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Abstract: Motivated by examples from extreme value theory, but without using the theory of regularly varying
time series or any assumptions about the marginal distribution, we introduce the general notion of a cluster
process as a limiting point process of returns of a certain event in a time series. We explore general invariance
properties of cluster processes that are implied by stationarity of the underlying time series. Of particular
interest in applications are the cluster size distributions, and we derive general properties and interconnec-
tions between the size of an inspected and a typical cluster. While the extremal index commonly used in
extreme value theory is often interpreted as the inverse of a “mean cluster size”, we point out that this only
holds true for the expected value of the typical cluster size, caused by an effect very similar to the inspection
paradox in renewal theory.
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1 Introduction

1.1 Motivation

When one looks at a series of sequential random observations, the interest is sometimes restricted to keeping
track of the times at which a particular outcome is observed in contrast to those at which it does not happen.
This means that for a stochastic process (X;);cz on a generic probability space (2, A, P) such that
X 1 (R, A) — (S, S) for some measurable space (S, S), one fixes a setU € S and looks at the resulting process
()tez with:

I = lixey, tEZ. @

The process (I;):cz is then a binary time series (see, e.g., [14,15]), but could equally well be interpreted as a
point process, i.e., a random measure of the form:

N: (@A)~ (N2 BNY)) and N() = Y Sylyw-1 ()]

tez
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where (X, B(N3)) denotes the space of all simple counting measures on Z with its Borel g-algebra (see [8],
Chapter 7). Note that each element N of N/ 7 is uniquely determined by its support, i.e., the occurrence times of
the event U, and so N(w) in (2) is uniquely determined by the random set:

C(w) = C(I(w))ez) = {t € Z : I(w) = 1}. ©)

Special cases of (S,S) and U in (1) are given by (R, 8(R)) and U = (u,©) or (R% B(R%) and
U={xeR?: x| > u} for some u > 0 and some norm ||-|| (see Figure 1 for an example).

The resulting so-called exceedance process (I;).cz plays an important role in extreme value theory and its
applications (see [11,12,19]). There, one would typically analyze a stationary time series (X;);cz and look, in the
univariate case, at the family of stationary exceedance processes given by:

Itn = ]I{Xpu,[}, tez, 4)

for n € N, where u,, is a sequence chosen in a way such that P(Xy > u,) > 0 but P(X, > u,) » 0 asn — o, orin
other words for u, t F,};(l) = inf{x € R : P(Xj < x) = 1} (with the convention inf@ = ). This approach can
easily be generalized to multivariate time series (X;)cz by looking at the processes I = lyx,j>u, for some
norm ||-|| instead, but for the remainder of this introduction, we will restrict attention to the univariate case for
ease of notation.

The resulting sequence of binary processes (I');cz (or, equivalently the corresponding point processes
from (2) or their supports from (3)) indicates the times at which events happen which become more and more
extreme and therefore increasingly unlikely. Consequentially, the finite-dimensional distributions of the
processes (I/)¢ez in (4) converge to those of a degenerate process consisting of only zeros.

By conditioning on the event {Ij = 1} as n — =, i.e,, by looking at the conditional distribution:

L(IMezlly = 1), Q)

we can avoid such a degenerate process and instead describe the limiting temporal structure that we see in
rare events, given that such a rare event is observed at time ¢t = 0. The analysis of the resulting extremal
clusters is one of the main aspects of extreme value theory for time series, starting with [12,18] and leading to
more recent results like, e.g., [2,4,5,9,13,22]. Under additional assumptions, the object of interest may, in fact, be
not only the occurrence times of extremal events but their magnitude as well and it is possible to characterize
the limiting process after a suitable, usually linear, transformation, which means finding the weak limits of

s [Xt - a(un) Xo > Uy
b(un) tez
° Xy
u (]
O O
O o )
(1) L L L L L L L
—4 -3 -2 -1 0 1 2 3 4 ¢
I
JF
[ J [ 2
—4 -3 —2 —1 0 1 2 3 4 ¢

