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Introduction

The notion of copula introduced for the first time in|Sklazl [1959] provides
a flexible tool to describe the interrelation of several random variables,
as it allows to link the univariate distributions to the multivariate dis-
tribution. To be precise, a copula is a function C': [0, 1]P — [0, 1] with

F(zy,...,2p) = C(Fi(z1),..., Fp(zp)), (x1,...,2p) €RP

with F' being the joint distribution function and Fj, for j € {1,...,p},
being the univariate marginal distributions.

The financial crisis starting in 2008 has shown that the majority of
the statistical models used by the financial industry were not able to
capture the joint behavior of extreme events. Practicioners tend to use
the multivariate Normal distribution for its tractable properties even
though it is widely known that the multivariate Normal distribution is
not able to model strong dependence in the tails of the distribution. In
this context the paper of [Li [2000] has reached world fame. To model the
relationship between the default time for loans in the mortgage market,
he used the Gaussian copula, which is derived from the multivariate
Normal distribution and hence suffers from the same drawbacks.

In various domains, as for example finance, insurance or environmen-
tal science, joint extreme events can have a serious impact and therefore
need careful modeling. Think for instance of daily water levels at two
different locations in a lake during a year. Calculation of the probability
that there is a flood exceeding a certain benchmark requires knowledge of
the joint distribution of maximal heights during the forecasting period.
This is a typical field of application for extreme-value theory. In such sit-
uations, extreme-value copulas can be considered to provide appropriate
models for the dependence structure between exceptional events.

One of the first applications of bivariate extreme-value analysis must
be due tolGumbel and Goldstein [1964], who analyze the maximal annual
discharges of the Ocmulgee River in Georgia at two different stations,
a dataset that has been taken up again in |Jiménez et al! [2001a]. The
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joint behavior of extreme returns in the foreign exchange rate market is
investigated inStarica [1999], whereas the comovement of equity markets
characterized by high volatility levels is studied in [Longin and Solnik
[2001]. An application in the insurance domain can be found in Cebrian
et al. [2003].

Extreme-value copulas do not only arise naturally in the domain of
extreme events, but they can also be a convenient choice to model data
with positive dependence. An advantage with respect to the much more
popular class of Archimedean copulas, for instance, is that they are not
necessarily symmetric. Incidentally, a hybrid class containing both the
Archimedean and the extreme-value copulas as a special case are the
Archimax copulas in |Capéraa et al. [2000].

The interest of this work is focused on the nonparametric estimation
of extreme-value copulas. A multivariate extreme-value copula admits
the following expression

p
log u1 log u,—1
C(u) =exp logu; | A et P
]2::1 J > h_y logu, " loguy

with w = (u1,...,up) € (0,17 \ {(1,...,1)} and where A is known as
the PICKANDS dependence function introduced in [Pickands [1981].

Let us now review the structure of the thesis explaining the motiva-
tions behind the different projects. The different aspects in bivariate
extreme-value copulas have already known some treatment, while their
higher-dimensional homologues have not experienced the same degree of
attention up to that date. Hence, the objective of this work is to fill
partially that gap and in particular concentrate on the nonparametric
estimation of extreme-value copulas in arbitrary dimensions.

After a brief overview of the concept of copulas, a large part of Chap-
ter[Mlwill be dedicated to an in-depth introduction of the class of extreme-
value copulas starting from the definition of extreme-value copulas in the
most general case, i.e. using the integral representation involving the as-
sociated spectral measure. After highlighting the dependence properties
of extreme-value copulas, this chapter will be completed by a review of
some parametric models.

A brief guide of some of the literature about the estimation of extreme-
value copulas will be given in Chapter 2 giving the chance to present
some recent approaches as for example the minimum-distance estimators
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inPeng et all [2011] and Biicher et all [2011] or some parametric methods
on which we will not insist further. The new research in this work
will focus more on the classical estimators referred hereafter as moment
estimators as for example the estimator presented in [Pickands [1981] or
the estimator in (Capéraa et all [1997].

The subsequent chapters will deal with the new research results achieved
in the last years; some of them have already been published. First, we
consider the hypothetical situation where the marginal distributions are
known. In this more theoretical framework, we succeed to simplify the
expressions for the nonparametric estimator introduced in [Zhang et al.
[2008], in fact the multivariate version of the CFG estimator introduced
in [Capéraa et al. [1997]. To impose some shape constraints on the es-
timates of A, the estimator requires some weight functions whose influ-
ence on the quality of the fit had not been investigated before. The main
achievement of this project is to determine the weight functions leading
to the CFG-estimator with minimum asymptotic variance. In practice,
this optimal estimator can be computed as the intercept in a certain
linear regression framework. A significant reduction of the variance can
be ascertained in the simulation studies.

In Chapter @, we will drop the assumption of known margins and
replace the marginal distributions by their empirical counterparts. This
chapter will then be completely dedicated to establish the asymptotic
properties of the classical moment estimators in the multivariate setting,
something which had not been done before. In fact, this work boils down
to adapt the already established results for bivariate copulas in Genest
and Segers [2009] and [Segers [2012] to the higher-dimensional case.

As will be made clear in Chapter 1, the Pickands dependence func-
tion A needs to verify certain boundary constraints, which none of the
estimators presented up to that point can verify. Therefore, we will
extend in Chapter 5 the projection methodology presented initially in
Fils-Villetard et al. [2008] allowing to transform any initial estimate for
A into a valid Pickands dependence function. Although the context and
the objective are the same as in the bivariate case, the methodology
cannot been taken over straightforwardly. In fact, in the general case
the projection process consists in modeling the spectral measure asso-
ciated to the Pickands dependence function which could be avoided in
dimension p = 2 due to the properties of extreme-value copulas.

Finally, the last chapter of this work presents a test for multivariate
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extreme-value dependence testing whether a copula belongs to the class
of extreme-value copulas or not. The only other test currently available
for this purpose in [Kojadinovic et all [2011] is based on the max-stable
characterization of extreme-value copulas. In Chapter [6] we will try to
justify why it might preferable to build a test using the characterization
using Pickands dependence function. The new test statistic measures
the distance between the empirical copula and an extreme-value copula
estimate using the estimators presented in the previous chapters. The
implementation is based on the multiplier resampling method introduced
in Rémillard and Scaillet [2009] to resample under the null hypothesis.
To establish the asymptotic properties of this test procedure, one can
heavily rely on the results in Chapter [l



1 Extreme-value copulas

This chapter, inspired from the survey paper |(Gudendorf and Segers
[2010], will introduce the class of extreme-value copulas and its prop-
erties to the reader. In Section [[.1], the definition of copulas, some asso-
ciated dependence concepts and a small number of parametric models are
given. The definition, the origin, and some basic properties of extreme-
value copulas are presented in Section Multivariate extreme-value
copulas are determined by their so-called spectral measure H; details
will be given in[L.3l A number of useful and popular parametric families
are reviewed in Section[[.4l Section [[.5lprovides a discussion of the most
important dependence coefficients associated to extreme-value copulas.
Finally, some further topics and pointers to the literature are gathered
in Section

1.1 Copulas

1.1.1 Introduction

A p-dimensional copula C can be defined as a multivariate distribution
function with standard uniform marginal distributions.

The notion of copulas was introduced in [Sklan [1959], where it was
established that, under the necessary continuity assumptions, the con-
struction of a multivariate model can be separated in two parts: the
marginals and the copula. Hence, the copula allows the margin-free
modeling of the dependence structure of a multivariate general distribu-
tion.

Theorem 1.1. Let F' be a joint cumulative distribution function with
continuous margins Fy,...,F,. Then there exists a unique copula C :
[0,1]7 — [0, 1] such that

F(z1,...,3p) = C(Fi(x1), ..., Fy(xy)) (1.1)
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holds. Conversely, if C is a copula and F1, ..., F), are distribution func-
tions, then the function F given by (L) is a joint distribution function
with margins Fy, ..., F.

We extract a unique copula from a multivariate distribution function

F with continuous margins Fi, ..., F}, as follows
Clu)=F (F, (w),....,F, (up)), w=(uy,...,u)€[0,1 (1.2)
where Ff s F; are the generalized inverses of F1, ..., [}, defined as

F;_ (y) = inf{xz : Fj(z) >y} for y € [0,1].
Even though there exist alternative ways to introduce the concept of
copula, as for example done in [Nelsen [2006], the probably more natural
and intuitive approach in Sklar’s theorem is preferred in this text.
The use of copulas in the description of multivariate dependence struc-

tures is partially justified by the following theorem.

Theorem 1.2. Consider the random variables X1, ..., X, with copula
function C. Let T; : R — R for i € {1,...,p} be strictly increasing
functions. Then the copula of the random vector (Tl(Xl), .. .,Tp(Xp))
is given by C.

This theorem states that the associated copula function of a multivari-
ate distribution is unaffected by monotone increasing transformations of
the original data.

Geometric constraints on copulas are given by the so-called Fréchet-
Hoeffding bounds

W(u) < C(u) < M(u).

The upper limit, given by M (u) = min(uy,...,u,) is associated to per-
fect positive dependence of the random variables X7, ..., X, while the
lower bound is equal to

W (u) = max <1 —-p+ zp:ui,0>

=1

and does not correspond to a valid copula function except in dimension
p = 2, where W is the copula of countermonotonic random variables. In
particular, the independence copula II(u) = ug - ... - u, can be derived
directly from Sklar’s theorem.
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1.1.2 Dependence measures

Most often, practitioners rely only on the linear correlation to describe
the degree of dependence between two or more variables; an approach
that can lead to quite misleading conclusions as this measure is only
capable to capture linear relationships. In this section, we will present
some copula-based concepts of dependence that are not suffering from
this drawback.

Consider X = (X1, X,) and X = (X1, X») independent random vec-
tors from F. Kendall’s 7 is defined as the probability of concordance
minus the probability of discordance

TK = P((Xl — Xl) (XQ — X2) > 0) — P((Xl — Xl) (XQ — X2) < 0)

In a more compact way, 7 can be expressed as the expectation of the
sign of (X1 — Xl) (XQ - XQ),

7% = E (sign((fcl ~ X)) (Xa— X2))>.

To give a geometric interpretation of this measure, consider the observa-
tions (z1, z2) and (Z1, T2) from F'. In the case of positive dependence, one
can expect the line joining both points to be increasing, being equivalent
to (z1 — &1) (z2 — T2) being positive. The case of negative dependence
will be characterized by lines with negative slopes. A positive Kendall’s
T associates a higher probability to the event of two components of a
random vector to move in the same direction than in opposite directions.

Spearman’s p is defined as the correlation of the uniformized variables
Fl(Xl) and FQ(XQ)

pPs = COI‘I‘(F1(X1), FQ(XQ)).

From the previous definitions, one can see that Kendall’s 7 and Spear-
man’s pg are invariant under strictly increasing componentwise trans-
formations. Straightforward calculus permits to express 7x and ps as
functionals of C:

TK = 4/ C(ui,u2)dC(ug,ug) — 1
[0,1)2

ps 12/ C(u1,uz)duy dug — 3
[0,1)2
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For a proof see Theorem 5.1.3 and Theorem 5.1.6 in INelsen [2006]. As
for the linear correlation, the values of 7 and p range from 1 in the case
of perfect dependence to -1 for countermonotonic random variables.

For higher-dimensional vectors, Kendall’s 7 and Spearman’s pg can
be considered pairwise. Alternatively, one possible extension to the
higher-dimensional case of Kendall’s 7 could be

=511 2PE[C(u)] —1]. (1.3)
We will use this measure in the simulation parts in the later chapters to
compare copulas with similar degree of dependence. Further information
on this topic can be found in [Schmid et al. [2010)].

Tail dependence relates to the amount of dependence in the extremes,
either in the upper tail or in the lower tail. Still in the framework of
bivariate data, the coefficient of upper tail dependence is defined as

N o= dim P(Xp > Fy (u)|X0 > F (w)
u—1-
1-2
Ctm u—i—C(u,u)'
u—1- 1—-u

In words, the coefficient of upper tail dependence consists in the proba-
bility that one variable will be larger than a certain treshold, given that
the other variable has already exceeded a value with the same exceedance
probability.

In the same way, the coefficient of lower tail dependence is defined as

AL = lim P(Xy < Fy (w)|X1 < Fy (u))

u—0+
= lim Clu, u)

u—0t U

1.1.3 Parametric copula models

For the purpose of illustration, a restricted number of frequently used

copulas will be listed below. The class of EV-Copulas being introduced

with more details later, we will focus in a first time on other copulas.
According to expression (I.2]) one can define the Gaussian copula as

follows
CE(u) = Dx(® 7 (wr),..., @ (1)),
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where @y, denotes the cumulative distribution function of the p—variate
Gaussian distribution with zero mean and covariance matrix ¥ and ®
the univariate cumulative distribution function of a standard Gaussian
distribution. In the same spirit, the p—variate t—copula with v degrees
of freedom and covariance matrix ¥ can be written

Cﬁ,E(u) = tl/,E(tzjl(ul)7 s 7t;1(up))v

with the definitions of ¢, s» and ¢, being obvious. Due to its tail depen-
dence properties, the t—distribution enjoys some popularity in financial
modelling; see for example Demarta and McNeil [2005]. The two pre-
vious_copulas belong to the class of elliptical copulas presented in Fang
et al. [1990].

In contrast to the previously mentioned copulas, Archimedean copulas
can admit explicit and relatively simple expressions, which explains their
success to some extent. A copula is Archimedean if it can be written as

Colur, ..., up) = ¢ (d(wr) + -+ + d(up)), (ut,...,up) €[0,1]7
(1.4)

with generator ¢ : [0,1] — [0,00] and inverse ¢ (¢) = inf{u € [0,1] :
¢(u) < t}; the function ¢ should be strictly decreasing and convex and
satisfy ¢(1) = 0, and ¢ should be p-monotone on (0,0), see McNeil
and Neslehova [2009] and |Genest et al. [2011].

To mention just two members of the class of Archimedean copulas,
the Frank copula introduced in [Frank [1979]

Fra) — —a=l1o (exp(—auy) —1)--- (exp(—auy) — 1)
CF (u) = log (1+ e ) (1.5)

can be constructed from the generator function
P exp(—at) — 1
t)=—log | —~ "/~ >0,
o) = —tog (22
and the Clayton copula presented in |Clayton [1978]

p —1/a
C% ) = (1—2?—1—21{“) , a>0.
i=1

is associated to the generator function ¢ (t) =t~ — 1.
Belonging to both the Archimedean and extreme-value copula class,
the Gumbel-Hougaard copula will be more highlighted in Subsection

4Tl



1 Extreme-value copulas

1.2 Extreme-value copulas: Foundations

Let X; = (Xi1,...,Xip), ¢ € {1,...,n} be a sample of independent
and identically distributed random vectors with common distribution
function F', margins Fi,...,F, and copula C. Consider the vector of
componentwise maxima:

n
M, = (Mpy,..., Myp),  where My ;= \/ X, (1.6)
=1

with ‘v’ denoting the maximum. Since the joint and marginal distri-
bution functions of M,, are given by F™ and FY', ..., F}! respectively, it
follows that the copula, C,, of M, is given by

Cn(ut,...,up) = CF(U}/”,...,U}D/”)”, (ut,...,up) €[0,1]7.

The family of extreme-value copulas arises as the limits of these copulas
C), as the sample size n tends to infinity.

Definition 1.3. A copula C is called an extreme-value copula if there
exists a copula Cp such that

Cp(u}/n,...,u;/”)"—>C(u1,...,up) (n — 00) (1.7)

for all (u1,...,up) € [0,1]P. The copula CF is said to be in the domain
of attraction of C'.

Historically, this construction dates back at least to [Deheuvels [1984]
and (Galambos [1978]. The representation of extreme-value copulas can
be simplified using the concept of max-stability.

Definition 1.4. A p-variate copula C is max-stable if it satisfies the
relationship

Clut,. .. up) = Cluy™, .. ul/™)m (1.8)
for every integer m > 1 and all (uy,...,u,) € [0,1]P.

From the previous definitions, it is trivial to see that a max-stable
copula is in its own domain of attraction and thus must be itself an
extreme-value copula. The converse is true as well.

10



1.2 Extreme-value copulas: Foundations

Theorem 1.5. A copula is an extreme-value copula if and only if it is
max-stable.

The proof of Theorem is standard: for fixed integer m > 1 and for
n = mk, write

Cn(ur,...,up) = C’k(ui/m, e u;,/m)m.

Let k tend to infinity on both sides of the previous display to get (L.8]).

By definition, the family of extreme-value copulas coincides with the
set of copulas of extreme-value distributions, that is, the class of limit
distributions with non-degenerate margins of

<Mn,1 - bn,l Mn,p — bn7p>

- yeens i
with M, ; as in (L16]), centering constants b, ; € R and scaling constants
an,; > 0. Representations of extreme-value distributions then yield rep-
resentations of extreme-value copulas. Let A, ; = {(wi,...,wp) €
0,17 = 3°¥w; = 1} be the unit simplex in RP ; see Figure [T Al-
ternatively, one can consider the unit-simplex as a subset of RP™! as
follows Ap_1 = {(w1,...,wp—1) € [0,1]P71: Z?;é w; < 1}. Depending
on the situation, we will consider A,_; either as a subset of R? or RP—1L.

The following theorem is adapted from [Pickands [1981)], which is based
in turn onlde Haan and Resnick [1977].

Theorem 1.6. A p-variate copula C is an extreme-value copula if and
only if there exists a finite Borel measure H on Ap_1, called spectral
measure, such that

Clut,...,up) = exp(—ﬁ(—logul, . —logup)), (u1,...,up) € (0,1]7,

where the tail dependence function ¢ : [0,00)P — [0, 00) is given by

Uy, ... xp) = \ Wjzj) dH (v1,.. . vp), (21, ,2p) € [0,00)P.
A

p—1 j=1
(1.9)
The spectral measure H is arbitrary except for the p moment constraints
/ vj dH (v1,...,vp) =1, jedl,...,p} (1.10)
Ap_1

11



1 Extreme-value copulas

e2 = (0,1)

Ay

Figure 1.1: On the left-hand side A, is represented in R3, which is
equivalent to the representation in R? on the right side.

The p moment constraints on H in (LI0) stem from the requirement
that the margins of C' be standard uniform. They imply that H(A,_1) =
.

By a linear expansion of the logarithm and the exponential function,
the domain-of-attraction equation (7)) is equivalent to
hﬁ)lt '1-0p(l —tay,...,1— twp)) = —logCle™, ... e ™)
¢

=l(x1,...,2p) (1.11)

for all (z1,...,2p) € [0,00)P; see for instance Drees and Huang |1998].
The tail dependence function ¢ in (L9) is convex, homogeneous of order
one, that is l(cz1,...,cxp) = cl(z1,...,2p) for ¢ > 0, and satisfies
max(zy,...,2p) < lx1,...,2p) < 21 + -+ xp for all (z1,...,2p) €
[0,00)P. By homogeneity, it is characterized by the Pickands dependence
function A : Ap_1 — [1/p, 1], which is simply the restriction of ¢ to the
unit simplex:

Uz, .. xp) = (w1 4+ +2p) Alwi, ..., wp—1),

for (z1,...,2p) € [0,00)P \ {0} and w; = ﬁ so that
P
Alwi, ..., wp_1) = R \/ (vjw;) dH (v1, ..., vp), (wi,...,wp) € Ap_q.
P*l‘j:l

(1.12)

12



1.2 Extreme-value copulas: Foundations

The extreme-value copula C' can be expressed in terms of A via

p
log u1 log up—1
C(u,...,up) =exp logu; | A e
’ ; ! j=1logu; " 300 logu,
(1.13)
The function A is convex as well and satisfies
max(wi, ..., wp) < A(wy, ..., wp—1) < L,V(w1,...,wp—1) € Ap_1.
(1.14)

However, these properties do not characterize the class of Pickands
dependence functions unless p = 2. To illustrate this, let us consider the
counterexample on p. 257 in Beirlant et all [2004] with

A(w) = (w1 +w2) V(I —wy) V(1 —wp), we Ay,

corresponding to a convex function satisfying the inequalities in . Ob-
serve that A(1/2,0) = A(0,1/2) = A(1/2,1/2) = 1 implying pairwise
independence and hence full independence corresponding to A(w) = 1
for all w € Ay, which is however violated since A(1/3,1/3) = 2/3. To
justify the previous reasoning, remark that pairwise independence for
extreme-value data results into a system of equations

/A {(wwz’ + wjvj) — (wiv; V wjvj)}H(dv) =0,

p—1

with v,v € Ap_q for all i # j € {1,...,p}. This system of equations
can only be verified if the spectral measure concentrates all the mass on
the vertices. For more details, check the developments in [Beirlant et al.
[2004].

