PRICING OF SPREAD AND EXCHANGE
OPTIONS IN A ROUGH JUMP-
DIFFUSION MARKET

Donatien Hainaut

REPRINT | 2022 / 34

Il UCLouvain 4« LIDA

ISBA ‘ Louvain Institute of Data Analysis and
Modeling in economics and statistics



ISBA

Voie du Roman Pays 20 - L1.04.01

B-1348 Louvain-la-Neuve

Email : lidam-library@uclouvain.be
https://uclouvain.be/en/research-institutes/lidam/isba/publication.html



Pricing of spread and exchange options in a rough
jump-diffusion market

Donatien Hainaut*
UCLouvain, LIDAM-ISBA, Belgium

August 13, 2022

Abstract

Asset dynamics with rough volatility recently received a great deal of attention in
finance because they are consistent with empirical observations. This article provides a
detailed analysis of the impact of roughness on prices of spread and exchange options.
We consider a bivariate extension of the rough Heston model with jumps and derive
the joint characteristic functions of asset log-returns under the risk neutral measure and
under a measure using a risky asset as numeraire. These characteristic functions are
expressed in terms of solutions of fractional differential equations (FDE’s). To infer
these FDE’s, we rewrite the rough model as an infinite dimensional Markov process and
propose a finite dimensional approximation. Next, we show that characteristic functions
of log-returns admit a representation in terms of forward differential equations. FDE’s
are obtained by passing to the limit. Spread and exchange options are valued with a
two or a one dimensional discrete Fourier Transform. The numerical illustration reveals
that considering a rough instead of Brownian volatility does not systematically increase
exchange option prices.

Keywords: Rough volatility, fractional Brownian motion, Heston model, spread options.

1 Introduction

Spread and exchange options are popular financial instruments due to their ability to mitigate
unfavourable movements in two indexes. The literature on applications of spread options is
extensive and we refer to Carmona and Durrleman [9] for a review and applications of spread
options to energy trading. Exchange options are also used in energy markets to manage pro-
duction costs. For instance, spark-spread options are written on future prices of electricity
and gas for hedging against undesirable movements in the gas and electricity markets. Benth
and Kettler [6] develop a model based on dynamic copula for pricing spark spread options.
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Elias and al. [I7] use spark spread options to value natural gas-fired power plant with multi-
ple turbines and under CO2 restriction. Mehrdoust and Noorani [33] price exchange options
on gas and electricity with bivariate non-Gaussian Lévy processes.

Despite their popularity, the valuation of options written on two underlying assets is a chal-
lenging task. Even if Margrabe [31]] has proposed a simple formula for exchange options in a
geometric Brownian setting, most of spread options may not be priced analytically. Instead
we have to rely on approximations or numerical methods. For instance, Kirk [26] presents
an analytical approximation that performs well in practice. Li et al. [30] and Bjerksund
& Stensland [7] provide lower and upper bounds for the spread option price that produce
accurate analytical approximation formulas in log-normal asset models. Deelstra et al. [I1]
deal with the problem of pricing general Asian basket spread options and propose an approx-
imation formula based on comonotonicity theory. Pasricha and Goel [36] find a closed form
expression for the pricing of vulnerable power exchange options. Zhao and Li [39] use the
duality theory of Riesz bases to derive analytical formulas for options on two assets.

Amongst numerical methods, approaches based on the discrete fast Fourier transform (DFT)
have met a large success. For instance, Dempster and Hong [12] introduce a numerical in-
tegration method for spread options based on two-dimensional Fourier transforms that was
shown to be efficient when the asset price processes are GBMs or have stochastic volatility.
Hurd and Zhou [24] propose a new formula for general spread option pricing based on Fourier
analysis of the payoff function. Kirkby et al. [28] develops a continuous time Markov chain
approximation for pricing financial derivatives, such as spread or rainbow options, which
depend on systems of stochastic diffusion processes. Alfeus and Schlogl [3] compare the
Hurd and Zhou [24] approach to the lower bound approximation formula of Caldana and
Fusai [8]. Alternative valuation methods rely on Monte-Carlo methods such as Sun and Xu
[38] who propose a hybrid Monte Carlo variance reduction method for pricing basket options.

The model studied in this article is a bivariate extension of the Heston [23] stochastic volatil-
ity model. Pricing univariate option in this framework is numerically demanding and sev-
eral approaches are proposed in the literature. Fang and Oosterlee [I8] develop an efficient
Fourier-based numerical method for pricing Bermudan and discretely monitored barrier op-
tions under the Heston stochastic volatility model. Ruijter and Oosterlee [37] adapt the
cosine series (COS) expansion method to price basket options in the Heston model. Kirkby
et al. [27] blend regime switching models and Markov chain approximation techniques in the
Fourier domain. They provide a unified approach to price Bermudan, American options and
barrier options under general stochastic volatility models with jumps. Cui et al. [I0] propose
a valuation method based on a double-layer continuous-time Markov chain approximation.
They price option in a stochastic local volatility framework that includes the Heston model
as a special case. Baschetti et al. [4] propose a numerical method, called SINC, for options
pricing in the rough Heston model. The SINC approach is built on the Shannon Sampling
Theorem revisited for functions with bounded support.

On the other hand, rough asset dynamics recently received a great deal of attention in
finance because they are consistent with empirical estimates of stock price volatility. In a



rough model, as proposed in the seminal article of Gatheral et al. [19], the variance is driven
by a fractional Brownian motion (fBm) with a Hurst index H < 1/2. Bayer et al. [5] study
option pricing under rough volatility. El Euch and Rosenbaum [15] and El Euch et al. [15]
approximate the fBm by an integral with respect to a standard Brownian motion (Bm) in a
Heston model and study option hedging strategies in this framework. El Euch and Rosen-
baum [16] establish the characteristic function of a rough Heston process. Abi Jaber et al.
[T] show that rough models belong to the family of Affine Volterra processes. Abi Jaber and
El Euch [2] characterize the Markovian and affine structure of the Volterra Heston model
in terms of an infinite-dimensional forward process. Gatheral and Radoicic [20] present a
simple rational approximation to the solution of the rough Heston Riccati equation valid in
a region of its domain relevant to option valuation. We can also cite Dupret et al. [I3] who
value the impact of rough volatility on long-term annuities or Dupret and Hainaut [14] who
study the performance of constant proportion portfolio insurance in a rough market. When
assets exhibit long-range memory, Mehrdoust et al. [32] study the pricing of options in a
mixed fractional Heston model for a Hurst index H € (%, 1).

This article contributes to the literature on rough models in several directions. This article
is the first investigating the valuation of spread and exchange options in a rough volatility
and jump framework. A major and novel result consists in the derivation of the joint charac-
teristic function of log-returns in a bivariate rough-jump Heston model. This characteristic
function is expressed in terms of solutions of fractional differential equations. Compared to
the existing literature, we prove this result with a new approach based on a discretization
scheme similar to the one of Abi Jaber and El Euch [2]. The characteristic function of log-
return processes present similarities with the one of the rough Heston model obtained by El
Euch and Rosenbaum [16] by considering the limit of nearly unstable Hawkes processes. Our
method for establishing such a result is nevertheless simple and novel since it is based on a
discrete approximation of Riemann-Liouville derivatives. A last contribution is the analysis
of numerical performances of Fourier methods for pricing exchange and spread options in the
proposed rough setting.

The structure of this article is as follows. We start by presenting the rough log-return
processes and recall its relation with the fractional Brownian motion. Since the variance is
not a semi-martingale, we cannot rely on It6 calculus to study the properties of the model.
Nevertheless we show that the model admits an infinite dimensional Markov representation
that we approximate by discretization in Section 4. In this discrete setting, the characteris-
tic function of log-return processes is computable by solving backward ODE’s. We find the
characteristic functions under the risk neutral measure and under a pricing measure using
one risky asset as numeraire. Nevertheless, these functions do not admit any limit when
the number of discretization steps increases. To tackle this issue, we express in Section 5,
the approximated characteristic functions with forward ODE’s. In Section 6, we reformu-
late them in term of discretized fractional derivatives and find the characteristic function
of log-returns by considering the limit. Section 7 details the pricing methods of spread and
exchange options whereas Section 8 concludes with a numerical illustration.



2 The financial market and bivariate options

We consider a financial market made of two stocks and one risk-free asset. The risk-free rate
asset, denoted by St(o), earns a constant return, r such that dSt(O)/St(O) = rdt. The stock price

processes, denoted by <S§1)> and (St(2)) , are defined on a probability space (2, F,Q)
>0 £>0

where Q is the pricing measure. If ® is the elementwise product, prices of assets (St(l))

£>0

and (St@) are ruled by the following stochastic differential equations (SDE):
>0

ds(l) S(l)
( dSt(z)?St(a) = (r=X0(p(1) = 1) dt + Sia /VidW, +dL, (1)
t t

where XA € R™, ¢(1) € R? are vectors and X5 is a 2x3 matrix of real numbers:
A So(l)(l) 011 012 013
A= , (1) = , Y, = )
< A2 > o) ( (1) b2 021 022 023

-
The process W, = (VVt(l), Wt@), Wt(3)> is a vector of independent Brownian motions. In

the Heston framework, the sample path of stock prices is continuous whereas observed ones
exhibit jumps. For instance, Jiang and Tong [25] detect jumps with a statistical method
in a large sample of stocks over a long sample period. This motivates the adding of jump

-
components, L; = (Lgl),L§2)> , to stock price dynamics, in a similar manner to Kou and

Wang [29]. L, is a bivariate compound Poisson process,

N
=3 (eJIi” - 1) L i=1,2. 2)
k=1
where (Nt(i)> for © = 1,2, are Poisson processes with intensities A. The jump sizes
t>0

J = (J(l), J®) are double exponential random variables on R. The probability density
functions (pdf’s) of jumps are respectively

fro(@) = punmue ™ Lz + pramee™ 1oy,
fro(@) = panaie P 1s0r + p2anzne™ 10,
where 7, ; > 0 for 4,5 = 1,2 and py1,p12 (resp. pia, pe2) are the probabilities of observing a

positive and negative jumps of J) (resp. J (2)). The moment generating functions of jumps
are denoted ¢ (w),

gO(i)(w) _E <6wJ(i)) —— i1 + pig M2 . 1.2,
N1 — W N2 + w

for w € [—n2,ni1] or w € C. Jump processes in Equation are compensated. Therefore,
the expected instantaneous returns under the pricing measure Q are equal to the risk-free
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rate E (dst“) /5 ]}}_) = rdt.

