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bounds on the value of the optimal solution to the problem.
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1. Introduction

Consider a set I' = {1,2,...,n} of n > 3 distinctly aligned
molecular sequences (such as DNA, RNA, or codon sequences),
hereafter referred to as taxa, and a n x n symmetric distance
matrix D whose generic entry d; - equal to zero on the main
diagonal and strictly positive otherwise - represents a measure
of the dissimilarity between the pair of taxa i,j € I" (see Fig. 1).
Then, the Balanced Minimum Evolution Problem (BMEP) consists
in finding a phylogeny T of I, i.e., a pair constituted by (i) an
unrooted binary tree having n leaves and (ii) a bijection between
these leaves and the taxa in I", so as to minimize the following
length function

=y & (1)

iel’ jeI'\{i}

where 7;; represents the path-length between taxa i and j, i.e., the
number of edges belonging to the (unique) path in T connecting
taxon i to taxon j [4,19] (see Fig. 2).

The BMEP is in general NP-hard and inapproximable within
c", for some positive constant ¢ > 1, unless ?» = NP [10].
The problem is instead polynomially solvable if the input dis-
tance matrix D is additive, i.e., if its entries satisfy the following
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1 2 3 4 5
Taxa Sequence 1 0O 2 3 3 2
Taxon 1 A A A
Taxon 2 A C C 2 2002 23
Taxon3 | C G C 3 (3 2 02 31=D
Taxon 4 C C G 4 322 0 2
Taxon5 | G A G 5 2 3 3 2 0

Fig. 1. An example of a hypothetical set I" = {1, 2, 3,4, 5} of five molecular
sequences (or taxa) and the associated input distance matrix D.

condition [13]:
dij + dir < max{di + djr, dir +di} Vi,j, kv el (2)

If the input distance matrix D is just metric, i.e., if its entries satisfy
the triangle inequality, then the optimal solution to the BMEP can
be approximated within a factor of two [10].

The BMEP was introduced in the literature on molecular phy-
logenetics by Desper and Gascuel [7], based on an estimation
model proposed by Pauplin [21] 20 years ago. Subsequently, the
problem was the subject of extensive research efforts focused
on the characterization of its statistical consistency [8,13,14],
the study of its combinatorics [4-6,11,12,15,23], and the devel-
opment of implicit enumeration algorithms [1,4,19] and heuris-
tics [10,13,19] to tackle and solve its instances.

This article further adds to the above literature on the BMEP,
by showing that, after an appropriate scaling of the input distance
matrix D, the BMEP is a cross-entropy minimization problem [2,16].
This new perspective extends the combinatorial interpretations
of the BMEP length function proposed by Desper and Gascuel [8]
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Fig. 2. An example of a phylogeny T for the set I" = {1, 2, 3, 4,5} of Fig. 1.
Each internal vertex of T has degree three (i.e., T is unrooted and binary) and
each taxon in I' is assigned precisely to a leaf of T. The topological distance
between the pair of taxa 1 and 3, denoted as 73, is equal to four. Similarly, the
topological distance between the pair of taxa 2 and 3, denoted as t,3, is equal
to three. T is provably optimal for the input distance matrix D shown in Fig. 1.

and Gascuel and Steel [ 14], by highlighting the presence of strong
ties between the BMEP and information theory. Moreover, the
scaling operation allows to define a family of lower bounds on the
value of the optimal solution to the BMEP that is both efficiently
computable and tight when D is additive. Before discussing in de-
tail these results, we introduce in the next section some notation
and definitions that will prove useful throughout the article.

