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1. Introdu
tionMonte Carlo simulations traditionally 
ombine leading-order 2 → 2 matrix elements withparton showers whi
h provide resummation of soft and 
ollinear radiation. This provides afully ex
lusive des
ription of observables whi
h allows evolution to the hadronization s
alewhere models of the non-perturbative regime 
an be in
orporated. This makes Monte Carlosimulations an essential tool in experimental analysis allowing a fully ex
lusive des
riptionof the �nal state to be 
ompared dire
tly with experimental results.Parton shower simulations in
lude the leading-logarithmi
ally, and an important sub-set of the next-to-leading-logarithmi
ally, enhan
ed 
ontributions and therefore underesti-mate the radiation of high transverse momentum (pT ) partons. The Monte Carlo des
ription
an be improved by mat
hing to higher-order matrix elements whi
h 
orre
tly des
ribe theprodu
tion of high pT parti
les. A number of approa
hes have been developed to 
orre
tthe emission of the hardest parton in an event. In the PYTHIA event generator [1℄, 
orre
-tions were in
luded for e+e− annihilation [2℄, deep inelasti
 s
attering [3℄, heavy parti
lede
ays [4℄ and ve
tor boson produ
tion in hadron 
ollisions [5℄. In the HERWIG event gen-erator [6,7℄ 
orre
tions were in
luded for e+e− annihilation [8℄, deep inelasti
 s
attering [9℄,� 1 �



top quark de
ays [10℄ and ve
tor boson produ
tion [11℄ in hadron-hadron 
ollisions follow-ing the general method des
ribed in [12, 13℄.1 These 
orre
tions had to be 
al
ulated forea
h individual pro
ess and only 
orre
ted the �rst or hardest2 emission, in addition themethod 
an only be applied to relatively simple 
ases and the leading-order normalisationof the 
ross se
tion is retained.In re
ent years there have been a number of additional developments whi
h aim toimprove on these results by either providing a des
ription of the hardest emission togetherwith a next-to-leading order (NLO) 
ross se
tion [19�31℄,3 or the emission of more thanone hard parton at leading order [32�37℄.4 These mat
hing pres
riptions are 
ompli
atedbe
ause the regions of phase spa
e �lled by the higher-order matrix elements and the partonshower must be smoothly separated in order to avoid problems su
h as double-
ounting,where the shower and matrix elements radiate in the same region. In general the major
ompli
ation is gaining an analyti
 understanding of the result of the parton shower either,to subtra
t it from the real emission matrix element, as in the MC�NLO approa
h [19�24℄,or to reweight the real emission matrix elements so they 
an be merged with the partonshower in multi-parton mat
hing.The �rst su

essful s
heme for mat
hing at NLO was the MC�NLO approa
h [19�24℄whi
h has been implemented with the HERWIG event generator for many pro
esses. Themethod has two draw ba
ks; �rst, it involves the addition of 
orre
tion terms that are notpositive de�nite and therefore 
an result in events with a negative weight and se
ond, theimplementation of the method is heavily dependent on the details of the parton showeralgorithm used by the event generator.In Ref. [26℄ a novel method, referred to as POWHEG (POsitive Weight Hardest Emis-sion Generator), was introdu
ed to a
hieve the same aims as MC�NLO while 
reating onlypositive weight events and being independent of the event generator with whi
h it is im-plemented. The POWHEG method has been applied to Z pair hadroprodu
tion [27℄, heavy�avour hadroprodu
tion [30℄ and e+e− annihilation to hadrons [31℄. A general outline ofthe ingredients required for POWHEG with two popular NLO subtra
tion s
hemes is givenin Ref. [29℄.The POWHEG shower algorithm involves generating the hardest emission in pT sepa-rately using a Sudakov form fa
tor 
ontaining the full matrix element for the emission of anextra parton and adding to this vetoed showers, whi
h produ
es radiation at lower s
ales inthe shower evolution variable, and a trun
ated shower, whi
h generates radiation at highers
ales in the shower evolution variable, than the s
ale of the highest pT emission. While thePOWHEG s
heme is independent of the parton shower algorithm, it does require the partonshower to be able to produ
e vetoed and trun
ated showers. The ability to perform vetoed1Herwig++ in
ludes matrix element 
orre
tions for e
+

e
− annihilation [14℄, top quark de
ays [15℄, ve
torboson produ
tion [16℄ in hadron-hadron 
ollisions and Higgs produ
tion in gluon fusion [17℄ using theapproa
h of Refs. [12, 13℄ and the improved angular-ordered parton shower of Ref. [18℄.2In PYTHIA the �rst emission was 
orre
ted whereas in HERWIG any emission whi
h 
ould be the hardestwas 
orre
ted.3There have been other theoreti
al ideas but only the MC�NLO and POWHEG methods have led topra
ti
al programs whose results 
an be 
ompared with experimental data.4A re
ent 
omparison of these approa
hes 
an be found in [38℄.� 2 �



showers is present in most modern Monte Carlo event generators, however some 
hanges arerequired to enable them to generate trun
ated showers. Although the POWHEG approa
his formally 
orre
t to the same a

ura
y as the MC�NLO te
hnique the two methods di�erin their treatment of sub-leading terms.In this work the POWHEG approa
h is applied Drell-Yan ve
tor boson produ
tion withthe Herwig++ [17,39℄ event generator. A full trun
ated shower is implemented for the �rsttime.5The paper is organised as follows. In Se
t. 2 we outline the main features of thePOWHEG method. In Se
t. 3 we 
olle
t the essential formulae relating to the NLO 
rossse
tion, for implementation in the program. In Se
tion 4 we give details of the eventgeneration pro
ess for the hard 
on�gurations, this is followed by a des
ription of howthese 
on�gurations are subsequently reprodu
ed by the Herwig++ angular-ordered partonshower, thereby a

ounting for 
olour 
oheren
e e�e
ts asso
iated with soft wide angleparton emissions. In Se
t. 5 we present the results of our implementation, 
omparing it toTevatron data, and in Se
t. 6 we give our 
on
lusions.2. The POWHEG methodIn the POWHEG approa
h [26℄ the NLO di�erential 
ross se
tion for a given N -body pro
ess
an be written as
dσ = B (ΦB) dΦB

[

∆
R̂

(0) +
R̂ (ΦB,ΦR)

B (ΦB)
∆

R̂
(kT (ΦB ,ΦR)) dΦR

]

, (2.1)where B (ΦB) is de�ned as
B (ΦB) = B (ΦB) + V (ΦB) +

∫

R̂ (ΦB,ΦR) −
∑

i

Ci (ΦB,ΦR) dΦR, (2.2)
B (ΦB) is the leading-order 
ontribution, dependent on the N -body phase spa
e variables
ΦB , the Born variables. The regularized virtual term V (ΦB) is a �nite 
ontribution arisingfrom the 
ombination of unresolvable, real emission and virtual loop 
ontributions. Theremaining terms in square bra
kets are due to N+1-body real emission pro
esses whi
hdepend on both the Born variables and additional radiative variables, ΦR, parametrizingthe emission of the extra parton. The real emission term, R̂ (ΦB,ΦR), is given by a sum ofparton �ux fa
tors multiplied by real emission matrix elements for ea
h 
hannel 
ontributingto the NLO 
ross se
tion. Finally, ea
h term Ci (ΦB,ΦR) 
orresponds to a 
ombination ofreal 
ounterterms/
ounter-event weights, regulating the singularities in R̂ (ΦB,ΦR). Themodi�ed Sudakov form fa
tor is de�ned as