The univariate process (V;),., represents the systemic variance and we assume that its
dynamic is comparable to the one of a rough fractional Brownian motion (fBm). Let H,
0 < H < 1, be referred to as the Hurst parameter. The stochastic process (Bg{)po is a
fractional Brownian motion (fBm) of order H if B} is an F,-measurable Gaussian process
such that E (BtH) = 0 and for ¢, s € R", the autocovariance is:

E(BB) =Ryt s)= - (*"+*"—|t—s*) )

N | —

It follows from and from Kolmogorov’s continuity criterion that the sample paths of B
are continuous with probability one but nowhere differentiable. From the definition,we infer
that the variance of the fBm is equal to

v (B = 7.

The fractional process is also self-similar i.e. the process a B has the same law as B/
for @ > 0. The fBm can be rewritten as an integral with respect to a Bm, (W;),~,, which
highlights the memory of the process:

1 0 1 1 ! 1
BtH:—U ((t—s)H 7 — (—s)" %)dWS+/ (t— )7 5dWs} (4)
C(H —00 0

where C'y is function of the Hurst index. When H < %, it is natural to only consider the
integral on the positive time axis when the Bm is not defined before time zero i.e. :

b L [ g
B A /0 (t— 5)* W, (5)

where o« = H + 1/2 € (3,1). This approach was used by El Euch and Rosenbaum ([15])
who study a rough version of the Heston model. In this article, the volatility based on the
approximation of the fractional Brownian motion is ruled by

1 ! a—1 _
1 ! a—1
e / (t =) V/ViZs dW ..

where o € (%, 1), 0,k € RT and 33 = (03,1, 032,033) € R? (notice that 33 is a row vector).
This process is rough in the sense that its differential is not defined (dV; = c0). When o = 1,
the V; is a Markov process with a Cox-Ingersoll-Ross (CIR) dynamic:

AV, = k(0 — V) dt + \/V, S5 dW, . (7)

We denote by (gt)tzo the filtration of V;. The filtration F; is the augmented filtration and
gather information about all previous processes.
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This article studies the pricing of two popular bivariate contingent claims: the spread and
the exchange options. We denote by 7" and K, the option expiry date and the strike price
whereas 1, m € R are weights. The European spread option derives its value from the dif-
ference, or spread, between the prices of two assets. A call (resp. put) spread option delivers

the payoft (mS(Tl) — WQS(TQ) — K) (resp. (K —m Sy - WQS(T2)> ) at expiry. The valuation
of such an option requires to detererine the probability density furJlrctions (pdf) of log-returns.
Let us denote by fXT( ), this bivariate pdf of log-returns where X, = (X(l) X(Z)) with
X =In (3 and X =In Z; under Q. The value of the call-spread option is then equal
to the expected discounted payoff

~—

Pspread _ e—rTE ((71'18;1) o 7_(_25{(#) . K) |f‘0) (8
+
— eTT/ (7?15(()1)6’“ — 772552)6"”2 — K) fx,(x)dridxs
Dspread

where D*Preed = @ = (11, 75) € R?| 7r150 e’ — o 5(2) ?2 > K} is the domain on which the
payoff is positive. The following sections focus on the computation of fx.(x).

Exchange options allow to exchange a risky asset for another risky asset at maturity. The

payoff of such options is either (715;1) — WQS§?)>+ or (WQS(TQ) — 71'137(})> . This type of option
Jr

being nothing else than a spread option with a null strike, its price can be calculated by

integrating the bivariate density of log-returns as in Equation . An alternative approach

consists to find the pdf of the log-returns difference under a measure using one of the two
risky assets as numeraire. For instance, let us consider the following exchange option

_ 1 2
Pexchange = ¢ TTE ((771551) — 7'[‘25’;)>+ |~FO) : (9)
: : (1) : ds Sple T
For such an option, we denote by S the measure with 5, as numeraire and 75| = =
T 0

Using the corresponding change of measure leads to the following equivalent formulation:

5(2)
peschange 1 otogs (1 m_?l) | Fo
7T15T +

1 2) o
- /;Ezchanga <7Tlsé : N WQS(() )e ) )S(;z)_Xé})Cﬁ) dx

S
where f)S(@) X(l)(x) is the pdf of ln —In% (1) under the S measure and D®chense = (g
T — 4T

R| WQS(()Q)e"” < 7T130 } is the domaln on which the payoff is positive.

The following sections focus on the calculation of densities fx..(x) and f @ (x) needed

to value spread and exchange options. This is done in several steps. Flrstly, we reformulate
the rough dynamics of V; as an infinite dimensional Markov process.



3 An equivalent infinite dimensional Markov process

The variance process V;, is not Markov as its current value depends on the sample path up
to time t. Nevertheless, we can rewrite it as an infinite dimensional Markov process in the
same spirit as Abi Jaber and El Euch [2]. This necessary reformulation is a preliminary step
for the approximation developed in Section |4, based on a process with a finite dimension.
This trick allows us in Section [5| to approximate the characteristic functions of log-returns
using the It6’s lemma. By considering the limit, we find that non-approximated characteris-
tic functions are computable by solving ordinary and fractional differential equations.

In order to reformulate the rough model into an infinite dimensional process, the integrand
in Eq. (@ is developped as an integral,

acl 1 00 o—(t—u)¢
(=) ‘ru—@ﬁ T

= [ e,
0

where y(d§) := % d¢ is a measure on RT. This allows to reformulate the process V; as an

integral of an infinity of Ornstein-Uhlenbeck processes Using the Fubini theorem to develop
the intensity as an integral with respect to (.) leads indeed to the following expression:

v, / / =9 (9 — V,) ds (dg) (10)
+m/0 /Oe‘“‘s)ﬁ\/ﬁzg,_dwsv(dg).

Let us now define a family of processes Y indexed by ¢ > 0 such that

t
Yt@):/ et (0 — V)ds+/ BRERARVATA YN\ |
0 0

These processes are strictly positive, Markov and revert to % (0 —V;) with a speed £. Their
differential is provided by the next SDE:

dY;(O = ¢ <g 0 —V,) — Yt(g)) dt + \/Vtz)s,.dwt -

From Equation , the intensity V; is then equal an integral of Y;(S) with respect to the
measure y(.):

e L [Tye
VsVt oo | %9049, (1)

This expression does not depend anymore upon information prior to ¢. This relation empha-
sizes that A\, and (Yt(g)) are the components of an infinite-dimensional Markov process.
€eR

As we need the It6’s calculus for further developments, we have to approximate the infinite
dimensional model by a finite one.



4 Finite dimensional approximation

Instead of considering an infinity of processes <Y2(5)> , we approximate the model by a
>0

finite number of equivalent ones. The main advantage of this approach is that we can next
rely on the 1t6’s calculus to approximate the characteristic function of stock log-returns. The
key step consists to approximate v(.) by a discrete measure with a finite numbers of atoms.
For this purpose we consider a partition £ := {0 < £” < ¢™ < . < & < c0}. The mid

point of each interval (51‘(”)7 51(1)1) is

(n) | ¢(n)
& T§
byl = % (12)

and the mass of corresponding atoms is the measure of intervals of the partition:

) m )7 (e ”)
_ :/:I(ﬁ)ld B ((5’”1) <£’“ > (13)

o M) = ——Ta—oa-a

for k =0,...,n — 1. The discrete measure for a partition of size n is defined by

where 6, (2) is the Dirac measure located at point b,. We consider that the following as-
sumption holds for the partition £M™ :

o §On) — 0 and £ — 00 when n — oo.
o max [¢7) — ™| = 0 when n — oo.
° g(n) - g(n—i-l).

These assumptions guarantee that for any function f(.) integrable with respect to 7(.),
lim [ f(z) fo . To lighten further developments, we adopt the following
n—oo

notations Yt( ) = Yt ) for k=1,...,n. The Y( )’s under Q are such that
VAR :/ ~Um)be g (g — v)ds+/ IRYATS 21 %
0 0

and V, = Vo—l— zk Y, mk is the process approximating V;. The differential of processes
Yt(k) is given by

for K = 1,...,n. On the other hand, the dynamics of the rough approximated volatility,
denoted by V,, is

av, = ﬁ;mk (1 (0~ 72) — by,

\/vtn
I(

> my B3 AW, (16)
*) =



Stock prices are respectively denoted by (SP) and (S’t@)) in the finite dimensional
t>0 t>0

model. To lighten further developments, we need to introduce a new bivariate jump process,
LY = (L;X(l),Lf((z)> where
N
LYY =3N"J" i=1.2. (17)
k=1
This bivariate process represents the jumps of asset log-returns. We use the It6’s lemma to

: = ) a@\ " : :
infer S; = (St , S, ) solving Equation (|1f):

_ 1 t_
S, = SyOexp <(r A0 (p(1)—=1))t— §dzag(21;2r212’.)/ V.ds
0
t
S, / VAW, + Li‘) ,
0

where ® is the pointwise product. The SDE ruling (approximated) log-returns under @,
denoted X, = (Xt(l), Xt(2)> where X = In(5" /5"y and X = 1n(5® /3{?) are therefore

the solutions of
_ 1 _
dXt::(r—A@@dD—U—iﬁ%M&&E&)%)ﬁ (18)
+21:2,.\/§tdwt + dLi( .