Figure 1: Above: A stretch of a realization of a time series (X;);ez with solid dots indicating the observations in the setU = (u, «) (shaded
area) and empty dots for the remaining non-exceedances. Below: The same stretch of the corresponding realization of the time series
(I)tez - In this case, the set C contains -1, 0, and 2.
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for suitably chosen a : (-, Fy!(1)) » R and b : (-, F5!(1)) = (0, ®) as u, T Fx.(1). A typical form of such
additional assumptions would be the framework of stationary regularly varying time series (X;).cz (see [16]
for a general introduction), where we restrict our attention here to a univariate, non-negative time series
(Xt)tez. We call such a time series regularly varying if the marginal distribution of X; has a univariate
regularly varying tail with some index a > 0, i.e,,

P(Xy > A
lim 20> A0 _

A4, forall A >0,
x-o P(Xg > X)

and there exists a non-degenerate process, the so-called tail process, (¥;).cz (see [4]), such that

X
L[—‘

w
] = -E((Yt)tE{—m, ‘..,n}), (6)
u te{-m,...,n}

Xo>Uu

w
for all m,n € N asu — o, where = stands for convergence in distribution. Key properties of the tail process
are that

PYp>x)=1-x% x21, and Y isindependentof (¥/Yp)icz- @)

Furthermore, the stationarity of (X;);cz influences the structure of the tail process (¥;);cz, leading to the
so-called time change formula:

E(f((sYi-Dtez) sy 1) = S“E(f (Yiez)iyssp), ®

which holds for all s > 0,1 € Z and all bounded, measurable functions f: RZ — R (see [4, Theorem 3.1] and
also [16, Theorem 5.3.1]). Thus, for a non-negative, stationary regularly varying time series (X;);ez with tail
process (Y;)iez, setting Ii' = lyx>,,; for a sequence u, — « implies the existence of a limiting process
(I)tez = (Iyy>1)iez such that

w
-E((Izn)te{—u, .,.,v}ll(;l = 1) = L((It)te{—u, ...,v}),

as (7) implies that 1 is a continuity point for each £(Y;), t € Z. Furthermore, for any A C Z with 0 € 4,
choosing s = 1,

1, if y, >1forall t € A,
f((yt dez) = 0

, else,

andi € A in (8) gives
P(,-;=1forall t € A) = P(I; =1, forall t € A). C)]

We will see in the following that an equality of the form (9) holds, in fact, under much more general assumptions.

1.2 Assumptions and overview

The aim of this note is to take a step back from typical frameworks in extreme value theory which impose
certain assumptions about the marginal distribution of a time series and its standardized exceedances and
find similar but much more general invariance properties of what we will call cluster processes. While it might
be helpful to keep in mind the results from extreme value theory mentioned in the previous paragraph and in
particular the exceedance processes of the form (4) as a typical example of such a cluster process, we will
derive invariance properties of the limiting distribution of (5) under minimal requirements, making use only of
the stationarity of the underlying binary processes (I/")nen and their conditional convergence, as formalized in
the following assumption. We write N = {1, 2, ...} and Ny =N U {0}.

Assumption 1. Let (I;);ez be a stochastic process such that there exists a family (I');ez, n € N, of {0, 1}-valued
stationary stochastic processes such that P(IJ' = 1) > 0 for alln € N and
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w
L{Deeu,..lls =D = LDeerw,... ), =,

for allu,v €N.

Observe that Assumption 1 immediately implies that I = 1 almost surely. It should also be noted that the

process (I;)tez is, in general, not stationary. While Assumption 1 allows for L((I/")icz) 5 L((;)tez) for some
stationary process (J,)iez with P(J, = 1) > 0, the setting in which P(Ij = 1) - 0 would typically lead to more
interesting results as otherwise Theorem 2.1 is a rather trivial statement and the cluster sizes treated in
Sections 3 and 4 are almost surely infinite.

