KLR ALGEBRAS AND THE BRANCHING RULE I: THE CATEGORICAL
GELFAND-TSETLIN BASIS IN TYPE A,

PEDRO VAZ

ABSTRACT. We define a quotient of the category of finitely generated modules over the cyclo-
tomic Khovanov-Lauda-Rouquier algebra of type A,, and show it has a module category structure
over a direct sum of certain cyclotomic Khovanov-Lauda-Rouquier algebras of type A,,_1. This
way we categorify the branching rules for sl,,; D sl,. Using this we provide an elementary
proof of Khovanov-Lauda’s cyclotomic conjecture. We show that continuing recursively gives the
Gelfand-Tsetlin basis in type A,,. As an application we prove a conjecture of Mackaay, Stosi¢ and
Vaz concerning categorical Weyl modules.
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1. INTRODUCTION

Let A and B be associative algebras, M a (left) B-module and f: A — B a map of algebras.
Then A acts on M through f by the formula a.m = f(a)m for a in A and m in M. This
procedure turns each (left) module over B into a (left) module over A. It is well-known that this
operation defines a functor between the categories of modules over the respective algebras. Each
homomorphism of algebras f: A — B gives rise to a restriction functor between their categories
of representations

res’s : B-mod — A-mod

defined by M — fM = fB ®p M for left A-modules N and B-modules M. Here f M means
the structure of A-module on the M as defined above: a.fm := f(a)m.

In general an irreducible object M in B -mod is not sent to an irreducible over A. However,
if we are in categories of modules which are semisimple, then resZ (M) decomposes as a direct
sum of irreducibles over A. This procedure of writing irreducibles over B as direct sums of
irreducibles over A is called the branching rule of B with respect to A.

The study of the branching rules has its roots in group theory. They were first obtained in
a systematic way in the study of the representations of the classical groups. They were sub-
sequently extended to categories of representations of other types of algebras like for example
associative algebras, Lie algebras, Hopf algebras and quantum groups. Besides being a useful
tool in the study of the representations of the objects under consideration, the branching rules
have been extensively studied in theoretical physics where they have found important applica-
tions in the study of systems through reduction of its group of symmetry to one of its subgroups

(see [12, 22], the review [21] and the references therein).
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Let us consider the case of Kac-Moody algebras associated to finite quivers. For each em-
bedding I'y < I'; of quivers there is an embedding of the Kac-Moody algebras gr, — gr,
associated to I'; and I's. If we restrict to the categories of integrable representations, then every
irreducible integral representation Vi, of gr, is isomorphic as a representation of gr, to a direct
sum of irreducibles [9]. In some cases a general procedure exists to obtain the branching rules for
this embedding, but in the general case one has to work out the result case by case (see [6, 12, 22]
for a general treatment of the branching rule for classical Lie algebras). These results extend to
the quantum version of Kac-Moody algebras, which is the case we are interested in. Suppose
now that there is a chain of inclusions of quivers I', < I',,_y < ---I's < I';, where I'; is ob-
tained from I';; by adding a vertex and the corresponding edge and I',, is the empty quiver. We
have a chain of embeddings of the corresponding Kac-Moody algebras and one may apply the
branching rule recursivelly starting with gr, untill we get a direct sum of irreducibles over the
one-dimensional Kac-Moody algebra. Including this collection of spaces back into V1, defines
a distinguished basis which is an example of a canonical basis and is called the Gelfand-Tsetlin
basis after [8] (see also [7]).

In a remarkable series of papers [15, 16, 24] Khovanov, Lauda and independently Rouquier
introduced a family of Hecke algebras associated to a quiver (see also [25]). These quiver Hecke
algebras, which became known as KLR algebras, have shown to have a rich representation theory
(see for example [3, 10, 19, 20]). But more immediate to us in this paper is the fact that the KLR
algebra associated to a quiver I categorifies the lower half of the quantum version of the Kac-
Moody algebra associated to I', which means that the latter is isomorphic to the Grothendieck
ring of the former. For each dominant integral weight A the KLR algebra R admits a quotient,
denoted by R}, which is called a cyclotomic quotient after [3], and whose Grothendieck group
1s isomorphic to the integral representation V) of gr, i.e. the category of graded modules over
Rf:, finite in each degree, admits a categorical action of gr which descends to the Grothendieck
group yielding a representation which is isomorphic to V) (see [14, 29]).

In this paper we concentrate on the case where I'; is the Dynkin diagram of type A,, and I'; is
the Dynkin diagram obtained from I'; by removing the vertex labeled n (and the corresponding
edge), and investigate the consequences for the corresponding KLLR algebras and its cyclotomic
quotients. The inclusion of quivers A,,_; — A, determines an inclusion R, ; — R,, between
the corresponding KLR algebras. This gives rise to restriction and induction functors between
their categories of representations which turn out to descend to the usual inclusion and projection
maps between the corresponding (one-half) quantum Kac-Moody algebras.

This approach needs to be modified to work with cyclotomic quotients. In this case there is
a projection of the cyclotomic KLR algebra Rﬁln to a direct sum of cyclotomic KLR algebras
@puer(n) Ry, with the set 7()\) being determined combinatorially from \. We obtain a functor

II: R} -fmod > @ R _,-fmod

peT(A)
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between their categories of graded, finite dimensional modules which is full, essentially bijective,
and commutes with the categorical action of the Kac-Moody algebra given by A,,. Continuing re-
cursively we end up in the category of one-dimensional modules over a collection of one-dimen-
sional algebras Rﬁlo which are labeled by certain sequences of partitions (A, A"~ ... A1),
each A\(¥) being a partition with exactly 7 parts.

There is a categorical action of the Kac-Moody algebra of A,, on the functors

Rgnﬂ -pmod — R’y -pmod = k-pmod

which descends to an action on the Grothendieck group, which means that these functors cate-
gorify the elements of the Gelfand-Tsetlin basis. These functors can be interpreted as the preim-
ages under II of the one-dimensional modules over R, /O, giving a realization of the Gelfand-
Tsetlin basis in terms of some special objects in the category of modules over Rﬁln.

One consequence of the categorical branching rules is that we can use it to provide an easy
proof of Khovanov and Lauda’s cyclotomic conjecture from [15], namely that the grothendieck
group Ko(Rﬁn) is isomorphic to the irreducible representation V). As another application of
the categorical branching rules we prove a conjecture in [23] about categorical Weyl modules
for the g-Schur algebra. Namely we prove that the cyclotomic KLR algebra is isomorphic to
a certain endomorphism algebra constructed in [23] as part of the g-Schur categorification to
give a conjectural categorification of the Weyl module W,. As a consequence we obtain that
the aforementioned endomorphism algebra indeed categorifies W),. This way we prove a second
conjecture in [23].

This paper was motivated by an attempt to lift the recursive formulas for link polynomials
in [13] and [27] to statements between the corresponding link homology theories (see [27, 28]
for further explanations and [26] for developments). This is the first output of the program
outlined in [26]. We remark that the results in this paper are different from the branching rule
obtained by Brundan, Kleshchev and Wang in [5] for graded Specht modules using the natural
embedding of cyclotomic Hecke algebras together with the identification with cyclotomic KLR
algebras of type A.

We have tried to make this paper reasonably self-contained with the exception of Section 6
where we assume familiarity with [23].

2. QUANTUM sl, 1, THE BRANCHING RULE AND THE GELFAND-TSETLIN BASIS

In this section we review the basics about quantum sl,, 1, its irreducible representations, the
branching rule for sl,, 1 O sl,,, and the Gelfand-Tsetlin basis. We also fix notation and recollect
some results that will be used in this paper.

2.1. Quantum sl,; and its irreducible representations. We denote by A""! the s, ;-weight
lattice and by X! the sl,,, ;-root lattice. Let oy, . . . , a, be the simple roots and vy, . . ., o’ the
simple coroots. Any weight A can be written as A = (A, ..., \,) where \; = a;’ (\). Denote the
set of dominant integral weights by

AT ={Ne A" oy () € Zsg foralli = 1,...,n}.
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Let also
2 if j =1,
aj =0 (aj) =4 -1 ifj=itl,
0 else,

be the entries of the Cartan matrix of sl .

The quantum special linear algebra U, (sl,,,1) is the associative, unital Q(g¢)-algebra generated
by the Chevalley generators Fj, E; and K for 1, ..., n, subject to the relations

KK; = K;K;, KK*'=K'K =1,
K, F;K; ' = ¢ “ F}, K,E;K;' = ¢" E;,
K, — K
q—q*t’
FIFy— (g + ¢ EFF,+ FF; =0 if li—j|l=1,
EE; —(q+q VEEE + E;E; =0 if |i—j]=1,
FiF; = F;F;, E,E; = E;E; if |i—j| > 1.

EiFj — FiE; = 04

For i = (i1,...,ix) we define F; = F; ---F;, and E; = E;_--- E;,. The reason for this
convention will be clear later when we introduce the diagrammatics.

The lower half U (sl,11) < Uy(sl,11) quantum algebra is the subalgebra generated by the F's
(analogously for the upper half U (sl,41)).