2. Notation and background

We denote 7 as the set of all of the possible (2n — 5)!!
phylogenies of a set I of n taxa [9] and, fixed a taxon i € T,
we define I7 = I'\{i}. Given a phylogeny T € 7 and a taxon
i e I', we define o;; = 7;; — 1, for all j € I}, and we rewrite (1) as

=YY -y, 3)

iel’ jerli iel’ jel;

we refer to the vector o; = (0i1, ..., Oii-1), Oi(i+1), - - - » Oin) AS
the rooted path-length sequence of taxon i € I' and we observe
that its entries encode the lengths of the (unique) paths in T
having origin in the (unique) internal vertex of T adjacent to i
and destinations in the remaining n— 1 taxa in I'5. We refer to the
set 0 = {o; : i € I'} as the collection of path-length sequences
associated to T. Moreover, for each taxon i € I' we denote
©®; as the set of the path-length sequences o; induced by the
phylogenies in 7. Finally, we denote @ as the set of path-length
sequence collections ¢ induced by the phylogenies in 7 and we
will write ©™ whenever it will be necessary to specify that the
set @ refers to collections induced by phylogenies of n taxa. We
observe that by construction there exists a bijection between
the set 7 and the set ®. Hence, the problem of determining
the phylogeny T € 7 that minimizes (1) is equivalent to the
problem of determining the corresponding collection o € ® that
minimizes the right-hand side of (3).

We recall that the sets ®; and © are characterized by specific
equalities [4,5]. In particular, Kraft’s equality states that for a fixed
taxoni € I', o; € ©; if and only if

2= (4)

Jjeri

A second equality constrains each path-length sequence collec-
tion o € O to satisfy the following equation [5]:

> o2 =3n—6. (5)
il jer;
We refer the reader interested in deepening the combinatorial
meaning of these equalities to [4] and [5].

If not stated otherwise, we shall assume that any generic
matrix mentioned in this article belongs to R™", with n = |I"|.
We denote I as the identity matrix. Moreover, given a square

matrix M, we denote: 2~ as the square matrix obtained from M
by setting its generic entry m;; to 2-™i, for alli, j € I"; and log,(M)
as the square matrix obtained from M (in this case assumed
positive) by setting its generic entry to log,(m;), for alli,j € I'.
Given two matrices M and M, we say that they have the same
zero pattern if

mj=0 < ;=0 Vijerl. (6)

We conclude this section by recalling some definitions from
information theory that will be frequently used hereafter. Specif-
ically, given two probability distributions p = (p1, ..., ps) and
q=(q1,...,qn), we define the information entropy associated to
p, [22] as

n
H(p)=—Y_pjlog,(p))
j=1
and the cross-entropy associated to p and q [2,16] as
n
H(p,q)=—»_ pjlog(q).
j=1

Finally, we recall that a common way to measure the distance
between a pair of probability distributions p and q is given by
the Kullback-Leibler (KL) Divergence [22], which is defined as

Diu(p I @) = H(p. ) — H(p). (7)
3. The BMEP as a cross-entropy minimization problem

In this section we show that the BMEP is a cross-entropy
minimization problem. Because this particular interpretation is
enabled by an appropriated scaling of the input distance matrix D,
we will start by recalling first some definitions and results from
matrix scaling theory. Specifically, we say that a square matrix
having nonnegative entries is doubly-stochastic if each of its rows
and columns sums to one. We also recall that if a square matrix
M has nonnegative entries then there exist — due to Sinkhorn’s
theorem [24] - two diagonal matrices, say I7; and IT,, such that
IT{MIT, is doubly-stochastic. When M is also symmetric then IT;
and [T, are unique, equal, characterized by positive entries, and
computable in polynomial-time [3,17,18]. Then, in the light of
these definitions and results, the following proposition holds:

Proposition 1. Let D be the input distance matrix of the BMEP.
Then, there exists a unique scaling matrix I1 = diag(my, ..., ),
with r; > 0 for all i € I', such that the matrix S = IT(2™° — I)IT
is doubly-stochastic and symmetric. Moreover, S has the same zero
pattern as 27 — 1.

