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1 Introduction

Gauge symmetries are pivotal for our understanding of Nature. In the Standard Model (SM)
of particle physics, the strong and electroweak interactions arise from the gauging of the
internal SU(3) x SU(2) x U(1) groups. Gravity can also be derived as gauge theory of the
Poincaré group [1-3], which singles out the Einstein-Cartan (EC) formulation of General
Relativity (GR) [4-7] with the tetrad and connection the associated gauge fields; confer for
instance the classic review [8]. Yet another important gauge symmetry is that of Weyl [9-12],
which changes locally the length of rulers.!

This paper aims to show that the minimal theory which embraces the SM and Weyl-
invariant quadratic gravity in the EC formulation has several attractive features. It contains
one extra (pseudo)scalar degree of freedom in addition to the graviton and the particles of
the SM. This new degree of freedom has all the properties of an axion-like particle (ALP).
The constructed theory provides insights into several puzzles of the SM. One of the gauge
couplings associated with the Lorentz group determines the classical value of the cosmological
constant, and so we know from phenomenology that this parameter has to be extremely small.
It is then logical to expect that the other gauge coupling(s) be equally small. Amazingly,
those determine the Higgs and ALP masses (the former being generated dynamically in

1A small side remark on terminology is now in order. Since the flat limit of theories invariant under Weyl
transformations are automatically conformal theories [13], the notions of Weyl/conformal are sometimes mixed
or even used interchangeably. Nevertheless, they are distinct from each other, see e.g. [13-15], thus Weyl
transformations should not be simply thought of as the gravitational analog of conformal transformations.
Rather, the notion of conformal symmetry only makes sense on specific backgrounds.



our framework). Moreover, since our theory automatically accommodates a coupling of the
ALP to the topological charge density of QCD, it can relax the strong CP-angle 6 close
to zero, i.e., leads to a purely gravitational solution to the strong CP-problem. Evidently,
all of this fully resonates with the expectation that gravity is the weakest force [16]. In
short, we provide a common gravitational origin for the seemingly independent tunings of
the cosmological constant, Higgs mass, and 6-angle.

Taken at face value, the classical theory constructed along these lines contradicts to
observations — the Higgs boson mass is too small. However, this should not be considered as
the weakness of the proposal, this is actually its strength. Indeed, the classical action is not the
whole story. The smallness or absence of the Higgs and ALP masses persists in scale-invariant
quantum perturbation theory, as the zero values of these parameters correspond to fixed points
of their renormalization group evolution [17, 18]. This makes them in principle computable
in terms of the parameters of the underlying theory, once nonperturbative effects are taken
into account [19-24]. As fas as the ALP is concerned, these effects are well understood and
are associated with the non-trivial topological structure of the QCD vacuum [25, 26], leading
to nonperturbative mass generation [27, 28]. If the QCD contribution is larger than the
gravitationally induced tree-level mass, the strong CP problem is solved in exact similarity
with the conventional axion [29-31]. Concerning the Higgs boson mass, its nonperturbative
origin is more speculative and requires further investigations, which we leave for future
work. A possibility certainly worth exploring is that the hierarchy between the Fermi and
Planck scales be attributed to the semiclassical suppression of gravitational-Higgs instanton
amplitudes, as proposed in [22, 24] (see also [23, 32]).

Exact or approximate scale and Weyl invariance have both been evoked previously in
attempts to solve the hierarchy problem, see [18, 23, 32-80] for a non-exhaustive list of
references. An important ingredient of previous studies of exact symmetries is an extra
dilaton field y, implementing the idea of spontaneously broken scale invariance. The main
drawback of these theories is that both the Weyl and scale symmetries allow for a dilaton-
Higgs interaction of the type ax2HTH, where H is the Higgs field. In the presence of an
ALP a, the allowed terms in the action are c,x2a?. With the dilaton vacuum expectation
value of the order of the Planck mass, phenomenology dictates that the coupling constants
a, ¢q have to be very small without any obvious reason why this should be the case. In the
theory we present in this paper, there is no any additional scalar field, all degrees of freedom
are contained in the gauge fields of the gauged Poincaré group. The “dangerous” dilaton
type couplings are either absent or automatically tiny.

Similar considerations comprise [81, 82] based on the idea of “restricted Weyl invariance”
introduced in [83],% the works [85-87] based on the Weyl conformal geometry and [88] using
global scale invariance. All have a gravitational sector which contains the associated scalar
curvature squared, as well as couplings to the SM via a gravitational-Higgs portal. The
usual Einstein-Hilbert action with a nonvanishing cosmological constant is recovered in the
spontaneously broken phase. The Higgs sector also gets nontrivially modified in that a
tachyonic mass is induced, so electroweak symmetry breaking may be traced to gravity.
However, no ALP of gravitational origin was considered in [81, 82, 85-88|.

2See however [84].



It is important to point out that our approach differs significantly from the conventional
axion solution to the strong CP-problem, which is based on postulating a Peccei-Quinn
(PQ) symmetry [29-31]. In the most popular models [89-92], at least six new degrees of
freedom are required in addition to the SM fields and graviton.? Apart from the question
about the physical origin of the assumed PQ symmetry, one “unnaturally” small number —
the CP-violating angle # < 10710 — is replaced by two others: the ratio of the electroweak
v and the PQ F scales, (v/F)2 <1074, and the parameter measuring the “quality” of the
symmetry, (M/F )2 < 107%% where M is the scale around which the Peccei-Quinn symmetry
is explicitly broken. In contrast, our model only brings into a single new degree of freedom,
namely the axion itself. Moreover, no additional tuning is introduced apart from the smallness
of the cosmological constant, which exists anyway. In summary, one may say that we get
three tunings for the price of one.

This observation is particularly interesting since “quantum breaking” has provided
indications that eternal de Sitter states must not exist in a consistent theory of quantum
gravity [93-99] (see also [100-103] for similar conjectures in string theory). However, the
presence of f-vacua in QCD would lead to de Sitter states, and so the only way out is to make
the f-angle unphysical by the addition of an axion — its existence becomes a mandatory
consistency requirement, independently of any naturalness considerations [104-106]. Our
proposal completes the picture as gravity also provides the necessary ALP.