In the bivariate case, we identify the unit simplex A; = {(1 — ¢,¢) :
t € [0,1]} in R? with the interval [0, 1].

Theorem 1.7. A bivariate copula C is an extreme-value copula if and
only if

C(u,v) = (uv)AUos(v)/log(uv)) (u,v) € (0,12\ {(1,1)}, (1.15)

where A : [0,1] — [1/2,1] is convex and satisfies t V (1 —t) < A(t) < 1
for all t € [0,1].

13



1 Extreme-value copulas

A(w)

wy

Table 1.1: Sample of Pickands dependence functions associated to three-

14 dimensional extreme-value copulas. Top: Perfect dependence
A(w) = max(wy,ws, ws). Middle: Logistic copula with pa-
rameter o = 0.5 (see section [L4]]). Bottom: Independence
A(w) = 1.



1.3 Spectral representation of extreme-value copulas

It is worth stressing that in the bivariate case, any function A satis-
fying the two constraints from Theorem [[.7] corresponds to an extreme-
value copula. These functions lie in the shaded area of Figure [[.2} in
particular, A(0) = A(1) = 1.

A(t)

Figure 1.2: A typical Pickands dependence function A together with the
region ¢tV (1 —t) < A(t) <1 in Theorem [[7

The upper and lower bounds for A have special meanings: the upper
bound A(t) = 1 corresponds to independence, C(u,v) = uv, whereas
the lower bound A(t) = ¢V (1 — t) corresponds to perfect dependence
(comonotonicity) C(u,v) = uw Av . In general, the inequality A(¢) <
1 implies C'(u,v) > wv, that is, extreme-value copulas are necessarily
positive quadrant dependent.

1.3 Spectral representation of extreme-value
copulas

For a non-empty vector of indices I C {1,2,...,p}, we will define the
associated subset of the A,_; as follows

A —ty e Ay g i, >0ifi €] and v =0ifi¢ I} (1.16)

In particular, for dimension p = 3 the 23 — 1 lower-dimensional subsets
of Ay according to the definition (LT6]) are listed below:

15
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e the relative interior of the unit simplex

A(Q)

(1,23} :{'UGAQZ Ui>0,vi€{15233}}7

e the one-dimensional borders

A?l),Q} = {velAy:v3=0,v1>0,v2 >0}
A%)l} = {veAy:vy=0,v; >0,v3 >0}
A~({12)3} = {veAy:v =0,v2 > 0,03 >0},

e the zero-dimensional faces corresponding to the vertices

AF[?)} = {velAy:v=v3=0}={(1,0,0)}
AD = {0.0.1).

Remark that the faces of dimension 1 can be parametrized by either of
the two components that are nonzero. For example,

Ay = {01,02,0) 5 01+ 05 = L0103 > 0}

can be identified with {(v1,1—wv1): vy € (0,1)}.

Henceforth we will consider the case where A is absolutely continuous.
In (Coles and Tawnl [1991] it was shown that the spectral measure H
may have spectral densities on the interior of A,_; and all of its lower-
dimensional faces.

Taking into account this decomposition, a Pickands dependence func-
tion A in p = 3 is given by

Alw) = /A<2) max (wlvl, wovs, w3v3) h§21),2,3} (v1,v2) duy dug
{1,2,3}

1
+ / max (wlvl, wa (1 — vl)) hglll)g}(vl) dvy
0
1
+ / max ('UJQ’UQ, ws (1 — ’Uz)) h5[12)73}(1}2) dwve
0

1
+ / max (wl (1 —wv3),ws 213) h%)’l}(vg) dvs
0

+ A9

{1} W1 + h(o) wo + hf{g)}wg (1.17)

{2}
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1.3 Spectral representation of extreme-value copulas

with w € As. For C to be a copula function, the spectral measure H
has to be a positive measure satisfying the constraints given in (LI0),
that can be made explicit for dimension p = 3

_ (2)
/AZ vy H(dv) = /A(Q) vy h{17273} (v1,v2) dvy dug

{1,2,3}

(1 (1) 0) _
+ / W Ulh{l,Z}(Ul) duvy + / @ m h{S,l}(l — ’Ul) dvi + h{l} =1
Az Al

_ (2)
/A2 vo H(dw) = / o 2 h{1’2’3} (v1, v2) dvy dvy

A28

(1) 1) 0) _
+ /A(Q) (1 —wvy) h{1,2}(vl) dvy + /A(Q) V2 h{273} (vg) dvg + h{2} =1
(1,2} {2,3}

/A v3 H(dv) = /A<2) (1 —v1 —wv2) h~({21),273} (v1,v2) dvy dvg
2

{1,2,3}

(1) (2) 0) _
+ /A(U (1 — Ug) h{2’3}(vg) dvg + /A(2) V3 h{371} (’Ug) dvs + h{g} =1
{2,3} {3,1}

To deduce the spectral densities from the tail dependence function ¢,
let us define

V(z)=4(1/2z), z€ (0,00". (1.18)
Consider a subset
I={it, o im} C{L,...,p}, O<m<p.

In|Coles and Tawnl [1991] it was proved that the spectral density defined
on AY1™Y can be computed b
b puted by

m+1
m— : om
hg D(”in Vi) = (Z Zi) lim mv(z),
i1 -+ 0%,

el ZjA)O
e vie{l,...pI\I

where v, = 2./ > e 2,V € {1,...,m} .
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1 Extreme-value copulas

(0)
QA{2}

© ©)
Afgy A1)
[ ) [ ]

Table 1.2: The interior Agl)Q 3) (top left). The one-dimensional bound-
. 1 1 .
aries Ag1)2}v AF{3)1} and Agz),s} (top right). The vertices Agl)},

Agl)} and AF{{B} (bottom left).

Example 1.8. In particular for dimension p = 3, the spectral densities
for the asymmetric logistic dependence function, used in our simulation
studies, can be calculated by the means of formula (LI9). For (vi,ve) €

Ai21),2,3}’ the spectral density defined on the interior of the unit-simplex
is given by

3 3 3 a=3
hg)’273} v1,v2) H (j/a—1) (H Ui_l_l/a> (Z Ui_l/a> ’
j=1 i=1 i=1

where v3 = 1—v; —wvs. For example, the one-dimensional spectral density
associated to the subspace A?RQ} can be calculated as follows

a—2

1 l-—a o l/a a, —1/a a —1/a
hg,z}(vl) — < . >91/ 8/ (91/ oV 4 g1 =)V >
vl_l 1/a( — vl)*lfl/o‘, vy € (0,1),

the two remaining densities admitting similar expressions by symmetry.
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1.4 Parametric models

Finally, the same mass is distributed on the three vertices

0 _ 20 _ 20 _ 1 _g_ 4
h{1} = h{Q} = h{3} =1—-60—¢—1.
The logistic dependence function arises as the special case with parametriza-
tion (0, ¢,v) = (0,0,1) and admits only a non-zero spectral density on

(2)
ALy

Special cases appear for the case of independence with all the mass
concentrated on the vertices and the case of perfect dependence degen-

erated to a Dirac delta function on the interior of the unit-simplex. [

1.4 Parametric models

By Theorems and [L.7] the class of extreme-value copulas is infinite-
dimensional. Parametric submodels can be constructed in a number of
ways: by calculating the limit ¢ in (II1]) for a given initial copula Cr; by
specifying a spectral measure H; in dimension p = 2, by constructing a
Pickands dependence function A. In this section, we employ the first of
these methods to introduce some of the more popular families. For more
extensive overviews, see e.g. Beirlant et all [2004], Kotz and Nadarajah
[2000].

1.4.1 Logistic model or Gumbel-Hougaard copula
Consider again the definition of Archimedean copula with generator ¢
in (L4). If the following limit exists,

€ [1,00] (1.20)

then the domain-of-attraction condition (LTI is verified for Cr equal
to Cy, the tail dependence function being

(:E}/a—l—-~-+le,/a)a f0<a<l,

_ (1.21)
V-V, if a =0,

f(:ﬂl,...,l'p) :{

for (x1,....xp) € [0.00)P; see |Capéraa et all [2000], Charpentier and
Segers [2009]. The associated Pickands dependence function A evaluated
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1 Extreme-value copulas

inw = (wy,...,wp—1) € Ap_1 can be deduced immediately

(w}/a+-~-+w]1;/a)a if0<a<l,

_ (1.22)
wi V-V if =0,

A(wl, . ,wp_l) = {

with w, =1— Z?;% wj. The range [0, 1] for the parameter « in (L20) is
not an assumption but rather a consequence of the properties of ¢. The
parameter o measures the degree of dependence, ranging from indepen-
dence (o = 1) to complete dependence (o = 0).

The extreme-value copula associated to ¢ in ([L.2])) is

Clut, ..., up) = exp{—((—logur)V/® + -+ + (—logu,)/*)*},

known as the Gumbel-Hougaard or logistic copula. Dating back to Gum-
bel [1960, 11961], it is (one of) the oldest multivariate extreme-value
models. It was discovered independently in survival analysis in |Crowder
[1989] and [Hougaard [1986]. It happens to be the only copula that is at
the same time Archimedean and extreme-value as proved in Genest and
Rivest [1989].

The bivariate asymmetric logistic model introduced in [Tawn [1988]
adds further flexibility to the basic logistic model. Multivariate exten-
sions of the asymmetric logistic model were studied already inMcFadden
[1978] and later in (Coles and Tawn [1991] and WJoe [1994]. These distri-
butions can be generated via mixtures of certain extreme-value distri-
butions over stable distributions, a representation that yields large pos-
sibilities for modelling that have yet begun to be explored; see Fougeres
et al. [2009] and [Toulemonde et all |2009].

The multivariate asymmetric logistic copula function to which we will
refer in this work was introduced in [Tawn [1990]. Let B be the set of
all nonempty subsets of {1,...,p}, then the asymmetric logistic copula
can be written as

C(u) —exp{—z (Zﬁgéab(—logui)l/ab)ab} 7 (1.23)

beB icb

with 6;5, > 0,0 < ap <1 and Z{beB:z’eb} Oip =1forallie {1,...,p}
and all b € B.
In dimension p = 3, B contains all the subsets of {1,2, 3}, i.e.

B= {{1}7{2}7 {3}, {1, 2}, {1, 3}, {2,3}, {17273}}-
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1.4 Parametric models

Frequently, we will use the following version that is more parsimonious
in the parameters

A(wl,wg) _ (el/awi/a +¢1/aw;/a)a+ (el/aw;/a_i_Qsl/awé/a)a

+ (0o wy ™ 4 M w/ ) p(wy® + wh* Fwd/ ) 10— —
(1.24)

with w € Ap_l.
This model includes the logistic dependence function as particular case
corresponding to parameter values (¢,,0) = (0, 1,0).

1.4.2 Negative logistic model or Galambos copula

Let C’¢ be the survival copula of the Archimedean copula Cy in (L4]).
Specifically, if Cy is the distribution function of the random vector

(Uy,...,Uq), then C’¢ is the distribution function of the random vec-
tor (1 —Uy,...,1—Uyg). If the following limit exists,

L 6ls)
N YT

then the domain-of-attraction condition (LTI is verified for Cr equal
to Cy, the tail dependence function being

€ [0, ] (1.25)

K(xl,...,xp) =
T+t @, if 0 =0,
Ty AT — Z (_1)\f|(zi€1xi—0)fl/0 if0 <6< oo,
Ic{1,...,p}
111>2
TV Vi if 0 = oo,
for (zq,....2,) € [0,00)P; see |Capéraa et al. [2000] and Charpentier

and Segers [2009]. In case 0 < 6 < oo, the sum is over all subsets I of
{1,...,p} of cardinality |I| at least 2. The amount of dependence ranges
from independence (# = 0) to complete dependence (6 = o0).

The resulting extreme-value copula is known as the Galambos or neg-
ative logistic copula, dating back to (Galambos [1975]. Asymmetric ex-
tensions have been proposed in lJoe [1990, 1994].
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1 Extreme-value copulas

1.4.3 Husler—Reiss model

For the bivariate normal distribution with correlation coefficient p smaller
than one, it is known since [Sibuya [1960] that the marginal maxima
M, 1 and M, o are asymptotically independent, that is, the domain-of-
attraction condition (7)) holds with limit copula C(u,v) = uv. How-
ever, for p close to one, better approximations to the copula of M, 1 and
M, o arise within a somewhat different asymptotic framework. More
precisely, as in [Hiisler and Reiss [1989], consider the situation where the
correlation coefficient p associated to the bivariate Gaussian copula C,
is allowed to change with the sample size, p = p,, in such a way that
pn — 1lasn — oo, If

(1= pn)logn — A% € [0, 4+00] (n — 00),
then one can show that
C,, (ul/",vl/")" — Ca(u,v) (n = c0), (u,v) €0, 1]2,

where the Hisler—Reiss copula C4 is the bivariate extreme-value copula
with Pickands dependence function

1 1—w 1 w
Alw)=(1—-w)d —1 Ol A+ —1
(w) = (1 —w) ()\—1-2)\ g — )—l—w < +2)\og1_w>
for w € [0, 1], with ® representing the standard normal cumulative dis-
tribution function. The parameter A measures the degree of dependence,
going from independence (A = c0) to complete dependence (A = 0).

1.4.4 The t-EV copula

In financial applications, the t-copula is sometimes preferred over the
Gaussian copula because of the larger weight it assigns to the tails.
The bivariate t-copula with v > 0 degrees of freedom and correlation
parameter p € (—1,1) is the copula of the bivariate ¢-distribution with
the same parameters and is given by

ty () o' (v) 1 T(2+1 'p-lgp\ —V/2H1
Cyp(ua U) = / / (2 - ) 1+x i dx,
’ oo —oo wY|P[V/2 T (¥) v

where t, represents the distribution function of the univariate t-distribution
with v degrees of freedom and P represents the 2 x 2 correlation matrix
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1.5 Dependence properties of extreme-value copulas

with off-diagonal element p. In Demarta and McNeil [2005], it is shown
that C,, is in the domain of attraction of the bivariate extreme-value
copula C'y4 with Pickands dependence function

A(w) = U)tl,+1(2w) + (1 — 'LU) ty—i-l(zl—w)?

where z, = (1+ )Y 2[{w/(1 —w)} = pl(1—p»)~ Y2, welo,1].
(1.26)

This extreme-value copula was coined the ¢-EV copula. Building upon
results in|Ghoudi et al! [2005], [Hashorval [2005], exactly the same extreme-
value attractor is found in|Asimit and Jones [2007] for the more general
class of (meta-)elliptical distributions whose generator has a regularly
varying tail.

1.5 Dependence properties of extreme-value
copulas

Let (U,V) be a bivariate random vector with distribution function C,
a bivariate extreme-value copula with Pickands dependence function A
as in (LI5). As mentioned already, the inequality A < 1 implies that
C(u,v) > uv for all (u,v) € [0,1]?, that is, C' is positive quadrant depen-
dent. In fact, in|Guillem [2000] it was shown that extreme-value copulas
are monotone regression dependent, that is, the conditional distribution
of U given V = wv is stochastically increasing in v and wvice versa; see
also Theorem 5.2.10 in [Resnick [1987].

All measures of dependence of C' such as Kendall’s 7 or Spearman’s
ps can be expressed in terms of A via

B o [rta=t)
TK—4/[0’1}2 C(u,v)dC(u,v) 1—/0 A dA'(t),

1
1
=12 wvdC(u,v —3:12/ —_dt—3.
ps //[o,uz () o (14 A1)

The Stieltjes integrator dA’(t) is well-defined since A is a convex func-
tion on [0,1]; if the dependence function A is twice differentiable, it
can be replaced by A”(t)dt. For a proof of the identities above, see
for instance Hiirlimann [2003], where it is shown that 7 and pg satisfy
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1 Extreme-value copulas

—1+4+ 1+ 37 < pg < min (%TK, 27K — T#), a pair of inequalities first
conjectured in [Hutchinson and Lai [1990].

The Kendall distribution function associated to a general bivariate
copula C' is defined as the distribution function of the random variable

C(U,V), that is,
K(w) =P[C(U,V) < w], w € [0,1].

The reference to Kendall stems from the link with Kendall’s 7, which
is given by 7 = 4 E[C(U,V)] — 1. For bivariate Archimedean copulas,
for instance, the function K not only identifies the copula Genest and
Rivest [1993], convergence of Archimedean copulas is actually equivalent
to weak convergence of their Kendall distribution functions Charpentier
and Segers [2008]. For bivariate extreme-value copulas, the function K
takes the remarkably simple form

Kw)=w-(1-7)w logw, w € [0,1], (1.27)

as shown in |Ghoudi et all [1998]. In fact, in that paper the conjecture
was formulated that if the Kendall distribution function of a bivariate
copula is given by (L27), then C is a bivariate extreme-value copula, a
conjecture which to the best of our knowledge still stands. In the same
paper, equation (L27]) was used to formulate a test that a copula belongs
to the family of extreme-value copulas; see also |Ghorbal et al. [2009].

In the context of extremes, it is natural to study the coefficient of upper
tail dependence. For a bivariate copula Cr in the domain of attraction of
an extreme-value copula with tail dependence function ¢ and Pickands
dependence function A, we find

Ay = liglP(U >ul|V>u)= 1ti¢r(r)1t*1(2t— 1+C(1-t1-1)
=2-/((1,1)=2(1—- A(1/2)) € [0,1].

Graphically this quantity can be represented as the length between the
upper boundary and the curve of the Pickands dependence function eval-
uated in the mid-point 1/2, see Figure The coefficient Ay ranges
from 0 (A = 1, independence) to 1 (complete dependence). Multivariate
extensions are proposed in [Li [2009].

The related quantity ¢(1,1) = 2 A(1/2) is called the extremal coeffi-
cient in [Smith et al. [1990]. For a bivariate extreme-value copula, we
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1.6 Further reading

(1-A(1/2))

Figure 1.3: The coefficient of upper tail dependence Ay is equal to twice
the length of the double arrow in the upper part of the graph.

find
P(Ugu,Vgu):u“(l/2), u € 10, 1],

so that 2 A(1/2) € [1,2] can be thought of as the (fractional) number
of independent components in the copula. Multivariate extensions have
been studied in [Schlather and Tawn [2002].

For the lower tail dependence coefficient, the situation is trivial:

{0 if A(1/2) > 1/2,

w0 1 if A(1/2) = 1/2.

u0

In words, except for the case of perfect dependence, A(1/2) = 1/2,
extreme-value copulas have asymptotically independent lower tails.

1.6 Further reading

About the first monograph to treat multivariate extreme-value depen-
dence is the one by |Galambos [1978], with a major update in the second
edition |Galambos [1987]. Extreme-value copulas are treated extensively
in the monographs Beirlant et all [2004], Kotz and Nadarajah [2000]
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1 Extreme-value copulas

and briefly in the 2006 edition of M] The regular-variation
approach to multivariate extremes is emphasized in the books

u)ﬂﬂ and lde Haan and Ferreira ﬂ_ODﬂ A highly readable intro-
ductlon to extreme-value analysis is the book by d& M]
The first representations of bivariate extreme-value distributions are

due to [Finkelstein [1953], [Tiago de Oliveira [1958], |Geffroyl [1958, [1959]
and - M Incidentally, the 1959 p er bi Geffroy appeared

in the same issue as the famous paper by The equiva-
lence of all these representations was shown in ; see also
the more recent paper by Dbrﬂ_enmd . However, their representa-
tions of multivariate extreme value dlstrlbuuons have not enjoyed the
same success as the one proposed by M] The domain-of-
attraction condition seems to have been formulated for the first time by
@], his standardization being to the standard exponential
distribution rather than the uniform one.

