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ARTICLE INFO ABSTRACT

JEL classification: Two by-now folkloric results in the theory of risk sharing are that (i) any feasible allocation is convex-order-
Co2 dominated by a comonotonic allocation; and (ii) an allocation is Pareto optimal for the convex order if and

D86 only if it is comonotonic. Here, comonotonicity corresponds to the so-called no-sabotage condition, which aligns
ggg the interests of all parties involved. Several proofs of these two results have been provided in the literature, all

based on a version of the comonotonic improvement algorithm of Landsberger and Meilijson (1994) and a limit
Keywords: argument based on the Martingale Convergence Theorem. However, no proof of (i) is explicit enough to allow
Risk sharing for an easy algorithmic implementation in practice; and no proof of (ii) provides a closed-form characterization
Comonotonicity of Pareto optima. In addition, while all of the existing proofs of (i) are provided only for the case of a two-agent

Pareto optimality economy with the observation that they can be easily extended beyond two agents, such an extension is far from

Convex order
Convex order improvement
Peer-to-peer insurance

being trivial in the context of the algorithm of Landsberger and Meilijson (1994) and it has never been explicitly
implemented. In this paper, we provide novel proofs of these foundational results. Our proof of (i) is based on the
theory of majorization and an extension of a result of Lorentz and Shimogaki (1968), which allows us to provide
an explicit algorithmic construction that can be easily implemented beyond the case of two agents. In addition,
our proof of (ii) leads to a crisp closed-form characterization of Pareto-optimal allocations in terms of a-quantiles
(mixed quantiles). An application to peer-to-peer insurance, or collaborative insurance, illustrates the relevance

of these results.

1. Introduction and motivation

Risk-sharing mechanisms have been studied for decades in the actu-
arial literature. The pioneering work of Borch (1960, 1962) considered
equilibrium in a reinsurance market. Under appropriate conditions, this
author established that any Pareto-optimal allocation is equivalent to a
pooling arrangement, i.e., all the agents hand their individual losses over
to a pool and agree on some rule as to how the total pooled loss would
be divided among agents. This corresponds to aggregate risk-sharing

rules, meaning that individual contributions only depend on the total
losses of the pool. Landsberger and Meilijson (1994) then showed that
Pareto optima are comonotonic (and are hence pooling arrangements) if
agents’ preferences agree with the convex order. These authors provided
an algorithm to construct a comonotonic convex-order improvement
over any non-comonotonic risk allocation in the discrete case, which
has since been extended to more general cases. See, e.g., Ludkovski and
Riischendorf (2008) for continuous, unbounded risks, and Carlier et al.
(2012) for bounded risks, as well as the references therein. We provide
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a short overview of the relevant literature at the beginning of Section 3.
We believe that it is important to stress from the outset that all of the
existing proofs of (i) are provided only for the case of a two-agent econ-
omy, with the observation that they can be easily extended beyond two
agents. However, such an extension is far from being trivial in the con-
text of the algorithm of Landsberger and Meilijson (1994), and it has
never been explicitly implemented in the aforementioned literature.

The so-called no-sabotage condition, as referred to by Carlier and Dana
(2003), or the comonotonicity property in Denuit et al. (2022) imposes
that no individual contribution decreases when total losses increase.
Stated otherwise, this means that individual contributions are comono-
tonic since each component of a comonotonic random vector is almost
surely equal to a non-decreasing function of the sum of all of its com-
ponents. In the context of risk sharing, no-sabotage or comonotonicity
seems to be a desirable property since it ensures that the interests of all
participants are aligned, in the sense that they all have an interest in
keeping their losses as small as possible.

In this paper, we contribute to the literature on risk sharing under
the convex order in two directions. First, we revisit the classical re-
sult that Pareto optimality for the convex order and comonotonicity are
equivalent (Theorem 3.1). Under the assumption that all random vari-
ables involved have finite second moments,' we provide a novel proof,
based on some basic properties of comonotonic sums. Our proof of this
equivalence is somewhat simpler than the proofs proposed so far in the
literature. In addition, our approach provides a crisp closed-form char-
acterization of Pareto-optimal allocations in terms of a-quantiles, also
known as mixed quantiles (Theorem 2.7). Closed-form characterizations
of Pareto optima are typically lacking in the related literature, and our
approach fills this gap.

Second, all extensions of the classical result that any feasible allo-
cation is convex-order-dominated by a comonotonic allocation rely, in
one way or another, on the comonotonic improvement algorithm of
Landsberger and Meilijson (1994) and a limit argument based on the
Martingale Convergence Theorem. None of the existing proofs is explicit
enough to allow for an easy algorithmic implementation in practice.
Moreover, all of the existing proofs are provided only for the case of
a two-agent economy, and an extension to more than two agents has
never been explicitly implemented. In this paper, we suggest an alter-
native approach, based on the theory of majorization and an extension
of a result of Lorentz and Shimogaki (1968), which allows us to provide
an explicit algorithmic construction that can be easily implemented be-
yond the case of two agents. We provide numerical illustrations thereof,
and discuss how our approach compares with the Landsberger-Meilijson
algorithm in Section 3.2.

As an application, we consider collaborative insurance, also referred
to as Peer-to-Peer (P2P) insurance, or crowdsurance. This corresponds
to emerging, technology-based risk-sharing networks where a group of
individuals (e.g., friends, family members, affinity groups, or individ-
uals with similar interests, such as patients suffering some disease or
farmers in the same geographical area) pool their resources together
in order to insure against a given peril. Rooted in the sharing econ-
omy, P2P insurance revives early forms of mutual insurance. Actuaries
started to investigate the mathematics supporting this new insurance
paradigm quite recently (e.g., Denuit and Dhaene (2012), Denuit (2019),
and Abdikerimova and Feng (2022)). To avoid counterparty risk and to
be able to deal with larger sums insured, Denuit (2020) replaced unlim-
ited ex post contributions characterizing pure risk-sharing solutions with
a deposit paid in advance, combined with an ex post bonus mechanism
restoring fairness, with the guarantee that the final amount due never
exceeds this down payment. Part of the deposit feeds a common fund,
while the remaining part is paid to a partnering insurance company. If
the common fund is insufficient to pay for the claims, then the insurance

1 This assumption can be dropped if the aggregate risk is a continuous random
variable.
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carrier pays the excess amount. Conversely, if the pool has few claims
then the surplus is given back to the participants, or to a cause that the
pool members care about.

Here, we adopt the opposite approach to Denuit (2020), and we ex-
tend the approach to any allocation rule satisfying the comonotonicity
property. Specifically, we propose an hybrid scheme where participants
retain the lower layer through individual deductibles (depending on
their own risk appetite), the community keeps the intermediate layer
(which can be seen as a pooled deductible), and the upper layer is ceded
to an insurance company. Participants are free to select their maximum
contribution to pooled losses, and an excess-of-loss risk transfer to a part-
nering insurance company operates beyond. The amount to be paid in
advance by participants is obtained by adding the price of the excess-of-
loss protection and a deposit securing the contribution to the coverage
of the layer mutualized inside the P2P community. The system is thus
fully funded, and a cash-back or give-back mechanism operates ex post
to restore fairness. Provided individual contributions are comonotonic,
we show that the excess-of-loss protection reduces to a stop-loss protec-
tion limiting the community’s total payout under an appropriate choice
of initial deposits (Proposition 4.1), thereby extending a result of Chen
et al. (2023).

The remainder of this paper is organized as follows. Section 2 consid-
ers an insurance pool where economic agents have convex-order prefer-
ences. The equivalence between comonotonicity and Pareto optimality
is then established therein using simple arguments, under the assump-
tion that risks have finite variances. The key argument is the represen-
tation of the components of a comonotonic random vector as specific
functions of their sum, which are characterized in closed form. Section 3
provides an alternative approach to the convex-order improvement via
comonotonic allocations, using the theory of majorization instead of the
usual approach that relies on the algorithm of Landsberger and Meilijson
(1994) and a limit argument based on the Martingale Convergence The-
orem. The main result therein is our Theorem 3.1, the proof of which
explicitly provides the relevant convex-order improvement algorithm
that can be implemented in practice. Section 4 applies our results to
P2P insurance. New schemes are proposed, combining risk retention at
the individual level, risk transfer for losses that are too costly, and risk
sharing for the middle layer. Section 5 concludes. All proofs are given in
the appendices, with the exception of the proof of Theorem 3.1, which
is in the main text, because it provides the different steps for the imple-
mentation of our comonotonic allocation improvement algorithm.

2. Comonotonicity and Pareto optimality for the convex order
2.1. Allocations

Consider a group of individuals exposed to some peril causing a
random non-negative monetary loss at the end of a given observation
period, taken to be the time interval (0, 1). These losses are defined on a
common nonatomic? probability space (Q,F,P). Let X C Li Q,F,P)
denote an ex-ante given collection of non-negative random variables
with finite second moments. We interpret X as the collection of po-
tential risks under interest. We assume that X’ is rich enough to contain
all the random variables mentioned throughout the text. In particular,
we assume that X contains unit uniform random variables.

