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Given a total sequence in a Hilbert space, we speak of an upper (resp. lower) semi-frame if
the sequence satisfies only the upper (resp. lower) frame bound. Equivalently, for an upper
semi-frame, the frame operator is bounded, but has an unbounded inverse, whereas a lower
semi-frame has an unbounded frame operator, with bounded inverse. Both concepts are ex-
tended to the continuous case. For upper semi-frames, in the discrete and the continuous case,
we build two natural Hilbert scales which may yield a novel characterization of certain func-
tion spaces of interest in signal processing or mathematical physics. We present some results
concerning the duality between lower and upper semi-frames, as well as two examples involving
wavelets/coherent states.

1 Introduction

Given a separable Hilbert space H, it is often convenient to expand an arbitrary element f ∈ H in a
sequence of simple, basic elements (atoms) Ψ = (ψk), k ∈ Γ, f =

∑
k∈Γ ckψk, where the sum converges in

an adequate fashion (e.g. strongly and unconditionally) and the coefficients ck are (preferably) unique and
easy to compute. There are several possibilities for obtaining that result. In order of increasing generality,
we can require that Ψ be:

(i) an orthonormal basis;
(ii) a Riesz basis, necessarily of the form ψk = V ek, where V is a bounded bijective operator and (ek) is

an orthonormal basis;
(iii) a frame, i.e., there exist constants m > 0, M <∞ such that

m ‖f‖2 ≤
∑
k∈Γ

|〈ψk|f〉|2 ≤ M ‖f‖2
,∀ f ∈ H. (1.1)

Uniqueness is achieved in the first two cases, but lost in the third one. However, even a frame may
be too restrictive, in the sense that it may impossible to satisfy the two frame bounds simultaneously.
Accordingly, we define Ψ to be an upper (resp. lower) semi-frame if it is a total set and satisfies the upper
(resp. lower) frame inequality. Then the question is to find whether the signal can still be reconstructed
from its expansion coefficients. Furthermore, we generalize the concept to the continuous case. A detailed
discussion may be found in two recent articles [4, 5], that we follow closely.

We start with the so-called continuous generalized frames, introduced some time ago [1, 2], and
studied further by a number of authors (see [4] for references).

Let H be a Hilbert space and X a locally compact space with measure ν. Then a generalized frame
for H is a family of vectors Ψ := {ψx, x ∈ X}, ψx ∈ H, indexed by points of X, such that the map
x 7→ 〈f |ψx〉 is measurable, ∀ f ∈ H, and∫

X

〈f |ψx〉〈ψx|f ′〉 dν(x) = 〈f |Sf ′〉, ∀ f, f ′ ∈ H,

where S is a bounded, positive, self-adjoint, invertible operator on H, called the frame operator.



The operator S is invertible, but its inverse S−1, while self-adjoint and positive, need not be bounded.
We say that Ψ is a (continuous) frame if S−1 is bounded or, equivalently, if there exist constants m > 0
and M <∞ (the frame bounds) such that

m ‖f‖2 6 〈f |Sf〉 =
∫

X

|〈ψx|f〉|2 dν(x) 6 M ‖f‖2
,∀ f ∈ H. (1.2)

First, Ψ is a total set in H. Next define the analysis operator. CΨ : H → L2(X, dν) by (CΨf)(x) =
〈ψx|f〉, f ∈ H, and denote its range by RC := Ran(CΨ). Its adjoint, called the synthesis operator, reads
(the integral being understood in the weak sense)

C∗ΨF =
∫

X

F (x)ψx dν(x), for F ∈ L2(X, dν). (1.3)

Then C∗ΨCΨ = S and ‖CΨf‖2
L2(X) = ‖S1/2f‖2

H = 〈f |Sf〉. Furthermore, CΨ is injective, since S > 0, so
that C−1

Ψ : RC → H is well-defined.
If X is a discrete set and ν a counting measure, we go back to the familiar (discrete) frame (1.1).

The Hilbert space L2(X, dν) becomes `2 and the analysis operator C : H → `2, the synthesis operator
D : `2 → H, and the frame operator S : H → H take their usual form:

Cf = {〈ψk|f〉, k ∈ Γ};

Dc =
∑
k∈Γ

ckψk, where c = (ck);

Sf =
∑
k∈Γ

〈ψk|f〉ψk, so that 〈f |Sf〉 =
∑
k∈Γ

|〈ψk|f〉|2 .

