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Abstract

Immersed granular flows, which are mixtures of solid particles and interstitial
fluid, are found in a wide range of natural and industrial processes, including
landslides and sediment transport and fluidised beds. Modelling them is par-
ticularly challenging due to the complex interplay between solid contacts, fluid
dynamics, and evolving interfaces.

Numerical simulation is a powerful way of exploring such systems, providing
detailed, time-resolved insights that are often difficult or impossible to capture
experimentally. It enables key physical mechanisms to be isolated, hypotheses
to be tested, and extreme conditions to be examined, making it a valuable
complement to theoretical analysis and experimental work.

This thesis focuses on the modelling of immersed granular flows across mul-
tiple regimes and scales. It begins with the challenge of simulating grains com-
parable in size to fluid discretisation within the Volume-Averaged Navier–Stokes
(VANS) framework using an overlap-wise grain representation and semi-implicit
time integration. These extensions enable simulation from coarse to fine dis-
cretisation and restore the flexibility of the Finite Element Method for handling
complex geometries without mesh size restrictions.

The model is extended further to include heat transfer, for which a new
correlation is proposed for forced convection in granular suspensions. Sponta-
neous digging by a water droplet in a hot granular bed is investigated to reveal
the main physical mechanisms involved. The model successfully reproduces the
key phases of the digging process observed in experiments.

Finally, the Particle Finite Element Method (PFEM) is employed to model
immersed granular flows with free surfaces that are subject large deformations.
This Lagrangian formulation enables domain motion and interface tracking
to be handled robustly. The historical Lituya Bay landslide and tsunami are
simulated to demonstrate the model’s capabilities and fidelity to real-world
phenomena. Overall, the framework provides a versatile tool for exploring
complex, multiphase granular phenomena.
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Introduction

Every word is like an unnecessary
stain on silence and nothingness.

Samuel Beckett.

From the sandcastles we build as children to the concrete that forms our
homes, and from the cells in our blood that are pumped around our bodies by
our hearts to the asteroids that delivered minerals to Earth, granular materials
are all around us, often going unnoticed. They are ubiquitous in nature, indus-
try, the human body, and everyday life. Their range is remarkable, spanning
everything from the grains of sugar in a cup of coffee to metre-sized boulders in
landslides and kilometre-scale asteroids in space. This diversity of size, shape
and composition gives rise to a wide variety of behaviours, ranging from flow-
ing like a fluid in submarine avalanches to behaving like a solid in a stable
sand pile. This unique combination of these properties makes granular mate-
rials a fascinating subject of study, with applications in various fields such as
geophysics, civil engineering, and materials science. From viruses [1], nanopar-
ticles [2] or colloids [3] at a few nanometres, to the motion of microplactics in
the atmosphere [4] or red blood cells in our veins [5] at the microscale, to the
motion of sand [6], or the flows of debris and boulders [7] to a few metres, from
icebergs [8] to the asteroids [9] up to kilometres, the length scales span widely,
as well as the range of applications. Figure 1.1 illustrates these examples based
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2 Chapter 1 - Introduction

on the characteristic temporal – length scale.
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Figure 1.1: Characteristic scale of granular flows: some applications.

Due to the wide range of interactions grains can have, it is useful to clas-
sify granular flows based on the dominant ones [10]. For particles smaller
than a micrometre, thermal agitation from the surrounding medium becomes
significant, and Brownian motion dominates their dynamics. As particle size
increases to the order of tens to hundreds of micrometres, colloidal forces –
such as electrostatic interactions and van der Waals attractions – become the
primary mechanisms governing particle behaviour. As the thermal agitation
becomes negligible, such a system is said to be non-Brownian. For particles
larger than approximately 100 micrometres, direct contact interactions and hy-
drodynamic forces drive the system. As particle motion induces displacement
of the interstitial fluid, the rheology and dynamics of the mixture are highly
coupled with the grains dynamics. This regime is the focus of this thesis, in
particular the immersed case where the flow is incompressible and the particles
are fully submerged. Such a flow is reffered to as an immersed granular flow or
a non-Brownian granular suspension [11].

In view of the complexity of the interactions between grains and the fluid,
numerical modelling is a powerful tool to study granular flows [12, 13]. Indeed,
experimental studies are often limited to observable quantities and cannot pro-
vide detailed information about the internal structure of the flow. Numerical
simulation, on the other hand, allows for a detailed analysis of the flow field,
particle interactions, and the evolution of the system over time. The accuracy
of a simulation depends directly on the quality of the model and its ability to
capture the relevant physical phenomena. It is always worth keeping in mind
that modelling is a simplification of reality, and the choice of model should be
guided by the specific problem at hand.

Providing a comprehensive overview of the physics of granular flows is a
daunting task, given the vast range of phenomena and applications involved.
In this chapter, we will focus on the fundamental principles and challenges as-
sociated with modelling granular flows, particularly in the context of immersed
conditions. We will begin by discussing the unique behaviour of granular ma-
terials, highlighting their solid-like, liquid-like, and gas-like states. Some of the
most important phenomena associated with granular flows, such as jamming
and segregation, will be introduced. Then, an overview of the main numerical
methods used to model granular flows will be presented. From grain modelling
to the fluid dynamics, we will discuss the various approaches used to simu-
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late immersed granular flows. Finally, the main objectives of this thesis will
be outlined, with a focus on the development of a new numerical method for
simulating immersed granular flows.
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Dense granular flows are ubiquitous in both natural and industrial settings,
comprising the movement of large collections of discrete solid particles such as
sand, gravel, grains, or powders. In industry, granular materials are integral
to processes in pharmaceuticals, agriculture, mining, and construction, where
efficient handling, transport, and processing of bulk solids are essential for pro-
ductivity and safety. Granular flows also play a critical role in geophysical
phenomena, including landslides, debris flows, avalanches, and volcanic pyro-
clastic flows, where understanding flow behaviour is vital for hazard prediction
and risk mitigation. Despite their prevalence, granular flows are challenging
to model due to their inherently discrete, nonlinear, and often non-continuum
nature. Their dynamics are governed by complex inter-particle interactions,
friction, and energy dissipation, which vary widely depending on particle prop-
erties and flow conditions. As such, accurately simulating granular flows is a
central concern across disciplines, from designing industrial equipment to pre-
dicting large-scale natural disasters. The goal of this section is to provide a
comprehensive overview of the fundamental principles and challenges associ-
ated with modelling granular flows, particularly in the context of immersed
conditions.

1.1 Granular Media: Between Solid and Fluid Phases

Despite being composed of discrete solid particles, granular materials can ex-
hibit behaviour that mimics the classical states of matter: solid, liquid, and
gas. Several factors influence the state of a granular system, including particle
interactions such as friction and collisions, external forces, packing density, and
energy input.

Solid-like Regime – In densely packed configurations under low stress or low
deformation, granular materials behave like a solid. They resist shear and
maintain a fixed shape, often forming stable structures such as piles. This
regime is crucial in geotechnical applications, such as the stability analysis
of retaining walls or embankment design in civil engineering.

Liquid-like Regime – Once the shear stress exceeds a certain threshold,
granular materials can flow like a liquid. Each layer of particles can
slide over the others, resembling the dynamics of a viscous fluid. Such a
behaviour is observed during the discharge of a silo and in the avalanches
of granular materials.

Gas-like Regime – At high shear rates or low packing fractions, granular
materials can behave like gas. The contact forces are weak and the par-
ticles are highly mobile, leading to rapid, random collisions similar to
gas molecules. This regime is observed in fluidised beds, where particles
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are suspended in a gas or liquid, allowing for enhanced mixing and heat
transfer.

As these conditions may change within a system, the three states are not
mutually exclusive and can coexist or transition into one another. Figure 1.2
illustrates one such application, an hourglass, where the three states can be
observed. In the upper part of the hourglass, the grains are in a solid-like state
and their motion is limited by friction. In the central part, the grains are in a
liquid-like state and are able to flow, which leads to the discharge of the grains.
Once discharged, they fall freely, leading to a gas-like state. Finally, the grains
are stopped by the ground, returning to a solid-like state.

Solid-like regime

Liquid-like regime

Gas-like regime

Figure 1.2: Granular materials can exhibit solid-like, liquid-like, and gas-like as
observed in an hourglass. On the left, the grains are shown. On the right, the
contact network is highlighted.
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In order to understand the complex behaviour of granular materials, it is
essential to consider the network formed by the particle–particle interaction
forces. When a dense granular system is compressed or sheared, the particles
in contact with the external load will transmit it to their direct neighbours.
In return, these neighbours will pass the load on their neighbours, and so on.
This creates a network of force chains that can transmit stress throughout the
system. It is important to note that these force chains are not static structures,
but rather dynamic networks that can change in response to external forces and
rearrangements of the particles. The contact network can be heterogenous,
with some regions experiencing high stress and others low stress. This change
can occur instantaneously and locally. This complex behaviour gives rise to
the emergence of phenomena not present in idealised states of matter, such as
jamming and segregation.

Jamming – Jamming characterizes the transition from a flowing state to a
solid-like state. The jamming transition occurs when the packing fraction
and applied stress exceed critical thresholds, resulting in the formation of
a rigid contact network that resists further deformation [14, 15]. Figure
1.3 illustrates jamming in a silo with monodisperse grains. At the particle
level, jamming occurs when particles can no longer rearrange due to the
formation of force chains and frictional contacts [16]. This phenomenon is
not exclusive to dry granular materials; it also arises in immersed granular
flows [11, 17, 18]. For frictionless spheres, this critical packing fraction is
typically around 0.64, known as the random close packing limit. Under-
standing the jamming transition is crucial for predicting the behaviour
of granular materials in various applications, ranging from silo discharge
to the stability of boulder assemblies. Recently, the jamming transition
has been studied using pressure-imposed rheometers [19], which allow the
macroscopic properties of the system to be measured close to its jamming
packing fraction [20, 21].

Segregation– Granular segregation is a phenomenon that occurs when parti-
cles of different sizes, shapes, or densities separate from each other during
flow or mixing. A well-known example of this is the Brazil nut effect,
whereby larger particles rise to the surface of a shaken granular mixture.
This behaviour is commonly observed in the food industry, where it can
be exploited to separate grains or seeds based on their physical properties.
Although segregation can be useful for sorting particles, it can present
challenges in industrial processes that require uniform mixing. For ex-
ample, consistent blending of active ingredients and excipients is critical
for product quality in pharmaceutical manufacturing. To illustrate the
effects of segregation, consider the mixing process in a V-blender, as
shown in Figure 1.4. Two dry powders with different particle sizes are
introduced from either side of the blender. As the blender rotates about
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Figure 1.3: Jammed granular flow in a silo, formed by the contact arch network
between the grains.

the horizontal axis, the powders repeatedly split and recombine, which
promotes mixing. However, due to differences in particle size, complete
homogenisation is not achieved. Instead, segregation persists, resulting
in a non-uniform mixture.

1.2 Hydrodynamic Effects on Granular flows

Granular flows can occur in a range of fluid environments, from completely dry
to fully immersed, with partially saturated states lying in between. The pres-
ence and nature of the interstitial fluid can dramatically alter the mechanical
behaviour of granular materials, influencing particle interactions, rheology, and
flow regimes.

Dry – In dry granular flows, the absence of an interstitial fluid means that
particle dynamics are almost entirely governed by contact interactions,
including friction, inelastic collisions, and geometric constraints. Depend-
ing on particle shape, packing fraction, and external forcing, these sys-
tems often exhibit complex behaviour such as jamming, dilatancy, or
shear banding.

Partially Saturated – Between the two extremes, dry and immersed, lie
partially saturated granular systems, where small amounts of liquid are
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Figure 1.4: Mixing of bidisperse powders in a V-blender rotating about the x-axis.
Top: front view; bottom: lateral view. Left: initial configuration of the powders;
right: state after 40s of mixing.

present within the pore space but do not fully submerge the grains. These
systems are of particular interest because they combine solid-solid con-
tact mechanics with capillary and void interactions, resulting in highly
nonlinear and history-dependent behaviours. A common way to char-
acterise the state of a partially saturated granular system is to define a
saturation level, S, as the ratio of the volume of liquid to the volume of
voids in the system,

S = Vl

Vv
= Vl

VT − Vs
(1.1)

where Vl is the volume of liquid, Vv is the volume of voids, VT is the
total volume of the system, and Vs is the volume of solid particles. The
impact of the interstitial fluid can be modelled as a cohesive force acting
on the particles. Figure 1.5 illustrates the different saturation levels, the
associated cohesion and their corresponding flow regimes.

Pendular State – At low saturation levels S ≤ 0.25, the system enters
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the pendular state, where discrete capillary bridges form between
particles at contact points. These bridges generate cohesive forces
due to surface tension, increasing the yield stress and apparent vis-
cosity of the material. Such systems behave similarly to weakly co-
hesive powders and are sensitive to particle size, surface properties,
and liquid characteristics.

Funicular State – As the liquid content increases 0.25 < S < 0.9, in-
dividual bridges begin to coalesce, marking the transition to the
funicular state. In this regime, some pores remain filled with air,
while others become saturated with liquid. The coexistence of air-
liquid interfaces and larger fluid clusters introduces both capillary
and hydrodynamic forces, resulting in a highly sensitive mechanical
response to saturation, shear rate, and fluid rheology.

Capillary State – At even higher saturations S ≥ 0.9, the system may
approach the capillary state, where most pores are filled, and cap-
illary suction plays a reduced role. Eventually, the system becomes
fully saturated, and behaves like immersed granular materials.

25% 90% 100%

Dry

Pendular

Funicular

Capillary

Immersed

S

fc

Figure 1.5: Immersed granular flows: the influence of the interstitial fluid on the
flow regime.

Immersed – In immersed systems, grains are fully submerged in a fluid,
and hydrodynamic interactions play a dominant role in the system’s be-
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haviour. These interactions include drag, lubrication, added mass, and
Basset history forces, all of which arise from the fluid’s viscosity and iner-
tia. The balance between viscous and inertial forces, often characterized
by the Stokes number, determines whether the flow is in the viscous or
inertial regime. In the viscous regime, fluid-particle coupling damps mo-
tion, while in the inertial regime, grain inertia dominates. The properties
of the interstitial fluid, such as its density and viscosity, can either sup-
press or enhance granular flow dynamics. Due to the fluid’s viscosity,
the fluid–grain interface is subject to the no-slip condition, meaning the
fluid velocity at the particle’s surface matches that of the particle itself.
This condition leads to the formation of a boundary layer of fluid that
is carried along with the particle. The force exerted by the fluid on the
particle is expressed as:

F =
∫

S

σ · n ds =
∫

S

(−pn + τ · n) ds (1.2)

where σ is the stress tensor, S is the surface of the particle, n is the
normal vector to the surface, p is the pressure, and τ is the viscous
stress tensor. The first term represents the pressure force acting on the
particle, while the second term accounts for the viscous shear stress acting
on its surface. There is no general analytical expression for this force,
as it depends strongly on both the flow regime and the shape of the
particle. However, various approximations exist for idealised cases. In
many practical contexts, the total force is estimated by summing the
contributions from several idealized force components. Below, we review
the most common hydrodynamic forces acting on a particle in a fluid:

Drag force – The drag force is the resistive force experienced by a par-
ticle moving through a fluid [22]. It acts in the opposite direction
to the particle’s motion and is aligned with the flow. Figure 1.6a
illustrates the drag force acting on a particle in a potential flow. An-
alytical solutions exist for spherical particles in creeping flow, and
constitutive models have been developed to extend these to higher
Reynolds numbers [23], as well as to dense suspensions [24].

Buoyancy force – The buoyancy force is the upward force exerted by
the fluid on a submerged particle, counteracting gravity. It equals
the weight of the displaced fluid and acts in the opposite direction
to the gravitational force. Figure 1.6b illustrates this force. Buoy-
ancy plays a key role in processes involving submerged or floating
particles, such as sedimentation and underwater transport [25].

Magnus force – The Magnus force arises when a rotating particle moves
through a fluid [26, 27]. The rotation induces a difference in fluid
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velocity on either side of the particle, leading to a pressure differen-
tial and resulting in a force perpendicular to the direction of motion.
As a lift force, it acts orthogonally to the main flow. Figure 1.6c
shows the Magnus force acting on a spinning particle. This effect
is particularly relevant to the motion of spinning objects, such as
sports balls or rotating spheres in fluid environments.

Saffman force – The Saffman force is a lift force caused by velocity gra-
dients, by a shear, in the fluid around a particle [28, 29]. Velocity
asymmetry leads to a pressure difference across the particle, result-
ing in a net force acting on it. This force acts perpendicular to the
direction of motion. It can drive particle migration in a shear flow,
causing particles to move towards regions of higher velocity. Figure
1.6d depicts the Saffman force acting on a particle in Poiseuille flow.

Added mass force – When a particle accelerates in a fluid, it must also
accelerate some of the surrounding fluid. This results in an addi-
tional inertial resistance called the added mass force [30, 31]. This
force is proportional to the particle’s acceleration and is especially
important in dense or unsteady flows. The added mass effect also
arises in inviscid flows, even when the particle velocity is constant,
due to the inertia of the displaced fluid.

Basset force – The Basset force, like the added mass force, originates
from the particle’s acceleration, but it is due to viscous effects and
has a memory component [32, 33]. It depends on the history of the
particle’s motion and is proportional to the time derivative of its
velocity. This force is particularly relevant in low Reynolds number
flows where viscous effects dominate.

As the number of grains in a suspension increases, its macroscopic be-
haviour is governed by both fluid dynamics and inter-particle interactions.
Depending on the suspension’s physical properties and the imposed flow
conditions, the particles can exhibit a wide range of collective behaviours
[17]. To classify these regimes, researchers often rely on dimensionless
parameters such as the Stokes number and the density ratio. The Stokes
number (St) quantifies the relative importance of inertial forces compared
to viscous forces acting on a particle in a fluid and is defined as:

St = ρgγ̇d
2

η
(1.3)

where ρg is the particle density, γ̇ is the shear rate, d is the particle
diameter, and η is the dynamic viscosity of the fluid. When the Stokes
number is small, St≪ 1, viscous forces dominate and the system operates
in the viscous regime. In contrast, at high Stokes numbers, St≫ 1, where
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v

(a) Drag force. The coloured field indi-
cated isovalues of the stream function gen-
erated by a particle moving in a fluid.

v

g

(b) Buoyancy force. The coloured field
shows isovalues of an hydrostatic pressure
field.

v

(c) Magnus force. Isovalues of the stream
function generated by a rotating particle
in a fluid are indicated with the continu-
ous field.

FSaffman

(d) Saffman force. Isovalues of the
Poiseuille velocity profile are plotted. The
particle is moving towards the high veloc-
ity region. The particle trajectory is indi-
cated by the dash line.

Figure 1.6: Hydrodynamic forces acting on a particle in a fluid.

inertial effects become significant, the system enters the inertial regime.
If, in addition, the particle density is much higher than the fluid density,
the behaviour closely resembles that of a dry granular flow.
As the fluid alters the dynamics of the particles, the particles in turn
influence the macroscopic properties of the fluid. The presence of particles
distorts the streamlines, leading to an increase in the effective viscosity of
the suspension. For buoyant particles with a packing fraction of less than
0.1, the effective viscosity follows a quadratic dependence on the packing
fraction according to [34]:

ηeff = η
(
1 + 2.5ϕ+ 7.6ϕ2) . (1.4)

At higher packing fractions, the effective viscosity increases sharply and
approaches a divergence as the system nears the jamming transition. The
Krieger–Dougherty model [35] is often used to describe this behaviour:

ηeff = η

(
1− ϕ

ϕc

)−α

(1.5)

where ϕc is the critical packing fraction and α is a fitting exponent, these
two parameters depend on the shape and size distribution of the particles.
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This nonlinear behaviour highlights the complex interplay between the
fluid and the particles. The effective viscosity is not only a function of
fluid properties but also of particle characteristics and their interactions.
Consequently, a suspension may behave like a Newtonian fluid in dilute,
fluidized regions and like a highly viscous or even jammed medium in
denser regions.

Developing a unified model that resolves the flow of individual particles at
a microscopic level and their collective motion is computationally expensive
and often relies on approximations or constitutive laws. The key challenge lies
in selecting a model that captures the essential physics of the system while
remaining computationally feasible. In the case of immersed granular flows rel-
evant to the present applications, it is the drag force and the pressure gradient
that dominate the particle dynamics. Consequently, modelling will focus on
these forces while disregarding the others.

1.3 Granular Flows: A modelling Perspective

The variety of application domains and the complexity of the interactions be-
tween the grains and fluids have given rise to a wide range of modelling ap-
proaches. The choice of a model depends on the specific problem being ad-
dressed, the desired level of detail, and the available computational resources.
In this section, we will review the main modelling approaches used to study
immersed granular flows. For the sake of clarity, we will distinguish between
models that describe the grains and models that describe the fluid.

1.3.1 Grains modelling
One of the main challenges in modelling immersed granular flows lies in accu-
rately representing the particles, which may vary significantly in size, shape,
and material properties. From the macroscopic continuum scale to the micro-
scopic contact scale, we review below the most common modelling approaches
used to describe such particles. An extensive review can be found in [13].

2-Fluid Model – The two-fluid model adopts a continuum perspective in
which the granular material is treated as a continuous phase and ef-
fectively smoothing out its discrete nature. Constitutive laws are intro-
duced to relate the macroscopic stress tensor to local variables such as the
packing fraction and the velocity field. This approach is computationally
efficient and can capture the bulk behaviour of the system. However, it
may fail to represent important microscale phenomena, such as individual
particle interactions and localised heterogeneities.
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Discrete Element Method (DEM) – The DEM is a particle-based numer-
ical method that simulates the motion and interaction of individual parti-
cles [36]. Each particle is treated as a discrete entity whose dynamics are
governed by the Newton-Euler equations. Interactions between particles
are modelled through contact forces, hydrodynamic forces, and external
loading. The DEM is particularly well-suited to granular flows, as it
directly captures the discrete nature and detailed dynamics of particle
interactions. To compute the forces acting on each particle, the method
typically employs a soft-sphere approach, whereby particles are permitted
to overlap slightly during contact [37]. This overlap is resolved using a
spring-dashpot model that combines elastic and damping components in
both the normal and tangential directions. Key parameters include nor-
mal and tangential stiffness coefficients, damping factors, and a friction
coefficient. The method is explicit: contact forces are computed based
on the overlap and relative velocities at the start of the time step. Con-
sequently, the time step must be sufficiently small to maintain numerical
stability and accuracy, particularly in dense or highly dynamic systems.

Non-Smooth Contact Dynamics (NSCD) – The Non-Smooth contact dy-
namics method is a variant of the DEM [38]. Unlike the soft-sphere
approach, overlapping particles is prohibited, hence its name the hard-
sphere approach. Contact forces and velocities are determined by solving
a complementarity problem, which enforces non-overlapping constraints
and friction laws [39, 40]. This method does not rely on artificial force-
penalty parameters and treats contacts as instantaneous within each time
step. An iterative solver is required to solve the contact network, which
can lead to a non-unique solution that may change abruptly. NSCD is
implicit in nature and allows for larger time steps than traditional soft-
sphere DEM.

Meshed Particles – In scenarios where the shape of the particles plays a
critical role, a meshed representation can be employed [41]. Particles
are modelled as deformable solids using finite element methods, which
enable the detailed resolution of particle shape and internal stress fields.
While this approach provides high-fidelity contact modelling based on
solid mechanics, it is computationally intensive and requires fine meshing
to maintain accuracy.

1.3.2 Resolved Fluid Description
To capture the fluid dynamics around particles, various modelling approaches
have been developed. If the spatial discretisation of the fluid is fine enough
to resolve the flow around the particles, the fluid can be described using a re-
solved approach. This approach becomes computationally expensive for a large
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number of particles. The two main families of spatial discretisation method
commonly used to describe the fluid are mesh-based and meshless methods.

Mesh-Based Methods

Mesh-based methods rely on a discretisation of the domain using a mesh or
grid. The mesh can either be conformal or non-conformal to the shape of
the particles. Conformal meshes are typically used in finite element methods
(FEM), where the mesh adapts to the particles’ geometry. To account for
moving particles, the mesh can be distorted using an Arbitrary Lagrangian-
Eulerian (ALE) approach [42] or using the Particle Finite Element Method
[43] where the mesh nodes are advected with the fluid velocity. Non-conformal
meshes on the other hand do not capture the particle boundary but will modify
the discretised conservation equations to account for the particles’ presence.
Two of these common methods are the immersed boundary method (IBM)
and the cut finite element method (CUT–FEM). The IBM uses a fixed mesh
and introduces a force term in the Navier-Stokes equations to account for the
presence of the particles [44]. In the CUT–FEM, the discretised variational
formulation is modified in order to maintain the same level of accuracy and
convergence as the classical FEM [45]. Figure 1.7a and 1.7b illustrate the
difference between conformal and non-conformal meshes.

(a) Conformal mesh. (b) Non-conformal mesh.

Figure 1.7: On the left, the mesh is conform to the particle geometry. On the right,
the mesh is independent of the particle geometry.
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Meshless Methods

Unlike mesh-based methods, meshless methods do not rely on a fixed mesh
and can adapt to the motion of the grains. They are particularly useful for
simulating large deformations or complex geometries. The two most common
meshless methods are Smoothed Particle Hydrodynamics (SPH) and the Lat-
tice Boltzmann Method (LBM). In the SPH method, the fluid is represented as
a collection of particles, each of which carries properties such as mass, velocity,
and density [46]. Fluid properties are computed using a kernel function that
interpolates the properties of neighbouring particles. In contrast, the LBM is
a lattice-based method that simulates fluid flow by tracking the evolution of
particle distribution functions on a lattice grid [47]. It solves the Boltzmann
equation instead of the Navier-Stokes equations. Figure 1.8a and 1.8b illustrate
SPH and LBM methods. One of the main advantages of meshless methods is
their ability to handle complex geometries and large deformations without the
need for remeshing. However, imposing boundary conditions can be a more
challenging task compared to mesh-based methods.

