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TÉLÉDÉTECTION

B - 1348 Louvain-la-Neuve Belgique

Optimization of Multimedia Flows over Data
Networks : the Core Location Problem and the

Peakedness Characterization

Jean-François Macq
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Chapter 1

Introduction

Over the past years, the widespread penetration of broadband access to
the Internet has begun to provide home users with an ever growing num-
ber of multimedia applications. However, whereas the Internet can nowa-
days support telephony and low resolution video transmissions with suf-
ficient quality, it does not yet meet the requirements for more demanding
applications such as high quality Video on Demand or services similar to
TV broadcasting. The need for higher rate transmission technologies is
not the only explanation of the mismatch between the Internet and the re-
quirements of many multimedia applications. More fundamental reasons
may be found in a few key decisions that were made in the early 1970s
when designing the architecture of the network of networks ([10],[13]).

1.1 Design Philosophy of the Internet

The goal was then to devise a uniform communication interface between
various types of networks. In order to obtain a flexible and scalable archi-
tecture, the Internet Protocol (IP) has only been provided with the following
minimal functionalities ([34]) :

1. addressing, i.e. a way to unequivocally identify any destination in the
network,

2. routing, which defines how intermediate nodes in the network,
called routers, forward data packets towards their final destination.

3. the IP packet format which guarantees that information relevant to
the previous functionalities is mentioned within each data packet in
a uniform way.
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Routing is arguably the most complex of these functionalities. It is gen-
erally achieved by maintaining at each router a routing table which, given
the address of the final destination of a packet to be processed, indicates
the next router to which the packet must be forwarded. A routing protocol
specifies how these routing tables are constructed. Most of the time, the
protocol functionalities include a distributed algorithm which computes
shortest paths from the router to the other nodes in the network. This
underlying optimization is based on classical algorithms such as the Dijk-
stra ([17]) or Bellman-Ford ([6]) algorithms. The length of these paths may
be measured as the number of links used (“hop-count” metric) or accord-
ingly to a given metric like average link delays or costs set by network
operators. Note that the protocol must ensure that routing data are kept
consistent throughout all routers when the network metric or topology
change. Routing complexity typically lies in these update mechanisms.

IP flexibility is to a large extent achieved by the fact that the protocol
does not assume any transmission reliability from the underlying com-
munication technologies. But that flexibility comes at a price : in return,
IP itself does not guarantee the delivery of packets to their destination,
nor packet data integrity during their transmission. This lazy behavior of
IP is often referred as the Best Effort service. More generally, the Internet
philosophy has mainly been dictated by the end-to-end argument ([52]) :
mechanisms inside the network should be simple and all the complicated
machinery (including transmission reliability, flow control, security,...) be
moved to the edge of the network, where it can be implemented accord-
ingly to the end-hosts requirements. In particular, the task of error de-
tection and correction is left to a transport protocol operating above IP. In
the Internet, the Transmission Control Protocol (TCP) has been chosen as the
standard transport protocol. It achieves a reliable packet transmission by
using an Automatic Repeat reQuest (ARQ) mechanism : upon detection of
packet losses or data corruption, TCP explicitly requests a retransmission
of affected packets.

The dramatic growth of the Internet since its creation more than 30
years ago gives us evidence that all these mechanisms have been success-
ful in providing its users with classical services such as e-mail, web brows-
ing, file transfer, remote computer access,... In the next section, we attempt
to explain why the Internet architecture is not suited to some multimedia
applications
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1.2 Shortcomings of the Internet Architecture for Mul-
timedia Application Support

We describe here two limitations of the Internet architecture with respect
to some multimedia applications. The reason why we emphasize these
particular issues is that they are directly related to the problems we ad-
dress in this thesis.

1.2.1 Unicast vs Multicast Routing

Native IP routing mechanisms mentioned in Section 1.1 were initially de-
signed for unicast routing, that is for routing packets from a source to a sin-
gle destination. However, for several multimedia applications, the same
data packets have to be sent simultaneously to several destinations. Con-
sider as an example the streaming of a live video. In such a situation,
using independent unicast routes between the source and each user usu-
ally leads to a waste of network resources as these routes may partially
overlap. Sending several times the same data on a link is indeed an in-
efficient use of the available bandwidth, especially when the multimedia
streams involved require a high packet sending rate. The optimization of
these point-to-multipoint, or multicast communications thus requires one
to send the same packet at most once on each link. Consequently, given
a source and a set of destinations, the multicast routing minimizing the
bandwidth consumption is not achieved on the shortest paths between
the source and each destination but on a minimal set of links that connects
the source and all destinations. This optimal set of links is called an optimal
Steiner Tree in the Network Optimization terminology.

Unfortunately, support for multicast transmissions at the IP layer has
not been completely standardized so far and has thus experienced a slow
deployment within the Internet ([22]). Consequently, some applications
that would suffer from bandwidth limitations by solely relying on IP rout-
ing have to implement their own multicast-like mechanisms. In this case,
the nodes where the application is run can also be seen as the nodes of an
overlay network, i.e a virtual network whose links are actually paths at the
IP layer. Moreover by addressing the multicast issues at the application
layer, the multicast architecture can be tailored to each particular appli-
cation. For example, [2] tackles the optimization of a multicast overlay
network that Akamai Technologies uses for video streaming applications
and where redundant paths are added to augment the failure resilience of
the architecture. Remark that, from the previous discussion, moving the
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multicast mechanisms from the IP layer to the application layer can again
be seen as an application of the end-to-end argument. Indeed it alleviates
the tasks devolving on IP routers and allows applications to optimize the
multicast functionality according to their own requirements ([12]).

In the first part of this thesis, we focus on applications which require
a combination of unicast and multicast communications. This study is
motivated by multimedia applications such as videoconferences in which
user-dependent information has to be sent via unicast routing to a core
node to be chosen, and then global information has to be multicast back
from the core node to the users. Therefore the routing optimization now
seeks a core location in the network so as to minimize a combination of the
shortest paths from the users to the core and of a Steiner tree connecting
the core and the users.

1.2.2 Automatic Repeat reQuest vs Forward Error Correction

As seen in Section 1.1, the prevalent mechanism used to protect appli-
cations from packet losses in the internet is the Automatic Repeat reQuest
(ARQ) mechanism which consists in explicitly asking the sender to re-
transmit a packet when the receiver considers that this packet has been
lost. Whereas this mechanism is well suited to provide users with a suffi-
cient service for classical applications, real-time multimedia communica-
tions may be seriously impaired by retransmissions. The first reason is that
they can potentially increase packet transmission delays by several round-
trip times, resulting in an unacceptable communication latency. Secondly
multimedia content such as video or audio is usually organized in a hier-
archy of importance layers. Whereas packets from the first layers contain
essential data, packets from the last layers usually contain detail informa-
tion only. Thus losses of the latter packets can be tolerated to a certain
extent. Therefore a key feature of multimedia applications is that they
generally prefer to trade off the guaranteed transmission of less important
packets against a delay decrease. Finally, ARQ mechanisms may be of
limited interest in some environment such as multicast communications.
In this particular case, a one-to-many reliable transmission can potentially
cause a feedback implosion problem if too many receivers send notifica-
tions towards the sender. Moreover, because different receivers may expe-
rience different loss patterns and transmission delays, some receivers typi-
cally request a retransmission for packets that other have already received.
This globally increases the average transmission delay experienced and
can also lead to wasteful bandwidth usage.
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Forward Error Correction (FEC) coding techniques protect data trans-
mission from packet losses without the retransmission burden of ARQ by
inserting redundant data inside the packet stream. FEC block codes with pa-
rameters (N, K) are characterized as follows : the sender’s FEC encoder
partitions the packet stream in blocks of K packets, called data blocks and
adds R = N−K redundant packets to each of these blocks. The so formed
N−packets blocks depicted in figure 1.1 are called FEC blocks. The key
property required for this coding technique is that, for each FEC block, the
receiver’s decoder is able to reconstruct the original data block from any
K packets of the FEC block. Conversely, when more than R packets are
lost, some data is irrecoverably lost.

N packets − FEC block

K data packets R = N−K redundant packets

Figure 1.1: (N, K)−FEC block

Even though some losses within multimedia flows can thus be toler-
ated in principle, the situation is made worse by the fact that packet losses
on the Internet are mostly due to congestion and thus arise in bursts in-
stead of being uniformly distributed over time. It has been shown ([25])
that long sequences of consecutive packet losses significantly degrade the
user-perceived quality of the received multimedia stream even if the aver-
age packet loss rate is low. Similarly FEC techniques lose their efficiency
when the number of packets lost because of an error burst becomes larger
than the number of redundant packets within a FEC block.

However it has been observed recently that splitting the transmission
of FEC blocks on several channels usually decreases the impact of error
bursts on the protection mechanism robustness ([46],[47],[48]). The intu-
ition behind this fact is the following : if the traffic is split onto several
paths, an error burst on one of the paths affects only a fraction of the num-
ber of packets it would have affected if all the traffic had been sent through
that path. As discussed in Section 1.2.1 for multicast routing, the deploy-
ment of multipath routing techniques on the Internet is more likely to arise
at the application layer than at the IP layer in the few next years. The sec-
ond part of this thesis is devoted to the analysis of the effect of multipath
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routing on the robustness of FEC techniques.

1.3 Thesis Contribution and Organization

As already mentioned, this thesis is subdivided into two independent
parts. Part I concerns the problem of selecting a core node to be connected
to a given set of users by unicast and multicast communications.

In Chapter 2, we address the problem of choosing this node so as to
minimize the total bandwidth consumption of the communications. More
precisely the problem is formulated as finding a core node which mini-
mizes a weighted sum of two potentially competing criteria, one being the
sum of the distances from the core node to a set of users, the other being
the cost of connecting the core node and the terminals with a Steiner tree.
We show that, in practice, we can rapidly compute a solution for which
the objective is guaranteed to be within a few percents of the optimum.
Chapter 3 is devoted to a rigorous analysis of the trade-offs between the
two criteria. To state our result informally we show that there always ex-
ists a core location for which each criterion is close to its minimum value
(if we were to disregard the other criterion). The results obtained are then
used as an attempt to explain a posteriori why the algorithm described in
Chapter 2 quickly finds a good core location.

In Part II, we first present in Chapter 4 the framework in which it has
been shown that multipath routing can increase FEC robustness. Existing
approaches characterize packet losses with Markovian models and seek
a routing which minimizes the probability of an irrecoverable loss (PIL) for
a given packet FEC block, that is the probability of loosing more than R
packets within a block (see figure 1.1). We address the limitations of the
results presented in the literature so far and address a method to extend
them. In particular we argue that the FEC robustness is directly linked
to the way packets losses are spread over time. Therefore we propose a
method to approximate the probability of irrecoverable loss using a de-
scription of the packet flow called peakedness. Peakedness can be seen as
measure of the distribution of packet traffic bursts over time. We present
some computational results which show the effectiveness of our method
by directly comparing the exact value of the PIL with our approximations
for small network instances. In Chapter 5, we generalize the approach of
Chapter 4 to a fluid traffic formulation of the problem. This alternative
formulation allows us to propose a complete model and to address the
FEC robustness problem for larger network instances. Note that a table
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comparing the respective contributions of Chapters 4 and 5 is given at the
end of Chapter 4.





Part I

The Core Location Problem





Chapter 2

Core Selection for Multimedia
Applications

Many new multimedia applications on the Internet ask for the selection
of a meeting point in the network. Such applications are for instance
videoconferences or multi-player games. In both cases, each user sends
his personal data to the meeting point. The role of this particular point is
to gather the information received to create a single composite data flow
which is multicast back to the users. More generally, there exists a class of
multicast routing protocols, called center-based multicast protocols, which
require an administrative center for each multicast group. In the Core Based
Tree (CBT) protocol ([5]) for instance, if a source node wants to reach a mul-
ticast group, the data flow is first sent to a core node and then distributed
to the group via a shared tree. Note that, in general, the source does not
need to be a member of the multicast group. However we focus here on a
particular case, called All Receivers Sources in [9], where the set of senders
is (or can be approximated as) the set of receivers. As mentioned above,
this case is relevant for several multimedia applications.

Empirical analysis has been carried out in order to measure the rela-
tionship between the choice of the core location and the performance of
the routing scheme (see for instance [9], [23] and [58]). The performance
of such a scheme is usually evaluated in terms of delay and bandwidth
consumption. For the sake of simulation, the network is modeled as an
undirected graph, the communication delay between two nodes of the
network is approximated as the number of links on the path used and
the bandwidth consumption is evaluated as the sum of the data flow on
each link. More detailed models use weighted graphs, where each link
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has a given weight which represents either its communication latency or
its utilization cost (per bandwidth unit consumed).

If the objective is to minimize the average delay between every pair
of users in the group, the optimal routing is achieved on a shortest path
tree rooted at the core. In that case, each user-core shortest path is used in
both directions and the optimal location of the core is such as to minimize
the sum of the shortest path lengths between the core and every user. In
Location Theory terminology, we seek the 1-median of the users.

However, in order to minimize the bandwidth consumption, we must
distinguish two different problems. The first one concerns the optimiza-
tion of the unicast forward paths between the users and the core. Since
each corresponding data flow is particular to its sender, we must optimize
each user-core path. Therefore the total bandwidth consumption of these
paths is minimized when the core is located at the 1-median of the users.
The second problem is the optimization of the multicast flow from the core
to all the users. Since the core has to send the same data to all the users,
minimizing the bandwidth consumption is equivalent to minimizing the
number of edges of the shared tree spanning the users and the core. In
other words, we must find a minimum Steiner tree spanning the users and
the core. For this problem, an optimal location for the core is any node on
the optimum Steiner tree spanning the users only.

In this chapter we focus on the problem of choosing a core location in
order to minimize the total bandwidth consumption of a CBT multicast
communication, under the assumption that all receivers are also sources
[9]. Consider, for example, a videoconferencing session in which every
terminal sends a data flow to the core consuming say one unit of band-
width, and the core then multicasts a common virtual scene of bandwidth
λ back to the terminals. Typically, λ is an increasing function of the num-
ber of terminals and might not even be known in advance. In the Mini-
mum Bandwidth Cost Core Location Problem (MBCCL), the goal is to choose
a core v so as to minimize the sum of the distances between v and the
terminals plus λ times the Steiner tree cost connecting the core v and the
terminals. This problem was first studied in [40]. The authors proposed an
enumeration algorithm which essentially evaluates the objective function
at every potential core location. Observe that simply evaluating this ob-
jective function for a given core location is already computationally hard
since it requires the computation a minimum cost Steiner tree, which is
known as an NP-hard problem ([33]). The goal of this chapter is to pro-
pose an algorithm which finds a good core location without exploring all
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the nodes of the network. At the heart of the procedure, we use an effi-
cient dual-ascent procedure ([63]) to approximate the Steiner trees. A nice
feature of the chosen method is that, on termination of the algorithm, it
provides us with a quality measure of the solution returned.

The remainder of this chapter is organized as follows. In Section 2.1,
we give the definitions and formulate our main problem. Section 2.2 es-
sentially contains an overview of the algorithm that we use to approxi-
mately compute minimum cost Steiner trees. Next we present in Section
2.3 our algorithm to select a core location that approximately solves the
MBCCL problem. Computational results, given in Section 2.4, show that
our procedure is rapid and gives good performance guarantees. In other
words, it allows us to efficiently compute a good core location by explor-
ing only a small fraction of the network nodes, as desired.

2.1 Definitions and Problem Formulation

Let G = (V,E, c) be a connected, undirected graph with edge costs c :
E → R+ and T ⊆ V be a particular non-empty subset of vertices called
terminals. G naturally models the communication network : the vertex set
V represents network nodes and the edge set E represents communication
links between those nodes. For each link e, the edge cost ce may be seen as
the resource consumption cost of a flow of unitary bandwidth going across
link e. Finally, the terminal set T corresponds to the users involved in the
multimedia application considered. Although we have considered unit
costs in the introduction, we carry out our analysis with arbitrary positive
edge costs.

The cost of a subgraph H of G is the sum of the costs of all edges in H :

c(H) =
∑

e∈E(H)

ce.

The shortest path distance according to the edge costs ce defines a metric
on the vertex set V . The distance between vertex i, j is denoted by d(i, j).
For a subgraph H of G, dH(i, j) denotes the distance between i and j in H .

For any v ∈ V and S ⊆ V , we denote the sum of the distances between
v and the vertices in S by

fS(v) =
∑

t∈S

d(v, t).
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A 1-median for S is a vertex minimizing fS . Whenever S = T , we simply
write f(v) for fT (v). Let v∗ denote a 1-median for the terminal set T .

For any S ⊆ V , a Steiner tree for S is a tree spanning S. The cost of a
minimum cost Steiner tree for S is denoted by ST (S).

As announced in the introduction of this chapter, given a bandwidth
parameter λ, the total cost for a chosen core location v is given by the
function

cost(v) = f(v) + λST (T ∪ {v}).
The Minimum Bandwidth Cost Core Location (MBCCL) problem is then

defined as the problem of finding a vertex vOPT for which

cost(vOPT ) = min
v∈V

cost(v).

2.2 Computation of the Cost Function

In comparison to the Steiner tree problem, the function f(v) is easily com-
puted in polynomial time using one of the classical shortest path algo-
rithms ([6],[17]). Moreover these shortest path costs are in practice avail-
able in routing tables. Therefore in this chapter and the next, we suppose
that these costs are available and do not discuss their computation further.

As already mentioned, unlike the shortest path problem, computing
a minimum cost Steiner tree is a NP-hard problem ([33]). Consequently
many heuristics and approximation algorithms have been devised in the
literature. Up to now the best known approximation algorithm is due to
[50] and achieves a performance guarantee approaching 1 + ln 3

2 ≈ 1.55,
this value being an upper bound on the ratio of the computed tree cost
and the optimal cost. A survey of existing algorithms up to 1992 can be
found in [32]. An extensive comparison of most of these algorithms was
performed in [60]. There the algorithm proposed by Wong in [63] is re-
ported to achieve the best solution in most cases, although no theoretical
performance guarantee is known for this procedure.

The remainder of this section is devoted to an overview of Wong’s
method. Instead of giving a complete description of the algorithm, we
focus here on its main characteristics. First of all, let us point out that the
algorithm was originally devised for directed graphs. However it can im-
mediately be used for our undirected graph G if we consider that each
edge of G stands for two arcs in opposite directions. More precisely , we
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turn G = (V, E, c) into its directed version, Gd = (V, A, c), which is ob-
tained by replacing each edge e = {i, j} in G by two arcs (i, j) and (j, i).
Hence A = {(i, j) ∈ V × V | {i, j} ∈ E}. Edge costs naturally induce arc
costs as follows : for all (i, j) ∈ A, cij = c{i,j}. Moreover we choose an
arbitrary terminal vertex r ∈ T called the root. We now seek a minimum
cost acyclic subgraph of Gd in which there is a directed path from r to any
vertex in T \ {r}.

Wong’s algorithm is based on the following mixed integer program
formulation of the latter problem.

(P ) min zP =
∑

(i,j)∈A

cij yij , (2.1)

subject to (2.2)

∑

j∈δ−(i)

xt
ji −

∑

j∈δ+(i)

xt
ij =




−1, if i = r,

1, if i = t,
0, ∀i ∈ V \ {r, t},



∀ t ∈ T \ {r} (2.3)

xt
ij ≤ yij , ∀ (i, j) ∈ A, t ∈ T \ {r}, (2.4)

xt
ij ≥ 0, ∀ (i, j) ∈ A, t ∈ T \ {r}, (2.5)

yij ∈ {0, 1}, ∀ (i, j) ∈ A, (2.6)

where, for any vertex v ∈ V , δ+(i) = {a = (i, j) ∈ A|j ∈ V } denotes
the set of arcs coming from vertex i and δ−(i) = {a = (j, i) ∈ A|j ∈ V }
denotes the set of arcs going to vertex i. For each arc a ∈ A, ya indicates
whether we select a as part of the chosen Steiner directed tree. To ensure
that the selected arcs connect r with each other terminal t ∈ T \ {r}, we
add variables xt

ij , which represent the value on (i, j) of a flow from r to t,
and equations (2.3)-(2.5), which guarantee that a unit of flow can be sent
from r to t using only arcs a with ya = 1 for all t ∈ T \ {r}.