A particular class of extreme-value copulas arises if the spectral mea-
sure H in Theorem is discrete. In that case, the stable tail depen-
dence function ¢ and the Pickands dependence function A are piecewise
linear. In general, such distributions arise from max-linear combina-
tions of independent random variables; see [Schlather and Tawnl [2002].
An early example of such a distribution is the bivariate model studied
in [Tiago de Oliveira ﬂl914] 11980, [1989], which has a spectral measure
with exactly two atoms; see also [Einmahl et al 1] ﬂjﬂﬁ The bivariate
distribution of Marshall and Olkin [1967] corresponds to a spectral mea-
sure with exactly three atoms, {0,1/2,1} (after identification of the unit
simplex in R? with the unit interval); see [Mai and Scherer [2009] for a
multivariate extension.
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2 Inference for extreme-value
copulas

The aim of this chapter is to give an overview of the state-of-the-art
of parametric and nonparametric inference methods for extreme-value
copulas. Inference on extreme-value copulas usually proceeds via its
Pickands dependence function A defined in (LI2]), a convex function on
the unit-simplex satisfying certain inequality constraints, such that a
vast literature has been dedicated to the development of nonparametric
estimators. A selection of them is listed in Section 2.J]and ranging
from the classical moment estimators dating back to [Pickands [1981] for
the earliest publication in this domain to the more recent approaches
based on weighted distance criteria. In Section [23] we will review
different methods to transform initial estimates of A into valid Pickands
dependence functions. Some approaches in the domain of parametric
estimation are treated in Section of 2.4

This chapter refers to the second part of the survey paper Gudendorf
and Segers |2010] with updates where necessary.

2.1 Moment estimators

Let X; = (Xi1,...,Xip), ¢ € {1,...,n}, be n independent random
vectors from a p—variate distribution F' and associated extreme-value
copula C' with Pickands dependence function A. Assume for the mo-
ment that the marginal distribution functions F; ... F, are known. Put
Uij = Fj(X;) and Y; j = —logU; j fori € {1,...,n} and j € {1,...,p}.
Note that Y; ; are standard exponential random variables. The class of
Pickands dependence functions is infinite-dimensional, a fact that justi-
fies the use of nonparametric methods.
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2 Inference for extreme-value copulas

2.1.1 Pickands estimator

The first estimator presented in the context of extreme-value copulas
was already given in [Pickands [1981].
For w € Ap_1, define

Giw)= A\ 2. (21)
j=1 7

with the obvious conventions for division by zero. A characterizing
property of extreme-value copulas is that the distribution of &;(w) is
exponential as well, now with mean 1/A(w). For x > 0,

Pé;(w) > 2] = Ce ™17, ... e Wr®) = ¢~ AW), (2.2)

giving rise to the original estimator presented in [Pickands [1981]:

LIS, (2.3)
=1

AP(w) ~ n &

A major drawback of this estimator is that it does not verify any of the
constraints imposed on the family of the Pickands dependence functions.
Besides establishing the asymptotic properties of the original Pickands
estimator, the main achievement in \Deheuvels [1991] consists in the lin-
ear adjustments of the initial Pickands estimator imposing the endpoint
constraints A(e;) = 1 for j € {1,...,p}. In detail, given continuous
functions A1,..., A, : Ap_1 — R verifying \;(er) = 0, (Kronecker
delta) for all j,k € {1,...,p}, the modified estimator is defined as

1 1 1
= = — — i (w _ —11. 2.4
AR (w) AP (w) 2 )<A5<e]~> ) (24)

The weight functions, as suggested in|Zhang et al. [2008], are \;(w) = w;
for j € {1,...,p} and can be understood as pragmatic choices. Optimal
weight functions leading to minimum variance estimators in the case of
known margins were derived in |Gudendorf and Segers [2011a]. We will
come back to this topic in Chapter [Bl
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2.1 Moment estimators

2.1.2 Estimator of Capéraa-Fougéres-Genest

A different starting point was chosen in (Capéraa et all [1997] as they
showed that in the two-dimensional case the distribution function of the
random variable Z; = log(U;2)/log(U; 1 Ui 2) is given by

P(Zi<z)=2+2(1-2)

0<z<1,

where A’ denotes the right-hand derivative of A. Solving the resulting
differential equation for A and replacing unknown quantities by their
sample versions yields the CFG-estimator. This approach was gener-
alized to higher dimensions in [Zhang et al. [2008]. For a fixed value
j€{1,...,p}, define the n i.i.d. random variables

/\ Yy
Zi; = v i wi v, 1€ {1,...,n} (2.5)
i, + /\ ) i,l
1—w; I#j w
with distribution function given by
Hj(z) = P(Zi’j < Z) =z + 2(1 - Z)
2logA ~t ,...,ij_l,l—z,ij+1,...,zwp_1 .
0z 1 —wj 1 —wj 1 —w;j 1 —w;

The previous differential equation can be solved

1—w; (2) — 2
log Aj(w) :/0 %dz.

This motivates the construction of the estimator in [Zhang et all [2008§]

p 1—wjn—l n (w) < 2Y — 2
log AZWF (w) =) " \j(w) /0 2izy jlzi(z)) Szp-zg

(2.6)

with weight functions \; satisfying
P
Aj(w) 20, Vjefl,...,p} and Y N(w)=1, weA, 1. (27)
j=1
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2 Inference for extreme-value copulas

Starting from a different approach, one can find back the same esti-
mator as given in (Z6]). Therefore, define

log Ay (w) = —fZIOgéz . (2.8)

justified by the relationship between exponential and Gumbel distribu-
tions as

E[—log&;(w)] = log A(w) + 7, we A, 1,

the Euler—-Mascheroni constant v = 0.5772... being equal to the mean
of the standard Gumbel distribution. The endpoint-corrected version
admits the following expression

p

log A" (w) = log A (w) =Y Aj(w)log An(ej).  (2.9)

J=1

Both estimators ASTG and AZWP are equivalent as long as the as-
sumptions given in (Z7)) on the weight functions A; are valid. This will

be shown in the next chapter.

2.1.3 Hall-Tajvidi estimator

Hall and Tajvidi [2000] followed another approach to improve the small-
sample properties of the Pickands estimator at the boundary points. For
allwe A,y and i€ {1,...,n}, define

/’\ Y.
with ¥.; = 13" ¥; ;. The estimator presented in [Hall and Tajvidi
[2000] is given by

AHT » Z fz

This construction ensures that the endpoint conditions are verified, i.e.
AT (¢ ;) =15 € {1,...,p}. In addition the new estimator verifies the
lower boundary constraint as AT (w) > Vw;, Yw € A,_1.
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2.2 Minimum distance estimators

2.2 Minimum distance estimators

2.2.1 Estimator of Biicher, Dette and Volgushev

For dimension p = 2, a new estimator is presented in [Biicher et al. [2011]
minimizing the following criterion

- - 2

MG ) = [ (logCuly' ™) ~ logly) A1) Aw)dy
(0,1)?

over the set of all functions A : [0,1] — [1/2,1]. The minimum is
attained for

1 A =t ot
Analt) = o [ REG ) ey

Jo () dy Jo logy
with A\*(y) = log(y) A(y). For technical reasons, the authors preferred to
work with a slightly modified version C,, of Ch.

Although the estimator is constrained to lie in the shadowed area in
Figure 2 ie. tV (1 —t) < A,(t) < 1, the convexity constraints are
not necessarily fulfilled, such that the methodology presented in Fils-
Villetard et al. [2008] can still be applied.

Simulation studies in Biicher et all [2011] suggest that their new esti-
mator performs slightly better than the estimators presented earlier in
this chapter. Nevertheless, optimal weight functions can only be derived
in theory such that in real-world applications one has to rely on sugges-
tions and experiences shared by the authors. Using the same method-
ology, the authors were able to derive another test for extreme-value
dependence.

2.2.2 Estimator of Peng, Qian and Yang.

A similar approach has been chosen in [Peng et al. [2011], who prefer
however to minimize for every fixed value of ¢ € [0,1] the following
criterion with respect to «

/l{én(ul—t, ut) — uY2A(u, ) du, € [0, 1], (2.10)
0

The optimal value can be found by differentiating with respect to « in
(210)) to yield the following non-linear equation in «

/ 1{én(ul—t, ) — uA(u, ) du = 0
0
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2 Inference for extreme-value copulas

with a newly defined weight function A. The Pickands and the CFG-
estimator arise as special cases for the weight functions A\(u,t) = v~! and
AMu,t) = {ulog(u)}~t. The above presented method in combination
with the empirical likelihood methodology allows to create pointwise
confidence intervals for their estimates of A with good empirical coverage
rates.

None of the estimators figuring in this section has yet been extended
to the higher-dimensional case.

2.3 Enforcing the shape constraints

The previous estimators do typically not fulfill the shape constraints on
A as given in Theorem [[L71 In the bivariate case, a natural way to
enforce these constraints is by modifying a pilot estimate A into the
convex minorant of (A(t) V(1 —t)Vt) Al, see Deheuvels [1991], Jiménez
et al. [2001a], Pickands [1981]. It can be shown that this transformation
cannot cause the L error of the estimator to increase.

A different way to impose the shape constraints is by constrained
spline smoothing |IAbdous and Ghoudi [2005], Hall and Tajvidi [2000]
or by constrained kernel estimation of the derivative of A [Smith et al
[1990].

The L?-viewpoint was chosen in |[Fils-Villetard et al. [2008]. The set
&/ of Pickands dependence functions being a closed and convex subset
of the space L2([0,1], dz), it is possible to find for a pilot estimate A
a Pickands dependence function A € &7 that minimizes the L2-distance
fol(/l — A)2. By general properties of orthogonal projections, the L?2-
error of the projected estimator cannot increase. This last approach will
be extended to the higher-dimensional case in Chapter [l

2.4 Parametric estimation

Assume that the extreme-value copula C belongs to a parametric family
(Cp : 0 € ©) with © C R? with d the dimension of the parameter; for
instance, one of the families described in Section [[.4l Inference on C
then reduces to inference on the parameter vector . The usual way to
proceed is by maximum likelihood. The likelihood is to be constructed
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2.4 Parametric estimation
from the copula density

P
co(ug,...,up) = 5

By o Cou o up)y () € 0,17

In order for this density to exist and to be continuous, the spectral mea-
sure H should be absolute continuous with continuous Radon—Nikodym
derivative on all 2P —1 faces of the unit simplex with respect to the Haus-
dorff measure of the appropriate dimension; see [Coles and Tawn [1991].
In dimension p = 2, the Pickands dependence function A : [0,1] —
[1/2,1] should be twice continuously differentiable on (0, 1), or equiva-
lently, the spectral measure H should have a continuous density on (0, 1)
(after identification of the unit simplex in R? with the unit interval).

In case the margins are unknown, they may be estimated by the (prop-
erly rescaled) empirical distribution functions

n

Y 1Xij<a), weR je{l,...,p}. (211)

=1

, 1
P j(z) = ]

(The denominator is n + 1 rather than n in order to avoid boundary
effects in the pseudo-loglikelihood below.) Estimation of 6 then proceeds
by maximizing the pseudo-loglikelihood

A~

n
Z log ¢y (Fn,1(Xi,1), cee Fn,p<Xi,p>)7
i=1

see|Genest et al) [1995]. The resulting estimator is consistent and asymp-
totically normal, and its asymptotic variance can be estimated consis-
tently.

If the margins are modelled parametrically as well, a fully parametric
model for the joint distribution F' arises, and the parameter vector of F'
may be estimated by ordinary maximum likelihood. An explicit expres-
sion for the 5 x 5 Fisher information matrix for the bivariate distribution
with Weibull margins and Gumbel copula is calculated in Oakes and
Manatunga [1992]. A multivariate extension with arbitrary generalized
extreme value margins is presented in Shi [1995].

Special attention to the boundary case of independence is given in
Tawn [1988]. In this case, the dependence parameter lies on the bound-
ary of the parameter set and the Fisher information matrix is singu-
lar, implying that the normal assumptions for validity of the likelihood
method are no longer valid.
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2 Inference for extreme-value copulas

A robustified version of the maximum likelihood estimator is intro-

duced in Dupuis and Morgenthalex ﬂZDQj] The effects of misspecification
of the dependence structure are studied in [Dupuis and Tawn ﬂl)ﬂiﬂ

2.5 Further reading

Even more challenging than the estimation problem considered in the
context of this chapter is when the random sample comes from a dis-
tribution which is merely in the domain of attraction of a multivariate

extreme-value distribution. See for instance Boldi and Davi sgﬂ ’um
Coles_and Tawn [1991], lde Haan et_al Einmahl et _al) ﬁE?Joe

et al. [1992], Kliippelberg et all [2007, 2

for some (seml—)parametrlc approaches and Mmmndﬁhgmdﬂ NZDDEJ
ougeres 12001, |2 2006 . Einmahl and

] for some nonparametric

ones.
For an overview of software related to extreme value analysis, see

Stephenson and Gilleland [2005]. Particularly useful are the R packages

evd presented in lS_t_QpllﬁnSQﬂ HZ_OQj], which provides algorithms for the

computation, simulation developed in | and estimation
of certain univariate and multivariate extreme-value distributions, as
well as the more general copula package Yanl M]
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3 Inference: Known margins

The multivariate extension of the CFG-estimator was presented in Zhang
et al. [2008] and was reproduced in equation (2.6) in Chapter 2l This
estimator was shown to be uniformly consistent and pointwise asymp-
totically normal. However, the joint asymptotic distribution of the esti-
mator as a random function on A,_; was not provided. Moreover, im-
plementation of the estimator requires the choice of p weight functions
Aj on A,_1, the issue of their optimal selection being left unresolved.
Using a simplified representation of the above-mentioned estimator, we
are able to uncover its asymptotic distribution in the space € (Ap_1) of
continuous, real-valued functions on A,_;.

Moreover, we give explicit expressions for the weight functions A; that
minimize the pointwise asymptotic variance of the estimator. These opti-
mal weight functions depend on the unknown distribution. We show that
the CFG-estimator with estimated variance-minimizing weight functions
can be implemented as the intercept estimator in a certain linear re-
gression model via ordinary least squares. The OLS-estimator is data-
adaptive in the sense that the asymptotic distribution is the same as if
the optimal weight functions were used. In a simulation study, the gain
in efficiency is shown to be quite sizeable.

As in [Zhang et all [2008], the setting here is that of a random sample
from a distribution whose margins are known and whose copula is an
extreme-value copula. The results from this chapter have already been
published in |Gudendorf and Segers [2011a].

3.1 CFG-estimator and variants

Let X; = (Xi1,...,Xip), 1 € {1,...,n}, beiid. random vectors from a
p-variate, continuous distribution function F' with multivariate extreme-
value copula C and Pickands dependence function A.

To begin, we show that the ZWP-estimator introduced in his original
form (2:6) can be reexpressed in a simplified way as already stated in
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3 Inference: Known margins

Chapter 2

Lemma 3.1. If the constraints on the weight functions given in (2.1)
are valid, then:

p
log AZWP (w) = log Ay (w) = Y Aj(w) log An(e;) (3.1)
7=1

Hence, we will drop the superscript ZW P from now on and refer to
the estimator in Bl as the CFG-estimator. The proof of Lemma [B1lis
essentially the same as the one in [Segers [2007] for the bivariate case.

Proposition 3.2 (Naive estimator). The naive estimator A, in (2.X)
satisfies

sup  |A,(w) — A(w)] — 0, n — oo, almost surely, (3.2)
weAp,1

and in € (Ap-1),
Vn(A, — A) ~ A¢, n — 0o, (3.3)
where ¢ is a centered Gaussian process with covariance function
cov((('v),C('w)) = cov(—logfi('v), —logfi('w)), v,weE AN, 1,

(3.4)
with &(-) as in (21)).

There is no reason for the weight functions A;(-) to still be positive and
sum up to 1 in expression (B.1]). The asymptotics of the naive estimator
and the CFG-estimator follow from standard empirical process theory
as presented for instance in [van der Vaart and Wellner [1996] and van
der Vaart [1998].

Theorem 3.3 (CFG-estimator). If, in addition to the assumptions in

Proposition [3.3, the functions A\1,...,Ap : Ap_1 — R are continuous,
then
sup  |ACTG (w) — A(w)| — 0, n — oo, almost surely, (3.5)
wEAP71
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3.1 CFG-estimator and variants

and in € (Ap-1) ,
VR(ASYS — A) v Ay, n— oo, (3.6)

where n is a centered Gaussian process defined by
P
n(w) = ¢(w) = Y Aj(w)¢ley),  we Dy, (3.7)
j=1

with ¢ as in Proposition [7.2.

Remark 3.4 (Covariance function). The covariance function (3.4) can
be expressed in terms of A as follows. An application of the identity
log(z) = [;°{1(s < z) —1(s < 1)} s~ 'ds for z € (0,00) yields, by
Fubini’s theorem,

8

cov(—log&i(v), —log&i(w))
— [ [T (Pat) = 5 6w) > ) -Ple) > 9) Pletw) > ) T F
[ [ ettt v @it () v 00}

—exp{—s A(v)} exp{ 1 A(w)}| 2 .

where (y) = |y| A(y/lyl) and |y| = |y + - + |yp|. Replacing A by
any estimator of it results in an estimator of the covariance function.
However, a more practical way to estimate this function is by the sample
covariance of the pairs (—log&;(v), —log&;(w)); see also (the proof of)
Theorem [37

Remark 3.5 (Shape constraints). A further enhancement to the CFG-
estimator is to replace it by the convexr minorant of the function

min[max{ AS¥¢ (w), wy, ..., wp}, 1], w e AN,_1,

as in|Deheuvels [1991] and | Jiménez et all [2001L] for the bivariate case.
Although the resulting estimator would be a convexr function respecting
the bounds max(wi,...,wp) < A(w) < 1, in case p > 3 this would still
not guarantee it to be a genuine Pickands dependence function. Hitherto,
the only valid procedure to transform initial estimates for A into valid
projection estimates has been presented in|Gudendorf and Segers [2011L]
and can be found in Chapter [A of this work.
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3 Inference: Known margins

3.2 The OLS-estimator

The question remains which weight functions A; to choose in the CFG-
estimator (29)). InlZhang et al! [2008], the choice A\j(w) = w; was recom-
mended as a pragmatic one. The option of using variance-minimizing
functions \; was mentioned but not carried out. By casting the es-
timation problem in a linear regression framework, we will obtain an
estimator with the same asymptotic performance as the CFG-estimator
with those optimal weights. In this section, we define the estimator and
prove its consistency and asymptotic normality, both in the functional
sense. In the next section, the gain in efficiency is assessed by means of
simulations.
In view of Theorem [3.3, for each w € A,_; we have

V(AT (w) — A(w)) ~ A(w)n(w),  n— oo,

where n(w) is a zero-mean normal random variable. We will look for
those \j(w) that minimize the variance of n(w). Let ¢ be the Gaussian
process on € (Ap—_1) in Proposition For ease of notation, put

Aw) = (M (w), ..., p(w) ', ¢le) = (Cler),. .. Cley)

the symbol “T” denoting matrix transposition. Then

varn(w) = Var(C(w) - )\(w)T C(e))
= var {(w) — 2 A(w) " E[¢(e) ¢(w)] + A(w) " E[¢(e) ¢(e) ] A(w).
Note that
2 = E[¢(e)¢(e)] (3.8)

is the covariance matrix of (—logU;1,...,—log Ui,p)T. Provided this
matrix is non-singular, varn(w) attains a unique global minimum for
A(w) equal to

AP (w) = 571 E[¢(e) ¢(w)). (3.9)
With this choice of the weight functions, the variance of
Nopt (W) = ((w) = A% (w) " ¢(e) (3.10)

is equal to
var fopt (w) = var {(w) — E[((w) {(e) "] S E[¢(e) ((w)].  (3.11)
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3.2 The OLS-estimator

This variance is minimal over all possible choices of weight functions A;.