SPH-kernel

(a) Smooth Particle Hydrodynamics dis-
cretisation. (b) Lattice Boltzmann discretisation.

1.3.3 Unresolved Fluid Approach
In many applications, the number of particles and their interactions can be so
complex that resolving the fluid around each particle becomes computation-
ally prohibitive. In such cases, a non-conformal unresolved approach is often
used where the fluid discretisation is much larger than the particle size. The
fluid-grain interaction force is simplified into a body force that can be added
to the particle dynamics and to the fluid dynamics. This approach is particu-
larly useful for large-scale simulations, in which the focus is on the macroscopic
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behaviour of the system rather than on the detailed interactions between in-
dividual particles. The unresolved approach typically assumes the particles to
be spherical and small compared to the fluid domain. The Volume-Averaged
Navier-Stokes equations (VANS) can be used to describe the fluid dynamics
[48]. These equations are derived from the Navier-Stokes equations by aver-
aging the fluid properties over a control volume that includes both the fluid
and the particles. To account for the presence of particles, either a continuous
representation of the particles is used leading to the so-called 2-fluid model
[11] or a discrete representation of the particles leading to the hybrid class of
CFD-DEM models [49, 50, 51]. At the edge of the unresolved approach lies the
semi-resolved one where the mesh size is comparable to the particle size [52, 53].
Such an approach balances the computational cost with a better representation
of the flow.

Figure 1.9: 2-Fluid solid velocity rep-
resentation.

Figure 1.10: Unresolved CFD-DEM
solid velocity representation.
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1.4 Thesis objectives – My PhD journey

As research invariably builds upon prior work, so does this thesis. It was con-
ducted within the research group developing MigFlow in UCLouvain, which
started as a collaboration with the LMGC lab in Montpellier. Two previous
theses have been completed in this context, focusing on developing a numerical
model for immersed granular flows. The first thesis, by Constant [54], focused
on the development of a numerical model for immersed granular flows using an
unresolved approach combined with the Discrete Element Method (DEM) and
Non-Smooth Contact Dynamics (NSCD) to model grain dynamics [55]. The
model was then validated against air injection fluidisation experiments [56] and
density sorting experiments [57]. The second thesis, by Coppin [58], focused
on the numerical analysis of drag forces in immersed granular flows [59] and
the modelling of granular collapse events [60]. Frictional collisions and disc
clustering were developed in this context. In both theses, the fluid phase is de-
scribed using the Volume-Averaged Navier–Stokes equations, discretised with a
first-order velocity–pressure scheme. Stabilisation techniques, such as Stream-
line Upwind Petrov-Galerkin (SUPG) and Pressure-Stabilizing Petrov-Galerkin
(PSPG), are employed to ensure numerical stability and convergence, due to
the use of equal-order interpolation shape function and to address convective
terms. Coupling between the fluid and granular phases is achieved via a force
term and the fluid volume fraction (i.e. porosity). The grain representation is
point-based, and all fluid–grain interaction forces are computed at the particle
center using drag force constitutive laws.

The objective of my thesis is first to extend the numerical model to the
semi-resolved scale, where the mesh size is comparable to the particle size.
This extension is crucial for simulating polydisperse flows, where particles of
different sizes coexist. Secondly, the digging of a water droplet into a hot gran-
ular bed is investigated, leading to the modelling of heat transfer. Finally, I
study immersed granular flows with free surfaces, which have applications in
landslides and granular collapse events.

1.4.1 A semi-resolved model
My first objective is to extend the current numerical model to support mesh
sizes on the order of the particle diameter, a regime commonly referred to as
semi-resolved. Previous studies have suggested using a Gaussian filtering kernel
instead of the current kernel based on the finite element shape functions. How-
ever, fully resolved approaches such as Cut-FEM or the Volume Penalisation
Method do not require such kernels and can operate at fine resolutions without
compromising stability. My aim is to develop a fluid–solid coupling strategy
that remains stable under mesh refinement and does not rely on additional
smoothing kernels. Unresolved approaches often suffer from numerical insta-
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bilities, which are typically mitigated through artificial diffusion [49]. Recent
work by Blaise et al. [53] has demonstrated that a continuous representation
of particles, in both space and time, can provide inherent numerical stability
without requiring such diffusion. Building on this idea, I will investigate time
integration schemes that preserve stability, eliminating the need for artificial
numerical diffusion. One of the main challenges is keeping the computational
cost low while ensuring the accuracy of the results. Moreover, all previous
numerical experiments must be repeated to validate the coupling. As a bench-
mark, we will simulate the granular Rayleigh-Taylor instability which occurs
when particles that are heavier than the fluid below them are released. This
leads to the formation of fingers that, unlike in the classical Rayleigh–Taylor
instability, increase in width and cause fluid bubbles to rise. Figure 1.11 illus-
trates this behaviour.

Rising
Bubbles

Finger

Falling
Grains

Figure 1.11: Granular Rayleigh-Taylor instability.
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1.4.2 Water droplet digging

Figure 1.12: Digging of a droplet
in a hot granular bed.

My second objective is to incorporate heat
transfer into the numerical model to simu-
late the intrusion of a water droplet into a
hot granular bed. In many industrial appli-
cations, such as fluidized bubbling bed boil-
ers, granular materials are used as thermal
energy storage media. When required, heat
is released through fluidisation. This pro-
cess is usually achieved by injecting a fluid
into the granular bed, with the fluid acting
as the heat carrier. A recent experimental
study [61] have revealed a Leidenfrost-based
digging mechanism, whereby a water droplet
can penetrate a hot granular bed without in-
stant evaporation. As the droplet digs into
the bed, it cools the surrounding grains lo-
cally, providing an alternative approach to
extract heat from the medium. The digging
process stops either when vapour ejection is
either too weak to displace particles or strong
enough to completely lift the droplet. My
aim is to reproduce this phenomenon numer-
ically and to investigate the underlying phys-
ical mechanisms. Figure 1.12 illustrates the
intrusion of a droplet into a hot granular bed.
To this end, I will extend the current nu-
merical model to incorporate heat transfer.
This extension will involve two main compo-
nents. Firstly, I will implement heat conduc-
tion within the solid phase, to enable simu-
lation of thermal diffusion through the dry
granular bed. Secondly, I will incorporate
volume-averaged heat transfer in the fluid
phase, leveraging the previously developed
semi-resolved model to simulate the droplet-
induced digging process. Similarly to the
drag force, a constitutive law to model forced
convection between particles and fluid should
be introduced. To track the droplet motion,
the Arbitrary Lagrangian-Eulerian (ALE) method will be employed.
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1.4.3 Landslides and free surface flows
My third objective is to extend the numerical model to simulate free-surface
flows, with a particular focus on landslide dynamics. Landslides are complex
natural phenomena that can be triggered by various factors, such as intense
rainfall, seismic activity, or anthropogenic disturbances. They pose a signifi-
cant risk to infrastructure and human life, so it is crucial to understand the
mechanisms that drive their initiation and propagation in order to develop ef-
fective mitigation strategies. In this context, I will investigate the influence
of the fluid phase on landslide dynamics, with particular attention to the his-
torical event in Lituya Bay, Alaska. This event was triggered by a massive
rockslide into the bay, caused by an earthquake, which displaced a large vol-
ume of water and generated a wave that reached a run-up height exceeding 524
metres. The Lituya Bay case serves as a compelling study for understanding
the interaction between granular landslides and the generation of free-surface
waves. Figure 1.13 illustrates the wave formation resulting from the landslide.
To simulate such complex phenomena, I will couple the developed semi-resolved
fluid–grain model with the Particle Finite Element Method (PFEM) [62]. While
the implementation of PFEM itself will be carried out by my colleague Thomas
Leyssens, my contribution will focus on coupling PFEM with the semi-resolved
fluid–grain model. PFEM, a Lagrangian method, is particularly well suited for
problems involving large domain deformations and topological changes, which
are characteristic of wave formation in landslide events. However, PFEM is
known to suffer from inherent volume loss, necessitating the use of mesh refine-
ment techniques to mitigate those losses. Applying these techniques requires
a careful balance between computational cost, accuracy, and the robustness of
the fluid–grain coupling, particularly as the computational domain transitions
from unresolved regions, far from the free surface, to semi-resolved regions near
the fluid–granular interface. To validate the proposed coupling strategy, I will
simulate the collapse of a granular column into a fluid basin and compare the
results with experimental data [63]. Finally, I will apply the model to simulate
the Lituya Bay event and compare the results with experimental reconstruc-
tions [64].

Supporting publications

• Leyssens, T., Henry, M., Lambrechts, J., Legat, V., Remacle, J.-F.,
(2025),
A Coupled PFEM-DEM Model for Fluid-Granular Flows with Free Sur-
face Dynamics Applied to Landslides. Journal of Computational Physics.
In this publication, the Lituya Bay tsunami, triggered by a landslide,
is simulated using our novel coupled PFEM-DEM model. The two first
authors contributed equally to this work. The PFEM model was devel-
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Figure 1.13: Lituya Bay wave generated by a landslide.

oped by Thomas Leyssens, while I was responsible for the coupling with
the semi-resolved fluid–grain model and the numerical simulations. Both
authors contributed to the numerical analysis and the physical interpre-
tation of the results.

• Henry, M., Coppin, N., Dorbolo, S., Legat, V., Lambrechts, J., (2025),
Multiscale FEM-DEM model for spontaneous droplet digging in a hot
granular bed. International Journal of Heat and Mass Transfer.
This paper investigates the penetration of a water droplet into a hot gran-
ular bed. To this end, I extended the previous unresolved FEM-DEM
model to a semi-resolved scale, enabling the representation of droplet–
granular bed interactions. Heat transfer and vapourisation was incorpo-
rated into the model, allowing for the simulation of the droplet-induced
digging process.

• Leyssens, T., Henry, M., Lambrechts, J., Remacle J.-F., (2024),
A Delaunay refinement algorithm for the particle finite element method
applied to free surface flows. International Journal for Numerical Meth-
ods in Engineering.
This publication presents a Delaunay refinement algorithm for the Parti-
cle Finite Element Method (PFEM). By refining the mesh near the free
surface, the algorithm enhances the handling of topological changes and
improves overall mesh quality. As a result, volume loss due to the fil-
tering of elements by the α-shape criterion is significantly reduced. My
contribution to this work involved supporting and developing the coupling
between the mesh algorithms and our in-house fluid solver.

• Coppin, N., Henry, M., Cabrera, M., Azéma, E., Dubois, F., Legat, V.,
Lambrechts, J., (2023).
Collapse dynamics of two-dimensional dry and immersed granular columns
of elongated grains . Physical Review Fluids.
This paper investigates the collapse of granular columns composed of
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elongated grains, under both dry and immersed conditions. To this end,
the Discrete Element Method (DEM) was extended to handle clusters of
discs, and the fluid–grain interaction forces were updated accordingly to
account for the cluster geometry through the same disc decomposition. I
contribute on the implementation of the cluster model.

Conferences talks

• Henry, M., Coppin, N., Dorbolo, S., Lambrechts, J., Legat, V. (2025).
FEM-DEM model of a water droplet digging in hot granular bed.
COUPLED 2025, Villasimius, Italy.

• Henry, M., Dorbolo, S., Dubois, F., Lambrechts, J., Legat, V. (2024).
La modélisation du tranfert de chaleur dans les écoulements granulaires
immergés par une approche multi-échelle.
CSMA 2024, Presqu’île de Giens, France.

• Henry, M., Dorbolo, S., Lambrechts, J., Legat, V. (2023).
Unresolved FEM-DEM model for heated immersed granular flows.
Particles 2023, Milano, Italy.

• Henry, M., Dorbolo, S., Lambrechts, J., Legat, V. (2023).
Unresolved FEM-DEM model for the penetration of a water droplet into
hot granular materials.
CFC 2023, Cannes, France.

• Henry, M., Lambrechts, J., Legat, V. (2022)
A multi-scale FEM-DEM model to exhibit viscoelastic properties of col-
loidal suspension.
BGR2022, Leuven, Belgium.

• Henry, M., Legat, V., Lambrechts, J. (2022)
Multi-scale model for the study of the viscoelastic properties of a suspen-
sion.
ACOMEN 2022, Liège, Belgique.

• Henry, M., J. Fraiture, C. Jevens, Dubois, F., Legat, V., Lambrechts,
J. (2022).
Simulation du gonflement retardé au moyen d’un modèle multi-échelles
d’une suspension en vue de l’étude des propriétés viscoélastiques.
CSMA 2022, Presqu’île de Giens, France.
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Non-Smooth Dynamics in Granular

Physics

If you can’t explain it simply, you
don’t understand it well enough.

— Albert Einstein.

Granular materials consist of macroscopic particles that interact through
contact forces, friction, and collisions. Unlike fluids or conventional solids,
granular matter lacks a clear scale separation between microscopic interactions
and macroscopic behaviour, making it difficult to describe with classical con-
tinuum mechanics [65, 66, 67]. In particular, defining consistent constitutive
laws, that relate stress and strain in a predictive way, is challenging due to the
discrete nature of the medium, history dependence, and strong heterogeneities
in force transmission [68]. These limitations motivate the use of numerical
approaches that resolve grain-scale interactions directly.

One such approach is the Discrete Element Method (DEM) originally de-
veloped by Cundall and Strack [36] for geomechanical problems. Particles are
modeled as rigid bodies whose motion and contact interactions are governed by
Newton-Euler’s laws of motion. By treating grains as rigid bodies, DEM avoids
the need to define bulk constitutive relationships, instead computing macro-
scopic responses as an emergent result of contact-level physics. Each grain’s

25
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position and orientation evolve according to forces arising from inter-particle
contacts, gravity, and possibly fluid interactions. This particle-scale resolution
provides a natural way to capture phenomena such as jamming, segregation,
dilatancy, and energy dissipation. These features are difficult to encode in
continuum models [69, 70, 71].

Traditional implementations of the Discrete Element Method (DEM) often
rely on smooth contact laws, whereby small overlaps between particles are used
to model elastic or viscoelastic behaviour [72]. This approach, known as the
soft-sphere model, enables efficient explicit time integration, which is particu-
larly well-suited for GPU-based parallelization [37]. While effective for loosely
packed or weakly interacting granular systems, soft-sphere DEM can encounter
stability and efficiency issues when applied to densely packed, stiff, or quasi-
rigid materials. In these regimes, large numbers of simultaneous contacts and
rapidly changing contact networks can lead to numerical instabilities and re-
quire prohibitively small time steps to maintain accuracy and robustness. To
overcome these limitations, the Non-Smooth Contact Dynamics (NSCD) ap-
proach has been developed [73, 74, 75]. NSCD treats particles as perfectly
rigid bodies and resolves contact interactions through complementarity condi-
tions or variational inequalities, which enforce non-penetration and Coulomb
friction constraints directly, without relying on artificial dissipation or elastic
deformation. This framework is particularly advantageous for modelling dense
granular flows, where persistent contacts, sudden transitions between sticking
and sliding, and highly intermittent force chains are common. Unlike soft-
sphere, NSCD is capable of resolving large contact networks and discontinuous
motion in a stable and consistent manner, without requiring small time steps or
the regularization of contact laws. This makes it especially suitable for applica-
tions such as quasi-static deformation, compaction, or impact-driven granular
dynamics, where the accurate treatment of contact conditions is critical.

In real-world scenarios, granular flows often occur in the presence of an
interstitial fluid, such as air or water. The interaction between the grains and
the fluid can dramatically influence the flow behaviour due to added mass
effects, buoyancy, drag, lubrication, and variations in pore pressure. The force
applied by the fluid to each grain can be incorporated directly into the DEM
framework through an external fluid-grain interaction force. This external force
can be explicitly integrated into the NSCD framework, enabling the simulation
of immersed granular flows. Additionally, since overlapping particles are not
allowed, the numerical scheme naturally satisfies particle volume conservation.

The Discrete Element Method (DEM) can be summarised as follows. Al-
gorithm 1 provides an overview of the key steps involved in a single time step
of the DEM. First, the free velocity of each particle is computed by integrat-
ing the external forces (such as gravity and fluid–grain interactions) over the
time step, assuming no contact interactions. Next, the contact detection step
identifies all potential contacts between particles and between particles and
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boundaries. These contacts are used to formulate the contact constraints, such
as non-penetration and frictional sliding. Once contacts have been detected,
the contact problem is solved using a Non-Smooth Contact Dynamics (NSCD)
approach. This involves computing the contact impulse necessary to enforce
the contact constraints. This impulse is then applied to adjust the velocities
so that they satisfy both Newton’s laws and the contact conditions. Finally,
the particle positions and orientations are updated using the post-contact ve-
locities, thus completing the time step. These updated states are then used to
advance to the next time step in the simulation.

In this chapter, we present the fundamentals of the Discrete Element Method
as applied to the particulate phase in fluid–granular systems, with a focus on
its non-smooth dynamics formulation. We detail the theoretical framework of
NSCD and its numerical implementation.

Algorithm 1: Iteration of a DEM Solver.
Require: qn,vn, fn

e ,∆t
v− ← vn + ∆tfn

e

C ← Contact Detection
pn+1,vn+1 ← Solve the contacts problem
qn+1 ← Update the bodies position
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2.1 Non-Smooth Newton–Euler Dynamics

Originally developed for geomechanical applications [36], the Discrete Element
Method (DEM) has evolved into a widely adopted numerical approach for sim-
ulating the behaviour of granular materials. In this framework, each particle
is modelled as a rigid body, and its motion is governed by the Newton–Euler
equations. The discontinuous nature of collisions and contact interactions ne-
cessitates a non-smooth formulation of the dynamics. Generalised configuration
variables are introduced to describe the particle’s position and orientation, pro-
viding a comprehensive representation of its motion. This formulation leads to
a concise set of equations that govern the particle’s dynamics, including both
linear and angular momentum balances which will be suitable to describe the
contact dynamics.

2.1.1 Rigid body kinematics
A rigid body can be described using generalised coordinates, which represent
its position y ∈ R3 and its orientation, represented by a unit quaternion θ ∈ H4

in the Euclidean space R3. For two-dimensional systems, a single angle is suf-
ficient to describe the orientation. For numerical purposes, unit quaternions
are often preferred to Euler angles or a rotation matrix due to their computa-
tional efficiency and numerical stability. The generalised velocity, denoted v,
relates the generalised coordinates to the linear and angular velocities in the
body-fixed reference frame:

q =
[
y
θ

]
, v =

[
ẏ
ω

]
(2.1)

where ẏ ∈ R3 is the linear velocity and ω ∈ R3 is the angular velocity.

x̂A
ŷA

x̂

ŷ
y

θ

Figure 2.1: Configuration variables of a rigid body.

The time derivative of the orientation, θ ∈ H4 is related to the angular
velocity, ω ∈ R3 by:
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θ̇ = 1
2Q(θ)ω (2.2)

θ̇ = 1
2


−ωxθx − ωyθy − ωzθz

ωxθw + ωyθz − ωzθy

ωyθw − ωxθz + ωzθx

ωzθw + ωxθy − ωyθx

 (2.3)

It follows that the time derivative of the generalised coordinates q can be
expressed as:

q̇ = T(q)v (2.4)

where T(q) is the transformation matrix from the generalised velocities to the
generalised coordinates based on Equation (2.3). The generalised coordinates
are defined by six degrees of freedom in three-dimensional space and three
degrees of freedom in two-dimensional space. Figure 2.1 illustrates the rigid
body configuration.

2.1.2 Non-Smooth Dynamics

fe

fe

p

g

Figure 2.2: A disc subjected to
external forces.

The dynamics of a rigid body are governed
by the Newton–Euler equations, which de-
scribe the motion of the particle in terms of
its linear and angular momentum. External
impulses act on the particle, which can be
due to contact forces, fluid forces, or exter-
nal forces such as gravity. Figure 2.2 illus-
trates the motion of a particle subjected to
gravity and an external forces. To account
for the non-smooth nature of contact interac-
tions, the dynamics equations are formulated
in a differential form [76, 74] :

Mdv = fedt+ fqdt+ dp (2.5)

where dv is the differential measure of the
velocity, fe is the external generalised force,
dp is the generalised impulse and M is the
generalised mass matrix defined as:

M =
[
mI 0
0 J

]
(2.6)
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wherem is the mass of the body, I ∈ R3×3 is the identity matrix, J ∈ R3×3 is the
inertia matrix and 0 ∈ R3×3 is the null matrix. The generalised external force fe
includes the external forces and moments acting on the particle, such as gravity
or fluid forces. Contact forces and moments are included in the generalised
impulse. Gyroscopic moments are included in the generalised quadratic force
fq, which is defined as:

fq =
[

0
−ω× Jω

]
(2.7)

For a sphere or bidimensional system, the quadratic force is zero because the in-
ertia matrix is diagonal. This term will be omitted from the following equations,
since only two-dimensional systems and symmetric particles will be considered.
To model contact interactions, inequalities are used to enforce non-penetration
and frictional constraints. The Discrete Element Method (DEM) solves the
equations of motion for each particle in the system, Equation (2.5), neighbor-
ing particles interact through contact forces and moments.

In order to address the discontinuous nature of the contact impulse, the
generalised velocity v is assumed to be a right continuous locally bounded
variation function. This means that the measure of ]t0, t] by dv is

∫
]t0,t]

dv = v(t)− v(t0). (2.8)

The kinematics and dynamics of a rigid body in the non-smooth framework
can be expressed as:

q(t)− q(t0) =
∫

]t0,t]
T(q) dv, (2.9)

M
(

v(t)− v(t0)
)

=
∫

]t0,t]
fe dt+ p. (2.10)

The unknowns in these equations are the generalised coordinates q, the
generalised velocities v, and the generalised impulses p. In practice, the exter-
nal force fe is integrated explicitly, and the free velocity v− is defined as the
velocity the body would get in the absence of contact interactions:

v− = v(t0) + M−1fe∆t, (2.11)

where M is the mass matrix and ∆t is the time step. It leads to the following
expression for the body dynamics:
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M(v+ − v−) = p, (2.12)

where v+ and v− denote the post and pre-impact velocities, respectively. The
unknown quantities in this equation are the post-impact velocity v+ and the
contact impulse p. The next section introduces the Contact Dynamics method,
which uses non-overlapping and frictional contact constraints to determine
these quantities.

2.2 Contact Dynamics

The core principle of the Non-Smooth Contact Dynamics (NSCD) method is
to treat contact events as discontinuous impulse. All contacts occurring within
a time step are considered instantaneous and are solved simultaneously. This
approach enables the simulation of contact dynamics even when the duration
of contact tends toward zero. However, a fundamental trade-off of this method
is the loss of uniqueness of the solution, meaning that multiple valid outcomes
may exist for a given configuration. The method can be divided into three
main stages:

Contact Detection involves identifying potential contact pairs. This is done
by computing the distance between particles and checking whether they
are sufficiently close to interact. A naive approach would involve checking
all possible particle pairs, but this becomes computationally infeasible for
large systems. To address this issue, tree-based spatial partitioning algo-
rithms are employed to efficiently detect potential contacts using particle
bounding boxes. As a consequence of the detection step, a time step
restriction arises from this stage to ensure accurate detection.

Local Contact Resolution Once potential contacts have been identified, each
one is treated individually. A local contact frame is then defined at each
contact point to serve as the reference basis for expressing contact con-
ditions. Within this frame, non-overlapping constraints, friction, and
inelastic collision conditions are formulated as inequalities. The contact
dynamics are therefore expressed in terms of complementarity conditions
within this local frame.

Global Resolution Solving the full contact problem involving multiple inter-
acting bodies requires iterative algorithms. Since multiple contacts can
act simultaneously on a single body, the contact problem is inherently
coupled and nonlinear. To handle these interdependencies and ensure a
consistent global solution, iterative schemes are employed to progressively
converge towards a stable configuration. Commonly used methods in-
clude the Nonlinear Gauss–Seidel algorithm [40, 77], Conjugate Gradient
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methods [78], and optimisation-based approaches such as the Accelerated
Gradient Scheme [39].

This section details the procedures for both local and global contact resolu-
tion. First, we introduce the kinematics of contact, including the definition of
the contact frame and the associated transformation matrix. Next, we present
Signorini’s condition, which enforces the non-penetration constraint between
interacting bodies. This is followed by a discussion of Coulomb’s friction law,
which governs the tangential forces that arise at contact points. Finally, we
describe the Gauss–Seidel algorithm, an efficient iterative method for solving
the global multi-contact problem.

2.2.1 Contact Kinematics

To express the equations of motion in the local frame, we introduce a local
frame associated with the contact point. Let n be the unit normal vector to
the contact plane and s and t be the two tangential vectors in the contact
plane. The normal vector is defined as the unit vector pointing from the two
closest point between body A and body B. It leads that the gap between the
two bodies is given by,

g(t) = n · (yc
A − yc

B), (2.13)

where yc
A is the closest point from body A to body B and yc

B is the closest
point to body A on body B. Figure 2.3 illustrates the local frame associated
with the contact point.

