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On the Set of Possible Minimizers
of a Sum of Convex Functions
Moslem Zamani , François Glineur , and Julien M. Hendrickx

Abstract—Consider a sum of convex functions, where
the only information known about each individual sum-
mand is the location of a minimizer. In this letter, we
give an exact characterization of the set of possible min-
imizers of the sum. Our results cover several types of
assumptions on the summands, such as smoothness or
strong convexity. Our main tool is the use of necessary
and sufficient conditions for interpolating the considered
function classes, which leads to shorter and more direct
proofs in comparison with previous work. We also address
the setting where each summand minimizer is assumed to
lie in a unit ball, and prove a tight bound on the norm of any
minimizer of the sum.

Index Terms—Optimization, minimization, convex
functions, mathematical programming.

I. INTRODUCTION

CONSIDER the following optimization problem

min
x∈Rn

f (x) :=
∑

i∈[m]

fi(x), (1)

with convex functions fi : R
n → (−∞,∞], i ∈ [m].

Problem (1) appears naturally in a variety of settings, including
distributed optimization; see [1], [2] and references therein.
Following [3], [4], [5], we consider the problem of determin-
ing the set of possible minimizers of (1) based only on the
location of each summand’s minimizer x�

i , that is knowing

x�
i ∈ argmin

x∈Rn
fi(x), i ∈ [m],

and some general properties of the functions, such as their
smoothness or strong convexity.

Next to its theoretical interest, this natural question is also
of practical relevance. As pointed in [5], suppose a model is
trained separately on two datasets that should not be shared,
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which corresponds to minimizing functions f1 and f2. Then
the knowledge of the set of possible minimizers of the sum
f1 + f2 allows inferring the robustness of the individually
trained models, and assessing the relevance of re-training the
model based on the combined data. More generally, in the
settings of federated learning or decentralized optimization,
each node i owns a function fi from Problem (1) but cannot
share it with other nodes, e.g., due to practical or privacy
reasons [6], [7]. Determining a priori the set of possible
minimizers of Problem (1) is then helpful to compute this
minimizer with a distributed optimization algorithm, since it
can provide (a) a reasonable starting iterate (using, e.g., some
well-centered point in the set), and (b) an upper bound on the
distance between this first iterate and the minimizer, which in
turn can be used to estimate how many of steps of the algo-
rithm are required, or to tune algorithm parameters. Finally,
in some works on resilient distributed optimization (e.g., [8]),
algorithms only allow convergence to certain regions such as
the convex hull of the minimizers x�

i . Comparing this zone to
the set of possible minimizers is then also of direct interest.

In a recent line of work, Kuwaranancharoen and
Sundaram [3], [4], [5] study this problem for m = 2 differ-
entiable and strongly convex functions, with the additional
knowledge of an upper bound on the norm of the gradient of
each summand at the minimizer x� (see Proposition (3) for
our result in a similar setting). Using a geometric approach,
they provide a near-exact characterization of the set of possible
minimizers, using ad hoc coordinates (more precisely, [5,
Th. 6.2] characterizes the boundary of the region of possible
minimizers, which coincides with its interior). Assuming that
the summands are smooth (i.e., that their gradient is Lipschitz)
is also mentioned in [5] as a possibility for further work.

Hendrickx and Rabbat consider a sum of smooth strongly
convex functions in the context of open multi-agent
systems [9]. They assume all summand minimizers lie in a
ball centered at the origin, and derive an upper bond for the
norm of a possible minimizer of the sum, expressed in terms
of the condition number of the summands [9, Th. 1].

Despite the fundamental nature of the problem, we are
not aware of other works characterizing the set of possible
minimizers of a sum of convex functions.

In this letter, we show how the use of the interpolation
conditions [10], [11] described in Section II, provides a
more direct and algebraic approach to tackle this problem.
Section III gives an exact characterization of the set of possible
minimizers of a sum of two smooth strongly convex functions,
and provides an alternative, simpler characterization of set of
possible minimizers of a sum of two strongly convex functions
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in the setting of [5]. Section IV extends our results to sums
involving arbitrary numbers of functions, and to a variation
of the problem where all but one function is smooth. Finally,
Section V provides a tight bound for the setting where each
summand minimizer lies in a ball.

II. PRELIMINARIES AND INTERPOLATION CONDITIONS

Throughout this letter, ‖ · ‖ and 〈·, ·〉 denote the Euclidean
norm and the dot product, respectively. We also use iff as an
abbreviation for if and only if. The set of the first m natural
numbers is denoted by [m].

