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Abstract

In high-dimensional sparse linear regression, the selection and the
estimation of the parameters are studied based on an [o—constraint on
the direction of the vector of parameters. We first establish a general
result for the direction of the vector of parameters, which is identi-
fied through the leading generalized eigenspace of measurable matrices.
Based on this result, we suggest addressing the best subset selection
problem from a new perspective by solving an empirical generalized
eigenvalue problem to estimate the direction of the high-dimensional
vector of parameters. We then study a new estimator based on the
RIFLE algorithm and demonstrate a nonasymptotic bound of the L2
risk, the minimax convergence of the estimator and a central limit the-
orem. Simulations show the superiority of the proposed inference over
some known [y constrained estimators.

Keywords: High-dimensional model, sparsity, generalized eigenvalue prob-
lem, identification, best subset selection, minimax [y estimation, central limit

theorem.
JEL Codes: C30, C55, C59

*corresponding author



1 Introduction

This paper connects two well-known statistical problems. First, the best
subset selection problem that is a solution of

_ 1 . .
B € argmin —||Y — Xﬁ||% s.t. |I8llo < k, (1.1)
pere T

for k € N [Miller, 2002], where Y € R"™ and X € R™*P and where for any
v € RP, |Jolla = D20 [vi]? is the ly—norm of v and [Jv[lo = D27, L5 is
the lo—pseudonorm of v. Second, the generalized eigenvalue problem (GEP),
that is, given two square matrices A, B € RP*P, solving

Avi = )\z‘BUi for ¢ = 1, P (1.2)

for A\; and v;, which are called generalized eigenvalues and generalized eigen-
vectors, respectively. We observe that if B is the identity matrix, then the
GEP is the standard eigenvalue problem (for an introduction to GEP, see
e.g., Ghojogh, Karray, and Crowley [2019]).

The connection between the two problems is based on the idea that in the
linear regression Y = X3+U, where Y € R" and X € R™*P are random and
iid across rows and U = (Y] —E(Y1|X1), ..., Y, —E(Y,,|X,,)) T, the parameter
B is completely characterized by two objects. First, its direction, ® C RP,
defined as the vector subspace of R? of all the vectors collinear to 8, and
second, its magnitude that its norm in R? under a suitable choice of basis
for ®. In Theorem 1 below, we identify the direction ® with the generalized
eigenspace associated with the only nonnull generalized eigenvalue of a pair
of measurable matrices.

One important consequence of our identification result is that by expos-
ing the connection between the linear regression problem and the GEP, we
extend the class of estimators available for the former to the one available
for the latter. This is especially useful in the context of high dimensions
(HD).

When the dimension of the target parameter 3, namely, p, is greater
than the number of observations, n, for instance, because the former is an
increasing function of the latter, we say that the model is high dimensional.
Estimating the parameter § in HD is a problem of great interest from both
theoretical and practical points of view. Since the high dimensionality of
the model implies that the empirical second moment of the covariates is not
invertible, the parameter 5 cannot be consistently estimated via ordinary
least squares. However, situations where p > n arise in practice, for instance,
in biology, health studies, economics or machine learning [Fan and Li, 2006],
and call for efficient estimation procedures.

There is no unique way to tackle the problem of consistently estimating
the parameters of a high-dimensional linear model. One line of research



is based on the notion of sparsity. According to Stodden [2006], Box and
Meyer [1986] coined the term factor sparsity to describe a model where
the majority of covariates have zero effect. Since then, a wide and active
area of research has specialized in the estimation of the parameters of high-
dimensional sparse linear models i.e. high-dimensional linear models where
it is assumed that only a subset of the elements of /5 differs from zeros (e.g.
Belloni, Chernozhukov, and Hansen [2013], van de Geer [2016]). Sparsity
assumes that

1Bllo=s <p

where s is the sparsity level.

The best subset selection problem (1.1) originates from the combination
of the sparsity assumption with the least squares principle. Due to the [y con-
straint, this program is NP-hard [Natarajan, 1995]. Hence, solving (1.1) in
polynomial time is impossible unless P = NP. Despite this computational
difficulty, a set of theoretical results indicates that the best subset selec-
tion is a desirable estimator for sparse regression (e.g. Greenshtein [2006],
Raskutti, Wainwright, and Yu [2011], Zhang and Zhang [2012], Shen, Pan,
Zhu, and Zhou [2013], Zhang et al. [2014], Bertsimas, King, and Mazumder
[2016]). Recently, optimal or near-optimal solutions have been proposed in
Bertsimas et al. [2016] via a reformulation of problem (1.1) as a mixed in-
teger optimization (MIO) problem. The implementation of this method is
performed via the licensed GUROBI solver and is demanding in computing
time as the dimension of the model increases. For a critical review, see e.g.
Hastie, Tibshirani, and Tibshirani [2020].

By following the same line of thought that leads to the formulation of
the best subset selection, we formulate an estimator of ® over a sparsity
constraint. To do so, we observe that the generalized eigenvector associated
with the maximum generalized eigenvalue of the GEP (1.2) is the solution
of the maximization of the following Rayleigh quotient

v Av
argmax ———,
ngRP v’ B
see e.g. Golub and Van Loan [2013]. Our identification result in Theorem 1
allows combining this fact with the sparsity assumption to obtain the sparse
estimator of ®, that is,
. HTXTYYTXo

® := argmax

——————— s.t. <k 1.3

for k € N. We call (1.3) the directional best subset selection problem.
Below, we demonstrate that for any solution of problem (1.3), say v, the
product of v with the orthogonal projection of Y on Xwv is a solution of the



best subset selection (1.1). Hence, solving problem (1.3) allows solving (1.1).
We also demonstrate that the two problems have the same minimax rate of
convergence in the Iy norm, that is, (slog(p/s)/n)'/? in the sub-Gaussian
setting [Raskutti et al., 2011].

Next, we show how these ideas may be fruitful for the estimation of
high-dimensional sparse linear models (HDSLM) by proposing an efficient
estimator of ®, which gives as a byproduct a novel estimator of 5. This
estimator is a modification of a well-established algorithm called RIFLE
that was proposed by Tan, Wang, Liu, and Zhang [2018] to approximate the
solution of GEP over a [y constraint (which are also NP-Hard [Moghaddam,
Weiss, and Avidan, 2006]) when p > n. We demonstrate that our estimator
converges at the minimax rate of convergence with high probability in the
sub-Gaussian setting and that it possesses the sure screening property.

Finally, we provide a central limit theorem for the estimator, which is a
nontrivial task given its nonlinearity. To this aim, we prove a theorem that
gives sufficient conditions for the convergence in probability of a Cauchy
product. This theorem may be of independent interest.

Generalized eigenvalue problems have already been employed to tackle
models with many covariates. In particular, the sufficient dimension reduc-
tion approach introduced in Cook [1994] employs moment-based methods
that can be formulated as GEP to replace the original covariate with a min-
imal set of their linear combinations without loss of information [Li, 2007].
Those methods are not designed specifically to tackle high-dimensional sparse
linear models and are not an answer to the best subset selection problem.
We still mention the research of Chen, Zou, and Cook [2010] that intro-
duced a method to induce sparsity in the estimated linear combination of
the covariate and thus to de facto select variables.

Like RIFLE, our estimator requires an initial solution that is then iter-
atively improved toward convergence. The article concludes with a set of
Monte Carlo experiments that show the superiority of the proposed inference
when our estimator is initialized by using lasso, that is, the Lagrangian ver-
sion of the [; —relaxation of problem (1.1) (Tibshirani [1996], Chen, Donoho,
and Saunders [1998]). Lasso is known to select too many random variables
when tuned for prediction accuracy (Bertsimas et al. [2016], Hastie et al.
[2020]). Our experiment shows that for signal-to-noise ratios higher than
two, our estimator improves on the initial solution provided by lasso, while
reducing the number of variables associated with nonnull coefficients.

The performances of the proposed inference are compared with those of
three other ly constrained/penalized estimators. First and second are the
Iterative Hard Thresholding (IHT) and the two-stage IHT (Jain, Tewari,
and Kar [2014]) that are designed to approximate problem (1.1). The third
competitor is the support detection and root finding (SDAR), proposed by
Huang, Jiao, Liu, and Lu [2018] to approximate the Lagrangian version of
the best subset selection (which is not equivalent to problem (1.1) because



of the lp—constraint) but still allows fixing the sparsity level of the estimate.

We summarize our comparison of the four algorithms in Table 1 where
Loaded-RIFLE is the name of our estimator. Minimax convergence rates and
the sure screening property have been established for the IHT and two-stage
IHT (Jain et al. [2014] and Guo, Zhu, and Fan [2020]). Minimax convergence
rates have been established for SDAR (Huang et al. [2018]). To the best of
our knowledge, no CLT has been established for these algorithms. The nu-
merical performances are compared via Monte Carlo experiments in Section
5. Accuracy in estimation, variable selection and prediction are compared.
The computing time given in Table 1 is the rounded mean computing time
of 100 replications in the second setup described in Section 5. The com-
putational time of the Loaded-RIFLE includes the time for computing the
initial vector via lasso. Our implementation of the IHT optimizes the step
size at each iteration (as in Blumensath and Davies [2009a]), which greatly
improves estimation but is costly in computational time.

Estimator ‘ Efficiency ‘ CLT ‘ Num. perf. ‘ Time (s)

IHT near minimax ~ e~ !

2 steps-THT near minimax ~ 3e 2

SDAR minimax ~ le”!

Loaded-RIFLE | minimax yes | best overall | ~ 2¢~!
Table 1

The organization of the paper is as follows. Section 2 provides the struc-
tural model and the main objects with which we are working. Section 3
addresses the identification of ® with the solution of a particular GEP. In
Section 4, we use the result of the preceding section to treat the estimation
of ® under sparsity. First, we introduce the directional best subset selection
(1.3) and establish a theory connecting it with the best subset selection (1.1).
Second, we show how these results may be applied by presenting RIFLE and
Loaded-RIFLE, which are two algorithms that produce solutions for the di-
rectional best subset selection problem. Third, we provide nonasymptotic
bounds as well as the convergence rate in the sub-Gaussian setting for the
relative error of these two estimators. Fourth, we present a central limit
theorem for these estimators and discuss the theorem. This discussion al-
lows us to present intermediate results that provide deep insights into the
functioning of RIFLE. In particular, one of these results gives sufficient
conditions for the convergence in the probability of the stochastic Cauchy
product and may be of independent interest. In Section 5, we present nu-
merical experiments to compare the performance of the proposed algorithms
that demonstrate the competitiveness of Loaded-RIFLE. Section 6 contains
concluding remarks.



2 Structural Model

We consider a sequence of statistical experiments indexed by n € N. For
each n we assume that we observe a random vector of explanatory variables,
Y (™ € R™ and a random matrix of covariates X (™ € R"*P. We also assume
that for each n € N the rows of Y™ and X(™ are independent and identi-
cally distributed. To model high dimensionality, we assume p = p(n), that
is, p, the number of explanatory variables, is a function of n, the number
of observations and then consider situations where p(n) may increase faster
than n (for instance, below, we consider situations where the dimension p is
of order O(n®) with a > 1).

We assume that for each n € N there exists 5" € RP s.t. E(")(Yl(n) ]Xl(n)) =
(an))Tﬁ(") where Yl(n) and an) represent the transpose of the first rows
of Y(") and X,

This paper is only indirectly interested in (™ and focuses instead on
the identification and estimation of the direction of 8™, which is the one-
dimensional subspace of RP containing all the vectors collinear to .

Definition 1 (Direction space) For any vector v € V, we call the direction
of v the one-dimensional subspace of V defined by

D(v) := {mv|m € R}.

For the remainder of this paper, we let ™ := D(ﬁ(”)) and choose ¢("W* :=
B /]|8()]|5 as the basis for ®(), where for any and u,v € RP, the ly—norm
of v, ||v||2, is induced by the canonical inner product on RP, namely, (u,v)s :=
Zle w;v;. We observe that this choice of basis for ®() implies that the
magnitude of 3™ is its l—norm.

Since p may increase faster than n, we may encounter situations where
the dimension of the parameter space is larger than the sample size. Hence,
we require our high-dimensional linear model to be sparse; that is, for each
n € N, we assume that [|¢*™||o = s(n) < p(n).

