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Abstract

We study how to best combine the sample mean-variance portfolio with the naive
equally weighted portfolio to optimize out-of-sample performance. We show that the
seemingly natural convexity constraint that Tu and Zhou (2011) impose—the two
combination coefficients must sum to one—is undesirable because it severely constrains
the allocation to the risk-free asset relative to the unconstrained portfolio combination.
However, we demonstrate that relaxing the convexity constraint inflates estimation
errors in combination coefficients, which we alleviate using a shrinkage estimator
of the unconstrained combination scheme. Empirically, the constrained combination
outperforms the unconstrained one in a range of generally small degrees of risk
aversion, but severely deteriorates otherwise. In contrast, the shrinkage unconstrained
combination enjoys the best of both strategies and performs consistently well for all

levels of risk aversion.
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1 Introduction

The sample mean-variance (SMV) portfolio of Markowitz (1952) performs notoriously poorly
out of sample because it is highly sensitive to estimation errors in the mean and covariance
matrix of asset returns (Barroso and Saxena, 2021). One solution to alleviate this problem
is to combine the SMV portfolio with another portfolio less sensitive to estimation risk.

In this paper, we study how to best combine the SMV portfolio with the naive equally
weighted (EW) portfolio so as to optimize out-of-sample performance. Specifically, we con-
sider the portfolio combination W(k) = K1W* + KoWey, Where W* = %2*1;1 is the SMV
portfolio obtained from a sample of size T', w.,, = 1/N is the EW portfolio, and k = (k1, k2)
are the combination coefficients. As in Kan and Zhou (2007), we calibrate k to optimize the
performance, measured by the expected out-of-sample utility, ]E[’lf)l (K)p — 2 (m)E’uAJ(n)]
Several combinations with naive strategies can be used to improve the performance of the
SMYV portfolio, the most famous ones being the EW and the sample global-minimum-variance
(SGMV) portfolios. Although SGMV is used in many studies such as Kan and Zhou (2007),
DeMiguel et al. (2015), and Kan et al. (2022), we focus on EW in this paper for several rea-
sons.! First, DeMiguel et al. (2009) show that, albeit naive, the EW portfolio often compares
favourably to mean-variance models. Second, unlike the SGMV portfolio that depends on the
inverse covariance matrix, the EW portfolio is not subject to any estimation error. Thus, our
results indicate that when the number of assets is sizable, combining with EW delivers su-
perior performance and lower turnover than combining with SGMV. Third, we demonstrate
theoretically and empirically that the SMV and EW portfolios have a smaller out-of-sample
return correlation than SMV and SGMV, and thus deliver larger diversification gains when
combined together. Finally, in addition to these performance-related arguments, when com-
bining the SMV and EW portfolios the relevant literature is the paper by Tu and Zhou

(2011). However, we show that Tu and Zhou (2011) combine the SMV and EW portfolios in

! Although we focus on combining the SMV and EW portfolios, in Section C.3 of the Supplementary Ma-
terial we also derive counterparts of our main results for the combination of the SMV and SGMV portfolios.



a suboptimal way, which calls for further analysis of this particular combination.

We contribute to the portfolio combination literature in four ways. First, we analyze
the impact of the convexity constraint that Tu and Zhou (2011) impose on combination
coefficients, i.e., k1 + ko = 1, which gives rise to the constrained strategy. This constraint
suffices for the constrained strategy to outperform the SMV and EW portfolios, due to the
concavity of expected utility. However, we show that the constrained strategy underperforms
the third underlying fund—the risk-free asset—once the risk-aversion coefficient v exceeds
a given threshold. This can be explained because the convexity constraint prevents the
constrained strategy to invest in the risk-free asset directly; it can only do so via the SMV
portfolio.? In this case, a higher exposure to the risk-free asset comes at the cost of a higher
exposure to the tangent portfolio, which is not desirable for highly risk-averse investors.

To address this issue, we propose an unconstrained strategy that combines the SMV
and EW portfolios without imposing the convexity constraint. We theoretically compare
the properties of the portfolios W(k¢) and W(k"), which are the oracle constrained and
unconstrained strategies, i.e., the combination coefficients k¢ and k" use the true values
of p and 3. We show that the unconstrained strategy always outperforms not just the
SMV and EW portfolios, but also the risk-free asset and the constrained strategy of Tu and
Zhou (2011). One striking shortcoming of the constrained strategy w(k°) is that it always
overinvests in the SMV portfolio relative to w(k"), and this effect is substantial for highly
risk-averse investors.> Another drawback we prove theoretically is that for most degrees of
risk aversion, the weights @(k¢) are more extreme (i.e., have higher Ly norm) than @w(k").

Our second contribution is to study the impact of the convexity constraint when the
combination coefficients must be estimated and become &°¢ and &*. Although relaxing the
convexity constraint helps improve the performance of the oracle portfolio combination, it

inflates the sensitivity of combination coefficients to estimation errors in mean returns. We

2In contrast with EW that never invests in the risk-free asset, SMV does so whenever v # 1’ s-1 f.

3For the dataset of 25 size-and-book-to-market portfolios (25SBTM) spanning July 1926 to December
2022, a sample size T' = 120 months, and a risk aversion v = 10, the constrained and unconstrained strategies
allocate 57% and 20% to SMV, respectively.



show analytically and via simulations that this larger sensitivity makes the unconstrained
strategy w(R") underperform the constrained strategy w(K°) in an interval of risk aversion ~.
As a remedy, we introduce a shrinkage estimator of the unconstrained strategy. We derive the
shrinkage intensity minimizing the mean-squared error and show that it shrinks intensively
exactly for those levels of risk aversion where estimation errors hurt performance most. This
estimator offers an appealing tradeoff between the constrained and unconstrained strategies.

Our third contribution is to demonstrate theoretically the robustness of our results to the
i.i.d. normality assumption that is used to derive the optimal portfolio combinations. Specif-
ically, we consider a model in which asset returns are elliptically distributed. We exploit
results in El Karoui (2010, 2013) to derive the expected out-of-sample utility loss incurred
when asset returns are elliptically distributed but the investor relies on the normal combi-
nation coefficients, and we show that this loss is typically very small.* These results give
theoretical foundation to the empirical findings of Tu and Zhou (2004), who conclude that
“[...] the certainty—equivalent losses associated with ignoring fat tails are small. This sug-
gests that the normality assumption works well in evaluating portfolio performance for a
mean-variance investor.”

Our fourth contribution is to compare empirically the performance of the three com-
peting approaches to combine the SMV and EW portfolios: constrained, unconstrained, and
shrinkage unconstrained. Moreover, we benchmark them against relevant combination strate-
gies in Kan and Zhou (2007), Kan et al. (2022), and Bodnar et al. (2023), and against the
EW and SGMYV portfolios. We compare the strategies in terms of out-of-sample utility net
of transaction costs, across three datasets of characteristic-sorted portfolios, one dataset of
industry-sorted portfolios, and two datasets of 50 and 100 U.S. individual stocks.

The empirical observations match our theory. The constrained strategy can outperform

the unconstrained strategy for a range of generally small v’s but quickly deteriorates other-

4Suppose asset returns are t distributed with six degrees of freedom, i.e., a realistic excess kurtosis of
three for monthly returns. For the 25SBTM dataset, N/T = 0.2, and a risk aversion y = 5, the unconstrained
combination coefficients are (x1,k2) = (0.19,0.29), while those under normality are (k1, k2) = (0.20,0.29).
The expected out-of-sample utility loss by relying on the normal coefficients is a mere 0.007% per month.
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wise, in which case it often underperforms the risk-free asset and the two-fund rule of Kan
and Zhou (2007) that does not invest in the EW portfolio. In contrast, the unconstrained
strategy performs consistently well, always outperforms the risk-free asset, and also the two-
fund rule in most cases. Moreover, it delivers less turnover and transaction costs. Finally, the
shrinkage unconstrained strategy closely matches the performance of either the constrained
or the unconstrained strategy depending on which one outperforms given the risk aversion ~.

The two larger datasets of 50 and 100 individual stocks uncover additional insights on
portfolio combination. First, combining the SMV portfolio with EW rather than with SGMV
delivers much better performance and lower turnover, because EW suffers no estimation er-
ror unlike SGMV. This is true even if one uses shrinkage estimates of the covariance matrix.
Second, one might deem it difficult to outperform the EW portfolio for such datasets, partic-
ularly when N = 100. Still, our proposed unconstrained strategies do not lose much relative
to EW when T' = 120, and actually outperform EW when T = 240, unlike the constrained
strategy. Third, the value of the risk-aversion coefficient + for which the constrained and un-
constrained strategies coincide is larger than that for the characteristic and industry-sorted
datasets, and thus the unconstrained and shrinkage unconstrained strategies also deliver a

large improvement relative to the constrained strategy when v is small and equal to one.’

2 The portfolio combination problem

Let r; be the N x 1 vector of asset excess returns at time ¢. As in Kan and Zhou (2007), Tu and
Zhou (2011), and Ao et al. (2019), we assume that r, ~ N (pu, X) and X is positive definite.
In Section 5, we relax the normality assumption and only assume that r; is elliptically
distributed. At time 7', the investor collects a sample of T i.i.d. returns, (ry,...,rr). The
investor then chooses her portfolio w = (wy,...,wy)" on the risky assets, the weight on the

risk-free asset being wy = 1 —1’w with 1 a vector of ones. We assume that N +4 < T < 00.°

5A detailed literature review is available in Section A of the Supplementary Material.
6In Section C.2 of the Supplementary Material, we derive theoretical results in the high-dimensional
asymptotic regime, i.e., N,T — oo and N/T — p € (0,1), which is often considered in recent literature; see,



When p and ¥ are known, the optimal mean-variance portfolio maximizes utility,

Ulw) =w'p — %w’Ew, (1)

where v > 0 is the risk-aversion coefficient. Note that the risk-free asset has a utility of zero.

The well-known solution to (1) and its utility are

1 62
w* =-3"'y and U(w")=U"=—, 2
- (") ;- )
where 0 = /X~ is the maximum Sharpe ratio. Note that by investing in the mean-

variance portfolio w*, one invests in two funds: the fully invested tangent portfolio wy,, =

S 'u/(1’S7 ) and the risk-free asset. Specifically,

Vtan

w* _ Ytan

with  Yen = 1’27 M. (3)

Wy, and wh=1-—1Tw"=1-

2.1 Parameter uncertainty and expected out-of-sample utility

The moments p and ¥ are unknown in practice. As in Kan and Zhou (2007), Tu and Zhou
(2011), and Kan et al. (2022), we rely on sample estimates of g and 3, which are

Y (= p)(r— ). (4)

7 1§T: d = !
=_—> 7 an =
H=Tsm T-N-2%

The sample mean-variance (SMV) portfolio, which exploits i and 3, is defined as

sS4 (5)

w* =

2

Under i.i.d. normality, 3! is unbiased and independent of [, and thus the SMV portfolio
is unbiased: E[®*] = w*. To account for estimation errors, we measure the performance of a

sample portfolio W via its expected out-of-sample utility (EU) as in Kan and Zhou (2007): 7

EU(w) = E[U(®)] = E|&'p — % VS| (6)

e.g., Bodnar et al. (2018), Ao et al. (2019), Ledoit and Wolf (2020), and Bodnar et al. (2023).
“In Section C.7 of the Supplementary Material, we also study the expected out-of-sample Sharpe ratio.



2.2 Combining the SMV and EW portfolios

We study the combination of the SMV portfolio @* with the EW portfolio w,,, = 1/N:
’lf](K,) = Iil’lf)* + RoWey, (7)

where k = (K1, Ka) is the vector of combination coefficients. We denote pie,, = w.,, p and

o2, = w., Yw,,. We make the mild assumption that p,, > 0.2 Moreover, we define ~.,, as’

Yew = New/ang (8)
and 1? as the difference between the maximum squared Sharpe ratio and that of EW:
P =0% -0, >0. 9)

Our objective is to determine k that maximizes the EU. If the investor wants to outperform

the SMV and EW portfolios, it is sufficient to impose a convexity constraint,
K1+ Ko = 1, (10)

and optimize a single combination coefficient. This is what Tu and Zhou (2011) consider,
and they show that the resulting portfolio combination outperforms both the SMV and EW
portfolios, due to the concavity of the EU. In the next section, we discuss why imposing the
convexity constraint (10) is actually unnecessary and study the unconstrained combination.

In Section C.3 of the Supplementary Material we also consider the combination of the
SMV and SGMV portfolios in Kan and Zhou (2007). Moreover, in Section C.5, we consider
the combination of the SMV, EW, and SGMV portfolios, but find that adding the SGMV
portfolio to the mix only delivers a small EU gain in theory when the optimal combination

coefficients are known, and thus often underperforms empirically when they are estimated.

8We make this assumption to simplify the exposition of our theory. The results that need this assumption
can also be extended to the case in which pie, < 0.

9The parameter 7, has the following interpretation: an investor with risk aversion + investing in the
EW portfolio and the risk-free asset fully allocates her wealth to the EW portfolio if and only if v = 7.
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3 The convexity constraint and oracle estimators

The convexity constraint (10) is necessary when combining fully invested portfolios as in
Bodnar et al. (2018), Kan et al. (2022), and Bodnar et al. (2023), as it ensures that the
combination is fully invested too. However, the SMV portfolio is not fully invested: 1'w* =
1S4/ # 1, in general. Therefore, combining the SMV and EW portfolios amounts to
investing in three funds: the sample tangent portfolio, the EW portfolio, and the risk-free
asset. But, under constraint (10), a single coefficient x; controls the weights on the three
funds, the second one being k9 = 1 — k1. Reducing the weight x; on the SMV portfolio to
reduce exposure to estimation risk can only be done by increasing the weight ko = 1 — k1 on
the EW portfolio, which increases the exposure to risky assets because EW is fully invested.
Thus, the investor cannot disentangle her exposure to financial risk and estimation risk. To

optimally balance the three funds, we propose to relax the convexity constraint (10).

3.1 Combination coefficients and underlying funds

In the next proposition, we derive the oracle constrained combination coefficients in Tu
and Zhou (2011). Our presentation has two benefits relative to Tu and Zhou: we provide
a closed-form expression for the coefficients, which makes their implementation easier and
more efficient, and we also provide an explicit expression for the EU they deliver, which is

useful for future results. We then derive similar results for the unconstrained combination.'’
Proposition 1. Concerning the combination of the SMV and EW portfolios in (7):

1. The expected out-of-sample utility is

EU((k)) = %92 + Raflew —

o2

2 2
(%(92 +d) + K302, + Hf?uew) . (1)

where

(T — N —2)(T - 2)
T-N-nT-N-p=b (2

10A]l the proofs are available in Section D of the Supplementary Material.

d=cN/T + (c—1)0* with c=




2. The oracle combination coefficients k¢ mazimizing (11) under the convexity con-
straint (10) are

C /l/}Q + EQ (& C
Kll = m € [0, 1] cmd :‘{2 =1- Kll S [0, 1], (13)
where { = ey (Y — Yew). Moreover, the oracle unconstrained combination coefficients

K* mazimizing (11) are'!

m“:7¢2
oyr4d

€[0,1] and kY= 7;“’(1 — K" R, (14)
which are equal to kK in (13) if and only if v = Yew in (8).

3. The expected out-of-sample utility of the constrained and unconstrained portfolio com-

binations, denoted W° = W(K®) and W" = W(K"), are

AC * d (&
EU(w ) = U — g:‘fl, (15)
AU * d u

Both combinations outperform the SMV and EW portfolios, the unconstrained combi-
nation always outperforms the risk-free asset, but the constrained combination under-

performs the risk-free asset if and only if d > 6% and

64 /62
Moreover, vyeq decreases with d defined in (12).

Several comments are in order. First, the parameter d measures estimation risk: it in-
creases with N, decreases with T', and is equal to zero as T — oo, in which case both the
constrained and unconstrained strategies correspond to the SMV portfolio.

Second, the convexity constraint impacts the combination coefficients on the SMV and

EW portfolios: k¢ # k" except if v = 7,,. We compare these coefficients in detail in Section

HKan and Wang (2023, Section 2.3.2) use similar coefficients in a different context, that of combining a
benchmark factor model with a set of test assets.



C.1 of the Supplementary Material. In summary, the constrained strategy always overinvests
in the SMV portfolio in the sense that x{ > kY. Moreover, it also overinvests in the EW
portfolio, k§ > k%, when v € [Yew, (0% + d)/iew], which is typically a large interval. Finally,
the constrained strategy underinvests in the risk-free asset relative to the unconstrained
strategy when v > 7., and leverages less otherwise. These differences can be substantial.
For the 25SBTM dataset, v = 5 > 7, = 1.86, and T = 120, the constrained strategy
allocates 22% to the tangent portfolio, 71% to the EW portfolio, and 7% to the risk-free
asset. In contrast, the unconstrained strategy invests much more in the risk-free asset (55%)
and much less in the tangent and EW portfolios (15% and 30%).

Third, because the convexity constraint severely constrains the allocation to the risk-
free asset, the constrained strategy may underperform the risk-free asset if estimation risk
is sufficient (d > 6?) and risk aversion too (Y > 7ye,). This problem does not arise in the
unconstrained strategy that can fully invest in the risk-free asset if needed by setting x = 0.
This deficiency of the constrained strategy is particularly notable because the two conditions
under which it underperforms the risk-free asset can easily be met.'2

Fourth, Proposition 1 suggests two cases in which outperforming the EW portfolio is likely
difficult in practice for the unconstrained strategy. First, when 1?2 is small, which happens
when EW provides a Sharpe ratio close to the maximum, e.g., because there is not much
cross-sectional variation in mean returns.'® Second, when estimation risk d is large. In these
two cases, the weight £} on the SMV portfolio is close to zero, and the unconstrained strategy
is close to the optimal combination of EW and the risk-free asset given by k& = (0, Yew/7)-
Therefore, the oracle unconstrained strategy delivers a small improvement:

2

EU(’lfJu) - EU(Vew/'Vwew) = 5’4{ (18)

decreases when d increases and 12 decreases. Thus, it may even underperform when the

combination coefficients are estimated.

12For the 25SBTM dataset and T = 120, d > 62 holds as soon as N > 8, and Ypey = 5.27.
BProvided X is a constant diagonal matrix, 12 = 0 if and only if p = c1 for some ¢ € R.
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3.2 Outperformance in expected out-of-sample utility

By relaxing the convexity constraint, the unconstrained strategy delivers a larger EU than

the constrained strategy. In the next proposition, we quantify and decompose this gain.

Proposition 2. The unconstrained strategy always delivers a larger expected out-of sample

utility (EU) than the constrained strategy:

d

BU(@")  BU(@) =

(K — K1) >0, (19)

with equality if and only if ¥ = Yew or v = 00. Moreover, the gain in (19) increases with

estimation risk d and can be decomposed as Agmy + Dew + Do, where:

1. Ay is the difference in EU coming from the exposure to the SMV portfolio:**

PR+ d - 62,) — 202, (d +9?)]
Agmp = EU(K9*) — EU(K{W*) =
) = BUUR) = a2

(20)

2. A, is the difference in EU coming from the exposure to the EW portfolio:'®

Acy = EU(K§Wey) — EU(KSWey)

AU+ d— pew) > .
- 27(w2 + d)2(¢2 +£2 + d)2 dg(e + d— New’Y) - 29eww <1/) + l + d) . (21)

3. Acoy 18 the difference in EU coming from the covariance between the return of the SMV

and EW portfolios:

Aoy = E[(K{0) B (k§Wey)] — E[(k{D*) Z(khwey )]

dggew 2 2 2 2 2 2 2 2 :|

= d 2) — (6, ?) — d%)|. (22
7(¢2+d)2w2+€2+d)2[<w+><¢+ ) W (" +7) =d)|. (22)

14Asmv S 0 if ¢2 +d70§w S 07 and else Asmv 2 0 if Y 2 Yew (1 + A/ ﬁ%&fjj&?ﬂ/ ), and Asmy <0 otherwise.

151f d is small enough such that d?(¥? +d) —86%,1? (202 +d) < 0, then Ay < 0if v € [Yew, (02 +d)/ prew)s
and else A, > 0. Otherwise, A.,, > 0 if either v < Yew, ¥ > (6% + d)/ttew, OT

d® +d(6° + 62,) + 402,0% £ /(Y2 + d)(dP(Y? + d) — 862,4%(2¢? + d))
2pbew (sz + d)

v e

11



Figure 1: Expected out-of-sample utility of constrained versus unconstrained strategy
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Notes. This figure depicts the gain in expected out-of-sample utility (red solid) delivered by the unconstrained combination
strategy W™ relative to the constrained strategy W€, and its decomposition in the three components given in Proposition 2:
Agmo (dotted blue), Ay (dashed green) and Aoy (dash-dotted black). The figure is constructed by calibrating the population
vector of means and covariance matrix of excess asset returns from monthly returns on the 25 portfolios of firms sorted on size
and book-to-market spanning July 1926 to December 2022. We consider sample sizes T' = 60 (left panel) and 7" = 120 (right
panel) and depict the utility gain as a function of the risk-aversion coefficient v between 0.5 and 20.

Proposition 2 shows that the EU gain delivered by the unconstrained strategy increases
with estimation risk d. This is because the constrained strategy overinvests in the SMV
portfolio, which is the only portfolio in the combination that is exposed to estimation risk.

We illustrate Proposition 2 in Figure 1 using the 25SBTM dataset. The total EU gain
delivered by the unconstrained strategy can be substantial when ~ departs from 7., = 1.86.
When T' = 120 and + varies between 0.5 and 20, the monthly EU gain in (19) goes up to
around 0.5-0.6%, i.e., 6-7% annually, and it is even larger when 7' = 60. Moreover, when = is
around 7, and is of small or medium magnitude, most of the EU gain comes from taking an
optimal exposure to the EW portfolio. This is because while the unconstrained coefficient x4
in (14) is proportional to 1/ and thus is large when ~ is small, the constrained coefficient
k$ in (13) is bounded above by max, k5 = d/(¢* + d) and thus is too small. In contrast,
when ~ gets large, most of the EU gain comes from taking an optimal exposure to the SMV
portfolio. This is because as v increases, both (k%, k5) go to zero but k% = ?/(1? + d) is
independent of v while x{ in (14) goes to one and thus is too large. The third component,
Aoy, is such that the three components sum to (19). It is negative for v < 7., due to the

larger exposure to the EW portfolio in the unconstrained strategy, and is positive otherwise.

12



3.3 Outperformance relative to the optimal two-fund strategy

We show that the constrained strategy does not fully benefit from investing in the EW
portfolio. Indeed, it can underperform the unconstrained two-fund strategy of Kan and Zhou
(2007) that drops the EW portfolio from the combination in (7), which is defined as

92
* with &% =

“Evd (23)

> = k¥ w

Specifically, we show that while the unconstrained three-fund strategy w* always outperforms

the two-fund strategy >/, the constrained three-fund strategy ¢ does so only if v < 27ey.

Proposition 3. The unconstrained three-fund strategy Ww" always delivers a larger expected
out-of-sample utility than the unconstrained two-fund strateqy w>f. In contrast, the con-

strained three-fund strategy Ww° does so if and only if 7 < 279ew -

3.4 Less extreme portfolio weights

Finally, another benefit of the unconstrained strategy is that it delivers on average less ex-
treme weights on risky assets, i.e., with smaller norm. Large weights are undesirable because

they often result in larger turnover and transaction costs, which we confirm in Section 6.

