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Introduction

Categorical Galois theory, as developed in [26,27], not only generalizes classical Galois 
theory but also establishes a link to the theory of central extensions of groups. These 
are surjective group homomorphisms f : A → B whose kernel is contained in the center 
of A. Given an admissible Galois structure Γ = (C , F , F, U, E , Z ), where

C F⊥
F

U

is an adjunction, and E and Z are classes of morphisms in C and F , respectively, 
satisfying certain conditions, the notions of (trivial) coverings are introduced. In [30], the 
authors consider the situation where C is an exact category, F is a Birkhoff subcategory 
of C , and E and Z are the classes of regular epimorphisms in C and F , respectively. 
In this case, (trivial) coverings are called (trivial) central extensions. In the case where 
F := Ab is the abelianization functor from the category C := Grp of groups to its 
subcategory F := Ab of abelian groups, this general notion of central extension exactly 
recovers the notion of central extension from group theory.

In [19], a characterization of the trivial and central extensions in the category Grpd(C )
of internal groupoids in an exact Mal’tsev category C (e.g. the categories Grp and Ab) 
with respect to the Birkhoff subcategory Discr(C ) of discrete internal groupoids is given. 
Namely, an extension (f0, f1)

C1 D1

C0 D0

f1

cd cd

f0

between internal groupoids C and D, meaning that f0 and f1 are regular epimorphisms 
in C , is central if and only if it is a discrete fibration, i.e., either of the above commutative 
squares is a pullback. Note that, if C is Mal’tsev, Grpd(C ) is isomorphic to the category 
Cat(C ) of internal categories in C . If C is not only assumed to be exact Mal’tsev but also 
semi-abelian [33] (as the categories Grp and Ab are), this is equivalent to the condition 
that the induced morphism between the kernels ker(d) of the “domain” morphisms d of 
C and D is an isomorphism. In the semi-abelian setting, the authors of [13] describe the 
(higher) central extensions in the category of n-fold internal groupoids Grpdn(C ) with 
respect to Discr(C ) explicitly and give generalized Hopf formulae for homology.

If C is semi-abelian, the category Grpd(C ) is equivalent to the category XMod(C ) of 
internal crossed modules in C [28]. An internal crossed module is given by a morphism 
f : X → B and an action ξ : B�X → X of B on X satisfying the so-called equivariance 
and Peiffer conditions. Given an internal groupoid C as above, the morphism part of 
the corresponding internal crossed module is given by c ◦ ker(d) : Ker(d) → C0. If C is 
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abelian, then XMod(C ) is isomorphic to the arrow category Arr(C ) of C , and Grpd(C )
is isomorphic to the category RG(C ) of internal reflexive graphs in C . Consequently, the 
categories Grpd(C ) and Arr(C ) are equivalent. This latter statement remains true if C
is additive and has kernels.

In this article, we assume C to be a quasi-abelian category [41,39]. By the so-called 
Tierney’s equation, a category is abelian if and only if it is exact and additive. Whereas 
a semi-abelian category is exact but not necessarily additive, a quasi-abelian category 
is additive but not necessarily exact. The naming semi-abelian is motivated by the fact 
that a category C is abelian if and only if it is semi-abelian and co-semi-abelian, i.e., its 
opposite category C op is also semi-abelian. Similarly, one can characterize quasi-abelian 
categories as those categories that are homological and co-homological. Homological 
categories are a non-exact generalization of semi-abelian categories in which various ho-
mological lemmas such as the Five Lemma, the Nine Lemma, the Noether Isomorphism 
Theorems and the Snake Lemma remain true. Examples of quasi-abelian categories are 
given by the categories of torsion abelian groups, of torsion-free abelian groups, of topo-
logical abelian groups, of locally compact abelian groups, of topological vector spaces, of 
normed spaces, of Banach spaces, of locally convex spaces and of Fréchet spaces. Since 
any quasi-abelian category C has kernels, the categories Grpd(C ) and Arr(C ) are equiv-
alent. A property of quasi-abelian categories that will be crucial for us is the following: 
Given a morphism f : A → B, the unique morphism ϕ : Cok(ker(f)) → Ker(cok(f))
making the diagram

A B

Cok(ker(f)) Ker(cok(f))
cok(ker(f))

f

ϕ

ker(cok(f))

commute is a bimorphism, i.e. an epimorphism and a monomorphism but not necessarily 
an isomorphism.

In the quasi-abelian setting, we are able to characterize the (higher) central extensions 
in a general situation that includes the ones considered in [19] and [13]. More specifically, 
we consider a quasi-abelian category A , a finite category T and a replete full subcategory 
S of T , and show that the functor category A T admits a torsion theory whose torsion-
free subcategory is the full subcategory F of A T whose objects are given by the functors 
F : T → A with F (T ) = 0 for all T /∈ S. This implies that (A T , F , F, U, E , Z ) yields an 
admissible Galois structure [26], where F : A T → F is the reflection and U : F → A T is 
the inclusion of F , and E and Z are the classes of regular epimorphisms in A T and F , 
respectively. Furthermore, F is a Birkhoff subcategory of A T . We prove that a regular 
epimorphism α : F → G in A T is a central extension with respect to F if and only if 
its component αT : F (T ) → G(T ) is an isomorphism whenever T /∈ S. We also study 
higher central extensions in A T with respect to F , which are linked to generalized Hopf 
formulae for homology [15,9].
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The article consists of three sections each of which comprises a part which recalls 
the theoretical background, and a part in which we study A T and F under different 
perspectives. Section 1.1 recalls the notion of torsion theory in a pointed category. In 
Section 1.2, we show that F is a torsion-free subcategory of A T whenever A is quasi-
abelian. In Section 2.1, we recall the notions of admissible Galois structure, and of 
trivial, normal and central extensions. In Section 2.2, we recall how categorical Galois 
theory is used to develop a categorical theory of central extensions. In Section 2.3, we 
give an explicit description of the trivial extensions in A T with respect to F when A is 
abelian, and of the central extensions when A is quasi-abelian. We consider two concrete 
examples, where T and S are chosen in such a way that the pair (A T , F ) corresponds 
to (Arr(A ), A ) and (Arr2(A ), 2-Arr(A )), respectively. In Section 3.1, we recall the 
generalization of the categorical theory of central extensions to higher extensions and 
then characterize those in A T in Section 3.2.

1. Torsion theory (T , F ) in A T

In this section, we will show that the functor category A T , where T is a finite category 
and A is a quasi-abelian category, allows for many torsion theories (T , F ). Namely, for 
any replete full subcategory S of T , the full subcategory F of A T , whose objects are 
given by the functors F : T → A such that F (T ) = 0 as soon as T /∈ S, is torsion-free. 
We start with recalling some basic facts about torsion theories.

1.1. Torsion theories

A torsion theory (T , F ) in a pointed category C consists of two replete full subcat-
egories T and F of C such that the following conditions hold:

1. Any morphism f : T → F in C from an object T ∈ T to an object F ∈ F is 0.
2. For any object C ∈ C , there exists a short exact sequence

0 T C F 0,εC ηC (1)

where T ∈ T and F ∈ F .