Proof. The matrix 27P — I is symmetric has zero-diagonal en-
tries and strictly positive off-diagonal entries. Then, by Brualdi’s
theorems (see [3] and [17, Theorem 5.4]) there exists a unique
scaling matrix /7 having positive diagonal entries and such that
S = [1(27P — IT is symmetric, nonnegative and such that the
sum of the entries of each row is equal to 1, i.e., such that S
is symmetric and doubly-stochastic. Moreover, Theorem 2 of [3]
guarantees that S has the same zero pattern as 272 — I, so the
statement follows. O

Now, given the matrix S = I7(27? — I)I7, consider the matrix
S + 1, having as generic entry

1 ifi=j
Vi,je . 8
w2~ % J (8)

si,»:(S+l),j:{ ifi £
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Moreover, define S=— log,(S+1) as the matrix having as generic

entry

P 0 ifi=j o

Sj = Sij = T vijer. (9)
! ! {_ logy (i) — log,(mj) +dy if i #j J

Finally, define the constant

K= Z logy (7). (10)

iel’
Then, the following proposition holds:
Proposition 2. The optimal solution to the BMEP does not change

if one replaces the input distance matrix D with its scaled version S,
ie.,

argmmfzz 5 =ar gmmfzz zsgu

0eo iel’ jerl; 0eo iel’ jerl;

Proof. For any fixed collection o € ® we have that

Yy oy Yy s

iel’ jeli iel’ jel;
log,(w log, (7
- ZZ 2% ZZ 2% ’
iel’ jeli iel’ jeli

which in turn can be rewritten, in the light of (4) and (10), as

Z Z 255,1 ZZ 203 ZIng(”i) - ZIng(ﬂj)

iel’ jerl; iel’ jerl; iel’ jer
—ZZZ% —2K. (11
iel’ jeli

Because K is independent of the choice of the collection o, the
statement follows. O

Eq. (11) paves the way for a precise information theory-based
interpretation of the BMEP. Specifically, first note that in the light
of Eq. (11) we can rewrite (1) as follows:

e I)IE = B)Be A3 (12

iel’ jeli iel’ jelj

Now, for each o € @, define pj =277, for all distinct i,j € T,
and observe that they are strictly positive. Moreover, because
o € O, by Kraft’s equality we also have that

Y= Yg -t

jer; jer;

for all i € I". Hence, each vector p7 {pl 1jerli},ie N can
be seen as a probability distribution over the underlying set I7.
Similarly, for all distinct i,j € I", define g; = 2~ Si, and observe
that, by construction, these values are strictly positive and such
that Zjeﬂ_ qij = 1. Hence, also each vector q; = {q;; : j € I3}, i €
I', can be seen as a probability distribution over the underlying
set I;. Then, given a scalar « € [0, 1], we can rewrite (12) as

follows:
Y =Ty
(ru 2(7,1
iel’ jeli iel’ ]eF,
DI =R 3 SR
N 2 20
iel’ jelj iel’ jel;

log,(27%) — o log,(27%)
) Z Z 27

iel’ jeri

ta- ZZ;]U . (13)

iel’ jel;

Then, in the light of Eq. (5) and by exploiting the definitions of
pgj’- and g;;, we can rewrite (13) as

1 - - - n—=6
UM =5 Z Z (—p§ logy(ay) + apf logy(p])) + +K.
iel’ jelj
(14)
Now, observe that for each taxoni e I"
— b logy(p)
Jer

represents the entropy #(p{) associated to the probability distri-
butions p{. Similarly,

— " p§ log,(gy)
jer;
represents the cross-entropy #H(p{, q;) associated to the probabil-

ity distributions p{ and gq; over the underlying set I5. Then, (14)
can be rewritten as

1
UT) =5 D (W7 4i) — aH(py)) +

iel’

-6
2

+K. (15)

In particular, observe that if « = 0 in (15), then solving the BMEP
is equivalent to solving the following cross-entropy minimization
problem:

1 (en
UT) =5 ZH(p,- .q)) +K. (16)
iel’
Alternatively, if @ = 1in (15), then solving the BMEP is equivalent
to solving the following KL Divergence minimization problem:

—6
L(T)=72 (b7, 9) = HP ) + —— +K
iel’
-6
=72Dm e+ 0k (17)
iel’

4. On a family of lower bounds for the BMEP

In this section, we show that for any fixed scalar @ € [0, 1]

5,‘]‘—0{0'1‘]‘ 3n—6
r?lelg,_ g ey K (18)

iel’

provides a lower bound on the value of the optimal solution
to the BMEP. Moreover, we also show that, for any fixed scalar
a € [0, 1], this lower bound can be efficiently computed.