In the remainder of the paper, we drop the upper script (n) to simplify
the notation.

3 Identification of ¢

This section provides a novel theorem that identifies ® to some functions
of moments of Y7 and X;. The result suggests a natural estimator that
is exploited in Section 4. Before stating the theorem, we introduce some
notation. Let Yx := E(X; X, ) be the second moment of X;; moreover, let
Yxy := E(X1Y1) and Sy x = (xy)'. For all u,v € R?, let (u,v)s, =
(u, ¥ xv)2 be the inner product induced by Y x on RP. For any m € N and
Z e R™*™ et Ker(Z) = {v € R™; || Zv||2 = 0} be the kernel of Z.



Theorem 1 Let Y] € R and X1 € RP be random. If there exists B € RP s.t.
E(Y1|X1) = X{ B and if Sx is positive definite then

¢ ExyEyxo
$ = argmax ——————— 3.1
feRw PTEx¢p (38:1)
¢ \T ?
= argmax | (—— EXY) (3.2)
SERP <(||¢||Zx)
= Ker(zxyzyx - EX)\max) (33)

where Amax = MaXgcRrr % and ® = D(S).

The proof is given in Appendix. Theorem 1 identifies ® as the solu-
tion set of a generalized Rayleigh quotient (equations (3.1) and (3.2)) or
equivalently as the generalized eigenspace associated with the maximum
generalized eigenvalue of the matrix pair (XxyXyx, Xx) (equation (3.3)).

This result is a general property of the geometry of linear models that,
to the best of our knowledge, has not yet been pointed out as such in the
literature. We still mention that a somewhat similar equation is given in
the context of partial least squares in Sun, Ji, and Ye [2009].

The literature sometimes suggests solving specific GEP via various least
squares programs (e.g. Moghaddam et al. [2006], Sun et al. [2009], Golub
and Van Loan [2013]). One original aspect of the present paper lies in the
fact that we propose to estimate the parameters of linear models, a task that
is commonly achieved via least squares, through a generalized eigenvalue
problem.

In addition to the linearity of the conditional expectation, the only as-
sumption required by Theorem 1 is the positive definitiveness of ¥ x. This
assumption is well known to be an identification condition for 5 (e.g., Flo-
rens, Marimoutou, Peguin-Feissolle, Perktold, and Carrasco [2007]).

4 Estimation under sparsity

4.1 Directional Best Subset Selection

We introduce the directional best subset selection, prove that its solution has
the same direction as the solution of the best subset selection, prove that the
latter can be recovered by multiplying the former with an estimation of the
magnitude, v, and connect the rate of convergence of the two estimators.
Let Sy = XTX/n, Sxy = XTY/n and Sy x = (f]Xy)T be estimators of
Yx,Xxy and Xy x, respectively.

We consider the empirical version of problem (3.1) to estimate ® over a
sparsity constraint, that is, problem (1.3). The fact that its solution set, <i>,
finds the direction of the solution of the best subset selection is established
in the following proposition.



Proposition 1 Let Y € R" and X € R" P be random functions. For a
given k € N, let B and ® be as in problems (1.1) and (1.3) respectively.
If B is unique almost surely, then condztwnally on the set of events where
min, R |o|jg<k U TSxv > 0 we have D(ﬁ) & almost surely.

The proof is given in the Appendix and leads to the following Corollary.

Corollary 1 Suppose the assumptions of Proposition 1 hold true. Letqg cd
and © = argmin,,cg ' |Y — X¢ml|3 then conditionally on the same set of
events than in Proposition 1 we have 8 = ¢U almost surely.

Proposition 1 and Corollary 1 exemplify how Theorem 1 can be employed
to extend the class of estimators of the high-dimensional sparse linear model
(HDSLM) defined in the preceding section to those of high-dimensional
sparse GEP. Here, we focus on [y—constrained estimators, but the proofs
and results can be straightforwardly generalized.

The strategy of estimation relies on two steps: First, we estimate ® via
GEP, and second, if the parameter of interest is 3, we choose any basis in P,
say #, and then regress Y on the span of X  to estimate the magnitude of 3.
Corollary 1 ensures that if in the first step the directional best subset selec-
tion is employed, this procedure gives an estimator of 8 (the direction times
the magnitude) that is actually the solution of the best subset selection.

The next proposition expresses the error of estimation of 8 as a func-
tion of the error of the estimation of ¢* to connect the minimax rate of
convergence of the former with that of the latter.

Proposition 2 For all n € N, let Y € R"” and X € R"*P be random
functions iid across rows. For alln € N, assume Yx = E(X1X]) is positive
definite, that there exists B € RP s.t. E(Y1|X1) = X{ B, ||Bllo = s. Let ¢* :=
B/11Bll2 and assume ¢ € R? is an estimator of ¢* for which (¢,¢*)y > 0,
dllo = s and |||l = 1 hold almost surely and whose convergence is such
that ||¢ — ¢*|la = Op(aw) where a, = o(1) satisfies (25/n)"/?/an = o(1).
Finally, let 0 = argmin,, g |Y — X¢m||3 be an estimator of the magnitude
of 5.

Conditionally on the set of events where there are 0 < Kk <K < 00 such
that for all w € RP with ||u|l2 = 1, |Jullo = max{2s,p} we have

E<u'Sxu (4.1)
ifﬁ € RP is an estimator of B that satisfies B = &@ almost surely, we have
18 = 8115 = cllé — 813 + Op(0)-

where ¢ = Op(1).



The proof is given in Appendix. The proposition provides sufficient
conditions to ensure that the [ convergence rate of B is one of the Iy con-
vergences of the direction estimator gZ;

This result is important since it implies that the minimax rate of conver-
gence in the Iy loss of the directional best subset selection (1.3) is the same
as that of the best subset selection (1.1). Raskutti et al. [2011] have proven
that in a Gaussian and fixed design (where the matrix X is assumed to be
nonrandom), if a version of assumption (4.1) holds, the minimax rate of
convergence of ||§— 8|2 is (slog(p/s)/n)*/2. In the next section, we propose
algorithms that aim to solve problem (1.3) and to achieve this statistical
rate of convergence with high probability.

We note that we assumed ||¢|lo = s to parallel the setting of Raskutti
et al. [2011]. By a slight adjustment in the statement of assumption (4.1)
and in the proof, we can replace this assumption by ||q£||0 = k for any

ke{1,..,p}.

4.2 Algorithms for Directional Best Subset Selection

We aim to solve problem (1.3). However, this problem is NP-hard and hence
cannot be exactly solved in polynomial time unless P = N P. Nevertheless,
Tan et al. [2018] propose an algorithm that approximates the solution of
GEP over a sparsity constraint when p > n. In essence, their proposition
consists of iteratively updating the estimated vector in its ascent direction,
normalizing it, truncating it such that only the k coefficients with the high-
est absolute magnitude are nonzero and finally normalizing it again. The
resulting algorithm applied to the problem (1.3) is detailed here.

Notation 1 When we write Truncate(v,K) for v € RP and K C {1,...,p}
we refer to the vector of RP defined by

(Truncate(v,K))i = { 82 Z;ee .
fO?" all 1 = 17 ey P-

Algorithm 1 Truncated Rayleight flow method (RIFLE)

Input: matrices SxySyx and ﬁx, initial vector ¢q, sparsity level k €
{1,...,p} and step size ).

START:

1. Fo = the set of index of the k highest elements of |¢ol;
2. ¢o =Truncate(¢o, Fo);

3. Let t =1 and repeat the following steps until convergence:



(a) pr—1 = (¢)_1Sxy Sy xbi—1)/ (D)1 Xxbi—1);

(b) Ci1 = Lyxp + (n/pi-1)(ExySyx — pr-12x);

(c) ¢t = Ci16i-1/l|Cr-10t-1ll2;

(d) Fi = the set of index of the k highest elements of |p}|;
(e) Bt = Truncate(d}, Fi);

(f) &1 = b1/l del2;
(g9) t=t+1;

END
output: ¢

Tan et al. [2018] provides the computational complexity of the algorithm,
that is, the sum between two terms: First, O(p) for selecting the k largest
elements of a p dimensional vector and second, O(kp) for taking the product
between a truncated vector and a matrix with columns restricted to the set
F; and for computing the difference between two matrices with columns
restricted to set F} [Tan et al., 2018].

The parameter k is understood as a regularization (or tuning) parameter
that is chosen.

Our experience with Algorithm 1 leads us to believe that when 7 is small
(as suggested by the theory in Tan et al. [2018]), the variable selection op-
erated by the algorithm is highly dependent on the ordering of the absolute
value of the element of ¢g. In many situations, this constrains the quality
of the estimation. To circumvent this feature, we introduce a variation of
Algorithm 1 that we call Loaded-RIFLE and that is described here.

Algorithm 2 Loaded truncated Rayleight flow method (Loaded-RIFLE)
Input: mgtrices YxvXvx (mg Yx, initial vector ¢g, initial and final
sparsity level k,k € {1,...,p} with k > k, step size n and number of iteration
T.
START

1. Fo5 = the set of index of the k highest elements of |dol;
2. $o5 = Truncate(do, .7:0@);

3. Let k =k;

4. WHILE k > k repeat the following steps:

(a) Lett =1
(b) WHILE t <T repeat the followings steps
i proig = (01 Xy Sy xbe—16) /(61 kXX br-1.4);

10



ii. Cr1k = Ipxp + (1/pt—1.4) ExvyEyx — pro1xXx);
iti. @y = Cr—1kPt—1,k/|Ct—1,kPt—1k: k|25

. Fi = the set of index of the k highest elements of |¢}|;
v. IF C’ard(]:tyk U ]:t—Lk) >k

A b1k = dok
B. sett =T+ 1 (BREAK the while loop on t);
vi. FLSE

A. qgt,k :Truncate(gb;’k,ft’k);
B. ¢k = i/l bull2;

C.t=t+1;
(¢c) Gok—1=dT ks
(d) k=k—1;

5. Apply Algorithm 1 with ¢ = ¢rpy1, k =k, n;

END
Output ¢;.

Loaded RIFLE can be seen as a kind of backward stepwise RIFLE. It
basically runs RIFLE for k = k and then uses the output as input of a new
run of RIFLE with k = k — 1. The algorithm proceeds as such until k& = k.
The only difference lies in the IF condition in step 4.b)v., which ensures
a somewhat smooth update of the set of selected variables. This step is
important to extend the theory of RIFLE developed by Tan et al. [2018] to
Loaded-RIFLE.

4.3 Consistency of the estimation and the rate of conver-
gence

By using the techniques employed in Tan et al. [2018] to study the conver-
gence of Algorithm 1, we derive a nonasymptotic bound on the [5 distance
between the output of Algorithm 2 and the population target vector (which
is ¢* in this paper). Based on this result, we derive the convergence rate
of the estimator in the sub-Gaussian setting. Before stating the theorems,
we introduce more notation where some are specific to GEP and others are
nonstandard but useful in the context of this paper.
For any Z € RP*P and k € N s.t. k <p, let

p(Z,k) = sup  |v' Zu|.
[vllze,llvllo<k

For fixed k, p(-, k) : RP*P — R is a norm on RP*P over R, if Z is symmetric
then p(Z,k) is the supremum on a set of maximum eigenvalues of sub-
matrices of Z.

11



For any k € N such that k£ < p let F(p, k) :={F C {1, ...,p}; Card(F) =
k} be the set of sets containing k different integers between 1 and p. More-
over let {e;}¥_, be the canonical basis in RP (i.e. e; has zero’s on all its
elements except on the " position which contains a one) and let

P(]:(p’ k)) = {P(F) = (eala -~-aeo¢k) (= RPXk|
FeF(pk)a; € Fiap < ag < ... < ag}

be a set of orthogonal projectors from RP to its k dimensional subspaces
that are spanned by the subsets of {ey,...,e,} whose cardinalities equal k
and that preserve the order of the indexes. This set is useful since if v € RP
such that ||v]|o = k then P(F(p, k)) contains a matrix P such that w = P v,
w € R* and w is equal to v if the former is embodied in RP. Observe we
have that PTP = Ipys, ||PPT||speC = 1 and ||P||spec = 1, where for any
Z € RP*P | Z||spec := maxy||,—1 || Zv]|2 is the spectral norm of Z.

