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Abstract

Close to a magical angle, twisted bilayer graphene (TBLG) systems exhibit isolated flat electronic
bands and, accordingly, strong electron localization. TBLGs have hence been ideal platforms to
explore superconductivity, correlated insulating states, magnetism, and quantized anomalous Hall
states in reduced dimension. Below a threshold twist angle (~1.1°), the TBLG superlattice
undergoes lattice reconstruction, leading to a periodic moiré structure which presents a marked
atomic corrugation. Using a tight-binding framework, this research demonstrates that superlattice
reconstruction affects significantly the electronic structure of small-angle TBLGs. The first magic
angle at ~1.1° is found to be a critical case presenting globally maximized electron localization,
thus separating reconstructed TBLGs into two classes with clearly distinct electronic properties.
While low-energy Dirac fermions are still preserved at large twist angles >1.1°, small-angle
(<1.1°) TBLG systems present common features such as large spatial variation and strong electron
localization observed in unfavorable AA stacking regions. However, for small twist angles below
1.1°, the relative contribution of the local AA regions is progressively reduced, thus precluding the
emergence of further magic angles, in very good agreement with existing experimental evidence.

Ever since its first successful controlled isolation [1],
graphene has become the subject of intense research,
that has since been extended to other similar materials
[2]. For example, twisted bilayer graphene (TBLG) is
obtained when two graphene monolayers are rotated
relative to one another by an arbitrary angle 6 [3, 4].
TBLGs display many fascinating properties that can
be tuned by varying the twist angle 6 [4, 5]. This
possibility has given rise to the nascent field of
twistronics [6]. In particular, in the vicinity of the
first magic angle experimentally observed at ~1.1°
[7-10], strong interlayer hybridization leads to the
emergence of localized flat bands near the Fermi level.
Because the kinetic energy contribution of these states
is negligible, they are prone to give rise to strongly
enhanced many-body effects [11, 12]. This strong
electronic correlation in small-angle TBLG has led to
the observation of several novel phenomena such as
superconductivity, correlated insulating states, mag-
netism, and even quantized anomalous Hall states
[8, 9, 12-20].

In spite of the large body of research devoted to
the electronic properties of TBLGs as a function of
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twist angle [5, 21-30], a full understanding of the
physics governing the emergence of magic angles is
still incomplete. This difficulty is due in large part
to the presence of a large number of atoms in the
supercell of small-angle TBLGs, which precludes a
detailed theoretical modeling of their properties [31].
For example, a number of studies using a continuum
Dirac Hamiltonian [7, 27, 28], predict the existence
of a discrete series of other magic angles <1.1°, in
addition to the first magic angle located around 1.1°.
However, these smaller magic angles are not predicted
by more accurate calculations based on atomistic
tight-binding models parameterized by density func-
tional theory [25, 26, 29]. In fact, the presence of the
first magic angle has been demonstrated in several
experiments [8—10, 12] but there is, to-date, no exper-
imental evidence pointing to the existence of other
magic angles <1.1°.

