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Abstract. The performance estimation problem methodology makes it possible to determine the
exact worst-case performance of an optimization method. In this work, we generalize this framework
to first-order methods involving linear operators. This extension requires an explicit formulation
of interpolation conditions for those linear operators. We consider the class of linear operators
M :xz+— Mz, where matrix M has bounded singular values, and the class of linear operators, where
M is symmetric and has bounded eigenvalues. We describe interpolation conditions for these classes,
i.e., necessary and sufficient conditions that, given a list of pairs {(z;,y;)}, characterize the existence
of a linear operator mapping x; to y; for all . Using these conditions, we first identify the exact
worst-case behavior of the gradient method applied to the composed objective h o M, and observe
that it always corresponds to M being a scaling operator. We then investigate the Chambolle—
Pock method applied to f + g o M, and improve the existing analysis to obtain a proof of the exact
convergence rate of the primal-dual gap. In addition, we study how this method behaves on Lipschitz
convex functions, and obtain a numerical convergence rate for the primal accuracy of the last iterate.
We also show numerically that averaging iterates is beneficial in this setting.
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1. Introduction. The performance estimation problem (PEP) methodology, in-
troduced in [26], computes the exact worst-case performance of a given first-order
optimization method on a given class of functions and identifies an instance reaching
this worst performance. More precisely, given a method and a performance criterion
(lower is better), a PEP is an optimization problem that maximizes this criterion on
the application of the method among all possible functions belonging to some class,
thus providing the worst possible behavior of the method on the class of functions. It
is shown in [63] that PEPs can be reformulated exactly as semidefinite programs for
a wide range of function classes and methods. This provided several tight results on
the performance of first-order methods (see, e.g., section 1.3 for a short review).

In this work, we extend the PEP framework to first-order methods involving
linear operators M : x +— Mz for several classes of matrices M characterized by their
eigenvalues or singular value spectrum. The main tool behind this extension is the
development of interpolation conditions for linear operators (see section 3). Therefore,
we will be able to study the exact worst-case performance of first-order algorithms
involving linear operators.
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1.1. Optimization methods involving linear operators. Many methods
aim at solving problems involving linear operators in their objective functions or
constraints. Iterations of such methods typically apply the linear operators of the
problem themselves. We describe below three motivating examples of optimization
problems involving linear operators.

Motivating example 1: min, g(Mz). To solve this problem, first-order methods
evaluate the gradient of the function F(z) = g(Mz) VYo € R™ on some point z;,

(1.1) VFE(z;)=M"Vg(Mz;),

where we can see the applications of the linear operators associated with M and M.

Note that the class of functions g(Mz) includes the quadratic functions F(x) =
127 Qu (when g(y) = 1|y[|*> and MTM = Q). In such a case, the gradient is the linear
operator VF(z;) = Qx;. Obtaining the exact worst-case performance of first-order
methods on quadratic functions can be done using a known technique (see section 2.1
in [28] or [8] for recent reviews), which consists in analyzing the roots of a polynomial
associated with the method of interest. However, this technique can only deal with a
single quadratic objective function, whereas our extension of the PEP methodology
can analyze more complex formulations, such as F(z) = f(z) + 227Qz (see [4] for
recent work on this class with a nonsmooth function f).

Motivating example 2: min, f(z) + g(M=x). A possible algorithm to solve the
problem min,, f(x) + g(Mz), when f and g are proximable, is the Chambolle-Pock
(CP) algorithm [10]. Given step sizes 7,0 > 0 and a pair of primal-dual points (z;,u;),
the iteration of CP is

02 i =0, (51—,
Ujy1 =ProX, g« (i + oM (2wi41 — ).

The method performs proximal steps, which are already handled in the PEP frame-
work [64]. Again this iteration contains products with matrices M and M7T.