Recall that a subspace V; of a finite dimensional U,(s(,1)-module V is called a weight space
if
Ko = ¢y
for all v € V; and that V' is called a weight module if
/._LGA"+1

A weight module V is called a highest weight module with highest weight X if there exists a
non-zero weight vector vector vy € V5 such that E;vx = 0 fori = 1,...,n. Foreach A € A7*!
there exists a unique irreducible highest weight module with highest weight \. In the sequel we
will drop the U, and write sl,,; ;-module instead of U, (sl,,+1)-module.

Let ¢ be the anti-involution on U,(sl,, 1) defined by
O = K o(F) = q ' KGE;, (B = ¢ 'K 'F:

The g-Shapovalov form { , ) is the unique nondegenerate symmetric bilinear form on the highest

weight module V'(\) satisfying
(vz,v3) =1,
(uv,v"y = (v, p(u)v’)y  forall u € Uy(sl,11) and v, 0" € V/(N),
fu, vy = (fv,0') = (v, fv') forany f e Q(q) andv,v' € V()).
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2.2. The ¢-Schur algebra. In this subsection we give a brief review the ¢g-Schur algebra S, (n, d)
following the exposition in [23] (see [23] and the references therein for more details). The Schur
algebra appears naturally in the context of (polynomial) representations of U,(gl,,), which is the
starting point of this subsection. The root and weight lattices are very easy to describe for quan-
tum gl,,. Lete; = (0,...,1,...,0) € Z™, with the 1 being on the i-th coordinate fori = 1,..., n.
Letalso &; = €; —€;11 € Z™ and (¢;, €;) = 9, ; be the Euclidean inner product on Z" (in this basis
the sl,, roots can be expressed by «; = @; — Q4 1).

The quantum general linear algebra U, (gl,,) is the associative, unital Q(¢)-algebra generated
by K;, K; ', fori =1,...,n,and F}, E; fori = 1,...,n — 1, subject to the relations

K,K; = K;K;, KK '=K'K;=1,

KK — K 'K,
EiFj — FjE; = §;——*L i "
q—q

Y

KiFj = ¢ FK;, K.E; = ¢V E;K;,
and the so-called Serre relations
FEFy—(q+q ) EFF, + F;F =0 e
E2E; — (¢ + ¢ ) EE,E, + E;E? = 0} it li=gl=1,

FiFj — FjF; =0 il
EiEj—EjEizo} it i=gl> L

In the Beilinson-Lusztig-MacPherson [2] idempotented version of quantum groups the Cartan
subalgebras are “replaced” by algebras generated by orthogonal idempotents corresponding to
the weights. To understand their definition, recall that K; acts as ¢ on the A\-weight space of
any weight representation. The idempotented version of U,(gl,,) can be obtained from U,(gl,,)
by adjoining orthogonal idempotents 1), for A € Z" and adding the relations

11, = 0x, 1,
Fily =14, F,
Eily = 1xa, B,
K1, = ¢1,.

The idempotent quantum gl,, is then defined by

U(al) = @ L)1,

Note that U(gl,,) is not unital anymore because 1 = > 1, would be an infinite sum. In this set-
AeZm
ting the ¢-Schur algebra occurs naturally as a quotient of idempotented U, (gl,,), which happens
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to be very easy to describe. Let

Aln,d) = {AeN": >\ = d}

()

be a weight (sub)lattice and the highest weights be elements in
A (n,d)={ e An,d): \y =Xy = ... =\ }

The ¢-Schur algebra S,(n,d) can be defined as the quotient of idempotented quantum g,
by the ideal generated by all idempotents 1, such that A ¢ A(n,d). Thus, we have a finite
presentation of S,(n, d) as the associative, unital Q(¢)-algebra generated by 1, for A € A(n,d),

and F;, b, fort = 1,...,n — 1, subject to the relations
1)\1# = (5)\#1)\,
D=1,
AeA(n,d)
Fily =1 5,13,

Ei1\ = 1ya, B,

EBE_j—E_jE;=0; > [\i— Al
AeA(n,d)

We use the convention that 1,.X'1, = 0if x or v is not contained in A(n, d).

The irreducibles W), for A € A*(n, d), can be constructed as subquotients of S,(n, d), called
Weyl modules. Let < denote the lexicographic order on A(n, d). For any A € A*(n, d), we have

W)\ = 1)\Sq(n,d)/[u > )\]

Here [;c > A] is the ideal generated by all elements of the form 1,,21,, for some = € S,(n, d) and
> A

2.3. Branching rules. Recall that a partition with m parts is a sequence of nonnegative integers
(A, ..., Ap) with Ay = -+ = \,,. Partitions are in bijection with Young diagrams. We follow
English notation, where Young diagrams are left justified and lines are enumerated from top to
bottom. The bijection sends A to the Young diagram with \; boxes in the i-th line. From now on
we denote them by the same symbol.

There is a well-known relation between integral dominant weights of sl,, . ; and partitions with
n + 1 parts. For each such partition ) there is an integral dominant weight A € A”"! defined by

A= — A4l
If we want to use partitions to describe the finite dimensional irreducibles of sl,,,; we can write
%% "+1 to denote the irreducible sl,+1-module V5 without any ambiguity. Of course there are

several partitions giving the same element of ATI, but there is only one if we fix the value of
An_i'_l = 0.
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For a partition A with n+1 parts denote by 7()\) the set of all partitions ;. with n parts satisfying
(1 Ai <y < Ajg-

We denote by Vy '™ the irreducible finite dimensional representation of sl,, of highest weight
A. For the embedding sl,, < sl,,.; corresponding to adding one vertex at the end of the Dynkin
diagram of s[,, the branching rule [12] says that

2) (V;[n+1)5[n ~ V:In
(N

HET

1s an isomorphism of sl,,-modules (adding the vertex in the beginning of the Dynkin diagram of
sl,, yields the same decomposition). This decomposition is multiplicity free that is, each of the
fo[” = Vlf[" occurs at most once in the sum (2). This means that given an element on the right

. . . . . . . 5[n 5[n
hand side there is a canonical way of associating it to one element in (VA “) .

Define 75,() as the set of all the Young diagrams obtained from A by the removal of % boxes,
no more than one from each column. The condition in (1) is the same as requiring that y is in
exactly one of the 7;(\) for some k. In other words,

T(A) = P 7(N).
k=0
Let 7,(\) be the set of all the i € A" for € 7(\) and for 1 < i3 < -+ <4 < n+ L
Denote by fi(iy - - - ix) € Tx(\) the weight obtained by removal of exactly one box from each of
the i1, ..., 7,-th lines of A in the order given.
For practical purposes the set 74 () is best described using maps from A"** to A"*! and from
A" to A™. For py: A"t — A" the projection

(3) pA(ﬁla"‘?ﬁ’n) = (ﬂlw"?ﬂn*l)

and (iy, .. .,14) as above we define & _; : A — A" land &, 0 AP — A by

5/(5‘) = (5\17 . '7Xi—1 + 17XZ - ]-7 . '75‘71—175\71)

&y N) = & €LV

and &;(\) = pa&l. We say that &; is A-dominant if &;(\) is in A" whenever A is in A" and that
&iy-iy, 18 A-dominant if for each j < k the map &, ..;; is A-dominant.
We have
i i) = & & ().
Keeping this notation in mind we denote by &;(\) the partition obtained from A by the removal
of one box from its i-th line with &;,..;, (\) meaning the one obtained by the removal of k boxes,
one for each 7,-th line. We see that A\-positivity of &, ...;, is equivalent of the requirement that no
two boxes are removed from the same column of \. For later use we denote by D¥ the set of all

A-dominant &;,...;, s and define Dy = J;>,D%. This way 7()\) can be also seen as the set of all
the lezj ()\)S with §i1-~~z‘j in D)\.
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2.4. The Gelfand-Tsetlin basis. We can reapply the branching rule (2) recursively until we end
up with a direct sum of one-dimensional spaces corresponding to a final decomposition of each
irreducible of sl into one-dimensional Q(q)-vector spaces.

We say a sequence (V... uM)) of partitions, where ;) has j parts, is a Gelfand-Tsetlin

pattern for ") if each consecutive pair (1), 19~V satisfy the condition in (1). Denote by
S(A) the set of all the Gelfand-Tsetlin patterns for \.

The Gelfand-Tsetlin patterns for A are the paths followed in the sequence of weight lattices
AT S AT -5 AL =N
by going from Vy "1 to each of the one-dimensional spaces occurring at the end. Since the
decomposition (2) is multiplicity free there is a 1:1 correspondence between S(\) and the set of
all these one-dimensional spaces.
Let Vs(\) be the Q(g)-linear space spanned by S(\). We write | s ) for a Gelfand-Tsetlin

pattern s seen as an element of Vsy). It turns out that it is isomorphic to vy i1

vector space but as s(,, . -modules.

An important fact is that the sl,,;-action on Vs(,) can be obtained through a procedure which,
in some sense, is the reverse of the direct sum decomposition (2) using the branching rule. While
the generators {£;, E}ie{L___,n_l} preserve the weight spaces Vi[" on the right-hand side of (2),
the generators F,, and F;,, move between the different V;[n. Let ¢ be the isomorphism between

not only as a

%% "1 and ®@uer(y Vi in (2). Then the sl,-action on @,e-(x) Vi extends to an sl,i-action if
we define

E,v:= gzﬁEn(b*lv and F,v:= ngn(b*lv

for v € @uern V™. Clearly ¢E;¢~'v = Ew and ¢F;¢~'v = Fio forallandi = 1,--- ,n — 1
and all v € @per( A)Vlf[". We can continue applying this procedure recursively until we get the
desired one-dimensional spaces and regard the s, ;-action on them as an action on V(). The

basis of V() given by the Gelfand-Tsetlin patterns is called the Gelfand-Tsetlin basis for %% bt
This basis was first defined by Gelfand and Tsetlin in [8] for the Lie algebra gl(n). The explicit
form of action of the generators of the Lie algebra gl(n) on the Gelfand-Tsetlin basis can be
found for example in [22, 30].