As seen in Section [2} we can value exchange options under an alternative measure using one
risky asset as numeraire. For this reason, we need the dynamics of X; under the S measure
with St(l) as numeraire. If e; = (1,0)" and e, = (0,1) ", the change of measure from Q to S

5(1) 5(0)
is defined by the ratio%‘t =5 SDO) that is developped as

S

dS t _ t
—| = exp <— / 6121:2’.212 .61‘/;(18 — / <—6I21;2,. \V ‘/s) dWS
d@ t 0 ’ 0
sy
RLGNURDIRD I
k=1

We recognize a Radon-Nykodym derivative such that dW?$ = dW, — Elgpel VVidt is a

)is still a jump process

Brownian motion under S. Under S, we check in appendix A, that L;X(l
but N is a Poisson process with a modified parameter AS = A (1). Jumps of X" under

S, denoted J5M | are double exponential random variables with modified parameters

i S N2
, Dia =D 19
PO (1) PR TP 19

eW(1) (2 + 1)’

p§1 =P1u

mi=m—1 , 7l =n2+1. (20)

9



The distribution of jumps of Xt(Q) under S does not differ from the one under the risk neutral
measure. In later developments, we need the following notations

)\S (1)S(w ) JS

S _ 1 S _ (¥ 1 S _ 1

A% = ( )\2 ) , @ (w> - < (10(2)(0}1) ) J® = JZ .

It is then easy to chech that log-returns in the finite dimensional model, under the measure
S, are solutions of SDE’s:

iX, = (r— A0 (p(1) = 1)) dt + 1o /V,dWS + dL¥ (21)

_ 1
+V; (231:2,.212,_61 — §dzag (21:2,.EI2,_)) dt .

If we denote k° = Kk — 237_2127.61, the dynamic under S of the market variance becomes

B 1 n B \/7 n
v, = — 0— K5V, — b YO ) ar + XL ¥, dWS 22
Vi F(a)kz:;mk (H KV} kYy ) +F(a);mk 3, dW? | (22)

(k)

whereas the dynamic of processes Y, is modified in a similar manner:

V¥ = (k0= KV = 0O ) dt + VT3 aWS. (23)

5 Characteristic function of log-returns in the finite di-
mensional model

In the finite dimensional model, we can take profit of the affine structure of driving processes
to infer the characteristic function of stock log-returns. The next proposition shows that this
function is computable by solving a system of backward differential equations. We will next
find an equivalent representation with forward differential equations that serves in the next
section to retrieve the characteristic function of the initial model.

Proposition 5.1. For w = (wi,wy)’ € C>~ and 0 < t < s, the characteristic function of
log-returns X , = (Xﬁl), XS(Z)) under the risk neutral measure is

E (e“’TXS E) = exp <a(t, s) +c(t,s)V; — Z di(t, )Y + wTXt> (24)

k=1

where functions di(t, s) are such that
di(t,s) = mkbk/ e 22y k=1,...,n. (25)
t

If we define



functions a(t, s), c(t,s) solve the following ordinary differential equations (ODE’s):

dua(t,s) = —w' (r—A0 (e(1) —1)) = AT (p(w) — 1) — K@Z %ﬁf)’s), (26)

and
1 1
atC(t, S) = §wTdiag(21;2,.ZI2") — in (21;2’.21—:27.) w (27)
2
“~ myhi(t, s) 23,.2;. “~ myhi(t, s)
oot man)) 3 ) B (52
k=1 k=1

with the terminal conditions a(s,s) =0 and c(s,s) = 0.

Proof Let us denote the characteristic function E <e°"TXb

Fo) by St X0, Voo ()i, ),
the gradient and Hessian of f with respect to X; by Vx f and Hx(f),

Iz f Oz f 0 <1> o f
V % f — ( X ’ Hs f —_ XM, x X
X a)’((Q)JC X( ) 8}((2) X(l)f (2) X(z)f
As the number of stochastic processes is finite, we can rely on Itd’s lemma to infer that f is
solution of a stochastic differential equation (SDE):

00+ Txf™ (7= A0 (p(1) = 1) - Jdiag (%12, T, Vi) (29

)

=
+an ka( (6 —V,) — by, ) ;VEP’E?’F((aZ)l?lmZ)aV

—i—%Tmce (21;27,212 HX(f)) Vi+ATE (f (Xt +J

> ZT leml i

+Vi Z 0%y f + <Z mkelTEl:%EsT’.) 2o f
k=1
V —
+F(;> (kz mkegzlﬂ,.z;.) 3‘275((2)]‘" + Z 8y(k)f </€ (9 _ ‘4) o ka;(k)>
=1 k=1

1. n - n
+§Vt§]37,2; Z Oty i) |+ WGIELZ.E;.Z@%@)X@)JC

k1=1ko=1 k=1

+‘7te;21:2p2;:, Z O30 g@.f -

k=1

By construction, the model has an affine structure, we do the ansatz that f(.) is an expo-
nential function of the form:

f(.) = exp (a(t s de (t, )Y, + w, X +w2)_(t(2)) : (29)

11



where a(t, s), c(t,s) and di(t, s) are C' functions with respect to ¢, for k = 1,...,n. Injecting
the partial derivatives of Equation in Equation leads to the expression

0=0a+0cV; — Y iV, +w (r— Ao (p(1) — 1))
k=1

1

1 . —
D) (wwaQ(Elzz.EIg,,) - §wT (21:2,222,,) w) Vi

V n
—l—r(t (kaw i, ET> c—l——ka( 0 Vt) —ka(k>
_ (0 ml) 23,.2; 6 o 23, 2 Ez 1mlz cdy

+§Vt T(a)? -V

_de( (0= V) — by, )+%Vt23,,2; Z dy,dy,

k1=1,ka=1
—V;s w 212 de+}\T (w)—1).

This equation is satisfied if and only if coefficients multiplying all random processes are null.
On the other hand, we can regroup the following terms:

n 2 n 2 T

%53, ¢ (X mu)” 33 %,
) 5 —d —_ = ) . 2
2 (Z (Na)mk )) 2 T2 ¢

R ¥, m
5 rgl 1) Z cdy, + 23 g Z dy., dy, .
k1=1,ko=1

We infer that functions a(t,s), c(t,s) and dg(t,s) solves a system of ordinary differential
equations:

da = —w' (r—=A0(p(1)—1)) = AT (p(w) — 1)
02 ()

1+ 1
Oic = §wTdm9(21:2,.212,.) - 5‘*’ (212 212 )w

o )]

n

+(h-w D2 Y (ﬁm’“ - d’“) ’

k=1

&gdk = — (ﬁmk — dk> bk .

From this last equation, we check that dy(t,s) is given by and that a(.) and c(.) solve

Equations (26)), (27).

12



|

In the same manner, we find the joint characteristic function of log-returns under the

S-measure. The result in the next proposition is provided without proof as it is analogous to
the one of Proposition [5.1}

Proposition 5.2. For w = (wi,wy)’ € C>~ and 0 < t < s, the characteristic function of
log-returns X , = (Xgl), XS(Q)) under the S measure is

ES <6WTX5

]:t) = exp (ag(t, )+ cS(t,s)V; — Z dy(t, s)Y;(k) + wTXt> . (30)
k=1

where di(t, s) is defined by Equation . If we note N3 = M\jpM(1) , &5 = Kk — 237.2127_61
and

hi(t,s) = S(t,s) — bk/ e DSy, 5)du,
¢
functions aS(t, s) and E(t,s) solve a system of ODE’s:

kh’%(ta S)

ga(t,s) = —w' (r— A0 (p1) — 1) = X7 (p(w) —1) —r8 Y " Tar B

1 . 1
8tCS<t; 5) =-—w' (21:2,.212,.61 - §dm9(21;2,.212,.)) - §WT (21:2,.2I2,.) w (32)

2
"omghS(ts) B335 (o= mphS(t, s)
S _ TS, 2T mghy(t,s) &3, 43, k\b

with the terminal conditions a(s,s) =0 and c(s,s) = 0.

Propositions[9.1]and 0.2]in Appendix B, provide the characteristic functions of log-returns
when the variance is ruled by a CIR, as defined by Equation . A comparison with propo-
sitions [p.I] and [5.2] emphasizes the similarities between the rough and non-rough models. We
infer in the next corollary that c(¢,s) and (¢, s) are homogeneous in the sense they only
depend on (s — t). This property is used later to study the limit case when n — oo, which
corresponds to the initial model.

Corollary 5.3. For any s,s' € R and v € R™, the following equality holds

c(s—v,s8) =c(s —v,5), (33)

Als—wv,8) =c(s —wv,5). (34)

Proof By definition the equality is true for v = 0, ¢(s, s) = ¢(s', ') = 0. Let us then
assume that the property holds for all [ € [0,v] where 0 < v < s. From Equations

13



and , we notice that

1

Jc(s —w, s dc(t, s .
Oe(s —v,5) _ _ 9elb:9) w'diag(S12, 5], ) — EwT (B12, 81, ) w

ov N ot

T2

t=s—v

2385, [ M T bu—(s-v)) :
+ 5 Z T(a) c(s—w,s) — by e c(u, s)du
k: S—v

=1

n

— (k- szm,,E;) Z FT?;) (c(s —,s) — bk/ e oeu=(=0) ¢y s)du> :

k=1

We rewrite the integrals in the previous equation using the change of variable u = s — [,

/ efbk(uf(sfv))ctuj S) du — / eibk(vil)c(s — l, S) dl .
S—v 0

Since ¢(s — 1, s) = c(s' — 1, §') for all [ € [0, v], we infer that

dc(s —wv,s)  Oc(s' —wv,s)

ov ov ’

and conclude that the equality also holds for v + dv. The proof of Equation is
similar.

|
A natural way to find the characteristic function of log-returns under Q or S in the initial
model, is to consider the limit of systems in Propositions or when the granularity of
the partition tends to infinity. Nevertheless, this approach fails because the limit of the sum
of my is not defined:

lim my = / y(d€) =

In order to find the limit of characteristic functions when n — oo, we first prove that they
are computable in the finite dimensional model by solving a system of forward differential
equations. Next, we will show that the limit of this system is a function of Riemann-Liouville
derivatives.