In the remainder of the text, we consider » agents in a risk pool, each
subject to an insurable risk modeled as a random variable belonging to
X. The initial endowment X = (X¢ y, ..., X(,) € X" represents the risks
faced by the n agents individually, before any risk sharing takes place.

2 The assumption of nonatomicity is without loss of generality, since any fi-
nite measure space can be embedded in a non-atomic measure space. See, for
instance, Luxemburg (1967) or Chong and Rice (1971) for a description of this
classical procedure. This embedding is also covered in Bennett and Sharpley
(1988), where it is referred to as the “method of retracts” on page 54.
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The pool’s aggregate risk is the sum of all » individual risks comprised
into the pool. Total losses are henceforth denoted as S := Y\, X, and
S also belongs to X'. An allocation of the aggregate risk .S is a random
vector X = (Xl, ,X,,) € X" such that }}"_ | X; = S. Let A denote the
collection of all allocations:

A::{XGX" ZX,:S}. (R

i=1
Obviously, the initial endowment X, is itself an allocation in A.

In insurance applications, individual allocations within insurance
pools are generally obtained by applying risk-sharing rules. Formally,
a risk-sharing rule is a mapping which transforms any pool X € A into
another random vector Z € A. The results derived in this paper can be
equivalently stated in terms of risk-sharing rules or allocations.

2.2. Pareto optimality for the convex order

Each agent ranks elements of X weakly according to the convex or-
der <¢yx, and strictly according to the strict convex order <cyx, whose
definition is recalled next.

Definition 2.1. Forall Y, Z € X,

Y <cvx Z < E[Y]=E[Z] and
E[(Y -d),| <E[(Z-4d),]|, Vd eR".

If, in addition, the inequality is strict for some d* € R*, we then write
Y <cvx Z.

Hence, Y <qyx Z can be understood as Y having the same expecta-
tion as Z, but Y being “less variable” than Z is some sense. In particular,
Y <cyx Z = Var[Y] < Var[Z]. We refer the reader to Denuit et al.
(2005) or Shaked and Shanthikumar (2007) for an extensive presen-
tation of the convex order and its applications.

We are now ready to define the concept of Pareto optimality with
respect to the convex order.

Definition 2.2. An allocation Y = (Yl yaens Y,,) € A is said to be:

1. A Pareto Improvement over an allocation Z = (Z|,...,Z,) € A if

{Y} <cvx Z;, forallie {1,...,n}; and
Fje{l,....nh Y; <cvx Z;-

2. Pareto Optimal (PO) if there is no allocation Z € A that is a Pareto
Improvement over Y.
3. Fair (or actuarially fair) if E[Y;] = E[X,;], forall i € {1,...,n}.

It is well-known that for the convex order, conditional expectations
provide an improvement. This is formally recalled below.

Proposition 2.3. For any fair allocation Y € A, the random vector
(E[Y,|S],...,E[Y,|S]) € A is a fair allocation that satisfies E[Y;|S] <cyx
Y, forie{l,...,n}.

When applied to the initial endowment, conditional expectations
given the sum define the Conditional Mean Risk-Sharing (CMRS) rule,
as referred to after Denuit and Dhaene (2012). Jiao et al. (2022) provide
an axiomatic characterization of the CMRS.

Note that conditional expectations E[Y;|.S] are not always increasing
in §, and so the CMRS rule does not necessarily possess the comono-
tonicity property. An example of such a situation is given in Section 3.2.
When Y has independent components, this can be related to a prob-
lem investigated by Efron (1965) who established that log-concavity
is a sufficient condition for one term to be stochastically increasing in
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a sum of independent random variables. This problem has attracted a
lot of attention in the literature. General conditions on Y ensuring that
E[Y;|S] is non-decreasing in .S are difficult to establish. When n =2,
Saumard and Wellner (2018) extended Efron’s monotonicity property to
the case of general measures on R2. Denuit and Robert (2021) adopted
an asymptotic point of view and studied Efron’s monotonicity property
for distributions which are not log-concave but have density functions
with bounded second derivatives and satisfy a central-limit theorem.
This approach is in contrast with sums comprising a limited number of
terms where restrictive conditions must be imposed on the distribution
of each term, such as log-concavity for instance. By letting the num-
ber of random variables in the sum increase, the distribution of the sum
will get closer and closer to the standard Gaussian distribution which is
log-concave, thereby linking the two approaches.

Remark 2.4. Note that Proposition 2.3 does not necessarily hold for
heavy-tailed risks. Let Y},Y,, ..., Y, be independent risks with common
distribution function

Fp()=1-x7¢ with0<&<1.

Recall that for a tail index & less than, or equal to 1, the mean value is
infinite so that these risks do not belong to X. For any n > 1, Chen et al.
(2022) established that

PlY, > <P [1Zx>t] , forall > 0.
i3

Under the expected utility paradigm for choice under risk, this means
that every economic agent prefers the stand-alone loss Y; over the allo-
cation E[Y;|S]= % El'.':l Y;, whatever the number » of risks.

2.3. A characterization of aggregate risk allocations

Some allocations depend on individual losses only through the ag-
gregate loss .S. This is the case with the CMRS rule, for instance. The
only relevant information that is not known at time 0 is thus the out-
come of S, while in general, the information not known at time 0 is
the outcomes of the individual losses. Aggregate risk allocations are ele-
ments of A such that each component is a function of .S. The next result
usefully characterizes such allocations.

Property 2.5. For any allocation Y € A and any aggregate risk allocation
d
Z=(f1(S),... /() EAY=Zifandonly ifY = Z.

The proof of the above result is given in Appendix B. It follows from
Property 2.5 that in order to show that an allocation is an aggregate risk
allocation, it suffices to show that it is distributed as an aggregate risk
allocation. Additionally, the following result shows that PO allocations
are aggregate risk allocations. The proof is provided in Appendix C.

Property 2.6. Any PO allocation is an aggregate risk allocation.

2.4. Pareto optimality vs. comonotonicity

For each X € X, let Fy denote the distribution function of X. The
left- and right-continuous inverses of Fy are given by

Fy'(p) :=inf {x eR | Fx(x)>p}, Vp€[0,1], (2.2)
and
F'* (p) :=sup{x €R | Fx(x)<p}, Vpe[0,1], (2.3)

respectively, with the convention that inf # = co and sup@ = —co.

Consider a random vector X = (X|,...,X,) € X", with respective
marginal distribution functions Fy ,...,Fy , and let Sy 1= ¥ X,.
The random vector X is said to be comonotonic if
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X £ (Fgl @y, B @), 2.4

for any random variable U that is uniformly distributed over the unit
interval. Comonotonicity is an important dependency structure, with
many applications in insurance and finance. See, for instance, Dhaene
etal. (2002a, 2002b, 2006), or Deelstra et al. (2010). In order to indicate
that X is a comonotonic random vector, we will use the notation X°¢.
We also introduce the notation S for the related comonotonic sum:

n n
d
Sy =2 X0 =Y FR ). (2.5)
i=1 i=1

As in Dhaene et al. (2002a), for any a € [0, 1], we define the a-
quantile of X (or the a-inverse of Fy) as the following convex com-
bination of F);l and F);'J’:

F'@ () i=a Fg'(p) + (1 — ) F{™ (). Ype(0.1). (2.6)
Moreover, for any « € [0, 1],

—1(a) -l —1(a) -1
F U@ 0) := F'*(0) and F' (1) := F' (1). @2.7)

For any x in (F Y 1+(0), Fy 1 (1)), there exists a (not necessary unique)
a, €[0,1] such that

F' ) (Fy(x) = x. (2.8)

Indeed, defining a, as

F' (Fy (x))-x

if Fi'* (Fy(x))#Fy' (Fx().

o, 1=13 F(Fx()-Fg! (Fx(0)
1 otherwise,
(2.9)
leads to eq. (2.8). By convention, we set
0, if x< F;*(0)
o , <Fy ,
¥ - { 1, ifx>Fgl (D). 2100
This implies that
-1+ ; =1+
—1(ay) _J Fy O, ifx<Fy T (0),
Fx <Fx(x)>‘{ FJU(),  if x> Fyl (D). (211

Based on the characterization of comonotonicity given in Denuit et
al. (2022), we obtain the following generalization of a result of Den-
neberg (1994). Notice that hereafter, equalities between random vectors
are to be understood as a.s. equalities. The proof of Theorem 2.7 is given
in Appendix D.

Theorem 2.7. A random vector X is comonotonic if and only if

X = (h(S), ... h,(S)),

where the functions h; are the non-decreasing and 1-Lipschitz functions given
by

hy(s) = Fy (FS; (s)), VseR, Vie{l,...,n}, (2.12)

with a, as in eq. (2.8).

In Denneberg (1994, Proposition 4.5) it is shown that a random
vector X with aggregate sum Sy := Y, | X, is comonotonic if and
only if there exist non-decreasing and continuous functions f; with
>, fi(s)=s, such that

X=(f1(Sx).f2(Sx) s fu (Sx))- (2.13)

In fact, Denneberg (1994) gives a proof for the case n = 2, but the proof
can easily be generalized for any n > 2. Theorem 2.7 proves the stronger
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result that the functions A; are not only Lipschitz continuous (and hence,
also continuous), but they also are of the form given in eq. (2.12).