3. KLR ALGEBRAS AND THEIR CYCLOTOMIC QUOTIENTS

In this section we describe the quiver Hecke algebras which were introduced by Khovanov and
Lauda in [15] and independently by Rouquier in [24]. We concentrate on the particular case of
type A,,. The KLR algebra R,,,, associated to the quiver A, is the algebra generated by k-linear
combinations of isotopy classes of braid-like planar diagrams where each strand is labeled by a
simple root of sl,,, ;. Strands can intersect transversely to form crossings and they can also carry
dots. Multiplication is given by concatenation of diagrams and the collection of such diagrams is
subject to relations (4)-(6) below (for the sake of simplicity we write ¢ instead a; when labeling
a strand). We read diagrams left to right and from bottom to top by convention. Therefore the



KLR algebras and the branching rule I: Gelfand-Tsetlin basis 9

diagram for the product a.b is the diagram obtained by stacking the diagram for a on the top of
the one for b.

0 ifi = 7,
+ ifj=1+1,
@ - AL
i J
else.
. '
.
ifi=kFk=j5+1,
®) - =9 ik
i j k i J k
0 else.

©) ><><5ij ><><

The algebra R, is graded with the degrees given by

o (X))  e(f)n

J

J

The following useful relation follows from (6) and will be used in the sequel.

d d
@®) - - P T _
KXz XX

Let 8 = ) [y and let R, 1() be the subalgebra generated by all diagrams of R, con-
j=1
taining exactly (3; strands labeled ¢. We have

Rn-i—l = Z Rn-&-l(ﬁ)'

BeAT
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We also denote by
Rn+1 kan - @ Rn+1 6 + kan)
BIEAn 1
the subalgebra of R, containing exactly k strands labeled n. With this notation we have
€) Ry = @ Ryi1 kan)
k=0
For a sequence i = (iy, ..., 1) with i; corresponding to the simple root a;, we write 1; for the

idempotent formed by £ vertical strands with labels in the order given by i, i.e.

2 i3

We write 1,4, for 1; if the sequence of labels ¢ jﬁj can be written as a concatenation of
sequences and we are only interested in the ¢ part. We also write z, i for the diagram consisting
of a dot on the r-th strand of 1;, i.e.

‘r’f’,g =

71 [2s ik
For (3 as above we denote by Seq(3) the set of all sequences 7 of simple roots in which i;
appears exactly 3; times. The identity of R, .1(/3) is then given by

1Rn+1(/3) = Z

i€ Seq(B)

11 12 i3 7:k
We have with these conventions that

Rn+1(ﬁ) = @ 11 Rn+111-

i,j € Seq(B)

If e € R, 4 1s an idempotent, then there is a (right) projective module .P = eR,,1;. Fore = 1;
this is the projective spanned by all diagrams whose labels end up in the sequence :. We can
define the left projective P, in a similar way.

We denote by R, -mod and R, ,; -pmod the categories of graded finitely generated right
R, 1-modules and of graded finitely generated projective right R, ;-modules respectively. For
idempotents e, ¢ we have

/
HomRn_H -mod (epa e’P) = 6Rn+1e .

For a graded algebra A we denote by K((A) the (split) Grothendieck group of the category of
finitely generated graded projective A-modules and write K(A) for Q(q) ®zpq.q-17] Ko(A).
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Theorem 3.1 (Khovanov-Lauda [15], Rouquier [24]). The Grothendieck group Ko(R, 1) is
isomorphic to the lower half U, (sl,, ;1) through the map that takes [;P] to Fy.

3.1. Categorical inclusion and projection for KLR algebras. Let ', and [',,_; be the Dynkin
diagrams associated to sl,,.; and sl,, respectively and consider the inclusion I';,_; — I, that
adds a vertex at the end of I',,_; and the corresponding edge, i.e.

o— O0— -+ ——O0——0 > oO——Oo0— -~ o (¢] (¢]
1 2 n—2 n-—1 1 2 n—2 n-—1 n

This induces an inclusion of KLR algebras
12 Ry — Ry, r— T
which coincides with the obvious map coming from the decomposition
(10 Rus1 = P Rpsi(kaw) = R, + @ Rusr (kay,).
k=0 k=1

The induction and restriction functors induced by ¢
Ind,: R, -mod — R, -mod Res,: R,+1-mod — R, -mod

are biadjoint, take projectives to projectives and descend to the natural inclusion and projection
maps between the Grothendieck groups.

To see this we note that the dual construction takes the projection p: R,;; — IR, in the
decomposition (10) to form the functors of restriction of scalars and its left and right adjoints
the extension of scalars and coextension of scalars by p respectively. Recall that p endows R,
with a structure of (R, 1, R,)-bimodule, where the structure of left R,,,;-module is given by
r.b = p(r)bforb € R,, r € R,1. The same procedure can be used to give R, a structure of
(R, Ryy1)-bimodule. We use the notation ,,1(R,,), and ,(R,,),+1 for R, seenasa (R,1, R,)-
bimodule and (R,,, R, 1)-bimodule respectively. Then we have the functors

Res,: R,-mod — R,;;-mod,

Ext,, CoExt,: R, -mod — R, -mod
with
Ext,(M) = M (X) ns1(Rn)n, CoExt,(M) = Homg,, -mod (n(Rn)n+1, M)
Rn+1

for a right RR,,;1-module M. It follows that the functors Ext, and CoExt, coincide and we also
have isomorphisms of functors Ext, = Res, and Res, = Ind,.

3.2. Factoring idempotents. In this section we give some properties of R, 1 -pmod that will
n—1

be used in the sequel. For v = }; v;a; € A"! and for an ordered sequence i1, . . . , i, we define
j=1

(11) v(i) = > via; + > (v; — Day,

j<i j=i
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and v(iy - - - i) as the result of iteration of (11) from i = iy to i = ;.
Foreachi e {1,--- ,n} let p; be the idempotent 1,1, € R,+1 and for 1, € R, (v(7)) let
e'(pi,j) € Rop1(v + ozn) be the idempotent obtained by horlzontal composition of the diagram
for p; at the left of the one for 1, i.e.

e/ (ph l) =
T 141 n J1 Jm
This generalizes easily to R, (k). In this case we denote by p;,..;, € R,41(ka,) the idem-
potent obtained by horizontal concatenation p;, p;, - - - Di, = Lliy i1 +1,...mis...,..ip,...n- Lhe idem-

potent & (pj,..i,, j) € Rpi1(v + kay,) for 1; € Ry 1(v(iy - - -ig)) is defined as the horizontal
concatenation placing the diagram of p;,..;, at the left of the one for 1;, i.e.

é/(pil”'ik7i) =
i1 no 2 n ik noJ1 Je
In the case 1 < iy < -+ < < n+ 1 we write ¢/ (p;,...q, , j) instead of € (p, .5, , J).
We introduce now the notion of factoring a diagram through a family of idempotents e;.

Definition 3.2. We say that Y € R, .1 (v + «,) factors through the family of idempotents {e;}

if it can be written as a sum ) jes €iX; with all ¢; € k nonzero and where each X is in
Ryi1(v+ ap)e; Ry (v + ay)

with j minimal.

Proposition 3.3. For each j € Seq(v + av,) there is an index set J such that 1; € R, 11 (v + o)
factors through the family {€'(p;, )} jc-

Proof. The idempotent 1, consists of | j\ parallel vertical strands labeled ji, . .., jj; in that order
from left to right. We give an algorithm to obtain the factorization as claimed.

Step 1: Take the single strand labeled n and start pushing it to the left by application of the move
in (4) until we find a strand labeled n — 1, i.e.

|<.

jT*Q n—1 j'r jr/ n jr72 n—1 jr j»r/ n
Step 2: Pass to the strand labeled n — 1. There are three cases to consider: We can have
(Z) ]7” 2 =N — 1
(19) jr—g =n — 2, 0r
(49) jr—o #n —2,n — 1.
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We start with case (7).
() If j,_o = n — 1, we use the identity

(12) = -

n—1n—1 n n—1n—1 n n—1n—-—1 n

which follows easily from (4) and (6). We see that 1..,,_1 ,,_1 ... factors through 1...,,_; , p—1....
This reduces the number of strands on the left of the strand labeled n. We then apply Step 1 to
the block formed by strand labeled n and the one labeled n — 1 immediately on its left.

(13) If j,—o = n — 2 we apply Step 1 to the block formed by the strands labeled n — 2, n — 1, n.
We can proceed until we find a strand labeled n — 3, n — 2 orn — 1.

(1) If we find a strand labeled n — 3, we repeat Step 1 to the block formed by the strands
labeled n — 3, n — 2, n — 1 and n.

(2) If we find a strand labeled n — 2, we are in the situation of (¢) with n replaced by n — 1.