Let f : Rn → (−∞,∞] be an extended real valued convex
function. Function f is proper if its effective domain, defined
as dom f = {x : f (x) < ∞}, is non-empty. It is closed if its
epigraph {(x, r) : f (x) ≤ r} is a closed subset of R

n+1. The
set of subgradients at x ∈ dom f (subdifferential) is

∂f (x) = {
g : f (y) ≥ f (x) + 〈g, y − x〉,∀y ∈ R

n}.

Let L ∈ (0,∞] and μ ∈ [0,∞). A convex function
f : Rn → (−∞,∞] is said to be L-smooth if for any x1, x2 ∈
R

n,

‖g1 − g2‖ ≤ L‖x1 − x2‖ ∀g1 ∈ ∂f (x1), g2 ∈ ∂f (x2).

If L < ∞, then f must be differentiable on R
n. In addition,

any convex function is ∞-smooth. Furthermore, a function
f : R

n → (−∞,∞] is said to be μ-strongly convex if the
function x �→ f (x) − μ

2 ‖x‖2 is convex. Note that any convex
function is 0-strongly convex. We denote the set of closed
proper convex functions that are L-smooth and μ-strongly
convex by Fμ,L(Rn). In addition, Mμ,L(x�) stands for the set
of functions in Fμ,L(Rn) for which x� is a minimizer. We
make the convention a

∞ = 0 for a ∈ R.
Interpolation constraints are necessary and sufficient condi-

tions for a finite set of vectors and values to be consistent with
an actual function in a given function class. For example, we
will heavily rely on the following interpolation result for the
class of smooth strongly convex functions.

Theorem 1 (See [10, Th. 4]): Consider the class of func-
tions Fμ,L(Rn) with 0 ≤ μ < L ≤ ∞. Given a set of triplets
{(xi; gi; θi)}i∈[m] with xi, gi ∈ R

n and θi ∈ R, there exists a
function f ∈ Fμ,L(Rn) satisfying

f (xi) = θi, gi ∈ ∂f (xi), i ∈ [m],

i.e., a function that interpolates the function and (sub)gradient
values as prescribed in (xi; gi; θi), if and only if the following
set of interpolating conditions is satisfied for i, j ∈ [m]:

θi − θj − 〈gj, xi − xj〉 ≥ (
1 − μ

L

)−1
(

μ
2 ‖xi − xj‖2

+ 1
2L‖gi − gj‖2 − μ

L 〈gi − gj, xi − xj〉
)
. (2)

Interpolation conditions provide an exact characterization
of the triplets {(xi; gi; θi)}i∈[m] that are consistent with actual
functions, and as such, are instrumental in the automated tight
analysis of black-box optimization algorithm [10].

Our analysis will rely on the following central Lemma,
which provides an interpolation condition for a minimizer x�

and an arbitrary point x, only involving those two points and
their gradients, but not their function values.

Lemma 1: Consider the function class Fμ,L(Rn) with 0 ≤
μ < L ≤ ∞. Given two points x, x� ∈ R

n and a (sub)gradient

g ∈ R
n, there exists a function f ∈ Mμ,L(x�) with g ∈ ∂f (x)

if and only if

〈g, x − x�〉 ≥ (
1 + μ

L

)−1
(

1
L‖g‖2 + μ‖x − x�‖2

)
. (3)

Proof: The existence of a function f satisfying the assump-
tions in the Lemma is equivalent to asking that the two
triplets {(x; g; fx), (x�; 0; f �)} are interpolable by a function in
Fμ,L(Rn) for some values of fx and f �. Indeed, we have fx =
f (x), f � = f (x�) and the optimality condition for a minimizer
of a convex function gives g� = 0 ∈ ∂f (x�). Theorem 1 states
that it is equivalent to the following pair of conditions (2), first
for (xi, xj) = (x, x�) then for (x�, x):

fx − f � ≥ (
1 − μ

L

)−1
E
(
x, g, x�

)

f � − fx − 〈g, x� − x〉 ≥ (
1 − μ

L

)−1
E
(
x, g, x�

)

where E(x, g, x�) = 1
2L‖g‖2+ μ

2 ‖x−x�‖2− μ
L 〈g, x−x�〉. Hence

we need to show that these two conditions holds for some fx
and f � if and only if inequality (3) is satisfied.

We first establish the only if part. Summing the above two
conditions leads to −〈g, x�−x〉 ≥ 2(1− μ

L )−1E(x, g, x�) which
is equivalent to
(
1 − μ

L

)〈g, x − x�〉 ≥ 1
L‖g‖2 + μ‖x − x�‖2 − 2μ

L 〈g, x − x�〉
and can be rearranged as inequality (3) in the Lemma.