Finally, we mention that our approach is fully compatible with the neutrino Minimal
Standard Model (vMSM) [107, 108], which is a minimal extension of the SM in the neutrino
sector capable of addressing simultaneously the experimental problems of the latter: neutrino
masses and oscillations, dark matter, baryon asymmetry of the Universe. Weyl symmetry
forces the tree-level Majorana masses of the heavy neutral leptons (HNLs) of the vMSM
to be zero, which would be incompatible with phenomenology since successful baryogenesis
cannot take place. In full analogy to the situation with the Higgs, we can speculate that
non-perturbative effects generate masses for the HNLs. This is in line with the common lore
that gravity breaks all global symmetries (see e.g. [109]). In this case, the classical action
would have a global B — L symmetry in the absence of HNL masses (B and L being the
baryon and lepton numbers, respectively), and the breaking of B — L a la Nambu-Jona-
Lasinio [110, 111] can potentially lead to Majorana masses for the HNLs, even though the
order of magnitude of this effect remains obscure and has never been computed. As an
additional bonus, the EC formulation of GR provides a mechanism for generating the HNLs
in the early Universe so that the lightest of them can provide the observed abundance of
dark matter in a wide range of masses [112].

The paper is organized as follows. In section 2, we define the action of the theory, guided
by the principle of having only Weyl-invariant terms at most quadratic in curvatures and
with a consistent particle spectrum. The principle of minimality relates the Weyl gauge field
to the vector part of torsion. In section 3, we integrate out torsion to obtain the action in
the metric formulation of GR such that the presence of the dynamical pseudoscalar mode

3Two degrees of freedom are contained in the PQ-field. In KSVZ [89, 90], one complex scalar field and
a new massive quark are required, while DFSZ [91, 92] relies on two complex scalar fields, where one is a
doublet with respect to the SU(2) weak isospin and the other one is a singlet.



originating from the gravitational Holst term, the ALP, is made explicit. We also fix here
the free parameters of the theory, associated with the cosmological constant and the ALP
mass. In section 4, we show how the ALP can indeed solve the strong CP problem. We
proceed in section 5, by adding the Higgs sector. We demonstrate that the gravitationally-
generated Higgs mass is tiny and that the gravitational solution to the strong CP-puzzle
persists. In section 6, we discuss how the theory can be analytically continued to Euclidean
spacetimes and point out that it may be possible to obtain a positive-definite action. In
section 7, we conclude. In appendix A, we show that a nontrivial redefinition of field variables
casts in diagonal form the kinetic sector of the scalars (in its full generality) and with the
Higgs canonical. In appendix B, we present the Einstein-frame equations of motion for the
gravitational and scalar sectors of the theory.

Conventions. We use the conventions of [113, 114]. Lowercase Greek and capital Latin
letters denote spacetime and Lorentz indices, respectively. Both the spacetime g,, and
Minkowski n4p metrics have signature (—1,41,41,41). For the gamma matrices we use

{(ya.v8} = 2048, 5 = i7"V = ivomres, (1.1)
and for the Levi-Civita tensor we take
o123 = 1 = —"123 (1.2)

for spacetime and Lorentz indices.
Making the Poincaré group local necessitates the introduction of the gauge fields associated
with translations and Lorentz transformations. In the standard jargon these are called tetrad

eﬁ and spin connection w;‘B. Their respective field-strength tensors are torsion
T/ﬁ/ = 8Mef — Byeﬁ + waef —wisel (1.3)
and curvature
Flﬁ/B = 8Mw,‘/43 — 8,,%‘?3 +waw§B — wfcwgB, (1.4)

respectively.

The covariant derivative of a spacetime vector A* is defined as
V, At = 0, At + TV, AP (1.5)

where T*, | = ¢/} ((‘%ef} + waef ) is the affine connection. The associated “affine” curvature
tensor R reads

Ry, = 0,1, —9,1%,, + 17 T, —T°,T) (1.6)

ouv po

while “affine” torsion is simply given by the antisymmetric part of the connection

,=1",-T",. (1.7)



For later convenience in the computations we decompose this into its three irreducible
pieces: the vector

vt =g, T, (1.8)
the pseudovector
a' = EMP°T, s (1.9)

and the sixteen-component reduced torsion tensor

1
Tuvp = T,uup + g (g,ulzvp - g,upvu) - gE;wpaaU ) (1'10)
that satisfies
g“pT/Wp:E’WpUTZ,pg:O. (1.11)

To declutter the notation we also introduced the densitized e
eHvpo

EHvpeo
det(e) ’

E;wpa = det(e)euupo‘ ) (112)
with det(e) the determinant of the tetrad.

2 The simplest scenario: induced cosmological constant and axion-like
particle of gravitational origin

In the Einstein-Cartan formulation of GR [4-7], we are interested in the most general theory
that fulfills the following criteria (see [80, 114-116] for similar approaches):*

1. The gravitational action is composed of terms that are at most quadratic in the field
strength tensors F lﬁ,B and T/ﬁ, (equivalently R, and T4, ).

2. The theory is Weyl invariant at the classical level.’
3. The particle spectrum is healthy (in particular, does not contain ghosts).

Criterion 1. follows the standard approach of Poincaré gauge theory [1-3] (see [125]), which
relies on curvature-squared terms as minimal ingredient for obtaining a larger particle
spectrum than in GR. Since curvature and torsion appear as field strength tensors on equal
footing, also torsion-terms are restricted to quadratic power. We note, however, that Weyl
invariance does not allow for terms quadratic in T/ﬁ, since they would have to come with a
dimensional coefficient, and the same goes for contributions linear in curvature F lﬁ,B. With

“Among the various formulations of GR (see [113, 117, 118] for overviews), metric-affine gravity [119-122]
stands out a priori since it does not require any assumptions about the vanishing of curvature, torsion or
non-metricity (cf. [113, 114, 123, 124]). What makes the EC formulation special, however, is that it can be
derived as gauge theory of the Poincaré group [1-3]. Therefore, it is a natural starting point for our goal of
unification with Weyl symmetry.

