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Abstract

According to an intuitive picture of relevant entailment, an entailment is relevant if all
the formulas it contains contribute to its validity. In this paper, we provide a ground-
theoretic analysis of this notion of contribution, and as a result of relevant entailment.
We build a system of bilateral logical grounding within which we can derive classical
entailment and analyze the contribution of premises and conclusions, in terms of a
certain type of connection between their respective logical grounds. The resulting
framework is shown to have a strong unifying and explanatory power by bringing
together the notions of grounding and relevance and explaining the commonalities
and differences between alternative contribution-based accounts of relevance.

Keywords Relevance - Logical grounding - Entailment - Inferentialism - Bilateralism

1 Introduction

Entailment is traditionally introduced as the converse of the relation of deducibility
(Moore, 1920). Since deducibility involves truth-preservation, it follows that a relation
of entailment is usually taken to hold between a set I" of sentences and a sentence A
only if it is impossible that all the sentences in I' are true while A is not. Whether
truth-preservation is sufficient has been questioned, notably in light of infamous para-
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doxes of relevance. Consider the following arguments, followed by a straightforward
formalization:

(1) a. The People’s Republic of China is a democracy. The People’s Republic of
China is not a democracy. Therefore, Elvis is still alive.
b. p,—mp>gq
(2) a. Elvis is dead. Therefore, Donald Trump is a socialist or Donald Trump is
not a socialist.
b. p>qV—q
(3) a. Elvisis dead. Donald Trump is not a socialist. Therefore, Elvis is dead.
b. p,g>p

Clearly, something sounds wrong with all these arguments, even though they are all (for
all we know) truth-preserving.! The consensual diagnosis is that in all such arguments,
at least some premise is irrelevant to the conclusion, or the conclusion is irrelevant to
the premises. And these irrelevancies are responsible for the oddity of the arguments.

Opinions differ about the theoretical conclusions to draw from such examples. Some
deny that the arguments above instantiate the logical relation of entailment at all. For
them, it is not enough that the truth of the premises is preserved in the conclusion. All
the premises must be relevant to the conclusion for arelation of entailment to exist at all.
In other words, entailments are relevant by nature. Let us call such theorists entailment
relevantists.> Others, e.g. classical logicians, accept that in all the arguments above,
the premises entail the conclusion. The only reasons why they sound wrong are merely
pragmatic: it would be misleading, unwise, or inefficient to advance such arguments in
conversation. From this point of view, entailments may very well be relevant, but only
contingently so. Let us call those theorists who admit irrelevant entailments entailment
irrelevantists.’ Although classical logicians are entailment irrelevantists, they are not
necessarily the only ones. Intuitionists, and those dialetheists who take LP to be the one
true logic, also count as entailment irrelevantists: the former reject (2), and the latter
reject (1), but both at least accept (3), and this is enough to count them as entailment
irrelevantists.

Whatever stand one takes on this issue, the general question

(QRE) What makes a relevant entailment relevant ?

remains to be answered. So there is a need for a general answer to QRE that, ide-
ally, remains independent of the disagreement over entailment relevantism. Whether
entailments are relevant by nature or not, all parties in the debate need an independent
criterion for classifying the arguments (1), (2), and (3) above as irrelevant.

! The first one is vacuously truth-preserving because the two premises cannot be true together. But it is
truth-preserving nonetheless.

2 Among the most prominent entailment relevantists, one may cite Smiley (1959), Anderson and Belnap
(1975), Tennant (1979), and Read (1988).

3 Among entailment irrelevantists who specifically addressed relevant entailments as a proper subset of
entailments simpliciter, we may cite Gérdenfors (1976), Weingartner (1985), Weingartner and Schurz (1986),
Schurz (1991) Verdée et al. (2019), and Brauer (2020).
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In this paper, we approach the problem from the standpoint of a classicist entailment
irrelevantism, for the sake of simplicity. In other words, we shall only address the
question

(QCRE) What makes a relevant classical entailment relevant ?

The central notion in terms of which our answer to QCRE will be elaborated, the
notion of logical ground, is not particularly tied to classical logic, though. We see no
a priori reason why the notion of logical ground may not be adapted to cover non-
classical logical grounding explanations.* But we will not address this issue directly
here. So from now on, unless specified otherwise, “entailment” will mean “classical
entailment”, and “validity” will mean “classical validity”.

In the most general setting where entailments connect a (possibly empty) plurality
of premises with a (possibly empty) plurality of conclusions, we propose that what
makes a relevant entailment relevant is the fact that all premises and conclusions
Jjointly contribute to the entailment. This suggestive metaphor is then analyzed in terms
of logical grounding: in order to determine how premises and conclusions jointly
contribute to an entailment, we need to look at the way their logical grounds are
connected to one another. Our ground-theoretic account provides a philosophically
motivated and formally precise characterization of this sort of connection.

The architecture of the paper is the following. We first present the target of our
analysis, which is the property, for a premise or a conclusion, of contributing to an
entailment. Four ways to understand this notion are distinguished, and mapped to four
accounts of relevant entailment (Sect. 1). We then describe the basic building block in
terms of which the notion of contribution will be analyzed, namely the notion of logical
ground, of which we give a bilateral account, formally explicated by the system GK
(Sect. 3). The next step is to derive the notion of entailment from this bilateral account
of ground. In order to do this, we build an integrated system GLK which extends GK and
allows us to reason simultaneously about logical grounding and validity. Within GLK,
premises and conclusion can be ascribed logical grounds, and classical propositional
entailments can be derived on the basis of appropriate relations between the logical
grounds of premises and conclusions (Sect. 4). The final move is to explicate each of
the various notions of premise- and conclusion-contribution distinguished in Sect. 1,
in terms of connections between their logical grounds (Sect. 5). The proofs of all
the technical results mentioned in the text without justification are gathered in the
Appendix at the end of the paper.

2 Relevant classical entailment

In this section, we present our preferred characterization of the class of relevant entail-
ments among classical propositional entailments. Following an intuition recently put
forward and explored at length by Brauer (2020), we shall understand the relevant clas-
sical entailments to be those where all the formulas contribute to the entailment. Our

4 See for example Poggiolesi (2020) for a recent attempt to account for the logical grounding of relevant
implication.
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2320 P. Saint-Germier et al.

modest aim in this section is to introduce and distinguish various ways to understand
this general idea.

Before entering the analysis of this notion of contribution, let us introduce some
terminology. We shall use the term sequent to refer to a certain class of strings of sym-
bols namely collections of formulas (of an antecedently specified language) separated
by the consecution symbol “>-”. The members of the leftmost collection are called
premises and the members of the rightmost collection are called conclusions. We shall
use the umbrella term sequent element to denote formulas occurring in a sequent,
whether as a premise or a conclusion.’ Sequents may vary in format depending on
the kind of collections separated by the consecution symbol. For instance, sequents
in SET-FMLA format take a set of premises and a unique conclusion®. Sequents in
MSET-MSET format take a multiset of premises and a multiset of conclusions ’. Valid
sequents are sequents that satisfy the requirement of truth-preservation. Entailments
are traditionally thought as valid sequents in SET-FMLA format, although the notion is
sometimes extended to the validity of SET-SET sequents—with the burden of providing
a clear meaning to multiple conclusions. For specific reasons that will appear shortly,
we shall however work by default with sequents in MSET-MSET format. Our general
motivation for having multiple conclusions is that it will be useful to exploit the sym-
metry between premises and conclusions that this representation allows. Our general
motivation for conceiving multiple premises and multiple conclusions as multisets is
that the same sequent element may make two distinct contributions. Having multisets
of premises and conclusions allows us to keep track of those various contributions.
By default, then, upper case Greek letters will represent multisets of formulas.

With these precisions in mind, let us go back to the general intuitions shared by all
contribution-based accounts of relevant entailment. Intuitively, we consider a premise
as irrelevant if it is so unrelated to the other premises and the conclusion of the
entailment in which it occurs that it does nothing to guarantee the truth of the con-
clusion, assuming the truth of the other premises. This is the case, for example, of
the premise p in (2-b). In paradigmatic examples of irrelevant premises such as this
one, an irrelevant premise owes its presence in an entailment only to the monotonicity
of truth-preservation, and not to the logical work it does to ensure the validity of the
entailment in which it is involved.®

Contribution-based accounts of relevant entailment generalize this insight to all
sentences involved in an entailment, including conclusions. It says that a sequent
expresses a relevant entailment if all the premises and all the conclusions it contains
contribute to its validity.

5 Sequent elements are individuated by their specific role of premise or conclusion within a sequent. If we
say that A and B are the same sequent element, we mean that A and B are the same formula occurring as a
premise or the same formula occurring as a conclusion. If the same formula occurs both as a premise and as a
conclusion, its premise-occurrence does not count as the same sequent element as its conclusion-occurrence.

6 The notation for the various sequent formats is borrowed from (Humberstone, 2011, Sect. 1.21).

7 Informally speaking, a multiset is just like a set except that the same element may occur in it several
times. A formal definition of multisets, relations and operations on multisets is given in Sect. A.1 of the
technical appendix

8 By the monotonicity of truth-preservation, we refer to the well-known property that if I" > A preserves
truth, then IT > A also preserves truth for all [T D T.
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Relevant entailment and logical ground 2321

The idea that the conclusion of a sequent contributes something to its validity might
seem obscure at first sight, but pairs of valid and invalid sequents such as:

@4 a p,pDgrgq
b. p,pDg>r

suggest that a sequent may be made invalid by the inadequate contribution of the
conclusion, rather than of the premises’.

Furthermore, this symmetrical treatment of premises and conclusions provides a
unified diagnosis of the irrelevance of sequents such as (1-b) and (2-b). On the one
hand, the entailment (2-b) is seen as irrelevant because the conclusion (i) is tautological
and (ii) shares no variable with the premise. From the standpoint of a contribution-
based account of relevance, those symptoms indicate that the premise p (i) need not
and (ii) cannot possibly contribute to the validity of (2-b). On the other hand, the
entailment (1-b) is seen as irrelevant because the premises (a) are inconsistent and (b)
share no variable with the conclusion. Symmetrically, those symptoms may be taken
to indicate that the conclusion ¢ (a) need not and (b) cannot possibly contribute to the
validity of (1-b). Thus, by considering conclusions equally as potential contributors
to the validity of sequents, contribution-based accounts provide a unified framework
within which premise-relevance, conclusion-relevance, and entailment-relevance may
be defined.

What needs to be clarified, then, is this notion of contributing to the validity of a
sequent. As it turns out, there are various ways to unpack this notion.

2.1 Contribution as difference-making

A clearly sufficient condition for contributing to the validity of a sequent is to make a
difference to its validity in the following sense:

Definition 1 If I" > A is valid,

o the premise A € I makes a difference to the validity of I' > A if I' — {A} > A is
invalid.

o the conclusion B € A makes a difference to the validity of I' > A if ' > A — {A}
is invalid.'?

One obtains a first definition of relevance by requiring that all sequent elements
contribute by way of difference-making:

Definition 2 T" > A is a relevantpys entailment if:

1. T' > A is valid, and
2. each premise A € I' and each conclusion B € A make a difference to the validity
of I' > A.

9 This point has been made by Brauer (2020, p. 342).

10 This notion of difference-making is structurally similar to a notion of difference-making for grounding
defined by Kriamer and Roski (2017).
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This notion of difference-making is tightly linked to the notion of perfect validity.!!
Let us say that a sequent I' > A is a subsequent of [1> X if [ C ITand A C . A
sequent I" > A is a proper subsequent of IT> ¥ if in addition I # IT or A # X. Then
perfect validity is defined as follows:

Definition 3 T > A is perfectly valid if:

1. ' > A is valid, and
2. no proper subsequent of I > A is valid.