To prove the if part, we assume inequality (3) holds and
show that the above two conditions are satisfied with the
following

fx = (
1 − μ

L

)−1
E
(
x, g, x�

)
, f � = 0

It is easy to check that this choice of fx and f � leads to
an equality in the first condition. Furthermore, as the sum
of the two inequalities was shown above to be equivalent to
condition (3), we can conclude that the second inequality is
satisfied. This concludes the proof of the equivalence.

Note that condition (3) can be equivalently rewritten as
∥∥g − L+μ

2

(
x� − x

)∥∥ ≤ L−μ
2

∥∥x� − x
∥∥ (4)

when L < ∞, which is easier to interpret geometrically: it
states that g must belong to a ball centered at L+μ

2 (x� − x)
with radius equal to L−μ

2 ‖x� − x‖.

III. MINIMIZERS OF A SUM OF TWO

CONVEX FUNCTIONS

We first study the case of a sum of two smooth (strongly)
convex functions. More precisely, given two points x�

1, x�
2 along

with parameters μ1, μ2, L1, L2, we want to characterize the
set of possible minimizers of a sum f1 and f2 where f1 ∈
Mμ1,L1(x

�
1) and f2 ∈ Mμ2,L2(x

�
2). Note that we only have

information about the class of functions and their minimizers,
but not about the functions themselves.

Proposition 1: Let 0 ≤ μ1 < L1 < ∞ and 0 ≤ μ2 <

L2 < ∞. Given two points x�
1, x�

2 ∈ R
n, a point x� ∈ R

n

is a minimizer of the sum f1(x) + f2(x) for some functions
f1 ∈ Mμ1,L1(x

�
1) and f2 ∈ Mμ2,L2(x

�
2) if and only if

∥∥(L1 + μ1)
(
x� − x�

1

) + (L2 + μ2)
(
x� − x�

2

)∥∥
≤ (L1 − μ1)

∥∥x� − x�
1

∥∥ + (L2 − μ2)
∥∥x� − x�

2

∥∥. (5)
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Fig. 1. Sets of possible minimizers x� from Proposition 1 with x�
1 =

( − 1, 0) and x�
2 = (1, 0).

Proof: Optimality conditions imply that x� is a minimizer
of the sum f1(x)+ f2(x) if and only if there exists subgradients
of f1 and f2 at x� that sum to zero, i.e., if and only if there
exists g1 and g2 such that

g1 ∈ ∂f1
(
x�

)
, g2 ∈ ∂f2

(
x�

)
, g1 + g2 = 0.

Lemma 1 with the geometrical inequality (4) applied to each
function f1 and f2 implies that x� is a possible minimizer iff
the following system has a solution,

∥∥∥g1 − L1+μ1
2

(
x� − x�

1

)∥∥∥ ≤ L1−μ1
2

∥∥x� − x�
1

∥∥,
∥∥∥g2 − L2+μ2

2

(
x� − x�

2

)∥∥∥ ≤ L2−μ2
2

∥∥x� − x�
2

∥∥,

g1 + g2 = 0.

By replacing g2 by −g1, this system is equivalent to
∥∥∥g1 − L1+μ1

2

(
x� − x�

1

)∥∥∥ ≤ L1−μ1
2

∥∥x� − x�
1

∥∥,
∥∥∥g1 + L2+μ2

2

(
x� − x�

2

)∥∥∥ ≤ L2−μ2
2 ‖x� − x�

2‖.
Geometrically, this system is asking for g1 to belong to the
intersection of two balls. This is possible if and only if the
distance between their centers is less than or equal to the sum
of their radii, which gives the desired inequality.

One can verify that this set is always bounded provided
μ1 > 0 or μ2 > 0. Indeed, as the norm of x� tends to infinity,
x�

1 and x�
2 become negligible in (5), leading in the limit to

condition (L1 +μ1 +L2 +μ2)‖x�‖ ≤ (L1 −μ1 +L2 −μ2)‖x�‖
which cannot be satisfied unless μ1 + μ2 = 0. On the other
hand, when μ1 = μ2 = 0, condition (5) becomes
∥∥L1

(
x� − x�

1

) + L2
(
x� − x�

2

)∥∥ ≤ L1
∥∥x� − x�

1

∥∥ + L2
∥∥x� − x�

2

∥∥

which is the triangle inequality. This implies that any point
x� ∈ R

n can be a minimizer (which can also be derived from
the choice f1(x) = f2(x) = 0). Observe that the following point

x� = L1+μ1
L1+μ1+L2+μ2

x�
1 + L2+μ2

L1+μ1+L2+μ2
x�

2

satisfies inequality (5) strictly when x�
1 
= x�

2, from which one
can infer that the set of possible minimizers has a nonempty
interior. Figure 1 shows the set of possible minimizer x� from
Proposition 1 for two different sets of parameters in R