5The quantum aspects of this theory, including the Weyl anomaly will be considered in a separate publication.



(possibly Weyl-invariant) terms formed from quartic powers of T,ﬁ, excluded, we are left with
curvature-squared terms as sole ingredient for our theory.%

As is well known, new propagating degrees of freedom that result from curvature-squared
terms may be ghosts (and/or tachyons of spin-1 and higher) and are thus plagued by
inconsistencies [126-132], even in the absence of higher derivatives (as is the case here). This
is because the Poincaré group is not compact, meaning that not all kinetic and mass terms
appear with the correct signs in the action. While unwanted particles can be removed from
the linearized spectrum by specific parameter choices [132-178], problems almost inevitably
reappear in the full theory because of strongly-coupled modes [138, 174, 179-203].

We shall therefore focus on the only known curvature-squared terms that lead to a healthy
particle spectrum for arbitrary parameter choices.” These are composed of the scalar curvature
F and its parity-odd counterpart F — the so-called Holst curvature [214-217]—defined as

1 .
F:Z@mmﬂWW%ﬁfﬂ?, F=FE"rFiPe,neon, (2.1)
where the curvature tensor F ;3,3 was defined previously in (1.4). First, we shall consider the
most vanilla, stripped-to-its-bare-essentials, toy-model that nevertheless still captures the

main idea — this is described by the following action
S = Sgr + St . (2.2)

Here, Sg is the purely gravitational piece, the quadratic EC gravitational theory, which
we take to be®
%zﬁm@mwlﬁ+}ﬁ} (2.3)
f? R

with f and f dimensionless constants, the couplings of the gauged Lorentz group. Both gauge
couplings will eventually have to be required to be very small: the former (f) controls the
cosmological constant and the latter ( f ) the mass of a pseudoscalar mode of gravitational
origin. The theory (2.3) misses the parity-odd term F'F, which would be admissible according
to our criteria. Including it does not change our conclusions, as long as the coefficient in
front of it is sufficiently small, i.e., does not exceed 1/f2 or 1/f2.

For what follows it is most convenient to work in terms of the metric g,, and the affine
connection I'¥, ;. The action (2.3) in these variables is straightforwardly seen to read as

%=/&WJ;W+;W} (2.4)

Tt would be interesting to investigate the consequences of abandoning criterion 1. Because of Weyl
invariance, this would lead to terms quartic in torsion as sole additional ingredient, which a priori are not
necessarily inconsistent and likely do not qualitatively alter our conclusions.

"In general, there are 10 quadratic invariants which can be constructed from the curvature. They are listed
in [204]. In fact, our proposal holds even if we include in the action all possible Weyl-invariant terms (quadratic
in curvatures, quartic in torsion, as well as their mixings). We expect that this can give a renormalizable
theory that will nevertheless propagate extra degrees of freedom [205-207]. Some of those are ghosts; whether
this jeopardizes the stability of the theory is under debate, see e.g. refs. [208-213].

8Tt should be noted that there is freedom in choosing the overall sign of the gravitational action. We shall
discuss that in section 6.



with ¢ = —det(g,), and
R=g"R’

opv

R=FE"" R, (2.5)

where R, is the (affine) curvature tensor given in (1.6).

Before plunging into computations, it is instructive to do a simple counting exercise to
get a grasp on the particle spectrum of (2.4). In four spacetime dimensions, the connection
and tetrad carry twenty-four and sixteen degrees of freedom, respectively — not all of them
are dynamical. First of all, it is obvious that the equations of motion are at most second order
in the derivatives of the fields. Combined with the fact that (2.4) is invariant under local
translations (four parameters), Lorentz transformations (six parameters) and Weyl rescalings
(one parameter), leaves nineteen potentially propagating degrees of freedom, at most; keep in
mind that the Poincaré group “hits twice” [218]. Taking into account that in this specific
theory sixteen of the remaining fields are not dynamical,” leaves in total three propagating
degrees of freedom: the two polarizations of the massless spin-2 graviton associated with
R? and one massive pseudoscalar associated with R2.10 The presence of the latter has first
been pointed out in [219](see also the recent papers [116, 175, 220-222]). It is important
to note that adding more curvature-squared invariants in (2.4), in principle increases the
number of propagating modes, one exception being a term proportional to RR. For instance,
had we included the (Weyl tensor)? then besides the massless graviton and pseudoscalar,
the theory would now propagate five extra degrees of freedom corresponding to a massive
spin-2 field,"" which moreover is known to be a ghost.

For analyzing the effect of curvature-squared terms, we shall follow the well-known

12 e need

approach of introducing auxiliary fields (see [85, 116, 220-222]). In our case,
a dilaton x carrying dimensions of mass and a dimensionless “axion” ¢ to recast (2.4) in

the following equivalent form

X’R + M%¢R —

(2.6)

r P

Sy = / d'z/5 - -

Note that since the assignment of mass dimensions to the fields y and ¢ is arbitrary, we
made this particular choice only to simplify the computations.

Moving on, the Weyl-invariant fermionic action S¢ appearing in (2.2) is'3 [80, 114, 115,
225, 226]

Sp = /d4x\/§[;\117“l7u‘l’ +h.c. + (GVy + 254,) a“] , (2.7)

9These are the components of the reduced torsion tensor.

10The pseudoscalar actually descends from the temporal component of the pseudovector torsion, exactly like
a pseudoscalar descends from the temporal component of a pseudovector dual to the (massive) three-form.

"This is an aftermath of the corresponding components of the reduced torsion tensor acquiring kinetic term
and therefore becoming dynamical.