Proposition 2.1 A sequent I" > A is perfectly valid iff it is valid and all its premises
and conclusions make a difference to the validity of I > A.

It is debatable, however, whether making a difference is a necessary condition for
contributing to the validity of a sequent. According to the difference-making account
it is, but in general, one may genuinely contribute to a collective achievement without
making a difference. When a parliamentary group wins a vote with a large majority,
all votes contributed to the positive outcome, even though no vote, on its own, made
a difference. Yet, we consider that the members of that group who took part in the
vote jointly contributed to the positive outcome. For analogical reasons, we shall not
consider that a sequent element needs to make a difference to an entailment in which
it occurs in order to make a genuine contribution.'?

The idea of non-decisive contribution can be developed in two orthogonal ways.

2.2 Non-decisive contribution I: Brauer

One way for a formula to contribute non-decisively to the validity of I" > A is to
occur in some perfectly valid subsequent of I' > A. By being part of a perfectly valid
subsequent, it fulfills the sufficient condition for contributing. It need not however be
part of every perfectly valid subsequent of I" > A in order to contribute. Consider for
example the sequent:

5 pAg.qAp>p

Each premise on its own is part of a perfectly valid sequent, and may be seen as a
contributor for that reason, even though leaving it out would not destroy the validity of
the initial sequent. This is the view explored by Brauer under the label of “relevance”
in (Brauer, 2020).13

One then obtains a second definition of relevance:

Definition 4 I" > A is a relevant g entailment if:

' The definition of perfect validity was first introduced by Tennant (1984) in the context of SET-SET
sequents.

12 The idea that a contribution is not required to make a difference was put forward by Yablo (2020), and
plays an important role in Brauer’s views on the contribution of formulas to the validity of sequents (Brauer,
2020, p. 342).

13 What we introduce below as a definition of relevance p is presented by Brauer only as a property that is
provably equivalent to “relevance” as he defines it (Brauer, 2020, p. 445). That property being somewhat
simpler to state, we decided to adopt it as our official definition.
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1. T' > A is valid, and
2. forall A € T 4+ A, there is a perfectly valid subsequent IT> X of I" > A such that
Aecll+ X.

An important property of this notion of relevancep is that it is closed under the rule
of Amalgamation:

A n>x
LII>A,Z

Proposition 2.2 If " > A is relevantp and 11 > X is relevantg, then T, T1 > A, ¥ is
relevantp.

(Amalgamation)

In fact, the notion of relevancep can be characterized in terms of relevancepyy,
Amalgamation, and Contraction:

Proposition 2.3 The set of relevantp sequents is the smallest set comprising the set of
relevantpy sequents and closed under (Amalgamation), and the following Contrac-
tion rules:

IA,A> A
I'A> A

'>-A A A

(€>) T4 A

(-0

2.3 Non-decisive contribution II: Tennant

The notion of non-decisive contribution can be approached from another angle, con-
sidering imperfectly valid sequents, like:

6) p>pv-p

which are substitution instances of perfect sequents, like:

(N prpvyg

This idea of closing a restricted notion of entailment under substitution seems to have
first appeared in print with Smiley (1959), and was developed in the form we discuss
here by Tennant (1984) and Verdée et al. (2019), with different tools and motivations.
Since Tennant is, as far as we know, the first to have defended this account in print,
we will call it “relevancer”.

One way to motivate this move is as follows. Since validity is closed under substi-
tution, if p contributes to the validity of (7), it contributes also to the validity of (6) for
the same reason, namely that a disjunction is entailed by its left disjunct. '* Of course,
there is a sense in which p does not contribute exactly in the same way, because the

14 By substitution here we understand homomorphic substitution, i.e. the substitution of formulas for propo-
sitional variables. Insofar as classical validity is closed under homomorphic substitution, it is reasonable
to assume the division of the logical labor directed towards validity to be so closed. We do not commit
here to the debated view whether logical form in general is closed under homomorphic substitution (see
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contribution of p to the validity of (7) is decisive, whereas it is not decisive in (6).
Yet, what matters here is that both do make a contribution that may, but need not,
be decisive, and that both contributions can be subsumed under the same schematic
principle, namely that the premise A contributes to the validity of A > A Vv B.

By requiring all elements of a sequent to contribute in this way, one obtains another
notion of relevance.!> When it comes to formulating a precise definition for MSET—
MSET sequents, one needs to be careful to allow for contractions. One would not
want relevance to vanish after a contraction of premises or conclusions.'® Therefore,
following the method of Verdée et al. (2019), we introduce the notion of abstraction,
defined recursively as follows:

Definition 5 (Abstraction)

1. T, A, A > Ais an abstraction of I', A > A

2. T'> A, A, Aisanabstractionof I" > A, A

3. if ' > A is a substitution instance of IT> X, then IT> X is an abstraction of ' > 2.

4. if I'1 > Aq is an abstraction of I'y > A, and I'y > A, is an abstraction of I'3 > A3,
then Iy > A is an abstraction of I'3 > Aj.

Our third concept of relevance is then defined as follows:

Definition 6 I" > A is a relevant entailment if:

1. T' > A is valid,
2. there is a perfectly valid abstraction IT > X of I" > A.

The valid sequents that are within the substitution closure of perfect sequents
have been sometimes called “perfectible” sequents (Burgess, 2009). So the notion
of relevancer can also be identified with the notion of perfectible entailment (modulo
the necessity to allow for contraction in the current MSET-MSET presentation.)

Although this notion of relevance is also parasitic on the notion of difference-
making, it exploits it in an orthogonal direction: not by way of Amalgamation, but
by way of Substitution. As a result, it retains the holistic character of perfection:
each sequent element plays a definite role in relation to the role of the other sequent
elements. In other words, all premises and conclusions need to cooperate in a definite
way for relevancer to obtain. That is why such a concept of relevance does not survive
amalgamation.

Footnote 14 (continued)

Schurz (2001) for a discussion). In logics such as Carnap’s modal logic where validity is closed under
isomorphic substitution only (i.e., of propositional variables for propositional variables), the division of
logical labor should be similarly closed under isomorphic substitution only. If one wishes to identify the
class of relevant modal entailments, taking Carnap’s modal logic as the standard, this would indeed be the
right thing to do. We thank an anonymous reviewer for pressing this point.

15 Those relevance theorists who deny that relevant entailment in general is closed under homomorphic
substitution will leave the boat here and say that this notion of relevance overgenerates (Brauer, 2020;
Schurz, 1991, 1999). Note however that our goal here is not to identify the one true notion of relevance,
but to draw a coherent map of the space of possible contribution-based accounts.

16 For the skeptical or curious reader, we can give the following example due to Tony Dale. The sequent
pVq,—pA—q> pAgq isneither perfectly valid nor a substitution instance of a perfectly valid sequent in
MSET-MSET format. Butitis, after contraction, a substitution instance of p\Vq, rVvVs, =t A—q, =r A=u>pAs
which is perfectly valid. See Tennant (1984, p. 199) for a discussion of this example.
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Table 1 Four notions of relevant entailment

Examples Relevantppg Relevantg Relevantp RelevantgT
p,.g>pAq + + + +
p.q4>pr:.q - + — +
pPA—p>Pp - - + +
PATP. 4> P, gV ™q - - - +

2.4 Non-decisive contribution lll: Brauer-Tennant

Since relevancep and relevancer extend the concept of relevancepys in orthogonal
ways, it is natural to explore the combination of the two extensions in order to obtain
a fourth concept of relevance.

Definition 7 T" > A is a relevant g7 entailment if:

1. T > Ais valid,
2. there is a relevantg abstraction IT > X of I > A.

This hybrid account, for all we know, has not been defended in the literature (hence
the composite name, faute de mieux).'” It is not totally surprising, since it combines
two different notions of non-decisive contribution that push in different directions.
When we apply Amalgamation, we follow a certain understanding of non-decisive
contribution. When we apply Substitution, we follow another one. In any case, it is
easy to define, and nicely completes the space of possible accounts of contribution.

2.5 What is it to contribute to the validity of a sequent ?

All those accounts are variations on the same theme of a premise or a conclusion
contributing to the validity of a sequent. We will not argue here in favor of one account
in particular over the others. We take all of them to be legitimate explications of the
notion of contribution. Our main interest here is in understanding precisely what
contribution means for each of them and how these meanings relate to one another.
While the idea of contribution is central to this family of accounts, it remains difficult
to characterize positively and precisely the respective contributions of various elements
of a valid sequent. A fully explanatory characterization would give us the means
to individuate contributions and show how they help make sequents valid. We thus
propose to analyze the notion of contribution in terms of the more fundamental notion
of logical ground. The blueprint of the analysis to come is the following. First, we define
the notion of logical grounds for truths and falsities. Then, we show how to assign
logical grounds to premises and conclusions, and to obtain entailments from a certain
type of connections between the logical grounds of premises and conclusions. Once

17 1t 4s briefly considered, and rejected, by Brauer (2020, p. 450). Brauer does not see why the class of
relevant entailments in general should be closed under substitution, hence his coherent rejection of both
relevancer and relevancepgr.
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this is done, we will be in a position to describe the various types of contributions of
premises and conclusions in terms of the logical grounds they contribute to entailments.
At the end of the journey, we will have obtained a systematic ground-theoretic analysis
of the notions of relevance belonging to the family of contribution-based accounts
described in the current section.

To do so, we first need to explain what we mean by “logical grounds” for truths
and falsities.

3 Bilateral logical ground

In this section, we present the account of logical grounding that constitutes the basic
building block in terms of which our analysis of relevance concepts will proceed.

In contrast with standard presentations, e.g., (Correia, 2013), we adopt here a bilat-
eral approach to logical grounding.'® It is bilateral in that it takes truth and falsity as
primitive, semantical notions that play a symmetrical role in logical grounding expla-
nations.'® For instance, we shall say that the truth of p and the truth of ¢ logically
ground the truth of p A g, while the falsity of » logically grounds the falsity of p A r.

The central motivation for this bilateral approach to logical grounding (in addition
to serving as a foundation for the analysis of relevance concepts to come) is to provide
a fully adequate explication of the Core Intuition spelled out by Schnieder:

A sentence governed by a classical truth-functional connective has its truth-value
because of the truth-values of the embedded sentences. (Schnieder, 2011, p. 448)

Such logical grounding explanations thus explain semantical facts (whether a sen-
tence is true or false) in terms of more fundamental semantical facts (the truth or
falsehood of a number of embedded sentences). Since the truth or falsity of a sen-
tence is always fact of a semantical nature, dealing explicitly with falsity does not by
itself force us to give up on the factivity of grounding explanations. Yet, this bilateral
approach diverges importantly both in motivation and technical implementation from
more familiar accounts in the literature. We shall first present our account and then
relate it to the existing literature.

Our formalization of grounding principles uses signed formulas, i.e. formulas fol-
lowed by positive or negative signs. Intuitively, “A™" means “the truth of A” and
“A™" means “the falsity of A”. Logical grounding claims will be expressed by logical
grounding sequents. If ® is a finite multiset of signed formulas and X is a signed
formula, then ® < X is a logical grounding sequent, where < expresses the notion of
mediate strict full ground: the members of ® together provide a complete explanation
for X.