It is easy to see that the short exact sequence (1) is unique up to unique isomorphism, 
i.e., given another such short exact sequence, there exist unique isomorphisms ϕ and ψ
such that the following diagram commutes:

0 T C F 0

0 T ′ C F 0

ϕ

εC ηC

ψ

ε′ η′

C C
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Furthermore, one can show that T is a normal mono-coreflective subcategory of C
whose coreflection T : C → T maps an object C to T as in (1). The C-component 
of the corresponding counit is given by εC . Analogously, F is a normal epi-reflective 
subcategory of C whose reflection F : C → F maps an object C to F as in (1). The 
C-component of the corresponding unit is given by ηC. Moreover, F is semi-left exact 
[8], i.e., it preserves all pullbacks of the form

B ×F(B) X X

B F(B),

p2

p1 ϕ

ηB

where X lies in F and ϕ is an arbitrary morphism. Here we omitted the inclusion functor 
U : F → C . The following characterization of torsion-free subcategories can be found in 
[35].

Proposition 1.1. Let C be a pointed category with kernels and pullback stable normal 
epimorphisms, and F be a replete full subcategory of C . Then the following conditions 
are equivalent:

1. F is a torsion-free subcategory of C .
2. F is a normal epi-reflective subcategory of C and the reflection F : C → F is 

semi-left exact.

A torsion theory (T , F ) in a category C is called M -hereditary for a class of 
monomorphisms M in C , which is closed under composition with isomorphisms, if T is 
closed under M -subobjects in C , meaning that, if m : A → B is a morphism in M and 
B is in T , then A is in T . We call a morphism a protosplit monomorphism if it is the 
kernel of some split epimorphism. We recall that a homological category is a category 
that is pointed, regular [1] and protomodular [4]. A regular category is a finitely complete 
category that has coequalizers of kernels pairs and pullback stable regular epimorphisms. 
A pointed category is called protomodular if it has pullbacks along split epimorphisms 
and the Split Short Five Lemma holds. This means that, given a diagram

A B C

A′ B′ C,′

u

k

v
f

w

s

k′
f ′

s′

where fs = 1C , f ′s′ = 1C′ , k is the kernel of f , k′ is the kernel of f ′, vk = k′u, f ′v = wf

and vs = s′w, if u, w are isomorphisms, then v is an isomorphism, too. We can now recall 
[14, Theorem 2.6].
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Proposition 1.2. Let (T , F ) be a torsion theory in a homological category C . Then the 
following conditions are equivalent:

1. The reflection F : C → F is protoadditive [13], i.e., it preserves split short exact 
sequences.

2. (T , F ) is M -hereditary, where M is the class of protosplit monomorphisms in C .

1.2. Torsion theory (T , F ) in A T

In this section, we consider the functor category A T , where T is a finite category and 
A is a quasi-abelian category. Let us start by recalling some results about quasi-abelian 
categories.

The history of the notion of quasi-abelian category is somewhat involved and we refer 
the reader to [40, 2. Historical remark] for a historical remark. There the author writes 
in particular “It seems that the term ‘quasi-abelian’ goes back to Yoneda’s [...] paper 
[42] on Extn.” By the so-called Tierney’s equation, a category is abelian if and only 
if it is (Barr-)exact [1] and additive. The notion of quasi-abelian category is a regular 
additive but not necessarily exact generalization of the notion of abelian category. This 
means that not any equivalence relation is necessarily isomorphic to a kernel pair of a 
morphism.

Definition 1.3 (Quasi-abelian category). A category is called quasi-abelian if it is additive, 
has kernels and cokernels, and pushout stable normal monomorphisms and pullback 
stable normal epimorphisms.

The following property of quasi-abelian categories, already mentioned in the Intro-
duction, will be crucial in the following.

Proposition 1.4. Let A be a quasi-abelian category, and f : A → B be a morphism in 
A . Then the unique morphism ϕ : Cok(ker(f)) → Ker(cok(f)) making the diagram

A B

Cok(ker(f)) Ker(cok(f))
cok(ker(f))

f

ϕ

ker(cok(f))

commute is a bimorphism, i.e. an epimorphism and a monomorphism but not necessarily 
an isomorphism.

Proof. In [39, Proposition 1] it is shown that, if A is an additive category with kernels 
and cokernels, ϕ is for any f a monomorphism if and only if the pullback of any normal 
epimorphism is an epimorphism. Analogously, ϕ is for any f an epimorphism if and only 
if the pushout of any normal monomorphism is a monomorphism. �
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There are various characterizations of quasi-abelian categories.

Proposition 1.5. Let A be a category. The following conditions are equivalent:

1. A is quasi-abelian.
2. A is homological and co-homological, i.e., its opposite category A op is also homo-

logical.
3. A is the torsion subcategory of an abelian category.
4. A is the torsion-free subcategory of an abelian category.

Proof. As reported in [38, 5.3 Remarks], G. Janelidze observed the equivalence of the 
statements 1 and 2. The equivalence of the assertions 1, 3 and 4 can be found in [39, 4 
Corollary]. �

Many examples of quasi-abelian categories arise in topological algebra and in func-
tional analysis. There they provide a good framework for non-abelian homological alge-
bra, K-theory and cohomological theory of sheaves [41].

Examples 1.6 (Quasi-abelian categories).

1. Any abelian category is quasi-abelian.
2. It follows from Proposition 1.5 that the categories of torsion and of torsion-free 

abelian groups are quasi-abelian categories.
3. The categories of topological abelian groups, of locally compact abelian groups, of 

topological vector spaces, of normed spaces, of Banach spaces, of locally convex 
spaces and of Fréchet spaces are quasi-abelian.

Let us conclude this short synopsis of quasi-abelian categories by a remark on the 
term semi-abelian category which is used in the literature in two different contexts.

Remark 1.7 (Semi-abelian categories). In the Introduction we mentioned the notion of 
semi-abelian category in the sense of [33] as an exact but not necessarily additive gener-
alization of the notion of abelian category. On the other hand, the notion semi-abelian is 
used in the literature [23,39] for a slightly weaker concept than that of quasi-abelian cat-
egory, namely for additive categories with kernels and cokernels such that the morphism 
ϕ as in Proposition 1.4 is a bimorphism.

Let us now consider a quasi-abelian category A and a finite category T . Given a 
replete full subcategory S of T , we define F to be the full subcategory of A T whose 
objects are given by the functors F : T → A such that F (T ) = 0 for all T /∈ S. In 
particular, we can choose T such that A T is equivalent to Arrn(A ), and S such that 
F is equivalent to n-Arr(A ), which is the category whose objects are given by chains 
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of n composable arrows such that each composite of two consecutive ones is 0. Namely, 
we can set T to be P(n)op, where P(n) denotes the partial order given by the power set 
of n viewed as a category. Here we consider the natural numbers by their standard (von 
Neumann) construction, and put 0 := ∅ and n := {0, . . . , n − 1} for n ≥ 1. As S, we 
may choose the full subcategory of P(n)op whose objects are given by 0, . . . , n, see also 
Section 3.1 for more details. For n = 3, an object in Arr3(A ) can be depicted as

A3 A2

A{1,2} A{1}

A{0,2} A1

A{2} A0,

and an object in 3-Arr(A ) as

A3 A2 A1 A0.

We note that Arrn(A ) and n-Arr(A ) are equivalent to Grpdn(A ) and n-Grpd(A ), 
respectively, whenever A is additive and has kernels.