(3) If we find a strand labeled n — 1, we use (5) to obtain that 1., ,—2,1,.. factors
through 1...;,_1 n—1n—2.. and through 1..;, 9,1 5,1 ... In the first case we can apply (4)
to obtain that 1..,,_1 ,,_1 »—2,,... factors through 1..,,_1 ;,_1 ... Which is the case (7). In the
second one we apply (i) to the strands labeled n — 1, n — 1, n. Either way we reduce the
number of strands on the left of the one labeled n.

(130) If j,—o # n — 2,n — 1, we apply Step 1 to the block formed by the strands labeled n — 1,
n until we find a strand labeled n — 2 or n — 1. We then proceed as in (i7). We then proceed
recursively, i.e. each time we get a diagram factoring through 1.5 541 ... n—1,... we apply Step
1 to the entire block formed by the strands labeled s to n until we find a strand labeled j for
s —1 < j < n—1. We then apply the move in (4) to pull this strand to the left of the one labeled
J — 1 obtaining the configuration below.

j s J=25-13 n

Using (5) in the region factoring through 1..; ;_; ;... one obtains that y factors through the idem-
potent 1. 1 j+1... and through 1..;_1;;41... Using (4) on the first term we can slide the
strand labeled j — 1 to the right of the one labeled n and then apply the procedure described
abovein (z) to 1...; ; j+1.... To the second term we apply the procedure of (i) to 1...; ; j+1.... Again,
in either case we obtain a linear combination of terms each having less strands on the left of the
one labeled n. The procedure ends when we obtain a linear combination of diagrams, each one
factoring through and idempotent of the form ¢’(p;, ) as claimed. U

We now consider the case of k > 1.



14 Pedro Vaz

Lemma 3.4. Suppose k = 2. Then € (p;,,, 1) factors through a family {€'(j;j2,j)}jcs for some
indexing set J.

Proof. Suppose we have

~/ .
e(sz‘,l) =
joi+1 no g j—1 j j+1 n

Using (4) we slide the first strand labeled 7 from the left to the right until it encounters a strand
labeled n — 1 to obtain a factorization through 1;..,,—1 j..n—2 nn—1n

13 j j‘

Jj Jj+1 n—1n 4 i—1 35 j+1 n—2n—1n

We now use (5) in the (n) — (n — 1) — (n) part on the right of the diagram to obtain

- -
/—_ /
i n—1n i j n—2n—-1 n i n—1n i Jj m—2n—1 n

The first term factors through the idempotent 1;...,,1;...j n—2.nnn—1+ and the second through
1jn—t1,ijm—2n—1nn«. For the first term it is easy to see that we can do the same as in (13) to
slide the entire block formed by the strands labeled 1- - - 7, n — 2 to the right of the two strands
labeled n to obtain a factorization through 1;...,_1 5. i--j.n—2n—1+ Which is of the form €'(p;,, j)
for some j as wanted. For the second term we slide the first strand labeled n — 1 from the left to
the right until it hits the strand labeled n — 2:

T

7 j+1 n—2n—1 4 j—1 35 4+1 n—3n—2n—1n n

Applying (5) to the part containing (n — 1) — (n — 2) — (n — 1) we see that it factors through

(14) 1j---n—2,i---n—3,n—1,n—1,n—2,n,n* and 1j---n—2,i---n—3,n—2,n—1,n—1,n,n*-

Using (4) we can put the first term in the form

J n—2 1 n—-3n—In—-In—-2n n

We see that it factors through 1;...,,_2 ;,—1,—1,n,n+« Which in turn factors (twice) through an idem-
potent of the form €’(p;,—1, ') as wanted (this uses the identity (12)).
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For the second term in (14) we start by sliding the first strand labeled n — 2 from the left and
repeat the procedure. After having slid all the strands from the left of the first one labeled i to

.....

a term of the form

(15) Lijm1jj 4141, =1, n—1nns-

Notice that after the first strand labeled 5 — 1 all the strands are labeled in pairs each two strands
with the same label appearing consecutively. Applying the identity (12) to the part labeled (j) —
(4) — (j + 1) we get a factorization through 1;...; 1 j j11,jj+1,..n—1,n—1,n,ns%-

Doing the same to the part containing (7 +1) — (j +2) — (j + 2) we get a factorization through
Livjm1,j,j41,j,j42,j4+1,j+2,...n—1,n—1,n,n+ Which factors through

1i"'j—1,j7j+17j+27j,j+1,j+2 ----- n—1n—1n,n%

(this uses (4) between the two consecutive strands labeled 7 and j + 2). It is clear that we will
end up with a factorization through €’ (p;;, £) for some £.

This way we see that &' (p;, ;,, ¢) factors through the family {€'(p; n—s, 5) }sef0, n—jy 1€ (Pij, £) }
for some idempotents {1, },_o,... ,—; and 1,. O

Proposition 3.5. For each j € Seq(v + kay,) there is an index set I such that 1 j € Rua (v+kay,)
factors through a family {€' (p;, ..., , 1) }iy iy iel-

Proof. We use a combination of Proposition 3.3 and Lemma 3.4. By application of the method
described in the proof of Proposition 3.3 to the leftmost strand of 1; labeled n we factorize it
through some family the idempotents {€¢'(p,,, @)} where each 1, is in R (v(a1) + (k= 1)ay,).

Repeating the procedure for the newly created 1, we get that 1, factors through {&(py,s,, )}
for 1, in R, (v(b1b2)+(k—2)ay,). Buteach of the &' (py,s,, b) factors through a family {€¢'(pc,c,, )}
from Lemma 3.4 and therefore 1; factors through a family {e’(p4,4,,d)}-

Then pass to the third leftmost strand labeled n. From Proposition 3.3 each of the €/(pg4,4,, d)
factors through a family {€'(pg,a,f,, f)} with d; < d as before and 1; € R(v(d1ds f3) + (k —
3)a,,). For each of these terms we apply Lemma 3.4 again: if dy < f3 do nothing otherwise
factorize €' (pg, a,f;, f) through {&'(pa,g,g5,9)} Where go < gs. If dy < go do nothing otherwise
apply Lemma 3.4 to the py, p,, part to obtain a factorization through {€’(pp,n,, )} with by < ho.

This procedure slides strands to the space between the second and third strands labeled n and
therefore we need to apply Proposition 3.3 to the third strand labeled & again and repeat the
procedure described above.

Notice that applying Proposition 3.3 and Lemma 3.4 amounts of “sliding” locally some strands
to the right of a strand labeled n. This means that each time we apply each of these proce-
dures to a strand labeled n we decrease the number of strands on its left. We see that the
process terminates with the factorization of 1; through a family {€’(pm,myms, m)} with each
17 S Rn+1( (mlmgmg) (k 3)06n>

We now repeat the whole procedure to the fourth strand labeled n. Finiteness of the number of
strands on its left implies that application of Proposition 3.3 and Lemma 3.4 as above allows fac-
toring 1; through {€'(pn;nsnsn,, 1)} Proceeding recursively with the remaining strands labeled
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n we get that 1; factors through a family {€'(pe,e,05...¢;,, £) }eer, With each 1y in Ry, o(v(£y -+ - £y))
as claimed. U

3.3. Cyclotomic KLR-algebras. Fix a partition A with n + 1 parts for the rest of the paper and
let I* the two-sided ideal generated by a:i’zl for all sequences .

Definition 3.6. . The cyclotomic KLR algebra R, is the quotient of R, by the two-sided
ideal I*.

Differently from the standard convention in the literature we label cyclotomic KLR algebras by
partitions instead of integral dominant weights. This convention will be useful later. In terms of
diagrams we are taking the quotient of [7,,.; by the two-sided ideal generated by all the diagrams
of the form

)\ A]l\

g Jj2 J3 Jk
where the leftmost strand has );, dots on it. We always label the leftmost region of a diagram

with a partition \ to indicate it is in R +1- The following was proved in [29].

Lemma 3.7. The cyclotomic KLR algebra Ré +1 is Frobenius.

Projective modules over R} ; are defined the same way as for R,,,1, we write . P for eR)} ;.
We denote by R) ., -mod and by R, -pmod the categories of finitely generated graded R ;-
modules and finitely generated graded projective R, ;-modules respectively. The module cate-
gory structure in R, -mod was studied in [14, 29]. Here we only describe the necessary to
proceed through this paper. Let 2;: Ry ,(v) — R),,(v + o;) be the map obtained by adding
a vertical strand labeled 7 on the right of a diagram from R ;. The categorical s, 1-action on

R is obtained by the pair of biadjoint exact functors defined by

(16) F}=:  R).(v)-mod = R, (v + ;) -mod
E}=: R (v + a;)-mod fenor )= l) Ry, (v) -mod

The Khovanov-Lauda cyclotomic conjecture [15] was proved by Brundan and Kleshchev [3]
based on Ariki’s categorification theorem [1], i.e.

Theorem 3.8. There is an isomorphism of sl,, . 1-representations
A ~ 1/5n
KO (Rn+1) = V)\ 1 .

This isomorphism sends the isomorphism class of an indecomposable j,...;. P* to the weight
vector I} - -+ Fj 0.

In Subsection 5.4 we give an alternative, elementary proof using the categorical branching
rule. Theorem 3.8 was subsequently extended to affine type A by Brundan and Kleshchev [4]
and to all types by Kang and Kashiwara [14] and independently by Webster [29]. Webster also
proved that

gdim Hom gy (P, P') = ([P, [P']),
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where ( , ) is the g-Shapovalov form.