We seek to express the equations of motion in the local frame associated
with the contact point. The absolute velocity at the contact point in the
global frame is given by :

v = ẏ +ω× yc, (2.14)

=
[
I R

] [ ẏ
ω

]
(2.15)

(2.16)

where I is the identity matrix, R the skew-symmetric matrix use to express
the vector cross-product as a matrix-vector product:

R =

 0 zc −yc

−zc 0 xc

yc −xc 0

 , (2.17)
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Figure 2.3: Local frames associated with the contact problem.

The absolute velocity and the contact impulse, respectively denoted by u and
r, can be expressed in the local frame as:

u = HT v, (2.18)
p = Hr, (2.19)

where H maps the global frame to the local frame at the contact point, defined
as:

H =
[

I
R

]
B, B =

[
n s t

]
, (2.20)

where B is change of basis matrix from the local frame to the global frame. It
should be recall that the contact point and The transformation matrix H are
not known a priori as they depends on the bodies configuration.

Over a singleton {tc}, the jump velocity at the contact point, Equation
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(2.12), can be expressed in the local frame as:

M(v+ − v−) = p, (2.21)
v+ − v− = M−1p, (2.22)
HT (v+ − v−) = HT M−1Hr, (2.23)
u+ − u− = HT M−1Hr, (2.24)

It is convenient to introduce the Delassus operator W which describes the
change of velocity at the contact point due to the contact impulse,

u+ − u− = Wr, W = HT M−1H, (2.25)

At the contact point between two bodies A and B, the dynamics at the contact
point is expressed as:

u+
A = u−

A + WAr, WA = HT
AM−1

A HA (2.26)
u+

B = u−
B −WBr, WB = HT

BM−1
B HB (2.27)

Let δu = uA −uB be the relative velocity at the contact point. The dynamics
at the contact point is:

δu+ = δu− + Wr, W = WA + WB (2.28)

Regarding this equation, both the contact impulse r and the relative velocity
δu+ are unknown. In three-dimensional space, six unknowns have to be solved,
the contact dynamics, Equation (2.28) only provides three equations. To close
the system, non-overlapping conditions are imposed at the contact point and
constitutive laws are introduced to model tangential reactions with inelastic
collisions.

2.2.2 Signorini’s Condition
Non-smooth methods seek to prevent overlapping between two bodies. This is
why they are also referred as hard-sphere methods. To ensure non-overlapping,
the gap, Equation (2.13), is set to be non-negative

g(t) ≥ 0, (2.29)

This condition is referred as the unilateral constraint. As two bodies are close
to one another without contact, the gap is positive and the normal contact
impulse is zero. When the two bodies are in contact, the gap is zero and the
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normal contact impulse is positive. This situation is referred as the Signorini’s
condition:

g(t) ≥ 0, (Impenetrability), (2.30)
rn(t) ≥ 0, (No attraction), (2.31)
rn(t)g(t) = 0, (Signorini’s condition), (2.32)

where rn is the normal contact impulse. Figure 2.4a illustrates the Signorini’s
condition.

2.2.3 Frictional Contact Law
In order to fully describe the contact dynamics, constitutive laws are required
to model the contact forces. Inelastic shock and Coulomb’s friction law are
the ones considered in this work. The inelastic shock states that if a contact
occurs, the contact normal velocity vanishes after the contact,

g(t) = 0⇒ rn(t) ≥ 0, δu+
n = 0. (2.33)

Coulomb’s friction law states that the tangential contact impulse is opposite
to the tangential velocity at the contact point and that its magnitude belongs
to the friction cone with a friction coefficient µ. Figure 2.4b illustrates the
Coulomb’s friction law for a two-dimensional system. In the contact frame, the
Coulomb’s friction law can be expressed as:

∥rt∥ ≤ µrn, (2.34)∥∥δu+
t

∥∥ ̸= 0⇒ rt = −µrn
δu+

t∥∥δu+
t

∥∥ . (2.35)

where rt is the tangential contact impulse and δu+
t is the tangential velocity

at the contact point defined as:

rt = r− rnn, δu+
t = δu+ − δu+

n n. (2.36)

2.2.4 A Brief Summary
For a given contact point, the contact impulse and the relative velocity are de-
termined to satisfy the contact dynamics, the Signorini condition (impenetra-
bility), Coulomb’s friction law (Coulomb’s cone and slipping), and the inelastic
impact condition (no restitution).
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rn g

g

rn

(a) Signorini’s condition.

µrn

−µrn

δu+t

rt

(b) Coulomb’s friction law.

δu+ = δu− + Wr, (Contact Dynamics)
g(t) ≥ 0, (Impenetrability),
rn(t) ≥ 0, (No attraction),
rn(t)g(t) = 0, (Signorini’s condition),
g(t) = 0⇒ rn(t) ≥ 0, δu+

n = 0, (No restitution).
∥rt∥ ≤ µrn, (Coulomb’s cone)∥∥δu+

t

∥∥ ̸= 0⇒ rt = −µrn
δu+

t∥∥δu+
t

∥∥ , (Slipping).

(2.37)

The complete contact problem is inherently nonlinear, so finding a solution
is not trivial. Fortunately, in two-dimensional problems, an explicit solution
can often be obtained using a graphical interpretation of the contact laws.
This allows for a direct construction of the contact impulse that satisfies the
Signorini condition, Coulomb’s friction law, and the inelastic impact condition.
However, in three-dimensional configurations, the contact space becomes more
complex, and an iterative procedure is typically required to find the correct
contact impulse at each contact point. The following paragraph illustrates how
the contact solution can be obtained explicitly in a bidimensional problem.

A bidimensional example — Let us assume an active contact between
two bidimensional bodies, i.e. the gap is zero. The contact solution is the
relative velocity and the contact impulse such that both the contact dynamics
and the Coulomb’s friction law are satisfied. The solution can be found graph-
ically by determining the intersection between the contact dynamics and the
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Coulomb friction law, as illustrated in Figure 2.5. To discuss this intersection,
we introduce the stick impulse, which is the impulse such that the relative
velocity vanishes:

rstick = −W−1δu−. (2.38)

If the stick solution is inside the friction cone, then the contact is in stick mode
and the contact impulse is equal to the stick impulse. If the stick solution is out-
side the friction cone, then the contact is in slip mode and the contact impulse
is equal to the boundary of the friction cone. The sign of the stick tangential
impulse determines the direction of the slip either forward or backward,

if rstick
t − µrstick

n < 0, then rt = −µrn (2.39)
if rstick

t + µrstick
n > 0, then rt = µrn (2.40)

Finally, the tangential contact impulse is injected into the contact dynamics, a
2× 2 system of linear equations is obtained,

[
0
δu+

t

]
=
[
Wnn Wnt

Wtn Wtt

] [
rn

rt

]
+
[
δu−

n

δu−
t

]
. (2.41)

From this system, the tangential velocity and the normal impulse can be iso-
lated and thus, the contact problem has been fully solved.

In this section, we present the Non-Smooth Contact Dynamics (NSCD)
framework for modelling a single collision between two bodies. The dynamics
are described in a local frame associated with the contact point. To ensure
non-penetration at all times, Signorini’s condition is applied. To close the
system of equations, constitutive laws are introduced to model the contact
forces–specifically, the inelastic impact condition and Coulomb’s friction law.
However, in practical scenarios, multiple contacts typically occur within a single
time step. Resolving these interactions requires solving a global multi-contact
problem. The following section details the iterative algorithm used to compute
a consistent set of contact impulses that satisfies all constraints.

2.3 When One Contact Isn’t Enough

In most realistic scenarios, multiple contacts occur simultaneously within a sin-
gle time step. The objective is to determine a global contact impulse such that
each local contact problem satisfies the conditions outlined in Equation (2.2.4).

Given that the current implementation is sequential, we assume contacts
are resolved one after another. However, this resolution introduces a chal-
lenge: solving one contact updates the velocities of the involved bodies, which
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[
0
δu+t

]
=

[
Wnn Wnt

Wtn Wtt

] [
rn
rt

]
+

[
δu−n
δu−t

]
(δu+t , µrn)

δu+t

rt

Figure 2.5: Coulomb’s friction contact solution procedure.

may, in turn, affect other previously solved contacts. To address this coupling,
iterative schemes are employed to achieve convergence. Common methods in-
clude the Nonlinear Gauss–Seidel algorithm [40, 77] and Conjugate Gradient
methods [78]. Optimisation-based approaches such as the Accelerated Gradient
Scheme [39] have also shown promise, offering efficient convergence properties.

In this work, we adopt the Nonlinear Gauss–Seidel method to solve the
multi-contact problem. Algorithm 2 summarizes the procedure. Let us assume
that all detected contacts are stored in a list C. The algorithm begins with
an initial guess for the contact impulses, denoted r0. It then iteratively loops
through each contact in C. For each contact, the previously applied contact
impulse is removed from the bodies. Then the local contact problem is solved
using Equation (2.2.4), yielding an updated contact impulse. This contact
impulse is then re-applied to the bodies involved in the contact. To assess local
convergence, the displacement at the contact point is compared to that from the
previous iteration. If the change is below a specified tolerance ξ, the contact is
considered to have converged and the previous contact impulse is applied. The
algorithm terminates once all contacts satisfy the local convergence criterion.
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Algorithm 2: Non-Linear Gauss Seidel Loop.
Data: Initial guess r0
k = 0;
converged = False;
while not converged do

for Each contact α ∈ C do
k += 1;
vα

0 ,vα
1 → Unapply the contact impulse rα

k−1;
δuα

k , rα
k → Solve the local contact problem;

vα
0 ,vα

1 → Apply the contact impulse rα
k ;

if
∥∥δuα

k − δuα
k−1
∥∥∆t < ξ then

converged = True;
vα

0 ,vα
1 → Unapply the contact impulse rα

k ;
vα

0 ,vα
1 → Apply the contact impulse rα

k−1;
end

end
end

Optimisation As observed in the previously described algorithm, even if
only a few contacts require additional iterations to converge, the algorithm
continues to loop over all contacts at each step. This inefficiency has been
addressed by introducing a queue to manage contact resolution more effectively.
Initially, all detected contacts are inserted into the queue. We then iterate
through the queue, solving one contact at a time. If a contact fails to converge,
it is reinserted back into the queue, along with all contacts involving the same
bodies. This strategy focuses computational effort on unresolved contacts and
their immediate neighbors, which are most likely to be affected. Consequently,
the algorithm becomes more efficient by dynamically adapting its focus to the
regions of the system where convergence has not yet been achieved.

Conclusion

In this chapter, we present the Non-Smooth Contact Dynamics (NSCD) frame-
work for modelling contact interactions between rigid bodies. This method
treats contact events as instantaneous and discontinuous, represented through
impulses. The NSCD approach enables the robust simulation of systems with
many simultaneous contacts, such as granular materials.

Algorithm 3 summarises the overall procedure for the NSCD method. The
free velocity v− is computed based on the external forces acting on the bodies.
Potential contacts are detected, and the contact impulse is computed using the
Nonlinear Gauss–Seidel algorithm. Finally, the bodies positions are updated
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based on the computed velocities. The time step ∆t must be chosen to ensure
stability in the explicit force computation and to allow for an accurate contact
detection.

Algorithm 3: NSCD Overview.
Require: qn,vn, fn

e ,∆t
v− ← vn + ∆tfn

e

C ← Contact Detection
pn+1,vn+1 ← NonLinear Gauss-Seidel
qn+1 ← Update the bodies position

In the next chapter, we turn our attention to the fluid phase representation
and detail the coupling strategy between the fluid and solid phases.
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Numerical Modelling of Immersed

Granular Flows

In theory, there is no difference
between theory and practice.
In practice, there is.

— Yogi Berra.

Immersed granular flows involve the motion of solid particles that are either
fully or partially suspended in a surrounding fluid. Such systems are prevalent
in both natural and industrial environments, with examples including sediment
transport in rivers, slurry conveyance in pipelines, and debris flows triggered by
landslides. A defining characteristic of immersed granular flows is the complex
interplay between the particles and the interstitial fluid, leading to a diverse
range of behaviours that span the continuum from fluid-like to solid-like dynam-
ics. Accurately capturing these behaviours is essential for predictive modelling
in environmental and engineering applications.

In such systems, hydrodynamic interactions play a key role in determining
particle motion. These interactions include drag, lubrication forces, added mass
effects, and Basset history forces, all of which stem from the fluid’s viscous and
inertial properties. A key dimensionless parameter that governs the nature of
these flows is the Stokes number, St, which expresses the relative importance

41
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of particle inertia compared to viscous forces: St = ρg γ̇d2

η , where ρg is the
particle density, γ̇ is the shear rate, d is the particle diameter, and η is the
dynamic viscosity of the fluid. For small Stokes numbers (St ≪ 1), viscous
forces dominate and strongly couple particle and fluid motion. In contrast, for
large Stokes numbers (St≫ 1), inertial effects prevail, and the system behavior
approaches that of dry granular flows.

The presence of particles also alters the macroscopic rheology of the fluid-
particle suspension. In dilute systems (ϕ < 0.1), the effective viscosity increases
approximately quadratically with the particle volume fraction [34]. As the
suspension becomes denser, the viscosity rises sharply and may diverge near the
jamming transition. This non-linear increase is well described by the Krieger–
Dougherty model [35]: ηeff = η

(
1− ϕ

ϕc

)−α

, where ϕc denotes the critical
packing fraction and α is a fitting exponent. Such behavior highlights the
intricate coupling between particle interactions and fluid rheology, resulting in
suspensions that may behave like Newtonian fluids in dilute regions, and as
highly viscous or jammed materials in dense zones.

Simulating immersed granular flows poses significant computational chal-
lenges due to the multiscale and multiphase nature of the system. While fully
resolving the fluid motion around each individual particle would offer the most
accurate representation, it is prohibitively expensive for large-scale applica-
tions. Consequently, a variety of numerical strategies have been developed,
each balancing physical accuracy and computational efficiency.

The two-fluid model treats the solid and fluid phases as interpenetrating
continua, which are governed by volume-averaged conservation laws for mass,
momentum, and energy [11]. Coupling terms such as drag force account for
interphase interactions. Although this approach is computationally efficient
and well-suited to large-scale simulations, it often struggles to capture particle-
scale effects and requires empirical closure relations to approximate unresolved
microscale physics.

A more detailed alternative is the CFD-DEM method, which combines the
Discrete Element Method (DEM) to model particle motion with classical Com-
putational Fluid Dynamics (CFD) methods to model the fluid phase [49, 51,
48]. This hybrid framework explicitly resolves particle-particle and particle-
fluid interactions, enabling accurate modelling of complex phenomena such
as clustering, jamming, and segregation. However, its computational cost in-
creases steeply with the number of particles and the complexity of the interac-
tions, particularly in dense suspensions. Like the two-fluid model, its accuracy
is highly dependent on the closure relations used to model the interphase forces.

The semi-resolved method [52, 53] bridges the gap between fully resolved
and unresolved approaches. In this method, the resolution of the fluid, i.e. the
mesh size, is comparable to the diameter of the particles, enabling the partial
resolution of near-field flow structures without fully capturing the boundary
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layers. To achieve this, a smoothing kernel is typically introduced to distribute
particle forces and velocities onto the fluid mesh. This kernel spreads the par-
ticle quantities over a region larger than a single mesh element. Near bound-
aries, renormalisation of the kernel is often necessary to ensure conservation of
volume. While the semi-resolved method improves accuracy over purely unre-
solved approaches, it still inherits their stability limitations and can be difficult
to apply in geometrically complex domains.

Unresolved

Semi-resolved

Resolved

h > 3d

h ∼ 1d

10h < d

Figure 3.1: Grains representation paradigms. On the left, an avalanche of grains in
a box. On the right, the filtered fluid velocity ε∥u∥, The mesh is shown in gray. From
top to bottom, the three paradigms are : unresolved, semi-resolved and resolved.

In this chapter, we revisit the volume-averaged fluid formulation coupled
with a discrete granular phase in the context of the Finite Element Method.
Next, we introduce an overlap-wise particle integration scheme to transfer par-
ticle forces to the fluid mesh, eliminating the need for an additional kernel
interpolation. A semi-implicit time integration scheme ensures stability and
prevents degeneracy, even when mesh elements are fully occupied by parti-
cles. This enables the method to handle arbitrary mesh sizes and complex
geometries, making it well-suited for free-surface and dense granular flows. A
key feature of our approach is its ability to transition seamlessly between un-
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resolved, semi-resolved, and resolved regimes without altering the numerical
scheme, as shown in Figure 3.1. This is demonstrated by various test cases, in-
cluding a sedimentation test and the granular Rayleigh–Taylor instability. The
method remains computationally efficient by modelling fine-scale boundary ef-
fects through constitutive laws rather than mesh refinement, while still captur-
ing key hydrodynamic interactions such as drag and momentum exchange.
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3.1 Fluid Governing Equations

The dynamics of an incompressible Newtonian fluid are described by the Navier–
Stokes equations, subject to no-slip boundary conditions at the fluid–solid in-
terface. While the motion of individual grains is governed by the Newton–Euler
equations, directly resolving the fluid flow around each grain becomes compu-
tationally infeasible for large-scale systems.

To overcome this limitation, a volume-averaged description is adopted,
based on the framework introduced by Anderson [48]. This methodology ex-
tends the fluid phase over the granular domain using a filtering operation,
which necessitates closure models for fluid–grain interaction and unresolved
stress contributions. The resulting Volume-Averaged Navier–Stokes (VANS)
equations enable the fluid phase to be simulated across the mixture domain
without explicitly resolving the flow around each particle. Figure 3.2 illus-
trates the unresolved representation of the flow, as the fluid phase is captured
at the mesh scale and the grains are captured by the Discrete Element Method.

Figure 3.2: Unresolved flow representation: The fluid phase is governed by the
volume-averaged Navier–Stokes equations at the mesh scale, while particles (red discs)
are modeled using the Discrete Element Method (DEM).

This section presents the derivation of the VANS equations. The process
begins with the Navier–Stokes equations, proceeds through the introduction of
a filtering operator, and concludes with the derivation of the VANS equations
and their associated closure models. Readers who are already familiar with
the VANS equations can skip ahead to Section 3.1.4, which summarises of the
governing equations.

We consider a domain composed of a fluid region Ωf and a solid region Ωs,
where the no-slip condition is enforced on the surface of each grain, denoted
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by Γs. The problem for the fluid phase is:
∇ · u = 0, in Ωf ,

∂t(ρu) + ∇ · (ρu⊗ u) = ∇ · σ + ρg, in Ωf ,

u = v, on Γs,

(3.1)

where u is the fluid velocity, v is the solid velocity, ρ is the fluid density, σ
is the Cauchy stress tensor, and g is the gravitational acceleration. The stress
tensor is defined as

σ = −pI + µ
(
∇u + ∇Tu

)
, (3.2)

where p denotes the pressure, µ is the dynamic viscosity, and I is the identity
tensor. The force exerted by the fluid on an individual grain is given by

f =
∫

Γs

σ · n dS, (3.3)

where n is the unit normal vector on Γs.

3.1.1 Filtering Operation
The filtering operation decomposes the fluid properties into macroscopic (fil-
tered) and microscopic (fluctuating) components. For any field a(x, t), we
write:

a(x, t) = ā(x, t) + ã(x, t), (3.4)

where ā represents the filtered quantity and ã the fluctuation. Filtering is
performed using a kernel δ(r), where r = ∥x− y∥, satisfying:

δ(r) ≥ 0, dδ(r)
dr ≤ 0

δ(r) ∈ L∞,

∫
Ω
δ(r) dΩ = 1.

(3.5)

Figure 3.5 illustrates a typical kernel δ(r) function, the Gaussian kernel. This
kernel determines the influence of neighbouring points within the fluid domain.
The local void fraction, i.e. the fluid volume fraction, at position x is defined
as

ε(x, t) =
∫

Ωf

δ(r) dΩ, (3.6)

and the local particle volume fraction is given by

ϕ(x, t) =
∫

Ωp

δ(r) dΩ. (3.7)
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These two fields form a partition of unity,

ε(x, t) + ϕ(x, t) = 1. (3.8)

The filtered value of a then satisfies

ε(x, t)ā(x, t) =
∫

Ωf

a(y, t) δ(∥x− y∥) dy. (3.9)

δ(r) = 1√
2πσ

exp
(
− r2

2σ2

) r

δ(x)

r

δ(r)

δ(r) = 3
4(1− r2), |r| ≤ 1

r

δ(r)

δ(r) = 1− |r|, |r| ≤ 1

Figure 3.3: Filtering operation: the kernel δ(r) is centered at x and integrates over
the fluid domain Ωf . From left to right: Gaussian kernel, Epanechnikov kernel, and
triangular kernel.

3.1.1.1 Derivative operators

Applying the filtering operation to derivatives introduces additional surface
contributions due to the moving boundary and the grains presence:∫

Ωf

∂ta δ(∥x− y∥) dy = ∂t (εā) +
∫

Γs

(n · v)aδ(∥x− y∥) dy, (3.10)∫
Ωf

∇ · a δ(∥x− y∥) dy =∇ · (εā)−
∫

Γs

(n · a)δ(∥x− y∥) dy, (3.11)∫
Ωf

∇a δ(∥x− y∥) dy = ∇(εā) −
∫

Γs

(n⊗ a)δ(∥x− y∥) dy. (3.12)

These surface terms come from the integration by parts and the application of
the divergence theorem.

3.1.2 Volume-averaged Navier-Stokes equations
The VANS equations are obtained by multiplying the pointwise Navier–Stokes
equations by the filtering kernel and integrating the result over the fluid domain
Ωf .
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Continuity equation

Applying the filtering operation to the incompressibility constraint (3.1) yields:

∇ · (εū)−
∫

Γs

(n · u) δ(∥x− y∥) dy = 0. (3.13)

Using the no-slip boundary condition and the filtered time derivative prop-
erty (3.10), we obtain:

∂ε

∂t
+∇ · (εū) = 0. (3.14)

Similarly, the continuity equation for the solid phase is:

∂ϕ

∂t
+∇ · (ϕv̄) = 0. (3.15)

Adding these two equations together results in the conservation of the total
volume:

∇ · (εū + ϕv̄) = 0, (3.16)

where the term (εū + ϕv̄) represents the volume-averaged mixture velocity.

Momentum equation

When the momentum equation (3.1) is filtered, the left-hand side becomes:∫
Ωf

(
∂t(ρu) + ∇ · (ρu⊗ u)

)
δ(∥x− y∥) dy

= ∂t(ερū) + ∇ · (ερū⊗ ū) + ∇ ·R,
(3.17)

where the residual stress tensor is

R =
∫

Ωf

(ρũ⊗ ũ) δ(∥x− y∥) dy. (3.18)

This term accounts for the unresolved stress contributions caused by the fluc-
tuating velocity field. It is similar to the Reynolds stress tensor in the context
of turbulence modelling.

Filtering the divergence of the stress tensor gives∫
Ωf

(∇ · σ)δ(∥x− y∥) dy = ∇ · (εσ̄)−
∫

Γs

(n · σ)δ(∥x− y∥) dy, (3.19)
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The stress tensor is split into a filtered part and a fluctuating part σ = σ̄ +
σ̃. The fluid-grain interaction force is then used to close the system. The
macroscopic stress tensor can be approximated as∫

Γs

(n · σ̄)δ(∥x− y∥) dy ≈ σ̄ ·∇ε, (3.20)

based on the divergence theorem and a change of variables, as well as the
assumption that the filtered stress and its derivatives varies slowly over the
particle scale. A constitutive relation is then required for the fluctuating stress
contribution. The force exerted by the fluid on the solid phase is assumed to
take the form:

ϕf ≈ ϕ(fd −∇p̄). (3.21)

where fd is the drag force density encompassing both filtered and fluctuating
viscous effects and only pressure fluctuations, and ∇p̄ accounts for filtered
pressure gradient.

By decomposing the stress tensor into pressure and viscous components,
and using Equations (3.19), (3.20) and (3.21), the filtered divergence of the
stress becomes:

∫
Ωf

(∇ · σ)δ(∥x− y∥) dy = ∇ · (ετ̄ + Rτ )− ε∇p− ϕfd (3.22)

where Rτ is the residual stress tensor associated with the viscous term, (3.19).
Thus, the volume-averaged momentum equation is:

∂t (ρεū) + ∇ · (ερū⊗ ū) =−ε∇p̄+ ∇ · (ετ̄ + Rτ −R)− ϕfd+ερg, (3.23)

or equivalently,

∂t (ρεū) + ∇ · (ερū⊗ ū) =−∇p̄+ ∇ · (ετ̄ + Rτ −R)− ϕf+ερg, (3.24)

The first form of the momentum equation (3.23) is referred to as the model A
and the second form (3.24) as the model B [51].

These two models are equivalent but they differ in the way that the fluid–
grain interaction force is treated. In model B, the total fluid-grain interaction
force is expressed directly in the momentum equation. From the implemen-
tation point of view, this ensures action–reaction forces between the fluid and
solid phases. On the other hand, model A is the intuitive one as the drag force
is directly expressed in the momentum equation to ensure the no-slip condi-
tion. However, careful consideration is required when expressing the viscous
term and the pressure gradient. In practice, both models are equivalent as long
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as the pressure gradient over the solid phase is exactly computed. The choice
between the two is a matter of implementation preference.

As will be shown in the next section, computing a precise, non-filtered
porosity for each particle enhances the solid-phase representation and enables
arbitrary spatial resolution.

