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Abstract—Neural networks (NNs) with random weights appear in a
variety of machine learning applications, perhaps most prominently as
initialization of many deep learning algorithms. We take one step closer to
their theoretical foundation by addressing the following data separation
problem: Under what conditions can a random NN make two classes
X−,X+ ⊂ Rd (with positive distance) linearly separable? We show
that a two-layer ReLU-network with standard Gaussian weights and
uniformly distributed biases can solve this problem with high probability.
Crucially, the number of required neurons is explicitly linked to geometric
properties of the underlying sets X− and X+. This instance-specific
viewpoint allows us to overcome the usual curse of dimensionality
(exponential width of the layers) in non-pathological situations where
the data carries low-complexity structure. The key ingredient to make
this intuition precise is a geometric notion of complexity (based on the
Gaussian mean width), which leads to sound and informative separation
guarantees. On a technical level, our proof strategy departs from the
standard statistical learning approach, and instead relies on tools from
convex geometry and high-dimensional probability. Besides the mathe-
matical results, we also discuss several connections to machine learning,
such as memorization, generalization, and adversarial robustness.

The following is a very condensed overview of our recent findings
in [1]. For more details, possible refinements, related literature, and
proofs, we refer to this article.

I. INTRODUCTION

We are concerned with the following fundamental problem on class
separability via random NNs:

Problem 1. Consider two bounded sets X−,X+ ⊂ Rd that are
δ-separated, i.e., ‖x+ − x−‖2 ≥ δ for all x+ ∈ X+ and x− ∈ X−.
Let F : Rd → Rn̂ represent a (multi-layer) feedforward NN with
random weights, where the size of F may depend on X− and X+.

Under what conditions does F make the classes X− and X+

linearly separable with high probability? Is there a lower
bound for the induced margin?

Formally, this means that there exists a hyperplane H[u, τ ] := {z ∈
Rn̂ | 〈u,z〉 + τ = 0} with ‖u‖2 = 1 and τ ∈ R that separates
F (X−) and F (X+) with a certain margin µ > 0:

〈u, F (x−)〉+ τ ≤ −µ for all x− ∈ X−,
〈u, F (x+)〉+ τ ≥ +µ for all x+ ∈ X+.

As such, Problem 1 states a purely geometric question on the
separation capacity of random NNs (see Fig. 1 for an illustration),
but it has also immediate consequences for associated learning tasks
(e.g., see [2, Thm. 15.4], [3], [4]). We will address Problem 1 for
random NNs with the following type of layers:

Definition 2. We call Φ : Rnin → Rnout a random ReLU-layer with
maximal bias λ ≥ 0 if Φ(x) =

√
2
nout
· ReLU(Wx + b), where

the weight matrix W ∈ Rnout×nin has independent standard Gaussian
entries and the bias vector b is uniformly distributed on [−λ, λ]nout ;
as the naming suggests, the element-wise activation function is the
rectified linear unit (ReLU), i.e., ReLU(s) := max{0, s} for s ∈ R.

II. MAIN RESULTS

Before stating a formal solution to Problem 1, we need to introduce
two geometric parameters: The covering number of a bounded subset
X ⊂ Rd at scale r > 0 is given by

N (X , r) := min
{
N | ∃c1, . . . , cN ∈ Rd : X ⊂

⋃
j∈[N ]

Bd(cj , r)
}
,

i.e., the smallest number of Euclidean balls of radius r required to
cover X ; here Bd(cj , r) := {x ∈ Rd | ‖x − cj‖2 ≤ r}. Moreover,
the (Gaussian) mean width of X is defined as

w(X ) := Eg

[
sup
x∈X
〈g,x〉

]
,

where g ∼ N(0, Id) denotes a standard Gaussian random vector.
Both N (X , r) and w(X ) are natural complexity measures, which are
well-established in convex geometry, high-dimensional probability,
and signal processing, e.g., see [5], [6], [7], [8].

Theorem 3. There exist absolute constants c, c′, C > 0 such that
the following holds. For R ≥ 1, let X−,X+ ⊂ Bd(0, R) be two
δ-separated sets and let λ ≥ eδ be such that λ & R

√
log(λ/δ).

We set N− := N (X−, cδ2/λ), N+ := N (X+, cδ2/λ), and D :=
w2(X−) + w2(X+). Assume that Φ : Rd → Rn and Φ̂ : Rn → Rn̂
are two (independent) random ReLU-layers with maximal biases
λ, λ̂ ≥ 0, respectively, such that

n & d+
(
λ
δ

)8 · (λ−2 · D + log(2N−N+/η)
)

(1)

and

λ̂ &
(
λ
δ

)4 · (λ√D + λ2),
n̂ &

(
λ̂
λ2

)
· exp

(
C ·
(
D + λ2) · (λ

δ

)8 · log(λ/δ)
)
· log(N−/η).

(2)

Then, given the two-layer random neural network F := Φ̂(Φ(·)),
with probability at least 1− η, the sets F (X−), F (X+) ⊂ Bn̂(0, λ̂)
are linearly separable with margin

c′ ·
(
λ4

λ̂

)
· exp

(
−C ·

(
D + λ2) · (λ

δ

)8 · log(λ/δ)
)
.

The most important feature of the above result are the conditions
(1) and (2), which determine the required widths of the two random
layers in F . While the condition on the width of the first layer is rather
mild, condition (2) involves an exponential factor. However, this term
is actually governed by the complexity parameter D, which can be
substantially smaller than the ambient dimension d for structured data
sets. Typical examples are data residing on a low-dimensional manifold
or finite point clouds (implying a memorization task). Consequently,
the curse of dimensionality can be overcome in such cases. On a larger
scale, Theorem 3 presents an instance-specific solution to Problem 1,
which relates the network size explicitly to the geometric complexity
of the underlying classes X− and X+.

Further refinements—taking into account the mutual arrangement
between X− and X+—are also possible and can be found in [1].
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Fig. 1. Illustration of Problem 1. Can a random NN F : Rd → Rn̂
“disentangle” the two sets X−,X+ ⊂ Rd such that they become linearly
separable in the feature space Rn̂ with a positive margin µ? Except for
being δ-separated and bounded, X− and X+ may have an arbitrary decision
boundary, possibly with multiple connected components.
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