For reasons of technical convenience, the notion of mediate strict full ground
expressed by “<” will not be factive. We shall allow, for example the truth of A

18 A similar bilateral account of logical ground has recently been proposed by Litland (2023), although
the accounts differ both in philosophical motivation and technical detail. We compare our bilateral account
with Litland’s in Sect. E of the Appendix.

19 In a different context, Nils Kurbis has explored and defended a form of bilateralism in proof-theoretic
semantics that also takes falsity as primitive, on a par with truth. See Kiirbis (2019).
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Relevant entailment and logical ground 2327

Table2 The System GK of bilateral logical ground

Pure principles

% (Irr<) o < X(D . <X),/\IJ <Y (Tran<)
Impure principles ’
e e 57
A B <ave V) m(< Vien2)
AT < ApAAT (< Nietn2) At Bt < AABT (<A
AT B <asp O T eass D
Bt <AD BT (<2

and the falsity of A to ground together the truth of A A —A, even though A cannot
be both true and false, as far as classical logic is concerned. However, a correspond-
ing factive notion of grounding can be characterized by accepting only those of our
grounding sequents for which the truths and falsities mentioned on the left hand-side
actually hold.?”

For instance, the grounding sequent

Af,... AfB;,...,B, <CT

says that the truth of A1, ..., A, and the falsity of By, ..., B, together ground the
truth of C.

Symmetrically, the grounding sequent

Af,... AYB],...,B, <C~

says that the truth of Ay, ..., A, and the falsity of By, ..., By, together ground the
falsity of C.

The system GK is a grounding sequent calculus that divides into a pure part and
an impure part. The pure part deals only with the inferential profile of the notion of
mediate strict full ground, while the impure part provides the grounding profile of the
classical connectives.

To keep things as simple as possible, we did not provide an explicit formal treatment
of the partial and immediate varieties of grounding in the pure part of GK. However,
once the notion of mediate strict full ground is characterized via GK, it is easy to extract
the remaining varieties.

Definition 8 The notions of immediate strict full grounding (< <), mediate strict par-
tial grounding (<), and immediate partial grounding (< <) are defined as follows:

o & << X if & < X is an axiom instance,

20 The adoption of a non-factive notion of ground for technical reasons has become standard in the literature.
See e.g. Correia (2013, p.36).
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2328 P. Saint-Germier et al.

e X <Yifd, X <Y for some O,
e X << Yif®d, X <Y is an axiom instance for some .

The impure part of the calculus provides a set of grounding axioms for each con-
nective. One subset of this set shows how to ground the truth of a formula governed
by the connective, while its complement shows how to ground the falsity of a formula
governed by the connective.

It should be noted that the impure axioms are specified by means of schemata. As
aresult, our account of logical grounding is formal in the sense that logical grounding
is preserved under the uniform substitution of arbitrary formulas to propositional
variables. (This is also the reason why it is not factive.)

For each connective, there is a precise connection between the grounding axioms
for that connective and the truth-functions associated to that connective. Informally,
the truth-values of the grounds minimally determine the truth-value of the groundee:
once the truth-value of the grounds are fixed, the truth-value of the groundee is fixed,
and fixing the truth-value of no less than all the partial grounds is required to fix the
truth-value of the groundee.?!

A nice feature of the grounding axioms is that they are separate, in the sense that,
for no connective, the grounding of the truth or the falsity of a formula governed by
that connective essentially involves other connectives. This distinguishes the present
approach from standard unilateral approaches, e.g. ((Correia, 2013), where the ground-
ing principles for negation are not separable: we need distinct grounding principles
for grounding double negations, negations of conjunctions, and negations of disjunc-
tion. Here, the bilateral framework provides a treatment of negation that satisfies the
separation requirement.

If we now look at the system GK as a whole, it is clear that the (Tran<) rule preserves
the minimal truth-functional determination property informally described above (with
the limitation observed in footnote 21). Furthermore, the system enjoys a version of the
subformula property that guarantees the truth-values of logically complex sentences
to be explained by embedded sentences: all the formulas that occur with a sign on the
left of a derivable grounding sequent are subformulas of the formula that occurs with
a sign on the right.

Before closing this section, let us briefly situate the current proposal in relation
to the existing literature on logical ground. The main novelty consists in considering
logical grounding as a relation or operation on semantical facts about truth and falsity.
The standard view is that the facts that Socrates was wise and that Socrates was ugly
together logically ground the fact that Socrates was wise and ugly (e.g., Correia 2013).

21 This informal characterization is to be taken with a grain of salt. It holds strictly speaking only for “gaunt”
derivable grounding sequents, (i.e. grounding sequents that cannot be obtained by uniform substitution from
other GK-derivable grounding sequents, except by substituting propositional variables for propositional
variables). For example, fixing the truth of both p and ¢ is sufficient, and required, to fix the truth of p A g.
But such a simple characterization fails for other instances of (< A™T) such as pT, —=pt < p A =p or
pVv=pt,qv—qt < (pv—=p)A(gV—q). Furthermore, this minimal determination semantics would work
primarily for non-strict grounding, for, trivially, the truth-value of p minimally determines the truth-value
of p. Then the strict notion would have to be defined in terms of the non-strict notion. For these reasons, a
minimal truth-functional determination semantics for GK along the lines given above needs to be carefully
worked out to take such complications into account. In the interest of space, we leave that work for another
occasion.
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In the current account, we only consider the grounding of the truth of “Socrates was
wise and ugly” on the truths “Socrates was wise” and “Socrates was ugly” as an
instance of logical grounding. This bilateral move however allows us to give a precise
explication of Schnieder’s Core intuition, and to give a separate treatment of negation.
A similar bilateral approach to logical ground has been sketched recently by Litland
(2023), from an inferentialist point of view. We discuss some links with this approach
below in Sect. E of the Appendix.

4 From ground to entailment

The next step is to derive a relation of entailment from the formal theory of logical
grounding just presented.

It is hard to provide a ground-theoretic account of entailment without committing
to a certain philosophical analysis of entailment. Given the account of logical ground
given above in terms of truth and falsity, it is natural to adopt here a semantic analysis
of entailment in the style of Bolzano and Tarski.”> Adapted to the general case of
multiple-premise multiple-conclusion sequents, this approach leads to define a sequent
as valid if for each interpretation Z, if all the members of I" are true according to Z,
then some member of A is true according to 7.

In the case of classical propositional logic, interpretations are valuations that assign
the value true or false to propositional variables. Given an interpretation, we can assign
truth-values to all formulas of the language, by means of the well-known truth-tables.
Given a formula, we can identify the set of interpretations according to which it is
true or false. In particular, we shall say that an interpretation satisfies AT if A is true
according to it, and that it satisfies A~ if A is false according to it.

In order to facilitate the connection between logical ground and entailment, we
shall however rely on a slightly different, but equivalent definition of validity:

Definition 9 A sequent I' > A is valid if for all interpretation Z, some member of I is
false according to Z or some member of A is true according to Z.

In such a disjunctive reading, premises are to be interpreted as candidates for falsity
and conclusions as candidates for truth, given an interpretation. An entailment holds
if it is guaranteed that at least one such candidate will be successful at what it aims to
be, i.e. false if it is a premise, or true if it is a conclusion, for any given interpretation.

In order to provide this guarantee, we propose to look at the logical grounds for
premises qua falsities and the logical grounds for conclusions qua truths, and at the
way they relate to each other. The central idea here is that exhibiting the possible
grounds for the falsity of premises and for the truth of conclusions, and looking for
appropriate connections between them, should lead us to see whether the falsity of at
least one premise or the truth of at least one conclusion is being guaranteed, for all
interpretations.

Let us illustrate this idea with a simple example:

22 For the classicists with inferentialist proclivities, we provide an alternative inferentialist interpretation
of both logical ground an entailment in Sect. E of the Appendix.
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®) =p>=(pnrg)

To explain why this entailment holds, we look at the logical grounds for the premise,
taken as a falsity, and the logical grounds for the conclusion, taken as a truth:

©  pt<-p-
10)  p~<=(prgt

Now we observe that the ground in the first grounding sequent and the ground in the
second one have opposite signs. One consequence of p™ logically grounding —p~ is
that each interpretation satisfying p™ also satisfies —p~, because it satisfies pT. By
the same token, one consequence of p~ logically grounding —(p A ¢)* is that each
interpretation that satisfies p~ also satisfies =(p Ag) ™ because it satisfies p~. Now by
definition, each interpretation either satisfies p™ or p~. So together, the two grounding
sequents offer the guarantee that for each interpretation, —p is false or —~(p A q) is
true. By Definition 9, we have secured the validity of the sequent (8).

Of course, this example is extremely simple. In the general case, we will need to
cover premises (resp. conclusions) with full grounds consisting of a plurality of partial
grounds such as, e.g.,

an  ptgt <pagqt

and of course sequents with a plurality of premises and a plurality of conclusions.
However, iterating the same basic mechanism consisting in pairing logical grounds
with opposite signs will allow us to derive the validity of any valid sequent from an
appropriate collection of logical grounding sequents.

Such derivations are formalized within the system GLK which is an extension of
GK. From a syntactic point of view, GLK is a grounding sequent calculus, where signed
formulas and the logical grounding symbol retain the same intended meaning as in
GK. The main syntactic innovation is the addition of a new operator [[-]] which takes
multisets of signed formulas as inputs and yields in return what we shall call a sequent
term, or an s-term for short. In the general case, a string of the form:
12y [[A7,...,A;

n?

B, ....B
is another way of representing the sequent
13) Ay,...,A,>By,...,By

understood as a purely syntactic object.

Such sequent terms will appear on the right-hand-side of grounding sequent and
will play the role of groundee. Unlike formulas, which are semantically evaluated
as true or false, sequents are evaluated as valid or invalid. So it is natural to expect
grounding sequents of the form

(14)  Af,..., AL B[.,....B, <I[IC].....C;,Df,.... D]

to ground the validity of the sequent expressed on the right on the truths and falsities
expressed on the left. The intended interpretation of such sequents is however a little
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more complex and involves the notion of enthymematic validity. Traditionally, an
enthymeme is defined as a valid argument with an unstated premise. Strictly speaking,
enthymemes are invalid arguments. But they can be turned into valid arguments by
making explicit the unstated information that is implicitly taken for granted. The
enthymematic validity of a sequent can be explained by making explicit the implicit
information that is required to turn the invalid sequent into a valid one. Since we
operate in a bilateral framework, this missing information can be provided by means
of falsities as well as truths.

The intended interpretation of grounding sequents with an s-term on the right of
the form (14) is thus that the the truth of Ay, ..., A, and the falsity of By, ..., By,
together ground the enthymematic validity of the sequent

(15) Ci,...,C;~Dy,...,Dg.

Here is an intuitive example, adapted from (Yablo, 2014, p. 60), that should convey
the intuition behind the notion of grounding an enthymematic validity: there is a clear
sense in which the implicit assumption of the truth of

(16)  I’'m ready.

logically grounds the enthymematic validity of

(17)  You two are ready. So that makes three of us.

This is the same sense in which the truth of (16) and the truth of
(18)  You are ready.

together ground the truth of

(19)  We are ready.

Even though the truth of

(20) I’'mready and 2+2=4

guarantees the enthymematic validity of (17), it does not ground that enthymematic
validity, for the same reason that (20) and (18) together guarantee but do not ground
the truth of (19). Grounding the enthymematic validity of a sequent requires more
than just providing missing elements: in order to ground, the missing elements should
at the same time explain the enthymematic validity of the sequent, just like grounds
explain the truths they ground.