Proposition 4. Let v € [yew, (0% + d)/piew]. Then, the expected portfolio weights of the un-
constrained strategy have a smaller Lo-norm than those of the constrained strategy: ||w*||s <

o, where w = Eld"] and we = Eli].

This result can be explained because, as discussed in Section 3.1, the constrained strategy
always allocates more weight to SMV relative to the unconstrained strategy, and also to EW
when v € [Yew, (02 + d)/ftew]. This interval is wide in practice; it is equal to [1.86,43.1]
for the 25SBTM dataset and T' = 120. Moreover, this is only a sufficient condition: the
unconstrained strategy may deliver a smaller Lo-norm when + is outside this interval, too.

We illustrate Proposition 4 in Figure 2 for the 25SBTM dataset and T = 120. When

~v = 3, the unconstrained strategy allocates a positive weight to the risk-free asset, whereas

13



Figure 2: Portfolio weights and Ls-norms of constrained versus unconstrained strategy

Portfolio weights (y = 3) Portfolio weights (y = 10)
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Notes. The two upper panels depict the expected portfolio weights allocated to the 25 risky assets and the risk-free asset (wp),
for risk-aversion coefficients of v = 3 and v = 10. The red solid bars depict the expected weights in the unconstrained strategy,
and the blue striped bars those in the constrained strategy. The bottom panel depicts the difference between the La-norm of the
unconstrained and constrained portfolio weights on the risky assets as a function of 7. The figure is constructed by calibrating
the population vector of means and covariance matrix of excess asset returns from monthly returns on the 25 portfolios of firms
sorted on size and book-to-market spanning July 1926 to December 2022, and using a sample size T = 120.

the constrained strategy allocates a negative weight. When v = 10, the Ls-norm is much
smaller for the unconstrained strategy, 0.25 = ||w"||s < |[|lw°||2 = 0.72, and consequently
it allocates much more weight to the risk-free asset, 0.77 = wg > w§ = 0.35. Finally, the

constrained strategy delivers a larger Lo-norm for any v in the considered range v < 10.

4 Shrinkage estimator of unconstrained combination

The results in Section 3 hold for the oracle combination coefficients. To assess the impact
of the convexity constraint in practice, we need to compare the EU of the constrained and
unconstrained strategies when k¢ and k" are fully estimated. However, they are complex
functions of p and X, and thus, this is not feasible analytically. Still, what we want to capture
is the difference in the way estimation errors impact the constrained and unconstrained
coefficients, and we show that the main part of this difference is treatable analytically.

We proceed as follows. First, we show that the estimation errors are essentially driven by
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the scaling coefficient fi,, in x4.Second, we study analytically the impact of estimation errors
resulting from fi., in x4 on the EU of the unconstrained strategy, and propose a shrinkage
estimator of the latter. Third, we compare via simulations the EU of the fully estimated

constrained, unconstrained, and shrinkage unconstrained strategies.

4.1 Main impact of estimation errors in combination coefficients

In this section, we provide simulation and theoretical evidence that the main impact of
dropping the convexity constraint on estimation risk is that x% becomes much more sensitive
to the errors in combination coefficients. This is because the constrained coefficients in (13)
are both between zero and one whereas, for the unconstrained coefficients in (14), it is only
the case for x{ while % is unbounded.

In Section B of the Supplementary Material, we assess this difference using simulations.
We simulate normal asset returns with parameters (p, ) and repeatedly estimate the com-
bination coefficients. We find first that errors in p have a much larger impact on the K’s
than errors in . And second, while {, x5, and £} are not very sensitive to estimation errors
in p, kY is highly impacted by these errors because it is directly proportional to p via fie.

In Section B of the Supplementary Material, we also give theoretical complement to these
simulation results. Specifically, we derive in closed form the estimation errors in combina-
tion coefficients as a function of the estimation errors in mean returns, € = i — . These
expressions allow us to confirm that € has a much larger impact on A% than on the other

coefficients, and that the impact of € on &Y comes mostly from the proportionality to fie,.

4.2 Alleviating errors in unconstrained combination coefficients

Following Section 4.1, we assess the impact of estimation risk in the combination coefficients

by computing the EU loss of the unconstrained strategy when only ., is estimated in x%:

~
~u Mew

/{ =
2 2
f}/o—ew

(1= k) with i = w0 (24)
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Proposition 5. Let the combination coefficient kY be estimated by &Y in (24). Then,

1. The expected out-of-sample utility of the estimated unconstrained strategy satisfies

BU(w (s}, 7)) — BU (") = —1_2,5*;@ <0, (25)

where EU(@") = EU(W(KY, KY)) is the utility of the oracle strategy in (16).
2. Let N > 2. Then, the oracle constrained strategy delivers a larger expected out-of-

sample utility than the estimated unconstrained strategy, EU(w°) > EU(Ww(kY, RYy)), if

and only if v belongs to the following interval:

1| WP+ d)(2¢° +d)
VE TewE %J AT (2 + d) — (202 + d)

(26)

Moreover, the length of this interval decreases with estimation risk d.

Proposition 5 shows that when + is sufficiently close to 7., and thus the EU gain provided
by the oracle unconstrained strategy in (19) is not large, the constrained strategy can deliver
a larger EU due to the impact of estimation errors in ., on 4. However, as d increases and
the EU loss of the oracle constrained strategy in (19) is larger, the interval (26) is narrower.

The length of the interval in (26) is not negligible; for the 25SBTM dataset, the interval
is v € [1.86 £1.64] when T' = 120. Therefore, the constrained strategy is more desirable than
the unconstrained one for most small values of 7, but the unconstrained strategy remains
preferable when + is medium or large. This result is expected because when v increases, the
constrained strategy overinvests in risky assets, as we discuss in Section 3.1.

To alleviate estimation errors, we propose to shrink &% in (24) toward the target 1 — &%,
R5(6) = (1 = 0)Ry +6(1 — kY). (27)

This target is justified because 1 — kY is less sensitive to estimation errors since it is bounded
between zero and one, and because it is equal to the true x§ when v = 7., which is the v

for which estimation errors hurt most relative to k¢ as shown in Proposition 5.
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Proposition 6. The following holds about £y(6) in (27):

1. The shrinkage intensity 0 minimizing the mean squared error of K4(9) is

1
= ——— €[0,1]. 28
e €01 (28)
Moreover, 6* =1 for v = e and 6* — 0 as T — o0 and v — 0.
2. The optimal shrinkage estimator of kY s
I - AT
Ry (0 ):W(l—fﬁ)a (29)
and is less sensitive to fi,, than K :
J ~ *
24
d“ﬂwaiﬂ(u):p&*gl. (30)
Bprew 2
3. RY(0%) delivers a larger expected out-of-sample utility than RY:
0 (1 — u)2
BU (s 75(57))) — EU (s 7)) = S0 5 (31)

2yT

The optimal shrinkage intensity 6* behaves as desired, i.e., it shrinks &% more intensively
when 7 is closer to 7., and when T" decreases. As a result, &5 (0*) is less sensitive to fi., than
RY. Moreover, when §* is known, &4(0*) delivers a larger EU than &}.

In Section C.3 of the Supplementary Material, we derive a similar shrinkage estimator for
the unconstrained combination of the SMV and SGMV portfolios in Kan and Zhou (2007).
We compare the performance of this shrinkage unconstrained strategy to that of the plain
unconstrained strategy and find that it delivers an improved EU.

The theoretical results in this section only account for the impact of estimation error
in pey on k4 for analytical tractability. Nonetheless, in order to evaluate the EU of the
novel shrinkage unconstrained strategy and compare it to that of the constrained and un-
constrained strategies, it is necessary to consider the feasible estimators of these strategies,

i.e., with fully estimated combination coefficients. This is what we do in the next section.
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4.3 Out-of-sample performance of feasible portfolio combinations

We now compare the EU of the three different combinations of the SMV and EW portfolios:
constrained, unconstrained, and shrinkage unconstrained. The corresponding oracle combi-
nation coefficients are defined in part 2 of Proposition 1 and part 2 of Proposition 6, and
they depend on the following functions of the population g and X: pic,,, 02, 6%, 1?2

As in Tu and Zhou (2011), we estimate ji.,, and 02, by plugging the maximum-likelihood

estimates of p and X, i.e.,

- ~ T—N-2_
flow =W, i and 62, = w. 3, Wepy, where X, = #Z. (32)

Moreover, we estimate 2 and 12 using the adjusted estimators in Kan and Zhou (2007)
and Kan and Wang (2023) because the plug-in estimators are highly biased, and we denote
them as 62 and 1[12. The feasible constrained, unconstrained, and shrinkage unconstrained
combination strategies are obtained by plugging the estimates (flew, 62,62, ¥2) in (13), (14),

(27) and (28) to compute A¢, &%, A% and A%(6*):

W(RE) = R{D* + (1 — RS Wew, (33)
W(RY) = RUD* + Aiwey, (34)
W(R™) = D" + AL(0")Wey. (35)

We evaluate the EU of the three feasible portfolio strategies in (33)—(35) via Monte Carlo
simulations. Specifically, we calibrate p and X to the six datasets of monthly excess returns
we consider in the empirical analysis; see Section 6.1. Then, for each dataset, we simulate
M = 100,000 times T" monthly return observations for each of the N assets, from which

A

we compute the feasible strategies W,,(RS,), W, (RY), and W, (R3Y), with m = 1,..., M.

m

Finally, the EU of the three feasible strategies is approximated by

AR S Vo a Vs (o
EU(W(R)) = i > W (Rn) 1 — §wm(&m)'2'wm(mm). (36)
m=1
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Figure 3: Expected out-of-sample utility relative to the feasible constrained combination with
simulated i.i.d. normal data
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Notes. This figure depicts the difference between the EU of three different strategies relative to the EU of the feasible constrained

strategy w(&°) in (33): (i) the feasible unconstrained strategy w(&*) in (34) (solid red), (ii) the feasible shrinkage unconstrained
strategy w(R**) in (35) (dashed green), and (iii) the unfeasible shrinkage unconstrained strategy w(&%“*) in (36) that uses
the oracle shrinkage intensity 6* (dash-dotted black). We consider a sample size 7' = 120 and report the EU difference as a
function of the risk-aversion coefficient v for all six datasets described in Section 6.1. 50STO and 100STO are 500 randomly
drawn investment sets of 50 and 100 U.S. individual stocks from a total pool of 235 stocks. For these two datasets, we report
the average EU across the 500 random selections. We obtain the EU using 100,000 Monte Carlo simulations assuming i.i.d.
normal returns whose population moments are calibrated from the whole sample of each dataset.

In Figure 3, we set T' = 120 and depict as a function of v the difference between the EU
of w(R") and W(R*™) and the EU of @(R). We also report the difference for the unfeasible

shrinkage unconstrained strategy that uses the oracle §* in (28), i.e.,

W(A™) = RUD* + A6 Wea. (37)

A

We make three main observations. First, @w(&***) that uses the oracle ¢* essentially outper-
forms the constrained strategy w(&°) for all v, because §* shrinks intensively when estimation
errors hurt performance the most, i.e., when 7y is close to 7e,. Second, Ww(&*") that uses the
plug-in estimator 6* has smaller EU than @ (&%), and underperforms @(&°) for a range of

~’s around 7,,,. However, this EU loss is quite small, while the EU gain outside of this range
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can be substantial. Third, @w(R") significantly underperforms the shrinkage unconstrained
strategy w(R*") for 7y close to 7y, while the two strategies are close to one another otherwise.

Therefore, it is largely preferable to rely on @(R*") over the plain unconstrained strategy.

5 Robustness to normality

So far, our theory assumes that asset returns are i.i.d. normally distributed. This assumption
being typically rejected in empirical data, an important question is whether the optimality
of the portfolio combination strategies we study is robust to dropping this assumption. The
literature addresses this question empirically or via simulations, and finds that assuming nor-
mality delivers accurate results even if the true distribution is not normal; see, e.g., Kan and
Smith (2008, Section 3.5) and Tu and Zhou (2004). Comparing the results under ¢ distribu-
tions with various degrees of freedom, the latter conclude that “[...] the certainty—equivalent
losses associated with ignoring fat tails are small. This suggests that the normality assump-
tion works well in evaluating portfolio performance for a mean-variance investor.”

In this section, we give theoretical foundation to the findings of Tu and Zhou (2004).
Specifically, we derive the constrained and unconstrained combinations of the SMV and
EW portfolios when asset returns are elliptically (not just t) distributed. We derive the EU
loss incurred by the investor who relies on the combination coefficients calibrated assuming

normality while returns are elliptical, and we show that this EU loss is typically very small.

5.1 Elliptical model for asset returns

We consider the elliptical model for asset returns handled in El Karoui (2010, 2013), i.e.,
o=+ N2z, (38)

where {\;}1_, are identically distributed, z; N (0,1I) is a standard multivariate normal,

and {\:}L, is independent of {2} ;. We impose E[N\?] = 1 so that ¥ is the covariance

20



matrix of r,. For example, we obtain the t distribution with v > 2 degrees of freedom when

v—2

)\t ~ .
X

(39)

We only require that the second moment of 7; exists; moments of higher order may not exist.

As in the i.i.d. normal model, which we recover when v — oo in (39), the distribution
of v, is identical for all t. However, this elliptical model is less restrictive than the i.i.d.
normal model in two main ways. First, the distribution of returns is elliptical, which is a
more general family of distributions than the normal. Second, we do not require {\;}_, to

be independent, in which case there can be serial dependence in the asset returns.

5.2 Optimal portfolio combinations under elliptical returns

Recent literature shows that in the high-dimensional regime in which N, 7" — oo and N/T —
p € (0,1), one can rely on less restrictive distributional assumptions than the normal; see,
e.g., Bodnar et al. (2018) and Bodnar et al. (2023) who only require the existence of the fourth
moment. In the next proposition, we consider this asymptotic regime and exploit results in
El Karoui (2010, 2013) to derive the out-of-sample utility of the portfolio combination (&),
and the oracle constrained and unconstrained combination coefficients, kK¢ and K".

For comparison purposes, note that as N, T — oo and N/T — p € (0,1), the constrained
and unconstrained combination coefficients under normally distributed returns in (13)

and (14) converge to

IZ',C (70 —C ) h —.C ¢2 + 62 d —C 1 =C (40)
= (K1ns Ron where Ky, = an Ko = L — KR,
noohe R M 2 4 (14 62) 5 b
wQ

U —Uu —Uu -
K, = (K{,,Ky,) where K]

— Yew _
= and kY, = 1— k%)), (41
i »¢2 + tpp(l + 92) 2,n ~ ( 1,n) ( )

Proposition 7. Let asset returns r, follow the elliptical model in (38). Let a > 1 be the

unique positive solution to

E{l} = (42)

1—p+ apA?
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and B > o? be defined as

L—p
a2 — pE

8=

(43)

Let N,T — oo and N/T — p € (0,1) while (ptew, 02,,0%) stay bounded, and (Assumption-
BB) in El Karoui (2013) holds.'® Then, the following holds:

1. The out-of-sample utility of the portfolio combination W(K) in (7) converges to

_ 2 2
U(k)) 2 Uk) = %oﬂ? ¥ Koflow — X (’“M

2K1K
2 2 1h2
2\ 1o, + K505, + 5 oz,uew>. (44)

2. The oracle constrained combination coefficients mazimizing (44) under the convezity

constraint (10), kK¢ = (K5, RS), are

we ah? + e l(Y — AYew) (45)
1 a2 + Gel (Y — Yew) + (1 — Q) Vftew + %

and kS = 1 —K{. Moreover, the asymptotic loss in out-of-sample utility when using the

normal coefficients K, instead of the elliptical ones K° is

00R;) = U5 = (0 + oty — ) S22l

3. The oracle unconstrained combination coefficients mazimizing (44), k" = (KY,RY), are

. a? o Mew .
= a2? + (ﬂ*a2)921+_0[é)p(1+a92) and Ry = (1 — ak?). (47)

Moreover, the asymptotic loss in out-of-sample utility when using the normal coeffi-
cients K. instead of the elliptical ones K" is

_ _ 1 RY — gu 2
<Od¢2( 1 1,n>

1 1202 (zu |2
. b))

In Figure 4, we calibrate o and f3 to the ¢ distribution with v degrees of freedom in (39).17

16( Assumption-BB) ensures that the distribution of the \;’s does not put too much mass near zero.
7"We recover the case of i.i.d. normal asset returns when v — oo, i.e., Ay — 1. This situation leads to
a = f =1, and thus, K¢ = kK° and K = R".
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Figure 4: Combination coefficients and utility loss under normal versus elliptical returns
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Notes. The left and middle panels depict the constrained and unconstrained combination coefficients when returns are normally

distributed (solid, no markers), as in (40)—(41), and elliptically distributed (dashed with cross markers and dotted with circle
markers), as in (45) and (47). The right panels depict the expected out-of-sample utility loss when using the normal coefficients
instead of the elliptical ones, as in (46) and (48). We consider the high-dimensional asymptotic regime in which N,T — oo and
N/T — p € (0,1). The elliptical distribution is a ¢ distribution with v degrees of freedom. We depict the combination coefficients
and utility losses as a function of the risk-aversion coefficient « for different (p,v). The figure is constructed by calibrating the
population vector of means and covariance matrix of asset excess returns from monthly returns on the 25 portfolios of firms
sorted on size and book-to-market spanning July 1926 to December 2022.

First, we compare the normal combination coefficients in (40)—(41) with the elliptical ones
in (45) and (47) for p = (0.1,0.2,0.4) and v = (4,6), and find they are close to each other.
For example, when v = 5, p = 0.2, and v = 6, which corresponds to a realistic excess
kurtosis of three for monthly returns, the normal coefficients are (kY,,&y,,,A{ ,,K5,) =
(0.20,0.29,0.30,0.70), while the elliptical ones are (K}, kY, k§, k5) = (0.19,0.29,0.27,0.73).
Second, we depict the EU loss in (46) and (48) and we observe that it is typically very small.
For example, when v =5, p = 0.2, and v = 6, the EU loss is a mere 0.0007% and 0.0038%
per month for the unconstrained and constrained strategies, respectively.

The theoretical results above suggest that we can safely use the normality assumption
to derive combination strategies even if returns are non-normal. Moreover, in Section C.8
of the Supplementary Material we compare the empirical net out-of-sample utility of the

constrained and unconstrained strategies calibrated under the normal and ¢ distributions,
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Table 1: List of datasets considered in the empirical analysis

Dataset N Time period T Abbreviation
25 portfolios sorted on size and book-to-market 25  07/1926 - 12/2022 1158 25SBTM
10 portfolios sorted on momentum 10 01/1927 -12/2022 1152 10MOM

25 portfolios sorted on operating profitability
and investment

25 07/1963 - 12/2022 714  250PIN

48 portfolios sorted on industry 48 07/1969 - 12/2022 642  48IND
500 random portfolios of 50 U.S. stocks 50  01/1998 - 03/2022 291 50STO
500 random portfolios of 100 U.S. stocks 100 01/1998 - 03/2022 291  100STO

Notes. This table lists the datasets of monthly excess returns we use in the empirical analysis of Section 6. 7 is the total number
of months in each dataset. The first four datasets are downloaded from Kenneth French’s website, and the last two from CRSP.

and we also find that the loss caused by the normality assumption is small or even negative.

6 Empirical analysis

6.1 Datasets and portfolio strategies

Table 1 lists the six datasets of monthly excess returns we consider in this empirical analysis,
which are three datasets of characteristic-sorted portfolios, one of industry-sorted portfolios,
and two composed of 50 and 100 individual stocks. To construct the datasets of individual
stocks, we collect adjusted returns from CRSP for the 235 stocks traded on the three major
U.S. stock exchanges that have an history of returns between 1998 and 2022. To ensure the
robustness of our results to stock selection, we report the average performance across 500
datasets of size N = 50 and N = 100, randomly drawn from the total pool of 235 stocks.
We evaluate the out-of-sample performance of 10 portfolio strategies that we list and
describe in Table 2. The three most relevant ones are those we study in this paper that
combine the SMV and EW portfolios. First and second, the unconstrained and shrinkage
unconstrained strategies (UNC3F and SUNC3F). Third, the constrained strategy (CON3F).
We also report the performance of the SMV portfolio, (k1,k2) = (1,0), to which CON3F,
UNC3F, and SUNC3F tend when estimation risk d — 0. Conversely, we also report the

performance of the combination of the EW portfolio with the risk-free asset (EWRF),
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Table 2: List of portfolio strategies considered in the empirical analysis

Name Funds Description

UNC3F tan-ew-rf Unconstrained combination of the sample tangent portfolio, EW
portfolio, and risk-free asset. See Proposition 1.

SUNC3F  tan-ew-rf Shrinkage estimator of the unconstrained combination UNC3F.
See Proposition 6.

CON3F tan-ew-rf Constrained combination of the sample tangent portfolio, EW
portfolio, and risk-free asset in Tu and Zhou (2011).

KZ2F tan-rf Combination of the sample tangent portfolio and risk-free asset
in Kan and Zhou (2007).

KZ3F tan-gmv-rf Combination of the sample tangent portfolio, SGMV portfolio,
and risk-free asset in Kan and Zhou (2007).

KWZ tan-gmv Combination of the sample tangent portfolio and SGMV portfolio
with no-risk free asset in Kan et al. (2022).

BOP tan-gmv-ew  Combination of the sample tangent portfolio, SGMV portfolio,
and EW portfolio with no-risk free asset in Bodnar et al. (2023).

EWRF ew-rf Combination of the EW portfolio and the risk-free asset.

GMVRF  gmv-rf Combination of the SGMV portfolio and the risk-free asset.

SMV tan-rf Sample mean-variance portfolio.

Notes. This table lists the portfolio strategies we use in the empirical analysis of Section 6, which are estimated with the sample

covariance matrix in (4) or the linear shrinkage estimate of Ledoit and Wolf (2004).

(K1, K2) = (0,%Vew/7), to which UNC3F tends when estimation risk d — oo.

The remaining five strategies are other combination rules. First and second, the two-fund
and three-fund rules in Kan and Zhou (2007) (KZ2F and KZ3F). Third and fourth, the
combination rules in Kan et al. (2022) and Bodnar et al. (2023) that do not invest in the
risk-free asset (KWZ and BOP). Fifth, the combination of the SGMV portfolio with the
risk-free asset (GMVRF): (11,/(cy)) 211

We implement the portfolio strategies both with the sample covariance matrix estimate
in (4) and the linear shrinkage estimate of Ledoit and Wolf (2004).'® This is because Kan
et al. (2022) and Lassance et al. (2023) find that using both a portfolio combination and a
shrinkage covariance matrix delivers better performance than using each in isolation.

We need to estimate several parameters to obtain the combination coefficients in the 10

strategies. We estimate the parameters i, 02,, 0, and 9? as in the simulation analysis of

ew?’

