at each point x; it holds:

Fle) = fo 2 5 IV AP, (320)

Proof. From Lemma 2.2.1 with x = ;41 and y = z;:
2
F@ia) = flas) + AV f@a)|? < RV F ()l
hence the function values decrease for vL € (0, 2) since
F@i) = fwign) = BV @),
1

and since it holds for any z; and v, we can write it for v = ¢ and get:

f@i) = fo = (@) = f(mizr) > 52 IV f ()]
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A convergence rate for the last gradient norm ||V f (z)]| is obtained for (strongly)
convex functions, since the gradient norm is non-increasing, as shown for example
in [118, Lemma 2]. Lemma 3.4.2 provides an alternative proof of this property.

Lemma 3.4.2 (Monotonicity of gradient norm for convex functions). Let
f € Fo,r and one iteration with stepsize v > 0, connecting x; and x;41. Then:

IVF(@)l® = IV f@ipa)lIP 2 2575V F (20) = V(@i (3.21)

Moreover, if v < %, then the gradient norm is non-increasing.

Proof. By replacing the (GD) iteration z;41 = x; — vV f(z;) in the formula of
cocoercivity of the gradient [89, Theorem 2.1.12]:

HIV (i) = V(i) P < (Vf(@ig1) — VI (@i), Tig1 — x3)
YV f(@iv1) = V(@) V().

By amplifying with L and using
(Vf(zis1), V(zi)) = 5IVF@)? + 31V f(zir) 1? = 31V F(2i) = V(@) |
we obtain
sIVE@? = 51V @) + 51V f (i) = V(i) P >
SV F (@) = V(@)

which simplifies to (3.21). O

3.5 Proofs of performance bounds

In general, solving the associated PEP which provides (numerical) exact
performance bounds in closed form is difficult. We propose a systematic
procedure which eliminates the standard PEP numerical guessing by effectively
canceling specific terms in a linear combination of a well-defined set of
inequalities from Definition 3.4.1 to mimic the shape of the performance metric,
as described in Remark 3.5.2.

The PEP framework facilitated the identification and validation of worst-case
scenarios, streamlining the necessary inequalities in the proofs, the subsequent
demonstrations being inspired by the numerical solutions (which are not unique),
with an improved understanding. Additionally, the intricate range of sublinear



54 GRADIENT DESCENT: A COMPLETE WORST-CASE ANALYSIS

regimes outlined in Theorem 3.2.3 could only be validated numerically, but
could not be deduced from the PEP numerical analyses. For a comprehensive
understanding of the PEP setup for gradient descent, we refer the interested
reader to [116] or [2].

Similar proofs using distance-1 interpolation conditions to obtain tight
convergence rates on different performance metrics are given in [114, Theorem
2.1, Section 3] where the proximal gradient descent is analysed, assuming strong
convexity on the smooth function in the split.

While using “distance-2” inequalities is a valid method for proving tight bounds
with stepsizes greater than L, (x), we mention that the only fundamental
requirement is to use conditions connecting non-consecutive iterates. In fact,
PEP experiments reveal several alternative strategies, employing: both distance-
2 inequalities but with different multipliers, only distance-2 inequalities of the
type Qit2,i, or inequalities relating the final iterate Qv ;) [68]. Our specific
approach is advantageous because of its unique cancellation technique, described
in Remark 3.5.2, which offers a methodical derivation. However, beyond this
procedural benefit, we have not yet developed a deeper intuition.

Proofs organization. The lemmas from Sections 3.5.1 to 3.5.3 are employed
in the rest of the section to prove the convergence rates outlined in
Section 3.2. Table 3.2 provides a summary of the specific lemmas utilized
in the demonstrations and the corresponding worst-case function types. The
proofs are organized based on the stepsize thresholds delimiting the different
regimes, even for (strongly) convex functions where the rates are expressed
using minima in the denominators.

Main idea: Target inequality. Inequalities (Q[; ;) and (Q[;,;)) enter with
nonnegative weights a; j; and ay; 51, respectively, to form a generalized inequality
linking N iterations* such that there exist nonnegative weights o; > 0 satisfying:

N
Y (0 Qug) + apQua): Flzo) — flan) > Y ok V(@) (#)

0<i<j<N i=0

Proposition 3.5.1 (General procedure). Inequality (%) implies:

T 2 o i A9 S,
i=0 7 o

4For linear combination of inequalities, we adopt the convention of writing the summed
expression on the L.h.s., while stating the corresponding inequalities explicitly on the r.h.s..
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with equality only if all gradient norms ||V f(x;)||? with o; > 0 are equal.

Moreover,
Sleo) = fe 1

L0 - 20 o2ty IV}

Proof. The first inequality results after taking minimum gradient norm in
(#). The adjustment in the denominator of the second inequality results from
combining (3.20) with (#) and taking again the minimum gradient norm. [

Following Proposition 3.5.1, all convergence proofs reduce to demonstrating an
inequality of the form (#) with positive weights o;. We utilize interpolation
inequalities (Q; ;) and (Q[;,;)) with (i) [j —i| = 1 to prove Theorem 3.2.4 and
(ii) |4 — ¢| € {1, 2} to prove Theorem 3.2.3 and Theorem 3.2.2.

Notation. For readability reasons, we sometimes denote f; = f(x;) and
gi = Vf(x;). Recall: k = £ is the curvature ratio; yL € (0, 2) is the (normalized)

stepsize and YL (k) = ﬁ

3.5.1 Distance-1 lemmas for weakly convex functions
For |j —i| = 1, inequalities (Q[; ;) and (Qy;,;)) simplify to:

YA L=2yp+1 gl | 1 lginall® | vL-1
fi—fix1 2 - 5 T T 2 + I (9i>9i+1); (Qpisi+1)

Yy L=2vL+1 [lgill* | 1 llginal® | p—1
H lgieall” — (96 9i1)- (Qpigr,iy)

iv1—f; >
fz-i-l fz_ L—/J 2 L—,u 2 T

Note that their L.h.s. only contains consecutive function values, whereas the
r.h.s. is a combination of gradients, with symmetric coefficients in vL and ypu.

Lemma 3.5.1 (One-step descent with v < 1/L). Let f € F, , with p €
(=00, L), and consider one iteration of (GD) with stepsize vL € (0,1]. Then
the following inequality holds with equality only if V f(x;) = V f(2;41) oryL = 1:

YLyp—=2ypu+yL ||V f ()| L oL IV @ir)l*

f(@i)=f(wit1) = T 5 - 5 (N2SD)

Furthermore, if pn <0, then the gradient norms from (N2SD) are weighted by
positive quantities.
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Proof. Inequality (Q[; ;41]) is reformulated by expressing the inner product in

terms of gradient norms, i.e., 2<gi,gi+1> = lgill® + lgis1ll*> = llgi — givall?, as:

&

fi—fiz1 > YL yp—2yp+L ||g; YL Ngi+al® | 1L [lgi—gisal
i = L—pu 2 L—pu 2 L—pu 2 ’

(3.22)

Since yvL € (0, 1], the mixed term can be neglected, resulting in inequality
(N2SD), with equality only if g; = g;+1 or vL = 1. The numerator of first term
rewrites as —yu(l —vyL) + (vL — yp), hence it is positive when p < 0. O

Lemma 3.5.1 does not hold for stepsizes vL € (1, 2).

Lemma 3.5.2 (One-step descent with v > 1/L). Let f € F, 1, with, p €
(=00, L), and consider one iteration of (GD) with stepsize YL € [1,7L (k)).
Then the following inequality holds:

YN@—L) (2—yp) 1] |V £ (z)|” L7 IVf(@a)l*

2—~yL—yu 2 2—yL—yu 2
(N4SD)

f@i)—f(ziz1) >

When vL > 1, equality holds only if:

(1=yp)(1=~L)

(Vf(:), Vf(xit1))= 9Ly

1
va(xz‘)||2+m||Vf(9ﬂi+1)||2~

~yL
(3.23)

Furthermore, if vyL € [1,vL,(k)], then the gradient norms from (N4SD) are
weighted by nonnegative quantities.

Proof. The mixed term in inequality (3.22) enters with a negative contribution
for vL > 1. To counterbalance it, the complementary interpolation inequality
(Qrit1,) is used, written with the equivalent expression:

I?

Lyp—2vL+ i il? ) 1- i—git1|?
fa— i3] wL vLyp gl | e llgisal® | 1=vm lgimginall®
— 2 L—p 2 L—p 2

Consider the sum of distance-1 inequalities I} := Q[ j+1) + Qpi+1,i:

2
. ||

< 2Ly L=y ||gi YLAyp || giga |? n 2—yL—yp || gi—giv1 | (i)
L—u 2 L—p 2 L—p 2 ’

By weighting (I}) with B(yL,yu) = %'YVLL%W > 0 and summing it with

(3.22), the coefficient of ||g;—g;+1]|* gets canceled and we obtain (N4SD). The
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equality condition (3.23) follows from the equality case of (I}). Nevertheless,
the coefficient of [|g;||? is nonnegative for yL € [1,7L;(k)], where vL,(k) is
the largest stepsize vL € [1,2) for which: (2 —vL)(2 —yu) — 1 > 0, implying
nonnegativity of the weight of |V f(z;)||? in (N4SD). O

The threshold vL, (k) has the explicit formula yL, (k) = m

Remark 3.5.1 (Generalizations of sufficient decrease results). Inequalities
(N2SD) and (N4SD) are extensions to weakly convex functions of the “double”
sufficient decrease formula (2SD) [118, Lemma 1] and the “quadruple sufficient
decrease” formula (4SD) [118, Lemma 5], respectively, obtained for convex
functions (u=20):

Flz)—f(zig1) > /yHVf(;i)HQ +7va(3;“)”27 VyL € (0,1]; (2SD)
_ 12 . 2
)= i) > v(s_izL) HVf(Q:cz)H N 2_7% ||Vf(3;z+1)|| VaLe[L2).
(4SD)

3.5.2 Distance-1 lemmas for strongly convex functions

Further on, the analysis focuses on constant stepsizes vL € (1,2), interval only
partially covered by Theorem 3.2.4.

Additional notation. For brevity, we sometimes use p = p(yL) :=1—~L €
(=1,0), n = n(yp) =1 —~yp. Then Ty(vL,k) = Ex(1 — kyL) — Ex(1 — L)

(see Definition 3.2.1), where Fy(z) = Z?il 77, can be equivalently written as

Ti(p,n) = Tr(YL, k), with Ti(p,n) = Ex (n) — Ex (p). Recall YLy (k) = 7177
Definition 3.5.1 (Iteration threshold N). Let N(yL,x) = max{k €
N|Ty(vL, k) > O}

Proposition 3.5.2 (Basic inequalities for n and p). Let p € (—o0,L) and
~vL € (1,7LOO(/<;)), Thenn >0, n+p >0 and p~2 > n~2.

Proof. Condition vL < L. (k) implies L < ﬁ, hence 0 < 2 —~vL —
~vL[k]y < 2 —~L — vLk, implying n 4+ p > 0. Since p = 1 — L € (-1,0),
we have n = 1 — yu > 0. Condition L > p implies n > p and together with

N+ p > 0 we conclude that 2 > p?, therefore p=2 > n=2. O
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Lemma 3.5.3 (One-step descent in the linear regimes for v > 1/L). Let
f e Fur, with p € (—oo, L), and consider one iteration of (GD) from x; with
stepsize vL € (1,2). Then it holds:
i) — J(@s V f ()2 Vf (@)l
fa) = i) | ISP ISP

¥ 2 2
(0 + p)Eis1 (p) IV (@is1) — pV f(2i)]?

n—p 2 '

Furthermore, if p € (0,L) and yL € [1%{, 2), then 1 — (n+ p)E; (p) > 0.

(3.24)

17
+

Proof. Let Biy1(p) = (—=p)Eiy1(p) > 0. Inequality (3.24) results after
performing the simplifications in the linear combination of interpolation
inequalities:

Qi) + Biv1(p) (Qpuiv) + Qiv1.)s

where (Qp; ;1) and (Qy;,;]) are equivalently rewritten for the pair (4,7 + 1) as:

fi—fiv1 lg:ll®> | 1 llgiv1—pgil®
1 i AR > (1 ;
(1+ Bit1) Q[m-&-l] ~ > (1+p) D) +"7_P 9 ;
Bivr Quor: Jiv1—fi > Clgil? 1 ||gi+1||2+ﬂ 1 ||gi+1—09z‘||2.
2 p 2 pN—p 2
With vL € [H_%,Q), we have n+p < 0 (see Proposition 3.5.2) and therefore
1—(n+p)Eit1(p) > 0. O

Lemma 3.5.4 (One-step descent in the linear regimes for vL < yL_ ). Let
f € Fur, with u € (—o0, L), and consider one iteration of (GD) from x; with
stepsize YL € (0,7Lo(k)). Then it holds:

f(zi) —vf(xiﬂ) > —E;(n) ||Vf(29€z)||2 + Eir (n) ||Vf(=’132i+1)||2 +
(3.25)

Lot (n+p)Eiv1 () IV f(@ig1) =0V f ()]

n—p 2 '

Furthermore, if i € (0,L) and vL € (0,7L;,1(x)), then =1+ (n+p)Ei11 (n) >
0.

Proof. Firstly, note that n =1 — yu > 0; the case yL € (1, ﬁ) is covered
by Proposition 3.5.2, while for vL € (0,1] we have 1 —yu > 1 —~L > 0. Let:

L+n+--+n*
Bir1(n) = =1+nE;1(n) = g > 0.
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Inequality (3.25) results after performing the simplifications in the linear
combination of interpolation inequalities:

Qpijiv1] + Biv1(M) (Qpiit1] + Q1,1

where (Q; ;1) and (Q[;,;) equivalently rewrite for the pair (7,4 + 1) as:

fimfirr _ lgill®  Vllgisall® | 5 llgir1—ngill?
1 i RARIE > - ;
(1+ Biv1) Qpiit1 S 5 +77 5 +77—p 5
fiv1—fi ||9i||2 1 ||gi+1_779iH2
Bit1 Qit1,): B > —(1+4n) 9 +77—p 5 .

Condition vL < vL;,,(x) implies T;+1(p,n) < 0, hence i > N(vL,x) (recall
Definition 3.5.1: Ty (p,n) > 0 and Ty ,(p,n) < 0, corresponding to vL <
YLy 11(x)). Then the coefficient of the mixed term in (3.25) is positive:

—1++p)Eia(n) o ) Exa(m) _ Trlp, 1)—=0"T41(p,1)

> = > 0.
n—p n—p (n—p)?

The first inequality results from the monotonic increase with index 4 of E;1(n),
whereas the last one by the definition of N(yL, k). O

3.5.3 Distance-2 lemmas

In this section we derive descent lemmas involving distance-2 interpolation
inequalities, needed to prove rates on the stepsize range vL € (1,v7L, (k)).

Lemma 3.5.5 (Key distance-2 result). Let f € F, 1, with p € (—oo,L).
Consider k+1 iterations of (GD) with constant stepsize YL € [yLy(k), 7L (r))
starting from xqo, where k > 1. Then it holds:

fQ@o)=f(zr) | (ntp)Th(p,n) f o) = f(@rt1) IV f (i) 2
: v =t z(nfp) : 5 S > (B (n) + B (p))kar
Tilpm) 1 IV (i)l IV £ (2|12
+ 2(77_/)) np 2 + <Vf(l‘k), Vf($k+1)> + % . (D2)

Proof. Consider two iterations connecting x;, ;41 and x;42, with ¢ > 0. The
interpolation inequalities (Q; ;1) and (Q; ;) written for distance-1 (Q[; ;41 and
Q[i+1,) and distance-2 (Q[;,i+2) and Q[i12,4]), respectively:

fi— fira llg:]? L lgiv1 — pgill*

Qv ———— = (1+ + ;
[6,i+1] y (1+p) B n—p B
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Qusri: fiv1 — fi > _ lgill® 1 llgisal? L 1 lgivs = pgil®.
e v T 2 p 2 pn—p 2 ’
fi = fire oy lgil® | llgisal? 1
Qe ———— = (1+p+p7) +p + ‘
[2.i+2] v 2 2 p(n—p)

I

lgi+1 — pgill? Giva — pgit1l® | llgiv2 — P29
2 9 9
>

fira — fi gi Llgivill? 1+ plgitell? 1
Q[i+2,z‘]1L2 —H ,” 1 _ o llgivall i

¥ 2 P2 p? 2 p(n—p)

R} a4 12 2012
[n(l_p)llgm . pgill® (1—77)"9”2 2pgmll +legt+2 2p gill }

are summed up in a linear combination with nonnegative corresponding weights:
(3.26) = iy 1)Qpiit1) + Qit1,0 Qi+ 1, + ¥ii+2)Qlii2) + Alit2,i) Qi2,1

where:

1—n)Ti(p,n 1+ p)Ties (p,
i) ::1pri+1(p)+( mTi(p,n) 01+ p)Tivi(p ?7);

2(n —p) 2(n—p)
(I+p)Ti(p,n) . p(1=n)Tiy1(p,n)
Vit1,] = — pEiv1 (p) + ;
it +1(0) 2(n — p) 2(n — p)

_ nTiv1(p,m)
Y2 Tt — )

_ —pTip1(p,m)
Ali+2,4] = 2(77 — p) 5

and (3.26) is obtained after performing the simplifications:

fi—fira ~Ti(p,n) fi—fir1 | Tiva(p,m) fiv1—fito
gl + (ot )[ 2(n—p) v - 2(n—p) gl }2
E ) i 2 7 2
- 2(7(7P_Z§ { ”92H +(gi> giv1) + lgieal” ;1” }
: . 2 . 2
T;ﬁ(‘;(p;o?)[ ||gl-;1H +<gi+1,gi+2> + ”92-52—2” }
_(F. _ lg:ll” , , lgitall®
(B () +B: (o) 24 (B () +Bun () 122210

(3.26)
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Telescoping it for indices i = 0,1,...,k — 1 yields inequality (D2).

It remains to show the nonnegativity of multipliers. Since the stepsize thresholds
increase with index i, condition yL > ~L,(x) ensures T;11(p,n) > 0, for
all ¢ = 0,...,k — 1. This directly implies the positivity of ay; ;12 and
Q[it2,:- The positivity of distance-1 multipliers is evidenced by their equivalent
representations as nonnegative sums (recall p € (=1,0), n € (0,00); n+p >0
and p~2 > n~2 from Proposition 3.5.2):

Nt (L+p)ntp—pn) —14p 0D
+ 2 —2
L+mn np —1+p

200541 = 1+ +

(P00 g~ (o2 iy 5,

nm—p) =

—1+4+p% N n(1 4 p) —1 +7~20+D
1—p 1—0p 1—n

—p[1—p+n(1+p)] p~20+Y) —y20FD)
I—p n—p

> 0.

O

Remark 3.5.2 (Derivation of key result Lemma 3.5.5). Inequality (D2)
selectively involves gradient norms of indices {k,k + 1}, function values of
indices {0,k,k + 1} and the inner product (V f(xk),Vf(zrt1)). As a resul,
the linear combination of interpolation inequalities eliminates all other function
values and gradients. Specifically, it removes: k gradient norms, k consecutive
and k distance-2 inner products of gradients, k — 1 function values, while
setting the coefficient of fy to %, totaling 4k constraints. Remarkably, the
linear combination employs exactly 4k inequalities as well, highlighting why we
needed to involve distance-2 interpolation inequalities. Consequently, deriving
Lemma 3.5.5 (and subsequent convergence rates) entails solving a linear system,

contrasting with the PEP numerical analysis, which involves solving an SDP.

Subsequent lemmas involving distance-2 interpolation inequalities are derived
by augmenting Lemma 3.5.5 with distance-1 interpolation inequalities.

Lemma 3.5.6 (Multistep descent with vL € [yL,,vL..)). Let f € F.rL,
with p € (—o0o, L), and consider k + 1 > 1 iterations of (GD) with stepsize
~vL € [vLy(k), 7L (k)), satisfying yL > 1, starting from xo. Then the following
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inequality holds:

f@o)=f(wrr1) L =n*p*Tiesa (p, ) ||Vf($k)||2+Tk(p7 n+n=p) IVf(@r11) >
gl T PP 2 n*—p? 2 '
(GN4SD)

Furthermore, if p € (—00,0] and YL € [yLy(k),7Ly41(r)), then the gradient
norms from (GN4SD) are weighted by nonnegative quantities.

Proof. For k = 0, the result follows from Lemma 3.5.2 and we obtain
exactly (N4SD). For k > 1, inequality (GN4SD) is derived by adjusting (D2)
through the linear combination of interpolation inequalities ap x11)Qk,k+1) +
Oé[k+1,k]Q[k+1,k]i

() Tilpm) e — o1
[l 2(n—p) } gl -

npTe(p,n)  2020°Trq1(p,0) Y\ |9k
<—Ek(77)_Ek(P)_ o) _ 3 +§ )>”
n—p nt—p 4

&

(77 —p+T(p,n)  Tilpin) ) lgr+1l>  Ti(p,m)
n?—p° 2(n—p)/ 2 2(n —p)
where the corresponding weights are defined as follows:

<gka gk+1>a

- (A=n)n+p - 2ka

=1 ;
ekt = T T R — ) (p.11);
= (I+p)n+p)—2p
a[k+1,k] — n + p 2(772 — p2) Tk(pa 77)

Multiplier apy1,x is represented as a sum of positive quantities (p < 0).
Multiplier afy, 41 is directly written as sum of positive quantities if (1 —n)(n +
p) —2p > 0 (in particular, this covers the (strongly) convex case where n < 1).
Otherwise, i r41) is equivalently expressed as a sum of positive terms as
follows, with n > 1:

oy 1 —p(n—p)(1+17)
R = 505 T 20— ) [ -D-p)
2k —2k
- [(1—n)(n+p)—2p](:77_1 + f—p)] >0
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Lemma 3.5.7 (Multistep descent in the linear regime with yL > vL,). Let
f e Fur, with p € (—o0, L), and consider k +1 > 1 iterations of (GD) with
stepsize YL € [ﬁk(ﬁ),’ﬁm(ﬁ)), satisfying vL > 1, starting from xqg. Then the
following inequality holds:

f(xo)j(xm) By () Vf(r2k+1)ll2+n2fz+_1p(;; ) va(mlﬁl);Pvf(Ik)‘P.
(3.27)

Furthermore, if YL € [YLj 1 (k), 7L (K)), then Tyi1(p,n) = 0.

Proof. For k = 0, the result follows from Lemma 3.5.3. For k& > 1, inequality
(3.27) is derived by adjusting (D2) with the linear combination of interpolation

inequalities o,k 11Qk,k+1] T Ak k+ 11 Q41,4

{1 ~ (n+p) Ti(p, Tl)} e — fo+1 S (_ Ti(p,m) UZ’OT'“H(p’n))(gk,gHD 4

2(n - p) v 2(n - p) (n—p)?
222 Tis1 (p, 1) 10Ty (p,n) 7 llgwll®
[P B ) — B (p) = PR R

N {772 Trv1(p,n)

Tl 77)} gkt ll®
(n—p)?

20—p)d 2 7

where the corresponding weights are defined as:

+ Ery1 (p)

1
A,kr1] = L+ (=p) Bt (p) + 2 —p)

pe+1,6] = (—p) By (p) + m (p, 7).

Multiplier a1 4 is represented as a sum of positive quantities, while o 141
is directly written as sum of positive terms if 7 < 1 (the (strongly) convex case).
Otherwise, > 1 and oy x41] is equivalently expressed as sum of positive terms

as:
1+ (_p)p—Q(k—H) 7777—2(k+1) + (_p)p—Q(k+1)
A, k+1] = +n .
. 2(1—p) 2(n — p)

O

Lemma 3.5.8 (Multistep descent in the linear regime with vL € [yL,vL..))-
Let f € F,, 1, with p € (—oo, L), and consider k+1 > 1 iterations of (GD) with
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stepsize YL € [YLy,(k), YL (k)), satisfying vL > 1, starting from xo. Then the
following inequality holds:

f(@o)—f(@ps1) IVf@ra)I? | =p*Thsr (o) IV f (@ra) =0V f () |12
%ZE]C‘FI (77) 2+ + (njp) - ) :
(3.28)

Furthermore, if YL € [yLy,(k), YLyy1(k)), then Thy1(p,n) <O0.

Proof. Case k = 0 results from Lemma 3.5.4; further on, k > 1. Inequality (2.8)
written for the pair (i,7) = (k, k + 1) reads:

n+p
0> 7”9 12+ 7||9k+1|| 7(91“ Gkt1)- (3.29)
n— n— n—p

1. Case L € [yL;(k),vLj41(k)). By using n > 0, (3.29) equivalently rewrites
as:
2 2 _ 2
0> — o llgx| L+ g1l Lt lgr-+1 = ngell®
2 2 n—p 2

By multiplying it with - Tk+1(p7 n) (positive because Tj+1(p,n) < 0) and
adding it to (GN4SD), the coeﬁiment of ||gr||? is canceled and we get:

Jo—fr+1 Tk(P,WH(U—p)—PszH(A77) Hgk+1\|2+—ﬂ2Tk+1( 1) ||gx+1—ngx?
% n?—p? 2 (n—p)? 2 ’

which after simplifications is exactly (3.28).
2.Case VL € [yL;1(k),7L,(k)). After multiplying (3.29) with %fz > 0:
05 Mgerill? = llgker —pgel® | =p* llgksr — monll®
-2 (n—p)? 2 (n—p)? 2

By scaling it with T41(p,n) > 0 and summing it with (3.27), the coefficient of
lgk+1 — pgk||? is canceled and after simplifications we get (3.28).

O

3.5.4 Proof of performance bounds for weakly convex functions

Proof of Theorem 3.2.4. By telescoping the sufficient decrease inequalities
(N2SD) and (N4SD) for indices ¢ = 1,...,N and stepsizes 7o,..., YN-1,
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respectively:
fo—fn ||90|| [%L 7()#‘27()M+’YOL50 + Y0[(2—0L) (2—y0p)—1] (1—60)
2 L—p 2—y0L—yop
+N 1||gz||[%1 Lt Yi—1 (1—6 1)+
= 2 2=yl —yimap -
L i 27; i L (2 =% L)(2 —vp) —1
L dilovin = 2yipt 51+7[( YiL)(2 = vip) ](1751,)}
L—pu 2 =L —yip
||9N||2[”YN—16N . IN-1 (1 by 1)}
2 lL-p " " 2=9NaLl—yN-1p -

(3.30)

< %, and §; = 0 otherwise. The telescoped inequality
resembles a decrease inequality of type (#) if all gradient norms have positive

weights; a sufficient condition is 212=uDC=vW=1l5q for § = 0, . -1,
2—y;L— Vil

which is satisfied by any choice of v;L € (0,7L,(x)] (see Lemma 3.0. ) By
taking the minimum gradient norm and reordering:

where §; = 1 if v <

-1

PRI OglgnN{Ilgz\l }[Z L( iL %L%ML_EZMJFWL)(S“L
Vil YiL[(2 — % L)(2 — yip) — 1]
+(2*%‘L*%‘M 2=l —ip )(1_6i)}
s N—
_ Og}glN{llng } Z e L p(vi L ),
with p(y; L, v;pt) defined in (3.7). O

Proof of Theorem 8.2.3. The interval (0,vL,(x)] is addressed by the proof
of Theorem 3.2.4, so it remains to prove the rates for constant stepsizes in the
range

ALi(8).2) = O AL(8) 7L (0)) U L (), 2).

1. Case vL € [yL;(k),vLj,1(k)), with some k € {1,..., N—1}. To inequality
(GN4SD) we append (N—k—1) inequalities (N4SD), written for indices i =
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kE+1,...,N —1. Then we get (using the usual notation with ~, L, u):

fo—fn  —(A=AL)?A—)?*Tip1 (VL 6) lgnl® | Th(YL, £)+yL—pt [l ghal®
vy (I—yp)?—(1=~L)? 2 (I=yp)?=(1=—L)* 2

+

2—7L)2—yw) =1 |lgea > | (2—7L)(2—p) NZ 1912

2—yL—yp 2 2=yL—yp A=, 2
1 lgn|®
2—~yL —~yu 2
simplifying to
frfN>*(1*7L)2(1*w)2Tk+1(7L,Ii) g |I” Ti(vL, k) lgrtall?
v (1=yp)?—(1—vL)? 2 (I=yp)?—=(1=—L)* 2

2—L)2—w) lgesa]® | (2—vL)(2—vn) NZ lg:

2=yL—yp 2 2—yL—yp 2

&

i=k+42

1 lgn |
2—~yL—yu 2

+

)

which is of type (#) since all gradient norms have positive coefficients because
Ti(vL,k) > 0 and Tgy1(vL, k) < 0. By taking the minimum gradient norm:

. {Hgi||2} Jo— [N
min < ,
k<isn U 2L YL Pn(vL,yp)
where
—(=L)*(l=yp)*Tr1 (YL, £) + Tu (L, &) + v L—yp

(1=yp)?2=(1—~L)?

2—L)2=) (4
L, k=),

Using algebraic manipulations one can check the following equivalent expressions
for Py (yL,~vyp) discussed in Section 3.2.3:

—1+(1—y D)7 14 (l—yp) 2
L1—(1—~L)2] ~ u[l—(1—7p)? 2—vL)(2 -y
PN(’YLKYM):W[ ( 1’y)] w[l( w)]_,_(z )L( )(N—k)
107  1=(1—n)7? TRk

— 14 (1—yp) 2k —14+(1—yL)"2F
_2-1D)2 ) [N_ —puyL [w —k aene _kH

2— L —p YL —vp Y - vL
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The expression from (3.6) is obtained from the identity:

O 779 I Mt € 72) A 9
) L T € o7 ) L
Y L

9

e R R R
Z[ (L—yp)™> (1 -y

=0 TH TH

where in the r.h.s. are summed up quantities T;(yL, k) with ¢ = {0, 1,...,k},
i.e., for all indices for which they are positive. Therefore, the r.h.s. can be
rewritten using the positive quantities over N terms such as in formula (3.6).

2. Case L € [yLy(k),2). From Lemma 3.5.7 with k = N — 1 it holds:

- 2 (1= )2 Ty (7L, — (1 =~AL)gn 1|
Jo—Jfn > Ex (1— L) llgn |l n (1—n) N(72 k) llgy — (L —vL)gn—1| ’
g 2 (vL = vn) 2

where the mixed term can be neglected since T (yL, k)>0 and obtain:

lgn |
2L

which is of type (#) and implies the linear regime from Theorem 3.2.3.

fo—fn = [-1+ 1 —~L)7?V]

O

3.5.5 Proofs of performance bounds for strongly convex
functions

If i1 > 0, then yL (k) = 2 < 2.

Proof of Theorem 3.2.2. We split the proof over stepsize intervals:
_ N—1 . _ _
(0,2) = (0,7L, (W] U (0. FLe(#), 7L () ) U (L (), 25) U [125,2).

1. Case yL € (0,7L,(x)]. By telescoping (3.25) for indices i =0,...,N — 1

I

N-1

fo—fn lgn 1 —1+ M+ p)Eir1 (n) llgit1 — ngi

> En (n) + ;
Y 2 ; n—p 2

where all mixed terms have nonnegative coefficients because yL € (0,7L ()]

(see Lemma 3.5.4). Hence they can be neglected to obtain the lower bound of

type (#):
fomIn S gy () g1 (3.31)

~ 2
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2. Case vL € [yLy(k),vLj 1 (x)), with some k € {1,..., N—1}. By telescoping
(3.25) for indices i =k +1,...,N — 1:

2 2

N-1
Z —1+(n+p)Eir1 (0) llgis1—ng:ll?
i=k-+1 n=p 2

with nonnegative weights of the mixed terms since YL € (0,7L; 4 (k)) (see
Lemma 3.5.4). After appending it to (3.28) from Lemma 3.5.8, we obtain:

fo—fn > Ex () lgn]? L P > Tey1(p,m) llgk1 — ngrll?
y 2 (n—p)? 2

+

N-1
Z —1+(n+p)Eiy1 (0) llgivs — ngill?
i=k+1 nm=r 2

Since Tr+1(p,m) < 0, all mixed terms can be neglected to get a (#)-type
inequality:

_ 2
Jo= I 5 gy (y oI (3.32)
ol 2
3.Case 7L € [yLy(k), 1-&-%) From Lemma 3.5.7 with £ = N — 1 it holds:

fo—fn > Ex () lgnl? 1 2Tn(pn) gy — pgn— 1H2
gl 2 (n—p)? 2

Since T (vL,x)>0, by neglecting the mixed term we obtain a (#)-type
inequality:

lgnlI?

N (3.33)

v

4.Case 7L € [1+m2)' By telescoping Lemma 3.5.3 for s = 0,1,...,N — 1 it
holds:

N—-1
fo—fn o Ex ||91||2 n Z 1—(n+p)Eit1 (p) |lgis1 — pyill?

g n—p 2

1=

)

where the mixed terms can be neglected and then the inequality reduces to
(3.33).
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Since the transition between the two linear regimes is given by the sign of

Tn(p,n) = En (n) —EnN (p), we can glue together expressions (3.31), (3.32) and
(3.33):

_ 2

oI > win e (), Ex (0} 1251

equivalent to:

_ _ —2N _ _ —2N 2
oo fn > mm{ 1+ (1 —p) ’ 14+ (1—~L) }HQNH ’
I L 2

which implies the bound (3.3) and the complementary one:

f(@o) — f(zn) '
n{L -1+ (1—yu)=2N], =1+ (1 —yL)"2V}

1
SpIV )P <

3.5.6 Results for convex functions

Corollary 3.5.1 (Multistep descent for convex functions). Let f € Fo .
Consider k +1 > 1 iterations of (GD) with stepsize YL € [yL;(k),vLy11(r)),
satisfying yL > 1, starting from xo. Then the following inequality holds, with
positive coefficients of gradient norms:

_ e
F(wo) = flonn) 2 [206+1)= ;JLL *Z 21]%
A IV F @)l
[ (k+1) pa— L Z 2]2724r

(G4SD)

Moreover, (G4SD) is valid on the extended stepsize range vL € (1,2).
Proof. 1t results by taking n = 1 in (GN4SD). O
(G4SD) is a multistep generalization of the descent lemma (4SD) from [118].

Proof of Theorem 3.2.1. Letting 0, all terms summed in (3.6) become
zero, simplifying to Py (vL,0) = 2N, so that all sublinear regimes corresponding
to stepsizes up to yL,(0) share the same expression. For stepsizes yL >
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L (0), it holds the linear regime following the expression in the denominator

_ —l4+(1—y0)=2N ‘s ;
En(1—~L) = — Additionally, the thresholds are determined by
the roots of:

1+ (1 —~L)" 2k

T (~vL,0) = 2k — —

 Vk=1,...,N,

hence the rate can be expressed as a minimum in the denominator of (3.1).
Same bound is recovered to the limit p N\ 0 in strongly convex functions’ rate
(3.3). O

3.6 Tightness of performance bounds

The tightness of convergence rates is typically assessed by identifying a worst-
case function matching the upper bound when iterating the algorithm. This
function can be determined either analytically or by providing an interpolable
set of triplets. Table 3.2 summarizes the various demonstrations of tightness
based on different stepsizes ranges.

Remark 3.6.1 (Checking tightness). The exactness of all proved convergence
rates can be confirmed numerically by solving the associated performance
estimation problems (PEPs), for example by using the specialized software
packages PESTO [115] (for MATLAB) or PEPit [56] (for Python). In this

section we propose analytical proofs.

For stepsizes in the range vL € [yLy(k),2), a single performance bound applies
across all function classes (weakly convex, convex and strongly convex). As
shown in Proposition 3.6.1, this unified bound is proven to be tight using the
same worst-case function L@, which, for simplicity, can be reduced to one
dimension.

Proposition 3.6.1 (Tightness for yL € [yLy(k),2)). Let L > 0, N be a
positive integer, YL € [yLy(k),2) and fr(x) = L@. Then after applying N
iterations of (GD) on function f = fr, with constant stepsize vL, starting from
g, i1t holds:

2 in (9701 = & I97 Gl = L2

Proof. One can directly check that f; satisfies the necessary conditions for
equality in Lemma 3.5.7: gy = (1 — yL)gn-1 and fo — fxy = [-1+ (1 —
,YL)—QN] H921\£H2_ O
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For the remainder of the stepsize interval, yL € (0,vL(k)), the proofs are
organized as follows: Section 3.6.1 covers constant stepsizes for convex and
strongly convex functions; Section 3.6.3 addresses variable stepsizes below
L, (k) for convex and weakly convex functions; Section 3.6.4 focuses on the
specific range of constant stepsizes (1,vL y(k)) for weakly convex functions.

3.6.1 Tightness for convex and strongly convex functions

Proposition 3.6.2 (Tightness of Theorem 3.2.2 (strongly convex)). Let L > 0,
we (0,L), vL € (0,2) and N be a positive integer. Then there exists xo and
f € Fur such that after applying N iterations of (GD) on function f with
constant stepsize vL € (0,2), starting from xq, it holds:

1 2 f(xo) — fu
2L|| f(xN)H = 1+ —2N —2N )
v =1+ (1—p) —1+(1—~L)
1+ ~vLmin { ~ ; > }

Proof. We define the following worst-case function depending on the stepsizes
yL: if vL € [yLy(k),2), then it is given by the function fr (defined in
Proposition 3.6.1); if yL € (0,7Ly(x)), then it is the function ¢ given below.

Let A > 0 and define the parameter 7 := \/% 1+£[71+(A17w)*21"]'

The function

p: R — R is given by:

2 2 A

_ ) ws Ll = (L—p), iffz[ =T
p(z) = e .

L%, if |z < 7.

Note that ¢ € F, 1, ©« = argmin p(z) =0, ¢(z,) = 0 and

D e O s
€T) =
4 Lz, if |z < 7.

One can check that initializing the iterates at xO::T[lJr% (=1+(1—=ypu)~M)],
with ¢(z9) = A, and running N iterations of (GD), the following holds: all
iterations belong to the branch x > 7, the final iterate is exactly xn = 7, having
the gradient Vp(zy) = L7 and thus reaching the bound claimed in the first
term. O

This one-dimensional worst-case example is inspired from [116, §4.1.2].

Proposition 3.6.3 (Tightness of Theorem 3.2.1 (convex)). Let L > 0, vL €
(0,2) and N be a positive integer. Then there exists xg and f € Fo  such
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that after applying N iterations of (GD) on function f with constant stepsize
~L € (0,2), starting from xq, it holds:

f(@o) — -
min {1 +2N~yL, (1 —~L)=2N}’

srlIVFn)|* =

Proof. With A > 0, let 7:=y/2 1+2%V7L and xg = 7(14+NvL). We define

¢: R — R, such that ¢(xg) = A, ¢(z,) =0 and

Lrla| - LT, if 2| > 7 Lrsgn(z), if |z|>T;
pla) =1 2 o (z) = .

L%, if || < T, Lz, if || < 7.
Then we select f = ¢ or f = fi (see Proposition 3.6.1) whether 7L < Ly (0)
or vL > L (0), respectively. O

3.6.2 Removing the optimal point in tightness analysis for
smooth weakly convex functions

Lemma 3.6.1 shows that by incorporating inequalities (3.20) for all iterates
t € T the upper bounds remain tight and provides an existence guarantee of an
interpolating function with global minimum f,. It generalizes Theorem 7 from
[43], obtained for the particular choices = —L and p = 0, to any p < 0.

Lemma 3.6.1 (Characterization of the optimal point). Let T = {(x;, gi, fi) }iez
be F,, r-interpolable, with p € (—o0,0]. There exists at least one interpolating
function with a finite global minimum

f. = min f(z) = min {f; = 3 llg:*}. (3:3)

zER?
A global minimizer is given by x. = z;, — %gi*, where i, € arg({lei?{fi _
sz ll9ill? }-
Proof. The proof consists on algebraic manipulations, see Section 3.B. O

Lemma 3.6.2 (Decoupling optimal point in tightness analysis). Assume an
Fu,-interpolable set T = {(z4, gi, fi) }icz satisfying the condition

N e argr;ﬁn {fi — & aill*}- (3.35)
1€
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Then proving tightness of the bound

n (V) < LS

oL 0Zian + Pn(yL,vu)

reduces to showing tightness of the bound

flow) —Ston)

n (197} < oo

2L 0< <N (3.36)

Proof. Condition (3.35) implies that (3.34) from Lemma 3.6.1 holds with N = i,,
hence there exists a function for which f(zy) — fo > 5 [|Vf(zn)|?. This
inequality produces the shift in the denominator when appended to rate (3.36).

O

Further on, in all tightness proofs we show that condition (3.35) holds and
therefore we reduce the analysis to only prove the equality in (3.36).

3.6.3 Tightness analysis for weakly convex functions and
stepsizes below v,

In this section, we construct worst-case examples for YL < vL; (k). For a given
choice of parameters, we illustrate these worst-case functions in Figure 3.7.

Range ;L € (0,1]. 'We show a one-dimensional worst-case function example
which extends to weakly convex functions the one from [2, Proposition 4].