Now consider (LP ), the linear relaxation of (P ), obtained by replacing
the integrality constraints (2.6) by the relaxed bound constraints 0 ≤ yij ≤
1 for all (i, j) ∈ A. Since it has a number of variables and constraints poly-
nomial in the input size, (LP ) is solvable in polynomial time. Unfortu-
nately (LP ) does not have an optimal solution with integral values for all
yij in general. Hence its optimal objective value, zOPT

LP , is generally strictly
less than the optimal objective value of the initial mixed integer program
(P ), zOPT

P . However practical experience reveals that zOPT
LP is typically

very close to zOPT
LP . The worst known examples have a ratio zOPT

P

zOPT
LP

which

can be made arbitrarily close to 8
7 ([30]).
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Even though (LP ) can in principle be exactly solved in polynomial
time, the number of variables and constraints can be up to O(|V |3) for a
dense graph and a number of terminals proportional to |V |. Therefore
computing an exact solution of (LP ) might already be computationally
expensive. For that reason, Wong proposed to first compute a “good”
feasible solution of (DLP ), the linear programming dual of (LP ), which
may be written as follows.

(DLP ) max
∑

t∈T\{r}
(vt

t − vt
r), (2.7)

subject to vt
j − vt

i ≤ wt
ij , ∀ t ∈ T \ {r}, (i, j) ∈ A (2.8)

∑

t∈T\{r}
wt

ij ≤ cij , ∀ (i, j) ∈ A, (2.9)

wt
ij ≥ 0 ∀ t ∈ T \ {r}, (i, j) ∈ A. (2.10)

Dual variables vt
i correspond to the flow conservation equations (2.3)

at vertex i and dual variables wt
ij correspond to equations (2.4). By the lin-

ear programming strong duality theorem, the optimal objective of (DLP ),
zOPT
DLP equals zOPT

LP .
Wong’s algorithm consists of the following two main steps :

1. dual-ascent procedure : the algorithm starts with the trivially feasi-
ble solution where all dual variables set to 0. Then it greedily tries to
increase the dual objective up to a value zfeasible

DLP hopefully close to
the optimal value zDLP .

2. heuristic for the Steiner tree The algorithm constructs a subgraph H
of Gd based on the dual-solution obtained. H is guaranteed to con-
nect r to all other terminals. Then it computes a minimum cost di-
rected spanning tree in H rooted at vertex r. Finally edges which do
not disconnect r from other terminals are removed from this span-
ning tree and the algorithm outputs the resulting tree. As the re-
turned tree can interpreted as a feasible solution of the initial mixed
integer program, we denote its cost by zfeasible

P .

A key feature of Wong’s algorithm is that it provides us not only with
a feasible Steiner tree of cost zfeasible

P but also with a lower bound zfeasible
DLP

on the optimal cost zOPT
P . Therefore, upon completion of the algorithm,
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we are able to give a measure of the quality of the Steiner tree that is gen-
erated. As depicted in figure 2.1, the total gap between the upper bound
zfeasible
P and lower bound zfeasible

DLP can be decomposed in the following
three parts :

total gap
ascent in DLP

quality of the P -feasible solutionintegrality gapLower bound
Upper bound

initialDLP -feasiblesolution
zOPTLP = zOPTDLP
0
zOPTPzfeasibleDLP
zfeasibleP

quality of the DLP -feasible solution
Figure 2.1: Decomposition of the total gap zfeasible

P − zfeasible
DLP for Wong’s algo-

rithm.

1. the gap zfeasible
P −zOPT

P which is the true, but usually unknown, mea-
sure of quality of the solution obtained.

2. the integrality gap zOPT
P − zOPT

LP of the chosen mixed integer pro-
gram, which is somehow inherent to the computational intractability
of the Steiner tree problem,

3. the gap zOPT
DLP −zfeasible

DLP which measures how far away one is from an
optimal solution of (DLP ) when the dual-ascent procedure stops.

Because of two last gaps, the quality measure for the solution computed
is generally overpessimistic. However it is difficult to know a priori how
the total gap is shared among these three components.

Finally observe that, in order to solve an instance of the MBCCL prob-
lem, one has to compute Steiner trees spanning the terminal set T and a
potential core location v. Since different core locations v are naturally con-
sidered in the course of the algorithm described in next section, it is worth
noting that a feasible solution of (DLP ) for T may be trivially extended to
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a feasible solution of (DLP ) for T ∪ {v} by setting extra variables to zero.
Therefore we speed up the computation of a Steiner tree for T ∪ {v} by
Wong’s algorithm by initializing the dual-ascent procedure with the final
values obtained for T .

2.3 Algorithm for the Minimum Bandwidth Cost Core
Location Problem

We present below an algorithm seeking an optimal core location, that is a
vertex vOPT satisfying cost(vOPT ) = minv∈V cost(v). Since we use Wong’s
algorithm to compute a Steiner tree, our algorithm has been designed so
as to also provide us with a lower bound on the optimal objective value of
the MBCCL problem.

2.3.1 Algorithm Description

Let us start by briefly presenting the main ideas of the algorithm. In the
first step, we attempt to find an optimal Steiner tree spanning ST W using
Wong’s procedure. Then we select a vertex of this Steiner tree, denoted
by vs in the description below, which minimizes f(v). Finally we explore
vertices not in STW that, if chosen as the core, could yield a lower total
cost.

Since we do not compute the exact cost of an optimal Steiner tree, we
can only obtain bounds on the value of cost(v) for any vertex v. Therefore
we define the following upper and lower bounds :

cost(v) = f(v) + λST (T ∪ {v}),
cost(v) = f(v) + λST (T ∪ {v}).

During execution of the algorithm, we maintain v as the vertex with
the lowest value of cost(v) among the vertices already explored. Let
cost = cost(v). Hence cost is clearly an upper bound on costOPT . We
also maintain the variable cost as a lower bound on costOPT .

We can now describe the algorithm that we call Steiner Tree First.

STF
input: A graph G = (V, E, c) and a set of terminals T ⊆ V .
output: A core location, a lower and an upper bound on costOPT .

1. Order V = {v1, v2, . . . , v|V |} so that f(v1) ≤ f(v2) ≤ . . . ≤ f(v|N |).
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2. Compute a Steiner tree ST W spanning T with Wong’s algorithm giv-
ing bounds on the optimal cost : ST (T ) and ST (T ).

Let vs := arg minv∈ST W
f(v).

Initialize :

cost := cost(vs) = f(vs) + λST (T ),
v := vs,

cost := f(v1) + λST (T ),
t := 1.

3. Compute ST (T ∪ {vt}) and ST (T ∪ {vt}).
Update :

cost := min{cost(v1), . . . , cost(vt), cost(vs)},
v := arg min

v∈{v1,...,vt}∪{vs}
cost(v),

cost := min{cost(v1), . . . , cost(vt), f(vt+1) + λST},

where the last term is thus a lower bound on cost(v) for all vertices
v ∈ V \ {v1, . . . , vt}.

4. If f(vt+1) + λST (T ) ≥ cost or t = s− 1
then STOP and return v, cost and cost.
else t = t + 1 and go back to step 3.

We now justify our first stopping criterion in step 4 : f(vt+1) +
λST (T ) ≥ cost. If the inequality is satisfied, the lower bound on cost(v)
for vertices v not yet treated is higher than the actual best feasible solution.
Therefore none of these vertices can yield a better feasible solution.

2.3.2 Properties

We first give two easy properties of STF.

Proposition 2.1. On termination of STF,

(i) cost = min
i=1,...,s

cost(vi),

(ii) cost = min
i=1,...,s

cost(vi).
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Proof. (i) is true by construction.

(ii) On termination of STF, if t = s− 1,

cost = min{cost(v1), . . . , cost(vs−1), f(vs) + λST (T )}
= min

i=1,...,s
cost(vi).

Otherwise

f(vt+1) + λST (T ) ≥ cost

= cost(v)
≥ cost(v).

Thus, for all i > t,

cost(vi) ≥ f(vt+1) + λST (T ) ≥ cost(v).

Therefore cost = mini=1,...,s cost(vi).

The following results gives us the link between a quality guarantee for
the Steiner tree costs and a guarantee for the total cost.

Proposition 2.2. On termination of STF,

(i) if an exact algorithm is used to solve the Steiner tree problem, v is an optimal
core location with respect to the MBCCL problem,

(ii) if the Steiner tree problems are solved with an approximation algorithm sat-
isfying

ST (Q) ≤ (1 + δ)ST (Q)

for all Q ⊆ V ,

cost ≤
(

1 +
λδ

1 + λ

)
cost.

Proof. (i) is trivial from Proposition 2.1.
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(ii) Let v = arg min
i=1,...,s

cost(vi). Then

cost = cost(v) = f(v) + λST (T ∪ {v}),
cost ≤ cost(v) = f(v) + λST (T ∪ {v}),
cost

cost
≤ f(v) + λST (T ∪ {v})

f(v) + λST (T ∪ {v})
≤ f(v) + λ(1 + δ)ST (T ∪ {v})

f(v) + λST (T ∪ {v})
= 1 +

λδST (T ∪ {v})
f(v) + λST (T ∪ {v})

≤ 1 +
λδ

1 + λ
,

as f(v) ≥ ST (T ∪ {v}).
If our algorithm for the Steiner tree problem satisfies

ST (Q ∪ {v}) ≥ ST (Q) (2.11)

for all Q ⊆ V and v ∈ V , then cost(vt) ≥ cost(vs) for all t ≥ s. Thus
it is useless to consider vertex vt with t ≥ s. This motivates the second
stopping criterion.

The use of Wong’s algorithm to compute a Steiner tree leads us to make
the following remarks.

1. Though Wong’s algorithm does not have a known performance
guarantee, numerical experiments ([32], [60], [63] have shown that
it usually terminates with a very small relative gap between the
lower and the upper bounds on the optimal Steiner tree cost. Hence,
according to Proposition 2.2, using Wong’s algorithm within STF
should provide us with good solutions for the MBCCL problem as
well.

2. Wong’s algorithm does not satisfy the property given by equa-
tion (2.11) : if we constrain the Steiner tree to span an extra ver-
tex v, Wong’s algorithm might actually end up with a tree of cost
STW (Q ∪ {v}) < STW (Q). Note that, in such a case, the output
of Wong’s algorithm for Q ∪ {v} is naturally also a new and better
approximate solution of the optimal Steiner tree spanning Q only.
Consequently, the second stopping criterion t ≥ s may in princi-
ple prevent us to consider a potentially better core location vt with
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t ≥ s. In the next section, we will indeed observe that, with Wong’s
algorithm, removing that stopping criterion yields slightly better so-
lutions but at the price of a much larger number of explored vertices.

2.4 Computational Results

Here we first describe our graph generation method and then we present
the results of our experiments using the STF algorithm, as well as a variant
in which the second stopping criterion is removed.

2.4.1 Problem Instances Generation

We have used the LEDA C++ library to generate random graphs. The
details of the routine used are given in [45]. Here are the parameters used
in generating the instances :

1. |V |, the number of vertices, was fixed at 100 in all instances.

2. |E|, the number of edges, varied from its minimum (99) to its maxi-
mum value (4950).

3. The edge costs were integers chosen randomly between 1 and 100.

4. The number of terminals |T | ranged from 2 to |V | = 100. Note that,
for the extreme values of T , the STF algorithm always finds an opti-
mal solution since the Steiner tree problem then reduces to the short-
est path problem and the minimum spanning tree problem respec-
tively.

5. We chose the values 1, 3 and 5 for the bandwidth λ used in the virtual
scene broadcast. For larger values of λ, the cost of the Steiner tree
dominates the cost of the shortest path tree.

2.4.2 Performance Measure

The performance is measured in two ways :

1. The quality guarantee ratio of the solution defined as

q =
cost− cost

cost
.

Below this ratio is expressed as a percentage.
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2. The number of potential core vertices explored in step 3 of STF.

For each combination of values for the parameters described above,
100 instances were generated in order to obtain an average value of the
performance measures. The average quality guarantee ratio is denoted by
q̄. Each problem instance was solved by the STF algorithm and its modi-
fied version without an imposed termination before vertex vs. The latter
is denoted by STF’. In the following observations, we focus on instances
with λ = 5. Similar results were obtained with the values λ = 1 and 3.
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Figure 1: Average quality guarantee q̄ vs number of participants

|P | for |N | = 100, |E| = 4950 and BW = 5.

we observe that the worst-case values for |P | range between 5 and

20 participants approximately. STF’ performs slightly better than

STF, showing that there are some gains from going further than

node js.

Figure 2 shows a plot of q̄ for STF and STF’ against the num-

ber of edges |E|. This is an average computed for |P | ranging

from 2 to 20 and BW set to 5. We can see that the main increase

of this ratio occurs until a density of about 200 edges. Then the

increase is roughly linear until complete graphs. Once again we

observe the better performance of STF’ for every value of |E|.
However STF’ explores a much larger number of nodes than

STF. With the same problem instances as in figure 1, the average

number of nodes explored by STF’ can increase up to 9.5. For

STF, this average is always under 0.13 and the maximum value

of the number of nodes explored for a particular instance is never

more than 5. This means that only one Steiner tree needs to be

computed for most instances.

Similar conclusions were obtained with the values BW = 1

and 3.

6. CONCLUSION AND FUTURE WORK

We have described an algorithm to approximately solve the Opti-

mal Videoconferencing Rendez-vous Problem. We have also de-

rived a performance guarantee assuming that the procedure for the

computation of Steiner trees has a known performance guarantee.

In our experiments, the solutions always have a quality guarantee

below a few percents. Moreover very few nodes are treated. In fact

only one Steiner tree needs to be computed for most instances.

We can modify our algorithm to obtain slightly better perfor-

mance for the solutions. However this is done at the cost of treat-

ing a large number of nodes. It might therefore be interesting to

provide STF with a parameter controlling the maximum number

of nodes explored. This could yield intermediate algorithms with

better solutions than STF without exploring too many nodes. An

empirical analysis would help to “tune” the algorithm to select the

desired tradeoffs.
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Figure 2.2: Average quality guarantee q̄ vs number of terminals |T | for |V | =
100, |E| = 4950 and λ = 5

Figure 2.2 shows a plot of the average quality guarantee ratio q̄ for STF
(continuous curve) and STF’ (dotted curve) against the number of termi-
nals |T |. |E| is set to its worst case value : |E| = 4950. For both algo-
rithms, we observe that the worst-case values for |T | range between 5 and
20 terminals approximately. STF’ performs slightly better than STF, show-
ing that there are some gains from going further than vertex vs. Figure
2.3 shows a plot of q for STF and STF’ against the number of edges |E|.
Note that the average is here computed for |T | ranging from 2 to 20. We
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can see that the main increase of this ratio occurs up a density of about
200 edges. Then the increase is roughly linear until one obtains complete
graphs. Once again we observe the better performance of STF’ for every
value of |E|.

0 10 20 30 40 50 60 70 80 90 100
0

0.5

1

1.5

2

2.5

3

3.5

STF

STF’

|P |

q̄
(%

)

Figure 1: Average quality guarantee q̄ vs number of participants

|P | for |N | = 100, |E| = 4950 and BW = 5.

we observe that the worst-case values for |P | range between 5 and

20 participants approximately. STF’ performs slightly better than

STF, showing that there are some gains from going further than

node js.

Figure 2 shows a plot of q̄ for STF and STF’ against the num-

ber of edges |E|. This is an average computed for |P | ranging

from 2 to 20 and BW set to 5. We can see that the main increase

of this ratio occurs until a density of about 200 edges. Then the

increase is roughly linear until complete graphs. Once again we

observe the better performance of STF’ for every value of |E|.
However STF’ explores a much larger number of nodes than

STF. With the same problem instances as in figure 1, the average

number of nodes explored by STF’ can increase up to 9.5. For

STF, this average is always under 0.13 and the maximum value

of the number of nodes explored for a particular instance is never

more than 5. This means that only one Steiner tree needs to be

computed for most instances.

Similar conclusions were obtained with the values BW = 1

and 3.

6. CONCLUSION AND FUTURE WORK

We have described an algorithm to approximately solve the Opti-

mal Videoconferencing Rendez-vous Problem. We have also de-

rived a performance guarantee assuming that the procedure for the

computation of Steiner trees has a known performance guarantee.

In our experiments, the solutions always have a quality guarantee

below a few percents. Moreover very few nodes are treated. In fact

only one Steiner tree needs to be computed for most instances.

We can modify our algorithm to obtain slightly better perfor-

mance for the solutions. However this is done at the cost of treat-

ing a large number of nodes. It might therefore be interesting to

provide STF with a parameter controlling the maximum number

of nodes explored. This could yield intermediate algorithms with

better solutions than STF without exploring too many nodes. An

empirical analysis would help to “tune” the algorithm to select the

desired tradeoffs.

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0

0.2

0.4

0.6

0.8

1

1.2

1.4

STF

STF’

|E|

q̄
(%

)

Figure 2: Average quality guarantee q̄ vs number of edges |E| for

|N | = 100, |P | = 1, . . . , 20 and BW = 5.

7. REFERENCES

[1] J. Moy, “OSPF version 2,” RFC 1583, IETF, March 1994.

[2] Y. Rekhter and T. Li, “A border gateway protocol 4 (BGP-

4),” RFC 1771, IETF, March 1995.

[3] E. W. Dijkstra, “A note on two problems in connection with

graphs,” Numerische Mathematik, vol. 1, pp. 269–271, 1959.

[4] R. E. Bellman, “On a routing problem,” Quarterly of Applied

Mathematics, vol. 16, pp. 87–90, 1958.

[5] E. N. Gilbert and H. O. Pollak, “Steiner minimal trees,”

SIAM Journal on Applied Mathematics, vol. 16, no. 1, pp.

1–29, 1968.

[6] R. M. Karp, “Reducibility among combinatorial problems,”

in Complexity of Computer Computations, R. E. Miller and

J. W. Thatcher, Eds., pp. 85–103. Plenum Press, New York,

1972.

[7] F. K. Hwang, D. S. Richards, and P. Winter, The Steiner

Tree Problem, Number 53. Elsevier Science Publishers B.

V., Amsterdam, 1992.

[8] G. Robins and A. Zelikovsky, “Improved steiner tree approx-

imation in graphs,” in Symposium on Discrete Algorithms,

2000, pp. 770–779.

[9] S. Voss, “Steiner’s problem in graphs: Heuristic methods,”

Discrete Applied Mathematics, vol. 40, pp. 45–72, 1992.

[10] R. T. Wong, “A dual ascent approach for steiner tree prob-

lems on a directed graph,” Mathematical Programming, vol.

28, pp. 271–287, 1984.
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Figure 2.3: Average quality guarantee q̄ vs number of edges |E| for |V | = 100,
2 ≤ |T | ≤ 20 and λ = 5

However STF’ explores a much larger number of vertices than STF.
Figures 2.4 and 2.5 show the average number of potential core locations
explored by STF and STF’ respectively for the same problem instances as
in figure 2.2 (E=4950, λ = 5). One can observe that the average number
of vertices explored by STF’ can increase up to 9.5, while this average is
always under 0.13 for STF. By looking separately at all instances gener-
ated, it turns out that the maximum number of vertices explored by STF
is 5 whereas this maximum is 48 for STF’. These observations may inter-
preted as follows : on the one hand, STF needs to compute only one Steiner
tree for most instances and, on the other hand, for the most “difficult” in-
stances (i.e. when |T | ≈ 10), the gap between the bounds computed by
Wong’s algorithm may force STF’ to explore many potential core locations
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outside the initial Steiner tree.
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Figure 2.4: Average number of vertices explored by STF vs number of terminals
|T | for |V | = 100, |E| = 4950 and λ = 5

Another quantity of interest is the fraction of the total running time
spent by the algorithm to explore vertices outside the initial Steiner tree
(and to evaluate the cost function). This quantity actually behaves very
similarly to the number of explored vertices as in figures 2.4 and 2.5. For
the same values of the parameters as above, the average fraction for STF
is at most 0.035 whereas it is at most 0.12 for STF’. The execution of step 3
takes thus a significant part of the total running time for STF’.