2.
To further illustrate this characterization, we perform a

numerical experiment where we draw random functions f1 and
f2 from two specific classes corresponding to the parameters
of Fig. 1(b), and compare the location of the minimizers of

Fig. 2. Illustration of Proposition 1: sets of possible minimizers x�

(delimited by a cyan curve) along with location of 500 minimizers
(colored dots) corresponding to x�

1 = ( − 1, 0), x�
2 = (1, 0), μ1 = 1,

μ2 = 4, L1 = L2 = 5 for 500 random quadratic functions (left) and 500
random logistic+quadratic functions (right).

f1 + f2 to the set predicted by Proposition 1. We first generate
500 pairs of quadratic functions

qi(x) = 1
2

(
x − x�

i

)T
Qi

(
x − x�

i

)
i = 1, 2,

(using random symmetric matrices with I � Q1 � 5I and
4I � Q2 � 5I), then we consider logistic + quadratic terms

Lj(x) =
2∑

i=1

log
(

1 + e〈wi
j,x〉

)
+ αj

2 ‖x‖2 + 〈cj, x〉, j = 1, 2,

where we generate 500 random instances of parameters
w1

j , w2
j , cj, αj (j = 1, 2) for which L1 ∈ M1,5(

(−1 0
)
) and

L2 ∈ M4,5(
(
1 0

)
). Figure 2 displays the 500 minimizers of

q1(x) + q2(x) (left) and L1(x) + L2(x) (right), along with the
predicted set of possible minimizers.

We observe that all minimizers belong to the predicted set,
with quadratic minimizers densely filling the whole set, while
logistic minimizers only occupy a smaller subset, probably
due to some additional properties that differentiate them from
general smooth strongly convex functions.

We now consider a situation where one of the functions is
not smooth, assuming without loss of generality L2 = ∞.

Proposition 2: Let 0 ≤ μ1 < L1 < ∞ and 0 ≤ μ2. Given
two points x�

1, x�
2 ∈ R

n, a point x� ∈ R
n is a minimizer of

the sum f1(x) + f2(x) for some functions f1 ∈ Mμ1,L1(x
�
1) and

f2 ∈ Mμ2,∞(x�
2) if and only if the following holds

μ2
∥∥x� − x�

2

∥∥2 + L1+μ1
2 〈x� − x�

1, x� − x�
2〉 ≤

L1−μ1
2

∥∥x� − x�
1

∥∥∥∥x� − x�
2

∥∥. (6)

Proof: Due to Lemma 1 and the optimality conditions for the
sum f1(x) + f2(x), x� is a possible minimizer iff the following
system has a solution (using both (3) and (4))

∥∥∥g1 − L1+μ1
2

(
x� − x�

1

)∥∥∥ ≤ L1−μ1
2

∥∥x� − x�
1

∥∥,

〈g2, x� − x�
2〉 ≥ μ2

∥∥x� − x�
2

∥∥2
,

g1 + g2 = 0.

Replacing g2 by −g1, the above system becomes
∥∥∥g1 − L1+μ1

2

(
x� − x�

1

)∥∥∥ ≤ L1−μ1
2

∥∥x� − x�
1

∥∥,

〈−g1, x� − x�
2〉 ≥ μ2

∥∥x� − x�
2

∥∥2
.

The desired inequality follows from the necessary and suf-
ficient condition for the intersection between a ball and a
half-space to be nonempty.
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Fig. 3. Sets of possible minimizers x� from Proposition 2 with x�
1 =

( − 1, 0) and x�
2 = (1, 0).

Proposition 2 also corresponds to Proposition 1 in the
limit when L2 tends to infinity; see the discussion before
Corollary 1. Figure 3 shows the set of possible minimizer x�

from Proposition 2 for two different sets of parameters in R
2.

As before, this set is bounded when μ1 + μ2 > 0.
When none of the functions is smooth, i.e., when L1 =

L2 = ∞, the situation becomes qualitatively different. Indeed,
as shown in [5], the set of possible minimizers becomes
unbounded and its closure is equal to the whole R

n when n ≥
2. Hence, similarly to [5], we consider an additional condition
on the minimizer: we assume that the subgradients of f1 and
f2 at the minimizer x� have their norm bounded by a constant
B (note that since those subgradients sum to zero, they have
the same norm).