Proposition 3.6.4 (Tightness for vL € (0,1] (weakly convex)). Let L > 0,
€ (—00,0), N be a positive integer and ;L € (0,1], withi=0,...,N — 1.
Then there exists xo and f € F,, 1, such that after applying N iterations of (GD)
on function f with stepsizes v;L, starting from xg, it holds:

L+ zL(2+ )

YiL—vyip

2z i {[[V/(2 DIIPY =

Proof. Motivated by the necessary conditions ¢; = g;4+1 in Lemma 3.5.1, a one-
dimensional function with constant gradients U at the iterates is built, where U

is the square root of the minimum gradient norm: U?:= ——=~—T A IR
ﬁZi:o V'LL(2+%:L7%‘,N)
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with A > 0. The equality case in Lemma 3.5.1 implies (together with g; =
U Vi=0,1,...,N):

i Lvi N-1_ YiLvip
Ji— fir1 %-L(Q + ’YA:LJ’YZJ«) fi Zj:i 73L(2 + 'YjJL—’JY.m)
T o N-1 Ly, AN~ N1 L, :
A > i—o v, L(2+ %) A >0 L2+ %)

Without loss of generality, we set fy =0, fo = A and 2y = 0 and define the
triplets {(xi’gi’fi)}ie{o LN with g; = U and x; = UZ;V:? 7v;. Consider the
following points lying between consecutive iterates:

T; szi—%ﬁiU€[$i+17$i], 220,17,N—1

A worst-case function interpolating the triplets is the piecewise quadratic
f: R — R, with alternating curvature between p and L with inflection points
xz; and x;, constant gradients at the iterations and decreasing function values,
where i € {0,...,N — 1}:

%(xfo)2+U(xfo)+fN, if z € (—o0,xN];

) = % (z — a:i+21)2 +U (x —xip1) + fivr, %f x € [i:iﬂ,ii]; (3.37)
5@ —2)" + U (x—a) + fi, if x € [Z;, 24];
%($—$0)2+U(1’—.’E0)+f07 if x € [zg,0).

]

An illustration of the one-dimensional worst-case construction from Proposi-
tion 3.6.4 is given in Figure 3.7a.

Corollary 3.6.1 (Tightness of Corollary 3.2.2 (convex)). Let L > 0, N be a
positive integer and v;L € (0, %], witht=0,...,N — 1. Then there exists xg
and f € Fo1 such that after applying N iterations of (GD) on function f with
stepsizes y; L, starting from xq, it holds:

VS| = LWL
2L L+ 2300wl

Proof. The proof results by setting u = 0 in Proposition 3.6.4 to obtain a linear
function between iterations, extended outside by a quadratic of curvature L. [

Range ;L € (1,7L,(x)]. We build a set of triplets matching the corresponding
bounds from Theorems 3.2.3 and 3.2.4 and interpolating an F, ;-function,
implying the validity of all interpolation inequalities relating the N +1 iterations.
The upper bounds in Theorem 3.2.4 are obtained by analyzing only consecutive
iterations, from which we track equality conditions collected in Proposition 3.6.5.
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-1.5 -1 -0.5 0 0.5 1 15 2 25

(a) One-dimensional worst-case function (b) Function example for constant stepsize
example corresponding to short stepsizes YL € (1,vL,(x)]. Setup: L =1, u = —0.5,
viL € (0,1] (piecewise quadratic; see yL = 1.5, N = 7. Component z! is
Proposition 3.6.4). Setup: N = 3, fo — successively reduced, while 2 alternates
f« = 2, L = 2, p = —4, vwL = 1, between two values, due to alternating

1L = 0.5, 72 L = 0.75. gradients g; and g;41.

Figure 3.7: Worst-case examples for weakly convex functions and stepsizes
below the first stepsize threshold (yL < vL,(k)), matching the bounds from
Theorems 3.2.3 and 3.2.4.

Proposition 3.6.5 (Necessary conditions for worst case with variable stepsizes
(weakly convex)). Let L > 0, p € (—00,0), N be a positive integer and ;L €
(1,vL(k)), with i = 0,...,N — 1. Then any worst-case function f € F, 1,
matching the bound from Theorem 3.2.4 satisfies the following identities on the
triplets T = {(%i, gi, fi) Yieqo,...N}, With Tit1 = i — 7igi:

122 Jo—Jn o .
lgill? = U2 = — ST, Vi=0,...,N; (3.38)
2L £4j=0 2=y L=jn
(9i,9i+1) 1+ (1 —vip)(l —%l) .
L, i) = = , Vi=0,...,N—1;
c(vil, i) 2 Sy s— i
(3.39)
N—-1
fim et LS w2 @l gy (3.40)

2L = 2—vL—vu

In particular, a two-dimensional function f: R2 — R satisfies these necessary
conditions if, for any suitable go, the following holds:

Ji+1 = R((_l)z—‘rle(’}/zlﬁ’ylu))gh Vi = 0,1,... 7N -1, (34]‘>
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where R is the two-dimensional rotation matriz and

0(viL, i) = arccos (c(yiL,vip)). (3.42)

Moreover,
N € aorgmm{fz - ﬁ”g?HQ} (3.43)
Proof. See Section 3.C.1. O

Proposition 3.6.6 (Tightness for vL € (1,vL,] (weakly convex)). Let L > 0,
p € (—00,0), N be a positive integer and vL € (1,7L,(k)]. Then there exists
xo and f € F, 1 such that after applying N iterations of (GD) on function f
with constant stepsize L, starting from xq, it holds:

) fwo) — [
ﬁoinLnN{HVf(xl)” }_ LWN
YL—vp

Proof. We construct a two-dimensional worst-case function f : R? — R. From
Proposition 3.6.5, the rotation angle between the gradients 6(yL,yu) is constant,
hence they alternate between odd and even iterations such that:

lgill> = (9is gir(2m)) = U? and (gi, giyon41)) = cU>  Vi=0,...,N —1.

Consider the set of triplets Tz := {(4, gs, fi) }ie{o,...,n} defined as follows: (i)

=
since go can be set (almost) arbitrary, we take g; = U [\/ Les (—1)° %} ;

(ii) by setting xx = [0,0] ", the iterations are given by z; = 725\771 g;; (iii) by
setting fy = 0, the function values simplify to f; = fo(1 — %). In Section 3.C.1
we demonstrate that 7z is 7, r-interpolable. O

Figure 3.7b shows a numerical example of the triplets from Proposition 3.6.6’s
proof. Excepting initial point xg, all subsequent iterations are inflection points
where the curvature transitions from u to L. This pattern is reversed between
odd and even iterations and the decrease mainly occurs to component x'.

Remark 3.6.2 (QCQP-based numerical worst-case construction). The
numerical example from Figure 3.7b is obtained from the lower interpolation
function derived in [110, Theorem 8.14], originally defined for smooth strongly
convex functions. This interpolation function can be extended to arbitrary
lower curvatures pu using the minimal curvature subtraction argument employed
in the proof of Theorem 2.2.1 (refer to Remark 3.13 in [110]). Given
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triplets Tz = {(xs, g:, [i) Yiez, this function is the solution of the quadratically
constrained optimization problem (QCQP):

f(z) = min max {fi+(gi, e=ai)+Glle—ail*+ gz lg—gi—n@ -z}

When using non-constant stepsizes v;L € (1,7L;(k)], based on the triplets
construction from Proposition 3.6.5 we state in Conjecture 3.6.1 the tightness
of the convergence rate from Theorem 3.2.4. The conjecture relies on numerical
verification that all interpolation conditions hold (see Footnote 2).

Conjecture 3.6.1 (Tightness for v;L € (1,yL,] (weakly convex)). There
exists a two-dimensional function f € F, 1 interpolating the triplets defined in
Proposition 3.6.5, satisfying

f(zo) — f(zn)

ﬁ ogglN{“vf(x’)HQ} T NN LD
== im0 L

3.6.4 Tightness analysis for weakly convex functions and
stepsizes above 7L,

We firstly show the tightness for the stepsize interval [yLy_;(x),7Ly (%)) in
Proposition 3.6.7, by constructing a two-dimensional quadratic function. Then
Proposition 3.6.8 demonstrates the exactness of our bounds for any stepsize in
the range (1,vLy(k)), by providing in its proof a three-dimensional example.
We also provide alternative, equivalent expressions of denominator Py (yL,yu)
from (3.6). Using N(yL, %) (recall Definition 3.5.1) emphasizes that the analysis
of worst-case functions relies on fixing the stepsizes and varying the number of
iterations; N(vL, k) plays the role of index k delimiting intervals in the proofs
of Theorem 3.2.3 (see Section 3.5.4) and Theorem 3.2.2 (see Section 3.5.5).

Proposition 3.6.7 (Tightness for YL € [yLy_,vLy) (weakly convex)). Let
L >0, u€ (—00,0), N be a positive integer and YL € [yLy_(k),vLy(x)),
such that N(yL,k) = N — 1. Then there exists xo and f € Fu,r such that
after applying N iterations of (GD) on function f with constant stepsize yL,
starting from xg, the corresponding performance bound from Theorem 3.2.3
holds exactly:

1 : 27 _ f(xO) — [+
2L 021<IINH|Vf(.’L'1)H } - A—L)2EN(Q—vL) (A—yw)2 Exy(Q—vp) ’
- - 1+7L 1—(1—«,L)12 11—(1—»w)2

1-(1—L)2 1-(1—vp)?

with Ey (x) given in Definition 3.2.1.
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Proof. Let A > 0 and U = ”#fmw with Py (yL,yu) defined in (3.6).
The following performance bound (without f,)

1 1
f( TN) —(— D)% 1-(0—yw?
o i {1V ()|} = L) e e
1-(1—~1L)2 T—(1—yp)?

is achieved by the F), 1, quadratic function
1 L 0
1@ = 3lo—am)T |5 ] @ aw) ko= an) + v,

with arbitrarily fixed zx = [0,0]7, fx =0, f(x9) = A and

1—~L
— [ [Q=w® = 1[—(1—vL)%] | /1-(1-7L)?
gN - (A—ym)2—(1—~L)? 1—vp

Vv (1=yp)?-1
O

Remark 3.6.3 (Componentwise gradient scaling factors). The gradients of the
worst-case function from Proposition 3.6.7, evaluated at iterations x;, decrease
in each component by the scaling factors (1 — L) and (1 — yu), respectively:

1—~L 0

Vf(zit1) = [ 0o 1 ’W} V f(z;).

Proving the tightness of Theorem 3.2.3 for stepsizes 7L € [yL;(k), vLy_;(x))
presents a significant challenge due to the nonlinear term in (3.6), which
connects the quadratic function characterizing the first N(yL, x) + 1 iterations
(see Proposition 3.6.7) and the 2D function with alternating gradients directions
from Proposition 3.6.6. This later function dominates the sublinear rate
through the leading coefficient yL p(yL,~ypu). The three-dimensional worst-
case construction from Proposition 3.6.8’s proof also provides an alternative
worst-case construction for this regime with stepsizes vL € (1,vL,].

Proposition 3.6.8 (Tightness for vL € (1,yLy) (weakly convex)). Let L >0,
pu € (—00,0), N be a positive integer and yL € (1,vLy(k)). There exists
xzo and f € F, 1 such that after applying N iterations of (GD) on function
f with constant stepsize yL, starting from o, the performance bound from
Theorem 3.2.3 is atlained:

f(xO) - f*

min {||Vf(x:)]|"} = Tl Ea i
14 Gy (N — N)—l— 1=(—yL)2 1-(—yw?

2=rb=m =02 1-(1—)2

o 0<i<
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where Ey, (x) given in Definition 3.2.1, together with the complementary rate:

. f(xo) — flan)
iog%glN{va(ml)HQ} = Eg(-~L) EgQ-—yup) °
o EALC (N — N) 4 20022 0o

1-(1—7L)2  1-(-yw)?

Proof. Let A > 0 and U = ’/#fhvu)’ with Py (yL,vu) defined in (3.6).
The value of U denotes the minimum gradient norm over IV iterations, i.e., the

rate, where A accounts for the initial function value gap f(z¢) — f(zn). The
definition of N = N(yL, k) implies vL € [YLy_,(k),7Ly(k)), with 1 < N <
N — 1. We define the set of triplets Tz = {(i, g4, fi) }i={0.1,....n} as follows:
without loss of generality, we fix fy = 0 and xny = 0 and consider

(1LoL) ¥
gi = U\/[“‘(f“i—)zl”if“vﬁf)z] ()=~ Vi=0,1,...,N +1;
vV (=yp)2—1
0

0 . -
giv1 =1 —~L)g; + (L — p) cos(0iy1) R(6:41) gi Vi=N,...,N;

. (1= L)2G—(N+1) . Y
s = (1 (1 g~ IOy,
6; = arctan(q;) Vi=N4+1,...,N;

. L N—i
- AN_H_JLJ% =1 Li(vLk) i—0.1 N
(2 " N - ) Yt )
N4 R Zj:l T;(vL,k)

cos(f) —sin(6)
sin(0) cos(0)
the two-dimensional rotation matrix of angle 8. For Tz, we show in Section 3.C.2
that: (i) it attains the performance bound from Theorem 3.2.3 and (ii) it is
interpolable by a F, r-function with three variables. O

and ;41 =x; — g, 1 =0,...,N — 1 and R(0) := being

Remark 3.6.4 (Construction of the 3D worst-case example). If the stepsize is
not the threshold YL (k), then the first N 4 1 gradients have uniquely defined
norm and inner products between them. This follows the equality conditions
from Lemma 3.5.6. Restricting them to be two-dimensional, they are unique up
to applying orthonormal transformations. The first N + 1 iterations are ezactly
characterized by the worst-case function from Proposition 3.6.7, where a third
component is set to zero. For the subsequent iterations, the first component
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remains linearly decreasing in (1—vyL), while the others are obtained by applying
a certain rotation which, given the decrease in the first component, preserves:
(i) the gradient norm to U? and (ii) the inner product between consecutive
iterations to cU? such that:

(0): lgixs — (1 = yL)gil> = U?[1 + (1 = vL)* = 2(1 — yL)c];
(ii): (giv1 — (1 —vL)gi, gi) = U*[c — (1 —yL)],

1+ (1—yL)(A—yp

with ¢ = ) from Proposition 3.6.6. The matriz R(0;41) rotates

2—yL—yu
the second and third components of g; by angle 0;, whose absolute value
monotonically increasing towards lim; o |0;] = arctan( %“;:;Yg) These
components are then properly scaled to preserve |giy1l| = U. Moreover,

as i approaches oo, the first component vanishes and the gradients start
alternating, resembling the same pattern observed for the two-dimensional worst-
case described in Proposition 3.6.6°s proof.

3.7 Conclusion

We have presented a comprehensive worst-case analysis of gradient descent
applied to smooth weakly convex, convex and strongly convex functions across
the entire range of constant stepsizes vL € (0, 2).

For convex and strongly convex functions we establish and prove tight
performance bounds over ranges previously only covered by conjectures.

In the weakly convex scenario, determining convergence rates is more challenging
outside extreme cases already addressed in the literature: p € {—o00,0}. The
state-of-the-art analysis of smooth not-necessarily convex functions is extended
from the particular case ;1 = —L and stepsizes vL € (0,+/3] to encompass full
domains.

The proofs are based on incorporating not only consecutive interpolation
inequalities but also those connecting iterations at a distance of two, the
key idea being detailed in Remark 3.5.2. A key advantage of these proofs type
is the obtaining of new descent lemma type inequalities, independent of the
number of iterations N, as they would be in tight convergence analyses using
inequalities involving the last iterate. When deriving closed-form expressions
for tight performance analysis with constant stepsizes, it is uncommon and
challenging to involve nonconsecutive iterations.
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While all rates align with the numerical solutions obtained from solving
performance estimation problems (PEPs), we demonstrate analytically their
tightness over the complete stepsize range vL € (0, 2).

This analysis yields insights into the optimal constant stepsizes with respect
to the demonstrated worst-case scenarios and we further improve upon them
by proposing dynamic stepsize schedules which have the key benefit of being
independent of the number of iterations. Testing them on practical problems is
left as future work.



Appendix

3.A Properties of stepsize sequences (proofs)

3.A.1 Stepsize thresholds

Notation. In the proofs within this section we use the notation Ty (vL, ) =
k
> iy 0i(vL, k), where

K3

2 —kyL 2—~L
(= mD® (=D

0i(vL, k) ==

Proof of Proposition 3.2.1. We show % > 0 for yL € (1,7L(k)),

which resumes to proving the positivity of

_ _9;2=ryL 2L
dél(’}/L, K,) . k (1 QZI—N’YL) 1+ QnyLzl

dnL) T (A-mDE (AL

1. Case k > 0: we lower bound % by neglecting the denominators:

2—,%7L) 2—~L
1

67;(’)/.[/,/45) Z _K}(l — 2Zm

k(2—kyL) 2—~L S
1—ryL yL —11 "~

:(1fn)+2z[

2. Case k < 0: it is sufficient to show

20— ~L . 1
1+227L11 S 1> 7H*1+21(1+m)
(I—nL)* =~ (1 —ryL)*

82
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The Lh.s. holds because vL € (1,2) and (1 —vL)* < 1. The r.h.s. is equivalent
to:

(1— wyL)? > —K[—1+2i(1+m)].

Using vL € (1,2) and the second order Taylor approximation for (1 — k)2, we
get the bounds:

(1 —ryL)* > (1 — k)% > 14 2i(—k) +i(2i — 1)k?

fﬁ{71+2i(1+ﬁ)} < /{{1+2i<1+1iﬁ)}.

Therefore, it is sufficient to show:

1
1+ 2i(—k) +i(2i — 1)K% > —I£|:—1—|—2i(1—|-1_ﬂ>},

which equivalently rewrites as the following inequality valid for all ¢ > 1:

)2+(17”)371>0.

R — 1) + (i + T 2

1—x
O

Lemma 3.A.1 establishes the existence of an index beyond which the contribution
0 becomes negative. This observation is key to proving Proposition 3.2.2.

Lemma 3.A.1. Let k € (—o0,1) and vL € (1,7L. (k). Then there exists an
index k such that 6x(yL,k) <0 and §;(vL,k) <0 for all j > k.

Proof. The sequence J; is a difference of two monotone sequences: (12:5%

and (12:7%, respectively. The former is decreasing for k < 0 (weakly convex
functions) and increasing for k > 0 (convex functions), whereas the later is
always decreasing. In particular, §o(yL, ) > 0. Because (1 —yu)? < (1 —~L)?,
to the limit it holds limg_, o 0x(vL,k) = —oo and there exists some index
k with 65(vL,x) < 0. We prove by contradiction that 6;(vL,x) < 0 for all
J > k; assume there exists some index | > k such that §;(yL, ) > 0. Then the
following inequalities would hold:

— 2—9L
0 0: :
R R N (Y S
2 — 2 —~L
6 >0: e 7

(L —yp)? = (L—qL)*
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By multiplying the inequalities and performing the simplifications we get:
(1= u)** D > (1= L)*¢*h,

which implies, due to (1 —yu)? > (1 —~yL)?, that k > [, contradiction! O

Proof of Proposition 3.2.2. We prove these claims in turn.

1.Case k = 0 holds by definition since vLy(k) = 1. For any k > 1, by
using Lemma 3.A.1, condition Ty (vLy, ) = 0 implies dx(vL,x) < 0 and hence
0k+1(vL, k) < 0. Furthermore, Tj41(vLy, &) < Tk (vLy, k) = 0. Then it holds:

Tes1(VLy, &) < Te(VLy, &) = 0 = Tyy1 (YLjp 1, K).

The monotonicity of T (vL, ) in stepsize vL (see Proposition 3.2.1) implies

YLy, (K) < VLjy1 (K)-
2. Because stepsize thresholds sequence is monotone, it has a limit.
(a) Case k > 0. By definition, yL, (k) < 1%«» < 2 for all integers k£ > 1 and

condition Ty (vyLy(k), k) = 0 implies:

1L (r) \* T ()2
(l—mka(fi)) =r+(1—r)(1—7L,(K)"* =
‘1’7%(“) ~ e In (k4 (1 — k) (1 — 7L, (x))%F)
1 — KLy (k) 2k

To the limit k — oo, the r.h.s. equals 1 because (1 — Ly (x))?* — 0, hence
|1 —~vL,(x)| = |1 — kyLi(k)|, which implies the solution vL_ (k) = H%

(b) Case « < 0. By definition, 7L, (k) < 2 for all integers k > 1 and condition
Ti(vLi(K), k) = 0 implies:

(1= ALy ) = 14 LIl

—In (1 - 1*<1**”~Vzk<n>>—2k)
]

|1 *’Ek(“” = exp [

To the limit & — oo, the r.h.s. equals 1 because (1 — ryLy, (k))™2F — 0 due to
K < 0. Hence, |1 — 'yLk(m)| =1, with the solution yL_ (k) = 2.
(c) Case k = 0. By definition, vL,(0) < 2 and, similarly to the case x < 0:

—1In (14 2kvL;(k)) } .

1= ALi(k)| = [14+ 26714 ()] ™ = exp | o



PROPERTIES OF STEPSIZE SEQUENCES (PROOFS) 85

To the limit k& — oo, the r.h.s. equals 1, hence |1 - ’TLk(K)‘ = 1, with the
solution YL (k) = 2.

3.Condition yL € [yLy(k),vLj,q(k)) implies Typ(vLy(k),x) > 0 and
Ty+1(7Ly(k), k) < 0. Because &§;(yL,x) < O for all i > k, we have (i)
Ti(yLy, k) > 0 for i = 1,...,k — 1 (since k is uniquely defined) and (ii)
Ti(yLy, k) <0 fori>k+ 1.

O

3.A.2 Proof of optimal constant stepsize for weakly convex
functions

Proof of Proposition 3.3.3. Minimizing the upper bound from Theorem 3.2.3
is equivalent to maximizing the denominator Px (yL,vu) from (3.6). For a fixed
curvature ratio x = %, this reduces to maximizing the quantity (1) := I p(l, kl),
where [ € (0,2) is the normalized stepsize vL and p(l, u) is defined in (3.7):

2 l(2 - z'iliz) e (0,1];
() =12 - iy | = _

s R A )]
Its first branch is concave in [ and reaches its maximum for [ = 1. Since this
value is also feasible for the second branch, it means that the maximum belongs
to the later expression and restrict the analysis to the interval [1,2). One can
check that (1) is strictly concave for [ € [1,2). Moreover, r'(1) = ﬁ >0

and 7/(2) = —2(1 — 1) < 0, where

r'(l) = ﬁ [—m(1 + 1)+ [B+ (14 £)° 12— 4(1+ k)l +4} :
(3.44)

Hence, there exists a unique maximizer I* € [1,2), further on denoted by
(vL)" (k). The square bracket from (3.44) is exactly the expression from equation
(3.14).

Moreover, the optimal stepsize (yL)*(k) strictly increases with s, from
(yL)*(—00) = 1 to (yL)*(0) / 2 and crosses the threshold vL, (k) at some
specific & (see Figure 3.1), which results by taking (yL)" (k) = vL,(x) in (3.14).
For longer stepsizes, some other transient and exponential terms in v are involved
(see expression of denominator (3.6)), therefore the solution (yL)" (k) > vL, (k)
is only asymptotically optimal (N — o0). O
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3.A.3 Scheduled stepsizes

Proposition 3.3.4. We present the proofs for each statement:
(i) One can check that sy = yL;(k) > 1, where vL;(k) is given explicitly in
Theorem 3.2.4. Further on, s, st € (1, ﬁ), for k > 0. By definition of sy:

0= 5k _ 54 n 54(2—54)(2 - Ksy)
2—s5.(1+k) 2-—si(1+k) 2—s5,(1+k)

54(2—s4)(2—ksy)

Since 5=s. (15)

> 0, it implies:

Sy < Sk
2—s4(14K) ~ 2—s(14+K)

< s < 54

After simplifications in (3.15), s are the roots of the function:
h(sy) = —&[2— sp(1 4 kK)]s% +2(1 + K)[2 — sp(1 + K)]s3 +
+2[-3+ sk (1 + k)]s — 2s4.

The demonstration of the existence of a unique root s; is divided into scenarios
of weak and strong convexity.

a) Case k € (—00,0]. Then s, € [1,2), so = vL,(0) = 2 and the following
1 2

iLh(l)=—(1—-kK)(2—ksk) <O0;
i, h(3/2) = =2U=35) 4 919 5 (1 4 k)] < O;
iii. h(2) = 2(2 — si);
iv. d‘i’: (1) =(1+4k)(2—ksk) >0 for k € [-1,1);
V. ddsﬁ (3)=2+12-5,(14K)](2— 2K) >0 for k € (—o0,0];
Vi. d”gi (2) =24+4(1 — 8)[2— sp(1 + k)] > 0 for Kk € (—00,0];

Vi, %:) =22 — sp(1+ K)][2— K — 3k(sy — 1)] > 0.

Therefore, h is strictly increasing and possesses a unique root sy € [2,2).
(b) Strongly convex case. We restrict to s € [0,1) and s € [1 ). One
can check the following statements:

ih(l)=—=(1-kK)(2—ksk) <O0;

ii. h( 2 ) = 2(1—k)2[2—s, (1+kK)] > 0;

Y 1+k

T+r (A+r)3
iii. (1) = (1+ k) (2 — Ksg) > 0;
iv. diﬁ (25) =201+ #2)[2 = s1(1 + &) + spr(l + &) + (1 — K)* > 0;

3 K 7S+ K K 71{2
v LB = o2 — g (14 )] [HESLAEOEOSOT]

Therefore, h is strictly increasing and possesses a unique root s € [1, 1%{)
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(i) Since sgp41 = sS4 is uniquely defined and s, < s;, the sequence is
monotonically increasing.

(iii) Due to its monotonicity, the sequence {sk( )} o, has a limit, denoted by Seo.
We prove by contradiction that s., = Assume the contrary, i.e. soo #+

1+[
ﬁ, which is the upper bound of the mterval of roots, so that s, € [, 1+[ T ).
By replacing it in the definition of (3.15), it holds S""(QS“—W = 0, which
implies one of the solutions s« € {0, 2, E}’ which are all outside of the interval
1, ﬁ), hence the contradiction!

(iv) When & = 0, we define ¢; := 2 —s5,(0), Vj = {—1,0,... }. From the recurrence

it results 2 — c;41 — + L =0. Since {s;} is monotonically increasing, with
3

i1 g
50 = 5, we have that ¢y = % {cj} is 2 decreasing sequence with ¢; € (O7 31,
Vj > 0, and coo = 0. Thus, — el Vj > 0. Telescoping for j =0,...,k—2

weget%%_awL (k- )henceck 1<3k_~_1and5;€ 1>27—k

(v) When & € (0,1), we define ¢; := H% —sj(k), V5 ={-1,0,.. } Since {s;}
is monotonically increasing, then {c;} is a monotonically decreasing sequence
with ¢oo = 0. Using sg = vLy(k) = ﬁ, one can check that ¢y <

min{ 1+K(}+Z) , 3}, thus ¢; € (0, 3], Vj > 0. We prove % < (14—_72)2, Vi > 0.

By replacing in the recurrence of s;(x) we get

(o) (o)) 2
cir1(1+ k) ciri(l+6)?  c(1+5)?

After algebraic manipulations, this is equivalent with

C; 1++x 2 2K 2
L (o) (25 o) (g o)

cj 14k 1+k
1—k\2 /f(l—&—m)ch{Q 1+ K3 1+ k3
= , % _ }
(1 + /—@) + 2 G126 k(1 + k)2 k(1 + k)3

For the expression within the square bracket, by exploiting its monotonicity
with respect to ¢;j4+1 and evaluating it in % we have that it is negative for any
cj+1 € [0, 3] and k € (0,1). Therefore, we get L2 < (172)2. By telescoping

— 14k
for j = ;), ic— gk this implies ¢;_; < co(1+”)2(k D < (15%)%, hence
Sk—1 > T+r (1+:) .

O
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3.A.4 Performance bounds for dynamic stepsizes

In this section we give the proof of Theorem 3.3.1, within which we also show
the results from Corollary 3.3.2 (for strongly convex function), Corollary 3.3.1
(for convex functions) and Corollary 3.3.3 (for weakly convex functions).

Proof of Theorem 3.3.1. By telescoping (N4SD) with stepsizes ~;L:

B YN—1L lgn > YL[(2 = %L)(2 — yop) — 1] ||gol|?
fO fN = —+ +
2—yn_1L—yn_1p 2L 2 —yoL —yopu 2L
i 2 i—1L L2 — v D) (2 —vip) — 1
+ZIIQII { Vi1 L2 [(2 = %L)(2—yip) ]]
2—=7i1L —vicap 2 =L —yip
(3.45)

Given that all weights are nonnegative (the fact which we prove below), the
bound (3.16) is obtained by taking the minimum gradient norm:

ng”2 '72 2 - 71 (2 - 'Vi/ff)
Jo— N2 0<Z<N{ Z 2— 7L —vp

For x < 0, we define N = arg maxo<;«n_1{si < (YL)"(k)}.

Case (i): 5L = si(k) for i = 0,..., N — 1. This corresponds to the (strongly)
convex case (k € [0,1)) or weakly convex (x < 0) with N < N. By the definition
of s;(k), all weights but the one of ||gx|| vanish and the inequality (3.45) reduces
to:

I SN-1 lgn|I?
N—z—sN W(1+k) 2L

Jo— (3.46)

which is of type (#) and leads to the rate (3.18) from Corollary 3.3.2.
Moreover, in the convex case the expression of sx(0) can be computed analytically
from (3.15) as the root belonging to [1,2) of:

s5k(0)(3 — 25,(0)) | sk—1(0)

2 — Sk(O) 2 — Sk_l(O)
This solution is s5(0) = 3_2(%721((20—);1?(:;)1;“1(0)
in the hypothesis of Corollary 3.3.1.

=0.

, which equivalently rewrites as
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Case (ii): L = min{s;(x), (yL)"(k)} for i = 0,...,N — 1. This case
corresponds to £ < 0 and N > N. Then inequality (3.45) becomes

SN (VL)' 12 = (L)) = k(yL)") = 1]] llgmqal?
htoz |5y + 2— (L) (11 ) |5
N-1
(VL)"(2 = (7L)")(2 = k(vL)") |lgil® (vL)" lgn|I?
D e KT ) oL e oL
1=N-+2
(3.47)
It remains to prove the nonnegativity of ||gg_,[|*’s weight, namely:
K G- (L)) -rOL)) -1
2 s (15 1) 2~ (L) (14 ) =0

By definition of (3.15), it holds:

SN _ $N+1[(2*5N+1)(2*/‘¢$N+1)*1]

2—s55(1+k) 2—s5(1+k)

9

with sg5., > (vL)" (k). The inequality to show is equivalent to

sl sp )@ Rsp) — 1 0 (VD)2 - (/D) )@ - K(VL)T) — 1

2— 55 (1+kK) - 2 — (yL) (1 + k) ’

which is implied by the monotone decreasing of the function o: [1,2) — R,
o(t) = t[(2—t)(2—rt)—1] do(t) _ _20=r)(t=)[+2-t(1+r)] _

’ 2—t(1+k) dt 2—t(14+k)]? -
Taking the minimum gradient norm in (3.47), with p(yL,yu) defined in (3.7):

, having

&

fo—fn> _ min {Hgi

N+i<i<n U 2L H e +p((YL)" K(YL) )NV = N — 1)]

2—sx(1+k)
(3.48)
N B Y Gy
is equivalent to N > N — 1. Consequently, the merged r.h.s. of (3.46) and
(3.48) can be expressed as a maximum:

Since the sequence {sx} is increasing, the inequality 2_5;71 )

e { Q—SNZH +r)’ 2—sN1(Vl+/-c) + (L), “(VL)*)(N—N—U} =

which is exactly as in (3.19) from Corollary 3.3.3. O



90 GRADIENT DESCENT: A COMPLETE WORST-CASE ANALYSIS

3.B Proof of optimal point’s characterization for
smooth functions

Proof of Lemma 3.6.1. We extend the [43, Theorem 7] to smooth functions
with any lower curvature p, generalizing from the original convex (p = 0) and

non-necessarily (u = —L) cases. Consider the function
Z(y)= min {534 |ly=3_ aifai— g2y (gi—pa)] |+
i€T
> il fim bl P s lgi—nal*) }
=,

where Az is the |Z|-dimensional unit simplex:

7= {ae]R{”:Zai =1, ZO,ViEI}.
ieT

The function Z is the primal interpolation function W7Q as defined in [42,
Definition 2.1]. One can check this by replacing in the definition C' + {0},
L+ L—pand

T { (21,91 — pi, fi = §ll2ill?) }oer

The set T is Fo,r—,-interpolable. Hence, from [42, Theorem 1] it follows that
Z is convex, with upper curvature L — pu, and satisfies

Z(xi) = fi — %HUL‘iH2 and  VZ(x;) = gi — pa;.
Consider the function
W(y) = Z(y) + 5lyl*,
which by curvature shifting belongs to the function class F,, ; and satisfies
W(xl) = f; and VVAV(xl) =g;.

Using algebraic manipulations, W can be expressed as

Wiy) = min {§ly— > ai(e — £oa)I" + 5 2250 D o = o)+

i€l 1€L

S ailfi = Fllgil® — & 5 llw - +aill) )
€T
(3.49)
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Further, we lower bound the first squared norm by O:

W(?/)Zanelgl{QL MH;% i~ 19 H +

S ai(fim g lgil? =5 2 o tai|*) }-

i€l

Applying Jensen inequality for the squared norm, which is a convex function,
we get:

12 il = o) |* < D aillei = i
€T i€T

Then for ;4 < 0 we can further lower bound the above inequality and obtain:

W(y) > min {Z o (fi — 3 9il?) }

aEA
ez

Y

_ : 1 21 _ 1 2
= min {fi = 3£l = fi. — 5 llgi.

For the upper bound, in (3.49) we take y == z;, — 19;. and o = e;, (the i,-th
unit vector):

L 2

“w
2 L—

1
i — T,Yix

a 2
W(zi, — +9i.) < 52 + fi. — 52 llgi |I?

1
— 1.Yi.

= fi. — 3 llgi|?

Therefore, from both lower and upper bounds it follows W(l‘z - %91)
fio — 3 llgi|1?

ol

3.C Tightness proofs (details)

3.C.1 Sublinear regimes with stepsizes v;L € (1,7L,(x)]

Proof of Proposition 3.6.5. The equality case from Theorem 3.2.4’s proof
implies all gradient norms equal with each other as defined in (3.38). By
replacing this expression in the equality conditions from Lemma 3.5.2, identity
(3.39) results. Identity (3.40) is implied by the equality case in (N4SD):

. L2 =) (2 - L) UP
fz - fz+1 - a7 "
2=l —vp 2L
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The normalized inner product after one iteration is c(y;L,vp) € (—1,1),
therefore 0(~L,yu) is well defined in (3.42). Moreover, recurrence (3.41) satisfies
the necessary condition (3.39) since

(gi, gis1) = U?cos ((—1)'0(viL, vip)) = U? c(iL, ).

(3.43) holds because all gradient norms are equal and the function values
decrease. O

Proof of Proposition 3.6.6 (cont.) We check that all interpolation condi-
tions (Qp; ;) and (Qyj,,7) hold V(i, j) € {0,1,..., N}: (without loss of generality
j > i)

j—1
Qg fi— fi — {95, ng> 2
k=1
1 =
st o =il + 9Ll X anll” — 29m( g],zgk ):
k=1
-1
Qua: i — fi + (g, ng> >
k=1

1
sz o= aill +va||zgk|| ~2yu(g gj,zgk)

Note the same expressions of the r.h.s. in both inequalities. Let A = fo — fn

and recall ¢(yL,yu) = %W Then 1 +c= W and

A 2LA

1 yL2—L)(2—yp) :
2L%N (1+C)N

U? =

(3.50)

e Case j — i even. Then g; = g; and we use the identity:

nggk W

to rewrite the interpolation 1nequahtles as follows:

A(j—i) U*(14¢)(j—i) . Ly
Qual: — T ~ > = 3L =) HZQkH

Ali—j)  YUP(1+¢)(j—i) . ~vLyu
Qui: —x 5 > 5 NHZ g
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By replacing the definition of U2, the Lh.s. in both inequalities equals zero,
while the r.h.s. is non-positive because p < 0; therefore, both interpolation
inequalities are valid for i 4+ j even.

o Case j —i odd. Then g; # g; and (g;, ;) = cU?, and we use the following
identities:

<9“ng U2(j—i)(1+¢) U2(1—C).

2 + 2 ’
UG —i)(l+c) U*(1—c)
g]7zgk 9 - 2 )

gjazgk U2 1_0)

HZ%H Clasa-i2+0-o):

Hgi —gj|| =2(1 —C)U2.

After substitutions, the r.-h.s. and Lh.s. of both inequalities Q|; ;) and Qy;; are
the same:

r.h.s.Q[iyﬂ = r.h.s.Q[‘M =
2

WL—p) [YLAp(1+¢)(j —i)* + (1 — ¢) (yLyp — dyp +4)]

and, respectively:

7

A(] — 1) 7U2 W31 -¢)
Lhis.g, ¢ (95, Z 9

Al — U2 1—
Lhs.g, (Z 7 g“ng W=

It remains to prove (with j —i=1,3,...):

201 _ 2
=9 > L+ 0 = 92 + (L= (L — 4+ 4)].

equivalent to

0> yLyu(l+¢)(j —9)* + (1 — ) [yLyp — 2v(L + p) + 4].
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By using identity
(1 =) [yLyp = 29(L + p) + 4] = —yLyp(l +¢),
the inequality to prove becomes:
0> yLyp(l+c)[(j — 1) - 1].

This is true since j —¢ > 1, p < 0 and e(yL,yu) € [—1,1]; the equality case
holds for j =i + 1, i.e., the necessary conditions from equality in the distance-1
interpolation inequalities used to derive the upper bound.

We have shown that the proposed set of triplets satisfy the interpolation
conditions for all pairs (¢,;), hence, following Theorem 2.2.1, it is F, r-
interpolable. O

3.C.2 Proof of the three-dimensional worst-case example from
Proposition 3.6.8

Preliminaries. We denote n =1 —yu € (1,00), p == 1—~L € (-1,0),

U= %, and rewrite the expressions defining the triplets as:
pi—N
| Vi _
g =UU n ¥ Vi=0,1,...,N +1;
n?—1
0

0 )
giv1 = pgi + (n—p) cos(9i+1)[ R(6is1) }gi Yi=N,...,N. (3.51)

iy (A=p)A=n) YN—i
N—ip 2= N " Ti(pym)
fi=A T TR, S i=0,1,...,N. (3.52)
NA—=— jlej(pﬂl)

The recurrence (3.51) also works to define gny1 dueto gy, =0and 05, =0.
We consider

k—(N+2) 2(k—(N+1))
1—p
Sei= Y. p?P= — T (3.53)
p=0

satisfying the properties Sg11 = 1+ p2Sy and Soo = limg o0 Sk = 1_1p2. For

each k = N+1,N +2,..., N we have that

qr = tan(fy) = (—1)k_(1v"’1)\/(772 —1)S.
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1. Proof of reaching the performance bound. We demonstrate that

ming<; <y lgill =U
Note that:
2(1 2(i—N) . —
lgill* = U0 (g + B——) i=0,...,N+1; (3.54)
in partlcular lgxl? = ||gN_~_1||2 U2. For the latter, one can use the identity
7]2"_1 -1 fi) = n21_1 - 02, obtained by adding 1 to both ratios. We show

that all gradients with indices i > N have norm U, namely ||g;||> = U? for any

i=N,...,N.
p

—N
Recurrence (3.51) implies that the first component of g; is always U U i

being a scaling with p of the first component of g;_;. Let v; == [8 (1) (1)] Gi

be the vector of the last two entries in g;. Thus showing that ||g;||* = U? for
i > N reduces to prove that

B p2(i—1\7) o
v ||? = U2( - 028 2),Vi:N,N+1,...,N. (3.55)

We show this by induction. Firstly, it rewrites as

1 + qz+1

o |* = U2U2 ,Vi=N,N+1,...,N. (3.56)

Cases i = {N, N + 1} result from the expressions of gy and gy, . Assuming
that (3.55) holds for some index k, we show its validity for £+ 1. The recurrence
of the gradients implies

Vkt1 = pg + (7 — p) cos(O+1) R(Ok+1)vk

Taking the norm, expanding the squares, using the properties that the rotation
matrix preserves the vector’s norm and (vg, R(041)vr) = ||vk||? cos(fx11) yields

[vk41lI* = vkl [0* + (117 = p?) cos? (Bs1) -
Using cos?(0x41) = quﬁ and the identity n? + p2q,%+1 =1+ q,%+2 we get

L+ ql%+2

[ l® = [lve ]|
1+ k+1

where replacing ||vg|| using (3.56) yields the expression in (3.55) written for
k+1.
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Since U? = #’YAL’Y,U«) and fo — fny = A, the triplets reach the performance
bound with respect to f(z¢)— f(«x) from Proposition 3.6.8. To prove the bound
with respect to f(xg) — fx, it remains to show that the required assumption in

Lemma 3.6.2 holds, namely
N € argmin { f; — =+ |lg:/1?}. 3.57
Oggz'gN {f 2L||g H } ( )

After replacing the expressions of gradient norms in (3.52) and several
simplifications we get that, for all i = 0,..., N, it holds:

2

[N—J\_f—&- in_QJ},
1

‘ NTor T ar n+p

oL

.
Il

where, with an abuse of notation, the sum is zero for i > N. Its minimum is
reached for ¢ = N and therefore identity (3.57) holds.

2. The set of triplets 77 is F,, -interpolable. ~We show that all interpolation
conditions (2.7) are satisfied, namely for any ¢,j with 0 < 4,5 < N, i # j, it
holds that @;; > 0, where

Qi = fi—f; — (g5, @i — xj)

1

2L(L — I
1)

1 2
= 5l =95l — lgi = 9; — L(wi — x5)
We divide the analysis into the cases: ¢ > j and ¢ < j, showing that @); ; rewrites
as a sum of nonnegative contributions in each of them. The central challenge lies

in finding an exact expression for the inner product (gx+1 — 9%, gi+1 — p9:)
for all i,k > N, which we obtain below in (3.61).