∆
R̂

(pT ) = exp

[

−
∫

dΦR
R̂ (ΦB ,ΦR)

B (ΦB)
θ (kT (ΦB,ΦR) − pT )

]

, (2.3)5Trun
ated shower e�e
ts were negle
ted in Refs. [27, 30℄, while an approximate treatment was used inRef. [31℄ where at most one trun
ated emission was generated.� 3 �



where kT (ΦB ,ΦR) is equal to the transverse momentum of the extra parton in the 
ollinearand soft limits.In the framework of a 
onventional parton shower Monte Carlo program the Sudakovform fa
tor ∆R̃ (pT ) has the same form as that in Eq. 2.3 but with R̃ (ΦB ,ΦR) repla
ing
R̂ (ΦB,ΦR), where the former is typi
ally the sum of the real emission matrix elementsapproximated by their soft/
ollinear limits. This obje
t has an interpretation as the prob-ability that given some initial 
on�guration of partons resolved at some 
hara
teristi
 s
ale
pi

T , in evolving to some other resolution s
ale, pT , no further partons are resolved. Theparton shower approximation to the NLO di�erential 
ross se
tion is analogously given by
dσ̃ = B (ΦB) dΦB

[

∆R̃ (0) +
R̃ (ΦB,ΦR)

B (ΦB)
∆R̃ (kT (ΦB ,ΦR)) dΦR

]

. (2.4)The �rst term in Eq. 2.4 gives a di�erential distribution proportional to the leading-orderdi�erential 
ross se
tion, whi
h is retained in the absen
e of any parton showering, i.e. withprobability ∆R̃ (0) (non-radiative events), while the se
ond term represents the probabilityof evolving from the starting s
ale to s
ale pT at whi
h point an emission is generateda

ording to R̃ (ΦB,ΦR)
∣

∣

∣

pT

. The term in square bra
kets in Eqs. 2.1 and 2.4 is equal tounity when integrated over the radiative phase spa
e.In the POWHEG framework the parton shower is promoted to NLO a

ura
y by de-manding that the non-radiative events are distributed a

ording to the �rst term in Eq. 2.1and that the hardest (highest pT ) emission is distributed a

ording to the se
ond term.Whereas in the 
onventional simulation an N -body 
on�guration is generated a

ordingto B (ΦB) and then showered using the Sudakov form fa
tor ∆R̃, the POWHEG formalismrequires that the N -body 
on�guration is generated a

ording to B (ΦB) and then showeredwith the modi�ed Sudakov form fa
tor ∆
R̂
. As the B (ΦB) term is simply the NLO di�er-ential 
ross se
tion integrated over the radiative variables, it is naturally positive, whi
h isre�e
ted in the absen
e of events with negative weights, whi
h are an unpleasant feature ofother next-to-leading order mat
hing s
hemes.Sin
e any further emissions 
onstitute higher-order terms in the di�erential 
ross se
-tion, next-to-next-to-leading order and beyond, we may generate higher multipli
ities in theusual way, by showering the radiative events using the standard parton shower algorithm.These showers must not generate emissions with pT greater than that of the emitted partonin the event generated a

ording to Eq. 2.1,6 they must be vetoed showers. For a partonshower whi
h evolves in pT the POWHEG implementation is a trivial task; one simply ini-tiates a parton shower from ea
h external leg of the radiative POWHEG event using its pTas the initial-evolution s
ale.Angular-ordered parton showers a

ount for the phenomenon of QCD 
oheren
e wherewide-angle soft gluon emissions, from near 
ollinear 
on�gurations of two or more partons,have insu�
ient transverse resolving power to be sensitive to the 
onstituent emitters. Ine�e
t the resulting radiation pattern is determined by the 
olour 
harge and momentum6Should the POWHEG event turn out to be a non-radiative event, the pT veto s
ale is zero so theseevents remain as no-emission events. � 4 �



of the mother of the emitters, rather than the emitters themselves. Ordering bran
hingsin the parton shower in terms of the angle between the bran
hing produ
ts takes thislogarithmi
ally enhan
ed e�e
t into a

ount; wide-angle soft partons are emitted from themother of any subsequent smaller angle splittings by 
onstru
tion.As well as 
ir
umventing the problem of negative event weights, a se
ond major su
-
ess of the POWHEG method is in de�ning how the highest pT emission may be modi�ed toin
lude the logarithmi
ally enhan
ed e�e
ts of this soft wide-angle radiation. In Ref. [26℄it was shown how the angular-ordered parton shower whi
h produ
es the hardest emis-sion, may be de
omposed into a trun
ated shower simulating 
oherent, soft wide-angleemissions, followed by the highest pT (hardest) emission, followed again by further vetoedparton showers, 
omprising of lower pT , smaller angle emissions. Performing this de
ompo-sition established the form of the trun
ated and vetoed showers, thereby des
ribing all ofthe ingredients ne
essary to shower the radiative events in the POWHEG approa
h. Thispro
edure was proven in [29℄ to give agreement with the NLO 
ross se
tion, for all in
lusiveobservables, while retaining the logarithmi
 a

ura
y of the shower.In the POWHEG framework positive weight events distributed with NLO a

ura
y 
anbe showered to resum further logarithmi
ally enhan
ed 
orre
tions by:
• generating an event a

ording to Eq. 2.1;
• dire
tly hadronizing non-radiative events;
• mapping the radiative variables parametrizing the emission into the evolution s
ale,momentum fra
tion and azimuthal angle (q̃h, zh, φh), from whi
h the parton showerwould re
onstru
t identi
al momenta;
• using the original leading-order 
on�guration from B (ΦB) evolve the leg emitting theextra radiation from the default initial s
ale down to q̃h using the trun
ated shower;
• inserting a bran
hing with parameters (q̃h, zh, φh) into the shower when the evolutions
ale rea
hes q̃h;
• generating pT vetoed showers from all external legs.This pro
edure allows the generation of the trun
ated shower for the �rst time with only afew 
hanges to the normal Herwig++ shower algorithm.3. Next-to-Leading Order Cross Se
tionAlthough the NLO 
ross se
tion for the Drell-Yan pro
ess was 
al
ulated nearly 30 yearsago [40,41℄, we have implemented an independent 
al
ulation of it more suited to our presentgoal, in
luding the de
ay of the ve
tor boson and γ/Z interferen
e e�e
ts. In this se
tionwe 
olle
t the ingredients that arise in the NLO 
al
ulation for q + q̄ → l + l̄, ne
essary todes
ribe our implementation of the POWHEG method.� 5 �



3.1 Kinemati
s and phase spa
eThe leading-order pro
ess under study is of the type, p̄⊕ + p̄⊖ → p̄1 + ... + p̄N , in whi
hall parti
les in the N -body �nal state are 
olourless. We denote the in
oming hadronmomenta P©, for hadrons in
ident in the ±z dire
tions, respe
tively. The 
orrespondingmassless parton momenta, with momentum fra
tions x̄⊕ and x̄⊖, are given by p̄© = x̄©P©.The momenta of the parti
les produ
ed in the leading-order N -body pro
ess are p̄i, where
i ranges from 1 to N .We use ΦB to denote a set of variables de�ning a point in the N -body phase spa
e and
onvolution over the in
oming momentum fra
tions, and Φ̂B to denote a set of variablesparametrizing the N -body phase spa
e in the 
entre-of-mass frame of the partoni
 pro
ess.It will also be 
onvenient to de�ne p̄ as the total momentum of the 
olour neutral parti
les,
p̄ ≡ x̄⊕P⊕ + x̄⊖P⊖, and ȳ as the rapidity of p̄. The partons' momentum fra
tions aretherefore

x̄⊕ =

√

p̄2

s
e+ȳ , x̄⊖ =

√

p̄2

s
e−ȳ. (3.1)The phase spa
e for the leading-order pro
ess is

dΦB = dx̄⊕ dx̄⊖ dΦ̂B =
1

s
dp̄2 dȳ dΦ̂B, (3.2)where dΦ̂B is the Lorentz invariant phase spa
e for the partoni
 pro
ess, in n = 4 − 2ǫdimensions,

dΦ̂B = (2π)n
∏

i

[dp̄i] δn (p̄⊕ + p̄⊖ − p̄) , [dp̄i] =
dn−1p̄i

(2π)n−1 2Ēi

, (3.3)and s the hadroni
 
entre-of-mass energy. The set of variables ΦB =
{

p̄2, ȳ, Φ̂B

} de�nesthe Born variables.The real emission 
orre
tions to the leading-order pro
ess 
onsist of 2 → N + 1pro
esses, p⊕ + p⊖ → p1 + ... + pN + k, where we denote the momenta of the N �nal-state
olourless parti
les pi and that of the extra 
olour 
harged parton by k. The momentumfra
tions of the in
oming partons are distinguished from those in the 2 → N pro
ess as x⊕and x⊖ (p© = x©P©). For these pro
esses we introdu
e the Mandelstam variables ŝ, t̂, ûand the related radiative variables ΦR = {x, v, φ}, whi
h parametrize the extra emission:
ŝ = (p⊕ + p⊖)2 =

p2

x
, (3.4a)

t̂ = (p⊕ − k)2 =
p2

x
(x − 1) (1 − v) , (3.4b)

û = (p⊖ − k)2 =
p2

x
(x − 1) v , (3.4
)where φ is the azimuthal angle of k with respe
t to the +z axis, and p the total momentumof the 
olourless parti
les, p ≡ x⊕P⊕ + x⊖P⊖ − k.� 6 �



To perform a simultaneous Monte Carlo sampling of the N - and N+1-body phasespa
es one has to spe
ify the integration variables. We 
hoose two of these to be the massand rapidity of the system of 
olourless parti
les, therefore p̄2 ≡ p2 and ȳ ≡ y, where y isde�ned by analogy to ȳ as the rapidity of p.7 The momentum fra
tions of the partons for
2 → N + 1 pro
esses are therefore related to those of the 2 → N pro
ess by

x⊕ =
x̄⊕√

x

√

1 − (1 − x) (1 − v)

1 − (1 − x) v
, x⊖ =

x̄⊖√
x

√

1 − (1 − x) v

1 − (1 − x) (1 − v)
. (3.5)The phase spa
e of the N+1-body real emission pro
esses 
an be written in n = 4− 2ǫdimensions as

dΦN+1 = dΦB dΦR
p2

(4π)2 x2

(

4π

p2

)ǫ 1

Γ (1 − ǫ)
J (x, v) , (3.6)where here the partoni
 Born variables Φ̂B spe
ify a 
on�guration in the rest frame of prather than p̄. The fun
tion J (x, v) is given by

J (x, v) = [Sδ (1 − x) + C (x) (δ (v) + δ (1 − v)) + H (x, v)] v (1 − v) (1 − x)2 , (3.7)where
S =

1

ǫ2
− π2

6
, (3.8a)

C (x) = −1

ǫ

1

(1 − x)+
− 1

(1 − x)+
ln x + 2

(

ln (1 − x)

1 − x

)

+

, (3.8b)
H (x, v) =

1

(1 − x)+

(

1

v+
+

1

(1 − v)+

)

. (3.8
)The labelling S, C, H re�e
ts the fa
t that the S and C terms are multiplied by δ-fun
tionswhi
h limit their 
ontributions to 
on�gurations with soft (x → 1) and 
ollinear (v → 0, 1)emissions, while H is not asso
iated with soft or 
ollinear 
on�gurations but instead 
on-tributes to hard emissions8 of the extra parton k.The radiative phase spa
e 
an be parametrized in terms of the radiative variables
dΦR =

1

2π
dxdv dφ , (3.9)where, in the partoni
 
entre-of-mass frame, x = 1 − k0/E, with E the energy of either ofthe 
olliding partons, and v = 1

2 (1 + cos θ), with θ and φ the polar and azimuthal anglesof k with respe
t to the +z axis.As the rapidity of p and p̄ are equal, it is always possible to de�ne a boost B = B
−1
L BT BL,su
h that B p = p̄, where BL is a longitudinal boost to the frame in whi
h y = 0 and BT isa boost in the transverse dire
tion, to the frame in whi
h the transverse momentum of p iszero. It follows that an N+1-body 
on�guration 
an be assembled by �rst re
onstru
ting7Hen
eforth we will always refer to these variables as p

2 and y.8Here by hard we simply mean emissions whi
h are neither soft or 
ollinear.� 7 �



the N -body 
on�guration 
orresponding to ΦB, then p and k (from p2, y, ΦR), at whi
hpoint the boost B 
an be 
al
ulated and its inverse applied to the N -body 
on�guration.Although BL is uniquely de�ned due to p and p̄ having the same rapidity, y, the transverseboost BT 
an be modi�ed a

ording to BT → RBT , with R a rotation, and B will stillsatisfy B p = p̄. A 
onvention must be adopted to �x BT , we shall return to this point later.3.2 Matrix elementsThe squared, spin and 
olour averaged leading-order matrix element for the q + q̄ → l + l̄Drell-Yan pro
ess is given by MB
qq̄ (pq, pq̄), where the �rst (se
ond) argument refers to thein
oming fermion (antifermion) momentum. The real emission radiative 
orre
tions 
onsistof three pro
esses: q + q̄ → l + l̄ + g; g + q → l + l̄ + q; and g + q̄ → l + l̄ + q̄. The matrixelements squared for these pro
esses are given by

MR
qq̄ =

Nqq̄

p2t̂û

[

(

ŝ + t̂
)2 MB

qq̄ (p̃q, p̃q̄g) + (ŝ + û)2 MB
qq̄ (p̃qg, p̃q̄) (3.10a)

−1

2
ǫ
(

t̂ + û
)2 (

MB
qq̄ (p̃g, p̃gg) + MB

qq̄ (p̃gg, p̃g)
)

]

,

MR
qg = − Nqg

p2ûŝ

[

(

t̂ + û
)2 MB

qq̄ (p̃qg, p̃q̄) +
(

t̂ + ŝ
)2 MB

qq̄ (p̃q, p̃q̄g) (3.10b)
−1

2
ǫ (û + ŝ)2

(

MB
qq̄ (p̃g, p̃gg) + MB

qq̄ (p̃gg, p̃g)
)

]

,

MR
gq̄ = −Nqg

p2ŝt̂

[

(û + ŝ)2 MB
qq̄ (p̃qg, p̃q̄) +

(

û + t̂
)2 MB

qq̄ (p̃q, p̃q̄g) (3.10
)
−1

2
ǫ
(

ŝ + t̂
)2 (

MB
qq̄ (p̃g, p̃gg) + MB

qq̄ (p̃gg, p̃g)
)