The following result is the well-known equivalence between comono-
tonicity of allocations and Pareto-optimality for the convex order. We
provide here a novel proof that, unlike the constructive approaches in
the vein of Landsberger and Meilijson (1994), provides a direct and crisp
closed-form characterization of Pareto optima. Namely, for convex order
preferences, Pareto optima are a-quantile risk-sharing rules, and vice
versa.

Before stating the main result of this section, we need to introduce
the following concepts.

Definition 2.8. Let X := (Xl,
initial aggregate risk S.

,X,) € A be a given allocation of the

1. A suballocation of X is any element Y := (Yl, ,Ym) € X", for
some m € {1,...,n}, such that for each j € {1,...,m}, Y, = X,, for
some unique i € {1,...,n}.

2. For a given suballocation Y := (Y},....Y,,) of X, let

m
j=1

denote the set of all possible reallocations of the aggregate risk
2, Y; of the suballocation Y.

3. For a given suballocation Y := (Yj,...,Y,,) of X, an allocation
(Z,,...,Z,) € Ay is said to be Ay-PO if there is no other allo-
cation (I’Vl s Wm) € Ay such that

m
Z; =
=1

Ay = {(Z,,...,Zm)eXm
J

{I/Vj <cvx Z;, forall je{1,...,m}; and
3j* e {l,....m}, Wis <qyx Zj«.

4. For a given m € {1, ...,n}, an m-reallocation of the aggregate risk
S is a vector (Z,,...,Z,) € X™ such that ;" | Z, = S. Let A™
denote the collection of all m-reallocations of the initial aggregate
risk:

A = {(Z,,...,Zm) exm

m
szzs}.
k=1

5. For a given m € {1,...,n}, an m-reallocation Z := (Zl,...,Zm)
of the aggregate risk .S is said to be .A"™-PO if there is no other
allocation (VVl ,Wm) € A™ such that

{VVJ <qvx Z;, forall j € {1,...,m}; and

3j* €{L,.cc.m), Wys <cyx Zje.

The following result shows the equivalence between comonotonicity
and Pareto optimality. Its proof is given in Appendix E.

Theorem 2.9. For any allocation X := (X 1o
are equivalent:

,X,) € A, the following

1. X is PO.

2. For any i # j € {1,...,n}, the suballocation Y := (Xi,Xj) of X is
Ay-PO.

3. Forany i # j € {1,...,n}, the suballocation (X;, X ) of X is comono-

tonic.
4. X is comonotonic.
5. X = (h(S), ..., h,(S)), where the functions h; are the non-decreasing

and 1-Lipschitz functions given by (2.12) with a, as in eq. (2.8).
6. Each suballocation Y of X is Ay -PO.

The following result shows that PO essentially reduces to pairwise
PO, with pairs involving one participant and merging all other ones. Its
proof is given in Appendix F.
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Proposition 2.10. Let X := (Xl, s X,,) € A be a given allocation, and
consider the suballocation Y := (X,,...,X,) € X"\, Then Y is Ay-PO
and the 2-reallocation (X;,>_,X;) = (X,,S-X,) is A?P-PO if and
only if X is PO.

The reduction to 2-reallocations is central to Operational Anonymity,
as defined in Jiao et al. (2022). Notice that operational anonymity is
closely related to fair merging and is a special case of fair bilateral re-
distribution as defined in Denuit et al. (2022).

Remark 2.11. Proposition 2.10 suggests an iterative approach to Pareto
optimality in the n-agent case:

1. First find an A@-PO allocation (X*,.S — X?¥), and let SCH =5 —
X,

2. Then find a PO allocation of S@* of dimension 2. Denote it by
(X3, 8@ - X5).

3. Let SG* ;= §@» _ X, and find a PO allocation of SGH of di-
mension 2. Denote it by (X7, SG#) X3

4. Continue this process and until X is determined. Then the resulting
allocation (XT,X;, ..., X?) is PO, by Proposition 2.10.

3. Convex-order improvements: an algorithmic approach

A classical and foundational result in the literature on Pareto effi-
cient allocations is that any allocation is dominated in the convex order
by a comonotonic allocation. Landsberger and Meilijson (1994, Propo-
sition 1) provide an explicit construction of the dominating allocation
for the case of two-dimensional allocations that are supported by a finite
set. The extension beyond that case is not entirely trivial. Dana and Meil-
ijson (2003) provide such an extension to the case of more general ran-
dom variables, based on a limit argument applied to the construction of
Landsberger and Meilijson (1994). However, they assume that the exten-
sion of Landsberger and Meilijson’s (1994) algorithm to n-dimensional
discrete allocations holds, without providing a proof thereof for n > 2.
Filipovi¢ and Svindland (2008, Proposition 5.1) provide an extension of
Landsberger and Meilijson’s (1994) approach to general random vari-
ables but remains in the case of two-dimensional allocations. Ludkovski
and Riischendorf (2008, Theorem 1) use the same approach as Lands-
berger and Meilijson (1994) and provide an extension to the case of
n-dimensional discrete allocations (but the full details are only given
for the case n = 2), while their Theorem 2 uses a limit argument similar
to Dana and Meilijson’s (2003) to extend their Theorem 1 to the case of
general random variables defined on a nonatomic space. Riischendorf
(2013, Theorems 10.47 and 10.50) provide a unifying proof of this re-
sult in the n-dimensional case and for general random variables, again
based on the algorithm of Landsberger and Meilijson (1994) and a limit
argument, but details are only given for the case n =2.

The difficulty with the aforementioned approach is that it is hard
to implement in practice, because of the nature of the limit argument
involved. Here, we provide a constructive proof of this comonotonic
convex-order-improvement result that suggests an algorithmic approach
that can be easily implemented in practice and is detailed for all n.
Our approach is related to the literature based on Landsberger and
Meilijson’s (1994) construction, but it takes a different route and is
based instead on an extension of a result of Lorentz and Shimogaki
(1968). Specifically, Proposition 2 of Lorentz and Shimogaki (1968),
while stated in a different setting and framework than the risk sharing
problem we examine here, is of direct relevance. Appendix A provides
some background material related to the majorization order of Hardy et
al. (1929, 1952).

3.1. Convex-order improvement

We are now ready to state the main result of this section.
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Theorem 3.1. For each X = (Xl,...,X,,) € A, there exists Y :=
(Yy,....Y,) € A such that Y is comonotonic and satisfies

Y, <cyx Xp» Vi€ {l,....n}.

Proof. Fix X :=(X,,...,X,) € A, and let X0 := (X?XS) where
X? =E [X,- | S], for each i € {1,...,n}. Then there are Borel-measur-
able functions g; : R — R such that XIQ =g;(S), foreachi e {1,...,n}.
Moreover, by Proposition 2.3, X* € A and forany i € {1, ...,n} we have
8i(S) <cvx X;-

Since the probability space (Q, ', [P) is nonatomic, there exists a ran-
dom variable U on (Q, F,P) with a uniform distribution on (0, 1), such
that S = Fgl (1-U), as. (e.g., Follmer and Schied (2016 - Lemma
A.32)). Therefore, FEI 1-U)= Z,'.'Zl g (FEl 1- U)), a.s., or equiv-
alently

n

fw= Z fi ), forae uel0,1],

i=1

where for all u € [0, 1],

f@:=Fg'(1-u) and f;() =g, (fW).

Then f is a nonnegative and nonincreasing function on [0, 1], and for
eachi e {1,...,n}, f; is a nonnegative function on [0, 1]. Moreover, .S =
fU), as., and f,(U)=X?, as., for each i € {1,....n}.

We wish to find nonnegative and nonincreasing functions { fi};’=1
such that f = Y f; and, for each i € {1,...,n},

fiU) <evx £iU) (Sevx Xi) s

since this would then imply that Y := (}7] ), ... fn (U)) is the de-
sired allocation. It is therefore enough to find functions { f,-};;] such

that 7 | fi= Yo fi=fand fi<f;, forallie{1,...,n}, where < is
the majorization preorder relation (see Definition A.1) given by:

fi<f = /fi*(t)dts/fi*(t)dt, vuelo,1],
0 0

and where f‘* and f; denote the nonincreasing rearrangements of f,
and f; (see eq. (A.1)), respectively, since then we have E(U) <cvx
f;U), for all i € {1,...,n}, and Y f;(U) = f (U), by Lemma A.6.
We do this in two steps:

(a) Assume first that f, f|, ..., f,, are step functions with common in-
tervals of constancy, (a;_;,a;), for k= 1,...,p, with ay =0 and
a, =1. Let f;(1) = Ifci) on (ak_l,ak), for each i € {1,...,n} and
ke {l,...,p}. If all functions f|,..., f,, are nonincreasing on [0, 1],
then the result follows immediately. Assume, therefore, that not all
of the functions f1, ..., f, are nonincreasing on [0, 1].
Note that (as in Lorentz and Shimogaki (1968)) it is enough to show
(by induction) that if, for some 1 <m < p— 1, the functions { fi }:’zl
are nonincreasing on (ao,a,,,), then there exist functions { f~l Y,
that are nonincreasing on (ao, a,,,1) and satisfy

zn:f,.:zn:f,.:f and f, < f;, Vi €{1,...,n}.