Proposition 5.4. Forw € C*~ and 0 < t < s, the characteristic function of stock log-returns
1S given by

E (e‘*’TXS

t):exp((t S)+Ct8 dets k)—FwTX) (35)

where di(t,s) is given by FEquation and functions a(0,s) and c(0,s) solves forward

14



ODE’s:

dalt,s) =w' (r— A0 (1) = 1)) + AT (p(w) — 1) (36)
idEN m Se_b’“(” Ye(v, s) dv
Dsc(t, s) = —%Jdmg(zmrzﬂ%) + %w (B12, 21, ) w (37)

2
) zf s
+2; / (Z mk( / “be0=) ¢y, 5) dv)) dv
— (/i —wT21:27.23T7_) ka (85/ e br(v=t) c(v, ) dv) )
k=1 ¢

with the initial conditions a(0,0) = 0 and ¢(0,0) = 0.

Proof We momentarily note ag(w) = w' (r —A® (o(1) = 1)) + AT (¢(w) — 1). From
Proposition [5.1] and given that a(s, s) = 0, we infer that

alt, s) = ag(w)(s — t) + “9 Zn:mk(/ usdu—bk// (=) o vs)dvdu)

= ap(w)(s — 1) "”“9 ka (/c u, s)du — bk/t bk (1— e D) ¢(v, ) dv)
<w4+—zmgevwm@.

Deriving this last equation with respect to s allows us to obtain Equation (36). Let us
note cp(w) = —%wTdiag(21:27.2127_) + 1w’ (B1a, 212 )w. From Proposition and as
c(s,s) = 0, we obtain an integral representation of (¢, s)

c(t,s) = co(w)(s—t)+23 Z;, / (ka( c(v, ) —bk/vse_b’“(“_”)c(u,s)du)>2dv
— (w2 T ka (/ e br(o= t)c(v,s)dv) .

Deriving this last expression with respect to s leads to

s, ET : * (e :
Osc(t,s) = T2 / ka( c(v, s —bk/ et e(y, 5) du) dv  (38)
— (k- wTEm,_E;) ka (65/ et ¢(y, 5) dv) + co(w),
k=1 t

15



where the derivative in the first term of this equation is developped as the following sum:

/ (ka( c(v,5) — by / s e‘bk(“_”)c(u,s)du>>2dv (39)

= Zkaml/ c(v, 8)0sc(v, s)) dv

k=1 l=1

— Z Z mkmlbl ( e tilu=v)g c(u, s)du) dv

k=1 l=1

— Z Z mkmlbk (850 b’“(“_”)c(u, s)du> dv

k=1 l=1

+Zkamlbkbl/ (/ e_b’“(“_“)c(u, S)du/ e_bl(u_”)f)sc(u,s)du) dv .

k=1 1=1

As c(v, $)0sc(v, s) = 305¢(v, 5)?, the first term in this last equation is rewritten as

/ts (c(v, 5)0sc(v, s)) dv = %88 /ts c(v, s)’dv .

On the other hand, the sum of the second and third terms in Equation are gathered as
follows:

Zkamlbl/ (c(v,s)/ et c(u, s)du) dv +

k=1 =1

Zkamlbk/ <(9Sc(v,5)/ eb’“("”)c(u,s)du> dv

k=1 =1 v

—Zkamlbka/ ( c(v s/ b’“(“”)c(u,s)du) dv .
k=1 i=1

As O, [T e e(u, s)du = [T e ")) c(u, s)du , we rewrite the last term of Equation 1}
as follows:

kamlbkbl/ (/ e ey, 5)du / e 09 c(u, s)du) dv =
k=1 I=1 v v
= Z Z MMy b 0s / </ e ey, 5)du / e b= (y, s)du) dv .

klll
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We finally obtain that

n s 2
%&s/ ( My (c(v,s) —bk/ e oV e(y, s)du)> dv (40)
t k—1 v
. 2
=3 (Z myOs / ( c(v, s —bk/ “be(u=v)e(q, s)du) dv)
1 s ’
=3 (Z mkﬁs/ et ¢y, 5) du) .
k=1 t

Injecting this result into Equation leads to the expression ([37)).
|
A similar approach is used to retrieve the forward equations satisfied by functions a®(t, s)
and c5(t, s) involved in the definition of the characteristic function of log-returns under
the S measure. For this reason, the result is provided without proof.

Proposition 5.5. Forw € C>~ and 0 < t < s, the characteristic function of stock log-returns
under the measure S s given by

ES <ewTXs

ft) = exp (ag(t, )+ E(t, 8)V, — Z di(t, )Y, + wTXt> (41)

k=1

where di(t,s) is given by Fquation and functions a®(0, s) and (0, s) solves a forward
system of ordinary differential equations:

0sa(t,8) =w' (r =A@ (p(1) — 1)) + A°T (°(w

n

K0
+—§m 05/ —ok(v=t) ¢ vsdv
I(a) &= (

8scg(t, s) = (212 212 e — 2dzag (X123

R ET ’
> (7 / <Z My ( / —be=t) S(y, 5) dv)) dv
— (RS — wTEw’.Z;) Z my (88/ e br(v=1) cs(v, s) dv) )
k=1 t

with the initial conditions a(0,0) =0 and ¢(0,0) = 0.

(42)
21 :2,. 2 ) w (43)

)
)y

Propositions 5.4 and [5.5] are key results to infer the characteristic functions of log-returns
in the original model.
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6 Characteristic function of log-returns in the infinite di-
mensional model

We study in this section the limit of equations and in order to infer the characteristic
function of log-returns in the initial market model of Section 2| Let us recall that the left
Riemann-Liouville integral for o € (0, 1] is defined for any integrable functions f(.) as follows:

17 f(t) = ﬁ / (t — u)* f(u) du.

By construction, I*f(t) corresponds to the classical Riemann integral when o = 1. The left
Riemann-Liouville derivative, denoted by D'~ f(t), is the derivative of I*f(¢):

a1 d / 0
dt C(a)dt J, (t—u)t—

D= f(t) =

If we remember that (t —«)* ! is also an integral with respect to a measure ~(d¢):
g

1 00 p—(t—u)é 0

the left fractional derivative is also an integral with respect to this measure:

1—a 1 d [ f(u)
PO = mgya /ot—u>1ad“

F(la / dt/ 1—a§a f(u) dudg
:ﬁ/o ( 5/ tu&f()du) ~(dE)
- ﬁ/ooo (% /Ot e T f (u) du) ~(d€)

If we replace the measure (.) by its discrete equivalent 7(.) on a partition £, as defined
by equations and , the fractional derivative is then approximated by :

n

DM () = ﬁg my (% /0 - flu) du) : (44)

If we compare this last expression with equations and , we recognize similar patterns.
This conclusion is the starting point of the proof of the next result.

Proposition 6.1. Let us denote by 1(s), the solution of the fractional forward ODE:

R 1
D(s) = —§wszag<21;2,.2I2“) + 5w T (B0, 5], ) w (45)
¥y 2)

— (5= @B, B ) () + (),
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with the initial condition ¥(0) = 0. The characteristic function of X, conditionally to the
filtration at time t = 0 1s

E (ewTXs fo) — exp (a(0, 5) + ¢(0, $)V}) (46)

where ¢(0,s) = I'"%)(s) and a(0, s) solves the forward ordinary differential equation
0,0(0,5) = wT (r =A@ (p(1) — 1) + AT (p(w) — 1) + 600(s),  (47)
with the initial condition a(0,0) = 0.

Proof From property (33)), ¢(¢, s) is an homogeneous function of v = (s —t). We denote
it by ¢(v) = ¢(s — v, s). If we perform the change of variable v = s — u, we have that

/ebk“c(u,s)du = /ebk(sv)é(v)dv,
0 0

and we retrieve in the left term of Equation (36), the discretized fractional derivative of ¢(.):

1 s
—_— m 83/ e e(u, s) du = D' Mé(s) .

The derivative of the function a(0, s) depends upon this discretized fractional derivative,

0a;(0,5) = w' (r—=A0(p(1) = 1))+ A" (p(w) —1) (48)
+x6 (D'7ME(s))

In a similar manner, the derivative of ¢;(0,s) with respect to the considered time horizon
becomes:

1 , 1
850(0, S) = —§wTd2ag(21:27.2127_) -+ §WT (21:27.21—:2,_) w (49)

z33,.2T,_ o (n) ~
T?’ (D i )C(S))

—(k—w By, 1) (D)) + ?

When the size of the partition £ growths to infinity, the limit of Equations and
are given by:
95a(0,8) = w' (r—=A0 (p(1)=1)+ AT (p(w) — 1) + k0 (D'*&(s)) ,
1 1
95c(0,5) = —indmg(zmzh,) + 5& (D12, 80, ) w

3. 2
3"2 3 (D'¢(s))” .

— (k= w333 ) (D'7E(s)) +

Let us denote v(s) = D'~¢(s). By definition of the fractional integral, this is the inverse
operator of the fractional derivative, i.e. I'"*D'*f(¢) = f(t). The function ¢(0, s) is then
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equal to c(0,s) = I'"*(s) = ¢(s). By definition of the left Riemann-Liouville derivative, we
finally infer that

dI'™yp(s) .

This last relation allows us to obtain Equations and ([47)).