We start by observing that the lower bound nature of (18)
can be trivially derived by the following chain of equalities and
inequalities:

. S — Old,j 3n -6
LT K
mintn)=min; 33370 7
iel’ jeli
§ij — 00jj 3n—6
K = LB(x).
Z 2 mind Sog e+ (@)
iel’ jerli

Deciding the complexity of computing (18) for a fixed scalar
o € [0,1] is however a less trivial task. In order to address
it, we introduce some notation and definitions that will prove
useful throughout the remainder of the article. Specifically, given
a vector x € ]R{8+, we define sort(x) as the vector obtained
from x by sorting its entries in non-decreasing order. For ex-
ample, if x = (8,6,7,9), then sort(x) = (6,7,8,9). We also
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denote 7(x) as a permutation of x. Given a n-dimensional vec-
tor di € R" and a scalar « € [0, 1], we define d as the
(n—1)-dimensional vector df = (di1, ..., din—2), (din—1y+din)/2—
a) € R" ! Given a path-length sequence o; € @i"q, we
define o*(07) = (01, - -, Oin—1), Oin—1 + 1, o1 + 1), O =
[sort(a,-) jo; € @)i["]} and (~)i+[”] =107 (0)):0; € @i["fl]]. Finally,
given a n-dimensional non-negative vector d; = (dj, ..., dii—1),
0, diii+1), - - - » dign—2), ditn—1)> din) € R" we consider the function
fo 0" x R" - R, defined as
n

felon i)=Y (dj — aoy)/2%,

J=1.j#i
and we define the following auxiliary problem:

min f*(oi, dy). (19)

n
0i€0;

Then, we observe that deciding the complexity of computing (18)
for a fixed scalar @ € [0, 1] is equivalent to deciding the com-
plexity of the auxiliary problem (19), for any n = |I"| and for
a given row d; of matrix (9), i € I'. Moreover, in the light of
the above notation and definitions, we observe that the following
proposition holds:

Proposition 3.

1. For any permutation 7 and path-length sequence o; € (—)i["],

it holds that 7(c;) € ©™ and sort(o;) € O,
2. For any permutation 7, path-length sequence o; € @)i[”] and
vector d; € R", it holds that fY (oy, d;) = f (m(oy), m(d;)).
3. For any path length sequence o; € @il"_”, it holds that
ot (oi) € [n]
4. 0> ()“’” > e,

Proof.

1. Recall that an integer vector &; belongs to @i[”] if and only

if it satisfies the Kraft’s equality (4). Because o satisfies (4)
then, by the commutative property of summation, any of
its permutations, hence also sort(o;), satisfies (4).

2. This property trivially follows by observing that f(m (o),
m(d;)) can be obtained by commutating the terms of the
summation that defines f(o;, d;).

3. This property follows again from Kraft’s equality (4). Specif-
ically, as o; satisfies (4) then also o *(o;) satisfies (4). The
first n — 3 terms of the two summations are identical;
the last term of (4), when computed for o;, is equal to
27 %=1 which in turn is equal to the sum of the last two
terms of (4), i.e., 27(@in-1+1) 4 2=(in-141) when computed
for o (o).

4. The first set inclusion ®" > ©;" is implied by 3. The
second set inclusion @f["] ) @)f[”] derives from Theo-
rem 3.1 in [20]. Specifically, this theorem guarantees that,

given o; € @i["], the last two entries of 6; = sort(o;)
are equal, i.e, 6,1 = 0. Hence, we can derive from
o; the integer vector & = (61,...,0im—2,0im1 — 1) €

@[” U Indeed, & satisfies Kraft's equality (4) as sort(oi)
satisfies (4) and 2=@in-1=1) = 2=%in-1 4 2=%n_Then, the
inclusion ;" 5 & follows as sort(o;) = o *(&). O

Proposition 4.
O(nlog(n)) time.