Assume, without loss of generality, that the functions f/, ..., f, for
1 <k <n-1, have larger values on (a,,,a,,,) thanon (a,,_,,a,,),
while the other functions are nonincreasing on (ao, Qi ) For each
ie{l,...,k}, let p® be the smallest integer in [0, m) that satisfies
A+
1 . .
- / fidr>19 > > 10,
A1 = A PO+
i)

A0 =
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Then A® < l('-(),) (unless p® =0) and A® < ¥
pli m+1
without loss of generality that

. We may assume

V<D< <P

~\ N

We construct the functions { fi } as follows:
i=

« Forie{l,...,k},let

~ A0 if te (a (i)» @, +1);

fi:= e (3.1)
fi (), otherwise.

For i € {1,...,k}, the step function f, is nonincreasing on

(ao, Ay ), nonnegative, and satisfies f, < f; by averaging (Propo-
sition A.2).
Forie{k+1,...

,n}, let

1O _ 0

m m+1
O _ 0\
Z/ k+1 (I _lm+l)

Then the constants «; are nonnegative and sum to 1. For each
Je{pW,....m}, let

a; 1=

M»

(fh(t)—fh(t)), for any 1 € (a;,a;,y).

h

1

For j € {pV,...,m -1}, we have 8; > 0. Moreover, §,, <0 and

Y 6;(a; —a)=0

(3.2)
j=p»
Now, fori € {k+1,...,n} and j € {pV,...,m}, let
~ fi®—6;a;, forallte (a;,a,,);
f,.(t):={ T . (4-a511) 3.3)
fi (1), outside of the interval (apm,am+l).
First note that, for each j € {p"),....m} and each 1 € (q;,a;,,),

we have

Z i(r>+ > Lo

i=k+1
k n k
=Y Lo+ Y <f,-<r)—2 (ﬁ(r)—fhm)a,»)
i=1 i=k+1 h=1

Il
M=

fi@.

1

Moreover, for each i € {k + 1,...,n}, the function f; is nonin-
creasing on (a,),a,,) and satisfies

~ + . a,, +a
fi<w>=lfr?—5 a; 219, —5a_fA<7’"+1>,

2
since f is nonincreasing. Additionally, f; is nonnegative on

a,,+a . .
(ap1)»apyp), since ,('"T'”“) is nonnegative. Furthermore,

@) _ 40 k (@)
21 k+1 (ll _l’ )Zzi=1 (lnll+1

nomncreasmg on (

lﬁ,’;)), implying that f, is also

m’am+1)'

Hence, for each i € {1,...,n}, the function fN, constructed above

satisfies
7 [<tion (anan)
! Zfl on (am’am+l)'

However, by (3.1), (3.2), and (3.3),
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At A1
/J?i(t)m:/fi(t)dt, Vie{l,...,n}.
0 0

Additionally, for each i € {1,...,n},

/fi(t)dzg/f,.(z)dt, Vx € (ag, dypyy ) -
0 0

Since all of these functions are nonincreasing on the intervals con-

si

dered, it follows that

fi<fi Vie(l,....n}.

(b

Suppose now that the functions f, f7, ...
functions on [0, 1]. Then for each i € {1,...

+o0
quence { fl.(k) }
k=1

, [, are any nonnegative
,n}, there exists a se-

of nonnegative simple functions on [0, 1] that

converges pointwise and monotonically upward to f;, namely:

/i

For each k €N, let f® := 3"

k2k

ji—1
z (2—"> 1{“5[&112 Slepw<g )

Jj=1

O :=
+ kl{ue[o,l]:f,-(u)zk}’ VkeN.

. fl.(k). Then { f (k)}z:; is a sequence

of nonnegative simple functions on [0, 1] that converges pointwise
and monotonically upward to f.

N

ow, it follows from part (a) above that, for each k € N, there

are functions { f(k) } such that Y7, fi(k) =y, fi(k) = f® and
i=1

“(k)

eachie {l,...

<[ ®) for all i € {1,...,n}. Then, letting f, hm f(k) for

,n}, it follows that 7, f, = f. Therest follows from

Proposition A.3. []

The proof of Theorem 3.1 suggests a novel algorithm that actuar-
ies can implement in order to build a comonotonic improvement over
any given allocation. We briefly summarize below the different steps
involved in this construction:

Step 1.

Step 2.

Step 3.

Step 4.

Each component X; is replaced by its conditional expectation
given the sum .S, so that we can work with an initial allocation
in which each individual contribution is a measurable function
g; of the aggregate risk .S. If all functions g; are nondecreasing,
then the conditional expectations correspond to the comono-
tonic improvement, and there is no need to perform the next
steps.

A change of variable is performed so that each function g; is
viewed as a function f; of the complementary probability level
of quantile of S. The condition that all functions g; are nonde-
creasing is therefore equivalent to the condition that all func-
tions f; are nonincreasing. The convex-order improvement of
the allocation is then equivalent to obtaining nondecreasing
functions f 1s-- f such that each function fl is smaller than
f; with respect to the majorization preorder relation.

The next steps consider the case where f; are step functions with
common intervals of constancy, the general case following by a
standard limit argument.

As long as one can find an interval of increase, the functions
fi>---» [, are replaced by monotonic functions fl f~,, on
that interval, such that f; and le only cross once, are ordered
in the majorization preorder, and the sum of the new func-
tions f] e f;, coincides with the sum of the original functions
f1-.., f,. By interval of increase, we mean an interval corre-
sponding to two consecutive plateaus where the value assumed
by some of the functions f; increases.

If no such interval exists then the comonotonic improvement is
obtained and the algorithm stops.
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Note that this algorithm directly applies to any number » of partici-
pants, without reducing the problem to n =2.

It is interesting to compare the proposed algorithm to the one de-
scribed in Ludkovski and Riischendorf (2008), which is a slightly mod-
ified variant of the Landsberger and Meilijson (1994) algorithm. Their
approach works for n =2 and first considers discrete losses X; and X,.
The universe is partitioned so that (X, X,) remains constant on each
element of the partition and these elements are ordered according to
the values of the sum X + X,. If a decrease is detected in the ordered
sequence of values of X; or of X, then all intermediary values are
modified to restore increasingness with the help of a componentwise
mean-preserving spread (keeping mean values unchanged but resulting
in a single crossing between each of the marginal distribution functions).
The procedure is applied repeatedly and is shown to converge to the de-
sired comonotonic improvement. The general case (i.e., for not discrete
losses X and X,) then follows from a limit argument, except that the
convergence is almost sure and in L', whereas it follows from the stan-
dard approximation of monotonic functions by simple step functions in
the algorithm proposed in this paper.

The advantage of our approach is that it applies to any »n > 2 and is
easily illustrated graphically, since we work with functions of .S. The
numerical examples in the next section make this statement clear.

3.2. Examples

Here we provide two examples that illustrate the algorithmic ap-
proach suggested in the proof of Theorem 3.1. A first very simple
example for n =2 agents with a discretely-valued initial random en-
dowment is considered. We detail the calculations that are performed
iteratively. These calculations are compared with those obtained using
the Landsberger-Meilijson method or a modified version proposed in
Li (2013). A second example for n = 3 agents with an absolutely con-
tinuous initial random endowment is considered. It is not possible to
describe the various calculation steps, and we have essentially provided
figures showing the density function of the aggregated risk .S and the
agents’ allocations. As the Landsberger-Meilijson method is not explic-
itly described for 3 agents, we do not propose a comparison.

3.2.1. Example with n =2 agents
Let the initial random endowment (X 0.15 Xo,z) be given by

0236
0231)°

with probability 0.25 for each entry. This initial random endowment has
been proposed in Example 4.2.1 in Li (2013). Note that the distribution
of (X1, X,) implies that X,; = E[ XS], for i = 1,2, so that the first
step in the algorithm used in the proof of Theorem 3.1 has already been
performed. Let ay =0, a; =1/4, a, =1/2, a3 =3/4, and a, = 1. The
functions f; introduced in the second step of the algorithm (as described
in the summary of the algorithm after Theorem 3.1) are characterized
as follows:

u [0,1/4) [1/4,1/2) [1/2,3/4) [3/4,1]
fi ) 6 3 2 0
> () 1 3 2 0

Therefore, f, is not a nonincreasing function. For the first iteration in
the third step of the algorithm (as described in the summary of the al-
gorithm after Theorem 3.1), we obtain m =2 and A =2, and we derive
the function f, :

u [0,1/4) [1/4,1/2) [1/2,3/4) [3/4,1]
0 5 4 2 0
A0) 2 2 2 0
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Hence, fz is now a nonincreasing function and the algorithm stops since
the condition in the last step of the algorithm (as described in the sum-
mary of the algorithm after Theorem 3.1) is fulfilled. We finally obtain
the following comonotonic reallocation (with probability 0.25 for each
entry) as follows:

0236 N 0245
0231 0222)°

We now compare this procedure with the Landsberger-Meilijson
method. The algorithm version of this method proposed in Ludkovski
and Riischendorf (2008) requires two iterations to obtain a comono-
tonic reallocation (with probability 0.25 for each entry):

0236 0 7/3 10/3 16/3 0 7/3 23/6 29/6
<0 23 1>_’<0 5/3 8/3 5/3 >_’<0 5/3 13/6 13/6)'

A modified version of the Landsberger-Meilijson method was proposed
in Li (2013). It requires two additional parameters, §; and 6,, that must
satisfy some constraints. A reallocation for the considered example has
the following form:

0246, 346, 6-6;
02-6, 3=6, 1+6,,

with 6, € [2/3;1] and 6, = 26,. If 6, = 1, then the reallocation (with

probability 0.25 for each entry) is given by

0236 N 0344
0231 0123)”°

while, if 6, =2/3, then the reallocation (with probability 0.25 for each
entry) is given by

0236 . 08/3 11/3 14/3
0231 04/3 7/3 7/3 )°
We observe that reallocations differ according to the methods pro-

posed. They all require a reduced number of calculations, which means
that, numerically, the results are obtained almost instantaneously.