Since the case μ1 = μ2 = 0 is uninteresting (all points
can be minimizers in that case), we assume from here that
μ1 + μ2 > 0, i.e., that function f is strongly convex. Using
condition (3) from Lemma 1, we have that the subgradient g1
at a possible minimizer x� must satisfy ‖g1‖ ≥ μ1‖x�

1 − x�‖,
hence the upper bound B on its norm must satisfy B ≥ μ1‖x�

1−
x�‖. Similarly, we must have B ≥ μ2‖x�

2 − x�‖ (also showing
that the set of possible minimizers is bounded). Combining
with ‖x�

1 − x�‖ + ‖x�
2 − x�‖ ≥ ‖x�

1 − x�
2‖ (triangle inequality),

these two inequalities imply that

B ≥ μ1μ2
μ1+μ2

∥∥x�
1 − x�

2

∥∥. (7)

Define the focal point xf = μ1
μ1+μ2

x�
1 + μ1

μ1+μ2
x�

2, corre-
sponding to the minimizer of the sum of f1(x) = μ1

2 ‖x −
x�

1‖2∈ Mμ1,∞(x�
1) and f2(x) = μ2

2 ‖x − x�
2‖2∈ Mμ2,∞(x�

2).
Since ‖∇f1(xf )‖ = μ1μ2

μ1+μ2
‖x�

1 − x�
2‖, bound (7) is necessary

and sufficient for the set of minimizers to be nonempty.
We believe the following characterization is easier to state

and slightly more complete than the one proposed in [5].
Proposition 3: Let μ1, μ2 ≥ 0 such that μ1 + μ2 > 0.

Given two points x�
1 
= x�

2 ∈ R
n and a bound B satisfying (7), a

point x� ∈ R
n is a minimizer of the sum f1(x)+ f2(x) for some

functions f1 ∈ Mμ1,∞(x�
1), f2 ∈ Mμ2,∞(x�

2) with ‖g‖ ≤ B for
some g ∈ ∂f1(x�) if and only if it satisfies

μ1
∥∥x� − x�

1

∥∥ ≤ B and μ2
∥∥x� − x�

2

∥∥ ≤ B

and at least an additional inequality among the following:

(i) μ1〈x�
1 − x�, x� − x�

2〉 ≥ μ2
∥∥x� − x�

2

∥∥2

(ii) μ2〈x�
2 − x�, x� − x�

1〉 ≥ μ1
∥∥x� − x�

1

∥∥2

(iii) det
(

M
(

x�, x�
1, x�

2, B2
))

≥ 0.

where matrix M(x�, x�
1, x�

2, α) be given as follows
⎛

⎜⎜⎝

1
〈x�−x�

1,x
�−x�

2〉‖x�−x�
1‖‖x�−x�

2‖ μ1
∥∥x� − x�

1

∥∥
〈x�−x�

1,x
�−x�

2〉‖x�−x�
1‖‖x�−x�

2‖ 1 −μ2
∥∥x� − x�

2

∥∥

μ1
∥∥x� − x�

1

∥∥ −μ2
∥∥x� − x�

2

∥∥ α

⎞

⎟⎟⎠.

Proof: Using Lemma 1, we see that x� is a possible
minimizer if and only if the optimal value of the following
convex problem is less than or equal to B2,

min ‖g‖2 s.t. 〈g, x�
1 − x�〉 ≤ −μ1

∥∥x� − x�
1

∥∥2 (8)

〈g, x� − x�
2〉 ≤ −μ2

∥∥x� − x�
2

∥∥2

It is seen that the problem has a unique solution. Due to
the optimality condition, the feasible point g is the optimal
solution of problem (8) iff there exist λ1, λ2 ≥ 0 with

g = λ1
(
x� − x�

1

) + λ2
(
x�

2 − x�
)
,

λ1

(
〈g, x�

1 − x�〉 + μ1
∥∥x� − x�

1

∥∥2
)

= 0

λ2

(
〈g, x� − x�

2〉 + μ2
∥∥x� − x�

2

∥∥2
)

= 0.

As x�
1 
= x�

2, the optimal value cannot be zero, and at least one
constraint is active at the optimal solution. If the first constraint
is active, the optimal value is less that or equal to B2 iff

μ1
∥∥x� − x�

1

∥∥ ≤ B, μ1〈x�
1 − x�, x� − x�

2〉 ≥ μ2
∥∥x� − x�

2

∥∥2
.