If, in turn, enthymematic validity is analyzed in the style of Bolzano-Tarski by
quantifying on all interpretations of the non-logical vocabulary, grounding sequents
of the form (14) may be interpreted as follows: the truth of Ay, ..., A, and the falsity
of By, ..., B, together ground the fact that for all interpretation 7 agreeing with the
truth-values of Ay, ..., A,, Bi, ..., B, atleast one member of {C}, ..., C;} is false
or at least one member of {Dy, ..., Dy} is true.

One special case is worth singling out. When an enthymematic validity is zero
grounded:
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Q) <A, ..., A, B, ....B}

n>

the grounding sequent as a whole says that the sequent is enthymematically valid in
virtue of no implicit truth or falsity, which means that the enthymeme is in fact a
full-fledged entailment. Entailments, in other words, are zero-grounded enthymemes.
Being zero-grounded, as standardly understood in the grounding literature, does not
mean being ungrounded, but being grounded by nothing. Fine’s illustrative example
makes use of a variably-polyadic conjunction connective (Fine, 2012, p. 47). The
truth of a statement governed by such a connective is then grounded by the truth of
all its conjuncts. In the special case where it is formed from zero conjuncts, it will be
vacuously true, and its truth will be zero-grounded, i.e., grounded by zero truths, rather
than ungrounded. Here, similarly, zero truths or falsities are needed to restrict the set
of interpretations and explain why, for all of them, some premise is false, or some
conclusion is true. In other words, the enthymematic validity of the corresponding
sequent is grounded by zero suppressed elements. Which is to say that the sequent is
valid.

The calculus GLK is described in Table 3. Its purpose is to provide an integrated sys-
tem within which one can derive entailments, step by step, from grounding principles.
This requires the notions of grounding and entailment to communicate, and this is
made possible by the sequent-forming operator [[-]]. In order to facilitate the descrip-
tion of those new grounding sequents, we shall describe signed formulas occurring
on the left of the grounding symbol as ground terms, and signed formulas occurring
on the right, outside the double brackets, as groundee terms. If X is a ground term,
X is the ground term formed with the same formula as X but with an opposite sign.
Expressions of the form [[®]] are called sequent terms (s-terms for short), negatively
signed formulas within s-terms will be called premise terms (or p-terms), positively
signed formulas within s-terms will be called conclusion terms (or c-terms). Finally,
sequent element term (e-terms) will be used as an umbrella term for both p-terms and
c-terms.

As a proper extension of GK, GLK retains all its axioms and rules, and only adds
axioms and rules to deal with s-terms. It should be noted that in the pure logic, the
metavariable X stands for any term of the calculus, including s-terms.

The (Ent) axiom directly grounds single-premise and single-conclusion enthymemes
on the corresponding truths and falsities. With our official reading in mind, the sound-
ness of (Ent) is obvious: the truth (resp. falsity) of A grounds the fact that A is true
(resp. false) for all interpretation compatible with the truth-value of A. Since those
single-premise and single-conclusion enthymemes are the basic building blocks by
means of which entailments will be generated, it is fair to describe the instances
(Ent) as providing grounds for premise-roles or for conclusion-roles. The subtle but
important conceptual difference between grounding the falsity (resp. truth) of A and
grounding A as a premise (resp. conclusion), is that the latter makes A apt to combine
with other sequent elements to generate entailments, by means of the (Bind) rule to
which we now turn.

The (Bind) rule allows us to combine sequent elements together on the right and
to remove partial grounds of opposite signs on the left. This is the mechanism that
allows us to derive full-fledged entailments after all the partial grounds have been
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Table 3 The system GLK

Pure logic:
X <X P <X X, ® <Y
X<X g
T U O, Dy <V (Tran<)
—— (Enp) D, X < [[Y11] @), X < [[¥7]] .
T Bind
AT < 1AM By, @y < (191, V] (Bind)
O <INy O.XX <Y o <lX.X. 9N
@ < X, ¥]] X <Y ® < [[X, V1]

Impure logic:

Each axiom of GK is an axiom of GLK of the same name.

successively eliminated. Its soundness also follows from our official interpretation. It
is a basic fact about classical interpretations that each interpretation either satisfies
AT or A™, for all formula A. Now, suppose that for each interpretation Z satisfying
® + {AT}, some member of I is false or some member of ¥ is true. A fortiori, for
each interpretation Z satisfying ® + { A"}, some member of I} + I, is false or some
member of X; 4 X is true. Suppose further that for each interpretation Z satisfying
U + {A™}, some member of I, is false or some member of X5 is true. A fortiori, for
each interpretation 7 satisfying W + { A~ }, some member of I1; + I15 is false or some
member of X1 + X is true. By the basic fact mentioned above, we can conclude that,
for all interpretations satisfying ® 4+ W, some member of I1; + I is false or some
member of X| + X is true.

The rule of Enthymeme Weakening (<W) reflects the monotonicity of entailment,
and a fortiori of enthymematic validity. The rule of Ground Contraction (C<) reflects
the fact that several full grounds for the same sequent element may be exploited to
derive an entailment. The rule of Enthymeme Contraction (<C) reflects the fact that
entailment, and a fortiori enthymematic validity, is insensitive to the repetition of
premises and conclusions. The impure part of the calculus adds nothing more to the
impure part of GK.

The following Enthymeme Rule is easily derivable and will often be convenient to
shorten derivations:

<V
@ < [[V]]
The fundamental connection between logical grounding and entailment is estab-
lished by the following theorem:

Theorem4.1 < [[A], ..., A, Bl+, ...,B;]] is derivable in GLK iff Ay, ... A, >
Bi, ..., By, isvalid.

(EntR)

In other words, the foregoing analysis of entailment in terms of logical ground is
both sound and complete with respect to classical entailment. This provides, as far as
we know, a new way to implement a ground-first approach to logical consequence,
which will be extended in the next section to derive the notion of relevant entailment.>

23 The idea of deriving logical consequence relations from a logic of ground has been explored in different
ways by Correia (2013), Schnieder (2018), and Litland (2023).
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It is now time to come back to the issue of interpreting “<” as a logical grounding
operator in sequents with s-terms on the right. One might understand the notion of
logically grounding truths and falsities but remain skeptical about the very idea of
grounding entailments and a fortiori enthymemes. While entailments might be ana-
lyzed as certain kinds of truths (e.g., Definition 9), the logical form of such truths
makes it difficult to isolate their logical grounds, at least until we have at our disposal
a considerably sophisticated theory of logical grounding, capable of dealing not only
with quantification, but also with quantification over interpretations of the non-logical
vocabulary. Enthymematic validity is even more complex, since we need to make ref-
erence, in addition, to the omission of premises and conclusions. The theory of logical
grounding developed in the previous section is way too rudimentary to allow such a
sophisticated treatment.”*.

Instead, we propose to show that the notion expressed by “<” in GLK sequents
is a natural generalization of the notion of logical grounding defined in the previous
section, i.e., a generalization that preserves the central features of our prior concept
of logical grounding. The basic idea is the following. We saw that our logical grounds
for a logically complex truth A (resp. falsity A) could be seen as giving truths and/or
falsities that together minimally determine the truth of A (resp. the falsity of A). Here,
the logical grounds for an enthymematically valid sequent give truths and/or falsities
that together minimally determine the information that was missing for an enthymeme
to become a genuine entailment. The Yablovian examples given above should make
the parallelism clear.

Let us take a simple example of same logical form as Yablo’s. From the standpoint
of GLK, the truth of ¢ grounds the enthymematic validity of the sequent

(22) p>pnrg.

This is shown by the following derivation:

— (< Ah) (Ent)
+ + + +
P 4" <pAg pAgT <IllpAqg™ll (Tran<) (Ent)

ptoat <llpAgtll |V | NP,
gt <Mlp~.pAgtll
The truth of ¢ then minimally determines the information that needs to be added
to turn the enthymeme into an entailment. This can be done simply by adding the
premise g. To establish this, we may continue the derivation as follows:

: —  (Ent)
g <lp- . prg*ll g <llg7N .
— T (Bind)
<Ilp~ g . prqgTl]
The reason why adding the premise g works is that the grounds for that premise,
namely ¢, given by the axiom (Ent), is the opposite of the ground ¢T for the
enthymeme. The mechanism of (Bind) completes the explanation of the validity of

the sequent p,q » p A q.

24 We however thank an anonymous reviewer for raising this issue in these terms.
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But this missing information ¢ could be exploited in various other ways to reach
an entailment. Adding the premise g A r also works, for the same reason, namely that
q~ is a ground for the premise g A r, as the following derivation shows:

m (<A gNhr- <l[lgnar]] (En)

q- <llgnrrTll
Finally, for exactly the same reason, the addition of the conclusion —¢g also suffices

to create an entailment because ¢~ is also a logical ground for the conclusion —¢, as
the following derivation shows:

(Tran<)

_+
0 e

— T (Tran<)
g~ <Il—=¢™1

We now should have a clearer idea of what logical grounds for enthymemes are,
and in what sense entailments are zero-grounded enthymemes. The final step of the
analysis is to characterize the relevant entailments, i.e., those where all the formulas
contribute, according to the various senses of contribution distinguished in Sect. 2.

g~ <—q"

5 From ground to contribution

In order to provide a ground-theoretic analysis of relevant entailment in line with the
various contribution-based accounts reviewed above, our next task will be to isolate
the contributions of sequent elements in entailments. A nice feature of GLK is that
the contribution of premises and conclusions to an entailment can be read off the
derivations, by looking at the way their premise and conclusion roles are grounded,
and the way those grounds interact by means of the (Bind) rule. However, in order
to give a conspicuous and systematic representation of the contribution of sequent
elements, we shall focus on a specific class of GLK-derivations that we call analytic
GLK-derivations.

In order to cover all the accounts of relevance reviewed in Sect. 2, we will work
with the system GLK® which extends GLK with the following rule of Enthymeme
Amalgamation:

@y < [[Y]] Dy < [[W2]]
Dy, Dy < [[Wy, V2]]

Although it does not derive more entailments than GLK, it provides more ways to
derive them. And the use of the (Amalg) rule will be crucial to differentiate various
ways for sequent elements to contribute.

We define analytic derivations for GLK?, which is the most encompassing of our
systems.

(Amalg)

Definition 10 (Analytic GLK®*-derivation) A GLK?-derivation is analytic if:

1. no application of (Bind) follows an application (<W) or (Amalg),
2. no application of (<W) follows an application of any other rule.
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In other words, analytic derivations can be decomposed into four successive phases,
from leaf to root:

1. a Logical Grounding phase, where only axioms and the (Tran<) rule are applied,
possibly with the Ground Contraction Rule (C<)

2. a Binding phase, where only the (Bind) rule is applied, possibly with the Ground
Contraction (C<) and the Enthymeme Contraction rule (<C)

3. an Amalgamation phase, where only the (Amalg) rule is applied, possibly with the
Ground Contraction (C<) and the Enthymeme Contraction rule (<C), and a

4. a Weakening phase, where only (<W) is applied.

The Grounding Phase provides the logical grounds for (at least some subset of) the
premises and conclusions of the derived entailment. The Binding Phase shows how
those premises and conclusions collaborate with each other in order to guarantee an
entailment. The Amalgamation phase brings together derivations in which all sequent
elements receive grounds and bind with each other. Finally, the Weakening Phase
adds further premises that owe their presence only to the monotonicity of classical
entailment.