Small-angle TBLG systems have been found to be
characterized by a significant atomic reconstruction
[32-34]. In that sense, TBLGs can be considered as
a network of topological domain walls (i.e. soliton
lines) connecting unfavorable AA stacking regions
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and separating more energetically favorable triangu-
lar AB/BA stacking domains alternatively arranged
[31, 35]. Thus, these small-angle TBLG lattices exhibit
a very different stacking network, compared to large-
angle ones where the moiré superlattice evolves
smoothly. As a consequence, a distinguished feature
is the observation of low-energy helical edge states
in small-angle TBLGs [36—40]. Moreover, this spe-
cific stacking structure has been shown to induce
a strongly spatial dependence of the electronic and
vibrational properties as well as related features
[31, 41, 42]. On this basis, an accurate analysis of both
the global and local properties of small-angle TBLG
systems is urgently needed towards an improved
understanding of their unusual electronic properties.
In this research, a tight-binding approach is
employed to compute the electronic properties of
TBLGs around and below the first magic angle
(0MA ~1.1°). In contrast to most of the previous
reports, this work fully takes the moiré superlat-
tice atomic reconstruction into account. Interest-
ingly, OMA is found to be a critical case where the
electron localization is maximum, thus separating
TBLG systems into two main classes (i.e. large- and
small-angles) with clearly distinct electronic features.
Remarkably, for angles below M4, the local electronic
properties in AA stacking regions commonly display
a strong electron localization, similar to that globally
observed for H{AA, and are found to reach a satura-
tion when further reducing 6. Such an electron loc-
alization does not occur in the AB and BA regions.
Instead, the electronic properties of AB/BA stack-
ing zones approach those of Bernal stacking bilayer
graphene and helical edge states are observed at low
energies around the soliton lines (SLs). On the basis
of these properties and, including the fact that the
contribution of AA zones to the global properties of
the system is reduced when 6 decreases, isolated flat
bands as observed at #M# can no longer be obtained
for smaller angles. In agreement with experiment (e.g.
(8, 12, 37, 42—45]), our numerical analysis demon-
strates that the global electron localization is mono-
tonically reduced when reducing 6 below 6MA, thus
confirming the absence of smaller magic angles.
TBLG moiré superlattices were relaxed to minim-
ize their energy using a second-generation REBO
potential [46] for intralayer interactions and the
registry-dependent Kolmogorov—Crespi potential
[47] to describe the interlayer ones [31]. This way,
all atomic positions and superlattice parameters of
the considered TBLG structures were optimized until
all force components are less than 1 meV atom™!.
Calculations with the mentioned potentials model
quite accurately the structural properties of TBLG,
i.e. in agreement with DFT predictions [30, 48]
(see in section 2 of supplementary information (SI)
(available online at stacks.iop.org/2DM/8/035046/
mmedia)) as well as experimental observations
(discussed in more detail below). The electronic

2

V H Nguyen et al

Energy (eV)

Energy (eV)

0.05 T 05 0~ 0.497°

Energy (eV)

—— IDEAL

-0.05 RELAXED

DOS (a.u.)

Figure 1. Electronic band structures and corresponding
DOS of TBLG systems with different twist angles: above
(6 ~3.15°), in the vicinity of (6 ~ 1.08°) and below

(6 ~0.50°) the first magic angle, with (red curves) and
without (blue curves) atomic structure relaxation of the
moiré superlattice.

properties of these relaxed lattices were then com-
puted using a standard p, tight-binding model [49].
Note that the tight-binding parameters used in the
present work have been adjusted (see the SI) in order
to model more accurately the first magic angle exper-
imentally observed at ~1.1° [3, 8]. To overcome the
numerical challenges related to the very large num-
ber (i.e. 10* to >10°) of atoms in the large supercell
of small-angle TBLG, the tight-binding Hamiltonian
was solved using recursive Green’s function tech-
niques [50] that enable computing the real-space and
momentum-dependent local density of electronic
states (see also the SI). This technique presents the
advantage of allowing the determination of both
global and local electronic properties.

Our results confirm that atomic reconstruction
is negligible for large twist angles but is essential for
small ones since it significantly modifies the stacking
structure of TBLGs, compared to the ideal isolated
graphene lattices. As a consequence, the electronic
properties of small-angle TBLG systems are expected
to be strongly affected as well [25, 30, 33]. To con-
firm this statement, electronic band structures and
DOS of TBLG featuring three different twist angles
(~3.15°,1.08°, and 0.50°) are presented in figure 1.
For twist angles above 6MA, the effect of atomic
reconstruction is almost negligible whereas around
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Figure 2. Projected DOS computed in the AA domains (first column), AB/BA domains (second column) and at the center of
soliton lines (third column), along with the corresponding local DOS in TBLG for different twist angles as investigated in figure 1.

and below OMA, the electronic properties drastically
change when the superlattice relaxation is performed.
The atomic corrugation has been studied in [51]
where its role on the electronic properties has been
investigated, particularly, regarding the emergence of
the flat bands and energy gaps between them and
high-energy ones of TBLG at ~1.1°. In general, as
presented and discussed in sections 2 and 3 of the SI,
not only out-of-plane displacements but also in-plane
ones are found to be significant and therefore have
strong effects on the electronic properties in the small
(<1.1°) angle regime. Around M (i.e. 1.08° here),
the electronic structure of reconstructed TBLG clearly
exhibits isolated flat bands and strong electron local-
ization peaks in the DOS near the Fermi level, in very
good agreement with experiments and with previous
theoretical works [8, 10, 25, 30, 33]. For angles below
OMA, while the electronic structure of ideal lattices still
presents some partially flat bands and correspond-
ing DOS peaks around the Fermi level, all low-energy