Naturally, the numerical results presented here depends on the method
used to generate random instances. We have also run experiments with
generators of graphs having internet-like topologies (see [19] for instance).
In all cases, the performances of our algorithms were even better than the
ones mentioned above. We believe that this is partly explained by the
fact that these graphs typically have a low connectivity. However it is
not clear whether the performances detailed in this section may be con-
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Figure 2.5: Average number of vertices explored by STF’ vs number of terminals
|T | for |V | = 100, |E| = 4950 and λ = 5
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sidered as the worst cases. For instance, our choice of complete graphs
and edge costs implies that the shortest paths between arbitrary vertices
consist of very few edges most of the time. Hence optimum Steiner trees
have a number of Steiner vertices (i.e. vertices which are not terminals)
that grows almost linearly with |T | for small values of |T |. This is depicted
in figure 2.6 with a plot of the average number of Steiner vertices in the
tree computed by STF against |T |.
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Figure 2.6: Average number of Steiner vertices in the Steiner tree computed by
STF vs number of terminals |T | for |V | = 100, |E| = 4950 and λ = 5

2.5 Conclusion

We have described in this chapter an algorithm to approximately solve the
Minimum Bandwidth Cost Core Location problem. We have also derived
a performance guarantee assuming that the procedure for the computation
of Steiner tree has a known performance guarantee. In our experiments,
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the solution always has a quality guarantee below a few percent, which
is actually not surprising since we have used Wong’s algorithm which is
known to solve the Steiner tree problem very close to optimality in prac-
tice.

More interestingly, we have observed that the algorithm can rapidly
obtain good solution without exploring many potential core locations. In
fact, for most instances, only one Steiner tree is computed. This can be
interpreted as saying that the algorithm quickly finds a core location such
that the 1-median and the Steiner criteria are simultaneously close to their
minimum values.

In the next chapter, we compute absolute bounds on the trade-offs be-
tween these two criteria. We then apply our result to show that it is indeed
always possible to compute solutions of the MBCCL with an a priori ap-
proximation guarantee by computing a single Steiner tree.



Chapter 3

Trade-offs Between the
1-median and Steiner Criteria

In the previous chapter, we have considered the problem of locating a core
node v under two criteria, one being the sum of the distances between v
and the terminals (the “median” criterion), the other being the cost of the
Steiner tree linking v to the terminals (the “Steiner tree” criterion). As we
have seen, the 1-median might not be located on an optimum Steiner tree
connecting the terminals and therefore there is some trade-off between the
two criteria. Instead of considering a weighted sum of the two criteria as
in Chapter 2, we present here a bicriteria analysis which consider each
criterion as an individual objective. The main contribution of this chapter
is to give bounds on the trade-off between these two competing objectives.
To state our result informally, we show that either the optimum 1-median
can be connected to one of the terminals without increasing much the cost
of the Steiner tree connecting the terminals, or there exists a terminal for
which the median criterion is not much more than for the optimum 1-
median. More precisely, let α be the ratio for the median criterion between
the best terminal and the optimum 1-median, and let β be the ratio of the
Steiner tree cost for connecting the terminals and the optimum 1-median
to the Steiner tree cost for connecting just the terminals. We can easily
show that α ≤ 2, β ≤ 3

2 , and that these values can asymptotically be
attained. More interestingly, we show that for any (ᾱ, β̄) (1 ≤ ᾱ ≤ 2 and
1 ≤ β̄ ≤ 3

2 ) such that ᾱ = 3 − 1
2−β̄

(the trade-off function, see Figure 3.1),
either α ≤ ᾱ or β ≤ β̄. Restating this, if connecting the optimum 1-median
to a Steiner tree on the terminals increases its cost by a factor greater than β̄
then we can select one of the terminals as the core and the median criterion
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is no more than ᾱ times the optimum 1-median value. We actually give a
slightly better trade-off function between α and β in Theorem 3.1; this is
indicated by a dotted line on Figure 3.1. Theorem 3.1 for example implies
that either α or β is at most (1 +

√
3)/2 < 1.37. We would like to mention

that even simply showing that β is close to 1 whenever α is close to 2 does
not appear to be trivial.
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Figure 3.1: Trade-off functions

In terms of bicriteria guarantees, our result can be interpreted as say-
ing that, for any (ᾱ, β̄) on the trade-off function, there exists a core node
such that its median criterion is within ᾱ of the optimum 1-median and
the cost of connecting it to the terminals is at most β̄ times the cost of con-
necting only the terminals. In fact, the above discussion says that there
exists a core node with either a (1, β̄) guarantee (if we end up selecting
the 1-median), or with a (ᾱ, 1) guarantee (if we end up selecting one of
the terminals). Bicriteria results have been given for many combinatorial
optimization problems, see e.g. [38], [43] and [54]. In particular, some
problems dealing with trade-offs between shortest paths and spanning
tree costs have been studied in [4] and [39].

Finally our results can be applied to the MBCCL problem introduced in
the previous chapter. Note that we do not require here the bandwidth pa-
rameter λ to be known in advance. If we use a ρ-approximation algorithm
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to compute a Steiner tree, we clearly obtain a ρ-approximation algorithm
for the MBCCL problem if, as in [40], we enumerate all possible core lo-
cations. Note that a Steiner tree must then be computed for each location
considered. However, we use our trade-off results to show that we can ap-
proximate the core location problem with a ratio of 1 + ρ2

4 (slightly worse
than ρ) by approximating only one instance of the minimum cost Steiner
tree problem. In particular, for ratio ρ ≈ 1.55 obtained in [50], this gives
1.6, while for ρ = 2 corresponding to a minimum spanning tree heuristic
for which there exist distributed algorithms, we also obtain a bound of 2.

The remainder of the chapter is organized as follows. Section 3.1 gives
the basic definitions. Our trade-off function is derived in Section 3.2. After
deriving basic inequalities in Section 3.2.1, we first prove in Section 3.2.2
the existence of a decomposition of any tree into a small number of sub-
trees, each of cost bounded by a fraction of the original cost of the tree; this
is stated precisely in Proposition 3.1. The next step is to bound the sum of
the distances from any terminal t to the other terminals by going through
the optimum Steiner tree for those terminals within the same member of
the decomposition as t is and going through the optimum 1-median for the
other terminals; this is the essence of Proposition 3.2. We then apply our
trade-off results to the Minimum Bandwidth Cost Core Location Problem
and prove that approximating only one Steiner tree is sufficient to obtain
a good approximation ratio. These results are presented in Section 3.3.

3.1 Definition of α and β Parameters

Note that we still use the network model and notation introduced in Sec-
tion 2.1 throughout this chapter. In particular recall that v∗ denotes a 1-
median of the terminal set T , fS(t) =

∑
t∈S d(v, t), f(t) = fT (t) and ST (S)

is the cost of a minimum cost Steiner tree spanning S, for any S ⊆ V .
Moreover we give here the exact definitions of the two criteria mentioned
above.

We define α = f(vT )
f(v∗) , where vT = arg minv∈T f(v). In the introduc-

tion, β was defined to be ST (T∪{v∗})
ST (T ) . In order to make this quantity

more tractable, we observe that ST (T ∪ {v∗}) ≤ ST (T ) + d(v∗, T ) where
d(v∗, T ) = minv∈T d(v∗, v), and we actually define β to be 1 + d(v∗,T )

ST (T ) . Thus

β is an upper bound on ST (T∪{v∗})
ST (T ) .
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3.2 Relationship between α and β

Here we derive our main inequalities between the parameters α and β.

3.2.1 Basic Inequalities

We first start by deriving a series of very simple inequalities that in partic-
ular show that α ≤ 2 and β ≤ 3

2 .

Lemma 3.1. If T is a tree spanning S ⊆ V then
∑

t∈S fS(t) ≤ |S|2
2 c(T ).

Proof. We have
∑

t∈S

fS(t) =
∑

t,t′∈S

d(t, t′) ≤
∑

t,t′∈S

dT (t, t′),

where we upper bound each d(t, t′) by constraining the distance to be com-
puted on T . Observe that dT (t, t′) is the cost of the unique path in T be-
tween t and t′. If we consider these paths for all pairs (t, t′) ∈ S × S, each
edge e of T is used 2ne(|S| −ne) times, where ne is the number of vertices
of S in a connected component of T \ e. Hence

∑

t∈S

fS(t) ≤ 2
∑

e∈E(T )

ne(|S| − ne)ce ≤ |S|2
2

c(T ).

Applying Lemma 3.1 to the optimum Steiner tree for T , we derive the
following corollary.

Corollary 3.1. f(vT ) ≤ |T |
2 ST (T ).

Lemma 3.2. β − 1 ≤ f(v∗)
|T |ST (T ) .

Proof. This follows simply from the definition of β = 1 + d(v∗, T )/ST (T )
and the fact that d(v∗, T ) ≤ 1

|T | f(v∗).

Corollary 3.2. β ≤ 1 + 1
2α . In particular, β ≤ 3

2 .

Proof. From Lemma 3.2, we have

β ≤ 1 +
f(v∗)

|T |ST (T )
= 1 +

f(vT )
α|T |ST (T )

≤ 1 +
1
2α

,

the equality following from the definition of α and the last inequality from
Corollary 3.1.
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Lemma 3.3. α ≤ 2− 2
|T | .

Proof. Let t∗ = arg mint∈T d(v∗, t). Hence f(v∗) ≥ |T |d(v∗, t∗) and

f(vT ) ≤ f(t∗) =
∑

t∈T\{t∗}
d(t∗, t) ≤

∑

t∈T\{t∗}
(d(t∗, v∗) + d(v∗, t))

= (|T | − 1)d(t∗, v∗) +
∑

t∈T\{t∗}
d(v∗, t)

= (|T | − 2)d(t∗, v∗) + f(v∗) ≤ f(v∗)
(

2− 2
|T |

)
.

The following examples show that inequalities α ≤ 2 and β ≤ 3
2 are as-

ymptotically tight. We adopt the following convention in Figures 3.2 and
3.5 : terminals are denoted by squares and the value k inside some indi-
cates that k terminals lie at the same position. The black node represents
the 1-median v∗ of the terminals. The value close to an edge represents its
cost.

Example 3.1. Consider the instance depicted in Figure 3.2(a) where the terminals
lie uniformly on a path of length |T | − 1 and are at distance 1 from v∗. Hence
f(v∗) = |T |, f(vT ) = 2|T |−4 (where vT can be any terminal except the leftmost
and rightmost ones), ST (T ) = |T | − 1 and ST (T ∪ {v∗}) = |T |. Therefore
(α, β) = (2− 4

|T | , 1 + 1
|T |−1), which tends to (2, 1) when |T | tends to ∞.

Example 3.2. In Figure 3.2(b), |T | = 2k + 1 and the k leftmost and k rightmost
terminals lie on a same node. One can verify that f(v∗) = 2k − 1 − ε, f(vT ) =
2k−1 (where vT can be any left or rightmost terminal), ST (T ) = 2 and ST (T ∪
{v∗}) = 3− 2

k − ε. When k tends to ∞ and ε tends to 0, (α, β) tends to (1, 3
2).

Corollary 3.2 shows that α must tend to 1 when β tends to 3
2 . Con-

versely it is shown in next section that β must tend to 1 when α tends to
2.

3.2.2 Better Inequalities Using Tree Partitions

For our derivation of the trade-off function, we first need to show the exis-
tence of partitions of any tree into a small number of trees, each of a given
bounded size. This is stated in Proposition 3.1.
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Figure 3.2: Tight examples for α ≤ 2 and β ≤ 3
2 .

Definition 3.1. A (δ,M)-partition of a weighted tree T is a collection of M
subtrees Ti of T whose edge sets E(Ti) form a partition of E(T ) and which satisfy
c(Ti) ≤ δc(T ).

Definition 3.2. A graph H is a subdivision of a graph G if H is obtained after
iterating the following operation on G: Introduce a new vertex w, pick an edge
e = {u, v} and replace it by two edges f = {u,w} and g = {w, v}. For a
weighted graph G, we impose that the previous operation be cost preserving, i.e.
the cost of the new edges must satisfy cf + cg = ce.

Figure 3.3: A (δ, 4)-partition of a subdivision of a tree.

Proposition 3.1. Let T be a tree. For all 0 < δ ≤ 1, there exists a (δ,
⌈

2
δ

⌉− 1)-
partition of a subdivision of T .

An example of a (δ,M)-partition is shown in Figure 3.3. This result is
tight in the sense that, for any positive integer M , the smallest value one
can take for δ is indeed 2

M+1 as comes out of Proposition 3.1. This is shown
in the following example.
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Example 3.3. Consider a star with M +1 unit length spokes, as depicted in Fig-
ure 3.4(a). By the pigeonhole principle, in any (δ,M)-partition of a subdivision
of the star, there exist two leaves lying in the same subtree. By connectivity, that
subtree contains the path of length 2 between the two leaves. Hence δ ≥ 2

M+1 .

Figure 3.4(b) illustrates a
(

2
M+1 ,M

)
partition.
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Figure 3.4: Tight example for Proposition 3.1.

Proof. We first prove the following claim by induction on n, the number of
leaves of T .

Claim 3.1. For any value C > 0 and any leaf vertex v of T , there exists a
partition of a subdivision of T such that the subtree containing v has a cost at
most C

2 and all other subtrees have a cost in
(

C
2 , C

]
.

Proof of the claim. The proof is by induction. The base case is n = 2. Then T
is a path which we partition as follows: starting from the leaf opposite to
v, cut pieces of cost C and remove them from the path until the remaining
part has a cost less than C. If this cost is at most C

2 then the partition is
done. Otherwise do the last cut by considering {v} as a subtree (of cost 0).
This partition fulfills the claim.

Suppose now that the claim is true for all trees with less than n leaves,
where n ≥ 3. Let w be the closest vertex to v of degree at least 3. If we cut
T in w, we obtain the following connected components: the (v, w)-path
and some subtrees Ti with less than n leaves. For each i, we construct
by induction a partition of Ti that fulfills the condition of the claim with
w chosen as the particular leaf. Since the subtrees of the Ti containing w
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have cost at most C
2 , we can merge them into bigger trees such that they

all have a cost in
(

C
2 , C

]
except for one of them which has a cost at most

C
2 . If needed, consider that {w} is that tree. Finally we extend the low cost
tree on the (w, v)−path and finish the construction on this path as in the
base case.

Now consider the partition given by the previous claim with C =
δc(T ). Consider the subtree of cost at most δ

2c(T ) and another subtree
adjacent to it. If the sum of their cost is less than C = δc(T ), merge them.
In that case all the subtrees have cost in

(
C
2 , C

]
. Otherwise remark that

the average of their cost is in
(

C
2 , C

]
. Let M be the number of subtrees ob-

tained by the previous construction. We must have M δ
2c(T ) < c(T ). Since

M is integer, M ≤ ⌈
2
δ

⌉− 1, as desired.

From any (δ,M)-partition of the optimum Steiner tree, we can derive
an inequality linking α and β as shown in the Proposition below. The idea
of the proof is to bound the sum of the distances from any terminal t to
the other terminals by going through the optimum Steiner tree for those
terminals within the same member of the (δ,M)-partition as t is and going
through v∗ for the other terminals.

Proposition 3.2. If β > 1 and if there exists a (δ,M)-partition of a subdivision
of the optimum Steiner tree ST on T for some δ and M , then

α ≤ 2− 2
M

+
δ

2(β − 1)M
.

Proof. If M = 1, then δ ≥ 1 and it suffices to prove α ≤ 1
2(β−1) , which is

equivalent to Corollary 3.2. If δ ≥ 4(β − 1), it suffices to prove α ≤ 2,
which is true because of Lemma 3.3.

So we can suppose w.l.o.g. that M ≥ 2 and δ < 4(β − 1). Let us define
δ = µ(β − 1) with 0 ≤ µ < 4.

Let (Ti)i=1...M be the subtrees of T in the (δ,M)-partition. These sub-
trees naturally induces a partition of T in M blocks (Bi)i=1...M such that
Bi ⊆ V (Ti). If a terminal t ∈ T belongs to several subtrees, we arbitrarily
choose its block.
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For all i, we have

|Bi| f(vT ) ≤
∑

t∈Bi

f(t) =
∑

t∈Bi

fT\Bi
(t) +

∑

t∈Bi

fBi
(t)

≤
∑

t∈Bi

∑

t′∈T\Bi

d(t, t′) +
|Bi|2

2
c(Ti) by Lemma 1

≤
∑

t∈Bi

∑

t′∈T\Bi

(
d(t, v∗) + d(v∗, t′)

)
+
|Bi|2

2
δ ST (T )

= |T \Bi| fBi
(v∗) + |Bi| fT\Bi

(v∗) +
|Bi|2

2
δ ST (T )

= (|T | − 2|Bi|) fBi
(v∗) + |Bi| f(v∗) +

|Bi|2
2

δ ST (T ).

We now consider two cases.

Case 1. If |Bi| < |T |
2 for all i, we use Lemma 3.2 and rewrite the last in-

equality as :

|Bi| f(vT ) ≤ (|T |−2|Bi|) fBi
(v∗)+|Bi| f(v∗)+

|Bi|2
2

δ

(β − 1)|T | f(v∗).

A weighted sum over all i yields

f(vT )
M∑

i=1

|Bi|
|T | − 2|Bi|

≤ f(v∗)

(
1 +

M∑

i=1

|Bi|
|T | − 2|Bi| +

µ

2|T |
M∑

i=1

|Bi|2
|T | − 2|Bi|

)
,

where µ = δ
β−1 . Note that 0 < µ < 4. Let us do the following vari-

able substitution: zi = |T |−2|Bi|
|T | or, equivalently, |Bi| = |T |1−zi

2 .

Thus the zi’s satisfy

0 < zi ≤ 1 and
M∑

i=1

zi = M − 2.
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Therefore,

α =
f(vT )
f(v∗)

≤ 1 +
∑M

i=1
1−zi
2zi

+ µ
8

∑M
i=1

(1−zi)
2

zi∑M
i=1

1−zi
2zi

= 1 +
1 + µ

8 (
∑M

i=1
1
zi
− 2M + M − 2)

1
2

∑M
i=1

1
zi
− 1

2M

= 1 +
8 + µ(Z −M − 2)

4(Z −M)
where Z =

M∑

i=1

1
zi

= 1 +
µ

4
+

4− µ

2(Z −M)
.

Since µ < 4, the last term is maximized when Z is minimum. By
the Cauchy-Schwarz inequality,

M2 ≤
(

M∑

i=1

zi

)(
M∑

i=1

1
zi

)
= (M − 2)Z.

Hence

α ≤ 1 +
µ

4
+

(4− µ)(M − 2)
4M

= 2− 2− µ/2
M

,

proving the desired bound.

Case 2. If |Bi| ≥ |T |
2 for some i, then for this i, we have

|Bi| f(vT ) ≤ (|T | − 2|Bi|) fBi
(v∗) + |Bi| f(v∗) +

|Bi|2
2

δ ST (T )

≤ (|T | − 2|Bi|)|Bi|(β − 1)ST (T ) + |Bi| f(v∗)

+
|Bi|2

2
µ(β − 1) ST (T )

using
fBi
|Bi| ≥ d(v∗, T ) = (β − 1)ST (T ), as in the proof of Lemma

3.2. Hence,

f(vT ) ≤ f(v∗) +
(

1− 2
|Bi|
|T | +

µ

2
|Bi|
|T |

)
|T |(β − 1)ST (T ).

Since f(vT ) ≥ f(v∗), 1− (
2− µ

2

) |Bi|
|T | ≥ 0. Using Lemma 3.2, µ < 4

and M ≥ 2, we have

α ≤ 2−
(
2− µ

2

) |Bi|
|T | ≤ 2−

(
2− µ

2

) 1
2
≤ 2− 2− µ/2

M
,

completing the proof.
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We can now prove the following inequalities:

Theorem 3.1. If β > 1 then, for any positive integer M ,

α ≤ 2− 2
M

+
1

M(M + 1)(β − 1)
. (3.1)

In particular,

α ≤ 3− 1
2− β

. (3.2)

The lower envelope of all inequalities (3.1) corresponds to the dotted
line in Figure 3.1, while (3.2) corresponds to the continuous line in the
Figure.

Proof. For each positive integer M, there exists a (δ,M)-partition of the
optimum Steiner tree ST with δ = 2

M+1 by Proposition 3.1. Proposition
3.2 immediately yields inequality (3.1).