Motivating example 3: min, , f(z)+g(y) s.t. Miz+Myy=>. A famous method to
solve the constrained problem min, ,, f(2)+g(y) s.t. Mix+ Moy =b is the alternating
direction method of multipliers (ADMM) [30] with the following iterations:

b

2

3

2
Tiy1 € argmin, f(x) + 4§ HMlm + Moy; — b+ %zi

(1.3)

yi1 € argming g(y) + § || Maiss + Moy — b+ 1z
Zit1 =2+ P(M1$i+1 + szﬂ_l - b)

By contrast to the first two motivating examples, linear operators appear here in the
constraint of the problem. However, exactly as in the previous motivating examples,
the linear operators end up being used in the iterations of the method.

Exploiting additional knowledge about the function structure, e.g., that it can
be expressed as go M or f + g o M, improves the analysis of the methods. For an
illustrative example, let g be smooth and strongly convex and consider the composed
function go M. Despite the fact that go M only belongs to the class of smooth convex
functions (i.e., is not strongly convex), we will see that the gradient method applied
to this composed function performs better than on general smooth convex functions
(see section 4.1.2 and, e.g., [53]). Likewise, CP and ADMM inherently exploit the
structure of the problems and cannot be applied to a generic problem min, f(x).

More generally, our extension can analyze any first-order method involving linear
operators, for example, primal-dual fixed point [12], Condat—Va [17, 66], primal-dual
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three-operator splitting [67], and proximal alternating predictor-corrector [23] algo-
rithms (see [18] for a recent review on these algorithms). These methods solve a wide
range of different classical optimization problems, for example, ¢3-regularized robust
regression [55], ¢1-constrained least squares [29], basis pursuit [13], total variation
deblurring [56, 7], and resource allocation [68].

Existing performance guarantees for the above algorithms are often not tight, may
use unusual performance criteria or initial conditions for technical reasons, and are
thus difficult to compare. Our extension of PEP remedies these issues by providing the
exact worst-case performance of these methods for any of the standard performance
criteria and initial conditions.

1.2. Outline of the paper. In section 2, we recall the formulation of the PEP
as a finite-dimensional optimization problem and point out the missing part that we
want to extend, i.e., the interpolation conditions for linear operators with bounded
eigenvalues or singular value spectrum. In section 3, as the first main contribution,
we derive these needed interpolation conditions in an explicit and tractable way to be
able to add them to PEP. As a byproduct, we also present the interpolation conditions
for the class of quadratic functions. In section 4, as the second main contribution,
we exploit our new extension of PEP, first to analyze the gradient method on the
problem min, g(Mz) and to provide an expression of its worst-case performance. We
then tighten the existing performance guarantees on the CP algorithm and prove the
exact convergence rate of the primal-dual gap. We also demonstrate the flexibility
of our approach by considering alternate performance criteria and function classes
for the same algorithm, for which we obtain numerical performance guarantees. In
section 5, we conclude our work and discuss future research directions.

1.3. Prior PEP work. Since its introduction, the PEP framework has evolved
in many directions and settings to analyze a lot of different problems and methods
including the gradient method (and its accelerated version) on smooth strongly or
hypoconvex functions [26, 61, 54], convex functions with a quadratic upper bound
[37], functions with lower restricted secant inequality and an upper error bound [40],
and nonconvex functions satisfying the Polyak—FLojasiewicz inequality [2]. More vari-
ants of the gradient method have been covered by PEP including the gradient method
with exact line search [20], the proximal gradient method [64], the inexact gradient
method with bounded error on the gradient [21], and the block coordinate descent
method [58, 44, 1]. Other methods have also been studied by the framework as
decentralized methods [16, 14, 15], difference-of-convex-algorithm [3], the gradient
descent-ascent method, the ADMM [69], and Bregman or mirror descent [22]. In
addition to the analysis of optimization problems, the PEP framework can also be
used to study problems involving operators like the Halpern iteration for fixed point
problems [51], the proximal point algorithm for maximal monotone inclusions [38],
the relaxed proximal point algorithm for variational inequalities [39], splitting meth-
ods [57], and extragradient methods [32, 33, 34]. Some works exploited and extended
the PEP framework to develop methodologies that address closely related questions
like stochastic optimization [59], continuous-time model version of first-order meth-
ods [52], and Lyapunov inequalities for first-order methods [65]. PEP has also been
used to design and improve optimization methods for different problems such as an
optimal variant of Kelley’s cutting-plane method [27], the optimized gradient method
for smooth convex functions decreasing the cost function [46, 47, 49] and the gra-
dient norm [50], an optimal gradient method for smooth strongly convex functions
[60], optimal methods for nonsmooth and smooth convex functions [25], fast iterative
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shrinkage/thresholding algorithm [48], and accelerated proximal points method [45].
Recent works also proposed to solve nonconvex PEP to analyze new problems [41, 42].
Simultaneously to their introduction, some of these extensions have been implemented
and are available on the MATLA B toolbox PESTO [62] and Python package PEPit [36].
The PEPit documentation website contains numerous implemented examples of ap-
plications of the PEP framework.