3

bands of relaxed TBLG systems are found to be much
more dispersive. Note that in all the reconstructed
TBLG systems examined in this work (as more fully
presented in section 4 of the SI for # down to ~0.22°),
neither isolated flat bands nor highly localized DOS
peaks around the Fermi level observed for 14
again for small angles § < M2, This feature can be
rationalized by observing that the total DOS (shown
in figures 1 and 4) exhibits a gradual reduction of
electron localization when decreasing the twist angle
below 1.1°. This observation is more fully explored in
figures S6(a) and (b) of the SI.

We now turn to the local electronic properties
of TBLGs when the effect of the moiré superlattice
relaxation is taken into account. The projected dens-
ities of states (PDOSs) on carbon sites from different
stacking domains and the corresponding local DOS
(LDOS) are shown in figure 2. For large angles, only a
weak spatial dependence is observed. However, this
dependence is strongly enhanced for angles <OMA.

occur
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Figure 3. (a) Local DOS extracted along the line from a AA
zone (star) to the center of soliton line (circle) passing
though AB/BA domain (square). The inset illustrates a
real-space image of zero-energy local DOS at 6 ~ 0.76°.
The local DOS is normalized to its maximum value
obtained in the AA domain. Energy at van Hove singularity
points of the DOS is considered for angles >1.1° while zero
energy is computed for angles <1.1°. (b) Spatial variation
of the C—C bond length computed for one layer of TBLG
with large (top) and small (bottom) twist angles. Insets on
top illustrate the strong correlation between weakly
strained (light blue) and AA stacking domains.

More remarkably, in all small-angle cases shown in
figure 2 (and more fully presented in section 5 of
the SI), the low-energy bands exhibit a strong loc-
alization in the AA stacking regions and, accord-
ingly, a high LDOS peak near the Fermi level is con-
sistently observed. Moreover, these localized bands
are mostly isolated from high-energy bands by a
few bands with relatively low LDOS in the energy
range of ~[=£0.1, +0.15] eV. Thus, the local elec-
tronic quantities in AA stacking domains of small-
angle TBLGs represent all the typical characteristics
of flat bands observed for the first magic angle. These
specific electronic properties due to the AA stacking
regions do not occur in other domains. Specifically,
the electronic structure of AB/BA stacking regions
approaches that of Bernal stacking bilayer graphene
when decreasing 6 below 1.1° (see figure 4) whereas
helical edge states around SLs are observed around
zero energy in TBLG systems with an extremely small
twist angle (see figure 5). Note that these helical edge
states are more pronounced in an enlarged (i.e. finite)
range of energy only when a vertical electric field is
applied (as shown in [37], see additional discussions
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Figure 4. Local DOS in the AB/BA stacking domain and
total DOS when decreasing 6 in the small angle regime. The
results obtained in Bernal stacking bilayer graphene are
superimposed as a reference.

in section 6 of the SI). In summary, small-angle TBLG
systems present the following common features: (a) a
strong spatial variation and (b) a strong electron loc-
alization in AA stacking regions, similar to the asso-
ciated flat bands observed for M4,

To further clarify the spatial dependence of the
electronic properties of these small-angle TBLGs, the
LDOS at the most strongly localized peaks in AA
stacking regions (i.e. van Hove singularities at large
angles and zero energy at small angles), are shown in
their real space representation in figure 3(a). The inset
is a typical real-space image depicting low-energy
LDOS in these TBLG systems where a high peak is
present in the AA regions and where the AB/BA zones
and SLs are marked. Here, LDOS along a straight line
from the center of an AA region to the center of the
SL is investigated for different 6 values. First, these
results confirm that the spatial dependence and the
electron localization in AA zones are weak for large
twist angles but are strongly enhanced when reducing
0. Most interestingly, the electron localization in AA
stacking regions is found to saturate when 6 passes
below A, This is further demonstrated by the real-
space LDOS shown in figures S3(a) and (b) as well as
LDOS as a function of energy depicted in figure 2 and
in section 5 of the SI. Whereas other stacking domains
with small LDOS at low energies are continuously
enlarged when reducing € in the regime <6MA, the
electron localization peak in the AA stacking zones is
almost unchanged. As a consequence, the contribu-
tion of AA stacking regions to the global properties
of the TBLG system is monotonically reduced, thus
explaining the disappearance of the localized peak in
the total DOS at small twist angles as presented in
figure 2 even though a highly localized peak in LDOS
is still present in the AA stacking region. The reduc-
tion of global electron localization when decreasing
is demonstrated in more details in figures 4 and S6(a)
and (b) of the SI. Moreover, the global electronic
structure of TBLG is shown to approach that of Bernal