In the case of a Bessel sequence (i.e., when the upper frame inequality is satisfied), a fortiori for a frame,
all three operators are bounded and one has D = C∗, C = D∗ and S = C∗C.

For a discrete frame Ψ, we have two reconstruction formulas, both unconditionally norm convergent,

f = S−1Sf =
∑
k∈Γ

〈ψk|f〉S−1ψk, for every f ∈ H ,

f = SS−1f =
∑
k∈Γ

〈S−1ψk|f〉ψk, for every f ∈ H .

The sequence (S−1ψk) is also a frame, called the canonical dual frame.
Next, define on RC := RanC a new inner product

〈c|d〉Ψ = 〈c|CS−1C−1d〉`2 = 〈c|G−1d〉`2 , c, d ∈ RC , (1.4)

where we have defined the operator G−1 := CS−1C−1. It turns out that RC complete in 〈·|·〉Ψ. Thus
(RC , 〈·|·〉Ψ) =: HΨ is a Hilbert space.

2 Discrete upper semi-frames

Let now Ψ = (ψk, k ∈ Γ) be an upper semi-frame, equivalently, a total (Bessel) sequence satisfying the
upper frame bound, that is, there is a constant M <∞ such that

0 <
∑
k∈Γ

|〈ψk|f〉|2 6 M ‖f‖2
,∀ f ∈ H, f 6= 0.

We say that Ψ = (ψk) is regular if every ψk belongs to Dom(S−1) = Ran(S) =: RS .

Lemma 2.1 Let Ψ be an upper semi-frame. Then one has:

(1) The analysis operator C is injective and bounded, the synthesis operator D is bounded with dense
range. The frame operator S is bounded, self-adjoint, positive, with dense range. Its inverse S−1 is
densely defined and self-adjoint.
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(2) C(RS) ⊆ RC ⊆ RC , with dense inclusions, where RC is the closure of RC in `2.

In this case, we have reconstruction formulas as before, but with restrictions:

f = SS−1f =
∑
k∈Γ

〈ψk|S−1f〉ψk, ∀ f ∈ RS ;

f = SS−1f =
∑
k∈Γ

〈S−1ψk|f〉ψk, ∀f ∈ RS , if Ψ is regular.

Next, we define the following operators, acting in the Hilbert space RC :

GS = C S C−1 : RC → C(RS), which is bounded, positive and symmetric,

G−1
S = C S−1C−1 : C(RS) → RC , which is positive and essentially self-adjoint [1].

Let G = GS be the closure of GS and let G−1 be the self-adjoint extension of G−1
S , with domain

Dom(G−1) = C(RD). Then G and G−1 are self-adjoint and positive, and inverse of each other, i.e.,

G−1G = I|RC
, GG−1 = I|C(RD).

As in (1.4), we define on C(RS) the new inner product 〈c|d〉Ψ = 〈c|G−1d〉`2 . Taking the completion of
C(RS) in the corresponding norm, we obtain a new Hilbert space, that we call again HΨ Then one shows
the following

Theorem 2.2 One has :

(1) HΨ coincides with RC (as sets) and C is a unitary map (isomorphism) between H and HΨ.

(2) The norm ‖.‖Ψ is equivalent to the graph norm of G−1/2 and, therefore, Dom(G−1/2) = HΨ.

(3) C∗(Ψ) =
(
S−1D

)
|HΨ , where C∗(Ψ) : HΨ → H is the adjoint of C : H → HΨ. Moreover, for every

f ∈ H, one has
f = C∗(Ψ)Cf =

(
S−1D

)
Cf.

Putting everything together, we obtain the following commutative diagram:

H HΨ = RC ⊆ RC ⊆ `2-

C−1
�

C

?

6

?

6

H ⊇ Dom(S−1) = RS

���
����

���
����

S−1S GS G−1
S

C(RS) ⊆ `2-

C−1

D

�
C

(2.1)

Corollary 2.3 G1/2 : RC → HΨ is an isomorphism and so is its inverse G−1/2 : HΨ → RC .

