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Abstract—We propose a novel bound on the min-
imum dissipation required in any circumstances to
transfer a certain amount of charge through any re-
sistive device. We illustrate it on the task of writing
a logical 1 (encoded as a prescribed voltage) into
a capacitance, through various linear or nonlinear
devices. We show that, even though the celebrated
Landauer bound (which only applies to bit erasure)
does not apply here, one can still formulate a “non-
Landauer” lower bound on dissipation, that crucially
depends on the time budget to perform the operation,
as well as the average conductance of the driving
device. We compare our bound with empirical results
reported in the literature and realistic simulations of
CMOS pass and transmission gates in decananometer
technology. Our non-Landauer bound turns out to be a
quantitative benchmark to assess the (non-)optimality
of a writing operation.

I. Introduction

Landauer’s bound [1]–[3] states that an erasure of a
bit, stored in an electronic device or any other type of
physical memory, must dissipate at least kT ln 2 (where
k is Boltzmann’s constant and T is the temperature).
This figure cannot be taken as a benchmark for the
dissipation of any kind of operation in digital circuits,
however. Indeed it does not apply to logically reversible
operations such as writing (or switching or copying) a
bit into an empty memory, e.g. bringing the state of
the memory from a logical 0 to a logical 1. Sub-kT bit-
switching operations have been for instance discussed and
carried out experimentally by [4], [5], exhibiting a trade-
off between speed and dissipation of the operation.

While an arbitrarily low dissipation can indeed be the-
oretically achieved by implementing an arbitrarily slow
process, here we show that, for any linear or nonlinear
driving device and any specified time ∆t for the bit writ-
ing operation, there is a fundamental lower bound, yet
“non-Landauer”, which predicts the minimum dissipation
than can be achieved with the optimal protocol. Our
bound is not limited to bit writing process but can assess
any operation involving a charge flow through dissipative
devices.

The work has been supported by the Research Project "Thermo-
dynamics of Circuits for Computation" of the National Fund for
Scientific Research (F.R.S.-FNRS) of Belgium.
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Figure 1. Charging a (possibly non-constant) capacitance through
some (possibly nonlinear) dissipative dipole.

In Section II, we define the bit writing operation,
first generally and then particularized for a capacitance
load, and we present a novel lower bound for the energy
dissipation of the process. In Section III we compare our
bound with experimental results [4] and simulations of
CMOS devices. We show for example that for the chosen
parameters, an nMOS pass gate is two decades away
from optimality, while a transmission gate is only a factor
two over the bound, thereby illustrating the scope of our
bound as a benchmark of efficiency. Conclusions are in
Section IV.

II. Problem Statement and Main Result

With a view to a large class of nonlinear physical
systems made of both dissipative and energy-storing
components, we are most generally interested in charge
transfer from one circuit (referred to as the “input”)
to another (“output”) through a driving device. In the
schematic depicted in Figure 1, the charges are supplied
by an ideal voltage source while the load is a constant
capacitor, for illustrative purposes and without loss of
generality at this stage. The transmitting dipole has a
finite conductance, thus is dissipative, but is otherwise
arbitrary: it may be a linear resistor (modelling for
instance the path losses) or a CMOS gate.

The storage circuit exploits the charge q(t) as state
variable to represent a logical 0 (q(t) = q0 = 0, by
convention) or a logical 1 (q(t) = q1, positive). We focus
on the bit writing operation, i.e. switching from 0 to
1 through a charge transfer. Our goal is thus to bring
a charge ∆q on the capacitor in a specified time ∆t,
however by minimizing the energy dissipation as much
as possible. The ∆t will sometimes be referred to as
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write time or response time and obviously depends on
the input signal vIN(t), the behaviour of the transmission
device and on the capacitive load. For a given circuit, an
imposed ∆t therefore partly determines the properties
of the input signal, notably its speed. There might be
additional technological constraints restricting the shape
of the input signal (maximum supply voltage, finite slew
rate,...).

A. Definitions of the Important Physical Quantities

In Figure 1, vIN(t) and vOUT(t) denote the input and
output node voltages, respectively, and

δv(t) ≡ vIN(t) − vOUT(t), (1)

the voltage difference across the dipole. Let i(t) be the
electrical current flowing through the transmission de-
vice. The charge transferred from the input to the output
during a time interval ∆t is

∆q ≡

ˆ t0+∆t

t0

dq =

ˆ t0+∆t

t0

dq(t)

dt
dt =

ˆ t0+∆t

t0

i(t) dt. (2)

For the special case of a constant capacitance output load
(Figure 1), we have i(t) = C dvOUT(t)/ dt and

∆q = C
(
vOUT(t0 + ∆t) − vOUT(t0)

)
= C V1, (3)

V1 being the prescribed voltage defining the logic level 1.