]

,where, for a more uniform notation, and to help show how the 
rossing of the leading-orderpro
ess is manifest, we have denoted the �nal-state quark momentum in the qg initiatedpro
ess by pq̄ and the �nal-state antiquark momentum in the gq̄ pro
ess by pq. The shiftedmomenta p̃i, p̃jg, and the normalization 
onstants Nqq̄, Nqg are given by
p̃i =

1

xi
pi , Nqq̄ = 8παSCF µ2ǫ ,

xi =
2p.pi

p2
, Nqg = 8παSTF µ2ǫ/ (1 − ǫ) , (3.11)

p̃jg = p − p̃i ,where µ is the regularization s
ale emerging from the use of 
onventional dimensional reg-ularization. The shifted momenta satisfy
p̃2

i = p̃2
jg = 0, p̃i + p̃jg = p, (3.12)i.e. they obey the relations required for them to be 
onsidered as des
ribing a kinemati

on�guration for the leading-order pro
ess, hen
e they form valid arguments for MB

qq̄.These matrix elements hold independently of the type of ex
hanged ve
tor boson,they also hold for the 
ase that the leading-order pro
ess 
onsists of interferen
es between� 8 �



diagrams with di�erent ex
hanged ve
tor bosons. This universal behaviour is due to thefa
torisation of the NLO hadron tensor, into kinemati
 fa
tors multiplying the leading-order hadron tensor. Su
h a fa
torisation of the matrix element is not ne
essary for theimplementation of the POWHEG method but it improves the �exibility and generality of ourimplementation of the Drell-Yan pro
ess. This allows us generate N+1-body 
on�gurations,a

ording to the full real emission matrix element, given the leading-order 
on�gurationusing a te
hnique of sampling the radiative phase spa
e with a bran
hing algorithm knownas the Kleiss tri
k [13,42℄, whi
h we have extended to n dimensions as needed for a 
ompleteNLO 
al
ulation, as we now des
ribe in detail.The O (αS) virtual 
orre
tions to the q+ q̄ → l+ l̄ pro
ess solely 
onsist of the qq̄ vertex
orre
tion. At NLO, this loop diagram only 
ontributes to the matrix element through itsinterferen
e with the leading-order amplitude, 
orre
ting it by,
MV

qq̄ =
αSCF

2π

(

4πµ2

p2

)ǫ
1

Γ (1 − ǫ)

[

− 2

ǫ2
− 3

ǫ
− 8 + π2

]

MB
qq̄ (pq, pq̄) . (3.13)3.3 Di�erential 
ross se
tionThe partoni
 �ux due to parton a in hadron A and parton b in hadron B, at s
ale µ2, withmomentum fra
tions x⊕ and x⊖ respe
tively, is de�ned as

Lab (x⊕, x⊖) = fA
a

(

x⊕, µ2
)

fB
b

(

x⊖, µ2
)

. (3.14)In Lab (x⊕, x⊖) the fun
tions f I
i

(

xi, µ
2
) are the parton distribution fun
tions (PDFs) for�nding a parton i in hadron I with momentum fra
tion xi at s
ale µ2. The 
ontribution tothe di�erential 
ross se
tion from the leading-order pro
ess q + q̄ → l + l̄ is therefore

dσB
qq̄ = B (ΦB) dΦB , (3.15)where

B (ΦB) =
1

2p2
MB

qq̄ (p̄⊕, p̄⊖) Lqq̄ (x̄⊕, x̄⊖) . (3.16)The virtual 
orre
tions (Eq. 3.13) add
dσV

qq̄ = V0 (ΦB) dΦB , (3.17)where
V0 (ΦB) =

αSCF

2π

[

−2

ǫ

(

1

ǭ
+ ln

(

µ2

p2

))

− 3

ǭ
+

π2

3
+ Vqq̄

]

B (ΦB) , (3.18)with ǭ de�ned by 1
ǭ

= 1
ǫ
− γE + ln (4π) and

Vqq̄ = −3 ln

(

µ2

p2

)

+
2π2

3
− 8 . (3.19)In Eqs. 3.16 and 3.17 we have in
luded a �ux fa
tor 1/2p2 for the partoni
 pro
ess. Thesubs
ript on V0 identi�es the bare divergent quantity.� 9 �



The di�erential 
ross se
tion for the real emission pro
esses a + b → l + l̄ + c is of theform
dσR

ab =
1

4πx
Lab (x⊕, x⊖)

[

∑

i

fi (x, v) MB
qq̄ (p̃i, p̃j)

]

dΦB dΦ̃R , (3.20)where for i = qg, q, g, gg, we have j (i) = q̄, q̄g, gg, g. Ea
h of the fi (x, v) fun
tionsis de�ned as the 
oe�
ient of the squared leading-order matrix element in the MR
ab real-emission matrix element, Eq. 3.10.Returning to the earlier dis
ussion of the de�nition of the Born variables and the boost

B, we note that for ea
h i in Eq. 3.20 the boost to the rest frame of p̃i + p̃j is the same upto an overall rotation (as p̃i + p̃j = p). Furthermore, for i = q we have p̃i = pi/xi, so p̃i and
pi have the same orientation, as do p̃j and pj for index j = q̄. Sin
e B was de�ned up to anarbitrary rotation R, we 
ould 
hoose to resolve this ambiguity by setting R = Rq, B = Bq,where Bq additionally satis�es,

Bq p̃q ≡ B
−1
L Rq BT BL p̃q = p̄⊕, (3.21)i.e. Rq is su
h that the value of p̃q in the p rest frame is equal to p̄⊕ in the p̄ rest frame,therefore

MB
qq̄ (p̃q, p̃q̄g) dΦB ≡ MB

qq̄ (p̄⊕, p̄⊖) dΦB. (3.22)To have the analogous equivalen
e for the i, j = qg, q̄ term, one needs to have B = Bqg,de�ned su
h that Bqg p̃q̄ = p̄⊖ is satis�ed along with original requirement (B p = p̄).Similar boosts 
an be 
onstru
ted for the i = g, gg terms in the matrix element,mapping p̃g to p̄⊕ and p̄⊖ respe
tively. However, as these terms 
arry a fa
tor ǫ, they only
ontribute to exa
tly 
ollinear 
on�gurations in whi
h the parton k is unresolved, hen
ethose boosts are a purely formal 
onsideration, and are not needed in pra
ti
e.The real emission phase spa
e 
an therefore be sampled using a simple Monte Carlobran
hing algorithm; namely, given a set of Born and radiative variables, the event is re-
onstru
ted as des
ribed in Se
t. 3.1, ex
ept that, where previously a single boost B
−1 wasused to embed the N -body 
on�guration in the N+1-body event, now we use a boost

B
−1
i sele
ted a

ording to the probability distribution Pi = fi (x, v) /

∑

i fi (x, v). Sam-pling the phase spa
e in this way, the generation of the Born variables be
omes 
ompletelyindependent of the radiative variables:
dσR

ab = Rab,0 (ΦB,ΦR) dΦR dΦB (3.23a)
Rab,0 (ΦB,ΦR) =

ŝ

2π
L̂ab (x⊕, x⊖)

∑

i

fi (x, v)
dΦ̃R

dΦR
B (ΦB) , (3.23b)where L̂ab is the ratio of the general parton �ux relative to that of the leading-order pro
ess,