Preliminaries. For simplicity of notation and without loss of generality, we
consider U = 1 since all gradients are multiplied by U = ming<;<n ||V f(z)]-

Following (3.53), observe that qy,; = 0, ¢y, = —v/7*—1 and |qgx| is
monotonically increasing towards |g.| = 71’2_;% Consequently, 0] =

arctan(|qx|) € (0, %), |fx| monotonically increases towards arctan(|gs|) and
sgn(fx) = (—1)F(VFY,

For all k = 0,...,N + 1, the gradients read as g, = U[\p/klj7 \’}%7
— 2

Furthermore, for all k < N and i = 0,..., N — 1 it holds that:

-N -N

0.

(Gk+1 — NGk > Giv1 — PGi) = <[*70,O]T7 [0, , *]T> =0, (3.58)
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where * denotes for the entries of the three dimensional vectors multiplied by
zero. Only the first component is g1 — g is nonzero (for kK < N), while the
first component in g;11 — pg; is always zero for any ¢ =0,..., N — 1.

Calculation of {(gy.1 — gk, gir1 — pg;) for any i,k > N. Identity (3.56)
implies for all k = N, N +1,..., N — 1 that |jvy| cos(0x11) = —<— and thus:

[j Vk
Vesr — por = (1 — ) R(Bps1) %
k+1 PUE (77 p)\/’lﬁ (k+1)Hvk||
ka1 — 1o = — (1= p) [Io = cos(O11) R(Ok11) | v
(3.56) U T Uk

~ =)=t R ) RO g

Then we have

—(n—p)*U?
n?—1
where Byi == Z(R(=5)R(Or+1) pory » B(0i1) ). We normalize all vectors
to transform the problem to maneuvering angles on the unit circle. Let ¢(y)

be the oriented angle of a two-dimensional vector y. We express the angles as
follows:

(Gk+1 — NGk » Giv1 — PYi) = Qh+1 €08(Bri), (3.59)

i = 9(RO) ) = 0(R-5)ROu))
3 = O(RCRO) ) = 6( R 2 )

9k+1=¢( Ok+1) 7 o ) ¢( k );

[[ ol ([0l

i1 = O (ROs1) o) = o(r ).

HWH ||%‘||

Using these identities yields

s =5+ O — B +<f)(n Z||) ¢(|Lk)-

vk |

For any 1> N, let § J41 = q’)(HZ:ﬁ) — (b(”v H) be the oriented angle from Hv 0

to and €41 = 0142 — 0141 + 01,1+1. We rewrite S ; as

Hvz+ [

k—1 x i—1 e
T+ ke, ifi>k;
:+zeu+l z_{ - o

k—1
N g — Zl:i €1,1415 if i < k.
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We compute a closed form of sin(e;;41) with [ > N:
sin(e41) = sin(dy;41) cos(O142 — 0i41) + cos(y141) sin(Oj42 — 0141).
Using that ¢; = tan(6;), we get:

1+ @1qi42
O+ @)1+ e

cos(Oj42 — O141) =

Sin(0l+2 . 0l+1) _ QZ+22 — qi+1 - ]
\/(1 +ai o)1+ qi )
. _ v Vi41 : ) Vi4+1 :
Since o8(01,1+1) = (> Torya) 20 s(0041) = oy X fofyy> We obtain
1+ paii (0= p)ai

COS(5[7I+1) = H sin(5l71+1) =

VOt @)1+ ) JO+ a0+
Replacing in the expansion of sin(e; ;41), after simplifications we get:

. N4qi4+2 — Pqi+1
sin(e; 1) = 7;4_ P +
1+2

Substituting ¢;4+1 and g;2 and amplifying by the conjugate square root yields:

_ /m2 — 1
Sin(ﬁl,l+1) — (_1)l—(N+1) U

1/ Si+2 — P/ Sit1

For simplicity of notation, we define the angle a; as

. ( vn?E—1
oy = arcsin

N/ Sit2 —p

, VI >N. (3.60)
Si+1

Since p < 0, n > 1 and S; is monotonically increasing with [, we have that

oy is monotonically decreasing with [, hence oy € oo, ax] C (0,7), where
(772*1)(1#12))'

) n—p

Using g1 = /(7% — 1)Sky1(—1)*~N after substituting everything into (3.59)

we get

ay = aresin (/1 — 5) and s = arcsin (

(Gk+1—N9k » Git1—PGi) =

—(n—p)°U* S sin( 5, (-1 Far), N <k<i< N1
T sin(0i S (1)), EN<i<k<N-—1.
(3.61)
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All distance-1 interpolation inequalities @; ; with |[¢ — j| = 1 are involved in
the proofs and thus hold with equality. This fact can also be checked by direct
substitutions of our triplets and using that the inner product between consecutive
gradients is known in closed form; for i > N we have (98 95 11) = cU?, with

c= % (as in (3.39)).

Case i > j. Let us consider a fixed j € {0,1,...,N — 1}. For each i €
{j+1,...,N}, we define

AQ; = Qiv1,j — Qi — Qitr,-

The distance-1 interpolation inequalities hold exactly, hence @Q;+1,; = 0 and
Qj+1,; = 0. Therefore to prove that @; ; > 0 for all + > j it is sufficient to show
that AQ; > 0, as @); ; is obtained as a sum of positive increments.

Substituting the expressions of Q;y1,5, Qs,; and Q;4+1,; we subsequently obtain:

1
AQi=7— M (9: — 95 — (@i — x5), g — git1 — L(xi — wiy1))
1 i—1
=\ — Y gk, givr — (1 =7L)gi)

b=y

B 1—1

—— > {Gks1 — MGk Giv1 — PGi)
b=

where in the second step we use the gradient descent iteration. For any k < N,
from (3.58) we have that (gx+1 — n9x, gi+1 — pgi) = 0. Hence it is sufficient to
focus on the range j > N + 1 (thus i > N +2). Using (3.61) in the case i > k,
the expression of AQ); can be rewritten as

i—1 i—1

2
AQ; = 7% ;\/5k+1 51n<§ l kal).

Because a; decreases monotonically on (0, ) and the first term of the sum is
always positive, then the sine of the sum is also positive, implying AQ; > 0.

Case i < j. Let us consider a fixed j € {1,2,...,N}. Foreach: € {0,1,...,5—
1}, we define

AQ; = Qi — Qit1,j — Qijiv1-

The distance-1 interpolation inequalities hold exactly, hence Q;+1,; = 0 and
Qj+1,; = 0. Therefore to prove @Q; ; > 0 for all ¢ < j it is sufficient to show that
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AQ; > 0, since Q; ; is obtained as a sum of positive increments.
Similarly to the previous case, substituting the expressions of Q; j, @i+1,; and
Qii+1, we subsequently obtain:

1

AQ; = = (git1 =95 — m(@ip1 — 25) ; Givr — 9i — L(@ig1 — 24))

J—1
—
= —— Y (gkt1— M9k Git1 — Pgi) -
n p k=i+1

From (3.58) we have that AQ,; = 0if j < N +1. Therefore, further on we assume
j > N +2. Moreover, we have the identity gx+1 — pgr = nN_k(g]\h_1 — pgy) for
k=0,1,..., N, hence, using (3.58), AQ; rewrites as

j—1

— o .
AQZ = mnmax{O,N i Z <gk+1 — N9k 5 Imax{i,N}+1 — pgmax{i,lv}> :
k=max{i, N}+1

From (3.61) in the case i < k we get

j—1 k—1

_ 02 max{0,N—i} ) L
AQZ = ’Y(n pi/:il Z RV Sk+1 sin Z (—1)k ! lOél
= k=max{i, N}+1 I=max{i,N}

It is sufficient to check the positivity of the following expression for any N < i < j

j—1 k-1
V= Z v/ Sk+1 sin( (—1)1_(’“_1)041).
k=i+1 1=i
Let Xp = ;:il(fl)l*(k’l)al and Z; = 1/Skt1sin (Zg). For any integer

p > 0, one can check the following properties:
L Xn)+2p T Vi) +2p+1 = Q1) +2p5
Y(it1)42p 18 a decreasing sequence;

Ylir1)42p = Oit1)42p5

S(i+1)+2p € (0, 5)-

= LN

Then we have

Zis1)+2p = \/Stit1)+2p+1 Sin(X(i41)42p) > 05
Z(i+l)+2p+l = 74/ S('L+l)+2p+2 Sin(z(i+1)+2p - a(i+1)+2p) <0.
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A sufficient condition for the positivity of V'is Z(;y1)12p+Z(i41)42p+1 = 0 for any

. o . S, in(S —a
p > 0. This condition is equivalent to Gtt2pt1 o SMEGe1+2p—C+1)42p)
= S(it1)+2p+2 sin(X(iy1y42p)

Using the monotonic decrease of the cotangent function on (0, %) and the
property X(;11)12p < M(i41) = @4, we have that

SIn(E (i1 1)42p — Q(i41)+2p)
sin(X(i1)42p)

= sin(a(it1)42p) (Cot(a(is1)+2p) — COt(E(it1)42p))

< sin(aig1)42p) (cot(Qit1)+2p) — cot(ay)).

From (3.60) we have cot(q;) = — VIV IR ”\S/l% ”Sl“,for any [ > N. Then
o

sin(a(ig1)12p) (COt(a(ig1)12p) — cOt ;)
S(i41)+2p+1 \/ Sit1 ) (1 Sit2 )
B np (\/S(i+1)+2p+2 S(it1)+2pt2 + S(it1)+2p+2
N [S(i+1)42p+1 ’
=P\ S vanse

Thus it is left to show that for each p > 0

here we amplified by —L—.
v " P Y VS rapt2
it holds

Stit1)42p+1 Sit1 Sit2
. —np S, ~1\/ S +(1- S
S(z+1)+2p+1 > (i+1)+2p+2 (i+1)+2p+2 (i+1)+2p+2
- b
S(i+1)+2p+2 n—p S(’t+1)+2p+1
V Sti+1)+2p+2

which is equivalent to:

S [Sa
n(l + p) — <p+ S( +1)+2p+2> S( +1)+2p+1 >
(i+1)+2p+1 (i4+1)+2p+2

Sit1 Sit2
np\/ 5 e \/ S =
(i+1)+2p+1 (i+1)+2p+1

the inequality equivalently rewrites as:

. S i+1 2 2 2 1
Using 20+D+2p42 _ 52 4
€ Srnraprs P S(i+1)+2p+1"

> 0.

—1
=t /52 — 19/
S(i+1)+2p+1 vV SGi+1)+2p+2 +2 0P +
(L+p){n=r\g +
(i+1)+2p+2 S(it1)+2p+1

The first term is positive because p € (—1,0), whereas the second one due to
Sipo>1land —21 <1, 0

VSG+1)+2p+2
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4.1 Introduction

In Chapter 3 we considered the unconstrained setting for smooth functions, that
can be nonconvex or (strongly) convex, and provided a comprehensive analysis
of the gradient descent method with constant stepsizes. The next natural step is
to include constraints, which can be handled by the projected gradient descent
method or, more generally, by the proximal gradient descent (PGD) method.
The analysis of proximal gradient descent introduces two additional curvature
bounds in comparison to gradient descent, corresponding to the function that
incorporates the constraints.

However, this added difficulty can be simplified by exploiting a lesser-known
connection from the literature: one iteration of the PGD method is exactly
equivalent to one iteration of the difference-of-convex algorithm (DCA), when
considering a suitable splitting of the objective function. DCA is a parameter-
free method, meaning that it does not require a stepsize selection, and is
therefore more suitable for performing a comprehensive worst-case analysis.

In this chapter, we focus on deriving a tight characterization of DCA under
two different performance measures. To better understand the behaviour of
PGD for different parameter choices, we extend the standard DCA setting to
include possibly weakly convex (or hypoconvex) functions as the subtracted
components. Keeping in mind the equivalence with PGD, and although DCA
is primarily designed for nonconvex problems, we also allow strongly convex or
concave objectives in our analysis.

Consider the difference-of-convex (DC) formulation

minimize F'(z) = fi(x) — f2(x), (DC)
zERY
where f1, fa: R — R are proper, lower semicontinuous convex functions, and
F' is lower bounded.

A standard method to solve (DC) is the difference-of-convex algorithm (DCA),
a versatile method with no parameter that can find a critical point of F,
defined as a point * € R? for which there exist subgradients g; € df1(x*) and
g5 € Ofa(x*) such that g7 = g5. Stationary points of F' are always critical, but
the converse is not true. Extensive analyses of DCA are provided by Dinh and
Thi [39], Tao and An [109], Horst and Thoai [62], Le Thi and Pham Dinh [74]
and [38]. DCA is also referred to as the convex-concave procedure (CCCP), as
seen in the work of Yuille and Rangarajan [135], Lanckriet and Sriperumbudur
[71], Lipp and Boyd [79]. Interestingly, convergence analysis of many methods
can be reduced to the one of DCA; for example, the Frank-Wolfe algorithm
[49], as proved by Yurtsever and Sra [136], or the proximal gradient descent
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(PGD), as shown by Le Thi and Pham Dinh [74, §3.3.4]. Conversely, Faust et
al. [48] show that DCA is an instance of the Bregman proximal point algorithm.
Linear convergence can be shown under the Polyak-FLojasiewicz (PL) inequality
[72, 133].

An extensive list of DCA applications is provided by Le Thi and Pham Dinh
[74]. Notable examples include efficient formulations for clustering problems
(Hoai An et al. [61]), dictionary learning (Vo et al. [127]), robust support
vector regression (Wang et al. [129]), multi-class support vector machines
(MSVM) (Le Thi and Nguyen [73]), sparse logistic regression (Yang and Qian
[132]), compressed sensing (Yin et al. [134]), adversarial attack for adversarial
robustness and approximate optimization of complex functions (Awasthi et al.
[9]) or Shallow Multilayer Perceptron (MLP) Neural Networks (Askarizadeh
et al.[7]). Sun et al. [107] introduce the Negative ResNets, where f5 is weakly
convex.

Abbaszadehpeivasti et al. [3] provide exact convergence rates of DCA when
both functions are convex. Their approach is based on performance estimation,
including rigorous proofs for the rates, their exactness being supported by
strong numerical evidence and, in some cases, by the identification of instances
matching those rates exactly.

In this chapter, we study a generalization of the standard (DC) setting,
considering the case where fy can be weakly convex (or hypoconvex). Some
previous works also introduce weak convexity in either f; (Sun and Sun [106])
or fo (Syrtseva et al. [108]).

A key motivation for examining the case with fs weakly convex is that it mirrors
the behaviour of applying PGD with stepsizes larger than the inverse Lipschitz
constant (see Section 4.6). Additionally, our generalized DCA framework
provides a useful tool for analyzing exact rates for PGD, with the benefit
of handling one fewer parameter — DCA involves four curvature parameters
compared to PGD’s four curvature parameters plus the stepsize. Therefore, due
to the equivalence of the iterations, it is more convenient to use a DCA-like
analysis.

4.1.1 Contributions
Our results follow the same line as Abbaszadehpeivasti et al. [3], also relying
on performance estimation.

When one of the functions is smooth, we provide an exact characterization
of a single (DCA) iterate, measuring either the (best) residual gradient in
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Theorem 4.2.1 or the (best) (composite) gradient mapping (also referred to
as iterate progress) in Theorem 4.3.1. These metrics are rigorously defined
below. Each of the two theorems describes a total of six distinct regimes,
partitioning the parameter space according to the smoothness and strong
convexity properties of the two component functions. Among these regimes,
only two were previously known and proved by Abbaszadehpeivasti et al. [3],
corresponding to the standard (DCA) setting where both f; and f, are convex,
and where the objective F' is assumed to be neither convex nor concave. Our
analysis refines those earlier proofs by providing explicit descent lemmas.

We show that DCA converges sublinearly to critical points, with an O(1/N) rate
after N iterations, again with six distinct regimes. Based on strong numerical
evidence, we conjecture that three of those rates are exact for any number of
iterations. For the remaining three, building on insights from gradient descent
developed in Chapter 3, we provide their exact behaviour across all curvature
configurations; some regimes are rigorously proven, while others remain as
conjectures.

In the case where both functions are nonsmooth, we derive an O(1/~) sublinear
rate in Theorem 4.4.2, strengthening and generalizing the existing results of [3]
by employing an appropriately adapted optimality criterion.

Leveraging the worst-case performance analysis, we show that a decomposition
of the objective F' allowing weak convexity of fo can yield better rates compared
to the standard DCA. Moreover, when both functions are smooth, a well-chosen
DC splitting may even surpass the classical gradient descent method.

As a direct consequence of our detailed analysis, in Section 4.6 the convergence
rates obtained in specific regimes are readily transferred to the PGD setting
for any constant stepsize, including the ones exceeding the inverse Lipschitz
constant.

Finally, we propose a general adaptive curvature shifting procedure for DCA,
leveraging PGD stepsize schedules that align with established gradient descent
strategies.

Summary of main results

Our contributions relative to the state of the art are outlined in Table 4.1.1, while
Table 4.1.2 provides a comprehensive roadmap of our theoretical contributions,
organized by performance metric and result type.

Proved contributions:
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Table 4.1.1: State of the art vs contributions for difference-of-convex
algorithm analysis. Legend: Bold = complete/proven results in this chapter.

Abbreviations:

w.c./c./s.c. = weakly convex / convex / strongly convex.

Criterion

State of the art

This chapter

Function class

Performance
metrics

Proved  upper
bounds

Proved tightness

Proof technique

Extension
beyond
iteration

one

PGD
equivalence

Curvature shift-
ing

Standard DC: fy, fo
limited extensions to w.c. fo [108]

(3];

convex

Residual gradient for f1, f2 convex [3];
Bregman divergence [3, 48]

Standard DC (p1,pu2 > 0): two
regimes for residual gradient and two
for gradient mapping [3]; Bregman
divergence [3, 48]

Two regimes tight for standard DC
(3]

PEP-based certificates [3]; no explicit
descent lemmas

Sublinear rates for standard DC [3]

Known connection [74]; limited rate
transfers

Standard practice: shift to convexity
[74]

Complete: f; convex or s.c.,
f2 we./e/s.c; f1 € Fuy,Lq1s
f2 € ‘7:#2,142

Three unified metrics: resid-
ual gradient, gradient mapping,
Bregman divergence across all
regimes

Six regimes for residual
gradient and six for gradient
mapping; extended Bregman
divergence bounds for w.c. fa

Two residual gradient
regimes proved tight
(any N); four additional

conjectured as tight for one
iteration; gradient mapping
regimes conjectured tight for
one iteration

Explicit descent lemmas for
all regimes in both metrics;
algebraic proofs

Tight conjectures for arbi-
trary N; proved linear rates for
certain subdomains

Complete rate transfer: all
DCA regimes translated to
PGD with any constant v €
0, 2
(0, 2

Optimal shifting: weak
convexity of fa can improve
rates; numerical validation

i) Extension to weakly convex fy: We introduce new regimes (ps, ps, 73,
r5) allowing po < 0, thereby accommodating weakly convex functions in the
extended DC splitting.
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Table 4.1.2: (DCA) Overview of main results for DCA and PGD analysis

Result type Performance Key results Status Section
metric

One-step Residual gradient Theorem 4.2.1 (6 regimes v 4.2.1

descent P1-Pe)

One-step Gradient mapping Theorem 4.3.1 (6 regimes v 4.3.1

descent r1—T6)

One-step Bregman Theorem 4.4.1 (both nons- v/ 44

descent divergence mooth)

Sublinear Residual gradient Corollary 4.2.1 (O(1/N)) v 4.2.1

rates

Sublinear Gradient mapping Theorem 4.3.1 (O(1/N)) v 4.3.1

rates

Tightness After 1 iteration  Proposition 4.2.1 (p1,p2); Mixed 4.2.2

Conjectures 4.2.1 and 4.2.2

Linear rates Residual gradient Theorems 4.2.2 and 4.2.3 v 4.2.3

Linear rates Gradient mapping Theorems 4.3.2 and 4.3.3 v 4.3.2

Tight rates Both metrics Conjectures 4.2.3 to 4.2.5 * 4.2.3,

(general) and 4.3.1 4.3.2

PGD equiva- Both metrics Propositions 4.6.1 and 4.6.2; Mixed 4.6

lence Corollaries 4.6.2 to 4.6.5

Legend: v = Proved; x = Conjectured with strong PEP numerical evidence; Mixed = Some
parts proved, others conjectured.

ii) Explicit descent lemmas: For all six regimes in both residual gradient and
gradient mapping metrics, we provide complete algebraic proofs via weighted
combinations of interpolation inequalities, improving upon previous PEP-based
implicit characterizations.

iii) Linear convergence in specific subdomains: For strongly convex
objective F', using distance-1 interpolation inequalities, we establish exact linear
rates in Theorems 4.2.2, 4.2.3, 4.3.2 and 4.3.3.

iv) PGD-DCA equivalence and rate transfer: We fully characterize the

iteration-wise equivalence (Propositions 4.6.1 and 4.6.2), enabling complete

convergence rate transfer for any constant stepsize v € (0, ﬁ), including
@ )

previously uncharacterized long stepsizes v > %
@
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v) Curvature shifting optimization framework: We develop a systematic

approach for optimal selection of the curvature parameter A in the splitting
2 2

F=(fi— )\%) —(fo— )\%), demonstrating via sparse PCA experiments that

allowing weak convexity in fo can significantly improve practical convergence

rates (Section 4.7).

Conjectured contributions (strongly supported by PEP):

i) Complete tightness characterization: Conjectures 4.2.1 and 4.2.2
establish the tightness of all six regimes, validated through extensive PEP
numerical experiments spanning broad parameter ranges (see GitHub repository
for reproducibility).

ii) Exact rates for arbitrary N: Conjectures 4.2.3 to 4.2.5 and 4.3.1 provide
closed-form expressions for tight convergence rates after any number of iterations,
directly inspired by and extending the exact gradient descent analysis in
Chapter 3.

We provide a GitHub repository! to support the numerical conjectures and to
reproduce all simulations for the residual gradient results.

4.1.2 Theoretical background

Assumption 4.1.1 (Objective and parameters). The objective function F in
(DC) is lower bounded and can be written as F = f1 — fa, where fi € Fu, 1,
and fo € F,, 1,, with parameters py € [0,00), Ly € (0,00], o € (—o0,00) and
Ly € (ug, 00|, such that py < Ly and ps < Lo.

Assumption 4.1.1 runs throughout the rest of this chapter and implies F' €
Fui—Ly, Li—us- The function f> may be weakly convex or even concave, the
latter case corresponding to analyzing the PGD iteration on strongly convex
functions with long stepsizes (see Section 4.6). We also denote Fj, := inf, F.

DCA iteration. With g € df2(x), one DCA iteration selects

T € argmin{ f; (w) — (g2, w)}. (DCA)

weR?

With an abuse of notation, a more compact definition of the (DCA) iteration is
xt € 0ff(0f2(x)). We state the method in Algorithm 2.

IRepository: https://github.com/te02605/DCA__ AISTATS25


https://github.com/teo2605/DCA_AISTATS25
https://github.com/teo2605/DCA_AISTATS25
https://github.com/teo2605/DCA_AISTATS25
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Algorithm 2: Difference-of-convex algorithm (DCA)

Data: fi € Fu, 1., fo € Fup,1,, With g3 >0, g + o > 0 or p1q = ptp = 0;
N > 1 iterations starting from 29 € dom 9 f1
1 for k=0,...,N do
Select g5 € 0f2(z") ;
L Select 2*t1 € argmin,, cga{ f1(w) — (g5, w)}

The optimality condition in the definition of #% implies the existence of g;” €
Of1(xF) such that gi” = go, where go € Of2(x). This is the only characterization
of z7 used in our derivations. Note that the sequence of iterates produced by
(DCA) is not unique.

Assumption 4.1.2 (Subdifferential domain-range compatibility). The subdif-
ferentials of f1 and fo satisfy the following conditions: @ # dom df; C dom dfs
and range Jfo C range df;.

Proposition 4.1.1 (Well-definiteness of DCA iterations). Under Assump-
tion 4.1.2, the (DCA) iterations are well-defined, meaning there exists a sequence
{2}, starting from 2° € dom Of;, generated by x*+1 € Of;(dfa(x*)).

Tao and An [109] note that DCA is typically well-defined, as for any l.s.c.
function f, it holds ri(dom f) € domdf C dom f, where ri(dom f) is the
relative interior of dom f. The potential weak convexity of fo represents only a
curvature adjustment in the subdifferential definition.

A critical point z* satisfies dfa(2*) N df1(x*) # 0. When both functions
f1 and fy are smooth, any critical point x* is clearly stationary as we have
VF(z*) = Vfi(z*) — Vfa(z*) = 0. If only f5 is smooth, we have OF (z*) =
Ofi(x*) — V fa(x*) (Rockafellar and Wets [98, Exercise 10.10]) and criticality
also implies stationarity, since 0 € 9F (z*). However, if only f; is smooth, we
can only guarantee the inclusion 9(—f2)(z*) C —0f2(z*) (Rockafellar and Wets
[98, Corollary 9.21]), implying only OF (z*) C V f1(z*) — 0f2(x*), and critical
points may not be stationary.

If the entire sequence of iterates {*} is bounded, then each accumulation point
of it is a critical point of F' [39, Theorem 3(iv)].

Proposition 4.1.2 (DCA sufficient decrease). Let fi € F,, 1, and fo € F,, 1,.
If uy 4+ pe > 0, then the objective function F' = f1 — fo decreases after each
iteration of (DCA). Moreover, if u1 + pe > 0 that objective decrease is strict,

unless 1t = x.
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Proof. Using Lemma 2.2.1 on function f; for the pair (z,y) = (z,27) and on
function fy with (z,y) = (27, ), and summing the inequalities, we obtain:

pa
MR ot — 2] < fu(a) — fa®) — {gf o —at) +
L+ Lo

+ 2
> z

f2(2™) = faz) = (g2, 2" —2) < [ ;

where g € dfi(x%) and go € Of2(z). By using F(z) = fi(z) — fo(z) and
91 = g2 we get:

w1+ 2
2

< L+ Ly

o =2t |? < Fa) - Fet) < 222 o — ot 2,

[

enough to prove both parts of the proposition. O

The proof of Proposition 4.1.2 is inspired by [39, Theorem 3, Proposition 2].

Remark 4.1.1 (Exact oracle assumption). Throughout this chapter, we assume
available the exact oracles of Of1 and Of;, thus we only focus on the progress of
the iterations. This assumption is significant when comparing the improvements
obtained via curvature shifting.

Performance measures. When at least one of the functions is smooth, we
track one of the following two quantities:

i) (Best) residual gradient norm

. E k2
oo {llgr — 927},

where g; € 9f;(2¥), i = {1,2}, are any subgradients of f; evaluated at z*;

ii) (Best) (composite) gradient mapping [88, 89] (also known as the proz-gradient
mapping [36] or (best) iterate progress)
).

min_{|z* —
0<k<N

In each case we get six regimes, denoted by p;, with i = {1,...,6}.
When both functions are nonsmooth, we employ a different measure based on
Bregman divergence (for details, see Section 4.4).
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Notation. Specifically to this chapter, superscripts indicate the iteration index
(e.g., o* represents the k-th iterate). We define Ej: Rsg — R,

2k 142k . .
—j —i-z if 2 # 1

Ei(2) =) 277 = {Qk;l ifz=1 (Er)
j=1 ’ :

Note that Fy (z) = 0.

Chapter organization. The performance bounds measuring the residual
gradient norm, gradient mapping and Bregman divergence are presented in
Section 4.2, Section 4.3 and Section 4.4, respectively. All corresponding
proofs are provided in Section 4.5. The equivalence of PGD with DCA, along
with the resulting convergence rates, is detailed in Section 4.6. Finally, the
curvature shifting technique is discussed in Section 4.7, together with numerical
experiments showing its benefits.

4.2 Performance bounds in residual gradient

This section focuses on deriving and discussing performance bounds for the
residual gradient criterion, assuming that at least one of the two functions is
smooth. In Section 4.2.1, we present a single-iteration analysis leading to six
regimes yielding sublinear rates. Their tightness is discussed in Section 4.2.2,
while tight bounds for an arbitrary horizon, some of which remain conjectural,
are provided in Section 4.2.3.

4.2.1 Sublinear convergence rates in residual gradient

Theorem 4.2.1 (DCA one-step descent for the residual gradient). Let f; €
Fur,n, and fo € Fpu, 1, satisfy Assumptions 4.1.1 and 4.1.2, with at least f1 or
fa smooth, and assume p1 + po > 0 or p1 = pe = 0. Then after one step of
(DCA) we have

F(z) = F(a*) > oigllor — g2l” + o 597" — o5 |17 (4.1)

with g1 € 6f1(.13), gf_ € af1($+), g2 € 6f2($), g; € an(x+)7 and the
expressions for cr,-,crj' > 0 correspond to one of the siz regimes (indexed by
t=1,...,6) described in Table 4.2.1 according to the values of parameters Ly,

L27 M1, 2.

The six regimes appearing in Table 4.2.1 are illustrated in Figure 4.2.1; we refer
to each p; as one of the six regimes together with its corresponding expression.
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Table 4.2.1: Exact decrease in residual gradient norm after one iteration:
F(z) — F(z) = 0i5llg1 — g2|I* + 07 3llgi” — 95 ||* (see Theorem 4.2.1), with
o, a;r >0and p; =0; + oj, i =1,...,6. The domains satisfy the condition

w1+ p2 > 0 or up = puy = 0, with at least one between f; and f; smooth.
Notation: B = pu; '+ pu;* + Ly* and E = %@ +urt =Lyt (sco

— 2
StI"OIlgly convex; n.c.: nonconvex; CCv.: concave; n.ccv.: DOHCODC&Ve)

Regime oy o Domain Description
, f2 convex
L3t Ly —m L1 + L;1 - Lfl Li>Ly>pm >0 2 20 j; n)fi.-n.ccwn
e * Li-m 2 e Ly > pp 7 7
B 1 8.C., fo n.C.
2 <0, B0 F' n.c.-n.cev.
LT —L;" Ly - Lo>L1 > pp >0 1 f ve:
—1 1 2 —1da — pe2 o 2 Ly 2 g > f1, f2 convex
e = >
P2 L (1 + 1yt — Lz’l) L Ly — po Lo >y 20 F n.c.-n.cev.
P L' (pi' 4t + Ly ") 1 s2 <0, iy >0 B<0 Liz Ly, EZ0 # sc., fonc.
3 e i L + pio Lo > py; Ly > po - F' n.c.-n.cev.
Ly > Iy
f1 s.c., fo convex
P4 0 Lotm t’ul Ly >LM 2L2>0 p220 F convex
L3 1> p2
f1 s.c., fa n.c.
> < N
p2 <0, B<0 F convex
Lo>m>0 fis.c., fanec.
F n.c-n.cev.
p 0 a1+ g2 p2 <0, 1 >0 B>0 ooy
5 -2 s
1 Ly > o fis.c., fanc.
2 O0<lo<m F convex
fis.c., facev.
< 9 <
B=<0 L2<0 F s.c.
. Ly + po f1 convex, fs s.c.
D6 T 0 Lo > pg > L1 > =20 F cov.

Notably, there is a striking symmetry between regimes p; and po, as well as
between ps and pg. Specifically, the formulas for ps and pg in Table 4.2.1 can
be derived from those of p; and ps by swapping L1 <= Lo, u1 <= o, and
o — a;r. The proof of Theorem 4.2.1 is deferred to Section 4.5.1.

Figure 4.2.2 shows a decision tree outlining how to identify the corresponding
regime from Theorem 4.2.1 based on the given curvature parameters.

Corollary 4.2.1 (DCA sublinear rates for the residual gradient). Let f; €
Fur,p, and fo € Fyu, 1, satisfying Assumptions 4.1.1 and 4.1.2, assume at least
f1 or fa is smooth, and assume py + po > 0 or p1 = pe = 0. Then after N
iterations of (DCA) starting from x° we have

. F(2%) — F(2")
3 min {[lgf — g5[} <

, 4.2
0<k<N pi(L1, Lo, pi1, po) N *2)
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Figure 4.2.1: All regimes’ domains when measuring residual gradient after
one (DCA) iteration (Theorem 4.2.1), with g1 > 0 and L1/u, = 2. Regimes
are bounded by the conditions Lo > ps and ps > —pi. Regimes p1, po
and ps lie within the area delimited by the threshold B = 0 (4.3) and the
conditions Lo > p; and Ly = 2u1 > pe (namely F' is nonconvex-nonconcave),
and are conjectured to be tight after N iterations of (DCA). For the rest, tight
expressions are given in Section 4.2.3, proved in the areas of ps and ps (for
ta < —Lo), and conjectured otherwise.

where gk € Of1(z*) and g5 € Of2(z*) for allk =0,...,N and p; = 0; + 0 is
given in Table 4.2.1. Additionally, if F' is nonconcave (i.e., L1 > us):

. FJ:O _Flo
L min {lg - g4l*} < ) —
0<k<N pi(L1, Lo, pa, p2) N + =

Regimes p; and p, correspond in part to the standard setting of (DCA), where
both functions are convex (3 > 0, g2 > 0). Whether p; or py holds depends
on which is larger among L; and Lo. These regimes require the objective
F € Fu -1, L1—p, to be nonconvex (Ly > p1) and nonconcave (Li > o),
and were first established by Abbaszadehpeivasti et al. [3], using performance
estimation. All other described regimes are novel.

Remark 4.2.1 (Recovering known results for the standard convex case). In the
specific convex scenario py = pe = 0, both regimes p1 and ps hold, as outlined
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B>0
P1, P2, P3, P4; P5, P6
Ly < py (F s.c.)
P1, P2, P3; P4, Pe

Ly > py (F nc.)

Ly > Ly

P1; P2, P3; P6

2 20 (fas.c.) p2 <0 (f2nc.) E>0

P2, P3, Pe P1, P3
Ly <;L2 (F cev. ﬁL‘Ll > po (F n.cev.)

[P P |
|p5| |P4| |P6| ﬁ D3 P

Figure 4.2.2: Decision tree on selecting regimes after one iteration defined
in Theorem 4.2.1. Abbreviations — s.c.: strongly convex; n.c.: nonconvex;
ccv.: concave; n.ccv.: nonconcave. Recall that F' = f; — fo, where we assume
f1 € Fui,r, and fo € Fyu, 1o, with puy + o > 0 or uy = po = 0, and use the

notation: B = pu; 't +py 't 4+ Lyt and E = LLQJFL‘QQ Lim +prt - L7t

by Abbaszadehpeivasti et al. [3, Corollary 3.1] and the one-step decrease is
given by: F(x) — F(z) > 51-llg1 — 921> + 515 l91 — 95 I The same result is
obtained using the Bregman prozimal point algorithm perspective by Faust et al.

[48, §4.2].

If fi is strongly convex, Theorem 4.2.1 actually extends regime p; beyond the

difference-of-convex case, i.e., to situations where f5 is weakly convex, such that

w1 > 0> —po. This is valid up to a certain threshold determined by the sign

of B = Lztpue La=Ly puyt — LY. For py, the condition E < 0 holds, while
LiLo B2 1 1

for £ > 0 regime ps emerges. Moreover, for Ly > L, it always holds E > 0.

Additionally, the boundary of regime p3 is constrained by the threshold B < 0,

where
Be=p" +pyt + Lyt (4.3)

This condition corresponds to p; > 0 and Lo < u”j_z? Regime py4, emerging for
LyB > 0, includes two cases: (i) when F' is nonconvex-nonconcave; and (ii) when
F is strongly convex (even containing fo concave with Lo < 0). The threshold
condition B = 0 (depicted by the red curve from Figure 4.2.1) distinguishes
regime ps from p3 and ps. The latter are separated by the condition Ly = uq,
delineating the cases F nonconvex (for p3) and F' (strongly) convex (for py),
respectively. For completeness of analysis, we also include regime pg, arising for

a (strongly) concave objective (and unbounded from below), with pe > Ly.

For the particular setup L; = 2 and py = 1, in Figure 4.2.1 we show the regions
of regimes depending on curvatures Lo and ps.
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Table 4.2.2: Exact decrease in residual gradient after one iteration, with f;
or f, nonsmooth: F(z) — F(zT) > o:3llg1 — g2|I> + o 4]lgf — g5 ||?, where
0,07 20, pi=0i+ 0/

Regime o; o; Domain
Li=00>Ls>pu 20

0 Loty ~ & i

p174 Lg MZ(#11+M21+L2 1) 20

P Litps 0 Ly=00>L;>puy>0

2,6 L? Ml(ﬂ;l +M2—1 —'—L;l) Z 0
2 Gt )

D3 i—i_“l Nl 0 L2:oo; /’[’1>_M2>0
M1 U2 L1

D5 0 patps Ly =005 pp > —p2 >0

"3 0<py'+pyt+ Lyt

One nonsmooth term

All the above results hold when at least one of the functions f; and f5 is smooth.
When exactly one of them is smooth, i.e., when the other is nonsmooth, some
expressions in Table 4.2.1 become simpler, and we give an explicit description
below. In the standard use of DCA, the conjugate step is applied to f;
nonsmooth.

Corollary 4.2.2 (DCA sublinear rates for the residual gradient with one
nonsmooth term). Let fi € Fu, 1, and fo € F,, 1,, where exactly one function
f1 or fo is smooth, and assume py + po > 0 or py = pe = 0. Consider N
iterations of (DCA) starting from x°. Then:

F(z%) — F(2N)
1 k12
2 oglgglzv{”gl g7} < 2i(L1, Lo i, ) N

where g¥ € Of1(x) and g§ € Ofa(x¥) for allk =0,...,N and p; is provided in
Table 4.2.2. Additionally, if F' is nonconcave (i.e., L1 > ps):

F 0 _Fo
L min {||91 _92” P < ) l
2 0<k<N pi(L1, Lo, p1, p2) N +

Li—p2

Corollary 4.2.2 is derived by setting L; = oo or Ly = oo in Corollary 4.2.1
and in the corresponding entries from Table 4.2.1. It shows identical rates as
Abbaszadehpeivasti et al. [3, Corollary 3.1] for py, o > 0, while extending them
to scenarios involving weakly convex fs, up to the threshold B = 0, beyond
which regime ps emerges. Notably, we observe in Table 4.2.2 that regimes py
and pg condense to regimes p; and po, respectively. When L; = oo, only regimes
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p1 and ps hold, separated by the threshold B = 0. Conversely, when Lo = oo,
p2 covers the domain with us > 0 and ps corresponds to ps < 0.

Tight performance bounds for the residual gradient in the nonsmooth case are
conjectured in Section 4.2.3.

4.2.2 On the tightness of residual gradient bounds

Proposition 4.2.1 (Tightness of regimes p1, p2). Regimes p; and ps, in
Theorem 4.2.1 are tight for any number of iterations N, i.e., the corresponding
lower bounds on the objective decrease cannot be improved.

In Section 4.A we provide worst-case examples proving Proposition 4.2.1 in
the case where both functions are smooth. The tightness of regime ps, for the
specific decomposition f; € Fo 1, and fa € Fy , is demonstrated by a worst-
case construction in [3, Example 3.1]; using symmetry arguments, this example
can be adapted to show the tightness of regime p; when f; is nonsmooth.

Conjecture 4.2.1 (Tightness of regime p3). The DCA rate corresponding to
regime ps from Corollary 4.2.1 is tight for any number of iterations N.

Conjecture 4.2.2 (Tightness of regimes py, ps, ps). Regimes ps, ps, pe in
Theorem 4.2.1 are tight after one iteration, i.e., the corresponding lower bounds
on the objective decrease after one step cannot be improved.

Proposition 4.2.1, Conjecture 4.2.1 and Conjecture 4.2.2 assert that our set of six
inequalities from Theorem 4.2.1 represents the tightest possible characterization
after a single iteration, in terms of the residual gradient. Specifically, there
exist (separate) function examples for which each of these inequalities holds
with equality.

Our numerical investigations show that the sublinear rates for py, ps, pg in
Corollary 4.2.1 are not tight beyond a single iteration. In the standard case
of DCA with F being nonconvex and nonconcave (u1,pue < min{Ly, Lo}),
the threshold condition B = 0 separates the tight and non-tight regimes in
Corollary 4.2.1.

Conjectures 4.2.1 and 4.2.2 are supported by extensive numerical evidence
obtained through the solution of a large number of performance estimation
problems, spanning the range of parameters Ly, Lo, u1, p2; we illustrate this
evidence in Section 4.A. Additionally, Figure 4.2.1, supporting the tightness
of our bounds after one iteration, is generated by fixing p; and Lq, creating
a sampling grid for pus and Ly, and solving the instances of (4.11) for N = 1.
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The results align with the ezact values of py,...,pg in their respective regions.
Conjecture 4.2.1, regarding tightness of regime ps after N iterations, was
established through a similar sampling grid with N < 20, confirming that it
yields tight sublinear rates.

4.2.3 Tight bounds in residual gradient for any number of
iterations

Within this section we formulate the tight rates in the domains of regimes p4, ps,
pg, whose one-iteration analysis does not extend tightly for arbitrary number of
steps. These conjectures are inspired by the connection with gradient descent
(see Section 4.6 below) and have a direct correspondence with the theorems
given in Chapter 3. GD is a particular case of the PGD, which is iteration
equivalent to DCA when f; is smooth.

Conjecture 4.2.3 describes the exact behaviour when F' is nonconvex-nonconcave,
i.e., Ly > pp and L1 > po, while Conjecture 4.2.4 describes the exact behaviour
when F is (strongly) convex, i.e., Ly < puq and Ly > pg. Together, their domains
cover that of p5. In Section 4.A we show some numerical evidence that our
conjectured expressions match the PEP numerical certificates.

Conjecture 4.2.3 extends Theorem 3.2.3 from Chapter 3, which is formulated
for smooth nonconvex objectives. Conjecture 4.2.4 extends Theorem 3.2.2 and
Theorem 3.2.1 from Chapter 3, which are formulated for smooth strongly convex
and convex objective functions, respectively.