12The auxiliary-field method may also be employed even when other curvature invariants are present. A
well-known and studied in details example is the Einstein-Hilber action supplemented by the square of the
Weyl tensor. The dynamics of the latter is equivalently captured [223, 224] by a rank-2 symmetric field coupled
to the Einstein tensor and with mass term of the Pauli-Fierz type. It can be shown that the kinetic term for
the tensor field appears with wrong sign, signaling the presence of a spin-2 ghost.

13For simplicity we confine ourselves to one generation. When discussing more species, however, one may or
may not assume that gravity is generation-blind. In the latter situation, the torsion-fermion couplings will
carry a generation index.



where (i, 29 are real constants, and
Vi = \iwu\ll, Ay = @757,}1', (2.8)

are the vector and axial fermionic currents, respectively. To preserve Weyl invariance, fermions
here have a minimal kinetic term and do not have a direct coupling of the torsion vector
vk to V), and A,. We note that this corrects [80], where the coupling v*V,, had mistakenly
been included. The fermionic covariant derivative D, is defined as

1

D, =D, + gquB (YavB —vBYA) (2.9)

with D, the appropriate(flat spacetime) SM covariant derivative, the exact form of which
depends on the specific nature of the fermion (left/right handed, lepton/quark).
3 Equivalent metric theory

The first step in elucidating the dynamics of the action .S consists of using its Weyl invariance
to eliminate the dilaton by taking

Mp
=, 3.1
X="75 (3.1)
such that
R 5 ~2]\42 2 2M2
Sgr:M%/d4x\/§2+¢R—f 4P¢ —fl6P (3.2)

In the classical theory, we get a cosmological constant which is small (by the smallness
of the gauge coupling f) but cannot be zero.'* Needless to say, other perturbative and
non-perturbative contributions to vacuum energy are expected to arise due to quantum
effects. The Lorentz-group gravitational gauge coupling should be chosen in a way that
the total value of the vacuum energy accounting for quantum contributions coming from
the Standard Model physics coincides with the observed value. As the SM contribution is
expected to be of the order M;;, (Myy is the W-boson mass), an estimate of f would be
f ~ (My/Mp)? ~ 10732 <« 1, though no convincing computation can be presented.

As a side remark, we shall point out that we can equivalently interpret the theory (3.2) in
the generic metric-affine formulation of GR, in which none of the three geometric properties
curvature, torsion and non-metricity is excluded a priori. In this case, both R and R have
additional contribution from non-metricity (see [113, 114] for details), but the behavior of the
model (3.2) will still be very similar because the Holst term R exhibits an extended-projective
(EP) symmetry that is generated by a pair of vectors [116]. This invariance can be used

4 As shown in details in [227, 228], at the perturbative level, admissible backgrounds for this type of theories
are spacetimes with non-vanishing curvature (such as cosmological ones). The reason is that around Minkowski
spacetime, the action at quadratic order in excitations exhibits accidental gauged invariances, i.e. gauge
invariances not inherited from the full non-linear theory. This results into degrees of freedom being introduced
at higher orders via interactions, corresponding to (infinitely) strongly coupled dynamics. In other words, the
self-consistency of the theory dictates that f (as well as f ) not vanish.



to set non-metricity to zero, which results in an effective equivalence of metric-affine and
Einstein-Cartan gravity.!?

To proceed with computations, the next step is to split the connection into a torsion-free
and a torsionful part; schematically

P~T4v4a+tr, (3.4)

where I is the usual Levi-Civita connection that depends on the (derivatives of the) metric,
while v, a,, and 7, are the torsion vector (1.8), pseudovector (1.9) and reduced tensor (1.10),
respectively. In turn, the curvature tensor (1.6) is also decomposed into its Riemannian
and post-Riemannian pieces, which translates into the following expressions for the scalar
and Holst curvatures (2.5)

. . 2 1 1
R=R+2V,0" — g“;ﬂ’“ + ﬂaua“ + 57/“,,,7'“”", (3.5)
. 8 2 1
R = —V,ad" + gauv“ + iE“VPUTAWT’\pJ , (3.6)

where R is the usual, metrical, Ricci scalar.
The third step is to plug ((3.4), (3.5),3.6) into (3.2) and (2.7), to obtain (after some
integrations by parts)

o

S = /d4:p\/§ lMI% (;% vy O N ayat N 2¢a,0" o Tiwp (T/;”P N ngme\TiA)

3 48 3 2
f2M123¢2 f2M123 uwra (S % s
B il RO R (T D +he) |, (3.7)
where
= M3 + Vi + CG AL, (3.8)

and we introduced the shifted constant [114, 115]

1

GA=2a-3- (3.9)

5As it stands, the theory (3.2) fails to be EP-invariant, but this can be easily remedied with a small
modification:

R . .
Sep = M} /d“x\/ﬁ lQ + 0120, + Qu + Q) (20" + Q¥ + Q) + braya”

FPMpe®  f2M}
4 16 ’

+b3a, (20" + Q" + Q") + ¢R — (3.3)

where b1, bz, b3 are real constants and Q. = @, and Qu = Q% With non-metricity Qaur = Vagu,. The
metric-affine model (3.3) is EP-invariant and hence fully equivalent to the EC-theory (3.2) for by = —1/12,
ba = 1/48 and bs = 0 (cf. eq. (3.5)). What is more, eq. (3.3) is the most general gravitational theory that
is symmetric under EP-transformations. Hence, one could replace Weyl- by EP-invariance as criterion for
selecting consistent models with an ALP of gravitational origin. (Then the term RR would indeed be excluded).



Inspection of (3.7) reveals that the connection appears algebraically in the action and can
thus be integrated out. A straightforward computation leads to the following equations
of motion for v,a and T

- 2470 - 24.]8 . 5.10)
T T ME (1 +1667) 0 T T MR+ 1620 PP '

The last step amounts to substituting (3.10) into the action (3.7) to end up with

2 2014 12 2p74
:;/d4$\/§<M12:;R— 24]\4P (au¢)2_f MP¢ _f MP

141642 2 8
+i (T D +hee. ) = Loy — Lopa— 2]\34123 ($VV+$AA+.§€VA)> , (3.11)
where
Lyv = 481<g¢2V O, Lya= %A“am, (3.12)

are contact interactions between the derivative of the ALP and the axial and vector fermionic
currents, while

_ 16CV ;4
Lrv = 71 " 16¢2V V (3.13)
v, B2
VA—1+16¢)2VA (3.14)
16CA "
Zas= 1y A (3.15)

are the usual four-fermi interactions generically present in the EC framework.