For any m € N and Z € R™*™  let Apax(Z), Amin(Z) and \;(Z) be re-
spectively the maximum, minimum and i** (in descending order) eigenvalues
of Z. If Z is positive definite, let kK(Z) = Amax(Z)/Amin(Z) be the condition
number of Z (e.g. Golub and Van Loan [2013]).

For any k € N s.t. k < p and any F € F(k,p), let A\;, \i(F), \; and
Ai(F) be the i (in descending order) generalized eigenvalues of respectively
the pairs of matrices (EXyny,Ex), (P(})Exyzyxp(p), P(})EXP(F)),
(ixyi)y){, 2){) and ﬁnally (P(—Ir,)ixyiyxp(p), P(—;)ixp(p))

For any p € N and any symmetric matrices A, B € RP*P, let

1/2
Cr(A,B) = min <(UTAU)2 + (UTBU)2>

llvll2=1

be the Crawford number of (A, B). Stewart [1979] shows that if Cr(A, B) >
0 the GEP associated with (A, B) is definite, namely it has a complete system
of generalized eigenvectors and all its generalized eigenvalues are real.

For any k£ € N such that k < p define

A(k) := inf Cr(P"SxyYyxP,P'SxP).
Pe{UL, P(F(p.i))}

and
R R R 1/2
€(k) = <p(ZXyEYX — ExyEYX,k)Z + ,O(EX — EX,]{)2> .

In the next results, we have employed the techniques developed in Tan
et al. [2018] to provide a nonasymptotic bound on the Iy error of Algorithm
2.

12



Theorem 2 For alln € N, let Y € R™ and X € R™*P be random functions
iid across rows. For allm € N assume Yx := E(X1X] ) is positive definite
and there exists 3 € RP s.t. B(Y1|X1) = X|'B and ||Bllo = s. Let ¢* =
B/1Bll2 and A == Ay /(1+ A7). _

Let k in Algorithm 2 be such that k = C's for C' > 1 and let k = C"k
for C" >1 and k' =k + s.

Let ¢y, be the output of Algorithm 2 (i.e. after t iterations of the last
step of the algorithm). Suppose that t > T where T is like in Algorithm 2.
Let ¢g be the initial vector in Algorithm 2 after truncation (as in step 2.).

Choose a constant ¢ > 0 and n in Algorithm 2 such that

NAmax(Xx) < 1/(1+¢), (4.2)

and

s c 1/2
u=<1+\/;><1—1§mmm(zx>c@> <1 (43)

hold true, where Cs = (1+¢)/(1 —c).
Then, conditionally on the set of events where
S(F) _ A(1-v)VE
A(K) " 4/10 + A1 — v)V/E
p(Ex —Ex, k) < Amin(Tx) (4.5)
|<¢*7 ¢0>2‘ S 1- V2£7

hold almost surely with & defined as

. 1 1
£ :=min { 8C,k(Xx) " 30(1 + ¢)C3nAmaxk?(Xx) }7

(4.4)

we have

. ¢ 1 V2 ,
1= (") T sl <v'VE+ (1_V)2\/EA(AW) _g(k/))s(k)

almost surely.

Since the theorem is an extension to Algorithm 2 of a known result
given in Tan et al. [2018] for Algorithm 1, we give a complete proof in
Supplementary Material. We note that this proof provides as a byproduct a
version of the theorem for Algorithm 1 that fixes the one given in Tan et al.
[2018].

Theorem 2 indeed allows one to bound the Iy norm between ¢* and ¢;

since if (¢*, ¢¢)o > 0, then /1 — [(¢*) Toy| = 1/v/2]|¢* — ¢xlo.
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The first term on the right-hand side, namely, v%1/€, is the optimization
error. The second term on the right-hand side is the statistical error [Tan
et al., 2018].

Assumptions (4.4) and (4.5) control for the error of estimation of the
(generalized) spectrum of the (pair of) matrices at hand. In particular,
they provide upper and lower bounds on the condition number of Xy, on
the spectrum of submatrices of x and on A\ (F) for any F € F(p, k') and
i=1,...,k; Tan et al. [2018] contains the details. As we show later, if Y7 and
X1 are sub-Gaussian, there exist ratios between n, p(n) and s(n) such that
the probability of the events where these assumptions do not hold converges
to zero as n — oo.

Theorem 2 also requires theoretical conditions on the input parameters
of Algorithm 2. Inequality (4.2) and (4.3) are technical constraints on the
value of the step size . Equation (4.6) requires the cosine between the
(population) target vector ¢* and the input vector ¢g to be sufficiently high.
We discuss this assumption in the last paragraph of this section.

To obtain a convergence rate and to give explicit constraints on the
asymptotic behavior of p(n), s(n) and k(n), we provide the following result.

Proposition 3 For everyn € N, let Y € R"™ and X € R™™P be random
functions iid across rows where Y1, X1 1, ..., X1 p(n) are sub-gaussian random
variables. For all n € N assume Yy := E(X1X, ) is positive definite and
there exists 3 € RP s.t. E(Y1|X1) = X{' 3. Let ¢* = B/|Bllre, s = |50,
Sx =X"X/n and ¥ = Cs for C > 0.

Assume slog(p/s)/n = o(1) and s/p = o(1) then

) — 0,y 2100,

n

and

( slog(p/S))

p(Ex — Sx.K) =0, -

Proposition 3 implies that if ¢; is the output of Algorithm 2 after ¢ itera-
tions of step 5, then for an appropriate choice of 7 and ¢g, |(1—|(¢*) T ¢¢]) /2~
V'VE| = O,((slog(p/s)/n)*/?). Moreover, by assuming that ¢ is a fast
enough (we give a precise sense to this notion in the next result) function
of n and that (¢*)T ¢, > 0, we have [|¢* — ¢¢ll2 = Op((slog(p/s)/n)'/?). As
we mention above, by combining Theorem 1 in Raskutti et al. [2011] with
Proposition 2, we know that in the Gaussian fixed design, (slog(p/s)/n)"/?
is the minimax rate of convergence for the [y constrained estimation of ¢*.

One can obtain from ¢; an estimate of the magnitude of 3 by regressing
Y on the span of X ¢,. Let © be this estimator and B be the estimator of g
obtained as the product of ¢; and 0. Proposition 3 tells us that for ¢t = t(n)

14



fast enough ||§ — 8|2 = Oy((s log(p/s)/n)l/Q), which is minimax [Raskutti
et al., 2011].

Theorem 2 relies heavily on the quality of the initial vector ¢g. To obtain
a good initial vector, we follow the same heuristic as in Tan et al. [2018],
that is, by using a solution of an /; relaxation of the ly—constrained prob-
lem as the initial vector, which is the lasso for problem (1.1) (Bertsimas
et al. [2016], Hastie et al. [2020]). This choice of initialization makes par-
ticular sense since the lasso is known to select too many covariates when
tuned for predictive accuracy. Using its (normalized) solution as the initial
vector for Algorithm 2 allows us to reduce the size of the selected support
while improving the accuracy of the estimation. As the Monte Carlo ex-
periment in Section 5 demonstrates, this procedure outperforms the other
lp—constrained estimators considered in this paper. This initialization pro-
cedure is theoretically justified by the fact that it has been established in
Chetverikov et al. [2021] that the [y error of the cross-validated lasso is
Op((s log(p/s)/n)'/? x log(pn)). This error ensures that the events on which
the assumption on ¢q in Theorems 2 is not verified have a probability shrink-
ing to zero.

Unfortunately, we are not aware of any method to select 1 that has an
analog quality. Experience and Assumption (4.2) Tan et al. [2018] suggest
selecting 7 small enough such that nA\(Sx) < 1.

4.4 Central Limit Theorem

In this section, we provide a central limit theorem for the output of Algo-
rithm 2. In the discussion that follows the results, we state three propo-
sitions that analyze in depth the behavior of the last step of Algorithm 2,
that is, Algorithm 1. One of these propositions gives sufficient conditions for
the convergence of a stochastic Cauchy product and may be of independent
interest.

Before stating the results, we give the following definition that is neces-
sary for the statement and proof of the theorem.

Definition 2 Given ¢* and p, let
Q" ={Q=PP'|P e ULP(F(pi), Q0" = ¢"}
Moreover, for any ¢¢ that is the output of Algorithm 1 or 2, let
Q(ér) = Qi = PP

where P, is the element of P(F(p, ||étllo)) that is such that if w = P,' ¢ then
w 1s equal to ¢, if the former is embodied in RP.

We note that all ¢, s.t. Q(¢¢) € Q* have a support containing the
support of ¢*. From Lemma 5 in the Appendix, one can show that in the
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sub-Gaussian setting, for ¢ = t(n) fast enough, Q(¢;) € Q* with probability
tending to one, i.e., Algorithm 2 possesses the sure screening property (Fan
and Lv [2008], Guo et al. [2020]).

In the remainder of this section, we make use of the following convention.

Notation 2 Let {aq}aen be a family of operators on a vector space, if j < i
then [T _;aq = 1. where in the above expression 1 symbolize the unitary
operator on the vector space. If j > i the symbol [[ is used conventionally.

We now state the central limit theorem for the output of Algorithm 1.
Since the last step of Algorithm 2 is an application of Algorithm 1, the
extension of the result to the output of Loaded-RIFLE is direct.

Theorem 3 For alln € N, let Y € R™ and X € R"*P be random functions
iid across rows. For alln € N assume Y x := E(X1X]) is finite and positive
definite and there exists f € RP s.t. B(Y1|X1) = X{ 3. Let U =Y — X8,
02 = Var(Uy), ¢* = B/|Bll2 and s = ||Bllo- Let t,n,¢; and Cy_1 be as in
Algorithm 1. Let gZ;t = Ci—10¢—1, let t be an increasing function of n and
assume that (¢*, ¢¢)a > 0 almost surely.

If for some constants € >0 and v < 1

I6° — dull < v VE + 0y (4 TOEEL)y (@7

and if inf ) ,—1 |jv]o=k v Exy| >0, and log(n)/t(n) = o(1), then condition-
ally on X, there exists Q* € Q* and K > 0 such that if n < K then for all
w € RP such that ||w|j2 =1 we have that

Vn(w, r — ¢* + )2
18
2

AN(O, w ' [(I - Q%) +nSx QT n®Sx[(I — Q) + anXQ*]*le;W
2

)

and ||ynll2 = op(1), where vy, := Ky, + 7, with

Kn = tZi (ﬁ(-’pxp - niX)Qt—l> (dr—1 — Gi1),

m=0 *[=1
and
t—1 m
T = [( > (H(Im - nix)Qt_lgt_l_m) (I — Q) +nExQ") — Ipxp| &*
m=0 “[=1

where for allm € N

¢2—717sz ¢t—1—m

T 3 T XTU *
Pt 1-mEXP* + D1 m L

gt—1-m =
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The proof of the result is given in Appendix. The bias 7, is the sum of
Kn, which is observable (and hence can be corrected), and 7,,, which cannot
be observed. In the proof, we show that both terms converge to zero but
without being able to pin down their rates of convergence. From Assumption
(4.7) (which can be shown to hold in the sub-Gaussian setting by combin-
ing Proposition 3 with Proposition 7 in the Supplementary Material), we
conclude that ~, must converge to zero at a slower rate than n=/2. The
term K, accounts for the effect of the normalization in step 3.c) and from
the truncation in step 3.e) of Algorithm 1. The term 7, is mainly driven by
the difference between the supports of ¢; and ¢* and can be understood as
a bias introduced by the regularization of the inverse problem posed by the
ill-conditioned matrix Xy in regard to estimating ¢* in high dimensions.

The keys to the proof of Theorem 3 are three propositions that we now
state and comment on. The proofs of the three propositions are given in
Appendix.

The first proposition decomposes the estimator ¢; to clarify its behavior.

Proposition 4 For all n € N, let Y € R"® and X € R"P be random
functions iid across rows. For alln € N assume Yy := E(X1X, ) is positive
definite and there exists B € RP s.t. E(Y1|X1) = X' 8. Let ¢* = B/||B]l2
and s = ||Bllo. Let t,n, ¢, Ci—1 and ¢o be as in Algorithm 1. Finally, let
qgt = Cy_1¢4—1. Then for every t > 2

o =< ﬁ Ft—m) bo + tzio (ﬁ Ft—l) (bt—1 — b))
=0 Ni=1

RIS > m . XU
*”Z<H” l) e (Ew*ﬂm\w)

¢t 1- mEX¢ +¢t 1-m[[Blrpn

almost surely, where I'; = (Ipxp — nﬁ]X)Qi for any i € N.