3.1.3 Closures
As a result of filtering the equations of motion for the fluid phase, sub-grid
terms arise and require closure. The general problem consists of formulating
expressions for those terms based on filtered quantities, applicable over a wide
range of particle Stokes and Reynolds numbers from the dilute to the dense
limit. These terms are:

Residual stress tensor This stress originates from the advection of velocity
fluctuations, as described in Equations (3.18), and is analogous to the
Reynolds stress tensor encountered in turbulent flows.

R ≜ ∇ · (ρũ⊗ ũ) ≈ ηt(∇ū + ∇ūT ) (3.25)

In immersed granular flows, depending on the Stokes number and concen-
tration of the particle phase, the dispersed particles may either enhance or
suppress turbulence relative to the single-phase case [79]. Experimental
and numerical studies have demonstrated that dilute particle suspensions
within the fluid boundary layer tend to dampen turbulence generation,
whereas larger particles can amplify Reynolds stresses [80]. In the case
of dense suspensions, fluidisation is typically associated with two dis-
tinct sources of turbulence: small-scale velocity fluctuations arising from
granular agitation, such as interparticle collisions and wake-induced in-
stabilities, and mesoscale structures like particle clusters and bubbles.
Consequently, conventional turbulence models are generally inadequate
for capturing these effects [81]. In this thesis, the Reynolds numbers en-
countered remain relatively low; therefore, the contribution of turbulence
to the momentum balance is considered negligible.

Filtered Viscous term Filtering the velocity gradient in the viscous terms
introduces unclosed stress contributions, since the gradients of velocity
fluctuations can lead to additional dissipation:

ετ̄ + Rτ ≈ ηeff
(
∇ū + ∇ūT

)
(3.26)

As the particles resist deformation, their internal stresses increase, result-
ing in a larger effective viscosity. Modelling this increase is challenging,



51

because the resistance to deformation is already implicitly represented by
the fluid–grain interaction forces and the discrete grain representation.
For dilute suspensions (ϕ < 0.1), the effective viscosity of the mixture
can be described using Einstein or Batchelor’s law [82, 34]:

ηeff ≈ η
(
1 + 2.5ϕ+ 7.6ϕ2) , (3.27)

as supported by studies such as [83, 84]. However, in dense regimes,
particle–particle interactions and collisions become the dominant source
of internal stress [18], and the effective viscosity of the suspension di-
verges: Once the regime becomes dense, particle collisions become the
main source of internal stress [18] and the suspension’s effective viscosity
diverges. This effect can be modelled by Krieger-Dougherty law [35]:

ηeff = η

(
1− ϕ

ϕm

)−n

(3.28)

where ϕm is the maximum packing fraction and n is a fitting parameter,
typically set to 2.
This effect is captured directly by the discrete particle model and should
not be duplicated in the fluid phase. For dense suspensions, neglecting
any increase in effective viscosity in the fluid phase has been shown to
still yield accurate results [85].

ετ̄ ≈ η
(
∇ū + ∇ūT

)
(3.29)

Rτ ≈ 0 (3.30)

This approach is also adopted in this thesis, since the fluid–grain param-
eterisation interaction forces already incorporate the local effects of the
particles.

Particle scale force As the no-slip boundary condition is not explicitly re-
solved, the particle scale force provides the missing link between the fluid
and solid phases. It is designed to ensure that the fluid–grain interaction
force is consistent with the no-slip condition and the momentum balance
based on a constitutive relation.
The total fluid–grain interaction force includes the contributions from
both viscous and pressure forces acting on the particle. The viscous
contribution is assumed to be fully captured by the constitutive model.
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In contrast, only the fluctuating component of the pressure gradient is
included in the constitutive relation, while the filtered (mean) pressure
gradient is incorporated directly into the fluid–particle interaction force,
as defined in Equation (3.21). Among the possible fluid–grain forces,
solely the drag force is considered in the parameterisation, and grain
rotation is not taken into account. The drag force is modeled using
Dallavalle’s empirical correlation, combined with the Di Felice voidage
correction which accounts for the influence of neighbouring particles [23,
24]. The drag force density over particles is given by:

fd =
∑

p

γp(u− vp), (3.31)

γp = ε−2.8
(

0.77
√
εRep + 5.88

)2
η

d2
p

(3.32)

where dp is the grain diameter, Rep = ρdp∥u − vp∥/η is the particle
Reynolds number and γp is the drag coefficient.

3.1.4 Summary
This section has presented the derivation of the VANS equations and their
associated closure models. Let us recall the Navier-Stokes problem over the
fluid domain Ωf , Equation (3.1),

∇ · u = 0, in Ωf ,

∂t(ρu) + ∇ · (ρu⊗ u) = ∇ · σ + ρg, in Ωf ,

u = v, on Γs,

has been simplified into a volume-averaged problem over the total domain Ω =
Ωf ∪ Ωs,

∇ · (εu) + ∇ · (ϕv) = 0,
∂t (ρεu) + ∇ · (ερu⊗ u) = −ε∇p+ ∇ · (ετ )− ϕfd + ερg,

fd =
∑

p

γp(u− vp), γp = ε−2.8
(

0.77
√
εRep + 5.88

)2 η

d2
p

,

(3.33)

where the filtered indicator ū has been omitted for clarity. The same will be
true in the following sections.

The coupling between the fluid and solid phases is established through the
fluid volume fraction ε and the solid volume fraction ϕ, as well as through



53

the fluid–grain interaction force ϕf and the averaged solid velocity ϕv. The
following sections present the discretisation of the Volume-Averaged Navier–
Stokes (VANS) equations and their coupling with the Discrete Element Method
(DEM) for the solid phase.

3.2 The Finite Element Method for Fluid–Grain
Coupling

To solve the VANS equations (3.33), the Finite Element Method is used. The
fluid fields, the fluid velocity and the pressure, are discretised over finite space
using shape functions τ . The choice has been made to use the continuous
Galerkin method with linear shape functions for both the velocity and pressure
fields. Let τi denote the shape functions associated to the i–th node, the
discretisation of the velocity and pressure are thus given by

u(x, t) ≈ uh(x, t) =
N∑

i=1
ui(t)τi(x(t)), (3.34)

p(x, t) ≈ ph(x, t) =
N∑

i=1
pi(t)τi(x(t)), (3.35)

where uh and ph are the discrete velocity and pressure fields, respectively, N
is the number of nodes in the mesh, and ui and pi are the nodal values of the
velocity and pressure fields.

Equal-order interpolation for velocity and pressure does not satisfy the inf–
sup (Ladyzhenskaya–Babuška–Brezzi) condition, which can result in spurious
pressure oscillations, numerical instability, and non-physical solutions. To ad-
dress this issue, a Pressure-Stabilising Petrov–Galerkin (PSPG) formulation is
employed [86, 87, 88]. Without this stabilisation, the weak form of the govern-
ing equations does not correspond to a minimisation problem, and the resulting
linear system is not positive definite, leading to oscillations in the pressure field.

Additionally, continuous Galerkin methods are known to perform poorly for
convection-dominated or hyperbolic problems, where standard discretisations
may exhibit numerical dispersion and instability. To mitigate these issues, a
Streamline-Upwind Petrov–Galerkin (SUPG) method is adopted [89], which
introduces directional stabilisation aligned with the flow. This enhances ro-
bustness and accuracy in the presence of strong advection.

The introduction of the PSPG term leads to a violation of the divergence-
free condition on the mixture velocity. To address this issue, an additional
penalty term is added to the momentum equation in the form of a Least-
Squares Incompressibility Constraint (LSIC), which reduces divergence errors
and improves mass conservation.
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The discrete form of the volume-averaged equations is to find (uh, ph) ∈
(Uh × Ph) such that for all test functions (û, p̂) ∈ (Ûh

× P̂h),

0 =
∫

V

( ≜Rp(uh,ph)︷ ︸︸ ︷
∇ · (εuh + ϕvh)

)
p̂h dV

+
∑

e

ξp

∫
Ve

Ru(uh, ph) ·∇p̂h dV,

(3.36)

0 =
∫

V

( ≜Ru(uh,ph)︷ ︸︸ ︷
∂t(ερuh) + ∇ ·

(
ερuh ⊗ uh

)
+ ∇ph − ερg + ϕfh

)
· ûh dV

−
∫

V

∇ ·
(
ετh

)
· ûh dV,

−
∑

e

ξs

∫
Ve

Ru(uh, ph) · (uh ·∇ûh) dV

−
∑

e

ξc

∫
Ve

Rp(uh, ph) · (∇ · ûh) dV

(3.37)

where e denotes the element index, Ve is the volume of element e, Ru(uh, ph)
is the residual of the momentum equation, ξp is the PSPG stabilisation param-
eter, ξs is the SUPG stabilisation parameter and ξc is the LSIC stabilisation
parameter defined as [90]

ξp = ξu =

( 2
∆t

)2
+
(∥∥uh

∥∥
h

)2

+
(

4η
ρh2

)2
− 1

2

, (3.38)

ξc = h
∥∥uh

∥∥min
(
hρ
∥∥uh

∥∥
6η ,

1
2

)
. (3.39)

where h is the characteristic element size and ∆t is the time step. Note that the
viscous term is excluded from the residual Ru since its contribution vanishes
for linear shape functions. For clarity, the superscript h denoting discretised
fields will be omitted for the rest of the text.

The following sections address the coupling between the fluid and solid
phases and detail the time integration scheme used in the simulation framework.
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3.2.1 Fluid-grains Spatial coupling
As grains are not resolved by the mesh, a coupling strategy is required to
incorporate their influence into the Volume-Averaged Navier–Stokes (VANS)
equations. The interaction between the grains and the fluid is captured by three
terms: the porosity ε (or equivalently, the solid volume fraction ϕ = 1− ε), the
solid flux ∇ · (ϕvp), and the fluid–grain interaction force ϕfh.

Porosity ε represents the fraction of fluid volume within the domain and
is used to ensure volume conservation. The grain velocity ϕv is the averaged
velocity of the grains in the local fluid domain and contributes to enforcing
mixture incompressibility. Finally, the interaction force f accounts for the
momentum exchange between the fluid and the grains, ensuring that Newton’s
third law is satisfied.

Since the fluid phase is discretised using the Finite Element Method, an
L2 projection is a natural choice for coupling the fluid and solid phases. This
projection leads to the following discrete coupling equations:

∫
V

ϕ τ dV =
∑

p

∫
Vp

τ dVp, (3.40)∫
V

ϕv·∇τ dV =
∑

p

∫
Vp

vp · ∇τ dVp, (3.41)∫
V

ϕf τ dV =
∑

p

∫
Vp

fp τ dVp, (3.42)

where V is the fluid domain, Vp is the volume of the p-th grain, and τ denotes
the finite element test function. The L2 projection can lead to overshoots and
undershoots in the solid volume fraction field. To avoid such issues, the mass
matrix is mass-lumped in Equation (3.40) [91],

ϕi

∫
V

τi dV =
∑

p

∫
Vp

τ dVp, (3.43)

where ϕi is the mass lumped solid volume fraction at node i.
A key challenge in coupling unresolved grains with the fluid phase is ac-

curately computing integrals over the grain volume Vp. Without proper care,
instabilities may arise, primarily from the continuity equation (3.14), due to
the rapid variation of porosity. This issue is further exacerbated by the fact
that porosity is typically represented as a linear field, whereas the velocity
divergence remains constant within each element, leading to inconsistencies.
Moreover, as particles cross element boundaries, discontinuities in the pressure
gradient can occur. For these reasons, it is usually advised that the particle
diameter should be at least three times smaller than the mesh size in order to
ensure numerical stability.
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A comprehensive review of void fraction estimation techniques is provided
in [92]. The most straightforward method is the Particle Centroid Method
(PCM), where the integrand is evaluated at the centroid of each grain. For
example, the compacity and force will computed as:∫

V

ϕτ dV ≈
∑

p

Vpτ(xp), (3.44)∫
V

ϕfhτ dV ≈
∑

p

Vpfp(xp)τ(xp). (3.45)

While simple to implement, PCM can yield inaccurate results, especially when
grains span multiple elements.

A more accurate alternative is the Satellite Point Method, which models
each grain as a set of sub-grains of equal volume and applies PCM to each
one. While this improves accuracy, the method still inherits the fundamental
limitations of PCM. Figure 3.4 illustrates the PCM strategy.

Figure 3.4: Particle Centroid Method (PCM) for estimating the solid volume fraction.
The grain is represented as a single point, and the porosity is computed at the centroid
of the grain.

To overcome these issues, Capecelatro et al. [49] proposed evaluating in-
tegrals at particle centroids and subsequently diffusing the results across the
fluid mesh. While such smoothing enhances numerical stability, it introduces
artificial diffusion that degrades accuracy in regions where sharp interfaces are
critical. To address the limitations imposed by the particle–mesh size ratio
and achieve semi-resolved simulations, Wang et al. [52, 93] proposed using an
SPH-like kernel to distribute grain properties smoothly over the fluid mesh,
effectively bridging the gap between unresolved and resolved scales. Figure 3.5
illustrates this strategy. More recently, Blais et al. [53] introduced a quadrature-
based integration scheme that evaluates particle contributions using an SPH-
like kernel directly at each fluid integration point. In this approach, the kernel



57

inherently provides smoothing, removing the need for an additional diffusion
step.

r

r

W (r)

W (r) = exp


−r

2

α


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Figure 3.5: Gaussian Kernel-based method for estimating the solid volume fraction.
The grain is distributed across the elements using a Gaussian kernel.

Previously, MigFlow was using the Particle Centroid Method (PCM) to
compute the solid volume fraction with a mass-lumped approach, the fluid–
grain interaction force was computed only at the grain centroid with a semi-
implicit scheme and the continuity equation was used instead of the mixture
volume conservation. This choice leads to instabilities in the pressure field in
particle deposition simulations and a constraint on the mesh size. To smooth
out these instabilities, an artificial pressure diffusion terms was introduced
in the momentum equation, which is not physically justified and can lead to
unphysical results. A predictor–correction time integration scheme was also
implemented but only delay the instabilities without removing them. Those
limitations have motivated the development of a new coupling strategy. To
overcome the mesh size limitation, we employ an ad-hoc integration scheme
to exactly integrate over the intersection between each grain and the underly-
ing fluid elements. Stability is ensured using a semi-implicit time integration
scheme in the mixture volume conservation equation (3.16).

Each grain is divided into sub-elements, which are defined by their inter-
section with the surrounding fluid mesh. The centroid of each sub-element is
determined by iterating over the edges of the overlapping element. For each
edge, a triangle is constructed using the edge and the grain’s centre of mass.
The exact intersection between this triangle and the circular grain is computed,
and the centroid of the resulting shape, which comprises triangular and circular
segments, is evaluated.

These centroids are then used to compute the integrals over each sub-
element, yielding a more accurate and stable coupling strategy. Figure 3.6
illustrates this integration procedure.
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-= +
Figure 3.6: Disc integration rule over the fluid domain. The disc is divided into
sub-elements defined by the overlap with each element of the mesh. The centroid
of each sub-element is computed by iterating over the element edges. The black dot
indicates the computed centroid.

As shown in Figure 3.7, this overlap-wise grain representation provides a
natural framework for distributing grain properties across the fluid mesh. When
a particle spans multiple elements, the interaction force is not concentrated
at its centre of mass but is instead distributed over all intersected elements.
This spatial distribution mitigates discontinuities in the fluid–grain interaction
force as particles enter or exit elements. A key advantage of this approach is
its ability to exactly integrate linear fields over the grain–element intersections.
This ensures that the computed void fraction is both accurate and physically
consistent, remaining positive and bounded by unity due to the use of mass
lumping. Note that grains are assumed not to overlap which is only valid as
the Non-Smooth Contact Dynamics (NSCD) method is employed.

Combined with a semi-implicit time integration scheme, this spatial repre-
sentation enables a stable and accurate coupling between the fluid and solid
phases across arbitrary mesh resolutions, without requiring any additional
smoothing or diffusion procedures.
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Figure 3.7: Illustration of the fluid-grains coupling. Grains are represented as a
continuous field using an L2 projection. The integral over the disc is approximated
by the sum of the integrals over the elements containing the grain. The red dot
represents the centroid of each overlapped sub-element. The void fraction is indicated
by the colour map.

3.2.2 A semi-implicit temporal scheme

Since the fluid–grain interaction force acts as a source term in the momentum
equation, its potentially large magnitude can strongly influence the stability of
the numerical scheme. To ensure robustness, a semi-implicit scheme is adopted
for computing the fluid–grain interaction force. For clarity, the grain index p
is omitted in the following derivation.

The force is linearised, and an implicit prediction of the grain velocity at the
integration point is made over the time step ∆t, based on the grain dynamics
described in Equation (2.5):

m (v∗ − vn) = mg∆t+ pn + V∆t
(
−∇pn+1 + γn(un+1 − v∗)︸ ︷︷ ︸

≜f ∗
p

)
, (3.46)

where superscript ‘n’ denotes explicit quantities, ‘n + 1’ denotes implicit
quantities, and ‘∗’ denotes predicted values. The volume V corresponds to
the particle volume. As contact forces are not yet been resolved, the contact
impulse pn from the previous time step is used.

Solving for the predicted grain velocity yields:
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v∗ = 1
m+ γn∆t

(
mvn +mg∆t+ pn − V∆t∇pn+1︸ ︷︷ ︸

≜mv∗∗

+V∆tγnun+1
)
, (3.47)

= 1
m+ γn∆t

(
mv∗∗ + V∆tγnun+1) . (3.48)

The predicted velocity v∗ is then used to compute the drag force acting on
the fluid, as defined in Equation (3.31), and to project the grain mass flux in
the continuity equation, Equation (3.41). The resulting drag force density is
given by:

f∗
d = γn

(
un+1 − v∗) , (3.49)

= γn

1 + γn ∆t
m

(
un+1 − v∗∗) . (3.50)

This formulation ensures numerical stability by effectively reducing the drag
coefficient by the factor (1 + γn∆t/m). Positivity is also guaranteed, meaning
the drag force always remains dissipative, as expected for such a coupling term.
Note that the choice of the time step ∆t is crucial, as it directly influences the
drag coefficient γn and the accuracy of the simulations if it is driven by this
force. It is worth recalling that only the drag force has been considered in this
work, no rotation or lift forces have been included in the fluid–grain interaction
force.

The time integration of the VANS equations is therefore governed by the
following system:

∇ ·
(
εun+1)+ ∇ · (ϕv∗) = 0,

ρε
un+1 − un

∆t + ρεun · ∇un+1

= −ε∇pn+1 + ∇ ·
(
ετn+1)− ϕf∗

d + ερg,

(3.51)

Note that the implicit advected velocity term is advected explicitly to keep
the problem linear, whereas the viscous term is treated implicitly in order to
enhance stability. The time integration scheme is of first order.

As the mesh resolution increases, situations may arise in which fluid ele-
ments are completely covered by larger grains, resuling in near-zero void frac-
tion ε→ 0. In such cases, the fluid acceleration, stress, and gravitational terms
vanish in the momentum equation, leaving only the drag term. Even though
the drag force can become unphysically large, it will impose the no-slip condi-
tion on the fluid phase. To prevent excessive, unphysical drag forces in such
situations, a minimal void fraction threshold of εmin = 10−8 is enforced. In this
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case, the problem becomes similar to Volume Penalization methods (VPM) [94,
95] or Brinkman penalisation methods [96], where the fluid is forced to follow
the solid phase. As the predicted velocity v∗ is expressed in terms of pressure
gradient, a pressure equation remains and the problem stays well-posed even
in the limit of ε→ 0.

ϵ, ϕ ← Overlap integration,
v∗ ← Predicate,
un+1, pn+1 ← VANS.

Fluid phase

yn+1,vn+1,pn+1 ← DEM/NSCD,

Solid phase

yn,vn,pn

f∗

yn+1,vn+1,pn+1

Figure 3.8: Semi-implicit coupling between the fluid and grain solvers.

The global coupling scheme is illustrated in Figure 3.8. The process begins
with the computation of the solid and fluid volume fractions, based on the
current particle positions, velocities, and contact impulses from the previous
time step. Next, the semi-implicit prediction of the grain velocity is evaluated
and used directly in the solution of the fluid governing equations. During this
step, the fluid–grain interaction force is computed and transmitted to the grain
solver. This force is applied explicitly and modifies the grain velocities. Sub-
sequently, the Non-Smooth Contact Dynamics (NSCD) method is employed to
resolve contacts and update the particle configuration, ensuring that there are
no overlapping grains. The updated particle positions, velocities, and contact
impulses are then stored for use in the next iteration.

A Model Comparison In order to compare the overlap-wise grain repre-
sentation with the traditional Particle-Centroid Method (PCM), we simulate
a simple sedimentation test under gravity. An initial deposit of monodisperse
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grains is generated using a hexagonal packing arrangement. The grain radius
is r = 1.5 mm, and the computational domain measures 0.4×0.6 m. The mesh
resolution is coarser than the grain scale, with a mesh-to-grain diameter ratio
of h/d = 3. The fluid is initially at rest, and the grains are released from the
top of the domain. The fluid density is ρ = 1000 kg/m3 with a dynamic vis-
cosity of 0.001 Pa·s, while the particle density is ρp = 1500 kg/m3 and gravity
is set to g = 9.81 m/s2. Figure 3.9 presents snapshots of the grain deposit and
the fluid mesh at times t = 0.0 s, t = 0.5 s, and t = 1.0 s, for both models.
In simulations using the PCM, an artificial pressure diffusion term must be
introduced to stabilise the solution. This term effectively increases fluid com-
pressibility, reducing its resistance to the motion of falling grains. As a result,
a large void forms at the top of the domain as grains fall. In contrast, the
overlap-wise grain representation provides a more accurate description of the
fluid–grain interaction force. This improved coupling leads to a more stable
and physically realistic simulation without requiring additional stabilisation.
The mixture remains incompressible, and only the leading edge of the granular
front moves, while the grains behind remain closely packed and stationary. It is
worth recalling that the overlap-wise grain representation does not impact the
computational cost of the simulation as the linear solver and the contact reso-
lution are the main bottlenecks of the simulation. Still, in both cases, granular
instabilities and finger formation are observed.

Spatial Convergence To evaluate the spatial convergence of the numerical
model, we simulate the fall of two grain-based droplets interacting within a
viscous fluid. The setup is inspired by the numerical experiment of [55].

Each droplet is modeled as a disc of radius 3.3 mm, uniformly composed of
grains with radius 25 µm and density 2450 kg/m3. The grains are distributed
so that the droplet reaches a compacity of 0.2. Both droplets are initially at
rest and released from the top, separated by a vertical distance of 10 mm.
The surrounding fluid has a density ρ = 1030 kg/m3 and a dynamic viscosity
η = 0.6 Pa·s. Gravity is set to g = 9.81 m/s2. To reduce computational cost
far from the droplets, an adaptive mesh is employed.

During the fall, an overpressure develops at the front of each droplet, while
a low-pressure region forms at the rear as the fluid is drawn in. As a result, the
upper droplet descends faster than the lower one. When the droplets interact,
they merge into a single, larger droplet. Because grains at the front experience
stronger drag forces than those at the rear, they decelerate more strongly, which
induces the formation of convection cells within the droplet. A trail of satellite
grains is left behind as the merged droplet continues to fall, creating a tail.
Snapshots at different mesh resolutions, from the finest to the coarsest, are
shown in Figure 3.10.

The terminal velocity of the droplet is measured for each mesh resolution,
computed as the average vertical velocity of the grains. Figure 3.11 shows
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PCM + Continuity Equation Overlap + Volume Conservation

t [s]

0.0

0.5

1.0

Figure 3.9: Snapshots of the sedimentation test. The left column shows results using
the PCM model, while the right column uses the new overlap-wise grain representa-
tion. The fluid mesh is displayed in gray.

the convergence of the terminal velocity with mesh refinement. The results
demonstrate convergence towards a stable value, with a rate of approximately
O(h1.65). This confirms both the accuracy of the numerical model and its
capability to capture the relevant physical phenomena at unresolved and semi-
resolved scales. It is also worth to mention that the only artificial diffusion
introduced in the model is the PSPG term.

3.2.3 A Two-Dimensional Approximation
The numerical model presented in this and subsequent chapters has been de-
veloped to simulate two-dimensional fluid–grain interactions, despite the in-
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Figure 3.10: Snapshots of the fall of the grains droplet at different mesh resolutions.
From top to bottom: the finest resolution, to the coarsest resolution. The colour field
indicates the dynamic pressure.

herently three-dimensional nature of the underlying physics. While the model
can be extended to three-dimensional cases, this would substantially increase
the computational cost. Additionally, the implementation of the overlap de-
composition method (see Section 3.2.1) currently supports only triangular ele-
ments and would need to be extended to tetrahedral elements for use in three-
dimensional simulations.

When adopting a two-dimensional representation of a three-dimensional
problem, it is assumed that all physical quantities are uniform along the out-
of-plane direction. For example, spherical grains are modelled as infinite cylin-
ders, the cross-section in the two-dimensional plane appears as discs. This
simplification leads to an overestimation of the packing fraction, as it does not
capture the ability of grains to settle on top of one another in the third di-
mension. Specifically, the random packing fraction for discs is approximately
ϕ ≈ 0.82, compared to ϕ ≈ 0.64 for spheres. To correct for this discrepancy, the
fluid solver assumes an effective grain diameter that is smaller than the actual
diameter, ensuring that the simulated packing fraction is consistent with the
three-dimensional case. From the perspective of grain dynamics, however, the
original diameter is retained. Furthermore, grains are restricted to three de-
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Figure 3.11: Convergence of the particles vertical velocity with respect to the mesh
resolution.

grees of freedom, as opposed to six in a fully three-dimensional setting, which
limits their mobility.