It is clear that the theory under consideration is the usual Einsteinian gravity with a
(nonvanishing) cosmological constant — whose value depends on the first Lorentz gauge
coupling, meaning that f <« 1 — coupled to fermions and an axion-like particle with mass
controlled by the second Lorentz gauge coupling f. In addition, the fermionic sector comprises
nontrivial four-fermi interactions as well as mixings between ¢ and the vector and axial
fermionic currents. It is the latter coupling that is the crux of it all as we shall show now.

Let us mention that the ALP nature of ¢ descending from R? was also pointed out in [172].
The authors discussed its dynamics, including the couplings to fermionic currents and the
interactions of ¢ with electromagnetism and gravity due to the chiral anomaly. However, no
coupling to QCD was included and hence the strong CP problem was not considered.

4 A solution to the strong CP problem

We focus on low energies, which amounts to taking ¢ < 1. From (3.11) we obtain

1 1 2 fQMI% 2 a @ ¢
s =5 [atayg| @2 + LiPa? - 4v6ea TV, a0 (4.1)
2 48 Mp

,10,



where we defined a = 2v/6M p¢ to have a canonically normalized field'® and retained only
the terms which are relevant for what follows.
From the above we notice that the ALP has a perturbative “gravitationally-induced” mass

o fMp
a,grav. — )
4/3

whose value is determined solely by f; in addition and most importantly, the field couples

(4.4)

linearly to the (anomalous) divergence of the axial current. In curved backgrounds this
reads [229]

2 2
V= I g B, I Ty (G,,G,,)
2
g . 1 Voo o
- F;QEM PoTr (GﬂVGPU) - 38472 E* po—RMVH)\RpUHA ) (45)

with g1, g2, g3 the electromagnetic, weak and strong couplings, whereas B,,,, G, G the
corresponding field-strength tensors.
Let us now focus on the ALP & QCD contributions in the effective theory!”

1 92 0 a vpo
S ~ —3 /d4x\/§ [((%(1)2 + migra\,cﬁ — 8—;’2 (9 — fa) EMPITY (GuGos)| (4.6)
where we introduced the ALP “decay constant”!®
Mp
Jo = —, (4.7)
2605
and for completeness we included the physical 6 angle defined as
6 = 6 + arg det(M,M,), (4.8)

where 6 is the QCD topological angle, and M, and M, are the up- and down- type quark
mass matrices.

There is no difficulty in canonicalizing the ALP for all field values. This is achieved by introducing

a= \/gMp arcsinh (4¢) , (4.2)

to obtain

728 rd
SD —% /d4x\/§ [(aua)2 + % sinh? ( ;]\;}3) — 12¢ arctan sinh ( ;]\Z:) vV, A"

In deriving this expression we used (4.2) to write Ly and Zs4 in terms of the canonical field, then absorbed

. (43)

the coefficient functions into the four-derivative of a and finally integrated by parts; note that we dropped the
term proportional to the divergence of the vector current since it vanishes, %FLV“ = 0. It can easily be shown
that for a < Mp (corresponding of course to ¢ < 1), the action (4.3) boils down to (4.1), as it should.

17As is evident from eq. (4.5), gravity can pose a threat to the solution to the strong CP-problem if it
introduces a gravitational theta term [105, 230, 231]. However, the solution can be provided by the SM
itself [232-234] in the form of a composite ALP. Then the physical QCD axion is an admixture of these
pseudoscalars, so gravity is equipped with a mechanism protecting it against itself as advocated in [235]. In
addition, the non-perturbative gravity contribution to the ALP mass, similar to that of [22, 24], must be
smaller than the QCD one.

8nterestingly, f. is non-zero even when fermions are coupled minimally, since in this case (4 = —é.

— 11 —



Non-perturbative QCD effects generate the standard potential for the ALP and thus
the effective action at small energies becomes (see e.g., [236])

L[ 2,2 2 2 2 dmuma g 0 a
S~ _i/d T\/9 | (Opa)” +mg graya”+2mz fr 1—msm 275 | (4.9)
with m., fr the pion mass and decay constant, and m,, mg the up and down quark masses.
As long as the perturbative mass is smaller than the nonperturbative one induced by QCD,
then the gravi-ALP solves the strong-CP problem.

In this particular toy-model, this translates into

S <qpsMatn Viuita o, (107) (4.10)

where we took into account the observational bound on the -angle around 10710 (see [237]).
Contrary to the PQ treatment, our proposal does not require the introduction of extra
fermions or modifications to the SM; the axion is already present in the gravitational sector of
the theory. What is more, the gravitational origin of f (as well as f) justifies the expectation
that the coupling be vanishingly small — remember, gravity after all is the weakest force.

Finally, we shall mention previous attempts [238-240] offering a gravitational solution to
the strong CP puzzle via an axion-like particle associated with torsion. Crudely speaking,
these models correspond to starting from the gravitational action of our toy-model written in
terms of auxiliary fields, fixing the Weyl gauge and then setting f = 0 — strictly speaking,
this limit cannot and should not be taken. It does not come as a surprise that the effective
low-energy dynamics and conclusions of our construction bears similarity to the ones of the
aforementioned works. However, it must be stressed that the starting points differ radically.
Contrary to our approach, where the pseudoscalar particle is in the spectrum of the theory
from the onset, in these articles it is introduced in a somewhat mysterious manner. Their
gravitational sector comprises only the Einstein-Hilbert term, whereas the field is a Lagrange
multiplier that either enforces the conservation of the axial torsion current (inspired by the
considerations of [241]) or the vanishing of the Nieh-Yan topological term (inspired by the
results of [242] concerning the axial anomaly in torsionful spacetimes); interestingly, it was
later understood that this is one and the same requirement [240]. The bottom-line is that the
pseudoscalar becomes dynamical only after torsion is integrated out, leading to a mismatch
in the dynamical degrees of freedom.