The first term explains the numerical dependence of ¢; on ¢g. From
Lemma 1 in the Appendix, one can show that there exists 7, making this
dependence go to zero in probability as t — oo. The second term, which is
a Cauchy product, explains the impact of the normalization in step 3.c) and
of the truncation in step 3.e) of Algorithm 1. Using Proposition 5 below to
prove that this term is o,(1) is a key step in the proof of Theorem 3. The
third term, which is also a Cauchy product, is shown to converge to ¢* by
using Proposition 6.

The next proposition, which might be of independent interest, gives con-
ditions for the convergence in probability of a stochastic Cauchy product.

Proposition 5 Let {a;}", and {b;}", be two sequences of positive ran-
dom wvariables such that m = m(n) where m — oo as n — oo. If {a;}7", =
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op(1), Sup;cqo,..my lail = Op(1) and it exists a finite M € R such that
lim,,—s 00 Em(n b; = M almost surely. Then Y ;" am—ib; = 0p(1).

The following and last proposition study the convergence of the Cauchy
product in the last term of the decomposition of Proposition 4.

Proposition 6 Under the same assumptions than in Theorem 5. Condi-
tionally on X, there exists n > 0 and QQ € Q* such that

S 1 mEX O 1-m
S (Hre) e =

2 S Ex e ol
(1= Q") +nExQ " +0p(1)

where Iy, = (Ipxp — nf]X)Qm for any m € N.

This proposition is the key to treating the third term of Proposition 4
and thus obtaining the exact asymptotic variance given in Theorem 3.

5 Monte Carlo experiments

In our experiments, we use Algorithm 2 initialized by a solution of lasso to
estimate ¢*. From this estimator, we calculate an estimate of 8 by using
the strategy described in Section 4.1.

We compare the performances of Loaded-RIFLE against those of three
well-studied lyp—constrained estimators of 8 that we normalized to find esti-
mators of ¢*. The competitors are the IHT (Blumensath and Davies [2008],
Blumensath and Davies [2009b], Jain et al. [2014]) that we implement as in
[Blumensath and Davies, 2009a], the two-stage IHT Jain et al. [2014] and
the SDAR Huang et al. [2018].

5.1 Implementation

In each experiment we let n = 100,p = 1000 and generate X € R™*P
#id across rows such that X; ~ MN,(0,X) and Y|X € R” such that ¥ ~
No(XB,BTExB/m) where m is the signal-to-noise ratio (SNR) and B is
generated such that ||8]|op = s = 10 with every element of 8 having an equal
probability to be assigned a value of 1. We consider four scenarios that go
from the least correlated design to a highly correlated design.

Scenario 1 We took X = Ipxp.

Scenario 2 We took %; ; = 0.5/,
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Scenario 3 We let W € RP*P such that W;; = 0.5/ and took ¥ =
UTDU where U is the matriz of eigenvectors of W, D;; = 10/\/j and
D;; =0 wheni#j.

Scenario 4 We let W € RP*P such that W;; = 0.5/ and took % =
U DU where U is the matriz of eigenvectors of W, D;;=10/j and D; ; =0
when i # j.

As pointed out in Hastie et al. [2020], the performances of estimators vary
greatly with the SNR, and it may happen that one estimator outperforms
another for a high SNR while underperforming in low SNR settings. Hence,
we consider a range of eleven signal-to-noise ratios for the four scenarios.
Since the relative performances of the algorithms often change before and
after an SNR level of 1, we choose 5 equally spaced values between 0.05 and
1 and between 1 and 6.

[ 0.05 [ 0.24 ] 0.43 ] 0.62 [ 0.81 | 1.00 | 2.00 | 3.00 | 4.00 [ 5.00 | 6.00 |

Table 2: Signal-to-noise ratios considered in the three scenarios.

We fix the sparsity level of the estimated vectors at k& = 12 for all the
estimators. Hence, this experiment assumes that a (good) prior on the
sparsity level s is available. This means we do not problematize here the
selection of the parameter k. There exist other experimental paradigms
where the tuning parameter is selected by cross-validation (as in Hastie
et al. [2020] or via BIC-type criteria (as in Huang et al. [2018]).

SDAR and pseudo-lasso have been initialized with the solution of a ridge
regression with tuning parameter 2slog(p)/n. Loaded-RIFLE has been ini-
tialized with a solution from lasso that has approximately 3k = 36 nonzero
components. In addition to k, Loaded-RIFLE and two-stage IHT both de-
pend on k, a parameter that plays different technical functions in the two
algorithms but that encompasses the same heuristic, namely, preoptimizing
on a support of dimension k > k before selecting a support of k£ on which the
final optimization takes place [Jain et al., 2014]. For both algorithms, we set
k = 4k = 48. For loaded-RIFLE, we set the step-size 1 = 0.5/]% x| spec- For
IHT, the step size changes at each iteration following the rules proposed in
Blumensath and Davies [2009a]. For Loaded-RIFLE, we set T = log(n) ~ 5.
Following the theory and practice in Huang et al. [2018], we fed SDAR with
X and Y, after dividing them by +/n.

Let B be an estimate of 5. For each experiment, we record three accuracy
metrics.

Estimation metric: measuring the (relative) ly error of estimation of
¢, namely B/[1Bl2 — B/118]l.

Selection metric: measuring the recovery of the true support, that is a
binary variable taking value 1 if the support of 3 is contained in the support
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of 3, and 0 otherwise.

Prediction metric: The relative risk (e.g. Bertsimas et al. [2016],
Hastie et al. [2020]) that is, E[X| 3 — X] B]2/E[X] 8] = (6 — B)"2(8 —
8)/5TSA.

5.2 Results

For each scenario and each signal-to-noise ratio, we repeated the experiment
100 times. The results of the estimation metric are displayed in Figure 1.
The results of the selection metric are displayed in Table 3 for SNRs higher
than 2 (for SNRs strictly lower than two, no algorithm was able to recover
complete true support at least once). The results for the prediction metric
are displayed in Table 4 for three SNRs.

15
—F— Loaded-Rifle T T x v
—-=-Initial Lasso \ms;if—j'-a‘.- 2l %
SDAR L e & aed .1
—E-wr o "
s — T ~2-steps HT P T
% T 1
5 SN 5 St ]
& Yt 1 @ N
. oo . o
2 = O T 1 E 1 RS
3 M L 3 AN
@x Ny, @ ‘ e
i -
05 N iBa 05 i) <
I Ao, o 1
005 024 043 062 081 1 2 3 4 5 6 005 024 043 062 081 1 2 3 4 5 6
Signal-to-noise Signal-to-noise ratio

(b)

Relative Error
Relative Error

0 0.4
005 024 043 062 081 1 2 3 4 5 6 005 024 043 062 081 1 2 3 4 5 6
Signal-to-noise ratio Signal-to-noise ratio

(c) (d)

Figure 1: Mean and standard deviation of the relative error of estimation
of ¢* = B/||B||2 across various signal-to-noise ratios in (a) Scenario 1, (b)
Scenario 2, (c) Scenario 3 and (d) Scenario 4. In all the figures, the horizontal
dot line represents the score of the null vector.

We draw four main conclusions from the experiment. First, Loaded-
RIFLE initialized with lasso outperforms its competitors both in terms of
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Signal-to-noise ratio 2 3 4 5 6
Loaded-RIFLE 0.02 0.18 04 0.72 0.82
Scenario 1 SDAR 0.01 0.16 0.41 0.68 0.81
IHT 0.02 0.09 033 0.72 0.82
Two-stages THT * 0.01 0.09 0.28 043
Loaded-RIFLE 0.03 0.19 0.41 0.61 0.84
Scenario 2 SDAR * 0.11 0.36 0.54 0.69
IHT 0.01 0.08 0.3 0.47 0.63
Two-stages THT * 0.05 0.1 0.22 041
Loaded-RIFLE 0.01 0.14 0.43 0.65 0.75
Seenario 3 | * 0.08 0.6 058 0.69
Two-stages THT * 0.05 0.1 0.23 0.36
Loaded-RIFLE * * 0.02 0.08 0.1
Scenario 4 SDAR * * 0.02 0.07 0.03
IHT * * * 0.01 0.01
Two-stages THT * * 0.03 0.05 0.1

Table 3: Frequency at which the support selected by the algorithms con-
tained the true support of S for signal-to-noise ratio greater or equal to 2.
The asterisk are zeros. The best result for each scenario are written in bold.

Signal-to-noise ratio 0.05 1 6
mean sd mean sd | mean sd
Loaded-RIFLE | 15.878 2.8 | 1.632 0.3 | 0.109 0.1
Seenario 1 SDAR 14.627 4.5 | 1.666 0.3 | 0.145 0.2
IHT 18509 3.8 | 1895 0.4 | 0.181 0.2
Two-stages IHT | 15.848 2.9 | 1.737 0.3 | 0.255 0.2
Loaded-RIFLE | 16.013 2.8 | 1.546 0.3 | 0.096 0.1
Scenario 2 SDAR 15.196 4.6 | 1.644 04 | 0.181 0.2
IHT 18.136 4.6 | 1.938 0.3 | 0.248 0.2
Two-stages IHT | 16.586 3.7 | 1.743 0.4 | 0.245 0.2
Loaded-RIFLE | 15.734 2.8 | 1477 0.3 | 0.131 0.1
Seenario 3 SDAR 4.679 0.9 | 1.175 0.1 | 0.856 0.1
[HT 16.337 49 | 1830 0.5 | 0.267 0.3
Two-stages IHT | 16.354 3.1 | 1.710 0.3 | 0.312 0.3
Loaded-RIFLE | 11.691 2.2 | 0.962 0.2 | 0.258 0.1
Scenario 4 SDAR 14912 33 | 1239 0.3 | 0.336 0.2
IHT 20.168 10.3 | 2.895 1.1 | 1.908 1.0
Two-stages IHT | 20.707 5.3 | 1.831 0.3 | 0.381 0.2

Table 4: Mean and standard deviation (sd) of the Relative Risk of the four
estimators in the four scenarios for three signal-to-noise ratio.
results for each scenario are written in bold.
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variable selection and estimation as well as for prediction in most scenar-
ios. This conclusion is particularly observable for SNRs higher than two
and in the more correlated designs (scenarios 3 and 4). Second, for SNRs
higher than 2, Loaded-RIFLE improves on the initial lasso solution while
significantly reducing the size of the estimated support. Third, for SNRs
lower than 2, no estimator was able to recover the true support at least
once. Fourth, for SNRs lower than 2, all the estimators have a relative error
higher than one, that is, the score of a null vector.

6 Conclusion

We propose to interpret the parameter vector of the high-dimensional sparse
linear model as the product between a basis in the direction of interest, which
is identified as the generalized eigenspace of a pair of measurable matrices,
and the magnitude relative to this basis.

On the one hand, this approach sheds new light on the well-studied
linear regression while inducing a parameterization that emerges naturally
in economic theory. To exemplify this, let Y € R and X € RP be random
variables such that E(Y|X) = X T ¢ where ¢ is some basis in ® and v € R is
the magnitude relative to the basis. As a first example, let Y be the random
log-output of a Cobb-Douglass production function, X be the random vector
of the quantity of factors of production, and ¢ such that Z§=1 ¢; = 1. Then,
the return to scale of the production function is decreasing, constant or
increasing when v is lower, equal to or higher than 1, respectively. A second
example is the Cambridge Equation (Pigou [1917]) where Y is the random
money demand, X is the random vector of good to be exchanged, ¢ is the
vector of prices, and v the proportion of money detained for convenience by
individuals or, if equilibrium on the money market is assumed, the inverse
of the velocity of money (Fisher and Brown [1911]). Third, we observe
that the parametrization is induced by the relativity of prices. In the easiest
example of this, let Y be a random quantity of dollars, X be a random vector
of quantity of goods and ¢ be the vector of price expressed in terms of Euro;
then, v is the exchange rate between the two currencies. As it appears from
these examples, the choice of the basis ¢ € ® should depend on the context
to study; for instance, one could choose ¢ such that ||¢|| = 1 for some norm;
nevertheless, infinitely many other specifications are available.