The auxiliary problem (19) can be solved in

Proof. We prove the proposition by recursion. Specifically, for
n = 4, the proposition holds as the set (~)i[4] reduces to {(1, 2, 2)},

hence o; = (1,2, 2) trivially is the optimal solution to the
auxiliary problem (19). ~

Now, fixed an integer n > 4, denote 6; = sort(o;), d; = sort(d,-%,
and observe that, for any given path-length sequence o; € @,-”
the following relationship holds:

n n

fiond)= Y Zd —« Y

j=1 j;ﬁi j=1j#
n ~
Oij
- O'U Z 26,-j
j=1j# J=1j#
= f (sort(oy), sort(d;)). (20)

Indeed, we have that

n n
E a,-j2“"'f = E 5-ij2—‘7ij;
j=1 j=1#i

moreover, we also have that

n n

D d2 = Yy dy2o
j=1i# j=1i#i
as dpp < dggand ojp > oy, for 1 < p < q < n, imply
dip2™% + dig27% > dp27% + d;q27%. We also note that, for
any given vectors d; € R" and o; € (»*)i[”f]], it holds that

din—1) — a(ojn—1) + 1)

ol _+ oy
fa (o™ (o0), di) — fiy (o3, df') = 20i(n—1)+1
dn—1+dn )
din — a(Gin_1) + 1) - — Q) — a0jn-1) B 2
201+ B 20in-1) =0 @D

Next, we observe that, for a given vector d;, the following chain
of inequalities holds

min f(oy, d;) = min f(oy, sort(d;))
aie@ilnj a-e(—).n
< min f¥(o;*, sort(d;))
ot eofM
< min f(6;, sort(d;))
&,-e(-).sl"J
=< min fn (Gls i) (22)
a,eO[n]

where the first equality is implied by Properties 1 and 2 in
Proposition 3 and the next two inequalities are implied by 4 of the
same proposition. Finally, the last inequality is implied by (20). In
turn, inequalities (22) and (21) imply that

min f(o;,d;)= min fn( , sort(d;))
J,-EG)I-“ a;re@i (nl
= min _f; (o, sort(d;)"). (23)
a,-e@[.["_”

Then, solving

min f*(oi, d;)
(re()[

reduces to solving
021(1; fi (01, di(4))
by recursively applying (23) and the following definition
di(k — 1) = sort(d;(k))* fork=n,...,5
di(n) = d;. (24)
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The value of

min f;(oi, di(4))

oj GO[ |

can be determined in O(1) as the set @1[4] consists of the single
element (1, 2, 2). The vector di(4) can instead be computed in
O(nlog(n)) time. Specifically, for k = n, computing di(n — 1) =
sort(di(n))* requires O(nlog(n)) time as we have to sort d; in
O(nlog(n)) time and determine d;;,_1(n—1) in O(1) time. For k < n,
computing d;(k— 1) = sort(d;(k))* requires O(log(n)) time because
we can sort d;(k) in O(log(n)) time as only its last entry dy (k) is
possibly not already ordered. Thus, the statement follows. O

In the next example we show how the recursion (24) works.

Example 1. Consider an instance of the auxiliary problem (19)
associated to the eight-dimensional vector d; = (0, 1, 3, 3, 4, 4,
4,4),i = 1, and the scalar « = 1. By Proposition 4, the optimal
solution to

min fg'(oi, di)

0i€0;

can be computed by applying the recursion (24) to di(8) = d;
until k = 3. This process gives rise to the following sequence of
vectors:

sort(di(8)) = (0, 1,3,3,4,4,4,4) = di(7)=(0,1,3,3,4,4,3)
= sort(di(7)) = (0,1,3,3,3,4,4) = di(6)=(0,1,3,3,3,3)
= sort(di(6)) = (0,1, 3,3,3,3) = d(5)=(0,1,3,3,2)
= sort(di(5)) = (0, 1,2, 3,3) = di(4) = (0,1,2,2).