In all our rates within this section, to remove the dependence of the initial
condition on the last iterate, the initial objective gap can be further upper
bounded by F(z%) — Fy,.

Conjecture 4.2.3 (Tight DCA rates for the residual gradient for general
nonconvex-nonconcave F). Let o < 0 < p1q < Lo, py + p2 > 0, u;l + ugl +
L2_1 <0 and N > 2. Then

W (T o p——" P

- T
ot S () )

N
where Py (n.p) = R0 [N 4 =000 37 (B (1) - B (o). .

Conjecture 4.2.4 (Tight DCA rates for the residual gradient for general
(strongly) convex F). Let p13 > 0, p2 € R, with u; + p2 > 0, Ly € (0, p1],
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N > 1. Then

F(2%) — F(2)

1
g — g5|I°} < .
st ) T

M1

One can always upper bound the r.h.s. using that F(z") > F},. Remarkably,
neither rate exhibits an explicit dependence on Ly > p1 > 0; hence, both apply
to the smooth case L; < oo and the nonsmooth case L; = co. However, we
recall that we implicitly assume exact oracle access to a subgradient of the
conjugate f;, which, when L; < oo corresponds to smooth functions f1, typically
entails lower computational effort than in the nonsmooth case. Additionally,
the dependence appears only through the ratios of the remained parameters,
namely £z o 2 and Z 2 Anticipating the results for PGD in Section 4.6 (including
the gradient descent case), these ratios correspond exactly to the factors 1 —~L
and 1 — yu, respectively, which determine the performance bounds for gradient
descent in Chapter 3 (see Theorems 3.2.1 to 3.2.3 therein).

On subdomains of Conjectures 4.2.3 and 4.2.4 we are able to provide proofs
using distance-1 interpolation inequalities. For the rest, we observed from
the PEP numerics that distance-2 conditions are necessary, but unlike in the
particular gradient descent case, we were not able to formally demonstrate them.

Theorem 4.2.2 (Tight DCA rates for the residual gradient for (strongly)
convex F' in regime py). Let fi € Fu, 1, and fo € Fy, 1,, with Ly € [0, 1],
1+ po >0 and po € [L jzl,LQ) Then after N iterations of DCA starting
from z° it holds:

N+1||2 S F(‘ro) _F<xN)7

o (E)

1 N
2 g1

where gi¥ € Of1(a™N) and g’ € df2(xN).

Theorem 4.2.3 (Tight DCA rates for the residual gradient for nonconvex-non-
concave F' with Ly + p12 < 0 (subdomain of regime p5)). Let f1 € F,, 1, and
f2 € Fus,1a, with p1 + p2 > 0 and Ly + pa < 0. Then after N iterations of
DCA starting from x° it holds

N+1||2 < F(x()) - F(xN)

P ()

1 N
2 g1

where g € Of1(xN) and g’ € Ofa(x).
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Theorems 4.2.2 and 4.2.3 are proved later in Section 4.5.1, where certain descent
lemmas are telescoped.

For completeness of exposure, Conjecture 4.2.5 below covers the case of
minimizing a concave objective F' and shows how fast the divergence occurs in
the worst-case.

Conjecture 4.2.5 (Tight DCA rates for the residual gradient for (strongly)
concave F (regime pg)). Let 0 < puy; < L1 < pg < Ly, N > 1. Then

F(2%) — F(2")

min { Ey (%) , En (%) }

1 . k k12
J— — <
5 Ogl%lN{llm g5} <

4.3 Performance bounds in gradient mapping

This section focuses on deriving and discussing performance bounds for the best
gradient mapping criterion, assuming that at least one of the two functions
is smooth. In Section 4.3.1, we present a single-iteration analysis that yields
six regimes and corresponding to sublinear rates, some of which are not tight.
Tight bounds for an arbitrary horizon, some of which remain conjectural, are
provided in Section 4.3.2.

4.3.1 Sublinear convergence rates in gradient mapping

For all results in this section, the gap F(z") — F(2™*1) can be upper bounded
by F(:EO) - —F10~

Theorem 4.3.1 (DCA sublinear rates for the gradient mapping). Let f; €
Fur,L, and fo € Fu, 1, satisfy Assumptions 4.1.1 and 4.1.2, and assume
w1+ pe > 0. Then, after N +1 > 2 iterations of DCA starting from x°, it holds
that

F(2°) — F(zN+1)

1 k k412

s min {||lz" —x < , 4.4

2 OSkSN{” Iy < (11 + p2) +ri(pa, Ly, p2, L2)N (44
withi=1,...,6, and the expressions for the regimes r; are given in Table 4.5.1.

The proof is deferred to Section 4.5.2. All regimes are exact for N = {0,1} and
their domains span the entire range of parameters satisfying the condition p; +
w2 > 0, which is sufficient for decreasing the objective (see Proposition 4.1.2).
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Table 4.3.1: Coefficients r; from Theorem 4.3.1 characterizing the performance
in gradient mapping after one iteration. Their domains cover all parameter
space under the condition p1 + p2 > 0. Regimes pyy 5 3) are tight for any
number of iterations. (s.c.: strongly convex; n.c.: nonconvex; ccv.: concave;

n.ccv.: nonconcave)

Regime Domain Description
T2 = g1+ iz + % p2 = pa 20 Ly > pio J;nficr?t‘éix
et | meip o memso| GIUR
w3 (Lo + 1) — Loy fi s.c., fa n.c.
— u?(uf% ) = [LZJF - L(z) LZLEz/E(?]M] fi l:CCOf}\;ei c
s = 5 2 < U, pu2 € (—p1, 77— ' o
u%(LﬁL% H2) - - S - fi civl(le.)fm}.g s.c.
T6 = T p2 = p1 20 Ly € (0, 2] F ccyv.

Based on extensive numerical experiments using PEP, we determine that regimes
P{1,2,3} are tight for any number of iterations. Regimes r1 and 73 are derived in
[3, Proposition 3.1], by applying Toland duality [122] on the rates measuring
the residual gradient criterion. Theorem 4.3.1 gives more explicit expressions
and includes in the proofs a simpler derivation based on Lemmas 4.5.4 and 4.5.5.
These regimes assume F' is nonconvex-nonconcave (Ly > pug and Ly > py),
with the active one indexed by argmax,;{u1, u2}. All other regimes are new.
Figure 4.3.1 shows the domains of all possible six regimes holding after two
iterations.

When F' is nonconvex-nonconcave, regime r3 is active when fs is weakly-convex
with uo € [ijl’ﬁ, ). When pus is even lower, then regime r5 is active. This is
however not tight for N > 2, where a more complicated analysis is required.

The exact rates expressions in this case are given in Conjecture 4.3.1.

When F is (strongly) convex (u1 > Ls), the sublinear rates of regimes r4 and
r5 are tight only for N = 1. These regimes are separated in this case by the
threshold ps = % When N > 2, we prove a linear rate for regime r4 in
Theorem 4.3.2, whicﬁ is confirmed to be exact using PEP. Within the particular
range of 75 satisfying the condition Ly 4 po < 0, we demonstrate a linear rate
in Theorem 4.3.3. For the rest domain of r5, we conjecture the tight rates

in Conjecture 4.3.1. Finally, regime rg characterizes the iterates over concave



122 TIGHT CONVERGENCE RATES FOR DCA AND PGD

ré
% rs
z
g
o r4
g
~ r3
S
g
z r2
g
’5 4
2 — Tl
% _L2 T patpe rl
= —Ly = o
Ly = —pa
-1 . . . . . n n .
1 05 0 0.5 1 15 2 25 3
fo weakly convex 12] / M1 F concave
Figure 4.3.1: Domains of all tight regimes after two DCA iterations as proved

in Theorem 4.3.1, given % = 2 and p; > 0. Regimes r1, ro and r3 are tight

for any number of iterations N > 2. For the domain of r4 we proved a linear
rate for N > 3 (Theorem 4.3.2); same for the subdomain of r; satisfying the
condition Ly + g < 0 (Theorem 4.3.3). For rg and the rest of domain of r5 we
conjecture rates in Section 4.3.2.

objectives F' and is included for a complete covering of the parameter space.

One nonsmooth term

Corollary 4.3.1 (DCA sublinear rates for the gradient mapping with one
nonsmooth term). Let fi € F,, 1, and fo € Fy, 1,, where exactly one function
f1 or fa is smooth, and assume that uy + uo > 0. Then, after N +1 > 2
iterations of (DCA) starting from x°, it holds that

F 0y _ F N+1
% min {Hwk —$k+1||2} S ('73 ) (x ) ,
0<k<N (1 + p2) +7i(La, Lo, 1, p2) N
where the regimes r; are as follows: for L1 = oo, the regimes r; with i =
{1,2,3,4,5} are given in Table 4.3.2; for Ly = oo, the regimes r; with i =
{1,2,3,6} are given in Table 4.3.3.

When f; is nonsmooth, regime rg disappears (as F' cannot be concave in this
case), while the expression of regime ry simplifies to the standard decrease
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1 + po given in Proposition 4.1.2. Remarkably, the expressions of regimes 3,
ry4 and rs are untouched in the limit L, = oo.

Recall that, when f; is nonsmooth, the critical points are not necessarily the
stationary ones. In this case, the progress in the area of regimes r; and r3
reduces to the standard decrease from Proposition 4.1.2, while regimes ro and
re are untouched.

The fact that in the nonsmooth case some expressions reduce to the standard
decrease ;1 + us is due to the fact that the algorithm cannot exploit anymore
the additional smoothness information. Moreover, if both functions would be
nonsmooth, then this decrease is the maximum that can be proved on the
iteration progress. In this case, we provide an alternative metric in Section 4.4.

Table 4.3.2: Performance in gradient mapping when f is nonsmooth (L; = 00),
through coefficients r; from Corollary 4.3.1. Their domains cover all parameter
space under the condition py + po > 0. (s.c.: strongly convex; n.c.: nonconvex;
CCV.: CONCave; N.CCv.: NONCONCave)

Regime Domain Description
1= pa+ pe + % p1 = p2 =0 Ly > J;’nff:-cr?r:c]ix
S pemz0 Lm0 OT
o ltgllatn) e (0] La>w>0 | R R
o = Ml o (7 1) Loe o) | 130 B0
o = ) po <0 e (-] | S e

4.3.2 Tight bounds in gradient mapping for any number of
iterations

Within this section we formulate the tight rates for any number of iterations
for the regimes where the analysis for N = 1, leading to sublinear rates, does
not extend exactly for N > 1. We distinguish between two cases: (i) proofs
using distance-1 inequalities, (ii) conjectured parts, whose proofs require using
distance-2 inequalities. In Conjecture 4.3.1 we provide the tight rates (as
identified using PEP) for all regimes requiring a different analysis from the one
in the previous section.
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Table 4.3.3: Performance in gradient mapping when f5 is nonsmooth (Ly = 00),
through coefficients r; from Corollary 4.3.1. Their domains cover all parameter
space under the condition pq + pg > 0. (s.c.: strongly convex; n.c.: nonconvex;
CCV.: concave; N.CCv.: NONCONCave)

Regime Domain Description
f1, f2 convex
= > = > >
T =T3 = 1+ g2 p1 = p2 20 F n.c.-n.ccv.
B (a—ra)® f1, f2 convex
re=p1tpe+ =5 | p2 2 20 L1 > pa F n.c.-n.cev.
2 7 convex, fo s.c.
re = “2(57;“2) pa > 1 >0 Ly € (0, ps] h F CCV‘.fQ

Conjecture 4.3.1 (Tight DCA rates for the gradient mapping for general
F). Let fi € Fu .1, and fo € Fp, 1,, with p1 >0 and p1 + pe > 0. Consider
N +1 > 2 iterations of DCA starting from z°.

i) If ua < 0 < p1 < Lo, thus F' is nonconvez-nonconcave, then:

, F(20) — F(aN+Y)
Tﬂfl OérllclélN {Hul(xk - xk+1)||2} = Q2 . Lo po2 p2 ’
sks 1+I+mm{PN(E’E)’EN<I)}
(4.5)

where Py (1, p) = 10040 (v 1 A=)Up) N (5, () — 5, (o)),

it) If Lo < pq and py > 0, thus F is (strongly) convez, then:

1 F(2°) — F(zN+1)
T||M1($k — M2 < : B —~— (40
z e (5], 6 (5))
it1) If 0 < py < Ly < pg < Lo, thus F is (strongly) concave, then:
1 F(z%) — F(zN+)
g lhatat =t < SEIEFEE) )

For N = 1, Conjecture 4.3.1 includes the rates corresponding to regimes r3
and 75 in (4.5) when F' is nonconvex, of regimes r4 and 75 in (4.6) when F' is
(strongly) convex and of regime ¢ in (4.7) when F' is concave. The rate in (4.6)
includes the ones proved in Theorem 4.3.2 (within the domain of regime 74) and
in Theorem 4.3.3. The expressions of the rates (4.5) and (4.6) are independent
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of L1, hence they also hold when f; is nonsmooth, i.e., L1 = co. Note that the
normalization of the iterates differences by p; or pg results in a homogeneous
expression of the right-hand side denominators in the ratios £2 Ly

L2 and B2 or =1
M1 M1 H2
and %, respectively.

Conjecture 4.3.1 is based on the exact rates developed for gradient descent
derived in [100] (presented in Chapter 3) and is confirmed by PEP numerical
experiments.

Observe that the conjectures for any number of iterations N > 2, stated either
for residual gradient or gradient mapping, share the same r.h.s. under the right
scaling. This is expected as they are both inspired by gradient descent where
the two measures coincide.

Part of Conjecture 4.3.1 can be proved by using distance-1 interpolation
inequalities, similarly to what we are able to prove in Section 4.2.3. The
rest requires a more intricate analysis using distance-2 interpolation conditions,
as shown by PEP numerical simulations.

Theorem 4.3.2 provides the exact rate in the area of regime r,, whereas
Theorem 4.3.3 gives the exact behaviour in the subdomain of r5, bounded
by the condition Ls + 2 < 0. In both cases, the proofs only involve combining
inequalities on consecutive iterations given in Lemma 4.6.1.

Theorem 4.3.2 (Tight DCA rates for the gradient mapping for (strongly)
convex F in regime ry). Let f1 € Fy, 1, and fo € Fp, 1,, with Ly € [0, 1],

p1 4 pe >0 and g € [ijﬁi ,Lg). Then after N + 1 > 2 iterations of DCA

starting from z° it holds:

F(2%) — F(aN+1)

1+%+EN(%)

1
TulHMl(ﬂ?N —2Nth|? <

Theorem 4.3.3 (Tight DCA rates for the gradient mapping for nonconvex-non-
concave F' with Ly + po < 0 (subdomain of regime 75)). Let fi € F,, 1, and
f2 € Fus Ly, with ui +po > 0 and Lo+ ps < 0. Then after N +1 > 2 iterations
of DCA starting from x° it holds

F(mO) _ F(LL'N+1)

" u ’
1+ 2 4 By (42)

1
TmHMl(mN — N2 <

Theorems 4.3.2 and 4.3.3 are proved later in Section 4.5.2.

Remark 4.3.1 (Parallel between residual gradient and gradient mapping
regimes). Regimes r1 and ro can be derived from regimes py and pa via Toland
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duality [122], as shown in [3, Proposition 3.1] (after a minor reorganization of
the presentation to make the regimes explicit). Specifically, r1 and ro can be
obtained from p1 and ps by the substitutions

LIH/L;l? LQ'_)M;17 MIHL517 MZ’_)LI17

where the l.h.s. denotes the parameters for residual gradient regimes p; and
the r.h.s. denotes those in the gradient mapping regimes r;. There is no clear
correspondence between r3 and ps. Regimes py, ps, and pg in the residual gradient
analysis yield analogous rates in the gradient mapping setting, corresponding
to regimes 4, T35, and 1, respectively, under the substitution G*/k+1 (residual
gradient) by i Ax*/ ¥+ (gradient mapping).

4.4 Performance bounds with both nonsmooth

Within this section, we assume L; = Ly = co. By taking the limit in rates from
Corollary 4.2.2 (see Table 4.2.2), we observe that the progress after one iteration
becomes F(x) — F(z") > 0 in all regimes, without any convergence guarantee.
Therefore, we introduce the following metric, i.e., the Bregman divergence, to
analyze the progress of (DCA):

T(x) := fi(w) = fo(x) — inf{ fi(w) - fa(z) = (g2, w — 2)}
(4.8)
= file) = fi(z®) — (g, x —a™),

where go € Ofa2(7) and gi € Of1(2T), the second identity resulting from the
(DCA) iteration definition. This measure is used for studying the convergence
of algorithms on nonconvex problems such as proximal gradient methods [64,
Theorem 5] or the Frank-Wolfe algorithm [51, Equation (2.6)]. For DCA, the
performance measured by the progress in T'(z) is derived in [3, §4] when both f;
and fo are convex; the same result is obtained independently in [136, Corollary
3.2]. We extend their analysis to encompass weakly convex functions and provide
a simpler and stronger proof in the convex case.

Since pq > 0, it holds T'(z) > §pu1[|a—aF||? > 0; this comes from the subgradient
inequality on f; and second line of (4.8). Furthermore, if T'(z*) = 0 is achieved
for some iterate z¥, then F(z**1) = F(2*) and hence 2* is a critical point. The
metric T'(x) is nothing but the Bregman divergence associated to fi at (z,z™).
In this view, the DCA is analyzed in [48] as being the Bregman proximal point
algorithm.

Theorem 4.4.1 (DCA one-step descent for the Bregman divergence). Let
f1 € Fuio and fo € Fpuy 00, with u1 + po > 0 or u1 = po = 0. One iteration
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of (DCA) satisfies

Lislle — ot |2+ T(@) < F(a) - F@®),  if py > 0; (4.9)
%T(m) < F(z)— F(z"), if pa <O0. (4.10)
1

The proof of Theorem 4.4.1 is given in Section 4.5.3.

Theorem 4.4.2 (DCA sublinear rates for the Bregman divergence). Let f; €
Frr,00 0nd fo € Fpy o0, With pi+pa > 0 or py = po = 0. Consider N iterations
of (DCA) starting from x°. Then, if pa > 0:

0
. k H2 . ko k+12 <F($)—Flo
Oggrg]r;fl{T(fr )+ 5 Oggrg]gfl{llx A [ S —

whereas if py < 0 we have:

F(z%) - F,
min {75 <t F@) = Fo
0<k<N-1 w1+ o N

Proof. Telescoping the inequalities from Theorem 4.4.1, taking the minimum
over all T'(x"), and using the trivial bound F(z") > Fj,concludes the proof. [

When py > 0, the previous work in [3] only includes the first term
ming<r<n_1{T(2*)} appearing in the left-hand side of the first inequality
above, while the same result as ours is stated in a more general and compact
form using Bregman divergence in [48, Theorem 5].

4.5 Proofs of performance bounds

In this section we present the proofs for the upper bounds derived in the previous
section, which are inspired by and confirmed using the performance estimation
methodology. The following general performance estimation setup for DCA can
be easily integrated into one of the specialized software packages PESTO (in
MATLAB; Taylor et al. [115]) or PEPit (in Python; Goujaud et al. [56]):

1 i k _ k|2
7 in {llgr — o3[}
F(2%) = F(z?)

maximize

(4.11)
subject to {(:rk,ng, ffz)}kez satisfy (2.7)

gt =g5 ke{o,...,N—1}.
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The decision variables are z*, g¥, g5 fF f§ with k € T = {0,...,N}. A
comprehensive formulation of the PEP for DCA can be found in [3]. The
numerical solutions of (4.11) aided our derivations, enabling verification of the
rates from Corollary 4.2.1, conjecturing their tightness, and selecting for the
proofs the necessary interpolation inequalities from the complete set given in
Theorem 2.2.1.

While employing PEP can sometimes make proofs difficult to comprehend,
we offer demonstrations of the various regimes in Section 4.5.1 (for residual
gradient) and in Section 4.5.2 based on standard descent lemmas. This involves
combining interpolation inequalities for consecutive iterations, with the proof
for each of the six regimes requiring a distinct weighted combination of them.

Notation. For compactness of the proofs, at each iteration k we denote AzF :=
xk_mk-&-l’ f{C = fl(xk)7 féc = fg(xk), AF(xk) = F(:Ek)—F(xk+1)7 g{v € 6f1(xk),
g5 € Ofa(z¥), G* == gF — g&. Recall that gF*! = g& for all DCA iterations. We
omit the explicit dependence on the curvature bounds w1, L1, pe and Lo.

The main theorems rely on a series of technical lemmas that provide the building
blocks for our convergence analysis. These lemmas are organized by performance
metric and proof technique.

Key ingredient for the proofs. Given y < L and f € F,, from
Theorem 2.2.1 it holds Vz,y € R?, with g* € 0f(x), g¥ € df(y), that

I

F@) = ) = (g% w —) = Ko~ yl? + fllg” ~ 9"~ u(w — )

2L —
g (4.12)

4.5.1 Proofs of bounds in residual gradient
We distinguish two types of supporting lemmas for residual gradient analysis:

¢ Individual regime proofs: The one-step descent inequalities for regimes
p1 through pg are proved in a single consolidated proof of Theorem 4.2.1 (see
Section 4.5.1), rather than via separate regime-by-regime arguments.

e Linear regime descent lemmas: Lemma 4.5.1 provides the descent
inequality for linear convergence in regime p4, while Lemma 4.5.2 establishes
the corresponding result for the subdomain of regime ps satisfying Lo+pus < 0
(Section 4.5.1).
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Table 4.5.1: Exact decrease in residual gradient after one step: AF(z*) >
0i1||G¥|?+0; $|G*||? (see Theorem 4.2.1), where 0,0, > 0 and p; = o;+0;,

with i = 1,...,6. Scalar «; > 0 is a parameter of the proofs.
Regime o Ui+ a;
Ly — Lyt —Lt L —L
n Lgl 2 — H1 L21<1+ %1 11) M1 L 2
Li—m puyt =L Lo Ly —
Lyt — LT Ly — Ly — L
(e EE) e pnen
pyt — L Ly — po Ly Ly — po
) Ly (" +py ' +L37) 1 —pu2
5 1 _ _ . - 2
I e P Lo+ po Ly +po
Lo+ 11 M1
0 = ' - -
y2 L% L2
s 0 1 +2M2 p1 F pe2
125 —H2
L1+ po M2
iR 0 P2
D6 L% Ll

Proof of one iteration descent (Theorem 4.2.1)

In Table 4.5.1 we summarize the coefficients for all regimes, along with the
corresponding multipliers «;, which are utilized in the subsequent proofs of
each regime in part. Within this table we adopt the notation corresponding
to 2% — xF*! instead of the former notation with 2 + 2*. Each row of this
table can be read as a descent lemma in its own right, and all of the statements
are proved together in a single proof, with each row addressed in a separate
paragraph.

Proof of Theorem 4.2.1. By writing (4.12) for function f; with the iterates

(x*, 2F*+1) we obtain:

) = i@t = (gt Axk) >

4.13)
1 1251 . (
—IG*|? + —————||G* — Ly AZ"|]?

5L, 1G™]] 31 (I _WH 1 |
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and for function f with the iterates (x**1, 2%) we get:

fo (@) = fo(a®) + (g5, Ax¥) >

L
2L,

k+12 Mo k+1 k|2 (4.14)
1G*| +m\|G — LyAz™|”.

Summing them up and performing simplifications we get:

. 1 M1
AFF > —|IGF|I? + ———||G* — L1 AZ"|?
> s IC I + s s IGE — LA
(4.15)

1 2
+ Gk+1 2 + Gk+1 I A.Ik 2.
S IGH P + sl Ak

By writing (4.12) for function f, with the iterates (2, 2*+1):
Fa(a?) = fa(a™1) — (g5, Aat) >

1 K2
Gk+1 2 Gk+1 — LoA k12

summing it with (4.14), and using G¥*1 = g5 — gé’“, we obtain:

1
(GFFL AxPy > L—z”Gk“H2 + |GFT — LoAx®|2. (4.16)

M2
Ly(Lz — pi2)
Similarly, by writing (4.12) for function f; with the iterates (z**! z*) and
summing it up with (4.13) we get:

1 M1
G* Azk) > —||G*|]? + ————||G* — L1 Az¥|?. 4.17
(A% = TIGHE + s~ LA (@
The proofs only involve adjusting the right-hand side of (4.15) using either
inequality (4.16) or inequality (4.17), weighted by scalars « > 0, which depend
on the curvatures (see Table 4.5.1). Specifically, to establish regimes pq 345 we
substitute « in:

1 H1
AF(z%) > —||GF||> + ————||G* — L, Az¥|? +
1420, 2 (1l + 2a) .
G,+12 Gk+1_LAk2_ Gk-i—lAk
M el JATH? — a(GHH, Adk)

(4.18)
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and to demonstrate regimes p» ¢ we plug in o in:

AF(zF) > Gk+1)2 L GF _ Lo AR +
(@) > GG + g 280"
L+2a, g0 (1 +20) k k2 koA k
oL, IG®|l 72L1(L1 )HG — LAz a(G", Az").

Since the proof is entirely based on algebraic manipulations, by exploiting
the symmetry on the right-hand side of the two inequalities we focus on
demonstrating the regimes p1, ps3, p4, ps. Regimes po and pg are complementary
to p1 and py, respectively, under the condition p; > 0; specifically, p; <= po
and py <= pg (see also Table 4.2.1). Their proofs can be obtained by
interchanging: (i) the curvature indices 1 and 2; and (ii) G* and G**+1.

Regime p;: It corresponds to L > L2 > u1 > 0; in particular, Ly >

max{ Ly, jt1, 2 }. By setting o = £+ él u2 n (4.18), after simplifications and

completing the squares we get:

_ k|2 ko ky|2
AF(z*) > Ly—p1  [|G¥ n i |G® — LoAz™||
Lo(Ly —p1) 2 Lo(Ly — ) 2
1 L — L Gk+1 2
4+ 1+#1( 1 2) ]l [ + (419

Ly Lo(Ly — pu1) 2

el tt Ly - L@ 4 )] GR - Loact?
(L1 — ) (L2 — p2) 2 '

The weight of ||GF — LyAx*||? is positive (1 > 0), while the weight of ||GF+1 —
Lo Az ||? is positive if either (i) g > 0 or (ii) po < 0 and py* + py ' + Lyt —
Ll_1 < Ll_l( 1+ %) Under these two cases, by neglecting both mixed terms we
get:

Ly—p  ||GF|I? <1_|_
Ly(Li—m) 2 Ly pit - Lyt

AF(z*) >

L2—1 _ Ll_l) HGk+1H2
2 b

with equality only if GF = G*! = LyAzk.

Regime p3: It corresponds to Ly > py > 0 and negativity of the weight of
|GFH+1 — Ly AxF||? from the proof of py, i.e., pg < 0and py*4+pus *+ Lyt — L7t >
Lfl(l—i—%). Since Ly > p1 > —pe, we have Lo+ po > 0. By setting a = L;ﬁfm
n (4.18), after simplifications and completing a square including all weight of
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LoAx we get:

Lit(p st + LY |GR)1? 1 GR?
pit gt ALy =Lt 2 Loty 2

AF(2F) >

_|_

2
1 k k
Ly [ ma(Ti—p1) G" — LAz H

paLapa(pa’ 4ot + Lyt — Ly ) | B+ 20000

Lo(Ly — pa)(La — p2) 2
Since ps < 0, the weight of the mixed term is nonnegative only if ul_l + gy 1y
Ly' — L7 <0. Further on, this implies that the weight of [|G||? is nonnegative
only if ,ufl + ,u;l + Lgl < 0, which is exactly the threshold condition B < 0,
with B defined in (4.3). Finally, by neglecting the mixed term we get:

AF(z*) > Li'(p' oyt +LyY) |G 1 GM)?
Tttt Lt Lt 2 Lo+ps 2

+

)

with equality only if G¥ = L, % + %} Azk.

Regime p;: When py < 0, if /Jfl + u;l + L;l > 0, the proof for regime
ps breaks. Then we set a = % > 0 in (4.18). After simplifications and
completing the squares we get:

Gk+1 2 1 Gk_ A k|12
NIRRT (ciasl IGF — At
Ha 2 Ly — 2

(4.20)

Lo pyt +pg 4 Lyt [|GRY — o Aat|?
— 2 Ly — po 2

The second mixed term has a positive weight if Lz(ufl + u;l + L;l) > 0.
Note that this condition allows Lo < 0, bounded bellow through the necessary
condition Lo > po > —py. After disregarding the mixed squares with positive
weights, we obtain:

Ha 2

which holds with equality only if G¥ = iy Az¥ and GF*! = paAxk.

Regime p;: Assume 0 < Ly < py, ie., F is (strongly) convex, and m(ufl +

,u2_1 + Lz_l) > 0, where either pus > 0 or pp > —pg > 0. By setting o = Z—; in
.18), after simplifications and completing the squares we get:

4.18 ft implificati d leting th t

o fat Lo |GM? Lot |G* — pa Aak|?

- L% 2 L1 — M1 2

AF(z%)
(4.21)
papiz it gyt 4 Ly [IGM — Ly Aak?

+ ;
L2 L2 — M2 2
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where the mixed term can be disregarded to obtain:

La + pa [|GM?
AF(zF) >
(@) 2 2t

which holds with equality only if G¥ = 3 AzF and GF*1 = LyAxk. O

Remark 4.5.1 (Generating multipliers « for single-iteration residual gradient
descent). In the 1.h.s. of inequality (4.18) we eliminated Ax* by incorporating
it in square including G* and G**1, with the idea of maximizing the sum of
weights of |G| and |G**1|.

Proof of sublinear rates (Corollary 4.2.1)

Proof of Corollary 4.2.1. From Theorem 4.2.1, by taking the minimum
between the (sub)gradients residual norms in (4.1) we get:

F(z) = F(z%) > 0 5llg1 — g2l + o Mgt — 95 |7

> p; 3 min{[|lg1 — g2/ lgf — o5 (1%},

where p; = o; + aj, for ¢+ = 1,...,6, are given in Table 4.2.1. The rate
(4.2) results by telescoping the above inequality for N iterations and taking
the minimum among all (sub)gradients residual norms. A rate with respect
to Fj, is obtained either by applying the trivial bound F(2°) — F(zV) >
F(2°) — Fy, or, if Ly > po, by using a tighter bound like the one demonstrated
by Abbaszadehpeivasti et al. [3, Lemma 2.1]:

N N N2
P) = Fio > g—slal’ = o}
By incorporating this into the telescoped sum and once again taking the
minimum over all (sub)gradients residual norms, we obtain the second rate from
Corollary 4.2.1. Furthermore, note that a necessary condition for the tightness
of these sublinear rates is that the subgradients residual norms ||g¥ — ¢5|| must
be equal for any £k =0,...,N. O

Proofs for more iterations for residual gradient

For simplicity of notation, in this subsection we consider n = % and p = £2.

"
Condition 1 + p < 0 is equivalent to Lo + us < 0. '

Recall that Theorem 4.2.2 shows the rate in the domain of regime py, while
Theorem 4.2.3 gives the rate in the subdomain of regime ps with Ly 4+ s < 0.
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To prove these results, we establish additional one-step descent lemmas.
Lemma 4.5.1 and Lemma 4.5.2 generalize Lemma 3.5.4 and Lemma 3.5.3,
respectively, which were established for GD in Chapter 3 and used to derive
the linear regimes in that chapter. Compared with their GD counterparts,
they introduce two additional mixed-square terms (see the third line of the
inequalities below).

Lemma 4.5.1 (DCA one-step descent for residual gradient for linear regime
p4). Let f, € ‘/_.:U'lel and fy € .7:#27[,2, with Ly € [0,#1] and p1 4 pe > 0. Then
after one iteration of DCA starting from z* it holds that

IG*|1?
241

HGk+1”2

+ Ery1 () ——— +

AF(mk) > —E;(n) o

1+ (15 ) B (n) | GH — Lol

+
n—p 211
+ Ly + M1 B, (77) ||Gk — Mlek“z + ||Gk — MlAwkHz
Li—m 241 2(Ly — )
Moreover, if ps € [Zf_i’;i,Lg), then all multipliers of the mized squares are

nonnegative.

Proof. The inequality is obtained by summing (4.15) with (4.17) multiplied by
Ei41 (n), and (4.16) multiplied by —14-nFx1 (). Moreover, under ug > Z;jﬁi ,
we have

Ly + Lo+ L + p1 Lo +
2 MQEk+1(77)Z—1+ 2 M2E1(n): M2 T U1l T 12

1+
1 P L3

> 0.

The first inequality follows from the monotonicity of Fj (1), while the second
follows from the lower bound on ps. Note that this expression is exactly
Lo (p2B). O

Proof of Theorem 4.2.2. The curvature assumptions imply that all mixed
terms have nonnegative coefficients and can therefore be dropped, yielding

IG* |

”Gk+1 Hz
24 .

AF(a*) > ~Ey (n)

+ Eyy1 (1) o

The conclusion follows by telescoping the inequality for K =0,..., N —-1. 0O

Lemma 4.5.2 (DCA one-step descent for residual gradient for a linear
subdomain of regime ps). Let fi € Fu, 1, and fo € Fp, 1., with po < 0
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and py + po > 0. Then after one iteration of DCA starting from x* it holds that

Gk”2 HGk+1”2
AF(z") > —E ”7 E _
(z%) > k (p) 20 + Ert1(p) 2 +
1= (04 p)Eri1 (p) |[G*H! — poAa®|?
+ -
n—p 2p1
L+ Gk_ A k|12 Gk_ A k|12
yLtmp G mA | GH At
Li— 2p1 2(Ly — 1)

Moreover, if Lo 4+ ps < 0, then all multipliers of the mized squares are
nonnegative.

Proof. The inequality is obtained by summing (4.15) with (4.17) multiplied by
Ex11(p), and (4.16) multiplied by (—p)Ex4+1 (p). Note that Exy; (p) is positive
and monotonically increasing with index k as p; + pg > 0. Then, due to
Lo + p2 <0 (equivalent to n 4+ p < 0), implying the conclusion. O

Proof of Theorem 4.2.3. The curvature assumptions imply that all mixed
squares in Lemma 4.5.2 have nonnegative coefficients and therefore can be
dropped, yielding

IG*]1?

AF(z*) > —Ex (p) Ee + Ek+1(p)

| GF+1)2

21
Telescoping the inequality for £ = 0,1,..., N — 1 leads to the conclusion. [
These proofs closely follow the corresponding GD arguments in Chapter 3, see
Section 3.5.2. They require the same multipliers to combine the inequalities,

with the additional contribution of f; captured in the distance-1 proofs by
(4.17).

4.5.2 Proofs of bounds in gradient mapping

We distinguish several types of supporting lemmas for gradient mapping analysis:

¢ Fundamental inequalities: Lemma 4.5.3 establishes the three key distance-
1 interpolation inequalities (B*, C’;fl, C”;Q) that form the basis for all gradient
mapping proofs (Section 4.5.2).
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¢ Individual regime proofs: Lemmas 4.5.4 to 4.5.9 establish the descent
inequalities for regimes ry through rg, respectively, through appropriate
weighted combinations of the fundamental inequalities (Section 4.5.2).

e Linear regime descent lemmas: Lemma 4.5.10 provides the descent
inequality for linear convergence in regime r4, while Lemma 4.5.11 establishes
the corresponding result for the subdomain of regime r5 with Ly + s <0
(Section 4.5.2).

Proof of sublinear rate (Theorem 4.3.1)

Lemma 4.5.3 (Inequalities for proving bounds in gradient mapping). Let
f1 € Fur, and fo € Fyuyn,, with Ly > po and Ly > p1 > 0. Consider one
DCA iteration connecting x* and z*T'. Let g € 8f1(x7), ¢ € df2(2?) and
Gl = g{ - g‘g, where j = {k,k 4+ 1}. The following inequalities hold:

[GMY — At || GY — Ak

+ p2 |

AF(gF) >HLTH2 ) Ak 24 : BF

) 2 2 147 2(La — p2) 2(Ly — 1) (5°)
G* — Ack|?

k A k > A k2 H 1 . Ck
(G4, a0t) = il act | 4 1SRl (©$)
GF L Ak 12
<Gk+1,AfEk> > PJQHAIICH2 + H M2 H ) (CI;Z)

Ly — po
Proof. We exploit the property g]fH = gk, implying G* = gF — gk = gF — gf“
and GF+1 = gi”l —g§+1 =gk —g§+1. By writing inequality (4.12) for: f; with
the iterates (z¥,z%*!) and (28! 2%) we get (4.22) and (4.23), respectively;
fo with the iterates (2%, 2**1) and (zF*! 2%) we obtain (4.24) and (4.25),
respectively:

o i - gt oty > B agkyp ¢ [ Z AT g
B fF 4 (gF, Aa) > %HAMP + W; (4.23)
= A7 - b oy > B2 agt [Tt E g
B gt fob o) 2 B2 aat 4 1Ot
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Then summing (4.22) and (4.25) gives (B*); inequality (C’]Jfl) results by summing
(4.22) and (4.23); inequality (C";Q) is obtained by summing (4.24) and (4.25). O

By neglecting the mixed squares in inequality (B*) it results an alternative proof
of the sufficient decrease property from Proposition 4.1.2: F(z*F) — F(2*+1!) >
(k1 + p2)5lla® — 212,

Remark 4.5.2 (Proofs structure for gradient mapping). The proofs are based
on multiplying the inequalities from Lemma 4.5.3 with nonnegative weights. For
TegIMes 1.3 4,5 We SUM:

B* + BiCF + BoCY, (4.26)
while for the proofs of ro ¢ we sum:
Bk 4 Blc}i + BQCI;;I,

where BIF-F+1} C{k M and C{k M are instances of inequalities (B*), (Cfl)

and (C’Z), respectwely The wezghts B1 and B are functions of the curvature
parameters.

The demonstrations rewrite the inequalities from Remark 4.5.2 by building
specific mixed squared norms of G and Ax at specific indices k, using
Property 4.5.1. Since the derivations are very similar to the ones for residual
gradient (given in Section 4.5.1), we only give the final inequalities containing
all the squares.

Property 4.5.1. The following identities hold, where i,j € {1,2} and G and
Ax are specialized when completing the squares within the proofs:

1
—(G,Ar) = W [IG = piAal* = |GII* = || Aw]|?]
J

and
G—[LiA.CEQ*—JG—U‘AZ‘2 1- i Az||* + - 1a)?.
| | 1 | jAz| MJ( 1 MNpg A= 4 (1 — 'uj)” |

Lemma 4.5.4 (Proof of regime ry). Let fi € F,, 1, and fo € Fy, 1,, with

Lo > p11 > pa > 0. Then after two DCA iterations connecting x*, z*+1 and
2**2 it holds

Ly — 1 —pe 1
AF@) = (i + ol SIACH P + L2 S a2,

with equality only if GF = GF1 = i Axk = py Axk+r.
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Proof. Let B3 =0 and £y = Z;:Zi, which is nonnegative since uy > po. After

replacing in (4.26), completing squares and performing simplifications we get:

Ly —p1y1 1 —pa 1
AFk>< )7Ak2 AR L2
(z*) > g — 51827 +/11L2_M22H 2+
|G* — mAZ*|P || GFF — iy Aak|?
2(Ly — 1) 21 (L — p12)

(L1 + pa) (g1 — p2)[|GFFY = pa A2

2p1(Ly — p) (L2 — p2) '

Since p1 > pg > 0, all coeflicients of the squares are positive and the conclusion

follows by dropping the mixed terms, with equality only if G¥ = u; Az* and
GFM! = py Az% = g Ax*+1) which in particular also implies Az* = Azk+1, O

+

Lemma 4.5.5 (Proof of regime r3). Let fi € F,, 1, and fo € F,, 1,, with
Ly > pp > p1 > 0. Then after two DCA iterations connecting x*, x*+1 and
xF+2 it holds

—ppl
AF(xk'H) > N2%
1 —

Ly — 1
L M (RN 1 - 8

Ly —p
with equality only if GFT1 = GF*2 = po Az = po Axk+1.

Proof. Let 81 =0 and 5o == %, nonnegative since uo > p1, be the specific
multipliers from Remark 4.5.2. 6ompleting the mixed squares we obtain:

Ll — U2 1 Mo — M1
AF (51 > ( + 7)7 AP 4 g2
(@) = (k2 l — 5 [ ETi—
|GH+2 — oA I2 |G — pp Akt 2
2(Ly — pu2) 2p2(Ly — p)
(Lo + p2)(p2 — po)[|GH — pp Aa||?
2u(La — p2) (L1 — p1)
Since po > py > 0, all coeflicients of the squares are positive and the conclusion
w 1

follows by dropping the mixed terms, with equality only if G2 = poAgk+!
and Gl = iy Az = py Akt also implying AzF = Azk+1 O

|Az|? +

A quantity delimiting the regimes is T3, as defined in Property 4.5.2. It is
exactly zero when B = 0 (where B = ;' 4 py 2 + Ly b also delimits the regimes
in the residual gradient case).
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Property 4.5.2 (T1). When pus < 0 and py > 0, we define
L L
T, = Ey (2) — B, (“2> =u1< 24—2u1 B uﬁ;uz)_
0} 0 L3 I

One can check that Ty > 0 if ps € (—p1, Zf_ﬁiﬁ] and Ty <0 if ug € [ijiﬁ ,Lg).