Given an object T ∈ T , we denote by [T ] the finite set of morphisms t : T ′ → T with 
T ′ /∈ S, and set d(t) := T ′ for such a morphism. For a functor F ∈ A T , we denote by

[F (t)]t∈[T ] :
⊕
t∈[T ]

F (d(t)) → F (T )

the unique morphism such that [F (t)]t∈[T ]ιt′ = F (t′), where ιt′ : F (d(t′)) →⊕
t∈[T ] F (d(t)) is the corresponding coproduct inclusion for t′ ∈ [T ]. We now show 

that F is the torsion-free subcategory of the torsion theory (T , F ) in A T , where T
is the full subcategory of A T whose objects are given by the functors F ∈ A T with 
[F (t)]t∈[T ] being an epimorphism for all T ∈ T .

Proposition 1.8. (T , F ) is a torsion theory in A T whenever A is a quasi-abelian cate-
gory.

Proof. Firstly, let α : F → G be a morphism in A T from an object F ∈ T to an object 
G ∈ F . We show that α = 0. Let T be an object in T . We consider the commutative 
square
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⊕
t∈[T ] F (d(t)) F (T )

⊕
t∈[T ] G(d(t)) G(T ).

[F (t)]t∈[T ]

⊕
t∈[T ] αd(t) αT

[G(t)]t∈[T ]

By assumption, [F (t)]t∈[T ] is an epimorphism and G(d(t)) = 0 for all t ∈ [T ]. Thus, 
αT = 0.

Secondly, let F ∈ A T be arbitrary. We define a short exact sequence

0 T(F ) F F(F ) 0εF ηF (∗)

in A T , where T(F ) ∈ T and F(F ) ∈ F . For T ∈ T , we set F(F )(T ) := Cok([F (t)]t∈[T ])
and (ηF )T := cok([F (t)]t∈[T ]). For a morphism τ : T → T ′ in T , we define F(F )(τ) to 
be the unique morphism such that the right-hand side of the diagram

⊕
t∈[T ] F (d(t)) F (T ) F(F )(T )

⊕
t′∈[T ′] F (d(t′)) F (T ′) F(F )(T ′)

[F (t)]t∈[T ]

ϕ F (τ)

(ηF )T

F(F )(τ)

[F (t′)]t′∈[T ′] (ηF )T ′

commutes, where ϕ is the unique morphism such that ϕιt = ιτt for any t ∈ [T ]. It 
is immediate to see that F(F ) is a functor from T to A and that ηF is a natural 
transformation from F to F(F ). Furthermore, for T /∈ S, F(F )(T ) = 0 since in this case 
1T ∈ [T ]. Thus, F(F ) ∈ F .

We set T(F )(T ) := Ker((ηF )T ) for any T ∈ T and (εF )T := ker((ηF )T ). For τ : T →
T ′ in T , we define T(F )(τ) to be the unique morphism such that the front right-hand 
side of the diagram

⊕
t∈[T ] F (d(t)) F (T ) F(F )(T )

T(F )(T )

⊕
t′∈[T ′] F (d(t′)) F (T ′) F(F )(T ′),

T(F )(T ′)

e

ϕ

[F (t)]t∈[T ]

F (τ)

(ηF )T

F(F )(τ)

T(F )(τ)

(εF )T

e′

[F (t′)]t′∈[T ′] (ηF )T ′

(εF )T ′

commutes, i.e., (εF )T ′T(F )(τ) = F (τ)(εF )T , where e and e′ are the unique morphisms 
that make the upper and lower triangles commute, respectively. It is clear that T(F ) is 
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a functor from T to A and that εF is a natural transformation from T(F ) to F . Let 
T ∈ T and t ∈ [T ]. For τ = t, the above diagram looks as follows:

⊕
t′∈[d(t)] F (d(t′)) F (d(t)) 0

F (d(t))

⊕
t′′∈[T ] F (d(t′′)) F (T ) F(F )(T )

T(F )(T )

[F (t′)]t′∈[d(t)]
ϕ

[F (t′)]t′∈[d(t)]

F (t)

T(F )(t)

e

[F (t′′)]t′′∈[T ] (ηF )T

(εF )T

We compute

(εF )T eιt = [F (t′′)]t′′∈[T ]ιt = F (t).

Hence T(F )(t) = eιt and [T(F )(t)]t∈[T ] = e. Thus, T(F ) ∈ T since e is an epimorphism 
due to Proposition 1.4. The exactness of the short sequence (∗) is then clear. �

We note that the properties of a quasi-abelian category that we used in the proof of 
Proposition 1.8 were only the existence of finite coproducts, kernels and cokernels, and 
the fact that the induced morphism from the domain of a morphism to the kernel of its 
cokernel is an epimorphism.

As we have seen in Section 1.1, Proposition 1.8 shows that F is a normal epi-reflective 
subcategory of A T with semi-left exact reflection F : A T → F and unit η. Since F is a 
left adjoint between additive categories, F is protoadditive. Proposition 1.2 implies that 
(T , F ) is M -hereditary, where M is the class of protosplit monomorphisms in A T . We 
will see later that T is in general not closed under regular subobjects. We recall from the 
proof of Proposition 1.8 that F(F )(T ) = Cok([F (t)]t∈[T ]) and (ηF )T = cok([F (t)]t∈[T ])
for any F ∈ A T and T ∈ T .

Remark 1.9. The full subcategory F is a normal epi-reflective subcategory of A T as 
soon as T is a finite category and A is a pointed category with finite coproducts and 
cokernels. Moreover, F(F ) is given by a pointwise left Kan extension as we explain now. 
Let us denote by T∗ the category with set of objects Ob(T∗) := Ob(T )∪̇{0} and sets of 
morphisms

HomT∗(T, T ′) :=
{

Hom(T, T ′)∪̇{0} if T, T ′ ∈ T ,

{0} else.
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Let us denote by Q the category with set of objects Ob(Q) := Ob(S∗) = Ob(S)∪̇{0}
and sets of morphisms

HomQ(S, S′) := HomS∗(S, S′)/∼,

where we identify a morphism s : S → S′ with 0 if it factors in T through an object 
which is not in S. This yields a functor π : T∗ → Q with

π(T ) :=
{
T if T ∈ S,

0 else

}
, π(t) :=

{
[t] if t ∈ S,

0 else

}
.

Let us fix a zero object 0A in A . Then we get the diagram

A T F

Pointed[T∗,A ] Pointed[Q,A ],

L

U

LR

π∗

R

where Pointed[T∗, A ] denotes the full subcategory of A T∗ whose objects are the pointed 
functors, and analogously for Pointed[Q, A ]. Furthermore, π∗ is the functor induced by 
precomposition with π, and L, R, L, R are the functors such that

L(F )(T ) :=
{
F (T ) if T ∈ T ,

0A if T = 0

}
, R(F ) := F |T ,

L(F )(S) :=
{
F (S) if S ∈ S,

0A if S = 0

}
, R(F )(T ) :=

{
F (T ) if T ∈ S,

0A if T /∈ S

}
,

and UR 	 Rπ∗ and LU 	 π∗L. It is well-known [37] that, if A is finitely cocomplete, π∗

has a left adjoint Lanπ : Pointed[T∗, A ] → Pointed(Q, A ) for which

(LanπF )(S) = colim
(T,f)∈π↓S

(F ◦ ϕS)

for any F ∈ Pointed[T∗, A ] and S ∈ Q, where π ↓ S is the category whose objects are 
the morphisms f : π(T ) → S in Q, where T ∈ T∗, and morphisms between (T, f) and 
(T ′, f ′) are the morphisms t : T → T ′ in T∗ such that π(t)f ′ = f , and ϕS : π ↓ S → T∗ is 
the expected forgetful functor. Since A T and Pointed[T∗, A ], and F and Pointed[Q, A ]
are equivalent, respectively, U has R ◦Lanπ ◦L as left adjoint. It is easily shown that, for 
any S ∈ S,

colim (F ◦ ϕS) = Cok([F (t)]t∈[S]).