On the other hand, our approach connects the linear regression with the
generalized eigenvalue problem and extends the class of estimators available
for the former to the one of the latter. This is especially fruitful in the
context of high dimensions where standard optimal procedures of estimation
are not available.

We show how to apply this last idea by tackling the best subset selection
problem via a novel estimator called directional best subset selection. We
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provide a theory connecting the solutions of the two problems as well as the
minimax rate of convergence of their ls error of estimation. This leads us to
approximate the solution of the directional best subset selection via a novel
estimator based on RIFLE, which is a well-established algorithm developed
by Tan et al. [2018] and designed to solve sparse generalized eigenvalue prob-
lems in a high-dimensional context. We demonstrate that this proposition
leads to an estimator that has the minimax rate of convergence in Iy for the
sub-Gaussian setting. Finally, we provide a central limit theorem for the
estimator. To do so, we demonstrate a theorem that gives sufficient condi-
tions for the convergence of a stochastic Cauchy product, which might be of
independent interest. Our simulations show that our method is competitive
and can outperform existing competitors.

Our estimator is an answer to the important best-subset selection prob-
lem of selecting k out of p covariates given n observations. While our estima-
tor does not equal the best subset selection, it still allows an lg— constrained
estimation while attaining the minimax rate of convergence of the best sub-
set selection and providing solutions in less than a second, even for large
problems. This is one of the rare propositions in the literature to possess
these qualities altogether.

Although this paper focuses on the [y constrained regression and con-
centrates on the estimator derived from RIFLE, the result of the second
section applies or may be generalized more broadly. In particular, other
estimators of GEP exist (e.g., Safo, Ahn, Jeon, and Jung [2018], Jung, Ahn,
and Jeon [2019] and Yuan, Shen, and Zheng [2019]) and might be of inter-
est, for instance, to solve least squares problems constrained by norms other
than lyp. More generally, the connection between least squares programs
and GEP opens the possibilities of bridging new numerical techniques into
high-dimensional estimation theory.

Finally, in this paper, we have assumed the exogeneity of the parameters.
However, the theoretical study of endogeneity, as well as of instrumental
variables (IV) regressions, in high dimensions are questions at the edge of
the research frontier in econometrics (e.g. Belloni, Chen, Chernozhukov, and
Hansen [2012], Fan and Liao [2014], Chernozhukov, Hansen, and Spindler
[2015Db], Chernozhukov, Hansen, and Spindler [2015a], Gold, Lederer, and
Tao [2020]). Further research might explore the possibility of providing
an extension of Theorem 1 to the case of an IV regression and study the
opportunity it could open for inference. It might also be fruitful to explore
the possibility of estimating simultaneous linear equations by using the GEP
approach. Since the general form of the GEP of a pair of matrices (A4, B)
allows the matrix A to have a rank higher than 1, it might be of interest
to explore an extension of Theorem 1 to the case where the explanatory
variable is not a scalar but a vector.
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A Appendix

The proof of Theorems 2, while correcting and extending results given in
Tan et al. [2018], employ the same techniques as in the aforementioned paper
and hence are given in the Supplementary Material. The proof of Proposi-
tion 3 employs known techniques hence is also given in the Supplementary
Material.

A.1 Proof of Theorem 1

Let v = ||B]l2. The linearity X; of the conditional expectation implies
Yxy = X x¢*v. Hence we have
(6%) ' Sxy
e = (A1)
o113

Substituting equation (A.1) into the functional form of the conditional ex-
pectation we obtain

* (K TE

Since E(Y1|X1) is a projection onto the vector space of real-valued linear
functions of X that are square integrable, we have that

(A.2)

TZ 2
¢~ € argminE[Yl - X1T¢¢72XY
GERP 1ol15:
™ ) D>
S argminE<Yf oy xT9? XY ”2“25 oTX XT 6 2”)
SERP Iels,,  llolls, 1215
. Syxoo Sxy | Syx¢ o' Sxy
€ argmin E(Y}?) — 2 5 + D) HﬁbH%X 2
SERP 1215 215 1215;
€ argmax (L)TEXyEYXL.
sere  [9llzx ¢l x

Let S be the solution set of the previous problem and observe that it is
closed under scalar multiplication. Let S; := {¢ € S s.t. ||¢[|n, = 1} and
Sy :={p € S s.t. ||¢||zy # 1}, hence we have

S = 81 U S,y (disjoint union),
¢

1¢ll5x
if € §1 then ag € Sy for all a # 1.

if ¢ € Sy then € S1, and

Consider now the following problem whose solutions set is equal to Sy

argmax ¢' YxyXyx¢  such that ||¢H22X =1 (A.3)
pERP
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By definition of ||.||s, the Lagrangian of problem (A.3) is
L=¢"SxySyx¢— Mo Sxp—1)
computing V4L = 0 leads to
YXxyXyx¢ = Xx oA (A4)

which is a scalar equation of the generalized eigenvalue problem of the ma-
trix pair (E XYXyXx,2 X). Pre-multiplying each side of this equation by ¢
identifies A as the maximum generalized eigenvalue which is why we sym-
bolize it by Amax. Remark that if ¢ satisfies (A.4) then a¢ also satisfies this
equation for any o € R. This last remark allows us to conclude that

D(ﬁ) = Ker(ZXYEYX - AmaXEX) =S5 U8 =8,

which is the result to be proven.[]

A.2 Proof of Proposition 1

Let O(p, k) := {v € RP;||v|]|p = k}. Observe that for any v € O(p, k) there
exists an infinity of (¢, m) € O(p, k) x R such that ¢m = v. Hence note
that if (¢, h) € argmin 4 m)eo(p,s) xR n~Y|Y — X¢ml|? then 5 = ¢rir almost
surely. Now observe that for any ¢ € O(p, k) we have

dTXTY

1
in—[|Y — X¢m||3 = .
argglﬂgnnll ¢mlly STXTXo

Then in particular if ¢ € argminge o(p, k) nHY - (Xop" XY) /o X T X0)||3

we have D(8) = D(¢) almost surely. Finally, computations similar to ones
in the proof of Theorem 1 lead to

1 X¢o XY STXTYYTX¢
argmln *HY — ﬁHZ = argmax ﬁ
dcopk) ' X' Xo beomr) ¢ X' Xon

that gives the result. [

A.3 Proof of Proposition 2

Let v = ||f]|2 and U :=Y — Xf3, straightforward computations give

)

where the second equality is obtained by adding zero and simplifying. Hence
we have an equality for 0 — v that we now use to obtain an inequality. Let

XY v

éTXTU
= =V + ———= _—
PTXTXo PTExP

nv

0=

(0"Sx(¢" — ) +
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P € P(F(p,1)) be defined as in section 4.3, such that I < 2s and PPT¢=¢
and PPT(¢* — ¢) = (¢* — ¢).
Observe that

¢ Sx(¢* —¢) = PPTExPPT(¢* — @) < E|l¢* — 9|2

where the second equation is obtained by Cauchy—Schwarz inequality, the
sub-multiplicativity of the spectral norm and || P||spec = 1. Hence

1 PX'U
o—vj<? <f~e||¢ ~dl+ ||2),

which implies [0 — v| = Op(ay) + Op(y/1/n) = Op(a,). And since

18 = BII3 = 106 — vg™[13

= 0% — 200(¢, ¢*)a + 1 (Since [|¢l2 = [[¢*]l2 = 1)
— (& —v)? + 200(1 — (¢, ¢*)2)
= (09— V) + ov]ld - I3 (Since (6,472 > 0)

= (0 —v)2 + (0 —v)v+v%)||p — ¢*]]3,

since |0 — v| = Op(an), (0 —v)? = Op(a?) and (0 — v)v + v? = Opy(1), the
result follows. [J
A.4 Proof of Proposition 4

Let f(¢¢) = pr = ((ﬁ:ZXYZYXfﬁt)/(Cﬁzizx(bt). As consequences we have
Vo f (2/¢t 2X¢t)(ZXYEYX¢t f(¢t)2x¢t). Moreover note that

N R Ty T
¢/ XxyEyxdr = (¢tX Y)
_ (qﬁIXTXB ¢TXTU)2
n
_ (qbZXTX«mHﬂHQ ol XTX(¢* — 6|18l ¢tTXTU)2
- n n n

IXeualle,, , SIXTX@ —6) 61 XTU >
(e XodZ T IXe A )
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Hence we have

¢ = ¢>t1+T]f(¢11)(ixyiyx¢t1—f(¢>t1)ix¢t1)
= ¢p1+ 3 (¢t 1 Sx 1) f(j;tllj;

= Q1+ (¢t 1 Ex¢t-1) Vg, log(f)

= Q1+ (¢t 1 Ex0t-1) Vg, 1 {1og(¢) 1 Sxy Sy xdi—1) — log(d_1Xxdi—1)}

X X 1|12
nll b1 1”2v | X ¢y 1||2)}
n n

= f-1t5 o1 {10g(8_ 1 Xxy Sy xdi—1) — log(

which is equivalent to

X 2
6=+ OG- o 100611 + 2108 +

Ol XTX (% — dy—1) ol XTU | X 113
_ log( N2 Pt=1l2
XoiE | XeaEian o }

| X ¢elI3
n

2log(1 +

simplifying we get

2
5= i+ MIXOlig (o 10g(181) + 10g X1l

¢t_1XTX(¢*—¢t—1)+ ¢ XU !
1 X 13 1 X e—1113118]l2

computing the gradient for the first two terms inside the brackets and sim-
plifying further leads to

2log(1 +

bt = Pr_1 + X x D1+

XSl g G X K@ ) | 6 XU

_, log(1+ ).
no X613 EEEHER
o oL XTX(¢*——1) ol XU . :
Let g1 := 1+ X112 + X128 Ve compute gradient in the

last term

T XTX * B T XTU
V¢t_110g(1+ ¢t—1 (¢ ¢t 1) ¢t—1

[ Xi-1]13 | X de1l13118]l2
1 . . . XU 1 28 v i1
= — | (28x -1+ Xxo* — 22 x 1 + ) —O9t-17o 5
Gi—1 ( 18112 " [| X ¢¢—13 [ X ¢e—1]I3
1 XU 1 23y by
_ L Sy ) . X Ot 12'
gt—1 1Bll2 "N Xbe—1ll5 X pe-1ll3
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And since for all ¢, ¢y = Q¢ we have

~ . 1 - 1 XU
Gt = Ppr1 —NEVxpr—1 +N——Xx " +N— i (A.5)
gt—1 gt—1 ||5HRP7”L
R 1 - XU
= (Lyxp — nX A+ n—Ex + ——
(Ipxp — N2Ex)Pt—1 ngt—1( x¢ ||/8”an)
R 1 . XU
= (Ipxp — 12X)Qu_101-1 + n— (Sx¢* + ——),
( pPXp n X)Qt 1¢t 1 ngtfl( Xd) ||/B||an)
which implies that for all t € N
Ot = (Lpxp — 15x)Qr—101-1
+ (Ipxp — N x)Qi-1(dt—1 — Pr_1)
-
N o . XU
4+ —x + ——— A6
. EI

by letting qgo = ¢p.
Then by recursively applying equation (A.6) we have for all t > 2

t

Qgt :( H(Ipxp - UEX)Qt—k> ¢0

k=1

t—1 m
+ Z <H(Ipxp - nix)Qtl> (Dt—m — Qgt—m)
m=1 =1

t—1 m
+n Z (H(Ipxp - UXA]X)Qt—l> —
m=0 1

— gt—1—m

XTU>
1Bllan )

By adding zero, on the left-hand side and rearranging the terms and noting
that

<$X¢* +

T 5 * ¢tT—1XTU
P 12X 9" + Eln

¢I_12X¢t—1

gt—1 =
we obtain the thesis. [

A.5 Proof of Proposition 5

Since sup;e(o,... my @i = Op(1), for all € > 0, there exists N1 € N and C > 0
such that for all m > m(Ny) and all 4 > 0 we have

m m
P aniti> ) <P( Y aniti >
i=0 =0
m
= P(Zam—ibi >y
=0

sup  a; < C) +IP’< sup  a; > C’>
1€{0,...,m} 1€{0,...,m}

sup  a; < C) +¢/2.
1€{0,...,m}
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Now since lim,, o0 ZZO b; = M a.s., for all a > 0, there exists No € N
such that for all m > m(Nz) we have 3, ., v, bi < a/(2C) almost surely.
Consequently we have for all v > 0 and all m > M(N3) that