Section 4.3. We estimate p, and o2

; using the maximum-likelihood estimates of p and X,

18We also consider the nonlinear shrinkage estimate of Ledoit and Wolf (2020) in Section C.9 of the
Supplementary Material and find the conclusions are similar to those obtained with linear shrinkage.
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and estimate ¢} = 6> — pi2 /02 via the adjusted estimator of Kan and Zhou (2007).
Finally, consistent with DeMiguel et al. (2009) and Martellini and Ziemann (2010), we

consider risk-aversion coefficients v = 1,5, 10, and 15.

6.2 Performance measure and statistical significance

We measure portfolio performance using rolling windows. At the end of month ¢, we estimate
portfolio k using the T' previous months, and we compute its out-of-sample return in month
t + 1. We consider T' = 120 and 240 months. We repeat this iteratively, giving a time series
of 7 — T out-of-sample gross returns 7g,ss,%t, where 7 is the total number of months in the

dataset. We then compute the net out-of-sample returns, re¢ 5t = Tgross,k,e if t =1 + 1 and
Tnet it = (1 + Tgross k) (1 —p X turnovery, 1) —1 if t=T42,...,71, (49)

where p is the proportional cost required to rebalance the portfolio and
N
turnovery ; = Z Wi gt — Wi q—1)+|, t=T+1,...,7, (50)
i=1
with w; ., the weight of asset 7 in month ¢ and w;} 1)+ the prior-month weight before

rebalancing in month ¢. We set p = 10 basis points as in Ao et al. (2019). Finally, we compare

the portfolio strategies in terms of annualized out-of-sample utility net of transaction costs,
_ A 7 A2
Up =12 % | fur — 50k ) (51)

where fi;, and 67 are the sample mean and variance of rpe ;. In Section C.7 of the Supple-
mentary Material, we also report the net out-of-sample Sharpe ratio.

We test the statistical significance of the difference in net utilities of UNC3F and SUNC3F
versus CON3F by using the stationary block bootstrap approach of Politis and Romano
(1994) and Ledoit and Wolf (2008, Remark 3.2) to produce the resulting p-values, using
10,000 bootstrap samples and an average block size of five. For the 50STO and 100STO

datasets, we compute the p-values by merging the out-of-sample returns across the 500
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randomly drawn datasets. Moreover, we identify the superior set of models at a confidence

level of 5% using the model confidence set (MCS) of Hansen et al. (2011).%

6.3 Discussion of results

The out-of-sample performance of the 10 portfolio strategies listed in Table 2, and their
statistical significance, is reported in Table 3 for the sample covariance matrix and Table 4
for the linear shrinkage covariance matrix. In Section C.10 of the Supplementary Material,
we also report the average monthly turnover. The sets of superior models obtained with the
MCS test typically include many strategies, and thus in Tables 3 and 4 we underline those
that are rejected. For the 50STO and 100STO datasets we obtain 500 sets of models, and
we underline in the tables the three portfolio strategies that are most often rejected.

In the vast majority of cases, we find that exploiting the shrinkage covariance matrix of
Ledoit and Wolf (2004) to estimate the portfolio strategies in Table 4 delivers better perfor-
mance than exploiting the sample covariance matrix in Table 3. Therefore, we recommend
investors to rely on a shrinkage covariance matrix, even if the theory builds on the sample
one. However, the ranking of the different strategies is similar in both tables, and therefore
the main conclusions we discuss below are applicable to both estimators.

In essentially all cases, the SMV portfolio delivers by far the worst out-of-sample perfor-
mance. In particular, it is outperformed by UNC3F, SUNC3F, and CON3F that combine
SMV with the EW portfolio, as we predict in part 3 of Proposition 1. As a result, the SMV
portfolio is nearly consistently rejected by the MCS test.

The main comparison concerns the three-fund rules that combine tangent, EW, and the
risk-free asset. When + is close enough to the estimated values of ~.,,, the constrained strat-

egy CONS3F can outperform the unconstrained strategy UNC3F, in line with Proposition 5

19The MCS test needs as an input a performance difference for each pair of models and for all time t.
However, our performance measure, the net out-of-sample utility, can only be computed over several out-
of-sample monthly returns. Therefore, to provide a performance difference for all time ¢, we collect daily
returns for all our datasets and evaluate the net out-of-sample utility of a given portfolio at time ¢ from the
next-month daily returns, using daily rebalancing.
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Table 3: Annualized net out-of-sample utility (sample covariance matrix)

T =120 T =240
25SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO
Amed 3.20 2.78 3.15 3.16 3.95 3.95 2.88 2.67 3.16 3.29 4.43 4.43
Panel (a): v =1
UNC3F 29.4 22.5 6.63 2.92 15.4%%% 10,744 20.9 25.3 24.6 6.25 31.2°9% 30.0%**
SUNC3F 30.1 22.5 7.67 3.43 13.9%#% g 38%** 20.8 25.2 23.9 5.11 30.4%H% 29, 1%%*
CON3F 31.2 23.4 8.31 5.36 8.59 4.95 21.8 26.6 21.3 2.82 23.2 18.7
KZ2F 27.1 21.6 4.07 -098 -3.24 -8.13 19.1 25.0 17.0  -3.91 10.2 3.18
KZ3F 24.4 26.6 6.20 -7.33 -14.3 -214 22.2 30.0 30.8 2.57 18.7 5.85
KWZ 17.1 16.5 4.33 2.73 3.16  -245 16.0 24.0 15.4 0.66 10.3 9.07
BOP 17.0 712 -124 -184 -31.8 -25.7 15.6 20.9 136 -5.70 -51.1 -102
EWRF 8.32 5.72  -0.59 2.85 17.5 17.5 5.99 247 8.93 9.87 274 27.7
GMVRF 15.9 11.5 767 -749 -125 -181 16.1 8.33 28.1 4.11 18.6 5.77
SMvV -140 211 -158  -492 583 -3140 -47.5 899 580 -217 147 -505
Panel (b): v =5
UNC3F 5.71 4.45 1.28 0.57 3.07HF 2,12 3.96 5.02*  4.90 1.25 6.24%%% 5 9g¥Hk
SUNC3F 5.95 4.75 1.93 1.39 4.30%%F 3.61%** 4.02 5.14%% 5.02 1.30 6.79%FF 6. 71*H*
CON3F 5.08 4.41 2.43 1.67 5.67 5.02 4.01 5.88 5.56 1.90 7.40 7.33
KZ2F 5.26 4.27 0.77 -021 -0.66 -1.65 3.59 4.96 337 -0.79 2.04 0.64
KZ3F 4.69 5.27 1.16  -1.51 -2.95 -4.39 4.24 5.95 6.13 0.50 3.71 1.12
KWz 6.19 5.50 347 0.23 1.57  -10.5 7.22 8.15 8.24 0.61 6.78 4.91
BOP 4.35 3.05 1.73  -3.05 -4.00 -2.96 5.31 7.21 6.27 -0.62 -595 -20.3
EWRF 1.66 1.14  -0.12 0.57 3.49 3.49 1.20 0.49 1.79 1.97 5.48 5.55
GMVRF 3.07 2.29 149 -1.53 -259 -3.71 3.17 1.66 5.62 0.82 3.69 1.10
SMV -30.7 448 -32.8 -104 120 784 -104 169 -12.0 442 -299 -104
Panel (c): v =10
UNC3F 284K 290F  (.64%  0.28%F 153FF 1.06¥FF  LOTFF 251 245 0.62F  3.1290% 300%
SUNC3F 2.76*¥*% 2.21%  0.52%  0.06%* 1.30%** 0.72%F* 1.92%* 248 2.46 0.59%*  3.05%** 2 92%H*
CON3F -0.74 1.06 -1.53 -4.01 -1.59 -2.80 0.29 2.24 113 -283 -0.16 -0.94
KZ2F 2.62 2.13 038 -0.11 -0.33 -0.83 1.78 2.48 1.68  -0.39 1.02 0.32
KZ3F 2.33 2.63 0.58 -0.76 -1.48 -2.20 2.11 2.98 3.07 0.25 1.85  0.56
KWz 032 -1.06 -143 -460 -3.58 -24.1 2.30 1.63 2.84  -3.06 171 -0.69
BOP -3.03  -2.74 -284 -631 -5.79 -7.84 0.27 1.04 1.05 -4.21 -265 -12.1
EWRF 0.83 0.57  -0.06 0.28 1.75 1.75 0.60 0.25 0.89 0.99 2.74 2.77
GMVRF 1.53 1.14 0.74 -0.77 -1.30 -1.86 1.58 0.83 2.81 0.41 1.84  0.55
SMvV -155  -2.26  -16.5 -523 -60.5 -403 -5.28 084 -6.01 -222 -15.0 -52.3
Panel (d): vy =15
UNC3F 1.89H T 48¥HK (), 42%%F (), 19K 1,02%H* (.70%+* 1.31%** 1.67 1.63%%  (.42%%* 2,08%** 2,00%***
SUNC3F 1.84%%* T 4G¥** ().38%*F (). 12%#% (0.94%** (.59%+* 1.29%%* 1.66 1.64%%  0.41%%F 2,06%** 1.98%**
CON3F -293  -0.11 -3.55 -7.85 -6.76 -10.5 -1.04 1.07  -0.63 -5.18 -3.39 -6.20
KZ2F 1.75 1.42 0.25 -0.07 -0.22 -0.55 1.18 1.65 112 -0.26 0.68 0.21
KZ3F 1.55 1.75 038 -0.51 -0.99 -147 1.40 1.98 2.04 0.17 1.23 0.37
KWZ -4.96 -7.09 -6.56 -9.561 -894 -379 -218 -390 -229 -696 -3.39 -6.32
BOP -8.556 -835 -7.59 -11.2 -10.1 -15.1 -4.06 422 -3.73 -823 -6.36 -12.2
EWRF 0.55 0.38  -0.04 0.19 1.16 1.16 0.40 0.16 0.60 0.66 1.83 1.85
GMVRF 1.02 0.76 0.50 -0.51 -0.87 -1.24 1.05 0.55 1.87 0.27 1.23 0.36
SMV -104  -151 -11.0 -350 -404 -271 -3.54 056 -4.02 -148 -10.0 -34.9

Notes. This table reports the annualized net out-of-sample utility in percentage points for the portfolio strategies in Table 2 and
the datasets in Table 1 when using the sample covariance matrix. The net out-of-sample utility is computed using proportional
transaction costs of 10 basis points. For 50 and 100STO, we report the average performance across 500 randomly drawn datasets
from a total pool of 235 stocks. We evaluate the statistical significance of the difference in net utilities of UNC3F vs CON3F and
SUNC3F vs CON3F using the stationary block bootstrap approach of Politis and Romano (1994) and Ledoit and Wolf (2008) to
produce p-values. The stars *, ** and *** indicate that the p-value is less than 10%, 5%, and 1%, respectively. The underlined
numbers indicate the strategies that do not belong to the superior set of models of Hansen et al. (2011) at a confidence level of
5%. For 50STO and 100STO, we underline the three strategies that are most often rejected, or more in case of equalities.
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Table 4: Annualized net out-of-sample utility (linear shrinkage covariance matrix)

T =120 T =240
25SBTM 10MOM 250PIN 48IND 50STO 100STO 25SBTM 10MOM 250PIN 48IND  50STO 100STO
’Ay;jfd 3.20 2.78 3.15 3.16 3.95 3.95 2.88 2.67 3.16 3.29 4.43 4.43
Panel (a): v =1
UNC3F 37.3 31.6 14.3 3.70 15.9%%* 16.7+** 34.1 30.5 26.4 4.37 30.5%%* 30.5%**
SUNC3F 38.4 31.7 15.8 4.60 14.7%%*% 15 5%** 34.1 30.5 25.8 3.27 20.9%** 99 g¥**
CON3F 42.2 34.5 18.8 6.93 11.5 13.2 36.1 32.4 23.7 0.91 24.3 21.8
KZ2F 38.6 32.6 15.1 1.28 -0.07 -0.51 34.0 31.0 19.7 -5.86 11.7 5.78
KZ3F 33.3 34.7 149 -333 -4.31 8.87 31.9 34.5 31.2 3.01 12.0 0.55
KWZ 23.9 25.7 10.3 4.67 4.14 4.82 24.4 28.6 16.6 -1.36 10.1 9.88
BOP 16.8 723 -1.24 -185 -31.9 -25.7 15.7 20.9 13.6 -5.67 -51.0 -102
EWRF 8.32 5.72  -0.59 2.85 17.5 17.5 5.99 2.47 8.93 9.87 27.4 27.7
GMVRF 14.9 10.0 10.7  -4.64 -3.09 9.55 11.8 7.77 27.1 8.41 11.9 0.21
SMV -26.2 13.6 -112 -508 -539 -1838 1.39 214 -53.7 -236 -165 -626
Panel (b): v =5
UNC3F 7.44 6.31 2.83 0.73 3.18%%* 3 34%** 6.76 6.08%* 5.26 0.87 6.10%*F* 6.11***
SUNC3F 7.68 6.64 3.49 1.52 4.43%F* 4 Q5¥** 6.82 6.20%*% 5.34 0.92 6.61FF* 6.80***
CON3F 8.05 6.96 4.15 1.85 5.88 6.34 7.24 7.02 5.86 1.50 7.19 7.40
KZ2F 7.72 6.50 2.98 0.25 -0.02 -0.10 6.74 6.18 3.91 -1.18 2.34 1.16
KZ3F 6.59 6.93 2.92  -0.71 -0.93 1.76 6.31 6.88 6.21 0.59 2.37 0.04
KWZ 8.17 7.67 5.57 3.07 4.05 3.21 8.97 9.13 8.53 1.36 7.05 6.63
BOP 4.09 3.14 1.72  -3.02 -3.86 -2.94 5.28 7.12 6.22 -0.51 -5.69 -20.1
EWRF 1.66 1.14  -0.12 0.57 3.49 3.49 1.20 0.49 1.79 1.97 5.48 5.55
GMVRF 2.91 1.99 2,11 -0.97  -0.69 1.90 2.33 1.55 5.41 1.68 2.35  -0.03
SMV -5.85 261 -233 -106 -110 -388 -0.07 422 -11.1 -481 -334 -128
Panel (c): v =10
UNC3F 3.72**% 3.15 1.41 0.36** 1.59%** 1 67*** 3.37 3.04 2.63 0.44**  3.05%** 3.05%**
SUNC3F 3.60** 3.13 1.26 0.11%%  1.32%%* 1.32%** 3.32 3.02 2.63 0.40**  2.96%** 2.96%**
CON3F 1.98 276 -0.46 -3.96 -144 -1.94 2.53 3.04 1.21 -337 -0.95 -1.36
KZ2F 3.86 3.25 1.49 0.12 -0.01 -0.05 3.37 3.09 1.95 -0.59 1.17 0.58
KZ3F 3.29 3.46 146 -0.36 -0.47 0.88 3.15 3.44 3.10 0.29 1.18 0.01
KWZ 2.28 0.56 0.72  -0.57 0.39  -0.59 3.37 2.31 3.18  -1.55 2.29 1.98
BOP -3.26  -2.59 -2.82  -6.27 -5.67 -7.80 0.18 1.02 1.04 -4.10 -2.66 -12.0
EWRF 0.83 0.57  -0.06 0.28 1.75 1.75 0.60 0.25 0.89 0.99 2.74 2.77
GMVRF 1.45 0.99 1.05 -0.49 -0.35 0.95 1.16 0.77 2.71 0.84 1.17  -0.02
SMV -2.97 1.30 -11.7 -53.1 -55.3 -195 -0.06 2.10 -5.56 -24.1 -16.7 -64.4
Panel (d): v =15
UNC3F 2.48%F*% 210 0.94FFF (0.24%*% 1.06%+F* 1.11%** 2.25%  2.03 1.75%% (0.20%%% 2,03%*F* 2 04***
SUNC3F 2.41%F*% 2.08 0.89FF* (.16*** 0.97FF* 1.00%*** 2.23%% 2,02 1.75%%  (.28%%% 2,01%F* 2 01***
CON3F -0.14 1.34 -2.57 -804 -6.62 -9.49 0.93 1.72  -0.59 -590 -4.68 -7.76
KZ2F 2.57 2.17 0.99 0.08 -0.01 -0.03 2.24 2.06 1.30 -0.39 0.78 0.39
KZ3F 2.19 2.31 097 -0.24 -0.31 0.59 2.10 2.29 2.07 0.20 0.79 0.01
KWZ -2.58 -541 -4.03 -4.30 -3.51 -4.52 -1.21 -3.20 -1.80 -4.92 -2.52 -2.72
BOP -859 -8.02 -7.46 -11.2 -10.2 -15.1 -4.02 -4.14 -3.66 -8.14 -6.41 -12.2
EWRF 0.55 0.38 -0.04 0.19 1.16 1.16 0.40 0.16 0.60 0.66 1.83 1.85
GMVRF 0.97 0.66 0.70 -0.33 -0.23 0.63 0.77 0.52 1.80 0.56 0.78 -0.01
SMV -1.99 08 -780 -354 -36.9 -131 -0.04 140 -3.71 -16.1 -11.2 -43.0

Notes. This table reports the annualized net out-of-sample utility in percentage points for the portfolio strategies in Table 2 and
the datasets in Table 1 when using the shrinkage covariance matrix of Ledoit and Wolf (2004). The net out-of-sample utility
is computed using proportional transaction costs of 10 basis points. For 50 and 100STO, we report the average performance
across 500 randomly drawn datasets from a total pool of 235 stocks. We evaluate the statistical significance of the difference
in net utilities of UNC3F vs CON3F and SUNC3F vs CON3F using the stationary block bootstrap approach of Politis and
Romano (1994) and Ledoit and Wolf (2008) to produce p-values. The stars *, ¥* and *** indicate that the p-value is less than
10%, 5%, and 1%, respectively. The underlined numbers indicate the strategies that do not belong to the superior set of models
of Hansen et al. (2011) at a confidence level of 5%. For 50STO and 100STO, we underline the three strategies that are most
often rejected, or more in case of equalities. 29



and Figure 3. For the 255BTM, 10MOM, 250PIN, and 48IND datasets where the median
estimated 7., is around three, this happens when v = 1 and 5. For the 50STO and 100STO
where the median estimated 7., is larger and around four, this happens when v = 5. This
result shows that the convexity constraint can help performance by alleviating the impact
of estimation errors on combination coefficients.

However, when v = 1, the CON3F strategy can sometimes largely underperform the
UNCS3F strategy. A first case in which this happens is for the 48IND dataset when T' = 240.
For example, when using the sample covariance matrix, UNC3F and CON3F deliver a net
utility of 6.25 and 2.82, respectively. We can explain this theoretically because, as discussed in
Section 3.1, CON3F overinvests in the SMV portfolio relative to UNC3F, and this exposure
to the SMV portfolio is larger for T' = 240 than 120. This overinvestment is problematic for
the 48IND dataset because SMV performs notoriously poorly for industry portfolios that
present little cross-sectional variation in sample mean returns (Kirby and Ostdiek, 2012).

A second case in which UNC3F largely outperforms CON3F for v = 1 is for the 50STO
and 100STO datasets, because the median estimated 7., is further from one relative to the
other datasets, and thus there is more room for UNC3F to outperform CON3F for a small ~.
For example, when T' = 120 in Table 3, UNC3F delivers a net utility of 15.4 and 10.7 for the
50STO and 100STO datasets, respectively, versus 8.59 and 4.95 delivered by CON3F.

Although CON3F can perform well when v = 1 or 5, it quickly deteriorates as =y increases,
is outperformed by UNC3F in a statistically significant way, and is often out of the MCS
set of models. Take the sample covariance matrix, 7" = 120, and v = 10. Then, CON3F
delivers net utilities of —0.74, 1.06, —1.53, —4.01, —1.59, —2.80 for the six datasets, versus
2.84, 2.22, 0.64, 0.28, 1.53, 1.06 for UNC3F. These negative utilities are consistent with
Proposition 1, in which we show that CON3F underperforms the risk-free asset once 7 is too
large. Similarly, Proposition 3 predicts that CON3F underperforms the two-fund rule of Kan
and Zhou (2007) (KZ2F) once 7 is too large, and this is what we observe empirically too.

The out-of-sample utility of UNC3F is on the contrary always positive, and in most cases
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larger than that of KZ2F. UNC3F is also never rejected by the MCS test.

Moreover, we find in Section C.10 of the Supplementary Material that UNC3F system-
atically delivers a smaller turnover than that of CON3F, which is in line with Proposition 4.

We turn next to the shrinkage unconstrained strategy (SUNC3F), which alleviates the
sensitivity to estimation errors of UNC3F, particularly for v’s close to 7e,. Our results show
that this objective is generally accomplished: SUNC3F outperforms UNC3F for all datasets
when v = 5, and for all datasets except 50STO and 100STO when v = 1. For a larger
~v =10 and 15, and when v = 1 for 505STO and 100STO, SUNC3F remains close to UNC3F,
and thus largely outperforms CONS3F. In Section C.11 of the Supplementary Material, we
replicate Figure 3 empirically and find that the results closely mimic the simulation findings.
Finally, just like UNC3F, the SUNC3F strategy is never rejected by the MCS test.

Next, we compare our strategies with the EWRF and GMVRF strategies that do not
invest in the SMV. In the majority of cases, the two novel strategies we introduce, UNC3F
and SUNC3F, largely outperform. Let us concentrate on the results using the linear shrinkage
covariance matrix in Table 4. Then, UNC3F and SUNC3F outperform GMVRF and EWRF
in all cases except for the 48IND dataset when 1" = 240, where they underperform both, and
the 50STO and 100STO datasets when T' = 120, where they underperform EWRF. These
two cases in which EWRF is difficult to beat are exactly those we predict theoretically
in Section 3.1. The first case is when 12 is small, which happens for the 48IND dataset
because there is only little cross-sectional variation in sample mean returns for industry-
sorted portfolios (Kirby and Ostdiek, 2012). The second case is when estimation risk d is
large, which happens in the 50STO and 100STO datasets when 7" = 120.

It is notable that even for the 100STO dataset and 7' = 120, a case of high estimation risk,
UNC3F and SUNCSF lose little relative to EWRF in Table 4, while they outperform when
T = 240. This is reassuring because it is not known a priori for which sample size EWRF
will outperform, and thus investors can safely rely on UNC3F or SUNC3F without fearing

to lose much. In contrast, CON3F can deliver large performance losses relative to EWRF.
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We now compare the three-fund rule of Kan and Zhou (2007) (KZ3F) and its fully
invested counterpart in Kan et al. (2022) (KWZ). When ~ is small (7 = 1) and large (y = 10
and 15), KZ3F generally outperforms KWZ because KWZ cannot invest in the risk-free
asset. However, the contrary nearly systematically happens when v = 5. We demonstrate in
Section C.4 of the Supplementary Material that this result can be explained with a similar
reasoning to that in Section 4: Kan et al. (2022) impose the convexity constraint so that
KWZ is fully invested in risky assets, which alleviates the impact of estimation errors on
combination coefficients relative to KZ3F and can help improve performance for some ~’s.
As a result, our SUNC3F strategy largely outperforms KWZ7 when v = 1, 10, and 15, but
not 7 = 5. Note also that KWZ and our two proposed strategies, UNC3F and SUNC3F, are
superior to the fully invested combination of Bodnar et al. (2023) (BOP).