Lemma 4.5.6 (Proof of regime r3). Let fi € F,, 1, and fo € Fy, 1,, with

Lo > >0, pe € [ijﬁi,O) and pi1 + po > 0. Consider two DCA iterations
k+

L and x*t2. Then

connecting x¥, x

AP > (jn + 222 ) Ljagkp o+ At
Lo+ po/ 2 2(Ly + p2)

with equality only if G* = p1 Ax® and GF1 = py Azk+t,

Proof. Let 81 := L;fﬁm and By = L;’:Zz, which are nonnegative since p; >

—p2 > 0 and Lo + pg > %"‘f’“ > 0. After replacing in (4.26), completing
squares and performing simplifications we obtain:

L 12 1 :U’Q
AF(xk) > (,Ul + ﬁ)inAlﬁH? + mnAxk—HHQ +
|G* — i Az®|? (Ly + ) |G — A+ 12
2(Ly — ) 2(L1 — 1) (Lo + p12)

Since Lo > —pus, the coefficients of the mixed terms are positive and the
conclusion follows by dropping them, also implying the necessary conditions for
equality. The coefficient of ||Az*||? is positive if T < 0 as it can be factorized

L%,ug
as —3 25 (—1T1). [l
s (-4

Lemma 4.5.7 (Proof of regime ry). Let fi € F,, 1, and fo € Fy, r,, with

Ly € [0, 1], po € [ijﬁi,Lg) and p1 + p2 > 0. Consider two DCA iterations

2FtL and 252, Then it holds

connecting =¥,

2
AF({Ek) > :u’l(LZ + /1'1)

1
ZIA k412

with equality only if G* = py Az* and GF1 = py A1 = LyAxk.

Proof. Let 1 = % and (2 = L, both positive. After replacing in
2

(4.26), completing the mixed squares and performing simplifications we get:

2(Ly + ) 1 IG* = A2
APty > T2 ) by e :
=T A
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(Ly A+ p1) (Lo + ) [ GFT — py A+ 2 n p3 (=T0)[|G*H! — LyAak|?
L3(Ly — ) (L2 — p2)? .

Since T7 < 0 (Property 4.5.2), the conclusion follows by dropping the mixed
terms. 0

Lemma 4.5.8 (Proof of regime r5). Let fi € F,, 1, and fo € Fy, 1,, with

11 > —pe > 0 such that pg € (— L1, ZQLjZi] Consider two DCA iterations

connecting ¥, 1 and x*t2. Then it holds

2
1
AF(.’Ek) > ﬂl(/‘l :‘ /~L2) 7||A1,k+1||2’
H3 2

with equality only if GF = p1 Ax® and GFT = py Akt = py Ak,

Proof. Let 31 = w and By = ’“Z‘;z, both positive. After replacing in
2

(4.26), completing the mixed squares and performing simplifications we get:

2 k _ A k|2
AF(]}k) > M (/”'1 ";/-Q) ||Al‘k+1||2 + ”G H1RT ”
243 2(Ly — 1)

(L A+ p) (o + p2) [|GFFH — g Aa® 1|2 n L3T1[|GM! — pp Ak
pi5(Ly — i) (L2 — p2)?

+

Since T1 > 0 (Property 4.5.2), the conclusion follows by dropping all mixed
squares terms. O

Lemma 4.5.9 (Proof of regime r¢). Let fi € F,, 1, and fo € Fp, 1,, with
to > w1 >0 and Ly € (0, uz]. Then after two DCA iterations connecting xk,
2* 1 and 52 we have

p3(L1 + p2)

AF(a51) >
L?

1 k
§HA$ ”2’
with equality only if GFT2 = pa Axk*t and GF! = oAz = Ly Azkt!,

Proof. Let 35 = % and f; = 2, both positive. After replacing in
1

(4.26), completing the mixed squares and performing simplifications we get:

5(L1+p2) 1 |GF T2 — pp AP 112
AF(2++! >H2( 1 ZIAZR2 + +
=)= L3 2” | 2(Lg — pi2)
(L1 + po) (Lo + po) |GFT! — pp Ak |2
L3(Ly — p2)

+
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papiz + Li(py + p2)|GFYE — Ly AP 1|2
Li(L1 — ) .

The conclusion follows by dropping all mixed squares terms. O

Proof of Theorem 4.3.1. For regimes ry, r3, r4 and r5, by telescoping
inequalities from Lemma 4.5.4, Lemma 4.5.6, Lemma 4.5.7 and Lemma 4.5.8,
respectively, for k = {0,..., N — 1} and taking the minimum over iterations
differences norms we get:
F(a®) = F(zV) > Ti(ﬂlaLh/lQaLQ)N%Og}cn {llz" = 2123,

where r;, with ¢ = {1, 3,4, 5}, denotes the sum of the two coefficients multiplying
1l|a* — 2* 1% and 1||zF 1 — 2%2||? in each inequality. Writing (5.3) for the
iterates 2V and 2NF!, we have F(2) — F(zN*+1) > fadiz|pN _ o N+1)12,
Then the rate results by summing it to the previous inequality and taking
the minimum in the right-hand side. For regimes ro and rg, by telescoping
inequalities from Lemmas 4.5.5 and 4.5.9, respectively, for &k = {1,..., N} and
taking the minimum over iterations:

F(xl) - F(mN+1) 2 ri(,u/luLhM27L2)N k+1||2}a

1

2, o {ll=* —
with i = {2,6}. Writing (5.3) for the iterates 2° and x!, summing it up and
taking the minimum in the right-hand side leads to the rate. O

We remark the symmetry between regimes ry <= r9 and ry <= 74, as
the latter ones reflect the behaviours of the former regimes, as the iterations
would be applied in reverse order on the function —F = fo — f;. In other
words, Lemmas 4.5.5 and 4.5.9 can be obtained from Lemmas 4.5.4 and 4.5.7,
respectively, by interchanging the curvatures py <= po and Ly <= L9 and
the iterations order, i.e., from k + 2 to k. This symmetry between the proofs
was also remarked for residual gradient metric in Section 4.5.1.

Moreover, the proofs of sublinear rates for regimes ri 345 are obtained by
appending the sum of their corresponding lemmas after N iterations, whereas
the proofs for regimes 73 ¢ result by prepending the telescoped sum.

Proofs for more iterations for gradient mapping

For simplicity of notation, in this subsection we consider n = u 2 and p = ”2.
Condition n+ p < 0 is equivalent to Lo + o < 0. The proofs are very similar to
what we have for residual gradient in Section 4.5.1 (see Lemmas 4.5.1 and 4.5.2)
and are alternative generalizations of Lemma 3.5.4 and Lemma 3.5.3.
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Lemma 4.5.10 (DCA descent lemma for gradient mapping for linear regime
rq). Let fir € F, 1, and fo € Fp, 1,, with Lo € [0, 1] and pq + p2 > 0. Then
after two DCA iterations starting from x* it holds that

AF(a*) > =By () 5| Az¥|* + Bryr () 5| A" +

—14+ (4 p)Er1 (n) [GFH! = LoAak|?
+ +
n—p 21

IG* — i ATF|2 | Ly +

||Gk+1 _ Mlek+1||2
2(Ly — 1) Li —

+
241

Eyy1(n)

—Lopy
La+pa

Moreover, if us € [ ,Lg), then all multipliers of the mired squares are

nonnegative.

Proof. The inequality is obtained by taking 81 = Ex11(n) and By = —1 +

NEky1 (n) in (4.26) and completing the squares. Moreover, under pg > ijl’ﬁ

and since Fjy1 (n) is increasing with k, we have that

Lo + po Lo+ p2 13
-1+ —FF > -1+ ——FF =————(-T1) >0,
o Den (n) oo (n) (s — ug)( 1)
thus the mixed terms have nonnegative coefficients. O

Proof of Theorem 4.3.2. The curvature assumptions imply that all mixed
squares in Lemma 4.5.10 have nonnegative coefficients and therefore can be
dropped, yielding

AF(a%) > =B () B Ax®? + B () 5| Az 2.

Telescoping for & = 0,...,N — 1 and adding (B*) with & = N gives the
conclusion. O

Lemma 4.5.11 (DCA descent lemma for gradient mapping for a linear
subdomain of regime r5). Let fi € F,, 1, and fo € Fy, 1,, with po < 0
and pi1 + po > 0. Then after two DCA iterations starting from x* it holds that

H1 H1
AF(z%) > —E} (p) 7\\Aaf’“||2 + Ek+1(p) 7IIA9:’““II2 +

L L= 4 ) B (p) G — pa|?
n—p 211
n L1+ Frr (p) HGk—H _ Mlek+1H2 N HGk _ MlekHQ.
Ly —m 2p 2(Ly — 1)
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Moreover, if Ly + ps < 0, then all multipliers of the mized squares are
nonnegative.

Proof. The inequality is obtained by taking 51 = Ex11 (p) and B2 = —pEj41 (p)
in (4.26) and completing the squares. Moreover, since Ej11 (p) is positive and
monotonically increasing with index k as puy + po > 0, and Lo 4+ po < 0, the
mixed squares have nonnegative coefficients. O

Proof of Theorem 4.3.3. The curvature assumptions imply that all mixed
squares in Lemma 4.5.11 can be dropped because they have nonnegative
coefficients. This yields the inequality

) M1 1 )
AF() > B (p) B A2 + By () B |24+

Telescoping for & = 0,...,N — 1 and adding (B*) with & = N gives the
conclusion. 0

Lemmas 4.5.10 and 4.5.11 closely parallel Lemmas 4.5.1 and 4.5.2, respectively,
with the following modifications: they track the iterate displacement pq Az®/k+1
rather than G*/**1 and they involve a mixed term at iteration k + 1 (namely,
Epi1 () ||GFFY — g AxF+1|2) instead of at iteration k. In turn, Lemmas 4.5.10
and 4.5.11 also generalize Lemmas 3.5.3 and 3.5.4, respectively, which were
established for GD in Chapter 3.

Remark 4.5.3 (Recovering GD descent lemmas from DCA analysis).
Anticipating the PGD-DCA equivalence results in Section 4.6, the corresponding
GD lemmas are recovered by enforcing the GD relation G* = pyAzx® for all
k (which eliminates the last two mized terms) and by making the following
curvature substitutions (on the r.h.s. we use the GD notation from Chapter 3):

p=7""  pe=v"'-L  n=l-qp,  p=1-1L

4.5.3 Proof of bounds for both nonsmooth

Proof of Theorem 4.4.1. The subgradient inequality of fo reads:
fo(a®) > fo(@) + (g2, 2" — ) + Jpolle — ™| (4.27)

Case s > 0. By adding and subtracting f1(z) — fi(z™1) in both sides of (4.27)
we obtain exactly (4.9):

F(z) = F(a™) = fi(z) = fil@™) + (g2, 07 — @) + Gpualw — 2.



144 TIGHT CONVERGENCE RATES FOR DCA AND PGD

Case po < 0. We have pg > —pg > 0. From the strong convexity of f1, with
g1 € 0fi(x):

fil@) = f1(2™) = g2 — @) + Gz — a2,

By multiplying it with —ﬁ—f > 0 and summing with (4.27) we get, using g;" = go:

P21 @)~ ful@) - fol@) + fala®) = (14 ) (garat —a).
H1 2
By adding (1+ £2)(f1(z) — fu (zT)) in both sides we obtain exactly (4.10):

F(z)— Fz*) > (1+ %) [f1() = fi(a™) + (g2, 2T — )] .

4.6 Convergence rates for proximal gradient descent

In this section, we show that the convergence rates of the proximal gradient
descent (PGD) method can be directly derived from its iterate-wise equivalence
with the DCA, a connection that is often underemphasized in the literature.
Although DCA is typically applied to nonconvex-nonconcave objective functions,
it also provides a valuable framework for establishing performance bounds in
problems involving (strongly) convex objectives. Standard references for the
fundamental theory of proximal methods include [81, 97, 78, 13, 30, 93, 15].

Assumption 4.6.1 (PGD splitting setup). Consider the composite objective
function F' = ¢ + h, where ¢ € F,_ 1, is smooth, with L, > 0 and p, €
(=00, Ly), and h: R? — (—o00,00] is proper, closed and convex, h € F, L,,
such that 0 < pp < Ly,.

The PGD iteration with stepsize vy > 0, starting from z*, is given by:
a" 1= prox,, [2¥ — yVe(2¥)]

. ) (PGD)
= argmin {h(w) + o |lw—a* +~9Ve(z")|" }.
wERY v

Drori established in [41] a tight bound in the convex case of projected gradient
descent, measuring the optimality gap F/(z") — F,.. When ¢ is (strongly) convex,

Taylor et al. [114] establish tight rates for any constant stepsize and curvature
choice when employing different performance metrics than ours. In the case of
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our residual gradient measure, they give the rate for the stepsize choice v = %
@

(see Table 2 therein), letting as further work the rest of stepsize interval (see
Table 1); this work is completed by us. Additionally, they do not consider the
gradient mapping measure.

When ¢ is smooth nonconvex (u, = —L,) and h is convex, Li and Pong [77]
show convergence to critical points when using stepsizes v < i Measuring
the residual gradient, considering ¢ nonconvex, with p, = —L, and pup, = 0,
L;, = oo, the tight rate for stepsizes shorter than L%, is given in [1, Proposition
8.11]. For other cases in the smooth weakly convex setting, we are not aware of
previous tight convergence results.

Remark 4.6.1 (On residual gradient vs gradient mapping). There is a subtle
difference between residual gradient and gradient mapping, which leads us to
develop two different lines of proofs. With gF € 0h(z*), the residual gradient
is measured as ming<r<n{||V(x*) + gF||}2, whereas the gradient mapping is
measured as ming<p<n{[y" (Vp(zF) + g7 )|} (this expression is obtained
after replacing the proximal mapping optimality condition). What differs is
the point at which the (sub)gradient of the (usually nonsmooth) function h is
evaluated, namely either at the current iterate x* or the next one, x**1.

Leveraging the equivalence between PGD and DCA, one can directly get the
rates for PGD from the DCA ones for any admissible curvature choice. Further
on, we focus on several particular cases, with a complementary cover of the
rates given in residual gradient (in Section 4.6.2) and gradient mapping (in
Section 4.6.3). Finally, in Section 4.6.4 we provide performance bounds for the
proximal point algorithm (PPA).

4.6.1 PGD iteration as a special case of DCA iteration

In Proposition 4.6.1, we show that one iteration of PGD can be viewed as one
iteration of DCA when f5 is smooth. To the best of our knowledge, the first
formal proof of this equivalence is due to Thi and Pham Dinh [74, §3.3.4].

Proposition 4.6.1 (PGD is equivalent to DCA [74, §3.3.4]). Starting from
x € RY, one iteration of (PGD) with stepsize v > 0 on the composite objective
function F = ¢ + h, under Assumption 4.6.1, yields the same point x© as a
DCA iteration applied to the splitting F' = f1 — fa, where f1 = h + %H -2
and fo = %H |I> = ¢. Furthermore, the curvatures are related as follows:
po ="t pn; Lu=y""+ Lp; o =77 = Ly Lo =y~ — .
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Proof. The approach is to reformulate a PGD iteration as a DCA one, starting
from the proximal step definition:

zt = prox,, [t —7Ve(z)]

1 2
inqh(w)+ —llw—z+V
afe?;n{ (w) 2y Hw Ty QP(Z)H }

= arg min {h(w) + W + <V<p(:1:) - %x,w>}

weR?

= angmin { [y + 1] (o[ BE i) ),

weR? 2y
Then, from f; = h + %H <||? and fo = %H || — ¢, we recover the (DCA)
iteration for fo smooth. O

Table 4.6.1: Equivalence of curvatures between DCA and PGD as shown in
Proposition 4.6.1.

DCA — PGD
Objective  F € Fuy Ly 0y—p, < F € Fu tpun.Lo+Ly,
K1 — Y+
Ly = v 1+ Ly
Curvatures
2 = vt —L,
Lo = Y — g
Convergence 2
condition pa+p2 >0 ; V< L, — i
1
Standard DC po >0 — v < T
©

Proposition 4.6.2 (Equivalence of residual gradient criteria in PGD and
DCA). The convergence measure based on the (sub)gradients residual norm is
identical when applying PGD to the decomposition F = ¢ + h or DCA to the
decomposition F' = f1 — fo, where fi and fo are defined in Proposition 4.6.1.
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Proof. For any x € R, let g, € Oh(z) and define G := V() + g, € OF (x).
By Proposition 4.6.1, we have that g1 = g + % € 9f1(x). Moreover, the
smoothness of ¢ implies the one of fy. Then the following holds:

G =Ve) +g.= |-~ Vh@| + |0~ "] =0 - Vo).

Consequently, [|G||? = [Vo(x) + gnl|* = [lg1 — Vf2()||?. Since F is unchanged
between the two splittings, the conclusion follows. O

Proposition 4.6.2 shows that for any iteration z it holds ||V(x) + gn|* = [lg1 —
V fa(z)||?, where g;, € Oh(z) and g; € 0f1(x). To determine convergence rates
for PGD, one can substitute the curvature values from the DCA convergence
rate expressions in Section 4.2 with the corresponding curvatures defined in
terms of PGD parameters as specified in Proposition 4.6.1 (we emphasize this
correspondence in Table 4.6.1). Moreover, the smoothness of ¢ implies the
smoothness of f5, ensuring that the critical points for which we studied the
DCA convergence are also stationary.

Particular cases of PGD. The projected gradient descent (ProjGD) is
characterized by setting h = d¢ (indicator function of a non-empty, closed and
convex set ('), hence pup = 0 and Lj, = oo. The proximal point algorithm is
obtained by setting ¢ constant. The gradient descent (GD) is obtained by setting
h =0, hence pj, = Lj, = 0. In this case, we further have 2% —2%+1 = —yV(2*),
where 7! = p1;. Convergence rates on the best gradient norm are proved in
[100] for all curvatures of ¢, as presented in Chapter 3. These rates are a
particular case of Conjecture 4.3.1 and served as a base to conjecture the tight
expressions in Section 4.2.3 and Section 4.3.2, since the projection/proximal
step is not modifying the behaviour of the worst-case function.

The typical PGD setup involves ¢ being smooth and h convex and nonsmooth,
thus pp, = 0, Ly, = co. Hence, the DCA-like curvatures are j; = y~1, L1 = oo,
po =71 — Ly, Ly =y~ ! — p,. However, if additional information about h is
available, it can be similarly incorporated to derive improved rates.

The running example in Section 1.1 corresponds, for PGD, to the iterative
shrinkage—thresholding algorithm (ISTA) [35], obtained by setting h(z) = A||z||1
(so that h € Fy ), where X > 0 is a regularization parameter.

Furthermore, from the equivalence of curvatures, it follows that large stepsizes
v o> L%, correspond to negative ps, indicating that fo is weakly convex.
Furthermore, the condition p; + pe > 0 in the DCA setting, ensuring the
decrease in the objective after one iteration (see Proposition 4.1.2), translates

to the standard upper bound on the stepsize for PGD, which is v < Ll
©
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Table 4.6.2: PGD settings in DCA curvatures. up = 0, Ly = oo imply
pur = vt > 0and L; = oo (see Proposition 4.6.1) and the corresponding
residual gradient regimes.

@ Stepsize po=~"'=L, Ly=~"'-p, Regime
v € (0, i) p2 >0
nonconvex 1 I P
f1p < 0 V=1 pa =10 2 > {1
12
’YE(LW’Lw) p2 <0 p1 OT Ps5
v e (0, A~ p2 >0
convex ( lL"’) I P1 = D4
fp =0 T=1; pe =0 2 = M1
V€ (125 70) piz <0 Ps
v e 07 i) M2 > 0 »
strongly 1 4
=1 =0 < Ly <
convex 71 Lw2 H2 2] 25
e >0 Y E (Z’Lgﬁ/w) 1s <0 D4 Or ps
v € [Lapiﬂap7%) Ly < —po < g D5

Moreover, the case of us > p; corresponds to L, < 0, namely concave
minimization over a convex set, while the case of pe < pp corresponds to
L, > 0, which translates to convex/nonconvex minimization over a convex set.

4.6.2 Convergence rates in residual gradient

In Table 4.6.2 we summarize the corresponding DCA curvatures for various
notable cases in the PGD setting, with the regimes for the residual gradient
metric. For the stepsize v = %’ commonly used in convergence analysis, we
©
have o = 0. Moreover, the unusual case where Ly < 0, meaning that fs is
concave, corresponds to large stepsizes v € [#, Ll) applied to strongly
pTHe @

convex objectives.

Definition 4.6.1 (First stepsize threshold in PGD). Let 5 (L, iy, i) denote

the root in (%, 7 Euh) of
® ®

(1 + ’Y,uh)Q

SRS G Y-}
2 —y(pp — pn)

2+ y(pun — Ly)

The equation in Definition 4.6.1 is obtained by substituting the equivalent PGD

curvature expressions into the threshold condition ps = ijl’ﬁ (equivalently,
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= 0), introduced in the residual gradient analysis. When pj, = 0, solving this
equation yields the threshold vL; (Z—“’), which coincides with the first stepsize
@

threshold defined for gradient descent in Section 3.2.5 (see Definition 3.2.2).

Proposition 4.6.3 (PGD one-step descent for the residual gradient with
h convex (regimes p1, ps)). Let ¢ € Fu, 1, and h € Fo o, with ¢ smooth.
Consider one iteration of (PGD) with stepsize v € (07 Ll) Then:

®

F(z) = F(a%) 2 0% (Ly, g, 7) 511V (2T) + g |12,

with g € Oh(z™) and 0 (Ly, p1p,7) > 0 defined as:

it ot < 0TI

2—yLy,
54, if vL, € (L, (42),2).

6

O"j_(Ll,Da ,ucp7fY) =

Proposition 4.6.3 is derived by substituting the curvature expressions from the
DCA splitting, as outlined in Proposition 4.6.1, into Theorem 4.2.1.

Corollary 4.6.1 (PGD sublinear rates for the residual gradient). Let ¢ €
Fup.L, and h € Fo oo, with ¢ smooth (weakly) conver such that p, < 0 <
L, < co. Consider N iterations of (PGD) with stepsize yL, € (O,ﬁl(z—i)],

starting from z°. Then:

L min {|Ve(at) + gy < T8 = Flo
2 0<k<N h = 211(2 W“;Q)N
VH

where g € Oh(a*) for allk=1,...,N.

Corollary 4.6.1 follows immediately from Corollary 4.2.2 and corresponds to
regime pi, proved as being tight. The factor in the denominator is different that
what we obtained for gradient descent for weakly convex functions. However, it
is exactly the decrease after one iteration for (strongly) convex functions, as it
can be equivalently written as t [ —14(1- fy,uga)*l] when g, # 0.

Further on, we provide the performance bounds for PGD corresponding to the
DCA results established for residual gradient and more than one iteration in
Section 4.2.3. These bounds are obtained after performing the substitutions
L: — 1—=vypy, % =1-—vL, and p1 =y~ *. Conjecture 4.6.1 and Conjecture 4.6.2
are the translations in PGD terms of Conjecture 4.2.3 and Conjecture 4.2.4,

respectively.

Conjecture 4.6.1 (Tight PGD rates for the residual gradient for F' (weakly)
convex). Let p € F,, 1, and h € Fo o, with ¢ smooth (weakly) convex such
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0 < L, < co. Consider N iterations of (PGD) with stepsize
vL, € ('yLl(“—),Q) starting from x°. Then:

A

1 k|j2 F(2°) — F,
<
2 O<k<N{||Vg0( )+ o’y < ymin { Py (1 — ypp, 1 —vLy) , Ex (1 —vLy)}

where Py (1,p) i= CF202) [y 4 O=ip) E[EN<> En (p)), | and gf; €

Oh(x*) for allk=1,...,N.

Conjecture 4.6.2 (Tight PGD rates for the residual gradient for F' (strongly)
convex). Let ¢ € Fu, L, and h € Fo o, with @ smooth (strongly) convex
such that 0 < p, < L, < 0o. Consider N iterations of (PGD) with stepsize
vL, € (0,2), starting from x°. Then:

F(xo) — Flo
ymin {Ex (1= ypp) , En (1= 7Ly)

where gF € Oh(z*) for allk =1,...,N.

1
5 min {[Veo(a®) + g*} <

Conjecture 4.6.2 can be proved in the cases with vL, € (0,77L1 (g—:)] (using
2L,
Lo+pe’
Theorem 4.2.3, corresponding to a subdomain of regime ps). The rates are the
same as in the unconstrained case and served as the initial base of formulating

the conjectures.

Theorem 4.2.2, corresponding to regime py) and vL, € [ 2) (using

Corollary 4.6.2 (Proved PGD rates for residual gradient for strongly convex F'
(pa, subdomain of p5)). Let ¢ € F,, 1, and h € Fo o, with ¢ smooth (strongly)
convez, with pu, > 0. Consider N iterations of (PGD) starting from x° with
stepsize v > 0. Then the following bounds hold:

i) (Regime ps) If YLy € (0,71, (42)]:

F(Z‘O)—Fl
1 2y < —— 2~ 0
b min (V) + g1 < =l
it) (Regime ps) If vL, € [L ﬂ‘ ,2)'
F(l’o)—Fl
1 k(2 o
b min (V) + g} < e

The unproved parts correspond to the challenging stepsize range yL, €
(yLl(‘ “’) ~L N( )), which, for gradient descent, requires distance-2 inequali-
ties analy51s This final extension from GD to PGD is left as further work.
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4.6.3 Convergence rates in gradient mapping

For this set of rates, we sometimes relax the convexity assumption on A, but
preserving its smoothness, and only require g1 > 0, hence v~ + py, > 0, with
strict inequality for stepsizes larger than L%,

Then regime 71 corresponds to taking stepsizes v < Li for a splitting with ¢
and F' nonconvex. Corollary 4.6.3 below translates the sublinear rates from
Theorem 4.3.1 written for ps > 0, implying stepsizes vL,, € (0, 1].

Corollary 4.6.3 (PGD sublinear rates for the gradient mapping for weakly
convex F' (yL, < 1, regime 71)). Let ¢ € F 1, and h € Fy, o, with ¢
smooth (weakly) convex such that pu, < 0 < L, < co and h nonsmooth, with
ph € (—Ly, —piyp). Consider N iterations of (PGD) with stepsize vL, € (0,1],
starting from x°. Then

0
min {||xk — Ik+1||2} < Fa’) = Flo

1
2 2
0<k<N 24— Lo+ [2 4 pn — Ly + G2l ]y

The condition pp, + Ly, > 0 ensures in DCA the curvatures’ relation g > po > 0
corresponding to regime r. This allows some degree of weak convexity even
in the nonsmooth term. Corollary 4.6.3 has a direct correspondent in gradient
descent for weakly convex functions with stepsizes lower than one, by taking
h = 0 (hence pj, = 0) and using z¥ — 2%+t = 4V, (2¥). The shift in the
denominator is usually obtained by taking v = L1T, (in DCA, this means ps = 0),
as we had in the case of gradient descent.

Within the regimes r3 and 74, the stepsize - lies in the interval [L%;,il (L, oy o))
Regime r3 holds when ¢ and F are nonconvex. When pp, = 0, then the threshold
expression reduces to 7L, (k) defined for gradient descent, with x = g—:
Regime r4 holds when F' is strongly convex and p, + pp > 0; in particular,
this includes the case of ¢ being strongly convex. For stepsizes v €
(Y (L, proy pin)s ﬁ), regime 75 is active if F' is nonconcave.

Conjecture 4.6.3 is very close in spirit to Conjectures 4.6.1 and 4.6.2, which
are stated for the residual subgradient. The main difference is that those
conjectures explicitly impose the standard assumption pj, = 0 and Lj, = oo (i.e.,
h is convex), whereas here we do not. This statement translates Conjecture 4.3.1
from the DCA setting to the PGD setting.

Conjecture 4.6.3 (Tight PGD rates for the gradient mapping for general F').
Let o € Fu, 1, and h € Fy,, 1,. Consider N +1 > 2 iterations of (PGD) with

stepsize v € (O, min{¢ 1 }), starting from x°. The following hold:

@

Lo—pn? [Mh]f
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i) (F nonconvez-nonconcave) If p, + pin, <0, Ly + Ly, >0 and v > 7, then:
©
—1
Y+ h min {ka_kaHz} <

F(.’L‘O) —F(.L“N+1)
(% + pn — L) + min {Py (1 = yup, 1 = vLy) , En (1 = 7Ly)}

where Py (0, p) = (1+Z)J£;+p) (N + (1_2)_(;_’)) Z;ZCV:()[Ek (n) — Bk (P)]—k) .

it) (F' (strongly) convex) If p, + up > 0, then:

Y b I

ko k12 <
5 Y <

T

F(2%) — F(aN+1)
(2 4+ pn — L) + min {Ex (1 — ) , En (1 =7Lg)}

iii) (F (strongly) concave) If L, + Ly < 0 and v € (0, min{ﬁ7i}),
then:

,17L
’YTSO”'I]C o xk+1H2 <

F(z%) — F(2N+1)
L)+ min By (222 , By (£222) ]

Further on, we state corollaries obtained by translating the proved regimes for
the gradient mapping analysis of DCA from Section 4.3.

Corollary 4.6.4 (PGD rates for gradient mapping (regimes rs, r4)). Let
0 € Fu,.L, and h € Fu, o, with ¢ smooth such that p, < L, < oo and
h nonsmooth, with |un| < L,. Consider N iterations of (PGD) starting
from 2° with stepsize v € (0,5 (Ly, fi, )], where the threshold is defined in
Definition 4.6.1. Then the following bounds hold:

i) (F (weakly) convex, regime r3) If i + prp, <0 and v € [L—lw,il(Lw,uWuh)]:

F(‘TO) — Flo
(Bn=Lo+2) (pn—pte+2)7 ;"
L¢+ﬂ¢—% }N

. k _ o k+1)2) <
Jmin {fla* — 242} <

1
2

SRS 2
24— Lo+ |
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i) (F (strongly) convex, regime r4) If pun + pip > 0 and v € (0,5 (Lo, piops f11)]:

. F(x% - F
} min {ll* — 2" 1|2} < e
o2 : =
§+”h_Lw+W
I+yup

Regimes ro and rg, respectively, correspond to using stepsizes v < % for ¢

®
concave and F' nonconcave or concave, respectively. We give in Corollary 4.6.5
the rate for the F' nonconcave, implied by h nonsmooth (L;, = c0).

Corollary 4.6.5 (PGD sublinear rate for gradient mapping for nonconcave
F (yLy, < 1, regime 713)). Let ¢ € F,, L, and h € Fy, o, with @ smooth
(weakly) convex such that 1, < 0 < L, < oo and h nonsmooth, with p, < —L,.
Consider N iterations of (PGD) with stepsize yL, € (0,1], starting from x°.
Then the following bound holds

F(z%) — F,
% min {Hl,k _:L,k+1||2} < . (:E ) I )
oSy Crm— LN+ 1)

Lemma 4.6.1 provides an example of descent lemma translation between PGD
and DCA, corresponding to regime 73 from Lemma 4.5.6, assuming the standard
setup of PGD with pj, = 0 and Lj, = oo, and stepsizes 7L, € [1,2). It leads to
proving the first case of Corollary 4.6.4.

Lemma 4.6.1 (PGD one-step descent for stepsizes vL, € [1,2) (regime 73)).
Let o € Fu, 1,, h € Fooo and v € [7—, 2). Then after two iterations of PGD
® @

with stepsize v connecting x*, x**t1 and £*+2 it holds

1 [(2—Ly)(2—py) —1]1 12
F(z®) — F(z"h) > Y@= Ly — 1) §||$k — P % 4

(4.28)
(2 L]' )%”xk+1 _ $k+2||2.
Y& — Ly = Hp

Lemma 4.6.1 is the extension to PGD of the similar result obtained for GD in
Lemma 3.5.2, after replacing the GD iteration z*+! = z¥ —V(z*). Therein, it
is involved in deriving a stepsize schedule gradually increasing from 3" (L., ft,, 0)
towards ﬁ (if ¢ is (strongly) convex) or up to certain stepsize limit in
the nonconvex case; in both cases, this procedure gives a better worst-case
guarantee than the best constant stepsize (see details in Section 3.3.2). Based
on Lemma 4.6.1, the same schedule gives exactly the same performance of
gradient mapping for PGD. In Section 4.7.2, we show how this schedule can be
translated to DCA.
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Remark 4.6.2 (Recovering GD results from gradient mapping). Recall that
the gradient mapping is defined by

v — 2t = Ve(a) + gi T, gpth € on(ab ),

and note that GD is recovered by taking h = 0. Hence, starting from DCA/PGD
lemmas stated in terms of iterate progress (or the gradient mapping) and
substituting these differences through Vp(z*), one would recover all results
obtained for GD. However, in the DCA/PGD setting we only obtain descent
results based on distance-1 inequalities, and not the more intricate regimes that
rely on distance-2 inequalities. Ideally, from a didactic perspective, the DCA
lemmas would provide a unifying viewpoint.

4.6.4 Convergence rates for proximal point method

We conclude this section by providing the performance bounds for the proximal
point method (PPA) using variable stepsizes. Recall that PPA belongs to the
PGD setting with ¢ = 0 and h € Fj o. The PPA iteration with stepsize v
reads

= proxwh(xk). (4.29)

Proposition 4.6.4 (Sublinear rates for PPA in residual gradient and gradient
mapping). Let h € Fo.« and consider N iterations of (4.29) starting from z°,
using stepsizes {y,}, with k =0,...,N — 1. Then the following bounds hold:

h(z°) — h*
idual gradient: i B2y <« 22/ 7
residual gradien Oél’]lclélN{Hg I} < g__ol » ,
where g¥ € Oh(z*), and
h(a®) — h*
gradient mapping: ~ min_ {||z* — 2*1|?} < — —.
Osk<N 2750, + 25:02 !

Proof. From the PGD-DCA equivalence, in DCA terms we get p1 = pg = Lo =
(v&)~! and L; = oo at each iteration k. This setting corresponds to regime
p1 for both metrics (residual gradient and gradient mapping) and to descent
inequalities

h(a®) — h(**1) > g7 )12

and

1
h(xk) o h($k+1) > ”xk o {Ek+1||2,
Yk
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respectively. For residual gradient, the conclusion follows by telescoping and
taking the minimum norm. In the second case, one can check that this inequality
is exactly the sufficient decrease inequality from Proposition 4.1.2, with p; =
p2 = v ', so we additionally have that h(z*) — h* > h(z¥) — h(zF+1) >
Ynhllz® — 2*+12. Adding this inequality to the telescoped summation and
taking the minimum norm gives the conclusion. O

The result in Proposition 4.6.4 is complementary to the tight rates from [113,
N
mog,l,* H )

*

N
Theorem 4.1] and [113, Conjecture 4.2], on the measures }\L\(x%jm_w? and I

where gV € Oh(xV), respectively.

4.7 Curvature shifting technique

We assume that the convex conjugate of f; and of any curvature adjustment
f1— A%, where A < pq, can be computed efficiently. This leads to the natural
question: given a splitting F' = f1; — fo, what is the optimal curvature shift A in
the decomposition F' = (f; — )\W) —(fo— )\%)? In fact, this is a standard
approach for addressing weak convexity in the function fs, by lifting it to a
convex function, with some A < uo < 0, and then applying the DCA iteratively.

We show that this approach is suboptimal: the sublinear rates constants,
measured via the largest denominator p;, can be improved. Specifically, the
constant in sublinear rates for a nonconvex-nonconcave objective F' (where
max{p, po} < min{Lq, Lo}) is optimized with respect to the curvature shift
A by maximizing the denominator. In some cases, as indicated in the Ratio
column from Table 4.7.1, the improvement is significant.

Let f == f; — )\w, with i = {1,2}, be the curvature adjusted functions,
and Py := P(Lq, u1, Lo, 2, A) be the denominator corresponding to one of the
six possible regimes p;, determined by the initial splitting curvatures and the
parameter A. Initially, A = 0 and the denominator is Py. In Table 4.7.1 we use
pi, along with its value, to represent the regime before and after the curvature
adjustment. Given the analytical expressions for all six regimes, we can easily
numerically compute \* = argmax, Pj.

The examples in Table 4.7.1 suggest the following observations. First, consider
both functions to be (strongly) convex. If pu; < ps, then the best splitting is
achieved by making f; convex, hence A = 1. Notably, when pq = g2, both
functions become convex, which surprisingly implies that the initial strong
convexity may actually slow down the algorithm. If p; > po, the optimal

splitting occurs when f> is shifted to a weakly convex function. Furthermore,
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Table 4.7.1: Improvement of DCA convergence rates for nonconvex-nonconcave
objectives F' (max{p1, p2} < min{L;, Lo}) using curvature shifting with optimal
A*. Relative improvement (Ratio) is defined as w, where P(0) is the
initial denominator before splitting and P(A*) is the optimal (largest) one.

Setup 1 Ly 1o Lo P(0) A* P(X\%) Ratio
0.2 3 0.1 4  p2=0.4535 0.1221 p3 =0.6031  33%
i > po 0.2 1000 0.1 3 p1=03255 0.1494 p; =p3; =0.358 10%

1 2 05 15 p =07600 0.6733 p3 =2.0321 167%

[ = 1 1 1 3 pL=04583 g1 pi=ps = 08333 81%

01 3 02 4 p»=04539 P2 = 0602 32%

FUSH2 0001 4 0002 3  p = 04531 11 pL=0.5835  28%

[ > 0 2 1 175 3  ps=0468% —0.4855 =052  11%

it pe >0 299 4 —29 3 ps=04994 —0.935 ps = 05076 1.6%

p1 >0

T 2 15 15 - 06526 p3 = 0.8516

even when starting with fo as weakly convex, the best curvature maintains this
weak convexity. Additionally, in case of a bad decomposition where g1 + o < 0
(providing no convergence guarantee for DCA iterations), an appropriate A
can ensure convergence. In fact, the optimal denominator is reached for some
e < 0.

This collection of seemingly surprising results involving weak convexity of fs is
explained by the equivalence with the proximal gradient descent (PGD) (see
Section 4.6) and its faster convergence when using a stepsize larger than the
inverse Lipschitz constant.

Benefits on Smooth Functions. The objective F' is smooth when both f; and
f2 are smooth, raising the question of why to not use gradient descent (GD)
directly. We compare the rates of DCA, having the iteration ¥ = V f§(V fa(x)),
to GD, whose iteration with stepsize v € (0, %) reads x+ =z — yVF(z). We

use the criteria § min{||VF(z)|]?, |[VF(z7)|?} < %F(ﬁ), where p denotes
the worst-case denominator for DCA or GD. In Example 4.7.1 we show that,
for smooth nonconvex functions, the optimal rate for DCA applied can surpass
the optimal rate of GD.

Example 4.7.1 (Benefits of curvature shifting for smooth-nonconvex F'). Let
Lp = —pp =1, and the decomposition F = f; — fa, with parameters p; = 1.5,
L1 =2, us =1 and Ly = 2.5. This corresponds to regime ps, with po = 0.9167.
The optimal stepsize for GD, v* = % (Abbaszadehpeivasti et al. [2, Theorem
3]), yields the denominator pgp = 1.5396, which is 67% larger than for the
initial DCA splitting. However, the best DCA splitting achieved by subtracting
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curvature \* = 1.0091, leading to F = flA — fQ)‘ with flA € F0.4009,0.9009 and
fQ)‘ € F_0.0991,1.4009, corresponds to regime ps, with ppoa+ = 1.724, which is
12% larger than pgp. Thus, with appropriately chosen curvatures in DCA, we
can improve convergence rates even in the smooth case.

A different perspective is to assume as given the curvature bounds of the
nonconvex-nonconcave objective function F' and map the optimized procedure
depending on two of the four curvatures. Specifically, in Figure 4.7.1 we provide
an example with ur = —0.5 and Lr = 1.5, and illustrate all possible regimes
after one iteration. Note that up = pu1 — Lo and Lp = Ly — u9; further on,
we examine the regimes based on the ranges of Ly and ps. The condition
w1 > 0 implies that Ls = py — pp > —pp, while the condition gy + pe > 0
that po > —p1 = Lo 4+ pp. The contour lines represent values of denominators
pi, with @ = {1,2,3,5}. The red points mark the initial curvature values of L
and po, whereas the green dots indicate the points with the largest possible p;
obtained through the optimal choice of A. Since these shifts are linear in A, the
dashed lines connecting the dots have a slope of one.

For example, in the case where Ly = 1 and pue = 0.75, we have u; < po and
the best splitting is obtained by shifting to the lowest possible value of Lo,
corresponding to 1 = 0. In all other examples, p; > po and the optimal
splittings are found within regime p3, where po < 0.

4.7.1 Numerical experiments: Sparse PCA

We provide numerical evidence supporting the efficiency of curvature shifting,
aligning with the optimal splittings proposed in Section 4.7, by exploring the
sparse principal component analysis (SPCA) problem. The focus is on the
(best) residual gradient metric. Following Journée et al. [63] and Themelis et
al. [119], we include elastic-net regularization and solve

2
minimize F(z) == k||z|1 + nM -~z ¥,
z€B(0,1) 2 2

where B(0,1) == {z||z||2 < 1} is the closed Euclidean unit ball, ¥ = AT A

the sample covariance matrix, and &, n are the l;-(sparsity inducing) and
lo-regularization parameters, respectively. We denote

[EdS

fi(z) = kllz]l + e + 0500,y (2),

fa(z) = %xTEx,
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pP5

-0.5 0 0.5 1
2

Figure 4.7.1: All regimes for a fixed objective function F' with pp = —0.5
and Lp = 1.5, along with several mappings of the optimal splittings, shown as
transitions from red to green dots along dashed lines with a slope of 1.

with do(z) as the indicator function of a set C'. Note that py =1, L1 = oo,
po = min{A(X)} and Ly = max{A(X)}, where A(X) denotes the eigenvalues of
Y. Further, we consider the splittings f(z) = f;(z) — )\@, with ¢ = {1, 2},
parametrized by A (curvature shift); note that F'(x) remains unchanged. The
subdifferential of the convex conjugate of fl’\ can be computed in closed form
for any A < n (see Section 4.B.1). We generated a sparse random matrix
A € R?"*7 (n = 200), with 10% density, and normalized ¥ = AAT by its
maximum eigenvalue, obtaining fo € F,,—0.3882,L,—=1. Parameters x and 7
were selected to ensure a sparse but non-trivial solution, and our focus is to
demonstrate the impact of curvature shifting on convergence.