Importantly, such a decomposition is available for all valid sequents.

Theorem 5.1 If " > A is valid, then < [[T'~, A¥1] has an analytic GLK*-derivation.

There is no guarantee, however, that each valid sequent has a unique analytic deriva-
tion. As a matter of fact, this is not the case, and this will have important consequences
later. But before we distill the philosophical import of this plurality of analyses, let us
first see all we can do with just one analytic derivation.

Some notions will be useful to describe our derivations. In each rule of inference
in GLK, we may distinguish the signed formulas in the input grounding sequent that
are not preserved in the conclusion and those that are inherited in the conclusion. The
former will be called active, and the latter passive. For example, in any instance of
the (Tran<) rule, the signed formula instantiating ¥ and the signed formulas in the
multisets instantiating ®; and &, are passive, whereas the instances of X in each
input are active. In the case of the contraction rules (C<) and (<C), we consider, by
convention, the leftmost contracted signed formula as passive and the rightmost signed
formula as active. Now we say that a signed formula occurrence in a derivation D is
an immediate descendent of another occurrence of the same signed formula in D if
the latter is passive, and the former is directly inherited from the latter in an inference.
The relation descendent is the reflexive and transitive closure of the relation immediate
descendent. The relations immediate ancestor and ancestor are the converses of the
relations immediate descendent and descendent, respectively. An ancestor is initial if
it occurs on a leaf of a derivation tree.

Given an analytic derivation, it is now possible to distinguish the sequent elements
that make a genuine contribution, from those that do not.

Definition 11 X € & is a contributor relative to an analytic GLK-derivation D of

< [[]] if its initial ancestor belongs to an instance of (Ent); otherwise it is a non-
contributor.
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If a sequent element occurs already in the Grounding Phase, it will necessarily
play a role in the Binding process, and thereby make a contribution to validity. If it is
introduced by Weakening at the end, after all the hard logical work is done, we can be
sure that it contributes nothing (at least relative to that derivation).

Let us see how this analysis of contribution works with two simple examples,
starting with Disjunctive Syllogism:

(23) pvgq,—p>q

The Logical Grounding Phase comprises the following initial subderivations:

(<Vv?) (Ent)

p = P4 =PVd pva  <UpVal qo

p.q <l[lpvg]l

—_— (<) - — (Ent)
_ pt<-p —p~ <[[-p7]]
D, = e T—T (Tran<)
Dy:=———— (Ent
T PSR

Those three initial derivations then meet during the Binding Phase:

D, D,
p.q” <llpvqll pt <Il=p71l (Bind)
g <lpvg .—p1l g <llg™ll
<lpva ,—p.q"1
The derivation stops there and shows that all premises and conclusions are contrib-
utors.”
Our second example is the infamous classical principle of explosion:

D;
(Bind)

24) pA-p>gq

The only analytic derivation of this sequent is the following:?°

5 (7)) ———————(<AD)
_ pr<-p —p~ <pA-p
— — (< A7) T — (Tran<)
P SPATP () —f: PR (EaR)
p~ <llpAr—=p~1l _ _ pT <llpAn—=p~1l (Bind)
<[lpA—p ,piﬁp 1] (<C)
<[lpA—-p71 (<W)

<[lpA=p~.q%]]

25 This might seem like a wrong result from the standpoint of Relevance Logicians who abhor Disjunctive
Syllogism. However, the simple instance of Disjunctive Syllogism given as an example is a perfect entailment
and will be relevant according to all the accounts considered in Sect. 2. So far, so good.

26 We use the derivable rule (EntR)—instead of the (Ent) axiom followed by an application of (Tran<)
—in order to shorten the derivation. The resulting derivation is strictly speaking not analytic but may be
understood as an abbreviation of the longer analytic derivation using (Ent) and (Tran<). The criterion of
contribution spelled out in Definition 11 is meant to apply to the latter.
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What is notable here is that the premise p A —p makes two distinct contributions. In
the Grounding Phase, two distinct logical grounds are assigned to the premise p A —p:

25 pt<llpAr—-p1l

and

26) p <IllpAr—-p71l

So the premise binds with itself (or, rather, two occurrences of the premise bind with
each other) to secure the entailment. The conclusion ¢ is here only introduced by
Weakening. It does not bind with any other formula and thus fails to contribute to the
entailment. So we can safely conclude that Explosion is irrelevant, something with
which everyone agrees.

So far, our ground-theoretic account of contribution seems on the right track. By
sharpening a little our tools, we can however go further and represent the differences
between the various contribution-based accounts to relevance distinguished above.

5.1 Joint contribution

Once the notion of contributors and non-contributors are available, it is possible to
provide fine-grained characterizations of various ways sequent elements can contribute
together to the validity of a sequent.

Definition 12 X, Y € W are immediate co-contributors relative to an analytic GLK®-
derivation D of < [[W]] if X has an ancestor in a sequent @1, Z < [[X]] in the
Grounding Phase of D and Y has an ancestor in in a sequent @, Z < [[Y]] in the
grounding phase of D such that some descendents of Z and Z are cut off by an

application of (Bind) in the Binding Phase of D.

Definition 13 X, Y € W are co-contributors relative to an analytic GLK®-derivation
D of < [[W]] if they belong to the transitive closure of the relation of immediate
co-contribution.

Definition 14 The members of ® C W are joint contributors relative to an analytic
GLK?-derivation D of < [[W]] if any two members of ® are co-contributors.

Now let us define GLK" from GLK by removing the rule of Weakening (<C). Analytic
GLK"-derivations will simply be analytic GLK™-derivations where both the Amalga-
mation Phase and the Weakening Phase are empty.

The following theorem then relates the calculus GLK" to the notion of joint contri-
bution.

Theorem 5.2 [n a GLK"-derivation of < [[®D]]:

1. all sequent elements are contributors, and
2. the contributors are joint contributors.

It turns out that GLK" derives all and only relevant; sequents:
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Theorem 5.3 < [[I"~, A*]] is derivable in GLK" if and only if T > A is relevanty.

So the notion of relevancer can be seen as capturing a situation where all premises
and conclusions contribute, and contribute jointly to the validity of the sequent.

5.2 Difference-making

We noted above that there is a many-to-one relation between analytic derivations and
valid sequents. This means, potentially, that contributor status may change from one
analytic derivation to another.

For example, the sequent:

@27 pA—-p>rp

can be given an analytic derivation according to which the conclusion p does not con-
tribute: simply substitute g with p everywhere in the analytic derivation of Explosion
above. But there is also one according to which the conclusion p does contribute:

- — (< A7)
P_<PATP gy
p- <I[llpAr—-p71l

<[pA=p~,pt]1

—— (Ent)

+
pr<l (Bind)

What should we say in such cases?

We should remember that contribution, and joint contribution, on the present
account are dependent on a way to analyze a sequent, which is at the same time a
way to derive it. If one wants to use this criterion of joint contribution to assess the
relevance of entailment independently of the ways they are analyzed or proved, one
needs to face a choice between two policies.

The lax policy requires the existence of some analytic derivation where all premises
and conclusions jointly contribute. This is the policy implicitly at work in the definition
of relevancer above. The strict policy requires instead that, for all analytic derivations,
all premises and conclusion jointly contribute.?” As it turns out, the strict policy takes
us to the difference-making account:

Theorem 5.4 T" > A is relevantpyy if and only if, for each analytic GLK-derivation D,
all the sequent elements are joint contributors.

This theorem brings a new insight regarding the difference between the concept of
contribution in the relevance p s and relevancer accounts. In the Tennant account, it is
only required that there is some way for all elements to contribute. In the Difference-
Making account, it is required that all elements contribute anyway. Both accounts are
joint-contribution accounts, though. What forces all the contributions in the account
of relevance p s to make a difference is that they have to contribute according to every
possible analysis of the entailment.

27 Schurz (1999, p. 15) introduced a similar distinction between weakly proof-based and strongly proof-
based relevance in his insightful study of proof-theoretic criteria of relevance.
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5.3 Individual versus joint contribution

In the absence of the Amalgamation rule, analytic derivations cannot distinguish
between individual and joint contribution.

Proposition 5.1 In all analytic GLK-derivations, the contributors are joint contribu-
tors.

Importantly, this property fails in GLK?-derivations, for possible applications of
(Amalg) can introduce contributors that are not co-contributors. Here is a simple
counterexample:

(Ent ——  — (Ent (Ent) (Ent)

—————— (Enp )
+ + - - + + - -
p <Ilp™ll p_ <llp71l (Bind) q" <llg™1l g~ <llg~1l (Bind)

<I[lp~. ptll <1llg~,q™1l
<Illp~.q .p".q71

(Amalg)

Here, [[p~]] and [[¢]] are contributors but no co-contributors. As a result, the
contributors in this derivation are not joint contributors. Only [[p~]] and [[p™*]] co-
contribute on the one hand, and [[¢~]] and [[¢"]] on the other.

So taking into account analytic derivations in which the Amalgamation phase is
not empty allows us to characterize the notion of relevancep and relevancepr.

Theorem 5.5 T" > A is relevantg if and only if for all analytic GLK*-derivation of
< [[T'~, AT]), all sequent elements are contributors.

Theorem 5.6 T > A is relevantgy if and only if for some analytic GLK®-derivation of
< [[T~, A™1]), all sequent elements are contributors.

We have now given a ground-theoretic representation of all the notions of contri-
bution corresponding to the four accounts of relevant entailment identified in Sect. 2.

In all cases, for a premise (resp. a conclusion) to contribute to the validity of a
sequent is for there to be a way for it to bind with some other sequent elements via
partial grounds of opposite signs. And in all cases, for a valid sequent to be relevant,
there has to be a way for all its elements to contribute to its validity.

From this fundamental characterization, we obtain the four determinate notions of
relevance by answering further questions:

e whether all sequent elements need to jointly contribute,
e whether all sequent elements need to contribute for all the ways in which some
element contributes.

If the questions are asked in this order, the answers:

“yes” and “yes” give the relevancepys account
“yes” and “no” give the relevancer account
“no” and “yes* give the relevancepr account
“no” and “no” give the relevancep account.

So the ground-first approach to entailment has given us new fruits, by showing
how to derive four notions of relevant entailment from our extended theory of logical
ground.
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6 Conclusion

In this paper, we have provided a new characterization of relevant entailment in terms
of logical ground. The starting point was the idea that in relevant entailments, all the
premises and conclusions contribute to the entailment. The idea of contribution can
be specified in four different ways, and we gave a ground-theoretic explication of
these four notions of contribution, and consequently, of the four notions of relevant
entailment.

In addition to providing a detailed positive analysis of the intuitive notion of contri-
bution, our ground-theoretic approach has a strong unifying power. On the one hand, it
brings together the notions of grounding and relevance. It is often remarked in general
that grounds need to be relevant to what they ground, and here we show in addition
how a general approach to relevance can be derived from the notion of grounding. We
take that to be good news for the theory of grounding, which gains new applications,
and for the theory of relevance, which gains new foundations. On the other hand, it
provides a new representation and a new foundation for various logics of relevant
entailment, approached independently by previous authors (Smiley, 1959; Tennant,
1984; Verdée et al., 2019; Brauer, 2020), with different motivations and different tools.