All the results in Subsection 3.2 descend to the cyclotomic setting. In particular they allow
a presentation of the category R, (v + ka,,)-pmod in terms of the collection of projectives
{¢/(piy., )P} that turns out to be useful later.

4. CATEGORICAL BRANCHING RULES

4.1. Categorical branching rules. We have a direct sum decomposition of algebras

n+1 (‘D Rn+1 (kaw),
k=0

where R}, (ka,) S R),, is the subalgebra generated by the diagrams in R}, containing
exactly £ strands labeled n. We also have

R, -mod = (P R;,,(ka,) -mod.

k=0

Clearly R}, ,(0) = R where py(\): ATt — A7 is the projection given in (3). We want to
identify each block of R}, ; -mod with the categorification of the sl,,-representations in (2) in the
sense that R, | (ka,,) -mod will give the s, irreducibles obtained by removing exactly k boxes
from the Young diagram for Vs[ -
We start by defining a special class of idempotents in R, ;.
Definition 4.1. The idempotent ¢/ (p;,...;,, j) € R, (v + ko) is said to be a special idempotent,
denoted by e(pi,...i,, §), if &, ...i,, is A-dominant.
The property of A-dominancy of &;,...;, implies that v/(¢y - - - 45 is in A”}.
In the following we give the maps between some cyclotomic KLLR algebras that are necessary
to obtain the categorical branching rule.

Lemma 4.2. For each k > 0 there is a surjection of algebras
Rn+1<kan> BLIN @ belk A)'
g’bllk €D§

Proof. We first prove that for each &;,..;, : A" — A" we have a surjection of algebras

Rn+1<kan) i weig, R%l’bk()‘)
In order to prove this it is enough to show that for each §;,...;, as above the subalgebra
Allzk = @ (pn ) )(Rn+1(kan—1))€(pi1'"ik7§>
r,s€Seq{a1,...,an }
projects onto RE” ix (O ). Let ﬁzlzk c A,,..;, be the subalgebra generated by all diagrams having
a representative given by diagrams consisting of k blocks of vertical strands on the left, where
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the n — 7, + 1 strands which belong to the 7-th block from the left are labeled 7,,%,. + 1,...,nin
that order as illustrated below,

A . [ I . R;}LH(O-O‘n)

11 n o iz n i n

Let zi% be its complement vector space. Let also /T;\IZ . be the quotient of ﬁ“zk by the two

sided ideal generated by all diagrams of the form

A e e | e e o . C]]
i1 no iz n ik n J1 Je
where ¢ = &,..;,(\). The algebras A}, and R ™ are isomorphic through the map that

adds Zfl (n — 7, + 1) vertical strands, labeled with the order determined from p;, ...;,, on the left

of a diagram from Ry *™.

We start with the case £ = 1 and use it to prove the general case by recursion. For this purpose
we compute

A
Xz(j7r]> =T
noj

ii+1
We have several cases to consider, j <t —1,j=1—1,7=7and7 < j <n.
For 7 <7 — 1 we have

Xty = M| | H
noj

i it1
which follow easily from relations (4) and (6).
For 7 =7 — 1 we have

A
Xi(l'—]_,’f’i_l) =
Ti—1

i i+ 1 n i—1
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A A
Ti—1 Ti—1
i i+ 1 n ¢—1 © i+ 1 ni—1
where we used relation (4). Sliding the newly created dot close to the original r;_; dots on the
first term and applying relation (4) to both terms we get
A : A i
(17) XZ(Z— 1,7"1‘,1) = & +
v 1+ 1 n i—1 i 141 ni—1

which consists of a term in A; and a term in A7
For 7 = ¢ we compute

A
: = A

Xi(iyr) =
i+l noi i+l nooi

where we used relation (8) followed by (4). Using (8) to slide the /5 dots to to upper part of the

first strand from the left gives

02 01+ K1
. A A
TR Sy
bi+la=r;—1 | £1 K1+Kra=l2—1 2
v i+ 1 n i

i i+ 1 noi
For \; = 1,0 we have X;(i,r;) = 0 for all r; > 0 and so it is enough to consider the case r; > 1

here. For r; > 1 the first term is in ﬁf and the second term is in ;Lf unless /1 = k; = 0. This

results in
|/
c/V / ~
' .-+ + termsin A}
\

Xi(ir) = [

17 - o~
@ A -+ 4 terms in A}

i i+ 1 n
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Finally for : < 7 < n we have

|/
. A A 1 |
j —~—
\
ii41 noj i =13 n o j
N |/
A A Sy
T \
~

i g1 noj i j-17 noj
The first term is in A;-. For the second we use the result of the case of i = j done above to obtain

Xi(jry) = A e | .-+ terms in AF

1 9+ 1 n j
Taking 7; = \; we see that X;(j, \;) consists of a sum of a term in RS™ with terms in At
which shows that R} | (a,) projects onto RE™. We call this projection 7;. The kernel of 7; is

the two-sided ideal generated by the elements in fwlf involved above. Proceeding recursively one
gets that m;,..;, 1s a surjection of algebras. The lemma now follows from the observation that
R (kay,) projects canonically onto @ Aj,...,. O

éllzk ED};
Summing over k£ in Lemma 4.2 we get the following.

Corollary 4.3. We have a surjection of algebras

Ry 2o @ R, g
i, €D
Fix ak > 1 and let
II) := exty: Ry, (kay,)-mod — P Jrai -mod,
£lllkEDi€\
Eir i, (N)
M — M®R2+1(kan) (C_Bfnlk Rt )
and res; : (Qr)gilwik REvie (/\)) -mod — R}, (ka,)-mod be respectively the functors of exten-

sion of scalars and restriction of scalars by the map 7 from Lemma 4.2.

Using the surjections 7, ...;, : R,AL 1 (koy,) — Ril A for each §;, .., , that are inherited from
the map 7, from Lemma 4.2, we call

) . : R, (kay)-mod — Ry % mod

B1tg " n+1
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and

AL ptiei (V)

A
res;,..;, : In -mod — R, (ko) -mod

the components of 113} and res;. Since they are constructed from extension functors the functors

Hjllk take projectives to projectives (contrary to res; as we will see later).

Lemma 4.4. The functor 11} is full and essentially surjective.

Proof. Fullness of I} is a consequence of the surjectivity of 7; and the definition of IT}. To
prove it is essentially surjective we note that this is true on projectives since every projective ; PP

in Ro) -pmod can be obtained as IT}) (e(piy.i,.) P) fOF ey, ;. P in R (kay,) -pmod.
The claim now follows from the fact that every object in these categories have a presentation by

projectives. U

Lemma 4.5. Each functor Hﬁl,,,ik intertwines the categorical sl,,-action.

Proof. It is clear that the projection map 7;,..i, : R, (kay) — Rat* ™ commutes with the
map ¢;: R}, (ka,) — R}, (ko) that adds a vertical strand labeled j € {1,...,n — 1} on the

right of a diagram from R}, (kcv,). This induces a natural isomorphism of functors

Iy i, ) —— F 0,
Now consider E and Efil'"’"“m. Recall that for a projective ; P in R}, | (ka,,) with i € Seq(3)

the projective £(; P) has a basis given by all diagrams starting in a sequence i'j € Seq(/3) for
fixed j and ending up in the sequence ¢ and that II;,..; (;P) has an analogous description. The

E]’\ and Efil“'i’“(A)Hil...ik now follows from comparison between the
VI, . (G P). O

isomorphism between 11, ...;,

vector spaces 11 EJA (;P) and Elezk

i1,
Using the lemmas above we have the following.

Proposition 4.6. Each functor 11} . descends to a surjection

(ARERS

KoIT,.. )t Ko(Ry (kan)) — Ko(R ™)

11T

of sl,,-representations.

Finally define the functor

(18) M= @M R, mod > @ Ry mod.

k=0 §i1~~ik€DA

Functor II1* is full, essentially surjective and intertwines the sl,,-action by Lemmas 4.4 and 4.5.
Combining Proposition 4.6 with Theorem 3.8 we have the main result of this section, which
follows easily by counting dimensions.
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Theorem 4.7. Functor I1* descends to an isomorphism of sl,,-representations

Ko(IP): Vi = Ko(R),,) —— K0< P Riﬁ“‘%(”); Ve,
peT(A)

fil.,.ikeD,\
Corollary 4.8. The functor I1* is injective on objects.

Proof. Tt suffices to prove injectivity on projectives. Suppose II* is injective on projectives and
there is an non-projective object L in R, -mod with II*(L) = 0. Since L has a presentation
by a projective-injective P in R, -mod, there is another object K in R, -mod such that
the (inclusion-projection) sequence L — P — K is exact. In particular K is not projective
otherwise the sequence would split and P would be the direct sum of a projective with a non-
projective. Since the functor II* is right-exact and take projectives to projectives we would
get an isomorphism I1*(K) =~ II*(P) forcing K to be projective by Lemma 4.4 which is a
contradiction.