In order to get a nice reproducing kernel, assume Ψ to be regular :

Theorem 2.4 Let (ψk) be a regular upper semi-frame. Then HΨ is a reproducing kernel Hilbert space,
with kernel given by the (matrix) operator S−1D, namely, the matrix G, where

Gk,l = 〈ψk|S−1ψl〉 = 〈ψk|C−1G−1Cψl〉.

In that case, we get a reconstruction formulas, with unconditional convergence, but restricted to RS ,
namely, for Ψ regular and for all f ∈ RS :

f =
∑
k∈Γ

〈S−1ψk|f〉ψk
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If Ψ is not regular, we have to use the language of distributions, i.e., a Gel’fand triplet. This runs as
follows.

When Ψ is regular, one has∑
k,l∈Γ

dk Gk,l d
′
l = 〈C−1d|SC−1d′〉H, ∀ d, d′ ∈ HΨ.

Since C is isometric and S is bounded, this relation defines a bounded sesquilinear form over HΨ :

KΨ(d, d′) = 〈C−1d|SC−1d′〉H = 〈d|CSC−1d′〉Ψ = 〈d|d′〉`2 .

The point is that all this remains true even if Ψ is not regular. Denote by H×Ψ the completion of HΨ in the
norm given by KΨ. In this way one obtains, with continuous and dense range embeddings,

HΨ ⊂ H0 ⊂ H×Ψ , (2.2)

where

• HΨ = RC , which is a Hilbert space for the norm ‖·‖Ψ = 〈·|G−1·〉1/2
`2 ;

• H0 = HΨ = RC is the closure of HΨ in `2;

• H×Ψ is the completion of H0 (or HΨ) in the norm ‖·‖Ψ× := 〈·|G·〉1/2
`2 and the conjugate dual of HΨ.

If Ψ regular, all three spaces HΨ,H0,H
×
Ψ are reproducing kernel Hilbert spaces, with the same (matrix)

kernel G(k, l) = 〈ψk|S−1ψl〉. If S−1 is bounded (i.e., Ψ is a frame), the three Hilbert spaces coincide as
sets, with equivalent norms, since S, S−1 ∈ GL(H). Note, however, that no explicit reconstruction formulas
are obtained!

In the triplet (2.2), the three spaces may be described as follows:

• H0 is a sequence space contained in `2 (possibly `2 itself),

• HΨ is a smaller sequence space, e.g. a space of decreasing sequences,

• H×Ψ is the (Köthe) dual of HΨ, normally not contained in `2, typically a space of increasing sequences.

Now, on the side of H, the ‘small space’ is the form domain of S−1, with norm ‖·‖Ψ
e = 〈·|S−1·〉1/2

H .
Consider now the smaller space RS = Dom(S−1), with norm ‖·‖S = 〈S−1·|S−1·〉1/2

H . Thus we obtain a
new Hilbert space S and a new triplet

S ⊂ H ⊂ S×. (2.3)

In that way, one gets a reconstruction formula in the sense of distributions:

〈f |f ′〉 =
∑
k∈Γ

Cf〈S−1ψk|f ′〉ψk, ∀ f ∈ H, ∀ f ′ ∈ S = RS .

Mapping everything into `2 by C, we obtain the following scale of Hilbert spaces:

HS ⊂ HΨ ⊂ H0 = RC ⊂ H×Ψ ⊂ H×S, (2.4)

where HS := CS = C(RS), with norm ‖·‖S = 〈·|G−3·〉1/2
`2 .

Now we observe that the multiplet (2.4) is the central part of the scale of Hilbert spaces built on
the powers of G−1/2: Hn = D(G−n/2), n ∈ Z, with the graph norm:

HΨ ≡ H1, C(RD) ≡ H2, HS ≡ H3, HS× ≡ H−1, . . .

The same holds on the side of of H : Hn := D(S−n/2), n ∈ Z.
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Iterating, one gets the following diagram, that generalizes (2.1):

· · · S−1/2

−→

H2

q

RS = S
S−1/2

−→

H1

q

RD
S−1/2

−→

H0

q

H
S−1/2

−→

H−1

q

RS−1/2
S−1/2

−→

H−2

q

RS−1 = S×
S−1/2

−→ · · ·

G−1/2

−→· · · C(RS)

q
HS ≡ H3

G−1/2

−→ C(RD)

q
H2

G−1/2

−→ RC

q
HΨ ≡ H1

G−1/2

−→ RC

q
H0

G−1/2

−→ C(S×)

q
H×Ψ ≡ H−1

G−1/2

−→ · · ·
@

@
@

@
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@
@

@
@

@I

@
@

@
@
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�

�
�
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�
�

�
�
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�
�

�
�

�	

�
�

�
�

�	

�
�

�
�

�	

D D DC C C C C

In the upper row, the operator S−1/2 is unitary from each space onto the next one, and the same is true
in the lower row for the operator G−1/2.