0s¢(0,s) =

[
Similar arguments allow us to find the characteristic function of log-returns under the S
measure.

Proposition 6.2. Let us denote by 1°(s), the solution of the fractional forward ODE:

1 . 1
DawS<S) = wT (21;2’.21—:2”61 — 5612@9(21;27.21':27.)) + §wT (21;27,212“) w (50)

T

3.2
(6 — w0 S, B 0 T ()7

with the initial condition ¢5(0) = 0. The characteristic function of X, under the S measure,
conditionally to the filtration at time t =0 is

ES <€wTXS

]—"0> = exp (aS(O, s) + (0, V) (51)
where (0, 5) = I'=*°(s) and a®(0, s) solves the forward ordinary differential equation

95a°(0,5) =w' (r =A@ (p(1) = 1)) + X°T (¢*(w) — 1) + kO Y°(s), (52)
with the initial condition a®(0,0) = 0.

In numerical applications, we may think to compute the characteristic function with the
finite dimensional approximation proposed in Propositions or Neverthe-
less, this approach implies solving PDE’s for a(.,.) and c(.,.) (or a®(.,.) and ¢°(.,.)) , that
are functions of sum of my tending to infinity when the granularity of the partition £™
increases. This can cause numerical instabilities that makes difficult the computations of
the characteristic function. A more reliable method consists to calculate the functions ¥(t),
c(0,t) and a(0,t) (resp. ¥°(t), &(0,t) and a°(0,t)) such as defined in Proposition (resp.
6.2). Let us denote

1 1 )
Po(w) = §wT (21;27,2127.) w— EwTdmg(Elsl.EIz,.) .

Since D§I¢f(t) = f(t), the fractional integral of Equation provides us the following
expression for 1 ,

Y(t) = /0 % <wg(w) — (/i — wTELZ.E;) W(s) + 23"223"1p(s)2> ds

20



that we discretize. We choose a time step, A and denote t, = kA for £ = 0, ....,n; where
ng = L%J To ligthen developments, we denote by ¢ (k) the approximated value of ¢ at time
ti, computed with the recursion

k—1

((tr — ) —(tk—tl 1))
1=0 J
>N
(5w S B ) ) + 3"¢<l>2> ,
for k =1,....,n; and an initial value ¥ (0) = 0. In a similar manner, the approximated value

of ¥° is computed by

— ((tx —t1)% — (tp — t141)™)

aT(ay) (Vo(w) + @ B2 B) e (54)

Vo (k)

—

¥, 3
— (K% — UJTELQ,.E?I-) V(1) + %@DS(Z)Z)

As ¢(0,t) = I'""*4(t) and D*(t) = dll_d(;w(t)7 we approximate c¢(0,tx) by

c(k) = Z <w0(w) —(k—w B0, 2] )w(l) + 23"223"@@(5)2) A (55)

Sk) = (Yo(w) + w10, ), € (56)

3

]
(6 - wTE,]) ) + @w%?) A

On the other hand, the function a(0,#;) is calculated from Equation as the following
sum

k—

[asy

T =20 (e(1) = D))+ A (pw) = 1) +rOp(D) A (57)
and

S (T (r=20(p(1) = 1)) + A°T (¢°(w) — 1) +kOY°(D)) A, (58)

=0

We see in the next section how to retrieve the pdf’s of claim processes by inverting the mgf
with a discrete fast Fourier transform (DFT).
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7 Probability density functions by DFT

Having found the bivariate characteristic functions of log-returns under Q and S, we can
now turn back to spread and exchange options pricing. We adopt a standard approach that
consists to invert characteristic functions by a discrete fast Fourier’s transform (DFT) in
order to retrieve pdf’s.

Let us denote the characteristic function of log-return processes under Q by YTr(iw) =
E (e“"TXT | Fo) (w € R?), that is also the inverse Fourier transform of the bivariate proba-

bility density function (pdf) fx,(x) of X¢|F;. Therefore, this density can be retrieved by
computing the double integral (the Fourier transform, F[.], of Y(.)):

1 )
fxq(x) = (27T>2]:[TT(W)](=’B)
1

+0o0o +00
= (271-)2 /OO /OO TT(iw)e_“"dewldwg. (59)

The calculation of this multiple integral is computationally intensive but it may be sped
up if we discretize it in a compatible expression with the DFT, as presented in the next
proposition.

Proposition 7.1. Let M be the number of steps used in the discrete fast Fourier Transform

(DFT) and A, = 2Z2az  be the step of discretization. Let us denote A, = M2—ZI and

M , M .
Wiiga — (_7Aw + (]1 - 1)Aw7 __Aw + (]2 - 1)Aw)

2
for j1,72 € {1,..., M + 1}. The values of fx.(.) at points
M M
Ly ko = (_7A$ + (kl - 1)A1‘ ; _7Aa¢ + (k'Q - 1)Ax>
for ki, ke € {1,...., M + 1} are approzimated by

AV R p—
e (@00) = Re (—22 e (60)
m

M+1 M+1

. 2 . . 2 . 27

i) (-1 . —i> 71— (k—1)5F

X § : E :(5]'173'26 L= )TT (Z(wjl,jz))e 2tz i )2 >
J1=1 jo=1

whereY7(iw) = E <ei‘"TXT |}"0> is defined by equation and

1\ M= H+1g,=13)
6j1,j2 = (5) (1 - 1{j17517j2751}) + 1{]'17517]'2751} :
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The proof is standard and may be found in e.g. Hainaut (J2I]). The expression
emphasizes that fx,. (@, x,) is computable with a standard DFT algorithm applied to

(A,)? emimMHm i taDg, o im S GmDYy (i(w), J,)

valued on a 2 dimensional mesh grid. The value of the call-spread option is then approx-
imated by the discrete sum

M+1 M+1

Pspread _ e—rT Z Z (ﬂ_ls((]l)exkl . W2852)€$k2 _ K)

k1=1 ko=1
2

XfXT(mkhkz) 1{mk1’k2€Dspread} (Ax)
If we refer to Section [2| pricing exchange options requires the computation of the pdf of
log-returns difference under S. Let us now denote the characteristic function of log-returns

(X @ x D
differences under S by T (iw) = ES (ew(XT ) |]:0) (w € R), that is also the

x@ _x®

T T
inverse Fourier transform of the bivariate probability density function (pdf) f)S((TQ)_X;I)(x).
Therefore, this density can be retrieved by computing the simple integral (the Fourier trans-
form, F|], of TX<TQ)_X(T1>(.)):

1

fi;m_xén (z) = ﬁf[TX;m_X;w (iw)](z)
1 Foo .
= % N TX(Tz)_X(Tn(Z'w)eiwxdw. (61)

The calculation of this integral is done by DFT, as presented in the next proposition.

Proposition 7.2. Let M be the number of steps used in the Discrete Fourier Transform

(DFT) and A, = 2Zmsz be this step of discretization. Let us denote A, = Mzgz and

for j=1.M+1. Let T (iw) be mgf of X:(FQ) - Xél), under Q or S. The values of

X;—?)*X’;—‘l)
fi(g)_x(l)(.) at points Ty, = —%Am + (k—=1)A, fork=1,... M + 1 are approzimated by the
sum: T

2

M
2 . i1 —i2m (1) (k—
Sxpoxplan) = g7 e (memg) (iwy) (1Y e 30 ”). (62)

where §; = %1{3»:1} + Lz
The value of the exchange option @D is then approximated by the sum

M+1

exchange 1 2) .
P hang = ; <7TIS(S ) — WQS(() )6 k) fig?)fXé})(l‘k) 1{mkeDezchange} Aw,
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8 Numerical illustration

This section studies the influence of the parameter o on the price of spread options for
various maturities. Parameters used in this exercise are reported in Table [I] Parameters are
close to realistic values, in line with econometric estimates. We refer the interest reader to
Chapter 8 of Hainaut [22] for parameter estimates of the standard and rough Heston models
without jumps, fitted to the S&P 500. Our main purpose being the study of the impact
of roughness on prices, jump processes of both assets are assumed identical and we do not
consider Brownian correlation between assets. Notice that removing these assumptions has
no impact on conclusions as illustrated in Appendix D.

0.02 0 0.15°
K 0.80 A [ (005 005)"
S12 ((1)(1)8) 5 | (00 02)
711,721 200 721,722 100
D11,P21 0.30 D21,P22 0.70
ST, 52 100 v, 0.152

Table 1: Parameters of the bivariate rough jump diffusion.

Table [2| presents the prices of spread options for various strikes, with a = 0.9, 0.7,
0.55 and maturities of 1, 3 and 6 months. This table is obtained by a 2 dimensional (2D)
DFT of Proposition with parameters z,,,, = 1.4, M = 27 and A, = 1/350. We use
Proposition to calculate the characteristic function of log-returns. The pricing procedure
is programmed in R and run on a personal computer with four 1.80Ghz cores (Intel core 17)
and 8 Gb of RAM. The computation times for the 1, 3 and 6 months pdf with o = 0.7 are
respectively 457, 471 and 519 seconds.