The process (I;);cz can be interpreted as indicating the times at which (in the limit) an event returns, given
that we observe it at time t = 0. If P(I = 1) - 0 for n — o, then an underlying dependence structure in each
process (I');ez can, via conditioning on {Ij = 1}, prevent the process (I;);cz from being equal to (Ij=g})iez.
Typically, it would be an underlying factor causing the process (I;);ez to take the value 1 exactly at timet = 0
but possibly also within a certain time span before and after t = 0. However, if we assume that the impact of
such an effect fades out as time passes, it is often reasonable to assume that

P[lim[t = 0] =p

too

tlim I = 0] =1, (10)
i.e, that each such episode is almost surely of finite length. Even though we will not assume a priori that (10)
holds, it motivates us to speak of a cluster of observations, for which we only keep track of the times at which
we see an observation belonging to this cluster. Therefore, we will name the process (I;);cz the cluster process
and the random set C(w) = {t € Z : I,(w) = 1} the cluster.

In the following section, we will derive invariance principles for the process (I;);cz. The results are related
to the phenomenon expressed in the time change formula (8) and in (9) but hold under Assumption 1 only.
Next, we will use these principles to characterize the distribution of cluster sizes. To this end, we will introduce
the two quantities of the size of an inspected cluster and the size of a typical cluster (see also [22]) in Sections 3
and 4, respectively, and explore how they are related. Next, we interpret the results in the framework of
extreme value theory, explain the relationship to the notion of the extremal index, and derive an inequality
between expected values of inspected and typical cluster sizes which is similar to the inspection paradox in
renewal theory. In the final section, two simple examples illustrate our results.

2 Invariance principle for the cluster process
The following invariance principle for (I;);ez follows from the stationarity of the underlying processes (I)tez.

Theorem 2.1. (Time change formula for (%;);ez) Let (I;);ez be as in Assumption1and let A C Z with0 € A. Then,
P(l;=1for all t € A) = P(I-o = 1for all t € A) for all a € A.

Proof. Assume first that |A| < o, where |A| denotes the cardinality of the set A. Let a € A. Then,
P(I;=1forall t € A) and P(;_, =1 forall ¢t € A) are determined by the finite-dimensional distributions
of the random vectors (I;);es and (Li-q)cca, respectively. We thus obtain from Assumption 1 and from
0, a € A that

P(I' =1 forall t € A)

P(I; =1 forall t € A) =lim

n-c P(I} =1

. PIt=1foral te Al =11=1)
= lim - .

n—e P} =1)

By stationarity of all (I');ez and since 0, a € A, the right-hand side equals
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I PUIl,=1forall t€ A TN =117 =1) I P(l,=1forall te A Iy =1)
m = lim
e PIT=1) s PUT =1)

=P(l;-, =1 forall t € A),

which proves the statement in case |[A| < . For general A C Z anda € A, set A, = A N [-max(n, |a|), max(n, |a|)]
for which |A,| < o, A, T Aasn — o, and a € A, for all n € N, so that
P(I;=1forall t€ A)=1limP(I; =1 forall t € 4,)

n—o

=limP(l;-, =1 forall t € A,) = P(I;-, =1 forall t € A),

n-o

from the previous case and by continuity from above. O

In terms of the random set C in (3), the conclusion of Theorem 2.1 can be written as P(A C C) =
P(A-acC)forAC Z suchthat0, a € A. This equality foreshadows the following corollary, which is helpful
for proving more refined statements about the times ¢ at which the event {I; = 1} is observed, as will be needed
in the next section.