In both cases, we get a Hilbert scale, the simplest example of partial inner product space [3]. The
natural question is to identify the end spaces of both scales,

H∞(G−1/2) :=
⋂
n∈Z

Hn, H−∞(G−1/2) :=
⋃
n∈Z

Hn,

and similarly for the scale Hn = D(S−n/2), n ∈ Z.
On the left of the central spaces of the scales, the operators C and D are defined as usual, then on

the right they are defined by duality. However, we can say more. Since dual spaces of sequence spaces
are sequence spaces again, with the duality relation 〈c|d〉 =

∑
k ckdk, inherited from the space ω of all

sequences, we obtain the following result.

Theorem 2.5 Let ψk ∈ Hn0 for n0 > 0. Then, for all n 6 n0, we have:

• C : H−n → H−(n−1) is given by Cf = {〈ψk|f〉Hn,H−n , k ∈ Γ}
• D : H−n → H−(n−1) is given by Dc =

∑
k ckψk, with weak convergence.

• Let m 6 n0 − 2. Then, for all f ∈ H−m, we have the reconstruction formula (in a weak sense):

f =
∑

k

〈Sψk|f〉Hm,H−m
ψk , with ψk ∈ Hm+2.

Let us turn now to lower semi-frames and duality considerations. We say that Φ = {φk, k ∈ Γ} is a
lower semi-frame if there exist a constant m > 0 such that

m ‖f‖2 ≤
∑
k∈Γ

|〈φk|f〉|2 , ∀ f ∈ H.

Clearly, the lower bound implies that Φ is total in H.
To give a simple example, take an orthonormal basis (ek), k ∈ N, in H and define ψk = 1

kek. Then
(ψk) is an upper semi-frame :

0 <
∑

k

|〈ψk|f〉|2 6
∑

k

|〈ek|f〉|2 = ‖f‖2.

There is no lower bound, since for f = ep, one has
∑

k |〈ψk|f〉|2 = p−2. Let now φk = k ek . The sequence
(φk) is dual to (ψk), since ∑

k

〈ψk|f〉φk = f.

In addition, we have ∑
k

|〈ek|f〉|2 = ‖f‖2 6
∑

k

|〈φk|f〉|2,
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and this is unbounded since
∑

k |〈φk|f〉|2 = p2 for f = ep. Hence, (φk) is a lower semi-frame, dual to (ψk)
and living in HΨ.

In this case, the frame operator is S = diag( 1
n2 ), thus S−1 = diag(n2), which is clearly unbounded.

The inner products are, respectively

• For HΨ : 〈c|d〉Ψ =
∑

n n
2 cn dn ,

• For H0 : 〈c|d〉0 =
∑

n cn dn ,

• For H×Ψ : 〈c|d〉×Ψ =
∑

k

1
n2

cn dn .

Hence (φk) is the canonical dual of (ψk) : φk = S−1ψk. Both CΨ = (Cψk) and CΦ = (Cφk) live in HΨ,
since {ψk}n = 1

k δkn and {φk}n = k δkn.

In the Hilbert scale : Hr = D(G−r/2), r ∈ Z, with inner product 〈c|d〉r =
∑

n n
r cn dn, one has

H∞ :=
⋂
r∈Z

Hr = s, the space of fast decreasing sequences,

H−∞ :=
⋃
r∈Z

Hr = s×, the space of slowly increasing sequences,

i.e., the Hermite representation of tempered distributions [9]. It is interesting to note that the sequence
used by Gabor in his original IEE-paper, a Gabor system with a Gaussian window, a = 1 and b = 1, is
exactly such an upper semi-frame.