Consider two inequalities (3.1) with M = n and M = n + 1 where n
is a positive integer. The first inequality is stronger than the second one if
and only if:

2− 2
n

+
1

n(n + 1)(β − 1)
≤ 2− 2

n + 1
+

1
(n + 1)(n + 2)(β − 1)

,

or equivalently β ≥ 1 + 1
n+2 . Therefore each inequality (3.1) is the

strongest one when β ∈
[
1 + 1

M+2 , 1 + 1
M+1

]
, which corresponds to

α ∈
[
2− 1

M , 2− 1
M+1

]
. By eliminating the parameter M , one can easily

see that all points (α, β) = (2− 1
M , 1 + 1

M+1) lie on the curve α = 3− 1
2−β .

Observe finally that the right-hand side of inequality (3.1) is convex in β
and the right-hand side of inequality (3.2) is concave in β. This proves the
validity of inequality (3.2).

The inequalities of Theorem 3.1 are not likely to be tight. The worst
examples we know are the following.

Example 3.4. In the instance depicted in Figure 3.5, there are M groups of k
terminals plus another M − 1 terminals between the groups, for a total of kM +
M − 1 terminals. When k tends to ∞, this can be seen to correspond to (α, β) =
(2− 2

M , 1 + 1
2M−2). E.g., for M = 3, this gives (α, β) = (4

3 , 5
4).
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v*

1 1
k k

1 1
k k

1 1 111 1

Figure 3.5: Worst known examples.

3.3 Application to the Minimum Bandwidth Cost
Core Location Problem

As discussed in chapter 2, the Minimum Bandwidth Cost Core Location
Problem is the problem of finding a vertex v which minimizes cost(v) =
f(v) + λST (T ∪ {v}).

If we use a particular ρ-approximation algorithm to compute the
Steiner tree costs in a core enumeration algorithm, we clearly obtain a ρ-
approximation algorithm for the core location problem as well, indepen-
dently of the value of λ. ([50]). However we prove in this section that we
can approximate the Minimum Bandwidth Cost Core Location Problem
with a ratio close to ρ by computing only one ρ-approximation of a min-
imum cost Steiner tree. Namely we consider the following core location
algorithm:

CoreLocation
input: A graph G = (V, E, c) and a set of terminals T ⊆ V .
output: A core node.

1. Compute a Steiner tree ST ρ spanning T with a ρ-approximation al-
gorithm.

2. Compute v∗ = arg minv∈V f(v) and cost(v∗) = f(v∗) + λ(c(ST ρ) +
d(v∗, T )).

3. Compute vT = arg mint∈T f(t) and cost(vT ) = f(vT ) + λc(ST ρ).

4. If cost(v∗) ≤ cost(vT ), then return v∗, else return vT .

The main advantage of the algorithm is that we need to solve only one
Steiner tree instance. Indeed, we already remarked that, in a real setting,
finding a good Steiner tree is typically the bottleneck in terms of computa-
tion and communication time, whereas the evaluation of f is fast since the
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shortest path distances are usually pre-computed and stored in routing
tables.

Proposition 3.3. CoreLocation is a
(
1 + ρ2

4

)
-approximation algorithm for the

Minimum Bandwidth Cost Core Location Problem.

Proof. CoreLocation returns a node vCL with

cost(vCL) = min {f(v∗) + λ(c(ST ρ) + d(v∗, T )) , f(vT ) + λc(ST ρ)}
≤ min {f(v∗) + λ(ρST (T ) + d(v∗, T )) , f(vT ) + λρST (T ))}
= min {f(v∗) + λ(ρ + β − 1)ST (T ) , α f(v∗) + λρST (T )} .

Clearly a lower bound on the minimum cost is given by:

min
v∈V

cost(v) ≥ f(v∗) + λST (T ).

Therefore, if we set

µ =
f(v∗)

f(v∗) + λST (T )
,

for fixed value of α and β, the approximation ratio of CoreLocation is upper
bounded as follows:

cost(vCL)
minv∈V cost(v)

≤ max
0≤µ≤1

min{µ +(1−µ)(ρ+β− 1) , µα +(1−µ)ρ}. (3.3)

Remark that, if ρ ≥ α, then the second argument of the minimum in (3.3)
is at most ρ ≤ 1 + ρ2

4 . Thus we can suppose w.l.o.g. that ρ < α. Hence
the first (resp. second) argument is a non-increasing (resp. non-decreasing)
linear function in µ. Also the first argument is at least (resp. at most) the
second one in µ = 0 (resp. µ = 1). This implies that the maximum is
attained when µ satisfies

µ + (1− µ)(ρ + β − 1) = µα + (1− µ)ρ

⇔ µ =
β − 1

α + β − 2
.

The upper bound (3.3) becomes

cost(vCL)
minv∈V cost(v)

≤ αβ + α(ρ− 1)− ρ

α + β − 2
= α +

(α− 1)(ρ− α)
α + β − 2

. (3.4)
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Observe that the right-hand side of inequality (3.4) is a non-decreasing
function in β (for β ≥ 1) since α ≥ 1 and ρ < α. Therefore, by Theorem
3.1, we can upper bound the approximation ratio by maximizing the right-
hand side of inequality (3.4) along the curve α = 3 − 1

2−β . However, to
make this maximization easier, we will first derive a new inequality :

α ≤ 3− 1
2− β

= 3− 1
1− (β − 1)

≤ 3− (1 + (β − 1)) = 3− β.

If we maximize the right-hand side of inequality (3.4) along the line α+β =
3, the upper bound becomes :

cost(vCL)
minv∈V cost(v)

≤ max
1≤α≤2

α + (α− 1)(ρ− α)

= max
1≤α≤2

α(2 + ρ− α)− ρ

=
(
1 +

ρ

2

)2
− ρ = 1 +

ρ2

4
,

where the maximum is attained for α = 1 + ρ
2 .

Let us look at some particular approximation algorithms for the Min-
imum Cost Steiner Tree problem. If we use a minimum spanning tree
algorithm, ρ = 2 (see [62]). Hence, by Proposition 3.3, we obtain a 2-
approximation algorithm as well for the core location problem. So in this
case it is impossible to improve the approximation ratio of CoreLocation
by computing other Steiner trees. The minimum spanning tree problem
has also the main advantage to have distributed algorithms (see [27] for
instance) which are therefore easier to implement in a real network. If we
use the best known approximation algorithm for the Steiner tree problem
(ρ ≈ 1.55), then we obtain a ratio of 1.60. Finally if we could always com-
pute the optimal Steiner tree spanning the terminals, CoreLocation would
have an approximation ratio of 1.25. Note that, by using the inequalities of
Theorem 3.1 instead of α + β ≤ 3, one can actually prove that CoreLocation
is a 1.2-approximation algorithm when ρ = 1 (This is attained for α = 3/2
and β = 4/3 in inequality (3.4)).

3.4 Conclusion

In this chapter, we have proved the existence of a core node with a 1-
median and a Steiner tree criteria simultaneously small according to the
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trade-off function of Theorem 3.1. In particular one can always find such
a core node among the terminals or the 1-median. These results have al-
lowed us to prove that, given a Steiner tree algorithm with a known perfor-
mance guarantee, computing only one Steiner tree approximation instead
of considering all potential core locations leads only to a small increase
of the guaranteed approximation ratio for the Minimum Bandwidth Cost
Core Location Problem. In a real setting, a core location protocol would
therefore naturally trade off a small loss of routing performance against a
gain in computation time.
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Chapter 4

Increasing Forward Error
Correction Robustness with
Multipath Routing

As discussed in Chapter 1, retransmission mechanisms are widely used
in the Internet to protect applications from packet losses. However they
are usually not suitable for some delay-sensitive multimedia applications,
which prefer the flexibility of Forward Error Correction (FEC). We recall
that a (N, K)- FEC block code consists of partitioning the packet stream
into blocks of K consecutive packets and in adding R = N −K redundant
data packets to each block. The required property of the coding technique
is that, for each N -packet block, if at least K packets are transmitted suc-
cessfully, the receiver is able to recover the K original data packets. Oth-
erwise some data is definitely lost and we say that the block has incurred
an irrecoverable loss. In practice this property is achieved by using Reed-
Solomon erasure codes ([49]).

The robustness of such a protection scheme is thus measured by the
probability of irrecoverable loss (PIL) within an arbitrary block. For a
given block, if X denotes the number of packets successfully transmitted
and is viewed as a random variable, the PIL can be written as a function
PIL of the FEC parameters (R, K) as follows :

PIL(R, K) = P[X < K] = P[N −X > R]. (4.1)

Remark that we see PIL as a function of R and K instead of N and K
in order to highlight the symmetry between R and K in equation (4.1).
This symmetry should become more obvious throughout the following
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sections. We must also point out that, in equation (4.1), many parameters
needed to compute PIL are actually hidden. In particular, a loss model
must be given in order to compute the probability distribution of X .

In simple models, the transmission channel is characterized by a sin-
gle parameter p giving the average packet loss rate. If packet losses are
assumed to be mutually independent events, then X follows a binomial
distribution and therefore,

PIL(R, K) =
K−1∑

x=0

(
R + K

x

)
(1− p)xpR+K−x.

In this case the FEC protection is efficient when the parameters are cho-
sen in such a way that the expected number of lost packets within a
block, pN = p (R + K), is significantly smaller than the number of redun-
dant packets R. Equivalently, the redundancy ratio R

N must be significantly
greater than the average loss rate p.

However, in communication networks, transmission errors typically
arise in bursts. In the Internet, router congestion is to a large extent re-
sponsible for this behavior. Each router has indeed a finite buffer contain-
ing packets to be forwarded. When this buffer is full, the router has to drop
packets upon each new packet arrival. This is usually done according to
a Drop Tail policy, i.e. only the last packets to arrive are discarded. Conse-
quently the packet loss events cannot be assumed to be independent and
thus these losses are not evenly distributed over time. The same behavior
may be observed with other types of network technologies, such as wire-
less networks, where fading and shadowing may cause high error rates
concentrated in failure period. FEC techniques then become inefficient
when the typical error burst size experienced by a data stream is greater
than R, even if the average loss ratio is much smaller than the redundancy
ratio R

N .
In this chapter and the next, our main goal is to maximize the robust-

ness of FEC, i.e. to minimize the PIL of a block. An obvious way of achiev-
ing our goal would be to choose sufficiently large values of N and R in
such a way that R

N and R are significantly larger than the average loss rate
and the expected number of packets lost consecutively, respectively. How-
ever we cannot design coding schemes with arbitrarily large values for R
and N . A large value for R

N would indeed add too much redundancy into
the data flow, leading to a waste of bandwidth and an increase of conges-
tion risk, while a large N would increase the coding and decoding time
and therefore the global transmission delay. Hence this would also de-
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crease the benefits of FEC for delay-sensitive applications. Throughout
this chapter, we actually assume that FEC parameters have been chosen
once and for all, so as to overcome these tradeoffs.

We must also point out that other criteria than the PIL could a priori be
considered as measures of robustness. Indeed, the possibility of decoding
FEC blocks beyond the error-correction bound have been studied e.g. in
[56] for Reed-Solomon codes and in [16] in the context of image transmis-
sions. Moreover one could argue that, even if an irrecoverable loss occurs,
the received packets may contain useful data anyway. Therefore minimiz-
ing the expected number of packets lost beyond the bound R could also be
considered as an objective. However this argument is not valid for some
applications. For instance, when protecting video transmissions, several
video frames are typically encoded within a FEC block in such a way that
the video data of each frame is spread over the first K packets of the block,
as depicted in figure 4.1. In this case, when less than K packets are cor-
rectly transmitted, all the frames of the block are corrupted and therefore
the data received may be considered as useless. This protection scheme is
used for instance in [55] for unequal error protection with video stream-
ing. Consequently, in this thesis, we will use the PIL as the only measure
of robustness for FEC techniques.

Recently it has been proposed to increase the robustness of FEC for
media streaming applications on the Internet by splitting the transmission
of a FEC block onto several paths (see [37], [46],[47],[48]). Intuitively this
increases the transmission time between consecutive packets sent on the
same path, hence decreasing the dependency between packet losses. Al-
ternatively the benefits of multipath routing may be explained by the fol-
lowing self-evident fact : for a given failure period on a path and a given
packet sending rate, less packets of a block are lost if only a fraction of the
block is sent on this path than if all packets of the block are sent on the
same path. More generally, it is worth noting that the use of path diver-
sity to improve multimedia application support on IP networks is a very
active area of research in the networking literature. A review of multipath
routing benefits is given in [3].

This chapter is organized as follows. In Section 4.1, we review the
model which has been used to show that multipath routing can increase
FEC robustness. The approach proposed so far uses a Markovian loss
model and relies on an exact computation of the PIL. Hence it is limited to
very small network instances. In order to extend this model to larger net-
work instances, several modeling issues need to be discussed. Moreover,
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PACKET N = K + R

REDUNDANT

VIDEO
DATA

VIDEO
FRAME 1

PACKET 1
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FRAME 2 FRAME 4

PACKET 2

PACKET K

DATA

Figure 4.1: Example of protection scheme for video frames with Forward Error
Correction

from a computational perspective, existing approaches are difficult to gen-
eralize. Indeed the exact computation of the PIL becomes intractable for
large network instances. In particular numerical examples are given and
used to motivate the usefulness of a traffic characterization, called peaked-
ness. The peakedness of a flow may be seen as a measure of its “bursti-
ness”, that is as a measure of how packets are spread over time within the
flow. In Section 4.2 we present this notion of peakedness and we propose
a method which approximates the PIL of a FEC block by looking at the
impact of network losses on the packet flow peakedness. The method is
devised so as to scale well with the network size. We would like to men-
tion that, while the peakedness notion is a well-known tool used in the
teletraffic literature to model telephone calls arrival processes (see [11] or
[24] for example), the question of its usefulness to model data flows on the
Internet remains largely uninvestigated so far.
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4.1 Path Diversity Models for Multimedia Streaming

In this section, our starting point is the work of Nguyen and Zakhor ([46],
[47], [48]) which shows how multipath routing can increase the robustness
of FEC techniques. Our goal is to present their modeling assumptions and
to discuss what are their shortcomings if one wants to tackle larger net-
work instances than they do. We address in turn modeling issues con-
cerning the network, the packet loss processes and the traffic in Sections
4.1.1, 4.1.2 and 4.1.3. Finally in Section 4.1.4, we address the problem of
computing the PIL of a FEC block for simple network instances.

4.1.1 Network Model

Throughout this chapter and the next, we model the network as a directed
graph G = (V, A). It is worth noting that the graph considered is not in-
tended to model the complete Internet topology. As discussed in Chapter
1, we prefer instead to view the graph G as an overlay network. Indeed,
the deployment of scalable multimedia streaming applications on the In-
ternet is often achieved by a Content Delivery Network (CDN). A CDN
can be seen as an overlay network lying at the application level and whose
nodes correspond to the servers owned by a particular company and to
the clients requesting access to some content. Akamai is often cited as
an example of a CDN company that strategically owns servers all around
the Internet and controls data forwarding and replication between them
in order to achieve load balancing, low latency and high throughput. As
already mentioned, they have designed a multi-tier architecture aimed at
live video streaming. The related routing optimization on their overlay
network is discussed in [2].

In such an overlay network, there is an arc for any pair of nodes which
directly communicate via IP routing. Such an arc is sometimes called an IP
tunnel. The advantage of seeing G as an overlay architecture is that, given
IP tunnels between nodes of interest, we can assume complete control of
the routing at the overlay network level. A potential drawback of this ap-
proach is the fact that distinct arcs of the overlay network may actually
be paths having links in common at the IP level. This would prevent us
from assuming that arc characteristics are mutually independent. How-
ever throughout this work we assume that this effect can be neglected.
Note that, in practice, our assumption could be easily validated by using
the traceroute IP utility which directly lists the IP addresses of routers
used to forward data packets from one node to another.
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In summary, we thus assume that the vertex set V corresponds to
points or stations in the network where we have control of the forwarding
process of the data flows, and that each arc (i, j) in A actually represents
a whole path (at the IP layer) on which data is routed between vertices
i and j. We must point out that, despite this general description of the
network model, Nguyen and Zakhor’s results focus on graphs consisting
of two vertices linked by parallel arcs. As shown in Section 4.1.4, these
simple networks suffice to exhibit the advantage of multipath routing for
increasing FEC robustness. We now describe how to characterize losses
on arcs.

4.1.2 Loss Model

Packet losses in the Internet are mostly due to a congestion state in the
packet buffer of a router. If a transmission path goes through a congested
buffer, this path is likely to experience a high packet loss rate for a short
amount of time. This network behavior explains to some extent why, when
looking at Internet traffic traces, packet losses generally occur in bursts
rather than being uniformly spread over time. At first glance, a natural
loss model would therefore explicitly consider finite packet queues at the
tail of each arc. However, for the purpose of computing the probability of
irrecoverable loss of FEC blocks, we simply want a model which describes
how packet losses occur, i.e. which essentially characterizes the frequency
and the lengths of error bursts. Therefore our model does not need to
include packet queues even if they physically explains why packet losses
occur in bursts.

The characterization of packet losses within the network is indeed a
key feature of models used in [37], [47] and [48]. To take into account
the interdependency of consecutive packet loss events on transmission
paths, they use one of the simplest models that one can think of, known
as the Gilbert loss model. In this model, losses on a transmission path
a ∈ A are characterized by a 2-state Markov process (see [26] or [51])
{M (a)(t), t ∈ R}, where M (a)(t) ∈ {0, 1} for all t ∈ R. The process states
must be interpreted as follows : at time t, if a packet is transmitted on a
and M (a)(t) = 0 then the packet is lost , whereas it is successfully trans-
mitted if M (a)(t) = 1. Each process is characterized by transition rates µ

(a)
0

from state 0 to 1 and µ
(a)
1 from state 1 to 0, as depicted in figure 4.2. For

i ∈ {0, 1}, we denote the stationary probability of state i by π
(a)
i . These



4.1 Path Diversity Models for Multimedia Streaming 53

stationary probabilities are then given by :

π
(a)
0 =

µ
(a)
1

µ
(a)
0 + µ

(a)
1

, (4.2)

π
(a)
1 =

µ
(a)
0

µ
(a)
0 + µ

(a)
1

. (4.3)

Every Markov process M (a) is assumed to be in stationary state. Hence,
P[M (a)(t) = i] = π

(a)
i for any t ∈ R. Moreover, according to our assump-

tion of independence between arcs, we also suppose that all the Markov
processes considered are mutually independent. In the remainder of this
thesis, such a Markov process will be called a (µ(a)

0 , µ
(a)
1 )-Markov process.

We will always use the notation π
(a)
0 and π

(a)
1 for its stationary probabili-

ties.
Note that, from now on, we omit to specify superscript a when it is

useless to specify the arc with which the Markov process is associated.

1

1

µ0

µ0Expo(       )

0 1

Expo(       )µ
µ

Figure 4.2: Markov process characterizing losses on an arc

Transition densities (µ0, µ1) may conceptually be interpreted in several
ways :

1. The process stays in state i ∈ {0, 1} for a random time that is expo-
nentially distributed of parameter µi and then switches to state 1− i.
In particular, the expected amount of time spent in state i before a
transition is 1

µi

2. The process is driven by a Poisson process of arrival rate µ0 + µ1.
At each arrival of this Poisson process, the Markov process stays or
switches - depending on its previous state - to state i with probabil-
ity πi, i ∈ {0, 1}. In the literature, this description of the process is
usually called uniformization of the Markov process.
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3. Finally, by looking at the states after consecutive small time in-
crements δ, one can turn the Markov process into a sampled time
Markov chain with transition probabilities pi,1−i = µiδ + o(δ) and
pi,i = 1− µiδ + o(δ) (see figure 4.3).

0

1− µ   δ

1µ   δ

0 1 1− µ   δ     1

µ   δ

     0

Figure 4.3: Equivalent Markov chain obtained by considering states after infini-
tesimal time increments

In a more detailed model, parameters (µ0, µ1) could be a function of the
link load to capture the fact that congestion causes more losses. But for the
sake of simplicity, we will assume that, for all arcs, transition densities are
constant. From a practical point of view, this is somehow equivalent to ne-
glecting the impact of the routing of data flows on the network congestion
state.