L̂ab (x⊕, x⊖) =
Lab (x⊕, x⊕)

Lqq̄ (x̄⊕, x̄⊖)
. (3.24)The fun
tions Rab,0 (ΦB ,ΦR), 
al
ulated a

ording to Eq. 3.23, are given by

Rab,0 (ΦB,ΦR) =
αSCab

2π

1

x
L̂ab (x⊕, x⊖) Rab,0 B (ΦB) , (3.25)

� 10 �



where Cab = CF for ab = qq̄ and TF otherwise.For the qq̄ 
ontribution Rqq̄,0 is given by
Rqq̄,0 = Sqq̄δ (1 − x) +

(

−1

ǭ
Pqq + Cqq̄

)

(δ (v) + δ (1 − v)) + Hqq̄, (3.26)where
Sqq̄ =

(

2

ǫ
+ 3

) (

1

ǭ
+ ln

(

µ2

p2

))

− π2

3
− 3 ln

(

µ2

p2

)

, (3.27a)
Pqq =

(

1 + x2

1 − x

)

+

, (3.27b)
Cqq̄ =

(

1 + x2
)

(

1

(1 − x)+
ln

(

p2

µ2x

)

+ 2

(

ln (1 − x)

1 − x

)

+

)

+ 1 − x , (3.27
)
Hqq̄ =

1

(1 − x)+

(

1

v+
+

1

(1 − v)+

)

(

(1 − x)2 (1 − 2v (1 − v)) + 2x
)

. (3.27d)For the qg 
ontribution Rqg,0 is given by
Rqg,0 =

(

−1

ǭ
Pgq + Cqg

)

δ (v) + Hqg , (3.28)where
Pgq = x2 + (1 − x)2 , (3.29a)
Cqg =

(

x2 + (1 − x)2
)

(

ln

(

p2

µ2x

)

+ 2 ln (1 − x)

)

+ 2x (1 − x) , (3.29b)
Hqg =

1

v+

(

2x (1 − x) v + (1 − x)2 v2 + x2 + (1 − x)2
)

. (3.29
)The fun
tion Rgq̄,0 is equal to Rqg,0 under the repla
ement v ↔ 1 − v.The soft term in the real 
orre
tion Rqq̄,0, proportional to δ (1 − x), is now 
ombinedwith the virtual 
orre
tion V0, to give a soft-virtual 
ontribution V , whi
h is �nite for ǫ → 0.The remaining divergen
es are initial-state 
ollinear divergen
es proportional to δ (v) and/or
δ (1 − v). Working in the MS s
heme these are absorbed into the de�nition of the PDFs.This renormalization and 
an
ellation of divergen
es amounts to the repla
ements, V0 → Vand Rab,0 → Rab, where

V (ΦB) =
αSCF

2π
Vqq̄ B (ΦB) (3.30)and

Rab (ΦB,ΦR) =
αSCab

2π

1

x
Rab L̂ab (x⊕, x⊖) B (ΦB) , (3.31a)

Rqq̄ (ΦB ,ΦR) = Cqq̄ (δ (v) + δ (1 − v)) + Hqq̄, (3.31b)
Rqg (ΦB ,ΦR) = Cqgδ (v) + Hqg, (3.31
)
Rgq̄ (ΦB ,ΦR) = Cgq̄δ (1 − v) + Hgq̄. (3.31d)Adding these 
ontributions we obtain the NLO di�erential 
ross se
tion:

dσ = B (ΦB) dΦB + V (ΦB) dΦB + R (ΦB,ΦR) dΦBdΦR , (3.32)where R denotes the sum of the Rab terms.� 11 �



4. Implementation in Herwig++In the �rst two parts of this se
tion we des
ribe how distributions of NLO a

urate non-radiative and single emission events are generated. In Se
t. 4.3 we des
ribe the simulationof further, lower pT , emissions, from the radiative events, using the trun
ated and vetoedshower algorithms.4.1 Generation of the leading-order 
on�gurationAs noted in Se
t. 2, sampling the B (ΦB) fun
tion (Eq. 2.2), whi
h is the next-to-leadingorder di�erential 
ross se
tion integrated over the radiative variables,
B (ΦB) = B (ΦB)

[

1 +
αSCF

2π
Vqq̄ +

∑

ab

∫

dΦR
αSCab

2π

1

x
Rab L̂ab (x⊕, x⊖)

] (4.1)provides Born variables ΦB distributed a

ording to the exa
t NLO di�erential 
ross se
tion.The way in whi
h the leading-order pro
ess is fa
torised inside the real emission terms Raballows the B (ΦB) distribution to be generated as a straightforward reweighting9 of theleading-order 
ross se
tion.For 
onvenien
e the radiative phase spa
e dΦR is reparametrized by variables on theinterval [0, 1] su
h that the radiative phase spa
e volume is unity, a three-dimensional unit
ube. This is a
hieved by a trivial 
hange of variables φ → φ̄ = φ/2π and x → x̃, where x̃is de�ned by
x (x̃, v) = x̄ (v) + (1 − x̄ (v)) x̃, (4.2)where x̄(v) is the lower limit on the x integration. Numeri
al implementation of the B (ΦB)distribution requires all plus distributions be repla
ed by regular fun
tions, the results ofwhi
h are given in Appendix.A.The generation of the leading-order, N -body 
on�guration pro
eeds as follows:1. a leading-order 
on�guration is generated using the standard Herwig++ leading-ordermatrix element generator, providing the Born variables ΦB with an asso
iated weight

B (ΦB);2. radiative variables ΦR are then generated by sampling B (ΦB), parametrized in termsof the `unit-
ube' variables x̃, v, φ̄, using the Auto-Compensating Divide-and-Conquer(ACDC) phase spa
e generator [43℄, whi
h implements a variant of the VEGAS algo-rithm [44℄;3. the leading-order 
on�guration is a

epted with a probability proportional to theintegrand of Eq. 4.1 evaluated at {

p2, y, ΦR

}.9Apart from the requirement that the �nal state be 
olour neutral, this reweighting is independent ofthe details of the ve
tor boson and any de
ay it undergoes.� 12 �



4.2 Generation of the hardest emissionThe hardest (highest pT ) emission is generated from the N -body 
on�guration a

ording tothe modi�ed Sudakov form fa
tor, Eq. 2.3. The integrand in the exponent of the Sudakovform fa
tor 
onsists of three di�erent 
ontributions, one for ea
h 
hannel ab=qq̄, qg, gq̄.The integrands are de�ned as
Wab (ΦR,ΦB) =

R̂ab (ΦB,ΦR)

B (ΦB)
=

αSCab

2π

1

x
Ĥab L̂ab (x⊕, x⊖) , (4.3)where Ĥab is equal to Hab without the plus pres
ription. We use the following parametriza-tion of the partoni
, ve
tor boson and jet momentum in the hadroni
 
entre-of-mass frame:

p⊕ =
1

2

√
s (x⊕, 0, 0,+x⊕) , p = (mT cosh y, pT sinφ, pT cos φ, mT sinh y) ,

p⊖ =
1

2

√
s (x⊖, 0, 0,−x⊖) , k = (pT cosh yk, −pT sin φ, −pT cos φ, pT sinh yk) , (4.4)where pT is the transverse momentum, mT =