5 Adding the Higgs field

For the purposes of illustration, it suffices to consider the SM Higgs field A in the unitary
gauge and couple it to the quadratic EC gravity in a Weyl-invariant manner. In other

words, we now take

S = Sar + St + Stigas (5.1)
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with the purely gravitational Sgr given in (2.4), the fermionic one given in (2.7), and
1 .
SHiggs = 3 /d4x\/§ l{thR + Ch*R + caahQaua“ + CTThQT,ng
~ 2 vpo A w 2 )\h4

+C7—7—h EN P ’7’/\/“,7' po (DN h) — 7 y (52)
is the most general action built on the basis of Weyl invariance and the requirement of retaining
terms with at most two derivatives of the fields. Here, &3, (}, Caa, Crr and é,, are (real but
otherwise arbitrary) nonminimal gravi-scalar couplings. To ensure the Weyl invariance of
the Higgs’s kinetic term, the torsion vector must appear with fixed coefficient(s) in the
action and can be conveniently packed with the derivative of A to define the “Weyl-covariant
derivative” DXV see e.g. [80]. Explicitly,

D h = 3,h+Lh. (5.3)

In principle, we could include a Yukawa interaction between the Higgs and fermions,
however this is irrelevant for what follows. Also irrelevant are the full expressions involving the
fermionic sector, which are rather long and do not add to the discussion; we need only worry
about the interaction of the ALP with the axial fermionic current, and we shall come back to
that in the next section. For the time being we will only consider the graviscalar sector of (5.1).

Following more or less verbatim the steps presented in the toy-model of the previous
section, we can easily massage (5.1) into its metric-equivalent form and work out its dynamics.
After fixing the Weyl gauge, see (3.1), and integrating out torsion we end up with the
following Jordan-frame action

P Pk
2 2 8 ’

(5.4)
where summation over all repeated indexes is understood. Here ¢* = (h, ¢) and vap = Yap(h, @)

1 .
Sgr + Shiggs = 5 / d%@[ (ME + 6nh?) R = qapOup” 0" -

is the metric of the internal two-dimensional field-derivative space with components

N — M%4h M?2 h?) M3
= 48 (3¢, — (1 gﬁsh)cb) pho  _2AEME+ <1D+ 66)h%) Mp o o
where
N = 6(1+16¢%)Mp + 36 (4(} + caa) — & — 1681u00) MPh?
66, (24GF + (6 + 24c00) (1 + 661)) 1, (5.6)
D = 6(1 +16¢*) Mp + (1 + 12€), + 144cqq + 96,0) MER
+ (2462 + (6 + 24caa) (1 + 661)) b (5.7)

We now transform the action in the Einstein frame to eliminate the mixing between h
and gravitons. This is achieved with the usual Weyl rescaling of the metric
_ ME+ &

G — Qg ="t (5.8)
o © M]%
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Once this is effectuated, we find

1 (. ye y  ARY O PPMbe? fPM}
Sgr + SHiggs = 5 /d 3:\/57 [MPR - ')’aba,u@aausp - 204 - 204 - ]04 ) (5'9)
where the components of the transformed field space metric 7, read
1 6¢3h? Yhe Voo
~ - 5 - ~ = — 1
Trh = 2 <7hh+ 12 QQ> e =gz Yoo = (5.10)

For completeness, we show the resulting equations of motion in a cosmological background
in appendix B.

To make our point, it suffices to consider the low-energy limit of the theory, so we can
take h < Mp and ¢ < 1 to obtain
f2M1%¢2 fZM?)

2 8

@y G ME 2( 3f25h> ]+ (5.11)

1 o
Ser + SHiggs ~ 3 / d*z\/g [MI%RQZLM]%(G,@)Q

4 4\

where we kept only the leading terms and the ellipses stand for higher orders in A and ¢.
The first line in the above is exactly the gravi-pseudoscalar sector of the previous section’s
toy-model, see (3.11), and thus the dynamics are identical. From the second line of (5.11)
we observe that a tachyonic mass for the Higgs equal to

2 _ frM3

Mh grav = — 4 ) (512)

has been gravitationally induced. Since the gauge coupling f sets the cosmological constant
(see the discussion after eq. (3.2)), the tree value of the Higgs boson mass for all practical
purposes can be taken to be vanishingly small for reasonable values of the nonminimal
coupling &;,. In addition, we notice that the Higgs’s quartic self-coupling gets shifted by a
gravitational contribution also proportional to f2, which can be safely neglected.

We find it remarkable that although the inclusion of the Higgs sector is rather non-
trivial, the gravitational and ALP dynamics are practically left unaltered as compared to
the toy-model. For completeness and as mentioned earlier, we now turn to the modifications
to the relevant part of the fermionic sector and show that the gravi-axion solution to the
strong CP problem persists.

To this end, we focus on the contact term capturing the interaction of the ALP with
the axial current. After a straightforward but cumbersome computation we find that in
the Einstein frame this reads
M3 + (1 + 6&,)h?

D

with D defined previously in eq. (5.7). As usual when Weyl-transforming in the presence

Ly = A8MECE A9, (5.13)

of fermions, in order to make the fermionic kinetic term canonical, we dressed ¥ with the

appropriate power of the conformal factor Q (given in (5.8)), i.e. we redefined

U Q50 (5.14)
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It is easy to show that in the low-energy limit, the corresponding part of the action
becomes exactly what we found in section 4

Spa = / die\/g.Lsa ~ / d%fgfi%fw, (5.15)

where we introduced the canonical ALP a and integrated by parts; f, is the ALP decay
constant (4.7).