While the two-dimensional approximation offers significant computational
efficiency, it inevitably results in a loss of accuracy compared to fully three-
dimensional simulations. Consequently, although calibration can be performed
to ensure that the two-dimensional model captures the essential physics of
the problem, it is important to recognise that this approach does not provide
quantitatively accurate results. This two-dimensional approximation will be
used to simulate three-dimensional problems in Chapters 4–5.

Sphere deposit. Cylinder deposit.

Figure 3.12: Comparison between a sphere deposit and a disc deposit. The left
column shows the 3D sphere deposit, while the right column shows the 2D disc deposit.
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3.3 One Model, Three Paradigms

In this section, we present four different applications to illustrate the versa-
tility of the numerical model. Firstly, we present the simulation of a granu-
lar Rayleigh-Taylor instability at the edge between the unresolved and semi-
resolved scale. Next, the fluidisation of a granular layer is simulated from
unresolved to semi-resolved meshes. We show that the similar head pressure
is obtained for the first movement and the total heave across all mesh sizes.
Finally, to illustrate the accuracy in the resolved scale, we simulate the sedi-
mentation of a 2D cylinder and the drafting–kissing–tumbling effect between
two cylinders.

3.3.1 Granular Rayleigh-Taylor instability
When a dense granular packing is placed on top of a lighter fluid in a Hele-Shaw
cell and released, the grains fall and form finger-like structures, a phenomenon
known as the granular Rayleigh–Taylor instability [97]. As the grains descend,
the fingers widen, and rising air bubbles begin to separate them. The clas-
sical Rayleigh–Taylor instability arises when a fluid is placed above a lighter
one, leading to an instability at the interface [98]. As the heavier fluid falls, it
initially forms a large finger that breaks up into smaller ones due to misalign-
ment between the pressure and the density gradient at the interface, creating
a chaotic pattern. In contrast, the granular Rayleigh–Taylor instability tends
to limit the number of formed fingers which stabilise the structure size. New
fingers emerge at the centre of rising bubbles once they reach a critical width,
resulting in a characteristic pattern with a relatively stable structure size. Fig-
ure 3.13 illustrates the initial formation of fingers and the accompanying air
bubbles. This setup is of particular interest to model the formation of bubble
voids as it is the key mechanism in the evolution of fingers. Moreover, the
significant density ratio between the grains and the fluid, exceeding a factor of
1000, combined with the incompressibility constraint of the fluid, makes this
scenario a challenging test case for our numerical model.

The numerical setup follows the experimental and numerical work of Vin-
ningland et al. [99]. The grains are modelled as discs with a diameter of
d = 230µm and a density of ρp = 1050 kg/m3. Friction is neglected in this
case, and a slight polydispersity is introduced (polydispersity ratio λ = 1.2) to
prevent crystallisation of the grains. The total number of grains is of 70000,
and a uniform mesh with a mesh-to-grain diameter ratio of h/d = 2 is used,
where h denotes the maximum edge length. The fluid is air, with a density of
ρ = 1.2 kg/m3 and a dynamic viscosity of η = 1.82× 10−5 Pa·s. The numerical
domain is a rectangular box of height H = 68 mm and width W = 56 mm,
smaller than the experimental Hele-Shaw cell, which measures H = 141 mm in
height and W = 91 mm in width. The depth of the Hele-Shaw cell is 2.3 mm
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Figure 3.13: Rayleigh–Taylor instability at time t = 0.1 s. The fluid is initially at
rest, and the grains are released from the top of the domain. As the grains fall, air
bubbles rise and create finger-like structures.

which corresponds to ten times the grain diameter.
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Figure 3.14: Snapshots of the Rayleigh–Taylor instability at times t =
{0, 0.05, 0.1, . . . , 0.45} s. The colormap indicates the initial vertical coordinate of the
grains.

Figure 3.14 shows snapshots of the evolution of the granular Rayleigh–
Taylor instability over time. The colour map indicates the initial vertical co-
ordinate of the grains, revealing how the granular structure deforms over time.
Fingers form at the initial air–grain interface and grow as the grains fall. Air
bubbles are trapped and rise between the fingers, progressively merging and
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creating larger voids. The simulation runs for a total time of t = 0.45 s with a
time step of ∆t = 10−4 s. The computation took approximately four hours on
a laptop equipped with an Intel Core i7 (10th generation) CPU and 16 GB of
RAM. Notably, most of the computational time is spent in the contact solver,
so increasing the fluid resolution has little impact on performance and is eas-
ily achievable. The simulation is performed using the new overlap-wise grain
representation. The main physical phenomena are well-captured by the model.
The following test cases will investigate the influence of mesh resolution on the
macroscopic behaviour of the fluidised layer and the validity of the model at
the resolved scale.

3.3.2 Fluidisation of a granular layer
To investigate the influence of mesh resolution on macroscopic behaviour, the
experimental setup of Peng et al. [100] is numerically reproduced using different
mesh sizes, illustrated at Figure 3.15. The finest resolution corresponds to a
mesh-to-grain diameter ratio of h/d = 0.5, while the coarsest mesh has a ratio of
h/d = 8, covering a range from semi-resolved to fully unresolved configurations.
In this setup, a granular bed is subjected to a gradually increasing pressure at
the bottom, inducing loosening of the soil. Figure 3.16 presents snapshots of the
soil loosening process for the finest mesh case (h/d = 0.5). Two key quantities
are measured: the differential head at the onset of grain movement and the
total bed heave. The hydraulic head is defined as

ψ = y + p

ρg
+ ∥u∥

2

2g , (3.52)

where y is the vertical coordinate, p is the pressure, u is the fluid velocity, and
g is the gravitational acceleration. The differential head is measured between
the initial top and bottom of the granular layer.

The first movement is defined as the instant when grains begin to lift off,
while total heave occurs when the entire bed is mobilised. Since these phe-
nomena are not sharply defined physically, they are quantified based on grain
motion. A grain is considered mobilised if it displaces more than its maximum
diameter. The first movement is said to occur when at least 5% of the total
grain mass is mobilised, and total heave is defined when this reaches 95%.

The granular bed consists of slightly polydisperse discs with a size span λ =
dmax/dmin = 1.2, where the minimum diameter is set to dmin = 0.2 mm. The
particle density is ρp = 2630 kg/m3, and the interparticle friction coefficient is
0.4. An initial deposit is generated by letting the particles settle under gravity
within a rectangular domain.

The surrounding fluid is water, with a density of ρ = 1000 kg/m3 and
a dynamic viscosity of η = 0.001 Pa s. Solid, impermeable boundaries are
imposed on the lateral walls. A back pressure of 103 kPa, consistent with
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Figure 3.15: Meshes used for the simulation. The leftmost mesh refers to an unre-
solved case, h/d = 8, and the rightmost mesh refers to a semi-resolved case, h/d = 0.5.

the experimental conditions, is applied to the top boundary, while a linearly
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t = 0.6s 0.7s 0.8s 0.9s 1.0s
Figure 3.16: Snapshots of the soil loosening process for the finest mesh case (h/d =
0.5).
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Figure 3.17: On the left, evolution of the solid mass fraction in motion for different
mesh sizes. On the right, the differential head evolution for different mesh sizes.

increasing pressure is imposed on the bottom boundary such that

pb(t) = p0 + ρgH
t

∆t , (3.53)

p0 = pt + ρgH, (3.54)

where pb is the bottom pressure, p0 is the initial bottom pressure, pt is the top
pressure, H is the height of the layer, and ∆t is the time rate set to one second.
As the bottom pressure increases, the differential head ∆h increases and the
particles start to move.

For each mesh considered, the instants at which the first movement and the
total heave are detected are recorded. Figure 3.17 shows the evolution of the
solid mass fraction in motion and the associated differential head. For each
mesh size, the first movement is detected at t ≈ 0.69s and the total heave is
detected at t ≈ 0.72s. The differential head for total heave is around 22 cm for
all mesh sizes. This is a slight overestimation compared to the experimental
data of 19 cm. This discrepancy can be attributed to the bi-dimensional nature
of the simulation, as the geometrical constraints are more restrictive in a two-
dimensional setup. Therefore, the pressure required to trigger a motion must be
higher than in a three-dimensional setup. No significant difference is observed
between the different mesh sizes, indicating that the model is robust and that
the mesh size does not significantly affect the results as long as the mesh is
sufficiently fine to resolve the macroscopic behaviour.

3.3.3 Sedimentation of a 2D cylinder
To validate the two-way fluid–solid coupling in the resolved case, we compare
our results with the numerical data of Namkoong et al. [101], who investigated
the motion of a rigid body falling in a viscous fluid.
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Specifically, we consider the case of a two-dimensional rigid cylinder released
from rest in a quiescent fluid under gravity. The cylinder has a diameter D =
0.005 m and a density ratio ρs/ρf = 1.01, where ρs and ρf = 996 kg/m3 are
the densities of the solid and the fluid, respectively. The kinematic viscosity
of the fluid is ν = 8 × 10−7 m2/s. The terminal velocity of the cylinder is
expected to be Ut = 2.501cm/s, corresponding to a terminal Reynolds number
of approximately Re = 156 [101]. The computational domain size is set to
[−0.02, 0.02]×[−0.16, 0.16] m. The mesh size is described by the ratio h/d = 15,
where h is the mesh size and d is the grain diameter. Figure 3.18 shows the
mesh close to the cylinder at the initial conditions. Snapshots of the cylinder
at different times with the vorticity field are shown in Figure 3.20.

Figure 3.18: Mesh used for the simulation of a 2D cylinder falling in a fluid.

Figure 3.19 shows the time evolution of the normalised streamwise (ustr/Ut)
and lateral (ulat/Ut) velocity components of the falling cylinder, where Ut de-
notes the terminal velocity reported in the reference study [101]. The results
obtained using the present method closely follow those of Namkoong et al.,
capturing the essential dynamics of the descent.

The streamwise velocity initially exceeds the terminal velocity, but is sub-
sequently damped as vortex shedding becomes prominent. The lateral velocity
component displays a similar oscillatory pattern, but with opposite signs. The
direction of these oscillations depends on the initial conditions and numerical
asymmetries, such as mesh-induced perturbations. Both the wavelength and
frequency of these oscillations are consistent between the present simulation
and the reference data.

Importantly, both the present simulation and the reference data exhibit the
same oscillation frequency, suggesting that the two-way coupling between the
fluid and solid phases has been accurately represented. These results confirm
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Figure 3.19: Velocity of a 2D cylinder falling in a fluid. The streamwise velocity is
shown in blue and the lateral velocity in red. The solid lines are the results from the
present model and the dashed lines are the results from Namkoong et al. [101].

that the implemented coupling scheme accurately captures the key physical
features of the rigid-body descent in a viscous fluid.

3.3.4 Drafting-Kissing-Tumbling
The drafting–kissing–tumbling (DKT) phenomenon is a well-known behaviour
observed during the sedimentation of two particles in a viscous fluid. This pro-
cess consists of three distinct stages: drafting, kissing, and tumbling. During
the drafting stage, the trailing particle enters the wake of the leading parti-
cle, experiencing a reduced drag force due to the lower pressure region in the
wake. This causes the trailing particle to accelerate and approach the leading
one. When the particles come into contact, the system enters the kissing stage,
forming a transient elongated body aligned with the flow direction. This config-
uration is unstable and eventually results in the tumbling stage, where the pair
rotates and separates. The DKT phenomenon has been widely investigated in
the literature through numerical studies [102, 103, 104].
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Figure 3.20: Snapshots of the cylinder at different times with the vorticity field.

In this work, we simulate the DKT behaviour of two rigid particles in a
viscous fluid, following the reference study by Feng et al. [102]. Figure 3.21
shows the snapshots of the two particles at different times, along with the
vorticity field. The first snapshot shows the two particles at rest and the mesh
used for the simulation. The mesh size is set to a ratio of h/d = 12.5, where h
is the mesh size and d is the particle diameter.

The computational domain is a rectangular channel of width W = 2 cm
and height H = 8 cm. The fluid has a density of ρ = 1 g/cm3 and dynamic
viscosity η = 0.01 g/(cm·s). The particles have a density of ρp = 1.01 g/cm3

and diameter D = 0.2 cm. Initially, both particles are placed on the channel
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Figure 3.21: Snapshots of the cylinders at different times with the vorticity field.

centerline at vertical positions y = 7.2 cm and y = 6.8 cm, respectively. The
fluid and particles are initially at rest at t = 0, and motion begins due to the
gravitational force acting on the slightly denser particles.

The positions of the particles are tracked over time to analyse the evolution
of the DKT phenomenon. Figure 3.22a displays the horizontal positions of
the two particles as a function of time, while Figure 3.22b presents their ver-
tical trajectories. To facilitate identification of the distinct stages of the DKT
process, the relative positions of the particles are shown in Figure 3.23.

The horizontal separation Dx is defined as the difference between the hor-
izontal coordinates of the particle centres, while the vertical separation Dy is
the difference between their vertical positions. Additionally, the distance from
the leading particle to the fluid surface is denoted as Dr, and is included for
reference. Those plots collectively illustrate the progression from drafting to
kissing and ultimately tumbling, characteristic of DKT behaviour.

The drafting–kissing–tumbling (DKT) behaviour is well captured by the
present model, with the particles exhibiting a clear transition through the
drafting, kissing, and tumbling stages. This demonstrates the model’s capabil-
ity to accurately resolve complex particle–fluid interactions at the microscale.
However, this level of accuracy comes at the cost of increased computational
demand, which is significantly higher compared to simulations using unresolved
or semi-resolved approaches.
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Figure 3.22: Left (a): Evolution of the horizontal position of the particles over time.
Right (b): Evolution of the vertical position of the particles over time. The red curve
corresponds to the initially upper particle, while the blue curve represents the initially
lower particle.
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Figure 3.23: Evolution of the separation between the particles over time. The red
curve corresponds to the surface-to-surface distance Dr, the blue curve represents the
horizontal separation Dx, and the green curve shows the vertical separation Dy.
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Conclusion

In this chapter, we present the final component of the simulation framework
for fluid–grain interactions using a two-way coupling approach. The Volume-
Averaged Navier–Stokes equations are coupled with a discrete representation
of the grains. To improve accuracy and stability, a new spatial representation
of the grains has been introduced. A semi-implicit time integration scheme
is employed to ensure numerical stability even in cases where the grain size
exceeds the mesh resolution.

This advancement opens the door to a wide range of applications, span-
ning unresolved, semi-resolved, and resolved discretisations. The new coupling
approach has been validated against the previous PCM model, demonstrating
improved numerical stability and accuracy in capturing fluid–grain interaction
forces. Several numerical test cases illustrate the versatility of the framework,
including simulations of a granular Rayleigh–Taylor instability, the fluidisation
of a granular layer, the sedimentation of a 2D cylinder, and the drafting–
kissing–tumbling dynamics between two cylinders. Still, it should be noted
that the numerical scheme is still a first-order scheme.

Moreover, the improved coupling retrieves the flexibility of the finite ele-
ment method, allowing simulations of complex geometries and flow conditions.
This adaptability enables the framework to accommodate a broad spectrum
of particle sizes and configurations, including challenging free-surface flows, as
explored in Section 5.
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Modelling heat transfer in granular flows is crucial for optimising the perfor-
mance and efficiency of systems such as fluidised bubbling beds [105], which
are widely used in the chemical and energy industries. In these reactors, solid
particles are suspended by an upward-flowing fluid, creating a highly dynamic
environment in which heat exchange is governed by both conduction through
particle contacts and convection via the interstitial fluid. A reliable thermal
model is essential for designing, scaling up, and operating such particulate-
based systems.

Emerging applications take advantage of the low thermal conductivity of
granular materials to store excess energy. For example, in thermal energy
storage systems, the granular bed is heated. When energy is needed, water
can be injected through pipes embedded within the sand, extracting the stored
heat in the form of steam.

On an industrial scale, circulating fluidised bed (CFB) boilers exploit the
fluidisation mechanism. Heat is generated by combustion and efficiently trans-
ported through the bed by injecting fluid into the granular medium. Typically,
two kinds of particles coexist: bed particles, e.g., sand or ash, and fuel parti-
cles, e.g., coal or biomass. Depending on the fluid injection velocity, various
flow regimes are observed, including percolation, bubbling, turbulent fluidisa-
tion, fast fluidisation, and the pneumatic regime. Among these, the bubbling

79



80 Chapter 4 - Modelling Heat Transfer in Particulate Flows

and fast fluidisation regimes are most commonly employed in industrial ap-
plications [106]. In the bubbling regime, fluid is injected slightly above the
minimum fluidisation velocity, leading to the formation of bubbles that trans-
port particles in their wake. This results in a heterogeneous suspension, with
a lower solid volume fraction near the bubbles and a denser packing elsewhere.
In contrast, the fast fluidisation regime, achieved at higher velocities, involves
particle recirculation throughout the bed, yielding a more uniform solid distri-
bution. As the efficiency of heat and mass transfer is highly sensitive to the
fluidisation regime, it is essential to accurately model heat transfer within the
granular material to optimise reactor performance.

A recent experimental observation introduces an alternative droplet-driven
fluidisation process [61]. When a droplet of water is released onto a hot granu-
lar bed, its behaviour depends on the bed temperature. Near the boiling point,
the droplet collapses and spreads over the surface, transferring heat only to the
uppermost grains over a short duration. At higher temperatures, the vapour
expelled from the droplet is strong enough to suspend the droplet, preventing
contact with the grains. This is the Leidenfrost effect [107, 108]. At interme-
diate temperatures, a hybrid regime emerges. The vapour flow beneath the
droplet fluidises the granular bed locally, enabling the droplet to dig progres-
sively into the material. In this regime, heat transfer is maximised, as the
droplet interacts with deeper layers, and temperature gradients are sustained
by grain recirculation.

Modelling the interaction between a liquid droplet and hot granular media
presents significant challenges due to the complexity of thermal conduction
across grain contacts, the nonlinear shape and behaviour of the droplet, and the
phase change processes involved. Understanding both the Leidenfrost regime
and the thermal response of the granular assembly requires accurate numerical
methods.

In this study, we employ a Discrete Element Method (DEM) to model the
solid phase and couple it with the fluid phase using volume-averaged equa-
tions [48]. The fluid mesh resolution can be adjusted to balance computational
cost with accuracy. To enable coupling between the fluid and solid phases,
closure relations are necessary to model interphase momentum and thermal
exchange [55, 109]. Recent studies have applied such CFD-DEM approaches to
investigate heat transfer in fluidised granular systems [110, 111]. While drag
correlations in immersed granular flows are well established, heat transfer cor-
relations remain an active area of research, with no unified framework currently
available. Several models exist, including those by Ranz and Marshall [112],
Kemp and Lyon [113], Wang et al. [93], and Li et al. [114], but further valida-
tion and comparison are needed to improve their predictive capability in dense
granular flows.

In this chapter, we extend the multiscale model to include heat transfer
mechanisms between the fluid and solid phases. The model incorporates both
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conduction within the granular phase and convective heat transfer at the grain
scale, with a convection term specifically accounting for thermal exchange be-
tween the fluid and individual grains. A heat transfer correlation valid for
assemblies of spherical particles is employed and validated against experimen-
tal data [115, 116]. Additionally, the model is extended to study heat transfer
during droplet–granular bed interactions, explicitly considering phase change
due to vapourisation. We investigate the phenomenon of spontaneous droplet
penetration into a two-dimensional granular bed, and identify the conditions
under which digging occurs based on temperature and vapour generation. The
content presented in this chapter is based on the following publication:

• Henry, M., Coppin, N., Dorbolo, S., Legat, V., Lambrechts, J., (2025),
Multiscale FEM-DEM model for spontaneous droplet digging in a hot
granular bed. International Journal of Heat and Mass Transfer
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4.1 Heat Transfer Mechanisms in Granular Flows

In this section, we focus on two primary mechanisms responsible for thermal
transport in granular flows: contact conduction and convective heat transfer.
Contact conduction occurs at points where particles come into direct contact,
allowing heat to be transferred through their solid interfaces. This mode of
transfer depends strongly on contact duration, material properties, and force
chains within the granular assembly. Convective heat transfer, on the other
hand, arises from the exchange of thermal energy between particles and the
surrounding fluid, governed by flow dynamics and its local temperature. To
simplify the modelling, we assume that the Biot number is low, implying that
intra-particle temperature gradients are negligible and that each grain can be
treated as thermally uniform. Moreover, radiative heat transfer is neglected,
as the temperature ranges considered are moderate and do not significantly
activate radiation mechanisms. Generation of heat due to kinetic energy dis-
sipation is also neglected in this study. Such hypotheses are only valid as
the convection and conduction are the main heat transfer mechanisms in the
considered applications. The particle temperature evolution is thus described
by

ρc
dTp

dt = qc + q (4.1)

where c is the heat capacity, T the particle temperature, qc is the heat density
generated by conduction and q is the heat density generated by convection.
For a comprehensive review of heat transfer in granular media, we refer to the
work of [117]. Figure 4.1 illustrates conduction and convection mechanisms.

Conduction Convection

Figure 4.1: On the left, conduction occurs at the contact points between particles,
while on the right, convection is driven by the fluid flow around the particles.
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The following subsections present the theoretical foundations and modelling
strategies for heat transfer in granular media. We begin by examining the fun-
damental mechanisms of conductive heat transfer at particle contacts, followed
by an analysis of convective heat transfer driven by fluid–particle interactions.
A volume-averaged framework is employed throughout to derive the governing
heat transfer equations. To close the system, a constitutive relation for lo-
cal fluid–particle heat exchange is introduced, based on the Colburn–Reynolds
analogy.

4.1.1 Contact Conduction
Conduction between two particles originates from direct physical contact be-
tween their surfaces, through which thermal energy is transferred due to a
temperature gradient. When two solid particles touch, heat flows through the
microscopic contact area formed by surface roughness and deformation under
load. The effectiveness of this heat transfer depends on the thermal conduc-
tivity of the grain material, the size and number of contact points, and the
force pressing the particles together. Since real surfaces are rough, the actual
contact area is much smaller than the apparent one, which can significantly
limit conduction efficiency. As the non-smooth contact dynamics assume the
contact area to be zero, an effective contact area for heat conduction is es-
timated based on the normal reaction force at the contact point assuming a
Hertz contact model [118, 119]. Let us assume a contact between two grains i
and j during a time step ∆t. The associated impulse is denoted by r and the
normal to the local basis is denoted by n. The net contact conduction density
acting on the grain i, denoted qc

i and the contact conductance between two
cylindrical grains i, j, denoted Hij are obtained as [120, 12] :

qc
i = 1

Vi

∑
j∈P

Hij(Ti − Tj), Hij = 4ks

(
rn d∗

2πLE∗∆t

)1/4
(4.2)

where ks is the harmonic mean of the solid heat conductivity, rn is the nor-
mal contact impulse between the two grains i, j, L is the cylinder length, the
effective Young’s modulus E∗, the effective contact diameter d∗ chosen as

1
ks

= 2
(

1
ki

+ 1
kj

)
,

1
E∗ = 1− ν2

i

Ei
+

1− ν2
j

Ej
,

1
d∗ = 1

di
+ 1
dj

(4.3)

where νi is the Poisson’s ratio associated with grain i. A boundary contact is
assumed to behave like a particle with an infinite radius and an infinite Young’s
modulus. Figure 4.2 illustrates the heat transfer through the contact network
of a granular assembly.
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Figure 4.2: Heat transfer through the granular contact network. The lateral walls
are adiabatic, while the bottom wall is maintained at a constant temperature. Grains
are initially at a reference temperature of zero. Heat propagates through the particle
contacts, leading to an increase in grain temperature over time.

4.1.2 Convection within a fluid
Convection occurs in granular flows when heat is exchanged at the interface
between the particles and the surrounding fluid. This process is driven by
temperature differences. As the fluid moves around and between the particles,
it carries thermal energy away from hotter regions and transfers it to cooler
ones. The rate of convective heat transfer depends on the relative velocity
between the particles and the fluid, the fluid’s thermal properties, and the
surface area of the particles. This process is typically modelled using heat
transfer coefficients, which can be estimated from empirical correlations such
as the Colburn–Reynolds analogy.

In the context of multi-scale modelling, the fluid phase is not resolved at the
particle scale. Therefore, the heat transfer at this scale can only be modelled
through a constitutive law, as it is with momentum transfer through drag.
To derive the heat transfer equation in its volume-averaged form, the same
approach as for the momentum transfer is used [48, 121] under the Boussinesq’s
approximation, leading to the following conservation equations:

Volume & Momentum Conservation

∇ · (εu) + ∇ · (ϕv) = 0,
∂t (ρεu) + ∇ · (ερu⊗ u) = −ε∇p+ ∇ · (ετ )− ϕfd + ερg(1− β(T − TR)),
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where β is the fluid thermal expansion coefficient, T is the fluid temperature,
TR is a reference temperature.