The example ( 1
kek), (kek) can be generalized to weighted sequences (ψk), (φk), with ψk := mkek,

φk := mk
−1ek, where m ∈ `∞ has a subsequence converging to zero and mk 6= 0, ∀ k. The frame operator

is still diagonal : S = diag(m2
n), so that S−1 = diag(m−2

n ), which is clearly unbounded, and ψk = S−1φk.
The inner products read:

• For HΨ : 〈c|d〉Ψ =
∑

nm
−2
n cn dn ,

• For H0 : 〈c|d〉0 =
∑

n cn dn ,

• For H×Ψ : 〈c|d〉×Ψ =
∑

nm
2
n cn dn .

The question, of course, is whether one can identify the end spaces of the scale. For instance, if (1/mk)
grows polynomially, one gets the same result :

H∞(G−1/2) =
⋂
r∈Z

Hr = s, H−∞(G−1/2) =
⋃
r∈Z

Hr = s× ,

but, in general, the question is open.
The next step is to consider sequences of the form Ψ = (ψk) := (V ek) , where V is a nice, but

nondiagonal operator. The possible situations are the following [6]:

(i) Ψ is a Riesz basis if and only if V : H → H is a bounded bijective operator.

(ii) Ψ is a frame if and only if V : H → H is a bounded surjective operator.

(iii) Ψ is an upper semi-frame if and only if V : H → H is a bounded operator.

(iv) Ψ is a lower semi-frame if and only if V : Dom(V ) → H is a densely defined operator. such that
ek ∈ Dom(V ), ∀ k ∈ Γ, V ∗ is injective with bounded inverse on Ran(V ∗), and V (

∑n
k=1 ckek) →

V (
∑∞

k=1 ckek) as n→∞ for every
∑∞

k=1 ckek ∈ Dom(V ).

If V is block-diagonal, with finite dimensional blocks, one is lead to fusion (semi-)frames, for which we refer
to [5], as well as for other generalizations, such as rank-n frames, weighted (semi-)frames or (semi-)frames
in Banach spaces.

We conclude this section by quoting some results about duality properties. For conciseness, we put
all of them in a single proposition [7].
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Proposition 2.6 (1) If two Bessel sequences (ψk), (φk) are dual to each other, then both of them are
frames.

(2) Given any total family Φ = {φk}, the associated analysis operator C is closed. Then Φ satisfies
the lower frame condition, i.e., it is a lower semi-frame, if and only if C has closed range and is injective.

(3) Let Φ = {φk} be any total family in H. Then Φ is a lower semi-frame if and only if there exists
an upper semi-frame Ψ dual to Φ, in the sense that

f =
∑

k

〈φk|f〉ψk, ∀ f ∈ Dom(C).

3 Continuous upper semi-frames

Let us go back to the general (continuous) case. The main difference will be that, instead of strongly
convergent sequences, we will obtain only weak integrals. Otherwise, the treament is entirely parallel to
the discrete case.

Let first Ψ be a frame, as defined in (1.2). The lower frame bound implies that RC is a closed
subspace of L2(X, dν). The corresponding projection is an integral operator with (reproducing) kernel
K(x, y) = 〈ψx|S−1ψy〉, thus RC is a reproducing kernel Hilbert space. In addition, the subspace RC is
also complete in the norm ‖ · ‖Ψ, associated to the inner product

〈F |F ′〉Ψ := 〈F |CΨ S
−1 C−1

Ψ F ′〉L2(X), for F, F ′ ∈ RC . (3.1)

Hence (RC , ‖ · ‖Ψ) is a Hilbert space, denoted by HΨ, and the map CΨ : H → HΨ is unitary. Therefore, it
can be inverted on its range by the adjoint operator C∗(Ψ)

Ψ : HΨ → H, which is nothing but the pseudo-
inverse C+

Ψ = S−1C∗Ψ. Thus one gets, for every f ∈ H, a reconstruction formula:

f = C
∗(Ψ)
Ψ =

∫
X

F (x)S−1 ψx dν(x), for F = CΨf ∈ HΨ (weak integral). (3.2)

Let now Ψ be a (continuous) upper semi-frame, that is, there exists M <∞ such that

0 <
∫

X

|〈ψx|f〉|2 dν(x) 6 M ‖f‖2
, ∀ f ∈ H, f 6= 0. (3.3)

In this case, Ψ is a total set in H, the operators CΨ and S are bounded, S is injective and self-adjoint.
Therefore RS := Ran(S) is dense in H and S−1 is also self-adjoint. S−1 is unbounded, with dense domain
Dom(S−1) = RS .