(T,f)∈π↓S
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2. Central extensions in A T with respect to F

In this section, we will see that F is an admissible subcategory of A T from the 
point of view of categorical Galois theory. Furthermore, we will characterize the trivial 
and central extensions in A T with respect to F when A is abelian and quasi-abelian, 
respectively. We start with recalling some basic facts from categorical Galois theory and 
the categorical theory of central extensions.

2.1. Categorical Galois theory

Categorical Galois theory was introduced and developed in [25–27]. A Galois structure
Γ = (C , F , F, U, E , Z ) consists of an adjunction

C F ,
F

U

� (2)

and classes E and Z of morphisms in C and F , respectively, such that the following 
conditions hold:

1. C and F admit all pullbacks along morphisms in E and Z , respectively.
2. E and Z contain all isomorphisms, are closed under composition and are pullback 

stable.
3. F(E ) ⊆ Z and U(Z ) ⊆ E .

A Galois structure Γ = (C , F , F, U, E , Z ) induces, for any object B ∈ C , the adjunc-
tion

E (B) Z (F(B)),
FB

UB

� (3)

where E (B) is the full subcategory of the slice category C ↓ B whose objects are given by 
the morphisms in E with codomain B, and analogously for Z (F(B)). The left adjoint FB

maps a morphism f : A → B in E to F(f) : F(A) → F(B). For a morphism ϕ : X → F(B)
in Z , we consider the pullback

B ×UF(B) U(X) U(X)

B UF(B)

p2

p1 U(ϕ)

ηB

(4)

of U(ϕ) along the B-component ηB of the unit of the adjunction (2). Then p1 is the 
image of ϕ under the right adjoint UB. By pasting the F-image of the above pullback 
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with the corresponding naturality square of the counit ε of the adjunction (2), we see 
that the composite εXF(p2) : F(B ×UF(B) U(X)) → X is a morphism from F(p1) to ϕ in 
Z (F(B)):

F(B ×UF(B) U(X)) FU(X) X

F(B) FUF(B) F(B)

F(p2)

F(p1) FU(ϕ)

εX

ϕ

F(ηB) εF(B)

This is the ϕ-component of the counit εB of the adjunction (3).
The Galois structure Γ = (C , F , F, U, E , Z ) is called admissible if UB is fully faithful 

for all B ∈ C . Equivalently, the counit εB is an isomorphism for all B ∈ C . When U is 
fully faithful, then Γ is admissible if and only if F preserves all pullbacks of the form (4), 
where ϕ lies in Z .

If Γ = (C , F , F, U, E , Z ) is a Galois structure, where F is a torsion-free subcategory 
of a pointed category C with kernels and pullback stable normal epimorphisms with 
reflection F and inclusion U, then Proposition 1.1 implies that Γ is admissible.

Given a Galois structure Γ = (C , F , F, U, E , Z ), the morphisms in E are called ex-
tensions. Let f : A → B be an extension.

1. f is called trivial extension if the naturality square

A UF(A)

B UF(B)

f

ηA

UF(f)

ηB

(5)

is a pullback. If Γ is admissible, this is equivalent to f lying in the essential image 
of the functor UB : Z (F(B)) → E (B).

2. f is called monadic extension if it is effective E -descent, i.e., the pullback functor 
f∗ : E (B) → E (A) is monadic.

3. f is called normal extension if it is a monadic extension and either of the projections 
p1 and p2 of its kernel pair

A×B A A

A B

p2

p1 f

f

is a trivial extension.
4. f is called central extension if there exists a monadic extension p : E → B such that 

p1 in the pullback
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E ×B A A

E B

p1

p2

f

p

is a trivial extension.

It is clear that any trivial extension is a central extension, and that any normal exten-
sion is a central extension. If Γ is an admissible Galois structure, any trivial extension 
is a normal extension, and trivial extensions are pullback stable.

Remark 2.1 (Fundamental theorem of categorical Galois theory). We want to shortly 
mention the fundamental theorem of categorical Galois theory due to G. Janelidze [27]. 
It states that there is, for any admissible Galois structure Γ = (C , F , F, U, E , Z ) and any 
monadic extension p : E → B, an equivalence of categories Split(E, p) 	 F ↓Z Gal(E,p)

between the category of extensions f : A → B whose pullback along p is a trivial exten-
sion, and the category of discrete fibrations between pregroupoids in F with codomain 
the Galois pregroupoid Gal(E, p) and with components in Z . When p : E → B factors 
through every other monadic extension over B, then we have that Split(E, p) is exactly 
the category CExt(B) of central extensions over B. If C is an exact category with enough 
regular projective objects and E is the class of regular epimorphisms, such a p always 
exists.

We conclude this section by studying a situation where the central extensions can be 
described explicitly.

Proposition 2.2. Let Γ = (C , F , F, U, E , Z ) be a Galois structure, where C is a pointed 
finitely complete protomodular category, and F is a replete full reflective subcategory 
of C with protoadditive reflection F and inclusion U. Furthermore, we assume that any 
morphism in E is a monadic extension. For an extension f : A → B, the following 
conditions are equivalent:

1. f is a normal extension.
2. f is a central extension.
3. Ker(f) lies in F .

Proof. For the convenience of the reader, we repeat the argument used in [13, 2.7. Propo-
sition]. By definition, (1) implies (2). Let us assume that f is a central extension, i.e., 
there exists a monadic extension p : E → B such that the pullback p1 of f along p is 
a trivial extension. This means that the naturality square on the left-hand side in the 
commutative diagram
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Ker(F(p1)) Ker(p1) Ker(f)

F(E ×B A) E ×B A A

F(E) E B

ker(F(p1)) ker(p1) ker(f)

F(p1)

ηE×BA

p1

p2

f

ηE p

is a pullback. Thus, we have that the induced morphism from Ker(p1) to Ker(f), and 
from Ker(p1) to Ker(F(p1)), respectively, is an isomorphism. Since F is closed in C under 
limits, Ker(F(p1)) lies in F . Thus, Ker(f) ∈ F . It remains to show that (3) implies (1). 
Let us assume that the kernel of f lies in F . By assumption, f is a monadic extension. 
Hence it suffices to show that any of the pullback projections of the kernel pair of f is a 
trivial extension. We consider the commutative diagram

Ker(F(p1)) Ker(p1) Ker(f)

F(A×B A) A×B A A

F(A) A B.

ker(F(p1)) ker(p1) ker(f)

F(p1)