P ( Zm: Am—ib; > y
=0

Note now that since {a;}[*, = 0p(1), for any «, € > 0 there exists N3 € N
such that for all m > m(N3) we have

m(N2)

sup  a; §C> §]P’< Z am_ibi+g>’y
1€{0,...,m} i—0 2

sup a; < C>.
1€{0,...,m}

€

P(‘L’" g 2m<;2>M> < (V2 + 1)

which implies by a union bound that for all m > m(Na) + m(N3)

]P’( sup a > a ) <eé
m—i A as | S €
i€40,.;m(Na)} 2m(N2) M

Hence we have for all m > m(Ng) + m(N3)

(N2) o
]P’( Gm—ibi + = > sup a; < C’)
; 2 i€{0,...,m}
™) @ o)
<P m—ibi+—= > su a; < CHN su Ao, <
B < Zz; 2 77 {iG{O,...p,m} J {iE{O,...,rS(Ng)} (N2) 2m(N2)M}>
«
—HP’( sup m(Ny)—i > ———— |{ sup aiSC’}).
1€{0,...,m(N2)} (V2) 2m(N2)M i€{0,...,m}

And since for any events A and B such that P(B) > 0, we have

and by choosing the events A := {sup;c(o... m(N2)} Wm(N)—i < &/ (2m(N2) M}
and B = {sup;cyg,..m} @i < C}, we have for every €, €

« €
P sup Cy(No)—i > = sup  a; < C’}> < .
<i€{0,...,m(N2)} (2) 2m(N2) M {ie{(),...,m} 1—¢/2
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Hence for every € we choose € such that €/(1 —¢/2) < ¢/2. Remark that this
choice only affects N3 . As a consequence we have for all m > m(Na)+m(N3)

m(N2) o
]P’( am—ib; + = >y sup a; < C>
; 2 i€{0,...,m}
m(N2) o
<P m—ibi + =
< < lz:% m—ib; + 5 7‘
o}
sup a; < CIN sup A No)—i < == >+e 2.
{iG{O,...,m} s {ie{o ..... m(Na)} (82) 2m(N2)M} /
where
i) e o
P m—ibi+— >y sup a; < CiN sup o No)—i < = >
< ; 2 {ie{O,...,m} s {iE{O,..,,m(NQ)} (Na) 2m(N2)M}
a o« e
<P =4+=->7v sup a; < CN sup A _i<)
<2 2 {iG{O,...,m} J {iE{O,‘..,m(NQ)} (%) 2m(N2)M}

§IP’<a>’y

«@
sup a; <C}FN sup O (No)—i < = >
{iG{O,...,m} J {iG{O,...,m(Nz)} (82) Qm(N2)M}

and since we can pick o > 0 as small as we want, for any fixed v > 0 we
can make the probability in the last inequality be equal to zero. Hence, for
all 7,6 > 0, there exists N1, Na, N3 € N such that for all m > m(Ny) +

m(Nz) + m(N3) we have P(szo Am—ib; > 7) < € which is what needed

to be proven. [J

A.6 Proof of Proposition 6
A.6.1 Lemmas

Lemma 1 For alln € N let X € R™*P be a random matriz iid across and
such that E(|| X1||?) < oo. Let Sx = X' X/n, and P € P(F(p,k)) for some
keN, k<p.

Then conditionally on X, if PTSxP is positive definite a.s. then there
exists n > 0 S’LLACh that

[(Ipxp = 12x) Plspec < 1 a.s.

Proof: The proof is given in the Supplementary Material

Lemma 2 Under the same set of assumptions as in Theorem 3 we have

Ty TXTU - r
¢ ExO"+ Ot 5
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Proof. The result follows from the facts that ¢ 2, ¢* and that H),g’igz 2 0.
O

Lemma 3 Under the same set of assumptions as in Theorem 3 we have
(and in particular if inf|,|,—1,||v]jo=k v Sxy| >0), then

sup | d);inQb{
felltm)} O EX* + 0] To7

1] = 0,(1)

Proof The proof is given in the Supplementary Material.

Lemma 4 For alln € N, let Y € R" and X € R™*P be random functions
iid across rows. For alln € N assume Yx := E(X1X]) is finite and positive
definite and there exists 3 € RP s.t. E(Y1|X1) = X{ 8 and ||B|lo = 5. Let
o* = B/||Bll2. Lett be as in Algorithm 1 and assume that t — 0o as n — oo.

If conditionally X, for given k and ¢g, for any n, for all ¢; € ®(pg, k,n)
we have that PtTf]XPt is positive definite a.s. then there exists n and M, <
oo such that, conditionally on X,

t—1 m
nlggo | Z H(Ipo —nXx)Qt—illspec = My, a.s.
m=0[=1
Proof. Note that
t—1 m t—1
” Z H(Ipxp - an)Qtfl”SpeC < sup ”(IPXP - nEX)Pt*lHg;)ecHPt*lH;?)ec'
m=0[=1 m—o lE{L,....,t—1}

and since for all [ € {1,...,¢ — 1}, by construction we have ||P;_|[spec = 1
and by Lemma 1, there exists n such that ||(Ipxp — niX)Pt—lHSpeC <1as.,
conditionally on X. Hence for such 7 the series on the right-hand side is a
convergent geometric series. This proves the thesis since t — co as n — oo.
(]

Lemma 5 Under the same assumptions than in Theorem 3, there exists
o > 0 such that we have P(Q(¢) € Q*‘Hqﬁg —¢*la <) =1 forallt>1,
where @ and Q* are defined in Equation (??7) and thereafter.

Proof: The proof is given in the Supplementary Material

A.6.2 Proof of Proposition 6

The existence of 7 follows from Lemma 1. For the remaining of the proof,
we consider that 7 is such that ||(I,x, —nXx)Ptllspec < 1 a.s. conditionally
on X.
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Let Ty, == T2 (Upxp — nSx)Qs—; (recall that our convention on []
implies that I'g = I,xp) and let

(rb;[lfmi]ngt—l—m
T 3 T XTU *
Pt 1-mEXP* + Dt 1 mTELn

Define L := gtflfpxp+gt,2]:‘1 +...+gol't+—1 and M := Ipo +I 4+ 4+ T
as a consequence L — M = (g1 — 1) Ipxp + (gr—2 — D)1 + ... + (g0 — 1)Te—1.
Lemmas 2, 3 and 4 ensures that by Proposition 5 we have ||L — M ||spec =
op(1). Hence we have shown that L = M + o0,(1). Now let’s consider
M. For any a > 0 and ' € N, let Euv := {[|pp — ¢*]|2 < a}, then we
can write M = M X 1g . + M % lg;t/. Given our assumptions about the

gt—1—-m ‘=

convergence of ¢;, we know that for any o > 0 and some ¢’ high enough
we have M x 1gc = = op(1). Furthermore by Lemma 5, by choosing a low
enough we have that there exists Q* € Q* such that

t—t' m

Mx1e , = [Z <(I—nf]X)Q*>m + § H(I— nix)Qt—l] x1e

m=0 m=t—t'+11=1

By Lemma 5 and dealing with indices, the right hand-side can be rewritten
as

t—t’ m
{Z <(I - WEX)Q*) +
- t'—1 (t—t')y m

> (=) -] <.

m=1 =1

Since by submutiplicativity of the spectral norm and Lemma 1 || (I—n3x )Q* llspec <
|(I —nXx)P*||spec < 1, we have (geometric series) that

3 (0-ns0@) =) emsx@r - (a-m0e)

=0

t—t!
Moreover since <(I - nf]X)Q*> = 0p(1) and since

> <(I - 772)()@*) : [T = n2x)Qu—1 = 0p(1)

m=0 =0

because t — t' — oo as n — 0o, we have shown that
L=M+o0,(1)=[(I Q" +nExQ*] "t +0,(1)

which is what we needed to prove. []
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A.7 Proof of Theorem 3
A.7.1 Lemmas

Lemma 6 Under the same set of assumptions as in Theorem, 3 we have

pr — &tHQ = op(1)
Proof: The proof is given in the Supplementary Material.

Lemma 7 Under the same set of assumptions as in Theorem 3 we have
(and in particular if inf|,),— Jlvllo=k o’ EXy| > 0 and given the definition

of ¢), then supyeqr, i)y 16t — dilla = Op(1).

Proof: The proof is given in the Supplementary Material

A.7.2 Proof of Theorem 3

The existence of 7 follows from Lemma 1. For the remaining of the proof,
we consider that 7 is such that [|(/xp — WEAJX)PtHspeC < 1 a.s. conditionally
on X.

By Proposition 4 we have for all t > 2

t
(H PXp UEX Qt m>¢0 (A7)
m=1

t—1 m
+ <H(Ipo - niX)Qt—l> (11— bu1) (A.8)

m=0 ‘=1
—1

m T
+ n < (Ip><p nEX)Qt l)gt 1-m (ZX(Z5 + X U ) ¢*
2.1l 18]2n

(A.9)
where

g . ¢;|;17sz Qst—l—m
t—1-m — ~ .
T T XU
Pt 1-mEXP* + D1 TR

We treat the term on the right-hand side of (A.7). By Cauchy-Schwarz
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inequality we have

t

t
Viw' ( T - 772){)th> $o < V1| < H pxp — N5X) Q1 k) doll2

k=1

< \/ﬁ H ||(Ip><p - niX)Qtmespec
m=1

t
< \/ﬁ H H(IPXP - niX)Ptfm||spec||Ptfm||spec

m=1

< \/ﬁ sup H(Ipxp - UEX)Pt*mHzpec
me{lv--'vt}

and by Lemma 1

P(Jm Vi s ey = 1520 Pl =0|X ) =1

n—oo me{l,...,t}

Now we treat terms (A.8). Lemmas 4, 6 and 7 ensure that by Proposition
5, conditionally on X we have

i (H pxp ni}X)Qtl> (11— Pr1) = 0p(1).

We now treat the term (A.9). First consider

n Z <H pXp niX)Qt—l>gt—1—miX¢* — .

Since (I — Q*)¢* = 0 we can write

[( ti <ﬁ(Ipo - nix)Qt—z>gt_1_m) (I = Q) + 15X Q%) — Ly | 6"

m=0 *[=1

Then by Proposition 6, we have that this quantity converges to zero in
probability conditionally on X. Finally, Proposition 6, Slutsky’s Lemma
and the Central Limit Theorem imply that

t—1

- XU
anZ (H PXP WEX)Qt l>gt 1— mHBH \f

m=0
is
Var(Uy)

AN(O,wT[(I - QM) +nExQ T P Ex (I - Q1) + nEx QY 1812
2

%)
hence we have proven the thesis. [J
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B Supplementary Materials

B.1 Proof of Theorems 2

Remark 1 In the proofs of this section, it will always be understood that the
fact that ¢* is the leading eigenvector of the pair of matrices (Xx, Xxy Xy x)
s proven in Theorem 1.

Remark 2 Note that XxyXyx is symmetric, hence by Corollary 8.7.2 in
Golub and Van Loan [2013] there exists a non-singular W € RP*P such that

W'SxySyxW = diag(ai, ...,a,) and W' E(X1 X)W = diag(bs, ..., bp)
and such that, for all i € {1,...,p}
EXyEYXVVZ- = )\lEXWZ where )\Z = al/bl

But since XxyXyx is of rank 1, only one a; is different from zero. Hence
only one \; is different from zero. This implies that in Tan et al. [2018] v =
0. We note that Lemma 3 in Tan et al. [2018] remains valid by interpreting
the divisions by zero implied by v = 0 as infinities.

Note that the same reasoning holds (when the associated GEP are def-
inite) for flxyf]yx and every sub-matrices one can construct by pre- and
post-multiplying Sxy Xy x or Sxy Sy x by any P € P(F(p, k) for any k < p.