Remark that π0 can be seen as the average loss rate of the arc and 1
µ0

as the average length of a failure period. Therefore, if we multiply µ0 and
µ1 by common factor γ, π0 stays constant while 1

µ0
is divided by γ. This

loss model thus captures the fact that two transmission paths may at the
same time have similar average loss rate but very different loss character-
istics. Besides, despite its apparent simplicity, the Gilbert model has been
shown to approximate loss behavior on the Internet quite accurately ([7],
[31], [64]). In [64] for instance, the accuracy of the model is assessed by a
statistical parameter estimation from long Internet traffic traces. In their
numerical characterization, Nguyen and Zakhor consider realistic values
of the Markov parameters µ0 and µ1 according to results reported in [64]
and to their own experiments.

Finally we must point out that modeling and analyzing the variability
of failure times is also an issue of concern in other contexts than communi-
cation networks. For instance, they exists a broad literature on the origins
and consequences of this variability in production systems (see [53] for
instance). Whereas the variability is also related to congestion effects in
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this context, the main issue is to analyze its effect on the global efficiency
of production lines. Therefore it is a priori not clear whether this litera-
ture might yield alternative models of variable packet loss or other ways
of analyzing the efficiency of FEC.

4.1.3 Packet Traffic Modeling Issues

Since we have introduced a notion of time in the network model, packet
streams at a given point in the network cannot be simply modeled by their
average flow rate. In order to potentially include a very large class of traf-
fic patterns in our discussion, a packet stream at a given node is modeled
as a point process ([15]). A point process is described by a real-valued ran-
dom sequence of arrival times {Tn, n ∈ Z}. In our case, Tn must be inter-
preted as the arrival time of the nth packet at the node. Remark that we
do not consider the temporal length of a packet but we simply model it as
a point along the time axis. Also note that arrival times are indexed with
integers in Z and not in N to highlight the fact that the process has been
running for infinitely long time.

Let X denote a point process with arrival times {Tn, n ∈ Z}. We now
describe auxiliary objects typically associated with X .

• X can be alternatively characterized by its counting process {NX(t), t ∈
R}, where NX(t) is defined as the number of arrivals in the interval
(0, t] for t ≥ 0. For t ≤ 0, we pose NX(t) = −NX(−t). In addition it is
convenient to define, for all t1, t2 ∈ R, ÑX(t1, t2) = NX(t2)−NX(t1),
which hence gives the number of arrivals in (t1, t2] when t1 ≤ t2.

• The sequence of inter-arrival times {An, n ∈ Z} is given by An =
Tn − Tn−1.

• The value λX = 1
E[An]

is called the arrival rate of the process. Hence,

is satisfies E[ÑX(t1, t2)] = λX(t2 − t1), for all t1, t2 ∈ R.

• The covariance density of X , k̃X(t1, t2), is defined as

k̃X(t1, t2) = lim
∆t→∞

Cov
[
ÑX(t1, t1 + ∆t), ÑX(t2, t2 + ∆t)

]

∆t2
. (4.4)

As shown in the examples below, the limit in equation (4.4) may
not exist and the covariance density should therefore be formally
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defined as the generalized function, or distribution, (see e.g. [28])
k̃X which satisfies :

Cov
[
ÑX(t1, t1 + ∆t1), ÑX(t2, t2 + ∆t2)

]

=
∫ t1+∆t1

t1

∫ t2+∆t2

t2

k̃X(τ1, τ2)dτ2dτ1, (4.5)

for any t1, ∆t1, t2,∆t2 ∈ R.

Remark that λX and k̃X allow us to compute essentially any expectation or
covariance for the counting process of X . Consequently the pair (λX , k̃X)
is said to be a second-order characterization of X .

Since the loss processes introduced in Section 4.1.2 are stationary, we
naturally assume that all the point processes used to model packet streams
are stationary as well, i.e. they are invariant with respect to time transla-
tions. This assumption has some consequences for some of the objects
introduced above.

• The sequence of inter-arrival times {An, n ∈ Z} becomes stationary.
In particular, variables An, n ∈ Z are identically distributed (but are
of course not independent). Note that, when variables An are also
required to be mutually independent, then X is a renewal process.

• For a given t ∈ R, variables NX(t) and ÑX(τ, τ + t), τ ∈ R, are all
identically distributed.

• The covariance density k̃X(t1, t2) is now a function of t2 − t1. So we
conveniently redefine the covariance density of a stationary point
process X as the generalized function kX(t) which satisfies kX(t2 −
t1) = k̃(t1, t2).

Example 4.1. We give here the covarariance density of two simple point
processes :

1. Poisson process of rate λ. For all t ≥ 0, N(t) is a discrete Pois-
son variable of parameter λt. In particular Var[N(t)] = λt. Because
of the memoryless property of Poisson processes, the covariance of
ÑX(t1, t1 + ∆t1) and ÑX(t2, t2 + ∆t2) is λ∆t if intervals (t1, t1 + ∆t1]
and (t2, t2 + ∆t2] overlap on an interval of length ∆t. Therefore, the
covariance density of the Poisson process is given by k(t) = λδ(t),
where δ(t) is the Dirac delta function.
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2. Deterministic point process of rate λ. Here inter-arrival times are
deterministic and equal τ = 1

λ . Consider two infinitesimal intervals
(t1, t1 + dt] and (t2, t2 + dt]. Then, for i = 1, 2, Ñ(ti, ti + dt) is a
Bernoulli variable and equals 1 with probability dt

τ = λdt. If t2 − t1

is a multiple of τ , then Ñ(t1, t1 + dt) and Ñ(t2, t2 + dt) are equal.
Hence their covariance is λdt− (λdt)2. Otherwise, Ñ(t1, t1 + dt) and
Ñ(t2, t2+dt) cannot equal 1 at the same time and, hence, their covari-
ance is −(λdt)2. In summary this shows that the covariance density
of the process is given by :

k(t) = −λ2 + λ

∞∑
n=−∞

δ(t− nτ).

The nature of the packet streams at various point in the network nat-
urally depends on the Markov loss parameters introduced in Section 4.1.2
but also on

1. the nature of the packet streams when they enter the network,

2. the way packets are routed on the network.

Packet Streams Entering the Network

Nguyen and Zakhor only consider a deterministic way of sending packets
on the network. The incoming packet stream is thus completely character-
ized by its sending rate λ or equivalently by the packet inter-arrival time
τ = 1

λ . However, as illustrated in Section 4.1.4, we can a priori consider
other types of incoming packet stream, such as a Poisson process or any
renewal processes.

Packet routing

One of the issues in the routing model is to specify how to split a given
packet stream onto several paths. Even if we are given the average flow
rate of each of the sub-streams, it does not univocally characterize their
nature. We can think of at least two ways of splitting of packet stream :

1. deterministic round-robin. For instance, if the stream must be
evenly split onto two paths, every other packet is forwarded on one
of the paths. However, when the stream must be split unevenly
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among several paths, it becomes more difficult to define a natural
way of deterministically dividing the stream, even though some the-
oretical techniques, such as billiard sequences, have been proposed in
the literature (see [59]).

2. random splitting. If the stream must be split in k sub-streams ac-
cording to ratio p1 : p2 : . . . : pk, with

∑k
i=1 pi = 1, then each packet

is independently included in stream i with probability pi. Therefore
this splitting method is well defined for any ratio. Moreover it has
a nice property when dealing with Poisson processes : if a Poisson
process of rate λ is split according to ratio pi, then the k sub-streams
are independent Poisson processes, where sub-stream i has an ar-
rival rate λi = piλ.

Nguyen and Zakhor deterministically split the packet stream. Actu-
ally they do not explicitly develop how they achieve an uneven split. We
understand that they proceed as follows : to split a packet stream with
deterministic inter-arrival time τ according to ratio p1 : p2 : . . . : pk, they
consider that sub-stream i has deterministic inter-arrival time τ

pi
. Note that

this way of splitting the stream implies that some packets are delayed.
Another issue concerns the delay that packets incur when they travel

across network links. This is particularly important when we merge pre-
viously split sub-streams. We must indeed know to what extent they were
desynchronized by traveling through different paths. We can formulate
several hypotheses :

1. Independence. We assume that the streams to be merged have in-
curred very different delays in such way that they can be considered
independent. This is probably the most convenient hypothesis to
work with. But we will not use it in this thesis.

2. Re-synchronization. We suppose that the delay is zero or, equiva-
lently, that packets travel at infinite speed. Hence when sub-streams
are merged, the inter-packet time is the same as at the source. This
hypothesis will be used in Chapter 5. Its validity depends on the
relative order of magnitude of the Markov parameters with respect
to the arc delays.

3. Model with delays. In a more accurate model, we could augment
the network model of Section 4.1.1 with a characterization of the
transmission delay on each arc. However we do not address such
models in this thesis.
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Note that Nguyen and Zakhor do not discuss delay issues in their
work. This is indeed irrelevant since they deal with networks consisting
of two vertices linked by a set of parallel arcs. The synchronization issue
is relevant only when the merged stream continues to travel through arcs
with losses. Restating this, in case of parallel arcs, the delays do not influ-
ence the pattern of packet losses but only the time at which the receiver
can process all the packets successfully transmitted. Hence, the arc delays
do not influence the robustness of FEC.

4.1.4 Computing FEC Robustness when Routing on Parallel
Arcs

As in [48], we now focus on networks consisting of two nodes linked by
parallel arcs to numerically show that multipath routing can decrease the
probability of an irrecoverable loss when a (N,K)-FEC block code is used
to protect data packets. We first explain how to compute the probability
on a single arc.

Probability of Irrecoverable Loss on one Arc

We assume here that losses on the arc considered are characterized by a
(µ0, µ1)-Markov process M as discussed in Section 4.1.2 and that packets
are sent through the arc according to a renewal process. Let {Tn, n ∈ Z}
be the consecutive epochs at which packets are sent. By looking at the arc
Markov process M only at those epochs, we obtain a 2-state Markov chain
{Mn, n ∈ Z}, defined as Mn = M(Tn) for each n ∈ Z. Restating this, Mn

tells us in which state the arc is when the nth packet is sent. Actually we
already considered such a Markov chain in Section 4.1.2 (see figure 4.3).
As above, we denote the transition probability from state i to state j by
pij . We now discuss how to compute these probabilities depending on the
way packets are sent :

1. Deterministic arrivals with inter-arrival time τ (or arrival rate λ =
1
τ ). It can be shown that the transition probabilities are given by :

pD
11(τ) = π1 + π0 e−(µ0+µ1)τ (4.6)

pD
10(τ) = 1− pD

11(τ) = π0

(
1− e−(µ0+µ1)τ

)
(4.7)

pD
00(τ) = π0 + π1 e−(µ0+µ1)τ (4.8)

pD
01(τ) = 1− pD

00(τ) = π1

(
1− e−(µ0+µ1)τ

)
(4.9)
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To derive equations (4.6-4.9), reconsider the second interpretation
(uniformization) of the transition densities (µ0, µ1) given in Section
4.1.2. Suppose now that, at a certain time t, M(t) = i and consider
arrivals in the interval (t, t + τ ] for the Poisson process driving the
Markov process. If there is at least one arrival, then M(t + τ) =
j with probability πj . Otherwise, the Markov process stays in the
same state and M(t + τ) = i with probability 1. By noticing that the
probability that no arrival occurs in (t, t + τ ] is given by e−(µ0+µ1)τ ,
one can easily derive equations (4.6-4.9).

2. General renewal process. Let f(x) denote the probability density
function (PDF) of the process inter-arrival time. Here the arrival rate
λ is defined as the inverse of the expected inter-arrival times. Thus
λ must satisfies

1
λ

=
∫ +∞

0
xf(x)dx.

By conditioning on that inter-arrival time, we can derive the general
transition probabilities using equations (4.6-4.9) :

pG
ij =

∫ +∞

0
pD

ij (x)f(x)dx (4.10)

Note that we used the fact that the packet renewal process and the
Markov process are independent.

3. Poisson process with arrival rate λ. In this particular case, the PDF
of inter-arrival time is fλ(x) = λe−λx. Equation (4.10) yields :

pM
11(λ) =

µ0 + λ

µ0 + µ1 + λ
(4.11)

pM
10(λ) = 1− pM

11(λ) =
µ1

µ0 + µ1 + λ
(4.12)

pM
00(λ) =

µ1 + λ

µ0 + µ1 + λ
(4.13)

pM
01(λ) = 1− pM

00(λ) =
µ0

µ0 + µ1 + λ
(4.14)

We used superscript D, G and M following the usual Queuing Theory
notation.

Consider now packets labeled from 1 to N as being the N consecu-
tive packets of a FEC block. As in the introduction of this chapter, let X
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be the number of packets successfully transmitted among packets of the
block. Hence X =

∑N
n=1 Mn. The probability distribution of X is given as

follows.

Proposition 4.1. Let {Mn, n ∈ Z} be a stationary 2-state Markov chain on
{0, 1} with transition probabilities pij , i, j ∈ {0, 1} and let X =

∑N
n=1 Mn.

Then, for 1 ≤ x ≤ N − 1,

P[X = x] =
1

p01 + p10

min{x,N−x}∑

k=1

pk
01p

k
10p

N−x−k−1
00 px−k−1

11 (4.15)

(
N − x− 1

k − 1

)(
x− 1
k − 1

)(
p01p00

x− 1
k

+ p10p11
N − x− k

k
+ 2p11p00

)

and

P[X = 0] = π0p
N−1
00 , (4.16)

P[X = N ] = π1p
N−1
11 . (4.17)

Proof. Equation 4.16 follows from the fact that all packets are lost if and
only if, at the first packet arrival, the chain is in state 0 and it stays in state
0 for the next N−1 packet arrivals. A similar observation proves equation
4.17.

For the case 1 ≤ x ≤ N − 1, let Bx be the set of vectors m ∈ {0, 1}N

that satisfy

m1 = 0,

mN = 0,
N∑

n=1

mn = x,

and such that the number of transitions from state 0 to state 1 in the se-
quence (mn)1≤n≤N equals k, for some positive integer k. Consider a given
m ∈ Bx. Since k is also the number of transitions from state 1 to 0 in m,
the probability that the random sequence (Mn)1≤n≤N equals (mn)1≤n≤N

is given by :

π0p
N−x−k
00 pk

01p
x−k−1
11 pk

10, (4.18)

no matter where state transitions occur within m.
For i = 0, 1, we define a i−burst as a maximal subsequence in m of

consecutive entries with value i. Now observe that a sequence m ∈ Bx
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is uniquely determined if one chooses the sizes of k + 1 0-bursts and k 1-
bursts provided that the sum of the 0-burst lengths is N − x and the sum
of the 1-burst lengths is x. Restating this, there is a 1-to-1 correspondence
between Bx and the cross-product of the sets of ordered partitions of N−x
and x in k+1 and k terms respectively. Therefore the number of sequences
in Bx is given by

|Bx| =
(

N − x− 1
k

)(
x− 1
k − 1

)
(4.19)

In summary we have proved that

P

[
N∑

n=1

Mn = x,M1 = 0,MN = 0

]
(4.20)

=
(

N − x− 1
k

) (
x− 1
k − 1

)
π0p

N−x−k
00 pk

01p
x−k−1
11 pk

10. (4.21)

Similar equalities can be obtained in the three other cases for the values
of M1 and Mn. Their sum and equations (4.2-4.3) yield equation (4.15).

From equations (4.15-4.17), we can therefore compute the cumulative
distribution of X which, as written in equation (4.1), gives us the proba-
bility of irrecoverable loss for a (N,K)−FEC code block :

PIL(R, K) =
K−1∑

x=0

P[X = x]. (4.22)

However an alternative counting argument directly leads to another
expression for the cumulative distribution of the number of received pack-
ets of a block.

Proposition 4.2.

PIL(R,K)

=
R−1∑

k=0

[
π0

(
R− 1

k

)
pk
01p

R−1−k
00

(
K − 1

k

)
pk
10p

K−1−k
11

+
K−1∑

l=k+1

(
R− 1

k

)
pk
01p

R−1−k
00

(
K − 1

l

)
pl
10p

K−1−l
11

]
. (4.23)
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Proof. We first point out that the proof given here was actually derived by
analogy with the proof of the yet-to-come Proposition 5.1.

For i = 0, 1, the Markov chain Mn stays in state i for a time geomet-
rically distributed with mean 1

pi(1−i)
. We naturally assume that a unit of

time is defined as the time between transitions within the chain. Thus we
can view the time intervals spent in each state as inter-arrival times of two
mutually independent arrival processes, say S0 and S1, with inter-arrival
times geometrically distributed with mean 1

p01
and 1

p10
respectively. Alter-

natively, for i = 0, 1, we can describe Si by saying that, at each transition
time, an arrival independently occurs with probability pi(1−i) (S0 and S1

may be seen as discrete-time analogs of a Poisson process). Let C be a
positive integer. For i = 0, 1, let Ni(C) be the number of arrivals for Si

among C consecutive transition times. Hence Ni(C) follows a Binomial
distribution given by :

P[Ni(C) = k] =
(

C
k

)
pk

i(1−i)p
C−k
ii ,

for any integer k satisfying 0 ≤ k ≤ C. Now observe that, if M1 = 0, then
X < K if and only if N0(R − 1) ≤ N1(K − 1) by looking at the transition
times following state M1. This shows that

P[X < K|M1 = 0] =
∑

k≥0

∑

l≥k

P[N0(R− 1) = k]P[N1(K − 1) = l] (4.24)

=
∑

k≥0

∑

l≥k

(
R− 1

k

)
pk
01p

R−1−k
00

(
K − 1

l

)
pl
10p

K−1−l
11 .

Similarly, if M1 = 1, then X < K if and only if N0(R − 1) < N1(K − 1).
Thus one has

P[X < K|M1 = 1] =
∑

k≥0

∑

l>k

P[N0(R− 1) = k]P[N1(K − 1) = l]

=
∑

k≥0

∑

l>k

(
R− 1

k

)
pk
01p

R−1−k
00

(
K − 1

l

)
pl
10p

K−1−l
11 ,

which, with equation 4.24, immediately yields equation 4.23.

The above results now allow us to compute the PIL on one link given
FEC parameters (N,K), a (µ0, µ1)-Markov process and a characterization
of the incoming packet stream. In figure 4.4, PIL is plotted against the
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Figure 4.4: Probability of irrecoverable loss on one path for Poisson and deter-
ministic packet arrival processes. (N, K) = (100, 88), µ0 = 50 and µ1 = 1.
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arrival rate for deterministic and Poisson packet arrivals, with parameters
(N, K) = (100, 88), µ0 = 50 and µ1 = 1. Hence the transition probabilities
of the Markov chain are computed with equations (4.6-4.9) and (4.11-4.14)
respectively. Remark that when λ tends to ∞, it is very likely that the
Markov process will remain in the same state while the N packets are sent
and thus either all of them or none of them will be lost. Hence PIL tends
to π0 = 1

51 . Similarly, when λ tends to 0, inter-arrival times increase and
we can consider that the states of the Markov process at arrival epochs
are mutually independent. Therefore the distribution of the number of
received packets tends to the Binomial(N,π1) distribution and the FEC
code is very efficient.

As one can see in figure 4.4, PIL is not a monotonic function of λ. In our
example, PIL is indeed maximized for a value of λ around 6.102 on both
curves. This phenomenon can be interpreted as a kind of “resonance” ef-
fect : for a given average loss rate π0, the “efficiency” of error bursts to
produce irrecoverable loss would be maximized if each error burst could
remove exactly R + 1 packets within each FEC block. Since R

λ is the ex-
pected amount of time needed to send R + 1 consecutive packets and 1

µ0

is the expected time length of a burst in state 0, resonance should happen
for λ ≈ Rµ0, i.e. for λ ≈ 12 . 50 = 600 in our example, as we observed in
figure 4.41.

Probability of irrecoverable loss on two arcs

Here we illustrate the fact that splitting the transmission of a block on sev-
eral paths may increase FEC robustness. For this purpose, we consider
two vertices linked by two parallel arcs and assume that the two corre-
sponding Markov processes are characterized by the same pair of para-
meters (µ0, µ1). Moreover we focus on the deterministic packet arrival
case with rate λ and assume that we send every other packet on each link,
that is the packet stream is evenly split onto both arcs in a deterministic
round-robin way. Hence, on each arc, the state of the Markov process at
consecutive packet arrival epochs is evolving according to a Markov chain
whose transition probabilities are given by equations (4.6-4.9) with inter-
packet arrival time τ = 2

λ . Let X1 (resp. X2) be the number of packets
out of

⌈
N
2

⌉
(resp.