Define the Hilbert space HΨ as the completion of CΨ(RS) with respect to the norm ‖·‖Ψ. defined in
(3.1). Then, one shows that the map CΨ, restricted to the dense domain Dom(S−1) = RS , is an isometry
from Dom(S−1) = RS onto CΨ(RS) ⊂ HΨ, i.e.,

〈CΨf |CΨf
′〉Ψ = 〈f |f ′〉H, ∀ f, g ∈ RS ,

thus it extends by continuity to a unitary map between the respective completions, that is, from H onto
HΨ. Therefore, HΨ and RC coincide as sets, so that HΨ is a vector subspace (though not necessarily closed)
of L2(X, dν).

Consider now, in the Hilbert space RC , the operators G = CΨ S C
−1
Ψ and G−1, the self-adjoint

extension of G−1
S = CΨ S

−1 C−1
Ψ , the latter being essentially self-adjoint. Both operators are self-adjoint

and positive, G is bounded and G−1 is densely defined in RC . Furthermore, they are inverse of each other
on appropriate domains. Moreover, the norm ‖·‖Ψ is equivalent to the graph norm of G−1/2. Thus one
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gets gets the following commutative diagram, analogous to (2.1):

H HΨ = RC ⊆ RC ⊆ L2(X, dν)-CΨ

?

6

?

6

H ⊇ Dom(S−1) = RS

���
����

���
����

S−1S GS G−1
S

CΨ(RS) ⊆ L2(X, dν)-

C∗Ψ

CΨ

(3.4)

We will say that the upper semi-frame Ψ = {ψx, x ∈ X} is regular if all the vectors ψx, x ∈ X, belong
to Dom(S−1). In that case, the discussion proceeds exactly as in the bounded case. In particular, the
reproducing kernel K(x, y) = 〈ψx|S−1ψy〉 is a bona fide function on X ×X. One obtains the same weak
reconstruction formula, but restricted to the subspace RS = Dom(S−1):

f = C
∗(Ψ)
Ψ F =

∫
X

F (x)S−1 ψx dν(x),∀ f ∈ RS , F = CΨf ∈ HΨ. (3.5)

On the other hand, if Ψ is not regular, one has to treat the kernel K(x, y) as a bounded sesquilinear form
over HΨ and use the language of distributions, for instance, in terms of a Gel’fand triplet [4], exactly as in
the discrete case.

For Ψ regular, the relation

KΨ(F, F ′) = 〈C−1
Ψ F |SC−1

Ψ F ′〉H = 〈F |CΨSC
−1
Ψ F ′〉Ψ = 〈F |F ′〉L2

defines a bounded sesquilinear form over HΨ, and the same is true even if Ψ is not regular. Let H×Ψ be
the completion of HΨ in the norm given by KΨ. Thus one gets the following triplet, with continuous and
dense range embeddings,

HΨ ⊂ H0 ⊂ H×Ψ, (3.6)

where
• HΨ = RC , which is a Hilbert space for the norm ‖·‖Ψ = 〈·|G−1·〉1/2

L2 ,

• H0 = HΨ = RC is the closure of HΨ in L2(X, dν) ,

• H×Ψ is the completion of H0 (or HΨ) in the norm ‖·‖Ψ× := 〈·|G·〉1/2
L2 and the conjugate dual of HΨ .

Clearly (3.6) is the central triplet of the scale of Hilbert spaces generated by the powers of G−1/2, Hn :=
D(G−n/2), n ∈ Z. Then again, the question is to identify the end spaces of the scale, H±∞(G−1/2).

If Ψ is regular, all three spaces HΨ,H0,H
×
Ψ are reproducing kernel Hilbert spaces, with the same

kernel K(x, y) = 〈ψx|S−1ψy〉. If S−1 is bounded (frame), the three Hilbert spaces coincide as sets, with
equivalent norms, since S, S−1 ∈ GL(H).