Finally, the comparison of the unconstrained combination of SMV and EW (UNC3F)
with the combination of SMV and SGMV in Kan and Zhou (2007) (KZ3F) shows that it is
more preferable to combine with EW than SGMYV, for three main reasons. First, EWRF has
a much lower turnover than GMVREF, and thus UNC3F has a smaller turnover than KZ3F
too. Second, while EW has no estimation error, SGMV depends on the inverse covariance
matrix. Therefore, when N is rather large in the 48IND, 50STO, and 100STO datasets,
EWRF largely outperforms GMVRF, and UNC3F outperforms KZ3F too. The third reason
concerns diversification. Consider the 25SBTM, 10MOM, and 250PIN datasets. GMVRF
largely outperforms EWRF, and thus, one would expect KZ3F to also outperform UNC3F.
However, this is not always the case: they perform similarly for the 250PIN dataset, and
UNCSF outperforms for 25SBTM. This result can be explained because of diversification.
Specifically, in Section C.6 of the Supplementary Material we derive a closed-form expression
for the correlation between the out-of-sample return of SMV and that of either SGMV or
EW. By calibrating this correlation to our datasets, we find that the correlation with the EW

portfolio is systematically much smaller, which is in line with the empirical correlations.?’

20In Section C.5 of the Supplementary Material, we also derive a four-fund strategy that combines SMV,
EW, and SGMV. However, we find that it is generally outperformed by UNC3F that does not invest in
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7 Conclusion: How to combine?

We conclude with a summary of insights on the portfolio combination problem. First, which
portfolios to combine? The SMV portfolio is optimal without estimation risk, and thus is a
natural choice. Our results favor combining it with the EW portfolio over the SGMV port-
folio because EW has lower turnover, suffers no estimation risk, offers larger diversification
gains, and leads to portfolio combinations that perform largely better when N/T is sizable.
Moreover, investing in three funds — the sample tangent portfolio, the EW portfolio, and
the risk-free asset — hits the sweet spot as it outperforms two-fund and four-fund strategies.

Second, how to estimate the combination coefficients? The constrained coefficients are less
sensitive to estimation errors than the unconstrained ones, and thus outperform for a range of
risk-aversion coefficients . However, the constrained combination can severely underperform
outside of this range. The shrinkage unconstrained combination offers an appealing tradeoff
between the two approaches by closely matching the one that performs best for the chosen ~.

Third, what is the impact of estimation risk? When N/T is sizable it becomes even more
necessary to combine SMV with a more robust portfolio, and combining with EW largely
outperforms combining with SGMV. The range of v for which the constrained combination
outperforms the unconstrained one decreases with estimation risk, and indeed, the uncon-
strained combination is particularly superior for the two datasets of 50 and 100 individual
stocks. It can also be difficult to surpass the combination of the EW portfolio and the risk-free
asset when N/T is large, but this combination is largely suboptimal otherwise.

Fourth, when can we expect to outperform the combined portfolios? Both the constrained
and unconstrained combinations easily outperform the SMV portfolio. While the uncon-
strained combination consistently adds value to the risk-free asset, the constrained combi-
nation is inferior to the risk-free asset once v is large enough. Compared to the combination

of the EW portfolio and the risk-free asset, the unconstrained and shrinkage unconstrained

SGMYV. This can be explained because the theoretical gain from adding SGMYV is small and thus is offset by
the estimation risk coming from the additional combination coefficient to estimate.
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combinations deliver large gains in most settings, but can underperform in two cases: when
there is little cross-sectional variation in mean returns and when estimation risk is large.
However, the shrinkage unconstrained strategy estimated with a shrinkage covariance ma-
trix only loses little performance in such cases, and thus can be safely relied upon.

Fifth, how does the distributional assumption matter? Given that empirical data are
typically not i.i.d. normal, one can wonder if we can safely exploit our portfolio combinations
calibrated under this assumption. Our answer is positive because in a rather general elliptical
model for asset returns, the expected out-of-sample utility loss incurred by an investor who
wrongly assumes that the data is i.i.d. normal is very small. The satisfying performance of
our portfolio strategies in the six empirical datasets we consider reinforces this conclusion.

Overall, the shrinkage unconstrained combination of the SMV and EW portfolios, cali-
brated under the i.i.d. normal assumption, offers the best all-around out-of-sample perfor-

mance across different datasets, levels of estimation risk, and degrees of risk aversion.

Disclosure statement The authors report there are no competing interests to declare.
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This Supplementary Material is divided in four sections. In Section A, we provide a detailed
literature review. In Section B, we give simulation and theoretical evidence regarding the
impact of estimation errors on constrained and unconstrained combination coefficients. In
Section C, we provide additional theoretical results and corresponding empirical results. In
Section D, we detail the proofs of all theoretical results in the main body of the paper and

in this Supplementary Material.

A Literature review

Our work is related to three strands of the portfolio selection literature. First, we contribute
to the literature on portfolio combination, which was pioneered by Kan and Zhou (2007) and
extended in, e.g., Frahm and Memmel (2010), Tu and Zhou (2011), DeMiguel et al. (2013,
2015), Branger et al. (2019), Kan et al. (2022), Kazak and Pohlmeier (2022), Yuan and Zhou
(2022), Kan and Wang (2023), Lassance et al. (2023), and Bodnar et al. (2023). We consider
the setting of Tu and Zhou (2011) who combine the SMV and EW portfolios to optimize
expected out-of-sample utility under a convexity constraint on the combination coefficients.
We derive the unconstrained combination and demonstrate several of its benefits relative to
the constrained strategy. We also introduce a shrinkage methodology to alleviate the impact
of estimation errors on the unconstrained combination coefficients, which can be applied to
other types of portfolio combination considered in the above literature.

Second, our work is related to other papers that study the value of the naive EW port-
folio. DeMiguel et al. (2009) find that the SMV portfolio and 13 robust extensions cannot
outperform EW consistently. Pflug et al. (2012), Yan and Zhang (2017), and Yuan and Zhou
(2022) explain that EW is not so naive because it is nearly optimal under high model am-
biguity, in the absence of mispricing, and under a one-factor model, respectively. Tu and
Zhou (2011) and Yuan and Zhou (2022) combine the EW and SMV portfolios to optimize

out-of-sample utility and Sharpe ratio, respectively. While they allow for a risk-free asset,
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Frahm and Memmel (2010), Simaan and Simaan (2019), and Bodnar et al. (2023) combine
EW with SMV or SGMV portfolios in the setting with no risk-free asset. In this paper,
we develop two novel estimators to optimally combine the SMV and EW portfolios. Our
results affirm the value of the EW portfolio because we show theoretically and empirically
that our unconstrained strategy consistently outperforms the two-fund rule of Kan and Zhou
(2007) that does not invest in EW. We also demonstrate that combining the SMV portfolio
with EW rather than SGMV delivers larger diversification gains, lower turnover, and largely
superior performance when the number of assets is sizable relative to the sample size.
Third, we contribute to the literature on the role of constraints in portfolio selection. Frost
and Savarino (1988), Jagannathan and Ma (2003), and Behr et al. (2013) show the perfor-
mance benefits of imposing lower and upper bound constraints on portfolio weights. Levy
and Levy (2014) introduce a class of differential variance-based constraints that significantly
outperforms homogeneous bound constraints. DeMiguel et al. (2009a), Yen (2016), Callot
et al. (2021), and Zhao et al. (2021) show the large benefits of norm constraints. Li (2015)
and Ao et al. (2019) introduce constrained linear regression approaches to estimate mean-
variance portfolios. A key differentiating feature of our work is that we show the benefits
of constraints for combining sample portfolios, instead of assets. In particular, we demon-
strate in several settings that imposing a convexity constraint on combination coefficients,
although unnecessary in theory when a risk-free asset is available, acts as a bound constraint
that decreases their sensitivity to estimation errors. We exploit this result to construct an

improved shrinkage estimator of unconstrained portfolio combination strategies.

B Estimation errors in combination coefficients

To establish more precisely the effect of estimation errors in mean returns g on combination
coefficients discussed in Section 4, consider the experiment in Figure SM.1. We calibrate p

and ¥ to the 25SBTM dataset and simulate 10,000 times 7" = 120 normal returns. For each
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simulation, we estimate the constrained and unconstrained combination coefficients with a
risk-aversion coefficient v = 3, in two different cases. First, all parameters in the coefficients
are estimated. We estimate the parameters as in the simulation analysis of Section 4.3.
Second, mean returns p are known, and we only plug in the sample estimate of 3.

We make two main observations from Figure SM.1. First, mostly errors in g matter, as
the boxplots are much thinner when only ¥ is estimated. Second, the boxplots are similar
and quite thin for x{, x§, and Y}, because they are bounded between zero and one and

estimation errors compensate in their numerator and denominator. In contrast, when g is

estimated, the boxplot for x4 is substantially wider. Given that x4 = %;‘gz(l — kY) while
k] is moderately sensitive to p and errors in g are more impactful than errors in X, this
difference is mostly explained by the proportionality to pie,, = w.,, p. Indeed, in Figure SM.1
we depict scatterplots of estimation errors in £} and k% as a function of estimation errors
in fie,, and we find a near-zero correlation for Y versus a near-perfect one for x§. Moreover,
the best linear fit for estimation errors in x4 is nearly identical to the derivative of x4 with
respect to i, assuming that «{ is independent of fiey,.

In the next proposition, we give theoretical complement to these simulation results by

deriving in closed form the estimation error in combination coefficients as a function of

estimation errors in mean returns, € = i — p.

Proposition SM.1. Let ¥ be known and denote € = 1 — p and € = w. e. Then, the

estimation errors in combination coefficients are given by

" VP +2e'E 7+ N e — 28y, — E2/07, V2
PR g = - : (SM1)
VPt 2Bt S e~ 28y, - 8%, P d
AU u Yew , 4 Al € ~u
Ry =Ry = - (H1—H1)+F(1—/€1)7 (SM2)
re c ~c c ¢2 + 2 + 2&'/271[1, + eyl — 25_;»)/ w? + 02
Ry — K] = —(R3 — K3) = — — . (SM3)
P24+ 02+d+ 2T+ ce’Ble — 28y Y2+ 2 +d
Moreover, the estimation error for Ky = %(1 — KY) is
Ed
Ry =Ky = — (SM4)

02, (W +d)
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Figure SM.1: Estimation errors in constrained and unconstrained combination coefficients
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(b) Scatterplots of estimation errors in unconstrained combination coefficients

Notes. This figure depicts estimation errors in constrained combination coefficients, x{ and x§ in (13), and unconstrained
combination coefficients, x} and &% in (14), when the risk-aversion coefficient v = 3. The results are obtained by simulating
10,000 times T' = 120 asset returns from a multivariate normal distribution whose moments are calibrated from a dataset of 25
portfolios of firms sorted on size and book-to-market spanning July 1926 to December 2022. In the boxplots of Panel (a), we
consider two cases to estimate the coeflicients: 1) all parameters are estimated, 2) mean returns p are known and we only plug
in the sample estimate of 3. In Panel (b), we depict how estimation errors in unconstrained combination coefficients depend
on estimation errors in the parameter pe.,. The best linear fit in each scatterplot is depicted in solid red. The dashed red line
in the right plot of Panel (b) is the derivative of x4 with respect to pew assuming that x{ is independent of piew.
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Figure SM.2: Estimation errors in combination coefficients as a function of estimation errors
in mean returns
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Notes. This figure depicts the estimation errors in combination coefficients given by Proposition SM.1 when errors in sample
mean returns are of the form € = i — pp = €1, as a function of e. We use a sample size T' = 120 and a risk-aversion coefficient
v = 3. The figure is constructed by calibrating the population vector of means and covariance matrix of asset excess returns
from monthly returns on the 25 portfolios of firms sorted on size and book-to-market spanning July 1926 to December 2022.

In Figure SM.2, we consider the 25SBTM dataset, T'= 120 and v = 3, as in Figure SM.1.
We depict the estimation errors in combination coefficients derived in Proposition SM.1
in the specific case where € = €1, as a function of ¢ € [—1%,1%]. Consistent with the
simulation results in Figure SM.1, it is the estimation error in 44 that is most sensitive to e.
Moreover, the estimation errors for A4 and K% are similar, which confirms that it is mostly
the proportionality to fie, that matters.

In conclusion, the results presented in this section confirm that we can focus on the impact
of estimation errors in fi,, on x4 to capture most of the difference in the way estimation

errors impact the constrained and unconstrained combination coefficients.

C Additional theoretical and empirical results

In this section, we provide theoretical and empirical results that complement those in the

main body of the paper. First, we compare the exposure to three underlying funds in the

SM5



constrained and unconstrained strategies. Second, we provide theoretical results for the
high-dimensional asymptotic regime. Third, we provide a shrinkage estimator for the un-
constrained combination of the SMV and SGMV portfolios. Fourth, we show that the con-
vexity constraint helps explain why combining portfolios with the risk-free asset can hurt
performance relative to fully invested combinations. Fifth, we derive an unconstrained four-
fund strategy that combines the SMV portfolio with both the SGMV and EW portfolios.
Sixth, we compare the correlation between the out-of-sample return of the SMV portfolio
and that of the SGMV and EW portfolios. Seventh, we compare the expected out-of-sample
Sharpe ratio of the constrained and unconstrained strategies. Eighth, we compare the em-
pirical performance under the normal versus the elliptical distribution. Ninth, we replicate
our empirical results with a nonlinear shrinkage estimator of the covariance matrix. Tenth,
we report the average monthly turnover of the considered portfolio strategies. Eleventh, we

depict the empirical outperformance relative to the constrained strategy.

C.1 Comparison of exposure to the three funds

The portfolio combination (k) invests in three funds: the EW portfolio, the sample tangent
portfolio, and the risk-free asset. In this section, we compare the allocation to these three
funds implied by the constrained and unconstrained combination coefficients, k¢ in (13) and
k" in (14). Note that these two combination strategies are not always different: (i) they fully
invest in the SMV portfolio in the absence of estimation risk (d — 0), (ii) they fully invest
in the risk-free asset as 7 — oo, and (iii) they coincide when v = 7.

Specifically, in the next proposition, we compare the expected value of the weight allo-

cated to the three funds:SM!

Ttan = M"'{la (SM5)
Y
Tew = Ko, (SM6)

SMIyWe study the expected value of because the actual weights on the sample tangent portfolio and the
risk-free asset depend on 1’2711, which is sample-dependent.
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Trf = I — Tan — Tews (SM7)

Proposition SM.2. The following holds regarding the allocation to the three funds in the

constrained and unconstrained strategies:

1. The constrained strategy overinvests in the SMV portfolio: 0 < k} < k§ < 1. Similarly,

for the weight on the sample tangent portfolio, 0 < 7t < 7e, if Yian > 0.5M2

2. The constrained strategy overinvests in the EW portfolio, 0 < kY < kS, if

v E [’yew, %]’ and kY > kS otherwise.SM?
3. Let Yew < Vean < (02 + d)/piew.>™M* Then, the constrained strategy underexploits the

risk-free asset: m!y < i <0 if v < Yew and mlp > Ty, otherwise.

We illustrate Proposition SM.2 in Figure SM.3 by calibrating the moments of asset excess
returns, g and X, to the 25SBTM dataset. The left panels use T = 120, and the right
panels use T' = 60, 120, and 480. The figure shows that the allocation to the three funds in
the constrained strategy is substantially different from that in the unconstrained strategy.
Consider an investor with v = 5, which is larger than 7., = 1.86. When T = 120, the
constrained strategy commands a weight of 22% on the tangent portfolio, 71% on the EW
portfolio, and 7% on the risk-free asset. In contrast, the unconstrained strategy invests
much more in the risk-free asset (55%) and much less in the tangent and EW portfolios
(15% and 30%, respectively). When ~ increases to 10, the difference is even more striking:
(T2 s Thms Tew) = (T7%, 8%, 15%) while (77, 5y, Te,) = (35%, 22%, 43%).

Finally, the right panels show that the difference between the constrained and uncon-
strained strategies is larger when T is smaller. That is, it is when combining portfolios is

most needed because estimation errors are large that the convexity constraint hurts most.

SM2,, >0 if the GMV portfolio has a positive mean return, which is a mild assumption.

SM3Tjs interval is typically wide. For the data used in Figure SM.3, it is equal to [1.86,43.06] when T" = 120.
SMAThjs is a mild assumption fulfilled in all datasets we use in the empirical analysis of Section 6.
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Figure SM.3: Weights on the three funds in the constrained and unconstrained strategies
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Notes. This figure compares the expected weight allocated to the three funds by the constrained and unconstrained combination
strategies defined in (13) and (14), respectively. The three funds (weights) are the risk-free asset (m,s), the equally weighted
portfolio (mew ), and the sample tangent portfolio (7¢an ). The formulas for the expected weights are given by (SM5)—(SM7). The
figure is constructed by calibrating the population vector of means and covariance matrix of asset excess returns from monthly
returns on the 25 portfolios of firms sorted on size and book-to-market spanning July 1926 to December 2022. The left panels
depict the weight allocated to the three funds as a function of v when the sample size T' = 120. The right panels depict the
difference in weights between the unconstrained and constrained strategies as a function of v when 7" = 60, 120, and 480.
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C.2 High-dimensional asymptotic regime

A recent literature has extensively studied the behavior of sample portfolios in the high-
dimensional asymptotic regime, i.e., when N,T — oo and N/T — p € (0,1), where p is
called the concentration ratio; see Bodnar et al. (2018), Ao et al. (2019), Ledoit and Wolf
(2020), Bodnar et al. (2022), Kan et al. (2022a), and Bodnar et al. (2023), among others.
This asymptotic regime is useful for evaluating portfolio performance in high dimension, and
also because it is often analytically more tractable than the finite-sample setting.

In the next proposition, we derive the asymptotic joint distribution of the out-of-sample
mean return and variance of the portfolio combination (k) in (7), and also the asymptotic

oracle constrained and unconstrained combination coefficients.

Proposition SM.3. Let N,T — oo and N/T — p € (0,1) while (jtew, 02,,,0%) stay bounded.

Then, the following holds:

1. The joint distribution of the out-of-sample mean return and variance of the portfolio

combination W(k) in (7) is

(k) o — (507 + Kopies)

2
(k) S(r) — (522 + k3o, + 2082y,

T-N 4 N(05, V),  (SMS)

where 0y is a 2 X 1 vector of zeros and V' is a 2 X 2 matriz with entries

2
Vi = SL62(1 + 26°), (SM9)
Y
2 2
Vis = Vo = —L(1 4 26%) (”192 + muew), (SM10)
v v
_ % ’ﬁ 4 2 2 2 2 2
Ve =75 72(9 (74 p) +20°(2+ p) + p) + 26302, (1 + 02, + 0%)
pAme Gy 292)>. (SM11)
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2. The asymptotic oracle constrained combination coefficients k¢ in (13) are

P ¢ w2+€2

§ B R = d k5> 1—Ff. SM12
MR T e ety M " (SM12)

3. The asymptotic oracle unconstrained combination coefficients k* in (14) are

2
/ﬁ’fﬂw?c” 4

- d ke B T guy SM13
1 ¢2+ﬁ<1+92) an Ko v ( Hl) ( )

Using the joint asymptotic distribution of the out-of-sample mean return and variance

in (SM8), we can also obtain the asymptotic distribution of out-of-sample utility as

2 62 2
T=N[Ut00) — (20 4 ra = (B2 4 ot + 222, ) )

2\ 1-p
2
o N(Q Vi + ’YZVVQQ - 7V12), (SM14)
where
72 /€2
Vist Vi = Ve = 2712(@ (64(7+ p) +20°(2+ p) + p) +2(1 — 2k1)6°(1 + 267))

2
- ;m?(l — K1) Raplew(1 4+ 20%) + K2K302, (14 602, +6%).  (SM15)

C.3 Shrinkage estimator of Kan and Zhou three-fund rule

In Section 4, we introduce a shrinkage estimator of the unconstrained combination of the
SMV and EW portfolios. In this section, we derive a similar shrinkage estimator for the
three-fund rule of Kan and Zhou (2007) that combines the SMV and SGMV portfolios.

Specifically, we consider the three-fund portfolio combination
W(K) = KW* + Koy, (SM16)

where @, = £711/(1’£7"1) is the SGMV portfolio and @* is the SMV portfolio in (5). This
combination is comparable to that in Tu and Zhou (2011) because, just like we,,, W, is fully

invested in risky assets. Kan and Zhou (2007) consider a similar portfolio combination but
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with unnormalized weights for the SGMV portfolio. We use the notation

g = wip, 0, =w,Bwy, 0, =pe/o, and Y2 =6>—0>>0. (SM17)

In the following proposition, we derive the EU of the portfolio combination in (SM16) as

well as the unconstrained combination coefficients.
Proposition SM.4. The following holds concerning the three-fund portfolio in (SM16):

1. The expected out-of-sample utility is

K K2 2c1K1K
= 7102 + Kopty — ;(%(92 +d) + c1r30, + 171 Q;Lg), (SM18)

EU(w(k))

where

T—2
=——>1. M1
T—-N-17 (SM19)

&1

2. The unconstrained combination coefficients maximizing (SM18) are

1 ; an
- Yy sr— €10,1] and wy = n (1/c; — KY). (SM20)
U NIT+ R Z

3. The expected out-of-sample utility delivered by the unconstrained combinations coeffi-

cients 1s

d 1
EU(w(k")) =U" — 2—/{?{ - 5(01 — 1)pgks. (SM21)
g

Similar to the combination with EW in Section 4, % is unbounded and proportional to
Vtan, and thus is sensitive to estimation errors in mean returns p via ji,. Therefore, in the

next proposition we derive the EU of the unconstrained strategy when x4 is estimated as

- [0 1S4
fe =19 (1), — k) = - B1je — k). (SM22)

Proposition SM.5. Let the combination coefficient kY be estimated by iy in (SM22). Then,
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the expected out-of-sample utility of the estimated unconstrained strateqgy is

&1

BU(d(x}, &5)) = EU((K")) — 5 77

(1/ct = (s1)), (SM23)
where EU (W (k")) in (SM21) is the utility of the oracle unconstrained strategy.

We find numerically that the EU loss in (SM23) can be substantial. To alleviate the
impact of estimation errors on the performance of unconstrained strategy, we proceed as in

Section 4 and shrink &% in (SM22) toward the target 1/c; — kY,

Ry(0) = (1 = 90)Ry +0(1/cy — KY), (SM24)
where § is the shrinkage intensity. We now calibrate § to minimize the mean squared error
of £4(9).

Proposition SM.6. The shrinkage intensity 0 minimizing the mean squared error of k4(J)
in (SM24) is

1
- 1 + UST('-Y - ’7tan)2 '

5* (SM25)

In Table SM.1, we compare the out-of-sample performance of the shrinkage estimator of
the unconstrained three-fund rule (SUNC3F'), which we compare with its non-shrunk version
(UNC3F). The table shows that SUNC3F greatly improves upon UNC3F for small values of

~v =1 and 5, while they perform similarly when ~ increases to 10 and 15.