4



I0OP Publishing

2D Mater. 8 (2021) 035046

V H Nguyen et al

LDOS (a.u.)

Figure 5. Local DOS at two energy points E, and E, marked in figure 2 are presented in the real-space for different twist angles.

stacking bilayer graphene for very small angles. Small
differences around E~ 0.2 ¢V as seen for § ~0.3°
in figure 4 are due to the contribution of the elec-
tronic states around the soliton lines. This effect does
not occur in the simple Bernal stacking system. These
results imply that the electronic states from AB/BA
stacking domains and around soliton lines present an
increasingly dominant role to the global properties of
the system when decreasing € to small angles. Thus,
our obtained results clearly show that although not
observed directly in the global electronic quantities,
the strong electron localization, similar to that asso-
ciated to the presence of flat bands at OM4, is pre-
served locally in the AA stacking zones of TBLG sys-
tems below OMA,

Alternatively, the absence of isolated flat bands
(accordingly, strong global electron localization) in
the small angle regime can be clarified by analyz-
ing the bands connecting low-energy localized (really
isolated and flat at ~1.1°) bands with high energy
ones. As shown and discussed in figures 2 and S7(b)
of the SI, they are the bands in the energy range of
~[=40.1, £0.15] eV. Real-space LDOS for two par-
ticular energy points marked in figure 2 is presen-
ted in figure 5 for different 6 in the small angle
regime. While the LDOS at E,, confirms the presence
of a strongly localized peak, the data at E; clearly
exhibit a quasi electronic gap in the AA stacking zone.
Most importantly, the bands at E, (i.e. €[0.1,0.15]eV)
presents large LDOS values in the rest of the sys-
tem, i.e. in the AB/BA domains and around soliton
lines. This analysis confirms the increasing contribu-
tion of AB/BA stacking zones and soliton lines at small
angles, thereby explaining why low-energy localized
bands can not be as isolated and flat as those observed
at ~1.1°.

The variation (at large angles) and stability (at
small angles) of the electron localization in AA zones
presented in figure 3(a) are found to be essentially
due to the dependence of stacking structure on the

twist angle. This can be understood by analyzing the
local structural deformations (i.e. the spatial variation
of C-C bond length) for different 6 values (see
figure 3(b)). Note that these local strain fields are
a manifestation of both in-plane and out-of plane
displacements (see section 2 of the SI) and a dir-
ect consequence of the stacking structure of recon-
structed TBLG superlattices as illustrated in the insets
of figure 3(b). Our analysis shows the strong cor-
relation between the electron localization in the AA
stacking regions and the formation of those regions
when varying the twist angle. In particular, in the
large-angle (>0M4) regime, the AA stacking regions
(see the images on top of figure 3(b)) and the elec-
tron localization (i.e. height and width of localization
peak in figure 3(a)) are concurrently enlarged when
reducing 6. Both the size of the AA stacking regions
and the electron localization peaks in these regions
however reach a saturation point when approaching
OMA, Indeed, they are almost unchanged (as illus-
trated in figure 3(a) and the images in the bottom
of figure 3(b)) when further reducing 0 in the small-
angle (SOMA) regime. All these features are illustrated
further in the 2D real-space images of out-of-plane
displacements and LDOS shown in section 2 of the
SI. The results presented in this section clearly estab-
lish the importance of atomic reconstruction in the
emergence of the observed properties related to the
electron localization in AA stacking regions as well as
other common properties of small-angle TBLG moiré
superlattice discussed above.