The case that the second is active is shown analogously. Now,
we consider the case that both constraints are active. Without
loss of generality, we assume that x� − x�

1 and x� − x�
2 are

not parallel. The case that these vectors are parallel is covered
by the former cases. Consider the Gram matrix composed of
x� − x�

1, x� − x�
2 and g. In this case, problem (8) and the

following semi-definite program share the same optimal value,

min α s.t. M
(
x�, x�

1, x�
2, α

) � 0. (9)

Note that we factor ‖x� − x�
1‖2 and ‖x� − x�

2‖2 in problem (9)
as x� 
= x�

1, x�
2. The optimal value of semi-definite pro-

gram (9) is less than or equal to B2 iff det(M(x�, x�
1, x�

2, B2))

≥ 0. This follows from the fact that a symmetric matrix is
positive definite iff its leading principal minors are positive.
To complete the proof, we need to show that if x� − x�

1 and
x� − x�

2 are parallel and det(M(x�, x�
1, x�

2, B2) ≥ 0, then x� is a
possible minimizer. In this case, we have

det
(
M

(
x�, x�

1, x�
2, α

)) = −∥∥μ1
(
x� − x�

1

) + μ2
(
x� − x�

2

)∥∥2
,

which implies x� = xf and the proof is complete.
Closedness of the set of possible minimizers under the

assumptions of Proposition 3 follows from closedness of the
intersection of the feasible region of (8) and ‖g‖ ≤ B.

Figure 4 shows the set of possible minimizer x� from
Proposition 3 for two different sets of parameters in R

2 (colors
green and red correspond to the first two inequalities, color
blue corresponds to the third determinant condition). Note that
a possible minimizer may satisfy more than one system among
the three systems given in Proposition 3.

Our last theorem bounds the distance between any mini-
mizer in Proposition 3 and the focal point xf .
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Fig. 4. Sets of possible minimizers x� from Proposition 3 with x�
1 =

( − 1, 0) and x�
2 = (1, 0).

Theorem 2: Any minimizer x� verifying the assumptions of
Proposition 3 must satisfy

∥∥x� − xf
∥∥2 ≤ min

(
B

μ1+μ2

∥∥x�
1 − x�

2

∥∥ − μ1μ2

(μ1+μ2)
2

∥∥x�
1 − x�

2

∥∥2
, B2

(μ1+μ2)
2

)
.

Proof: We may assume w.l.o.g. that x�
1 = μ2‖x�

1−x�
2‖

μ1+μ2
e1 and

x�
2 = −μ1‖x�

1−x�
2‖

μ1+μ2
e1, which implies that xf = 0 and

μ1
∥∥x�

1

∥∥2 + μ2
∥∥x�

2

∥∥2 = μ1μ2
μ1+μ2

∥∥x�
1 − x�

2

∥∥2
. (10)

First, we establish

∥∥x� − xf
∥∥2 ≤ B

μ1+μ2

∥∥x�
1 − x�

2

∥∥ − μ1μ2

(μ1+μ2)
2

∥∥x�
1 − x�

2

∥∥2
.

By (3), we have

〈g, x� − x�
1〉 ≥ μ1

∥∥x� − x�
1

∥∥2
,

〈−g, x� − x�
2〉 ≥ μ2

∥∥x� − x�
2

∥∥2
.

By summing these inequalities, we get

〈g, x�
2 − x�

1〉 ≥ μ1
∥∥x�

1

∥∥2 + μ2
∥∥x�

2

∥∥2 + (μ1 + μ2)
∥∥x�

∥∥2
.

and we conclude with Cauchy–Schwarz inequality and (10)

(μ1 + μ2)
∥∥x�

∥∥2 ≤ B
∥∥x�

1 − x�
2

∥∥ − μ1μ2
μ1+μ2

∥∥x�
1 − x�

2

∥∥2
.

Now, we prove that ‖x� − xf ‖2 ≤ B2

(μ1+μ2)
2 . Suppose that

γ = 1
(μ1+μ2)

2 . Consider the following inequalities,

γ
(

B2 − ‖g‖2
)

≥ 0,

2μ1γ
(
〈g, x� − x�

1〉 − μ1
∥∥x� − x�

1

∥∥2
)

≥ 0,

2μ2γ
(
〈−g, x� − x�

2〉 − μ2
∥∥x� − x�

2

∥∥2
)

≥ 0.

By summing these inequalities, we get

γ B2 − ∥∥x�
∥∥2 − γ

∥∥μ1x�
1 − μ2x�

2 + (μ2 − μ1)x
� + g

∥∥2 ≥ 0,

which implies the desired inequality.

IV. MINIMIZERS OF A SUM OF m CONVEX FUNCTIONS

We now extend the results of Section III to sums of more
than two functions, and start with the smooth case.