3.2.2. Example with n =3 agents

In this example, the initial random endowment is the vector X, =
(Xo.1, X020 X 0,3). We assume, for the sake of illustration, that the com-
ponents of X, are independent. X; and X, follow a truncated ex-
ponential distribution with parameter # > 0 on the interval [0, M ], for
some given M < +oo, with a probability density function f given by
f(x):= %, for x € [0, M]. For some given N < +o0, X5 follows
on the interval [0, N] a truncated mixture of an exponential distribu-
tion with parameter f > 0 and a gamma distribution with parameters

a>1 and g > 0, with equal mixing weights 0.5. The probability den-

. . . . e (BHAOXT T (a))ePX
sity function g of X5 is then given by g(x) := T G M@ P

for x € [0, N]. For the numerical illustration, we take g =1/2, M = 10,
a=38,and N =30.

Fig. 1 provides the probability density function of the aggregate risk
S, as well as a plot of the agents’ allocations. The initial allocations
considered in the first step of the algorithm (as described in the sum-
mary of the algorithm after Theorem 3.1) are the CMRS allocations X°
characterized by the functions s = E[X);|.S = 5], for agent i € {1,2,3}
(black lines). We note that the allocation functions of agents 1 and 2
are not increasing in s, and so the CMRS allocations are not comono-
tonic, and a fortiori not Pareto optimal. We therefore implement the
algorithm presented in the previous section in order to obtain a comono-
tonic improvement. The final allocation functions (red lines) become
non-decreasing functions in s, thereby leading to a comonotonic and
hence Pareto-optimal allocation vector. Iterating the third step, the algo-
rithm (as described in the summary of the algorithm after Theorem 3.1)
replaced, on an interval including the decreasing parts of agents 1 and 2,
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Fig. 1. Plots of the probability density function of .S and of the agents’ allocations. (For interpretation of the colors in the figure(s), the reader is referred to the web

version of this article.)

the initial functions by constant functions, while preserving the expec-
tations of the allocations and guaranteeing the component-wise convex-
order improvement of the allocation vector. Fig. 2 provides plots of the
initial (corresponding to the second step of the algorithm, as described
in the summary of the algorithm after Theorem 3.1) and final (once
the condition in the last step of the algorithm as described in the sum-
mary of the algorithm after Theorem 3.1 is fulfilled) functions f;, for
i €{l1,2,3}, used in the algorithm.

4. An application to P2P insurance
4.1. Risk retention, risk sharing, and risk transfer

Under pure P2P insurance, the participants’ contributions are the-
oretically unlimited. This requires confidence among the participants
since the level of the actual contributions to be paid ex post remains
unknown until the end of the period, and some participants may be un-
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Fig. 2. Plots of the functions f;, for i € {1,2,3}.

willing or unable to pay their contributions at that time. These thoughts
lead to the need of an adapted approach combining self-insurance or
risk retention by the individual participants, risk pooling at the level of
the community, and risk transfer to an insurance company.

As above, we denote the loss of individual i € {1,...,n} by X,; € X
before any risk sharing operates. Some participants may consider retain-
ing some risk in order to reduce their contribution. In practice, this is
often achieved by applying a deductible or a quota-share arrangement.
In the former case, participant i retains min{ X ;,/;} for some positive
deductible /;, while in the latter case, participant i retains (1 — ;)X

for some percentage «; € [0, 1]. Henceforth, we only consider the part
of the loss that is neither retained by participant i through deductible
or quota share, nor transferred to the insurer through an excess-of-loss
cover. Let X; be the corresponding random variable with X, X,,..., X
summing to S. Clearly X := (X, X,,...,X,) € A.

n

4.2. Aggregate PO risk allocations

In this section, we will only consider comonotonic risk allocations
of which the ex post contributions of the participants can be expressed
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as non-decreasing functions of the aggregate loss .S of the pool (see eq.
(2.13)). In other words, we examine Pareto optimal allocations, and we
will propose some P2P insurance schemes that will operate on these
Pareto optima. Note that, in light of the convex-order improvement re-
sult of Theorem 3.1, this is not a limiting assumption.

Then, suppose that at time 0 the individual random losses in the pool
X are re-allocated by transforming X into a contribution vector Z € A
of the form Z; = f;(S),i=1,2,...,n, where the functions f; : Rt - R*
are non-decreasing and sum to identity. Note that Theorem 3.1 and its
proof explain how the transformation from X to Z can be performed.
Theorem 2.7 allows us to represent Z with functions f; given by eq.
(2.12). Moreover, we know from Theorem 2.9 that PO allocations are
of this form.

The aim of this section is to propose an effective P2P insurance
scheme applying to any PO allocation. Precisely, we extend the approach
proposed in Denuit (2020) under the CMRS rule to any aggregate risk-
sharing rule satisfying the comonotonicity property, that is, leading to
comonotonic individual contributions. Theorem 2.7 allows us to repre-
sent the resulting individual contributions.

4.3. Excess-of-loss risk transfer under general deductibles for the
contributions

4.3.1. Limiting each participant’s contribution

Suppose that at the individual level, the contribution of each par-
ticipant i € {1,...,n} in the pool is limited to the lower layer [O, dz] of
fi(S), for some deductible d; > 0, whereas the upper layer (d;, o) of
£:(S) is transferred to an insurer. In other words, the contribution to be
made by each participant i is restricted via an excess-of-loss cover. The
full contribution f;(S) to be paid to the pool is split as follows:

fi(S)=min{f,(5),d;} + (f,(S)—d;), . (4.1)

where the contribution of participant i is given by min{f,(S),d;},
whereas the excess-of-loss payment to be made by the insurer to the
pool equals (f;(S)—d;), .

Note that the first layer corresponding to individual retention is not
visible in (4.1). As explained in Section 4.1, each participant retains part
of his or her initial loss X; and only brings the remaining portion X; to
the pool. The sum S of X1, ..., X,, is then decomposed into a lower layer
and an upper layer according to (4.1), resulting in the 3-layer structure
referred to in Section 4.1 and in the Introduction.

4.3.2. Initial deposit and cash-back mechanism

In order to guarantee that each participant i contributes as promised,
the pool may require each of them to pay the deposit e™" d; ex ante
(where r is a deterministic discount rate), with the guarantee that the
final amount to be paid by participant i at time 1 will never exceed the
time-1 value d; of this up-front payment. The surplusses (di - fl-(S)) o
which will be observed at time 1, are then returned ex post to the respec-
tive members of the pool. Taking into account this cash-back operation,
we can rewrite (4.1) as

() =d; = (d; = £;(), + (fi(S) = ;) , (4.2)

which decomposes the contribution f;(S) to the pool into three parts:
the time-1 value of the deposit paid by participant i to the pool at time
0, the time-1 cash-back value paid by the pool to participant i, and the
time-1 excess-of-loss claim payment made by the insurer to the pool,
respectively.

4.4. The case of uniform quantile deductibles for the participant’s
excess-of-loss covers

Let us now state the main result of this section, which shows that the
collection of the participant’s individual excess-of-loss covers is equiva-
lent to a stop-loss cover for the pool when d; are quantiles at the same
probability level of f;(5).

10
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Proposition 4.1. Assume the deductibles d; are determined by

_ -1
di - Ff,(S) (p)v (4~3)

for a given probability level p € (0, 1). Then,

(i) The sum of all retained contributions min { fi(S), Fﬂ ) (p)} paid by
the individual participants is equal to the aggregate losses observed in
the lower layer (0, F B L(p) of S, ie.,

X min { £,(S), Fjls) () } =min {S, F5' ()} 4.4)
i=1

(i)

The sum of all claim payments made by the insurer is equal to the part
of the aggregate claims S situated in the upper layer (Fg L(p), ), ie.,

n

(£ -Frisy ), = (S F5' 0)),.

i=1

(4.5)
(iii) The sum of all ex post cash-back payments from the pool to the partic-
ipants is given by

Z(FEES)(P)‘fi(S)L:(FEI ®»-5),-. (4.6)

i=

The proof of Proposition 4.1 is given in Appendix G. Let us mention
that this method of applying an excess-of-loss cover to an aggregate risk
sharing is in line with the unified framework of decentralized insurance
proposed by Feng et al. (2024). The equivalence between the collection
of individual excess-of-loss insurance contracts and a single aggregate
stop-loss insurance contract limiting the community’s aggregate loss es-
tablished in Proposition 4.1 has been obtained by Chen et al. (2023)
in a more restrictive setting. These authors refer to these two systems
as individual-covered P2P model and group-covered P2P model, respec-
tively.