The optimal weight functions A?pt in [339) depend on the unknown
Pickands dependence function A. Fortunately, replacing these weight
functions by uniformly consistent estimators 5‘n,j is just as good asymp-
totically. For such estimated weight functions, define the adaptive CFG-
estimator by

log AS¥S (w) = log A, ( zp: w) log A, (e;), (3.12)

n,ad
J=1

Proposition 3.6 (Adaptive CFG-estimator). Assume that, in addition
to the assumptions in Proposition [3.3, the matriz ¥ in [B.8) is non-
singular and A, ; are random elements in € (Ap—1) such that, for every

jed{l,...,p},

sup fj\n,j (w) — )\?pt('wﬂ — 0, n — 0o, almost surely,
wEA,_1

with )\?pt as in [B.9). Then the adaptive CFG-estimator in ([B.12) satis-
fies
A1CFG

sup |Ay a4 (w) —A(w)| — 0, n — oo, almost surely, (3.13)
wGAp 1

and in € (Ap-1),
Vi(ASES — A) v Angpe,  n— o0, (3.14)

where 1Nopt is the zero-mean Gaussian process defined in (3.10).

Finally we propose a particularly convenient way to implement the
adaptive CFG-estimator in (3.12). For w € Ap_q, let

Bn(w) = (Bn,()(w)7 SRR BTL,P(“’))T

be the minimizer in (by,...,b,)" of
n 2
Z((—logsxw) — ) —bo - Zb ~log&i(e;) - 7)) . (3.15)
i=1

In words, B,(w) is the ordinary least-squares (OLS) estimator of the
vector of regression coefficients in a linear regression of the dependent
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3 Inference: Known margins

variable —log&;(w) — v upon the explanatory variables —log&;(e;) —
v, 7 € {1,...,p}. Define the OLS-estimator of A via the estimated
intercept by

log AYS (w) = B, 0(w), we N, 1.

Since the residuals
P
éni(w) = (—log&(w) — ) — Bo(w Z —log&i(ej) —7)
verify > 7" | é,i(w) = 0, we have
R R P
log A" (w) = fno(w) = Z w) log An(e;), (3.16)

that is, the OLS-estimator is equal to the adaptive CFG-estimator with
estimated weights S\nJ(’w) = Bn,j (w). The variance of the (logarithm
of the) OLS-estimator can be estimated by the sample variance of the
residuals, properly corrected for the loss in number of degrees of freedom,

n

. 1 .
&7 ors(w) = n—p—1 Zei,i(w)v we Ay . (3.17)
=1

Theorem 3.7 (OLS-estimator). Assume that, in addition to the as-
sumptions in Proposition [33, the matriz ¥ in ([B.8)) is non-singular.
Then, with probability tending to one, the minimizer ﬁn(w) of BIH) is
uniquely defined and for j € {1,...,p},

sup |Bn] (w) — X;pt(w)] — 0, n — 0o, almost surely.
wEAp,1
(3.18)
As a consequence, the OLS-estimator in ([B.10) is uniformly consistent,
sup  |A9MS(w) — A(w)| — 0, n — 0o, almost surely, (3.19)
weAp,1

and in € (Ap-1),

VI(ADYS — A) v Anops, 1 — 00, (3.20)
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3.3 Simulations

where Nopy is the zero-mean Gaussian process defined in (BI0). In ad-
dition, the variance estimator in [B.I1) satisfies

sup ’&,21 oLs(w) — var 770pt(w)| — 0, n — oo, almost surely.
'LUGAP,1 ’

Remark 3.8 (Non-singularity assumption). In the bivariate case, the
assumption that the covariance matriz X in ([B.8]) is non-singular is
equivalent to the assumption that the copula C is not the comonotone
copula |Segers [2007]. We conjecture that in the general multivariate
case, a mecessary and sufficient condition for ¥ to be non-singular is
that none of the bivariate margins of C is equal to the comonotone cop-
ula.

3.3 Simulations

In order to investigate the finite-sample properties of the estimators
discussed in the previous sections, we generated pseudo-random samples
from trivariate extreme-value copulas of logistic type as presented in
Tawnl [1990]:

Alw) = (0"0] + ¢7ug) " 4+ (0w + 6Twf) "+ (0w + )
+ (W] + wh +wp) YT +1—0—p—1p, we A, (3.21)

for (r,0,¢,1) € [1,00) x [0,1]3. To facilitate comparisons, we opted for
the same parameter values as chosen in [Zhang et al) [2008]: a symmet-
ric case, (r,0,¢,¢) = (3,0,0,1), and an asymmetric one, (1,0, ¢,v¢) =
(6,0.6,0.3,0). For each case 10000 samples were generated of size n €
{50,100, 200} using the simulation algorithms in |Stephenson [2003] and
implemented in the R-package evd [Stephenson [2002].

Four estimators were compared: the CFG-estimator ASFC with weight
functions \j(w) = w; as recommended in [Zhang et all [2008], the OLS-
estimator A9YS in (BI6), and the enhanced versions of the original
Pickands estimator due to [Deheuvels [1991] and [Hall and Tajvidi [2000]
as presented in [Zhang et al. [2008]. To visualize the performances of
the estimators, we plotted their biases and mean squared errors along
the line {w € A,_; : wy = wa}; see Figures 3.1 and for the sym-
metric and asymmetric logistic dependence functions respectively. The
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3 Inference: Known margins

n =25 n = 50 n = 100 n = 200
SLDF ALDF SLDF ALDF SLDF ALDF SLDF ALDF

MISE x 10—5

Deheuvels 128 425 64 204 32 97 15 47
HT 23 377 12 184 6 88 3 43
ZWP 21 270 12 128 6 63 3 31
OLS 15 250 7 107 4 50 2 24
MMSE x 10~°

Deheuvels 347 1290 172 584 87 274 47 135
HT 113 1170 57 580 29 278 14 136
ZWP 63 800 32 380 16 184 8 93
OLS 74 730 33 297 16 137 7 67

Table 3.1: Mean integrated squared errors (MISE) and maximum mean
squared errors (MMSE) for 10000 samples of size n €
{25,50, 100,200} from the trivariate extreme-value copula C
with logistic dependence function A in (69) for two different
choices of the parameter vector: a symmetric case (SLDF),
(r,0,0,9) = (3,1,1,1), and an asymmetric case (ALDF),
(r,0,¢,¢) = (6,0.6,0.3,0).

mean integrated squared errors (MISE) and the maximum mean squared
errors (MMSE) are shown in Table 311

In accordance to the theory, the OLS-estimator is in virtually all cases
considered more efficient than the CFG-estimator. Moreover, our simu-
lations confirm the findings in|Zhang et all |2008] that the CFG-estimator
is typically more efficient than the ones of Deheuvels and Hall-Tajvidi.
Note that the finite-sample bias of the OLS-estimator is somewhat larger
than for the other estimators. However, thanks to its minimum-variance
property it ends up as an overall winner in terms of mean squared error.

3.4 Proofs

3.4.1 Proof of Lemma 3.1

Keeping in mind the definition of Z; ; in (ZH), we are going to manipulate

z

/l_wj 1(Zi,j < Z) —Zz
0 z(1—z)
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Figure 3.1: Biases (left) and mean squared errors (right) of A9LS(w)

(solid), AS¥G(w) (dashed), AHT(w) (dash-dotted) and
AD(w) (dotted) along the line w; = wy for 10000 sam-
ples of size n € {50,100,200} from the trivariate extrentt3
value copula C' with symmetric logistic dependence function
A(w) = (w} +wh +wh)/" at r = 3.
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44

(solid), AS¥G(w) (dashed), AHT(w) (dash-dotted) and
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3.4 Proofs

using similar computations as in section 4 of [Segers [2007] for the bivari-
ate case.

The indicator function in the integral disappears if we use the following
decomposition:

1—w; < _ (1—w;)NZ; ; (1—wj)
/ ’ —1<Zl’j <2) Zdz = / ’ g dz+/ ’ 1dz
0 0 (

Z(l - Z) 1 -z l—w]')/\ZiJ z
= log{l — ((1 — wj) A Zm‘)} + log(l — ’LUj)
—log{(1 —wj) A Zi ;}

Rearranging the previous expression and exploiting the relationships be-
tween maximum and the minimum in the case of inverse functions or
functions of opposite sign, we find:

/l—wj 1(Zi,j < Z) — Zdz _ log _10g UiJ -
0 z2(1—2) 1 —wj

We can further simplify to obtain:

Wi (7, < 2) — 2 logU; ; p logU; ;
W = s =] o Tunl ) oW
/0 A1z Og( 1—w]~> v wi(1 — wy)

" logU;
= log(—logU;;) — log /\—7’

=1
= log(—logU; ;) —log&(w)

using the definition of & (w) given in (ZI). Replacing the previously
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3 Inference: Known margins

derived expressions into the ZWP estimator (2.6]):

i
_ iAJ;w)Z;{log( log(U) — log &i(w) |
_ il&;“’)i{log( log(Ui ;) +7 — v — log &( )}
— —;zn:log(ﬁi('w

+ZP:A Tlln {1og(~1ogUi;) ++}

= P
= log Ay(w) = > Aj(w)log Ay (e;)

Jj=1

The last two equalities were obtained by adding and subtracting v and
using the fact that >30_; Aj(w) = 1 for every w € A,

3.4.2 Proof of Remark [3.4]

We will establish an analytical expression for the covariance matrix X,
i.e. evaluate the expression for

Cov (—log(§(w)), —log({(v))), w,v € Ap_.

We know that ﬁ(w) has a scalar exponential distribution with mean
1/A(w) implying that —log&(w) belongs to a Gumbel location family

so that
2

Var (~ log(¢ (w))) = T

For the general case with w and v being two different vectors of the unit-
simplex A,_1, we are going to use the following integral representation
for the logarithm

+o0 s
log(z) — /0 (1(s <a)—1(s < 1)}%.
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Then,
Eflog {(v) log §(w)]
_ U {1(s <&(w)) —1(s < 1)} /{1t<£ ) =1t <1)}— ]

= B[ [T <) - 16 < 0y < cw) - 1< )5

= [ [ Blae <o) - 16 < v < gw) - 16 < )]
and
Ellog(¢ ())]E[log(é( )] =
dt ds
| [ Blae < eon-16 < DYEHLE < )16 < )] T
The covariance function can be decomposed as follows
Cov (log(¢(v)),log(&(w)))
= Ellog¢(v)logé(w)] — Ellog{(v)] E[log {(w)]
- / / (s < E()1(E < E(w))]
105 < €@ BN( < &(w))]) =T
- [ / (w) > 1)~ P(E(w) > 5) P(E(w) > 1) © 0

The fact that {(v) and &(w) are exponentially distributed leads to the
final result as

P(¢(v) = s) = exp{—sA(v1,..., vp)

and

3.4.3 Proof of Proposition
For w € A,_1, define f,, : (0,00)” — R by

Ful) = <log( A 2) =0 yeoar. @2
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3 Inference: Known margins

We can write

log An(w) = 3" fu(¥).
=1

Consider the function class .# = {fi : w € Ap_1}. We will show that .7
is P-Donsker and therefore also P-Glivenko—Cantelli, where P denotes
the common probability distribution on (0,00)” of the random vectors
Y;. According to Theorem 2.6.8 in van der Vaart and Wellner [1996]
and the proof thereof, we need to verify that .% is a pointwise separable
Vapnik-Cervonenkis-class (VC-class) that admits an envelope function
with a finite second moment under P. From this result, it will be trivial
to show that the function class

G = {gw : RE. — R where gy () = — fu(x) — 7} (3.23)
will also be P—Donsker and hence also P—Glivenko-Cantelli.

1. First, the function class .%# is pointwise separable since w
log fuw(y) is continuous for every y € (0,+00)?. So, it suffices
to take the intersection between A, ; and QP if we identify .#
with Apfl.

2. .7 and ¥ are Vapnik—Cervonenkis subgraph (VC) classes by re-
peated applications of Lemma 2.6.15 and points (i) and (viii)(¢(-) =
log(+)) of Lemma 2.6.18 of lvan der Vaart and Wellner [1996].

In detail, consider the p vector spaces of linear functions
"y
F; = {faj;faj :10,00)P = Rs.t. (z1,...,2p) — ﬁ fora; € R\ {0}} ,
J

j € {1,...,p}, which are VC-subgraph as guaranteed by Lemma
2.6.15. Then, from the aforementioned points in Lemma 2.6.18
one can deduce that

g:yl/\.../\fpz{fl/\.../\fp;flEgl,...,
fpeﬂpand(al,...,ap) EAp_l}

and
poF ={pof,fe F} with¢=Ilog

are also VC-subgraph.
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3.4 Proofs

3. We have the following inequalities for any values y = (y1,...,¥p) €

(0, +00)P and w = (wy,...,w p—l—zj 1w])
P P p
/\ /\wfjﬁp\/%
j=1 j=1 j=1

as w; > 1/p for all j € {1,...,p}. From the strict monotonicity of
the logarithm function:

P P P
Y
log | A\ wj| <log | A - | <log(p) +log [ \/ 5
j=1 j=1 j=1
We can choose the following envelope function:
F(y) = max {| log(p \/5-’:1 yi)l, | log(/\gzlyj)’} (3.24)

from where we can deduce that

F(y) <log(p Vi_; y;)* +log(Ah_yy;)°
M (1

e For the term (I) , we show that

p
log(p) +log(Vi_y;) < log(p) + log Zya

.
[y

P
log(p) + log Z yj A1)
j=1

IN

< log(p —l—Zlogyj/\l)
7=1

log(p) + Z]log (y5)]

IN

e Observe that the distribution of /\p _, Y, ; is Exponential with
mean equal to {p A(1/p, ... l/p)} Le/p,1].
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3 Inference: Known margins

F yields an envelope function of .# all of whose moments are finite
under P.

From the fact that .# is P-Glivenko—Cantelli it follows that

sup |log fln(w) —log A(w)]

'LUEAP71
1 n
= sup |— Z Jw(Yi)—E[fw(Y)]| — 0, n — oo, almost surely.
wGAp—l n i=1

(Here, we dropped a subscript ¢ for convenience.) Continuity of the map
exp : €(Ap—1) = €(Ap—1) : [ — exp(f) yields uniform consistency as
in (3.2).

Moreover, the P-Donsker property entails
Vn(log ASFG —log A) ~ ¢, n — oo, (3.25)

in the space £*°(A,_1) of bounded functions from A,_; into R equipped
with the topology of uniform convergence, where we identified .# with
Ap_1. The process ( is zero-mean Gaussian with covariance function
given in ([B.4). The sample paths of the limit process ¢ are continuous
with respect to the standard deviation (semi-)metric p on A,_; defined
by

p(v,w) = ar{ fuo(Y) — fu(Y)}]'2 vowe A, .

If lim;,—yoo v, = v in A,_1 according to the Euclidean metric, then by
continuity of fu,(y) in w and by uniform integrability, also
lim,, o0 p(vy,v) = 0. (Uniform integrability is checked by using the
bound in ([B24).) It follows that the trajectories of ¢ are also continuous
with respect to the Euclidean metric on A,_1, that is, ¢ actually takes
its values in € (Ap—1). As the trajectories of the left-hand side in (3:25)
are continuous too, the convergence in ([B.25) takes place not only in
0>°(Ap—1) but also in €(Ap—1).

The convergence in (B.3]) follows from the Hadamard-differentiability
of the map exp : €(A,_1) = €(Ap_1) : f — exp f and the functional
delta-method lvan der Vaart and Wellner |1996, Section 3.9].
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3.4 Proofs

3.4.4 Proof of Theorem 3.3

Uniform consistency of ASFS in (3] follows from uniform consistency
of A, in (32) and the fact that the functions A; are continuous, hence
bounded.

To show (B.6]), define L : € (Ap—1) = € (Ap—1) by

Lf(w) = f(w) =Y Nj(w

J=1

for f € €(Ap_1) and w € Ap_1. The operator L is linear and bounded.
We have log ASFG = L(log A,). Moreover, as A(ej) =1 for all j €
{1,...,p}, also L(log A) = log A. We find

Vn(log ASFG —log A) = L(v/n(log A, —log A)) ~ L¢ =, n — oo.

The weak convergence in (3.6]) follows from the functional delta-method
van der Vaart and Wellner |[1996, Section 3.9]. The representation n =
L(¢ coincides with (B.7).

3.4.5 Proof of Proposition

If the optimal weight functions A} * were known, we could consider the
optimal CFG-estimator

log ASES (w) = log A, ( Z AP (w) log A, (e;), we Ap_.

By Theorem [B3] the optimal CFG-estimator is uniformly consistent
(B3] and is asymptotically normal in the sense of ([B.6) with 7 = 7pt.
Now

n,opt n,ad

p
|log AL G5 (w) —log AL (w)] < [Anj(w) = A (w)] [log An(ej)].
j=1

By uniform consistency of /A\nd and asymptotic normality of v/n log An(ej),
we obtain, as n — oo,

sup |log Aglggt( ) —log ASEdG(w)\ — 0, almost surely,
wEA,_1
sup v/n|log AL G (w) — log AT (w)] ~ 0.
wEA,_1

o1



3 Inference: Known margins

As a consequence, the adaptive CFG-estimator is uniformly consistent
(B13) and asymptotically normal (314]).

3.4.6 Proof of Theorem 3.7

In analogy to the linear regression framework, define the n x (p + 1)
matrix

1 —log&(er)—y ... log&i(ep) —n
X —

1 —logén(er) —v ... logén(ep) —
and the n x 1 vector

Y(’LU) = (_ logfl(w> s —logﬁn(w) - 7)T7 w e Ap—l-

Provided the matrix X " X is non-singular, the OLS-estimator ,E:}n(w) is
given by
Br(w) = (XTX) ' XTY (w).

Recall the functions fy, in B22). For v,w € A,_;, define gy :
(0,00)? = R by

Gow () = fo(Y) fuw(y), y € (0,00)".

By (8:24) and by Example 2.10.23 in lvan der Vaart and Wellner [1996],
the function class {gyw : v,w € A, 1} is P-Donsker and thus P-
Glivenko—Cantelli, where P is the common distribution on (0,00)P of
the random vectors Y;. It follows that, almost surely as n — oo,

%XTX—> ((1) g) (3.26)
2 [ - (i) o e

As ¥ is non-singular, we have

() =)
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3.4 Proofs

while %X TX is with probability tending to one a non-singular matrix
too. We find, almost surely and uniformly in w € A,_4,

Ba(w) = (;XTX)I LXTy w)

N 1 0 log A(w) \ [logA(w) .
0 =7 \EKe)(w)]) ~ \aw))> "
Equation (3I8]) follows. Proposition B.6l and equation (3.16) then yield
equations (3.19) and B.20).

Finally, for the estimation of the variance, note that it does not matter
asymptotically if we divide by n or by n—p—1. Elementary calculations
yield

1 N R
D enalw) =~ (Y (w) = XBo(w)) " (Y (w) ~ Xy (w))
= lY(w)TY(w) — lXTY(w) : Ixmx 711XT Y (w)
N n n n '
The Glivenko—Cantelli property yields, almost surely and uniformly in
w € Ap_l,
%Y(w)TY(w) _ % S (~ log&i(w) — )

i=1

— E[(-log&(w) — 7)2] = var ((w) + (logA(w))2, n — oo.