T [1/12 [1/12 [1/12 [[3/12 | 3/12 [ 3/12 [ 6/12 | 6/12|6/12 |
K\al09 [07 ]055 [09 |07 [055 [09 |07 [0.55
-10 10.16 | 10.19 | 10.23 || 11.02 | 11.01 | 11.01 | 12.23 | 12.2 | 12.17

-8 828 | 831 [835 (1938 936 |9.34 | 10.75 | 10.7 | 10.67
-6 6.59 | 6.60 |662 || 792 |788 | 784 |9.41 |9.35 |9.31
-4 493 1493 | 491 |[6.50 |6.44 |6.38 || 810 |8.04 | 7.99
-2 3.65 |3.63 [3.60 ||533 |526 |520 | 698 |6.92 |6.86

0 240 | 237 1230 | 419 |4.11 |4.03 | 5.88 |581 |5.75
2 1.66 | 1.64 |1.60 | 3.34 | 3.27 |3.21 | 5.00 |4.94 | 4.88
4 094 1093 092 | 252 |246 | 240 | 4.14 |4.08 | 4.03
6 0.60 | 061 (063 ||1.95 |191 |1.87 | 3.47 | 341 |3.37
8 029 1032 (036 | 142 |140 |1.38 | 2.83 |278 |2.75
10 0.17 1020 [0.25 ||1.07 |1.06 |1.06 | 233 |23 2.27

Table 2: Prices of spread options by 2D discrete Fourier transform for strikes from -10 up to
10 with rough parameters 0.9, 0.7, 0.55 and maturities 1, 3 and 6 months.
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Whatever the maturity, we observe that roughness of the volatility modifies option prices
by a few cents. The relative impact, reported in Table [3] depends on strikes and maturities.
For 1 month options, the gap between the least and the most rough models climbs at maxi-
mum up to 0.08 monetary units. For 6 months options, this gap reaches a maximum of 0.12
monetary units for a strike K = —2, that is in relative terms 6.00% of the option value.

T 1/12 | 1/12 [ 3/12 [ 3/12 [ 6/12 | 6/12 |
K\al07 055 [07 [055 [0.7 [0.55
.10 [0.30 [0.72 [/ -0.03[-0.09 || -0.26 | -0.46

-8 0.35 | 083 |-0.23 |-0.47 | -0.41]-0.73
-6 0.19 | 043 | -0.51|-1.02 || -0.57 | -1.02
-4 -0.12 | -0.35 | -0.92 | -1.82 || -0.79 | -1.41
-2 -0.59 | -1.60 | -1.30 | -2.58 || -0.97 | -1.73

0 -1.56 | -4.15 || -1.87 | -3.72 || -1.22 | -2.18
2 -1.30 | -3.52 || -2.07 | -4.11 || -1.36 | -2.42
4 -0.61 | -1.84 | -2.38 | -4.7 || -1.54 | -2.75
6 2.14 | 4.69 | -2.07 | -4.12 || -1.55 | -2.77
8 10.04 | 23.52 || -1.52 | -3.10 || -1.56 | -2.78
10 17.34 | 41.87 | -0.36 | -0.93 || -1.35 | -2.43

Table 3: Relative gaps in % between prices of spread options with rough parameters 0.7, 0.55

: ; : . Price(a=0.55 or a=0.70)— Price(a=090
with respect to prices with a = 0.90, .. Lricele=0550ra=0.70) —Price(a=090)
) Price(a=0.90)

We also notice that more roughness in the volatility does not systematically increase
option prices. This point is emphasized by Figures [I| and 2| that plot the absolute and
relative gaps between option prices of same maturities with different degrees of roughness.
For “at the money” (ATM) options (K = 0), prices with a roughness parameter a«=0.55, are
lower than these computed in a less rough model with a = 0.90. The relative gap respectively
ranges from -4.15% up to -2.18% for maturities of 1 and 3 months. For 1 month deep in or
out of the money options (ITM or OTM), increasing the level of roughness slightly raises
prices as revealed by the third subplot of Figure [l Notice that the highest relative gaps are
achieved for OTM options computed with o = 0.55 and o = 0.90 that are also the cheapest
ones.
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Figure 1: Gaps (in monetary units) between option prices of same maturities for various
degrees of roughness.

Table [6] in Appendix C reports spread option prices computed with 10,000 Monte Carlo
(MC) simulations. Notice that we use an antithetic variate technique, in the same spirit as
Noorani et al. [35]. For every simulated sample path, we consider its antithetic path in order
to reduce the variance of price estimates. Table [0 of the same appendix shows the relative
errors in %. The relative error is here calculated as the gap between DFT and MC option
prices, divided by the DFT price. We observe that the DFT pricing error is smaller than
1% for most of “at” or “in” the money options. For OTM options, the error may reach 10%
or more but this only corresponds to a few cents in absolute value, which comparable to the
absolute error on ITM options. Nevertheless, this emphasizes the lack of accuracy of the
DFT method for pricing out of the money spread options. Using a thinner grid (small A,)
should improve accuracy. Nevertheless, it increases the ranges of w; in Proposition since

ALA, = % For large wj, solving the fractional differential equation is numerically

unstable.
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Figure 2: Relative gaps (in %) between option prices of same maturities for various degrees
of roughness.

The analysis of Table[6|confirms our conclusions based on DEF'T prices that more roughness
does not systematically raise option prices. Table [8 of Appendix C compares spread option
prices in the non-rough jump Heston model to prices in its rough counterpart with o = 0.9.
The comparison is based on prices obtained with 10,000 simulations. We again observe that
increasing roughness leads to a reduction of spread option prices. This decrease of price is
caused by the short memory of the rough volatility. It “forgets” previous peaks of volatility
at a faster pace than its non-rough counterpart. The variance in the rough model is more
volatile than in the non-rough Heston but it globally reverts quicker to its baseline level. The
volatility being lower on average, this drives down option prices. This is confirmed by Table
that compares averages of daily simulated standard deviations, v/V; in rough and non-rough
models over 1 year (10,000 simulations). For the jump-Heston model with parameters of
Table [2] we obtain an average standard deviations of 14.07% whereas the rough model with
a = 0.55 gives us a an average of 12.20%. As expected, the volatility of v/V; when a = 0.55
is nevertheless higher than the one of the non rough model.
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a=1 a=090 a=0.70 a=0.55
average 0.1407  0.1392 0.1323 0.1220
standard deviation | 0.0557  0.0594 0.0732 0.0903
5% percentile 0.0478  0.0446 0.0230 0.0000
95% percentile 0.2347  0.2416 0.2627 0.2885

Table 4: Average, standard deviations and percentiles of simulated /V; (daily steps) over 1
year.

Tablep|reports exchange options for various degrees of roughness and maturities computed
with the 1 dimensional (1D) DFT of Proposition In this case, the characteristic function
is calculated with Proposition [6.2] They are compared to prices obtained with 10,000 Monte-
Carlo simulations (here under the S measure) and with the 2D DFT ( 2,4, = 1.4, M = 27 and
A; = 1/350). While the 2D DFT achieves an excellent accuracy, we observe that the 1D DFT
significantly underestimates prices, in particular for short term maturities. This is explained
by the insufficient granularity of the mesh on which we approximate the density fxéz)_ X (.).

In practise, using a thinner grid (small A,) increases the ranges of w; in Proposition

since A A, = % For large w;, solving the fractional differential equation becomes

numerically unstable and even with a very small A, the approximation diverges.

Expiry

a | M| Tpe | 1/12 ‘ 3/12 ‘ 6/12

0.9 | 2°| 0.6 | 2.0000 | 3.7089 | 5.3482
0.9 [ 27| 0.6 || 2.1981 | 3.8354 | 5.5531
0.9 | 28| 1.1 | 2.2160 | 3.8547 | 5.5853
0.9 M.C. 2.4108 | 4.1514 | 5.8170
0.9 2D 2.4029 | 4.1864 | 5.8825

0.7 | 2° | 0.6 | 1.9500 | 3.6293 | 5.2637
0.7 | 27| 0.6 | 2.1453 | 3.8354 | 5.4695
0.7 | 28 | 1.1 |[2.1633 | 3.7777 | 5.5147
0.7 M.C. 2.3745 | 4.0962 | 5.7841
0.7 2D 2.3653 | 4.1083 | 5.8107

0.55 | 2% | 0.6 || 1.8776 | 3.5516 | 5.1971
0.55 [ 27 | 0.6 | 2.0691 | 3.7569 | 5.1971
0.55 | 2% | 1.1 | 2.0867 | 3.7777 | 5.4569
0.55 M.C. 2.3403 | 4.0657 | 5.8016
0.55 2D 2.3031 | 4.0307 | 5.7545

Table 5: Prices of exchange options obtained with the 1D DF'T, maturities 1, 3 and 6 months.

9 Conclusions

The publication of Gatheral et al. [19] provides evidence that stock price variance has a short
memory similar to the one of fBm with a low Hurst index. This gives birth to the rough
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Heston model in which the fBm driving the variance, is approximated by an integral with
respect to a standard Brownian motion. This article contributes to the literature in this field
both on the theoretical and empirical sides.

A major and novel result consists in the derivation of the joint characteristic functions of log-
returns in a bivariate rough-jump Heston model, under the risk neutral measure and under a
measure using a risky asset as numeraire. The characteristic functions depend on solutions of
fractional differential equations (FDE’s). To summarize, these FDE’s are obtained in three
steps. Firstly, we rewrite the model as an infinite dimensional Markov process. Secondly,
we consider a discrete approximation. In this discrete framework, we show that character-
istic functions admit a representation in terms of forward differential equations. Finally,
we reformulate these differential equations as discrete approximation of Riemann-Liouville
derivatives and retrieve the FDE’s by passing to the limit.

On the empirical side, we draw several interesting conclusions from numerical illustrations.
Firstly, considering a rough instead of a Brownian variance does not necessary implies an
increase of option prices. This is explainable by the shorter memory of rough than Brownian
processes. Intuitively, the rough variance is more volatile than its Brownian counterpart but
quicker “forgets” previous peaks of variance. As a consequence, a rough variance faster re-
verts to its baseline level. Variance being slightly lower on average in a rough than Brownian
model, option prices are reduced by a few percents.

Secondly, the 2D DFT achieves a good relative accuracy for prices of ITM and ATM op-
tions. For options deep out of the money, the relative pricing error by DFT is non-negligible,
even if in absolute value, this error amounts to a few cents. For this type of options, we
should favour Monte-Carlo pricing. Thirdly, we show that using a 1D DFT for valuing ex-
change options, that is in theory numerically efficient, leads to higher relative pricing errors
than the 2D DFT. In theory, increasing the granularity reduces errors but using a thinner
grid causes numerical instabilities in the solving of fractional differential equations.