4.5. Pricing the excess-of-loss covers

The total amount to be paid ex ante by participant i is given by
e”"d; + m;, where e™" d; is the deposit for the cover of the lower layer
(0;,d;) of f;(S), while z; is the insurance premium for the excess-of-loss
protection for the upper layer (d;, o) of f;(.S). In exchange, the pool
pays for the loss X; and offers a non-guaranteed cash-back (d; — f;(.S)),.
in case of favorable experience. Let us now discuss two ways to compute
;.
4.5.1. Mean-value premium calculation principle

When the individual excess-of-loss insurance premia z; are deter-
mined according to the mean-value premium calculation principle, we
have that

m=e (140)E [(f,.(S)—dl.)J, @.7)

for some non-negative loading parameter 6. Under eq. (4.3), the total
premium collected by the insurer is then given by

n n
T= Z]{i =e"(1+0)E [Z (fi(S) —d,.)+]

) (4.8)

i=1
=e"(1+6) EI(S - Fg' (p),]-

If the insurer charges a positive loading 6 in addition to the pure pre-
mium for the excess-of-loss covers, the system cannot be fair as a whole
in the sense that the expected total payments made by participant i will
be strictly larger than the corresponding expected claim [E [X i]. This is
the price to pay for transferring the upper layer to the insurer. However,
in case the allocation satisfies the actuarial fairness property (Defini-
tion 2.2), that is E [ f;(S)] = E [X;], and if we set the loading parameter
0 equal to 0, we find that the system is fair.
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4.5.2. Risk-based premium calculation principle
Let us now suppose that the individual insurance premia are deter-

mined by
mi=p (e*’ (fl(S) - d,—)+> 5
for a given risk measure p, which is assumed to be additive for comono-
tonic risks, such as a distortion risk measure (e.g., Denuit et al. (2005)
or Dhaene et al. (2006)). In this case, the total premium collected by the
insurer is given by
n n

= ZP ((f,(S) —d,)+) = P(Z (f,(S) _d,')+>

i=1 i=1

=p((S - Fg! (p))+) ,

because ((fl () =dy), (Fo(S) =) s (£u(S)) - d,,)+> is a co-
monotonic random vector, while p is assumed to be additive for comono-
tonic risks.

(4.9)

(4.10)

Example 4.2. Suppose that p is the Value-at-Risk at probability level
q € (0,1). Hence, p[X] = F;l(q) for any random variable X. Taking
into account that the quantile of a non-decreasing and left-continuous
function of a random variable is equal to that function evaluated at the
same quantile of the random variable (e.g., Theorem 1 in Dhaene et al.
(2002a)), we find that

n n

T= 2 Fe_—lr(f[(s)—d,-h(q) =c’ Z (fi(F5' (@) = di),

i=1 i=1

(4.11)

where we assumed that the functions f;, which are non-decreasing, are
also left-continuous.

5. Conclusion

Two important results in the theory of n-person risk sharing with
convex-order preferences are that any feasible allocation is convex-
order-dominated by a comonotonic allocation, and an allocation is
Pareto optimal for the convex order if and only if it is comonotonic.
While several proofs of these results have been provided in the litera-
ture, none gives a closed-form characterization of Pareto optima, and
none provides an algorithm for the convex-order improvement result
that can be easily implemented in practice. Indeed, existing proofs rely,
in one way or another, on the comonotonic improvement algorithm of
Landsberger and Meilijson (1994), which is only provided for the case
of 2-agent risk sharing, and a limit argument based on the Martingale
Convergence Theorem. This leads to neither closed-form expressions for
Pareto optima, nor an easy algorithmic implementation of the convex-
order improvement mechanism in the general n-person case.

In this paper, we provide novel proofs of these foundational results
that alleviate the concerns raised above. Our proof of the equivalence be-
tween convex-order Pareto optimality and comonotonicity uses simple
arguments and leads to a crisp closed-form characterization of Pareto-
optimal allocations in terms of a-quantiles (mixed quantiles). Our proof
of the convex-order improvement result via comonotonic allocation is
based on the theory of majorization and an extension of a classic result
of Lorentz and Shimogaki (1968), which allows us to provide an explicit
algorithmic construction in the general n-person case that can be easily
implemented in practice. To illustrate this implementation, we provide
a numerical illustration.

Finally, we consider an application to P2P insurance, or decentral-
ized risk sharing, to illustrate the relevance of these results. Specifically,
we propose new risk sharing schemes, combining risk retention at the
individual level, risk transfer for losses that are too costly, and risk shar-
ing for the middle layer. Participants are free to select their maximum
contribution to pooled losses, and an excess-of-loss risk transfer to a part-
nering insurance company operates beyond. The amount to be paid in
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advance by participants is obtained by adding the price of the excess-of-
loss protection and a deposit securing the contribution to the coverage
of the layer mutualized inside the P2P community. The system is thus
fully funded, and a cash-back or give-back mechanism operates ex post
to restore fairness. Provided individual contributions are comonotonic,
we show that the excess-of-loss protection reduces to a stop-loss protec-
tion limiting the community’s total payout under an appropriate choice
of initial deposits.
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Appendix A. Nonincreasing rearrangements and majorization

We first provide some background on the majorization order of
Hardy et al. (1929, 1952). We refer to Luxemburg (1967), Chong and
Rice (1971), or Bennett and Sharpley (1988) for a detailed treatment,
as well as Ghossoub (2015) for additional references.

A.1. Rearrangements and a preorder relation for L'

Let M and M denote the set of extended real- valued measurable
functions on given probability spaces (Q,F, [P’) and (Q T’ [P’), respec-
tively. Two random variables (X,Y) € M X M are said to be equimea-
surable (and we write X ~ Y) if they have the same law, that is,

P({weQ:X(w»z}):ﬁ({aeé:Y(5)>z}), VieR.

For each X € M there exists a unique right-continuous, nonincreas-
ing, and Borel-measurable function 6y on ([0, 1], B([0,1]), £), where £
denotes Lebesgue measure, such that X ~ §y. The random variable 6y
is called the nonincreasing rearrangement of X, and it is given by

Sy :=inf{seR: PlweQ: X (w)>s}) <t}

(A1)

=sup{seER :P{weQ: X(w)>s})>t}, Vte[0,1].

Note that if F} 1 denotes the quantile function of X € M w.r.t. P, i.e.,
the left- contlnuous inverse of the cumulative distribution function Fy p
of X, then

Sy =FyL( -0, Vie0.1].

Definition A.1. For (X,Y) € L' (Q,F,P) x LI(Q, 7, P), we say that Y
majorizes X, and we write X <Y whenever

1 1 u u

/5X ) dt=/5y(t) dt and /5X ) dts/éy(t) dt, Yue[o,1].

0 0 0 0
(A.2)

Equivalently, X <Y if and only if
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1 1
-1 -1
/FX,IP’(I) dt=/FY!ﬁ(t) dt and
0 0
1 1

/F;ﬂlp(s)dsS/F;%ﬁ(s) ds, Yue[0,1].

u u

Hence, in particular, for X,Y € L' (Q,F,P), it follows that (e.g.,
Chong (1974) or Shaked and Shanthikumar (2007 — Theorem 3.A.5))

X<Y &= X=xxY.

The following result (e.g., Luxemburg (1967) or Chong (1974)) will
be useful.

Proposition A.2. Let X € L' (Q, F,P). Then for each E € F,

1

—_— XdP |1, < X1g.
P(E)/ E E
E

Finally, majorization is preserved under dominated convergence:

Proposition A.3 (Chong and RiceN (1 ~97~1, Proposition 10.2)). Consider two
probability spaces (Q, F,P) and (Q, F,P). If:

1 X, X, €L} (QF.P)and Y.,Y, € LL(Q,F,P), for each neN;

2. There exists (Z,Z) € L (Q,F,P) x L} (Q,F,P) such that X, < Z
and Y, < Z foreach neN;

3. X, <Y, for each n € N; and, _

4. X,—» X,P-as,and Y, - Y, P-as.,

Then X <Y.
A.2. Measure-preserving transformations

Definition A.4. Given two finite measure spaces (S},Z;, ;) and
(Sz, %, ;42), a mapping 7 : S| — S, is said to be a measure-preserving
transformation if it is measurable and satisfies y; ot (E)= # (E), for
all EeX,.

In particular, a mapping 7 : Q — [0,1] is said to be a measure-
preserving transformation if = € M and Por~!(E) = L (E), for all
E € B([0,1]). For example, if U € M has a uniform distribution over
[0, 1], then it is a measure-preserving transformation.