It is instructive to carry out the energy balance of the
circuit. The energy supplied at the input splits, as a result
of (1), into two components:

EIN = Edissip + Ebit. (4)

Ebit =

ˆ t0+∆t

t0

vOUT(t) i(t) dt (5)

is the reversible component of the supplied energy, “prof-
itably” transferred to the storing element. For the special
case of the constant C, we of course retrieve

Ebit =
1

2
CV 2

1 =
∆q2

2 C
. (6)

Thereafter, we will most often refer to this quantity (6)
as the bit energy, following [4]’s terminology.

The energy dissipation of the switching operation is

Edissip =

ˆ t0+∆t

t0

δv(t) i(t) dt. (7)

Only a device with an infinite conductance (i(t)/δv(t) =
∞) is able to transmit the charges (finite non-zero i(t))
while keeping δv(t) = 0, which would result in Edissip = 0
according to (7). This theoretical limit case actually cor-
responds to a simple lossless (zero resistance) connecting
wire between the source and the storing element.

B. Lower Bound for the Dissipation

We may consider a yield coefficient assessing the ef-
ficiency of the charge/energy transfer in the circuit of
Figure 1:

Ebit

EIN

=
Ebit

Ebit + Edissip

=
1

1 + Edissip/Ebit

, (8)

which approaches 1 as the loss ratio Edissip/Ebit (dissipa-
tion normalized by the bit energy) decreases. The main
result of this paper is a general lower bound on Edissip:

Edissip ≥ Edissip,min ≡
∆q2

G ∆t
=

(
ˆ t0+∆t

t0

i(t) dt

)2

G ∆t
, (9)

where

G ≡
1

∆t

ˆ t0+∆t

t0

i(t)

δv(t)
dt (10)

may be interpreted as the average conductance of the
nonlinear driving device over the whole charging time
interval. The derivation is proposed in Appendix A, based
on Cauchy-Schwarz inequality. The formulation (9) is
general in the sense that it does not depend on the output
load (whose a constant C is a special important case).

The bound is tight, i.e. the bit writing operation is
energetically optimal, if the voltage difference across the
nonlinear device is constant (Appendix A):

δv(t) = ∆V = constant. (11)

Remarkably, the condition (11) is general in the sense
that it does not rely on any assumption regarding the
transmission device of Figure 1. It is important to ac-
knowledge that, despite its apparent simplicity, the con-
dition (11) can be hard to translate into a optimal vIN(t)
in practical switching circuits exhibiting substantial non-
linearities (see CMOS applications in Section III-B). The
shape of the vIN(t) such that (11) is satisfied can indeed
be very complex to implement.

For the important special case of a constant output
capacitance (see (3)), (9) expands as

Edissip ≥
1

2
CV 2

1

2C

∆t G
. (12)

That is, the loss ratio is bounded by the following rela-
tion:

Edissip

Ebit

≥
Edissip,min

Ebit

=
2C

∆t G
. (13)

In (13), the quantity C/G reminds us the time constant
of a linear RC circuit (discussed in detail below in
Section III-A), however extended to a general nonlinear
circuit through the definition (10). Equation (13) tells us
that the dissipated energy decreases as the write time ∆t,
whose value is relative to the time constant of the circuit,
increases. This trend is the classical speed/dissipation
tradeoff [5], [6]. We have provided (10) and (12) to predict
the minimum dissipation, as well as the optimal protocol
(11) to achieve it.
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Figure 2. (a) Linear input ramp. (b) Linear RC circuit.

III. Applications

In this section, we exploit our fundamental lower
bound to discuss the energy efficiency of several practical
switching electronic circuits.

A. Linear RC circuit

The experimental setup of [4], intended to prove that
it is possible to write a bit with a sub-kT dissipation, can
be modelled as depicted in Figure 2: a constant capacitor
(C = 100 pF) is charged by a voltage ramp through a
series resistor (R = 1.1 kΩ). Whereas [4] only describes
the input signal as “smooth and gradual”, we reasonably
assume a linear ramp (Figure 2(a)) [5]. We will show that,
for the speed regime studied by [4], the exact shape of
the signal has a negligible influence on the experimental
results.

This preliminary case study can be covered in detail
analytically. Subsequently, the exact dissipation is com-
puted according to (7), for some response time ∆t.