⌊
N
2

⌋
) successfully transmitted on the first arc (resp. the

second arc). Their distribution can be computed using Proposition 4.1.
Since losses on each arc are assumed to occur independently, the proba-

1Thanks to F. Glineur for this nice interpretation.
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bility distribution of the total number of packets successfully transmitted,
X = X1 + X2, is obtained by the following convolution.

P[X = x] =
x∑

y=0

P[X1 = y]P[X2 = x− y].

Using equation (4.22), we can then compute the probability of irrecov-
erable loss of a (N, K)-FEC block code for this 2-arc case. Figure 4.5 com-
pares the probability of irrecoverable loss for one and two arcs, with pa-
rameters (N, K) = (100, 88), µ0 = 50 and µ1 = 1. Observe that, when λ
tends to 0, each packet is independently lost with probability π0 and the
probabilities of irrecoverable loss tends to the same value in both cases.
When λ tends to ∞, we can recover the block data only if both Markov
processes stays in state 1 while the N packets are sent (assuming that
K ≥ N

2 ). Therefore the probability of irrecoverable loss on two arcs tends
to 1 − π2

1 ≤ 1 − π1 = π0, showing that it is safer to use one link. How-
ever for a large range of sending rates, it appears that, for the same loss
characteristics, routing on two arcs is better than on a single arc. A closer
look at figure 4.5 indicates that, in that range, a good approximation of the
2-arc curve is obtained by a log(2)-shift of the single arc curve to the right.
This is essentially due to the fact that, in the two arc case, the packet inter-
arrival time on a given arc is twice as much as the packet inter-arrival time
in the single arc case.

This example thus confirms the intuition we gave above to motivate
our study of the benefits of multipath routing on FEC robustness : if traffic
is split on two arcs, an error burst on one of the arcs affects only a half of
the packets it would affect if all the traffic was sent on that arc. The benefits
of multipath routing can thus be observed within the total received packet
stream by noticing that packet error bursts are shorter. In the next section,
we present a traffic descriptor called peakedness that can be interpreted as
a measure of the stream burstiness.

Moreover notice that there is very little hope to obtain an exact for-
mula to compute the probability of irrecoverable loss when routing on a
network significantly larger than the one with two parallel arcs. On the
one hand, the formulas we derived so far do not seem very useful for fur-
ther analytic development. On the other hand, since the network can be
seen as a single Markov process with a number of states exponential in the
network size, we do not see how we could generalize the previous exact
approach to general networks since dealing with exact PIL computations
would be too time-consuming. Our goal is thus to propose an approxima-
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tion method based on a characterization of packet flows which takes into
account , not only their average flow rate, but also their peakedness. The
idea is then to give an approximate value of the PIL based on the aver-
age loss rate that the packet flow has incurred and on the way that packet
losses are spread over time.

Coding Time and Rate

Before presenting the concept of peakedness, we would like to mention
that, in our computational experiments, we have also observed that if we
change the size N of the FEC block but keep the same redundancy ratio
within a block, the PIL functions remain essentially the same. For a fixed
redundancy ratio R

N , it turns out that, for large enough values of N , the key
parameter is actually the expected coding time T = N

λ , i.e. the expected time
spent to send a N−packet block code, or equivalently, the coding rate λC =
1
T . In figure 4.6, we plotted PIL on one arc with parameters (µ0, µ1) =
(50, 1) as a function of the coding rate λC for three different pairs of FEC
parameters (N, K) with the same redundancy ratio R

N = 0.12 : (50,44),
(100,88) and (200,176).

This observation motivates our presentation in Chapter 5 of a fluid traf-
fic formulation of the problem, which allow us to somehow get rid of the
discrete character of the FEC coding and concentrate on the key parameter
of the error protection mechanism : the coding time and the redundancy
ratio. Indeed, for large values of N (e.g. N ¿ 100) which are typically used
in FEC encoder, figure 4.6 shows that the curves mainly differ on a range
of values where the PIL is extremely small. However, in the range of more
realistic values for PIL, the curves are almost identical. Moreover we will
see in Chapter 5 that a fluid model allows us to propose an elegant and
more general model for our problem.

4.2 Peakedness Descriptor

Since the early work of Erlang, the teletraffic literature has primarily dealt
with a stationary point process representation of traffic flows. The chal-
lenge in most teletraffic studies consists in finding sufficiently accurate
approximations or representations of the flows in order to evaluate their
impact on system performance. In particular, it turns out that a key char-
acteristic of traffic flows is their “burstiness”, which can be loosely defined
as a measure of how the point process arrival times {Tn} spread over time.
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The first uses of such a measure appeared for the computation of grade of
service (or blocking probability) in telephone systems. In this context, at
each telephone central office, a stream of call arrivals is directed to a trunk
group and, in case of saturation, the call overflow stream is re-directed to
a secondary trunk group. However, because of the bursty nature of this
overflow, one cannot compute the blocking probability for the secondary
trunk group in the same way as for the first. In [61], Wilkinson introduced
the concept of peakedness to characterize the burstiness of call overflow
streams and their impact on blocking probabilities. As shown in the next
subsection, peakedness is a traffic burstiness descriptor which character-
izes a traffic flow by its effect on a fictitious iid infinite-server-group.

4.2.1 Peakedness Definition and Properties

Infinity of i.i.d. servers with service time ~ F(t)    

X

X
Xpacket stream

Figure 4.7: Fictitious infinite-server system processing the packet stream

Our introduction to the peakedness notion roughly follows [36]. Let
X denote a stationary point process with rate λX and covariance density
kX(t). As depicted in figure 4.7, we consider an infinite number of iid
servers with service time distribution F (x) of mean 1

µF
or, equivalently,

with average service rate µF . At each arrival in X , one of the servers
becomes busy according to the service distribution. Let S(t) be the number
of busy servers at time t. The peakedness functional, zX [F ], maps the service
time distribution, F (x), to the following scalar

zX [F ] =
Var [S(t)]
E [S(t)]

. (4.25)

Note that zX [F ] is well defined since Var [S(t)] and E [S(t)] are indepen-
dent of t because of the stationarity of X .
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Let F c denote the complementary service time distribution, that is
F c(t) = 1− F (t). We define its autocorrelation function, ρF c(t) as

ρF c(t) =
∫ +∞

max(0,−t)
F c(τ)F c(τ + t)dτ. (4.26)

We can now compute the peakedness functional of a stationary point
process from its second-order characterization.

Proposition 4.3.

zX [F ] = 1 +
µF

λX

∫ +∞

−∞
(kX(t)− λXδ(t)) ρF c(t)dt, (4.27)

where δ(t) is the Dirac delta function.

Proof. See [20].

In the teletraffic literature, the peakedness definition is often limited to
an exponential distribution of the server service time. It is indeed tech-
nically convenient to see the peakedness as a function of the service time
rate in that case. From now on, the peakedness with respect to exponen-
tial service time with service rate µF = s (or equivalently with expected
service time 1

s ) is denoted by z(s). In this case, the complementary service
time distribution is given by F c(t) = e−st and its autocorrelation function
by ρF c = 1

2se
−st.

Example 4.2. We can now compute the peakedness of the simple point
processes introduced in example 4.1 :

1. Poisson process of rate λ. In this case, the peakedness is trivially
1. This can actually be readily derived from the basic definition of
peakedness in equation (4.25).

2. Deterministic point process of rate λ = 1
τ . The peakedness is then

given by

z(s) = 1− 1
s τ

+
e−s τ

1− e−s τ
.

It is easy to verify that z(s) is less than 1, which confirms the intuition
that a deterministic arrival process is less “peaked” than a Poisson
process.
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4.2.2 Using Peakedness to Approximate the robustness of FEC

As motivated in Section 4.1.4, we show here how peakedness can be used
to characterize the impact of losses on a packet stream in order to approxi-
mate the probability of irrecoverable loss of a FEC block. For this purpose,
we focus on the parallel arc case, as in Nguyen and Zakhor’s work. We
assume in particular that

1. the incoming flow is a Poisson process of rate λ and hence of peaked-
ness 1,

2. the network consists of a set of k parallel arcs labeled a = 1, . . . , k.
Losses on arc a are characterized by a (µ(a)

0 , µ
(a)
1 )-Markov process.

Peakedness Transformation

The first step is to show how the peakedness of this stream is transformed
as it is routed on the arcs (see [21]) :

1. If the stream is randomly split onto the arcs according to probabili-
ties p(1), p(2), . . . , p(k), the stream on arc a is a Poisson process of rate
λp(a).

2. If a Poisson process is sent across a path with losses characterized by
a (µ0, µ1)-Markov process, the resulting stream has a rate λπ1 and
peakedness 1 + λπ0

s+µ0+µ1
.

3. If several independent streams of rate λ(a) and peakedness z(a)(s)
(a = 1, . . . , k) are superposed, the resulting stream has a rate λ′ =∑k

a=1 λ(a) and peakedness z(s) = 1
λ′

∑k
a=1 λ(a)z(a)(s).

Note that we will prove extensions of these results in Proposition 5.5.

Approximation Method

For a single arc with losses characterized by a (µ0, µ1)-Markov process, the
incoming flow (of rate λ and peakedness 1) is transformed in an outgoing
flow with rate λout and peakedness zout(s) given by :

λout = λπ1, (4.28)

zout(s) = 1 +
λπ0

s + µ0 + µ1
. (4.29)
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By inverting relations (4.28-4.29), we can write µ0 and µ1 as a function
of λ, λout and zout(0) :

µ0 =
λout

zout(0)− 1

(
1− λout

λ

)
, (4.30)

µ1 =
λ

zout(0)− 1

(
1− λout

λ

)2

. (4.31)

Now consider a network instance consisting of several parallel arcs.
Given any splitting of a Poisson process onto the arcs, the three transfor-
mation properties of peakedness mentioned above allow us to compute
the rate λout and peakedness zout(s) of the outgoing stream. With equa-
tions (4.30-4.31), we are able to compute (µ0, µ1) parameters of an “equiv-
alent” single link which yields an outgoing stream with the same rate λout

and peakedness evaluated in 0, zout(0). Therefore we naturally propose
to approximate the probability of irrecoverable loss for the given splitting
by the probability on the equivalent single link, which we can compute
exactly with equations (4.15)-(4.17).

An example

Figure 4.8 shows the probability of irrecoverable loss as a function of the
splitting ratio on the first arc when the Markov parameters are (µ0, µ1) =
(200, 2) on the first path and (µ0, µ1) = (100, 1) on the second path. FEC
parameters are (N, K) = (100, 88) and the packet rate is 300 packets/s.
The dotted line represents the probability approximation given by our
method. Observe that the two curves are quite close to each other. More
interestingly they have the same minimum, which means that our approx-
imation schemes is the most efficient around the optimal point.

4.3 Conclusion

By using a Markovian loss model, we have shown that that multipath
routing can increase FEC robustness for a certain range of packet send-
ing rates. We have proposed a method to approximate the probability
of irrecoverable loss by characterizing the impact of the network and the
routing on the peakedness of the output stream. While we do not know
how to exactly compute the PIL for networks larger than a few parallel
arcs, the peakedness approximation scales well with the network size a
priori.
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Figure 4.8: Probability of irrecoverable loss for a routing on two paths vs splitting
ratio on path 1. (N,K) = (100, 88), packet rate λ = 300, µ0 = 200 and µ1 = 2
on path 1, and µ0 = 100 and µ1 = 1 on path 2. The dotted line is the probability
approximation given by our method.
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Moreover we have discussed several modeling issues, which still need
to be fixed for general network instances. In particular, issues concern-
ing the transmission delay have been ignored here because of the simple
network topologies addressed.

Following a remark made in Section 4.1.4, we propose in the next chap-
ter to see the problem from a fluid formulation perspective. This allows
us to propose a model which addresses all the modeling issues discussed
above. Our peakedness approximation method is reformulated in this
context and we give a more involved discussion of its ability to efficiently
characterize the impact of losses on the streams and, hence, on FEC ro-
bustness.

In an attempt to clarify what the contribution of the next chapter is
with respect to the present chapter, we give below a table which compares
the model assumptions and the results obtained between the two chap-
ters and the work of Nguyen and Zakhor. Bold entries represent original
contributions of this thesis. Pointers to the sections concerned are given
between parentheses.
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Chapter 5

Fluid Traffic Formulation

In Section 4.1.4, we briefly showed how the probability of irrecoverable
loss evolves when one considers different traffic packetization levels while
maintaining the same redundancy ratio and coding frequency (see figure
4.6). Conceptually, if we push the subdivision of traffic into smaller pack-
ets to the limit, the traffic may be considered as “fluid”. In particular, the
traffic may be characterized by its instantaneous arrival “rate” at any point
in time. It turns out that fluid traffic models allow us to capture the most
salient characteristics of the problem while being computationally more
tractable than their point process counterparts.

We begin this chapter by giving a short presentation of the notion of
rate process in Section 5.1. This notion somehow unifies point processes
and fluid processes in a single definition. In Section 5.2, we pose our
network model and we state our FEC robustness problem in this new
framework. In particular we derive an expression for the probability of
irrecoverable loss in the single arc case. In Section 5.3, we present the con-
cept of second-order characterization of a rate process and show how it is
transformed as the various flow processes are routed within the network.
These results are then applied in Section 5.4 where we present a notion of
peakedness extended to rate processes. Then, in Section 5.5, we show how
the peakedness characterization can be used to approximate the probabil-
ity of irrecoverable loss of a FEC block. Computational results are given.
Section ?? discusses the use of the peakedness characterization to mini-
mize the PIL. The chapter ends with a short conclusion in Section 5.6.
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5.1 Rate Processes

As far as we know, the “rate process” terminology is due to [44], which we
follow in this introductory section.

A rate process {X(t); t ∈ R} is formally defined as a stationary gener-
alized random process. Understanding the exact meaning of such a de-
finition actually requires, as a background, an introduction to the notion
of generalized random process, which is beyond the scope of this thesis (see
e.g. [29] as reference). However we can informally see a generalized ran-
dom process as a random process whose sample paths are generalized
functions over R. In practice, this definition allows us to consider random
processes containing Dirac delta functions at some points in R.

A some time t, the rate value X(t) may be interpreted as saying that, in
the infinitesimal time interval [t, t + δ), the amount of traffic that arrives is
X(t)dt. The rate process X is then associated to a corresponding counting
process NX(t) defined as

NX(t) =
∫ t

0
X(t)dt.

Remark that, as for point processes, we shall require stationarity in the
definition of a rate process, which means that the random characterization
of the process is essentially invariant to time translations. Therefore we
can define the arrival rate of rate process X as a constant λX given by λX =
E[X(t)]. Similarly, the covariance density of the associated counting process
NX(t) is kX(t) = Cov[X(τ), X(τ + t)], where the right-hand side is indeed
independent of τ .

As mentioned above, this definition of rate process includes point
processes as well as fluid processes, as detailed hereafter.

5.1.1 Point Processes

Any point process can be seen as a rate process. Indeed, let (Ti)i∈Z be the
sequence of arrival times of a given point process, then this process can be
viewed as a rate process X(t) defined by

X(t) =
∞∑

i=−∞
δ(t− Ti).
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The corresponding counting process is

N(t) =
∞∑

i=−∞
u(t− Ti),

where u(t) is the unit step function, sometimes called Heaviside function,
and is defined as u(t) = 0, for t < 0, and u(t) = 1, for t ≥ 0.

5.1.2 Fluid Flow Processes

Following [44], we define a fluid flow process as a rate process {X(t); t ∈ R}
where X(t) is a stationary random process having sample paths which are
continuous everywhere except on a countable set of points. In particular,
this definitions rules out the possibility of having Dirac delta functions in
sample paths of a fluid flow process and thus captures the fact that, for a
fluid flow, the amount of traffic received increases continuously with time.

Example 5.1. Let us consider some simple classes of fluid flows.

1. constant fluid process. A constant fluid process C satisfies C(t) = λ
for a constant λ ≥ 0. Hence λC = λ, kC(t) = 0 and NC(t) = λt.

2. Markov Modulated Fluid Process. A Markov Modulated Fluid Process
(MMFP) X is characterized by an underlying Markov process {M(t), t ∈
R} on a finite state space E and a rate function h : E → R+ de-
scribing how the states of M modulate the flow rate of X , that is
X(t) = h(M(t)). Here we are particularly interested in a special
case, sometimes called an ON-OFF Markov fluid process, where M is
a 2-state Markov process just as for the Gilbert Model introduced
in Section 4.1.2. When the process is in state 0 (or OFF), the rate is
zero. Conversely, when the process is in state 1 (or ON), the rate is
a constant λ ≥ 0. Hence the process can be seen as a MMFP with
E = {0, 1} and h(i) = iλ, i ∈ E. If X is driven by a (µ0, µ1)-Markov
process M , λX = π1λ and

kX(t) = Cov[X(τ), X(τ + t)] , for any τ ∈ R,
= E[X(τ)X(τ + t)]− E[X(τ)]E[X(τ + t)]
= λ2(P[M(τ) = 1,M(τ + t) = 1]− π2

1)
= λ2(π1p

D
11(|t|)− π2

1)
= λ2π0π1e

−(µ0+µ1)|t|

where pD
11(.) is given in equation (4.6).
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5.2 Fluid Formulation for the FEC Robustness Prob-
lem

We first pose our network model following the discussion of Section 4.1.

5.2.1 Network Model and Routing Assumptions

Our network is modeled as a directed graph G = (V,A) where each arc
a ∈ A is associated with a 2-state Markov process {M (a)(t), t ∈ R}, where
M (a)(t) ∈ {0, 1} for all t ∈ R and transition densities from state 0 to 1 and
1 to 0 are µ

(a)
0 and µ

(a)
1 respectively. Processes M (a), a ∈ A, are assumed to

be stationary and mutually independent.
We consider two distinguished vertices vin and vout in V , respectively

called the sender and the receiver, and a rate process {Xin(t), t ∈ R} which
represents the input flow to be sent from vin to vout. Let P be the set of
all directed paths from vin to vout. For each path p ∈ P , we define V (p)
and A(p) as the set of vertices and arcs of p. The routing from vin to vout

is completely characterized if one specifies a splitting ratio x(p) for each
path p ∈ P . These splitting ratios must naturally fulfill the following con-
straints : 0 ≤ x(p) ≤ 1 for all p ∈ P and

∑
p∈P x(p) = 1. Now for each path

p ∈ P and each vertex v ∈ V (p), we can construct the rate process X
(p)
v (t),

which gives the instantaneous flow rate carried on path p at vertex v :

X(p)
vin

(t) = x(p)Xin(t) , for all p ∈ P , (5.1)

X(p)
w (t) = M (v,w)(t)X(p)

v (t) , for all p ∈ P , (v, w) ∈ A(p), (5.2)

Xout(t) =
∑

p∈P
X(p)

vout
(t), (5.3)

where Xout is the rate process representing the output flow finally received
at vout. Note that this model implicitly assumes that the flow travels across
network arcs without incurring delays.

Equations (5.1-5.3) respectively involve the three following types of
operation on rate processes, which generalize similar operations discussed
in Chapter 4 :

1. p-thinning([35]) : the p-thinning of a rate process X is defined as the
process {pX(t), t ∈ R}.
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2. M -Markov modulation : the M -Markov modulation of at rate process
X is the rate process {M(t)X(t), t ∈ R}, where M is an independent
stationary Markov process.

3. superposition : the superposition or sum of rate processes X1, . . . , Xn

is naturally defined as the process {∑n
i=1 Xi(t), t ∈ R}.

5.2.2 Fluid Interpretation of FEC Coding

Consider a packet stream protected by a (R, K)-FEC code and let r = R
R+K

be the redundancy ratio. Suppose that packets are sent on the network
according to a given renewal process with a coding expected time T , that
is T is the expected time within which a whole N -packet block is sent.
Moreover we choose the packet size unit in such a way that the average
stream rate is 1. A fluid flow is now intuitively obtained by letting N tend
to infinity and the packet size tend to 0 while maintaining T , r and the
average stream rate constant. FEC blocks are now seen as a partition of
the amount of input flow in continuous blocks of time length T . Since the
flow is assumed to have a unit rate, each block contains T units of coded
data.