We conclude this section by duality considerations. Given a frame Ψ = {ψx}, one says that a frame
{χx} is dual to the frame {ψx} if one has, in the weak sense, f =

∫
X
〈χx|f〉ψx dν(x), ∀ f ∈ H. Then the

frame {ψx} is dual to the frame {χx}. We want to extend this notion to semi-frames.
Let first Ψ = {ψx} be an arbitrary total family in H. As usual, we define the analysis operator as

CΨf(x) = 〈ψx|f〉 and the synthesis operator DΨF =
∫

X
F (x)ψx dν(x), on natural domains:

Dom(CΨ) = {f ∈ H :
∫

X

|〈ψx|f〉|2 dν(x) <∞},

Dom(DΨ) = {F ∈ L2(X, dν) :
∫

X

F (x)ψx dν(x) converges weakly in H}.

They may be both unbounded.
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Lemma 3.1 (i) Given any total family Ψ, the analysis operator CΨ is closed. Then Ψ satisfies the lower
frame condition if and only if CΨ has closed range and is injective.

(ii) If the function x 7→ 〈ψx|f〉 is locally integrable for all f ∈ H, then the operator DΨ is densely
defined and one has CΨ = D∗

Ψ.

The condition of local integrability is satisfied for all f ∈ Dom(CΨ), but not necessarily for all f ∈ H,
unless Ψ is an upper semi-frame, since then Dom(CΨ) = H.

Finally, one defines the frame operator as S = DΨCΨ on the obvious domain Dom(S) ⊂ Dom(CΨ).
However, if the upper frame inequality is not satisfied, S and CΨ could have nondense domains, in which
case one cannot define a unique adjoint C∗Ψ and S may not be self-adjoint. However, if ψy ∈ Dom(CΨ), ∀ y ∈
X, then CΨ is densely defined, DΨ ⊆ C∗Ψ and DΨ is closable. Finally, DΨ is closed if and only if DΨ = C∗Ψ.
Then S = C∗ΨCΨ is self-adjoint.

Next, we say that a family Φ = {φx} is a lower semi-frame if it satisfies the lower frame condition,
that is, there exists a constant m > 0 such that

m ‖f‖2 ≤
∫

X

|〈φx|f〉|2 dν(x), ∀ f ∈ H. (3.7)

Clearly, (3.7) implies that the family Φ is total in H. With these definitions, we obtain a nice duality
property between upper and lower semi-frames.

Proposition 3.2 (i) Let Ψ = {ψx} be an upper semi-frame, with upper frame bound M and let Φ = {φx}
be a total family dual to Ψ. Then Φ is a lower semi-frame, with lower frame bound M−1.

(ii) Conversely, if Φ = {φx} is a lower semi-frame, there exists an upper semi-frame Ψ = {ψx} dual
to Φ, that is, one has, in the weak sense,

f =
∫

X

〈φx|f〉ψx dν(x), ∀ f ∈ Dom(CΦ).

4 Examples

We conclude with two concrete examples from mathematical physics, both from the context of coherent
states, more precisely, wavelets.

4.1 A non-regular upper semi-frame

A non-regular upper semi-frame may be found among affine coherent states [4, 5]. Consider the following
unitary irreducible representation of the ax+ b group:

(Un(a, b)f)(r) = a
n
2 e−ibrf(ar), a > 0, b ∈ R, f ∈ H(n) := L2(R+, rn−1 dr), n > 1.

For coherent states take: ψx(r) = e−ixrψ(r), r ∈ R+ [8]. The corresponding admissibility condition is

(i) sup
r∈R+

h(r) = 1,where h(r) := πrn−1|ψ(r)|2;

(ii) |ψ(r)|2 6= 0, except perhaps at isolated points r ∈ R+.

The frame operator S and its inverse S−1 are multiplication operators on H(n) :

(S±1f)(r) = [h(r)]±1f(r).

Since h(r) 6 1, the inverse S−1 is unbounded and no ψx is in the domain of S−1, so that we have indeed
a non-regular upper semi-frame. The coherent state map CΨ : H(n) → L2(R, dx) is

(CΨf)(x) = 〈ψx|f〉 =
∫

R+
eixrψ(r)f(r)rn−1 dr.
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Finally, the reproducing kernel reads

K(x, y) = “〈ψx|S−1ψy〉” =
1
2π

∫
R+
ei(x−y)r dr =

i

2π(x− y)
+

1
2
δ(x− y),

a well-defined distribution which defines a bounded sesquilinear form on HΨ.
The associated Gel’fand triplet consists of three Hilbert spaces, with norms

• For HΨ : ‖F‖2
Ψ = 〈F |G−1F 〉L2 = 2π

∫∞
0
|F̂ (r)|2 [h(r)]−1 r2 dr.