In the most general case, we must distinguish V1, the
voltage defining the logic level 1, from VDD, the supply
voltage corresponding here to the final amplitude of the
voltage ramp. For a non-zero R, we have necessarily
vOUT(t) < vIN(t), meaning that vOUT(t) never reaches
exactly VDD. V1 must therefore be suitably defined, for
instance as a fraction of VDD, that is V1 = αVDD with α
close to unity. Thus, most generally, the output response
time ∆t differs from the rise time of the input ramp
(tr): both situations ∆t < tr and ∆t ≫ tr can occur,
depending on the choice of α and the speed of the
input ramp relative to the RC time constant. If the
RC dynamics is negligible, V1 ≈ VDD can be rigorously
assumed.

1) Quasi-Static Case: We first focus on the conditions
selected by [4] for a sub-kT measurement. We compute
RC = 110 ns, while tr ranges between 64 µs and 640 µs
[4]. The quasi-static condition (“slow” input and “slow”
bit writing operation) tr ≫ RC is comfortably verified,
which implies that vOUT(t) closely follows vIN(t), with
almost no delay. We emphasize that δv(t) is small, yet
non-zero and measurable (down to the nV [4], [5]). We
may consider V1 ≈ VDD (α ≈ 100 %) together with ∆t ≈

tr.

In this speed regime, the exact dissipation can be
shown to tightly match the proposed lower bound (12)
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Figure 3. Dissipated energy versus switching time for the RC circuit
in quasi-static conditions, two different V1 = 500 µV and 50 µV (bit
energies are Ebit = 3000kT and Ebit = 30kT , respectively) [4].

that takes the simplified form

Edissip ≈ Edissip,min = Ebit

2RC

∆t
, (14)

since G = 1/R = constant. While the lower bound,
in a general context (9)(13) as well as in the linear
case, is a novel contribution to our knowledge, we should
mention that the dissipation in quasi-static conditions
(right-hand side of (14)) was already obtained earlier [5]–
[8]. Furthermore, we show in Figure 3 that the predictions
are in excellent agreement with [4]’s experimental results,
up to small discrepancies, which we attribute to the
non-idealities of the measurement [4], [5]. The combined
experimental, analytical modelling and theoretical pre-
diction efforts comforts us in a major conclusion: al-
though there is no such a thing as “Landauer’s kT log 2
bound” to write a bit, there is a fundamental minimum
dissipation, precisely given by (14) for an RC circuit in
slow conditions. Equation (9) generalizes it for the wide
class of nonlinear devices, whose adiabatic logic gates [5]–
[8] or conventional CMOS gates are examples.

2) Faster Bit-Switching Case and Optimal Protocol:
We move back to our general problem stated in Section II:
given an imposed response time ∆t (for vOUT to reach at
least V1) can we find an optimal vIN(t) so as to minimize
the energy dissipation? The answer is yes. It can be shown
by direct calculation that the affine vIN(t) sketched in
Figure 4 satisfies the optimality condition (11), where
∆V must be chosen as a function of V1 and ∆t:

∆V = V1

RC

∆t
. (15)

The minimum dissipation (14) is naturally obtained
with this optimal protocol. In Figure 5, we compare
for different speeds (∆t) the dissipation of the linear
ramp (Figure 2(a)) with the lower bound achieved with
the affine input (Figure 4). Only the quasi-static regime
(∆t ≫ RC) was assessed by [4], [5]. Interestingly, we
show, by comparison with the minimum-dissipation pro-
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Figure 4. Optimal protocol to achieve the minimum dissipation for
the linear RC circuit.
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Figure 5. Dissipated energy Edissip versus switching time ∆t for
the RC circuit at various speeds. The linear input ramp (of fixed
amplitude VDD but different tr’s.) is compared to the optimal affine
protocol. The switching time ∆t is here defined at V1 = 80 % VDD.

tocol, that the linear ramp deviates from optimality as
the speed increases.

B. The nMOS Pass gate

The charge transfer process from the supplying input
to the capacitive load can be enabled or disabled at will
provided that the driving device (abstractly represented
by a box is Figure 1) is a controlled switch. This is
the primary digital application of the MOS transistor.
We will thus firstly study the energy efficiency of the
switching operation through an nMOS pass gate, which
constitutes a realistic and important nonlinear practical
case of our lower bound (12) for the dissipation.

A pass gate, implemented with an nMOS transistor,
is connected to a constant capacitor in Figure 6. The
charging process is ensured by a linear input voltage ramp
(as previously sketched in Figure 2(a)) whose rise time
tr can vary by several orders of magnitude. VDD is the
supply voltage of the used CMOS technology.