We use M = 1000 random initial points within the unit ball, and only
keep the M runs that converge to the same solution (non-trivial and with
desired sparsity). We compare convergence rates for various splittings, namely
{0, £X*, £0.50* Anax }, where A\* is the optimal curvature shift defined in
Section 4.7 and Apax = %{“”‘2} is the maximum shift guaranteeing
convergence. We report in Table 4.7.2 the average number of iterations N,
required to reach a specific accuracy level ¢ € {1072,107%,...,107 10} of the
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squared (sub)gradient norm of F(z*) (which is equal to arg ming< <y |7} —
V2 (x")||?), for e = {1071,1072,...,10712} and g € Of} ().

We consider two cases: (i) 7 = p1 > po and (ii) n = p1 < pe. Complete tables
with the experimental results are provided in Section 4.B.

Case 1: 1 > uy. Parameters: n = uy = 0.5, k = 0.02 (400 runs kept out of
1000). Here, A* = 0.4413 and the maximum theoretical shift is Apax = W =
0.4441. With A > ps = 0.3882, fz’\ becomes weakly convex. The results are
reported in Table 4.B.1 (in the appendix) and Figure 4.7.2. Using \* achieves
at least a twofold acceleration compared to A = 0. Higher A values, increasing
the nonconvexity of j';)‘, further improve the convergence. Conversely, adding
curvature to both functions (A < 0) slows the convergence. The improved
convergence rates observed when f'@ becomes weakly convex further highlight
the significance of studying DCA for weakly convex functions.

Case 2: 1) < pg. Parameters: n = 0.2, k = 0.02 (703 runs kept out of 1000).
The results are reported in Table 4.B.1 (in the appendix) and Figure 4.7.3. We
get A* = p1 = 0.2. Using A" to make ff‘ convex improves the convergence speed
by approximately 20% compared to the initial splitting. Generally, decreasing
the curvature of f, improves the convergence.

In conclusion, A\* from worst-case analysis is also effective for practical curvature
shifting, despite better-than-predicted performance. Reducing convexity in
both functions improves the rates, similar to larger stepsizes enhancing PGD
convergence.

4.7.2 Curvature shifting based schedules for DCA

Based on a single-iteration analysis, in the previous section we observed better
performance when optimizing the progress after one iteration. A natural
improvement suggestion of the procedure would be to employ the conjectured
bounds for any number of iterations and compute the best curvature shift
numerically.

In the setting with pu; > 0, Ly = 00, Ly € (0,00) and ps < p1, there exists
additional flexibility in choosing the shift. In this case, we can exploit the
connection with PGD when the initial curvature choice of the problem allows
it. More precisely, (optimized) stepsize schedules {3 (Ly, f1,)} for PGD can be
translated to DCA.
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Figure 4.7.2: Curvature shifting experiment for p; < us (case 1). Setting:
n=0.5> po, k = 0.02, A = {0, £A*, £0.50*, Apax - Lowest values are obtained
for Amax = 0.4441. Average number of iterations N. to reach ¢ accuracy of
the best subgradient norm ||g¥ — V fa(x*)|, where gf € 9f1(2*). Although the
actual rate exceeds theoretical guarantees (wc rate), there is correlation between
optimizing the worst-case for A and better performance in the experiment.

The shifted curvatures at iteration k are (u})x = g1 — A, (L) = oo and
(u2)k = p12— Ak, (L3)r, = Lo — Ag. The corresponding PGD setting, when taking
the stepsize v = m’ is characterized by the curvatures u, = 0, L, = oo,
pp = v ' — Ly and L, = v~!' — Ly. This setting corresponds to smooth

minimization over convex set. Then we get

(et =1 — {{vlpr — Lo, pa — p2)] ™'} (4.30)

as the optimized splitting schedule for DCA, adapting the curvature bounds of
/1 and f3 at each iteration.

One such optimized schedule is the one provided in Section 3.3.2 for gradient
descent, which we showed that also holds for PGD (see discussion after
Lemma 4.6.1).
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Figure 4.7.3: Curvature shifting experiment for p; < us (case 2). Setting:
n=02=pu < p, k& =002 XA ={0,£\*, £0.50*}. Average number of
iterations NV, to reach e accuracy of the best subgradient norm ||g¥ — V f2(z%)],
where g¥ € Ofi(z¥). Lowest values are obtained for \* = Apax = p1 =
0.2. There is correlation between optimizing the worst-case for A and better
performance in the experiment.

Assessing the practical performance of such schedules for DCA is left as future
work.

4.8 Conclusion

We thoroughly examined a single (DCA) iteration applied to the DC framework
extended to accommodate one weakly convex function. We characterized six
distinct regimes for the objective decrease based either on subgradient differences
or iterate progress, and conjecture, based on numerical observations, that certain
regimes remain tight across multiple iterations. Sublinear convergence rate
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Table 4.7.2: Average number of iterations N, for x = 0.02 and (Case 1)
n=0.5=p1 > ua; (Case 2) n = 0.2 = py < pg, for {0, A", £0.5M*, Apax }-

Case| 11072 107* 1076 10-% 10°10
0| 574 46.70 150.17 336.27 544.63
0.4413 | 3.65 2149 70.75 154.93 247.93
20.2207 | 6.83 59.32 189.31 426.39 693.40
20.4413 | 8.05 7230 220.13 521.24 844.69
0.2207 | 4.54 33.91 108.43 244.05 394.92
0.4441 | 3.63 21.23 70.38 153.78 246.61
0| 588 49.85 153.46 339.67 547.61

0.2 | 432 3710 11590 256.33 412.39

2 0.1 | 648 5552 172.24 382.11 616.29
0.2 | 7.06 61.44 192.46 426.00 686.04
0.1 | 526 4347 135.39 298.14 479.93

results follow as a corollary of this analysis. For the non-tight regimes after one
iteration, we are able to conjecture their exact behaviour, drawing inspiration
from the rates for gradient descent developed in Chapter 3.

Although the rates for regimes p; and py were stated in [3] without explicit
descent lemmas, such lemmas could likely be extracted with a further refinement
of the arguments therein. In contrast, for the gradient mapping criterion, even
though convergence rates for regimes r; and ro were also obtained in [3] by
applying Toland duality [122] to the residual gradient rates, the corresponding
descent lemmas do not follow from the same approach. We therefore view these
descent lemmas as a novel contribution to the convergence analysis of (standard)
DCA.

The (DC) structure of the objective facilitates curvature shifting by adding/-
subtracting 4|z to both terms. However, applying the (DCA) iteration on
a split with one weakly convex function can yield better rates than using a
modified split that achieves convexity for both functions, as shown by several
examples and confirmed by numerical experiments.

We highlight the strong link between PGD and DCA, leveraging their iteration
equivalence to translate DCA rates to PGD setups. This connection suggests
the potential for an optimized splitting of the objective function used in DCA,
possibly varying at each iteration, inspired by stepsize schedules used for
(proximal) gradient descent. We leave the practical testing of those as future
work.



Appendix

4.A Tightness in residual gradient

For each of the six regimes denoted p;, with ¢ = 1,...,6, we provide

numerical examples of the corresponding worst-case values, defined as we(N) =
L ming<k<n{|lg¥ — g5?}, where g¥ € 9fi(z¥), g5 € O0f2(2*) and the initial
condition is fixed to F(z°) — F(z) < 1. See Figure 4.A.1 for regime p; when fs
is convex or weakly convex, Figure 4.A.2 for regimes ps and ps, Figure 4.A.3 for
regime ps with Lo > 0 or Ly < 0 and Figure 4.A.4 for regimes p4 and pg. The
rates from Corollary 4.2.1 are predicted to be sublinear, with wc(N) = 1/p;N.
This holds for regimes p;, p2 and p3, as stated in Proposition 4.2.1 and
Conjecture 4.2.1. For the domains of regimes p4, ps and pg, however, the

tight rates are obtained by a different analysis and are not sublinear for any N,
as seen in Section 4.2.3.

getup: Ly =4.00, p; = 1.50, Ly = 3.00, o = 1.00

Sletup: Ly =2.00, gy = 1.00, Ly = 1.50, po = —0.25
-%-PEP result ‘ ‘ -*-P]éP result
g ‘l- -&-Sublinear mlN = osl# -6 -Sublinear p%\
T 150 5 i
= \ = !
g ) g o6l
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° \ e R
+ Y
£ o5t *\ g ®
= ** = 0.2 *
AT e,
, ‘ ! Ry 0 ‘ AR
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Iteration & Tteration k

Figure 4.A.1: Examples for regime p; with f convex (left) and fo weakly
convex (right), showing exactness of our expressions.
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Setup: L; = 3.00, 1y = 1.50, Ly = 4.00, ps = 1.00
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Figure 4.A.2: Examples for regimes po (left) and p3 (right), showing exactness
of our expressions.
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Figure 4.A.3: Examples for regime ps, with Ly > 0 (left) and Lo < 0 (right).
The conjectured part corresponds to the case Lo > —pus (see Conjectures 4.2.3
and 4.2.4), while the proved part to Ly < —us (see Theorem 4.2.3).

The proof of Theorem 4.2.1 (see Section 4.5.1) provides necessary conditions
for the worst-cases corresponding to each of the six regimes. Using these,
we elaborate on Proposition 4.2.1 about the tightness of regimes p; and po,
corresponding to the standard DCA, by providing analytical worst-case functions
for the cases when both f; and fo are smooth. The nonsmooth case is discussed

in Abbaszadehpeivasti et al. [3, Example 3.1] for regime po, with f; € Fo 1,
and fg S ]:0700.
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Figure 4.A.4: Examples for regimes py (left) and pg (right), showing that our
expressions are non-tight for N > 1 iterations.

4.A.1 Worst-case example for regime p;

Proposition 4.A.1 (Tightness of p1). Let f2, 3, g9, 2° be some real numbers
such that A = f) — f9 > 0 and let N > 1 be an integer. Consider py, L1,
2, Lo as belonging to the domain of regime py from Table 4.2.1, where the
conditions are 0 < py < Lo < Ly < 00, pe < Ly and either (i) us > 0 or (ii)

L Ly—L -1 -1 ) A ;
w1 > —po >0 and E = %#4—#1 — L7 <0. LetU := — pzl—N, with
expression of p1 given in Table 4.2.1. Consider the functions fi1, fo: R = R
defined as:

fo(x) = Loz — 2°)* + g3 (z — 2°) + f3

sLi(z = 2% 4+ gz — 2°) + f7 a € (—o0,2%;
shi(e —a*)? + gf (x — a*) + ff x € [z*, 7%];
fl(x) =

i (e — M2 g @ — 2P S x e (78, 2P

Lg(w— ™) + g (o — a™) + £ z € [V, 00),
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with k=0,1,...,N =1, Vfo(2°) = ¢, f1(z¥) = fF, Vf1(2F) = gk and:

xk:mo—kg, Vk=0,...,N;
Lo

gF =99~ (k—1)U, Vk=0,...,N;

N k

= faola®) + k=0,.

Lo U
Gh—gh 22711 Vk=0,... N—1.
Ly —p1 Ly’

Then by performmg N iterations of (DCA) on the function F(x) = f1(x)— fa(x),
starting from 20, the following result holds:

A
p1(L1, Lo, pa, p2) N

3 oLin {IVfi(a*) = V5 )?) =

Proof. By construction, fi € F,, 1, and fo € F,, ,, where us can be any
real number such that pus < Ly. Moreover, for all £ = 0,1,...,N — 1 we
have gk = ng which is the necessary condition of solving the DCA iteration.
Consequently, the quantity ||gF — ¢5||? is exactly U? = le—AJW where A =
F(2%) — F(2V). Given that f, is quadratic and f; is piecewise quadratic,
starting from the initial point 2, the iterations z* are uniquely determined
by applying (DCA). One can verify that 2* and z* are inflection points for
f1, the curvature changing between y; and L;. The inflection points z* result
from ensuring continuity of both the function and its gradient values and one
can verify that 7% € [2%, 2%*1] for all k = 0,..., N — 1. O

The worst-case example from Proposition 4.A.1 builds on the proof of regime
p1 (see Section 4.5.1). Firstly, condition G = Gt = LAz implies gf — g5 =
Ly(xF — 2F+1) at each iteration k = 0,..., N — 1. Additionally, the worst-case
after N iterations implies all gradient norms equal with value of |U| from
Proposition 4.A.1. Function f; is a quadratic of curvature Lo, while f; is
following a similar construction to the one for gradient descent with stepsizes
smaller than 7 in the weakly-convex case (see Proposition 3.6.4).

DCA iterations. The plot on the right in Figure 4.A.5 provides an intuitive
illustration of the DCA iteration process. Starting from % = 0, the iteration
moves vertically along the y-axis until intersecting the graph of V fs. Next it
moves horizontally along the x-axis until reaching the graph of V f; at ! ThlS
procedure is then repeated for each subsequent iteration.
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Figure 4.A.5: Worst-case example for regime p; after N = 3 iterations,
showing the function values (left) and the gradient values (right). Setup: L, = 2,
p1 = 0.1, Ly = 0.5, o = —0.01. The initial condition is A = f1(2%)— fo(z") = 1.
The iterations begin at ° = 0 where f;(2°) = 1 and f2(2°) = 0. The black
stars represent the DCA iterations =¥, while the magenta pentagrams indicate

the inflection points of fi, denoted by z*, placed between consecutive iterations

",

4.A.2 Worst-case example for regime p,

Proposition 4.A.2 (Tightness of pa). Let f2, 3, g9, 2° be some real numbers
such that A = f?—fg > 0 and let N > 1 be an integer. Consider p1, L1, po, Lo
as belonging to the domain of regime po from Table 4.2.1, where the conditions

are p1, p2 > 0 and max{uy, o} < Ly < Ly < 0o. Let U == — ,/IZ—AN, where the

expression of pa is given in Table 4.2.1. Consider the functions fi, fo: R = R
defined as:

fil@) = 5Li(z = 2% + gi (@ — 2%) + f1

Lia o — 202 + g — 2°) + f2 7 € (~o0,a";
sho(z —a*)? + gh(z — a¥) + f5 a € [z, 2");
1[]2(m _ xk+1)2 +g§+1($ _ xk-i—l) + f2k+1 = [i.k7$k+1};

2

Lg(a — V)2 4+ g) (@ — ) + £ z € [V, 00),
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where for allk =0,1,..., N —1 it holds V f1(2°) = ¢?¥, fa(a®) = f§, Vfa(aF) =
k
gs and:

U

xkzxo—kL—l, Vk=0,...,N;

@=¢"—(k+1)U, VEk=0,...,N;

N —k
5= nEh) - =——=A, Vk=0,...,N;
N
Lo—L1 U
k k 2 1
=k - 27T gk, N1
Ly —po Ly

Then by performing N iterations of (DCA) on the function F(x) = fi(x)— fa(x),
starting from x°, the following result holds:

A
p2(L1, Lo, piy, p2) N

b min (IVAGY) - Valah)|?) = (4.32)

The proof of Proposition 4.A.2 is similar to the one of Proposition 4.A.1.

Regime py can be understood as a transformation of regime p;. Specifically,
regime po appears when the (DCA) iterations are applied in reverse on the
function —F(x) = fa(x) — f1(x), with the roles of f; and f interchanged. Thus,
the dynamic of regime p; is mirrored in regime po.

4.B Testing curvature shifting (extended results)

In this section we give additional explanatory results corresponding to
Section 4.7, which tests the curvature shifting technique.

llz]I®
2

Recall that for any x € R™ we define f1(z) = &||z|1 + 7 + 0501y () and
f2(z) = 12" Sz, where k > 0, n > 0, 05(0,1) is the indicator function over the
closed Euclidean unit ball, ¥ = AT A is the sample covariance matrix, where
A € R?"X" with n = 200 and 10% sparsity. Note that pu; = 1, L1 = oo,

pe = min{A(X)} and Ly = max{A(X)}, where A(X) denotes the eigenvalues of

Y. Recall f} = fi — )\w, with ¢ = {1,2}, where X € (—o0, )] is the curvature
shift, being the curvature adjusted functions.
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Figure 4.A.6: Worst-case example for regime po after N = 3 iterations,
showing the function values (left) and the gradient values (right). Setup: L; =
1.5, pp = 0.25, Ly = 2, o = 1. The initial condition is A = f;(2%) — fo(2°) = 1.
The iterations begin at 2 = 0 where f1(z") = 1 and f2(2") = 0. The black
stars represent the DCA iterations x*, while the magenta pentagrams indicate
the inflection points of fo, denoted by z*, placed between consecutive iterations
2¥. The dashed lines show the DCA iterations 2%+ = V f(V fo(z*)).

4.B.1 Closed-form expression of 0/} (1)

Firstly, for each y € R" we compute df;"(y) = argmingcg. {(z,y) — f1(x)}.
2

. 2 re .
Let f(z) = &llz[1+05(0,1) (%), such that f; = f—&—n% and f{ = f+(n—2\) HQH .
From Themelis et al. [119, §V] we have:

sgn(y) © [y — ﬂ71]+
max {1, || [jy| — s71], ||z}’

prOX'yf(y) =
where v > 0, [] 4 denotes the positive part, © is the elementwise multiplication,
and 1 is the vector of all ones.

Case 1 — A > 0. f}{ is strongly convex and the subdifferential of the convex
conjugate is a singleton. Using the properties of the proximal operator, we get:

VI (y) = prox, -1 (1= N ""y).

Case n — A = 0. We get ff‘ = f, which is convex. We obtain

0, ify=0

of*(y) = 0UD, if ly;| =k, Vi=1,...,n;

sgn(y)O[ly|—r1]+

Miol—w1l, T, > Otherwise,
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where D := {x € B(0,1) : sgn(z;) =sgn(y;), Vi =1,...,n} and 0 is the vector
of all zeros. Putting together, for all A < 5 it holds:

0, 1f)\§77a y=0;

5’ff(y): 0uUD, if A=mn, lyil = K, Vi=1,...,n;

sgn(y)O[|y|—r1]+

max{r- Ayl —w1]s Ty Otherwise.

The subdifferential is a singleton unless A = n and y is on the boundary of the
lo-ball of radius . In this case, in the numerical experiments we select the
subgradient 0 € 9f7 (y).

4.B.2 Extended experimental results

Table 4.B.1: (Case 1) Average number of iterations N, to reach e accuracy
of the minimum subgradient norm in the setting n = p; = 0.5, kK = 0.02,
corresponding to g1 > po. Lowest values are obtained for A = Ay, = 0.4441,
whereas \* = 0.4413 performs the second best.

Nm*l 10-2 1073 107 1075 107 107 10 107° 1071 10-! 1012
0| 100 574 17.73 4670 9670 150.17 24257 336.27 43046 544.63 651.33  758.74

A* = 04413 | 1.00 3.65 844 2149 44.76 70.75 112,57 15493  200.98 247.93 29543  343.06
—0.50* = -0.2207 | 1.00 6.83 22.34 59.32 122.73 189.31 307.17 426.39 558.51 693.40 830.17  967.74
—A"= -0.4413 | 1.00 8.05 27.00 7230 147.77 229.13 375.34 521.24 681.09 844.69 1010.64 1177.50
0.5A* = 0.2207 | 1.00 4.54 13.06 3391 70.19 108.43 176.35 244.05 318.63 394.92 47242  550.15
Amax = 0.4441 | 1.00  3.63 835 21.23 44.01 70.38 111.91 153.78 199.95 246.61 293.76  340.99

Case 2: 1) < ug. Parameters: n = 0.2, k = 0.02 (703 runs kept out of 1000). We
get A* = p1 = 0.2. Using A* to make ff‘ convex improves the convergence speed
by approximately 20% compared to the initial splitting. Generally, decreasing
the curvature of fo improves the convergence.

Table 4.B.2: (Case 2) Average number of iterations N, to reach e accuracy of
the minimum subgradient norm in the setting n = 0.2, x = 0.02, corresponding
to 1 < po. Lowest values are obtained for \* = 1 = 0.2.

™

10 1072 107% 107* 107° 1076 107 107 107 1071 107 10712

0| 1.04 588 1921 49.85 99.16 153.46 24540 339.67 442.23 547.61 654.99 763.01

A=02] 1.04 432 1423 3710 75.09 11590 18548 256.33 332.81 412.39 492.94 574.18
—0.50* =-0.1 | 1.04 6.48 21.62 55.52 110.98 172.24 276.85 382.11 498.04 616.29 737.17 859.14
—\*=-021] 1.04 7.06 2387 6144 12341 19246 307.80 426.00 554.21 686.04 820.61 956.00
0.5 * =0.1 | 1.04 526 16.83 4347 87.38 135.39 215.03 298.14 387.83 479.93 574.02 668.76
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4.C PGD invariance to curvature shifting

Proposition 4.C.1 (PGD invariance to curvature shifting). One PGD iteration
with stepsize v > 0 on the splitting F = ¢ + h produces the same iterate as one

; ; : o — B anith & — 12 5 — 1112
iteration with stepsize y on F' = ¢ + h, with @ = ¢ + A'5-, h = h — A5,

A7l =~71 — X, where A <y~ L.

Proof. By substituting the (subgradients) of the shifted functions
Ve =Vp+ Az
Oh = 0h — Az
into the PGD iteration
T = (id + 50h) " (id — 3V ) E
we get
o J ~ -1 ~\: ~ ~
Tt =[(1-M)id+50h] [(1 - )\y)id —V]z,

which simplifies to

T__on) " (id - —2

~+: .d
=+ s T+ 73

V(p)ﬁ:.

Then the iterates are equivalent for the choice v = O

i
1+A5 "
Corollary 4.C.1 (PPA invariance to curvature shifting). One prozimal point
algorithm iteration with stepsize v > 0 on the objective F' = h produces the same

iterate as one PGD iteration with stepsize ¥ on F = @ + h, with ¢ = ALLE

2 7
h=h- )\%, =t =~71 — X, where A <y~ 1.

Proof. The proof results by considering ¢ = 0 in Proposition 4.C.1. O






Chapter 5

Douglas—Rachford splitting
algorithm in the smooth plus
prox-bounded setting

The results presented in this chapter have not been submitted for
publication yet.

5.1 Introduction

This chapter derives exact performance bounds for the Douglas—Rachford
splitting (DRS) algorithm applied to composite optimization problems of the
form

minimize p(s) = ¢1(s) + ¢2(s), (5.1)

sER4

where ¢ is smooth, i.e., it has a Lipschitz continuous gradient, and 5 is l.s.c.,
regular and prox-bounded (its proximal operator exists for stepsizes below a
threshold, see Definition 2.2.3). This framework includes a broad range of
problems, convex or nonconvex. The DRS algorithm can be interpreted as a

splitting scheme alternating between proximal mappings of ¢;1 and @2, and
gives good performance when each subproblem is typically simple to solve, often

173
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amenable to parallel implementations. Our analysis focuses on the case where
1 is weakly convex (or hypoconvex).

5.1.1 Literature overview

There is a vast literature in optimization and operator theory on DRS. The
method was originally introduced by Douglas and Rachford [40] to solve linear
operator equations. Lions and Mercier [78] later established its convergence for
monotone inclusions and convex problems. Eckstein and Bertsekas [46] proved
that the alternating direction method of multipliers (ADMM) is equivalent
to DRS applied to the dual of a linearly constrained convex problem. This
insight builds on the foundational work of Rockafellar [97], who established the
convergence properties of the Proximal Point Algorithm (PPA), of which DRS
is a particular case. Comprehensive discussions of DRS and its applications
are available in Bauschke and Combettes [13] and the survey [30]. Giselsson
and Boyd [52] show linear convergence conditions for DRS and ADMM under
smoothness and strong convexity assumptions, results extended by Moursi
and Vandenberghe [82] and tightened by Ryu et al. [104] using performance
estimation. Evens et al. [47] present a tight convergence analysis of DRS in
the broader class of semimonotone operators, while Abbaszadehpeivasti and
Zamani [4] give tight convergence rates for maximally monotone operators.

For convex optimization problems, contraction factors when ¢ is smooth
strongly convex and ¢5 is convex are given in [24, 21] and under more general
inexact oracles in [11]. Nguyen et al. [90] provide worst-case rates when ¢; and
2 are both convex, leaving out the smoothness assumption on ;.

Nonconvex optimization setups. A key tool is the Douglas—Rachford
envelope (DRE), introduced by Patrinos et al. [94], which provides a smooth
surrogate of the nonsmooth objective, enabling the study of DRS using gradient-
based tools. Li and Pong [76] used this merit function to provide the first
convergence analysis in the nonconvex case, in the smooth plus prox-bounded
setting, showing empirical improvements over the alternating projection method.
Themelis and Patrinos [120] further improved these findings by establishing the
DRE properties in nonconvex settings and precisely characterized the parameter
regions ensuring monotonic decrease of the DRE, with larger ranges than those
of [76]. Their results additionally show a primal equivalence between DRS and
ADMM under the same assumptions (one smooth possibly nonconvex and one
l.s.c. term). Building on these developments, the current work employs DRE
to derive the sharpest progress bounds, in terms of iterate progress or residual
subgradient, in the smooth (weakly) convex plus prox-bounded setting.
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5.1.2 Contributions

We improve the tight convergence analysis of the DRS method for nonconvex
composite problems from [120] and derive explicit upper bounds for (i) the
(best) iterate progress and (ii) the (best) residual subgradient measure, valid
for any relaxation parameter and constant stepsize guaranteeing monotonic
decrease of the DRE. These bounds are conjectured to be tight, supported by
extensive Performance Estimation Problem (PEP) experiments that expose one-
dimensional worst-case examples. Both metrics exhibit three regimes determined
by the curvature bounds of 7 and the method parameters: the stepsize and
the relaxation.

Inspired by PEP numerical solutions, we identified which interpolation
inequalities were sufficient for our analysis. Our constructive proof follows
a specific structure and is distinct from the PEP formulation. The key results
are the exact decrease bounds after one iteration, given in Theorem 5.3.2 (for
iterate progress) and Theorem 5.4.1 (for residual subgradient). Finally, we
test the recommendations derived from optimizing the obtained worst-case
performance bounds with respect to the stepsize and relaxation parameters.
The proofs involve intricate algebraic manipulations and simplifications.

The contributions are summarized in Table 5.1.1.

For ease of verification, we employ a computer algebra system (CAS), namely
the MATLAB symbolic toolbox, whose scripts are available in our repository. !

Structure. Section 5.2 introduces the problem setup. Section 5.3 and
Section 5.4 present the main theorems on exact performance measure bounds,
which are proved in Section 5.5. Section 5.6 contains the numerical experiments
and Section 5.7 discusses the effect of curvature shifting on DRS.

5.2 Preliminaries

We adopt the notation of [120] and extend their analysis. Algorithm 3
summarizes the iteration scheme; the relevant quantities are defined subsequently.

Assumption 5.2.1 (Assumptions for DRS objective). The following hold:

i) ©1,02: R — R are proper, Ls.c. and extended-real-valued functions.

IRepository: https://github.com/te02605/Tight_ rates_ Douglas_ Rachford__Splitting


https://github.com/teo2605/Tight_rates_Douglas_Rachford_Splitting
https://github.com/teo2605/Tight_rates_Douglas_Rachford_Splitting
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Table 5.1.1: Contributions for Douglas—Rachford splitting in the smooth plus
prox-bounded setting. Prior state of the art [120] established tight ranges for
convergence parameters (7, A) but with non-tight performance constants.

Aspect

Contributions

Function class

Performance
metrics

Initial condition

One-step bounds

N-step rates

Tightness

Optimal tuning

Improvement

Numerical
validation

Proof technique

Curvature shifting

w1 € Fu,r with u <0 (allowing u < —L); @2 Ls.c., prox-bounded

Iterate progress: P2 = miny ||y~ (ug — vg)|?

Residual subgradient: PV = miny[dist(0, dp(vy,))]?

@ER(SO) — inf ¢ < oo (finite initial gap in DRE)

Iterate progress: Three regimes (pﬁ, pf, p?) in Theorem 5.3.2

Residual subgradient: Three regimes (py, pg, py) in Theorem 5.4.1
DR s

1o « # (s0) —infe

20 7 O (L AN

Conjectured tight for all six regimes; extensive PEP validation with
one-dimensional worst cases for p, and py, regimes

for () € {A,V}

: 2L
Iterate progress: (y*,\*)® = (i, %) for u € [-2E,0]
(Proposition 5.3.1); conjecture for p < —% (Conjecture 5.3.1)

Residual subgradient: Numerical maximization of ypV (YL, yu, )

10% (convex, p = 0) to 46% (smooth, 4 = —L) improvement in worst-
case constants over [120)]

Theory-recommended tunings rank in top 2-40% on quadratic
problems with box/ball constraints

Explicit descent lemmas with algebraic proofs; PEP-informed but
analytically complete; computer algebra verification

Non-invariance: DRS not invariant to curvature shifting (unlike
PGD/DCA); counterexample in Section 5.7

1) The optimization problem has a solution, i.e., argmin ¢ # ().

W) o1 € Fu,r is max{—p, L}-smooth and p-convez, with L >0 and p < 0.

iv) @ has bounded level sets.

In comparison to [120], where |u| < L, in our work we assume access to
curvature bounds, allowing ¢ < —L, which is a slightly more general assumption.
We restrict the tight analysis to p < 0. As shown in [120, Remark 3.1],
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Algorithm 3: Douglas—Rachford splitting algorithm (DRS)

Data: ¢, € F, 1, with L > 0 and p € (—00,0]; o2 is at least
proz-bounded; N > 1 iterations starting from sy € R?; relaxation
A € (0,2); stepsize v € (0, min{ 7, ﬁ})
for k=0,...,N do
Select uy € prox,,, (sx);
Select vy, € prox,, (2ug — s);
Take sp11 = sk + A (vg — ug)

Result: Best iterate (sg, uk,vr) with either
(i) k = arg minogng—1{||771(Uk —vg)||?}; or

(i) k = argming< ey 1 |[7 " (ux — v1) — [Veor (ur) — Vo (or)]||* .

Assumption 5.2.1 ensures that ¢, is prox-bounded with threshold ~,, > %
(recall Definition 2.2.4); the proof requires only the upper curvature bound L.

DRS iteration. Starting from s; € R%, each iteration computes

uy € prox.,, (sx);
Uk € ProX.,, (2ur — s); (DRS)

Sk+1 = Sk +)\(1}k 7uk).

The parameters v (stepsize) and A (relaxation) govern convergence and
stability. Themelis and Patrinos [120] derived tight ranges of (v, ) for which
DRS converges. In particular, they show that the stepsize restriction v < % is
tight for guaranteeing convergence in the nonconvex setting. Recall that, under
Assumption 5.2.1, the prox-boundedness threshold of ¢, satisfies 7,, > %
Hence, for any stepsize v < %, we also have v < 7,,, which ensures that
the prox,,, is well defined (i.e., nonempty-valued). Their proof relies on the

Douglas—Rachford envelope (DRE):

R (s) = min {a(w) +1(0) + (Ver(w)w— ) + o —ul*}. (52

weR?

where u = proxwl(s). For each si, the point vg is the minimizer of DRE.

The DRE is real-valued and strictly continuous for v < % [120, Proposition
3.2]. The DRE is closely related to the Forward-Backward Envelope (FBE)
[18, 105, 121] through: pPR(s) = ©5B(u), where u = prox., (s).

Several results from [120] are needed in deriving the DRS convergence analysis.

Theorem 5.2.1 (Minimisation equivalence [120, Theorem 3.4]). Under
Assumption 5.2.1 and v < %, the following hold:
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i) inf p = inf gp,lij;

ii) argmin p = prox. (arg min @53) ;

iti) @ is level bounded if and only if so is cp,ly)R,

Theorem 5.2.2 (Subsequential convergence of DRS [120, Theorem 4.3]). Sup-
pose that Assumption 5.2.1 is satisfied, and consider a sequence (Sk, Uk, Vk)keN
generated by (DRS) with relazation A € (0,2) and stepsize v € min{+, [ 222

ESESE
starting from so € R%. The following hold:

i) The residual (up — vk )ken vanishes with rate ming<p<n—1 ||ux — vi* =
o(3).

1) (ug)ken and (vg)gen have the same cluster points, all of which are
stationary for ¢ and on which ¢ has the same (finite) value, this being
the limit of (2% (sk)) In fact, for each k one has dist(0, 0p(vy)) <
Lt — .

kEN"’

iti) If ¢ has bounded level sets, then the sequence (Sg,ug, Vk)ken 45 bounded.

Assumption 5.2.1iv) on bounded level sets of ¢ ensures bounded level sets for
<p7DR (Theorem 5.2.1iii)), implying that the sequence (s, uk, Vi )ren is bounded
(Theorem 5.2.2iii)) and thus enabling PEP analysis, which implicitly assumes
finite iterates. Theorem 5.2.2 is the base result we extend in the current work.

Performance criteria. The proof of [120, Theorem 4.3] establishes that DRE
acts as a Lyapunov function for the admissible stepsize range, reducing the
exact performance analysis to quantifying the tightest decrease of the DRE per
iteration.

Proposition 5.2.1 (Optimality condition). Consider the mapping F = id —
YVp1. Under Assumption 5.2.1, it holds that v~ [F(uy) — F(vi)] € O¢(vi) and

dist (0,dp(v0)) < 7 [F () = F@)lll < (1 = vl (k. — o)l

Proof. By definition, vy € prox,,, [ur —yV1(ux)] and the optimality condition
of the proximal mapping implies

v M uk — o) = Vi (ur) € Do (vg).
Adding Vi (vg) to both sides, it rewrites as

v u — o) — [Vepr(ur) — Veor (vr)] € Vepr (vg) + 92 (vi) = Op(vy,).
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Therefore, v~ [F(uz,) — F(v)] € dp(vy). Since the mapping F is (1 — ypu)-
Lipschitz continuous, the second inequality follows. O

We improve the convergence rate from Theorem 5.2.2, providing a tight constant
for Theorem 5.2.2i), hereafter referred to as iterate progress (or norm):

AL . “1/ 2
P = Oggélll\}_l{HV (ur —vi)["}

and a tighter bound for [ dist(0, 5@(%))] ? in Theorem 5.2.2ii), further on called
best subgradient (norm):

PY = oglﬁrgzr\}ﬂ{ﬂv_l(uk —vk) = [Veor (ur) — Ver (un)]|*}-

We establish, for (1) € {A, V}:
1o o #70(s0) —infe
20 7 (YL, AN

and conjecture that the functions p® and pV are tight (confirmed numerically
via PEP).

5.3 Performance bounds for iterate progress

State of the art. Following [120, Theorem 4.3], a bound on the iterate progress

is obtained by telescoping the one-step decrease of the DRE. In our notation,
2

the rate can be written using p(yL,yu, A) = %C(L,‘LL,’Y,)\), where c is

derived in [120, Theorem 4.1].

Theorem 5.3.1 (State of the art [120, Theorem 4.1]). Let L > 0 and p < 0.
Consider p1 € F,.1, and let @2 be a proper, l.s.c., and proz-bounded function.
Consider one iteration of the DRS algorithm, with relaxation A € (0,2) and
stepsize v € (O,min{%, % |, starting from sq, producing ug, ui, vg, V1, S1.
Then it holds:

_ 2
R (s0) — PR (s1) = vp PP (YL, v, VA v (wo —wo)||T, (5.3)

where pTP20 > 0 is defined as

A@;iz;gm) if )€ [2[€+em]+ ,2);
pTP20(0,m, A) = { AEFEREED i A e (0,2(0+m) (5.4)
A2 A2 A

'm) . l+m
e if A € [2(4 4 m), 2EEm)],
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5.3.1 Convergence rate for iterate progress

We next provide a sharper one-step bound, proved in Section 5.5.4.

Theorem 5.3.2 (One-step bound for iterate progress). Let L > 0 and p < 0.
Consider p1 € F,,1, and let @2 be a proper, l.s.c., and proz-bounded function.
Consider one iteration of the DRS algorithm, with relazation A € (0,2) and

stepsize v € (0, mln{ 1 222 |, starting from sg, producing ug, ui, vg, V1, S1.
Then it holds:
0 (s0) = @3 (1) = v (VLy v, N g [ (o — o), (5.5)

where p® > 0 is defined as

L m m
pE(6m, N), A€ [max{ G 2 o1 4 m)];

p2(L,m, \) = p2(l,m,\), € (0, mln{%m 1+ 0}

pe(lym,N), e[l 4 ¢ 2m)

(5.6)

with
PRl m,N) = A2 - A(ff%l — m); (2)
Pt m ) = 2R IR0, 2)
) 4= N2 214 £ — N\ 4 2L 2;};75(31)@). )

344

Up to the scaling in -, the leading term in the denominator only depends on
~L and ypu, similarly to what we observed earlier for the (proximal) gradient
descent method and, implicitly, for the difference-of-convex algorithm. This
arises from the smoothness of the mapping id — YV ;.

Regimes pﬁ and p% are associated with worst-case functions of extreme
curvature, namely w and L, respectively On the other hand, due to the
condition v € (0, 1], regime p§* is possible only when A € (1,2).

The p% branch recoverb part of Theorem 5.3.1, but on a larger admissible set.
Moreover, regime p has common terms in the numerator with the first branch
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from Theorem 5.3.1 up to scaling with 1 — yu, which is the Lipschitz constant of
mapping F' from Proposition 5.2.1, whereas the denominator was approximated
by using a conservative bound depending on the Lipschitz constant of .

Theorem 5.3.3 (N-step rate in iterate progress). Let L > 0 and p < 0.
Consider p1 € F,.1, and let @2 be a proper, l.s.c., and proz-bounded function.
Consider N > 1 iterations of the DRS algorithm, with relaxation \ € (0,2)
and stepsize v € (0, mln{ —H}}, starting from sq, generating the sequence
(Sk, Uk, V) k={0,....N+1}- Then, with p2(yL, v, \) as defined in Theorem 5.3.2,
it holds that:

1 . ) ¢$R(so) —infe
— mln v (U — vk < .
20 AU Iy P2 (YL, v, A)N

(5.7)

Proof. Telescoping the inequality (5.5) from Theorem 5.3.2 for N iterations
yields (after flipping the order)

A (YL, v, A Z Iy~ (ur — i) [I” < @2 (s0) — 2 (5w 1)

The conclusion results by lower bounding the Lh.s. by taking the minimum
norm across iterations and upper bounding the r.h.s. by using (p,]?R(SN+1) >

inf @ER = inf ¢, where the identity follows from Theorem 5.2.1i). 0

Remark 5.3.1 (On tightness for iterate progress regimes). PEP evidence
indicates simple one-dimensional worst cases for regimes pﬁ and p% (but not

tight for p%) with

Uy — U1), or regime A;
Vs () = Vepn (ur) = (10~ ) Jorregime vy (5.8)
L (ug —u1), for regime pp.

This extra information is exploited in the proof of Theorem 5.3.2. Leveraging
these numerical findings, one may search for piecewise quadratic functions
building p1, of curvature u for regime pﬁ‘ and curvature L for regime p%, that
should connect between them and also with regime pgA on the boundaries.

Corollary 5.3.1 shows the particular case of A\ = 1, which corresponds to the
standard DRS. In this case, regime p§ vanishes.

Corollary 5.3.1 (Sublinear rates for standard DRS (iterate progress)). Let
L >0 and p < 0. Consider o1 € F, and let @2 be a proper, ls.c., and
proz-bounded function. Consider N > 1 iterations of the DRS algorithm, with
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1
—2n
the sequence (g, Uk, Vk)k={o0,....N+1}- Then it holds that:

relazation A = 1 and stepsize v € (0, min{L, Y, starting from sqg, generating

1 ©PE(sq) — inf ¢
5 A = o)y < . . (5.9)
o A2y (A—yp) (A4+2yL)(A—vL)

20 ymin{ A+yw)? 7 (A4vL)? N
Moreover, if u = —L, i.e., no lower curvature bound on @1 is known, then for
any v € (0, 5=) it holds

1 P (s0) — inf ¢

5 oomin {lly™ g — v} £ ——757

2 0<k<N-1 vmln{(l ?;Yf}y(Ll)-ng)’ (H??fﬁ{(Ll "’L)}N
(5.10)

5.3.2 Optimal tuning for iterate progress

Examining Theorem 5.3.3, we assume that the effect of v on the initial evaluation
(p,]?R(So) is negligible when optimizing for N iterations, with N large. Then
the best tuning maximizes the denominator’s leading term vp® (yL, yu, A). The
proof of Theorem 5.3.2, given in Section 5.5.4, shows the following interplay
between the regimes:

e p§* is active only if pg < min{pﬁ,p%};

« otherwise, the rate is governed by mln{pu P2}

The maximizer lies on regime boundaries, although p® is not exactly
min{py,pf,ps'}

Proposition 5.3.1 (Optimal tuning for p € [-2L/7,0] (iterate progress)). Let
L>0andpe [—%70]‘ Consider ¢ € F,, 1. and let o2 be a proper, ls.c., and
prox-bounded function. Then the optimized performance bound for the iterate
progress after N > 1 iterations of (DRS) with stepsize v and relazation X is
achieved at (v*,\*)2 = (5, 2), yielding the guarantee

3 o nin {Huk—vk||}<

1 @2 (s0) —infp
20 N '

The proof of Proposition 5.3.1 is given in Section 5.5.4.