Proposition A.5 (Chong and Rice (1971, Theorem 6.2), Ryff (1965)).
If (Q,F,[P) is nonatomic, then for any X € M there exists a measure-
preserving transformation vy : Q — [0, 1] such that X =é6yoty, a.s.

Note that if £ € L' ([0, 1], B([0,1]), £) and 7 is a measure-preserving
transformation on (Q,F,P), then for ~ f. Hence, for all f,g €
L1([0,1], B([0,1]). L),

f<g = for<gor.

Consequently, we obtain the following result.

Lemma A.6. If U € M is uniformly distributed on [0, 1], then for all f,g €
L' ([0,11,B([0,1]), L),

f<g= fU)<gWU) = fU)<cxg).
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Appendix B. Proof of Property 2.5

d
First note that the implication Y =7Z = Y=Z is straightforward.
d
Suppose now that Y=Z. This then implies that

Yi- i (ZY,) SHE) -1 <Zf,~<s>>.
i=1

i=1
Since S =Y, Y; =Y, f;(S), we can rewrite the equality in distribu-
d
tion as Y| — f; (S)=0, which is equivalent to P [Y1 = ZI] = 1. Hence,

Y| = Z,. A similar argument can be used to show the a.s. equalities be-
tween any Y; and the corresponding Z;, for i € {2, ...,n}.

Appendix C. Proof of Property 2.6

Suppose that X :=(X,,...,X,,) is PO, and let

X :=(E[X,]S].....E[X,15]).

Then X is an aggregate risk allocation. Moreover, by Proposition 2.3,
X e Aandforanyi€(l,...,n} we have E [X,- | S] <cvx X;. Since X is
PO, there isno j € {1,...,n} such that E [Xj |S] <cvx X;. Thus, X; i
E [X,- | S], for all i € {1,...,n}. In particular, it follows that for all i €
{1,...,n}, Var [X;] = Var [E[X; | S]], and therefore E [Var [X;, | S]] =
0. Consequently,

Var [E[X; | S] = X;] = Var (E[E [X,|S] - X, 5])
+E(Var [E[X; ] S] - X,|S])=0.

Hence, since E [X;] =E [E [X; | S]], it follows that

E[(E[x,15] - X,)*| = Var [E [X, | 5] - x| =o0.

Since (E[X;|S] - Xi)2 >0, it then follows that E [X; | S] = X, as.,
foralli e {l,...,n}. Consequently, X = )?, a.s.

Appendix D. Proof of Theorem 2.7

By Denuit et al. (2022, Proposition 5.9), X is comonotonic if and
only if
X= (hl(SX),

2, (Sx)) (D.1)

with the non-decreasing functions h;,i =1,2,...,n, given by eq. (2.12),
where « is defined in eq. (2.8). We provide a self-contained proof here-
after, for the sake of completeness. First, suppose that X is comonotonic.
We define the connected support of X as follows:

{ (F);l““) () Fig @ (p)) ) pel0,1] and a €[0,1] }

as in Dhaene et al. (2002a). The connected support of X is indeed
a connected curve. Moreover, this curve is a comonotonic set, mean-
ing that it is simultaneously nondecreasing in each component. Let
x = (xl,...,x,,) be an element of this connected support, and let
s := Y, x;. Following a reasoning similar to the one of the proof
of Dhaene et al. (2002a, Theorem 7), we find that x is the unique
point of the intersection of the connected support and the hyperplane
{(»1,---.¥4) | X ¥; =s}. The point (h(s),..., h,(s)), with the non-
decreasing functions h; defined in eq. (2.12), is an element of the con-
nected support of X. Note that for any « in [0, 1],

(D.2)

d/ 1 e
(F' @) P ) 2 (Fy @ ). B O @), D.3)
and
F;;(a) (p) — F;il(a) (p) , Vp e [0, 1] ) (D4)
i=1



M. Denuit, J. Dhaene, M. Ghossoub et al.

Moreover, taking into account eq. (2.8) and eq. (D.4), we find that

i hi(s)=s,
i=1

meaning that (hl(s), ,hn(s)) is also a point of the hyperplane consid-
ered above. From these observations, we find that

(D.5)

x=(hy(s), ..., h,(s)).

As this expression holds for any point x of the connected support of X,
we can conclude that eq. (D.1) holds.

Conversely, assume that X is given by eq. (D.1), with the functions
h; defined in eq. (2.12). As the functions h; are all non-decreasing, it
follows immediately that X is comonotonic (e.g., Dhaene et al. (2002a,
Theorem 3).

It remains to show that the functions h; are 1-Lipschitz. First, note
that for the functions 4; defined in eq. (2.12), we have:

hi(s)= F;il(ax) (Fsgf(s)) = {

Indeed, taking into account our previous conventions eq. (2.7), we im-
mediately find the following expressions for the functions h; defined in
eq. (2.12):

(D.6)

—1+ : —1+
FZ 0 if s SFT(0),

. X (D.7)
-1 4
FX,- (1) 1stFS§((1).

hi(s) = F,;i” 0) ifs< F;i* 0),

and

hi(s) = F);il 1) ifs> Fs_i Q).

Moreover,

Fe (FS—§+ (0)) =p [S; = F§§+ (0)]
=P[X, =" O.....x, = F{'* 0)]
<F(F* ).

Combining this inequality with the fact that the following holds for any
a€l0,1]:

0<p<Fy (Fi'* () = F;'“ (»)=F;'" 0, (D.8)
P[X <Fx (F5'(D))]<p<1 = F'“ ) =F5' ().

we find that

h; <F§§:+ (0)) = F;i” 0) ifs= F;i* (0).

Indeed, apply eq. (D.8) for X = X, and p=F. st <F;C1+ (0)).
X
We now show that the functions h; defined in eq. (2.12) are 1-
Lipschitz continuous on R. First, we prove that the functions h; defined

in eq. (2.12) are Lipschitz continuous on [F ~1+0), F _51(1)]~ From the
X X

first part of this proof, we find that the connected support of X can be

expressed as follows:

{ ((hy(8),.. n(5))) (seR}. D.9)

Consider s; and s, in [F;‘,H(O), FEJ (1)] . Without loss of generality, we
X X

assume that s; <s,. For any j, the functions h; are non-decreasing,
implying that h; (s;) < h; (s,). In particular, for the function h;, we
find that

|hi (s2) = hy (Sl)‘ =h; (s2) = h; (51) < Z:} (r; (s2) = h; (1)) -
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Taking into account the additivity property eq. (D.5), this inequality
leads to

)h, (sz) - h; (sl)‘ < |52 —s1|,
which means that the function A; is 1-Lipschitz continuous on [FS_C”(O),
X
-1

FS§((1)] .

The conventions eq. (2.7) allow for a continuous extension of 4; out-
side the interval FS_C”(O), F_;fl (1)] (see eq. (D.7)). It is easy to verify

X X

that this extended function, defined on R, is 1-Lipschitz continuous on
R. Indeed, consider e.g., the case where s; < FS_CH(O) and s, > F “I.
X

Then we find that ¥
[ (s2) =y (50)] = 7 () = 1+ © < [s5 =s1]

The other cases follow in a similar way.

Appendix E. Proof of Theorem 2.9

We first state some preliminary results.

E.1. Preliminary results

Proposition E.1. If X :=(X,,...,X,) is comonotonic and Y := (Y}, ...,
Y,) is such that

Y, <cvx X;, foradlie(l,...,n}; and
Fjef{l,....n} Y; <cyx X,
then

n n
Z Y <cwx ZX:"
i=1 i=1

Proof. First note that it follows in particular that for all i € {1, ...,n},
E [(Y, - d)+] <E [(X[ - d)+], for all d € R. Moreover, the inequality
is strict for some j € {1, ...,n}. Suppose, without loss of generality, that
Jj = 1. Then there exists d; € <F);ll+(0), F;}(l)) such that
E|r-ap),| <E[(xi-a}),].

The connected support of the comonotonic random vector X can be
characterized as follows:

{ (F;(“-*) (Fs(s))..... Fy (FS(s))> |s & [F5' ), F5'(1) }

This implies that for d*, there exists some d* € [F < +0), F 5 1 (1)] such
that

dy = Fy“" (Fs(d).

Now, for i € {2,...,n},letd} := F;(ad*) (Fs(d*)). Since X is comono-
tonic and Y7, d* = d*, it follows that
< XE[(xi-d7),]

(5-+)]

It remains to show that for any d € R,

o) [l (B |

3
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but this follows from an argument similar to Corollary 1 in Dhaene et
al. (2002a). [

Proposition E.2. If Y € A is comonotonic then it is PO.

Proof. Suppose that Y is comonotonic but not PO. Then there exists an
allocation Z € A such that Z; <qyx Y; foralli € {1,...,n}, with at least
one strict improvement. Therefore, by Proposition E.1,

n n
Z Z; <cvx Z Y,
i=1 i=1

which contradicts the fact that )| Z; = Y." | ¥; = S. Hence, a comono-
tonic allocation is PO. []

Proposition E.3. Consider the random vectors (X R Xz) and (Y, Y2) with

d
equal marginal distributions, ie, Y; = X, for i = 1,2. If (X},X,) is

comonotonic and (Y},Y,) is not comonotonic, then X| — X, <cyx Y1 — Y,.