C.4 Investing in the risk-free asset can hurt performance

We observe in our empirical results in Tables 3 and 4 that the combination of the SMV
and SGMV portfolios without a risk-free asset in Kan et al. (2022) often outperforms the
combination with a risk-free asset in Kan and Zhou (2007) when the risk-aversion coefficient
is v = 5. In this section, we show that this can be explained due to the convexity constraint,

similar to the results in Section 4.
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Table SM.1: Annualized net out-of-sample utility of shrinkage estimator of Kan and Zhou
three-fund rule

T =120 T =240
25SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO

Panel (a): v =1

SUNC3F 14.1 252  -2.717  -31.6  -104 -939 19.8 29.3 28.2 045 -1.80 -79.7

UNC3F 11.9 25.3 483 -373 -113 -949 19.7 29.8 284  -0.77 -5.61 -85.0
Panel (b): v =5

SUNC3F 2.54 531 -0.28 -5.87 -20.8 -219 4.04 6.17 6.07 0.38 -0.18 -16.1

UNC3F 2.05 5.00 -1.10 -7.68 -232 -221 3.71 5.93 5.66 -0.17 -1.20 -174
Panel (c): v =10

SUNC3F 1.41 268 -0.14 -344 -10.2 -111 2.01 3.00 291  -0.21 0.21  -7.91

UNC3F 1.00 250 -0.56 -3.85 -11.6 -113 1.84 2.96 283 -0.09 -0.60 -8.74
Panel (d): v =15

SUNC3F 0.87 1.63 -024 -249 -6.76 -74.7 1.23 1.95 1.78  -0.22 -0.22 -5.06

UNC3F 0.66 1.66 -0.38 -2.57 -7.75 -75.6 1.22 1.97 1.88 -0.06 -040 -5.83

Notes. This table reports the annualized net out-of-sample utility in percentage points for two portfolio strategies derived in

Section C.3 when using the sample covariance matrix. The first strategy (UNC3F) is the unconstrained combination of the sample
tangent portfolio, the sample global-minimum-variance portfolio, and the risk-free asset. The second strategy (SUNC3F) is the
shrinkage estimator of the unconstrained combination. The net out-of-sample utility is computed using proportional transaction
costs of 10 basis points. We consider sample sizes T' = 120 and 240, and risk-aversion coefficients v = 1,5, 10, and 15.

Kan et al. (2022) combine the fully invested SMV and SGMV portfolios,
W(K) = KWy + Ko (Wy + W), (SM26)
where 1, = £711/(1'£7'1) is the SGMV portfolio and
. = 1510 - g, (SM27)

is a zero-cost portfolio (i.e., 1’w, = 0). To ensure that w(k) is fully invested in risky assets,
the authors impose the convexity constraint x; + k2 = 1, so that the combination depends

on a single combination coefficient «:
W(K) = Wy + KD,. (SM28)

Kan et al. (2022) show that the combination coefficient x maximizing the EU is

S T )T - N-D BT (N DT (SM29)
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Relaxing the convexity constraint would amount to combine the SMV and SGMV port-
folios with the risk-free asset, which is what the three-fund rule of Kan and Zhou (2007) is
designed to do. Their optimal unconstrained portfolio combination is

kz kz

(k") = “712—1,1 + “}; s, (SM30)

where

kz 1 w;

W = g o = (/e ) (SM31)

In the next proposition, we derive the EU of the portfolio combinations of Kan and Zhou

(2007) and Kan et al. (2022).

Proposition SM.7. The expected out-of-sample utility of the optimal portfolio combinations
of Kan and Zhou (2007) and Kan et al. (2022) are, respectively,

d .. c—1 k

EC (lz (”’kz)) [' * 27’%1 2,7 fytan"igzy (SM32)
A wz Py 2 - N - 2 ; kwz
k T—N-29y;
EU(W(k™?)) = pg — 5€10 + N 1—271-@ ) (SM33)

where ¢ is defined in (SM19).

Similar to the combination with the EW portfolio in Section 4, x5* in (SM31) is un-
bounded and proportional to j4, and therefore is more sensitive to estimation errors in mean
returns p relative to the other coefficients. Therefore, in the next proposition we derive the
EU of the three-fund rule of Kan and Zhou (2007) when x5* is estimated as

'S4
's-11

~kz

Ry* = fig(1/c — ry*) = (1/c = KY"). (SM34)

Moreover, we identify the range of risk aversion « for which the fully invested rule of Kan
et al. (2022) delivers a larger EU than that of the estimated Kan-Zhou three-fund rule that
also invests in the risk-free asset.

Proposition SM.8. Let the combination coefficient k5 be estimated by &5 in (SM34).
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Then,

The expected out-of-sample utility of the estimated unconstrained three-fund strategy of
Kan and Zhou (2007) is

C

EU(w (k)" 73")) = BU(@(k")) (1/¢* = (kY%)?), (SM35)

where EU (W (k")) in (SM32) is the utility of the oracle unconstrained strategy.

The fully invested strategy of Kan et al. (2022) delivers a larger expected out-of-sample
utility than the estimated unconstrained three-fund strategy of Kan and Zhou (2007),
EU(w(k"?)) > EU(w(k5*, &5%)), if and only if b > 0 and ~ belongs to the following

nterval:

ye{%mi'ﬂq, (SM36)

C1 ClO'g
where

,T—N—2

2 2
b:09+01<—0 +¢gm

A = D+ 20— ()

(SM37)

For the 25SBTM dataset and 7" = 120, we find that the interval is v € [3.18 £ 1.73].

This explains why for v = 5 in Tables 3 and 4 the fully invested rule of Kan et al. (2022)

outperforms the three-fund rule of Kan and Zhou (2007), while the opposite happens when

7=1

C.5

, 10, and 15.

The optimal four-fund combination strategy

Kan and Zhou (2007) combine the SMV and SGMV portfolios, while as in Tu and Zhou

(2011

) we combine the SMV and EW portfolios. In this section, we derive the unconstrained

four-fund portfolio that combines SMV with both SGMV and EW, and we assess empirically

whether it is beneficial to include SGMV in addition to EW.
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The four-fund portfolio combination is
N Rla-1 A R3 a1
W(k) = ?E 4 KoWey, + 72 1. (SM38)

In the next proposition, we derive the optimal unconstrained combination coefficients and

the resulting EU for this four-fund combination, which are novel results in the literature.

Proposition SM.9. The following holds concerning the four-fund portfolio combination

in (SM38):

1. The expected out-of-sample utility is

r Vo, g
(SM39)
2. The unconstrained combination coefficients maximizing (SM39) are
u 1 2 2 92 0'3 1
Ry = ? 7,/) - 99 - ?E + <1 + E),ug’)/ew ) (SM4O)
w_ Yewl | N Hg 2
= —|=lc— -1 M41
=2 E (e o) o, (SMa1)
w  Hgld Yew ( 1) 2}
P el —(1-= , SM42
’ f |:C( Wtan) C w ( )
where
R A P I A SM43
ffw _Cg+ _E +? +M97€w- ( )
3. The expected out-of-sample utility of the unconstrained four-fund portfolio is
NPT * d u c—1 u
EU(w(k")) =U" — Zﬁl — W’yt,m/ig. (SM44)

In Figure SM.4, we evaluate how much EU can be gained in theory by opting for the

unconstrained four-fund strategy rather than the unconstrained three-fund strategy we con-
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Figure SM.4: Theoretical gain in expected out-of-sample utility with four-fund strategy
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Notes. This figure depicts the difference between the expected out-of-sample utility of: (i) the unconstrained three-fund and

two-fund rules (solid red), and (ii) the unconstrained four-fund and three-fund rules (dotted blue). The two-fund strategy is
that in Kan and Zhou (2007) that combines the sample tangent portfolio with the risk-free asset. The three-fund strategy adds
the equally weighted portfolio, and the four-fund strategy adds the sample global-minimum-variance portfolio. The figure is
constructed by calibrating the population vector of means and covariance matrix of stock returns from monthly returns on
the 25 portfolios of stocks sorted on size and book-to-market spanning July 1926 to December 2022, and using a sample size
T = 120. The differences are depicted as a function of the risk-aversion coefficient v between 0.5 and 20.

sider in the main body of the paper. That is, how much can be gained by adding the SGMV
portfolio in the portfolio mix besides the SMV and EW portfolios. We depict this theoret-
ical gain for the 25SBTM dataset and T' = 120, and we compare it to the theoretical gain
when going from the unconstrained two-fund strategy of Kan and Zhou (2007) to the uncon-
strained three-fund strategy that also invests in the EW portfolio. The figure shows that the
incremental gain from adding the SGMYV portfolio and relying on the four-fund portfolio is
quite small relative to the gain obtained when going from two-fund to three-fund. Combined
with the additional coefficient to estimate in the four-fund strategy relative to the three-
fund strategy, this means that the unconstrained four-fund strategy may not outperform in
practical settings.

We now evaluate the empirical performance of the unconstrained four-fund combination
strategy. We compare its out-of-sample performance with that of the unconstrained three-

fund strategy in the main body of the paper that does not invest in the SGMV portfolio.
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Table SM.2: Annualized net out-of-sample utility of three-fund and four-fund strategies

T =120 T =240
25SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO

Panel (a): v =1

UNC3F 29.4 22.5 6.63 2.92 15.4 10.7 20.9 25.3 24.6 6.25 31.2 30.0

UNC4F 23.2 2.1 -0.74 -10.7  -20.6 -13.8 224 274 25.1 2.83 16.2 2.89
Panel (b): v =5

UNC3F 5.71 4.45 1.28 0.57 3.07 2.12 3.96 5.02 4.90 1.25 6.24 5.99

UNC4F 4.39 414 -025 -221 -424 -292 4.26 5.45 4.97 0.55 3.20 0.51
Panel (c): v =10

UNC3F 2.84 2.22 0.64 0.28 1.53 1.06 1.97 2.51 2.45 0.62 3.12 3.00

UNC4F 2.18 207 -0.13 -1.11 -2.13 -1.47 2.11 2.72 2.48 0.28 1.60 0.25
Panel (d): v =15

UNC3F 1.89 1.48 0.42 0.19 1.02 0.70 1.31 1.67 1.63 0.42 2.08 2.00

UNC4F 1.45 138 -0.09 -0.74 -1.42 -0.98 1.41 1.81 1.66 0.18 1.06 0.16

Notes. This table reports the annualized net out-of-sample utility in percentage points for two portfolio strategies when using
the sample covariance matrix. The first strategy is the unconstrained three-fund strategy in the main body of the paper,
which combines the sample tangent portfolio, the equally weighted portfolio, and the risk-free asset. The second strategy is
the unconstrained four-fund strategy in Section C.5, which adds the sample global-minimum-variance portfolio. The net out-of-
sample utility is computed using proportional transaction costs of 10 basis points. We consider sample sizes 7' = 120 and 240,
and risk-aversion coefficients v = 1,5, 10, and 15.

We report the net out-of-sample utility of the two strategies in Table SM.2.

The table shows that the three-fund strategy outperforms the four-fund strategy, with the
exception of the 25SBTM and 10MOM datasets when 7" = 240, in which case the four-fund
portfolio is slightly superior. This result is consistent with the previous discussion that the

theoretical gain from adding the SGMV portfolio is small and thus may disappear in practical

settings due to estimation errors in the additional combination coefficient to estimate.

C.6 Out-of-sample return correlations

Tables 3 and 4 introduce the puzzling result that even in those cases where the GMVRF
portfolio largely outperforms the EWRF portfolio, combining the SMV portfolio with the
EW portfolio can deliver better performance than combining with the SGMV portfolio in
Kan and Zhou (2007). Specifically, consider the 25SBTM, 10MOM, and 250PIN datasets.
GMVREF largely outperforms EWRF for these datasets, and thus, one would expect KZ3F to

also outperform UNC3F. However, this is not always the case. Indeed, they perform similarly
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for the 250PIN dataset, and UNC3F outperforms for 25SBTM. For instance, consider the
shrinkage covariance matrix, 7' = 120, v = 1, and the 25SBTM dataset. Then, GMVRF
delivers a net utility of 14.9 and EWRF only 8.32, but still, UNC3F delivers a net utility of
37.3 while KZ3F delivers 33.3. This suggests that more favorable diversification properties
arise when combining with the EW portfolio. To see this, in the next proposition we derive
the correlation between the out-of-sample return of the SMV portfolio and that of either the
SGMYV portfolio or the EW portfolio.

Proposition SM.10. Let rry 1 ~ N (u,X) be the out-of-sample asset excess returns, W* =

%i_ﬁi the sample mean-variance portfolio, we, = 1/N the equally weighted portfolio, and
w, = %2_11 the sample global-minimum-variance portfolio. Then,
Corr[(W*) Pry1, W, rri1] = few T bew (SM45)
+1) Wew ! T+1] — 1 )
VEOAT +1) + N) + -2 0
0 —1)6? o 0
Corr[(W*) rrir, Wyrr 1] = letle— 1)) = IR
\/<c (e = 1)82) (S(62(T + 1) + N) + 72)
(SM46)

Assuming that 0., and 6, are positive, it holds that Corr[(®*)'rri1, wl, rr41] is smaller

than Corr[(@*)' vy i1, W,rri] if

eV Ly (SM4T)

Vet (c—1)82 -

In Figure SM.5, we calibrate Equations (SM45)—(SM46) to the four datasets of charac-

Hew < 99

teristic and industry-sorted portfolios we use in our empirical analysis and we depict the two
correlations as a function of the sample size. Moreover, we also depict the empirical value of
the correlations obtained from our empirical analysis in Section 6 for T'= 120 months, and
we find that these empirical correlations are overall in line with the theoretical ones.S™® The
figure shows indeed that, for all datasets and sample size, the correlation is much smaller

between the SMV portfolio and the EW portfolio than between the SMV portfolio and the

SM5We depict the empirical correlations using net out-of-sample returns, which we find are essentially the
same as those obtained using gross returns.
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SGMYV portfolio. For example, for the 25SBTM dataset, the empirical correlation between
the out-of-sample returns of the SMV and EW portfolios is 0.18 when 7" = 120. In contrast,
the empirical correlation between SMV and SGMYV is twice larger: 0.37 for T'= 120 . There-
fore, there are larger out-of-sample diversification gains from combining the SMV and EW

portfolios, which is beneficial to out-of-sample performance.

C.7 Expected out-of-sample Sharpe ratio

In Proposition 2, we show that the oracle unconstrained strategy delivers a larger EU than the
oracle constrained strategy. In this section, we show moreover that the oracle unconstrained
strategy delivers the largest expected out-of-sample Sharpe ratio (ESR), and thus, a larger
one than the constrained strategy. However, this theoretical gain is relatively small and
mostly disappears when accounting for the fact that unconstrained combination coefficients
are more sensitive to estimation errors in mean returns, as discussed in Section 4.

Just like the maximum utility in (2) is unattainable in the presence of parameter un-
certainty, the maximum Sharpe ratio § = /XTI is also unattainable. To quantify the
impact of parameter uncertainty on the out-of-sample Sharpe ratio of an estimated portfolio

W, we define the expected out-of-sample Sharpe ratio (ESR) as in DeMiguel et al. (2013):

ESR(w) = (SM48)

From the proof of Proposition 1, we have that the ESR of the combination between the SMV
and EW portfolios in (7) is
%92 + R ew

HZ '
\/ (02 +d) + <302, + FL2 ey

ESR(w(k)) =

(SM49)

In the next proposition, we show that the oracle unconstrained combination strategy w"
delivers the maximum ESR, which is independent of the risk-aversion coefficient «. In con-

trast, the oracle constrained strategy w° does not deliver the maximum ESR, except for two
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Figure SM.5: Out-of-sample return correlations
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Notes. This figure depicts the correlation between the out-of-sample return of the sample mean-variance portfolio and that
of the equally weighted portfolio (in blue) and sample global-minimum-variance portfolio (in red). The correlation is depicted
for four datasets listed in Table 1 as a function of the sample size T' from N + 5 up to 1,000 months. The solid lines depict
the theoretical value of the correlations obtained from Proposition SM.10. The dotted horizontal lines depict the value as the
sample size T goes to infinity. The crosses depict the empirical value of the correlations, which we obtain from the time series
of net out-of-sample portfolio returns in the empirical analysis of Section 6 for 7" = 120.
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specific values of v, and generally performs worst in ESR as v tends to zero and infinity.

Proposition SM.11. The following holds concerning the expected out-of-sample Sharpe

ratio of combination strategies:

1. The oracle unconstrained strategy W" achieves the maximum ESR of all combination
strategies, which is bounded by the Sharpe ratios of the EW and optimal mean-variance

portfolios:

O < max BSR((k)) = ESR(w") = /02, + (62 — 02, ) < 0. (SM50)

2. The constrained combination strategy W€ delivers the maximum ESR if and only if

Y = Yew 07 Y = 0?/licw. Moreover, if and only if d > s (0 — 30c0)(0 — Oey), W

02,
achieves its lowest ESR when v = 0 or oo:SM6
02

The intuition behind part 1 of Proposition SM.11 is similar to the classical result from
portfolio theory that any portfolio maximizing utility in (2) also achieves the maximum
Sharpe ratio. Similarly, any unconstrained portfolio combination maximizing the EU also
achieves the maximum ESR. However, it is no longer the case under the convexity con-
straint (10), apart from two specific values of 7, and the loss in ESR is generally largest for
investors with small and large degrees of risk aversion.

We illustrate Proposition SM.11 in Panel (a) of Figure SM.6 for the 25SBTM dataset.
We depict the difference between the ESR of the unconstrained strategy w" and that of the
constrained strategy w° as a function of v for a samples size T' = 60, 120, and 480. The
figure shows that the difference is typically not large, expect for small and large values of ~.
Nonetheless, it is always positive and gets larger as estimation risk, N/T, increases.

The consistent outperformance in ESR delivered by the unconstrained strategy in Propo-

sition SM.11 assumes however that combination coefficients are known. As discussed in Sec-
SM6Because d > 0, a sufficient condition for d > 992—2(9 — 30cw) (0 — Oe) 1S Ocyy > 0/3, which often holds.
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Figure SM.6: Expected out-of-sample Sharpe ratio of constrained and unconstrained strate-
gies

ESR(w(x1, r5)) — ESR(W(kY, k)
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Notes. This figure depicts the difference between the expected out-of-sample Sharpe ratio (ESR) of the unconstrained combina-
tion strategy w" and that of the constrained combination strategy w¢ in three different settings. In panel (a), all combination
coefficients are known without errors. In panel (b), k¥ is estimated by &% in (24). In panel (c), k¥ is estimated by &} (6*)
in (29). The figure is constructed by calibrating the population vector of means and covariance matrix of asset excess returns
from monthly returns on the 25 portfolios of stocks sorted on size and book-to-market spanning July 1926 to December 2022.
The ESR difference is depicted as a function of the risk-aversion coefficient v between 0.5 and 20 for a sample size T' = 60 (red
solid), T"= 120 (blue dotted), and T" = 480 (green dash-dotted).
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tion 4, the main difference in estimation errors between the constrained and unconstrained
coefficients is that while the constrained ones are bounded, &% is very sensitive to errors in
mean returns because it is unbounded and proportional to jie,,. When x§ is estimated by K%
in (24), we have from the proof of Proposition 5 that the ESR of the estimated unconstrained

strategy becomes

E Au\/

ESR(W(k!, 7)) = [(@*)'s] — (SM52)

NU AU 1=(xY

JElGoy S + 155

where
E[(") ] = 79 + K e, (SM53)
u\2 2 u, U

Btz = S0 )+ o, + 2, (SM54)

are the expected out-of-sample mean return and variance of the unconstrained strategy when
kY is known, respectively. We can also obtain the ESR of the shrinkage estimator of the
unconstrained strategy proposed in Section 4 by plugging §* in (28) into (SM100)—(SM101).

In panels b) and c¢) of Figure SM.6, we depict the difference between the ESR of the
two unconstrained strategies with that of the constrained strategy. When the unconstrained
strategy is not shrunk, panel b) shows that the theoretical gain in ESR completely disappears.
When the unconstrained strategy is shrunk, panel ¢) shows that the ESR difference is reduced
and is negligible around v = 7e,,.