Theorem 3: Let 0 ≤ μi < Li < ∞ for all i ∈ [m]. Given m
points x�

i ∈ R
n, i ∈ [m], a point x� ∈ R

n is a minimizer of the
sum

∑m
i=1 fi(x) for some functions fi ∈ Mμi,Li(x

�
i ), i ∈ [m] if

and only if
∥∥∥∥∥∥

∑

i∈[m]

(Li + μi)
(
x� − x�

i

)
∥∥∥∥∥∥

≤
∑

i∈[m]

(Li − μi)
∥∥x� − x�

i

∥∥. (11)

Proof: The proof is analogous to that of Proposition 1. Due
to the optimality conditions, x� is a minimizer of

∑
i∈[m] fi(x)

iff there exist gi ∈ ∂fi(x�), i ∈ [m] such that
∑

i∈[m] gi =
0. Hence, by Lemma 1, x� ∈ argmin

∑
i∈[m] fi with fi ∈

Mμi,Li(x
�
i ) for i ∈ [m] iff there exists gi, i ∈ [m] satisfying∑

i∈[m] gi = 0 and
∥∥∥gi − Li+μi

2

(
x� − x�

i

)∥∥∥ ≤ Li−μi
2 ‖x� − x�

i ‖, i ∈ [m]

Below we use L+
i = Li+μi

2 and L−
i = Li−μi

2 for convenience.
Replacing gm with −∑

i∈[m−1] gi, we obtain
∥∥gi − L+

i

(
x� − x�

i

)∥∥ ≤ L−
i

∥∥x� − x�
1

∥∥, i ∈ [m − 1]∥∥∥∥∥∥

∑

i∈[m−1]

gi + L+
m

(
x� − x�

m

)
∥∥∥∥∥∥

≤ L−
m

∥∥x� − x�
m

∥∥.

We check the consistency of this system by an elimination
method. We first investigate the solvability with respect to
gm−1 while g1, . . . , gm−2 are fixed. As gm−1 only appears in
the following two inequalities, defining two balls

∥∥gm−1 − L+
m−1

(
x� − x�

m−1

)∥∥ ≤ L−
m−1

∥∥x� − x�
m−1

∥∥
∥∥∥∥∥∥

gm−1 +
∑

i∈[m−2]

gi + L+
m

(
x� − x�

m

)
∥∥∥∥∥∥

≤ L−
m

∥∥x� − x�
m

∥∥,

the system has a solution in terms of gm−1 iff distance between
the two ball centers is not greater than the sum of the two
radii, leading to the inequality

∥∥∥∥∥∥

∑

i∈[m−2]

gi + L+
m

(
x� − x�

m

) + L+
m−1

(
x� − x�

m−1

)
∥∥∥∥∥∥

≤ L−
m

∥∥x� − x�
m

∥∥ + L−
m−1

∥∥x� − x�
m−1

∥∥.

Consider now at gm−2, which must again lie in the intersection
of two balls: applying the same principle leads to an inequality
of the same form as above, with one more term with L+

m−2
inside of the left-hand side norm, and one more norm term
with L−

m−2 on the right-hand side. A simple induction argument
then completes the proof.

The set of possible minimizers in Theorem 3 is closed
and bounded set if

∑
i∈[m] μi > 0. If x�

i ’s are distinct,
inequality (11) is satisfied strictly for the focal point xf =

1∑
i∈[m] Li+μi

∑
i∈[m](Li+μi)x�

i , and the interior of the minimizer
set is non-empty.

We now consider the case where (exactly) one summand is
not smooth, using a limiting argument. Rewriting (11) as

1

2

∑

i∈[m]

μiLi
∥∥x� − x�

i

∥∥2 +
∑

i<j

L+
i L+

j 〈x� − x�
i , x� − x�

j 〉
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≤
∑

i<j,i,j∈[m]

L−
i L−

j

∥∥x� − x�
i

∥∥
∥∥∥x� − x�

j

∥∥∥ (12)

dividing both sides by Lm and taking the limit as Lm → ∞,
we obtain the inequality of the following Corollary.

Corollary 1: Let 0 ≤ μi < Li < ∞ for all i ∈ [m − 1] and
0 ≤ μm < Lm = ∞. Given m points x�

i ∈ R
n, a point x� ∈ R

n

is a minimizer of the sum
∑m

i=1 fi(x) for some functions fi ∈
Mμi,Li(x

�
i ), i ∈ [m] if and only if
∑

i∈[m−1]

Li+μi
2

〈
x� − x�

i , x� − x�
m

〉 + μm
∥∥x� − x�

m

∥∥2

≤
∑

i∈[m−1]

Li−μi
2

∥∥x� − x�
i

∥∥∥∥x� − x�
m

∥∥. (13)

Observe that if more than one summand is not smooth, the
set of possible minimizers may become very large set, as its
closure may be whole space [5].

V. BOUNDS WHEN SUMMAND MINIMIZERS LIE IN A BALL

Hendrickx and Rabbat [9] consider a sum of smooth
strongly convex functions fi that all belong to the same class
Fμ,L(Rn), and all have minimizers x�

i liying in the unit ball
centered at the origin, i.e., ‖x�

i ‖ ≤ 1 for all i ∈ [m]. They
prove that any minimizer x� satisfies ‖x�‖ ≤ 1 + √

κ where
κ = L

μ
, which we now improve below.