ηA×BA

p1

p2

f

ηA f

In a pointed finitely complete protomodular category, a regular epimorphism is the 
cokernel of its kernel (see e.g. [3, Lemma 3.1.23]). Hence, since F is a protoaddi-
tive functor, ker(F(p1)) equals F(ker(p1)) and the induced morphism from Ker(p1) to 
Ker(F(p1)) = F(Ker(p1)) is given by ηKer(p1). As before, we have that the induced mor-
phism from Ker(p1) to Ker(f) is an isomorphism. The assumption that Ker(f) lies in F
implies that ηKer(p1) is an isomorphism. Since C is pointed finitely complete protomod-
ular, this implies that the naturality square on the left-hand side is a pullback (see e.g. 
[3, Proposition 3.1.24]). �
2.2. Categorical theory of central extensions

A full subcategory F of a category C is called closed under subobjects in C if, given 
a monomorphism f : A → B in C , where B lies in F , then A lies in F . Similarly, it is 
called closed under regular quotients in C if, given a regular epimorphism f : A → B, 
where A is in F , then B is in F . Given a regular category C , a replete full reflective 
subcategory F of C is closed under subobjects in C if and only if each component of 
the unit of the reflection is a regular epimorphism. In this case, F is a regular category, 
and a morphism in F is a regular epimorphism (monomorphism) in F if and only if 
it is a regular epimorphism (monomorphism) in C . However, when C is exact, F is 
not necessarily exact, as the example of the subcategory of torsion-free abelian groups 
of the category of abelian groups shows [2]. If F is a Birkhoff subcategory of C , i.e., 
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it is closed under subobjects and regular quotients in C , then F is exact. As shown 
in [30, Proposition 3.1], F is a Birkhoff subcategory of C if and only if the naturality 
square (5) is a pushout square consisting of regular epimorphisms whenever f is a regular 
epimorphism. By Birkhoff’s theorem, the Birkhoff subcategories of a variety of universal 
algebras are precisely its subvarieties.

In [30], the authors consider a Galois structure Γ = (C , F , F, U, E , Z ), where C is an 
exact category, F is a Birkhoff subcategory of C with reflection F and inclusion U, and 
E and Z are the classes of regular epimorphisms in C and F , respectively. They show 
that, if C is in addition a Mal’tsev category [7], i.e., any internal reflexive relation is an 
equivalence relation, then Γ is automatically admissible, and the notions of central and 
normal extensions coincide. Furthermore, an extension f : A → B is trivial if and only if 
the pair of morphisms f and ηA is jointly monomorphic. This follows from [6, Theorem 
5.7], where the authors show that the exact Mal’tsev categories are exactly those regular 
categories that satisfy the following property: given regular epimorphisms r : A → B

and s : A → C with a common domain, their pushout exists and the induced map ω as 
in the diagram

A

B ×D C C

B D,

s

r

ω

p2

p1 v

u

where the outer square is a pushout and the inner square is a pullback, is a regular 
epimorphism.

If we take F := Ab to be the abelianization functor from the category Grp of groups to 
its subcategory Ab of abelian groups, the categorical notion of central extension exactly 
recovers the notion of central extension from group theory [26]. More generally, [30]
generalizes the study of central extensions of Ω-groups with respect to a subvariety as 
in [16,36,17]. Furthermore, if C is a Mal’tsev variety and F is its subvariety of abelian 
algebras, the categorical central extensions are exactly the central extensions arising from 
commutator theory in universal algebra, see [32].

2.3. Central extensions in A T with respect to F

As in Section 1.2, let T be a finite category and A be a quasi-abelian category. We 
have seen in Proposition 1.8 that F is a torsion-free subcategory of A T . As explained in 
Section 2.1, this implies that Γ = (A T , F , F, U, E , Z ), where F and U are the reflection 
and the inclusion of F in A T , respectively, and E and Z are the classes of regular 
epimorphisms in A T and F , respectively, is an admissible Galois structure. Furthermore, 
the following holds:
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Proposition 2.3. F is a Birkhoff subcategory of A T .

Proof. We have already seen that F is a reflective subcategory of the regular category 
A T . It remains to show that F is closed under subobjects and regular quotients in A T . 
Let α : F → G be a monomorphism in A T and G ∈ F . This implies that αT : F (T ) → 0
is a monomorphism for all T /∈ S. Hence F (T ) = 0 for all T /∈ S and F ∈ F . For a 
regular epimorphism β : G → H in A T with G ∈ F , we have that αT : 0 → G(T ) is an 
epimorphism for all T /∈ S. Thus, G ∈ F . �

Assuming that the quasi-abelian category A is also exact, which amounts to A being 
abelian, we are able to characterize the trivial extensions in A T with respect to F .

Proposition 2.4. Let A be abelian and α : F → G be an extension in A T . Then the 
following conditions are equivalent:

1. α is a trivial extension with respect to F .
2. αT and (ηF )T are jointly monomorphic for all T ∈ T . If T /∈ S, this amounts to αT

being an isomorphism.

Proof. Since A T is abelian, α is a trivial extension if and only if α and ηF are jointly 
monomorphic, see Section 2.2. This is equivalent to αT and (ηF )T being jointly monomor-
phic for all T ∈ T . If T /∈ S, then (ηF )T = 0 and αT is a monomorphism. Since αT is a 
regular epimorphism by assumption, this implies that αT is an isomorphism. �

In [21], the authors show in particular that any quasi-abelian category C is descent-
exact [9], meaning that the classes of effective descent morphisms and of regular 
epimorphisms in C coincide, i.e., for a morphism f : A → B in C , the functor 
f∗ : C ↓ B → C ↓ A is monadic if and only if f is a regular epimorphism. More 
generally, they show that this property still holds true in any normal category C [29], 
i.e. a pointed regular category in which any regular epimorphism is the cokernel of its 
kernel, such that (epimorphism, normal monomorphism)-factorizations exist. Hence [34, 
2.6. Proposition] implies that, for any regular epimorphism f : A → B in C , the functor 
f∗ : RegEpi(B) → RegEpi(A) is monadic, where RegEpi(B) denotes the full subcategory 
of the slice category C ↓ B whose objects are given by the regular epimorphisms in C
with codomain B. We are now able to prove a characterization of the central extensions 
in A T with respect to F which is very similar to the characterization of the trivial 
extensions obtained in Proposition 2.4.

Proposition 2.5. Let A be a quasi-abelian category. Furthermore, let α : F → G be an 
extension in A T . Then the following conditions are equivalent:

1. α is a normal extension with respect to F .
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2. α is a central extension with respect to F .
3. Ker(α) lies in F .
4. αT is an isomorphism for all T /∈ S.

Proof. The equivalence of 1, 2 and 3 is clear by Proposition 2.2. Moreover, we have 
that Ker(α) lies in F if and only if Ker(αT ) = 0 for all T /∈ S. Since A T is pointed 
finitely complete protomodular, this is equivalent to αT being a monomorphism (see 
e.g. [3, Proposition 3.1.21]). By assumption, αT is a regular epimorphism. Thus, this is 
equivalent to αT being an isomorphism for all T /∈ S. �

Alternatively, one could have used the results in [20] to prove the above proposition. 
This result is also included in Proposition 3.3.

We illustrate Propositions 2.4 and 2.5 in two concrete situations. In particular, we 
give an example of a central extension which is not trivial. Then [22, Proposition 4.10]
implies that (T , F ) is not necessarily quasi-hereditary, i.e., T is not closed under regular 
subobjects. We saw before that T is closed under protosplit subobjects.