We will now discuss the consistency between the
present theoretical results and the available exper-
imental data from the literature. First, the first
magic angle obtained here and accordingly the max-
imum electron localization at ~@MA are in very
good agreement with the experimental measure-
ments presented in references [8, 12, 42], where
the strongest many-body effects have been repor-
ted. Second, the real-space LDOS pictures as well as
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the structural properties presented throughout the
paper (most clearly, in figures 3 and S3(a) and (b)
of the SI) are consistent with Scanning tunneling
microscopy and spectroscopy (STM/STS) measure-
ments [12, 37, 43-45]. It is important to note that the
size evolution (at large angles >6M*) and the stabil-
ity (at small angles <OM*) of the AA stacking regions
as well as of low-energy localization peak correspond
to STM/STS results when varying the twist angle.
More specifically, the width (~8-10 nm) of the loc-
alization peak at small angles shown in figure 3(a)
matches the experimental data presented in [12, 45].
Finally, as emphasized above, one of the most import-
ant results is that even though it is not observed in the
global electronic properties, the strong electron loc-
alization is preserved in the AA stacking regions of
small-angle TBLG systems. This result is in agreement
with the recent Raman study performed on small-
angle TBLGs [42]. In particular, this study shows
that the full-width at half maximum of the G-band
(I') measured by micro-Raman techniques is max-
imal around #M* and decreases monotonically when
reducing 6. These spectroscopic results thus confirm
that the electron localization (the direct origin of large
I'g) is globally maximal at #4, but also demon-
strate that such electron localization decreases mono-
tonically for smaller values of §. We note that the
T'¢ frequency is found to approach that in Bernal
stacking bilayer graphene when decreasing 6 to very
small angles. Moreover, I'¢ measured locally in the
AA stacking regions of small-angle TBLGs (i.e. by the
nano-Raman technique) remains large and similar to
the T'g value obtained at #M4, thus confirming the
conservation of strong electron localization in the AA
regions as presented.

To summarize, the electronic properties of small-
angle TBLGs with fully reconstructed moiré superlat-
tices have been investigated using an atomistic tight-
binding approach. The first magic angle obtained at
OMA ~ 1.1° is found to be a critical case globally rep-
resenting the maximum electron localization and, in
effect, separates TBLGs into large- and small-twist
angle classes with distinct electronic properties. In
contrast to the large-angle cases where the model of
low-energy Dirac fermions is conserved, small-angle
TBLGs present strong spatial variation and strong
electron localization (both in energy and real-space)
in the AA stacking regions. In the small-angle regime,
when @ is reduced below 6M4, the relative contri-
bution of AA stacking regions to the global proper-
ties of TBLG gradually reduces. Consequently, isol-
ated flat bands as well as strong electron localization
can no longer be observed in the global electronic
properties of small-angle TBLGs, implying that magic
angles below 1.1° previously predicted by other the-
oretical models do not practically exist. These results
are in very good agreement with existing experiments
(both Raman and STM/STS spectroscopies) and thus

V H Nguyen et al

provide a more comprehensive and accurate under-
standing of the electronic properties of small-angle
TBLG systems.
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1. Electronic model and calculations

The electronic properties of twisted bilayer graphene (TBLG) were computed on structures
obtained after full structural relaxation with a technique described in [1]. Calculation of the
electronic properties was performed using a p, tight-binding (TB) Hamiltonian

H[bzz t,.aa,+h.c (S.1)

n,m

The hopping energies t,n between C-atoms are given by the standard Slater-Koster formula
tnm =C Osz¢nmvppo(rnm)+( 1-co Sz ¢nm> Vppn(rnm) (8.2)

where the direction cosine of 3 —7 _7 along Oz axis is COS @um = Zuw/Tum. Similarly to Ref.
nm m n

[2], the distance-dependent Slater-Koster parameters are determined as

rnm

Voo (Tam) =V e x plq,(1- . NE(r, ), (S.3a)
rnm

Vo (ram) =V explq,(1- ) )F.(r, ) (S.3b)

with a smooth cutoff function F(rmm) = 1/

C

trenp(Ze)|.