In combination with (3.26) and ([3.27), we obtain that n=>>"" éii(w)
converges almost surely and uniformly in w € A,_1 to

2 [ logA(w) 1o log A(w)
var ((w)+ (log A(w)) (E[g(e)g(w)]> (o 2—1) (E[C(e)é(w)])
= var ((w) — E[¢(e) " ¢(w)] 27 E[¢(e)¢(w)],

which by (311 is equal to var nopt (w).
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4 Inference: Unknown margins

In the following chapter we will drop the assumption of known marginal
distributions and treat the more realistic case of unknown margins as
done in |Gudendorf and Segers [2011h]. Initially this topic has been
treated in the bivariate case in lJiménez et al. [2001a] for a submodel and
in (Genest._and Segers [2009] for the general model. In Section and
4.3l we will concentrate on the convergence results of these estimators in
case of unknown margins being estimated by the empirical distribution
functions, thus generalizing the main results in |Genest and Segers [2009]
to arbitrary dimensions.

In the proofs of the asymptotic normality of the Pickands and CFG
estimators, a certain expansion of the empirical copula process due to
Stute [1984] and Tsukahara [2005] plays a crucial role. The second-
order derivatives of extreme-value copulas typically exhibit explosive be-
haviour near the corners of the hypercube, violating the assumptions in
the two papers just cited. InSegers [2012], it was shown that the same
expansion continues to hold under much weaker conditions on the partial
derivatives. In Section 4.1l these issues are considered for multivariate
extreme-value copulas.

4.1 Empirical copula processes

Let X1, X9,... be an iid sequence of random vectors from a p-variate
multivariate distribution F' with continuous margins Fi, ..., F},. If the
margins F1,...,F, are known, we can define the empirical cumulative

distribution function C), of the (unobservable) random sample U; =
(Ui,ly ceey Um,) = (Fl(Xi,1)7 Ce 7Fp(Xi,p)) for i e {1, Ce ,TL} by

1 n
Cn(u) = — AU <u,. . Uip <), wel01P,  (4.1)
=1
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4 Inference: Unknown margins
with associated empirical process
o, =n?(C, = C). (4.2)
For ease of notation, we will write
anj(uj) =a,(1,...,1,u;,1,...,1) forje{l,...,p}. (4.3)

In practice, the marginal distributions will need to be estimated. If we
are not willing to make any assumptions (except for continuity) we can
estimate them by the empirical distribution functions

1
n—+1

Fn,j(x) = Z 1(Xi,j < .73), JE€ {17 s 7p}7 (44)

i=1

where we divided by n 4+ 1 in order to avoid later problems at the

borders. By doing so, we can construct n vectors U; = (Ui,l, ey Ui,p)
via
n
Uij = Fnj(Xi J S Xij) (4.5)
l:1

for i € {1,...,n} and j € {1,...,p}. The empirical copula will be
denoted by

n

. 1 . .
Cu(u) = =31 (Ui,1 <ui,..., Uiy < up) . wel0,1P  (46)
=1

with associated empirical copula process

C, =n'?(C, - 0). (4.7)

In Stute [1984] and Tsukahara [2005] it was established that if all
second-order derivatives of C' exist and are continuous on [0,1]?, the
processes «;, in ([£2) and C,, in (A7) are related via

P

Cn(w) = an(u) = Y Cj(w) an,j(u;) + Rn(u), (4.8)

Jj=1
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4.1 Empirical copula processes

the remainder term R,, satisfying

sup |Rp(u)| = O(n*1/4(log n)"2(loglog n)1/4) almost surely.
u€(0,1]P
(4.9)
By classical empirical process theory, we have a;, ~» « as n — oo, the
limiting process being a mean-zero tight Gaussian process with contin-
uous trajectories and covariance function given by

cov(a(u), a(v)) = Clu Av) — C(u) C(v), u,v € [0,1]7, (4.10)

where (u A v); = min(u;,v;). In view of the expansion (), it then
follows that in £°°([0, 1]7), we have C,, ~» C as n — oo, where

Clu) = a(u) = > Cj(u) a;(uy) (4.11)

j=1
and aj(u;) = a(l,...,1,u;,1,...,1).

Like many other copulas, extreme-value copulas do in general not have
uniformly bounded second-order partial derivatives. For instance, in the
bivariate case, every copula having a positive coefficient of upper tail
dependence will have first-order partial derivatives that fail to have a
continuous extension to the upper corner (1,1); see |Segers [2012, Ex-
ample 1.1]. As a consequence, the only bivariate extreme-value copula
whose density is uniformly bounded is the independence copula. How-
ever, as shown in the same paper, for copulas satisfying Assumption
below, the expansion (£.8)—(£9]) of the empirical copula process remains
valid.

Example 4.1. Let us consider the Gumbel-Hougaard copula presented

in Section [[L4.1]
C(u) = exp {— <(—logu1)1/a +...+ (—logup)l/a>a} ,Vu € (0,1)7,

with 0 < a < 1. The partial derivatives of C' w.r.t. to the first com-

ponent evaluated in w = (0,u—1), where u_; = (ug,...,up), is defined
as
. C(h,u_
Ci(0,u_y) = lim M
h—0+ h
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4 Inference: Unknown margins

Using a first-order Taylor series expansion around x = 0 for f(z) =
(1 + x)®, one can show

P
C1(0,u_1) = lim exp {—(—logh)ll/aoz Z(—logui)l/a} =1.

+
h—0 P

If at least one component in w_1 equals 0, the partial derivative C; (0,u—_1)
equals 0 as C'(h,uq1) = 0.

Let us consider the derivative in the points (1, w_1), where one com-
ponent belongs to the open interval (0,1). In this case,

. C(l,u_l)—C(l—h,u_l)

hl/a
= I = 0.
hg{)l+ h
In the special case, where u_y = (1,...,1),
o 1—(1—h)
¢i(1) hlg(r)l+ h =1

O]

Assumption 4.2. (C1) For every j € {1,...,p}, the first-order par-
tial derivative C; exists and is continuous on the set V,; = {u €
[0,1]P: 0 < uj < 1}.

(C2) For everyi,j € {1,...,p} (i and j not necessarily distinct), C;
exists and is continuous on V,; NV, ; and

sup  max{u; (1 —u;), uj(1 —u;)} |Cij(u)| < oo.
UEpriﬂVp,j

In fact, for weak convergence C,, ~» C in £°°([0, 1]?) to hold, condition
(C1) is already sufficient. In the context of multivariate extreme-value
copulas, it will be of interest to have a readily verifiable condition on the
stable tail dependence function ¢ for Assumption to hold.

Assumption 4.3. (L1) For every j € {1,...,p}, the first-order par-
tial derivative {; exists and is continuous on the set W ; = {x €
[0,00)? : z; > 0}.
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4.1 Empirical copula processes

U

@)

us ‘/@o,1)<>\@l@\32

Figure 4.1: Points of discontinuity on the unit-cube for C; with C' cor-
responding to the trivariate logistic copula.

(L2) For every i,j € {1,...,p} (i and j not necessarily distinct), Zi,j
exists and is continuous on Wy ; N Wy, ; and

sup  max(z;, x) |6 ()] < 0.
xEWp’iﬂWpyj
T1+-+xp=1

Proposition 4.4. For p-variate extreme-value copulas, (L1) implies
(C1). If in addition (L2) holds, then (C2) holds as well.

Example 4.5. Let us show first that condition (L2) is verified by the
tail dependence function of the asymmetric logistic copula with the
parametrization given in (L.24]). We have that

.. a—2
l12(x) = <1 - i) P (a:%/a + x;/a + xé/a> xi/afla;;/afl

-2
(e e
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4 Inference: Unknown margins

and we will show that

sup  max(xy, 22) |{1 2(2)] < 0.
z€W3,1NW3 2
r1+zo+a3=1

We can split this task into two steps. First, the term involving the three
random variables is bounded on the set on which the supremum is taken
as

max(x1, 72) (:Bi/a + xé/a + :J:;)/O‘)Oh2 x}/a_l wé/a_l .

0<---<1 (1—a) (2—a) 0<---<1
<3 a since x1+x2+x3=1

Without loss of generality, we can suppose that 0 < xo < z1 < 1, i.e.
max(z1,z2) = x1. Then,

max(z1, T2) (91/0{1‘1/0{ + qﬁl/ax%/a)a_Q xyaflxé/a*l

(z)""
<1 N (Zii)l/a>2a7

which is finite as 0 < ;—f < 1. The same conclusions hold true also for
the unconstrained asymmetric logistic model given in (L.23)). O

is proportional to

In the bivariate case, sufficient conditions for (C1) and (C2) can be
given in terms of the Pickands dependence function A(w) = ¢(1 —w, w),
where w € [0,1]: (C1) holds as soon as A is continuously differentiable
on (0,1), and (C1)-(C2) hold as soon as A is twice continuously dif-
ferentiable on (0, 1) and supg.,,«; w(l — w) A”(w) < oo [Segers, 2012,
Example 5.3].

4.2 Nonparametric estimation of the dependence
function

The nonparametric estimators presented in Section 2. can also be eval-
uated in the rank-based observations. Therefore,

» .
- —logUs; ;
&i(w) = /\ R ..
i j
7j=1
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4.2 Nonparametric estimation of the dependence function

forw € A,_1, with ﬁl ; as in (.0]) and the Pickands and CFG-estimators
are again

R
= - &(w) and  log AT (w Zloga — 7,
i=1

with v = 0.5772 ... the Euler—-Mascheroni constant.

Opposite to the situation in Chapter Bl where the marginal distri-
butions are known, the endpoint corrections for these estimators are
asymptotically irrelevant [Genest and Segers, 2009], since

1 1 1
s HE () 2o0(F)

n(e]

log ASFG (e;) = —= Zlog (log < )) +/0 log (log (i)) dz
o).

as n — 0o. Nevertheless, in finite samples, the simple choice \;(w) = w;
can make quite a difference. Similarly, for unknown margins, the mul-
tivariate extension of the estimator in [Hall and Tajvidi [2000] simplifies
to AHT(w) = A (w) /AT (e;) = AP (w){1 + O(n~"logn)}.

The next lemma establishes a functional relationship between AE and
ASFG on the one hand and the empirical copula C,, on the other hand.
Recall the empirical copula process C,, in (4.7).

Lemma 4.6. For w € A,_1, we have

1 1 1 du
1/2 - - Wi ) 4.1

. du
1/2 CFG u®
n'/?(log Ay (w) — log A(w / Cn( p)ulogu’ (4.14)

with C,, defined in (A7)

The proof is not different from the one in dimension two done in
Genest_and Segers [2009, Lemma 3.1] and can be found in Section
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4 Inference: Unknown margins

Equations (413 and (4.14]) are instrumental for proving the weak con-
vergence of the processes

AP =n!/2(AF — A) and ASFC =n!/2(ASFC - A).

n —

Theorem 4.7. Under Assumption [J.3 above, AL ~ AP and ASFC ~
AFE with

1
AP(w) — —AQ(w)/ Clu,. . ey
0 u
1 du
ACFG = A / WL ut
w) = Aw) [ C )

as n — oo in the space € (Ap—_1) equipped with the topology of uniform
convergence and C, defined in (L11)), being the weak limit of the process

in (@1) .
The main idea of the proof consists in substituting C,, in (£I3) and
(£I4) by Stute’s expansion and to conclude using a refined version of

the continuous mapping theorem. The proof follows the same lines as
the one in (Genest and Segers [2009].

4.3 Proofs

4.3.1 Proof of Proposition [4.4]
If u € (0,1]P, then —logu € W, ; and
C(u)

” {;(—logu). (4.15)

Cj(u) =

The assumptions on ¢ imply continuity of C’j on the set (0,1]P. If u €
[0, 1]P with u; > 0 and u; = 0 for some i € {1,...,p}\{j}, then C;(u) = 0
and continuity of C’j at such u follows from the fact that 0 < éj < 1 and
0 < C(v) < min(v).

If (L2) holds, then also

sup  max(x;, x ) |€”(m)| < 00,
xzeW, MWy ;

that is, without the condition x1 + --- 4z, = 1. This result is based on
the fact that the function ¢ is homogeneous of order one: {(sx) = s{(x)

62



4.3 Proofs

for all s € [0,00) and z € [0,00)P. Hence if /; exists on W), ;, then for
all s € (0,00) and & € W), ; we have

slj(sx) = if(sw) = (;jcjsf(ac) =s/;(x)
and thus ' ‘
ij(s2) = i3 ().

Taking partial derivatives again, we find for all s € (0,00) and * €
Wy N W, ; that

9 ) = i (@)

—lj(sx) = o

S Z@j(S%) =

and thus

EZ‘J‘(S:B) =s! &J(:B)
It follows that

max(sx;, sx;) {; j(sx) = max(z;, ;) b; (),
that is, the map @ — max(x;, ;) f; ; () is constant on rays through the
origin.

Next, we show the equivalence of (L2) and (C2). Fix i,j € {1,...,p},
not necessarily distinct and let w € V,; NV, ;. On the one hand, if
u€eV,;NV,;N(0,1]° (meaning that every component of u is different
from 0), then —logu € W, ; N W, ; and

O (il — 5 5) if i # 7,

C (u) _ uiuj
AT O) ) o
u? (gjz EJ_EJ}J') ifi=j,

with the convention that the partial derivatives of ¢ are evaluated in
—logu. On the other hand, if w € (V,; NV, ;) \ (0,1]7 (i.e. at least one
coordinate of u vanishes), then C; j(u) = 0.

We have to verify two things: first, the continuity of CZJ at points in
the set (Vi NV, ;)\ (0,1]7; secondly, the finiteness of the supremum in
(C2).
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4 Inference: Unknown margins

First, let w € Vp,; NV, ; N (0,1]P. Let K be a positive constant not
smaller than the supremum in (L2). By assumption (L2) and the fact
that 0 < /; < 1, we have

U Uy — IOg Ugy, — log Uj)

Continuity of C;; at points in the set V,; NV}, \ (0, 1]? follows.
Secondly, as min(u)/(u;u;) < min(1/u;, 1/u;) and —logz > 1 — x for
all positive x,

- 1 1 1 1
|Cs.5(u)| < min<,> {1+K min( , )}
(7 Uj l—ui l—uj
1 1 1 1
<(14K) m(> mm<,>
U; Uj 1—ul~ 1—’U,j

<(1+K) min( ! ) ! )>,

ui(l — uz) Uj(l — Uj

which is equivalent to condition (C2).

4.3.2 Technical results

The proof of Theorem .7 will require the following preliminary result
on weighted empirical copula processes. Recall the process oy, in ([€2]).
Define go(t) = t9(1 — t)? for t € (0,1) and a fixed value 6 € (0,1/2).
Write E = (0,17 \ {(1,...,1)}. Define the process G,, ¢ on [0, 1]” by

an(u) .
G p(u) = { @0min{w) ifu ek, (4.16)
’ 0 if w e (0,17 \ E.

Similarly, define the process Gy on [0, 1]? by replacing o, in (£16]) by its
weak limit «, see (LI0). The following result generalizes Theorem G.1
in |Genest_and Segers [2009].

Lemma 4.8. For every 0 € (0,1/2), the trajectories of Gy are continu-
ous almost surely and G, g ~ Gy in £>°([0, 1]P).

Proof. Fix u € E and define the mapping f,, : E — R by

1(0,u} (S) - C(u)
qo(min(u))

f’U«(S): ’ S€E7
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and consider the class
F ={fu:uecE}U{0},

where 0 of course stands for the zero function. The space % will be
endowed with the metric

p*(f.9) =P(f—9)*> f.geZ. (4.17)

Here, we adopt the notations of van der Vaart and Wellnen [1996]:
P denotes the probability distribution on [E corresponding to C' and
P, denotes the empirical measure of the sample (Ui, ...,Us,) for i €
{1,...,n}, that is

pr= [ tac Paf =~ fUir,-,Usp).

Moreover, put G,, = n'/? (P, — P), viewed as a random function on %,
i.e.

Gn: (F.p)  — R[]
Jwrwy) 7 Gulfuy,.uy)

Proof. 1t is sufficient to verify the conditions of Theorem 2.6.14 of van
der Vaart and Wellner [1996].

a) % is a VC-major class.

b) There exists F': E — R such that | f| < F pointwise for all f € %
and

+o0
/ {P(F > 2)}%dzx < oo,
0

where P(F > ) :P(s: (s1,...,8p) € E: F(s) >m>.
c) Z is pointwise separable.

To prove a), we need to check that the class of subsets of E given by
{{seE:fu(s)>t}:fue§,teR} (4.18)
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4 Inference: Unknown margins

is a VC-class (Vapnik-Cervonenkis class); see page 145 of van der Vaart
and Wellner [1996].
In fact each f,, can take only 2 values

qo(UiA...Aup)

C(ut,...,up)

fu(s) IOets) 0 5 <,y <y
ulS) =
)< 0 elsewhere.

T ge(ui A Auy

This implies that the class (AI8]) corresponds to the family of the open
intervals (0, u;] X ... % (0, up|, which is indeed a VC-class; see page 135
of van der Vaart and Wellner [1996].

For point b), we will apply the Fréchet-Hoeffding bounds to show

Clu) <ug A+~ Aup, Yu=(ug,...,up) €[0,1]7 (4.19)
and
1-C(u) <p(l—ui A...Aup). (4.20)
The last inequality is established as follows
{1, S ui <p—1

P
1—C(u)<1—max{1—p+2ui,0}< »
=

P i—1 u; elsewhere,

such that
p
1-C(u) <Y1 —u| <p(l—uy A Aup).
=1

In the sequel we distinguish between two cases:
Case 1: {s; <wuy,...,sp <up}

1—C(u)
go(ur A -+ ANup)
p(l—ur A+ Aup)
(ur Ao Aup)f (1 —ug Ao Auy)?

fu(st,...,8p) =
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4.3 Proofs

Case 2: Jds; s.t. 55 > u;

‘fu(slv"wsp” -

= (A Aup) 01 —ug A Auy) Tl
< (1—u1/\~-/\up)79.

By assumption we have
UL A AUup <81 V- VS,

implying that

l—ui A---ANu -0 < (1—51V- \/sPﬂ9
P
= (1-s)v--ov(1—s,)7"
< pl(1—s1) ov V(l_sp)_e]-

Finally, a candidate for the envelope function is found by regrouping the
previous inequalities

F(sl,...,sp)ép{519\/-'-\/5;9\/(1—31)_9\/---\/(1—Sp)_e]

verifying the integral condition in point b) as

P((s1,.--,8p) : F(s1,...,8p) > x)
P((sl,..., [81_6\/---\/8;;0\/(1—81)_9\/“-\/(1—Sp)_e] >x)
< P (81 < < >_1/9) +...4P (sp < <£>_1/0>

+P ((1—51) < <;>—1/0> L...4p ((1—sp) < <;>_w>] Al

2\ /0
< 2p <> A L.
D
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4 Inference: Unknown margins

We can conclude that for large values of x the probability given above
will be proportional to /¢ with 6 € (0,1/2) and hence integrable on
(0, 4+00).

For point c), let Ey be a countable subset of E and .#, be the subset
of % generated by Eg. Clearly every f, in % can be written as a
pointwise limit of elements f,,, of elements in .#g,. As there exists a P-
square integrable envelope function, the dominated convergence theorem
guarantees convergence in L?(P). By the definition on page 116 of van
der Vaart and Wellner [1996], .Z is a pointwise separable class. O

For the moment G,, is defined on .% with the metric p though we
would prefer to consider G,, as a function on [0, 1]P with the more familiar
Euclidean norm || - |2 . This shift will be done by the map:

¢: ([0,27,]-1l2) — (F,p)
u = fu

and the empirical process

Gno: (0,17 [l2) —
u —

—

R, | ’ )
n © ¢(u)
= n1/2 (Pn _P) fu-

0

The subtle difference between G,, and G, ¢ consists in their different
domains of definitions with their respective topologies. Let us define

T: ((F) N Meezy) — (@20, - floo)

4.21
g = goa, (4.21)
where in particular G,, 9 = T(G,,). O

Lemma 4.9.
Gno~ Go in € (]0,1]P).