Remark 3 In order to prove the results we need to define the following
quantity. For any vector v € RP, let supp(v) be the set of index of non-zero
elements of v. For any set F C {1,...,p} let ¢(F) be defined as

TXTyyT™x .
O(F) = argmmax ? ndTXT X 2 ¢'Yx¢ =1, supp(¢) C F.
S

B.1.1 Lemmas

The next lemma specialized the result of Lemma 3 in Tan et al. [2018] to
the setup of this paper.

Lemma 8 For alln € N, let Y € R" and X € R™P be random functions
iid across rows. For allm € N assume Xx := E(XleT) is positive definite
and there exists B € RP s.t. E(Y1|X1) = X| B and ||Bjo = s.

For k' € N s.t. k' > s, let F € F(p,K'). Given any ¢ € RF such that
I19ll2 =1 and 7 Py ¢(F) > 0 a.s, let

B QgTP(—;’)iXYiYXP(F)dN’
éTPJV)ZA:XP(F)é

p
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where Pipy is defined as in section 4.3. Moreover let ¢' = CF¢~5/||CF(§||2
where

Cr = Ploy Pry + (0/p) Py (Sxy Sy x — p5x) Py

and n > 0 is some positive constant. Let 6 =1 — éTP(}fﬁ(F). Pick ¢ >0
and n (sufficiently small) such that

NAmax(X) < 1/(1 +¢),

Then, conditionally on the set of events where for some b > 0

e(K)
NG < b,

p(i)x — EX, k/) < C)\min(EX>7
1-6>1-¢

hold almost surely with & defined as

. 1 1
¢ i=min { 8Cor(Ex) 30(1 + ) C3Nmax i (Sx) }
where C, = (1 +¢)/(1 — ¢), we have

, S 14 b
SF) Py 2 0(F) Py + == mhmin(S) (1 = 6(F) T Pord) s

almost surely,

Proof: The result is a direct consequence of Lemma 3 in Tan et al. [2018]
and of Remark 2. [J
The following lemma follows directly from Lemma 4 in Tan et al. [2018].

Lemma 9 [Lemma 4 in Tan et al. [2018]] Consider a vector v with F' =
supp(v') and Card(F) = k. Let F be the indices the element of an other
vector v that have the largest k absolutes values, with Card(F) = k. If
[v']l2 = [lvll2 = 1 then
‘Truncate(v,F)Tv/‘ > o]
— (k/B)"? min{y/1 = (0Tv")2, (14 (k/k)"/?)(1 - (v T')*)}

The next lemma specialized the result of Lemma 5 in Tan et al. [2018]
to the setup of this paper.
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Lemma 10 For alln € N, let Y € R" and X € R™*P be random functions
iid across rows. For allm € N assume Yx := E(X1X] ) is positive definite
and there exists 3 € RP s.t. B(Y1|X1) = X' B and ||Bllo = s. Let ¢* =
B/1Bll2, V = supp(¢*) and F C {1,...,p} such that V C F with Card(F) =
E > s.

Conditionally on the set of events where A := Apax/(1+M2 ) > (k') /A(K)
a.s., we have that

V2

L < X Ry — e

)E(k:’).

holds almost surely, where A(k") and (k') are defined as in section 4.3.

Proof: The result follows directly from Lemma 5 in Tan et al. [2018] and
from Remark 2. [J

The following proposition originates from an application of Corollary 1
in Tan et al. [2018] in order to demonstrate a non-asymptotic bound for
Algorithm 2. We provide our own proof since the hypothesis given in Tan
et al. [2018] are not sufficient to prove the results the authors gave in their
paper.

Note that a non-asymptotic bound on the [y error of the output of Al-
gorithm 1 follows directly from this proposition.

Proposition 7 For all n € N, let Y € R"” and X € R"*P be random
functions iid across rows. For alln € N assume Sy := E(X1X]) is positive
definite and there exists 3 € RP s.t. E(Y1|X1) = X{ 8 and ||B|lo = 5. Let
* = B/|1Bllz and A := X /(1 + \2).

Let k in Algorithm 1 (respectively k in Algorithm 2) be such that k = C's
for C > 1 (respectively k = C's for C' > 1) and let k' = 2k + s (respectively
letk=C"k forC" >1 and k' =k +s).

Let ¢ be equal to ¢y in step 3.f) of Algorithm 1 for anyt € N (respectively
to ¢rj in step 4.b)vi.B. in Algorithm 2 for anyt € N and k € {k+1,...,k}).
Let ¢ (o) be equal to ¢o in step 2 of Algorithm 1 (respectively to ¢o , in step
2 of Algorithm 2 if k = k, and else to G k+1, aS in step 4.c.).

Choose a constant ¢ > 0 and choose 1 in Algorithm 1 (respectively Algo-
rithm 2) such that

n/\max(EX) < 1/(1 + C)? (Bl)

and

s S 1+4+c¢
v=[l+ 2(]{:—)1/2 + k)]1/2<1 -3

< tod

1/2
nAmin(ZX)Colﬂ(Ex)) <1 (B.Q)

holds true, where Co, = (1 +¢)/(1 — ¢) and k. is equal to k (respectively to
k).
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Then, conditionally on the set of events where

(k) Al - v)VE

A(K) ~ L/T0+ A(L—1)VE (B:3)
(8%, doy)2l <1 -0, (B.4)
p(Ex — Tx, k) < Amin(Ex) (B.5)

hold almost surely (with £ defined as in Lemma 8), we have that

V=)o < 1= ) o+ VIO ()

almost surely.

Proof: Firstly we demonstrate the proposition for ¢, in Algorithm 2.
For any k € N let v, be defined as

1+e¢
8

1/2
77)\m1n(ZX) CQH(Z)()> .
For any k € {k + 1,k} let ¢ ) be as in step 4.b)vi.B. in Algorithm 2. Let
Fyj = supp(dr i), Fr—16 = supp(¢pi—1) and V = supp(¢*). Moreover let
Ftk) — Fy U Fi_1,UV. Note that thanks to step 4.b)v. in Algorithm 2,
the cardinality of F(F) is at most k + s.

Now we operate like in the proof of Theorem 1 in Tan et al. [2018] in
order to bound (1 — [(¢*, ¢y 1|)'/? for any k € {k + 1,k} and t € {1,...,T}
(where T, k and k are as in Algorithm 2).

Let ¢; . be the as in step 4.b)iii. of Algorithm 2. Let F®F) be defined
as above. Note that

Vg 1= [1 + 2(%)1/2 + 2)]1/2 (1

P(F(L"«'))P(—;‘(t,k))d)t—l,k = ¢t—1,k7

and that same equality holds for o(F (t’k)). Moreover, in the notations of
Lemma 8, observe that if ¢ = P(—;w(t,k))d)tfl,k then ¢/ = P! )¢;7k. Hence

i (F(t,k)
we let ¢ = P(}(t,k))d)t_l,k and apply Lemma 8. To this aim we need to verify

the condition on the initial vector (Z) To do so we apply inductive reasoning.
Suppose that the condition on the initial vector ¢ holds, then by Lemma 8
we have

¢(F(t’k))T¢/t,k >

1
P(FENT 1 + e

Mmin(Sx) (1 — ¢(FEN) T,y 1)( )

1
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which implies (by subtracting 1 and rearranging the terms)

, 1+ 1
1— Qb(F(t’k))TQZ)t,k < (1 _ (;S(F(t’k))—rgbt—l,k) (1 — Tcn)‘min(zX)m)'

(B.6)

We prove a series of inequalities. Without loss of generality, we assume
the inner products between d)(F(t’k)), ¢* and ¢; . are positive everywhere on
the set of events we are working on (because therwise we can simply treat
the events where this inner product is negative by making appropriate sign
changes in the proof). Hence inequality (B.6) is equivalent to

1+¢ 1 1/2
lp(F R — P rll2 < [p(FER) — Gy g2 (1 — 777)\min(EX)m) 2,
(B.7)
Moreover by the triangle inequality we have
6% — ¢t kll2 (B.8)
< [ @(FP) = 6 1llo + 16 (FEH) — 6|2
1+4+c¢ 1 1/2
< NS FERY — 4, 1— A / Ftk)y _ o
< JOF) = dr (1 = - MAmin(Dx) ) V2 [6(F) = o7l
1+e¢ 1 1/2
< |[¢* — ¢y 11— —Ain(Cx) =——— 2||p(FER)) — ¢*
<167~ dnilo(l = g M (S3) )+ 216 —
(B.9)

where the second inequality comes from inequality (B.7). Inequality (B.8)
is equivalent to

, |+ 1 1/2
\/1 —(¢") T} 4] < \/1 —(¢*) T 1| <1—86ﬁ>\min(2x)w>

+2y/1-[9(FOD) T (B.10)

Let ¢2t7k be as in step 4.b).vi.A. of Algorithm 2. By Lemma 9, we have

- 1/2
VI 109 el = (1169l + (/02 + 5/ (1= 166148
1/2
< T ol (1 (/02 +-5/0) (161 )
1/2
< ST 16T o (1 (/R ¢ s/k)>

< vy /1= (69T i1 ] + VY1 — [6(F ) T
(B.11)
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where the third inequality holds since ’(¢*)T¢g’k| < 1 and the fourth in-
equality holds by inequality (B.10).

Finally, since ¢ = qgth/HngukHQ and that by construction ||g5tk|]2 <1,
we have

V1= 10Tkl < /116 il
< i1 = (%) Tdr-1 4l + V201 — |B(FE0) T g

V2 )
NOEEC R
(B.12)

< viy/1= (011l + V20

where the second inequality holds by inequality (B.11) and the third inequal-
ity holds by Lemma 10 that we can apply since inequality (B.3) implies that
A > e(K')/A(K'). Starting from now, we differ from Tan et al. [2018] and
verify that if ¢, satisfies the condition of Lemma 8, so does ¢; ;. Let

V2
A(A(K) — (k)

w(k') = )s(k')

By the triangle inequality, we have

[O(FERY — ¢y illa < (6% — drlle + [|9(FER) — 6|

this implies that

\/1 — |p(FER) Ty | < \/1 — () T e | + \/1 — G(EWR))T g
< U V/€ 4 2v20w(K)
V43

where the second inequality holds by inequality (B.12) and Lemma 10, and
the third inequality holds by inequality (B.3). This proves that if the as-
sumption of Lemma 8 is satisfied for ¢ — 1 then it is for ¢. Since we have
assumed that |¢(TO) #*| > 1 — v2¢, namely that the initial vector satisfies the
assumption of Lemma 8, it implies by induction, that the assumption is
satisfied for all ¢ € N. Hence, by applying inequality (B.12) recursively, we

obtain
1— t
V1= 1@ Tdrkl < viy/1 = [(67) T ol + 1= Z’; V20w (k')

and since v > v, we have
1
VI =16 b0l < V' \/1 = 1(69) T ol + 1= V20w (k')
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which was needed to be proven.

The proof for ¢; in Algorithm 1 follows by replacing ¢, by ¢, qﬁ; & by
&, (it,k by QASt, $o. by ¢o (where ¢y, qgt, ¢o are as in Algorithm 1) and F} ;, by
Fy :=supp(¢), Fy—14 by Fim1 := (¢r—1x) and FEF) by FO) .= RUF,_UV
(and noting that the cardinality of F(*) is at most 2k + s).

O

B.1.2 Proof of Theorem 2
Let T be as in Algorithm 2 and let

N o \/5 /
“(¥) = 3720 sy

We aim to apply Proposition 7 in order to bound /1 — |(¢*) " ¢ x| for
any t € N and k € {k, k}.