For this realistic case, we avoid to resort to a simplified
analytical model of the transistor that would be highly
inaccurate and unfaithful to the small-dimension effects
in the most advanced technologies [9] favoured for digital
circuit design [10]. Instead, in the same spirit as [5,
Section V], we have performed SPICE simulation in
the time domain, compatible with the industrial process

D

VG = VDD

S

−

+
vIN(t)

vOUT(t)

C
i(t)

Figure 6. nMOS pass gate driving a capacitor.
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Figure 7. Simulated pass gate: 28 nm FD-SOI regular-Vth nMOS
of minimal dimensions L = 30 nm and W = 80 nm; VDD = 1 V;
C = 1 fF; input rise time tr = 10 ns.
Logical 1 definition (defining the bit-switching time):
V1 = 80 % VDD.
The dissipated power pdissip(t) (in magenta) is plotted in arbitrary
units.

design kits. We emphasize that methodology and our
main result (9) do not require any analytical model of
the studied circuit, even though it was first illustrated
for the linear RC circuit.

1) Transient Simulation: The simulated waveforms in
switching conditions are depicted in Figure 7, using a
colour code consistent with Figure 6. The voltage defining
the logic level 1 is V1 = 0.8 V and the response time ∆t
is extracted as the time needed for vOUT(t) to reach at
least V1, about 40 ns for the illustrated case. We further
observe that the nMOS is incapable to fully pass the
logical 1 to be written on the capacitor. Although this
behaviour is well known [10], we will revisit and reinter-
pret it with the introduced notions of instantaneous and
average conductances (10) that appears in the minimum-
dissipation formula (12).

The nMOS transistor is a strongly nonlinear device,
in the sense that the current flowing from the drain (by
convention input of the pass gate in Figure 6) to the
source (output) is a nonlinear function of its terminal
voltage differences (vGS, and vDS ≡ δv), from strong to
weak inversion [9]. Consequently, the conductance of the
transistor (defined as i(t)/δv(t)) varies a lot during the
bit writing operation. We conceptually distinguish two
phases in Figure 7.

In the first (I) phase, the charging process is efficient.
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Figure 8. Capacitance bit writing through an nMOS pass gate
(same parameters as Figure 7, but different tr’s): dissipation versus
response time ∆t. All the quantities were extracted from SPICE
circuit simulations.

The vGS(t) = VDD − vOUT(t) is large (≫ Vth, the thresh-
old voltage of the transistor), meaning that the MOS
is in strong inversion (large conductance i(t)). Thanks
to the driving capability of the device, vOUT(t) closely
follows vIN(t) (similarly to [4]’s experiment on the RC
circuit in the quasi-static switching conditions discussed
in Section III-A). As long as the δv(t) remains small
(the transistor is in linear region), the instantaneous
dissipated power pdissip(t) is low.

Then, in the second (II) phase, the charge transfer
becomes more and more inefficient. The vGS(t) gets close
or even below the Vth, i.e. the transistor operates in weak
inversion (low conductance), and vOUT(t) painfully fol-
lows vIN(t) (“the nMOS is not good at passing a 1” [10]).
The larger δv(t) (see Figure 7) increases the dissipation,
which experiences a peak at 10 ns. Although vOUT(t)
already reaches more than 60 % VDD in the first phase
(while the final objective is 80 % VDD), the second phase
of the charging process dominates the energy dissipation
of the bit writing operation.

2) Analysis of the Dissipation: In Figure 8, we have
plotted the dissipation, extracted from the transient
simulations performed for different tr, as a function of the
response time (that must be also be empirically extracted
for each tr). We again observe, this time for the nonlinear
MOS device, the trend Edissip ∝ 1/∆t, widely reported
for the linear RC circuit (see Section III-A and associated
references). The fact that the total dissipation is quite
high (10 % of the bit energy CV 2

1 /2 for the fastest case
of Figure 7) is attributed to the poor conductance of the
transistor in the second phase of the charging process
discussed here above.

To the actual dissipation we compare the minimum
dissipation of the form (12) (constant capacitance load
but general nonlinear driving device). For each simulated
case, the average conductance is calculated according to
(10) and all the quantities of (12) are then known. We re-
mind that (12) predicts the lowest dissipation that could,

IN

VDD

OUT

0

Figure 9. CMOS transmission gate.
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a linear ramp (same transistor dimensions and parameters as Fig-
ure 7; tr range from 1 ps to 40 ns): dissipation versus response time
∆t.

in theory, be achieved with the optimal protocol vIN(t)
guaranteeing the criterion (11) (not determined in this
first paper and left for further work). The discrepancy
with the exact dissipation is more than two orders of
magnitude which reveals that as of it, the linear profile
for vIN(t) results in a highly inefficient switching process
in terms of dissipation.