Conjecture 5.3.1 (Optimal tuning for y < —2L/7 (iterate progress)). Let
L>0 and p € (—o0, —%) Consider p1 € F 1, and let @y be a proper, Ls.c.,
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and proz-bounded function. Then the smallest value of the guaranteed (scaled)
iterate progress after N > 1 iterations is achieved at the parameters

s ea [T AL+ R (L4 £hY)
(01, x9% = <L’4— <1—h*><1—L(zh*)>’

2

N 8h(1 — h?)[1 — (£h)’]
where h* = argmax;,c g 1) { [4—(1—h)(1- %h)]z }

The motivation behind Conjecture 5.3.1 is that the optimizer lies on the junction
between p4 and pf, where it holds

41 +~L)(1 +yp)
4= 1 —yL)(1—yn)

With h = ~«L, it remains only to solve the maximization problem defining h*.

A:

5.3.3 lllustrations of the tight denominator for iterate progress

Figure 5.3.1 depicts the contour plots of yYLp®(vL,yu,\) (the denominator
amplified by L) from Theorem 5.3.2 for various curvature ratios %, on the entire
feasible domain of (normalized) stepsize vL and relaxation parameter A. The
three different regimes are highlighted, together with the boundary conditions
delimiting them. We also show the largest value in each contour plot, which
follows the optimal tuning results from Proposition 5.3.1 and Conjecture 5.3.1.

Comparison with the state of the art. We depict in Figure 5.3.2 the relative
A . TP20
improvement %, while in Table 5.3.1 we compare the optimized tuning for

max 'ypA

m and (11) actual

both rates in terms of (i) best guarantee improvement

A
maxyp . In the first case, we compare the

best guarantee improvement —
Y2 | TP20

arg max yp

optimized guarantees, whereas in the second one the optimized performance
with the best tuning from [120].

We observe a theoretical worst-case improvement of 10% in the convex case
(1 = 0), growing as p decreases. In the smooth case (u = —L) the improvement
is about 46%. There is also a qualitative difference between areas of the best
tuning: in our bound, A\* < 1 only if u < —1, while pTF2% gives \* < 1 already
for mild weak-convexity.

The discontinuous jumps at g = —0.63 and p = —% for optimal tuning in pTF20

indicate conservatism in the one regime’s analysis.
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Figure 5.3.1: Contour plots of the tight denominator yLp® (yL,yu, \) for
various curvature ratios %, on the entire feasible domain. Optimal theoretical
tuning is marked by the green dot. The optimal tuning always belongs to the
regime pf* and is constant (A*, (yL)*)® = (1.5,0.5), when £ € [=2,0], or lies

on the border with pﬁ, otherwise (see Conjecture 5.3.1).
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piL=-1.0 piL =-0.75

p/L=-0.5 p/L=-0.25
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Figure 5.3.2: Relative improvement of our bound over [120], shown as the ratio

A TP20
p}’# for several curvature ratios p1/L. Gray regions indicate equality of the

two performance bounds. Blue curves delineate the regime boundaries of p>;
green curves delineate those of pTF2%. Markers display the optimizing parameter
pairs for each method, ((yL)*, \*)® and ((yL)*, \*)TP20 respectively.
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Table 5.3.1: Improvements at the optimized worst case of our bound relative
to the state of the art (here L = 1 for simplicity). The quantity max ~p®
denotes the maximized denominator in our best—iteration—distance bound (see

Theorem 5.3.2; the explicit mention of 7, A is omitted). Similarly, max~yp

TP20

denotes the corresponding maximized denominator from the state-of-the-art

result [120, Theorem 4.1], with maximizer (y*,A*)TF20 € argmax vp

TP20

For completeness, we also report the comparison versus the realized value

v pA|arg max pTP207 1-€- our denominator evaluated at (v, AF)TP20,
£ yx\A # y+)\TP20 max yp® max yp*
a (,7 7>\ ) (7 ’/\ ) maXryprzo 'YpAlargmax"/pTPQO
0 (0.5, 1.5) | (0.561, 1.123) 1.102 1.102
0.1 | (05, 15 | (0.570,1.027) 1.159 1.159
-0.25 (0.5, 1.5) (0.580, 0.870) 1.285 1.285
2/7 | (05,15) | (0.585, 0.836) 1.326 1.325
-1/3 | (0.496, 1.463) | (0.588, 0.784) 1.387 1.387
0.4 | (0.490, 1.413) | (0.568, 0.724) 1.487 1.429
-0.5 | (0.478, 1.341) (0.5, 0.666) 1.669 1.430
-0.55 | (0.471, 1.307) | (0.467, 0.636) 1.781 1.454
0.6 | (0.466, 1.273) | (0.434, 0.604) 1.913 1.496
-0.63 | (0.463, 1.253) | (0.414, 0.586) 2.005 1.526
2/3 | (0.459, 1.229) | (0.311, 0.792) 2.130 1.333
-0.75 | (0.447, 1.179) | (0.288, 0.782) 2.237 1.375
-1 (0.409, 1.051) | (0.236, 0.762) 2.508 1.468
-1.5 | (0.333, 0.888) | (0.173, 0.740) 2.865 1.596
2 | (0.271, 0.808) | (0.137, 0.724) 3.070 1.669
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5.4 Performance bounds for residual subgradient

We derive a one-step upper bound for the residual subgradient (in Theorem 5.4.1),
and by telescoping obtain an N-step rate (in Theorem 5.4.2). Unlike for
iterate progress, no closed-form optimal worst-case tuning (A, ) is available;
we therefore report several numerical maximizers for a range of curvature ratios
(see Section 5.4.2).

5.4.1 Convergence rate for residual subgradient

Theorem 5.4.1 (One-step bound for residual subgradient). Let L > 0, u <0
and X € (0,2). Consider o1 € F, 1 and let vy be a proper, l.s.c., and proz-
bounded function. Let ~ € (0, min{%, % |. Consider one iteration of the DRS
algorithm, starting from sg, producing ug, w1, v, v1, S1. Then it holds:

. 2
PR (s0) = P (s1) = ¥ (YL, v, A) % {dist (0, 8s0(vo))} :

where p¥ > 0 is defined as

v ~2\)2 - _
pY(Lm, N, 1=XA+m >0 and 5E gt <™,
(5.11)
with
A2=A+2m)(1—m
pf(&m,/\) = ( - mQ))(Q ); (px)
A2=X+20)(1—-¢
pT(Em, ) = 2 -0 (Y)
[1 —Im+ (1 — /\)(5 — m)]
A2(1 + €) — ] — A=)
psv(évmv/\) = 2 ! 5 (pgv)
1-01+m)2Z—-L-m)(2-))

In Section 5.5.5 we provide a methodical demonstration covering all the
parameters in the feasible domain, leading to the analytical expressions of
all three regimes. Relative to best iterate progress criterion (Theorem 5.3.2),
the numerators of regimes p, and p; are the same. However, p/Y carries an
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extra factor of (1 —yu)? in the denominator. For pr, the denominators differ
more significantly, with an extra dependence on yu for py . We also observe the
“residual” regime py , that can be active only if A € (0,1) (due to yu < 0) and
additionally requires yL < %

Theorem 5.4.2 (N-step rate in residual subgradient). Let L > 0 and p < 0.
Consider p1 € F,,1 and let @2 be a proper, l.s.c., and proz-bounded function.
Consider N > 1 iterations of the DRS algorithm, with relaxation \ € (0,2)

and stepsize v € (0, mm{L, 2_2); |, starting from sg, generating the sequence

(Sk, Uk, Vi) k={0,....N+1}- Then, with pY (YL, v, \) as defined in Theorem 5.4.1,
it holds that:

2 pDR(sy) —inf o
%[ min  {dist (0, &p(vk))}} < ”YPWV(’YL THNN

0<k<N-1

We omit its proof, because it follows the same arguments as in Theorem 5.3.3.

Remark 5.4.1 (On tightness for residual subgradient regimes). PEP evidence
supports tightness with one- dimensional worst-case instances and the following
linear relations for regimes pu and py (not tight for py )

w(ug —uy),  for regime pX;

v -V -
1 (uo) = Vepr () {L(Uoul)a for regime py.

1_

(Vi (uo) = Vi (ur)l,  for regime py;

ur) — w)=4 07730
Vi (u1) — Vi (vo) {LM( 9Ly [Ty (ug) — Vi (ur)],  for regime py .

Similarly to the iterate progress criterion, one may search for piecewise quadratic
functions building p1, of curvature p for regime pz and curvature L for regime

py-

In Corollary 5.4.1 we present the particular case of A = 1, which corresponds to
the standard DRS. In this case, as for the iterate progress, regime py vanishes.

Corollary 5.4.1 (Sublinear rates for standard DRS (residual subgradient)).
Let L > 0 and p < 0. Consider ¢1 € F,, 1 and let @2 be a proper, ls.c., and
proz-bounded function. Consider N > 1 iterations of the DRS algorithm, with
relazation A = 1 and stepsize v € (0, min{%7 %m}], starting from sg, generating
the sequence (Sg, Uk, Vk)k=Jo0,....N+1}- Then it holds that:

A 2 DR(50) —inf ¢
l[ min {dist (0, Op(vg } < L
2 OSkSNfl{ ( ( ))} me{(HQWJS ]w) ’ (lJ{fvvalu vL)}
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Additionally, if p = —L, i.e., no lower curvature bound on @1 is known, then
for any v € (0, 5%) it holds

B (s0) — inf o

- sy (A=29L)(A+~L)  (1+29L)(1—vL) ’
R ey i ey

A 2
1 . )
2 Og%ljr\}_l{dlst (07&,0(1%))}} <

5.4.2 lllustrations of the tight denominator for residual
subgradient

In Figure 5.4.1 we depict the contour plots of yLpY (vL,yu, \) (denominator
amplified by L) for several curvature ratios £, on the entire feasible domain.
The maximizer always belongs to the intersection of regimes pi and pg,
well-separated from the pY region. Consequently, optimal worst-case tuning
maximizes min{pY , py }. However, opposite to the iterate progress, we lack a
closed-form optimizer.

The comparative bound from [120], given in Theorem 5.2.2ii), is conservative
here, having the same leading term as the iterate progress metric up to 1 — vyu;
consequently, we do not compare against it.
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Figure 5.4.1: Contour plots of the tight denominator yLp" (YL, yu, A) for the
residual subgradient, with various curvature ratios £, highlighting the different
active regimes and the boundaries between them. The optimized tuning is
depicted as a green dot.
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5.5 Proofs

Roadmap of the proofs. The proofs of Theorems 5.3.2 and 5.4.1 follow a
common structure. We first introduce the associated PEP Equation (5.12) and
discuss the numerical observations. We then establish simplifying notation and
key identities in Section 5.5.2. Finally, in Section 5.5.3 we provide a blueprint
that reduces the target inequalities to proving positive semidefiniteness of a
slack matrix via regime-specific linear transformations; the resulting proofs are
carried out in Section 5.5.4 and Section 5.5.5, respectively.

5.5.1 Formulating the PEP

We consider N iterations of (DRS) starting from an initial point sg. We
assume that at the initial point, the value of the DRE is at most at a
distance R > 0 from the last iteration. As performance metrics we use either
P2 = ming<p<n—1{[|y ! (ur — vk)[*} or PV = mino<pen—1 {7y (ur —vi) —
(Vi1 (uk) — Vo1 (vg)]||?}. For fixed parameters N, u, L, v and A, one can solve
the PEP (5.12) and obtain a worst-case value for the performance criteria.

maximize PA/V(N7 L, p, v, N\
$0,P1,P2

up = Prox,, (sx)
DRS iteration { vy = prox.,, (2ug — sk) (5.12)
= Mo, — '
subject to Sk = s Ao —up)
p1 € ]:p,,L
2 prox-bounded (2.2.2)

¢ (s0) — " (sw) < R

The primal-PEP formulated in (5.12) can be directly plugged into one of the
dedicated software packages: PESTO for MATLAB [115] or PEPit for Python [56].
In this way, one can check numerically that our bounds from Theorem 5.3.3 and
Theorem 5.4.2 hold. We solved the primal-PEP for many input parameters and
observed the worst-case structure mentioned in Remark 5.3.1 and Remark 5.4.1.

The toolboxes also return dual-PEP certificates, which act as numerical proofs.
We used these certificates to identify redundant interpolation inequalities that
can be pruned without changing the worst-case value. Pruning markedly
improves the conditioning of the resulting SDPs: many inequalities are inactive
(their multipliers are at machine precision), and in multi-iteration PEPs
the accumulated roundoff can otherwise introduce a spurious term. In our
experiments, we observed additive term in the denominator, which becomes of
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the form pN +¢, with ¢ € [107,1073] for N > 10. After pruning as indicated by
the dual solution, ¢ drops to < 1077, effectively zero. This supports analyzing
a single step and obtaining the tight N-step rate by telescoping, consistent with
the DRE serving as a Lyapunov function. The pruning method emphasizes that
in each PEP-based analysis one should use problem-dependent procedures and
not “blindly” follow naive implementations.

5.5.2 Preliminaries

We focus on one iteration analysis, mapping (so,uo,vo) — (s1,u1,v1). We
eliminate the variable s by leveraging the DRS iteration: with & = {0,1}, ug =

Prox., (sg) implies s = urp—yVr(ug). We also have v, = prox,,, (Qug—sk) =
prox.,, (ur — ¥V (ur)). Then sy = sg — A(ug — vo) implies
Uy — Vg = % v Hug — uy) + Ve (ug) — Vapl(ul)] (5.13)

Notation. We denote ¢ := vL and m = yu. We define
A=y ug — uy);
Agy = Vi (ug) — Vi (ur);
Agu,w = V1(u1) — Vi (vo),

and all iterates with respect to ug, Vi1(up) and the A-quantities, namely
up = uo —yAu, vo = up — 3 (Au+Agy), Vei(ur) = Vi (ug) — Agu, Vi (vo) =
V@l (UO) - (Agu,v + Agu)

Consider the set Z, ., = {(uo, u1); (u1,u0); (vo, u1); (uo, vo); (w1, vo); (vo, o)},
including the pairs of iterates after one iteration; v; is not evaluated by ¢; in
the first step. Recall the expression of the DRE at sj:

1
QPR (s1) = a(vr) + @1 (ur) + (Veor (ur), vk — ug) + ﬂﬂvk — ug||*.
We employ the following quantities relating the iterates and gradients:
Quy = ¢1(z) —1(y) = (Ver(y) , = —y) — §llz =yl

— s Ve (@) = Ve (y) — pla — y)|1%;

1
PB;,U,y = pa(y) — pa(x) + Z(yfx, y+x —2w).
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Since ¢1 € F, 1, we have @, > 0, for all (z,y) € Z,, (cf. Theorem 2.2.1).

Similarly, since @2 is a prox-bounded function, for all pairs (z,y) € Z,,,, with

T = prox.,, (w), it holds that PB’, > 0 (cf. Theorem 2.2.2).

For brevity of exposition, we treat the vectors of iterations and gradients as
scalars when building problem-dependent quadratic forms.

5.5.3 A blueprint of the proofs
We consider the following target inequality, with p = p(¢, m, A) > 0:

P 2
@ (s0) — @D (s1) — <5 Il

- Z (a7 Q(a,v) Z BiiPBy,, >0,

(@,0)EZu,v 0<4,5<1

(5.14)

where the performance criterion P is either P» (smallest iterate progress) or
PV (smallest residual subgradient), that rewrite as:

A = |ly  (uo — vo)|I> = AT (Au+ Agy) ||
Vo= |lv " (uo — vo) — [Ver(uo) — Veor (vo)] ||
= ||)‘_1(Agu + AU) - (Aguw + Agu)HQa

and a(f,m,\) and B(¢,m,\) are nonnegative multipliers. Actually, any
nonnegative choice of p, & and S satisfying (5.14) yields a performance bound.
The tightest one is obtained when the inequality holds with equality and
corresponds to the maximum possible value of p. It is not necessary to explicitly
define all multipliers and it suffices to show their existence. This condition is
weaker than for other PEP-based proofs, allowing some flexibility in building
up the demonstration.

Dual-PEP observations. Studying the associated multipliers of the
interpolation inequalities (the pruning procedure described above), it is sufficient
to consider By, v, =0, Byy,v; = 1 and a4, = 0. Then in both proofs we show
that (5.14) reduces to find a positive semidefinite matrix A, depending on p
and the multipliers a and 8 so that

zT Az >0,

where x is either x = [Au, Ag, ] (for iterate progress) or x = [Au, Agy, Agu] "
(for residual subgradient).
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Primal-PEP observations. They lead to the worst-case conditions’ structure
discussed in Remark 5.3.1 and Remark 5.4.1, implying relationships between Auw,
Ag, and, for best subgradient proof, additionally relating Ag, ., where certain
linear combinations between them vanish. To emphasize these conditions, we
apply a linear transformation z = T~ 'z in order to impose these quantities
as entries of the z-vector and equivalently, we have to show x " Az > 0, where
A = TTAT. The linear transformation T can be regarded as preconditioner
that generates the worst-case scenarios.

Investigating the inequality to prove, some parts are canceled by the worst-case,
therefore their corresponding entries in matrix A should vanish. This imposes
a system of equations yielding the explicit solution for p and (some of the)
multipliers a. Substituting them in matrix A, the problem reduces to solve a
small SDP which depends on one of the multipliers.

Finally, for regimes p3, where a primal solution is not available, the proof
exploits the singularity of matrix A in the worst-case and maximizes the value
of p with respect to a certain multiplier.

We conclude this section by stating an identity involving quantities on the lL.h.s.
of (5.14), which is used in the proofs for both criteria. Substituting 5,, », = 0,
Buo.vy = 1, and using the relation vy = prox,, (u1 —yV1(uy)), yields, after
some algebra,

DR (s0) — PR(51) — PB 7V e1(m) =

(5.15)

i) — a1t o)+ 3 [S0] [ L) [a],

5.5.4 Proofs for iterate progress criterion

Proof of Theorem 5.3.2. The PEP dual solution reveals that only two
interpolation inequalities for ¢, are active, thus we consider o == v, y, (¢, m, A)
and oy, (0, m, X) =1+ a. We search for o > 0 and p satisfying (5.14), with
P = PA. Using the identity (5.15), inequality (5.14) becomes

-
v | Au 22 _p 1L Au
@1(“0)‘@1(”1)—A/<V<P1(U0)7AU>+§ [Agu} [ AR /\2_’\){)2} {Agu}

- (1 + a)Quo,ul - aQul,uo > 0.
(5.16)
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Substituting the expressions of @y, ., and Qu, ., leads to
Quo,us + O‘(Quhuo + Quo,m) = p1(uo) — p1(u1) — (Ve (uo) , Au) —

v 1 Aul’ Im(l42a) —am— (1+a)l| | Au
2¢—m |Agy 14 2a Agy |’

Replacing in (5.16) and performing the simplifications, the inequality reads as
a quadratic form:

T —A)— m o m o
v [Au]l A R 1y — et TAG]
2 |Ag. ~ ek =l N E U

The PEP observations on the primal problem from Remark 5.3.1 rewrite as

Ag. — mAu, for regime pﬁ;
u = ¢Au,  for regime pP.

Consequently, we define ¢, :== Ag, — mAwu and t;, := Ag, — {Au, which cancel
on part in the worst-case scenarios: ¢, = 0 for regime pﬁ and t;, = 0 for regime
p2. We change the basis by using the transformation

) =l )]

and rewrite the inequality as

2= MTA m >0, (5.18)

where A is the matrix of the quadratic form,

U-ORA+O-N _ 040" oy gy 41— — 20=Em) 4 (4m)(0)

(1—m)[2(14m) =] +m)?
P

A= a
—-Pp 2

The worst-case which imposes strict equality, hence the following cancellations
oceur:

1. Case pﬁ: Ag1,2) =0 and Az ) = 0 (factors of 1, are canceled);

2. Case pp: A2y =0 and A1) = 0 (factors of ¢, are canceled).

Canceling Az o) leads to p = pﬁ7 while zeroing A(; 1) to p = p2. We have that
pﬁ > 0if A < 2(1+m), whereas p2 > 0 is satisfied implicitly by the assumption
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¢ < 1. Replacing these values and using that A(; ) = 0, the inequality to show
rewrites as follows in a compact form:

LD o oo 2 w2 s <y el 5,

where §(z) = 0 if z is false and d(z) = 1 if = is true. Therefore, pﬁ and p2
are complementary to each other. Additionally, they share the cancellation of
A(1,2), which yields

1 12(1—4¢m) (14+6)(1+m)
= -1-m)—p———|.
alp) = — ;y (I-m)—p 12
Specializing for the two regimes, we get
2 2 1-m 2
LmA) = —————1=— — —;
ol A) = 70 = 3 T+m X\
2 2
ar(l,m, ) = SN

Domains of pu and p2. Since a must be nonnegative the proof of pu
holds only if A > 275™ H‘m , whereas the proof of p# holds only if A < 1+ ¢, both
conditions 1mp051ng reglmes bounds in the branches from (5.6). Moreover, one
can check that the difference pﬁ - pf can be expressed as

o A—m)A— (1 - 01 —m)]
pﬁ_p%_()‘_)‘) (14 0)2(1 4 m)? ’

where \ = %. We have that 4 — (1 —£)(1—m) > 4—(2—3) =2+3,

where we use that £ € (0,1] and A < 2(1+m). Then p2 > pp for A < A and
pﬁ > p% for A < X, hence X exactly delimits the two regimes as shown in their
definition (5.6).

It remains to derive the expression of pSA, corresponding to the domain with
re(1+¢, 1+7;")), which can be nonempty only when A > 1. In this third
scenario, a handy worst-case is not available. Inequality (5.17) holds if the
matrix (let us call it A) is positive semidefinite and the extreme case is obtained
if the matrix is singular; in this case, the PSD condition reduces to check the

principal minors. With some algebra (using symbolic toolboxes), from the zero

determinant condition we obtain p(«) = g g Ea)’ where
pn(e) = —[0?(f —m) + (1 +2a)(1 — m)]\*+

+2[2a(1 — fm) + (1 —m)(1 + )]\ — 4(¢ — m);

pp(a) =2a(l+m)(1+£4)+4m+ (1 —£0)(1 —m).
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Further on, we derive o > 0 as the maximizer of p(«). Its gradient remarkably
simplifies to

=2X2(1+0)(1 +m)(£ — m)
a1+ 01 +m)+4m+ (1—0)(1—m)?

Observe that the critical points are exactly «, and ar and the sign of Vp(a)
is strictly given by the value of a with respect to a;, and a. Since neither
of regimes pﬁ or p% is active, we have that both a, < 0 and a7 < 0, thus
p(a) strictly decreases with a.. Consequently, its maximum value is obtained at
a = 0, leading after substitution to p = pSA. Furthermore, we get

A —m)(1+€—N)?

Vp(a) = (o —ap)(a—ar).

A(1,1) = A2 (m, ) )
- (0 —m)2(1 +m) — A(1 —m))?
den = Xm0 |

where (¢, m) = 4m + (1 — m)(1 — ¢) dictates the sign of the principal minors.
Using that on this regime we have £ < A — 1, we get ¥(¢,m) > (A —1,m) =
(24 A)m + (2 — \), which is positive from the condition —m < g%A\ Finally,
we have the identities

< 1+ 0)?

Aay = (P% _P§)(T);
- 1+m)?
A2) :(Pﬁ—pg?)i( 52 S

highlighting the zero-slack at the points of changing regimes and showing that
regime p5' is complementing exactly the other two cases, in this way ensuring
the complete covering of the feasible domain. O

The proof is constructive, with clear motivations on how to choose the multipliers
based on PEP-informed primal and dual solutions. Nevertheless, regime p5'
shows the maximum guarantee that can be obtained using only the interpolation
inequality Q[ug u,]-

Remark 5.5.1 (Alternative proof for iterate progress regimes). An alternative
way to prove the regimes pﬁ and p%, without employing PEP-based information
about the worst-case, is by leveraging the observation leading to regime p5,
namely that their corresponding multiplier is one of the two critical points of

pla(l,m,N)).

Proof of Proposition 5.3.1. Without loss of generality, we set L = 1 and
denote h = L (the normalized stepsize) and s = % (the curvature ratio).
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Then, for a given x we aim to maximize hp® (h, kh, \), with A € (0,2), h <1,
k€ [52,0] and 2(1 4+ k) > A.

Maximizing the value of pf in the variable A, we have

h22(1+h) = A|(1—h
max hp? = max 20 +7) 2]( )
Aedom pP Aedom pP (1 + h)

The objective is a concave quadratic in A, maximized at A\ = 1 + h, which is
exactly the boundary between p% and p5* (maximum possible A for p% and
minimum possible for pg'). Tt follows that

max hp? =h(l —h) <
)\EdompL

-l

with equality only at h* = % Then it implies A* = 1 + h* = % and the

.. A * * 1
maximized performance guarantee h*pZ (h*, kh*, \*) = 7.

For regime p5 we have

dps  2(1—rkh)(1+h— )
AN kh@B+R) +(1—h)

To analyse its sign, we recall that regime p5* corresponds to A € [1 + h, Z(L:h)]

The non-empty interval condition is equivalent to xh(3 + h) + (1 —h) >
0, which is exactly the derivative’s denominator. On the other hand, the

A
numerator is negative because of the lower bound of A\. Then d;’f\’ < 0 and its
maximum is attained at the junction point with pf, namely A = 1+ h, with
max)\edompg hp? = h(l - h)

Moreover, replacmg A =14 h* = £ in the non-empty interval condition for p3
leads to kK > ==. When the 1nequahty is strict, the optimizer cannot belong
to the domain of regime p# because it is the maximizer of both other regimes,

2(1+Nh) (

implying A < outside of the domain).

For k = %2 and h = %, the p-interval of A becomes the singleton % and,

additionally, regime pﬁ becomes active and thus we have the triple intersection
of the regimes.

Finally, the guaranteed bound results by substituting v = ﬁ 0

5.5.5 Proof for best subgradient criterion

Proof of Theorem 5.4.1. Let oy 5y = a(a,p) (£, m, \), with (4, v) € Zy,. We
aim to find nonnegative values of these multipliers and of p > 0 satisfying (5.14),
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with P = PY. With 2 == [Au, Agy, Agun]
inequality (5.14) yields

, replacing identity (5.15) in

¢1(uo) — p1(ur) — v (Vi (uo), Au) + %iETAPl’ - Z (a5 Q@) = 0,

(u,0)ELy v
(5.19)
where
2=\ p 1 — =X P
P P X
Ap = =2 _ p(1=X)" p(-})
P PV
—-p

The linear combination }°; 57, ®@,5)@(a,5) must include as function values
only ¢1(ug) — ¢1(u1). This condition implies

Qugvg = 1+ Quyug — Qug,ugs
Quy vy = Qug,uy — Ouyug T Qoguy — 1.

Substituting in the linear combination yields

> a@nQas = e1(u0) — e1(u1) — Y(Ver (uo), Au) — THCTAQ%
(8,8) €T (t=m)

where the entries in Ag are

AGY = zm[(l + 200, ) + w [(1 = Mg + A1 = Quguy + aul,uo)ﬂ;
AS’Z) = Ag’l) = — (. —m) — Loy, uy — Myg u,

—m(1—¢) Lt a"““f\ — Qo 2(1/\; o Imovy, u, ;
ADY = ABY = — (1 — qupun + Qo) — ¥(4 ) Qg

2m

A(Q272) =1+ 2O[ﬂl,uo - T(l = Oyg,uy T Ouyug — Xav07u1);

{+m
A(Q273) — A8’2) =1—ugur + Quyue — TOZUO,uﬁ
3,3
A(Q = 2000, u; -

The linear combination includes, with the opposed coefficient, the inner product
(Vi(ug), Auy, which appears in (5.19). Thus, the residual reduces to a
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quadratic form in Au, Ag, and Ag,,. We define the slack matrix (we omit
writing explicitly its dependence on p and multipliers «)

A=Ag+ ({l—m)Ap. (5.20)
After substituting everything in (5.19), it remains to find p and the multipliers
a such that

gl

-
_— > 0. .
Z(E—m)x Az >0 (5.21)

Further on, the analysis is split based on the PEP-informed worst-case
relationships for regimes pi and pg, as mentioned in Remark 5.4.1. When
both proofs break, a third one, of regime py , emerges. An important quantity
leading the proof is S = pi — py, with S > 0 if regime py is active and S <0
otherwise.

Case 1. Regime pi: The PEP worst-case shows that
ty = Agy — mAu = 0;

1+m
Ty = Agyw + (1 — T)Agu =0.

Inspired by these identities, we define the transformation

1
T,=1|m
sm

»w = O
= o O

where s = %, such that x = Tﬂxz, with xz = [Au, Ty, r#]—r. Inequality
(5.21) is then equivalent to &' (T, AT, )& > 0. Because the worst-case implies
t, = 0 and r, = 0, a direct recipe to obtain the solution such that the inequality
holds exactly is to (i) cancel the contributions of Aw and (ii) choose the left-over

parameters such that A, = TJATM > 0. This implies Af}’l) = (AM)(M) -
(Au)a,3) = 0, leading to the system of equations:

0= A(lvl) + 2A(172) + 2smA(173) + mQA(QQ) + 2sm2A(273) + S2m2A(373);
0= A(l’g) + SA(1’3) + mA(g’g) + 25mA(2,3) + 82mA(3,3);

0= A(1,3) + mA(Qﬁg) + SmA(g’g).
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After substituting the expressions for the entries of matrix A and performing
the simplifications, the system of equations reduces to:

0= p(1—m)*(1+m)* —2X(1 —m?) + X2(1 — m);
0= AQ(an,ul + Qug,uy — 1) - /\[auo,ul = Quy,ug + (2 + m)avo,ul - (1 + Qm)]

+ (1 + m)avo,ul - pm(l - mQ);

0= A(auoﬂn = Oy ug T Quguy — 1) + (1 + m)Lp(]- - m) - O‘voﬂn]'

The solution p = plY results directly from the first equation. Fixing a = ayq v,
we obtain the following parametrized solutions for ay,, 4, and aug ;¢
L _@=Nh-(tm)
o A1 +m) ’

2 W A
14+m A—(1+m)

Qug,uy =

Note that oy, 4, > 0 implies A > 1 4+ m, which is the boundary condition
between py and pY . Moreover, p = py > 0 only if A < 2(1+4 m) (the condition
from hypothesis), which additional implies that 1+m > 0. Replacing the above
multipliers’ expressions in the identities for ay, », and ay, ., one gets:

2-) 201-))

Qoo = T A ;
A 2(1-X) 1+m

Oéul’vo_1+m+ A _a)\f(lqtm)'

All these multipliers must be nonnegative, therefore
o - (m)] 2-a 201-0) - (L m)] [ + 25

a € [0, mln{ ; — ;

A1+m) "14+m A 1+m

—_———
a1 a2 (0%:3

(1+m—X\)[2(14+m)—]]

One can check the identities a3 = a7 + and as = a1 +

(1+m)?
%. The condition A € [1+m,2(14+m)]N(0,2) implies that the minimum
between the three terms is ay, hence a € [0, 2%]

It remains to show the existence of o within this interval for which A, = 0.
Since its first line and column were set to zero, we have to show the positive
semidefiniteness only for the submatrix A, := (A, )2:3,2:3), which reads

i _ [Aeo) T 25403 +5%Ans  Aps) +sAss)

A, = 5.22
" A, (5.22)
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Note that the element A(33) and det flu are unchanged by the linear
transformation 7),. In Lemma 5.A.1 we show that A3 3) > 0 under the shrunk
interval « € [0, @], where & has a well-defined expression. Then, in Lemma 5.A.2
we demonstrate that either @ = 0 or @ = a*, where o* is the unconstrained
maximizer of det 4, («), are feasible solutions for which det A, () > 0. This
concludes the proof for regime py .

Case 2. Regime p): The PEP primal solution informs that

tr, = Agy, — LAu = 0;

m 1+7

rL = Agy + 7 (1- T)Agu =0.

Similarly to the proof of regime pz, we define the transformation

1 0 0
T, = | ¢ 1 0f, (5.23)
smo st 1
where s = Hf\*)‘, such that =z = Tin, with a:g = [Au, tr, ’I“L]T. Then

inequality (5.21) is equivalent to & (T ATr)# > 0 and zeroing A(Ll’l), A(Ll’Q)

and A(LI’B) yields the system of equations:
0 = A(Ll) + 2614(1,2) + QSmA(Lg) —|— €2A(272) —|— 25€mA(273) + SQmQA(373);

2
sm sm
0= A(LQ) + TA(Lg) + EA(Q,Q) + QSmA(Q’g) + ( é) A(373);

0= A(1,3) + KA(ng) + SmA(g,g).

Substituting the expressions for the entries of matrix A and performing the
simplifications, the system of equations becomes:

0=M1—-0[2(1+0) =N —p[(1 =N —m)+1—tm]?
0 =020 —\) +p[(1 =N (€ —m) —m][(1 =N (£ —m)+1—tm]

— Qg N+ gy m (1= A)(1+ £ — N);

0=cayyu,(T+£—=X) —p[(1+£)(1—m)— A{—m)].
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The first equation yields p = pY, while from the other two we get:

2= 2=N]20—(1+m)]
Qg jug = 2\ + D )

(5.24)

Qyg,uy — EpL 5

where s:=14+¢—Xand D:=1—¢m+ (1 - \)({ —m).

The condition oy, 4, > 0 restricts the domain of regime pg. We have that
Oy, 4, Monotonically decreases with m since it holds that

dauhuo _ _(2_)‘> v
i h pr, < 0.

Therefore, o, 4, > 0 only if m < m, where m is the unique root of o, 4, -

e T ¢ ) B

(1—=N24+2(1=XN)+1~ 7

This bound on m appears in the branch of pY from (5.11). Moreover, as
shown in Lemma 5.A.6, this condition additionally implies 5 > 0. Furthermore,
D =5(1 —m)+ A(1 —¢) > 0 and hence we also have that ay, ., > 0.

It remains to determine the existence of a := 0y, 4, > 0 such that ay,,., >0,
Oy vy 2> 0 and Ap = 0. Recall that

Qugvg = 1+ Quyug — Qug,ug > O;
Qo og = Qlug,uy — Ouy,ug T Quguy — 1>0,

implying o € [[1 4 tuy,uo — Qug,us | +» 1+ 0y ). This interval is non-empty
due to nonnegativity of o, v, and g u, -

The first line and column of Az, being set to zero, it is left to prove the existence
of a such that the submatrix Ay, = (Ar)(2:3,2:3) is positive semidefinite, where
A, = [Aes + 2 ey + () Ass) A(2,3>X TAsH| (5.9

: (3,3)

Similarly to the previous case, the element A3 3y is unchanged when applying
the linear transformation 77, and, after substitution, it reads as

2(1 — 2
Az3) :Z’Zw*m+%],
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whose positivity is dictated by § > 0 (proved in Lemma 5.A.6).

In Lemma 5.A.7 we show there exists a € [[1+u, uo — Qug,uy ]+ 5 14y 0] SUCh
that det Ar(a) > 0. As in the previous case, this determinant is exactly the
second principal minor of the initial matrix A, namely det A;, = A2 2)A(33) —
(A23))%

Case 3. Regime py. This regime is valid when both proofs for pi and py
break. The PEP dual solution reveals the structure of non-zero multipliers,
ie., aygwy = 1, Quy e = 1+ and ayyu, = 2 + «, with some a > 0. The
extreme (worst) case is characterized by det A(a,p) = 0 and solving it for p
yields p = p(a).2 The critical points of p(a) are ’2% >0and =2 —1 <0,

it T+¢
therefore we select o = ;ff,": Plugging it back in the expression of p gives
() M0
Ps =P \1 ) T 0—00+m)32—(—m)2- N2
On the feasible domain of py we have py € [0,1] (see Lemma 5.A.8). Finally,
in Lemma 5.A.9 we prove that A > 0 with the choice o = % O

The current proof uses five multipliers, but the primal-PEP also shows that
the sixth possible interpolation inequality for ¢; holds exactly (due to the
extremal worst-case construction). Therefore, there exists additional flexibility
for proving the decrease.

The proofs of regimes py and py are parametrized in o = av,, , which must
stay in a definite range. For regime p%, as shown in Lemma 5.A.7, there exists
a unique multiplier that works on the entire feasible range, namely the one
maximizing the minor of interest. However, for pg, the maximizer of the minor
is not always within the feasible range.

Moreover, the multiplier values coincide with the dual-PEP numerics only
on the regime boundaries, where they are uniquely determined. Inside the
domains of pi and pY, the SDP solver may return any feasible dual point,
often without a stable pattern, so reverse-engineering multipliers from numerics
is unreliable. This explains why PEP certificates can be hard to interpret
and why one should avoid trying to identify all multipliers. Instead, provide
an independent analytical proof and then check it for consistency with the
PEP output. Nevertheless, PEP does confirm the mandatory relations among
multipliers — those enforcing the linear combination of function values in the
target inequality and those implied by cancellations in the slack matrix.

2For brevity, we omit to provide these expressions explicitly as they are very long; the
interested reader can check the symbolic script accompanying the proof.
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5.6 Numerical experiments

We test the optimized tunings from Proposition 5.3.1 and Conjecture 5.3.1
(for the iterate progress), and the tuning for the best subgradient obtained by
numerically maximizing the denominator in Theorem 5.4.1. We consider a
simple family: minimization of a quadratic function subject to unit ¢..- or
{5-ball constraints. Specifically,
L 5
p1(z) = 5% Yz,

where Y’s eigenvalues are prescribed in the range [u, L]. Its proximal mapping
is

() =T +~%) 'z

PrOXyp,
For the constraint term, we take either the indicator of the unit box (i.e., the £o-
ball) @2 = dg(o,1) or of the unit Euclidean ball ¢3 = g, (0,1). The corresponding
proximal mappings are projections:

1

———— (projection onto unit box; elementwise)
max(|z|, 1)

proXs, (2)=20

T

proxs, (z) = w2l D) (projection onto unit ball).

Setup: We fix L = 1 and, for several values of u, sample a grid over A € (0,2)
and v € (0, min{%, %} Each grid uses 52 samples per parameter and includes

the optimized values of (v*, \*)2 and (y*, A*)V. We report the mean number of
iterations to reach 10~8 accuracy in both criteria (iterate progress and residual
subgradient), averaged over n random instances in dimension d. A run is
terminated at Nyax = 1000 iterations; runs that do not meet the tolerance by
Npax are excluded from the averages.

As a general remark, empirical convergence is often faster than the sublinear
worst-case rates; nevertheless, there is a clear link between the optimized
worst-case tunings and empirically good choices in practice.

Box constraints. In Table 5.6.1 we report the best-performing grid configura-
tion alongside the performance of the optimized tunings for n = 50 instances
in dimension d = 20. The optimized tunings typically yield larger gains
as nonconvexity increases (more negative p). Between the two worst-case
measures, it is not clear which one is uniformly superior: optimizing the iterate
progress gives slightly better performance as p decreases, whereas minimizing
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the guaranteed residual subgradient performs better for u closer to 0. Larger-
scale experiments appear necessary to assess how consistently close they are to
the empirical best tunings. Empirically, when p > —L, the optimal tuning is
close to the largest possible stepsize, for which we take the maximum possible
relaxation, namely vL =1 and A = 2(1 + p).

Figure 5.6.1 compares the empirical and theoretical performance in the case
1= —L = —1. In Figure 5.6.1a, we report results for the case 4 = —1 on n = 30
random generated instances in dimension d = 30. The theoretically motivated
tunings lie near the empirically optimal region but remain slower: the tuning
based on the iterate progress bound requires roughly twice as many iterations,
while the tuning based on the residual subgradient bound is almost three times
slower. Nonetheless, both theoretical tunings fall within a regime of relatively
fast convergence, each requiring fewer than 200 iterations on average.

Ball constraints. In Figure 5.6.2a, we report results for the case = —1 on
n = 30 random generated instances in dimension d = 50. To increase the
difficulty of the problem, we use a softmax distribution of eigenvalues, so that
they are clustered near the extreme curvature bounds p and L. Figure 5.6.2
compares the empirical and theoretical performance in the case y = —L = —1.

The theoretically motivated tunings lie near the empirically optimal region but
remain slower: the tuning based on the iterate progress bound requires 22%
more iterations, while the tuning based on the residual subgradient bound is
about 50% slower. Nonetheless, both theoretical tunings fall within a regime of
relatively fast convergence, each requiring fewer than 50 iterations on average.

5.7 Non-invariance of DRS to curvature shifting

We conclude with a short note showing that Douglas—Rachford splitting (DRS) is
not invariant to curvature shifting, in contrast with the behaviour we exploited
for DCA. Consider

min ¢(s) = ¢1(s) + p2(s),

sER?
and fix a curvature shift ¢ € R and a stationary point s* € R? Define the
shifted pair

C *
P1(s) = w1(s) — §||S - 5%,

- c *
Pa(s) = 9als) + Slls = 5|,
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so that p1(s) + ¢a(s) = @1(s) + @2(s). We compare one DRS step from an
initial point s in the original and shifted problems.

One DRS step. For (1, p2) we have that:

U = prox.,, (s)
v = Prox,,, (2u — s)
st =s+ v —u),

whereas for (@1, @2) it holds that:

i =[id+7V&] " (s)
o = [id + v0@2] " (20 — s)
st =s+ Ao —a).

We ask whether % = st holds in general. The answer is negative.