Corollary 2.2. Let (I;);ez be as in Assumption 1 with C(w) = {t € Z : I(w) = 1}.
(@) Let A C Z with0 € A. Then,

P(C=A)=P(C=A-a), foral a€A,

where A-a={t€Z :.a+tE€A}
(b) Let ACZ withO € Aand lett;, t, € Z witht; < 0 < t,. Then,

PCNn[ttl=ANn[gt])=P(CNn[h-at,-al=A-a)N[4t-at-al),

foralla € AN [t t).

Proof. We start by showing (b). Let t;, , € Z be such thatt; < 0 < t, and let a € A N [t ;]. By the inclusion-
exclusion principle and by applying Theorem 2.1 in the third step, we find

P(CN [t ) =AN[t,t])=PJ =1forall t€ANI[t,t],1=0foral t € {f, ..,6}\A),

= > (-D¥Pp(L, =1 forall t € (AN [t t]) UK)
KCity, ..., t\A

= Y  (-D¥P(_, =1 forall t € (AN [t t]) UK)
KCity,..., }\A

=P(;=1forallteA-a)N[t-at,-al,l;=0forall t€{t, - a, ...t - a}\(A

_a)))
=P(CN[h-at-al=A-a)N[t-at-al).

Part (a) follows from part (b) by letting t; - —, t, — o and using continuity from above. O

Remark 2.3. Invariance properties similar to Theorem 2.1 are frequent topics in the theory of point processes
and appear in different forms. One can show that Theorem 2.1 implies that the process (I;).cz is point-
stationary in the sense of [23], Chapter 9, and [17]. However, note that our Theorem 2.1 derives its invariance
property for a limiting process derived from a sequence of stationary point processes, in contrast to the
aforementioned connections between different forms of stationarity for one underlying process. It is, further-
more, easy to show that, even if we have not used an assumption about the regular variation of the underlying
time series (X;)cz in the first place, the process (%) = (YI;);cz for some Y with P(Y>x) =1-x"%x 21,
independent of (I;);ez, is a valid tail process of a regularly varying time series (see [13]). This allows to apply,
in particular, the results of [22] to our setting. The concept of “exceedance stationarity” introduced there
describes the same invariance property that we see in (I;);cz if one restricts attention to the special case of a
tail process of the form (YL);cz.
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In the following sections, we derive some further properties of (I;);cz from Theorem 2.1.

3 Inspected cluster size distribution

Without further knowledge of the processes (I/");ez, it is impossible to give more details on the particular form
of the cluster process (I;);cz beyond the invariance principle from the previous section. Yet, as we will see in
this section, it is possible to derive more general statements about summary statistics derived from (I;);cz.
Based on the interpretation of (I;);cz as a cluster of events, the size of such a cluster would typically be of
interest. Here, we should pay attention to the fact that (f;);ez describes a cluster from which we know that it
includes the arbitrarily chosen but fixed view point ¢t = 0, and so it makes sense to speak more precisely of an
inspected cluster. To measure the size of an inspected cluster, we introduce the quantity
Si(w) = [C@)| = Y L €N U {=}, 1)
tez

which we call the inspected cluster size. Note that for the exceedance process as introduced in (4), several
rather mild dependence conditions on the process (X;);cz lead to P(S' < ) = 1 (see [12]), but we do not rule
out the case P(S = ») > 0 a priori.

Furthermore, given the reference point ¢t = 0, it may be of interest to keep track of how many instances of
a cluster happen before and after this reference point, so we introduce

Siw)= YL €Ny U {=}, Siw)= )L, €Ny U {o}, 12)
t=1 t=1
noting that
Si(w) = Si(w) + 1 + S(w). 13)

We start by showing that the joint distribution of (S, S¥) (and thereby also the distribution of S is already
determined by the distribution of S! or S, respectively.
Proposition 3.1. Let (I);cz be as in Assumption 1 and S, S!, and S! as defined in (11)-(12). Then,
P(Si2k,Si26)=PSl2k+¢)=P@Si2k+¢), k¢€EN,. (14