6 Euclidean continuation and sign of the gravitational action

The Euclidean path integral formulation of the standard metric gravity is ill-defined since the
Euclidean action for gravity is not positive definite unlike those of matter fields [243]. At
the same time, Euclidean formulation of field theory is an indispensable tool for addressing
the non-perturbative tunnelling processes in the semiclassical approximation and accessing
the strong coupling regime by doing lattice simulations. So, several ideas were proposed
to make sense of the path integral in gravity.'® One of them is associated with a specific
prescription for the analytic continuation of the conformal part of the metric into the Euclidean
domain [243, 245]. Yet another argues for abandoning the Euclidean formulation altogether
and using the non-perturbative causal dynamical triangulations (for a review, see [246]). A
similar in-spirit approach uses the Minkowskian path integral with deformed trajectories
going through the complex “thimbles” for non-perturbative definition [247]. We think it
is fair to say that the question has not been settled yet. It is, however, essential for the
understanding of several fundamental questions such as the wave function of the Universe
and the initial conditions for inflation [248], the cosmological constant problem [249, 250] the
role of wormholes and connected to them “baby universes” (for a recent review see [251]).

Perhaps the failure to provide the unique acceptable recipe for going into Euclidean
space-time is a drawback of the considered theory (Einstein metric gravity) rather than the
analytic continuation itself. We will argue below that the problem may be solved in the
Weyl-invariant EC gravity considered in this paper.

Indeed, working in the EC framework has yet another advantage, in that it incorporates a
straightforward and unambiguous way to analytically continue from Lorentzian to Euclidean
spacetimes: the Lorentz-temporal components of the tetrad and connection get multiplied by
the imaginary unit while their purely (Lorentz-)spatial ones remain intact (see also [252, 253])

0

0 ; J J 07 i 07 Jk Jk A
e, — —ie,, e, —e,, wl = —iw/, W' —ow jk=1,2,3, (6.1)

l}, )
somewhat resembling the Gibbons-Hawking-Perry prescription [243]. Then the curvature
and torsion tensors are Euclideanized as follows

05 - 1205 ik ik 0 -0 j j
Fl——=iby, Fy—F,, T,—-id,, T,—->T,. (6.2)
Applying this prescription to Sy given in (2.4), we find that
Sgr — *ngr (63)
meaning that the Euclidean action is negative
1 1 -
Sh=— /d%; det(e) LQFQ + PFQ] . (6.4)

19At the one-loop level and above the Ricci-flat backgrounds the conformal factor problem is an artefact of
the naive analytic continuation of the Einstein-Hilbert action [244].
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Interestingly, however, there is an “ambiguity” in choosing the overall sign of the EC
quadratic action (2.3), see a related discussion in [254]. We could have equally well taken
as our starting point

Spe =~ = = [ det(c) L}Qﬁ + ;Fﬂ . (6.5)
The only difference as far as the classical dynamics is concerned would be that the classical
background would correspond to an anti-de-Sitter spacetime, while the (tiny) gravitationally-
induced masses for the ALP and Higgs would change their signs. Since there can be other
positive contributions to the cosmological constant, and in any case the tree-level masses of
the scalars are negligibly small, this is a perfectly acceptable choice too.

The Euclidean action of the sign-reverted theory is now positive-definite, opening the
possibility of its consistent path-integral formulation. This could provide an even more solid
starting point for exploring the idea of non-perturbative Higgs mass generation [22], as it is
based on a positive-definite Euclidean gravitational action. It would also be interesting to
reanalise the whole set of questions mentioned at the beginning of this section within the
framework advocated in our work. We leave this for the future.

7 Conclusions and discussions

In our paper we demonstrated that the combination of the Standard Model with the Weyl-
invariant Einstein-Cartan gravity leads to a remarkably economical description of all known
interactions. In addition to the fields of the Standard Model (or ¥MSM) and the graviton,
it automatically contains just one extra pseudoscalar degree of freedom, or in other words
an axion-like particle (ALP), with all requisite properties to solve the strong CP problem.
The smallness of the cosmological constant and the ALP mass arise from tiny values of the
dimensionless gauge couplings of Einstein-Cartan gravity. Moreover, the tree-level values
of the Higgs (and heavy neutral lepton masses in the YMSM) are very small or vanishing,
opening up the possibility of the potential computability of these parameters from non-
perturbative effects. Finally, yet another attractive feature of our theory is that a particular
sign choice can make its Euclidean action bounded from below, allowing a more consistent
path-integral formulation.

Of course, our study is far from being complete. From the theoretical side, the quan-
tum theory of the Weyl-invariant Einstein-Cartan gravity remains to be developed, with
understanding of its high-energy limit and non-perturbative effects, which may lead to the
computation of the Higgs boson and heavy neutral lepton masses. This theory is not pertu-
batively renormalizable. We may think about its ultraviolet completion along the lines of
asymptotic safety [255-257], classicalization [258-260], or non-renormalizable resummation of
amplitudes proposed in [261]. From the phenomenological side, the most interesting questions
are related to cosmology. It would be important to understand whether inflation can take
place in this theory and what would be the predictions of observables. The presence of a new
light scalar field poses the question whether this can be a suitable dark matter candidate.
We plan to return to these problems in the future.

A few comments are now in order. The first one concerns the role of Weyl symmetry
for our findings. A step back would be replacing Weyl invariance by a smaller symmetry —
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global scale invariance. In this case, the action of the theory contains several extra terms. In
addition to the axion-like and Standard Model particles there is an extra propagating scalar
mode — an exactly massless dilaton, being the Goldstone boson of the spontaneously broken
scale invariance. This theory enjoys all the attractive features of the Weyl-invariant setup,
including the dynamical generation of the Planck scale, solution of the strong CP problem,
etc. In spite of the presence of a dynamical dilaton, no long-range fifth force shows up [45, 61].
One can go even further and remove the requirement of the global scale invariance. The
resulting action now allows many extra terms, including those with an explicit Planck mass.
The particle spectrum contains, as in the previous case, two extra degrees of freedom of
gravitational origin. One of them is the ALP we encountered here, which can still be invoked
to solve the strong CP problem, and the other is the so-called scalaron, well-known from
the Starobinsky inflationary model [262]. The computability of the Higgs and heavy neutral
lepton masses is however lost, as these terms are now allowed at tree level.