To model accurately the properties of the first magic angle (with the most flat bands around the
Fermi level) experimentally observed in the vicinity of 1.1° [3] (see Fig.S1 below) when the
atomic reconstruction is taken into account, our calculated TB parameters were obtained by
slightly adjusting those reported in [2]. In particular,

Vo=—27eV, V), ,=367.5meV,
Z—”:%:z.zleA‘l, a,=1.42A, d,=3.43A, r,=6.14A, 1,=0.265A.

0 0
The electronic bandstructure and corresponding electronic quantities can be computed by
diagonalizing the Hamiltonian (S.1). However, diagonalization calculations in the case of small
twist angles (<< the first magic one) are very numerically challenging due to the very large
number of atoms in the corresponding supercell. In particular, there are more than 10#atoms in
the supercell at ~ 1.1° and this number rapidly increases when reducing 6, i.e., to more than
260,000 atoms for 6 ~ 0.22°. To solve this numerical issue, we employed an alternative method
based on the Green’s function techniques where the real-space and momentum dependent local
density of electronic states LDOS(E,r,k) can be computed. This LDOS function represents its



finite and high values only when the electron energy satisfies E = wa(k) (wn(k) is the nth
eigenvalue of the Hamiltonian (S.1) at the momentum k). The presented method thus allows to
model the electronic structure using the real-space/momentum maps of LDOS(E,rk) (see
Fig.S1 for an example). The main advantages of this Green’s function method, compared to
direct diagonalization, include: (i) minimization of the size of calculated matrices by using
recursive techniques [4] and (ii) efficient calculation of both global and local electronic
properties. The former enables calculations of extremely small twist angles, i.e., large Moiré
superlattices.
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Fig. S1: Bandstructure of reconstructed TBLG computed by exact diagonalization
(for the top-left panel) and Green’s function method (for the rest).

2. Atomic reconstruction in TBLGs

To obtain the relaxed structure of TBLG, we used the second-generation REBO potential and
the registry-dependent Kolmogorov—Crespi potential to compute intralayer and interlayer
forces, respectively, as detailed in [1]. The calculated in-plane and out-of-plane displacements
in the relaxed structure at different twist angles are presented in Figs.S2, S3a and S3b and are



shown to be in very good agreement with the DFT calculations, particularly those published in
in Refs. [5,6].

In addition to the variation of interlayer distance, we also present in Figs. S3a and S3b the local
DOS (in the same cases as in Fig.3a of the main text) in their real-space representation.
Actually, there is a strong correlation between the electron localization and the variation of
interlayer distance as seen here as well as a strong correlation between the electron localization
and the local strain, i.e., as discussed in the main text in the discussion related to results shown
in Fig. 3. Note that the local strain fields shown in Fig. 3b are a manifestation of both in-plane
and out-of-plane displacements presented here. All results related to electron localization, out-
of-plane displacements and local strains are in very good agreement with the STM images
published in [7,8]. In particular, the size variation of AA stacking zone and its localized peak is
obtained when varying 0 in the large (> 1.1°) angle regime whereas they saturate in the small
(£ 1.1°) angle one.

0=3.48° 0=1.08° 0=0.76°

A \\

Fig.S2: Magnitude of in-plane displacements in TBLG at different twist angles.

interlayer distance
3.4 35 3.6 (A)

LDOS
low T high

Fig.S3a: Spatial variation of interlayer distance (i.e., out-of-plane displacement, see the top
images) and of corresponding LDOS at the localized DOS peak (bottom) in TBLG with
different angles in the large (> 1.1°) angle regime. Images are scaled to preserve consistent
length unit.
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Fig.S3b: Spatial variation of interlayer distance (i.e., out-of-plane displacement, see the top
images) and of corresponding LDOS at the localized DOS peak (bottom) in TBLG with
different angles in the small (< 1.1°) angle regime. Images are scaled to preserve consistent
length unit.

3. Effects of atomic reconstruction on the electronic properties of small-
angle TBLG

It has been shown (e.g., Ref. [9]) that the atomic corrugation plays a crucial role on the
electronic properties, particularly, on the emergence of flat bands and energy gaps in TBLGs
with ~1.1° twist angle. In this section, we provide additional evidence that both in-plane and
out-of-plane displacements present significant effects on the electronic properties of small-
angle TBLG.