Heat Equation

∂t(ερcT ) + ∇ · (ερcuT ) = −∇ · q − ϕq (4.4)

where c is the heat capacity, q is the heat dissipative flux density and q is the
heat transfer density between the fluid and the particles. The heat dissipative
flux density is described by the modified Fourier’s law,

q = −εk∇T. (4.5)

where k is the fluid thermal conductivity.
In order to close the system, a constitutive law for the heat transfer den-

sity q is required. The similarity between the momentum and heat transfer
mechanisms is exploited to derive a correlation for the Nusselt number, which
characterises the convective heat transfer. The drag force is modelled using the
drag coefficient, which is a dimensionless number that quantifies its intensity.
These dimensionless numbers are defined as

Cd = fd
1
2ρ∥v− u∥2

V

A
, Nu = q d

k(T − Tp)
V

S
, (4.6)

where V is the volume of the grain, A is its cross-sectional area, S is its surface
area, d is its characteristic length usually the diameter of the sphere or disc,
k is the fluid conductivity, Tp is the particle temperature and T is the fluid
temperature. Momentum and heat transfer occur in their respective boundary
layers. The ratio of thicknesses of the momentum and thermal boundary layers
is described by the Prandtl number Pr. The thickness of the boundary layer is
described by the Reynolds number Re. These two dimensionless numbers are
defined as

Re = ρd∥v− u∥
η

, Pr = cpη

k
. (4.7)

where η is the dynamic viscosity of the fluid, cp its heat capacity and ρ its den-
sity. In the boundary layer, both mechanisms are driven by the same dissipa-
tion process. In turbulent flows, both heat and momentum transfer are carried
by the same eddies. This observation leads to the concept of the Reynolds–
Colburn analogy, which states that the Nusselt number is proportional to the
drag coefficient,
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Nu ∝ Cf Re Prα. (4.8)

where Cf is the skin friction coefficient, which accounts solely for viscous stress,
while the drag coefficient encompasses both viscous stress and pressure contri-
butions. This analogy does not strictly hold across all flow regimes, since the
thermal boundary layer also depends on the momentum boundary layer. How-
ever, it offers a useful starting point for adjusting heat transfer correlations
based on momentum transfer correlations. By relating the drag coefficient to
the skin friction coefficient, Duan & Duan [122] proposed a correlation for the
Nusselt number of a single sphere,

Nu ≈ f(Re)Cd Re
12 Prα, f(Re) = Re +δ

0.11 Re1.4 + Re +δ
. (4.9)

Discrepancies in the analogy are modeled by the function f(Re), with the
Prandtl exponent set to α = 0.4. The δ value within f(Re) is adjusted from
the one proposed by Duan & Duan, reducing it from δ = 5000 to δ = 500 for
better alignment with experimental data at intermediate Reynolds numbers. To
extend this correlation to an assembly of spheres, the influence of neighbouring
particles must be considered. The methodology used to extend the drag force
to an assembly is also applied to forced convection. The drag force on a sphere
within an assembly is obtained by multiplying the drag force for a single sphere
by the voidage function g(ε,Re) and using the superficial Reynolds number
instead of the Reynolds number. In this work, the voidage function proposed
by [24] and [123] is used,

g(ε,Re) = ε

−1.8 + exp
[
− (1.5− log Re)2

2

]
, (4.10)

and the drag coefficient correlation is the one proposed by [23]. It results in
the following drag coefficient and Nusselt correlations for a sphere within an
assembly

Cd ≈ g(ε,Re)
(

0.63 + 4.8√
εRe

)2
, (4.11)

Nu ≈ g(ε,Re) f(εRe)
(

0.18
√
εRe + 1.39

)2
Pr0.4. (4.12)

The proposed Nusselt correlation is compared with a collection of experi-
mental data from the literature [115] in Figure 4.3. The experiment measures
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heat transfer through a heated packed bed of spheres. In this dense regime the
correlation is found to be in good agreement with the experimental data.

The density of heat transfer due to convection from the fluid to the particle
is then obtained using Equation (4.12) as

q = 1
V

kNu
d

S(T − Tp). (4.13)

This expression can then be used to compute the convective heat transfer den-
sity q for each particle in the assembly in Equation (4.1). To apply it over the
mesh, the same approach as for the drag force is used Equation(3.42), also with
a semi-implicit scheme.

Two applications are presented in the following sections to illustrate the
heat transfer mechanisms in granular flows. First is the heat transfer in a
fluidised bed, where the heat transfer is driven by the fluid flow around the
particles. Cold air is injected at the bottom of a hot granular bed with a velocity
above the minimum fluidisation velocity. It results in a fluidised bubbling
regime, where the heat transfer is dominated by the convective heat transfer.
The second application is the spontaneous digging of a water droplet in a
granular medium. A water droplet is placed on a hot granular bed, and the local
vapourisation tends to locally fluidise the granular medium. The generated
vapour also increases the cohesiveness of the granular medium, which affects
the granular mobility and enables the formation of deep chimneys.

4.2 Fluidised Bubbling bed

In this section, the model is validated in the context of a fluidised bed based on
the experiment proposed by Patil [116]. The bubbling regime is obtained by
the injection of air at a sufficiently high velocity at the bottom of the container.
The heat transfer between the particles and the fluid is driven by the bubble
dynamics and the exchange at its boundary. Once a bubble rises through the
particles bed, it drags particles along its path, reducing the local solid fraction.
This motion allows the air to invade the bed and cool the particles. To validate
the heat transfer model in this transient regime, an equivalent two-dimensional
model is proposed and validated against the experimental data.

Two-dimensional simulations are performed based on a pseudo-2D bubbling
fluidised bed. Figure 4.4 illustrates the geometry of the problem. The granu-
lar bed consists of hot spherical glass beads immersed in air initially at rest.
Side walls at constant temperature T̂w cool down the bed. At the bottom, a
porous plate enables fluidisation by the injection of air at a prescribed flow
velocity û = (0,−v̂, 0). The injected air forms bubbles that rise through the
bed, ejecting particles along the way. A nozzle blocks the flow in the centre
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Figure 4.3: Nusselt number correlation of a sphere in a dense assembly. The black
curve refers to the proposed correlation in equation (4.12) with a fluid volume fraction
of ε = 0.45. The markers refers to experimental data collected by [115].

of the bottom plate. To avoid cristallisation, the diameter of the beads is uni-
formly distributed between 0.8d and d. Table 4.1 describes the physical and
the geometry parameters used for the simulations.

Fluid properties
ρ kg/m3 1.204
η kg/(m s) 2× 10−5

c J/(kg K) 1010
k J/(s m K) 0.025
β K−1 0.003

Grain properties
ρ kg/m3 2500
c J/(kg K) 840
k J/(s m K) 1.4
E kg m/s 6× 10−10

ν \ 0.22
µ \ 0.3

Geometry properties
h cm 25
w cm 8
p cm 1.5
l cm 1.2
d mm 1

Boundary parameters
v̂ m/s 1.2, 1.54

and 1.71
T̂ K 290
T̂w K 290

Table 4.1: Parameters used for the fluidisation of a heated packed bed.
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Figure 4.4: On the left, schematic of the pseudo-2d bubbling fluidised bed setup. On
the right, two-dimensional numerical representation of the problem. Air at a lower
temperature than the grains is injected through the bottom porous plate to fluidise
the granular bed.

4.2.1 Numerical considerations

Due to the multi-scale nature of the model, the boundary layer is not fully
resolved close to the wall. The heat transfer associated with these conditions
is assumed to follow a Newton’s law qw = hw

h

(
T̂w − T

)
and its convection

coefficient is set to be equivalent to the one used in the reference experiment
by Patil [116], hw = 350 [W m−2 K−1]. The simulation is performed on a two-
dimensional domain instead of a three-dimensional Hele-Shaw cell. Since the
viscous effects damping the fluid flow and the forced convection in the vicinity
of the front and rear walls are not captured, a volumetric drag force and a
volumetric heat transfer model these longitudinal effects,

fl = −γu, ql = λ(T̂w − T ). (4.14)
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These two coefficients must be calibrated to reproduce experimental data. As
suggested in [56], the drag coefficient is estimated by considering a Hagen-
Poiseuille flow. The drag coefficient is assumed to be γ = 12µ/p2. Its value
in these experiments is set to γ ≈ 1.067 [kg m−3s−1]. The heat transfer coef-
ficient is estimated by comparing the averaged particle temperature with the
experimental data for an inflow velocity of v̂ = 1.54 [m/s] and the mass bed of
m = 75 [g]. The estimated heat transfer coefficient is found to be λ ≈ 4 104

[W m−3 K−1]. All these parameters have been calibrated with a static friction
coefficient between two particles as µs = 0.3 and a coefficient of µs = 0.5 be-
tween a particle and the wall. As long as the friction coefficient is non-zero,
its impact on the dynamics of the bed is expected to be limited. Describing
the beads as discs rather than spheres tends to underestimate their mobility,
as seen in Section 3.2.3. In order to reproduce the same packing fraction and a
similar mobility as in the three-dimensional case, the grains are assumed to be
porous to reach the jamming packing fraction of a sphere packing. The jam-
ming packing fraction of a disc packing is ϕmax = 0.9069 while the jamming
packing fraction of a sphere packing is ϕmax = 0.7405. The boundary condi-
tions at the walls, inflow and outflow are summarised in the following table,
either a Dirichlet or a Neumann condition is applied.

Inflow Outflow Lateral Wall Longitudinal Wall

u = û f = n · (σ − ερuu) u = 0 f = fl

T = T̂ q = n · (−q − ρcuT ) q = qw q = ql

4.2.2 Dynamics

Figure 4.5 shows the numerical results of the bed fluidisation by the air injec-
tion. As the bubbles rise through the granular bed, they drag particles with
them. Due to the symmetry of the problem, a central aisle is naturally gener-
ated along which the particles are not dragged because of to the closed nozzle.
The cooled particles accumulate at the bottom of the bed and are transported
away by the convective cells created by the bubbles. Figure 4.7 illustrates this
behaviour. Two symmetrical vortices can be seen in the wake of the bubbles.
In these vortices, the particle velocity is upwards in the centre of the domain
and downwards at the wall. As pointed out by Yang [130], the preferred path
of the bubbles is along the centre of their region, resulting in a higher solid
fraction at the edge of the domain.
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Figure 4.5: Snapshots of the particle dynamics at different time for v̄ = 1.71 [m/s]
with a bed mass of m = 75 [g]. Particle temperature is represented by the color map.

Numerical results Experimental results

Figure 4.6: Time-averaged particle velocity over a time of 5 seconds starting at a
time of 5 [s].

4.2.3 Heat transfer
As the air flows through the bed, the particles are cooled down. The heat
transfer between the particles and the fluid is controlled by the bubble dynamics
and the exchange with the boundary. Increasing the inflow velocity increases
the heat transfer between the particles and the fluid. Firstly, bubbles are more
easily formed which favours particle motion. This movement reduces the local
solid fraction allowing air to invade and cool the particles. Secondly, a higher
inflow velocity increases the heat transfer coefficient. Figure 4.8 shows good
agreement between the experimental and numerical results of the averaged
particle temperature. The fluxes through the front and rear walls are calibrated
on the set of measurements with a mass of m = 75 [g] and an inflow velocity of
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Figure 4.7: Time-averaged solid packing fraction over a time of 5 seconds starting
at a time of 5 [s].

v̂ = 1.54 [m/s] and validated on others inflow velocities. The numerical model
proposed on the basis of Equation (4.12) is able to reproduce qualitatively and
quantitatively the heat transfer between the particles and the fluid. Based on
this representation of a bubbling fluidised bed, local fluidisation is expected to
be well represented.

4.3 Spontaneous digging of a water droplet

When a droplet falls into a hot granular bed, it is able to penetrate the granular
medium spontaneously. This phenomenon was first documented by Lin [61] in
a quasi-two-dimensional experiment and in a three-dimensional granular bed.
In the latter case, the observations are limited to the grain ejection and to
the final stage when the droplet is stopped. Once the droplet has stopped, a
cohesive spherical structure can be extracted from the granular bed. In the
quasi-two-dimensional experiment, the droplet motion and the fluidisation of
the granular bed are observed through an Hele-Shaw cell. This cell is in fact
quasi two-dimensional regarding the droplet motion, the grains being smaller
than the droplet can still move in the depth direction. The numerical ex-
periment presented in this work assumes a two-dimensional domain to mimic
the experimental setup. However, the constraint in the third direction does
not allow a quantitative comparison with the physical experiment. The main
phenomena are still present and are investigated in this study.

Different regimes have been observed depending on the droplet’s ability to
fluidise the granular medium. In the first regime, vapourisation is not suffi-
cient to create a layer of vapour at the interface between the droplet and the
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Figure 4.8: Mean particle temperature evolution. Experimental values, indicated by
markers, have been extracted from [116]. Simulation results are shown by a continuous
line for each set of data corresponding to different inflow velocity, respectively, 1.20,
1.54 and 1.71 [m/s].

granular medium. The droplet crashes into the granular medium, and a small
cavity may form but does not deepen. In the second regime, a layer of vapour
is created between the droplet and the granular medium. The droplet fluidises
the surrounding particles. The grains are ejected into the resulting vertical
chimney, and the droplet goes downwards before the granular medium reor-
ganises. The droplet then takes the place of the ejected grains and continues
to dig. In that regime, the local fluidisation tends to favour heat transfer with
grains. The main result is that the droplet stops at different depths according
to the temperature of the granular material. The maximum depth is found for a
temperature between the starting digging temperature and the temperature for
which the droplet remains at the surface. In the third regime, at high tempera-
ture, the droplet stops digging and is close to the surface. In the following, the
droplet dynamics is studied in the second regime, named the digging regime,
and to understand the stop of the droplet at high temperatures.

The numerical simulations aim to reproduce the non linear behaviour of the
digging depth as a function of the temperature and to measure the ability of the
droplet to cool down the granular material. The numerical experiment is based
on the same material properties as the physical experiment, these properties
are summarised in Table 4.2. Figure 4.9 illustrates the experimental setup and
the numerical domain. The mesh size close to the droplet is refined to capture
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the droplet motion and the fluidisation of the granular medium. Further away
from the droplet, the mesh size is increased to reduce the computational cost.

The first section describes the model used to track the digging droplet in
vapourisation. As the numerical model lives in a two-dimensional domain,
the numerical considerations employed to mimic the experiment are then pre-
sented. In the following section, the droplet is followed for different granular
bed temperatures to highlight the different regimes. The heat exchange gov-
erning the digging is then investigated in this regime at an initial temperature
of 400° C, as seen in Figure 4.10. Finally, similarities and differences between
the experiment and the numerical results are provided.

T̂d

T̂ph

D

w

hp

l

Figure 4.9: On the left, schematic of the experiment. On the right, its numerical
representation. The mesh close to the droplet is refined and the mesh further away
is larger than the particle size.

4.3.1 Droplet representation
As the droplet falls through the granular bed, it begins to absorb grains. The
particles and the surrounding fluid contribute to the dynamics of the droplet
and to its vapourisation. As long as enough energy is provided to the droplet,
the expelled vapour fluidises the granular medium and allows the droplet to
continue digging. During the digging, the droplet shape remains circular. Once
the heat flux is not sufficient, the droplet stops and progressively fills with
grains. The maximal depth is thus reached and a spherical cohesive structure
can be extracted from the granular bed.
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Figure 4.10: Snapshots of the droplet penetrating the granular bed at 400° C. The
vapour field is indicated by shades of grey. The temperature of the grains is shown
in red. The grains are ejected into the chimney as the droplet falls. The fluidisation
of the grains allows the droplet to continue falling.

Following the averaged description of the surrounding fluid, the droplet
is modelled as a mixture of the liquid phase and particles. The shape of a
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Fluid properties
ρ kg/m3 1.204
η kg/(m s) 2 10−5

c J/(kg K) 1040
k J/(s m K) 0.026
β K−1 3 10−3

Dv m2/s 2 10−5

ρv kg/m3 1.204

Grain properties
ρ kg/m3 3200
c J/(kg K) 290
k J/(s m K) 234
E kg m/s 1011

ν \ 0.35
µ \ 0.3

Geometry properties
w mm 10
h mm 30
hp mm 22.5
l mm 1.5
D mm 2.5
d µm 55

Numerical parameters
∆t s 5 10−4

F 0
c kg m s−2 7.5 10−4

ψ0 \ 0.9

Table 4.2: Properties associated to the spontaneous digging experiment.

droplet is determined by the balance between buoyancy and surface tension,
as well as the balance between inertial and viscous forces. These two balances
are modelled respectively by the Eötvös number Eo and the Reynolds number
ReD. In the experiment, these numbers are given by

Eo = ∆ρgD2

σ
≈ 1, ReD = ρDU

η
≈ 10.

For these parameters, the droplet shape is close to spherical, as was observed
experimentally by Lin [61]. This is also supported by the Grace diagram [131]
which shows that a falling droplet shape is mainly spherical in this regime.
Therefore, it is assumed that the shape of the droplet remains spherical during
the digging process. The volume of the droplet V is given by the volume
occupied by the liquid phase Vf and the absorbed particles Vp. The heat flux
at the interface is entirely used to vaporise the water. The mass ratio ṁ is then
given by the latent heat of vapourisation L and the net heat flux. This heat
flux is the sum of the transfer between the droplet and the surrounding air, Qf

and the transfer from the particles immersed in the droplet Qp. The droplet
dynamics is derived from the Volume-Averaged Navier-Stokes equations, Equa-
tion (3.33), integrated over the droplet volume. The stress tensor is computed
using the solution in the fluid phase since the inside of the droplet is not solved.
The droplet is then fully described by the following equations,
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V = Vf + Vp (4.15)
Lṁ = Qf +Qp (4.16)

m
dud

dt = Ff + Fp +mg, (4.17)

where Ff is the force applied by the fluid on the particles and Fp is the force
applied by the particles on the fluid. It is worth noting that the resulting surface
tension over the boundary is null as the droplet remains circular. Figure 4.11
illustrates the heat, mass and momentum transfer over the droplet.

Qf

F f

ṁ

g

v

F p

Qp

Figure 4.11: Droplet representation. The motion of the droplet is balanced by
its weight mg, the force exerted by the particles Fp and the force exerted by the
surrounding fluid Ff . Due to the temperature gradient, the droplet is subject to a
heat flux Qf from the surrounding fluid and a heat flux Qp from the particles. The
net heat transfer is used to vaporise the droplet.

4.3.2 Numerical considerations
To represent the initial conditions of the experiment, the granular bed is rep-
resented as an assembly of discs. A space-filling algorithm is used to minimise
voids between particles [132]. As solid packing fraction controls the fluidisation
of a granular bed, particles are assumed to be porous to maintain a volume
fraction similar to the physical experiment measured at ϕ ≈ 0.4.
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In order to limit the granular medium’s ability to reorganise itself, cohesion
is added between the grains. The vapour field ψ acts as an indicator of the
fluidisation of the granular medium. A contact is considered cohesive if it
persists for several time steps and it is not located in a fluidised region [133]:

Fc =
{
F 0

c if ψ < ψ0,
0 otherwise (4.18)

where ψ is the vapour concentration at the contact point and ψ0 the vapour
threshold. This is equivalent to assuming negligeable the cohesive force in the
capillary regime and a constant force in the funicular and pendular regimes.

The vapour field is described by the advection-diffusion equation;

∂t(ερvψ) + ∇ · (ερvuψ) = ∇ · (εDv∇ψ) (4.19)

where ρv is the vapour density and Dv is the vapour diffusion coefficient. The
cohesive force is modelled as a contact force between the grains, which is inte-
grated into the non-smooth contact dynamics.

Since the walls are used to heat the granular medium, they are assumed to
maintain a constant temperature T̂p, which corresponds to the initial tempera-
ture of the grains. The high temperature of the granular bed rapidly heats the
droplet to its vapourisation temperature T̂d = 100 °C . This transient heating
process is considered instantaneous, after which the droplet is assumed to be
at its vapourisation temperature. The produced vapour generates a flow from
the droplet to the surrounding fluid in the radial direction, denoted r̂. At the
top of the domain, an outflow boundary condition is applied. The boundary
conditions applied to the fluid conservation equations and the vapour field can
be summarised as,

Outflow Wall Droplet

f = n · (σ − ερuu) u = 0 u = ud + ṁ
ρvS r̂

q = n · (−q − ρcuT ) T = T̂p T = T̂d

ψ = n · (εDv∇ψ − ερvuψ) ψ = 0 ψ = 1

These boundary conditions are used to mimic the experimental setup. De-
pending on the heating device and on the border mass, the characteristic time
to heat the granular assembly at the requested temperature is much longer
that the digging process, which lasts about one minute. The temperature of
the granular material changes at the vicinity of the droplet. However, since the
droplets are far from the border, except in the depth direction, the wall tem-
perature can be considered as constant. The front and rear walls are made of
sapphire and aluminium, respectively. Three facts can be evidenced to claim
for constant temperature walls: first, the droplet digs, that means that the
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droplet moves and does not cool down the wall at the same place. Secondly,
the walls are made of high thermal conductivity materials compared to the
granular material. Thirdly, the mass of the walls are large compared to the
droplet. We can consider the walls to be thermal reservoirs.

The numerical scheme is summarised in Figure 4.12. At each time step,
the local fluid volume fraction over the domain is computed. To couple the
fluid conservation equations with particles, a semi-implicit scheme is used [59].
The heat equation is solved to compute the temperature field based on Equa-
tion (4.4) using the Nusselt correlation, Equation (4.12). The mass rate is
computed based on the heat flux at the droplet interface using Equation (4.16).
It provides the boundary condition to close the fluid model at the droplet in-
terface. Volume and momentum conservation are solved using Equation (3.33)
with the momentum transfer between the fluid and the particles, Equation 4.11.
The force from the fluid and the particles are exerted on the droplet to compute
its motion, based on Equation (4.17). The droplet volume is updated based
on the mass rate and the particles entering and leaving the droplet, Equa-
tion (4.15). To track the droplet motion and its radial expansion, the mesh is
deformed so that it remains conformed to the droplet boundary and maintains
good mesh quality. A node will be moved by the following expression:

xnew =
{

x−
(

1− ∥x−xd∥−rd

L

)
ud∆t, if ∥x− xd∥ < rd + L

x, otherwise
(4.20)

where x is the node position, xd is the droplet position, rd is the droplet
radius, L is the maximal from where a node can move, its value has been
set to L = 1.5rd, and ud is the droplet velocity. The node velocity is taken
into account in the material derivative in the conservation equations using the
Arbitrary Lagrangian-Eulerian (ALE) framework,

d•
dt = ∂•

∂t
+ (u− um) ·∇• (4.21)

where u is the fluid velocity, um is the mesh velocity. The mesh velocity
is integrated explicitly in the time integration scheme, which leads to a non-
conservative ALE method. To avoid mesh distortion, the domain is remeshed
every 25 time steps, equivalent to every 0.0125 seconds. GMSH was used as
the mesh generator. At this rate, remeshing has no impact on the computa-
tional cost which is dominated by the contact dynamics and the linear system
resolution. Once the domain has been remeshed, all the fluid degree of freedom
are interpolated from the previous mesh to the new one.

4.3.3 One droplet, three regimes
As briefly detailed above, when the droplet falls into the granular medium, three
regimes are obtained depending on the initial temperature of the granular bed.
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Tn+1 ← Heat Transfer.
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Figure 4.12: Numerical procedure.

These three regimes are characterised by the ability of the droplet to fluidise
the granular medium: (i) at low temperatures, the droplet cannot fluidise on a
long time, (ii) at intermediate temperatures, the droplet digs, and (iii) at high
temperatures, the droplet remains at the top layers of the granular bed.

Figure 4.13 illustrates the final depth reached by the droplet for different
temperatures ranging from 300 to 600 °C. Three regimes are observed. In
the first regime, for temperatures below 350°C, the droplet crashes into the
granular medium without being able to fluidise its surrounding environment.
The depth of the droplet is then limited to the depth of the initial cavity, and
the droplet does not hollow out. Consequently, the droplet vaporises at the
surface of the granular bed without ejecting any grains. On the other hand,
at the highest temperatures, one expects a large and violent ejection of grains
since the production of vapour increases with the temperature of the bed.
However, we observe that below the droplet, the grains are ejected but because
the vapour gap is large, they reorganise below the droplet before the droplet
can take their place. The intermediate regime is observed for temperatures



101

between 350 and 500°C. In this regime, vapour ejection is sufficient to locally
fluidise the granular medium without stopping the droplet from falling. Indeed,
the grains below the droplet do not have time to reorganise before the droplet
takes their place.

Regarding the change of temperature produced by the passage of the droplet,
in Figure 4.13. The colour of the grains is related to their temperature (see
colour bar). The area cooled down by the droplet can therefore be observed.
Remarkably, even if the droplet does not dig deep, the temperature is modi-
fied on a range equivalent to at least one droplet diameter, see T = 500°C for
example.

The droplet depth evolution, namely the depth h reached by the droplet
normalised by its diameter as a function of dimensionless time, is shown in Fig-
ure 4.14 and this, for four initial temperatures of the bed. Dimensionless time
is defined as the free fall time for the droplet to travel its radius. We observe
the same behaviour during the first second. The droplet manages to penetrate
the first layers of grains with the same apparent speed. Then, according to the
temperature, the droplet speed decreases before it stops at a maximum depth
that depends on the temperature considered. Note the peculiar behaviours at
500 and 600°C for which the droplet bounces back upwards. This is due to the
reorganisation of the grains below the droplet. The vapour gap is large enough
to allow the vapour to escape without entraining grains. The grains move and
reorganise provoking the local collapse of the chimney. The droplet then goes
up. On the other hand, when the droplet digs, it can reach depths 10 times its
initial radius. The maximum depth is reached at a temperature of 400 °C.

Figure 4.15 illustrates the evolution of the dimensionless falling velocity
with respect to dimensionless time for the same four temperatures of Figure
4.14. As observed on the trajectories, the initial speeds are of the same order
of magnitude whatever the temperature of the granular bed. The speed of fall
decreases as a function of time as the impact of vapourisation becomes more
and more important as the droplet loses mass. The third regime is characterised
by temperatures above 500 °C. In this case, the droplet is considerably slowed
down by the ejection of steam, even though the grains are highly fluidised. The
droplet starts to bounce onto the granular bed and rises back to the surface.