Finally, we report the empirical out-of-sample Sharpe ratio of the 10 portfolio strate-
gies we consider in the main body of the paper, which are listed in Table 2. We follow
the methodology of Section 6 and define the annualized out-of-sample net Sharpe ratio of
portfolio strategy k as

SRy = V12 x L*, (SM55)
Ok

where [i, and &y are the sample mean and standard deviation of the out-of-sample portfolio

returns net of proportional transaction costs of 10 basis points for strategy k.
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Table SM.3: Annualized net out-of-sample Sharpe Ratio (sample covariance matrix)

T =120 T =240
256SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO
Amed 3.40 291 3.28 3.40 4.51 4.51 2.95 2.76 3.23 3.42 4.69 4.69
Panel (a): v =1
UNC3F 0.88 0.77 0.54 0.39 0.61%¥F* 0.56%+* 0.85 0.80 0.76 0.40 0.80%** (). 78%**
SUNC3F 0.88 0.77 0.54 0.36 0.57*¥F% .51+ 0.84 0.79 0.75 0.36 0.78%¥% (. 77*¥*
CON3F 0.87 0.77 0.53 0.35 0.43 0.36 0.84 0.80 0.72 0.28 0.72 0.72
KZ2F 0.83 0.75 0.47 0.20 0.15 -0.13 0.82 0.79 0.68 0.11 0.44 0.26
KZ3F 0.87 0.82 0.61 0.28 0.47 0.05 0.86 0.84 0.84 0.37 0.80 0.66
KWZ 0.61 0.65 0.39 0.26 0.25 0.08 0.64 0.74 0.56 0.21 0.72 0.65
BOP 0.61 0.55 0.28 0.01 0.22 0.12 0.63 0.70 0.52 0.13 0.04 -0.02
EWRF 0.46 0.41 0.31 0.35 0.62 0.63 0.40 0.31 0.43 0.45 0.75 0.75
GMVRF 0.70 0.55 0.55 0.23 0.48 0.08 0.68 0.49 0.77 0.36 0.80 0.67
SMV 0.81 0.79 0.53 0.19 0.17  -0.12 0.86 0.83 0.71 0.15 0.56 0.39
Panel (b): v =5
UNC3F 0.88 0.77 0.54%  0.39%* 0.61%%* 0.56%** 0.84 0.80%** 0.76**  0.40%** 0.80%** (.78%***
SUNC3F 0.89 0.78 0.58%  0.46 0.69%** 0.65%** 0.85 0.80%** 0.77**  0.44%F* (.83%** (.83***
CON3F 0.90 0.80 0.65 0.54 0.78 0.75 0.88 0.85 0.82 0.53 0.87 0.87
KZ2F 0.83 0.75 0.47 0.20 0.15 -0.13 0.82 0.79 0.68 0.11 0.44 0.26
KZ3F 0.87 0.82 0.61 0.28 0.47 0.05 0.86 0.84 0.84 0.37 0.80 0.67
KWZ 0.82 0.83 0.66 0.40 0.49 0.16 0.89 0.94 0.91 0.40 0.84 0.71
BOP 0.79 0.74 0.58 0.36 0.60 0.55 0.84 0.90 0.81 0.44 0.53 0.38
EWRF 0.46 0.40 0.31 0.35 0.62 0.63 0.40 0.31 0.43 0.45 0.75 0.75
GMVRF 0.70 0.55 0.55 0.23 0.48 0.08 0.68 0.49 0.77 0.36 0.80 0.67
SMV 0.81 0.79 0.53 0.19 0.17  -0.11 0.85 0.83 0.71 0.15 0.56 0.39
Panel (c): v =10
UNCIF 088 077 054%  039%  0.61FFF 0.56¥5 0.8 0.80%FF 0.76%  0.40FFF (.80 0.78%
SUNC3F 0.88 0.78 0.55%  0.39%  0.62%F* .57FF* 0.84 0.80%¥* 0.76%  0.41%F 0.79%¥* (.78%**
CON3F 0.86 0.80 0.66 0.52 0.77 0.77 0.89 0.85 0.82 0.49 0.87 0.87
KZ2F 0.83 0.75 0.47 0.20 0.15 -0.13 0.82 0.79 0.68 0.11 0.44 0.26
KZ3F 0.87 0.82 0.61 0.28 0.47 0.05 0.86 0.84 0.84 0.37 0.80 0.67
KWz 0.83 0.82 0.71 0.40 0.51 0.17 0.95 0.95 0.95 0.41 0.85 0.71
BOP 0.80 0.77 0.66 0.49 0.74 0.70 0.93 0.93 0.88 0.52 0.80 0.66
EWRF 0.46 0.40 0.31 0.35 0.62 0.63 0.40 0.31 0.43 0.45 0.75 0.75
GMVRF 0.70 0.55 0.55 0.23 0.48 0.08 0.68 0.49 0.77 0.36 0.80 0.67
SMV 0.81 0.79 0.53 0.19 0.17  -0.11 0.85 0.83 0.71 0.15 0.56 0.39
Panel (d): v =15
UNC3F 0.88 0.77 0.54*  0.39 0.61%** 0.56%** 0.84 0.80*** 0.76 0.40 0.80%#* (.78%**
SUNC3F 0.88 0.78 0.55*%  0.39 0.62%** 0.56%** 0.84 0.80*** 0.76 0.41 0.80%#* (.78%**
CON3F 0.85 0.80 0.65 0.49 0.71 0.76 0.89 0.85 0.81 0.43 0.84 0.86
KZ2F 0.83 0.75 0.47 0.20 0.15  -0.13 0.82 0.79 0.68 0.11 0.44 0.26
KZ3F 0.87 0.82 0.61 0.28 0.47 0.05 0.86 0.84 0.84 0.37 0.80 0.67
KWZ 0.80 0.78 0.70 0.39 0.51 0.17 0.93 0.91 0.95 0.40 0.85 0.71
BOP 0.81 0.76 0.69 0.53 0.76 0.75 0.96 0.91 0.91 0.52 0.87 0.80
EWRF 0.46 0.40 0.31 0.35 0.62 0.63 0.40 0.31 0.43 0.45 0.75 0.75
GMVRF 0.70 0.55 0.55 0.23 0.48 0.08 0.68 0.49 0.77 0.36 0.80 0.67
SMV 0.81 0.79 0.53 0.19 0.17  -0.11 0.85 0.83 0.71 0.15 0.56 0.39

Notes. This table reports the annualized net out-of-sample Sharpe ratio for the portfolio strategies in Table 2 and the datasets in
Table 1 when using the sample covariance matrix. The net out-of-sample Sharpe ratio is computed using proportional transaction
costs of 10 basis points. For 50 and 100STO, we report the average performance across 500 randomly drawn datasets from a
total pool of 235 stocks. We evaluate the statistical significance of the difference in net Sharpe ratios of UNC3F vs CON3F and
SUNC3F vs CONS3F using the stationary block bootstrap approach of Politis and Romano (1994) and Ledoit and Wolf (2008)
to produce p-values. The stars *, ** and *** indicate that the p-value is less than 10%, 5%, and 1%, respectively.
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Table SM.3 reports the annualized net out-of-sample Sharpe ratios. We only consider the
sample covariance matrix for conciseness; the conclusions are robust to using the shrinkage
covariance matrices of Ledoit and Wolf (2004, 2020). In line with the theoretical predictions
above, the constrained strategy CON3F outperforms the unconstrained strategy UNC3F
in most cases, although the difference is small, and the shrinkage unconstrained strategy

SUNCS3F approaches the Sharpe ratio of the constrained strategy more closely.

C.8 Empirical performance under the elliptical distribution

In Table SM.4, we report the annualized net out-of-sample utility of the unconstrained and
constrained strategies when the combination coefficients are calibrated in three different
ways. First, assuming normality and a finite sample, as in part 2 of Proposition 1 (UNC3F,
CONS3F). Second, assuming normality and the high-dimensional asymptotic regime, as in
Equations (40)—(41) (AsyUNC3F, AsyCON3F). Third, assuming a ¢ distribution and the
high-dimensional asymptotic regime, as in Equation (39) and parts 2 and 3 of Proposition 7
(EIUNC3F, EIICONSF). In the latter case, we estimate the number of degrees of freedom v
via maximum likelihood. We only report the results for a sample size T' = 120 for conciseness,
and we consider both the sample estimate of the covariance matrix and the shrinkage estimate
of Ledoit and Wolf (2004).

We make two main observations from the results in Table SM.4. First, AsyUNC3F
and AsyCON3F underperform UNC3F and CON3F. This is expected because the high-
dimensional asymptotic regime only provides an approximation to the finite-sample EU.
However, the difference in performance is small, which suggests that this approximation is
accurate. Second, UNC3F and CONS3F generally underperform EIIUNC3F and EIICON3F.
This is expected because the latter two account for the effect of fat tails and also allocate
a smaller weight to the SMV portfolio, which reduces turnover and thus transaction costs.
However, the difference in performance is small, which is consistent with the theoretical re-

sults presented in Section 5.2. For the 100STO dataset, we even observe that UNC3F and
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CONS3F outperform EIUNC3F and EIICON3F, which can be explained because SMV per-
forms very poorly and has a very large turnover when 7' = 120 and N = 100, and thus the
extra variation of the coefficient x; on the SMV portfolio caused by the estimation of the

number of degrees of freedom v hurts the net out-of-sample utility.

C.9 Nonlinear shrinkage of the covariance matrix

In Table SM.5, we replicate Tables 3 and 4 in the main body of the paper using the nonlinear
shrinkage estimator of the covariance matrix of Ledoit and Wolf (2020) to estimate the SMV
portfolio. The results are overall similar to those obtained using the linear shrinkage estimator
of Ledoit and Wolf (2004) in Table 4, and therefore the conclusions drawn in the main paper

are robust to using a nonlinear shrinkage estimator.

C.10 Portfolio turnover

In Table SM.6, we report the average monthly turnover of the 10 portfolio strategies we
consider, when the sample size is T' = 120. The average turnover is computed as the average
of the monthly turnover values in (50). We observe that UNC3F systematically delivers a
smaller turnover than CON3F, which is in line with Proposition 4. Similarly, SUNC3F also

delivers a smaller turnover than CON3F.

C.11 Empirical outperformance relative to constrained strategy

Figure SM.7 replicates the simulation results in Figure 3 empirically. Specifically, we depict,
for T' = 120 and the sample covariance matrix, the difference between the net utility of
UNC3F and SUNCS3F and the net utility of CON3F. The figure shows that SUNC3F trades
off between the CON3F and UNC3F strategies. Indeed, for v around the estimated e,
SUNC3F outperforms UNC3F and does not lose much relative to CON3F, and when ~
moves away from .,,, SUNC3F is close to UNC3F and largely outperforms CON3F.
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Table SM.4: Annualized net out-of-sample utility (elliptical and asymptotic coefficients)

Sample ¥ Shrinkage 3
25SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO
Panel (a): v =1
UNC3F 29.4 22.5 6.63 2.92 15.4 10.7 37.3 31.6 14.3 3.70 15.9 16.7
AsyUNC3F  28.7 22.1 6.24 2.69 14.6 8.88 37.3 31.5 14.1 3.49 14.9 16.7
EIUNC3F 31.5 24.7 8.32 3.08 15.4 1.85 37.9 32.8 16.0 3.89 15.6 16.1
CON3F 31.2 234 8.31 5.36 8.59 4.95 42.2 34.5 18.8 6.93 11.5 13.2
AsyCON3F  30.5 22.9 7.76 5.03 8.88 2.40 42.1 34.3 18.4 6.62 114 13.1
EICON3F 334 258 100 543  9.65 -5.96 425 357 203 7.03 120 122
Panel (b): v =5
UNC3F 571 445 128 057 3.07 212 744 631 283 073 318 334
AsyUNC3F 556 437 120 052 291 174 743 629 279 0.68 298 334
EIIUNC3F 6.16 4.91 1.63 0.60 3.06 0.14 7.55 6.54 3.16 0.77 3.11 3.22
CON3F 5.08 441 2.43 1.67 5.67 5.02 8.05 6.96 4.15 1.85 5.88 6.34
AsyCON3F 491 4.32 2.33 1.60 5.50 4.61 8.04 6.93 4.09 1.79 5.65 6.35
EICON3F 5.59 4.81 2.75 1.72 5.69 2.95 8.03 7.10 4.43 1.89 5.79 6.21
Panel (c): v =10
UNC3F 284 222 064 028 1.53 1.06 372 315 141 036 159  1.67
AsyUNC3F 277 218  0.60 0.26 145  0.87 371 314 139 034 149 167
EIUNCSF  3.07 245 081 030 153 0.05 3.77 327 158 038 155 161
CON3F -0.74 1.06 -1.53 -4.01 -1.59 -2.80 1.98 2,76 -0.46 -396 -144 -1.94
AsyCON3F  -0.83 1.02  -158 -4.06 -1.85 -3.00 1.99 2.75 -048 -4.01 -1.73 -1.83
EICON3F  -0.48 118  -1.38 -3.93 -1.70 -3.92 1.91 2.75  -0.35 -3.87 -1.67 -1.91
Panel (d): v =15
UNC3F 1.89 1.48 0.42 0.19 1.02 0.70 2.48 2.10 0.94 0.24 1.06 1.11
AsyUNC3F  1.84 145 040 0.17 097 0.58 248 210 093 023 099 111
EIUNC3F 205 163 054 020 1.02 0.03 251 218 1.05 025 1.04 107
CON3F -293  -011 -355 -785 -6.76 -10.5 -0.14 134 -257 -804 -6.62 -9.49
AsyCONSF  -2.98 -0.12 -3.57 -7.90 -6.96 -10.7 -0.12 134 -257 -8.09 -6.88 -9.23
EICON3F -281 -0.08 -3.54 -7.78 -6.84 ~-11.6 -0.28 1.30  -2.61 -7.92 -6.90 -9.33

Notes. This table reports the annualized net out-of-sample utility in

percentage points for the datasets in Table 1 and the

constrained unconstrained and constrained portfolio strategies when the combination coefficients are estimated in three different
ways. First, assuming normality and a finite sample, as in part 2 of Proposition 1 (UNC3F, CON3F). Second, assuming
normality and the high-dimensional asymptotic regime, as in Equations (40)—(41) (AsyUNC3F, AsyCON3F). Third, assuming
a t distribution and the high-dimensional asymptotic regime, as in Equation (39) and parts 2 and 3 of Proposition 7 (EJUNC3F,
EIICONS3F). In the latter case, we estimate the number of degrees of freedom v via maximum likelihood. The net out-of-sample
utility is computed using proportional transaction costs of 10 basis points. We report the results for the sample estimate
of the covariance matrix and the shrinkage estimate of Ledoit and Wolf (2004). For 50 and 100STO, we report the average
performance across 500 randomly drawn datasets from a total pool of 235 stocks. We consider a sample size T" = 120 and
risk-aversion coefficients v =1, 5, 10, and 15.
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Table SM.5: Annualized net out-of-sample utility (nonlinear shrinkage covariance matrix)

T =120 T =240
25SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO
Amed 3.40 291 3.28 3.40 4.51 4.51 2.95 2.76 3.23 3.42 4.69 4.69
Panel (a): v =1
UNC3F 36.5 24.9 14.6 3.23 15.9%#% 16,744 21.1 25.9 25.1 3.85 30.3%H% 30.4%**
SUNC3F 374 24.9 16.0 4.09 14.77%%% 15 5H*% 21.0 25.8 24.5 2.73 20.7H¥* 29 ik
CON3F 39.8 26.5 18.4 6.51 11.3 13.0 22.4 27.4 21.9 0.30 23.9 22.0
KZ2F 36.1 24.7 14.6 0.71  -0.31 -0.61 19.9 25.8 176 -6.52 11.3 5.98
KZ3F 28.6 28.5 128 -270 -2.93 11.7 20.6 30.5 30.9 3.19 11.3 8.54
KWZ 234 19.0 10.3 4.45 3.60 4.57 17.6 24.8 16.8  -2.08 9.93 9.99
BOP 16.9 707 -122 -185 -31.8 -25.7 15.6 20.9 136 -5.68 -51.0 -102
EWRF 8.32 5.72  -0.59 2.85 17.5 17.5 5.99 247 8.93 9.87 274 27.7
GMVRF 12.5 9.20 9.17  -3.26 -1.07 12.8 12.4 7.75 28.3 9.93 11.5 8.50
SMvV -127 -19.0  -140  -303 548 -1479 -51.0 842 -66.8 -237 -169  -523
Panel (b): v =5
UNC3F 717 4.93 2.88 0.64 3.18%#* 3. 33HH* 3.97 5.13** 5.00 0.77 6.07#F* 6.09%**
SUNC3F 7.39 5.24 3.54 1.43 4.447%%K 4 g4xHK 4.02 5.25%%  5.09 0.81 6.59%F 6. 77K
CON3F 6.82 4.94 4.20 1.84 5.89 6.32 4.03 6.00 5.63 1.41 717 7.38
KZ2F 7.11 4.90 2.88 0.13 -0.07 -0.12 3.74 5.12 348  -1.31 2.26 1.20
KZ3F 5.55 5.64 248 -0.58 -0.65 2.34 3.90 6.06 6.16 0.63 2.23 1.66
KWz 7.78 6.10 5.37 3.31 3.75 3.22 7.52 8.33 8.58 1.41 6.96 6.89
BOP 4.27 3.06 1.76  -3.09 -390 -2.94 5.31 7.23 6.25 -0.51 -5.76 -20.2
EWRF 1.66 1.14  -0.12 0.57 3.49 3.49 1.20 0.49 1.79 1.97 5.48 5.55
GMVRF 2.39 1.82 1.79  -0.69 -0.27 2.55 2.43 1.54 5.64 1.98 2.26 1.65
SMV -27.6 408 -29.2 -104 -112  -312 -11.2 157 -13.8 481 342 -107
Panel (c): v =10
UNC3F 3.58% 246 1.44 0.32%%  1.59%** 1 g7k 1.97 2.56 2.50 0.38%*  3.03%*** 3.05%**
SUNC3F 3.46%* 245 1.29 0.07H% 1,334k ] 3%k 1.92 2.54 2.50 0.35%% 2,957k 2 ghiokk
CON3F 0.19 129 -054 -3.84 -1.40 -1.93 0.21 2.26 099 -341 -098 -1.34
KZ2F 3.55 2.45 1.44 0.07  -0.03 -0.06 1.86 2.56 1.74  -0.65 1.13 0.60
KZ3F 2.76 2.82 123  -029 -0.33 1.17 1.93 3.03 3.08 0.31 111 0.82
KWz 1.72 -0.60 041 -0.22 0.16 -0.36 2.54 1.77 315 -1.34 227 243
BOP -294  -2.66 -2.72 -631 -5.70 -7.81 0.30 1.08 1.07  -4.04 -265 -12.0
EWRF 0.83 0.57  -0.06 0.28 1.75 1.75 0.60 0.25 0.89 0.99 2.74 2.77
GMVRF 1.19 0.91 0.89 -0.35 -0.14 1.27 1.21 0.77 2.82 099 113 0.82
SMvV -139  -2.05 -147 -524 -56.2 -157 -5.64 078 -6.91 -241 -171 -53.6
Panel (d): vy =15
UNC3F 2.38%F* 1.64 0.96%*% (0.21%#F 1.06%*F* 1.11%+* 1.31%  1.71 1.66%*  0.26%** 2,02%%* 2 03***
SUNC3F 2.32%F% 1,62 0.91%%% (0.13%#% (.97*** (.99%** 1.30%* 1.70 LETH*  0.25%%F 2,00%** 2.00%***
CON3F -2.30 0.03 -2.84 -7.88 -6.60 -9.44 -1.17 1.06 -090 -5.93 -4.72 -7.44
KZ2F 2.36 1.63 0.96 0.04 -0.02 -0.04 1.23 1.70 1.16  -0.44 0.75 0.40
KZ3F 1.84 1.88 0.82 -0.20 -0.22 0.78 1.29 2.02 2.05 0.21 0.74  0.55
KWZ -3.32  -6.59 -4.45 -3.88 -3.70 -4.07 -1.89  -3.77  -1.92  -459 -248 -2.06
BOP -8.23 818 -730 -11.2 -10.1 -15.1 -3.93 417 -3.67 -8.03 -6.33 -12.2
EWRF 0.55 0.38  -0.04 0.19 1.16 1.16 0.40 0.16 0.60 0.66 1.83 1.85
GMVRF 0.79 0.61 0.60 -0.23 -0.09 0.85 0.81 0.51 1.88 0.66 0.75 0.55
SMV -9.31  -137 979 -350 -37.5 -105 377 052 461 -161 -114 -35.8

Notes. This table reports the annualized net out-of-sample utility in percentage points for the portfolio strategies in Table 2 and
the datasets in Table 1 when using the nonlinear shrinkage covariance matrix of Ledoit and Wolf (2020). The net out-of-
sample utility is computed using proportional transaction costs of 10 basis points. For 50 and 100STO, we report the average
performance across 500 randomly drawn datasets from a total pool of 235 stocks. We evaluate the statistical significance of
the difference in net utilities of UNC3F vs CON3F and SUNC3F vs CON3F using the stationary block bootstrap approach of
Politis and Romano (1994) and Ledoit and Wolf (2008) to produce p-values. The stars *, **, and *** indicate that the p-value
is less than 10%, 5%, and 1%, respectively. The underlined numbers indicate the strategies that do not belong to the superior
set of models of Hansen et al. (2011) at a confidence level of 5%. For 50STO and 100STO, we underline the three strategies
that are most often rejected, or more in case of equalities. SM29



Table SM.6: Average monthly turnover (7" = 120)

Sample ¥ Shrinkage 3
25SBTM 10MOM 250PIN 48IND  50STO  100STO 25SBTM 10MOM 250PIN 48IND  50STO  100STO

Panel (a): v =1

UNC3F 9.38 4.06 5.48 2.79 1.62 2.92 9.38 4.06 4.29 1.96 1.04 0.76
SUNC3F 9.38 4.06 5.48 2.79 1.62 2.92 9.38 4.06 4.29 1.96 1.05 0.76
CON3F 9.93 4.31 5.79 3.12 2.05 3.29 9.93 4.31 4.54 2.20 1.32 0.81
KZ2F 9.96 4.30 5.76 3.00 1.91 3.06 9.96 4.30 4.52 2.13 1.25 0.77
KZ3F 10.2 4.15 6.07 4.76 4.10 7.98 10.2 4.15 4.68 3.24 2.38 1.95
KWz 7.90 3.87 4.60 2.69 1.08 3.51 7.90 3.87 3.67 1.84 0.65 0.64
BOP 8.55 5.23 5.24 6.40 5.92 11.0 8.55 5.23 5.24 6.40 5.92 11.0
EWRF 0.17 0.19 0.20 0.21 0.30 0.30 0.17 0.19 0.20 0.21 0.30 0.30
GMVRF 6.12 1.67 3.73 3.63 3.94 7.51 6.12 1.67 2.84 2.50 2.29 1.92
SMV 25.2 7.54 16.9 27.1 16.6 106 25.2 7.54 13.3 19.0 10.5 26.5
Panel (b): v =5
UNC3F 1.88 0.81 1.10 0.56 0.32 0.58 1.88 0.81 0.86 0.39 0.21 0.15
SUNC3F 1.88 0.81 1.10 0.56 0.32 0.58 1.88 0.81 0.86 0.39 0.21 0.15
CON3F 2.10 0.91 1.20 0.65 0.35 0.61 2.10 0.91 0.94 0.46 0.23 0.16
KZ2F 1.99 0.86 1.15 0.60 0.38 0.61 1.99 0.86 0.90 0.43 0.25 0.15
KZ3F 2.04 0.83 1.21 0.95 0.82 1.60 2.04 0.83 0.94 0.65 0.48 0.39
KWZ 1.81 0.85 1.10 0.98 0.54 2.75 1.81 0.85 0.83 0.54 0.26 0.38
BOP 1.92 0.91 1.14 1.21 1.08 2.20 1.92 0.91 1.13 1.20 1.07 2.20
EWRF 0.03 0.04 0.04 0.04 0.06 0.06 0.03 0.04 0.04 0.04 0.06 0.06
GMVRF 1.22 0.33 0.75 0.73 0.79 1.50 1.22 0.33 0.57 0.50 0.46 0.38
SMV 5.03 1.51 3.37 5.42 3.31 21.2 5.03 1.51 2.67 3.80 2.10 5.31
Panel (c): v =10
UNC3F 0.94 0.41 0.55 0.28 0.16 0.29 0.94 0.41 0.43 0.20 0.10 0.08
SUNC3F 0.94 0.41 0.55 0.28 0.16 0.29 0.94 0.41 0.43 0.20 0.10 0.08
CON3F 1.32 0.53 0.78 0.59 0.31 0.43 1.32 0.53 0.62 0.41 0.19 0.11
KZ2F 1.00 0.43 0.58 0.30 0.19 0.31 1.00 0.43 0.45 0.21 0.13 0.08
KZ3F 1.02 0.42 0.61 0.48 0.41 0.80 1.02 0.42 0.47 0.32 0.24 0.19
KWz 1.16 0.51 0.75 0.85 0.50 2.71 1.16 0.51 0.53 0.43 0.23 0.36
BOP 1.24 0.53 0.74 0.51 0.38 1.08 1.24 0.53 0.72 0.51 0.38 1.08
EWRF 0.02 0.02 0.02 0.02 0.03 0.03 0.02 0.02 0.02 0.02 0.03 0.03
GMVRF 0.61 0.17 0.37 0.36 0.39 0.75 0.61 0.17 0.28 0.25 0.23 0.19
SMV 2.52 0.75 1.69 2.71 1.66 10.6 2.52 0.75 1.33 1.90 1.05 2.65
Panel (d): vy =15
UNC3F 0.63 0.27 0.37 0.19 0.11 0.19 0.63 0.27 0.29 0.13 0.07 0.05
SUNC3F 0.63 0.27 0.37 0.19 0.11 0.20 0.63 0.27 0.29 0.13 0.07 0.05
CON3F 1.07 0.40 0.68 0.65 0.36 0.47 1.07 0.40 0.53 0.45 0.22 0.12
KZ2F 0.66 0.29 0.38 0.20 0.13 0.20 0.66 0.29 0.30 0.14 0.08 0.05
KZ3F 0.68 0.28 0.40 0.32 0.27 0.53 0.68 0.28 0.31 0.22 0.16 0.13
KWZ 0.98 0.41 0.66 0.82 0.49 2.70 0.98 0.41 0.45 0.41 0.22 0.35
BOP 1.07 0.42 0.65 0.43 0.25 0.68 1.07 0.42 0.62 0.42 0.24 0.69
EWRF 0.01 0.01 0.01 0.01 0.02 0.02 0.01 0.01 0.01 0.01 0.02 0.02
GMVRF 0.41 0.11 0.25 0.24 0.26 0.50 0.41 0.11 0.19 0.17 0.15 0.13
SMV 1.68 0.50 1.12 1.81 1.10 7.05 1.68 0.50 0.89 1.27 0.70 1.77

Notes. This table reports the average monthly turnover for the portfolio strategies in Table 2 and the datasets in Table 1 when

using either the sample covariance matrix or the shrinkage covariance matrix of Ledoit and Wolf (2004). The average turnover is
computed as the average of the monthly turnover values in (50). We consider a sample size T' = 120 and risk-aversion coefficients
v =1, 5, 10, and 15.
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Figure SM.7: Net annualized out-of-sample utility relative to constrained strategy
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Notes. This figure depicts for all six datasets the difference between the annualized net out-of-sample utility
of the unconstrained strategy (UNC3F, solid red) and the shrinkage estimator of the unconstrained strategy
(SUNC3F, dashed black) relative to the constrained strategy (CONS3F). The difference is depicted as a
function of the risk-aversion coefficient . We use a sample size T' = 120 and the sample covariance matrix.
The net out-of-sample utility is computed using proportional transaction costs of 10 basis points. The gray
region depicts the first, second, and third quartiles of the estimated parameter v.,, defined in (8).
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D Proofs of all results

We often use the following three properties throughout the proofs. First, because returns are
i.i.d. normal, the sample mean {1 ~ N (u, X/T), the sample covariance matrix (T—N—Q)ZA] ~
Wy (T —1,3), and they are independent of each other. Second, the inverse sample covariance
matrix is unbiased because of the 1/(T — N — 2) coefficient in (4), E[¥~'] = £~!. Third, the

expectation of a quadratic form in the random variable x is
Elz'Az| = E[z] AE[z] + Trace(AV[z]), (SM56)

where A is a constant matrix (Rencher and Schaalje, 2008).