Proof. From the previous lemma we know that
Gp~ G in (7(F),

and by definition 7" defined in (4.2])) is a linear map and bounded (with
constant 1), hence T is continuous.
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4.3 Proofs

00, 1]7
£2(F)
([0, 117,11 112) (F:p) (R, [-1)
¢ Gn
u > f(u) ‘an(u)

The Continuous Mapping theorem permits to conclude that
Gno~ Gg in  £°([0,1]7).
It remains to show that the sample paths:
(ur, ..., up) — Go(ui,...,up)

belong to € ([0, 1]?) almost surely.
We know that the map

G: (Z,p) - [R]-])
Ju = Gfy

has continuous sample paths w.r.t. to the metric p defined on %, see

page 41 of lvan der Vaart and Wellner [1996].
We will establish that ¢ as defined in (£3.2)) is a continuous map, i.e.

p(fu7f'u)2 = Pfi +Pf12; —2P fufo

tends to 0 as ||u—vl|2 tends to 0 for every u, v € Eq. Explicit expressions
for P 2 and P fu fo are given below.
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4 Inference: Unknown margins

Fix w = (u1,...,up) and v = (v1,...,v,) in E, then

Pfufo = (O] - XOup]( s) — C(u)
! / /[om go(ur A~ Auyp)

(0 v1] X+ x (0, vp}(s) - C(’U)
go(v1 A= Avp)
C(ur Aoy, ... up Avy) — C(v) C(u)
qo(ur A -+ ANup) go(vr A=+~ Avp)

dC(s)

and
(0,uq] X X(Oup]( )_C(u) ?
Pla = / / ( p(ur A+ Aup) ) dC(s)
_ 1—-C(u) >2
B / /(Ou1]>< % (0,up) (%’(Ul/\"'/\up) 4c(s)
C(u) )2dc
i / [0,1]7\[0,u] <CI0(U1A“'A%) (s)
_ Cu)’(1-C(u)) + C(u)(1 - C(u))?
a qg(ul/\--‘/\up)2
 Cu)(1 - C(w)
go(ur A -+ ANup)?
Finally,
p(fu,fv
_ ( (ur,.. - up)  Clur A, up/\vp)) 1
go(ur A -+ ANup) go(vi A=+ Awp) go(ur A -+ ANup)
N ( (V1,0 ,vp) _C(ul/\vl,...,up/\vp)> 1
qo vl/\---/\vp) QQ(Ul/\-"/\Up) QQ(Ul/\"'/\Up)

B ( Clug,... up) C’(vl,...,vp))>2’

go(ur A+ ANup)  go(vri A+ Ay

which tends to 0 as w — v in [E. The continuity of ¢ in the cases where
ur A ... Auy tends to either 0 or 1, is assured by the inequalities defined
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4.3 Proofs

in (A19) and (20)

pz(fu,()) = Pfi
Clut,...,up)(1 —C(ui, ..., up))
go(ur A -+ Aup)?
< (ur A Aup) T (1 —ug A A ) T

which tends to 0 in any of the two cases. O

4.3.3 Proof of Lemma

Proof. For a fixed value of w € A,_; and a sample of rank-based obser-
vation U; = (U;,...,U;p) for i € {1,...,n} constructed as explained

in (4.0), we have

N &i(w) too
&i(w) = /0 dr = /0 1(&(w) > z) dx

The Pickands estimator can then be written as follows

1 1 -
w2t

n —1
1 e [* log U, log U,
= - 1(— & M}x, ,— & P> x| dr
n <~ Jy w wj
=1
Lo [T /. .
= — 1 (Ui71 <e 1T ,Ui7p < eprz> dx
n < 0

Applying the change of variables u = e~ we have

1 I [t /n A du
~ = Z/ 1(Ui,1§uw1,...,Ui’p§uwP> —
AP (w) n<—='Jo u

1
A d
= / Cp (U™, . u"P) .
0 u
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4 Inference: Unknown margins

For the CFG-estimator, the main trick consists in rewriting the loga-
rithm function in the following way

og() = [ o1z &

du
ulogu’

1
— —/0 {1(=logu < z)—1(u > 6_1>}

Based on this integral representation of the logarithm, the CFG-estimator
can be reexpressed as follows

—log ASFG('w) —
1 n
" ;:1 og&i(w)

du

ulogu

noo.1
- iZ/O [L(u>e ™) —1(Un < u™,...,Up < u)]

i1

1

du
ulogu

Rearranging the previous expression, we obtain the stated result (ZI4])

du
ulogu

1
log ACFG (w) = / {C’n(uwl, coout?) = 1(u = 6_1)] — 7.
0

4.3.4 Proof of Theorem [4.7]
We now proceed with the proof of Theorem L7l Define

P ) = nl/2 1
BSFG(w) = nl/? (log ASFG(w) —log A(w)),

for w € A,_1. Applying the change of variables u = e™® in Lemma [4.06]

we find that the processes BE and BSFG can be written as

B, (w) = /000 Cple™™%, ... e %) h(s) ds, (4.22)
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4.3 Proofs

in terms of a function h on (0,00) which is hP(s) = 1 for the Pickands
estimator and h®F9(s) = 1/s for the CFG estimator. In what follows,
the function h denotes either h* or h¢FG.

Put l,, =1/(n+1) and k,, = plog(n+ 1) and split the integral on the
right-hand side of ({.22) into three parts:

In kn o)
Bu(w) = [+ /l " /k — D) + Bo(w) + p(w).  (4.23)

We will first prove that with probability one, the first and the third term
on the right-hand side converge to zero uniformly in w.

o If s € [0,1,], then C,(e "% ... e %) = 1 since for all w =
(wl, . ,wp) S Ap_l

e IAN L N NePP>eT > 1 -5

by the convexity of the function x — e¢~* and
) 1

1—s5> iff s< .

n+1 n+1

This implies

ln
0< 1 p(w) = / n1/2(1 —e* A(w)) h(s)ds
0

In
< n1/2/ sh(s)ds < n1/2ln <n1/2,
0

o If s € (ky,00), then w; > 1/p and thus e™™7® < 1/(n + 1) for at
least one j € {1,...,p}, so that C,(e™"*,...,e"*»®) = 0, which
implies

|13 (w)] é/ n'/2e=s AW p(s)ds

where we used the fact that A(w) > max(w) > 1/p.
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4 Inference: Unknown margins

As a consequence, the only non-negligible term in ([£.23) is Io,. By
Assumption and by Proposition 4.2 in [Segers |2012], Stute’s expan-
sion (A.8)—-([@3) is valid, so that we can write

In,2( ) JOn Z']Jﬂ’b +Jp+1n( )
7=1

where

kn
Jon(w) = / an(e” % ... e %) h(s) ds,
ln

)

Fon _
Jjn(w) :/ an (e %) Ci(e™1%, ... e P%) h(s) ds, je{l,...,

Toi1n(w / Ru(e™™%, ..., e~ h(s) ds.

In view of the bound J) on R,, the term J,,1, is negligible: as
n — 00,

sup |Jpyin(w)| = O(n_1/4 log(n )f h(s)ds) — almost surely.

’wEApfl

Fix 6 € (0,1/2) and recall the process G,, ¢ in (£.16]). We have
Jon( / Gpo(e ™, ..., e *"") Ko(s,w) h(s) ds,

Jin(w) = Gng( cos e 1000 1) K(s,w) h(s) ds,

ln
for j € {1,...,p}, with

Ko(s, w) = gy (min(e_swl, ... ,e‘swp))7
Kj(s,w) = go(e ) Cj(e™™, ..., e™*),  je{l,...,p}.

The functions Ky, ..., K, satisfy the bounds

0 < Kj(s, w) < K(S) = 89 1(071](8) + 6—(9/p)s 1(1,00)(5),
j€A{0,...,p}, s € (0,00), we N, 1. (4.24)
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To prove these bounds, use equation ([d.I3]), the fact that 0 < éj < 1and
0 < C(v) < min(v) for v € [0,1]” and the fact that max(w) > 1/p for
w < Ap—l-
In fact, if s € (1, +00),
go(e P AL N e P

= (e""TALLLA e*S“’P)H (I—e %"t AL A e’sw”)o

< (e75W AL Neswr)?
and if s € (0,1) ,

Gole LA Ne ) < (T—e YT AL AeSur)d
< (swy V... Vsw,)? < s
Therefore, we define for each j € {1,...,p} the map T ;:
Tjm = ((Qp-a)s |l lloc) = (R,]-])
f s é;log(n-‘rl) f(e—sun7 e e—swp) KJP(S, ,w) ds

As T}, is a linear application, it is sufficient to show that it is also
bounded to establish continuity. We have that

plog(n+1)
Tinfl < 1flc /0 K (s, w) ds

Letting n tend to infinity, this reduces to show that fooo K JP (s,w)ds can

be bounded by a constant for every j € {1,...,p}, which is guaranteed
by the finiteness of the integral [;* K (s)h(s)ds for K defined in ([E24)

By Lemma [L§ and the extended continuous mapping theorem [van
der Vaart and Wellner, 1996, Theorem 1.11.1], we find

p
B,~B=Jo—Y J;, n—o0
j=1
in £>°(A,—1), where

Jo(w) = / Go(e™*t, ..., e %) Ko(s,w) h(s)ds,
0

Jj(w)_/o Go(L,...,1,e™. 1, 1) K;(s,w) h(s) ds
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4 Inference: Unknown margins

with j € {1,...,p}.
From the definitions of the process Gy and the functions Ko, ..., K,
we obtain

B(w) = /0 Ce™™* ..., e "r*) h(s)ds, we A, .

An application of the functional delta method [van der Vaart and Well-
ner, 1996, Theorem 3.9.4] now yields the result. From Lemma [0, we
know that G, ¢ ~» Gg in €'([0,1]?). As the integration domain depends
on n, we will refer to extended continuous mapping theorem stated at
page 67 in van der Vaart and Wellner [1996].

4.4 Additional Remark

Let E, ; denote the j-th empirical distribution normalized with respect
to n as opposed to F), ; defined in ([4), i.e. for a real x

1 .
Epj(x) = — Z} 1(X;1<z), je{l,...,p} (4.25)
P
In [Deheuvels [1979], the empirical copula is defined as

R 1<
C??(u) = E E :1 (Xi,l < E;l(ul)ﬂ s 7Xiap < E;p(up))
=1

= Fn(Ee (u1),..., E::/p(up))’

n,1

with Ea(uj) = inf{xj ceR: En,j(xj) > uj}.
Straightforward calculus shows that, in the absence of ties,

A A 2
sup  |CP () — Cp(w)] < L. (4.26)
u€(0,1]P n

First, we remark that by the discontinuity of £, ; and E;_ ;» we have
that:

1 n
- E 1(Xi1 < Ejq(w),. . Xip < E::p(“p))
i=1

3

1 n
S Zl(En,l(Xil) < (u1)s- - Bnp(Xip) < up) +
=1
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F,,,(.r)‘\
1 — —— o
2/3 1 -
1/3F —
| | | -
X
X X(2) X(3)

Figure 4.2: We observe that F},(X1) < 1/2 but F,(X(g)) £ 1/2.

Then, the difference |Cy, (uy, . . ., up) —CP(uy, ..., u,)| can be maximized
by

N

n

1 & n+1 n+1
‘* o1 (En,l(Xi,l) S s Enp(Xip) < up) -
=1

N

1 n
- D 1(Bna(Xin) Sun, o Bp(Xip) < up) ‘ + %
i=1

The result follows from a telescopic development and the fact that
w; < (14+1/n)u; < u;+ 1/n.

As a consequence, Stute’s expansion () is valid for C,, if and only
if it is valid for CP.
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4 Inference: Unknown margins

Fe(x)lk
X o
X2 [ —

Xy —
| | |
1/3 2/3 1.0

=Y

Figure 4.3: However, we have that X = F:. (1/2) such that
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5 Projection estimator

In practice, the nonparametric estimators presented in the previous
chapters do not provide valid Pickands dependence functions defined
as the functions belonging to the set ./ given in (IL12)). In this chap-
ter the projection methodology developed in [Fils-Villetard et al. [2008],
consisting in transforming an initial (nonparametric) estimate An of A
into a valid Pickands function, will be adapted to the higher-dimensional
case. The methodology will be introduced in Section [5.1] followed by a
simulation study in Section The proofs can be found in Section
(.3l This chapter is based on the second part of (Gudendorf and Segers
[2011Db].

5.1 Discrete finite-dimensional approximations

Apart from the bivariate case, it is not sufficient to project the initial
estimates on the set of convex functions such that max(wi,...,wp) <
A(w) < 1 for w = (wr,...,wp) € Ap_1. From the definition of .o given
in (LI2]) one can see that any Pickands dependence function is fully
characterized by its associated spectral measure H. From this obser-
vation it follows that the goal will be to determine a spectral measure
such that its associated Pickands function minimizes the distance to the
initial estimate An

In the context of this chapter we view o7 as a closed and convex subset
of the real Hilbert space L?(A,_1) with A,_1 equipped with (p — 1)-
dimensional Lebesgue measure when viewed as a subset of RP~!. The
inner product and the norm on L?(A,_1) are denoted by (f,g) = [ fg
and || fll2 = ((f, f))'/? respectively.

The orthogonal projection of an initial estimator A,, for A, for example
the Pickands or the CFG estimator, onto <7 is then defined as

AP" = TI(A,| /) = argmin ||A — A, ||».
Aed
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5 Projection estimator

A,

Figure 5.1: Projection framework.

Projections being contractions, it follows that || AP — Ay < [|A, — All2
for all A € o/: the L?-risk of the projection estimator is bounded by the
one of the initial estimator.

The projection space &/ being infinite-dimensional we prefer to refer
to finite-dimensional subclasses 7, C & for practical computations,
yielding the approximate projection estimator

APy = T(Ay| ) = argmin |4 — Ay 2. (5.1)
A

Em

For each positive integer m, the class o7, will be defined as the set of
Pickands dependence functions characterized by discrete spectral mea-
sures H with fixed and finite support depending on m. Specifically,
let 7, be the (finite) set of points v = (v1,...,vp,) € Ap_y such
that k; = muv; is integer for every j € {1,...,p}, so that in fact
v = (ki/m,... ky/m) where k; € {0,...,m} and ky + --- + k, = m.
The cardinality of %, is of the order O(mP™1) as m — oco. Let
), m be the set of (discrete) spectral measures H € .7, supported on
Vpm, that is, H = ZUE%M hy 04, With &, the Dirac measure at v and
where h, = H({v}) is the spectral mass of the atom v. The vector
h = (hy)ver,,, satisfies the constraints

hy =0, Yv € Ypm,
{” ? (5.2)

Yoer,, hovi =1, Vi€ {l,....p},
the second constraint stemming from (LI0).
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5.1 Discrete finite-dimensional approximations

U2

U1

Figure 5.2: 73 5: Set of masspoints on the unit-simplex Ay with m = 5.

The Pickands dependence function A of a spectral measure H in 42, ,,
can be written as

Ap(w) = Z hy max{wyvy, ..., wpvp}, we N, . (5.3)

vE pm

Being a linear combination of piecewise linear functions, the function A
in (B.3) is itself piecewise linear. All Pickands dependence function of
the form (5.3) will be collected in the class <7,. The next result can be
seen as the equivalent of Lemma 2 in [Fils-Villetard et all [2008] stating
the denseness of the piecewise linear Pickands dependence functions.

Lemma 5.1. For every H € 7%, and every positive integer m, there
exists Hy, € ,m such that the Pickands dependence functions A and
Ay, of H and H,, respectively satisfy

Sup A (w) — Aw)] <
wEA,_1

(5.4)

3%

The bound in (5.4)) implies that sup g inf 5, |A—Als =0(m™)
as m — oo. This rate is perhaps not sharp, for in case p = 2, Lemma 2
in [Fils-Villetard et al. [2008] states the rate O(m~3/2). It remains an
open problem whether the latter rate can also be achieved in general
dimension p.
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5 Projection estimator

In practice, the task is to compute the vector h such that the function

APY(w) = Aj(w) = Z ho max{wivy, ..., wpv,}, wE A, 1,

ve%,m

solves (5.1). The vector h is given as the solution to the least-squares
problem

h = argmin | Ap, — A,|}3 = argmin(||Ap |3 — 2(4n, 4,)),  (5.5)
h h

with h subject to the constraints (5.2)). The optimisation problem in
(G3) is a quadratic program with linear constraints, which in matrix
notation reads

Ch = c,

5.6
h > 0. (5.6)

h = arg min<;hTDh — dTh>, subject to {
h

The matrix D and the vector d regroup all the scalar products of the

form pr_1 max(w v) max(w v') dw and pr_l max(w v)A, (w) dw re-

spectively, for v, v" € ¥}, ,,. The p equality constraints Zve'i/p,m hyvj =1

are encoded by means of the matrix C' and the vector c.

For implementation, we used the R-package quadprog by [Weingessel
[2010] for solving quadratic programs under linear constraints. Although
there exist multiple packages for numerical multivariate integration, we
preferred to compute all the integrals appearing in D and d using Rie-
mann sums on the same fine grid. By so doing we reduce the risk of
numerical problems as we impose D to be positive definite.

The derivation of the asymptotics of the projection estimator follows
the same lines as in [Fils-Villetard et al! [2008]. Assume that ¢, ' (4, —
A) ~ ¢ in L*(Ap—1) where ¢ is a random process in L?(A,_1) and
0 < g, — 0; for the Pickands and CFG estimators, we have ¢, = n~1/2
and we have weak convergence with respect to the uniform topology,
which implies convergence with respect to the L?-topology.

By Lemma 1 in [Fils-Villetard et all [2008], we have

|AB; — AP[l2 < (6 {2]lAn — APl + 6, }]'/2,

with 8, = |[|AP* — II(AP"|.e7,) 2. From Lemma 5.1 above, we have 8, =
O(1/m) as m — co. As a consequence, if m = m,, is such that 1/m,, =
o(en) as m — oo, then || Ab, — AP||y = op(en).
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5.1 Discrete finite-dimensional approximations

Consider a sequence of real-valued functions (g )nen defined on Ap,_q
converging to g in L?(Ap_1). Albeit under a more general setting, it was
proved in Lemma 3 of [Fils-Villetard et al. [2008] that

lim H(A + engn\,tzf) —A

n—oo €n

=11(g|T(A)),

where T,,/(A) is the tangent cone of </ at A, defined as the L?-closure
of (\(A—A): )\ >0,4A € &} As A = II(A|«/), the idea behind
the proof of this lemma consists in proving some kind of Hadamard-
differentiability of the operator H(LQ% )

From this we can deduce that

e (AP A) = e (AP A) top(1) ~ (T (4))  (n— 00) (5.7)

n m

in the space L?(A,_1).
From the properties of projection estimators and the fact that 0 €
T./(A), one has the following inequality

IS11Z > [1C = TH(CITor (A)I3 + [T (S| T (A)) 13-

It follows that
/CQ(w) dw ... dwy_y > /H(g(wnTﬂ(A))?dwl...dwp_l,

meaning a decrease of the asymptotic variance of the estimator due to
the projection.

Interestingly, equation (5.7)) implies that the choice of m is not to be
seen as a bias-variance trade-off problem but rather as a discretization
problem. As soon as m = m,, converges to infinity faster than 1/, the
finite-dimensional projection estimator AP} has the same limit behaviour
as the ‘ideal’ projection estimator APt In practice, we will choose m
sufficiently large so that any further increase of m does not make any
significant difference, of course subject to constraints on computing time
and numerical stability. The grid of equidistant masspoints ¥, ,, has
been chosen for purely pragmatic reasons and it might be interesting to
investigate the influence of the distribution of the mass points on the
quality of the projection estimator. For example, one could imagine
that a curvature-sensitive grid of masspoints could help to improve the
overall fit.
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5 Projection estimator

Finally, note that the convergence in (5.7)) is with respect to the L2-
topology only, even if originally the weak convergence of ¢ 1(121” —A)
took place in the stronger £*°-topology. The asymptotic distribution of
the projection estimator under the ¢*°-topology remains an open prob-
lem.