Proof. Let

inf{n €Ny : |C(w) N [0,n]] 21+ 1}, foriz0
T = infin € Ny : |C(w) N [-n, 0]| = |i| + 1}, fori<0

with Ti(w) € Z U {~w, o} denote the time at which the |i|-th 1 is observed in (;);cz before (if i < 0) or after (if
i > 0) time t = 0, where inf@ = +o by convention; note that T = 0, since 0 € C. Using Corollary 2.2(b) in the
third step, we can thus write

P(SIzk,S!2¢)= > P(T=1¢,i=0,..k andT;=;,j = 0, ..,0)

t;<..<tg=0=tg<..<ty

= > P(C N [t;, ] = {t;, ..,0, ... 55D
t;<..<tg=0=tg<..<ty

= Y PCN[0, 6 = t;] =10, .., —t), nti = 7))
t;<..<tg=0=ty<..<ty

= > P(CN 0,85, ={0, .85, osSived)
0=87<...<S<...<Spsp

= > P(Ti=s',i=0,..,k+ 86 =P 2k+¢).

0=57< ... <SF< .. <Sprp

Showing that P(S! = k, S! 2 ¢) = P(S! = k + ¢) can be done analogously as above or simply by noting that if
(It)cez satisfies Assumption 1, then so does (I;)icz. O
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Proposition 3.1 has a few direct implications for the joint distribution of (S, SY).
Theorem 3.2. Let the assumptions of Proposition 3.1 hold.
(@) The law of (S, S) is symmetric and for all k, ¢ € Ny, we have
P(Si=k,S!>¢)=P(Sl=k+¢), 15)
P(Si=k,Si=¢)=P(Sl=k+¢)-PSl=k+¢+1), (16)

where the variable S! on the right-hand side can represent both S! and S..
(b) The common probability mass function of S! and S! is nonincreasing on Ny:

P(Si=k)=2P(Sl=k+1), keN,. 17

Proof. (a) Equation (14) readily implies that P(S! > k, S! > ¢) = P(S! > ¢, 8! > k) for all k, ¢ € Ny. As a conse-
quence, the law of (8., S!) is symmetric, and in particular, S! and S! have the same distribution, so the
distribution of the random variable Sti is well defined. Now, for all k, ¢ € Ny, we have, by (14), replacing
“${” by “SI” on the right-hand side,

P(Si=k,S!26)=P(Si>2k, S 2¢)-PSi2k+1,82¢)
=PSi2k+¢)-PSi>2k+¢+1)=PSl=k+¢),

which proves (15) and further implies

P(Si=k,Si=0)=P(Si=k,Si2¢6)-PSi=k S 2¢+1)
=PSi=k+¢)-P(Sl=k+¢+1),

which proves (16).
(b) Setting ¢ = 0 in (16) yields

0<P(Si=k, S =0)=P(Si=k) - P(Si=k+1),

for all k € Ny and thus the monotonicity of the probability mass function of S.. O

The final result of this section allows us to conveniently derive the distribution of S! from that of S¢ and
vice versa.

Theorem 3.3. Let the assumptions of Proposition 3.1 hold.
(a) For all k € N, we have

P(S'=k) = k-[P(S!=k-1) - P(S! = k). (18)
(b) For all k € N with P(S' = k) > 0, we have

. . 1
PSi=els'=k) =, £=0..k-1 (19)

(c) If P(St = ») > 0, then
P(S! = oSt = w) =1, (20)

Proof. (a) Let k € N and use identity (16) to find



8 —— AnjaJanBen and Johan Segers DE GRUYTER

k-1 k-1
P(S'=k)= ) P(St=j,S!=k~-j-1)= Y [P(SL=k~1) - P(Si= k)]
Jj=0 j=0

=k-[P(S!=k-1) - P(S = k)].