Example 2.6. Let T be the “walking arrow” category with exactly two objects and one 
non-trivial morphism:

1 0

Let 0 be the only object of S. Note that 1 (0) does not mean here that 1 (0) is a terminal 
(initial) object. Hence A T corresponds to the arrow category Arr(A ) of A and F
corresponds to A . U maps an object A of A to the morphism 0 → A, and F maps a 
morphism a : A1 → A0 to Cok(a). If A is abelian, an extension (f0, f1) in Arr(A) from 
a to b as depicted in the diagram

A1 B1

A0 B0

a

f1

b

f0

is trivial if and only if f1 is an isomorphism, and f0 and cok(a) are jointly monomorphic. 
If A is quasi-abelian, it is central if and only if f1 is an isomorphism. The diagram

Z Z

Z 0

in the category Ab of abelian groups depicts an extension which is central but not trivial.
It is well-known that the categories Arr(A ), RG(A ) of reflexive graphs, Cat(A ) of 

internal categories and Grpd(A ) of internal groupoids in A are all equivalent as soon as 
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A is additive and has kernels. Given a morphism a : A1 → A0 in A , the corresponding 
reflexive graph is given by

A1 ⊕A0 A0,

π2

[a,1A0 ]

ι2

where [a, 1A0 ] is the morphism induced by the universal property of the coproduct A1 ⊕
A0, and this reflexive graph has a unique internal groupoid structure. Conversely, given 
an internal groupoid in A with underlying reflexive graph

C1 C0,
d

c

e (6)

the corresponding morphism is given by c ◦ker(d) : Ker(d) → C0. Under this equivalence, 
F corresponds to the discrete internal groupoids, i.e. those internal groupoids where d as 
in Diagram (6) is an isomorphism. In [18,19], it is shown that, if A is an exact Mal’tsev 
category, then Grpd(A ) is an exact Mal’tsev category. Furthermore, an extension

C1 D1

C0 D0

f1

cd cd

f0

in Grpd(A ), i.e., f0 and f1 are regular epimorphisms in A , is a central extension with 
respect to the Birkhoff subcategory Discr(A ) given by all discrete internal groupoids if 
and only if it is a discrete fibration, i.e., either of the above commutative squares is a 
pullback. In the pointed finitely complete protomodular context, this is equivalent to the 
condition that the induced morphism between the kernels of the “domain” morphisms 
of the internal groupoids is an isomorphism.

Example 2.7. Let T be the category as in the diagram

(1
1
) (1

0
)

(0
1
) (0

0
)
,

where we depicted all arrows except the identities, and 
(0
1
)

be the only object not in 
S. Then A T corresponds to the double arrow category Arr2(A ) of A , F corresponds 
to the category 2-Arr(A ) whose objects are given by pairs of composable morphisms 
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f : A → B and g : B → C whose composite is 0, U maps a corresponding pair (f, g) to 
the commutative square

A B

0 C,

f

g

and F maps a commutative square

A1
1 A1

0

A0
1 A0

0

a1

a1

a0

a0

to

A1
1 A1

0 Cok(a0).a1 cok(a0)a0

If A is abelian, an extension (f0
0 , f

0
1 , f

1
0 , f

1
1 ) as depicted in the diagram

A1
1 B1

1

A1
0 B1

0

A0
1 B0

1

A0
0 B0

0

f1
1

a1

a1 b1

b1

a0

f1
0

b0

f0
1

a0
b0

f0
0

is trivial if and only if f0
1 is an isomorphism, and f0

0 and cok(a0) are jointly monomorphic. 
If A is quasi-abelian, it is central if and only if f0

1 is an isomorphism. If A is additive and 
has kernels, Arr2(A ) is equivalent to the category Grpd2(A ) of internal double groupoids 
and 2-Arr(A ) is equivalent to the category 2-Grpd(A ) of internal 2-groupoids.

3. Higher central extensions and generalized Hopf formulae in A T with respect to F

Given a Galois structure Γ = (C , F , F, U, E , Z ), we denote by Ext(C ) the full sub-
category of the arrow category Arr(C ) whose objects are given by the morphisms in E . It 
turns out that, in many cases, the full subcategory CExt(C ) of Ext(C ) whose objects are 
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given by the central extensions is reflective in Ext(C ), see e.g. [31]. In [15], the authors 
introduce higher central extensions to develop non-abelian homological algebra, see also 
[10,14,11]. In this section, we study the higher central extensions in A T with respect to 
F and the associated generalized Hopf formulae. We start by recalling the theoretical 
background of this theory.

3.1. Higher central extensions and generalized Hopf formulae

This section is mostly based on the article [9] since its presentation and results serve 
our purposes best.

In [9], the author considers a closed Galois structure Γ = (C , F , F, U, E , Z ), i.e. 
a Galois structure as in Section 2.1 such that the counit ε of the adjunction is an 
isomorphism and each component ηC of the unit of the adjunction lies in E . In this case, 
one can assume that F is a full subcategory of C , U is the inclusion and εC = 1C for 
all C ∈ F .

Furthermore, the author considers a pointed protomodular category C and a class of 
extensions E in C that satisfies some, not always all of the following conditions:

(E1) E contains all isomorphisms in C .
(E2) Pullbacks of morphisms in E exist in C and lie in E .
(E3) E is closed under composition.
(E4) If the composite gf lies in E , then g lies in E .
(E5) For a commutative diagram

Ker(a) A1 A0

Ker(b) B1 A0,

ker(a)

k

a

f

ker(b) b

the condition that k and a lie in E implies that f lies in E .
(M) Every morphism in E is a monadic extension.

If E satisfies all the conditions above and if C has finite limits, then any morphism in E
is a regular epimorphism or, equivalently here, a normal epimorphism.

If C is a homological category such that the classes of effective descent morphisms and 
of regular epimorphisms coincide, i.e., C is descent-exact, and E is the class of regular 
epimorphisms in C , then all the above conditions are fulfilled.

Given such a pair (C , E ), we set Ext(C ) := ExtE (C ), where ExtE (C ) denotes the 
full subcategory of the arrow category Arr(C ) of C whose objects are given by the 
morphisms in E . A double extension is a morphism (f1, f0) : a → b in Ext(C ) such that 
all morphisms in the diagram
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A1

A0 ×B0 B1 B1

A0 B0,

f1

a

p2

p1 b

f0

where the inner diagram is a pullback, lie in E . The class of double extensions is denoted 
by E 1. In [9, Theorem 2.2.], it is shown that if (C , E ) satisfies all the conditions above, 
i.e., if C is pointed protomodular and E satisfies the conditions (E1) to (E5) and (M), 
then (Ext(C ), E 1) satisfies the same conditions. Recursively, one gets, for every n ≥ 1, a 
class E n := (E n−1)1 of so-called (n +1)-fold extensions, satisfying the properties (E1) to 
(E5) and (M) in the pointed protomodular category Extn(C ) := ExtE n−1(Extn−1(C )), 
where we set C 0 := C and E 0 := E .