Proof of Proposition 1

Part 1. Because the inverse sample covariance matrix is unbiased, the SMV portfolio w* is

unbiased as well, and the expected out-of-sample mean return of @w(k) in (7) is
A 12 K1 2
E[®(k) u] = ;9 + Koflew- (SM57)

We can then obtain the expected out-of-sample variance, E[w (k)XW (k)], from Equa-
tion (SM56). This requires knowing the covariance matrix of the SMV portfolio @*, which

from Javed et al. (2021, Corollary 2.2) is3M7

T—N=2)(0*+(T—2)/T)S"+ (T — N)S pp/'s!
V(T —N—-1)(T =N —4) '

V] = . (SM58)

Using E[w(k)] = w(k) and V[ (k)] = xIV[@*], we find from (SM56) that the expected
out-of-sample variance of (k) is

K2 2K1Ko

E[d(k) Z (k)] = 7;(92 +d) + K302, +

few- (SM59)

SMT7 Javed et al. (2021, Corollary 2.2) provide the covariance matrix of @* for the case in which the sample
covariance matrix is scaled by 7' — 1, which we adapt in Equation (SM58) to our case in which it is scaled
by T — N —2.
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Combining (SM57) and (SM59) results in the EU formula in (11).

Part 2. We obtain the combination coefficients maximizing the EU under the convexity
constraint (10) by setting the derivative of (11) with respect to k; equal to zero, taking into
account that ko = 1 — k1. Similarly, the unconstrained combination coefficients are found by
setting the derivative of (11) with respect to x; and k3 equal to zero and solving the resulting
linear system of two equations with two unknowns. It is clear by comparing ¢ in (13) and
K" in (14) that they are equal if and only if 7 = e,.

Part 3. Plugging the constrained combination coefficients k¢ in (13) into the EU formula

in (11), we obtain that the EU of the constrained strategy is

BUy = VHE L dpe _7[< Y 4 >202+d
Y2+ +dy 2402 +d 2|\P2+02+d) A2
d*o?, 2d(Y* + ) fiew
W2+ +d)? (P + 2+ d) v]

1
- 92 2 62 d2 92 d 2 622 2d2 2
a0 B

+ 29t (U + 07) = 20207 + £2)(@? + 2 + d) — 2vdpe, (W + 2+ d)|.

_|_

=U*

(SM60)

The last term in brackets is equal to d(¢? + ¢2)(¢* + (% + d), and thus (SM60) simplifies
o (15). We proceed similarly for the unconstrained strategy: plugging k* in (14) into the

EU formula in (11), the EU of the unconstrained strategy is

EU('LT]U) _ 1/]2 972 d 0271) _ 1 ¢4 92 + d + d2 egw LWGZM
CYrdy Y2+d oy 2[(@+d)? 2 (P2+d)2 2 (P2 +d)? A2
1
:U*—i[Q2 24 d)? 4 (0% + d)p* + d20?, + 2dy)*6?
(g7 ap [ O U A, 20,
— 20222 + d) — 2407, (47 + d)} . (SM61)

The last term in brackets is equal to dy?(¢? + d), and thus (SM61) simplifies to (16).
The unconstrained strategy w" delivers a larger EU than that of the SMV portfolio, the

EW portfolio, and the risk-free asset because they are part of the search space by setting
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k = (1,0), (0,1), and (0,0), respectively. For the same reason, the constrained strategy
delivers a larger EU than that of the SMV and EW portfolios. However, the risk-free asset is
not part of the search space of the constrained because k = (0, 0) does not fulfill the convexity
constraint (10). Using Equation (15), the constrained strategy w° delivers a negative EU,

and thus underperforms the risk-free asset, when

d
U — —kS <0. (SM62)
2y

After some developments, we find that inequality (SM62) is equivalent to
Vlotu(d = 0%)] + V(240 (0% — )] = 6* > 0. (SM63)
The discriminant of this second-degree polynomial in v is
A =402, (d — 6*)(62,d + 6*0?). (SM64)

It follows from (SM64) that A > 0 and real roots to the polynomial exist if and only if

6? < d. In that case, (SM63) holds if and only if 7 is not between the two roots:

7¢ [vm (1 w1+ 9)] (3M65)

d—6?
The negative sign gives a negative root, which we can ignore because any v > 0. Therefore,

the constrained strategy delivers a negative EU if and only if (17) holds. Finally, the threshold

Yneg decreases with d because

ne 6’[1)92
Pneg _ i <0. (SM66)

od — o(d— 221+ £l
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Proof of Proposition 2

Using Equations (15) and (16), the EU gain of the unconstrained strategy relative to the

constrained strategy is

d (k] — KT). (SM67)

BU(@")  BU(@) = o

Since d > 0, this EU gain is positive if k{ > «{, which is the case because

dr?
¢ KgY = > .
MR T R 2 d) T 0 (SMG8)

The EU gain in (SM67) is zero if and only if 7 = 00 or 7.,; the former case is obvious and
the latter case is because (2 = 0 when v = 7,,,. Moreover, the EU gain in (SM67) increases

with d if d(k{ — k}) increases with d, which is the case because

0 ey _ 0 d20?
9 =) = S D 2 1 d)

(24?4 d) + 242 (Y* + d))

= s asar 2C (SM69)

Next, we turn to the decomposition of the EU gain in (19). Given the EU formula in (11),

it is clear that the EU of a portfolio combination @(k) is

EU(W(k)) = EU(k10*) + EU (kaWey) — E[(5107) 2 (kowew )], (SM70)
where
2
Ak K1 Y K1
EU (k%) = ?02 - 5?(02 +d), (SMT71)
EU(KoWey) = Koflew — %ﬁ%afw, (SM72)
E[(k10*) B(koWew )] = K1kaflew- (SM73)

Therefore, the EU gain in (19) can be decomposed as Agpn, + Aew + Acow, Where Ag,, is
defined in (20), A., in (21), and A, in (22). We conclude this proof by deriving a closed-

form expression for these three quantities.
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Expression for Ag,,,. Given (SM71) and the formula for { in (13) and Y} in (14), we have
ot Wt P rd PP P (PP P +d
Pr+dy (W2 +d)? 2y PP+ +dy (P2 +d)P 2y

_ 1 2,12 2 2 2 2 _ 1402 2 2 2

- AR E R W O ) O ) 1 d)

= 262+ )W D+ 6+ )+ P + P
P +d—0,) , 497+ e}

= 2 Ny — 02— ew
2y(0? + d2(y2 + 2 + d)? [“‘W Hew? = Vew g g2 — 2,

Asmv =

(SM74)

which is equivalent to (20). The term in brackets is a second-degree polynomial in v whose
discriminant is 82, (v?+d)/(¢¥*+d—6?,). When ¢? +d — 62, < 0, the polynomial is always
positive, and thus A, < 0 because of the term ¢? + d — 6%, in front. Otherwise, the two

roots of the polynomial are

2(y? +d)
Vew (1 + M) : (SM75)

We have A, > 0 when + is not in between the two roots, and since the smaller root is

negative while any v > 0, this is the case if v > ’yew<1 + wi(fjjgé) ) Otherwise, Ay, < 0.

Expression for A.,. Given (SM72) and the formula for x§ in (13) and % in (14), we have

_d @ B d? @ B dter n Y d*o?,
COredy (PHd?2y P HE+d 2P+ 2+ d)?
do?
= ow 2v2,(V* + d)(W* + 2 + d)* — dyl, (W7 + C + d)?
2v(12 + d)?(1? _1_52_,_(1)2{ Vew (W ) (¥ ) Vew (W )

— 2%V (V? + O + ) (W + d)? + dy(W? + d)?

_ dagw(y - ’Vew)(HQ +d— Newry)
2y(Y? + d)?(¢* + 2 + d)?

[d(’y - 76111)(92 +d— Mewfy) - 2761111/}2 (W + 62 + d)],
(SM76)

which corresponds to (21). The last term in brackets is the following second-degree polyno-

mial in :

A(Y = Yew)0? + d — prew?y) — 2Yew?)” (W + 02+ d)
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= — Y lew[d + 20°] + Y[d(0% + 02, + d) + 402,0°] — Yew[d(d + 62, + 30%) + 2¢0°67].
(SMT77)
The discriminant of this polynomial is A = (¢* + d)(d*(¢¥? + d) — 80%,0* (2% + d)). If d is
small enough such that A < 0, then the polynomial in (SM77) is always negative, and thus
Acw < 0if v € [Yew, (02 + d)/t1ew], and else A,,, > 0. Otherwise, if d is large enough such
that A > 0, then the numerator of A.,,, which is a fourth-degree polynomial in 7, has four

r00ts: ¥ = Yew, ¥ = (0% + d)/tew, and the two roots of (SM77), which are

@2+ d(0% + 02,) + 462,1% & /(2 + d)(d2 (Y2 + d) — 862,420 + d))
2ftew (202 + d) '

Y= (SM78)

It is easy to check that 7., is the smallest root, (62 + d)/ e is the largest root, and the two
roots in (SM78) are in between. Therefore, given that the coefficient in front of v* in the

numerator of A, is positive, it holds that A, > 0 if either v < Yew, v > (0> + d)/ftew, OT 7

is in between the two roots in (SM78).

Expression for A,,. Given (SM73) and the formula for (x, x5) in (13) and (K}, k%) in (14),

we have
A = d(¢2 + EQ) B d7/’2 Vew
cov = Hew (¢2 402 +d)2 (Q/)Q +d)2 v
d ew
- TG E T T O A e+ 4 )

dptew (Y = Yew)
(W2 + d)2(Y? + €2 + d)?

— Ve (12 + 2(¢% + d))

il
d )]
e

V(W +d) + 02,7 = vew) (Y + &)

2+ d) (VP 4 ) + prew(y = Yew)(d® — V(W7 + Ez))}
(SM79)

which is equivalent to (22).
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Proof of Proposition 3

The unconstrained three-fund strategy always delivers a larger EU than that of the uncon-
strained two-fund strategy by construction. To determine when the constrained three-fund
strategy outperforms the unconstrained two-fund one, we need to determine the EU of the
two-fund strategy. Plugging x; = 2/ = 0%/(6? + d) and ky = 0 into Equation (11), we have

d
K2

EU@*H =U" - —
(™) 2

(SM80)

Therefore, given (15), the constrained three-fund strategy delivers a larger EU than that of

the unconstrained two-fund strategy when k¢ < k2/, which is equivalent to 7 < 27e,.

Proof of Proposition 4

We want to find when the Lo-norm of the expected weights of unconstrained strategy is
smaller than that of the expected weights of the constrained strategy, which is equivalent to
showing the same result for the squared Lo-norm because the Ls-norm is positive. We define

f(v) the function of v corresponding to the difference between the squared Lo-norms:

f(v) = 9(k°) — g(K"), (SM81)

where

. K2 K2 2KiK
9(k) = [|miw +H’2weng:7;||2 tpli 4 2+ (SM82)

We want to find the values of v for which f(v) > 0 holds, which can be rewritten as

KS$)? — (KY)? _ k$)? — (kY)? Ytan ; ¢ e u, U
) = G g CAEZ R oD s gy 200 sy

Proposition SM.2 shows that x{ > &% > 0, |7 'u/|3 > 0 by definition, and we assume

Yean > 0. Therefore, a sufficient condition for (SM83) to hold is

2an c,.cC u, .U
(K5)2 — (k)% + ﬁ (KSR — KVRY) > 0, (SM84)
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Inequality (SM84) holds for all values of 7, if the following two inequalities hold:
(k)2 > (k%)? and  KSKS > KUKY. (SM85)

Both inequalities hold whenever 0 < k% < x§ which, from Proposition SM.2, holds when

v E [’y M}_ Therefore, f(y) > 0 in (SM81) if v € [Yew, (0% + d)/ ttew)-

ew; Hew

Proof of Proposition 5

Part 1. The two combination coefficients are k7 in (14) and &% in (24). Because fi¢, is
unbiased, A4 is unbiased as well, and the expected out-of-sample mean return of the estimated

unconstrained strategy is the same as that when &% is known:
A u ~u\/ "{lll‘ 2 u
El@(kY, &5) p] = 79 + Ka lew- (SM86)

In comparison, the expected out-of-sample variance is larger than that when % is known.

Specifically,

u ! u
E[w(rY, 7Y) S (kY 7Y)] = EK?[L’ETJ + R;‘w’ew2> (?Elﬂ + ngew)]
u)2 QU =N

- (”;12)(92 +d) + E[(73)*]02, + :1 E[f 'S Swe,|. (SMS7)

From the definition of &% in (24) and the identity E[42,] = p2, + 02,/T, we find that

o2 B[(73)?] = (x§)%0? Pl (SM88)
ew ew ’}/QT
and
2KY T s 2RYKY 2K} (1 — KY)
AR[REA ST S we, | = T2 g, + L = SM89
CE[RAS T Sw] = T+ T (SMs9)

Therefore, the expected out-of-sample variance is

1 — (k1)

Bl (s, 75)/ Db, 7)) = B{(0") 3]+~

(SM90)
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where E[(@")X®"] = (%)2(02 +d) + (kY)%02, + @uew is the expected out-of-sample
variance when k% is known. Finally, using Equation (16), the EU loss relative to @" when

kY is estimated by RY is given by (25).

Part 2. Using Equation (16), the constrained strategy delivers a larger EU than that of the

estimated unconstrained strategy, EU (@) > EU(W(kY, kY)), when

U - ;Y C> U - ;Y/#f B ;éfﬁ (SMo1)
After some developments, we find that inequality (SM91) is equivalent to
VP [=02,] + V[2pen] + >0, (SM92)
where
W +d)@*+d) (SM93)

AT d) — (202 +d)
The discriminant of the second-degree polynomial in (SM92) is A = 402, (k + 6%,), which
is positive because we assume N > 2. Therefore, inequality (SM92) holds when the risk-
aversion coefficient v belongs to the interval in Equation (26). Finally, the length of the

interval (26) decreases with d because

D[ (@WP+d)2*+d) | 29T + 4" (dT +1) + 2¢°d(dT +2) + &
dd | dT (2 4+ d) — (292 +d)| (dT (2 + d) — (202 + d))*

< 0. (SM94)

Proof of Proposition 6

Part 1. The mean and variance of k4(d) are

E[72(5)] = (1 — 8)KY + 6(1 — KY), (SMY5)
ugeyy (L= 0)2 (1 — kY)?
VIR0 = (SM6)
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Therefore, the mean squared error of &5(0) is

(E[R4(0)] — k%) + V[R4(0)] = (Gl (6262 + (1 _T(S) ) (SM97)

V2%
Setting the derivative of (SM97) equal to zero delivers the optimal §* in (28).

Part 2. The formula for £%(6*) in (29) is directly obtained by plugging § = 6* into (27).

Moreover, the two derivatives in (30) are

0 1—rY TP
——— Ry (%) = - SM98
O 2O = 2 T TR (8M9%)
0 1 — kY
Ry = SM99
T (SM99)

and thus their ratio is equal to 1 — §* < 1, as desired.

Part 3. To prove the result in (31), we derive a formula for the EU delivered by &4() for
any 0, and then plug in 0*. Using the mean and variance of £4(d) in (SM95)—(SM96), we
find that the expected out-of-sample mean return delivered by £4(0) is

U

[ (K", #4(5)) 1] = 79 + (1= 6) K tew + 0(1 — K ) e, (SM100)

u)2 u
Z(:gw2+d)+oéEP$®V]+2§Wﬂaﬂ®ﬁirﬁzwwj, (SM101)

where, using (SM88)—(SM89), the two expectations in (SM101) are

E[#5(5)°] = (1= 0)(w5)* + 8°(1 = &})” + 20(1 = 8)(1 — K})w} + e 20(21; i

(SM102)

(1 -9 =)

~u Algy—1 _ U
E[#3(0)A'S ™ Swew| = (1= 8)tew + T

+ (1 — KY) prew- (SM103)

Next, using £ = 22#(1 — £{) and the fact that the EU when £3 is known, EU(@") in (16) is

obtained by plugging (K1, ko) = (kY, k%) into (11), we obtain after some simplifications that
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the EU delivered by #5(0) is

1 — kY 2 1 — kY
EU (K", #4(5))) = EU(d") — M’fl <5 ( = ) o514 #;). (SM104)

Now, plugging § = §* into (SM104), we obtain

BU((xt, 74(6%))) = BU(6") — 0= 5*)2<le_ (w1)7) (SM105)

which, given (25), is equivalent to (31).

Proof of Proposition 7

Under the elliptical model (38) and in the high-dimensional regime as N,7 — oo and
N/T — p € (0,1), El Karoui (2010, 2013) show that under a set of technical assumptions
that ensure that the distribution of the A;’s does not put too much mass near zero (see

(Assumption-BB) in El Karoui (2013) for details) we have, for any vector v,

VST B oS, (SM106)

, (SM107)

provided v'X 'y and p'Y "t are bounded as N — oo, where o > 1 and 3 > «o? are defined
in the proposition statement.>M® We exploit these results to prove the proposition.

Part 1. The out-of-sample utility of the portfolio combination (k) is

2 A~ A~

U (k) = %u’i*ﬂ Kol — ;’(:gﬂ’zlzzlﬂ + K302, +

w;wzilﬂ>.
(SM108)

Given (SM106)-(SM107), we directly find that the asymptotic limit of U(w(k)) is equal to

U(k) in (44).

Part 2. We obtain the combination coefficients maximizing U (k) under the convexity con-

SM8Qur definition of o and 3 is such that o = (1 — p)s and 8 = (1 — p)3¢, where (s,£) are defined in
Equations (3.1) and (3.2) in El Karoui (2013).
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straint (10) by setting the derivative of (44) with respect to x; equal to zero, taking into
account that ko = 1 — k1. Then, to evaluate the asymptotic loss in out-of-sample utility, we

use the fact that when ko = 1 — Ky, U (k) simplifies to

= 1 362 62
Ulk1, 1 = ky) = K7 (aﬂew - %Ugw - 2761jpap> + K1 (047 +y02, — (1+ O‘)Nﬂﬂ)

F fhew — %azw. (SM109)

Using (SM109), the asymptotic out-of-sample utility loss is

7 (mC ~C =c =c v 1 662 +ap
. o [ab? )
+ (Hlvn o Hl) T + VOew — (1 + O‘)M@w . (SM].lO)

WoTw 9y 1—p
1 — a)f? 1+ 62
_ _(aw Tl — a%ew) + (1 — @)yt + PO TP >)
2y L—p
2 _
= LoV Hoelly = o) (SM111)
2y R
and
62 1
QT + 702, — (14 Q) flew = ;(an + Oenl(y — a’yew)). (SM112)

Plugging (SM111)-(SM112) into (SM110), we obtain after some developments that the

asymptotic utility loss simplifies to (46).

Part 3. The unconstrained combination coefficients maximizing U (k) are found by setting
the derivative of (44) with respect to k; and k9 equal to zero and solving the resulting linear

system of two equations with two unknowns. Then, we evaluate the asymptotic loss in out-

of-sample utility. Since k3, = ”;w (1 —kY,), the asymptotic out-of-sample utility delivered
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by the combination coefficients that are optimal under normally distributed returns is

1

URY) =U* — — ((H1f,n>2 ( — (20— 1)9§w> — 20} ¥ + W). (SM113)

For the combination coefficients that are optimal under elliptically distributed returns, we

have k§ = “’;“’ (1 — akY) and thus the asymptotic out-of-sample utility is

- 1 6>
mwﬁ—utth%f02ffm—M%Q—ﬂw#W+wﬁ- (SM114)

Using (SM113)—(SM114), the asymptotic out-of-sample utility loss is

L ((ﬁ%f (a%zw - M) ‘ <ﬁ§an>2(592”" (20~ 1>95w) + 2007 (R} re;an)).

2y 1—p 1—p
(SM115)
Now, notice that
92 A2 92 1 92 2
a26?, — Bo” + ap _ —<a21/)2+ (B—a?)0®+ap(l+a )) _ _0471/; 7 (SM116)
1—p 1—p Ky
and
92
PP 00— 1ye2,
L—p

(B —a?)6? + ap(1 + ah?) _ ar)

2
—1)%62 . M11

=’ + (a = 1)°0, +

Plugging (SM116)—(SM117) into (SM115), we obtain after some developments that the

asymptotic utility loss simplifies to (48).

Proof of Proposition SM.1

Part 1. When i = p + € while X is known, we have

flew = w;wﬂ = flew T €, (SM118>

ﬁ/ew = ,aew/o-gw = Yew + E_/Uzu” (SMllg)
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2= h=0>4+2S " p+ T e, (SM120)

~92
0= lew g2 oS g S e — 28, — 8207, (SM121)

Using (SM118)—(SM121), the estimated combination coefficients are

o e 4 2E  \u 4 €'Y e — 28y, — 82/,
P02 4 eN/T+ (c— )2 Y2 +d+2ce'Sp+ ce'Sle — 28y, — E2/02,

(SM122)
pu_ Jew oy auy _ Hew tE Ly SM123
’12—7( —RY) = Vo2, (1 —&7), ( )
) D2+ 02, (Y = Yew + P4 2'T S e — 28

o V2 + 02, (Y = Yew)” VP4 2+ 26’8+ €57 e — 28y
R{ = < ~. — —
L2402 (Y — Aew)2 + NJT + (c— 1)02  ?+ 2+ d+2ce'S " + ce’Tle — 28y

(SM124)

RS =1— RS, (SM125)

which yields the desired estimation errors in (SM1)—(SM3). Finally, & = s} + W%(l — KY),

which corresponds to (SM4).