5.2 Simulation study

5.2.1 Piecewise linear projections

A simulation experiment was conducted to compare the finite-sample

performance of the following four estimators:

PD - the endpoint-corrected Pickands estimator in (2.4) with \;(w) =
wj, in the spirit of Deheuvels [1991];

PD-pr — the projection estimator in (B.1) with the previous end-point
corrected Pickands estimator as initial estimator;

CFG — the endpoint-corrected CFG estimator in ([2.9) with \;(w) = wj;

CFG-pr — the projection estimator in (5.]) with the previous end-point
corrected CFG estimator as initial estimator.

The set-up of the experiment was as follows. Following [Zhang et all
[2008] and \Gudendorf and Segers [2011a], random samples were gener-
ated from a trivariate extreme-value distribution with asymmetric logis-
tic dependence function A [Tawn, 1990]:

Aw) = (gl/aw}/a + qbl/aw;/a)cx + (el/aw;/a +¢1/aw§/01)a
+ (0w 4 @ el Lo (wy + wd/ 4wk )
+1—-60—¢—1, w € Ay, (5.8)

with parameter vector (a8, ¢,) € (0,1] x [0,1]3. For this model, As-
sumption can be verified by direct calculation. The dependence
parameter « ranged from 0.3 (high dependence) to 1 (independence,
A =1) and the vector (¢, v, 0) was set equal to either (0,1,0) (symmet-
ric logistic copula or Gumbel copula) and (0.3,0,0.6) (an asymmetric
logistic copula). For each distribution, 1000 samples were generated of
size n € {50,100,200}. Simulations were performed using the R-package
evd |Stephenson, 2002], which implements the algorithms presented in
Stephenson [2003]. The discretization parameter m was set to 20, at
which value the grid 7329 contains 231 points.
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Monte-Carlo approximations for the mean integrated squared error
(MISE) E[[ (A — A)?] for the four estimators considered above are re-
ported in the tables below. The three main findings are the following:
1- The projection step yields a gain in efficiency, especially in case of

weak dependence.

2- Without projection step, the CFG estimator outperforms the PD
estimator.

3- After the projection step, the PD-pr estimator is more efficient than
the CFG-pr estimator in case of independence and weak dependence
(o > 0.9), but less efficient otherwise (o < 0.7).

Further, we find that as the dependence increases, all estimators tend

to perform better. In accordance with asymptotic theory, the MISE is

roughly proportional to 1/n.

5.3 Proofs

5.3.1 Proof of Lemma 5.1

The proof is constructive and consists of the following steps:
1. Construction of the spectral measure H,,.
(a) Discretisation of H yielding a measure G, on A,_1, which is not
necessarily a spectral measure.
(b) Modification of G, into a genuine spectral measure H,, .
2. Proof of the inequality (5.4)).

1. Construction of the spectral measure H,,. For v € ¥,,,, consider the
set Ap_1,0,m of points t € A, such that v; <t; <v; +1/m for every
je{l,...,p—1}; recall that t, =1—1t; —--- —t,_1, so that necessarily
vp — (p—1)/m < t, < vp. The collection of sets {Ap—1vm v € ¥pm}
constitutes a partition of A,_;. Indeed, for every point £ € A,_; there
is a unique point v € ¥}, , such that t € A,_1 4 ,: Let v; be the integer
part of mt; for j e {1,...,p—1}and put vy =1—v; — -+ —vp_1.

(a) Discretisation of H, yielding G,,. Define a discrete measure Gy,
on A,_; with support contained in ¥, ,, by G ({v}) = H(Ap—1,0,m) for
v € ¥, m- In words, the mass assigned by the spectral measure H on
the set Aj,_1.4,m is relocated to the corner point v.

Since the sets Ap_1 ,m constitute a partition of A,_1, the total mass
of Gy, is still Gy, (Ap—1) = H(Ap—1) = p. However, G, does not need
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5 Projection estimator

to verify the moment constraints. For j € {1,...,p} we have
JRICICECEID ST VD Sy ()
Ap 1 ’UE%m vEV/me

which in general is not equal to unity.

Still, the moment constraints are not far from being verified. For
t e Ap1omand j € {1,...,p— 1} we have v; < t; < vj + 1/m.
Integrating these inequalities over t € Aj,_1 4, with respect to H and
summing them over v € ¥}, ,, yields

J

As a consequence, there exist numbers ¢; € [0, 1) such that

/ tdGu(t) =1— 2 jefl,... p—1}
A m

p—1

1
A m

p—1 p—1

(b) Modification of Gy, into a spectral measure H,,. We will modify
G, into a genuine spectral measure H,, by (slightly) increasing the
masses at the vertices eq, ..., e,_1, where e; is the jth coordinate vector
in RP. Specifically, we set

H, = (1 —ao) Gm + a1 561 +--tap-1 (5,3?71

for some nonnegative numbers ao, ..., a,—1 to be determined by the mo-
ment constraints. For j € {1,...,p — 1}, we must have

- / b dHo(t) = (1= a0) (1 — ¢; /m) + a;.
Ap_1
In addition, the total mass must be equal to

p=Hnu(Ap—1)=1—-ag)p+ar+-+ap-1.

Substituting a; =1 — (1 — ag)(1 — ¢;/m) into this equation and solving
for ag yields, after some algebra,

Zz lcl

ag = )
m+21 10'5
ci + C; .
aj:@, je{l,...,p—1}
erZZ 102

86



5.3 Proofs

This concludes the construction of the spectral measure H,,. Note that
0 < aj < p/m for every j € {0,...,p—1}.

2. Proof of the inequality (5.4). For w,t € A,_q, write
f(w,t) = max{wity, ..., wpty}.

The Pickands dependence function A,, of the spectral measure H,, con-
structed above is given by

A (w) = /A f(w. ) Hyy ()

p—1

— (1—ap) / F(w,8) G (d8) + ayws + -+ + a1, 1.
A

p—1

Put By, (w) = [ f(w,t) Gp(dt), the “Pickands transform” of G,.
Clearly By, > 0 and B,, is convex, being a weighted average (over t)
of the convex functions w — f(w,t). As a consequence, B, (w) <
max{B,(€e1),...,Bn(ep)}. Now By, (e;) = [t; Gin(dt), which is equal
tol—cj/mifj e {1,...,p—1} and which is equal top—Zf:_ll(l—ci/m) =
1+ 5P ei/m =1/(1—ag) if j = p. Tt follows that By, (w) < 1/(1—ag)
for all w € Aj,_;.

We obtain, on the one hand,

Ap(w) < By (w) + aqwy + -+ + ap—1wp—1

< By (w) + max(aq, ..., ap—1) < Bp(w) + %
and, on the other hand,
p—1
a 1
Ap(w) = (1 — ag) By, (w) = By (w) — = Bp(w) — — ¢
1—ag m =
p
B, - =
> B (w) -

Therefore,
|A(w) = Ay (w)] < [A(w) =By (w)|+] By (w) = A (w)] < IA(w)—Bm(w)lJr%-
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5 Projection estimator

Furthermore,

A(w) - Bp(w)| < Y /A f(w, ) H(dt) - / f(w, ) Gon(dt)

A
VL pm pv,m

=S /A S ) )~ . 0) H ()

’UEﬂf/p,m

= > /quvym(f(mt)—f(w,v))H(dt)

’UE%,m

N

> / |f(w,t) — f(w,v)| H(dE).

. A
vE pm p,v,m

By checking all possible cases one verifies that | max(a, ag) —max(by, b2)| <
max(|ay — b1, |ag — be|) for all real a1, as, by, be. An induction argument

then yields | max(ay, ..., ar)—max(by, ..., bg)| < max(la; —b1,...,|ax—
bi|). It follows that |f(w,t) — f(w,v)| < max(|t; — v1],...,[tp — vp|).
As a consequence,
p—1 (p—Dp
— —— H(dt) = .
Aw) - Bawl < > [ P taan =T

Inequality (5.4]) follows.

5.4 Appendix
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68

a=0.3 a=0.5 a=0.7 a=20.9 a=1
n=>50 PD 1.40-107%* 5.44-107%* 1.36-1072 2.68-1073 3.44-1073
PD-pr 1.37-107% 5.14-107% 1.21-10=2 2.08-1072 2.44.1073
CFG 9.77-107° 4.27-107% 1.26-107% 2.54-107% 3.48-1073
CFG-pr 9.69-107° 4.22-107% 1.22-107% 243-107% 3.31-1073

n =100 PD 7.08-1075 2.84-107* 7.06-107* 1.34-1073 1.69-1073
PD-pr  6.99-107° 2.74-10~* 6.53-10"* 1.03-1073 1.08-1073
CFG 5.03-107° 2.39-107* 6.56-107% 1.23-1073 1.48-1073
CFG-pr 5.01-107° 2.37-107*% 6.47-107* 1.18-107% 1.36-1073

n =200 PD 3.31-107° 1.43-107% 3.92.-107* 7.02-107* 8.71-107*
PD-pr 3.29-107° 1.40-10* 3.73-107* 5.72-107*% 5.14-1074

CFG 245-107° 1.23-107% 3.39-107% 6.40-10~* 6.56-10~%
CFG-pr 245-107° 1.23-107* 3.36-107* 6.19-10~* 5.78-107*

Table 5.1: Symmetric logistic dependence function, (¢,,60) = (0,1,0): Monte-Carlo approximation of the
MISE of four estimators of A based on 1000 random samples
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5 Projection estimator

a=0.3 a=0.>5 a=0.7 a=0.9
n = 50 PD 1.42-107% 1.72-107% 220-1073 2.88-1073
PD-pr 1.22-107% 1.45-107% 1.74-10-3 2.01-1073
CFG 1.15-1073 1.41-1073 1.84-1073 2.77-1073
CFG-pr  1.10-107% 1.35-10® 1.75-1073 2.60-1073
n = 100 PD 7.67-107%* 876-107* 1.10-1073 1.51-1073
PD-pr 6.77-107%* 7.70-107* 9.00-10~* 1.08-1073
CFG 5.90-107% 7.06-107* 9.05-107* 1.20-103
CFG-pr  5.70-10* 6.85-10* 8.68-10"* 1.10-1073
n = 200 PD 3.92.-107% 4.72-107%* 584-107%* 7.60-10"*
PD-pr 3.52-107% 4.30-107* 5.08-107* 5.19-107*
CFG 3.01-107% 3.31-107% 4.43-107* 5.81-107*
CFG-pr  2.92-107% 322.-107% 4.29-107* 5.36-107*

Table 5.2: Asymmetric logistic dependence function, (¢,,60) = (0.3,1,0.6): Monte-Carlo approximation of

the MISE of four estimators of A based on 1000 random samples
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6 An extreme-value dependence
test for multivariate
extreme-value copulas

There exist two different but equivalent representations for the class of
extreme-value copulas, one based on max-stability and the other one
based on the Pickands representation. The max-stable characterization
of extreme-value copulas is exploited in [Kojadinovic et all [2011] to test
extreme-value dependence for multivariate copulas. However, the na-
ture of this characterization makes it hard to develop a consistent test
in practice. For this reason it might be preferable to build a test for
extreme-value dependence on the Pickands representation as done in
Section The newly presented test is implemented in combination
with the multiplier method to obtain p-values; see Section The
finite-sample properties of the test are investigated through extensive
Monte-Carlo simulations in Section All the proofs have been rele-
gated to Section [6.5l The results in this chapter have been regrouped
in a paper recently submitted for publication in a special edition of the
Journal of the French Statistical Society dedicated on copulas.

6.1 Introduction

To fix notations, let X; = (X;1,...,Xip), ¢ € {1,...,n} be an indepen-
dent random sample from a p-variate, continuous distribution function
F with margins Fi, ..., F, and copula C, that is,

F(x) :C(Fl(xl),...,Fp(xp)), x € RP

where F'(x) = P(X < x) (componentwise inequalities), Fj(z;) = P(X; <

x;) and C' is the joint distribution function of (F1(X1),..., Fy(X,)).
Kojadinovic et al. [2011] used the max-stable characterization for

extreme-value copulas given in Definition [[.4] in connection with the
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6 An extreme-value dependence test for multivariate extreme-value copulas

multiplier resampling method presented in Rémillard and Scailleti [2009]
to implement a test for extreme-value dependence. At least from a the-
oretical point of view, a drawback of adopting this perspective lies in
the fact that the max-stability relationship should be verified for every
positive real m, which cannot be realized in practice. Hence, the test
cannot be consistent.

Following the same objective to implement a test of extreme-value
dependence it might be preferable, at least theoretically, to adopt the
perspective of Pickands representation for extreme-value copulas given
in (LI3).

Nonparametric estimation of higher-dimensional extreme-value copu-
las in the realistic case of unknown margins has been treated recently
in |Gudendorf and Segers [2011b] and can be found back in Chapter [
of this work. Based on these results in connection with the multiplier
resampling method, a test for extreme-value dependence, measuring the
distance between an extreme-value copula estimate and the empirical
copula estimate, will be introduced. The same test exists already for
dimension p = 2 in [Kojadinovic and Yan [2010h], of which the present
paper can thus be considered a generalization to arbitrary dimensions.

Based on Kendall’s distribution function for bivariate copulas, the
first test for extreme-value dependence was proposed by |Ghoudi et al
[1998]. A refined version was suggested recently in |Ghorbal et al. [2009]
and |Quessy [2011]. This approach has not yet been generalized to the
higher-dimensional case.

6.2 Extreme-value copula goodness-of-fit test

The null hypothesis Hy consists in the assumption that C' belongs to
the class of extreme-value copulas. As we are not willing to make any
assumptions on the marginal distributions, we will work again with the

rank-based estimates U; = (Ui,l, e Ui,p) with entries
1 n
Uij = 1(Xp; < Xij)

n—+1 —

for i € {1,...,n} and j € {1,...,p}. As already indicated in the in-
troduction, we are going to measure the distance between the empirical
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6.2 Extreme-value copula goodness-of-fit test

copula C,

S\H
M=

1 ( <ur,...,Uip < up) . welo1P  (6.1)

and the constrained extreme-value copula estimate

CA(u) = exp Zlog(uj)/ln('wu) , wek,=(0,1P\{(1,...,1)},

(6.2)
with A, being a nonparametric estimator for A evaluated in w, =
(Wa 15+ + -y Wup—1), where wy; = log(u;)/>2F_; log(u;). In this work,

A,, will be chosen either as the Pickands estimator presented in Subsec-
tion 211l or as the CFG estimator presented in Subsection

As we will rely hereafter on the asymptotic results in Chapterdl we will
consider only extreme-value copulas verifying the smoothness conditions
given in Assumption (4.3

Analogously to what has been done in [Kojadinovic and Yan [2010b],
define

Do) = n/2(C () — Ci(w)). (6.3)
This leads to the following Cramér-von Mises test statistic

n

T, — / Dp(w)? dCin(u) = — pRUAS (6.4)

The asymptotic distribution of T,, being difficult to establish, we will
rely on the multiplier method to construct random samples

1 — A
k) — / D® ()2 d 1 ()2
[0,1]7 (w7 d ”Z:

with ']I‘( ) and ]D);k) being asymptotically independent distributional copies
of T,, and D, respectively. In general, terms with the superscript (k)
correspond to the k-th bootstrap replication of the underlying process.
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6 An extreme-value dependence test for multivariate extreme-value copulas

More precisely, for the processes A, = n'/2 (An — A) and C,, =
nl/2 (C’n — C’), the replications ]D),(f) can be defined as follows

p p
]D)1(1k) (u) = (ngk) (u’) — €xXp Z IOg(uj) An (wu) Z log(uj) Aglk) (wu) :
=1 =1

(6.5)
Under the null hypothesis, it can be shown that (Dn,Dg), . ,]D)%N)>
converges weakly to (D,D(l),...,D(N)) in £2°([0,1]7)®V+1) implying
the weak convergence of (Tn,T,(ll),...,’]I‘%NU to (T,T(l),...,T(N)) in

“7 oo)®(N 1)7 vrhere

Approximate p-values for T,, are computed via N ! Zszl 1(']1‘7(;6) >T,).
Details about the resampling method, particularly how to obtain the
resampled versions A%k) and (C,(lk), will be given Section

The proof of the asymptotic results follows the same lines as the one
related to Proposition 3 in Kojadinovic et all [2011].

The test statistic in (6.4]) could be generalized by the introduction of a
weight function with the intention to attribute more weight to the tails
of the distribution and hence hopefully increasing the power of the test,
an idea on which we will not insist further in this work.

6.3 Resampling

In this section, details on the resampling procedure will be given. This

)

means that we will see how to obtain the resampled versions of Cglk and
A;k) to be plugged into ]D)%k) and hence T%k).

The construction of C%k) will require estimates of the partial deriva-
tives C’j of C. Although such estimates could be obtained for instance
via finite differencing, the partial derivatives will be estimated using
Pickands representation of C' as this approach has already lead to more

powerful tests in [Kojadinovic and Yan [2010h].
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6.3 Resampling

Oj (U) = (A(wu) - Al (wu) Wy, 1
— -+ Aj(’wu) (1 - wu,j) - Ap—l(w'u,) wu,p—1>7

and the partial derivative w.r.t. u, is

Cw)

Up

Cy(u) = (A(wu) — Ar(wa)war — - — Ay (wy) wu,pfl).

Then for u € (0,1) and w € A,_1, the partial derivatives of C' evaluated
in u® = (u",...,u") simplify to

Cy(u®) = A5 (A(w) — wy Ay (w)
e (L= w) Ay (w) = - — wp Ay (w)

Cyp(u®) = uAw@)—wr (A(w) —wi Ay (w) — - — wp_lAp_l(w)).

In practice, we will replace A by its estimate A, and its partial deriva-
tives by the finite-difference estimators

. n R B
rs Ap(wi, .. ,w] o wpo1) — Ap(wi, .. ws e Wp—1)
A[J](w) — J, 3,
wi —w; ’
j?n j7n
where
+ ) inc,+ - _ . inc,—
w;, =wj + €, and  w;, =w; —e,;",

using the increments

p—1

inc,+ __ _ s —-1/2 . inc,— __ _ - —-1/2 .

€)' = min (n ,1— g wj> and €7 =min (n Jwj ) -
k=1

Just keep in mind that if you add a small increment to w; in order to get
w;fn, you need to subtract the same amount from the last component w,,
to ensure that w still belongs to the unit-simplex A,_;.
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6 An extreme-value dependence test for multivariate extreme-value copulas

Let N be a large integer and let Zl-(k), ie{l,...,n},ke{l,...,N} be
i.i.d. random variables independent of the data X1, ..., X, with mean 0
and variance 1 and satisfying [ P \Z( | > )1/ d:c < 00 (see Section

2.9 of van der Vaart and Wellner [1996]). In the simulations, the ZZ-( )
are chosen to be standard Gaussian. For k € {1,..., N} and u € [0, 1]?,
let

o) = nV? Z ZE A0 < u) - Cp(w))

_ 71/22 20105 < ),

with Z®) = =150z,
In particular, set

~(k — - k — N )
O‘S‘,rz(“j) =n I/QZ(ZZ‘( ) ZM1( i <wuj), je{l,...,p}
Finally, the replications
P
CP (u) = alP (u) = Y W (u)a i) (uy). (6.7)

will represent asymptotically equivalent copies of the process C, =
nt/ 2(C,,—C). The presence of the terms multiplied by the partial deriva-
tives estimates is explained by the fact that the margins are unknown.