(b) Letk € Nwith P(S'= k) > 0and ¢ € {0, ...,k — 1}. Then, by making use of identity (16) and (a), we have

P(Si=¢,S'=k) PSi=¢S=k-¢-1)
P(St = k) P(St = k)
P(S{=k-1D-PSl=k) 1

TkPSI=k-1)-PSi=k)] k

P(Si=¢|St=k)=

(c) Assume that P(S' = ) > 0. Then, for all ¢ € Ny, we have
P(Sl=¢,8=0)=limP(S! = ¢,5 > k) =limP(S!=¢,S! > k- ¢ - 1)
k—o k—o

=lim P(S! = k - 1),
k— o
where in the last step (15) was used. Summability of the probability mass function implies that
limyP(S! = k - 1) = 0, and thus, P(S! = ¢, S' = ) = 0 for all £ € Ny, which leads to the desired result. [J

Taken together, we see that the size of an inspected cluster and the number of observations before and
after the inspection point t = 0 can be modeled as a two-step procedure: first, the inspected cluster size is
determined according to the distribution of S. Second, the number of observations before and after the
inspection point is either both infinite or determined according to a uniformly distributed random split of
the inspected cluster size.

4 Typical cluster size distribution and the extremal index

Given our definition of the cluster process in Assumption 1, it is natural to proceed as in the previous section
and analyze the inspected cluster size. It should, however, be noted that the resulting quantities and their
distributions may not correspond to the understanding of a cluster as desired in applications, as the con-
ditioning on {Ij = 1} in Assumption 1 induces a size-bias similar to the inspection paradox (see [10, Chapter 1.4],
and [22]) for the size-bias observed in tail processes of regularly varying time series. To illustrate this point,
think again of the exceedance processes of (4) and assume that X; stands for water level at a site protected by a
dike. If the water level is extremely high for several days in a row, the dike will be weakened by pressure and
moisture and may break. Thus, to construct a safe dike, it would be important to know how long, on average,
an extremal episode of high water levels lasts. From knowledge of the distribution of the inspected cluster size
St one could now be tempted to use

E(S") = E(S) + 1+ E(SY) =1 + 2E(S)), (21)

as the relevant quantity. It has to be noted, however, that this is the expected value of the overall length of an
inspected cluster, i.e., one that we observe at a random time during an extremal episode and thus typically
already after some extremal events have happened previous to the inspection. This random choice of inspec-
tion time induces a bias toward longer clusters, similar to the inspection or waiting-time paradox, where the
size of an inspected epoch of a renewal process stochastically dominates the size of a typical epoch (see [1]).

To avoid this bias and instead make sure that we look at a typical epoch inspected at a fixed point relative
to the cluster, the most straightforward way to do so is to make sure that we inspect the extremal cluster at the
beginning, i.e., at a time at which S = 0. The idea behind this bias-correction is similar to the concept of
anchoring maps, as introduced in [3]. It leads us to introducing the typical cluster size distribution given by:

L(S) = £(S]S! = 0), (22)
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if P(S.i = 0) > 0 (otherwise, it is not defined) (see also [22] for more on the notion of a typical cluster in the
context of regularly varying time series). It is worth mentioning that Theorem 3.3 implies that the distribution
of St is defined if and only if P(S? < ») > 0 and that in this case, P(S! < ) = 1. Furthermore, by Theorem 3.2(a),
we could have equally well conditioned on {Sf = 0} in (22), i.e., on making our observation at the end of a
cluster instead of at the beginning, leading to the same distribution of the typical cluster.

Again for the special case of the exceedance processes in (4) and under mild assumptions on (X;);cz, the
probability of the conditioning event equals the well-known extremal index (see [19, Chapter 3.7], [21] and also
[6] for a recent overview). Therefore, we denote it by:

0 =P(S.=0) =P =0 forall t >0)=P( =0 forall t<0). (23

A common interpretation of the extremal index is as the reciprocal of the “expected cluster size” (see [18]).
Some care has to be taken how to define this “cluster size,” as this is, indeed, not E(S?) from (21) but E(S?). In
order to derive the latter, it is convenient to introduce, provided 6 > 0, the quantity

M =P(St=k)=P(S'=k|S!=0), kEN, (24)

i.e,, the probability mass function of the typical cluster size.