The dependence of the speed with the temperature is not monotonous. If
we measure the speed at t = 2 s, the speed increases with the temperature
until T = 400°C before decreasing. The speed in the first and third regime is
roughly zero as the droplet cannot dig. The maximal speed and depth is found
for the intermediate temperature, namely when T = 400°C.

Comparing the simulations to the experiments, we can see that the major
features are fully reproduced by the simulations: (i) The three regimes are
found, two non-digging and one digging regime, (ii) The depth is found to
increase with time before stopping at a given depth that depends on the tem-
perature, (iii) the digging speed is maximum at an intermediate temperature,
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and (iv) the reached depths depend on the temperature and a maximum of the
digging depth is found when T=400 °C. This is what is observed in the quasi-
2D experiments. The bounce back of the droplet is however not observed in the
experiments. Another difference with the experiments is that the droplet takes
some time to cross the interface before showing the constant digging speed
regimes. This difference with the simulations is attributed to the large thermal
gradients that are found along the first layers of grains in the experiments. This
is due to radiation and heat exchange with the atmosphere that decrease the
temperature of the first layers compared to the bulk. This explains why the nu-
merical simulations produces different results, as the temperature of the grains
is more homogeneous. Consequently, the droplet experiences some difficulties
to cross the interface in the experiments.

In the experiments, as soon as the droplet is at a depth larger than its
diameter, the droplet digs with a constant speed. This is less pronounced in
the numerical simulations. Indeed, the difference is probably due to the fact
that the simulations are pure 2D and to the fact that experiments are quasi-
2D. The ejection of the grains is not eased by the 2D constraints since the
grains organise along very compact configurations. Finally, we cannot reject
the influence of the border in the experimental set-up: the front side is made of
sapphire and the rear side of copper. This friction is consequently not captured
in the model.

Figure 4.13: Final depth reached by the droplet at differents initial temperature of
the granular bed.

As suggested by Figure 4.13, fluidisation of the granular medium promotes
heat transfer between the droplet and the granular medium. This increase
can be seen in the average temperature of granular bed over time, which can
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Figure 4.14: Droplet depth evolution
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Figure 4.15: Droplet velocity evolution

be observed in Figure 4.16. The temperature was normalised in order to be
compared with the four considered starting temperatures. At 400°C, the tem-
perature decrease is the most efficient because the droplet goes the deepest in-
teracting with more grains. Generally speaking, at intermediate temperatures,
the droplet motion is characterised by a prolonged period of fluidisation, which
increases the cooling of the grains. In addition, ejecting grains into the chim-
ney cools grains that are initially deeper and still hot. The third regime does
not follow this behaviour. Indeed, the reorganisation of the granular medium
before the droplet falls leads to weaker interaction between the droplet and the
granular medium because the temperature differences are smaller. The heat
transfer is localised at the first layers of the granular material, the heat being
conveyed to the droplet via the contact network between the grains. In all
regimes, a screening effect is observed as the droplet becomes saturated with
grains. Heat is then transferred less effectively between the droplet and the
granular medium. This effect is particularly visible in Figure 4.17 indicating
an estimate of the instant lifetime of the droplet over time.

The instant lifetime is calculated as m(t)/ṁ(t) and reported in Figure 4.17.
This quantity enables the effective heat transfer to be tracked as a function of
time. In the initial stages of the fall, the grains passing through the droplet
are rapidly ejected into the chimney, so they do not produce any screening
effect. The lifetime is then of the order of ten seconds. Subsequently, as the
droplet becomes saturated with grains and the medium containing the droplet
is then described as a wet medium, the heat is transferred less effectively. The
lifetime increases sharply, reaching up to several minutes. The heat transfer is
observed to be maximum at T = 400 °C which is coherent with the previous
observations. As soon as the droplet sits and does not move, the heat transfer
decreases and a plateau is observed. Heat transfer can then only proceed along
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the contact network and through exchange with the gas. This contrasts with
a moving droplet whose environment has a larger temperature.
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Figure 4.16: Mean particle temperature
evolution.
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Figure 4.17: Droplet instantaneous life-
time.

4.3.4 Spontaneous digging at 400 °C
Since transfer is maximal at a temperature of 400 °C, the droplet was carefully
monitored at this temperature. Figure 4.10 shows the droplet penetration into
the granular bed at different snapshots for a granular bed temperature of 400°
C at 8 different times (see Legend). The chimney starts building already after
the first seconds. The cone of cooling is clearly visible at t = 3 s and even some
bubbles of vapour can be seen.

As the droplet interacts with the granular medium, a thick layer of vapour
is produced. The droplet is strongly slowed down by the force of the steam and
this ejection allows the grains to be fluidised around the droplet. Finally, the
grains are ejected in the wake of the droplet, and the droplet is able to take the
place of the ejected grains and continues to dig. The different forces acting on
the droplet can be isolated and measured as a function of time. The weight mg,
the fluid-particule force Ff , the particle-fluid force Fp, and the resulting force
Fnet are presented as a function of time in Figure 4.18. In parallel, one can
also follow the evolution of the heat exchange Qp, Qf and Qnet in Figure 4.19.
The forces have been scaled by the initial weight of the droplet and the heat
fluxes by the initial conductive flux at the droplet interface.

Once the droplet has fully penetrated the granular medium, the average
forces applied by the vapour and the grains balance the weight of the droplet.
The droplet then reaches its terminal velocity. Particles ejected in the wake of
the fall form a chimney which is maintained by the fluidisation of the grains.



105

As the droplet falls, the particles ejected into the chimney fall back down and
pass through the droplet, cooling the granular medium. This reduces heat flow
in close proximity to the droplet as seen in Figure 4.19. Fluidisation of the
granular medium is then reduced. Once fluidisation stops, the droplet absorbs
the grains through its front. The droplet is then slowed down by the captured
grains, and the thrust force of the vapour is insufficient to keep the droplet
levitating. Digging stops and the droplet comes to rest.
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Figure 4.18: Force contribution evolution
to the droplet motion.
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Figure 4.19: Heat transfer evolution over
the droplet.

As the droplet falls, it cools only the grains in its wake. The deeper the
droplet, the longer the chimney and the grains within it are cooled. The tem-
perature under the droplet changes only slightly during the fall. Figure 4.20
shows the vertical average particle temperature profile. The grains in the chim-
ney are cooled by the droplet without reaching the vapourisation temperature.
As the droplet gathers grains in itself, they reach vapourisation temperature.
Then, they are ejected into the chimney where their temperature increases. The
resulting temperatures reach half their initial temperature. This effect can be
seen in Figure 4.21 which shows the horizontal average particle temperature
profile at a specific height.

Conclusion

This section presents an extension to the multiphysics model to include heat
transfer. To this end, the volume-averaged energy conservation equation has
been derived and applied to the study of fluidised bubbling beds and the spon-
taneous digging of a water droplet. A constitutive law has been proposed,
Equation (4.12), to model the heat transfer between the fluid and the parti-
cles based on the Colburn-Reynolds analogy and the Di Felice voidage func-
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Figure 4.20: Vertical particle tempera-
ture profile at different snapshots. The
alternating greys cells indicates the cell
decomposition on which the averaging
process is performed.

Figure 4.21: Horizontal particle temper-
ature profile in a given cell highlighted in
green.

tion. This correlation has been validated against experimental measurements
of heated granular beds taken from the literature [115]. The implementation of
the model was then successfully validated on the study of a bubbling fluidised
granular bed by reproducing Patil’s experiment [116].

The two-dimensional model was then applied to the study of the sponta-
neous digging of a droplet of water in a hot granular bed. Depending on the
temperature, the vapourisation of the droplet causes the granular bed to flu-
idise locally and dig into the granular bed. The absorption of grains within
the droplet is achieved by representing the droplet as a mixture of water and
grains. Three digging regimes were observed as expected from the experiment.
The first regime is characterised by no digging, the vapourisation of the wa-
ter is not sufficient to fluidise the granular bed and the water droplet remains
on the surface. The second regime, obtained at intermediate temperatures, is
characterised by deeper digging. The water vapourisation is sufficient to flu-
idise the granular bed while allowing the droplet to fall. The droplet takes the
place of the grains and penetrates into the granular bed. At high tempera-
tures, the third regime is reached, whereby the droplet returns to the surface.
Vapourisation slows the droplet’s fall, allowing the granular bed to reorganise
around the droplet, preventing it from sinking. The model greatly simplifies
the experiment as the local fluidisation of a granular bed is controlled by the
cohesion of the grains. This parameter has a significant effect as it limits the
mobility of the grains, which can favour digging by preventing the grains from
reorganising around the droplet. However, the numerical model reproduces the
main trends of the experiment, namely digging, local fluidisation and chimney
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formation.
Vapourisation of the droplet is the main source of heat transfer in the system

and enables a local fluidisation in the wake of the fall. When the grains are
absorbed by the droplet, a screening effect is observed which reduces the heat
transfer. However, the heat contributed by the retained grains does not account
for the majority of the heat exchanged with the fluid. The fluid remains hot
through the granular bed. Evaporation reduces the surface area of the droplet,
thereby reducing vapourisation. When the vapourisation is insufficient to eject
the grains towards the chimney, the droplet ceases to fall. It then fills up with
grains at the front and stops. The droplet becomes saturated and can no longer
transfer heat to the outside. Its lifetime then increases considerably.
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PFEM-DEM for Fluid-Granular flows

with Free Surface

Fluid mechanics problems involving free surfaces and granular materials are
complex, multi-physics phenomena that require a deep understanding of both
fluid dynamics and granular interactions. Such flows are highly relevant to civil
engineering, geophysical processes, and numerous industrial applications.

A particularly illustrative example is that of landslides. These natural
events can have catastrophic consequences, so improving our ability to un-
derstand their dynamics and predict their impact is crucial for risk mitigation.
Landslides typically occur when soils on steep slopes become unstable. In some
cases, the collapsing soil impacts a water body, generating large impulse waves,
known as landslide tsunamis [134]. In other cases, known as submarine land-
slides, the soil detaches entirely underwater, again producing significant surface
waves. Accurately simulating wave generation and predicting its propagation
remains a major scientific and engineering challenge [135].

These phenomena involve two primary interfaces: the solid–fluid interface
between the moving soil and the water, and the fluid–air interface at the water
surface. Figure 5.1 illustrates these two interfaces in a typical landslide scenario.

Simulating such systems requires numerical solvers capable of handling both
physical and geometric non-linearities. The former arises from the strongly
nonlinear interaction laws between the fluid and granular phases, which we
address using a volume-averaged formulation (see Chapter 3). The latter
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Figure 5.1: Two main interfaces increase the complexity of the problem: the free
surface between the fluid and the air, and the solid–fluid interface between soil and
water.

arises from the large deformations and topological changes that occur at the
free surfaces and solid–fluid boundaries. These moving interfaces are central
to accurately modelling landslide-generated waves.

To model the fluid–air interface, various strategies have been proposed.
Multiphase formulations, such as Volume of Fluid (VOF) [136] and Level-Set
methods [137], simulate both fluids simultaneously. However, this can be com-
putationally expensive, since the lighter air phase often requires finer time
steps due to its faster dynamics, despite having little influence on the overall
flow. Moreover, the smoothing effects inherent in these methods can result in
inaccurate tracking of sharp interfaces or significant topological changes. An
alternative approach is to simulate only the heavier fluid, and treat the fluid–air
interface as a free surface with a kinematic condition of zero normal flux. This
simplifies the domain and allows larger time steps, but introduces challenges
in tracking the moving interface and handling topological transitions such as
merging or fragmentation. Recent methods such as [138] have even managed to
capture air pockets in enclosed flows without explicitly solving for the air phase.
Lagrangian approaches are particularly well-suited to this class of problems, as
they naturally follow material deformation. These methods can be either mesh-
less, as in Smoothed Particle Hydrodynamics (SPH) [139], the Material Point
Method (MPM) [140], and the Lattice Boltzmann Method (LBM) [141], or
mesh-based, such as Arbitrary Lagrangian-Eulerian (ALE) [42]. Mesh-based
Lagrangian methods benefit from a strong theoretical foundation, particularly
via finite element formulations. However, they can struggle with large defor-
mations and topological changes. With recent advances in mesh generation
techniques[142], however, this step should no longer be considered a bottleneck
to the entire simulation process.

In this work, we employ the Particle Finite Element Method (PFEM) [43],
which is a Lagrangian mesh-based method that is particularly well-suited to
problems with evolving free surfaces. The PFEM solves the equations of motion
using finite elements and then displaces the mesh nodes (i.e. the particles)
based on the computed velocity or displacement field. To prevent distortion
of the mesh, it is rebuilt at every time step, with only the particle positions
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retained and the domain re-triangulated. The free surface boundary is then
tracked through the use of an indicator function that defines the shape of the
domain.

Our objective is to simulate the interaction between granular flows and
free surfaces, which requires the sharp and accurate tracking of the fluid–air
and fluid–solid interfaces under large deformation. Several modelling strategies
have been explored in the literature. For example, Eulerian–Lagrangian meth-
ods such as FEM–DEM couplings with multiphase flow formulations have been
proposed [143]. In these methods, the fluid is handled on an Eulerian mesh
using a conservative level-set method for free surfaces and an immersed bound-
ary method for granular particles. While these methods are highly accurate,
they are often expensive and struggle with strong topological changes.

Fully Lagrangian–Lagrangian approaches have also been developed. The
Moving Particle Semi-implicit (MPS) method for fluids coupled with DEM
[144], or SPH–DEM formulations [145], avoids mesh generation entirely. How-
ever, these approaches require a high ratio of fluid particles around each solid
particle, which can be problematic during impact events when particles tran-
sition from air to fluid.

In [146], a two-phase continuum PFEM formulation was proposed to simu-
late the 1963 Vajont rockslide and tsunami. Both the water and the landslide
materials are modelled using PFEM, but with different constitutive laws: a
Newtonian fluid model is used for water and a viscoplastic frictional model is
used for the landslide.

Building on these approaches, Franci et al. [62] proposed a PFEM–DEM
one-way coupling for particle-laden flows, neglecting the back effect of the par-
ticles on the fluid. Although their methodology is similar to ours, it does not
account for two-way coupling, which becomes essential when the granular phase
significantly alters the fluid motion.

In this chapter, we propose a coupled PFEM–DEM approach for modelling
granular free-surface flows with two-way coupling and adaptive refinement near
topological changes. The governing equations and coupling strategy were intro-
duced in Chapter 3. Here, we provide details of the PFEM numerical scheme
for the fluid, its integration into the existing DEM framework, and the treat-
ment of interface dynamics. The model has been validated against numerical
and physical benchmarks [63], including the 1958 Lituya Bay landslide and
tsunami [64]. This chapter builds upon the following publication:

• Leyssens, T., Henry, M., Lambrechts, J., Legat, V., Remacle, J.-F.,
(2025),
A Coupled PFEM-DEM Model for Fluid-Granular Flows with Free-Surface
Dynamics Applied to Landslides. Journal of Computational Physics
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5.1 Numerical scheme

To track the fluid domain, the Particle Finite Element Method (PFEM) is
presented within the CFD-DEM procedure. The numerical scheme is detailed
in this section. An overview of the algorithm is illustrated in Figure 5.2. First
and foremost, both the fluid and solid phases are represented by two separate
sets of particles. To lighten the vocabulary, we will use the word grains to refer
to the solid particles and particles for the fluid particles in the following. The
iterative numerical procedure can be divided into three main steps:

Geometry detection involves defining the fluid domain and its boundaries.
The boundary of the fluid domain is detected based on a geometric crite-
rion. These boundaries are then coloured in order to assign to the proper
boundary conditions in the resolution step. Additionally, a mesh adap-
tation is performed to ensure that the elements inside the fluid domain
respect the given size field.

Resolution is to solve the equations of motion for both phases. The fluid
phase is solved using the VANS equations in the Lagrangian formulation
with the Finite Element Method. Contact dynamics is then used to
determine the grains velocities at the end of the time step, based on the
forces applied to them.

Advection consists of updating the positions of the particles and grains based
on their velocities.

5.1.1 Geometry detection
In order to capture highly deforming flow, the particle finite element method
seeks to track the geometric evolution. This is achieved using the Delaunay
triangulation followed by a filtering of the elements based on a geometric cri-
terion. The boundaries are then detected and coloured to be assigned to the
proper boundary conditions. The free surface interface is captured sharply, and
the method can handle topological changes. This step is purely geometric and
does not involve any physical quantities.

α-shape

The fluid domain is represented by a set of particles S. The aim is to identify
the boundary associated with this point cloud. This concept is not unique, here
the α-shape algorithm [147] is used to detect the boundaries. The α-shape is
closely linked to the Delaunay triangulation of the point cloud. Indeed, the
α-complex of S is the set of triangles of the Delaunay triangulation whose
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Figure 5.2: A schematic of the algorithm.

circumradii are smaller than a given length. The circumradius of the element
Re must satisfy the following criterion:

Re < α · h(x). (5.1)

where, h(x) is a mesh size field that defines how acceptable circumradii are dis-
tributed over the domain. The α-shape of S is the boundary of the α-complex.
To capture this boundary, the Delaunay triangulation is first computed and
then the circumradii of each element are checked. Any element with a cir-
cumradius larger than a given length is removed, as can be seen in Figure 5.2:
point 2. The remaining elements form the α-complex, and its boundary is the
α-shape of S.

One may wonder why to use the α-shape algorithm instead of the convex
hull. By definition, the convex hull is always convex and is therefore not suitable
for representing complex boundaries. For example, a simple breaking wave is
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not convex, so the convex hull would generate a very poor representation of
the free surface.

Boundary colouring

As the domain is highly deformed, boundaries must be detected in order to
fulfil the expected boundary conditions imposed by the physical problem such
as the no-slip or free-slip conditions on the walls. Boundaries are coloured
according to their type. However, the distinction between different boundaries
such as walls, moving bodies and free-surfaces is not automatic. Therefore,
the boundary edges must be coloured according to which boundary wall they
belong. In Figure 5.2: point 3, fluid boundaries belonging to the wall are
coloured in red, and free-surfaces in green. Walls are not explicitly meshed are
only recognised geometrically by the fluid. An octree data structure is used to
enable quick searches and easy computational distances between particles and
walls. Once a particle crosses the wall, its velocity is corrected to project it
onto the wall. If a boundary edge is sufficiently close to a wall, it is considered
to be part of the wall and the boundary conditions are applied. Figure 5.3
illustrates the need to colour complex boundaries.

Figure 5.3: Snapshot of a wheel spinning in a flow. The geometry is detected through
the α-shape. Colours are associated to each type of boundary conditions, i.e. no-slip,
free slip, free surface.

Mesh adaptation

The particles are advected by the flow, and the mesh deforms. This can result
in poor-quality elements and an inaccurate representation of the free surface
since the α-shape criterion depends on the particle distribution and the size
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field h(x) which may not be respected. To ensure that the element size is
respected, a mesh adaptation is performed. Figure 5.2: point 4, illustrates the
mesh adaptation.

In [138], an adaptive mesh refinement technique was proposed for the PFEM
to address this challenge based on Chew’s constrained Delaunay technique
[148]. The size field h(x) is chosen to be highly refined near the free surface
and coarser further away from these boundaries. As the mesh is refined close
to the free surface, topological changes are captured accurately. This method
maintains high-quality elements at all times and ensures a smooth, continuous
representation of the free surface. On the other hand, regions far from the free
surface become coarser, thereby reducing the computational cost. The solution
is interpolated on the newly inserted nodes. Although this can lead to diffu-
sion of the solution, the method has been shown to maintain its accuracy and
efficiency.

5.1.2 Resolution

The next step is to solve the governing equations for both phases. The mesh
and the boundary conditions are provided by the previous step allowing the
conservation equations to be solved. Since the advection is performed by par-
ticle displacement, the fluid phase is solved using a Lagrangian formulation,

{
∇ · (εu) + ∇ · (ϕv) = 0,
ρε∂tu = −ε∇p+ ∇ · (ετ )− ϕfd + ερg,

(5.2)

where ε is the porosity, u the fluid velocity, v the velocity of the solid phase,
σ the stress tensor, ϕ the volume fraction of the solid phase, fd the drag force
density and g the gravity vector.

Further information on the numerical scheme and the fluid-solid coupling
can be found in Chapter 3. Figure 5.2: point 5, illustrates the solid repre-
sentation in the fluid phase. Figure 5.2: point 6, shows the solution after the
resolution step for both the grains and the particles.

5.1.3 Advection

The final step of the algorithm consists in moving particles and grains based
on their respective velocities. A second-order scheme is used for the fluid phase
and a first-order implicit Euler method is used for the grains. The second-
order choice improves the conservation properties near the interfaces as shown
by [149].
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xn+1 = xn + un+1∆t+ un+1 − un

∆t ∆t2 (5.3)

yn+1 = yn + vn+1∆t, (5.4)

where x and y are the positions of the fluid and solid particles respectively, u
and v are their respective velocities, and ∆t is the time step.

For the fluid phase, an additional step is required to account for solid bound-
aries. Since the fluid boundaries are defined at the beginning of each time step,
it is essential to ensure that the boundary conditions are applied accurately, de-
spite the explicit nature of the position update. In many PFEM approaches for
fluid simulations [150, 151], solid boundary particles are fixed to the walls, and
define the solid walls to which the boundary conditions are then applied. The
approach adopted here allows slip-boundary conditions to be applied straight-
forwardly along solid walls by considering only fluid particles and representing
the walls only geometrically. For particles that are already on a wall at the be-
ginning of the time step, slip boundary conditions can be applied without any
difficulty through the finite element formulations. For fluid particles that cross
a solid wall during a time step due to the explicit update, Equation (5.3), the
velocities of these particles are corrected to project them onto the boundary,
as illustrated in Figure 5.4.

Fluid resolution Correction of particles’ positions

Figure 5.4: The position of the particles that cross a wall during the advection step
is corrected by projecting them on the wall.

Both the fluid and the solid phases are treated using an implicit scheme
to integrate the velocity over time, therefore no stability conditions arise. In
order to ensure an accurate advection of the fluid material points, the fluid
time step is chosen as ∆tf = O

(
hmin

∥umax∥

)
. The solid time step is governed

by the contact solver which is based on the Non-Smooth Contact Dynamics
method. This involves finding the contact impulse iteratively, such that there
is no overlap at the end of the time step, without the need for stiffness-based



118 Chapter 5 - PFEM-DEM for Fluid-Granular flows with Free Surface

penalty parameters. At each time step, a contact detection is first performed,
then the contact impulse is computed and finally the solid phase is updated.
To limit the number of potential contacts in the detection step, the solid time
step is chosen as ∆ts = O

(
dmin

∥vmax∥

)
. The potential mismatch between the

fluid and solid time steps is handled using a sub-stepping strategy for the solid
phase. In practice, sub-stepping is only required during the initial stages of
the simulation, when the mesh elements are large and the fluid motion is slow.
The maximum number of sub-steps observed in the simulations presented in
this work is five.

5.2 Granular collapse

The collapse of a granular column into a water basin is investigated to validate
the PFEM-DEM method. A dry granular column of height H0 and width L0
is placed on a plateform above a water basin at height h0. Initially held by a
gate, the column is released and collapsed under its own weight. This causes a
wave to propagate across the surface of the water in the basin. The potential
energy stored in the granular column is converted into kinetic energy in the
grains and the water. The impact generates a wave that propagates in the
direction of the grains. Depending on the impact velocity, the wave can be of
different types, ranging from a transient bore wave to a nonlinear transition
wave. The aim is to capture these regimes and compare the results with the
experimental data from [63].

As the experiments are driven by gravitational effects, the Froude number
is chosen as a dimensionless number to characterise the flow. It is defined as
the ratio of the characteristic velocity of the grains to the square root of the
product of the gravitational acceleration and the initial height of the column.

Fr = v√
gh

(5.5)

where v is the characteristic velocity of the grains, computed as the equivalent
velocity if the grains were accelerating in free fall over a distance corresponding
to half of the initial height of the column. This can also be interpreted as the
square root of the ratio of the kinetic energy and the potential energy of the
system. The characteristic length and velocity used to define the Froude num-
ber can then also be used to define dimensionless times and lengths. The wave
regime is also characterised by the Froude number because the wave dynamics
are driven by the impact of grains on the water bed. However, as suggested
in [152], a more appropriate characteristic velocity than the equivalent free-fall
velocity, is the maximum horizontal velocity vf of the granular front.

Frf = vf√
gh0
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The main driving force of the wave is the horizontal push of the grains, and
not their vertical drop as the columns collapses. The denominator is the char-
acteristic velocity of a bore wave, with h0 the initial depth of the water basin.
The work of [63] has allowed them to distinguish the three regimes based on
the front Froude number Frf :

• Frf ≲ 0.35: Nonlinear transition wave

• 0.35 ≲ Frf ≲ 0.87: Solitary non-breaking wave

• 0.87 ≲ Frf : Transient bore wave

5.2.1 Simulation strategy
Three two-dimensional numerical experiments have been carried out, each cor-
responding to one of the three regimes. The parameters were chosen to match
the experimental setup described in [63]. However, since the grains only move
in two dimensions, the impact velocity is higher than in the experiments leading
to a higher Froude number. While it would be possible to adjust the friction
coefficient to align with the experimental results, the primary objective is to
capture the wave regime rather than the precise wave amplitude. Each exper-
iment corresponds to one of the three regimes, correctly capturing the wave
dynamics. Table 5.1 presents the numerical Froude numbers for the different
cases, compared to the experiment front Froude number from [63].