Some perspectives for future work naturally emerge. The ground-theoretic account
developed here only covers classical propositional logic. As such, it fills its role of
a proof of concept, but it would be desirable to cover quantifiers as well as other
propositional connectives. Another, orthogonal, line of research would be to use this
ground-theoretic approach to study the relevant entailments according to non-classical
logics, such as intuitionnistic logic and many-valued logics, in particular paracomplete
and paraconsistent logics. The project of isolating the relevantly valid sequents among
the merely valid ones makes no less sense than in the case of classical logic. Finally,
it would be interesting to apply our ground-theoretic analysis to relevant logics them-
selves, e.g., R. If our approach really captures the core of relevance, and those logics
are genuinely relevant, one expects the outcome of the ground-theoretic analysis to
sanction every provable sequent as relevant. Such results would both further validate
our ground-theoretic approach and provide a new philosophical explanation of what
makes relevant logics relevant.

Appendix
We provide in this appendix the proofs for all the Propositions and Theorems

announced in the main text. When necessary, we include Definitions and prove Lem-
mas not mentioned in the text.
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A Preliminaries
A.1 Multisets

Multisets are collections of objects in which repetitions matter, even though order does
not.

Definition 15 (Multiset) A multiset over a set X is a pair (X, 1), where A : X — N
assigns a number of copies to each member of X.

We shall use double braces to describe multisets extensionally. The string
“Ya, a, b}’ describes the multiset X = (X, Ax) such that Ax(a) = 2, Ax(b) = 1,
and A(x) = 0 for all member x of X distinct both from a and b.

We shall use a number of relations and operations on multisets.

Definition 16 (Multiset membership, inclusion, addition, difference)

When X = (X, Ax)and Y = (Y, Ay):

e x € Xif Ax(x) > 1 (membership)

e XCYifX CYandforall x € X, Ax(x) < Ay(x) (inclusion)

e X+Y=(XUY, Axty),whereforallx € XUY, Ax;y(x) = Ax(x) + Ay(x)
(addition)

e X—Y=(XUY,Ax_y),whereforallx €e XUY, Ax_y(x) = Ax(x) — Ay(x)
if Ax(x) > Ay(x), otherwise Axy_y (x) = O (difference)

A.2 Syntax

Definition 17 (L-formula) Given a set of propositional variables V, the set £ of L-
formulas is defined by the following grammar:

A=V | (A |(AAB)|(AVvB)|(ADB)

Since we shall not work with any other language, £-formulas will simply be called
“formulas” hereafter.

We shall use the usual conventions for removing parentheses when no ambiguity
results. For instance, we shall write “——p D p” instead of “((—(—p)) D p)”.

We shall use upper Greek letters, e.g., I', A, I1, X, ... as meta-variables for mul-
tisets of formulas and upper case Roman letters, e.g., A, B, C, ..., as metavariables
for formulas.

Definition 18 (Sequent) When I' and A are multisets of formulas, the string “T" > A”
is called a sequent.

We shall use commas for multiset-theoretic addition and have formulas stand for

their own singleton multisets. Thus, “T", A, A > A, B A C” stands for “T" + {A, A} >
A+{BACY}".
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Definition 19 (Substitution map) A substitution map on £ is amap ¢ : V +> L that
assigns formulas to propositional variables.

Definition 20 (o-instance) Given a formula A, and an substitution map o, the o-
substitution A° is defined recursively as follows:

1. if A € V, then A° = o (A),
2. if A= —B, then A° = =B,
3. if A= BoC,then A° = B° o C?, forallo € {A, Vv, D}.

We shall also use the following handy abbreviation, when I' = {Ay, ..., A, }:
ro:={A7,..., A%}

Definition 21 (Substitution instance)

e A sequent I > X is a o -substitution instance of ' > A if [1 =T and ¥ = A°.
e A sequent 1> X is a substitution instance of I' > A if it is a o -substitution instance
of I' > A, for some substitution map o.

B Classical relevance

We shall not rehearse here the standard definition of classical validity for classical
propositional logic.®

B.1 Classical logic

We shall take the MSET-MSET sequent calculus LK (see Table 4) as our official proof-
theoretic presentation of Classical Propositional Logic.

B.2 Perfect validity

Proposition B.1 A sequent I > A is perfectly valid iff it is valid and all its premises
and conclusions make a difference to the validity of " > A.

Proof (left-to-right) Immediate. (right-to-left) Let IT> X be any proper subsequent of
I'>- A and let A be some sequent element in I + A but not in [T+ X. We only deal with
the case where A is a premise, the case where A is a conclusion being symmetrical. By
assumption, I' — {A} > A is invalid. By the monotonicity of classical validity, IT> X
is also invalid. We conclude that every proper subsequent of I" > A is invalid and thus
that I" > A is perfectly valid. O

28 See, e.g., Negri et al. (2001, p. 58).
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Table4 The system LK

Axiom:
It
A> A (14)
Operational Rules:
I'>AA (=) T A> A (=)
T,-A>A T>-A,A
A A I'B>A > A; A
’ ’ [ h— S VB .
[LAVB>A (v>) > AV As, A (-Vie1,2)
T A, >~ A A T'>AA T'>B,A A
T A Adg> A Nie(1.2)”) C>AAB,A o)
I'>AA II,B>X% >>) T'A> B, A > o)
IIID>B>AY I'>ADB,A
Structural rules:
r>A T'>A
ra-a W) a4 W
IAJA> A T'>AAA
ri>a (&) >aa 9
T'>AA A%
T,10>A, % (Cut)

B.3 Perfectible validity

We shall make use of the system LK" as our official proof-theoretic presentation of
the notion of perfectible validity in MSET-MSET format (see Table 5). This system is
taken from Verdée et al. (2019) where it is named NTR.2°

Theorem B.1 T" > A is LK"-derivable iff it is perfectibly valid.
Proof See Theorems 1 and 2 of Verdée et al. (2019).

There is a close connection between LK" and LK. It can be shown that one recovers
the full power of LK simply by adding the structural rules of Weakening (W>-) and
(>W) to LK". Let us call LK* the resulting sequent calculus.

Proposition B.2 T" > A is LK*-derivable iff it is LK-derivable.

Proof (left-to-right) It is enough to show that (V>*), (>-A*), (>> D7) and (> DY) are
derivable in LK. In all cases, the derivability is easily obtained by appropriately weaken-
ing the input sequents in order to apply the corresponding unstarred rule. We illustrate
the procedure with (V>*), leaving the three remaining cases to the reader:

29 See Tennant (1984) for an earlier SET-SET sequent calculus that is proved adequate for perfectible
validity.
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Table 5 The system LK"

Axiom:
A> A (14)
Operational Rules:
T'>AA T A> A
T—a>na ) > -ana )
T A>A II,B>X% Vs k '>A;, A -V, )
TILAVE> Ay V) > A vAy,A o Ein2
T'A; > A I'>AA II>B,%
i (Mieqr2y) A
DA AAg> A o et T A BAy M)
I'>AA II,B>X% T A>A N
MILASB-Ay ) r~aoBa 20
rf;f?A (-23)
Structural rules: '
A A> A > A, A A
ri>a (&) > aa 09
IA>A (W) I1,B> % (W)
LI, A> A W) IIT, B> A W)
LI, A> A, X INIT,B> A, X
(v>)

II,LAVB>A, XY

(right-to-left) In light of the well-known eliminability of (Cut) in LK (Gentzen, 1969),
it is enough to show that (V>), (>A), and (> D) are derivable in LK*. In the first two
cases, the rule is easily derived by applying the corresponding starred rule, followed by
appropriate contraction steps, as illustrated by the (\V>-) case, leaving the symmetrical
derivation of (>A) to the reader:

IA> A I' B> A

T T.AVB>A.A (C(:)*)
LAVE-AA |0

I'AvVvB>A

The derivability of (> D) is only slightly more complex:

I'A>B, A
I'-ADB,B,A
I'-ADB,ADB,A

I'-ADB,A

- 27
- 2%
@)

]
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B.4 Relevanceg

Proposition B.3 If T" > A is relevantp and I1 > X is relevantp, then T, T1 > A, ¥ is
relevantpg.

Proof See Proposition 3.2 in (Brauer, 2020, p.446). O

Proposition B.4 The set of relevant g sequents is the smallest set comprising the set of
relevantpy sequents and closed under (Amalgamation), (C>-) and (>-C).

Proof (C) That all relevantpy; sequents are relevantg is immediate from the defini-
tions. The closure of relevance g under (Amalgamation) follows from Proposition B.3.
Contracting a relevantg I > A sequent preserves, for all A € I + A, the existence
of a perfect subsequent [1 = X of I' + A such that A € IT + A. (2) Suppose that
I' > Aisrelevantp. Forall A e ' 4+ A, let T4 > X4 be a perfectly valid subsequent
of I' > A suchthat A € TT4 + X 4. Let ® be the set of all sequents [T4 > X 4 such that
A € '+ A. One then recovers I > A by Amalgamating two by two the members of ©
and contracting the supernumerary copies of formulas. So I" > A is part of the smallest
set comprising the set of relevantp s sequents and closed under (Amalgamation), (C>-)
and (>-C). O

B.5 Relevancegr

Proposition B.5 I' > A is relevantpr iff forall A € T + A, there is a perfectibly valid
subsequent T1 > X of ' > A such that A € T1 4+ X.

Proof (left-to-right) By assumption, I" > A is relevantgr. Then I" > A has a relevantp
abstraction IT » X. Let o be the corresponding substitution map, and let A € I" 4
A. Then A = o(B) for some B € Il + X. By the definition of relevancep, there
is a perfectly valid subsequent IT" > ¥’ of IT > ¥ such that B € TI' + X’. Then
from o (IT") > o (X'), after appropriate Contraction steps, one gets a perfectibly valid
subsequent of I' > A and o (B) = A € I1 4 X. (right-to-left) Foreach A € ' 4+ A, let
I" 4> A 4 be any perfectibly valid subsequent of I'>- A. By the definition of perfectibility,
there is a perfectly valid sequent IT4 > X4 such that I'4 > A4 can be obtained from
5 > E:A , possibly after some Contraction steps, for some substitution map o 4. Let
® ={IT4 > X4 : A e I' + A}. We will use these perfectly valid sequents to construct
arelevantp abstraction of I' > A. To do so, we reletter the members of ® in such a way
that distinct propositional variables are replaced with distinct propositional variables,
and no two members of the resulting set of perfect sequents W share a propositional
variable. By so doing, we have defined for each A € " + A an injective substitution
map 74 from V to V, such that W = {IT} > =" : A € I" + A}. Thus the inverse map
‘L'Xl exists and is also a substitution map, for all A. We define the substitution map o
as follows:

UA((‘[XI)(p)) if p occurs in T} > =
o(p) = . .
if p occurs in no member of W
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GLK=GLK®

N

GLK™®

GLK*

GK

Fig.1 Systems of logical grounding

Let ©4 = HZA and Q4 = ZZA. Now, for all A, ®4 > Q4 is obtained by the uniform
substitution of variables to variables from the perfectly valid IT4 > ¥ 4. Therefore,
®4 > Q4 is also perfectly valid. Let ® » Q be the result of Amalgamating all the
®4 > Q4 such that A € T' + A. By Proposition B.3, ® > 2 is relevantg. By the
construction of o, suitable contractions of @7 > Q give us back I' > A. Thus ® > Q
is a relevantg abstraction of I > A, which makes the latter relevantgy. O

C Ground and entailment

In this section, we prove the results connecting the notions of logical grounding with
the notion of entailment. We adopt a synthetic approach here and prove the strongest
and most general results available. As a result, the results announced in the body of
the paper often come out as corollaries of the stronger results we prove here.