Suppose that for some k € {k+ 1,k — 1}, in the notation of Proposition
7, the condition on ¢ is satisfied (that is a condition on ¢q ). Hence by
inequality (B.12) and the reasoning thereafter in the proof of Proposition (7),
we know that ¢ also satisfies this condition. Hence since by Algorithm 2,
$o.k—1 = b1k, Proposition 7 may be applied to bound /1 — [(¢*) T dr—1]-
Hence, by induction, our assumption on ¢0,E7 ensures that we can apply

Proposition 7 in order to bound /1 — [(¢*) "¢ x| for any ¢ € N and k €
{k. K}

Finally, since w(k1) > w(kz) if k1 > ko and since ¢t > T by recursively
applying Proposition 7, we have

i 1—ylFHT
V= 16T duul < BT 1= 169 T g gl + — g 7 V20w (k)

from which the result is obtained. O

B.2 Proof of Proposition 3
B.2.1 Lemmas

Remark 4 It is common in the literature to characterize sub-gaussian and
sub-exponential random variable through the finiteness of their Orlicz norm
defined as

(67

A
1Zllw, = A{C > 0:Eexp(75) < 2}

From Definitions 5.7 and 5.18 in Vershynin [2012] one easily verify that Z
is sub-gaussian if and only if || Z||w, < 0o, and is sub-exponential if and only
if |1 Z]lw, < oo

In the proofs we need the following definition.
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Definition 3 (Definition 5.1 in Vershynin [2012]) (Nets, covering num-
bers)

Let (U,d) be a metric space and let € > 0. A subset N of U is called
a e-net of U if every point u € U can be approximated to within € by some
point v € N, i.e. so that d(u,v) < €. The minimal cardinality of a e-net of
U, if finite, is denoted N'(U,¢€) and is called the covering number of U (at
scale €).

Lemma 11 Assume that Xii,..., X1, are sub-gaussian random wvariables
and that p — oo as n — oo. Assume that X = (Xi,..,X,) € R™*P
where each row are independent and identically to (X11, ..., X1p). Let s € N,
k=Cs for C >0, Sy =E(X1X]) and Xx = X X/n.

Then if slog(p/s)/n = o(1) and if s/p = o(1) then

(S~ 3.k) = 0,y 1B,

where p(-,-) is defined as in section 4.3..
Proof.

P( sup  [((Sx — Zx)v,v)a| > 1)
lv]lo<k,[lv]l2=1

=IP( sup (Ex — Zx)Pv, Pv)g| > t)
PeP(F(p,k)),|lvl2=1
< Z P( sup |[((Xx — Xx)Pv, Pv)o| > t) (B.13)
Pep(F(pky) Ivllz=1
< ) P2 sup [((Bx — Tx)Puv, Pv)a| > t) (B.14)
per(Fpk) NG

< ) ) PRU(Ex — Ex)Pu, Pu)a| > 1) (B.15)

PEP(F(p.k)) vENY

1
> P2|=(XPuv, XPv)s — (SxPv, Pv)g| > t)
PeP(F(pk)) UEN% "

(]

1
= > ZIP)(2|EHXPUH§—<EXPU,PU>2|>t). (B.16)
PeP(F(p,k)) ”GN%;

Where inequalities (B.13) and (B.15) follow by union bounds, and where
inequality (B.14) follows by Lemma 5.2 in Vershynin [2012] with scale ¢ =
1/4. Now we treat the terms inside the probability on the right-hand side
of inequality (B.16). Remark that for all P € P(F(p,k)) and all v € Ni

we have | X Pv||3 = S_1 (PT X;,v)% (by definition of the canonical norm on

47



R™), that

E(PTX;,0)3 = E(P"X;,0)9(P " X;,v)2)
E(PTX;(PTX;,0)2,0)9)
= (E(PTX;(PT X;,0)2),0)2
= (PTXx Pv,v)y

and that |[(P"X;,v)a|lw, < Z?Zl [ Xi,0;[lw, < oo since we have assumed
that the components of X; are sub-gaussian. Hence we have that

1 n
- > (PTXi,v)5 — (PTSxPu,v)s)
i=n

is an iid sum of centered sub-exponential. Then by Corollary 5.17 in Ver-
shynin [2012], for all P € P(F(p,k)) and for all v € N/, there exists an
absolute constant ¢ > 0 and Kp,, = sup;<; " (E((PTX;, v)3))'/! such that

nc

1< _ne pingt 2
P(|= Y ((PTX;,0)3 — (PTEPv,v))| > t/2) < 2¢7 % "Plicgie),
n

i=n

Let K = minpep(7(p,k),ven; ,, K P, then by inequality (B.16), we conclude
that there exists an absolute constant ¢ > 0 such that
~ koo — 1€ min{L i}
P( sup  [(Xx —Ex)v,v)2| > 1) <97Cj2e 2 K'2K2 (B.17)
loll=1,][v]lo<0

_nc

9P koo =15 minieozin} (B 18)

k

e . 2
_ 2€klog(ng) e mln{%,zt?}.

<(

Where inequality (B.17) follows by Lemma 5.4 in Vershynin [2012] and the
fact that Card(P(F(p,k))) = C;f, and inequality (B.18) follows since C;j <
()"

Now we show the bound in probability at the desired rate. For C > 0,

we have

P( sup |[((Ex — Zx)v,0)| > C
lloll=1,][vllo<0

)

klog(p/k) 2 klog(p/k) }
n Y2K?2 n

klog(p/k)

< 9k los(FE) 5

min{%

and it is easy to check that for all C' > 0 if %L; > M%M then

mm{g [klog(p/k) C? klog(p/k)}: C? klog(p/k)
K n T2K? n 2K?2 n
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and the bound becomes

e c 2
PO sup  [((Sx — Sx)v, )] > Oy LBRIR ) ok (1os(%)—5 Crt0s(o/m)
Joll=Llullo<0 n

k <log(96)+ (1—3%) log(p/k)>
< 2e

And for C such that 1 < %% the right hand-side can be made arbitrarily
small by increasing p/k. Hence since p — oo as n — oo, k/p = o(1),
klog(p/k) — o(1) and k = C's for some C” > 0, the thesis is proven. [J

n

Lemma 12 Assume that Y1, X11, ..., X1, are sub-gaussian random variables.

Assume that (Y, X) = (Y, X1, ..., Xp) € R™FP where each row are indepen-

dent and identically distributed to (Y1, X11,..., X1p). Let s € N, k = Cs for

C>0 Xxy = E(Xl}/l), Yyx = EI(Y? EXY = XTY/n and 2YX = i}y
Then if slog(p/s)/n = o(1) and if s/p = o(1) then

. . klog(p/k
P(ExyEyx — XxyXyx, k) = Op( gé/))'
where p(-,-) is defined as in section 4.3..
Proof. We have
sup |UT2X)/2Y)(U - UszyE;Xﬂ
lvll2=1;l|v[lo=Fk
= sup |(’UT2X§/)2 — (szxy)2‘
llvll2=1;l|v[lo=Fk
= sup o' Xxy — v Zxylv Sxy + v Sxy|
llvll2=1;]|v[lo=Fk
= sup v Sxy — v Sxy| sup v Exy + v Sxy|
llvll2=1;llv[lo=FK lvll2=1;[lv]lo=k

And it is easy to check (using the same techniques that in the proof of
Lemma 11) that if p — oo as n — oo, k/p = o(1), M%Wk) = o(1) and
k = Cs for some C > 0

- slo 5
sup W Sxy — v Sxy| = Op( M)
[vll2=1;]lvllo=F n

and that

sup ]va]XY + UTEXy] = 0p(1).
loll2=1;lv]lo=F

then the proof follows from the fact that
Op(Rn)O0p(1) = Op(Ry).
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B.2.2 Proof of Proposition 3

The result follows directly from Lemmas 11 and 12. [J

B.3 Proof of Lemma 1

||(Ip><p - WiX)P||2 = Ssup UTPT(Ipo - UZA:X)QPU-

spec
lvlla=1
Since for all v s.t. ||v]]2 = 1 we have
v PT(Iyxp — n3x)2Pv =1 — n<2vTPTf]XPv — anPTflg(Pv>,

since PTYy P is positive definite by assumption, there exists 7y > 0 small
enough such that

2w PTSxPv—n*v'PTS%Pv>0
and hence there exists 775 > 0 small enough such that

0<1—n’ <2UTPT2)(PU — ng‘vTPTf&Pv> <1

v
the thesis follows from choosing 7 = inf,,—; 7, where 7, = inf{ng, n’ 1. O

B.4 Proof of Lemma 3

For some M > 0, consider

ISy by
]P( sup | Tz % Xq:t-XTU _1|>M)
fe{latm)} OF XX+ OF [5Tn

which is bounded above by

N T
SUPzeq1 o 197 Xx (07 — ¢) — ¢} II)ZII; M
P > T8
2

infrey iy 107 Sxv|
let M’ = M/||B]|2, then this probability is bounded above by
XU

Pl sup |¢) Sx(dy— ")+ |=—|la— M inf |¢] Sxy >o>
(fe{l,...,t(n)}’ £ Ex (o ) ”Hﬁ\lzn” te{lv---,t(n)}‘ ¢ |

(B.19)

50



and for all £ we have

6 Sxv| = |67 Exy — ¢; (Exy — Sxy)|
> o] Sxv| — 8] (Exy — Sxv)]

Z inf ‘UTEX)/’ — sup ‘UTEXY — ’U—rzxy‘
lvll2=1l[vllo=F lvll2=1;]|v]lo=Fk

hence the probability in (B.19) is bounded above by
. XU
P s ol Sl o+ g e
fe{l,t(n)} 18]l2m

+ M’ sup |vTﬁ3Xy—vT2Xy| — M inf \UTEXy| > 0).

lvllz=1]lvllo=F l[oll2;llvllo=F

And for M and n high enough this probability can be bounded by any € > 0
since

sup |97 Sx (¢ — 0")| = Op(1),

XU
——|la = 0,(1),
sup ]vTZXY — UTEXy] = op(1).

[vll2=1;]|vllo=F

Which is what we needed to prove. [J

B.5 Proof of Lemma 5

Let x be any output of Algorithm 1 or 2 2, then following Definition 2 we
have

Oifi#jorifa; =0
Qiglz) = { 1 else.
where Q; j(z) is the element of the i** row and j column of Q(z).

Firstly, we show there exists €; > 0 s.t. for any x as above if ||z —¢*|| < €
then Q(x) € Q* almost surely.

Suppose the opposite. This implies there exists i € {1,...,p} s.t. ; =0
and ¢ # 0. However |¢7| < [[z — ¢*[2 < €1. Hence by choosing €; to be the
lowest non-null element of |¢*|2 we have reached a contradiction.

Secondly, our assumption on the convergence of ¢; implies that for all
h >0 [|[¢r+n — ¢*|| < €2 and the same reasoning applies. Hence the thesis is
proven. [

o1



B.6 Proof of Lemma 6

By adding zero and the triangle inequality we have

I8¢ = Ptllz < llge — ¢*ll2 + 16" — de-1ll2 + de—1 — Sell2.

By assumptions on the convergence of ¢; we have ||¢: — ¢*|l2 = op(1) and
[¢t—1 — ¢*[|2 = 0p(1). It remains to show that ||¢: — ¢r—1]l2 = 0p(1).

By definition of ¢; and Equation (A.5) in the proof of Proposition 4 gives
us

. 1 . . 1 XU
Oy — pr—1 =N—Xx " —NExP—1 +N— o
gi-1 gi—1 || Bllren
- 1 1 XU
=nEx([— = 1" +¢* — 1) +n— 77—
Gt—1 Gi—1 || Bllren

Hence since we have ¢y LN ¢*, that by Lemma 2 we have gt%l 21 and

that by our assumption we have H%”g = 0p(1) then the boundedness in

probability of Sy ensures the thesis follows. .

B.7 Proof of Lemma 7
By the triangle inequality we have

sup o —dilla <1+ sup  [dlle.
te{l,.. t(n)} te{l,.. t(n)}

By Equation (A.5) in the proof of Proposition 4 we have

sup  gulla <14+ sup Lﬂ(ixyiyx — p18x) b1l
te{l,...t(n)} te{l,...,t(n)} Pt—1

<14 sup LIIiXY2YX||spec + )15 [[spec-
te{1,....t(n)} Pt—1

Since Y yy Yy x and Yy are bounded in probability since E||X1[|2 < oo by
assumption. It remains to note that

1= llspec

1
sup — < sup T < =
te{l,.t(n)} Pt=1  te{l,..tn)} Op_1 25Xy Ly X Pr—1

”i:XHspec

T infreq, iy [od_1 Xxy 2

which can be shown to be Op(1) by a similar strategy than in Lemma 3 since

inf ’¢l12XY|2 > inf |szy‘
te{1,...,.t(n)} llvll2;llvllo=F

-2 sup  |uxy| sup  |v(Exy — Exv)
[vll2sllvllo=k [vll2sllvllo=k

and Sup|y (s fvflo=k [V(Exy — Yxv)| = 0p(1). Hence the thesis is proven. O
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