Fig. S4 presents a comparison between three cases: (1) non-relaxed lattice, (2) structure is
relaxed and then out-of-plane displacements are removed, and (3) fully relaxed one. Firstly,
these results confirm again that fully taking into account the structure relaxation is needed for
computing accurately not only the bandstructure (similarly as presented in the main text) but
also the local electronic properties. Indeed, the real-space LDOS obtained for the ideal lattice
and the relaxed one presents significant difference and therefore calculations performed on the
ideal one cannot produce accurately the experimental STM data, as those performed on the
relaxed lattice and discussed in the main text.

In addition, whereas out-of-plane displacements indeed present significant corrections (see the
results obtained in the case (3), compared to those in the case (2)), in-plane displacements have



significant effects on the electronic properties of the system as well, i.e., see results for case (2),
compared to those obtained for the ideal lattice (case (1)).
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Fig.S4: Bandstructure, LDOS in three stacking zones (similarly as presented in the main
text) and real-space LDOS (at E = 0) of TBLG at 6 = 0.50° in the three cases. They include:
ideal lattice (left), relaxed structure when out-of-plane displacements are removed (middle)
and fully relaxed one (right).



4. Global electronic properties when varying the twist angle

As demonstrated in the main text and in section 3, taking into account the structure relaxation is
mandatory for computing accurately the electronic quantities of TBLG, especially at small
angles. Therefore, we present only the electronic bandstructure of relaxed TBLG lattices in
Figs. S5a and S5b, with a dense grid of twist angles.
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Fig.S5a: Electronic bandstructure of TBLG at different
twist angles for fully relaxed structures.
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Fig.S5b: Electronic bandstructure of TBLG at different
twist angles for fully relaxed structures.




The total DOS of different TBLGs in the small (< 1.1°) angle regime is presented in Figs.S6a

and S6b.
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Fig.S6a: Total DOS at different twist angles. The results obtained
for Bernal stacking bilayer graphene are superimposed as a reference.
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Fig.S6b: Total DOS at different twist angles. The results obtained
for Bernal stacking bilayer graphene are superimposed as a reference.



5. Local electronic properties when varying the twist angle

The projected DOS (PDOS) on carbon sites in AA, AB/BA stacking zones and the center of
soliton lines and corresponding local DOS (LDOS) are shown in Figs. S7a and S7b. Similar to
those shown in Fig.2 of the main text, the data span a larger number of twist angles in the range
from 3.15° to 0.35°. Fig. S8 shows the local DOS in the AA stacking region when varying 0 in
the small (< 1.1°) angle regime.
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Fig.S7a: Projected DOS computed in AA zones (first column), AB/BA zones (second column)
and at the center of soliton lines (third column) and the corresponding local DOS of TBLG
with different twist angles.
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Fig.S7b: Projected DOS computed in AA zones (first column), AB/BA zones (second column)
and at the center of soliton lines (third column) and the corresponding local DOS of TBLG
with different twist angles.
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Fig.S8: Local DOS computed in the AA zones of TBLG with different twist angles.



6. Helical edge states in TBLG at very small angles

Helical edge states are visible in very small angle systems (as discussed for Fig. 5 in the main
text) in two cases: near the zero energy (without applying an electric field) and in a finite range
of low energies when a vertical electric field is applied (experimentally, see, for instance Ref.
[10]). In the former case, these states can be seen in the real-space LDOS computed near zero
energy but not visible at high energies (as seen in Fig. 5 of the main text for 6 = 0.40°).
However, when a vertical electric field is applied, they are visible in a finite range of energy
and in both the real-space LDOS and the banstructure when analyzing the projected DOS (Fig.
S9). This is simply due to the fact that the low-energy bands present a gap in the AB/BA zones
and therefore these helical edge states are more pronounced, i.e., finite LDOS is still obtained
near the soliton lines, when a vertical electric field is applied. All these features are illustrated
in Fig. S9.
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Fig.S9: Real-space local DOS (top), band structure (left) and projected DOS in different
stacking zones are presented for 8 = 0.40° without (second row) and with (third row)
a vertical electric field. An electric field ~ 90 mV/A is considered here.
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