Given a closed Galois structure Γ = (C , F , F, U, E , Z ), we denote by NExt(C ) the 
full subcategory of Ext(C ) whose objects are given by the normal extensions with respect 
to Γ. In [9, Theorem 2.6.], it is assumed that C is pointed protomodular, E satisfies the 
conditions (E4), (E5) and (M), and the reflection F : C → F preserves pullbacks of the 
form

A B

D C,

g

h

(A)

where g ∈ E and h ∈ Split(E ). Here Split(E ) denotes the class of morphisms which are 
split epimorphisms and lie in E . Then it is shown that there exists a closed Galois struc-
ture Γ1 = (Ext(C ), NExt(C ), F1, U1, E 1, Z 1) such that Ext(C ) is pointed protomodular, 
E 1 satisfies (E4), (E5) and (M), and F1 preserves pullbacks of form (A), where g lies 
in E 1 and h lies in Split(E 1). Recursively, one gets, for every n ≥ 1, a closed Galois 
structure Γn = (Extn(C ), NExtn(C ), Fn, Un, E n, Z n), where NExtn(C ) is the full sub-
category of Extn(C ) whose objects are given by the n-fold extensions which are normal 
with respect to Γn−1, where we set Γ0 := Γ. We denote by ηn the unit of the adjunction 
in Γn.

We recall that a semi-abelian category in the sense of [33] is a category which is finitely 
complete, finitely cocomplete, pointed, exact and protomodular. In [15, Lemma 4.4.], it is 
in particular shown that any semi-abelian category C with Birkhoff subcategory F , and 
E and Z being the classes of regular epimorphisms in C and F , respectively, yields a 
Galois structure Γ = (C , F , F, U, E , Z ) that satisfies all the conditions required above. 
Moreover, [15, Proposition 4.5] shows that NExtn(C ) = CExtn(C ), where CExtn(C )
denotes the full subcategory of Extn(C ) whose objects are given by the n-fold extensions 
which are central with respect to Γn−1, see also [11].
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It is easy to see that a protoadditive functor between pointed finitely complete proto-
modular categories preserves pullbacks of form (A), where h is a split epimorphism. In 
the following, we will get a similar result to Proposition 2.2 for higher extensions.

Given an object A ∈ C , we denote by [A] the kernel of ηA : A → F(A). For n ≥ 1 and 
A ∈ Extn(C ), we denote by [A]n the kernel of ηnA : A → Fn(A). This defines a functor 
[−]n : Extn(C ) → Extn(C ). Let us consider the natural numbers by their standard (von 
Neumann) construction, and put 0 := ∅ and n := {0, . . . , n −1} for n ≥ 1. Let n ≥ 0. We 
denote by P(n) the partial order given by the power set of n and view it is a category. 
Let us consider the functor category CP(n)op . For an object A in CP(n)op , we set, for 
any S ⊆ T ⊆ n, AS := A(S) and aTS := A(S ⊆ T ), which is an arrow in C from AT

to AS . We define ai := ann\{i} for any 0 ≤ i ≤ n − 1. We write (AS)S⊆n synonymously 

for A. For n ≥ 1, the functor δn−1 : CP(n)op → Arr(CP(n−1)op) which maps a morphism 
f : A → B in CP(n)op to the commutative square

(AS∪{n−1})S⊆n−1 (BS∪{n−1})S⊆n−1

(AS)S⊆n−1 (BS)S⊆n−1

(aS∪{n−1}
S )S⊆n−1

(fS∪{n−1})S⊆n−1

(bS∪{n−1}
S )S⊆n−1

(fS)S⊆n−1

defines an isomorphism of categories. Hence the composite φ := Arrn−1(δ0) · · ·
Arr(δn−2)δn−1 yields an isomorphism between CP(n)op and Arrn(C ). We set Extn(C ) :=
φ−1(Extn(C )). Even though φ is just one possible choice of isomorphism between CP(n)op

and Arrn(C ), it is shown in [12, Proposition 1.16.] that Extn(C ) is the full subcategory 
of CP(n)op whose objects are given by the functors P(n)op → C such that the limit 
limJ�IAJ exists for all 0 �= I ⊆ n and the induced morphism AI → limJ�IAJ lies in 
E . In the following, we will not distinguish between Extn(C ) and Extn(C ), and assume 
the application of φ implicitly. We define ιn : C → Extn(C ) to be the functor which 
maps an object A in C to the functor which maps n to A, and S to 0 for any S � n. 
In [9, Theorem 2.15.], it is shown that the functor [−]n : Extn(C ) → Extn(C ) factors 
through ιn, i.e., there exists a functor [−]n : Extn(C ) → C such that [A]n = ιn([A]n)
for all A ∈ Extn(C ).

Example 3.1. Let us consider the Galois structure Γ = (Grp, Ab, Ab, U, E , Z ), where 
Ab : Grp → Ab is the abelianization functor, and E and Z are the classes of regular 
epimorphisms, i.e. surjective group homomorphisms, in Grp and Ab, respectively. It is 
clear that Grp is a semi-abelian category with Birkhoff subcategory Ab. The centraliza-
tion of an extension f : A → B is given by the induced morphism from the quotient of 
A by its normal subgroup [Ker(f), A] to B:



N. Egner / Journal of Algebra 663 (2025) 502–532 525
A B

A/[Ker(f), A]

f

In [27], it is shown that a double extension, i.e. a commutative square

A1 B1

A0 B0

a

f1

b

f0

of surjective group homomorphisms such that the induced morphism from A1 to the 
pullback of b along f0 is surjective as well, is central if and only if the conditions [Ker(a) ∩
Ker(f1), A] = 0 and [Ker(a), Ker(f1)] = 0 hold. The centralization of a double extension 
is given by the induced square

A1/C B1

A0 B0,

b

f0

where C denotes the product [Ker(a) ∩ Ker(f1), A] · [Ker(a), Ker(f1)] of the groups 
[Ker(a) ∩ Ker(f1), A] and [Ker(a), Ker(f1)].

An object P in C is called E -projective if in any diagram

P

A B,

p
p′

f

where f is an extension, there exists a morphism p′ such that fp′ = p. If E is the 
class of regular epimorphisms, we speak of regular projective objects. An E -projective 
presentation of an object A in C is given by an extension p : P → A where P is an 
E -projective object. We say that C has enough E -projective objects if any object in C
admits an E -projective presentation. An n-fold E -projective presentation of an object 
A in C is given by an object P in Extn(C ) with P0 = A and PS an E -projective object 
for all ∅ �= S ⊆ n. In [9, Lemma 2.13.], it is shown that, if E satisfies the axioms (E1), 
(E2) and (E3), and C has enough E -projective objects, then any A in C admits at 
least one n-fold E -projective presentation. In [9, Theorem 3.13.], which computes higher 
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Galois groups, it is in particular shown that the so-called Hopf formula for the (n +1)-st 
homology of A with respect to F

Hn+1(A,F ) :=
[Pn] ∩

⋂
0≤i≤n−1 Ker(pi)
[P ]n

,

where P is an n-fold E -projective presentation of an object A in C , does not depend 
on the chosen presentation. Furthermore, Hn+1(A, F ) lies in F . In [15], it is proven 
that the functors Hn+1(−, F ) coincide with the Barr-Beck left derived functors of the 
reflection F : C → F whenever C is a semi-abelian category which is monadic over the 
category Set of sets, F is a Birkhoff subcategory of C , and E and Z are the classes of 
regular epimorphisms in C and F , respectively.