Theorem 4: Let fi ∈ Mμ,L(x�
i ) with 0 < μ < L < ∞,

i ∈ [m], and ‖x�
i ‖ ≤ 1. If x� ∈ argmin

∑m
i=1 fi(x) then

∥∥x�
∥∥ ≤ 1

2

(√
κ + 1√

κ

)
, where κ = L

μ
.

Proof: Consider inequality (12). Since Li = L and μi = μ

for i ∈ [m], L+
i = L+μ

2 and L−
i = L−μ

2 . By dividing both sides

of the inequality by μ2

4 , we get

2κ
∑

i∈[m]

∥∥x� − x�
i

∥∥2 + (κ + 1)2
∑

i<j

〈
x� − x�

i , x� − x�
j

〉

≤ (κ − 1)2
∑

i<j,i,j∈[m]

∥∥x� − x�
i

∥∥∥∥x� − x�
j

∥∥.

Using 2‖x� − x�
i ‖‖x� − x�

j ‖ ≤ ‖x� − x�
i ‖2 + ‖x� − x�

j ‖2 and
further algebraic manipulations, we rewrite this inequality as

κ

((√
κ + 1√

κ

)2 − m
(√

κ − 1√
κ

)2
) ∑

i∈[m]

∥∥x� − x�
i

∥∥2

+2κ
(√

κ + 1√
κ

)2 ∑

i<j,i,j∈[m]

〈
x� − x�

i , x� − x�
j

〉
≤ 0. (14)

Squaring inequality ‖(x�
i − x�) + x�‖ = ‖x�

i ‖ ≤ 1, we find
∥∥x� − x�

i

∥∥2 + ∥∥x�
∥∥2 + 2

〈
x� − x�

i , x�
〉 ≤ 1 for i ∈ [m]

We now sum these m inequalities multiplied by 1
4m (

√
κ +

1√
κ
)2, and add inequality (14) multiplied by α =

( 1

2m
√

κ(
√

κ− 1√
κ

)
(
√

κ + 1√
κ
))2, and simplifying the resulting

expression leads to inequality ‖x�‖2 + ‖ 1
2 (

√
κ − 1√

κ
)x� +√

α(κ + 1) + ∑
i∈[m](x

� − x�
i )‖2 ≤ 1

4 (
√

κ + 1√
κ
)2, which

concludes the proof.
We now address the setting where one of the functions

(w.l.o.g. fm) is an arbitrary closed proper convex function.

Theorem 5: Given 0 < μ < L < ∞, let fi ∈ Mμ,L(x�
i ),

i ∈ [m − 1], and let fm ∈ M0,∞(x�
m). Assume that ‖x�

i ‖ ≤ 1
for i ∈ [m]. If x� ∈ argmin

∑m
i=1 fi(x) then

∥∥x�
∥∥ ≤ √

κ + 1, where κ = L
μ

.

Proof: The proof is analogous to that of Theorem 4. By
dividing both sides of inequality (13) by μ

2 , we get

(κ + 1)
∑

i∈[m−1]

〈x� − x�
i , x� − x�

m〉 − 1
2 (κ − 1)

∑

i∈[m−1]

(∥∥x� − x�
i

∥∥2 + ∥∥x� − x�
m

∥∥2
)

≤ 0. (15)

By the assumptions, we have for i ∈ [m − 1]
∥∥x�

i

∥∥2 =∥∥x� − x�
i

∥∥2 + ∥∥x�
∥∥2 + 2

〈
x� − x�

i , x�
〉 ≤ 1, (16)

and similarly
∥∥x� − x�

m

∥∥2 + ∥∥x�
∥∥2 + 2

〈
x� − x�

m, x�
〉 ≤ 1. (17)

Multiplying inequalities (15), (16) and (17) by 1
2m−2 (1 + 1

κ
),

1
2m−2 (κ + 1) and 1

2 (κ + 1), respectively and summing them
leads to ‖x�‖2 + 1

4κ(m−1)

∑
i∈[m−1] ‖2κx� + (κ + 1)(x� − x�

m)+
(κ + 1)(x� − x�

i )‖2 ≤ κ + 1. which implies the desired bound.

VI. CONCLUSION

This letter has demonstrated how the use of interpolation
constraints simplifies the analysis of questions about con-
vex functions and their minimizers. This framework can in
principle allow for even more accurate descriptions of those
sets of possible minimizers if additional information on the
summands is provided, such as the bounds or exact values of
the summands or their gradient at some remarkable points.
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