Experiment Frf (PFEM-DEM) Frf (exp., Sarlin et al.)
1 0.27 0.19
2 0.83 0.65
3 1.93 1.39

Table 5.1: Froude numbers based on the maximum horizontal velocity of the grain
column for the different cases, compared with the experimental data.

Initially, the grains are at rest and are held by a gate. The gate can be
lifted upwards at a velocity of 1 m/s, releasing the grains into the water bed.
The grains have a diameter of 5mm, a density of 2500kg/m3, and a polydisper-
sity coefficient of 1.2. The friction between grains is modelled by a Coulomb
friction law with a coefficient of 0.9. The two-dimensional nature of the sim-
ulation imposes grains to be discs instead of spheres. To compensate for this,
the void fraction is tuned to match the one of the spheres, as described in 3.2.3.
Nevertheless, fluidisation effects are not well captured by this approach. How-
ever, these effects are not the main focus of the study, and the model is still
able to capture the main dynamics of the flow. The fluid is water with a den-
sity 1000kg/m3 and a viscosity 0.001Pa.s. Free-slip boundary conditions are
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imposed on the solid walls, and a free surface condition with surface tension
is considered at the water–air interface, with a surface tension coefficient of
0.072N/m. The boundary conditions are summarised as,{

u · n = 0,
t− (t · n)n = 0,

where n is the outward-facing normal and t = σ ·n is the Cauchy stress vector.
In other words, a zero-velocity condition is imposed in the normal direction, and
no stresses are applied in the tangential direction. A free surface is considered
at the water–air interface:

t = p0n− κγn,

where p0 is an external atmospheric pressure, κ is the curvature at the free
surface, and γ is the surface tension coefficient.

L0

h0

h0 + H0

v

h0 + A(t)

0
L0 + xf(t)

Experiment 1 2 3
H0 39 29 39 cm
L0 5 10 14.5 cm
h0 25 8 4 cm

Figure 5.5: Granular column collapse test case setup.

5.2.2 One impact, Multiple waves
Three experiments were conducted to capture the three different regimes of the
wave formed by the grains impacting on the bassin. Figure 5.5 shows the initial
setup of the three experiments, along with the main dimensional parameters.
The wave dynamics are captured and compared to the experimental results
from [63] for each experiment. The granular front is also tracked, as this is the
driving mechanism that generates the wave. In this case, it is defined as the
position of the furthest grain at a height of y = h0.
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Non linear transition wave

In the first case, the parameters are chosen so that a small front Froude number
is expected. The basin is deep and the granular column is thin. This results
in only a small amount of the potential energy transferred to the water. The
main wave has a low amplitude, resulting in non-negligible dispersive wave
trains. This behaviour is said to produce a nonlinear transition wave. As more
grains fall into the basin, more perturbations are formed and maintained. The
granular front is tracked and compared to the experimental results. As can be
seen in Figure 5.6, the granular front reaches a zero value meaning the grains
are either fully immersed or still on the initial platform. An initial main wave
is generated by the collapse, followed by minor dispersive wave trains. The
amplitude of the main wave is small and it does not break. On the other hand,
close to the platform, nonlinear effects are visible as the grains continue to fall,
resulting in chaotic motion of the grains and the water.
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Figure 5.6: Granular collapse: case 1. Non linear transition wave is generated at low
front Froude number.
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Solitary non-breaking wave

In the second case, the Froude number is increased in order to produce a
solitary, non-breaking wave. The wave generated by the grains has a higher
amplitude. To reach this regime, the depth is first decreased and then the
shape of the column is changed so that it is thicker than in the previous case.
Upon impact, a solitary wave is generated and propagates. Figure 5.7 shows
the snapshots of the flow at different times during the second experiment as
well as the evolution of the wave amplitude and the position of the granular
front. The wave amplitude remains close to a constant value until the wave
rolls over itself and breaks. The granular front also increases until it reaches a
plateau value. As the grains do not expel all the water, they become submerged
in the fluid.
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Figure 5.7: Granular collapse: case 2. Solitary wave is observed at intermediate front
Froude number.
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Transient bore wave

In the last conducted experiment, the front Froude number is increased in order
to generate a bore wave. For a large transfer of energy from the grains to the
water, the free surface deforms into a shape resembling a step function. This
behaviour is characteristic of a bore wave. Figure 5.8 shows snapshots of the
flow at different times during the third experiment. Initially, the generated
wave has a high amplitude and a bore wave forms. As the wave propagates,
it rolls over itself and breaks into a chaotic motion. The grains expel such
a significant amount of water such that some of the grains remain dry. The
granular front increases during the fall, reaching a maximum value. As the
granular deposit is stable, the front maintains its maximum value. Two internal
friction angles can be observed in the grains, one for the dry grains, and one
for the submerged grains.
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Figure 5.8: Granular collapse: case 3. A high front Froude Number, the collapse
generates a transient bore wave.
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5.2.3 Discussion
Qualitatively, the three regimes are accurately captured by the numerical sim-
ulations. However, disparities are observed in the granular front position, but
this can be attributed to the uncertainty in the measurement of the granular
front position. To estimate the granular front, the furthest grain at a height of
y = h0 is chosen, as shown in Figure 5.5. The aim is to compute the maximum
horizontal velocity of the grains at the free surface, responsible for generating
the impulse wave, this measurement is the most relevant option. However,
this approach does not produce consistent results when the grains are fully
submerged in the fluid, because the granular front is no longer visible. If one
is only interested in computing the maximum position reached by the grains
inside the flow, a more robust alternative would be to take the runout distance
of the avalanche. This is defined as the position of the farthest grain still con-
nected to the contact network [60]. While the order of magnitude of the wave
amplitude is captured well, the amplitude is slightly overestimated. This can
be attributed to grains having a higher velocity in the numerical simulations,
since they are not subject to the same friction as in the physical experiments.
While the three regimes are correctly captured qualitatively and respect the
bounds, there are some discrepancies with the obtained Froude numbers. These
differences can be explained by various factors: three-dimensional effects, the
parametrisation of the grains’ friction and the method used to measure the
granular front position and velocity. The obtained values for Frf from the
numerical setups are presented in table 5.1. While the results do not exactly
match those of the experiments, the regimes are still correctly detected within
the bounds proposed by [63].

5.3 A Tsunami at Lituya bay

To investigate the robustness and accuracy of the proposed model, a realistic
case, the Lituya Bay landslide and tsunami, is studied. On 10 July 1958,
an earthquake along the Fairweather fault triggered a massive landslide above
Lituya Bay in Alaska. The loose rock slid downhill and hit the waters of Lituya
Bay, creating a 60 metres wave that reached heights of over 500 metres on the
opposite shore. The tsunami resulted in human casualties. As mountains
become increasingly unstable due to climate change, such events are expected
to become more frequent. Understanding and predicting the impact of such
events is crucial for risk mitigation. The numerical method presented here
is a suitable tool for simulating and analysing such phenomena, providing a
detailed description of both the grain dynamics and the wave motion. To
quantitatively compare the results with those of the real event, the numerical
results are compared with the experimental results of [64]. In their study, a
1:675 scale experiment of the Lituya Bay landslide and tsunami was carried
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out in order to better quantify the event.

Figure 5.9: Lituya bay landslide and tsunami setup.

5.3.1 Numerical strategy
The bay is modelled as a two-dimensional domain, with the rocks represented
by a set of discrete grains and the water by a continuous fluid. The experimental
setup is based on the scale model of [64], with a scale of 1 to 675. Figure 5.9
shows the setup. According to the estimated amount of rock that was torn from
the hill, a mass of grains 970 m long and 92 m thick, is positioned 230 m above
the water level. This gives a total mass per unit thickness of 98.5 × 103 t/m.
The grains have a density of 2.64 t/m3, and a polydispersity ratio of 3 which
allows the bulk to be more compact. The average grain radius is set to 1.35 m,
in order to match the 2 mm radius used in [64]. A space-filling algorithm, as
described in 3, is used to generate the initial grains configuration. This results
in a total of 27960 grains. The friction coefficient between the grains and with
the walls is set to µ = 0.93, which corresponds to an effective internal friction
angle of 43◦. The simulated water bed is a cross-section of the Gilbert Inlet
in the Lituya Bay, with a depth of 122 m and a total length of 1342 m. Both
shores rise at an angle of 45◦.

The Froude number is the relevant dimensionless number to relate the im-
pact of the grains to the potential energy stored in the water bed. Taking the
mean velocity vg of the grains upon impact with the water as estimated at 110
m/s in [64], and the water depth of the bay as 122 m, the resulting front Froude
number is equal to

Fr = vg√
gh

= 3.18.
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5.3.2 Tsunami Wave propagation
When the sliding rocks reach the water, they transfer a large amount of kinetic
energy to it. This results in a wave that propagates across the bay. Figure
5.10 shows snapshots of the wave propagation at different times. According to
the wave analysis of [63] and the front Froude number, the wave is expected
to resemble a bore wave. This is confirmed by the numerical results as seen in
the snapshots.

Figure 5.10: Snapshots of the Lituya bay landslide and the wave generated by the
fallen rocks at time 20, 40, 60 and 80s.

The wave does not have enough time to break as it crosses the bay and
hits the opposite shore. The maximal height reached by the wave is tracked in
Figure 5.11. On the opposite shore, a thin layer of water remains attached to
the shore up to a height of 750m. This value is an overestimation as it assumes
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that the water slides freely along the boundary. However, the results show that
at a height of 500m, the water still has enough inertia to cause damage, as was
observed in the Lituya Bay event. When the wave impacts the shore, it also
reflects, leading to a sloshing phenomenon. This can be seen as when a second
wave with less amplitude hits the shore. Rocks are transported throughout the
whole domain and settle across the entire bay. The largest hills form close to
the initial impact zone and close to the opposite shore.

Figure 5.11: Evolution of the wave amplitude on the opposite shore. Dimensionless
height is defined by the initial depth h0 and the gravitational accelerating is used to
define a dimensionless time.

Once the wave has fallen back onto the opposite shore, reflective waves are
generated. Figure 5.12 compares the wave amplitude at a position of 885m from
the initial shore to the experimental data from [64]. The Lagrangian formula-
tion accurately captures the main trends in the wave dynamics. Dimensionless
height and time are computed using the initial water depth h0 as the reference
height and the gravitational acceleration g.

Conclusion

A new coupling has been developed for studying immersed granular flows with
free surfaces undergoing large deformations. The granular phase is modelled
using the Discrete Element Method (DEM), while the fluid is treated using a
Lagrangian formulation based on the Particle Finite Element Method (PFEM).
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Figure 5.12: Wave height evolution at x = 885m. Numerical results, the continuous
blue line, is compared to the experimental results from [64], dotted black curve. The
dimensionless height and time are computed using the initial bathymetry h0 as the
reference height and g the gravitational acceleration.

This work focuses on presenting the PFEM–DEM coupling strategy and demon-
strating its applicability to complex free-surface granular flows.

To validate the model and highlight its capabilities, two key test cases are
considered: the collapse of a granular column [63] and the Lituya Bay landslide
[64]. In both cases, the interaction between the granular material and the fluid
generates free surface waves. Accurate tracking of the evolving interface and
wave dynamics is enabled by the Lagrangian treatment of the fluid phase.

A crucial feature of the CFD–DEM solver is its robustness with respect to
mesh resolution; the mesh does not need to be tied to grain size. This enables
the straightforward integration of the PFEM strategy, which would otherwise
require maintaining a coarse mesh near the grains and could compromise the
accuracy of the free-surface representation. Refinement of the mesh near the
fluid–air interface is essential for accurately capturing wave formation and prop-
agation, as it provides high spatial resolution where it is most needed.

The granular collapse is used as a benchmark to validate wave generation.
The wave regime is characterised using the front Froude number, and three
physical experiments are reproduced using the numerical model. In all cases,
the observed wave patterns align with theoretical expectations, thus confirming
the model’s predictive capability.

The Lituya Bay landslide and tsunami are then simulated to demonstrate
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the model’s potential for addressing large-scale natural hazards. Despite the
phenomenon’s complexity, a quasi-2D simulation using the proposed PFEM–
DEM model successfully captures its key features. The simulated wave dy-
namics show strong agreement with available experimental data, including the
extreme run-up height of around 500 metres, which is consistent with historical
observations [64].

The results demonstrate the potential of PFEM–DEM coupling method
for studying immersed granular flows involving significant deformations and
complex fluid–solid interactions. The model is both accurate and robust, even
when restricted to two-dimensional simulations. This restriction is purely a
matter of computational cost, and the approach can be fully extended to three
dimensions. However, one notable limitation of the current implementation
is the absence of mass conservation. The advection scheme used to move the
Lagrangian particles does not strictly preserve volume. Furthermore, the mesh
generation process may also introduce additional volume errors. Addressing
this limitation would be a natural extension of the present work, enabling
high-fidelity simulations with improved conservation properties.
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Conclusion

Granular flows are ubiquitous in both natural and industrial processes. From
avalanches and landslides to pharmaceutical manufacturing and energy stor-
age systems, the behaviour of granular materials plays a central role in the
dynamics of many physical systems. Their complex rheology, which combines
solid-like, liquid-like, and gas-like behaviours, presents significant challenges
for both experimental investigation and numerical simulation. Granular flows
span a wide range of regimes, from dilute particle suspensions to dense, friction-
dominated packings. Depending on the flow regime and application, different
modelling strategies have been developed. Continuum approaches, often based
on empirical constitutive laws, are well-suited for large-scale geophysical flows
but struggle with phenomena at the grain scale [11]. On the other hand, dis-
crete methods such as the Discrete Element Method (DEM) [36, 73] allow
for detailed tracking of individual particles and their interactions but become
computationally expensive for large systems.

Hybrid approaches attempt to bridge the gap between scale and fidelity,
leveraging the strengths of both continuum and discrete descriptions [48, 13].
Coupling these models with fluid phases adds a further layer of complexity, par-
ticularly when the interaction between the granular material and the fluid plays
a critical role in the system’s evolution. The choice of a numerical method often
depends on the resolution desired, computational constraints, and the physics
of interest. Fully resolved simulations can capture intricate fluid–particle inter-
actions but are limited to small systems due to computational costs. Unresolved
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models offer greater scalability but require careful treatment of the coupling
between phases to preserve accuracy and stability. In this work, we propose a
semi-resolved, non-conformal coupling strategy between a finite element repre-
sentation of the fluid and a discrete element model for the granular phase. The
fluid is captured using the Volume-Averaged Navier–Stokes equations solved on
a mesh that does not conform to the particle boundaries. This non-conformal
approach reduces the computational complexity while allowing for sufficient
resolution of the flow features of interest. The grains, modelled as discrete en-
tities, interact with the fluid through a carefully designed coupling mechanism
that accounts for the momentum exchange between the phases. The spatial rep-
resentation of the particles is handled using overlap-based techniques, enabling
for a smoother and more physically consistent interaction with the fluid field,
even when the mesh is finer than the particle scale. This framework enables
the simulation of a broad class of problems—from unresolved, continuum-scale
flows to semi-resolved configurations where particle-scale effects are partially
captured. It provides a flexible and scalable alternative to fully resolved meth-
ods, while ensuring physical accuracy and numerical stability. Our approach
is also well suited for applications involving large deformations, free surfaces,
and complex geometries by decoupling the mesh resolution from the particle
size, we unlock the possibility to simulate large systems while still capturing
essential micro-scale effects.

Numerical experiments presented in this work, such as Rayleigh–Taylor in-
stabilities, the digging of a water droplet demonstrate the robustness and ver-
satility of the proposed method. Moreover, our coupling strategy is compatible
with advanced Lagrangian solvers such as the Particle Finite Element Method
(PFEM), allowing us to explore phenomena such as landslide-induced wave
generation. In conclusion, granular flows remain a rich and challenging field
of study with wide-ranging applications. Our contribution lies in the devel-
opment of a computationally efficient and physically accurate framework that
uses a non-conformal fluid representation coupled with discrete grains to ex-
plore complex fluid–solid interactions. This approach paves the way for scalable
and adaptable simulations across a wide spectrum of granular flow problems.
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6.1 My Contributions

This thesis is the result of a long journey that began at UCLouvain, in col-
laboration with the LMGC laboratory in Montpellier. When I first started, I
believed that all PhD projects naturally sit at the edge of current knowledge
– but the more I learned, the more I realised how vast the unknown truly is.
It all started with a simple question: How can we model the motion of a grain
when its size becomes comparable to the fluid discretisation?. One question
led to another, and I soon found myself immersed in the world of granular
flows. Along the way, I explored the complexities of non-smooth dynamics, the
challenges of numerical methods, and the elegance of mathematical modelling.
From studying heat transfer in suspensions, to water intrusion in a hot granular
bed, and eventually to landslide simulations, I had the chance to explore a wide
range of topics and applications. I was fortunate to work within an institute
that values collaboration and interdisciplinary research, which gave me the op-
portunity to explore different approaches and perspectives. On more than one
occasion, the answer to a question came while investigating something entirely
different. Here, I will summarise the main findings of my work and highlight
the key contributions made during this journey.

The first step in my journey was to extend the model to be able to reach
arbitrary mesh size. I had to learn about the physics of granular materials,
the challenges involved in simulating them, and the limitations of existing mod-
els. For computational convenience, a non-conformal approach known as the
Volume-Averaged Navier–Stokes (VANS) equations had previously been cho-
sen [48]. This approach captures the essential physics of granular flows while
avoiding the complexity of fully resolved simulations. However, the implemen-
tation breaks down when the grain size becomes large compared to the fluid
discretisation, which is a major limitation for highly polydisperse systems or for
capturing complex geometries. Additionally, instability issues arise from large
oscillations in the continuity equation, due to the chosen numerical scheme.
These issues were not inherent to the model itself, but from its discretisation.
The challenge was to find a way to overcome them. Using a novel overlap-wise
grain representation combined with a semi-implicit time integration scheme,
we were able to solve this problem. The improved model was validated across
a wide range of test cases: from unresolved simulations of granular Rayleigh-
Taylor instability [97] to resolved simulations of a single cylinder sedimentation
in fluid [101].

In the second phase of the work, heat transfer in suspensions was inves-
tigated. The goal was to gain an understanding of the digging process observed
in experiments by [61], where water droplet forms a cavity into a hot granular
bed. To achieve this, we first needed to understand the physics of heat transfer
in granular suspensions and how to incorporate this into a volume-averaged
framework. We proposed a new correlation to model forced convection in an
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assembly of grains immersed in fluid, which was validated against experimental
data and a benchmark testcase from the literature [116]. Next came the chal-
lenge of modelling water bubble intrusion into a hot granular bed surrounded
by air. As water evaporates, vapor forms, wets particles, and creates local in-
teraction forces. This effect was modelled and incorporated into a Non-Smooth
Contact Dynamics (NSCD) framework. The motion of the bubble itself was
modelled using an Arbitrary Lagrangian–Eulerian (ALE) approach, allowing
us to capture its deformation and movement. Our two-dimensional simulations
were able to reproduce the three main phases of the digging process observed
experimentally. However, the model overestimated the temperature required to
initiate digging. We have proposed two hypotheses to explain this discrepancy:
(1) the reduced grain mobility in two dimensions, and (2) the simplified bubble
shape used in the simulations.

The final part of this thesis aimed to overcome the domain deformation
limitation and model immersed granular flows with free surfaces. We
turned to the Particle Finite Element Method (PFEM), which enables mesh
adaptivity and domain deformation [43, 62]. Unlike the VANS equations, the
PFEM does not require any invasive changes to be made to the fluid solver;
only the advection term needs to be removed, as it is inherently accounted for
by mesh motion. Both fluid and solid phases are treated in a Lagrangian fash-
ion, allowing us to naturally capture free surfaces, bubble motion, and large
deformations. Moreover, since the fluid model is now stable regardless of mesh
size, mesh refinement can be used freely, without introducing numerical insta-
bilities. To validate the model, we simulated several test cases, including a dam
break (not shown in the thesis), granular collapse [63], and the tsunami wave
generated by the landslide in Lituya Bay [64]. All simulations reproduced the
experiments both qualitatively and quantitatively. This further demonstrated
the versatility and robustness of the model. However, the model still lacks
mass conservation due to the advection scheme used to move the Lagrangian
particles and the remeshing process.

This marks the end of the journey. I hope that this work inspires future
research into granular flows, contributing to a better understanding of the
complex phenomena that govern them. The versatility of the models developed
here, and the wide range of applications explored, highlight their potential for
future investigations. In the next section, I’ll outline some of the paths that
could be explored going forward.

6.2 Final Words, Future Paths

This work, like previous ones, opens up several avenues for future research. So
far, the fluid model coupling presented in this thesis has only been limited to
two-dimensional simulations of cylindrical grains. There are two main reasons
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for this choice: (1) the computational cost of three-dimensional simulations,
and (2) the difficulty to compute overlap centroids.

The first extension would be to extend the model to three dimensions.
Once the third dimension is considered, the number of degrees of freedom in-
creases significantly as the number of mesh nodes increases and an additional
degree of freedom for each node is added. However, when considering fluidisa-
tion experiments, the third dimension should not be neglected since it restricts
the grains motion to be in the same plane. Taking the third dimension into
account would allow to capture the full dynamics of the system. With the
improvement of linear solver and GPU computing, the computational cost of
these simulations is becoming less of a concern. A second reason is the chal-
lenge of computing overlap centroids. While computing the centroid of the
overlap between a disc and a triangle can be achieved at a low computational
cost, to do the same for a sphere and a tetrahedron is much more complex. To
achieve this, the overlap volume should be divided into simpler shapes such as
cone or wedges. The geometric decomposition proposed by Strobl et al. [153]
seems to be a good candidate for this task. This would allow to compute the
centroid of the overlap volume and to compute the forces acting on the grains
using the same approach as in two-dimensional simulations.

A second extension would be to extend the model to include model grains
as polygons or polyhedra. This would allow to simulate more complex grain
shapes or to avoid the use of an exact sphere representation. Two steps are
required to achieve this: (1) the implementation of the contact dynamics for
polygons/polyhedra, and (2) the implementation of the overlap-wise model for
polygons/polyhedra. The contacts dynamics have already been implemented
for polygons and polyhedra in the NSCD framework in different sofwares such as
LMGC and is only a matter of time before they are implemented in the current
MigFlow code. The implementation of the overlap of polygons and polyhedra
over a mesh can be achieved using the Weiler-Atherton clip algorithm [154]. A
first step has already been achieved as shown in Figure 6.1, where a polygonal
representation of a non-spherical grain is shown. Additionally, the absence of
rotation in the fluid–grain coupling currently limits the model to non-rotating
grains which may not accurately represent all physical scenarios. Taking into
account these effects would require appropriate constitutive laws and numerical
methods to handle the additional complexity.

A third path for future research is investigating bubbles into granular
flows. The Particle Finite Element Method is well suited to this task, as it
enables the motion of bubbles to be captured at a reasonable computational
cost and has already been validated for this purpose [138]. Some questions
remain open such as the impact of grains on the bubble surface tension. The
goal would be either to simulate magma intrusion at fine scale with crystal
rocks modelled as grains, gas bubbles using the PFEM approach and the fluid
modeled using the VANS equations or the formation of pockmarks resulting
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Figure 6.1: Example of a polygonal representation for a non-spherical grain. Vorticity
is visualized in colour, with the underlying mesh shown in gray.

from gas seepage through the sedimentary layer[155].

t [s]

0 2 4 6 8

Figure 6.2: Air bubble reaching the surface of a water bassin with fixed grains.

Finally, a fourth path would be to investigate the convergence of the
scheme. As pointed out in Chapter 3, the Volume-Averaged Navier-Stokes
equations are similar to other resolved non-conform Penalization method. One
of these methods has caught our attention, the CUT-FEM, as its convergence
has been studied in details [156, 157]. The discretised form of the equations
is similar to the one used in the VANS equations at the differences that some
jump terms are missing in the VANS equations. Those terms are responsible for
the convergence of the scheme. We have already started investigating the con-
vergence of the heat equation using an overlap-wise representation of the grains
with the CUT-FEM discretisation and were able to obtain the expected conver-
gence rate on a test case. Figure 6.3 shows the convergence of the heat equation
using the CUT-FEM discretisation, based on unfitted Nitsche’s method, com-
pared to conformal Nitsche’s method, both with linear shape functions. The
H0 norm is computed over the physical domain, not the computational one,
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and a slope of 2 is observed. For the H1 norm, a slope of 1 is observed.

10−2 10−1 100 101
10−4

10−3

10−2

10−1

O(h2)

→ ∥eh∥0

O(h)

→ ∥eh∥1

h

Nitsche’s method
Unfitted Nitsche’s method

Figure 6.3: Convergence of the heat equation using the CUT-FEM discretisation.

The next step is to implement the Navier-Stokes equations resolution within
the CUT-FEM framework, validate the constitutive law and check the conver-
gence of the scheme. The goal would be to show an equivalence between the
Volume-Averaged Navier-Stokes equations and the CUT-FEM discretisation of
the Navier-Stokes equations. If successful, the convergence rate towards the
Navier-Stokes equations from the VANS equations would be naturally shown.

0

1

(a) Convergence of the heat equation us-
ing a conform discretisation.

0

1

(b) Convergence of the heat equations us-
ing the CUT-FEM representation.
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