As (1,2,2) = argmin {f{(0;, di(4)) : 0; € O}, the base case of
the recursion returns zero. Now, let ; be the permutation used
to map sort(d;(k)) to di(k). Then, we know from Eq. (23) that the
corresponding optimal solution & (k) is given by (o (6 (k—1))).
Thus, the recursion returns the following sequences:

6(4)=1(1,2,2) = ot(6(4) =(1,2,3,3)
=6(5)=(1,3,3,2) = oT(6(5)=(1,3,3,3,3)
=6(6)=(1,3,3,3,3) =07(6(6)=(1,3,3,3,4,4)
=6(7)=(1,3,3,4,4,3) =0%(6(7)=(1,3,3,4,4,4,4).

5. On the tightness of the LB(«) bounds

In this section we study the tightness of the lower bounds
LB(«). Before proceeding, we recall some definitions and results
from the literature that will be frequently used hereafter. Specifi-
cally, we say that D is uniform if all of its non-diagonal entries are
equal. We also recall that if the matrix D is additive then there
exists a phylogeny T € T that fits D [9], or equivalently, there
exists a collection 6 € @ such that di; = &y, for all distinct i,j €
I'. Finally, with a little abuse of notation, we say that S is uniform
or additive whenever the corresponding matrix D is uniform or
additive, respectively, and we write SU or §* to distinguish the
two respective cases. Then, the following proposition holds:

Proposition 5. Let D be the input distance matrix of the BMEP. If D
is uniform, then the lower bound LB(0) is tight. Alternatively, if D is
additive, then the lower bound LB(1) is tight.

Proof. If the input distance matrix D is uniform, then d; = d for
all distinct i,j € I'. This fact implies: (i) that the non-diagonal
entries of the matrix SU are equal to log,(n — 1); (ii) that

n(d — log,(n — 1))

K = ;
2

Table 1

A comparison of the (normalized values of the) lower bounds
LB(0) and LB(1) for random uniform or additive matrices S having
increasing values of n.

n sv s

LB(0)/n LB(1)/n LB(0)/n LB(1)/n
10 1.5850 1.2225 1.0918 1.2000
11 1.6610 1.2632 1.1158 1.2273
12 1.7297 1.2922 1.1250 1.2500
13 1.7925 1.3117 1.1440 1.2692
14 1.8502 1.3234 1.1374 1.2857
15 1.9037 1.3287 1.1607 1.3000
25 2.2925 1.4225 1.1356 1.3800
50 2.8074 1.4817 1.1576 1.4400
100 3.3147 1.5112 1.1342 1.4700

and (iii) that

min L(T) = min
pin 1= min 33" 3 3

e 2p

iel” jeI'\{i} iel” jeI'\{i}
Now, observe that (18) attains the value nd/2 for « = 0.
Specifically, in this situation we get
log,(n — 1) nd
(0)= ({2151122 ot R
iel’ jeri

thus the statement follows. Now suppose that the input distance
matrix D is additive and let 6 = {6,i € I"} € @ be the collection
induced by the phylogeny T € 7 that fits D. Because the additivity
hypothesis is equivalent to saying that §f} = &, for all distinct
i,j € I', we have that

min Dia(p{ |l i)
2-0¢g2-0
iel’

Z({gl(r)ll Diw(p} Il gi)

= ZDKL p, Il qi) =

iel’

Then, the statement trivially follows once again by observing that

dij -6
2052 UZZZZ“U 2062 (JZZDKLP’ I q1)+ +K
iel’ jel; ie
1 3n—6
5 (Xr:mlg (b | qJ) +—=—+
3n—6
= + K =1LB(1). O

Table 1 provides a computational confirmation of the above
proposition, by showing a comparison of the normalized values of
the lower bounds LB(0) and LB(1) for random uniform or additive
matrices S having increasing values of n. The table shows that if
S is uniform then LB(0) > LB(1). Vice versa, if S is additive then
LB(0) < LB(1).
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