This article paves the way for further research. For instance, the methodology used for find-
ing the characteristic function of log-returns may be applied to other market models than the
rough Heston framework. On the other hand, the finite difference method solving fractional
differential equations may probably be improved. Based on Momani and Shawagfeh [34], we
can for instance try the Adomian decomposition method combined with Padé approximants
to numerically solves these equations.

Appendix A

We prove in this appendix that LtX(l) is a compound Poisson process with parameters \$ =
MM (1), P51, Py, 15, 0, such as defined in Equations and . For this purpose, we
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)
develop the moment generating function (mgf) of Lf(l) = ZkNgl J,gl) under the S measure:
ds
B (1) -2 (55
1)
_ e—,\1(¢<1>(1)_1)tE (esz ; (14w) J( )|]__>

E <6(1+w)J(1)>
(1)

ewLX<1) |f0> (63)

=exp | (M oM )t -1

The expectation E <6(1+“’)J<1)> /M (1) can be rewritten as follows

(1+w)J<1>>
= (e _ P11 1 4 P12 M2
(1) oM —w—1 WD) n +w+1

_ UISVZE! ( (1 — 1) ) n M12P12 ( (a2 +1) )
PO =) N =1 —w/) W) (n2+1) N2+ 1) +w/
Since pi1; Mg 4 praptiy = e (1), p5, = (—1)?% and pf, = (_1>Z]11)2(€71—2+1) are well in [0, 1]
and such that p}; +pf, = 1. We infer that E <6(1+w Jm) /(1) is the moment generating a

double exponential random variable with parameters p3,, pl,, 7%, n%,. From Equation (63)),
we recognize the mgf of a compound Poisson process with a jump intensity equal to \S.

Appendix B

This appendix presents the characteristic of log-returns under Q and S when the variance
process is ruled by a Cox-Ingersoll-Ross (CIR) process, as defined by Equation ([7]).

Proposition 9.1. For w = (wi,wy)’ € C>~ and 0 < t < s, the characteristic function of

log-returns X 3 = (Xs(l),XS(Q)) under the risk neutral measure if V; is driven by Equation
18

Y

E (ewTXS .7-}) =exp (a(t, s) + c(t,s)V; + w' X;) (64)
where functions a(t, s), c(t,s) solve the following ordinary differential equations (ODE’s):
atCL(ta 8) - _wT ('I" —AO (‘P(]'> - 1)) - AT (‘P(w> - 1) - K‘gc(tv S) ) (65)
and
1 - 1
Oic(t,s) = Jw diag(X1:2. 31, ) — it T (20,21, ) W (66)
¥ 3,

+ (k- w19 25 et s) — “c(t, 5)*

with the terminal conditions a(s,s) =0 and c(s,s) = 0.
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Proposition 9.2. For w = (w,ws)" € C*~ and 0 <t < s and if if V; is driven by Equation

, the characteristic function of log-returns X, = (Xs(l),Xs(z)) under the S measure is

BY (e %\ F) = exp (a¥(t,5) + (1, 5)Vi + w0 X)) (67)

If we note N = \pM(1) , &% = Kk — 237,2127_61, the functions a(t,s), (t,s) solve the
following ordinary differential equations (ODE’s):

00 (t.5) = ' (r = A0 (p(1) ~ 1)) = X7 ((w) — 1) ~ k05 (ts),  (68)
and
1 . 1
atCS(t, S) = —wT (21;27.212“61 — §dzag(21;2,‘212”)> — §UJT (21;27.212’.) w (69)

¥y 34
“oelts)?

+ (/{S - UJTEI:Q,.Z;)T ) CS(ta s) —

40

with the terminal conditions a(s,s) =0 and c(s,s) = 0.

Appendix C

T [1/12 [1/12 [1/12 [ 3/12 | 3/12 | 3/12 [[6/12 [6/12 | 6/12 |
K\al09 07 [055 09 |07 [055 [09 [07 [055
-10 10.14 [ 10.16 | 10.18 || 10.98 | 10.99 | 10.97 [ 12.2 |12.22 | 12.25

-8 827 829 831 (1935 |935 |933 || 10.71 ] 10.72 | 10.75
-6 6.52 | 652 | 654 || 7.8 | 782 | 781 |9.32 |932 |935
-4 493 | 491 491 | 647 |643 | 641 | 8.04 |803 | 8.06
-2 3.55 | 352 349 ||523 |519 |515 || 6.86 |6.85 |6.87

0 241 238 |[234 | 415 | 410 |4.07 | 581 |5.78 |5.81
2 1.55 | 152 | 149 | 3.23 |3.18 |3.15 | 4.87 |4.84 | 4.86
4 094 1092 | 091 | 247 |243 | 241 | 4.04 |4.02 |4.04
6 0.53 (053 |05 ||1.8 |1.83 |1.82 | 3.33 |3.31 | 3.33
8 028 029 1032 (1136 |136 |1.36 | 273 |271 |2.73
10 0.14 |0.16 |0.18 (1099 |1.00 |1.01 | 221 |221 |2.23

Table 6: Prices of spread options by Monte-Carlo for strikes from -10 up to 10 with rough
parameters 0.9, 0.7, 0.55 and maturities 1, 3 and 6 months.
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T [1/12 [1/12 [1/12 [ 3/12 [3/12 [ 3/12 [ 6/12 | 6/12 [ 6/12 |
K\ol09 [07 [055 [09 [07 [055 [09 [07 [0.55
10 [0.20 [0.30 [0.49 [0.36 |0.18 [0.36 || 0.25 | 0.16 | 0.65

-8 0.12 | 0.24 048 | 0.32 [0.11 | 0.11 | 0.37 | 0.19 | 0.74
-6 1.07 | 1.23 | 1.22 || 0.89 | 0.77 | 0.38 || 0.97 | 0.32 | 0.43
-4 0.00 | 041 |0.00 | 0.46 |0.16 |0.47 || 0.75 | 0.12 | 0.87
-2 282 312 [3.15 || 191 | 135 | 097 || 1.75 | 1.02 | 0.15

0 041 042 |1.71 | 0.96 |0.24 |0.98 | 1.20 | 0.52 | 1.03
2 710 | 7.89 | 7.38 | 3.41 | 2.83 | 1.90 | 2.67 | 2.07 | 0.41
4 0.00 |1.09 | 1.10 | 2.02 |1.23 | 0.41 | 2.48 | 1.49 | 0.25
6 13.21 | 15.09 | 14.55 || 541 | 4.37 | 2.75 || 4.2 |3.02 | 1.20
8 3.57 11034 | 125 | 441 | 294 | 1.47 || 3.66 | 2.58 | 0.73
10 21.43 | 25.00 | 38.89 || 8.08 | 6.00 | 4.95 || 5.43 | 4.07 | 1.79

Table 7: Relative errors (in %) between DFT and Monte-Carlo (M.C.) prices of spread
Price(DFT)—Price(M.C.)
Price(DFT)

options, i.e.

Prices Relative changes (%)
a=09vsa=1
K\T | 1/12 | 1/12 | 1/12 || 3/12 | 3/12 | 3/12
-10 10.33 | 11.51 | 13.21 || -0.02 | -0.05 | -0.17
-8 8.46 | 9.86 | 11.68 || -0.02 | -0.05 | -0.20
-6 6.69 | 832 |10.23 || -0.03 | -0.06 | -0.24
-4 5.08 | 6.90 | 888 || -0.03]-0.06 | -0.28
-2 3.68 | 563 | 7.64 || -0.04 |-0.07| -0.33
0 252 | 450 | 6.52 || -0.04 | -0.08 | -0.38
2 1.63 | 3.53 | 5.51 | -0.05 |-0.09 | -0.43
4 1.00 | 2.72 | 4.62 | -0.06 | -0.09 | -0.48
6

8

1

0.57 | 206 | 3.84 || -0.06 | -0.1 | -0.53
0.3 1.52 | 3.17 || -0.06 | -0.11 | -0.57
0 0.15 | 1.11 | 2,59 || -0.05 | -0.11 | -0.61

Table 8: Prices of spread options by Monte-Carlo in the Heston model with jumps (o = 1)
Price(a=0.9)—Price(a=1)

and relative gaps with respect to prices for a = 0.9, i.e. Price(a=09)

Appendix D

This appendix analyzes the impact on spread option prices of correlations and their interac-
tions with the roughness parameter a. To understand the role of direct correlation between
stock prices, we consider a matrix



where py; € {—0.25, 0.00, 0.25}. Other parameters are these of Table |1, Option values are
reported in Table @ The impact of correlation is clearly visible: a positive (resp. a negative)
correlation decreases (resp. increases) prices. This trend is explainable by the structure of
the payoff which is proportional to the difference, S}l) — S;z). If the correlation is negative
(resp. negative) , asset prices tend to diverge (resp. converge) and this difference increases
(resp. decrease) on average.

‘ ‘ p12 = —0.25 H p12 = 0.00 H p12 = +0.25 ‘

K\ a«a|09 0.7 0.55 | 0.9 0.7 0.55 | 0.9 0.7 0.55
-10 11.31 | 11.29 | 11.27 || 10.98 | 10.97 | 10.96 || 10.64 | 10.65 | 10.65

-8 9.74 971 [9.67 ||9.37 [9.34 |9.32 ||897 |895 |89
-6 829 |823 |818 || 7.8 |7.82 |7.78 | 7.4 737 | 7.34
-4 6.95 |6.88 [6.81 |6.49 |6.43 |6.37 || 597 [593 |5.88
-2 5.74 | 5.65 |5.57 | 5.25 | 518 |5.11 || 4.7 4.64 | 4.58

0 4.66 |4.58 |4.49 | 417 |4.09 |4.01 | 3.61 |3.54 | 3.47
2 3.75 [ 3.66 | 358 |3.26 |3.19 |3.12 || 2.71 |2.65 | 2.59
4 297 129 283 || 251 [245 [239 |199 |19 |19
6 232 1226 | 221 1.89 | 1.85 | 1.81 143 |14 1.37
8 1.7¢ | 1.75 | 1.71 1.41 | 138 |1.36 | 1.01 |0.99 |0.98
10 1.36 | 1.34 | 1.32 | 1.03 |1.02 |1.01 | 0.69 |O0.7 0.7

Table 9: Prices of spread options by 2D discrete Fourier transform for strikes from -10 up to
10 with rough parameters 0.9, 0.7, 0.55, maturity 3 months and asset correlation p;» equal
to -0.25, 0.00 and +0.25.