• For H0 : ‖F‖2
0 = ‖F‖2

L2 .

• For H×Ψ : ‖F‖2
Ψ× = 〈F |GF 〉L2 = 2π

∫∞
0
|F̂ (r)|2 h(r) r2 dr.

Finally, we can build explicitly the corresponding Hilbert scales.

(i) On the side of H : (Smf)(r) = [h(r)]mf(r), m ∈ Z:
The corresponding scale is {Hm = Dom(S−m/2),m ∈ Z}, with norms

‖f‖m = 〈f |S−mf〉1/2 =
[∫ ∞

0

|f(r)|2 [h(r)]−m rn−1 dr
]1/2

and the end spaces
H∞(S−1/2) :=

⋂
m∈Z

Hm, H−∞(S−1/2) :=
⋃

m∈Z
Hm.

The problem is to identify those spaces, we have been unable to do it, even in concrete examples.

(ii) In L2(R, dx) :

(GmF )(x) =
∫

R+
eixr F̂ (r) [h(r)]m r2 dr, m ∈ Z

The scale is {Hm = Dom(G−m/2),m ∈ Z}, with norms

‖F‖′m = 〈F |G−mF 〉1/2 =
[
2π

∫ ∞

0

|F̂ (r)|2 [h(r)]−m r2 dr
]1/2

and end spaces
H∞(G−1/2) :=

⋂
m∈Z

Hm, H−∞(G−1/2) :=
⋃

m∈Z
Hm,

which could also not be identified.

This example can easily be discretized. Choose an infinite sequence of points {xk, k = 1, 2, . . .}. Then the
coherent state map CΨ becomes C : H(n) → `2 :

(Cf)k = 〈ψxk
|f〉 =

∫
R+
eixkrψ(r)f(r)rn−1 dr,

which is bounded, with range in `2 closed in the new norm

‖d‖2
Ψ = 〈d|C S−1 C−1d〉`2 = 〈d|G−1 d〉`2 .

The reproducing matrix reads

Kkl = “〈ψk|S−1ψl〉” =
1
2π

∫
R+
ei(xk−yl)r dr =

i

2π(xk − yl)
+

1
2
δ(xk − yl),

a well-defined distribution.
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4.2 A lower semi-frame

A concrete example of lower semi-frame may be found among wavelets on the two-sphere [2, Sec. 15.1.1].
Given an axisymmetric mother wavelet ψ ∈ H = L2(S2, dµ), one builds the full set of spherical wavelets
{ψa,% := R%Daψ, (%, a) ∈ X = SO(3) × R∗+}. The corresponding frame operator S is diagonal in Fourier
space (Fourier analysis on S2 amounts to expansions in spherical harmonics Y m

l ):

Ŝf(l,m) = s(l)f̂(l,m), f̂(l,m) := 〈Y m
l |f〉

s(l) : =
8π2

2l + 1

∑
|m|6l

∫ ∞

0

|〈Y m
l |Daψ〉|2

da

a3
, ∀ l ∈ N

Then ψ ∈ L2(S2, dµ) is admissible (in the sense of group theory) whenever there exists a constant c > 0
such that s(l) 6 c, ∀ l ∈ N, that is, when the frame operator S is bounded and invertible. As a consequence,
there exists d > 0 such that d 6 s(l) 6 c, ∀ l ∈ N, that is, S and S−1 are both bounded. In other words,
{ψa,%, (%, a) ∈ X = SO(3)× R∗+} is a continuous frame.

The wavelet transform of f ∈ H is Wf (%, a) = 〈ψa,%|f〉 and there is a reconstruction formula :

f(ω) =
∫

R∗+

∫
SO(3)

Wf (%, a) [S−1R%Daψ](ω)
da

a3
d%, f ∈ L2(S2).

However, this reconstruction formula remains valid for 0 < s(l) < ∞, ∀ l ∈ N, which means that S may
be unbounded, but S−1 stays bounded [10] (the lower frame bound is independent of ψ, since it results
from the asymptotic behavior of the spherical harmonics Y m

l near the origin). In other words, we have an
example of lower semi-frame.
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