√

p2 + p2
T and yk is the rapidity of theadditional parton. Instead of generating the hardest emission in terms of ΦR = {x, v, φ}we �nd it more 
onvenient to make a 
hange of variables to Φ′

R = {pT , yk, φ}, related to
ΦR a

ording to

p2
T =

p2

x
v (1 − v) (1 − x)2 , yk = y +

1

2
ln

(

v

1 − v

)

− 1

2
ln

(

1 − v (1 − x)

x + v (1 − x)

)

. (4.5)The modi�ed Sudakov form fa
tor of Eq. 2.3 
ontains a θ-fun
tion in pT , however by
hoosing to parametrize the radiative phase spa
e in pT the θ-fun
tion simply be
omes theupper limit on the integral. The modi�ed Sudakov form fa
tor for ea
h 
hannel thereforehas the form
∆

R̂ab

(pT ) = exp

(

−
∫ pTmax

pT

dΦR Wab (ΦR,ΦB)

)

, (4.6)where pTmax is the maximum possible transverse momentum. The full Sudakov form fa
tor,
∆

R̂
(pT ), is given by the produ
t of ∆

R̂ab

(pT ) for the individual 
hannels. The radiative vari-ables (pT , yk) are generated a

ording to Eq. 2.3 using the veto algorithm.10 This pro
edurerequires simple bounding fun
tions for ea
h 
hannel. Fun
tions of the form,
gab (pT ) =

Kab

p2
T

, (4.7)are used, with suitable values of Kab for ea
h 
hannel together with an overestimate of thelimits for the rapidity integral, ykmin
and ykmax

. The generation pro
edure then pro
eeds asfollows:1. pT is set to pTmax;10A good des
ription of this te
hnique 
an be found in Ref. [1℄.� 13 �



2. a new (pT , yk) 
on�guration is generated using two random numbers a

ording to11
pT =

(

1

pT
− 1

Kab (ykmax
− ykmin

)
lnR

)−1

, (4.8a)
yk = ykmin

+ R (ykmax
− ykmin

) ; (4.8b)3. if pT < pTmin, where pTmin is the minimum allowed pT for the emission, then noradiation is generated;4. if the generated 
on�guration is outside of the exa
t phase spa
e boundaries thenreturn to step 2;5. if Wab (ΦB,ΦR) /gab (pT ) > R then a

ept the 
on�guration, otherwise return to step2.For this pro
ess there are three partoni
 
hannels 
ontributing to the radiative 
orre
tions,this is dealt with by using 
ompetition, where a (pT , yk) 
on�guration is generated, asoutlined above, for ea
h 
hannel individually and the 
on�guration with the highest pTa

epted.We employ a simple pres
ription [13℄ to generate the azimuthal angle that allows theleptoni
 
orrelations to be 
orre
tly generated. For the qq̄ 
hannel, the pres
ription pro
eedsas follows:1. momenta are �rst 
onstru
ted in the ve
tor boson rest frame;2. the p⊕ dire
tion is 
hosen with probability
(

ŝ + t̂
)2

/
(

(

ŝ + t̂
)2

+ (ŝ + û)2
)

, (4.9)otherwise the p⊖ dire
tion is 
hosen. The momenta are then rotated around the
hosen dire
tion by a random angle generated uniformly on the interval [0, 2π];3. momenta are boosted ba
k to the lab frame su
h that the rapidity of the ve
tor bosonis the same as for the N -body 
on�guration.The same pro
edure is used for the qg and gq̄ initiated 
hannels with the repla
ements
ŝ → t̂, t̂ → û, û → ŝ and ŝ → û, t̂ → ŝ, û → t̂, respe
tively.4.3 Trun
ated and vetoed parton showersBefore des
ribing how the radiative events are further showered, we need to re
all somedetails of the Herwig++ parton shower algorithm. This is des
ribed in more detail inRefs. [18, 39℄. The shower starts at a s
ale given by the 
olour stru
ture of the hards
attering pro
ess and evolves down in the evolution variable q̃ by the emission of partonsin 1 → 2 bran
hing pro
esses. Finally, the set of s
ales, q̃, momentum fra
tions, z, andazimuthal angles, φ, whi
h des
ribe these bran
hings, are used to 
onstru
t the momenta of11

R refers to a random number in the interval [0, 1], a di�erent random number is generated ea
h time.� 14 �



all the partons radiated in the parton shower. The Herwig++ approa
h generally requiressome reshu�ing of these momenta after the generation of the parton showers in order toensure global energy-momentum 
onservation.The N+1-body states generated as des
ribed in Se
t. 4.2 are �rst interpreted as a singlestandard Herwig++ shower emission, from the N -body 
on�guration, des
ribed by theshower bran
hing variables (q̃h, zh, φh). The 
omplete POWHEG shower is then performedas a single Herwig++ shower modi�ed by 
ertain 
onditions whi
h allows a simple but
omplete implementation of the trun
ated shower.The shower algorithm pro
eeds as follows:1. the trun
ated shower evolves from the hard s
ale, determined by the 
olour stru
tureof the N -body pro
ess, to the hardest emission s
ale q̃h su
h that the pT is less thanthat of the hardest emission, the radiation is angular-ordered and bran
hings do not
hange the �avour of the emitting parton;2. the hardest emission is for
ed with shower variables (q̃h, zh, φh);3. the shower is allowed to evolve down to the hadronization s
ale with the addition ofa transverse momentum veto on radiation above pTh
.The implementation des
ribed above requires that the hardest emission, generated as de-s
ribed in Se
t. 4.2, be interpreted as a Herwig++ shower emission that is for
ed when weevolve to the asso
iated s
ale in the parton shower. In order to do this, we need to �nd amapping from the N +1 momenta, des
ribing the hardest emission, to the shower variables

(q̃h, zh, φh) and an N -body 
on�guration. This equates to undoing the momentum re
on-stru
tion pro
edure used in the Herwig++ shower. The re
onstru
tion pro
edure 
onsistsof two steps [39℄. First, the momenta of partons at ea
h step of the shower are 
onstru
ted,in the 
entre-of-mass frame of the hadroni
 
ollision, re
ursively from the shower variables.Se
ond, boosts are applied to ea
h jet individually whi
h ensures global momentum 
on-servation. The re
onstru
tion pro
ess is di�erent for initial- and �nal-state radiation, herewe will only 
onsider the initial-state 
ase whi
h is relevant for the Drell Yan pro
ess.In Herwig++ the momenta of the partons, qi, in a jet are given by
qi = αip + βin + q⊥i, (4.10)where for initial-state radiation the referen
e ve
tors p and n are given by the hadroni
momenta of the beam parti
les p⊕ and p⊖ and q⊥i is the transverse momentum with respe
tto the beam axis.For initial-state radiation we use a ba
kward evolution algorithm whi
h starts from thehard pro
ess and evolves to lower evolution s
ales ba
kwards towards the in
oming hadronby the emission of time-like partons. The re
onstru
tion of the initial-state jet starts fromthe last initial-state parton produ
ed by the ba
kward evolution algorithm with momentum
al
ulated from the fra
tion of the beam momentum it 
arries. The momentum of the time-like daughter of this parton is re
onstru
ted as des
ribed in Ref. [39℄. The momentum ofthe spa
e-like daughter is then given by momentum 
onservation. This pro
ess is iterated� 15 �



for ea
h initial-state bran
hing eventually giving the momentum of the spa
e-like progenitorparton, 
olliding in the hard pro
ess.The momenta of the two progenitor partons are then reshu�ed su
h that mass andrapidity of the partoni
 
entre-of-mass system is 
onserved. Under this reshu�ing theprogenitor momenta are transformed a

ording to
q© → q′© = α©k©p© +

β©

k©

p© + q⊥©. (4.11)The reshu�ing parameters, k⊕ and k⊖, are found by solving equations requiring 
onserva-tion of mass and rapidity and hen
e the asso
iated Lorentz transform is obtained.The basis ve
tors are the hadroni
 beam momenta and the α© parameters in Eq. 4.11are simply the Born partoni
 momentum fra
tions, given in Eq. 3.2. The reshu�ing pa-rameters, k©, 
an therefore be 
al
ulated from the momenta of the shu�ed progenitors,
q′0©. De
omposing these momenta into their Sudakov parameters the momentum shu�ingparameters are simply

k⊕ =
α′

0⊕

x̄⊕

, k⊖ =
α′

0⊖

x̄⊖

, (4.12)where α′
0© refers to the α parameters in the Sudakov de
omposition of the shu�ed progeni-tors. The inverse of the Lorentz boosts implementing the reshu�ing 
an then be 
al
ulatedand applied to ea
h momentum, yielding the unshu�ed momenta qi. These are then de
om-posed yielding their Sudakov parameters, the shower variables parametrizing the bran
hing
an then be determined. The momentum fra
tion is given by

z =
αi

αeij

, (4.13)where αi is the Sudakov parameter for the spa
e-like parton entering the hard pro
essand αeij
the Sudakov parameter of the initial-state parent parton. In this simple 
ase thetransverse momentum is simply equal to that of the o�-shell spa
e-like parton initiating theleading-order hard pro
ess, or equivalently, its outgoing, time-like, sister parton. The s
aleof the bran
hing is de�ned in terms of the pT and light-
one momentum fra
tion z, as

q̃2 =
zQ2

g + p2
T

(1 − z)2
, (4.14)where Qg is the 
onstituent gluon mass, the infrared regulator of the Herwig++ partonshower.Using this approa
h we 
an 
al
ulate the shower variables (q̃h, zh, φz) for the hardestemission whi
h allows us to generate the trun
ated and vetoed showers.5. ResultsAs a 
he
k of the 
al
ulation of the next-to-leading order di�erential 
ross se
tion, distri-butions of the ve
tor boson rapidity produ
ed by the POWHEG implementation and the� 16 �



Figure 1: Comparisons of dσ/dy for the POWHEG implementation and MCFM [45℄ for Z and W+produ
tion at the Tevatron (√s = 2TeV) and the LHC (√s = 14TeV).NLO program MCFM [45℄ were 
ompared. Fig. 1 shows distributions for γ/Z and W+ pro-du
tion at the Tevatron (proton-antiproton at √s=2TeV) and the LHC (proton-proton at√
s=14TeV). In all 
ases the total 
ross se
tions from MCFM and our POWHEG implemen-tation agreed to within 0.5%. The distribution of the rapidity of the lepton produ
ed in the

γ/Z and W de
ay is shown in Fig. 2 and is also in good agreement. For both Herwig++ andMCFM in this 
omparison, the parton density fun
tions used were the MRST2001 NLO [46℄set with the LHAPDF interfa
e [47℄.In Figs. 3-6, distributions from the Drell-Yan POWHEG implementations for the ra-pidity and transverse momentum of the ve
tor bosons are 
ompared to Tevatron data. Themiddle and bottom panels in ea
h of these plots shows the (Theory − Data)/Data and χvalues for ea
h bin. In Fig. 3 the rapidity distribution of γ/Z bosons of mass 71-111GeVis 
ompared to D0 Run II data [48℄. Fig. 4 shows the transverse momentum distribu-� 17 �



Figure 2: The rapidity of a) the ele
tron in Z and b) the positron in W+ produ
tion at theTevatron in
luding the leptoni
 de
ay of the gauge boson for the POWHEG implementation andMCFM [45℄ at the Tevatron (√s = 2TeV).tion of γ/Z bosons of mass 66-116GeV 
ompared to CDF Run I data [49℄. Fig. 5 showsthe transverse momentum distribution of γ/Z bosons of mass 40-200GeV 
ompared to D0Run II data [50℄. Fig. 6 shows the transverse momentum distribution of W bosons 
om-pared to Run I D0 data [51℄. In addition to the results from our implementation of thePOWHEG method the results from Herwig++ in
luding a matrix element 
orre
tion andMC�NLO [19�24℄ are shown. The predi
ted W and Z pT distributions at the LHC areshown in Fig. 7.The Herwig++ results were generated using an intrinsi
 pT of 2.2GeV whi
h was ob-tained by �tting to the Run I W and Z pT distributions [39℄. The POWHEG results usedthe same intrinsi
 pT as for Herwig++ and a minimum pT of 2GeV for the hardest emission.The MC�NLO and HERWIG results were generated using an intrinsi
 pT of 1.6GeV from a�t to D0 data [52℄.The leading-order parton distribution fun
tions of [46℄ were used for the Herwig++result and the 
entral value of the NLO parton distributions of [53℄ for the POWHEG andMC�NLO results.All the approa
hes give good agreement for the rapidity of the Z boson however theydi�er in the des
ription of the pT spe
trum of the gauge boson. The 
hi squared perdegree of freedom for the various pT spe
tra and approa
hes are given in Table 1. All theapproa
hes are in good agreement with the Run I data from CDF and D0 for the pT of the
Z and W . However, with the ex
eption of the results of the FORTRAN HERWIG programin
luding a matrix element 
orre
tion, whi
h gave the worst agreement with the Run I Zdata, all the results are below the new D0 Z pT data at high transverse momentum.� 18 �



Figure 3: Rapidity distribution for Z produ
tion 
ompared to D0 Run II Tevatron data [48℄. Thesolid line shows the predi
tion of our POWHEG implementation, the dotted line is the predi
tionof MC�NLO and the dashed line is the default Herwig++ result.There is a 
ommon trend, at both the Tevatron and LHC energies, that the matrixelement 
orre
tion gives the largest result at large pT , followed by the POWHEG approa
hwith MC�NLO giving the lowest value. This is due to the treatment of the hardest emissionin the di�erent approa
hes. In the MC�NLO method the result at large pT is the leading-order matrix element for the produ
tion of a ve
tor boson and a hard QCD jet. However inthis region, as we are normalising to the total 
ross se
tion, the matrix element 
orre
tionresult is essentially the matrix element for ve
tor boson plus jet produ
tion multiplied bythe K-fa
tor12 giving a larger result. In the large pT region the POWHEG result, be
ausethe real-emission matrix element is exponentiated, is the real-emission matrix element mul-tiplied by the B̄ fun
tion, whi
h results in a K-fa
tor-like 
orre
tion, and the Sudakov formfa
tor whi
h 
auses the result to be slightly smaller than the default Herwig++ result. ThePOWHEG result has the signi�
ant advantage that rather than using a global res
alingof the 
ross se
tion to get the NLO normalization, whi
h 
an lead to a poor des
riptionof observables, su
h as the boson rapidity, whi
h are non-zero at leading order the NLO
orre
tion is 
al
ulated for ea
h momentum 
on�guration.In an ideal world we would like to use the NLO result for ve
tor boson produ
tionin asso
iation with a hard jet to des
ribe the high pT region, however in
orporating thisresult into a Monte Carlo simulation is not 
urrently feasible, and therefore the POWHEG12The K-fa
tor here is the ratio of the NLO 
ross se
tion for in
lusive ve
tor boson produ
tion dividedby the leading-order 
ross se
tion. � 19 �



Figure 4: Transverse momentum distribution for Z produ
tion 
ompared to CDF Run I Tevatrondata [49℄. The solid line shows the predi
tion of our POWHEG implementation, the dotted line isthe predi
tion of MC�NLO and the dashed line is the default Herwig++ result. The inset shows anexpanded view of the low pT region.Approa
h Data SetD0 W pT CDF Z pT D0 Z pTAll pT > 30GeV All pT > 30GeV All pT > 30GeVMC�NLO 0.51 0.82 0.70 0.96 7.2 13.9Herwig++ 0.67 0.42 0.89 0.61 5.1 7.0POWHEG 0.54 0.33 1.99 1.00 5.3 6.9HERWIG 0.69 1.08 2.45 4.47 2.0 1.9Table 1: Chi squared per degree of freedom for MC�NLO, Herwig++, our implementation of thePOWHEG method in Herwig++ and FORTRAN HERWIG 
ompared to Tevatron ve
tor boson pTdata. The 
hi-squared values are 
al
ulated for the shapes of the distributions, i.e. normalizingthem to unity. In order to 
ompare the high pT region and minimise the e�e
t of tuning the intrinsi
transverse momentum the 
hi squared per degree of freedom is given for both the full pT regionand only for the data points with pT > 30GeV.or matrix element 
orre
tion methods whi
h basi
ally assume the 
orre
tion for in
lusiveprodu
tion is the same as for ve
tor boson produ
tion in asso
iation with a jet at least havethe advantage of in
luding a 
orre
tion whi
h improves agreement with data.In general all the results lie below the D0 Run II Z pT data between 50 and 100GeVwhi
h results in the relatively poor 
hi squared, however in general the POWHEG approa
h� 20 �



Figure 5: Transverse momentum distribution for Z produ
tion 
ompared to D0 Run II Tevatrondata [50℄. The solid line shows the predi
tion of our POWHEG implementation, the dotted line isthe predi
tion of MC�NLO and the dashed line is the default Herwig++ result. The inset shows anexpanded view of the low pT region.gives 
omparable results to the other state-of-the-art te
hniques. The e�e
t of varying thes
ale used for the parton distributions and αS between 0.5ŝ and 2ŝ for the B term andbetween 0.5(M2
B + p2

T ) and 2(M2
B + p2

T ) for the hardest emission is shown in Fig. 8. Whilethis variation moves the POWHEG result 
lose to the data it still is below the experimentalresult in the intermediate pT region.The e�e
t of the trun
ated shower is illustrated in Fig. 9 whi
h shows the small pTregion of the transverse momentum distribution for W and Z produ
tion 
ompared to D0and CDF data. In this region where the highest pT emission is at a small s
ale and thereis often a large region for the evolution of the trun
ated shower it has the largest e�e
t.However the e�e
t is relatively small at least for the transverse momentum distribution,equivalent to a small 
hange in the intrinsi
 transverse momentum. We would expe
t tosee a larger e�e
t in the distributions of jets in the event, in parti
ular the se
ond hardestjet, whi
h we will study in the future.6. Con
lusionThe POWHEG NLO mat
hing pres
ription has been implemented in the Herwig++ MonteCarlo event generator for Drell-Yan ve
tor boson produ
tion. A full treatment of the� 21 �



Figure 6: Transverse Momentum distribution for W produ
tion 
ompared to D0 Run I data [51℄.The solid line shows the predi
tion of our POWHEG implementation, the dotted line is the predi
tionof MC�NLO and the dashed line is the default Herwig++ result. The inset shows an expanded viewof the low pT region.trun
ated shower, whi
h is required to produ
e wide angle, soft radiation in angular-orderedparton showers, is in
luded for the �rst time.The implementation gives a good des
ription of data, on a similar level to the matrixelement 
orre
tion methods and better than MC�NLO. It will be available in a forth
omingrelease of Herwig++.The te
hnique we have used to implement the POWHEG approa
h, by interpretingthe hard emission in terms of the variables used to generate the parton shower is verypowerful, and has many other appli
ations in mat
hing approa
hes, for example for theCKKW approa
h [32, 33℄, whi
h we will explore in the future.A
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Figure 7: The pT distributions of a) W and b) Z bosons at the LHC. The solid line shows thepredi
tion of our POWHEG implementation, the dotted line is the predi
tion of MC�NLO and thedashed line is the default Herwig++ result.

Figure 8: Transverse Momentum distribution for Z produ
tion 
ompared to D0 Run II data [50℄.The band shows the e�e
t of varying the s
ale used for the parton distributions and αS between
0.5ŝ and 2ŝ for the B term and between 0.5(M2

B
+ p2

T
) and 2(M2

B
+ p2

T
) for the hardest emission.035606. K. Hamilton a
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Figure 9: Transverse Momentum distribution for a) W produ
tion 
ompared to D0 Run I data [51℄and b) Z produ
tion 
ompared to CDF Run I Tevatron data [49℄. The solid line in
ludes thetrun
ated shower whereas the dashed line does not.Note added in ProofWhile we were in the �nal stages of 
ompleting this paper another paper on the same topi
was submitted to the arXiv [54℄.A. Plus DistributionsIn order to implement the 
ollinear (Cab) terms in the real-emission 
ontributions to B (ΦB)the following relations are required
∫ 1
x̄(v) dx f(x)

(1−x)+
=

∫ 1
0 dx̃ (1 − x̄ (v))

[

f(x(x̃,v))−f(x(1,v))
1−x(x̃,v) + f(x(1,v))

1−x̄(v) ln (1 − x̄ (v))
] (A.1)and

∫ 1
x̄(v) dx f (x)

(

ln(1−x)
1−x

)

+

=
∫ 1
0 dx̃ (1 − x̄ (v))

[

(f (x (x̃, v)) − f (x (1, v)))
(

ln(1−x(x̃,v))
1−x(x̃,v)

)

+ f(x(1,v))
2(1−x̄(v)) ln2 (1 − x̄ (v))

](A.2)with x̃ de�ned in Eq. 4.10 and v ∈ [0, 1]. For the hard (Hab) 
ontribution to the realradiation 
omponents in B (ΦB)

∫ 1
0 dv

∫ 1
x̄(v) dx f (x, v) 1

(1−x)+

(

1
(1−v)+

+ 1
v+

)

=
∫ 1
0 dv

∫ 1
0 dx̃ 1

1−x̃

(

f(x(x̃,v),v)−f(1,v)−f(x(x̃,1),1)+f(1,1)
1−v

+ f(x(x̃,v),v)−f(1,v)−f(x(x̃,0),0)+f(1,0)
v

)

+
∫ 1
0 dv

∫ 1
0 dx̃

(

f(1,v) ln(1−x̄(v))−f(1,1) ln(1−x̄(1))
1−v

+ f(1,v) ln(1−x̄(v))−f(1,0) ln(1−x̄(0))
v

)

, (A.3)where in the last line of Eq.A.3 we have introdu
ed the identity as ∫ 1
0 dx̃. Similar relationsare derived, in di�erent variables, in Ref. [29℄.� 24 �
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