As a second comment, we believe that our proposal to solve the strong CP problem has
three advantages as compared to existing ones. First of all, our extension of the SM and
GR can be viewed as minimal since no new particles are required apart from a single real
scalar degree of freedom — the ALP itself that is in any case required for solving the strong
CP-puzzle. Second, we do not add any additional global symmetries (or equivalently tunings
of parameters), but instead “recycle” the observed smallness of the cosmological constant for
explaining why the perturbative Higgs and ALP are also tiny. Finally, gravity has provided
hints that an axion must exist as a consistency requirement, so it is intriguing that we have
found a self-consistent and purely gravitational origin for such a particle.
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A Diagonalization of scalar sector

In this appendix we show that not only it is possible to fully diagonalize the scalar kinetic
sector of (5.9) by getting rid of the derivative mixing between the Higgs and ALP, but also
make canonical the kinetic term of the former. Introduce?”

h2

M 6+ (1 +6&n) 17z h

= L Jog Mp ,  H = +/6Mparctanh Mp
L+66, = \ 3¢ — (1+68,)0| \/6+(1~|—6£h)]\}}22
2

(A1)
20The field redefinitions can be easily inverted to yield
3 267(14*65;,,)%; \/6MP tanh (\/E%/[p)
¢ = 1466, Ch — ” " , h= .
1 — (14 6&) tan (\/6MP> \/]_— (1+6§h)tanh2 (ﬁﬁl,o)

Notice also that some expressions may blow up at certain values of the fields. Here, these are merely “coordinate
singularities:” the scalar curvature of the kinetic manifold remains regular at these points.
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to obtain

1 . ~
Ser - Stiges = 3 /d%\/g lMI%R — (0uH)* — Y99(8,9)* — V(H, <I>)] : (A.2)
with
N 3 cosh* (\/55\1413)
T G e\ 2 (roen -2\ 2 ;
2 H 2 e v Mp . 19 "
cosh <\/6MP) ( 2 1+6€, ) + (24> (1 + 144c¢4q sinh (\/EMP))
(A.3)
and

H
V(H, <I>)—18/\Mj43sinh4< NG )
P

# 5 (1 s (L))

. B @
18f2Mj436 2(14685) 775 h2< H )
cos
(1+6&)2 V6Mp

_ %e(HGgh)% (1 — 6&), sinh? (\/6};413)) r- (A.4)

Interestingly, the first two terms in the potential (A.4) are identical to the ones of ref. [87],

where the Weyl-geometric cousin of our theory was constructed.

B Equations of motion of the gravi-scalar sector

In this appendix we write down the equations of motion of the gravitational & scalar sectors
of the theory expressed in the Einstein frame, see (5.9), as these can be useful for studying
the implications of the theory in cosmological settings. We follow closely [263].

For the reader’s convenience, we remind that the action can be conveniently expressed
in the following compact form

M% . 1. u
Sgr + SHiggs = /d4$\/§ <2PR — 5’}/@58“@ 8”g0b — V) s (B].)

where p® = (h, ¢), and the components of the nontrivial field-space metric 4,4, can be read-off
from egs. (5.10), (5.5)—(5.7) in the main text; we also introduced

)\h4 ~2]\44 2 2M4
va(h,¢)—2§124<2+f ;‘b +f8P>, (B.2)

with © the conformal factor defined in (5.8).
Variation of (B.1) w.r.t. the metric results into the Einstein equations

o

~ a 1 a
G = Yab <6M90 al/@b - ig/wap@ ap90b> + 9V, (B.3)

where GOW is the (torsion-free) Einstein tensor.
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On the other hand, varying the action w.r.t. ¢% gives

1 _
50 (V39" ")+ T0ue 0 = OV =0, (B.4)
where the inverse metric reads
1 - .
,~Yab =5 Y(M) :Yh¢ ) (B.5)
TYhh Vo — The \The Thh
and .
Tpe = §Wad (Ob%cd + OcVod — Odoe) (B.6)
are the field-space metric’s Christoffel symbols:
—~; Y Ony Yho (O Ynn — 2017
Fh _ YosOnTnn + ne (OpThn hVhe) 7 (B.7)

2 (%h%sqs - %iz,)
Zho_ Zh _ Vo906Thh — TheOny
Tl = Th = 1eese i ‘{2 99 (B.8)
2 (%hwxza - 7h¢)

7 ngOsTpp + Vop (OnVge — 204ng)
T, = — 1ro0'100 * Yoo Onles ~ 20h) (B.9)
2 (th’wxp - 7h¢>

AneOnAnh + nh (0 — 2009ne)

T =~ e : (B.10)
2 (’Yhh’Y¢¢ - ths)
5% _ o YhgOsThh — TrhOnY
Ty = gy = — A TREE (B.11)
2 (’Yhh’Y¢¢ - ’Yh¢>
s AnnDsTe0 + Tno (OnTse — 2047
79 = 1198 Vo0 + Tno (OnTso — 2067hs) (B.12)

2 (%h%gﬁ - %2@)

Let us now particularize to a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) space-
time with line element

ds® = —dt* + a*(t)dz?, (B.13)

where a(t) is the scale factor. Considering homogeneous fields ¢® = ¢%(t), the equations
of motion ((B.3), B.4) boil down to

1
3SM2H? = ?yabgbagpb +V, (B.14)
. 1
M3(2H + 3H?) = _iryab(p%b +V, (B.15)
G+ TP+ BHP" = —3%9,V (B.16)
where, as usual, “-” denotes differentiation w.r.t. the coordinate time ¢, and H = a/a is

the Hubble parameter.
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For future reference, let us mention that during the “slow-roll” inflationary phase
(|H| < H?), the above simplify considerably and become

SMAH? =V, (B.17)
3H® ~ —3%8,V . (B.18)
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