The influence of the roughness parameter a on option prices is similar to what we ob-
serve in the non-correlated case. We remark that more roughness in the volatility does not
systematically increase option prices.

33



| [ psv=-020 | psy =0.00
K\a|09 [07 [055 |09 |07 055
10 | 10.99 | 10.99 | 10.99 || 10.98 | 10.97 | 10.96

-8 938 1936 [9.34 | 937 |934 |9.32
-6 788 |78 | 7.81 | 7.8 | 782 |T7.78
-4 6.52 | 6.46 |64 6.49 | 643 |6.37
-2 5.28 521 [5.14 | 525 |518 |5.11

0 4.18 | 4.11 |4.03 | 417 |4.09 |4.01
2 3.29 | 3.22 | 315 | 3.26 |3.19 | 3.12
4 254 | 248 242 | 251 | 245 | 239
6 191 | 1.88 |1.84 | 1.89 |18 |1.81
8 142 | 14 1.38 || 1.41 | 1.38 | 1.36
10 1.04 | 1.04 |1.04 || 1.03 |1.02 |1.01

Table 10: Prices of spread options by 2D discrete Fourier transform for strikes from -10 up to
10 with rough parameters 0.9, 0.7, 0.55, maturity 3 months and assets-variance correlation
psy equal to -0.20 and 0.00.

Finally, we evaluate 3 months spread options written on two stocks with no direct cor-
relation but negatively correlated to the Brownian driving the variance. The choice of a
negative correlation is motivated by the observation that the realized or implied variance

increases during periods of financial turmoil. We set X3 = 0.2 (psv, psv,\/ 1 — 2P?9v) while

other parameters are these of Table [I Results are reported in Table [I0] The impact of
correlation between variance and assets is small but clearly visible: a negative correlation
slightly increases spread option prices.

References

[1] Abi Jaber E., Larsson M., Pulido S. 2019. Affine volterra processes, Annals of Applied
Probability 29 (5), 3155-3200

[2] Abi Jaber, E., El Euch O. 2019. Multi-factor approximation of rough volatility models.
SIAM Journal of Financial Mathematics , 10(2), 309-349.

[3] Alfeus M., Schlégl E., 2019. On spread option pricing using two-dimensional Fourier
transform. Journal of Theoretical and Applied Finance, 22 (5), 1950023.

|4] Baschetti F., Bormetti G., Romagnoli S., Rossi P. 2020. Rough heston: the sinc way.
arXiv preprint arXiv:2009.00557, 2020.

[5] Bayer C., Friz P., Gatheral J. 2016. Pricing under rough volatility. Quantitative Finance,
16 (6), 887-904.

|6] Benth F. E., Kettler, P.C. , 2011. Dynamic copula models for the spark spread. Quan-
titative Finance, 11(3), 407-421.

34



|7l

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

21]

Bjerksund P., Stensland G. 2014. Closed form spread option valuation. Quantitative
Finance, 14 (10), 1785-1794.

Caldana R., Fusai G., 2013. A general closed-form spread option pricing formula, Journal
of Banking & Finance, 37, 4893-4906.

Carmona R., Durrleman V. 2003. Pricing and hedging spread options, SIAM Review,
45 , 627-685.

Cui Z., Kirkby J.L., Nguyen D., 2018. A general valuation framework for SABR and
stochastic local volatility models. STAM Journal on Financial Mathematics, 9(2), 520-
263.

Deelstra G., Petkovic A., Vanmaele M., 2010. Pricing and hedging Asian basket spread
options. Journal of computational and applied mathematics, 233 (11), 2814-2830.

Dempster M.A., Hong S.S. 2000. Spread option valuation and the fast Fourier transform.
Mathematical Finance—Bachelier Congress 2000, Springer, Berlin, 2002, 203—-220.

Dupret J.L., Barbarin J., Hainaut D. 2021. Impact of rough stochastic volatility models
on long-term life insurance pricing. Forthcoming in European Actuarial Journal.

Dupret J.L., Hainaut D. 2021. Portfolio insurance under rough volatility and Volterra
processes. Forthcoming in International Journal of Theoretical and Applied Finance.

El Euch, O., Rosenbaum, M. 2018. Perfect hedging in rough Heston models. The Annals
of Applied Probability 28(6), 3813-3856.

El Euch O., Rosenbaum M. 2019. The characteristic function of rough heston models,
Mathematical Finance 29 (1), 3-38.

Elias R.S., Wahab M.I.LM., Fang L., 2016. The spark spread and clean spark spread
option based valuation of a power plant with multiple turbines. Energy FEconomics, 59,
314-327.

Fang F., Oosterlee C.W. 2011. A Fourier-based valuation method for bermudan and
barrier options under Heston’s model. SIAM Journal on Financial Mathematics, 2(1),
439-463.

Gatheral J. Jaisson T., Rosenbaum M. 2018. Volatility is rough, Quantitative Finance
18 (6), 933-949.

Gatheral J., Radoicic R., 2019. Rational approximation of the rough Heston solution.
International Journal of Theoretical and Applied Finance, 22(03), 1950010.

Hainaut D. 2021. Moment generating function of non-Markov self-excited claims pro-
cesses. Insurance: Mathematics & Economics, 101 (B), 406-424.

35



22]

23]

[24]

[25]

[26]

27]

28]

[29]

[30]

31]

32]

33]

[34]

[35]

Hainaut D., 2022. Continuous Time Processes for Finance. Switching, Self-exciting, Frac-
tional and other Recent Dynamics. Springer & Bocconi Series in mathematics, statistics,
finance and Economics.

Heston S. L., 1993. A closed-form solution for options with stochastic volatility with
applications to bond and currency options. Review of Financial Studies. 6 (2), 327-343.

Hurd T.R. , Zhou Z., 2010. A Fourier Transform Method for Spread Option Pricing.
STAM Journal of Financial Mathematics, 1, pp. 142-157.

Jiang G.J., Tong Y. 2013. Stock price jumps and cross-sectional return predictability.
The Journal of Financial and Quantitative Analysis, 48 (5), 1519-44.

Kirk E. 1995. Correlations in the energy markets. Managing Energy Price Risk, Risk
Publications and Enron, London, 1995, pp. 71-78.

Kirkby J.L., Nguyen D., Cui Z., 2017. A unified approach to Bermudan and barrier op-
tions under stochastic volatility models with jumps. J. Economic Dynamics and Control
80, 75-100.

Kirkby J.L. , Nguyen D.H., Nguyen D., 2020. A general continuous time Markov chain
approximation for multi-asset option pricing with systems of correlated diffusions. Ap-
plied Mathematics and Computation, 386 : 125472.

Kou S., Wang H., 2004. Option pricing under a double exponential jump diffusion model.
Management Science, 50(9), 1178-1192.

Li M., Deng S., Zhou J. 2008. Closed-form approximations for spread option prices and
Greeks. Journal of Derivatives, 15, pp. 58-80.

Margrabe W., 1978. The Value of an Option to Exchange One Asset for Another, Journal
of Finance, 33 (1), pp. 177-186.

Merhdoust F., Najafi A.R., Fallah S., Samimi O. 2018. Mixed fractional Heston model
and the pricing of American options. Journal of Computational and Applied Mathemat-
ics, 330 (1), 141-154.

Mehrdoust F., Noorani, I., 2022. Valuation of spark-spread option written on electricity
and gas forward contracts under two-factor models with non-Gaussian Lévy processes.
Forthcoming in Computational Economics, 1-47, https://doi.org/10.1007/s10614-021-
10232-4.

Momani S., Shawagfeh N. 2006. Decomposition method for solving fractional riccati
differential equations. Applied Mathematics and Computation, 182 (2), 1083-1092.

Noorani I., Mehrdoust F.,Nasroallah A., 2021. A generalized antithetic variates Monte-
Carlo simulation method for pricing of Asian option in a Markov regime-switching model.
Mathematics and Computers in Simulation, 181, 1-15.

36



[36] Pasricha P., Goel A., 2019. Pricing vulnerable power exchange options in an intensity
based framework. Journal of Computational and Applied Mathematics, 355 (1), 106-115.

[37] Ruijter M.J., Oosterlee C.W., 2012. Two-dimensional Fourier cosine series expansion
method for pricing financial options. STAM Computational Methods in Science and
Engineering, 34(5), B642-B671.

[38] Sun Y., Xu C. 2018. A hybrid Monte Carlo acceleration method of pricing basket options
based on splitting. Journal of Computational and Applied Mathematics, 342, 292-304.

[39] Zhao J., Li S., 2020. Efficient pricing of European options on two underlying assets by
frame duality. J. Mathematical Analysis and Applications, 486 (1), 123873.

37



	cover34
	ISBA_RP_2022-34
	cover
	coververso
	Pricing
	Introduction
	The financial market and bivariate options
	An equivalent infinite dimensional Markov process
	Finite dimensional approximation
	Characteristic function of log-returns in the finite dimensional model
	Characteristic function of log-returns in the infinite dimensional model
	Probability density functions by DFT
	Numerical illustration
	Conclusions