We have in total five systems for reasoning about non-strict mediate full logical
ground, represented by order of strength in Fig. 1:

The system GK, described in Table 2, contains the grounding axioms for the con-
nectives and the principles of Reflexivity (Irr.) and Transitivity (Tran.). The other
systems can be obtained as follows:

GLK'=GK + (Bind) + (C<) + (<C)
GLK=GLK™ + (<W)

GLK™=GLK" + (Amalg)
GLK?*=GLK + (Amalg)

Proposition C.1 & < X is GLK-derivable iff it is GLK®-derivable.

Proof (left-to-right) Immediate. (right-to-left) The Amalgamation rule is derivable in
GLK by (<W). O

Definition 22 X = A* is an absolute subformula of Y = B? if A is a subformula of
B.
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Definition 23 A GLK®-derivation has the absolute-subformula property if each formula
occurring in the derivation is an absolute subformula of some signed formula occurring
as a groundee at the root of the derivation tree.

Proposition C.2 All GLK-derivations have the absolute-subformula property.

Proof An easy induction on the length of GLK™-derivations. a
The following abbreviations will prove handy. If ' = {Aq, ..., A}, then:
o It ={AT,..., AT}
e ' ={A,,.... A}

We define the translation function 7 taking a grounding sequent into an ordinary
sequent as follows:

I. Tt A= <A )" =T,4A> A.
2. T A= <ADHT =T > A, A
3. MM A- < [[II-, =D =I,11» A, X.

Lemma C.1 If ¥ < X is derivable in GLK, then (W < X)® is valid.

Proof By induction on the length of a GLK-derivation of W < X. (Ent)-instances trans-
late into (Id) instances. It is easily seen that translations of impure grounding axioms
are derivable by applying the corresponding operational rule of LK* to appropriate
instances of the (Id) axiom. We only give the derivation for the conjunction axioms
as an illustration and leave the remaining cases to the reader. For axiom (< /\i_), 1.e.,
A < Ay A A5, withi e {1, 2}, the corresponding LK*-derivation is:

For axiom (< AT),i.e. AT, BT < A A BT, the corresponding LK*-derivation is:

A> A (1)
A, B>AAB

The next step is to show that the property is preserved by all rules of GLK. It is
obviously the case for the (<W), (C<), (<C) rules, in virtue of the corresponding
structural rules of LK*. The property is similarly preserved by (Tran<) in virtue of the
admissibility of the (Cut) rule in LK*. (Bind) preserves the property also in virtue of
the admissibility of (Cut) in LK*. Finally, (Amalg) preserves the property in virtue of
the structural rules of Weakening in LK*. O

The proof also establishes the following:
Corollary C.1 If ® < X is derivable in GLK', then (® < X)? is derivable in LK".

Lemma C.2 IfT > A is derivable in LK*, then < [[I'~, A™1] is derivable in GLK.
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Proof By induction on the length of a derivation D of " > A in LK*. The property
holds if D reduces to an instance of the (Id) axiom:
—— X  (Ent) —— (Ent
AT <[[AT]] (Eno A” <[lA7]] ( . :
(Bind)
< [[A7, A*]]

To show that each rule of LK* preserves the property, it suffices to show how to sim-
ulate within GLK each rule of LK*. This is trivial for the structural rules of Weakening
and Contraction. To simulate the operational rules, we need to insert the corresponding
grounding axiom and an application of (Tran.) when the e-term corresponding to the
active formula is first introduced by the (Ent) axiom or an application of (<W). We
give a detailed treatment of the introduction of conjunction to the left (A>-), and leave
the rest as exercises to the reader. Suppose we have a derivation Dy of < [[W, A ]],
from which we want to obtain a derivation D of < [[W, A A A5 ]]. There are two
possibilities:

1. Dy is of the form:

—— (Ent)
A7 < [1A7]]
"D,
<[[W, A7)
then D is:
——— (< A7) - —— (Ent)
A7 < Ap AAS ArNAy <[[A1 N A

(Tran.)

A7 <[[A1 A AL
:D;
< [[¥, A'l N AS]]

where D] is obtained by substituting A; A A5 to all descendents of the occurrence
of A" in the instance of (Ent) in Dy above.
2. Dy is of the form:

@) < [[Wo]]
A7 <[, A7 T]

(<W)

"D

< [IW. A7]]
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then D is:

@) < [[Wo]]
AT < [[Wo, A A AS]]

(<W)

: D]
< [[¥, A'l ANAS]]

where D] is obtained by substituting A; A A5 to all descendents of the occurrence
of Al.Jr in the output of (<W) in Dy above.

The proof also establishes the following:
Corollary C.2 IfT > A is derivable in LK', then < [[T'~, A*]] is derivable in GLK".
Theorem C.1 < [[["™, A™]] is derivable in GLK iff T > A is valid.

Proof By Lemmas C.1 and C.2, Proposition B.2, and the adequacy of LK for classical
validity.

Theorem C.2 < [[[—, A™]] is derivable in GLK" iff ' > A is perfectibly valid.

Proof By Corollaries C.1 and C.2, and Theorem B.1.

D Analytic derivations

In this section, we prove the results concerning analytic derivations.

We shall approach the problem of finding an analytic derivation for every GLK®-
derivable grounding sequent in a constructive way, by providing an effective method
for transforming any given GLK®-derivation into an analytic GLK*-derivation of the
same grounding sequent. The main steps of the transformation are broken down into
the following Lemmas.

LemmaD.1 If ® < X is derivable in GLK?, it has a derivation where no application
of (<W) is followed by the application of any other rule.

Proof We consider any derivation D of ® < X where (<W) is applied exactly once
in last position. We consider all possible rule applications for the continuation of D
and show how to construct a derivation D' of the same sequent where no application
of (<W) is followed by the application of any other rule.

e D cannot continue with (Tran<).
e D continues with (Bind). Then D is of the form:
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- Dy :

: Dy
X, P < [[V1]] :
X, ®1 < [[¥y, Y]]

W) % @, < [19a])

Bind
By, B < [[¥1, U, V] (Bind)
and DT is:
- D 1D
X, ) < [[W]] X, &, < IRZ) .
Bind
Dy, Dy < [[Vy, V2] (<W)( )
O, @y < [[W1, W2, Y11
e D continues with (<W). Then DT = D.
e D continues with (C<). Then D is of the form:
"D,
X, X, 1 < [Wi]]
XX 01 < (LT (o)
X, &1 < [[¥q, Y]
and D is:
"D,
X, X, &1 < [¥i]]
(C<)
X, o1 < [[W1]] (=W)

X, @ < [[¥y, Y]]
e D continues with (<C). There are two possibilities:

1. if D is of the form:

"D,

@) < [, X]]
(<W)
@1 <% X XT Z

@ < [[W1, X]]

then DT is:

"D,

@) < [V, X]]
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2. if D is of the form:

"D,

@) < [[¥y, X, X]]
@1 <[V, XXV ()
@) < [[¥1, X, Y]]
then DT is:
)
@) < [[¥y, X, X]]
<[V X
&1, @, < [[U1, X, Y]]
e D continues with (Amalg). Then D is of the form:
EDI :
o1 < 10 1] P
1 < 1 .
= X1 T @ <Ml
D1, Oy < [[Yy, Y2, X]]
and DT is:
EDI Dz
O <[[Wi]] @) < [[¥]]
Amal
o1 < [0 Bl "

D, Dy < [[Wy, V2, X]]

By successively replacing, within a derivation, each initial segment Dy containing
exactly one application of (< W) in penultimate position, by D], one eventually obtains
a derivation of the same sequent where no application of (<W) is followed by an
application of any other rule. O

LemmaD.2 If ® < X is derivable in GLK™, it has a derivation where no application
of (Tran-) or (Bind ) follows an application of (Amalg).

Proof We consider any GLK™-derivation D where (Amalg) is applied exactly once in
last position. We consider all possible rule applications for the continuation Dy of D
and show how to construct of derivation of the same sequent where no application of
(Tran.) or (Bind) follows an application of (Amalg).

e D cannot continue with (Tran_).
e D continues with (Bind). Dy is of the form:
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) - D, :

: : :Ds
D1, X < [[¥1]] Dy < [[V2]] :
Dy, Dy, X < [[¥q, Y2l

Amalg) g X <]

Bind
Dy, Do, B3 < [V, Vo, B3] Bind
and DS is:
) D3 .
: - "Dy
O, X < [[W]] @3, X < [[¥s]] (Bind) :
Dy, d3 < [[Wy, W3]] P2 < [[V2]] (Amalg)

Dy, Oy, D3 < [[Vy, W2, W3]]
e D continues with (C<), (<C) or (Amalg). Then Dl = Dy.

By successively replacing, within a derivation D of ® < X, each initial segment Dy
containing exactly one application of (Amalg) in penultimate position, by Dg , one
eventually obtains a derivation of ® < X where no application of (Tran<) or (Bind)
follows an application of (Amalg). O

Theorem D.1 If ® < X is derivable in GLKY, it has an analytic GLK-derivation.

Proof Let Dy be any GLK?*-derivation of ® < X. By Lemma D.1, ® < X has a
derivation D; where no application of (<W) is followed by an application of any
other rule. In other words, D has a largest (<W)-free initial segment D, which is a
GLK"™-derivation of the sequent ®; < X;. By Lemma D.2, ®; < X has a derivation
‘D3 where no application of (Tran . ) or (Bind) follows an application of (Amalg). So D3
has a largest (Amalg)-free initial segment Dy that is a GLK"-derivation of the sequent
®, < X3. Now, let D5 be the result of replacing, within Dy, the initial segment D,
with D3. Then Ds is an analytic GLK®-derivation of ® < X. O

CorollaryD.1 e If® < [[V]] is derivable in GLK, it has an analytic GLK-derivation.
o If ® < [[V]] is derivable in GLK', it has an analytic GLK"-derivation.
o If ® < [[V]] is derivable in GLK™, it has an analytic GLK™-derivation.

Proposition D.1 If < [[W]] has an analytic GLK™-derivation D, all members of W are
contributors in D.

Proof By definition, all analytic GLK™-derivations of < [[W]] have an empty Weak-
ening Phase. Therefore, all members of W are contributors there. O

LemmaD.3 If X| and X, are two contributors in an analytic GLK"-derivation, they
are co-contributors.

Proof By induction on the length of the Binding Phase of an analytic GLK"-derivation
D. By assumption, there are at least two contributors, so in the base case the Binding
Phase is of the form:

@ Springer



2354 P. Saint-Germier et al.

D1, Y < [[X41]] 2, Y < [[X2]]
Dy, Py < [[X1, X2]]

(Bind)

Then X, and X, are immediate co-contributors and a fortiori co-contributors. The
induction step is trivial in cases where the Binding Phase ends with (<C) or with
(C<). Suppose D ends with an application of (Bind). It has the form:

- D EDZ

@, Y < [[¥]] q’2,7<' [[W2]]
Dy, Dy < [[Vy, V2]

(Bind)

If X1, Xp € ¥; withi € {1, 2}, they are co-contributors by the induction hypothesis.
If X1 € ¥ and X, € W,, then we focus on the closest ancestor of Y that occurs in the
Grounding Phase of Dj. By construction, this ancestor occurs in a grounding sequent
with an s-term on the right containing exactly one signed formula, call it X3. Let X4
be the unique signed formula in the s-term of the grounding sequent of the Grounding
Phase of D, where Y has its closest ancestor. By construction, X3 and X4 are immediate
co-contributors, and hence co-contributors. By the induction hypothesis, X and X3
are co-contributors, and X, and X4 are co-contributors. By transitivity, X| and X, are
co-contributors. O

Theorem D.2 For all analytic GLK-derivation D of < [[®]], all the contributors in D
are joint contributors.