From the results of Subsection 3.2 translated into the cyclotomic setting we see that it is enough
to prove that II* is injective on the collection of objects which can be expressed as direct sums
of projectives over R;_, of the form ¢/ (piy ., ) I We proceed by induction on the reverse order of
the lexicographic order on the p;,...;, s (this is induced by the lexicographic order on the k-tuples
(i1,...,ix) € Z¥ ). The base case (i1, ...,i) = (n,...,n) is clear, so we proceed to the general
case. The fact that H)\el(pilmik)P = () implies that

Hompx  -mod(e/(piy i) s e(pyy gy ) ) = 0

for all pj,...;, greater that p;,..; in the lexicographic order. By the induction hypothesis this
implies that

(19) HomR;\LJrl-mOd(el(pi1~»~ik)P7 € (Pmy -my, mP) =0

for all p,,...,, greater that p;,..;, in the lexicographic order, since all but the special projectives
in {e’(Pmlmmk ,m)P}pml“_m]c >piy.s, A€ ZETO. Since every object in RTALH is isomorphic to a direct
summand in @, _; ; P*{si,...i, 4}, this implies that

EndRﬁ‘Hl -mod(e/(pil-»»ik)P) - el(pil'“ik)R:\L—i-le/(pil“'ik)

is one-dimensional, for any diagram other than the one consisting only of vertical strands without
dots factors through elements in a sum of spaces of the form (19), as explained in Subsection 3.2.
In particular this implies that ./, , P is indecomposable which contradicts Theorem 4.7 for
otherwise KU(HA)(e/(pilmik)P) would be nonzero since Ko(el(Pi1~~~ik)P) is non-zero and K (IT*")
is an isomorphism. [

Lemma 4.4 and Corollary 4.8 altogether imply that the category P Ril’“ ™ _mod con-
éil g E'Dx

tains all the objects of R, | -mod.
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4.2. Categorical projection. Contrary to I1} the functor res; does not have such a nice behavior
on projectives. It takes a projective ;P in Ril s )—pmod to the R, (ka,)-module ;,...;, ;L
which is a quotient of the projective , ., ;P = i\ - nis - ino iy, my P over Ry (kay). To
make this more precise notice that p;,..;, defines k£ + 1 groups of strands in Piy-iy P, where
two strands correspond to the same group if they belong to the same p;, for some i; or if they
belong to 11 . Wej say the first type of group is special. Let il...ik;l-N C piyeiy ’?—'P be the supmodule
spanned by all diagrams containing either a dot on any of the strands belonging to a special group
or a crossing between any pair of strands belonging to the same special group. Then we have
i1~'~ik;1L = pilmik,jp/ir“ik;lN'

It is clear that the module ;,...;,.; L has a presentation by the span of the subset of the set of all
diagrams from ,, , ;P whose strands which do not belong to a special group satisfy the usual
KLR relations and where a strand belonging to a special group cannot intersect another strand

belonging to the same special group nor carry any dots. We can also regard a diagram in ;,...;,.; L

as the overlap of a diagram from ; P and a diagram consisting of Zle(n — i + 1) strands that
do not carry dots and end up at the left of all strands from ; P with labels determined by p;, ...;, .
Moreover, strands belonging to the same special group run parallel to each other but they can
intersect strands belonging to any other group, as in the example with p;,;, shown below.

i1 n 42 i2+1 n  J1 Jm

|

We have that 1T}, , (;,...i,;; L) is isomorphic to ;P if (¢1,...,0,) = (iy---i;) and is zero

A )\ . . . .
i1, resyy ;. 18 isomorphic to the iden-

,,,,,

R

tity functor of (‘Bg n -mod. We can think of the set of the composite functors
iy

)\ A . . .
{I1 res; . te .,€D, as a categorical version of a complete system of orthogonal idem-

(ST Ve SRR 78 S S

AikGD)\

potents. This is another way of seeing that R, -mod contains &P T, Ry '™ _mod.

The collection of diagrams described above can be given the structure of associative k-algebra
if we do not force the labels on the top to be ordered according to e(p;,..;, , j) (of course the la-
bels of the strands from the special groups have to end up in the order determined by Diyiy,)
and impose the relations inherited from the KLR relations (4)-(6). Denote this algebra by
R, (kou; piy.,, j) and define

Definition 4.9. R}, (ko piy..iy) = @, By (kw; piy iy, J)-

Each element of ]?22 +1(kou; pi,...i, ) can be thought of as an overlap of two diagrams, one from
R} (v(iy---iy)) for some v € A" (see Subsection 3.2 for the definition of v(i; - - - 1;)) and
another one from the k-algebra generated by KLR-diagrams consisting of Z§=1(n —is+ 1)
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strands belonging to special groups and satisfying the conditions above. At any intersection with
any horizontal line that do not pass through crossings or dots the labels of the strands from each
group are ordered in the order determined by the p;; they belong to.

Definition 4.10. We define the algebras R, , (ka,,) and R}, | by
Ry(kon) = @ Ry(kag;pi,)
§i1‘..ikeD§
and
ET);ﬁFl = @E;\Lﬂ(kan)-
k>0

We now describe 22} +1(ka,,) more intrinsically. The kernel K of the action of R}, ,(v) on

ir-i:; - contains all diagrams in ﬁé +1(kay,) that have either a dot on a strand belonging to a
special group or a crossing between strands belonging to the same special group. It is not hard
to see that this collection of diagrams exhaust K. Let J;,..;,.; = R} ;(ka,) be the two-sided
ideal generated by K and define the ideal .J;,..;, = >, ; Jil...ik;; where j runs over all sequences

of simple roots in A”. All the above adds up to the following.
Lemma 4.11. We have an isomorphism of algebras

R;\L+1<kan;pi1---ik) = R2+1<k&n>/Jlllk 0
Moreover, we also have the following.

Lemma 4.12. The module ;, ...;,; L is projective as a module over ﬁ;\LH (kay,).

Proof. We have that the element e(p;,...;,, j) is an idempotent in R +1(kay,) and the module
inving b = €Dy, J) Ry i1 (ko). U

Functor res), can be regarded as a functor from @Silmikel?ﬁ RfL v od to Ry (kay,) -mod

the latter category seen as the quotient of R}, (ka,,)-mod by Zﬁlk epp Jir-i,- This functor
takes projectives to projectives. With this in mind we see that the quotient functor
(20) Qr: R, (kay,)-mod — }Nfﬁﬂ(kozn) -mod
is isomorphic to the functor res; IT}. Moreover, the functor I1* descends to a functor
I Eﬁﬂ-mod — @ Ri"l"'ik(k) -mod
fil.,.ikeDA
which is full and essentially surjective by Lemma 4.4. It is also faithful by the definition of

the projections 7 . The categories R, ;-mod and D, .. e R ™ mod are therefore
i1

equivalent. Denote by

ﬁ;: éz-&-l(k‘&n) -mod — @ Rilllk (N -mod

g"l"kepi\
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and
~ i1y (A ~
Ies) P Ry ™ mod — R, (ka,) -mod
£i1“'ik€D£

the functors induced by II} and resk from Subsection 4.1. It is not hard to see that the com-
posite functors reskﬂ)‘ and Hkresk are isomorphic to the identity functors on R}, -mod and

iqwi
@)gzl LkE,DAR p )

n+1
-mod.

5. CATEGORIFYING THE GELFAND-TSETLIN BASIS

5.1. Recovering the categorical s[,, . -action. The crucial step in constructing a categorical
sl, 1 1-action on the categorified Gelfand-Tsetlin basis consists in recovering the categorical sl,, , |-
action on I1* (R}, ; -mod) from its categorical action on R, ; -mod. This amounts to understand
the interplay between the functors £, F2, II* and res;. For a module M in R}, -mod we want
to see how the functors £, I allow to move between the components I1;,...;, (M) of the differ-

ent categories R, S od.
A

Contrary to the case of H?le the functors resy ;.

Nevertheless we can define functors
griroy _eiT

7 1 2 7 iqt A
E;S F . Ry ’“()—modHRi‘“ N _mod

do not intertwine the categorical s[,,-action.

fory=1,...,n—1by
eriroy

Ej = HJ1 i E reS51 o
and
SENOY N N
}rj - H]l Jr F resle “ig

We start as on the non-categorified picture. We have the following.

, o e
Lemma 5.1. For j € {1,...,n — 1} the functors E;" e and F;" " are zero unless

. . . . P G- A
(11, ,1k) = (j1,--.,Jr)- In this case they coincide with the functors EE i) g Ff i)
inherit from the structure of categorical s\, ,1-module on R +1 -mod.

Proof. From Lemma 4.5 we have for j € {1,...,n — 1},
Ny A PO Eii-ar VA A
E] s - HJ1 “Jr E res&l ag Ej H]1 “Jr res§7;1~-ik :

The claim follows from the fact that the functor Hjlm o resé\ilmik is the identity functor acting on

Rffl”'i’“()\), if the sequences (i1, . ..,ix) and (ji, ..., j.) are equal, or the zero functor, if they are

different. The same reasoning proves the case of £, ™ . U
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Definition 5.2. Fori € {1,...,n — 1} we define the functors

11 Zk( ) I1 %( )
e @ v and BS- @ B

J
511 zkEDA 511 zkeDA

with the obvious source and target categories.