Because of our stationarity hypothesis, we can assume that a certain
FEC block is sent between time 0 and T . After its transmission, the receiver
will be able to recover the original data encoded within that block if and
only if it has received at least (1 − r)T units of data during the interval
[0, T ]. Remark that this decoding condition is relevant partly because of
our assumption that flows are not delayed when they reach the receiver.
By analogy with the discrete case, we redefine R and K by :

R = r T

K = (1− r) T

Given the complete network model G detailed in Section 5.2.1 ( with
splitting ratios x(p) ), the previous discussion leads us to define the proba-
bility of irrecoverable loss for a (R, K)-FEC fluid flow sent through G as

P (R,K) = P [Nout(R + K) < K|Xin(t) = 1, ∀t ∈ [0, R + K] ] , (5.4)

where Nout(t) = NXout(t) =
∫ t
0 Xout(τ)dτ .

We can therefore formulate the FEC robustness optimization as the
problem of finding the splitting ratios x(p), p ∈ P , which minimize
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P (R, K). In the next section, we show how to compute P (R, K) for a
single arc.

5.2.3 Loss Characterization on One Arc

We now compute the probability of irrecoverable loss for a unitary (R,K)-
FEC fluid process Xin sent on a single arc with Markov parameters
(µ0, µ1). Note that, since all the flow is sent on the same arc, the rate of
the output fluid process at time t, Xout(t), is simply the state of the arc
Markov loss process at time t.

By conditioning on the initial state of the Markov process, we define

Pi(R, K) = P [Nout(R + K) < K|X(0) = i] ,

for i = 0, 1.
When X(0) = 0, if the process stays in state 0 during a time interval

of length greater than R before its first transition to state 1, then Nout(R +
K) < K whatever happens to the process after this first transition to state
1. On the other hand, if this transition happens after a time τ ≤ R then
Nout(R + K) will be less than K iff the process stays in state 1 for a total
time less than K within the remaining time R+K−τ . Since the time before
the first transition from state 0 to state 1 is exponentially distributed with
parameter µ0, the previous observation can be written as :

P0(R, K) = e−µ0R +
∫ R

0
µ0e

−µ0τP1(R− τ,K)dτ. (5.5)

Similarly, by conditioning on X(0) = 1 and the time spent in state 1
before the first transition to state 0, we obtain :

P1(R, K) =
∫ K

0
µ1e

−µ1τP0(R, K − τ)dτ. (5.6)

Substitution of equation (5.6) into equation (5.5), and vice-versa, respec-
tively yields :

P0(R, K)

= e−µ0R +
∫ R

τ0=0
µ0e

−µ0τ0

∫ K

τ1=0
µ1e

−µ1τ1P0(R− τ0,K − τ1)dτ1dτ0 (5.7)

= e−µ0R +
∫ R

τ0=0

∫ K

τ1=0
µ0e

−µ0τ0µ1e
−µ1τ1P0(R− τ0,K − τ1)dτ1dτ0 (5.8)
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and

P1(R,K)

=
∫ K

τ1=0
µ1e

−µ1τ1

(
e−µ0R +

∫ R

τ0=0
µ0e

−µ0τ0P1(R− τ0,K − τ1)dτ0

)
dτ1 (5.9)

= e−µ0R
(
1− e−µ1K

)
(5.10)

+
∫ R

τ0=0

∫ K

τ1=0
µ0e

−µ0τ0µ1e
−µ1τ1P1(R− τ0,K − τ1)dτ1dτ0.

Using the fact that P (R, K) = π0P0(R,K) + π1P1(R, K), we deduce from
equation (5.8) and (5.10) that P (. , .) is a solution of the following integral
equation :

P (x, y) = e−µ0x
(
1− π1e

−µ1y
)

(5.11)

+
∫ x

τ0=0

∫ y

τ1=0
µ0µ1e

−(µ0τ0+µ1τ1)P (x− τ0, y − τ1)dτ1dτ0.

Observe now that the last term in equation (5.11) is simply a convolution
of P (x, y) and function µ0µ1e

−(µ0x+µ1y). We can thus easily compute the
2-dimensional Laplace transform of P . By using a Laplace transform table
([18]), we have obtained the following result :

Proposition 5.1. For R, K > 0,

P (R, K)

= e−µ0Re−µ1K
[∑

k≥0 π0

[
(µ0R)k

k!
(µ1K)k

k! +
∑

l>k
(µ0R)k

k!
(µ1K)l

l!

]]
(5.12)

However, by observing the nice form of the solution obtained, we give
hereafter a direct proof of this result, which yields more probabilistic in-
sights than the Laplace approach.

Proof. Since, for i = 0, 1, the Markov process stays in state i for a time
exponentially distributed with parameter µi, we can view the time inter-
vals spent in each state as inter-arrival times of two mutually independent
Poisson processes, say S0 and S1,with arrival rate µ0 and µ1 respectively.
For i = 0, 1, let Ni(t) be the number of arrivals for Si in the time interval
[0,t]. Hence Ni(t) follows a Poisson distribution of parameter µit, that is

P[Ni(t) = n] = e−µit
(µit)n

n!
,
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for any non-negative integer n. Now observe that, if X(0) = 0, then
Nout(R + K) < K if and only if N0(R) ≤ N1(K). This shows that

P0(R, K) =
∑

k≥0

∑

l≥k

P[N0(R) = k]P[N1(K) = l] (5.13)

= e−µ0Re−µ1K
∑

k≥0

∑

l≥k

(µ0R)k

k!
(µ1K)l

l!
. (5.14)

Similarly, if X(0) = 1, then Nout(R+K) < K if and only if N0(R) < N1(K).
Thus one has

P1(R, K) =
∑

k≥0

∑

l>k

P[N0(R) = k]P[N1(K) = l]

= e−µ0Re−µ1K
∑

k≥0

∑

l>k

(µ0R)k

k!
(µ1K)l

l!
,

which, with equation 5.14, immediately yields equation 5.12.

While formulas for P (R, K) can generally be found in textbooks on
stochastic processes (in [51] for instance), they are, as far as we know, given
in a more complicated form than the one we have derived.

Now by considering a fixed T = R + K, we can replace R by T −
K in equation (5.12) and take the derivative of the resulting expression
with respect to K. This almost gives us the following result, which is the
continuous analog of proposition 4.1 :

Proposition 5.2. Let fT (x) be the probability density function of Nout(T ), then

fT (x) =
µ1

µ0 + µ1
e−µ0T δ(x) +

µ0

µ0 + µ1
e−µ1T δ(T − x)

+
µ0µ1

µ0 + µ1
e−µ0(T−x)e−µ1x

∑

k≥0

[µ0µ1x(T − x)]k

(k!)2

[
2 +

µ0x

k + 1
+

µ1(T − x)
k + 1

]
.

Proof. The last term is obtained by derivation of equation (5.12) as ex-
plained above. The two first terms in the right-hand side of the equal-
ity to be proven simply represent the probability that Nout(T ) = 0 and
Nout(T ) = T respectively. Since Nout(T ) = 0 if X(0) = 0 and X stays
in state 0 until at least time T , P[Nout(T ) = 0] = π0e

−µ0T . Similarly,
Nout(T ) = T if X(0) = 1 and X stays in state 1 until at least time T ,
hence P[Nout(T ) = T ] = π1e

−µ1T . Note that 0 and T are naturally the only
values of x in [0, T ] such that P[Nout(T ) = x] is different from zero.
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Remark that we could also have derived the previous formula by a
direct argument very similar to the one given in the proof of Proposition
4.1.

5.3 Second-order Characterization of Rate Processes

Whereas the notion of rate process is quite general and potentially allows
us to model a large class of traffic flow problems, having a complete char-
acterization of all the rate processes on all arcs quickly turns out to be
impossible as the model complexity increases. This is illustrated in our
problem of evaluating the probability of irrecoverable loss for FEC block
code : while a complete characterization of the loss distribution is numer-
ically available for very small networks, there is little hope to compute
such a distribution for arbitrary networks and routing. Consequently, a
common practice is then to back away from a complete characterization to
a low order characterization of the processes.

First-order flow characterizations are typically used in the network
flow optimization literature (see [1] for instance), which is mostly con-
cerned with deterministic problems where a flow is modeled by a con-
stant value representing its average rate. When flow losses are involved
in such models, only a first-order characterization of the loss processes
must be given in order to take into account their impact on flow values. In
other words, the model only has to provide us with an average loss rate
for each loss process. A classical example of a problem formulated in this
setting is that of finding the maximum flow that can be routed from one
node to another given a loss rate and a capacity on each arc of the net-
work (see [57] for instance ). Remark that, for a first-order network flow
optimization problem, capacities are usually mandatory to define “inter-
esting” problems, in the sense that all the flow would be routed on paths
with minimum global loss rate in the absence of capacity constraints.

Because they do not take the dependency of loss events into account,
first-order network flow models with losses are not suited to the problem
of finding a routing minimizing the probability of irrecoverable loss of a
FEC code block. In contrast, we describe in this chapter how second-order
characterizations of rate processes allow us to compute good approxima-
tions of the PIL.

As in Section 4.1.3, a second-order characterization of a rate process
X is given by the pair (λX , kX(t)) since it allows us to compute any ex-
pectation or covariance for NX(t) at different times t ∈ R. In our net-
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work model, we naturally consider several processes simultaneously. In
particular, we focus on the aggregated flow obtained as output at the
receiver node. This flow may be regarded as the sum of all the flows
reaching the receiver node. To compute a second-order characteriza-
tion of the sum of different processes, the second-order characterization
of each process is not sufficient if we do not have information relative
to the covariance between processes. A second-order characterization
for a set of rate processes X is therefore given by the average flow rate
λX of each process X ∈ X and the mutual covariance density function
kXY (t) = Cov[X(τ), Y (τ + t)] for each X, Y ∈ X . Remark that

1. Again, the mutual covariance density function is well defined be-
cause of our stationarity hypothesis.

2. Unlike the covariance density function, the mutual covariance den-
sity is not an even function in general, i.e. kXY (t) 6= −kXY (−t).
However in this thesis, all mutual covariance densities considered
are even because all the rate processes included in our Markovian
model are reversible.

3. The mutual covariance density of a process with itself is simply its
covariance density.

We now detail how a second-order characterization is transformed
with respect to the three network operations mentioned in Section 5.2.1.

Proposition 5.3. Let X and Y be two rate processes.

1. Let U be the p-thinning of X , then

λU = pλX , (5.15)
kU (t) = p2kX(t), (5.16)

kUY (t) = pkXY (t). (5.17)

2. Let M be a (µ0, µ1)-Markov process independent of X and Y and let V
and W be the M -Markov modulation of X and Y respectively, then

λV = π1λX , (5.18)

kV W (t) = kXY (t)
(
π2

1 + π0π1e
−(µ0+µ1)|t|

)
(5.19)

+π0π1e
−(µ0+µ1)|t|λXλY ,

kV Y (t) = π1kXY (t). (5.20)
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3. Let Z = X + Y , then

λZ = λX + λY , (5.21)
kZ(t) = kX(t) + kY (t) + kXY (t) + kY X(t). (5.22)

Proof. Except for equation (5.19), all previous equations are immediate
consequences of the linearity and bilinearity of the expectation and co-
variance operators respectively. Hence we only detail the derivation of
equation (5.19). For any τ ∈ R,

kV W (t) = Cov[V (τ),W (τ + t)]
= Cov[X(τ)M(τ), Y (τ + t)M(τ + t)]
= Cov[X(τ), Y (τ + t)]Cov[M(τ),M(τ + t)]

+Cov[X(τ), Y (τ + t)]E[M(τ)]E[M(τ + t)]
+E[X(τ)]E[Y (τ + t)]Cov[M(τ), M(τ + t)], by M independence

= kXY (t)(kM (t) + λ2
M ) + λXλY kM (t).

Equation (5.19) follows from the results in example 5.1.

In the next Section, we present a notion of peakedness generalized to
rate processes. Peakedness can be used instead of the covariance den-
sity to provide us with an alternative second-order characterization of rate
processes.

5.4 Peakedness of Rate Processes

While a notion of peakedness for fluid traffic has been proposed in [44],
we present hereafter a slightly different definition. The difference between
both definitions is briefly discussed below.

In comparison with the classical definition given in Section 4.2, the in-
tuition behind our definition is that each infinitesimal amount of arriving
flow is independently processed by a server characterized by a given ser-
vice time distribution F (t). The peakedness is then naturally defined as
the variance-to-mean ratio of S(t), the amount of arrived flow still being
served at an arbitrary time t. However we must point out that, since each
infinitesimal amount of flow is served independently, the variance of S(t)
is zero if the flow rate X(τ) is known for all τ ≤ t. In other words, all
the “randomness” of S(t) is now due to the arrival flow and not to the
server service times. The service time distribution F (t) simply plays the
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role of a “leaky buffer” for the amount of flow already arrived : at time t,
F c(t− τ) = 1−F (t− τ) is the proportion of the amount of flow arrived at
time τ which is still in the buffer at time t. Hence we have

S(t) =
∫ t

−∞
X(t)F c(t− τ)dτ. (5.23)

Given a rate process {X(t); t ∈ R} and a cumulative distribution function
F (t), the process {S(t); t ∈ R} defined by equation (5.23) is called the F -
buffer process of X .

We can now define the peakedness of a rate process.

Definition 5.1. Given a stationary fluid process {X(t); t ∈ R} and a cumulative
distribution function F (t), we define the peakedness of X(t) with respect to F as
the value

z̄[F ] =
Var[S(t)]
E[S(t)]

, (5.24)

where S is the F -buffer process of X .

Remark that, in equation 5.24, z̄[F ] is independent of t because of the
stationarity of X , as in the discrete case in Section 4.2.1.

In [44], the peakedness for a fluid process is defined by considering
that all the amount of flow which arrives at a given time t is processed by
the same server with random service time. The drawback of this definition
is that the peakedness can behave in a non-continuous way when consid-
ering point process. However for pure fluid process, our definition is the
same.

5.4.1 Peakedness properties

We now prove the analog of proposition 4.3 which allows us to compute
the peakedness from the covariance density of the flow.

We first prove a result that makes the connection between the mutual
density covariance of two rate processes and the covariance of their re-
spective buffer processes. We recall here that, as mentioned in Section
4.2.1 ρF c is the autocorrelation function of F c(t) and is defined by equa-
tion (4.26).

Lemma 5.1. Let X1 and X2 be two stationary rate processes with mutual co-
variance density function k12(t), then the covariance of their respective F−buffer
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processes S1 and S2 is given by

Cov[S1(t), S2(t)] =
∫ ∞

−∞
k12(t)ρF c(t)dt. (5.25)

Proof.

Cov[S1(t), S2(t)] (5.26)

=
∫ t

−∞

∫ t

−∞
Cov[X1(t1), X2(t2)]F c(t− t1)F c(t− t2)dt2dt1 (5.27)

=
∫ t

−∞

∫ t

−∞
k12(t1 − t2)F c(t− t1)F c(t− t2)dt2dt1 (5.28)

=
∫ ∞

0

∫ ∞

−τ1

k12(τ)F c(τ1)F c(τ1 + τ)dτdτ1 (5.29)

=
∫ ∞

−∞
k12(τ)

∫ ∞

max(0,−τ)
F c(τ1)F c(τ1 + τ)dτ1dτ (5.30)

=
∫ ∞

−∞
k12(τ)ρF c(τ)dτ, (5.31)

with the following variable substitution in equation (5.29) : τ = t1− t2 and
τ1 = t− t1.

Proposition 5.4. Let {X(t); t ∈ R} be a stationary rate process with covariance
density function kX(t), then the (fluid) peakedness functional of X is

z̄[F ] =
µF

λX

∫ ∞

−∞
kX(t)ρF c(t)dt. (5.32)

Proof. Let S be the F -buffer process of X . At a given time t, S(t) has the
following expectation and covariance.

E[S(t)] = E[X(t)]
∫ t

−∞
F c(t− τ)dτ

= λX

∫ ∞

0
F c(τ)dτ

=
λX

µF
.

Var[S(t)] =
∫ ∞

−∞
k(τ)ρF c(τ)dτ,

using lemma 5.1.
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Corollary 5.1. Let {X(t); t ∈ R} be a stationary rate process with covariance
density function kX(t), then the peakedness of X with respect to an exponentially
distributed service time of mean 1

s is

z̄exp(s) =
s

2λX

∫ ∞

−∞
kX(t)e−s|t|dt (5.33)

=
s

λX

∫ ∞

0
kX(t)e−stdt. (5.34)

Proof. This follows immediately from the fact that ρF c(t) = 1
2se

−s|t| when
F is the exponential distribution of mean 1

s .

Corollary 5.1 simply says that, for exponential service times, the
peakedness function is essentially the unidirectional Laplace transform of
the covariance density. It is worth noting that if k(t) contains a Dirac delta
function at the origin, then the contribution of this delta must naturally be
halved in the evaluation of the unidirectional integral of equation (5.34).

We now show that there is a very simple relationship between both
definitions of peakedness.

5.4.2 Link with Original Peakedness Definition

By comparing propositions 4.3 and 5.4, we immediately see that for a point
process X with rate λX , the relationship between the original and the gen-
eralized peakedness definitions, with respect to a given service time dis-
tribution F (t), is given by :

z̄[F ] = z[F ]− 1 + µF ρF c(0).

In particular, for exponential service time, we have

z̄exp(s) = zexp(s)− 1
2
.

These equations show that, for a given service time, both definitions only
differ by a constant, i.e. a value independent of the point process X con-
sidered, and therefore provide us with the same information about the
process. However the advantage of our peakedness definition is that it
encompasses the characterization of an arbitrary rate process whereas the
original definition is limited to point processes.
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5.4.3 Peakedness Transformation Properties in Networks with
Markovian Losses

We now give properties needed in order to compute the peakedness of
traffic flows at different points in the network model given in Section 5.2.1.
The task essentially consists in translating the results of proposition 5.3
for the peakedness instead of the covariance density. In Section 5.3, we
needed to introduce the mutual covariance density. Similarly we need
here a tool for computing the peakedness of a sum of potentially depen-
dent processes. Given two rate processes X and Y we define their mutual
variability as the functional :

γXY [F ] = µF Cov[SX(t), SY (y)],

where SX and SY are the F -buffer of X and Y respectively. The variability
of a rate process X is naturally defined as the mutual variability of X with
itself and is denoted by γX [F ]. One can immediately check that

γX [F ] = µF Var[SX(t)] = λX z̄X [F ].

We now detail how peakedness and/or mutual variability is trans-
formed. From now on, we focus on an exponentially distributed buffering
time, that is we choose F (t) = 1−est and see the peakedness and variabil-
ity as functions of s.

With these assumptions, lemma 5.1 can be rewritten as follows :

Lemma 5.2. Let X and Y be two stationary rate processes, then

γXY (s) =
1
2

∫ ∞

−∞
k12(t)e−s|t|dt.

Proof. It follows from lemma 5.1 and ρF c(t) = 1
2se

−s|t|.

Proposition 5.5. Let X and Y be two rate processes.

1. Let U be the p-thinning of X , then

z̄U (s) = p z̄X(s), (5.35)
γUY (s) = p γXY (s). (5.36)
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2. Let M be a (µ0, µ1)-Markov process independent of X and Y and let V
and W be the M -Markov modulation of X and Y respectively, then

γV W (s) = π2
1γXY (s) + π0π1γXY (s + µ0 + µ1) +

π0π1λXλY

s + µ0 + µ1
, (5.37)

z̄V (s) = π1z̄X(s) + π0z̄X(s + µ0 + µ1) +
π0λX

s + µ0 + µ1
. (5.38)

3. Let Z = X + Y , then

γZ(s) = γX(s) + γY (s) + 2γXY (s), (5.39)

z̄Z(s) =
λX

λX + λY
z̄X(s) +

λY

λX + λY
z̄Y (s) + 2

γXY (s)
λX + λY

.(5.40)

Proof. Remark that equation (5.38) directly follows from equation (5.37)
and λU = π1λX . Thus, as in Proposition 5.3, we only focus on equation
(5.37). By Lemma 5.2 and Proposition 5.3, we have

γV W (s) =
1
2

∫ ∞

−∞
kV W e−s|t|dt

=
1
2

∫ ∞

−∞

[
kXY (t)

(
π2

1 + π0π1e
−(µ0+µ1)|t|

)

+π0π1e
−(µ0+µ1)|t|λXλY

]
e−s|t|dt

= π2
1γXY (s) + π0π1γXY (s + µ0 + µ1) +

π0π1λXλY

s + µ0 + µ1
.