Proof Let X; and X, be any two contributors in an analytic GLK-derivation D. They
are a fortiori two contributors in the GLK'-derivation D’ obtained by removing the
Weakening Phase of D. By Lemma D.3, they are co-contributors. Since the Weakening
Phase of D adds no further contributors, we conclude that the contributors of D are
joint contributors. O

Corollary D.2 For all analytic GLK"-derivation D of < [[®]], all members of ® are
Jjoint contributors in D.

LemmaD.4 If < [[®]] has an analytic GLK?-derivation where the members of ® are
Jjoint contributors, < [[®]] has a GLK"-derivation.

Proof Let D be an analytic GLK?*-derivation of < [[®]] where the members of ® are
joint contributors. Then its Weakening Phase is empty (otherwise, some member of
® would not be a contributor). If its Amalgamation Phase is empty, D is a GLK"-
derivation. If its Amalgamation Phase is not empty, let < [[W{]] and < [[WV2]] be
any two inputs to the Amalgamation Phase inherited from the Binding Phase, and let
X1 € ¥ and X, € W,. By construction X1 and X are not co-contributors. The only
way for the members of @ to be joint contributors is for a descendent of X or of X,
to be contracted out by (<C). It follows that all the inputs to the Amalgamation Phase
share the same signed formulas. Then < [[®]] is derivable from some such input by
(<C) alone, and thus has a GLK"-derivation. O
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TheoremD.3 T" > A is relevanty iff for some analytic GLK®-derivation D of
< [[T'~, A*]), all sequent elements are joint contributors in D.

Proof (left-to-right) By Theorem C.2, Corollaries D.1, and D.2. (right-to-left) Let D
be an analytic GLK®-derivation of < [[I"~, A™]] where all sequent elements are joint
contributors. By Lemma D.4 and Theorem C.2, I" > A is relevanty. |

Theorem D.4 T'>-A is relevantpy iff for all analytic GLK?-derivations of < [[T'~, A™T]],
all sequent elements are joint contributors.

Proof (left-to-right) Suppose that " > A is relevantpys and let D be an analytic GLK?-
derivation D of < [[I"™, A™]]. Its Weakening Phase is empty, otherwise, some proper
subsequent of I > A would be valid, by Proposition C.1 and Theorem C.1. If its
Amalgamation Phase is empty, D is an analytic GLK"-derivation. By Corollary D.2,
all sequent elements are joint contributors in D. If its Amalgamation Phase is non-
empty, let < [[TI~, ©T]] be some input to the Amalgamation Phase inherited from
the Binding Phase. Because I" > A is relevantpys, IT > X cannot be a subsequent
of I' > X. Since < [[IT™, £1]] is an input to the Amalgamation Phase, for all X, if
X eIl +Xt,then X € '™ + A™T. It follows that < [[["~, AT]] is obtainable from
< [[I1~, =7]] by applications of (<C) only and thus has an analytic GLK"-derivation,
which is a fortiori an analytic GLK*-derivation where all sequent elements are joint
contributors, by Corollary D.2. (right-to-left) By contraposition. Suppose that I" > A
has a valid proper subsequent IT> . By Theorems C.1 and D.1, < [[IT™, £]] has an
analytic GLK-derivation. It is easy to continue that derivation by enough applications
of (<W) as necessary to reach < [[I'", A~]]. That derivation is an analytic GLK®-
derivation relative to which some sequent elements are not contributors. A fortiori, it
is not the case that all sequent elements are joint contributors. O

Theorem D.5 T > A is relevantg iff for all analytic GLK®-derivation of < [[T'~, A™1]]
all sequent elements are contributors.

Proof (left-to-right) Suppose that I > A is relevantz. By Definition of relevance g, for
all A € T + A, there is a perfectly valid subsequent IT4 > ¥4 of I" > A. By Theorem
D.4,forall A € ' + A, and all analytic GLK®-derivation of < [T, E:{]], all sequent
elements are joint contributors. By Lemma D.4 and Corollary D.1, [[IT}, EX]] has an
analytic GLK"-derivations, forall A € I'+ A. Then by means of (Amalg) and (<C), one
obtains an analytic GLK™-derivation of < [[I"~, AT]] where all sequent elements are
contributors, by Proposition D.1. (right-to-left) We prove the contrapositive. Suppose
that for some A € I + A all subsequent IT> X such that A € T1 4 X is either invalid
or imperfectly valid. If at least one such subsequent IT > X is imperfectly valid, it has
a valid proper subsequent. By Theorem D.1, one has an analytic GLK®-derivation of
< [[TT~, =*]] which, by appropriate Weakening steps, is easily extended to a GLK?-
derivation of [[['~, AT]] where the sequent elements introduced by Weakening are
not contributors. If all subsequents IT> X of I' > A such that A € I1 + X are invalid,
then ' > A is invalid, and by Theorem C.I, not derivable in GLK, nor in GLK?, by
Proposition C.1. A fortiori, it has no analytic GLK*-derivation of < [[["", A™]] where
all sequent elements are contributors. O
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TheoremD.6 T" > A is relevantgr iff for some analytic GLK®-derivation of <
[[T~, AT]] all sequent elements are contributors.

Proof (left-to-right) Suppose that I" > A is relevantgr. By Proposition B.5, for all
A € T" + A, there is a perfectibly valid subsequent IT4 > ¥4 of I > A. By Theorem
C.2 and Corollary D.1, < [[IT,, EX]] has an analytic GLK"-derivation for all such
A. By means of (Amalg) and (<C) one constructs a analytic GLK™-derivation of
< [[T~, A1]], where all sequent elements are contributors, by Proposition D. 1. (right-
to-left) Suppose we have an analytic GLK?-derivation D of < [[['~, A*]] where all
sequent elements are contributors. Then D can be decomposed into a number of GLK"-
derivations < [[I'}, Afr]], cn < Ty, A,J{]] which branch together by a series of
applications of (Amalg), (C<) and (<C). By Theorem C.2, "1 > Ay, ..., [, - A, are
perfectibly valid subsequents of I" > A. Then, for all A € T" + A, there is a perfectibly
valid subsequent IT > ¥ of I' > A such that A € IT + X. By Proposition B.5, T" » A
is relevantgy. O

CorollaryD.3 T" > A is relevantg iff < [[T'~, AT]] is derivable in GLK™.

E Inferentialism

Our integrated account of logical ground and entailment has shown a bias toward
semantic Bolzano-Tarski-style accounts of entailment. It would be interesting if our
account could also be given an inferentialist interpretation.

Now, bilateralism is so central to our approach, that it will need to be preserved in any
inferentialist interpretation. Fortunately, there is a brand of inferentialist bilateralism
that takes acceptance and rejection as primitive attitudes in terms of which the meaning
of connectives and the notion of entailment can be defined (Restall, 2005; Ripley,
2017). This is the route we will follow here.

As a matter of fact, Litland (2023) has proposed a bilateralist inferentialist account
of logical grounding, formally very similar to ours, where a notion of rejection is
introduced. According to Litland’s inferentialism about ground, grounding claims
express explanatory arguments. In the bilateral version of this inferentialism, one
considers in addition antigrounding claims, which express explanatory rejections.
While an explanatory argument is an answer to the question: “why p 7, an explanatory
rejection is an answer to the question: “why not p ?” In other words, Litland’s bilateral
move consists in introducing an attitude of rejection (rather than falsity as a semantical
primitive notion), on par with acceptance when it comes to the outputs of explanatory
reasoning.

It is natural for us to propose a similar understanding of the system GK, except that
we do not limit the attitude of rejection to the output of explanatory reasoning, but
also allow for premises to be rejected, as well as accepted.’

30 We use “explanatory reasoning” here as an umbrella term covering both Litland’s explanatory argu-
ments and explanatory rejections. From our standpoint, Litland’s explanatory arguments are explanatory
reasonings from acceptances to acceptances, and explanatory rejections are explanatory reasonings from
acceptances to rejections.
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In general terms, a grounding sequent of the form
Al ... Af B, ... B, <CT

says that the acceptance of Ay, ..., A, and the rejection of By, ..., B, together
ground the acceptance of C. Symmetrically, a grounding sequent of the form

Af,... A B;,...,B, <C~
says that the acceptance of Ay, ..., A, and the rejection of By, ..., B, together
ground the rejection of C. The calculus GK is easily seen to be sound for such an

interpretation.
When it comes to entailment, an influential proposal of Restall (2005) defines
multiple-conclusion entailments in terms of acceptance and rejection as follows:

Definition 24 T" > A is valid if it is incoherent to accept all the premises and reject all
the conclusions.

Now, our calculi GLK and GLK" do not straightforwardly fit this interpretation,
but a simple modification enables them to accommodate it. Instead of representing
sequents by terms of the form [[A, ..., 4, , B, ..., B,;g]] where the comma is read
disjunctively, we could represent them by terms of the form:

28) ~ (A+, el A,j, | »---»B,) where the plus and the minus still denote
acceptance and rejection, respectively, the symbol “~” stands for the modality
of incoherence, and the commas are now interpreted conjunctively.

In the general case, grounding sequents of the form:

29 Af,....,Af B[ .....B, <~ (C],....C" B[ ,....B})

mean that the acceptance of Ay, ..., A, and the rejection of By, ..., B, together
ground the incoherence of simultaneously accepting Ci, ..., C; and rejecting
Dy, ..., Dg.

It is not difficult to adapt GLK to this new syntax, as the definition of GLK’ shows
(see Table 6). It is not difficult either to check that the results about GLK carry over
to GLK* — one only needs to add a modality in front of sequent terms and invert the
signs within them. So our ground-theoretic analysis of relevant entailment can also be
adopted from such a bilateralist inferentialist point of view.!

31 Funding for this research was provided by an FNRS Belgium WIP grant with identifier PGY F.4540.20.
All authors contributed equally to the ideas expressed in the paper. The order of the authors reflects
their involvement in the writing process. We thank Jodo Daniel Dantas who greatly contributed to many
brainstorming sessions about these ideas. We are also indebted to the audiences of many workshops and
conferences in Hamburg, Louvain-la-Neuve, Berlin, Campinas, Leuven, Pamplona, Salamanca, Bochum,
and Paris, where we presented preliminary versions of the results in this paper. Our final words are for the
two anonymous reviewers who had the patience to carefully examine previous versions of this paper and
provided many insightful comments that lead to enormous improvements
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Table 6 The system GLK’

Pure logic:
[ X X, d Y
X=X sy L= 25" (Tran<)
1 D, by <Y
—— (Ent Oy, AT <~ (W) Gy, AT <~ (W)
X <~ (X) ( ) — (Bind’)
D1, Py <~ (¥, ¥2)
O <~ (¥ O, X, X < (¥ O <~ (X, X,V R
o<~ (<W?) P XX<(W) (Cc<) <X XY (<C)
D <~ (X, V) D, X <~ (V) O <~ (X, V)

Impure logic:

Each axiom of GK is an axiom of GLK’ of the same name.
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