Example 5.7.1 (Counterexample to shifting invariance for DRS). Let ¢1(s) =
15T As and ¢o(s) = 35" As with A = I, and take s* = 0. Then

1
Prox,, (z) = prox,,, (z) = m x

Define the shifted pair with ¢ = —1:

G1(s) = 35 As— §lls|® = 150sl”,  @a(s) = 5" As + §lsl® = L=Isl%,
so that

(@) : (@) :
rox. s (r) = ———— «x, rox. ;. (r) = ————— x.
PR T T P T g

With v = 0.5, A=1, and s = 0.5 we obtain:

o Original DRS: u= 25, v =2(2u — s) = 2s, hence sT =5+ (v —u) = s =

0.277.

o Shifted DRS (c = —1): prox x =

id, so =

#) = i = b and pros. (@) = gz =
15,0=20—s=0, and §" =s— (35) = 15 = 0.25.
Thus 57 # sT (here, 0.25 # 0.277), although the objective $1+ P equals @1 + 2.

Unlike PGD or DCA, the DRS iteration depends on how curvature is split
between the two terms: DRS is not invariant to curvature shifting (unless in
degenerated cases such as ¢ = 0, or when s is already a fixed point).
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With respect to the worst-case bounds for the iterate progress and the residual
subgradient, one can optimize the curvature shifting parameter. The tight
stepsize bounds that ensure convergence become

TE (Qmin{Ll—c’ —22(;—Ac)})’

which requires ¢ to lie in the interval

c¢E (u+u,L—l).
2y ¥
Jointly optimizing the three parameters: stepsize -, relaxation A, and curvature
shifting ¢, is left for future work. A key point is to define a suitable way to
compare the different progress guarantees across different choices, since the
resulting DRE value depends on both the stepsize and the curvature parameters.

5.8 Conclusion

We developed tight convergence guarantees for the Douglas—Rachford Splitting
(DRS) method when the objective decomposes into a smooth term and a lower
semicontinuous term with an existing proximal operator for sufficiently small
stepsizes. Using the Douglas—Rachford Envelope (DRE) as a Lyapunov function,
we established bounds on the iterate progress and the residual subgradient, which
we conjecture are exact.

Our proofs are fully analytical yet informed by PEP insights, yielding a
transparent recipe for constructing the bounds and selecting the associated
multipliers. Notably, a third, non—extreme curvature regime emerges for the
iterate progress metric when A € (1,2), while an analogous regime appears for
the subgradient metric when A € (0,1). This raises a natural question: are
these standard metrics optimal for worst-case analysis, or do they introduce
artifacts tied to worst-case constructions?

Practically, our results enable principled tuning of the DRS stepsize and
relaxation parameters to optimize worst-case behaviour for both metrics. Finally,
didactic numerical examples illustrate that these tunings translate into good
empirical performance.
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Table 5.6.1: Experiment: Smooth nonconvex quadratic s.t. unit box
constraints. We report the mean iteration count to reach 1078 accuracy on
problems with d = 20, averaged over 50 random initializations. The parameters
~v and A are varied over their admissible ranges on a 52 x 52 grid. We test
several values of the lower curvature bound p (with L = 1). For each criterion
(iterate progress and best subgradient) we report the percentile rank (top %) of
the theory-recommended tuning within the grid and also display the empirically
best configurations. Runs exceeding 1000 iterations are terminated and excluded
from the aggregate statistics.

W Optimized measure 0% A N* | Percentile

Iterate progress (A) 0.5000 1.5000 91.9 33.73

0 | Residual subgradient (V) | 0.8602 1.3379 59.2 14.78
Experiment 0.9990 1.9633 31.0 -

Iterate progress (A) 0.5000 1.5000 432.7 39.26

-0.1 | Residual subgradient (V) | 0.8068 1.2511 343.9 25.65
Experiment 0.9403 1.6422 137.7 -

Iterate progress (A) 0.5000 1.5000 117.4 22.93

—% Residual subgradient (V) | 0.6956 1.1089 115.4 21.87
Experiment 0.9794 1.1089 42.5 -

Iterate progress (A) 0.4963 1.4635 144.4 25.73

—% Residual subgradient (V) | 0.6672 1.0783 152.5 28.7

Experiment 0.9599 1.3211 53.9 -
Iterate progress (A) 0.4797 1.3411 87.2 19.98
-0.5 | Residual subgradient (V) | 0.5758 0.9900 85.7 19.32

Experiment 0.9786 0.9630 43.1 -
Iterate progress (A) 0.4582 1.2303 148.3 18.33

—g Residual subgradient (V) | 0.5000 0.9260 207.4 35.13
Experiment 0.6528 1.0740 68.8 -

Iterate progress (A) 0.4064 1.0550 71.1 6.12

-1 | Residual subgradient (V) | 0.3899 0.8436 118.3 24.47
Experiment 0.4706 0.8930 40.5 -

Iterate progress (A) 0.2704 0.8114 40.6 4.89
-2 | Residual subgradient (V) | 0.2300 0.7389 52.1 15.41
Experiment 0.2744 0.6432 29.8 -
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(a) Contour plot of the average number of iterations to reach 10™® accuracy (mean
over 30 runs with randomly generated initial points) for a problem of dimension
d = 50 in the smooth nonconvex setting (u = —L) with linearly distributed eigenvalues,
subject to unit box constraints. Highlighted markers indicate the following parameter
choices: (i) best empirical tuning: (y*,\*, N*) = (0.4223,0.8531, 58); (ii) theoretical
tuning from the subgradient bound: (y*,A*, N*)V = (0.3899,0.8436, 154.7), ranked
within the top 16.31% of all tested parameter pairs converging in less than 1000
iterations; (iii) theoretical tuning from the iterate progress bound: (v*,\*, N*)* =
(0.4064, 1.0550, 117.7), ranked within the top 6.15%.
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Figure 5.6.1: (DRS) Comparison of empirical results with the theoretical
worst-case for smooth functions with 4 = — L, under both performance criteria,
using linearly distributed eigenvalues and a box-constrained setup.
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(a) Contour plot of the average number of iterations to reach 107® accuracy (mean
over 30 runs with randomly generated initial points) for a problem of dimension d = 50
in the smooth nonconvex setting (1 = —L) with softmaz-like distributed eigenvalues,
subject to unit ball constraints. Highlighted markers indicate the following parameter
choices: (i) best empirical tuning: (y*, A", N*) = (0.4849,0.8847, 30.6); (ii) theoretical
tuning from the subgradient bound: (y*,A\*, N*)V = (0.3899, 0.8436, 47.6), ranked
within the top 10.57% of all tested parameter pairs converging in less than 1000

iterations; (iii) theoretical tuning from the iterate progress bound: (v*,\*, N*)? =
(0.4064, 1.0550, 37.5), ranked within the top 2.75%.
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Figure 5.6.2: Comparison of empirical results with the theoretical worst-case
for smooth functions with 4 = —L, for both performance criteria, using a
softmazx-like distributed eigenvalue spectrum and a ball-constrained setup.



Appendix

5.A Helper lemmas for deriving the bounds on
residual subgradient

In this appendix, we provide the lemmas used in the proof of Theorem 5.4.1,
given in Section 5.5.5, showing the descent bound on residual subgradient.

5.A.1 Helper lemmas for regime pZ

In this section, we consider the feasible range of regime p/Y, with ¢ € (0,1),
m <0, € [1l+m,2(1+m))N(0,2) and S = py(é,m, ) —pY (€,m, \) < 0, where
plY and py are defined in (pIY) and (p) ), respectively. A handy observation is
that 1 +m > 0, since A > 0.

Lemma 5.A.1 (Positivity of A3 3y). On the feasible range of regime pi it
holds that Az 3)(a) > 0, with a > 0, if and only if a« < &, where

D= @m0+ m) — N [piedy - (- m)]
&= S F )2 : (5.26)

)\7(1+m) ] )

Moreover, & € (0,2 X(iTm)

Proof. Substituting into A3y = 20yy,u;, — (£ — m)p, after simplifications we
get
A —2(1 —m)(1 +m)?

Y poarmiirm Nt

(1 —m)[2A + (2 — N)[2(1 +m) — A]

MN2(L+m) — N -t

212
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Imposing its nonnegativity implies the constraint « < a. This bound is
nonnegative, as implied by lower bounding with ¢ < 1, and is actually tighter

than 2)‘/\7(512';) due to

A=(ltm) _ o (C=m)A = (1m0 +m) -\
A(l+m) 2(1 = m)(1+ m)? :

O

Lemma 5.A.2 (Positivity of det A,,). On the feasible range of regime plY, there
exists a € [0, ), with & given in (5.26), for which det A, (a) > 0, where A,(a)
is defined in (5.22).

Proof. We expand the expression of det A4, (a) from (5.22) and observe that it
is a concave quadratic in parameter a:

_ 2
et A () = 2 E w0t

with
b=X(1—-m?)(1+m)’\—(1+m)*>0;

az = — N1 -m)1+m)*\—(1+0]*<0;

(5.27)
a1 =221+ 01 +m)[A = (1+m)]aq;
ap = (1 +m — >‘)2q07

where ¢p and ¢; are polynomials in (¢, m, \):
qo(l,m,\) = —2(1 —m)[2+2m(1 — N)? — X2 — \)?] 2
—(T+m)[8 = A2+ A (2= N2 +2m(A\> — 207 +4)\ — 4)] 0 +

m?(20% —4X? +4) — mA2 (A% — 6\ +4) — M + 807 — 4;
(5.28)

g1 (6,m, \) = [2(1 = m?)(1 = \) + XN2(3+m — N\ +
(5.29)
N 24 m(1+m)A2+2(1 —m?) (1 - N).

We examine the behaviour of det A,(a) at the extremal points of the
interval and the unconstrained optimizer, namely o € {0,a,a*}, where
a* = arg max,[det A, (c)].
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At the lower bound a = 0 we obtain:

(14+m — \)?

det A, (a =0) = b 4o,

hence sgn(det A, (a =0)) = sgn(qo). On the other hand, at the upper bound

the determinant det A, (&) is negative since it can be written as:

N = N (£ —m) — €0+ m) + 22+ m — N2[2(1 +m) — A2
det A (@) = 2L —m)(L+ m)b '

Moreover, the slope of det A, () is negative at & (see Lemma 5.A.3):

_ 2a2a+ay <0

(det A,) (o = a) 2 <0,

hence a > a*. Nonetheless, the unconstrained maximizer is

. a1 I+ 0N = (14+m)]

R, PV § Qe G e T R W P e

Evaluating its determinant we get

a? —4agay  K(-95)
—4(12[) B —4a2b’

det A, (a*) =

where K (¢, m,\) is defined as

_ A= m)A+m) 1= O = A+ m)PL =N —m) +1— m]?

K
{—m

K=2(+m)1+ 01 +m) =N +tm+m?+L+m—1).

We have that sgn(a*) = sgn(gi) and det A,(a*) > 0 on the domain with S <0,
due to K > 0 (see Lemma 5.A.4).

The existence of a feasible a > 0 results from Lemma 5.A.5, stating that ¢; and
go cannot be simultaneously negative on the domain of regime py. Then, since
we already have a* < @, it results that there exists is a feasible point a € [0, @]
with det A, () > 0, concluding the proof. O

Lemma 5.A.3. On the feasible range of regime pZ it holds that 2asa + a1 < 0,
where a is defined in (5.26), and a1 and as are given in (5.27).

Proof. We have that

2a2a + a1 = N (1+m)[A — (1 +m)]G,
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with
G = (C+m)[2(1+m)— Al
—L[2(2 = A)m? +2(1 — N)m + \* — 422 + 3\ — 2]

+ [2(N +3X = 3)m® + (N — 4N + 33X — 2)m + 2(A\° — 4\ + 2)] .

Recall S = pi — pY, which rewrites as

Al —m) 3
Im+ (¢ —m)(A—1)—1]2(1 —m)(1+m)? "’

where its sign is dictated by S defined as follows
Si=(44+40 —TA+2)%) + N4\ — N2 —5) +

+m(A® — 407 4 2)0) + m2 (30N — 40+ 5\ — 207 — 4).

We show that G < 0 whenever S < 0, by proving that H = @

nonnegative. After simplifications, H has an affine dependence on \:

is

H=[1-0~¢+m)(1+m)A+2(1+0)(1+m)(f+m).

Its minimum is reached at one of the edges of the A-interval [1 + m,2(1 + m)].
At the higher end,

H(A=2(1+m)) =2(1—-m)(1+m)>>0.
At the lower end,
HA=1+4+m)=(14+m)Z,

with
Z(t,m) = (1+m)(14+£) + 02 —m?

We demonstrate that Z > 0 when S < 0. Note that it is convex quadratic in /¢
and also strictly increasing with ¢ since % =2(+ (1+m) > 0. Thus,
Z(,m) > Z( =0,m) =1+m—m?. (5.30)

Because 1+ m — m? is increasing on (—o0,0], its minimum is reached for
the minimum m satisfying S(m) < 0. This minimum, larger than —1 due to

1+ m > 0, is determined below.

With A = 1 + m in the expression of S we get

S\ =1+m) = (1+m)[20(1 +m?) — p(m)],
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with 1(m) = m3 — m? + 3m + 1. Due to S < 0, we have that 1(m) >
20(1 +m?) > 0. Moreover, ¢/(m) = 3m* —2m + 3 = 3(m — 1)+ § > 0, hence
¥(m) is strictly increasing. Together, we have a lower bound for m € (—1,0],
namely the scalar r for which v (r) = 0. Because no exact root is available in
analytical form, we use an under approximation of it. More precisely, due to
¥(5t) = 57 and ¢¥(0) = 1, we have that r € (5},0) and we take 7 := St <r.
Finally, by replacing in (5.30) we obtain

5
Z(é,m)zZ(ezo,m)sz—m?z1+f—f2:§>0.

Consequently, the edge H(\A = 1+ m) is also positive, hence G < S. O

Lemma 5.A.4 (Proof of K > 0). On the feasible range of regime plY it holds
that K (yL,yu,\) > 0, where

K(,m,\) =2 +m)A4+L)(1+m) =N +tm+m?+L+m—1).

Proof. The first term is always positive. If £2 + m + m2+/4+m—1<0, then
the result is trivial. Otherwise, we lower bound K using that A < 2:

K > 2[m*0+me(1+¢) +1].

This lower bound is a convex quadratic in m < 0, with minimizer m =
_ 2
a z)(e4+3e+4) S0 0

—(14-0)
2
and minimum

Lemma 5.A.5. On the feasible range of regime py it holds that
{t,m, \) : go(€,m, \) <0} {(¢,m,\) : ¢1(£,m, \) <0} =0,

where qo and q1 are defined in (5.28) and (5.29), respectively.
Proof. Blueprint of the proof:

i) Firstly, we show that go is a concave quadratic function in variable ¢ and
strictly decreasing for £ € (0,1). For this, we prove that d?qq(¢, m,\)/d¢?> < 0
and dqo(£,m, A)/dl|e=o < 0.

ii) Then we demonstrate that g; (¢,m, ) < 0for all £ € (0, £], with a well-defined
L.

iii) Finally, we show that go(€,m,\) > 0, thus the conclusion.

Reinterpreting the interval of A we have that m € [§ —1,[A — 1]_].
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i) We rewrite qo(¢,m,\) = —2(1 — m)ra(m, \)€? — (1 +m)ri(m, )€+ ro(m, \),
with

ra(m, A) = 2+ 2m(1 — \)? = \(2 — \)?
ri(m, A) =8 = A2+ N (2 — A2 +2m(\% — 202 + 4\ —4)

ro(m, A) = m?(20% — 42 +4) — mA?(A2 — 6\ +4) — AT 4807 — 4.

(a) Proof of d?qo(¢,m,\)/d¢* < 0. It is equivalent to showing that ro(m, \) >
0. Because it has positive slope in m, its minimum is reached at the lower
end of the m-interval, m = % — 1. After substitution and simplifications
we get r2(3 — 1,A) = A > 0.

(b) Proof of dgo (£, m, \)/dl|i=o < 0. It is equivalent to showing that r1 (m, A) >
0, which is affine in m, thus its minimum is reached at one of the edges of
the m-interval. Evaluating at these points we have:

rl(m:%—l,)\) =24 - N1+ (1-)1)? >0

ri(m=X—1,2)=(1-X*+10(1 — \)? +5 > 0;

ri(m=0,0)=8-A2+A)(2-X1)?>8-2(2+2)(2-1)>=0.

Since m < min{0, A — 1} implies X € [1,2), the last inequality holds when
m = 0.

ii) Let wy(m,\) = —=2(1—m?)(A—1)+ A %(3+m —)) be the slope in parameter

£ of ¢1(¢,m,\); we prove that it is positive. For A € (0, 1], it is readily seen

that wq(m, A) > 0 since m > —1. When A € (1,2), we investigate the minimum

value of w1, which is convex 2quaudrautic in m, with minimum attained either at
—A

the critical point m,, = oD O at the endpoints of the m-interval [% —1,0].

The critical point is not feasible because

A —[143(1 =\
R

2
Evaluating w; at the edges of the m-interval yields:
A (2-N)2

w1(§—1,/\) =2-

<0.

> 0;

wi(0,N)=1—A=1>+A1>0.
Hence ¢1 (¢, m, A) is monotonically increasing with £ and ¢; (¢,m, ) <0 for

(1—m?)(2- )2

¢ wi (ma /\)

IN

{=1-— < 1.
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Additionally, we directly observe that ¢, (¢ = 1,m, \) > 0, using the rewriting
a(t,m,\) = (1—m?)(2-N)? = (1 - Dw,.
iii) Evaluating go(¢ = £, u, \), after simplifications we get

A2(2 = A)2(1 — m2)[A — (1 +m)]
A2(B4+u— )+ 2(1 —m?)(1—N)?

q0(€:£7u7A) = H(mv)‘)7

and we show the positivity of H which reads as
H(m,A) =4\ — 1)m® — 2(A% — 5A% + 4\ — 2)m>+
(A' = 10A% + 2407 — 12X + 4)m + (AT — 407 — 207 + 16X — 4).
Using that:
Ho:=H(m,A=1+m) = (1+m)?[7T —m(m?* — 5u+ 3)] > 0;
Hy = H(m, A =2(1+m)) =4(1 —m)*(1 +m) >0,

we can rewrite H as follows:

2(14+m) —A
(14+m)

A—(1+m)

H(m,\) = T m)

Hy + H, +

[2(1 4 m) — AJ[A — (1 4+ m)]R(m, \),
where
R(m,\) = —(1+m)A? + (—=m? +4m + )X —m?® + 5m? — 3m + 7.

Because A € [1 4+ m,2(1 4+ m)], it remains to prove R(m, ) > 0 on the same
interval. Note that R(m, \) is concave in A, thus its minimum is reached at the
boundaries:

R(m,A=1+m) =7+ (-m)(3m*> —5m+1) > 0;
R(m,A=2(1+m)) =5+ (—m)[Tm* + (1 + m) + 4] > 0.

In conclusion, H(m, ) > 0 and consequently ¢o(¢ = £, m, \) > 0, for all £ such
that g1 (£,m, \) < 0.
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5.A.2 Helper lemmas for regime py

We consider the feasible range of regime py , with £ € (0,1), m <0, X € (0,2),
2

A<2(l4m),m <m:= % and S = p, V(l,m,\)—py (£,m,\) >0,

where p) and p) are defined in (py) and (p}), respectively.

(2—=2)2—2(1—0)

Lemma 5.A.6. On the domain of pg, with m < m = BT ey

holds that s . =1+0¢—X> 0.

1t

Proof. Note that s > 0 when A\ < 1. Further on, we consider A € (1,2). We
prove § > 0 by contradiction, namely we assume £ < A — 1. We upper bound
the inequality A < 2(1 + m) by using the condition

(2-XN2%-2(1-19

<7 g
e TN 21— N+ 1

whose denominator is always positive because: (i) it is linear in ¢; (ii) for £ =0
it becomes 1+ (1 —\)? > 0; (iii) for £ = 1 it reads (2—\)? > 0. Then we obtain
A < 2(1 +m), which after multiplying by the denominator of m implies

3 7 -
0<2[(A=3)"+ 76— X +6X° — 1A +8.
The r.h.s. is affine and increasing in ¢. Then its maximum is reached at { = A —1

and the inequality becomes

0<2[(xA— g)2+£](>\—1)—>\3+6)\2—14)\+8: —(2-3A* <0,
which is a contradiction! O

Lemma 5.A.7. On the domain of regime py , with cuy, uy and cuy, 4, given in
(5.24), there exists & € [[14 0ty up — Qugyus )+ » 1+ Quy ug ] Such that det Ap (o) >
0, where Ar(«) is defined in (5.25). Moreover, o := argmax,, Ar(c) is a viable
candidate solution.

Proof. Recall the previously defined expressions: § =1+ ¢ — A (proved to be
nonnegative in Lemma 5.A.6) and D =1—¢m+ (1 — X\)(£ —m) > 0.

Substituting the expressions of p = pY, Quya, and Oty ,uy» We have that
det Ap(a) = A@2,2)A@3,3) — (A(273))2 is a concave quadratic in parameter a:

a2a2 + a1+ ag

det AL(O[) = b )
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with b= A2D352 > 0, ay = —b < 0,

ay = 2D3N(2 — N (1 +0) qi;

¢ = 5[1— (1—m)py].

ao has a long algebraic expression which we do not present here explicitly. Using
symbolic toolboxes, we are able to compute A := a3 — 4agas,

_ gV 4X253D5(1 —m2)2(D + 1 — ¢?)
- pL g_m

A

(From this expression, a compact formula of ag can be derived.)
Observe that A has the sign of S > 0. The determinant is maximized by

T T a2 o
and the maximum value is
A (1-m?)%(D+1-1?)
det A; (a*) = —— = SpY .
etAr(a’) —4agb PL (£ —m)A\3s

Since S > 0, it follows that det Ar(a*) > 0. Let a == 1 + quy ug — Qug,uy and
a =14 o, u, 2> 0 be the bounds of the admissible interval. The expressions
of these points are:

_ —2pYD+ (1+0)(2—\)

Q{ )\s )
_ (2—)\)(1—|—Z—pgD)
‘= A5 ’
implying
o — = A1 —0)%(1 +§nl;)2[2(1 +0-A _ (@ —E)él +m)pZ > 0;
6ot — Al=—m)(1—=20)(2=N)[2(1+¢) — ) _ (2—)\)(€—m)pg >0

sD? s -

Therefore, a* € [a,@]. Finally, we show that o*, which has the sign of ¢y, is

nonnegative. Using the rewriting plY =252 ﬁ), q1 rewrites as
_ L (T+m—N)?
@ =35[1—(L—m)py +(L—m)(py —p))] = S[W + (1 —m)S],

which is nonnegative on the feasible domain with S > 0. To conclude, o* is a
choice that works within the feasible range. O
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5.A.3 Helper lemmas for regime py

Consider the feasible range of regime py , which is complementary to the ranges
of pz and pY . Specifically, we have that £ € (0,1), m <0, A € (0,1 +m) and

m>m = M% The condition A < 1+m imposes A < 1. Moreover,

the constraint 0 > m > m forces 2(1 — £) > (2 — \)? > 1, where the second
inequality is the minimum of (2 — \)2. Therefore, ¢ < %

Lemma 5.A.8. On its feasible regime, we have that py (¢, m,\) € [0,1].

vV N3
Y =

Do where the numerator and denominator are defined

Proof. We express p

as follows:
4 —m).

)

N3 = A2(144) — \] — T

D3 = (1—0)(1+m)*—(£—m)2— N>

Evaluating their gradients we get:

W0 (o 4200~ )1 +m);
dNs  4(1—20)

dm - (I—m)?

We denote m := A — 1. The lower end interval for m < 0 is max{m,m}.

1. Proof of pg > 0. We show that both denominator and numerator are
nonnegative. Inspecting their expressions, we observe that they increase in m
and therefore achieve their minimum at max{m, m}. At these points, one can
check the following identities:

Ds(m) = (m —m)[(1 =) +20(1 = \) +1];

(1—-02—=N?200+0)— N

Dam) = = =m) = s ia =y +1

Ny (i) = Zsﬁﬁ;\);
N3(m) = 7_Di(m)-

The maximum between m and m dictates the signs. For m > m, it results that
Ds(m) > 0, thus also N3(m) > 0. Similarly, for m < m, we get D3(m) > 0 and
Ds(m) <0, hence N3(m) > 0. In conclusion, both D3 and N3 are nonnegative.
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2. Proof of py < 1. We show py({,m,\) < py(¢,0,\) < 1 by (i)
demonstrating that py is increasing in m; and (ii) evaluating its maximum at
m = 0.

i) We prove % = Nl(m)D(ng))zzn]j)(m)D/(m) > 0 by showing that H(m) > 0, where

H(m) == (1 — m?)[N'(m)D(m) — N(m)D'(m)]. We demonstrate its monotone
increase with m and that it reaches its maximum for m = 0. Its first derivative
H'(m) reads as:

H'(m) = 2H(m)Hs(m),

where
Hy(m) = (2= X+ (1 +3m)(1 - £);

Hy(m) = (2— M) (A =20 +m[2(1 - )X+ (2 - V).
The slope of Hy(m) is nonnegative, hence

Hi(m) > Hy(m) > (/\—%)2+§+(%—£)+3£(1—)\) > 0.

On the other hand, Hz(m) has a nonnegative slope, thus its minimum on the
feasible range is reached at the lower bound max{m, m}, where

Hy(m) = (m —m)[(1 — A)2 +20(1 — \) + 1];
Hy(m) = — (m —m)2(1 — 0).

Hence, Hy(max{m,m}) > 0 and therefore H(m) > 0. Further on, evaluating
H at max{m,m} gives

H(m) = Ha(m)* > 0;

81022 - N1 HE=N)
m) = [(T=X2+201—\)+ 17 Ha(1m)® = 0.

Therefore, H(m) > H(max{m,m}) > 0 and hence py is increasing in m.
ii) Its maximum is obtained at m = 0, namely

(1—0)(1—N)?
-0 — 02— N2

Due to A < 1and ¢ < 3, the denominator is nonnegative and hence py (¢,0, \) <

1. Nevertheless, substituting m = 0, A = 1 and ¢ = 1 yields the maximum value

2
py (3,0,1) =1.
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Lemma 5.A.9. The slack matriz A, defined in (5.20), is positive semidefinite
with the choice p = py and non-zero multipliers cvyy vy = 1, Gy vy = 1 +a and
Qo uy = 2+ a, where o = %

Proof. By construction, det A(a)) = 0. After substitutions, the second principal
minor becomes

[0(1 —m)+ 3+ m] [A1 —2m +m?) —2(¢ —m)(1 —m)]?
X2(1—m)(1+m)2Ds ’

det A(2:3,2:3) =

where D3 == (1 —£)(1+m)? — (¢ —m)(2 — \)? is proved to be nonnegative in
the proof of Lemma 5.A.8. Consequently, det A(2.32.3) > 0.

Nevertheless, proving A3 3) = 2(2+ «) — (£ —m)p > 0 reduces to checking that
p3v < WM. The latter results by bounding (1+m)‘1(£7m) > 17‘;12 > 4 and

employing py < 1 (see Lemma 5.A.8). O







Chapter 6

Outline and future work

6.1 Summary

In this thesis, we provide tight analyses of standard first-order methods for
smooth and composite optimization problems. The key methodology supporting
these results is the performance estimation problem (PEP) framework, which
both guided and confirmed our analyses. Beyond obtaining non-improvable
convergence rates, an important contribution of this work is the development
of systematic analytical proofs that deepen the understanding of worst-case
scenarios.

In Chapter 3 we completely analyse gradient descent, the classical method
for unconstrained optimization, for any constant stepsize choice, covering both
nonconvex and convex functions. Our analysis is among the few to establish
tight bounds for arbitrary stepsizes and curvatures, as it moves beyond simple
one-step inequalities. Typically, due to their inherent difficulty for any stepsize
choice, exact analytical studies are restricted to specific stepsize sequences, which
streamline the proofs and usually provide better worst-case guarantees. Our
proof technique is a sum-of-squares method, where the terms are constructed
to capture the worst-case behaviour (as their cancellation provides necessary
conditions for worst-case functions). The interpolation inequalities are linearly
combined through certain multipliers, whose expressions were obtained by
solving a linear system via a systematic cancellation procedure, in contrast to
the common PEP-based approach of guessing them. Leveraging this analysis,
we also propose a universal stepsize sequence that is independent of the iteration
count. Preliminary worst-case experiments suggest this sequence is optimal for

225
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performance measures based on consecutive iterations, which is the only setting
that yields iteration-count-independent guarantees so far. This sequence still
has to be tested on relevant practical applications.

In Chapter 4 we apply the same complete analysis to the proximal gradient
descent (PGD) algorithm, the natural extension to the constrained case,
examining it through the lens of the difference-of-convex algorithm (DCA).
We establish tight analytical convergence rates for all curvature combinations of
the two component functions; some rates are proven, while others are conjectured.
The analysis is more challenging than that for gradient descent, as most rates
required more complicated sum-of-squares decompositions. A key element in
this construction was the inclusion of terms reflecting (sub)gradient differences
and consecutive iterate distances. The conjectured expressions extend those
for unconstrained gradient descent, and their demonstration is left as further
work. Moreover, for standard convex constraints, we recover the same optimized
constant and scheduled stepsize sequences as for gradient descent, resulting
from identical rates and the same underlying descent lemma. Additionally, we
show that PGD stepsize sequences can be translated to DCA settings where
curvature shifting is beneficial (i.e., when the subtracted function is smooth).
This allows for a DCA version with adaptive curvatures that vary at each
iteration, contingent on the strong condition that the first function has an
available exact convex conjugate. Practical validation of this adaptive version
is left as future work.

In Chapter 5, for the Douglas—Rachford splitting method, we establish
sublinear tight convergence rates under relaxed curvature assumptions, requiring
only prox-boundedness of the nonconvex function, the most general smooth
setting, and covering all admissible choices of stepsizes and relaxation parameters.
The analysis, based on two standard performance measures (iterate progress
and residual subgradient), improves upon existing state-of-the-art bounds.

In Table 6.1.1, we present a concise summary of the previously open problems
that have been resolved, compare with the state of the art, and list the problems
that remain open.
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6.2 PEPterns: Concluding remarks on PEP-based
proofs

This section summarizes my personal insights on how to derive PEP-based
proofs. The remarks are tailored to the performance criteria emphasized in
this thesis, namely bounds on a (best) gradient norm under a bounded initial
optimality gap (or suitable surrogates). In this setting, descent-type inequalities
often yield performance guarantees through simple telescoping arguments, and
the key quantities are typically easier to track than for other criteria, such as
bounding fx — f. under an initial distance condition ||zg — 4| < R.

Summary of takeaways. The PEP viewpoint suggests a useful unifying
template for deriving exact worst-case bounds for fixed-step first-order methods.
In the end, the target statement is typically a quadratic inequality of the form

z Az > 0,

where z stacks the relevant algorithmic quantities (iterates, gradients,
subgradients, or auxiliary points) and A is a symmetric slack matriz obtained
from a linear combination of interpolation inequalities. For instance, in our
gradient descent analysis for best gradient norm subject to initial objective
gap, one can take x = [go, g1, ..., gn| ', and feasibility of a proposed dual
certificate reduces to showing A = 0. This perspective clarifies why many exact
analyses (including the ones in this thesis) naturally reduce to (i) identifying a
small set of active inequalities and (ii) proving positive semidefiniteness of a
structured matrix. This slack matrix structure is used in particular to derive
the rates for DRS in Chapter 5, where an extended blueprint is provided in
Section 5.5.3. However, it can also be used to reformulate the proofs for GD
(Chapter 3), PGD/DCA (Chapter 4), and may be useful, as further work, to fill
in the in PGD/DCA exact analysis, namely to prove the series of conjectures in
Chapter 4 (Conjectures 4.2.4, 4.2.5, 4.3.1 and 4.6.2 for DCA or Conjectures 4.2.3,
4.6.1 and 4.6.3 for PGD).

Remarks on how the proofs are found. A recurring practical issue is that
the dual multipliers are rarely unique. Consequently, a successful analytical
derivation usually starts with a careful reduction of the interpolation system:
remove redundant inequalities, keep a minimal set of active constraints, and use
them as the guiding structure for the proof. In many cases, numerical PEP runs
for small horizons (N = 1,2,3,...) are sufficient to reveal which inequalities
are active and to suggest a pattern for general N. This “pattern mining” is
effective, but it must be used with caution: as the Gram matrix dimension
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grows, numerical accuracy deteriorates and small residuals become difficult to
interpret (e.g., distinguishing a truly zero entry from a numerical artifact). This
limitation disappears in fully symbolic derivations.

A second recurring phenomenon is that multi-step guarantees often follow from
one-step identities. Once a suitable one-step inequality is established, the V-
step statement is frequently obtained by telescoping (possibly after reweighting
terms). This is particularly common when the performance measure is a sum
of per-iteration decreases, or when the proof tracks a potential function.

A constructive route to worst-case values. A pragmatic way to guess
the exact worst-case value is to assume that, at the worst case, the active
interpolation inequalities hold with equality (preferably for a minimal active
set). One can then algebraically “massage” these equalities until the performance
metric appears explicitly, and complete squares with nonnegative coefficients.
Discarding the remaining nonnegative terms (typically sums of squares with
nonnegative coefficients), yields a candidate worst-case expression. When this
procedure succeeds, it provides both (i) the candidate tight constant and (ii) a
clear certificate structure explaining why the bound is tight.

General proof template. All PEP-based proofs used in this thesis follow
the same logical structure: a nonnegative linear combination of interpolation
inequalities yields an inequality of the form

(initial condition) — (performance metric)

— Zam- (interpolation inequality) > 0,
(]
where «;; are multipliers of inequalities connecting iterations 7 and j.

Embedding the initial condition (and any optional terms, such as an optimal
value f*) into this combination typically produces

1. several explicit linear constraints on the multipliers (o ;), and

2. a quadratic form representation x' A(we,a)x > 0, where the candidate
worst-case value wc is embedded in the slack matrix A and « denotes the
multipliers.

Establishing the bound then reduces to selecting (wc, ) such that A(a,wc) > 0.
When an analytical expression for wc is available (e.g., from inspection of
small-horizon numerics and an informed guess), the remaining task is to certify
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A > 0. Otherwise, wc can be obtained as the largest value for which A(we, «)
remains positive semidefinite for some admissible multipliers, as discussed in
Remark 5.5.1; this viewpoint was useful in deriving the regimes p?’V for DRS
in Chapter 5.

For compactness, the algebra is often carried out by treating the iterates and
gradients as scalars. This does not restrict generality: the resulting inequalities
depend only on inner products and can be lifted to arbitrary dimension through
the Gram matrix representation.

Encoding worst-case structure. FExact bounds typically encode a specific worst-
case structure (e.g., a quadratic model or a particular operator configuration). A
principled approach is to identify the relationships characterizing the conjectured
worst case and to enforce them in the certificate, either by completing squares
or by an equivalent quadratic form representation. For example, if a regime is
attained by the quadratic function f(z) = £||z[|* (as suggested by small-horizon
PEP experiments), then for gradient descent with stepsize v the gradients satisfy
gk+1 = (1—~L)gg. Consequently, cross terms such as (gx+1, gx) can be handled
by introducing the residual square

llge+1 — (1 —yL)gill* > O,

which is essentially a Young-type completion; it makes the worst-case relation
explicit and enables systematic cancellations.

Slack matrix manipulations. A crucial step is to rewrite the slack either (i) as
a sum of squares (closely aligned with classical “Lyapunov”-style arguments) or
(ii) as a quadratic form x T Az with A = 0. The sum of squares representation is
particularly informative: it often reveals the worst-case scenario by indicating
which residuals must vanish at equality.

In some analyses (notably for DRS in Chapter 5), it is advantageous to encode
worst-case relations directly at the level of the slack matrix, without constructing
a sum of squares decomposition upfront. Concretely, one applies a linear change
of variables x — & = T'x so that T isolates residual coordinates that vanish under
the conjectured worst-case identities (see Section 5.5). Since these residuals
appear as squared terms with nonnegative multipliers, they can be treated
as discardable in the certificate; the remaining coordinates must then cancel
through the choice of multipliers. The transformed matrix T AT is typically
enforced to be singular and structured: canceling selected entries yields equations
for both the multipliers and the worst-case value, while nonnegativity of the
remaining principal minors delineates the parameter range of the active regime.
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To illustrate the mechanism on a simple example, consider = = [gx, gr+1]' and
the relation gg+1 = (1 — yvL)gg. Define
1 0
1 -1 |-
1—~L 1—~L

If the original slack is " A(we, ) , then after this change of variables the slack
matrix becomes

= Jk+1
T = =Tz, T =
[(1 — WL)!JIJ

A2y +2(1 =vL)Aq )
. ) , —(1=7L)An2) — A2
T AT = m + (1 - ’YL) A(l,?)

A(2,2)

In this representation, the enforced worst-case identity yields a singular structure:
positive semidefiniteness is governed by the remaining principal block A 2y,
while canceling the (1,1) and (1,2) entries yields equations determining the
multipliers and the worst-case value. Moreover, the condition A2 > 0
delineates the parameter range in which the corresponding regime is active.
This “transform-and-cancel” approach extends to multiple iterations and often
reveals stable patterns in both the multiplier structure and the resulting worst-
case expression.

Limitations and drawbacks. Despite their exactness, PEP-style proofs have
several drawbacks:

1. Non-uniqueness of multipliers. Even for a minimal active set, dual
multipliers are typically not unique, which can make symbolic identification
difficult. Moreover, within a given regime, several subdomains may admit proofs
with the same minimal number of active interpolation inequalities, while relying
on different active sets. At regimes boundaries, however, the multipliers are
unique because the adjacent proofs coincide.

2. PSD verification can be nontrivial. After cancellations, one still needs
to prove A = 0. The remaining matrix can be structured, but algebraically
delicate, as observed in Section 5.5 for DRS.

3. Low interpretability in the raw form. Without additional rewriting
(e.g., sum-of-squares), the resulting certificates can look far from standard
descent-lemma analyses.

4. Non-uniqueness of worst-case instances in higher dimension. In one
dimension, extremizers are often essentially unique up to trivial transformations,
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while in higher dimension multiple non-equivalent worst-case constructions may
coexist.

Possible extensions. These observations suggest several extensions and
methodological directions:

¢ Systematic “active-set” identification. Developing principled rules to
reduce interpolation systems and predict active inequalities could significantly
shorten analytical derivations.

e Automated symbolic PSD proofs for structured slacks. Many slack
matrices encountered here have low-rank or block structure; exploiting such
structure could enable more routine certification.

¢ Low-dimensional extremizers and rank-promoting heuristics. When
searching for worst-case instances, trace/log-det heuristics can sometimes
promote low-rank Gram matrices; understanding when these heuristics succeed
(or fail) remains an open practical question.

¢ Regime boundaries and optimal tuning. FEmpirically, optimized
parameters often lie on boundaries between regimes, which may explain why
tuning problems frequently reduce to checking finitely many candidate patterns.
Formalizing this phenomenon could lead to simpler tuning rules.

Overall, the PEP framework is best viewed not only as an SDP that produces
numerical worst-case certificates, but also as a proof design language: it suggests
what to combine, what must cancel, and which algebraic identities encode the
worst-case structure. The challenge is to translate these certificates into short,
interpretable arguments that match the style and intuition of the optimization
community.

6.3 Future work in tight convergence analysis

GD stepsizes. While we proposed a stepsize sequence that is independent of
the iteration horizon N and appears optimal for guarantees based on consecutive
inequalities, this sequence remains dependent on the chosen performance
measure. For example, in the (strongly) convex case, tracking a complementary
rate (such as f(@n) = f/|jzg — 2*||?) requires reversing the sequence. This is
consistent with the H-duality phenomenon [67], which is obscured when using
constant stepsizes. This limitation highlights several key research directions.
First, a primary goal is to find an optimized sequence of stepsizes that is
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independent of both the horizon N and the chosen performance measure. Second,
such a “universal” schedule could be directly translated to Proximal Gradient
Descent (PGD) settings, since, as we showed (with formalization left as future
work), the descent lemmas from gradient descent can be translated to proximal
gradient descent. Moreover, this dependency on performance measure raises
a more fundamental question: what is the “best” (if one exists) performance
criterion to study that provides the most meaningful guarantee of practical
performance?

Additional methods. Leveraging new advancements in the interpolation
inequalities [20], PEP formulations can include linear operators. This enables
the exploration of additional primal-dual methods such as ADMM [53, 50, 22],
Chambolle-Pock [29], and Condat-Vu [31, 128]. For strongly convex cases, such
tight results are partially available based on this PEP methodology [21, 20, 137],
and have also been obtained for ADMM using the PEP-alternative integral
quadratic constraint (IQC) framework [91].

AdaGrad-type methods. They use adaptive stepsizes computed from past
gradient information and have become very popular. This adaptivity, however,
poses a challenge for the standard Performance Estimation Problem (PEP)
framework, which is designed for pre-scheduled, trajectory-independent stepsizes.
Extending the PEP methodology to accommodate such adaptive stepsize
selection remains a key research direction. Related work in this vein includes
PEP analyses for Polyak stepsizes, with and without momentum [10] (notably
requiring access to the optimal value), nonlinear conjugate gradient methods
[33], and Barzilai-Borwein methods [12] on quadratic functions [19, §7.3].

Systematic analytical proofs. Current analyses of tight performance bounds
are highly tailored. Each setup, defined by a specific performance measure,
initial criterion, function class, and method, often requires a unique analytical
approach. Although connections between different algorithms and bounds
exist, as also observed in this work, they typically emerge only after extensive,
separate analyses. A significant bottleneck in this process is inferring the
analytical formulas for multipliers, worst-case values, and primal solutions.
While symbolic regression methods [69] can aid this step, they demand highly
accurate numerical solutions. Obtaining this accuracy is difficult, as the
dimensionality of the underlying SDPs increases quadratically with the iteration
count due to interpolation constraints. Therefore, a valuable research direction
is the development of an automated method to obtain symbolic proofs for given
optimization setups.
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