Let us now treat the case of the functors F* and E;. Each object ;,..;, ;L in &}, -pmod is
also an object in R ; -mod which is not projective in general. It is not hard to see that the
projective cover of ;,..;, ;L In R) ., -modis . e(piy.iy )L - The Lemmas 3.7 and 4.4 together with
Corollary 4.8 imply that every object in R, -pmod arises in this way. For an endofunctor
G acting on R, -pmod we define a functor G on ]%2 +1 -pmod as follows. For an object M
in EQH -pmod we define G(M) as QG(P(M)). Here P(M) is the projective cover of M in
R 41 -mod and ) = @y0Qy, is the quotient functor from Equation (20). The action of Gona

morphism f in Hom ., -pmo 4(M, M) is defined in an analogous way. This operations are well

defined, because the composite QG'P(QGP(M)) is isomorphic to QG'GP(M)) = é?é( M)
for each endofunctor G’ on R}, pmod For morphisms f, f’ we observe that P(QGP(f))

equals GP(f) yielding G(f'f) = G(f)G(f).

Lemma 5.3. The pair of ( bzadjomt) endofunctors { Eﬁ} take projectives to projectives and
define a categorical sly-action on Rn +1 -pmod.

This action extends canonically to a categorical action on éﬁ 41 -mod. We now use this result

to construct a sly-pair of functors {F$, £} acting on the category (P . €Dy G g
We first define the functors
LY EITO) e, (0 eir (A
E0 BT Rfﬂ v mod — Rffl N mod
by
ffllzj,: M) T TN~
E, = Hjl___jTFnres&lmik
and
S OV I PV
En - H]l Jr E res&l g
Both functors are zero if the sequences (i1, . .., ) and (ji, ..., j-) have the same length, since

this would mean that the source and target categories would correspond to weights of the form
v + ka, with v = viay + -+ + v,_10,,_1 With common £k (all diagrams in RQ +1 -pmod and
R +1 -pmod would contain the same number of strands labeled n) and both functors E) and F)

(and Eﬁ, ]}Tf) change the number of strands labeled n. Summing over all ¢; - - - ¢ and all k£ we
get the functors

F’,f, E’S @ R%llk \) -mod — @ R%llk \) -mod

€i1~-ik€'DA £i1"'ik€D/\
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given by
gLlr SReY!
F= B FE™ and ES:= @ EM
le zkEDX 511 zketDk
&j13r€DA &j13r€DA

Proposition 5.4. The functors F$ and ES take projectives to projectives and define a categorical

sly-action on
(—D Ril il )—mod.

fi ...i, €Dy
1 k

Proof. The first claim is a consequence of the definition of the functors { F), I EA} Biadjointness
is a consequence of biadjointness of the pair {Fn, E,} and the definition of {F$, ES}. Since

@D, €Dk res;\1 i 1'[A i, 1s the identity functor on R +1(kay,) -mod we have
i1l

o A A
FSES = @ 5 . F res€ Hz1 o FE 1res5 S
iqwvigs Ej1egrs §bq-tsy Emy-my €D
~ ST N S
~ @ I I E resgml oy
&iq-ig> Emy-my €D
and
Ené ~ TTA X TIA
EYF =~ (—D Iz B F, 1res£J1 0
fil"'ilw fjl...jT.E'D)\
and the claim follows. [l

Corollary 5.5. The functors {F’ f, Eﬁ}e{l,,.,’n} define a categorical s, 1-action on
@ Rffl"'i’“ » -mod . O
iq-i, €D

Corollary 5.6. With the action ES and F& as above the surjection Kq(I1*) in Proposition 4.6 is
a surjection of sl,, ;1-representations.

Proof. It is enough to show that the functor IT* intertwines the categorical sl,-action defined by
{F¢, ES}. For an object M in R}, -pmod we have

FEIIN (M) = TN N (M)
= QR P(r3&MINM))
= [ FA P (68 TN (M)
— [N P(53s TN (M),

The claim now follows from a comparison between the vector spaces P(te¢ I1*(M)) and M. O
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5.2. Classes of special indecomposables and the Gelfand-Tsetlin basis. Applying the pro-
cedure described in Section 4 recursively we end up with a direct sum of dy = dim(Vy [”“)
one-dimensional k-vector spaces. We now reverse this procedure.

Definition 5.7. For each Gelfand-Tsetlin pattern s € S(\) we define a functor

S i o) Bkt A
res’ := resyn res, ;- -res’” : k-mod — R, -mod.

Here each of the functors resiﬁ,l is the restriction functor corresponding to the surjection

. 17 Tt . . . . . .
T wi-1: Ry — R;_; asin Lemma 4.2 Whlch uniquely determines a sequence (i1, - - - iy, ) and
. . . J
therefore special idempotent p;, .., 1n R;‘ .
J J
To keep the notation simple from now on we use s to denote 41, - - i, ; 01, = “Thy} - -« 391, " "Lk »

we use 7, to denote the composite 7, ..;
€(pi11---ikl y Digy gy s v v 7pz'1n---ikn>~

All the above defines a special idempotent e(s) in R, where each Piy, iy, can be seen as
special idempotent in [2;. It is not hard to see that the functor res® takes the one-dimensional
k-module k to the module (4L which is a quotient of the projective R) . ,-module e(s)° by the
submodule ()N which we now describe. It is spanned by diagrams consisting of n sets of
strands where strands belonging to different groups satisfy the usual KLR relations while the i-th
set consists of strands labeled within {1, ..., 7} which are in turn grouped and are subject to the

Ty, in, Tig, iy, @Dd we write e(s) instead of

kn ko k1

same conditions as the special groups of strands given in Subsection 4.2 for Rﬁf g

Definition 5.8. The algebra ]éﬁ +1 is defined as the quotient

(21) Ry = @ Rp./ker(w,).
seS(A)

As in the case of the algebras 12} 2.1 of Subsection 4.2 each algebra R) ., ,/ker(m,) admit a
presentation by diagrams consisting of groups of strands labeled by the entries s(j) of the string
s which are subject to the rules given above for ) /V.

Lemma 5.9. We have Homéﬁﬂ cmodles) Ly e(snL) = 0if s # . O

Lemma 5.10. The module . ()L is projective indecomposable as a module over }v?f‘ . U

Denote by @/) Ry — fi 4 the prOJectlon map. The action of functors {F}*, E}}icq1, ) 0N
the collection of all the modules ., L in Rn .1 -mod inherited from the one on R, -mod does
not commute with the quotient functor g R}, | -mod — }VB;\L +1 -mod induced by zb. Nevertheless

we can try change the action of the F's and of the E's on Rn +1 -Inod aiming at the obtention of a
commutative diagram

F)\
R, -mod R, -mod
(22) l\i i\i
- FA B -
R}, | -mod — R}, -mod
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To prove this we define
Fj’\, EJ’\ RQH -mod — R,’;H -mod
as the composite functors
FA A TIA Ao T A ~ A TIA A 1A
FP = G—) resg, I, Firesy 115, E7 = @ resg, I, E7resy 115 .
S$1,82,S3€ S(}\) 51,82,S3€ S()\)
Lemma 5.11. Functors '} and E} are biadjoint and take projectives to projectives. The col-
; y j proj proj
lection of endofunctors {F}, E}}icq1, ) defines a categorical sl,, ;1-action on R}, -mod. The
functor V intertwines the categorical sl, . 1-action. O

Theorem 5.12. There is an isomorphism of sl,, 1 representations

~

KO(RQH) — ‘/,\5[n+1
taking the projective . (s L to the Gelfand-Tsetlin basis element | s ).

Proof. The surjection U of algebras induces a surjective map between the Grothendieck groups

~ ~

K0(¢)5 KO(R?IA*I) - KO(R?%FI)

~

intertwining the action of sl,,.; which is an isomorphism if Ko(R), ;) is not zero by Schur’s
lemma. To prove it is not zero we use the categorical branching rule to reduce the size of the
category R ., -pmod recursively until we get something with non-zero Kj. Choose a string
s € S(\). Each surjection 7., : R4 (ko) — Re

351 -ip
mn

from Lemma 4.2 induces a surjection

. ~ N .
Ty Ry (ko) — which in turn results in a map

- ~ szlz A
Ko(Fipi): Kol (ka)) — Ko(F5 )
which is surjective. Continuing recursively we end up with a chain of surjections
Ko(Ryy (kan)) — - — Ko(RY) = Ko(k) # 0

which implies that Ko(R, ) = Pr=o Ko(R),, (kay,)) is non-zero.
The second claim follows from the fact that every indecomposable in R ; -pmod splits under

¥ into a direct sum of indecomposables in Iéﬁ 41 -pmod, each one labeled by an element of
S(A), together with the fact that the number of projective indecomposables is the same in both
categories and the already established result that the map K(¢)) is an isomorphism. U

The results above allow us to give a presentation of the category R, -pmod in terms of the
Gelfand-Tsetlin basis using the idempotents e(s).