Proposition 4.1. Let (I;);ez be as in Assumption 1 and assume 0 > 0. Then,

me=0YP(Si=k-1)-P(S.=k)], keEN. (25)
Conversely,
P(Si=6)=0P(St2¢+1)=0 ) m, ¢EN,. (26)
i=¢+1
Proof. For k € N we have
_ P(St=k,S'=0)

Ttk = 9_1P(Si =k-1, Si= 0) = 9‘1[P(Sii =k-1)- P(Sii = k)]

P(Si=0)

by the definition of 6 in (23) and by equation (16), which gives (25). Furthermore, since P(S' < ) =1 and
P(S! = », 8! = 0) = 0 by Theorem 3.3, we have for ¢ € N,

P(S'2 ¢+ 1)= ) M
i=¢
=01) P(Si=1i,8 =0)
i=¢

=071P(Si 2 ¢, = 0) = 07IP(S. = ),

by (15), which leads to (26). O
We are now able to relate the extremal index to the expected values of S and S°.

Theorem 4.2. Let (I;)icz be as in Assumption 1.
(@) The three equalities 6 = 0, P(Sl = ) =1, and P(S' = ) = 1 are equivalent.
(b) The inequalities 0 > 0 and P(S' < ®) > 0 are equivalent. If > 0, then

_P(Si< )

27
£ @27

0

If, in addition, also P(S! < ®) =1, then

671 = E(S') < E(SY) =1+ 2E(S)), (28)
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E(($Y%)

R (29)

E(S) =

The right-hand side in (28) and both sides in (29) may equal infinity. Equality in (28) only arises if there exists
k € N such that P(S' = k) = 1.

Proof. We start with showing the equivalences stated in (a) and the first part of (b). Note first that if
P(St= k) > 0 for some k €N, then

6 = P(S.=0) = P(S! = 0|S' = k)P(S' = k) > 0,
by Theorem 3.3(b) and so
P(Si<®)>0 =0>0. (30)
Furthermore,
P(Si=0)=1 & P(Si=w)=1, (31)
due to Theorem 3.3(c) (for the direction =) and since St = S! a.s. (for the direction «). Finally,
P(Si=0)=1 = 0=0, (32)

since 8 = P(S! = 0). Relations (30), (31), and (32) together yield the desired equivalences.
We continue with the remainder of statement (b). Assume 6 > 0. Since P(S¢ < ©) = 1, Proposition 4.1 and
Theorem 3.3(a) allow us to write

E(SY) = ) kmy
k=1
=071 ) k[P(S{=k-1) - P(S.= k)]
k=1
=071) P(S!=k) = 07IP(S! < ),
k=0
which gives (27). Using the additional assumption P(S! < ) =1 gives the first equality in (28) and the last
equality follows simply from (13). Next, we show (29) and start with:

E((SY?) = ) k*mx = 671 Y KY[P(SL = k - 1) - P(S{ = k)]
k=1 k=1
=071 ) kP(S! = k) = E(SY)E(SY),
k=1

where we used Theorem 3.3(a) in the penultimate equation and 87 = E(S?) in the final one. This yields (29),
where both sides may equal infinity.

Now, the central inequality in (28) follows from (29) and the Cauchy-Schwarz inequality, since they
together imply that

E((SY)
E(SY

1+ 2E(S) = E(S) = > E(SY).
Equality only holds if Var(S‘) = 0, and thus, there exists k € N with P(S* = k) = 1. Now, if we assume that
¢ €N, ¢ # k exists with P(S' = ) > 0, then we have by Theorem 3.3(b) that

P(St=¢,8'=0) P(Si=¢)

P(Si=¢) S
P(Si=0) P(Si=0)

P(Si=0|Si=¢) = 4
( | ) £P(St = 0)

P(St=¢)=

bl

yielding a contradiction. Furthermore, as E(S) = E(S!) = k < « and thus P(S! < ©) = 1, wehave P(S'= k) =1. O
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Finally, we note that the inequality
E(SY) < E(SY)

always holds under the assumptions on Proposition 4.1, as it either follows from Theorem 4.2 if P(S! < ) = 1
or from E(S?) = o if P(S! < ) < 1.