C. The CMOS Transmission Gate

The CMOS transmission gate was introduce to reduce
the shortcoming of the pass gate highlighted above, as
our bound allows to quantify.

The schematic of the CMOS transmission gate is pro-
vided in Figure 9. The complementary pMOS transistor
added in parallel with the nMOS overcomes the difficulty
of fully passing a logical 1. When vOUT(t) becomes larger
than VDD/2 and closer to VDD, the conductance of the
pMOS increases and it takes over from the nMOS for fur-
ther charge transfer. Since there is always one of the two
transistors which is highly conductive instantaneously,
the charging process remains efficient all the way. The
bit-switching time is reduced, compared to the single pass
gate of Figure 6, and so it the energy dissipation.

The dissipation is depicted in Figure 10 for different
speeds. For a response time of ∆t = 40 ns (same as
discussed for the nMOS pass gate in Figures 7 and 8), we
can find Edissip ≈ 10−3 Ebit in Figure 10, i.e. a reduction
of the dissipation by a factor 100. When the speed is
further increases by using smaller tr for the linear ramp,
the dissipation increases accordingly. There is a minimum
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write time ∆t ≈ 30 ps for given supply voltage VDD and
load C.

The energy efficiency of the CMOS transmission gate
is highlighted by our bound (12), also extracted and
represented in Figure 10. For all the speed, the ratio
Edissip/Edissip,min (13) is smaller than 2. Such result is
a consequence of the excellent switching capability of the
transmission gate, even when the input signal is a simple
linear ramp. This gap could be narrowed even further by
resorting to an optimal protocol.

Finally, it is interesting to observe that the actual
dissipation exceeds Ebit for the fastest cases, that is the
yield of the energy transfer defined in (8) falls below 50 %.
This means that of the energy supplied by the input,
less than 50 % is stored as a reversible energy in the
capacitor whereas more than 50 % are wasted as heat
by the transmission gate.

IV. Discussion and Conclusions

Revisiting [4]’s experimental results, we highlighted
the fact that the actual dissipation can be computed
analytically and tightly matches both the experimental
results and the prediction of the novel, “non-Landauer”
fundamental bound that we have derived and introduced.
We have also addressed the non-quasi-static (fast input)
case. Moreover, we investigated realistic CMOS pass
and transmission gates, through SPICE simulations that
are compared to our theoretical bound. The observed
discrepancies are consistent with our knowledge of the
MOS transistor behaviour and their limitations. Our
fundamental bound can be regarded as a tool to compare
the energy efficiency different bit-switching architectures
and protocols, even across various technologies and not
only CMOS thanks its generality. We hope to provide
further application examples in future work, such as
diode, quantum dots [11] or adiabatic logic gates [5]–[8].

Moreover, our “non-Landauer” lower bound, in its
most general form (9), not dependent on the linear capac-
itive load: it predicts the energy cost of passing a certain
amount of charge in a certain amount of time through an
arbitrary dissipative device. Although we have illustrated
it on bit writing operation, where the bit is recorded as a
voltage level in a linear capacitance, we wish to generalise
to arbitrary devices, with multiple inputs and outputs as
well as with a dynamic internal behaviour. We believe the
port-Hamiltonian framework [12] is suitable toward that
goal. Applications could include more complex circuits
such as SRAM bitcells (dynamic nonlinear capacitive
load).
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Appendix A

Lower Bound for the Dissipation

We prove our main result (9) with the Cauchy–Schwarz
inequality, applied to a special scalar product that is the
integral of the product of two functions:

(
ˆ

f(t) g(t) dt
)2

≤

ˆ

(
f(t)

)2
dt ·

ˆ

(
g(t)

)2
dt. (16)

Let f(t) ≡
√

i(t)/δv(t) and g(t) ≡
√

i(t)δv(t). The direct
application of (16) provides

(
ˆ t0+∆t

t0

i(t) dt

)2

=

(
ˆ t0+∆t

t0

√

i(t)

δv(t)
·
√

i(t)δv(t) dt

)2

≤

ˆ t0+∆t

t0

i(t)

δv(t)
dt

︸ ︷︷ ︸

≡ ∆t G

·

ˆ t0+∆t

t0

i(t)δv(t) dt

︸ ︷︷ ︸

= Edissip

(17)
We identify the ∆q defined in (2) and we rewrite (17) as
(9), the main result of this paper.

The Cauchy-Schwarz inequality (thus our lower bound)
is tight is lower bound if and only if the vectors f(t)
and g(t) are collinear, i.e.

√

i(t)/δv(t) ∝
√

i(t)δv(t) or
δv(t) = ∆V = constant.
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