Proof of Proposition SM.2

Part 1. In Proposition 2, we prove that EU(®") — EU(®°) = %(nﬁ — kY) > 0, which

implies that x{ > k}. Moreover, both x{ and k} are between zero and one given their

definition in (13) and (14). Finally, since 7, = %;" k1, we have 0 < 7pt < mf - if Yian > 0.

Part 2. We can show that

K/u—/ic_’yew d o d
2y 2 d P+ +d

d
= ’)/(wQ + d)(f(/}? L2 d) (erw(wQ + 62 + d) _ ,.y(w2 + d))
_ d,uew(’)/ — ’yew) 02 +d
T+ 21D (” " e ) ($M126)
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Therefore, the inequality s > k5 is equivalent to

2
(Y = Yew) (7 - e/f d) > 0. (SM127)

Since (6% + d)/ptewy > Yew under the assumption that e, > 0, it directly follows that

0< ki <rk§iftye [’yew, 9;—*‘1} and k4§ > k§ otherwise.

Part 3. After some developments, the inequality 7/, > 77, is equivalent to
72 [Uzw(%an - ’Vew)} + 7[2,“6111(7614) — Yian) + ¢2 + d] + [’thmegw - ’Yew(02 =+ d)] > 0.
(SM128)

Because we assume 4, > Vew, this polynomial has two roots:

Ytan — (62 + d)/:uew
r)/tan/’yew -1

Y =Yew and y= , (SM129)

and we can then write the following about inequality (SM128):

Ytan — (92 + d)/ﬂew
F}/tan/r}/ew - 1

my <y if v e ,Yew| and m! >, otherwise.  (SM130)

The lower bound of the interval is negative under the assumption Y0, < (6% + d)/fiew-
Therefore, 7'y < 7, holds for 7 < 7, becaus any v > 0. Finally, when v < 7., we have

that 77, < 0 because 7y, = %n‘{(w — Ytan) a0d Vian > Yew Dy assumption.

Proof of Proposition SM.3

The proof of parts 2 and 3 of the proposition is direct by taking the limit of k% and k¢
in (13) and (14) as N,7 — oo and N/T — p € (0,1). Therefore, we turn to the proof of
part 1 of the proposition. The asymptotic expectation of the out-of-sample mean return and
variance of @W(k) can also be directly obtained by taking the limit in (11). We are left with

the asymptotic covariance matrix of the out-of-sample mean return and variance, which are
W(K) 1 = KW 1+ Koplew, (SM131)

W(K) ZW(k) = KIDVED* + K302, + 2K kow),, D™, (SM132)
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where w* = %i_lﬂ in (5) is the SMV portfolio, which is unbiased and has a covariance
matrix given by (SM58). Kan et al. (2023, Theorem 3.2) implies that the asymptotic joint
distribution of (@* p, W*'Xw*, w’,,X*) is normal. Therefore, using the delta method, the
asymptotic joint distribution of (@(k)'p, W (k) XW(k)) is normal as well. Using the formu-
las for moments of linear and quadratic forms in normal random variables (Rencher and
Schaalje, 2008), we can then find the three entries of the asymptotic covariance matrix of
(@ (k) 1, W (k) ZD(K)).
First, the asymptotic variance of w(k)'u as N,T — oo and N/T — p € (0,1) is
2

lim (T — N)V[ (k)] = 2 lim (T — N)p'Vido*]n = “Lo>(1+26%),  (SM133)
Y

N/T—p N/T—p

which corresponds to Vi; in (SM9).
Second, the asymptotic covariance between w(k)'p and W(k)'Xw(k) as N,T — oo and
N/T — pe(0,1)is
lim (7' — N)Cov[w(k) p, (k) 2D (k)]
N/T—p

= lim (T = N)(263:Cov[t*' p, w!,, Lb*] + w3Cov[* p, ' Sii*]), (SM134)
N/T—p

where, given E[@*| and V[®*],

lim (T — N)Cov|t* g, w, S = lim (T — N/ V[ | Swe, = 22 (1 + 267),

N/T—p N/T—p ’)/2

(SM135)
lim (T — N)Cov[t*'p, &S0 = lim 2T — N) 'V | SE[w] = 20 (1 + 262)
N/T—p ’ N/T—p 73 ’

(SM136)

Plugging (SM135)-(SM136) into (SM134) yields

lim (T — N)Covlth (k) p, () St (k)] = 21

N/T—p A2

(1+26%) (’:02 + @uew), (SM137)

which corresponds to Vi3 = Vo1 in (SM10).
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Third, the asymptotic variance of (k) Xw(k) as N, T — oo and N/T — p € (0,1) is
. _ A / A
i (T = N)V{ib () Zb ()]

:J%luﬂ—NxﬁVWWEwﬂ+4ﬁ@w@2VWﬂ2wwﬁ%m%ﬂbﬂw“2wﬁw@Ewﬂ»
—p

(SM138)

where, given E[®w*] and V[w*],

lim (T — N)V[@"'Sd*] = lim (T — N)(2Te((SV[%7))?) + 4E[*) SV[b*|SE[w])

N/T—p N/T—p

2
= ?(04(7 +p) +20%(2+p) + p), (SM139)
2
lim (T — N)w,, SV[@*]Sw,, = 22 (1 + 62, + 6), (SM140)
N/T—p y
2 ew
lim (T — N)Cov|”' S, w., L] = lim 2(T — N)aw., SV[d*]|SE[w*] =~ (1 4 267).
N/T—p N/T—p 73
(SM141)

Plugging (SM139)-(SM141) into (SM138) yields

. _ A ! A
N}I:/’Igp(T N)V[w (k)XW (k)]

261 (K3 (4 2 Ak g 2 2 2 2 2
== ¥(0 (T+p) +20°(2+p) + p) + (14 26%) + 20507, (14 62,4+ 6°) ).

(SM142)

which corresponds to Vs, in (SM11).

Proof of Proposition SM.4

Part 1. The SMV portfolio @* is unbiased, and the SGMV portfolio @, too (Okhrin and
Schmid, 2006). Therefore, the expected out-of-sample mean return of the portfolio combina-

tion (SM16) is

MQMH=%¥”+mw- (SM143)
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The expected out-of-sample variance decomposes as

2
2 ~
B[ (k) St (k)] = %(02 +d) + K3E [} S, | + T R[S S| (SM144)
From Kan et al. (2022, Lemma 1), it holds that
E[), S, ] = c102, (SM145)

where the constant ¢; is defined in (SM19). Therefore, it remains to evaluate the expectation

E[p'S ' S,] = E{ﬂlilzgll}

= (SM146)
s-11

In the following lemma, we prove that this expectation is equal to c; .

Lemma 1. E[%} = c1)tg, where ¢ is defined in (SM19).

We prove this lemma in the next section. Combining Equations (SM144)-(SM145) and

Lemma 1, the expected out-of-sample variance is

2
2
E[d(k) S(k)] = %(92 +d) + 1o + 0151“2 g, (SM147)

which results in the EU formula in (SM18).

Part 2. The unconstrained combination coefficients are found by setting the derivative
of (SM18) with respect to x; and ky equal to zero and solving the resulting linear system of

two equations with two unknowns.

Part 4. The EU of the unconstrained strategies is found by plugging the unconstrained

coefficients (k1, k2) in (SM20) into the EU formula (SM18) after some developments.

Proof of Lemma 1

Proving the lemma amounts to show that

[ﬂ@;%i?f?;ﬁl} T(T = 2)p

1/2;}%1 - (T — N — 1)(T — N — 2)7 (SM148)
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where f]ml = T%N_zf] is the maximum-likelihood estimator of X.

Let P be an N x N orthonormal matrix whose first two columns are

v=0,571, (SM149)
Sa(p— gl
n= (‘; #ol) (SM150)
g
where 1), is defined in (SM17). Let
z2=VTP'S 2fi ~ N(p., Iy), (SM151)
W =TP'S 28,5 2P ~ Wy(T — 1,1y), (SM152)

and they are independent of each other. We can show that
p. = VTP'S 5 =\Tb,e, + Ve, (SM153)
where e; is the ith column of the identity matrix Iy. Using W and z, we can write
f="—eWz, (SM154)
1= =1 (SM155)
It follows that

AEIEE 01 VTo,eiW 22
sl eWile

=:q. (SM156)
We are interested in obtaining the exact mean of ¢, which is equal to

€3W72€1

—_ M1
e/W-le; (SM157)

Elg =T ugE[

/ —2
} +Tag¢gE{elw 62}

e\W-le;
Partition W into four blocks such that Wi, is its (1,1)th element. Using Muirhead (1982,

Theorem 3.2.10), we can show that

z:=(e\Wle)) ™ = Wi — W Wi Wa ~ X7y, (SM158)

Y =Wy Wy ~ N(Oy_y, In_y), (SM159)
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WQQ ~ WNfl(T - 1, INfl), (SM160)
and they are independent of each other. Let Q = [ea, ..., ey]. From the partition matrix
inverse formula, we can verify that

QW e, = WQ; v (SM161)
B B wW. 2yy/W 2
QWTQ =Wy + =22 (SM162)
so we have
1,0 W2
eQW_lel [1, Oy_5|Wy'y (SM163)
x
It follows that
e\W%e; = e\ W'ley, Qller, QW ey
= (e\Wle))’ + W 'QQW e,
/ —1
— w) (SM164)
T
e\W e, = ey W 'leq, Qller, QW e,
= (efWle))(efWley) + el W'QQ'W e,
_ 1, Oﬁv—ziW;ng n y'Woy,? <W221 + Wy yy' Wy (SM165)
T T T
Using the above expressions, we obtain
& W %e] _ g1t Yy Wy'y
e\W-le; x
=E[l +y'Wy'y|E[z]
N—
_ L+ T—Nl—l
T—N-2
T-—2
(T—N—-1)(T—-N-=-2) (SMI66)
e/W2e,
El-——=| =0 SM167
L'IW%J ’ ( )
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and therefore we have from (SM157) that, as desired,

T(T —2)pq

Bd=a—~-pr-~n=9

(SM168)

Proof of Proposition SM.5

The two combination coefficients are s} in (SM20) and &% in (SM22). Because 'Y is
unbiased, 44 is unbiased as well, and the expected out-of-sample mean return of the estimated

unconstrained strategy is the same as that when &% is known:
H'U,
E[b (<, i) 1] = 167 + k3. (SM169)
v

In comparison, the expected out-of-sample variance is larger than that when x4 is known.

Specifically,
PYRTEPNTAVA < S N TP 7} ("{111)2 2 AuN2, A/ A 2’{7{ AuA/g—1 ~
E[W(kY, RY)' D (kY, RY)] = 7(9 +d) +E[(/{2) ngwg] + TE[@M X Ewg}.
(SM170)
Applying (SM56), E[@;Elﬁg} = 0103 in (SM145), and Lemma 1, we have that
/e —r¥)? _[S 1TE 1881112
E[(ﬁgﬁ@éz@g} _ ( /Cl - ’%1) E Y _ 12
vy (1'¥-11)2
we | c(l/e — ki)?
= claj(n2)2 + ’YZ—Tl (SM171)
and
2 - 264(1/cy — k) _[A/Z 11TEIEE "1 p
ﬂE[%gﬂIE—lzmg} — Kl( /C]. K’I)E 1 “ 1
y 72 1/2—11
201 KYRY 2¢16Y(1/c1 — KY)
= . SM172
ol g + T'YQ ( )
Therefore, the expected out-of-sample variance is
1 2 2
Bl i) St )] = By Sab(e)] + LD g
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where E[® (k") 2w (k)] = (%)2(92 +d)+c107(K8)*+ w% is the expected out-of-sample

variance when x4 is known. Finally, the EU loss relative to @(k") when Y is estimated by

RY is given by (SM23).

Proof of Proposition SM.6

The mean and variance of £4(0) are

E[75(6)] = (1 — 0)w% + 6(1/c1 — wY), (SM174)
cusy — (L= 0)*(L/er — K7)”
V[RY(9)] = e (SM175)

Therefore, the mean squared error of £5(0) is

(ElR6) - nt )+ ViRg(o) = L (m R Clul) ) (SM176)

2
ogT

Setting the derivative of (SM176) equal to zero delivers the optimal §* in (SM.6).

Proof of Proposition SM.7

The EU of the combination of the SMV and SGMV portfolios,
W)= —X'u+—3"1, (SM177)
is obtained by plugging ko = 0 into (SM39), which gives

2 2

N K1 ,9 Ko Y [ Ky [ 9 N) k5 1 2K1Ke

E SRy T P AR P SM17
Vb)) = S0 e = (72( ) Tt (SAITS)

The EU of the portfolio combination of Kan and Zhou (2007) in (SM32) is then obtained by

plugging x%* and £47 in (SM31) into the EU formula (SM178) after some developments.

Concerning the fully invested combination of the SMV and SGMV portfolios, (k)
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n (SM28), we have from Kan et al. (2022) that the EU depends on  as

oy, AT=N=2( , ¥/, N—I1\(T-2(T—-N-2)
EU(“’(“))’“‘Q_CI“-JW—1(“%_2<¢9+ T )(T—N)(T—N—S))'

(SM179)

The EU of the optimal portfolio combination is then obtained by plugging x*** in (SM29)
into the EU formula (SM179).

Proof of Proposition SM.8

Part 1. The two combination coefficients are x¥ in (SM31) and &%* in (SM34). Because
fi, is unbiased, /%% is unbiased as well, and the expected out-of-sample mean return of the
estimated unconstrained strategy is the same as that when x5 is known in (SM178):
E[w(k}*, #57) ] = ﬂ;chH? + 55 Yyam. (SM180)
In comparison, the expected out-of-sample variance is larger than that when k5% is known.

Specifically,

kz\2 1 N N
E [ (s}, #57) Sab (kf7, #57)] = (w7") (0% +d) + SE[(35)1'S 25 1]
v y

2:"ikz

LE[EF1STIES ). (SM181)

Applying (SM56) and E[i_lﬁi_l] = cX~!, we have that

1 S /e — k)2 _[A/S 1SS 11114
SE[(#F)P1ETIS8 1] = (/e = xr7) E[“ “}
N

2 72 (1/2—11)2
kz\2 1 .
= C(ff,g) e 2TR1 ) (SM182)
g
and
268 1. 1 _ 28 (1/c — k) ﬂ’E‘lll’f]—lEf]—lﬂ
LE[RFISTIES ) = = E T
2ckk* Kk 2ekF*(1/c — KF?

= 7;2 2 Yian ! %T ) (SM183)
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Therefore, the expected out-of-sample variance is

E[@(kf?, 57 Sd(ki7, #57)] = E[w(s") S (5'7)] + 0(1/627;12/112) ) (smisy)

where E[w(mkzyzw(nkﬂ] = c( 2)2 0%+ )+ (H%;)Q ;12 + 2H1 52 ’thm) is the expected out-
of-sample variance when k%% is known. Finally, the loss in EU relative to @(k"*) when x4

is estimated by #4* is given by (SM35).

Part 2. Using Equations (SM33) and (SM35), the fully invested strategy of Kan et al.
(2022) delivers a larger EU than the estimated three-fund strategy of Kan and Zhou (2007),
EU(w@(k""*)) = EU((k{*, #57)), when

Y 2 I'—N-— 21/}9 kwz * d kz c—1 kz C(]'/CQ B (/{llcz)2)
. . AT 4 > U - 5 an - .
o= 500 N 19" Ty T Ty Ttenf2 T
(SM185)
After some developments, we find that inequality (SM185) is equivalent to
_ 2
Y [-aog] + v 2pg] + ——* >0, (SM186)
1

where b is defined in (SM37). The discriminant of this second-degree polynomial is
A = 402b. (SM187)

If b < 0, the polynomial (SM186) has no real roots and the Kan-Zhou three-fund strategy

outperforms for any . Otherwise, the two real roots of the polynomial are those in (SM36).

Proof of Proposition SM.9

Part 1. Because the four-fund portfolio combination in (SM38) is unbiased, the out-of-

sample mean return is unbiased as well,

E[w(k)'p] = %92 + Hoflew + %%an. (SM188)
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To find the expected out-of-sample variance in (SM56), we need the covariance matrix of

(k). Using the result in Javed et al. (2021, Corollary 2.2), it is

V[ﬁ;(n)]-cﬁ( e +1>21

T—-2 T

+02< S lup/s 4 32 1y +“;32 (u1’+1u’)2—1>, (SM189)

where
c¢(T'—N) T—N
— = . SM190
2T T _(T-N—-2) (T-N_1)(T—-N_4 ( )
The expected out-of-sample variance is then given by (SM56), where
R R K2 1 2K1K9 2K1K3 2KoK3
E[(k)]SE[®(k)] = 7592 + K202, + 7—30—3 + ew + 5 Vean + . (SM191)
2 2 2
N i N cN K{ o K3 1  2KiKk3
Trace(XV[w(k)]) = —? + (02 t 2) (720 + ?073 + 7%% . (SM192)
Noticing that 1+ ¢y + qu = ¢, the expected out-of-sample variance is
2 2
NPV _ (Ki(, N K3 1 2K1K3 9 9 2K1K9 2KoK3
oy Zia(o)] = o 5 (1 ) 2+ ) et 20 2
(SM193)

and thus the EU is given by (SM39).

Part 2. The EU of the four-fund portfolio in (SM39) can be rewritten in matrix format as

EU(w(k)) = k'n — —K: 'Sk, (SM194)
where
2 c 2 N lew — CYtan
F/y (0P 5) e e
= — Hew 2 1
n fiy | and S < o2, 1 (SM195)
7tan/’7 Cﬁg% % 72003

The matrix S is positive definite and thus invertible. This is because the covariance matrix

is assumed positive definite, and thus any expected out-of-sample variance is strictly positive,
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k'Sk > 0 for any kK # 0. As a result, the combination coefficients £ maximizing the EU

in (SM39) are
1
K" = argmax k'n — %K,/SK, =-S!n, (SM196)
” Y

which from (SM195) simplify to (SM40)-(SM42) after some developments.

Part 3. Just like the utility of the optimal mean-variance portfolio w* is U* = 62/(2v) =
WX p/(27), the EU achieved by the optimal four-fund portfolio combination (k") ob-

tained from the combination coefficients (SM196) is

BEU(w (k")) = , (SM197)

where 17 and S are defined in (SM195). After some developments, we can show that (SM197)

corresponds to (SM44).

Proof of Proposition SM.10

We begin with the correlation between the out-of-sample return of the SMV and EW port-
folios, which is

Cov[(W*) P11, ey Tr41]

\/V[(ﬁ’*)/TTH]V[’w;erH] ' (SM198)

Corr[(@*) rri1, we, Tr41] =

We must evaluate the three terms appearing in (SM198). It is clear that V[w., rr.1] = o2

ew*

Moreover, applying (SM56),

A 1 ATY— N*
Cov[(®*) Py, w. rri] = ;E[r’Tﬂwewu’E Yrr] — E[(@%) rr g Elw!  rri1] = tew/7-
(SM199)

Finally, from the law of total variance,

V(") rr] = E[(@7) "] + ' V[ p, (SM200)
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where E[(w*)' ] = % from the proof of Proposition 1 and V[@*] is given by (SM58).

This gives

V(@) rri1] = 712 (;(HQ(T +1)+N) + Tfif_ll) (SM201)

Plugging Cov[(@w*)'rri1, w., rr41], V[wl, Rrii], and V[(@*)rry] into  (SM198)
gives (SM45). This correlation tends to 0.,/0 as T — oo.
Let us now consider the correlation between the out-of-sample return of the SMV and

SGMYV portfolios, which is

Cov[(W*)'Tri1, Wyrr 1]

(SM202)

k! Al .
Corr{(® )TTH’wngH] B \/V[(w*)/TT—&-l]V['Iﬁ/TT-H].
g

Applying (SM56) and E[£'AX"!] = ¢X1AX! for any constant matrix A, we have that

A K A 1 A AlSY— A K A
Cov[(®*) rry1, Wyrr1] = ;E[T%Jrlwgﬂ'lz "rra] — E[(@*) o JE[@)r741]

=Ty (e 1)6?). (SM203)

2
Similarly, we can show that

. 1 el 1
V[, rri] = —(E[T’THE 1S ] — 'yfan> = ?(0/03 + (c— l)fyfan). (SM204)

,YQ

Finally, plugging Cov[(®*)'rr 1, W;rri1], V[@,rrii], and V[(@*)'rry,] into (SM202)

gives (SM46). This correlation tends to 6,/0 as T' — oo.

Proof of Proposition SM.11

Part 1. Given Equation (11), the ESR of the three-fund portfolio in (7) can be rewritten in

matrix format as

KM
VK SK’

ESR(w(k)) = (SM205)
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where

02 % 92+ N Hew
n= / and S= |7 (+3) (SM206)
Hew Hew 0_2

The matrix S is positive definite and thus invertible. This is because the covariance matrix 3
is assumed positive definite, and thus any expected out-of-sample variance is strictly positive,
Kk'Sk > 0 for any kK # 0. As a result, just like any maximum-utility portfolio %E_l 1 provides
the maximum Sharpe ratio v/~ I, any vector of unconstrained combination coefficients

k" = 18§71 provides the maximum ESR:

=5

max ESR(W(k)) = ESR(W (k")) = \/n'S™'n. (SM207)

After some developments, we find that

VIS = /02, + (62 — 02, )t (SM208)

which is in between 6., and 6 because k! € [0, 1].

Part 2. The constrained combination coefficients maximizing the ESR in (SM49) are

_ o/ - N E
RTUEWN Vwsk  USn \0tmd gy ) (31209

and they correspond to the unconstrained combination coefficients in (13) for v = ., and
v = 0?/jiey, in which case the constrained strategy delivers the maximum ESR.
To find when the ESR of the constrained strategy w¢ is minimized, we first simplify its

ESR by plugging (13) into (SM49), which gives

dptewy + 02 (Y2 + %)

ESR(w°) = . (SM210)
V2 + 8+ d)(do2, 0 + 6292 + 2))
From (SM210), it is easy to check that
02
lim ESR(%°) = lim ESR(%°) = . (SM211)
~—0 Y—00 62 + d
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To see under which condition no value of v between 0 and oo can give a smaller ESR

than (SM211), we differentiate F'SR(w®) with respect to ~:

202 — ., o — O 02 — g2 ~2
9 PSR (0% = pew) (ttew — 02,7)( 06107332.

o (2 + 2 + d)(do2,72 + 02(42 + 2)))

(SM212)

This derivative is equal to zero when 7 = 7., and v = 6?/ic,,, which correspond to the two
maxima identified above, and when v = /0., which corresponds to a local minimum. To
conclude the proof, we must thus find when the value of ESR(w®) with v = 0/0,,, is larger
than 62/v/0% + d in (SM211). By plugging v = /0., into (SM210), we find that

2(0 _
SR — ool +20 (0 — 0.,)

- h = /0w, SM213
6d 12020 —0,y) e 7 =00 ( )

and after some developments this value is larger than 6*//62 + d when
2

0
d> E(G — 300)(0 — ). (SM214)
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