5 Examples
We conclude with two examples to illustrate our findings and a remark about their statistical applications.

Example 5.1. Assume that
Xt = maX(Zt, ---;Zt—r+1); te Z,

for some r €N and ii.d. Z;, t € Z, with P(Z; < x) = exp(-1/x) for x > 0, i.e., (X;);cz is a stationary moving
maxima process with unit-Fréchet distributed innovations. It can be shown (see [20, Theorem 3] for details)
that (X;); is regularly varying and has tail process (6) of the form:

Vi = Ylereq,..,rp), tEZ,

with P(Y > x) =1 - x™* for x 2 1 and Y is independent of I, which is uniformly distributed on {1, ...,r}. Thus,
the inspected cluster size S' equals  almost surely and

sLshyEa-1,1-1).

which gives 6 = 1/r. According to the final sentence in Theorem 4.2(a), inequality (28) becomes an equality and
all expressions in it equal r. The inspected cluster size distribution (7 )k»1 is degenerate at r, i.e., m = lgk=r}.

Example 5.2. Urn models can be used to model the dynamic risk situation of a system (see, e.g., [7]). We restrict
ourselves in this example to a very simple process in which at each time ¢ € Z a ball is randomly drawn with
replacement from an urn filled with g, green balls, y, yellow balls, and r, red balls, g,,y,, I € N, where the
index n € N allows us to look at a sequence of urn models with a varying composition of balls. The system
modeled by urn n is at risk at time t € Z, indicated by ' = 1, if either a red ball is drawn at time ¢ or if a red
ball has been drawn at some time s < ¢t and no green balls have been drawn in {s + 1, ...,t}. If the system is not
at risk at time t, we set I' = 0. This way, (I');ez are stationary binary processes.

Let now 1, = o(y, + g,) withr, > 0, so that the event of drawing a red ball can be seen as an extreme event
asn — o, Assume, furthermore, that g,/(y, + g,) = p € (0, 1] and define (I;);ey as in Assumption 1. Due to the
iid. draws in the underlying urn models, it is easily seen that S! (and therefore also S!) has a Geog(p)-dis-
tribution, i.e., P(Si = k) = p(1 - p)¥ for k € Ng. Thus, from Proposition 3.1, we obtain the joint distribution:

PSI2k,Si2¢)=P(Si2k+¢)=1-p)kt?=PSL2k)PSL2¢), k¢EN,
so that S! and S! are independent and identically distributed. This independence then gives
M =P =klS!=0)=PSi=k-1)=p1-pHkl, keEN,
508 & S!+ 1. We thus have

2-p

61=E(S"H)=—<

=1+ 2E(S)) = E(SY),

|~

with strict inequality if p < 1.
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Remark 5.3. In the previous example, the forward process (I;);»1 can easily be shown to be independent of the
backward process (I;);<-1. More generally, certain Markov-type structures of the underlying processes (I/');en

may lead to this independence property of the forward and backward processes. In this case, it follows that S!
and S! are independent and, therefore, from Proposition 3.1, that for all k, ¢ € Ny,

P(Sizk,8 2 ¢) P(SL2Kk)P(Sz ¢)
P(SL > k) P(SL > k)

P(Siz k+¢|Si2 k) = =P(Si20),

which implies that the distribution of S! must be geometric. This makes our findings relevant for statistical
inference as here some structural property of the underlying process allows us to conclude a parametric
model for the inspected cluster size.
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