Example 3.2. Let us again consider C to be the category Grp of groups and F to be 
its subcategory Ab of abelian groups as in Example 3.1. We know that Grp has enough 
regular projective objects. Let p : P → A be a regular projective presentation of any 
group A. For example, P can be taken to be the free group on the underlying set of A. 
Then the second Hopf formula H2(A, Ab) is given by

[P, P ] ∩ Ker(p)
[Ker(p), P ] .

It is shown in [24] that this expression is exactly the second integral homology group of 
A. If

P P2

P1 A

p1

p2

is a double regular projective presentation of A, i.e., it is a double extension and P, P1, P2

are regular projective objects, the third Hopf formula H3(A, Ab) is given by

[P, P ] ∩ Ker(p1) ∩ Ker(p2)
[Ker(p1) ∩ Ker(p2), P ] · [Ker(p1),Ker(p2)]

and coincides with the third integral homology group of A. More generally, it is proven 
in [5] that the n-th homology group of A is given by Hn(A, Ab).

The following result follows from [9, Theorem 3.16.], see also [9, 4.4. Torsion theories].

Proposition 3.3. Let Γ = (C , F , F, U, E , Z ) be a closed Galois structure, where C is 
a pointed finitely complete protomodular and E satisfies the conditions (E4), (E5) and 
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(M). Furthermore, we assume that F is a protoadditive functor. Let n ≥ 1, A ∈ Extn(C ), 
B ∈ C and P ∈ Extn(C ) be an n-fold E -projective presentation of B.

1. The following conditions are equivalent:
(a) A ∈ NExtn(C ).
(b) A ∈ CExtn(C ).
(c)

⋂
0≤i≤n−1 Ker(ai) ∈ F .

2. We have that

[A]n = [
⋂

0≤i≤n−1
Ker(ai)].

3. The Hopf formula for the (n + 1)-st homology of B with respect to F is given by

Hn+1(B,F ) :=
[Pn] ∩

⋂
0≤i≤n−1 Ker(pi)

[
⋂

0≤i≤n−1 Ker(pi)]
.

3.2. Higher central extensions and generalized Hopf formulae in A T with respect to F

Having studied the central extensions in A T with respect to F in Section 2.3, we 
apply the theory recalled in the previous section to obtain a characterization of the higher 
central extensions in A T . Indeed, Γ = (A T , F , F, U, E , Z ) is a closed Galois structure, 
A T is pointed finitely complete protomodular, E satisfies the conditions (E4), (E5) and 
(M) since A is assumed to be quasi-abelian, and the reflection F is protoadditive as it 
is a left-adjoint between additive categories.

Let n ≥ 1 and A ∈ Extn(A T ). As explained in Section 3.1, we denote, for all 0 ≤ i ≤
n − 1, by ai the image of the morphism n \ {i} ⊆ n seeing A as an object in (A T )P(n)op . 
In addition to Proposition 2.5, Proposition 3.3 implies the following:

Proposition 3.4. Let n ≥ 1 and A be a quasi-abelian category. The following conditions 
are equivalent:

1. A ∈ NExtn(A T ).
2. A ∈ CExtn(A T ).
3.

⋂
0≤i≤n−1 Ker(ai) ∈ F .

4. {(ai)T }0≤i≤n−1 are jointly monomorphic for all T /∈ S.
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Proof. We note that 
⋂

0≤i≤n−1 Ker(ai) ∈ F is equivalent to 
⋂

0≤i≤n−1 Ker((ai)T ) = 0
for all T /∈ S. This means that {(ai)T }0≤i≤n−1 are jointly monomorphic for all T /∈ S. �

We continue the study of the Examples 2.6 and 2.7.

Example 3.5. As in Example 2.6, let us consider T to be walking arrow category 1 → 0
and S to be the full subcategory of T which contains only 0 as an object. We saw that 
an extension (f0, f1) in Arr(A ) from a to b as depicted in the diagram

A1 B1

A0 B0

a

f1

b

f0

is central if and only if f1 is an isomorphism. We note that, for an object a : A1 → A0

of Arr(A ), [a] is given by the epimorphism part ϕ ◦ cok(ker(a)) : A1 → Ker(cok(a)) of 
the (epimorphism, normal monomorphism)-factorization of a, see also Proposition 1.4. 
We set Coim(a) := Ker(cok(a)). The centralization of the extension (f0, f1) is given by 
the induced morphism in the commutative diagram

Ker(f1) Ker(f1) A1 B1

A1
Ker(f1)

Coim(a|Ker(f1)) Ker(f0) A0 B0.

A0
Coim(a|Ker(f1))

a|Ker(f1)

f1

a b

f0

If (f0, f1) yields a regular projective presentation for (B0, B1), then the Hopf formula for 
the second homology is given by

H2(b,A ) = Coim(a) ∩ Ker(f0)
Coim(a|Ker(f1))

.

A double extension as the outer part of the diagram
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A1 C1

A
Ker(f1)∩Ker(g1)

B1 D1

A0 C0

A0
Coim(a|Ker(f1)∩Ker(g1))

B0 D0

g1

f1

a

h1

c

b

i1

d

g0

f0 h0

i0

is central if and only if f1 and g1 are jointly monomorphic. Its centralization is given via 
the induced morphisms depicted in the above diagram. If the double extension yields a 
double regular projective presentation for d : D1 → D0, then the Hopf formula for the 
third homology is given by

H3(d,A ) = Coim(a) ∩ Ker(f0) ∩ Ker(g0)
Coim(a|Ker(f1)∩Ker(g1))

.

It is clear how this formula generalizes to arbitrary n ≥ 2.

Example 3.6. Let T and S be as in Example 2.7. We saw that an extension (f0
0 , f

0
1 , f

1
0 , f

1
1 )

in Arr2(A ) from A to B as depicted in the diagram

A1
1 B1

1

A1
0 B1

0

A0
1 B0

1

A0
0 B0

0

f1
1

a1

a1 b1

b1

a0

f1
0

b0

f0
1

a0
b0

f0
0

is central if and only if f0
1 is an isomorphism. We observe that [A] is given by
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0 0

A0
1 Coim(a0).
ϕ◦cok(ker(a0))

Hence the centralization of (f0
0 , f

0
1 , f

1
0 , f

1
1 ) is given by the following extension:

A1
1 B1

1

A1
0 B1

0

A0
1

Ker(f0
1 ) B0

1

A0
0

Coim(a0|Ker(f0
1 ))

B0
0 .

Moreover, if (f0
0 , f

0
1 , f

1
0 , f

1
1 ) is a regular projective presentation of B, the Hopf formula 

for the second homology is given by

H2(B, 2-Arr(A )) =
(
0 0 Coim(a0)∩Ker(f0

0 )
Coim(a0|Ker(f0

1 ))

)
.

It is easy to see how this generalizes for higher central extensions.

In [14, Theorem 4.11], it is shown that a torsion theory (F , F ) in a homological 
category C , where F is protoadditive and the composite ker(f)εKer(f) : T(Ker(f)) → A

is a normal monomorphism for any morphism f : A → B in C , induces, for any n ≥ 1, a 
torsion theory (Tn, Fn) in the category Extn(C ) of n-fold extensions with respect to the 
class of extensions in C consisting of all normal epimorphisms in C . The consequences 
of this result in our setting will be studied in a future article.
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