Proof. Since (X 1,—X2) and (Yl,—Yz) have equal marginal distribu-
tions, while the first couple is countermonotonic, it follows from Theo-
rem 3 in Dhaene and Goovaerts (1996) that

X —X; Scyx V1 - Y2

Suppose, by way of contradiction, that the above convex order inequal-
ity is not strict. Then

d
X, - X,=Y, - Y,.

Taking into account the equality in distribution of the respective
marginal distributions, this implies that

Cov[X |, X,]=Cov[Y},Y,].

It then follows from Proposition 2.3 in Denuit and Dhaene (2003)
that (Y,,Y,) is comonotonic, a contradiction. Hence, X; — X, <¢yx
Y,-Y,. O

We first show Pareto optimality and comonotonicity are equivalent
in the bivariate case.

Theorem E.4. A 2-reallocation (X X 2) € A of the aggregate risk S is
comonotonic if and only if it is A®-PO.

Proof. Suppose first that (X|,X,) € A is comonotonic. Assume, by
way of contradiction, that (X, X;) is not .A®-PO. Then there exists
a 2-reallocation (Y},Y;) € A such that Y; <cyx X;, for i € {1,2}, with
at least one strict inequality. Then, by Proposition E.1,

Y+, <cux X| + X,

contradicting the fact that Y, +Y, = X| + X,. Hence, a bivariate comono-
tonic allocation is Pareto optimal.

Now, suppose that (X 1. X;) is A@-PO. Assume, by way of contra-
diction, that (X, X,) is not comonotonic. By Lemma 2.6, (X, X,) is
an aggregate risk allocation. That is, there exist functions f; : R - R,
for i = 1,2, such that

(X1.X,) = (/1 (X1 +X,). /2 (X, + X3)) (E.1)

Since (X 1,)(2) is not comonotonic, at least one of the functions f; is
not a nondecreasing function of X, + X,. Without loss of generality,
assume that f| is not a nondecreasing function. Since the probabil-
ity space (2, F,[P) is nonatomic, there exists a random variable U on
(Q,F,P) with a uniform distribution on (0,1), such that X| + X, =
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F;11+X2 (U), a.s. (e.g., Lemma A.32 in Follmer and Schied (2016). Con-

. _ (-1 -1 -1
sider the random couple (Y,Y,) = (FX1 W), Fyl,y, W)= Fy (U)).
d
Then (Y},Y;) € A, and Y} = X|. In particular,

Y <cvx X (E.2)

Moreover, the random couples (F);llJrX2 ), F);ll (U)) and (X + X,
f1(X| + X>)) have equal marginal distributions, with the first couple be-
ing comonotonic and the second not comonotonic. Therefore, by Propo-
sition E.3 and eq. (E.1), it follows that

=17_l

Y, =Fyl o (U= Fyl(U) <oyx X, + X, = f1 (X1 + Xp) =X, (E3)

Hence, eq. (E.2) and eq. (E.3) imply that (Y},Y,) is a Pareto improve-
ment over (X,,X,), contradicting the Pareto optimality of the latter.
Consequently, (X 1,X2) is comonotonic. []

E.2. Proof of Theorem 2.9

We are now ready to provide a proof of Theorem 2.9.

* (1)=(2): Let X be PO. Assume, by way of contradiction, that
there exists i # j € {1,...,n} such that the suballocation Y :=
(X;.X;) of X is not Ay-PO. Without loss of generality, assume
that i = 1 and j =2. Then there exists (Y},Y,) € Ay such that

Y,' <CVX X[’ i€ {172}7
where at least one of the convex order inequalities is strict. Consider
now the random vector

Y:= (YI’YZ’X37X4,...,X"),

ThenY € A, and Y; <¢yx X;, fori € {1,2,...,n}, where at least one
of the convex order inequalities is strict, thereby contradicting the
Pareto optimality of X. Hence, Y is Ay -PO.

(2) < (3): This follows from Theorem E.4.

(3) = (4): This follows from the fact that comonotonicity is equiv-
alent to pairwise comonotonicity (e.g., Theorem 4 in Dhaene et al.
(2002a)).

(4) => (1): The proof of this implication is a straightforward multi-
variate generalization of the bivariate case. See the first part of the
proof of Theorem E.4.

(4) => (5): This has been established in Theorem 2.7.

(4) < (6): By the above, (1) < (4). Hence, by a similar argument,
it follows that for a given suballocation Y of X, Y is Ay-PO if
and only if Y is comonotonic. Now, suppose that X is comono-
tonic. Then each suballocation Y of X is also comonotonic. Thus,
each suballocation Y of X is .Ay-PO. Conversely, suppose that each
suballocation Y of X is Ay-PO. Then each suballocation Y of X is
comonotonic. Therefore, X is comonotonic. [

Appendix F. Proof of Proposition 2.10

First, suppose that X is PO. Then by Theorem 2.9 it is comonotonic,
and hence by Theorem 2.7,

X, =h,(S),Vie(l,....n},

for non-decreasing Lipschitz functions h; given by (2.12) where «a; is de-
fined in eq. (2.8). In particular, the functions x - /;(x) and x — x — h;(x)
are both nondecreasing. Therefore, the 2-reallocation (X, S — X,) =
(X,,X",X;) is comonotonic, and hence A®-PO, by Theorem 2.9.
Moreover, the suballocation Y := (X [T, ¢ ,,) € X! is comonotonic.
Therefore, it is Ay-PO, by Theorem 2.9.

Conversely, suppose that Y = (X,,...,X,) is Ay-PO and the 2-
reallocation (X, — X, ) is A®-PO. Then it follows from Theorem 2.9
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that both ¥ = (Xz, s X,,) and (XI,S - Xl) are comonotonic vectors.
Hence, there are nondecreasing functions f|, f, summing to the iden-
tity, such that X, = f{(X; + S — X)) =f1(S),and S - X, =Y, X; =
[L(X] + 8 = X,) = f»(S5). Moreover, there are nondecreasing func-
tions g,, ..., g, summing to the identity, such that X; =g (X, X;) =
g&i(S — Xy) = g;ofr(S), for all i € {2,...,n}. Therefore, X; and S —
X, are comonotonic, and X; and .S — X, are comonotonic for each
i € {2,...,n}. Consequently, the allocation X := (X|,...,X,) € A is
comonotonic, and hence PO, by Theorem 2.9. []

Appendix G. Proof of Proposition 4.1

Taking into account the additivity property for the quantiles of a
comonotonic sum, we find from (4.3) that

Zd—ZFf‘és><P>

which means that the sum of all deposits paid ex ante by the participants
accumulates to the quantile at probability level p of the aggregate claims
S of the pool.

The following result shows that, under mild condition imposed to the
allocation, the choice (4.3) ensures a form of solidarity among partici-
pants, in that either everyone or no one receives cash-back or give-back
at the end of the period.

Fg "), (G.D

Property G.1. Suppose that all f; are non-decreasing. In this case,

[i(S)> Frlg (p) = 8> Fg' (n).

f(S

Proof. Consider the support of the comonotonic contribution vector

=(fl(S),fz(S),...,fn(S)),given by
S={(F;ls) @ Fyls) @, ... F;ls @)|ac 1) }.
Consider two elements y = (y,¥,,...,¥,) and z = (zl,zz,...,zn) of S.

One has that either y <z or y >z must hold, where the inequality is
meant componentwise. This observation implies that for any i, one has

n n
oz Y>3z,
TR =

Now, choosing z = (

—1
f(S)(p) f(S)(p)""’an(s)(P))’ one finds for

any i that

f<S>(1’)‘=’ZyJ>Z f(S)(p)'

Taking into account the additivity property of the quantiles of a comono-
tonic sum, one finds for any i that

n
Ff,.(IS) () = Zyi >F'(p).
Jj=1

These equivalence relations hold for any element y of the support S of
Y. Hence, for any i, one has

fi($)>F (S)(pw:»Zf ($)> F5' ().

Taking into account the full allocation condition, this corresponds with
the stated result and ends the proof. []

We are now ready to prove item (i) in Proposition 4.1. From Prop-
erty G.1, we deduce that in case S < F s 1 (p), one has

me {19 F;ls )} = ; 1($)=5
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while in case S > F, S 1 (p), one has

Z min { .(S). Fls, () } = 2 Folo ) =F5' ().
We can conclude that (4.4) holds.

Let us now turn to item (ii) in Proposition 4.1. Taking into account
the fact that (x — y), = x —min{x, y} holds for any real x and y, the full
allocation condition, as well as (4.4), we find that

Z (fies)-

i=1

Fils @), =5~ me{f(S) Fris @)}

=S-min{S,.Fg' (0} =(S-F5' (),

which completes the proof of (ii).
Finally, item (iii) in Proposition 4.1 follows from item (i) in a similar
way.

Data availability
No data was used for the research described in the article.
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