5.5 Quality of the Peakedness Based Approximation

In this section, we discuss to what extent the characterization of the output
flow by its average rate and its peakedness allows us to approximate the
PIL for a given routing configuration. As introduced in Section 4.2.2, the
idea of the approximation consists in replacing the whole network with
a single arc which yields the same average flow rate λout = λXout and
peakedness z̄out(s) = z̄Xout(s) for a given value of parameter s. From
Proposition 5.5, when the network is a single arc with Markov parameters
(µ0, µ1), the output flow rate and peakedness are given by

λout = π1 =
µ0

µ0 + µ1
, (5.41)

z̄out(s) =
π0

s + µ0 + µ1
=

µ1

(µ0 + µ1)(s + µ0 + µ1)
, (5.42)
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since the input flow rate and peakedness are respectively 1 and 0. Hence,
for any s, we can write (µ0, µ1) as a function of λout and z̄out(s) :

µ0 = λout

(
1− λout

z̄out(s)
− s

)
, (5.43)

µ1 = (1− λout)
(

1− λout

z̄out(s)
− s

)
. (5.44)

Finally, the PIL is approximated by using the formula for a single arc (see
equation (5.12)) with the (µ0, µ1) parameters given by equations (5.43-
5.44).

Recall that 1
s can be interpreted as the average time during which the

process is buffered in the peakedness definition. In other words, the pa-
rameter s allows us to tune the time scale considered for the peakedness
evaluation. Therefore, given FEC parameters (R, K), we naturally choose
s = 1

T = 1
R+K , whereas in Section 4.2.2 we obliviously chose s = 0. Fur-

ther, one could argue that, for the purpose of FEC robustness evaluation,
the peakedness should be evaluated by buffering the arrived flow accord-
ing to a time window of exact length T instead of an exponential distribu-
tion with mean T , that is one should choose a F -buffer with F c(t) = 1 for
0 ≤ t ≤ T and F c(t) = 0 for t > T . However, in that case, the peakedness
transformation cannot be described as easily as in Proposition 5.5, which
explains why we nevertheless evaluate the peakedness with an exponen-
tially distributed buffering time.

Below we first evaluate the quality of our approximation on instances
with two vertices linked by parallel arcs. Then we look at more complicate
instances where paths are made of several arcs and are non-disjoint.

5.5.1 Parallel Arcs

We consider here the network model G = (V, A) introduced in Section
5.2.1, where V = {vin, vout} and A is a set of arcs going from vin to vout. For
these simple instances, we can therefore identify A with the set of paths
P . Given splitting ratios x(a) for each a ∈ A, the flow sent on arc a is
a constant rate process with arrival rate x(a). For each a ∈ A, the flow
received at vout through a is denoted by X

(a)
out and, from Proposition 5.5,

has thus a rate and a peakedness respectively given by :

λ
(a)
out = π

(a)
1 x(a),

z̄
(a)
out(s) =

π
(a)
0 x(a)

s + µ
(a)
0 + µ

(a)
1

.
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The output flow Xout is given by the superposition of all X
(a)
out, a ∈

A. Hence, by Proposition 5.5 again, Xout has a rate and a peakedness
respectively given by :

λout =
∑

a∈A

λ
(a)
out =

∑

a∈A

π
(a)
1 x(a), (5.45)

z̄out(s) = =
1

λout

∑

a∈A

λ
(a)
outz̄

(a)
out(s) (5.46)

=
1

∑
a∈A π

(a)
1 x(a)

∑

a∈A

π
(a)
0 π

(a)
1 (x(a))2

s + µ
(a)
0 + µ

(a)
1

. (5.47)

At this point, it is interesting to note that when all arcs have the same
stationary probabilities, say π

(a)
i = πi, for all a ∈ A, i ∈ {0, 1}, the out-

put arrival rate λout equals π1 and is thus independent of the splitting
ratios x(a). Therefore, the optimal routing is intuitively obtained by choos-
ing the vector (x(a))a∈A so as to minimize z̄out(s). It is easy to see that
the minimum value for z̄out(s) is reached when (x(a))a∈A is a multiple of
(µ(a)

0 + µ
(a)
1 + s)a∈A. We have numerically verified that these ratios are in-

deed very close to optimal with respect to the exact PIL. Actually this fact
can already be observed in the discrete FEC example given in figure 4.8. In
this example, the Markov processes have common stationary probabilities
π0 = 1

101 and π1 = 100
101 and, since each block contains 100 packets, 3 blocks

are sent per time unit. Hence T = 1/3, s = 1
T = 3 and µ0 + µ1 + s on

the first and second arcs equal 205 and and 104 respectively. Therefore our
method predicts that the flow is optimally split with ratios around 2

3 : 1
3 , as

confirmed in the figure. We have observed the same nice behavior of our
approximation method for other instances. However we have not been
able to find a theoretical justification.

More generally one can compute the exact probability of irrecoverable
loss in the two arc case by a convolution of the distribution for a single
arc derived in Section 5.2.3 and, for a large range of parameters, “visu-
alize” the good quality of the peakedness approximation as in figure 4.8.
It turns out that, for more than 2 arcs, it is faster to evaluate the PIL by
direct Monte Carlo simulation of the Markov processes rather than by a
convolution of the loss distribution on each arc. From now on, our ap-
proximation is always compared to a probability estimated by simulation.
Each simulation has been run sufficiently many times so as to guarantee
with probability 0.95 that the estimation is within 10 percent of the exact
PIL. These simulations have been run by using basic tools of the Matlab
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language.
The 3 arc case is also the last case in which we can easily visualize the

probability of irrecoverable loss as a function of the splitting ratio. As an
example, let us consider 3 parallel arcs with Markov parameters (50, 1),
(25, 0.5) and (50, 2). For FEC parameters T = 2.5 and r = 0.1 (R = 0.25 ,
K = 2.25), figures 5.1 and 5.2 respectively show the logarithm (base 10) of
the PIL obtained by simulation and the approximated PIL as a function of
the splitting ratios on the first and second arc. It immediately appears that
our approximation method yields probability values in the same order
of magnitude as the “exact” probability obtained from simulations. In
particular the optimal point in figure 5.1 is obtained for splitting ratios
0.46 : 0.22 : 0.32 which yield a minimum PIL of 1.87 10−5. In figure 5.2,
the minimum is reached for splitting ratios 0.5 : 0.24 : 0.26 where the
approximated PIL equals 1.05 10−5.
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Figure 5.1: PIL (log10 scale) obtained from simulations for a 3 parallel arcs in-
stance vs splitting ratio on arc 1 and 2
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Figure 5.2: Approximated PIL (log10 scale) for a 3 parallel arcs instance vs split-
ting ratio on arc 1 and 2
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Even though the relative error between the exact and approximated
values of PIL may appear large at first sight, remark that our approxima-
tion stays in the right order of magnitude for a large range of probability
values. Moreover it seems that this relative error stays stable if we increase
the number of parallel arcs.

To justify the previous statement, we have considered network in-
stances with up to 10 parallel arcs. We present here computational results
for the 10 arc case. FEC parameters are fixed at T = 1 and r = 0.1. A set
of 100 instances are randomly generated as follows : in each instance, the
splitting ratios are randomly chosen in a uniform way, the µ0 and µ1 pa-
rameters of each arc are uniformly picked in [25, 50] and [1, 2] respectively.
These parameter limits are chosen in order to have a reasonable range of
probability values: we want the probability values to span several orders
of magnitude without reaching extremely small values that would take too
much time to estimate accurately. The histogram in figure 5.3 shows how
the probability values obtained by simulation are spread on a logarithmic
scale.

For each instance, let PS
IL and PA

IL denote the PIL obtained from simu-
lation and from the approximation method respectively. The relative error

E is defined by E = P S
IL−P A

IL

P S
IL

. As announced above, figure 5.4 shows that
this error stays within a reasonable range of values. In particular E never
exceeds 0.5 for the instances generated.

Finally remark that our approximation always overestimates the PIL.
Moreover the quality of the approximation and the order of magnitude of
the probability to be estimated seem to be correlated, as depicted in figure
5.5. Therefore a statistical analysis of this dependence could maybe yield
a refinement of our method.

5.5.2 More General Topologies

In this section we tackle instances where the paths between vin and vout

may have some arcs in common. Hence the flows output on different
paths are no longer independent. While it does not essentially change the
way we use Monte-Carlo simulations to compute the PIL, it does make
our approximation method more complex. Indeed, because of the path
dependencies, we must compute the mutual variability between the flows
routed on each path in order to compute the peakedness of the final out-
put flow. Moreover, since each path may consist of more than a single arc,
the peakedness transformation equations (5.38) require us to compute the
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Figure 5.3: Histogram of the PIL (log10 scale) obtained from simulation for 100
random instances with 10 parallel arcs. The range of PIL values is subdivided
into 10 equal bins.
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Figure 5.4: Histogram of the relative error E of the approximated PIL values
for 100 random instances with 10 parallel arcs. The range of values for E is
subdivided into 10 equal bins.
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peakedness function at different values of the s parameter.
We have tested our approximation method on the network depicted in

figure 5.6, which consists of 9 vertices and 12 arcs. One can easily verify
that P , the set of vin − vout paths, consists of 6 paths which are clearly not
pairwise disjoint.

i=4

1

2

3

4

5

6

7

8

9

10

11

12

Vin Vout

i=0 i=1 i=2 i=3

Figure 5.6: Network instance with 12 non-disjoint paths between vin and vout.

As in Section 5.5.1, FEC parameters are fixed at T = 1 and r = 0.1 and a
set of 100 instances are generated as follows : in each instance the splitting
ratios are randomly chosen in a uniform way, the µ0 and µ1 parameters of
each arc are uniformly picked in [50, 100] and [0.25, 1] respectively. These
values have been chosen so as to obtain the range of probability values
shown in figure 5.7. Recall that, for each instance, the value of the PIL
is actually obtained by running Monte-Carlo simulations until we obtain
an estimation guaranteed to be within 10 percent of the exact value with
probability 0.95.

As announced above, in order to compute the final peakedness at vout,
we must compute the mutual variabilities between the flows received on
each pair of paths in P . For that purpose, we have considered 5 cuts in the
networks. These cuts are considered as stages labeled from 0 to 4 in figure
5.6. For any 0 ≤ i ≤ 4 and p, q ∈ P , λ(p)

i denotes the rate of the flow carried
on path p at stage i and γ

(p,q)
i (s) denotes the mutual variability between

the flows carried on path p and q at stage i. Given splitting ratios x(p) for
all p ∈ P , we can sequentially compute the flow rates and variabilities as
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Figure 5.7: Histogram of the PIL (log10 scale) obtained from simulation for 100
random instances based on the network of figure 5.6. The range of PIL values is
subdivided into 10 equal bins.
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follows :

• At stage 0, initialize λ
(p)
0 := x(p) and γ

(p,q)
0 (s) := 0

• At stage i, for 1 ≤ i ≤ 4, compute λ
(p)
i and γ

(p,q)
i (s) from λ

(p)
i−1 and

γ
(p,q)
i−1 (s) by using the transformation equations (5.18) and (5.37) re-

spectively.

• Equations (5.21) and (5.39) allow us to compute the rate λout and
variability γout(s) of the superposition of the flows received in vout

respectively as follows :

λout =
∑

p∈P
λp

4,

γout(s) =
∑

p,q∈P
γ

(p,q)
4 (s).

However, as announced at the beginning of this section, we have to
take into account that the variability is actually a function. We can over-
come this problem as follows : because of the transformation equations
given in Proposition 5.5, one can easily show by induction that the vari-
ability between any two flows X and Y in the network instance considered
here may be written as

γXY =
J∑

j=1

αj

βj + s
,

for some positive integer J and positive reals αj and βj , for 1 ≤ j ≤ J .
In our Matlab scripts, we have thus computed the variabilities “symboli-
cally” by actually computing the corresponding sequences (αj)1≤j≤J and
(βj)1≤j≤J .

For each instance, we can now compare PS
IL and PA

IL, the values of PIL
obtained from simulation and from our approximation method respec-

tively. Figure 5.8 shows that the relative error E = P S
IL−P A

IL

P S
IL

has roughly the
same range of values than for the parallel arc case. However it seems that
PA

IL may underestimate PS
IL. Note that this behavior is maybe explained

by the fact that we only compute PS
IL within a 10 percent confidence inter-

val.
Finally we still observe a negative correlation between the value of PIL

and the approximation quality, as depicted in figure 5.9. In conclusion,
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Figure 5.8: Histogram of the relative error E of the approximated PIL values for
100 random instances based on the network of figure 5.6. The range of values for
E is subdivided into 10 equal bins.
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these computational experiments again show that the peakedness of the
output flow allows us to efficiently approximate the PIL of a FEC block
for the various instances considered even in the case of non-disjoint paths.

5.6 Conclusion

In this chapter, we have modeled data flows at different points in the net-
work by rate processes. We have presented a network routing model and
a fluid interpretation of the FEC protection in this context. Although we
have derived an exact formula for the PIL on a single arc, it is numeri-
cally challenging to compute the exact PIL on larger network instances.
Therefore we have proposed the use of a second-order characterization
(its average rate and peakedness) of the flow received at the output node
to approximate this probability. For that purpose, we have extended the
classical definition of peakedness to arbitrary rate processes and have in-
troduced the notion of mutual variability between flows, which is manda-
tory to compute the peakedness of the superposition of dependent flows.
Finally we have given evidences of the efficiency of our method by com-
paring the approximated probabilities with values obtained from direct
Monte-Carlo simulations. In particular our computational results show
that the relative error of our approximation method is reasonably small
for a large range of PIL values. Maybe this error could be reduced by
using a different buffering distribution to compute the peakedness, as dis-
cussed at the beginning of Section 5.5. Moreover, the correlation observed
between the value of the PIL and the quality of the approximation raises
the hope that statistical techniques can help in improving the efficiency of
our method.



Chapter 6

Conclusion and Future Work

In this thesis, we have addressed problems related to the routing of multi-
media flows. In the first part, we have considered the problem of finding
a core node in a network so as to simultaneously minimize the cost of the
unicast and multicast communications between this core node and a set of
users. In graph theoretic terminology, this has naturally been formulated
as the problem of locating a core vertex in a graph so as to minimize, on
the one hand, the sum of the lengths of the shortest paths between the
core vertex and and a set of terminal vertices and, on the other hand, the
weight of the Steiner tree spanning the core and the terminals. Since this
problem is in particular motivated by the minimization of the total band-
width consumption of applications such as video conferences, we have
first considered in Chapter 2 the problem of choosing the core node so
as to minimize a weighted sum of both objectives. Computational results
show that, in practice, one can quickly find a good core location and that,
for many instances, the core is also close to the optimum for each objective
regarded independently. These observations were our main motivation
to rigorously analyze in Chapter 3 the trade-off between both objectives.
In particular, we have derived bounds which guarantee the existence of a
core location for which each objective is close to its optimal value (if we
were to disregard the other objective).

In the second part of this thesis, we have studied a more complex net-
work model for the purpose of taking into account the interdependency
of contiguous data loss events. Such a loss model is mandatory so as to
capture the fact that splitting the transmission of a data flow on several
paths generally increases the robustness of FEC techniques. In Chapter 4,
we have reviewed the modeling approach usually proposed in the litera-
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ture and we have discussed some of its limitations. In particular we have
proposed to use the peakedness characterization of a flow to approximate
the impact of network losses on the FEC robustness. In Chapter 5, a more
formal approach has been given by approximating data packet flows by
a fluid flow formulation. We have presented a notion of peakedness ex-
tended to the fluid context, along with some other tools, and have used
them to propose an approximation of the FEC robustness which turns out
to be efficient in practice. The main contributions of these two chapters
are summarized in the table given at the end of Chapter 4.

Finally let us mention a few directions for future research. In the con-
text of core location problems, we have ignored in this thesis many com-
putational and practical aspects which are essential if one wants to deploy
a core selection algorithm on a real data network. A few natural questions
are for instance : How to efficiently re-optimize the core location when the
users change over time? Can we design a distributed optimization algo-
rithm that could be embedded in a decentralized protocol for the set-up of
videoconferences? How do real-time constraints affect the quality of the
solution computed? On the theoretical side, it is certainly possible to im-
prove the trade-off results given in Chapter 3. We have actually obtained
slightly better results than the one mentioned here with the same type of
arguments but at the price of more complicated computations. Therefore
we believe that other types of arguments are needed if one wants to even-
tually close the gap between the trade-off results and the worst known
instances.

Concerning the material presented in the second part of the thesis, a
very natural question is whether our results helps in finding an optimal
set of paths and splitting ratios in order to minimize the probability of ir-
recoverable loss. Indeed, while we do not see how to tackle this problem
by directly considering exact or simulated values of PIL, we believe that
using the peakedness and variability transformation equations of Propo-
sition 5.5 may be useful to formulate an approximated but tractable opti-
mization problem. The idea of the formulation is naturally to consider as
variables

• the splitting ratios,

• the average rate and variability of the flow on the vertices of each
path,

• the average rate λout and variability γout(s) of the output flow,
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and as minimization objective the approximated PIL, which is only a func-
tion of λout and γout( 1

T ) as explained in Section 5.5. These variables are
constrained by the equations of Proposition 5.5 which describe how the
rate and the variability are transformed while the flow is routed within
the network. However there are several issues to address in order to trans-
form this idea into a practical problem formulation that could be solved by
generic optimization software. First of all the variability (as the peaked-
ness) is a function and not a a single variable. Therefore it is necessary to
define corresponding variables only for a sample of values of the s para-
meter. A more fundamental issue concerns the convexity of the formula-
tion :

• The objective is in general not a convex function of λout and γout( 1
T ).

Indeed for some instance, we have seen that the the optimal routing
is achieved by using a single path even if all paths have the same
loss characteristics.

• Equation (5.37), which describes how the variability and the mutual
variability are transformed by Markovian losses, does not yield con-
vex constraints. However, for the variability of a single flow (i.e.
X = Y and V = W in equation (5.37)), if we replace the equality
by an inequality which lower bounds the variability, the obtained
constraint is convex. Intuitively this relaxation should not be harm-
ful since, for a given average loss rate, the PIL minimization should
seek a routing yielding an output flow with minimum variability.
However for the mutual variability of two flows, this trick still yields
a non-convex constraint because of the product of flow rates in the
last term of equation (5.37).

Since the objective is a function of only two variables, it is likely that its
non-convexity can be overcome by explicitly constraining λout and γout( 1

T )
to lie in an area where the objective is a priori known to be locally convex.
Moreover, by focusing on network instances where the flows superposed
at the output vertex are independent, we can formulate an approximated
optimization problem with convex constraints. Note that, in particular,
this is the case for the parallel arc instances considered in Section 5.5.1.
For general network topologies, we have to neglect the interdependencies
between the flow superposed at the output vertex in order to remove the
non-convex constraints on the mutual variabilities. In summary, it seems
that some additional assumptions need to be made in order to obtain a
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tractable formulation of the problem. Whether these assumptions bring
important approximation errors is an interesting question in its own way.

Moreover, many modeling refinements are possible. First of all, a nat-
ural extension of the problem consists of introducing arc delays in the
model. Then, as already mentioned in Chapter 4, it would be interest-
ing to add capacities in the model and to consider the impact of the net-
work congestion state on its loss characteristics. This would allow us in
particular to analyze the global effect of using multipath routing between
many different pairs of nodes in the network. Since it uses more network
resources than routing on a single shortest path, a potential drawback of
multipath routing is to increase the risk of congestion, hence eventually
decreasing the quality of the communications. Therefore we find essen-
tial to verify whether multipath routing scales well with the total number
of transmissions considered. A second type of model improvement con-
sists of replacing the simple Markov loss processes by packet queues of
finite size at the entry of each link, in order to model the congestion of
router buffers. The challenge is then to extend our approximation results
to this more complex network model. A related question concerns the im-
pact of the queuing policies on the peakedness of packet flows. Finally
we expect the peakedness characterization to yield efficient and accurate
approximations of different types of data flow generated by a large range
of applications. We think that many interesting problems could be raised
by studying how useful these second-order flow approximations are in
order to estimate and optimize the network resources needed to satisfy
the quality of service (QoS) required by those applications. In particular,
an important question concerns the design and the dimensioning of the
network (topology, link capacities, buffer sizes,...) in order to guarantee
simultaneously these various QoS with high probability.
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