Proposition 5.13. Every object in R}, | -pmod is isomorphic to a direct summand of some
e(s)P{es}, for some s € S(\) and some shift <.
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Proof. Every object in }TZQ .1 -pmod is a quotient of an object in R),, -pmod. An inductive
argument, starting with the modules ;,...;,;; L of Subsection 4.2, shows that each object .(s)L in

R, -pmod has a projective cover in R}, , -mod which coincides with ,(,) P. The claim follows
from this observation together with the Lemmas 3.7, 4.4 and Corollary 4.8. [l

Theorem 5.14. The isomorphism Ko(R;.{) — Vy o+t of Theorem 3.8 sends the projective (5 P
to the Gelfand-Tsetlin basis element | s ). O

This basis is not orthogonal with respect to the g-Shapovalov form, but it can be use to redefin-
ing another bilinear form (| ) on V;"*' as

([P],[P']) := gdim Homéﬁﬂ cmod (P P

for P, P’ objects in R, , -pmod. Clearly we have (e(s)PresnP) = 0if s # .

n+1

5.3. A functorial realization of the Gelfand-Tsetlin basis. For each s € S(\) we also have
functors

I . I R

n+1

I1° :

-mod — k-mod,

I .= I - T T fi;\lﬂ -mod — k-mod

and

n

~ ~ A~ ~ ul S
o8’ := ros res” 188" 1 k-mod — R,

-mod
with the obvious definition of the categories ﬁ;ﬁ -mod.

Lemma 5.15. Functors I1° have orthogonal hom-spaces, in the sense that for an R)) . ,-module
M we have that Homeg, i -moa (II*(M), ¥ (M)) =0 if s # 5. O

Let GT (\) denote the category of functors
Fun: R}, -mod — k-mod

There are endofunctors acting on G7 () defined by

FITo(M):= @ TR & ¢(M)
r,s€S(ui—1)
and
BTo(M) = @ BT 6(M)
r,seS(pui—1)
for ¢ a functor R}, | -mod — k-mod, M an R}, ,-module andi = 1,...,n.

Lemma 5.16. Each pair of functors FigT, EZ-QT is biadjoint.

.....

action on GT (). O
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Conjecture 5.18. We have an isomorphism of s\, ,1-modules Ko(GT(\)) = Vi that takes
I1* to the Gelfand-Tsetlin basis element | s ).

5.4. The cyclotomic quotient conjecture revisited. We can now give an elementary proof of
the Khovanov-Lauda cyclotomic conjecture in Type A.

Theorem 5.19. We have an isomorphism of sl,,.1-modules
Ko(R),) = V3,
Proof. Recall that from Proposition 4.6 we have a surjection of sl,, , ;-representations

KO(H/\) . KO(R;;J,_l) _ @ KO(Rflqzk()\))
&iq-i, €EDA
and so, if we know that K ( fﬁ" (A)) ~ Vg[l"l (n)» We are done. The cyclotomic conjecture for
sl,,+1 follows from the cyclotomic conjecture for sly by recursion, which in turn is a consequence
of the fact that we have 1;,; = 0 in R), where 1;.; = 0 is the diagram consisting of i + 1
vertical parallel strands. U

6. CycLoToMIC KLR ALGEBRAS CATEGORIFY WEYL MODULES

6.1. The ¢-Schur categorification. In [23] a diagrammatic categorification of the g-Schur al-
gebra was constructed using a quotient of Khovanov and Lauda’s categorified quantum groups
from [17, 18]. Khovanov and Lauda’s categorified quantum sl,, consists of a 2-category U (sl,,)
defined from the following data. The objects are weights \ € Z"~!. The 1-morphisms are prod-
ucts of symbols N'FA (with X; = A\; + 1if j =i £ 1, \; = \j —2if j = 4, and \; = ),
otherwise) and N'E;A (with X} = \; — 1if j =i £ 1, \; = \; +2if j = 4, and X = A; other-
wise) with the convention that says that \' F;uvF; A and X' E;uv&;\ are zero unless p = v. The
2-morphism of U (sl,,) are given by planar diagrams in a strip generated by oriented arcs that can
intersect transversely and can be decorated with dots (closed oriented 1 manifolds are allowed).
This graphical calculus is a generalization of the KLR algebras to a calculus where the strands
can travel in all directions in the sense that it gives the KLR diagrammatics when we restrict
strands to travel only downwards. The boundary of each arc is decorated with a 1-morphism.
These 2-morphisms are subject to a set of relations which we do not give here (see [17, 23] for
details).

In [23] Khovanov and Lauda’s categorified quantum sl,, was upgraded to a categorification
U(gl,) of quantum gl, (taking Khovanov and Lauda’s diagrams and relations of U(sl,) with
gl,,-weights) and define the categorification of S, (n, d) as the quotient of 2/ (gl,,) by 2-morphisms
factoring through a weight not in A(n, d).

Definition 6.1. The category S(n,d) is the quotient of U(gl,,) by the ideal generated by all
2-morphisms containing a region with a label not in A(n, d).

The main result of [23] is that S(n, d) categorifies the g-Schur algebra from Subsection 2.2.
Theorem 6.2 ([23]). There is an isomorphism of Q(q)-algebras

v: S(n,d) —— Ko(Kar(S(n,d))).
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6.2. Categorical Weyl modules. Recall that
Wy = 1,8(n,d)/[pn > A]

where “>" is the lexicographic order, is an irreducible for S(n, d) and that all irreducibles can
be obtained this way. It was conjectured in [23] that it is easy to categorify the irreducible
representations W)y, for A € A*(n, d), using the category S(n, d).

Definition 6.3. For any A € A" (n,d) let 1,5(n,d) be the category whose objects are the 1-
morphisms in S(n,d) of the form 1,2 and whose morphisms are the 2-morphisms in S(n, d)
between such 1-morphisms. Note that 1,S(n, d) does not have a monoidal structure because two
1-morphisms 1,z and 1,y cannot be composed in general. Alternatively one can see 1,S(n, d)
as a graded ring whose elements are the morphisms.

Definition 6.4. Let )V, be the quotient of 1,S(n, d) by the ideal generated by all diagrams which
contain a region labeled by p > A.

There is a natural categorical action of S(n,d) (and therefore of U(sl,)) on V), defined by
putting a diagram in S(n,d) on the right-hand side of a diagram in V,. This action descends to
an action of S(n, d) = Ko (Kar S(n, d)) on Ko(Kar(Vy)). The map ~ from Theorem 6.2 induces

a well-defined linear map vy : Wy — Ko(Kar(),)) which intertwines the S(n, d)-actions. It was
proven in [23] that ) is surjective and it was conjectured that it is an isomorphism. Since W)
is irreducible, we have Ky(Kar(V,)) =~ V) or Ky(Kar(V,)) = 0. So it suffices to show that
Ky(Kar(Vy)) # 0.

From now on we regard R, ; as the category whose objects are sequences of simple roots and
morphisms are KLR diagrams. Let ) be the two-sided ideal generated by diagrams of R}, ,
containing a bubble of positive degree in its left-most region.

Definition 6.5. The category )VA is the quotient of V, by N,.

The ideal V), is virtually-nilpotent and therefore V, has the same Grothendieck group as V),
(see [23, Sec. 7]) where it was also explained that this quotient satisfies the cyclotomic condition
from Definition 3.6. In [23] the authors defined a functor from R;\L 41 to lv/,\ which is the identity
on objects and morphisms. Roughly speaking it just sends pictures to pictures where the strands
in the diagrams of R, are seen as secretely oriented downwards. This functor is clearly full
and essentially surjective and it was conjectured to be faithful. We denote this functor by ®,.
The main result of this section is the following.

Theorem 6.6. The functor @, is faithful and therefore an equivalence of categories.

Proof. We can decorate the regions of the diagrams of R, with gl, ,,-weights, starting with a
A in the leftmost region and subtracting €; — ;4 any time we cross a strand labeled j. In other
words, if the region on the left of strand labeled j is decorated with the weight ), then the label
of its right neighboring region is \' —&; + €51 = (A, ..., \; = LA + 1,0\ ).

We first prove that, if X € R}, ,(3) contains a region labeled by p ¢ A%+1, then X = 0. It
is enough to assume that p is the label of its rightmost region. Moreover, we can assume that
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tnt1 < 0. For suppose p1; < 0 and p; > 0 for ¢ > k. Then we can use the decomposition
in (18) and the fact that IT* is injective on objects to obtain an array of diagrams, each one in
a distinct Ril’“ (/\), but all having the weight (1, . .., ;) in its rightmost region. A recursive
application of this procedure yields therefore an array of diagrams in a direct sum of cyclotomic
KLR algebras @CRJg, all of them with the rightmost region decorated with (y1, ..., 1;). We can
assume further that X is of the form 1, for some sequence r of simple roots.

Assume that one of the components 161 (%) 1, is non-zero. Then we have a non-zero diagram

in R}, connecting the special idempotent e(p;,...;,, ') to 1., as in

T1 n 7|8

i

i1 n
Recall that the strands ending in p;, ...;, in the bottom do not cross each other nor carry any dots.
All strands labeled n must end at the bottom among the ones corresponding to p;,...;,. We label
fi the region close to the bottom of 1, and immediately at the right of the last strand labeled n,
counted from the left.

Let |a,,—1|p and || be the number of strands labeled n — 1 and n in R}, (3) respectively.
Since p, < 0 we must have |a,_1|g < |a,|g which means that /i, < p, < 0. This implies
that e(ps, 7’) is not a special idempotent, which is a contradiction. This forces the component
[T M1, to be the zero diagram. The reasoning above applies to all components IT%: M1,
and altogether, it implies that [1*1, = 0. Since II* is injective, we conclude that 1, = 0 in

R2+1(ﬂ>- O

Corollary 6.7. We have an isomorphism of S (n, d) representations
Ky(Kar(Vy)) = W,.

Acknowledgements. The author thanks Daniel Tubbenhauer for numerous helpful comments
and suggestions.
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