Theoretical foundations can be found in [Tsukahara [2005] and in [Segers
[2012].
In Section [6.5]it is shown that

AL w) =~ (A [ o )

and

du
ulogu’

1
KO0 w) = (AT w)) [ W um)
0
represent approximately independentA random from samples of .@P and
ACFG the weak limits of AP = n1/2(AY — A) and ASFG = n1/2(ACFG —

A).
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6.4 Simulation results

6.4 Simulation results

In order to investigate the finite-sample performance of the test pro-
cedure presented in Section [B.2] we will generate under Hy random
samples from the Gumbel-Hougaard (logistic) copula (GH) and under
the alternative hypothesis we consider random vectors the normal cop-
ula (N), the t-copula (t) with four degrees of freedom and the Clayton
copula (C). Random sample generators for all these copulas can be found
in the package copula presented in [Kojadinovic and Yan [2010a]. The
degree of dependence of the different copulas is measured hereafter by
a multivariate generalization of Kendall’s tau presented in [Schmid et al.
[2010]

r= g (2E[Cw)] - 1) (6.8)

For all studies, we will generate 1000 datasets of size n € {100, 200, 400}.
The number of multiplier iterations N will be chosen equal to 1000 and
the significance level for the test is set equal to 5 %.

The Pickands based test statistic introduced in this paper being too
conservative for small samples, it is preferable to work with the modified,
but asymptotically equivalent, test statistic T;L4 = %an. The test
statistic T based on the max-stable characterization of EV-copulas
presented in Kojadinovic et all [2011] is implemented in the package
copula cited before.

The results are presented in Table [CII6.26.3]. In summary, both tests
tend to be too conservative for copulas with high degree of dependence.
Nevertheless, the newly proposed test is in most cases more powerful
under the alternative hypothesis. Observe also that the power of the test
increases with the dimension, which can be explained by the fact that
the null hypothesis becomes more restrictive in higher dimensions. In
fact, the constraint of being a multivariate extreme-value copula requires
all bivariate marginal distributions to be also extreme-value.

6.5 Asymptotic results

6.5.1 Partial derivatives of A

In general, the partial derivatives of a Pickands dependence function of
an extreme-value copula function might not exist in all vertices e; of the
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6 An extreme-value dependence test for multivariate extreme-value copulas

unit-simplex A,_1.

Example 6.1. To illustrate this, consider the asymmetric logistic de-
pendence function introduced in [Tawn [1990], of which we will use in
this paper a more parsimonious version

A('w) _ (el/aw}/a +¢1/aw;/a)a + (el/aw;/a +¢1/aw§/a)a
+ (01 %wy* + V) ) (! - wy Y wy )
+1—-0—¢—1, w € Ay (6.9)

with parameter vector («, 6, ¢,v) € (0,1] x [0,1]3. Let us focus on the
second term

A5 (w) = (0" wy ™ + ¢ wy )
whose partial derivative w.r.t. w;

APY? () = — ¢ (6.10)

(s () )

for w in the interior of the unit-simplex As. To see that the partial
derivative of Ay, 2 does not exist in ey, approach the vertex ey in (G.10)
from two different paths (1—2¢, €, €) and (1—3e, 2¢, €) for € > 0 sufficiently
small. O

Remark that as A represents the restriction of ¢ to the unit-simplex
A,_1, one can see that Al = él —ég is bounded as the partial derivatives
of £ are bounded between 0 and 1. The latter property is a consequence
of the fact that

5(:13):lim}{l—C(l—S{Lj,...,l—Sl'p)}, x € [0,00)?,
sJ0 S
implying that ¢ is nondecreasing and Lipschitz in each of its arguments
with Lipschitz constant equal to one.
All the other terms in (6.9]) do not present anomalies in e;.
For a fixed value § > 0, define

P
AD =2, 1\ | Bale;0) p
j=1
where Bs(ej,0) = {ve Ap_1:|v—ejl2 <d} with je{l,...,p}.
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6.5 Asymptotic results

Theorem 6.2. Under Assumption [{.3, we have for j € {1,...,p—1}

sup  |AUl(w) — 4;(w)| S 0.
wGAfFl

Proof. Consider w € Ag_l and without loss of generality take j = 1 and
set w_1 = (wa,...,wp—1). Then,

An(wfn’ ’LU_]_) - A(wina ’lU_l)

A (w) — Ay (w) =

— Aj(w)  (6.11)

1

p—1>
. * — +

the mean-value theorem guarantees the existence of wy, € (wy,,w;,)

such that

If we suppose that A is continuously differentiable w.r.t. wy on A

A(wtnv w_1) — A(wl_,m w—l) = Aj(wina w—l)(wf_,n - wl_,n)7
and

sup | Av(wf yw-1) — A'(w)|
'weAfFl

9

< sup )fh(w) — Aj(w)
w,w € Ag_l

lw; —wy| < 20712

which tends to 0 from the differentiability assumptions on A. Further-
more, as n~ /2 < wfn —wy, < 2n~1/2, the first two terms in (G.IT)) can
be bounded by

sup An(wfn,w_l)—,&n(win,w_l) .
weAfFl

This quantity tends to 0 from the asymptotic results given in Theorem

i} O
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6 An extreme-value dependence test for multivariate extreme-value copulas

6.5.2 Resampling

For technical reasons, we impose on estimates of A and the estimates
of the first-order partial derivatives of A the following upper and lower
limits induced by the properties of 4, i.e. Vw € A,

Ay (w) = (ASFSP (w) A1) V max(wy, ..., wp) (6.12)

and .
—1<A(w) <1, Vie{l,....p} (6.13)

where A,, will stand for both (CFG and Pickands) constrained estimators
from now on.

Theorem 6.3. Under Assumption [{.3,

(AP AP APy (AP AP AP (6.14)
and
(ACFG ACFG,(1) ACFG,(N)) — (ACFG ACFG,(1) ACFG,(N))
(6.15)

in € (Ap—1)°NFTD where for all k € {1,...,N}, we have AP®) and
ACFG(E) gre independent copies of AY respectively ACFG .

Proof. Recall the definition of the process G, ¢ on [0, 1]? given in (410

Guat) = | TS0y = 7 Tiot it Uig) i B
" 0 if u € [0,1)7 \ E.

In Lemma F.8 it was proved that G, 9 ~» Gy in £>°(]0,1]?) with the
trajectories of Gy being continuous almost surely.
Based on Theorem 10.1 in [Kosorok [2008] one can show that

(G, G- G (Go, GV, GGy i ([0, 1)P)B N+,

TL,07 .

For w € Ap_1, let us define
plog(n+1)
oL@ = utw) [ Grepale™ " ap(e " )e A7) hs) ds

. plog(n+1)
¢An (G;kg) _ ﬂ('w) / G;k’g 1(e—swl)qe(efswl)efs(An(w)wa h(s) dS,
) 0 ,0,
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6.5 Asymptotic results
where Gy, 91(u1) = Gpg(ui,1,...,1) for u; € [0,1] with weak limit G,

(the notation with superscript (k) representing the bootstrap replica-
tions) and

p(w) = A(w) + (1 — wy) Ay (w sz i (6.16)

and
fi(w) = A, (w) + (1 — wy) AlM (w ZwA’] (6.17)
The function A(-) is defined on (0, c0) equal to hP(s) = 1 for the Pickands

estimator and h°FC(s) = 1 for the CFG-estimator.

Let us show that the difference between d)fﬁ and Qbf,l is asymptotically
negligible using the following decomposition

a(w) /Oplog(n+1) foz,l(e_swl) go(e=01) e=s(A@)=w1) By 4
L ) /Oplog n+1) Gifé,l(e‘““l) go(e=*) o s(An(w)—wr) h(s)ds
L ) /Oplog n+1) G%,l(@_swl) go(e=*") o~ $(An(w)—w1) h(s)ds
) /Oplog(n—i—l) Gif()m(e_sm) go(e*) o s(An(w)—w1) h(s)ds.

The difference between the first two terms can be bounded by

plog(n+1)
sl 16 o /0 gole"01) &1

Using the inequality

e=sAn(w) _ p—sA(w) h(s)ds.

le™ —e Y| <e ™|z -y,

the following upper bound can be found
k ~
[1loe IGL) 1 | An(ew) — ACeo)

plog(n+1) .
/ sqg(e ") e stAn(w)NA(w)—un } h(s)ds. (6.18)
0
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6 An extreme-value dependence test for multivariate extreme-value copulas
The integral part in (GI8) is finite as A, (w) > w;y V...V w, by con-
struction and hence can be bounded by [;° s Kg(s) h(s) ds, where

Ky(s) = s"1(0,11(5) + e P11 1o (s), s € (0,+00).

The uniform convergence in probability of A, is sufficient to show that
the difference converges uniformly to 0 in probability on the unit-simplex.
The difference between the third and fourth term can be bounded by

Ay (w) = Aw) | +(1—wr) |4l (w) ]+sz All(w) — A;(w)

plog(n+1) N
IG5l / go(e =) e~ *AnwImw) 5y ds. (6.19)
’ 0

Ifwe Ap 1, the convergence properties of A, and fﬂ{] permit to con-
clude as the integral part in Expression ([6.19) can be uniformly bounded.

In the case where w € A,_; N By(eq,d), it can be shown using the
bounds given in (6.12) and (6.I3) that the term

sup
weA,_1NB2(e1,0)

Ap(w) = Afw)| + (1= w)

p—1
Al (w) = Ar(w)| + Y wi |41
1=2

can be made arbitrarily small for a sufficiently small 4.
Alternatively, let us focus on the situation where w € A,_1NBy(ez, ).
Fix € > 0, then the lim sup of the probability

~ Ai(w)

—+o00
p < sup / Grot (=) Ko(s) h(s)ds > e)
)J0

weA,_1NBa(e2,d
can be bounded by inovking the Portmanteau lemma
+00
P sup / (Go (1| Ko(s) h(s)ds > e
weA,_1NB2(e2,6) JO

which can again be made arbitrarily small by choosing §. This can be
seen from the continuity properties of the function

folz) = /Ooog (e_”) Ky(s)h(s)ds, xz€]0,1]
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6.5 Asymptotic results

where g € €([0,1]) with g(1) = 0.
The same kind of reasoning can be repeated for (gi)n ) qﬁn 25 ¢£§o71 —

gbn e 1), the respective definitions being obvious. To be complete, let us
define

&1t 0(Gng) = ¢ (Grg) = /0 Gug (€7, ..., e %) h(s)ds.

Using the extended continuous mapping theorem (van der Vaart and
Wellner [1996], Theorem 1.11.1), it can be shown that for ¢ = >~
we have

TLZ’

(6(Gno), 821G, - 02 (GLY))

1
(/ C(u “/ (C(l)(u“’)du,...,/ C<N>(uw)d“>,
u 0 u 0 u

in €(A,—1)2WHY where (CV, ..., C™V) are independent and asymp-
totic equivalent copies of C defined in (AII]). From the previous devel-
opment it is clear that the convergence holds also for

(¢1"Gno) 6" G, 0 (GLY))
where g5 = Y07 ¢,

The final statements in the theorem can be deduced from further
application of the continuous mapping theorem. O

Theorem 6.4. Suppose Assumption [{.3 is verified. Then under Hy

(Tn,’]l‘g),...,’]TgN)) o (T, T(l),_”’T(N)>

= u 2 u).
T= [ BePace

Proof. Tn Chapter [ it was proved that n'/2(C—C, A, — A) ~ (C,A) in
02°([0,1]P) x €(Ap—1). Define the map ¢ : €(Ap—1) — £>°([a, b]P), such
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6 An extreme-value dependence test for multivariate extreme-value copulas

that for f € €(Ap—1) the map ¢(f) admits the following expression

P
O(f)(u) = exp Zlog(uj) f ( log uy o log up—1 ) 7
J=1

by log(uy) L1 log(uy)

Vu € E,. The Hadamard derivative of ¢ in A results into a linear
functional cZ)IA

P P
oa(f) =exp | Y log(uy) A(wa) | | Y logu; | flwn), fEC(Ap1).
j=1 j=1
More explanations on this follow in Lemma[6.6l Invoking the continuous
mapping theorem, one can see
n'2(C — C,¢(An) = 6(4)) ~ (C, 9 (A)) n £2[0, 1] x C(Ey).

The continuous mapping theorem allows to conclude
w1/ (C = C) = 2 ((Ay) - 6(4))

p p
~» C —exp Z logu; | A(wy) Z logu; | A(w,) (6.20)
j=1 j=1

in *°(E,). Application of the continuous mapping theorem permits to
conclude. ]

The inequality in Lemma [6.5] suggested by Johan Segers, plays a key
role in the proof of the Hadamard-differentiability of ¢.

Lemma 6.5. For all x € R\ {0},

et —1

- 1‘ < |z el (6.21)

As a consequence, for all a € R and all x € R\ {0},

ax
1
c < a2z ell. (6.22)

—a
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6.5 Asymptotic results

Proof. We have

aQ
8
\
—
8

|
—_
|

eYdy—1

8
8

—~

eV —1)dy

Yy
/ e*dzdy
z2=0
e / dydz
y=z

(x — 2)e* dz.

K| E%\r—* QI 8| 8|k
c\\:@\g%c\
(e

& |l

|
&l

If x > 0, it follows that, as 0 < z — 2z < « for all z € [0, z],
T T
€ 1 </ efdz < xe®.
€ 0
If £ <0, we find, as 0 < z — x < |z| for all z € [z, 0],

r_ 1 1 0
c -1 </(z—w)ezdz<|x|.
x =] Ja

The two previous displays together constitute equation (6.21]). Since

-1

e‘”—l_ :‘a’e‘”—l_l‘
ax
we arrive at equation (6.22)). O
Lemma 6.6. The functional ¢ defined as
P log uq log u,—1
¢(h)(u) = exp ;log(w) h ( 7 log(u) " S, Tog () ) )

for h € €(Ap—1) and u € E,,. is Hadamard differentiable tangentially to
€ (Ap—1). In particular, the Hadamard derivative of ¢ in the Pickands
dependence function A results into the linear function <;S:4 FC(Ap—1) —
(>*(E,) given by

P
d)A( ) = exp Zlog uj) A (wey,) Zloguj h(wy), (6.23)
j=1
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6 An extreme-value dependence test for multivariate extreme-value copulas

for h € €(Ap—1) and u € E,,.

Proof. Consider the sequences (tp)nen in R and (hp)nen in €(Ap—1)
endowed with the uniform topology with ¢, — 0 and ||k, — h||oc — 0 as
n tends to infinity.

We have

P(A + tnhn)(u) — (A)(u)
tn

= o)) - oo S tostus) tuhatwn)} 1] (620

We now apply equation (6.22)) to the right-hand side of equation (6.24]),
with z = t,, and a = h, (w,,) Z?:l log(u;):

'd)(A + tnhn)(u) — ¢(A)(u)
tn

— &(A) () hn(wu) Y log(uy)
j=1

P 2 P
— $(A)(u) (hn<wu> Zlogwj)) ] exp{w )| S| 1og<Uj>|}.
j=1

j=1
(6.25)

Fix 0 < € < 1/p. For n sufficiently large, we have

[tn| |An(wy)| < &, uck,
and thus

P
exp{|tn |hn (W) | Z | log(uj)|} < (ug - up) 77, u ek, (6.26)
j=1

Since A is a Pickands dependence function, we have A > 1/p and there-
fore

S(A)(w) = (w1 -~ up) ) < (ur - up) 7. (6.27)
From equations (6.25]), (6.20) and (6.27)), it follows that, as n — oo,
A+ tohy)(u) — (A -
sup pA+¢ )iu) PA®) o A) () b (wer) 3" log(u;)| — 0.
u€E, n —1
’ (6.28)
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6.5 Asymptotic results

Moreover, since

< sup < o0,

uck,

sup
uck,

o(A) () Y log(uy) (- up) 7Y log(uy)
j=1 Jj=1

it follows, by the triangle inequality and the fact that h,, — h uniformly,
that

— 0.

_ u J
¢(A+tnhn)l(:) A _ 4 a) () hawa) S log ()

sup
u€lky

j=1
(6.29)
O
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6 An extreme-value dependence test for multivariate extreme-value copulas

n = 100 n = 200 n = 400
TA TMS TA TMS TA TMS

GH 7=025 58 36 5.6 5.2 4.1 4.0
=050 3.2 2.5 4.3 2.7 43 3.2
T=07 21 0.3 1.8 0.5 2.7 0.7

C 7=025 929 091.8 999 999 100 100
T=050 100 100 100 100 100 100
=075 100 100 100 100 100 100

N 7=025 336 358 611 616 90.7 883
=050 489 327 786 629 980 93.7
=075 33.0 103 720 314 973 774

t 7=025 21.1 165 323 244 530 389
7=0.50 34.7 195 615 404 88.0 69.5
T=07 224 57 548 151 88.5 50.0

Table 6.1: Empirical rejection rates for dimension p = 3.
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6.5 Asymptotic results

n = 100 n = 200 n = 400
TA TMS TA TMS TA TMS

GH 7=025 6.7 5.1 4.9 3.6 5.1 4.3
=050 29 2.8 3.2 1.9 3.1 1.7
7=075 04 0.2 0.6 0.1 1.7 0.2
C 7=025 982 982 100 100 100 100
7=0.50 100 100 100 100 100 100
7=0.75 100 100 100 100 100 100
N =025 441 451 774 754 985 975
7=050 532 36.7 &87.3 69.8 995 96.5
=075 6.7 5.1 69.8 214 983 70.8
t T=0.25 248 176 44.0 31.7 68.1 528
7=050 405 181 67.8 385 951 79.5
=075 106 2.1 486 6.0 909 41.6

Table 6.2: Empirical rejection rates for dimension p = 4.

109



6 An extreme-value dependence test for multivariate extreme-value copulas

n = 100 n = 200 n = 400
TA TMS TA TMS TA TMS

GH 7=025 6.3 5.0 5.4 4.2 5.7 4.8
=050 22 1.6 3.9 2.3 3.3 1.8
=07 03 00 05 0.0 20 0.1

C 7=025 994 994 100 100 100 100
T=050 100 100 100 100 100 100
=07 100 99.8 100 100 100 100

N 7=025 556 533 90.0 86.8 99.6 994
=050 56.6 352 91.9 738 99.9 98.0
T=075 9.2 1.9 654 10.7 979 53.8

t 7=025 296 176 525 363 814 694
7=0.50 395 160 71.8 394 97.0 80.6
T=07 46 08 386 21 565 92

Table 6.3: Empirical rejection rates for dimension p = 5.
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Conclusion

The conclusion part aims to enumerate and identify potential areas for
further research and improvement in the domain of extreme-value cop-
ulas.

In Chapter [l we obtained the lowest-variance estimator in the class
of CFG-estimators given in (2.9) under the unrealistic assumption of
known marginal distributions. However, up to my knowledge, the devel-
opment of an efficient estimator for extreme-value copulas remains still
an open question. As the class of Pickands dependence functions &7 is
infinite-dimensional, we would need to rely on a (quasi-)maximum likeli-
hood approach for reasons of feasibility under the necessary smoothness
condtions. For example a B-spline basis could appear as a convenient
choice to model the elements in 2/ in the case p = 2.

The same methodology could also be extended to the case of higher
dimensions. However, the first challenge consists in finding an adequate
basis to model the spectral density h as one cannot simply use the dis-
crete spectral measure from Chapter @l for this purpose.

Alternatively, it might also be interesting to adopt the Bayesian per-
spective in this framework as the strength of a Bayesian approach lies in
situations where many parameters are involved. For instance, one might
get some inspiration in the paper of Lambert [2007] on Archimedean
copulas.

In recent years, research on time-varying copulas has reached some
popularity, mostly driven by the fact that a constant degree of depen-
dence over time in financial time series might be considered as unre-
alistic; see for example Manner and Reznikova [2012] for a survey. In
this context it might also be of interest to investigate a new class of
time-varying extreme-value copulas and identify their possible domains
of applications.

One can also be surprised by the relatively modest number of existing
parametric models for higher-dimensional extreme-value copulas, hence
leaving some room for innovation in this domain.
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6 An extreme-value dependence test for multivariate extreme-value copulas

The different codes created in the context of this thesis will be re-
grouped in an R-package.
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