Within these works, PEP has been previously used to analyze problems involving
linear operators on a few occasions: in [16] for decentralized optimization, in [1] for
the random coordinate descent method on nonhomogeneous quadratic functions, and
in [69] for ADMM. We will further detail the contribution of these works at the end of
section 3.1. In all cases, they present only potential relaxations of the PEP for their
specific situation, whereas in this work we propose a provably exact formulation of
PEP for general problems with linear operators.

2. PEP formulation. We summarize the PEP methodology as presented in
[63] and point out the missing parts to analyze problems involving linear operators.
As explained, PEP is a framework that analyzes the worst-case behavior of a given
optimization method on a given class of functions. For example, a typical PEP could
be formulated as follows (but a lot of variations exist). Given the function class F, the
optimization method A performing N iterations, the initial distance R, the classical
performance criterion f(zy)— f(z*) (objective function accuracy after N iterations),
and [N]={1,...,N}, the PEP is

max - f(zy) = f(27)

Loy TNL,T*, f
st. feF,
(PEP) x; generated by applying A to f from z;_1 Vi€ [N],
lzo —a*|* < R?,

IV f(z*)||> =0 (i.e., z* is optimal).

For simplicity, functions in the class F considered in this example are convex and
smooth, so that the optimality condition for z* is equivalent to stating V f(z*) =0.

Solving (PEP) yields the worst-case performance that the method A can exhibit
on a function of the class F for the performance criterion f(xy)— f(z*). Moreover,
the maximizer will be an example of worst instance reaching that bound. Note that we
can use other performance criteria than f(zy)— f(z*), e.g., ||lzn —2*||%, ||V f(zn)]|?,
miniE[N] va(ml)||27 f(% Zie[N] xl) - f(.%'*), etc.

The conceptual formulation (PEP) is an infinite-dimensional optimization prob-
lem as it involves the class of functions F. However, by discretizing and considering
function f only on the points actually used by the method A, we can rewrite (PEP)
as an equivalent problem with a finite number of variables. Indeed, rather than op-
timizing over f € F, we optimize over the points xz;, gradients g;, and values f; that
are consistent with a function f € F and that can be interpolated by this function.

DEFINITION 2.1 (F-interpolability). Given a function class F, the set of triplets
{(4s, i, fi) Yicin) s F-interpolable if and only if

) f(@i) = fi ;
er]-'.{vf(xi):gi Vi e [N].
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This definition allows writing the following equivalent discretized formulation of
(PEP),

max In—f"
s.t. S is F-interpolable,
(PEP-finite) x; generated by applying A to f from z;_; Vi € [N],
[z — 2| < R?,
lg*[I* =0,

where S = {(2i,9:, fi) bieqoyuv) U {(z*, g%, f*)}. Since we only consider first-order
methods, having points x;, gradients g;, and function values f; is enough, as higher-
order information on f is not used by the method A.

2.1. Interpolation conditions. It remains to express explicitly the first con-
straint of (PEP-finite). To do so, we need interpolation conditions on the function
class F. These are conditions that must be satisfied by the relevant points z;, g;, and
fi to guarantee that there exists a function f € F consistent with those points. In
other words, constraints on {(zs,gi, fi)}ic|n] are called interpolation conditions of a
class F when they ensure (and are ensured by) {(x;, gi, fi) }ic;n) being F-interpolable.
For instance, the following theorem provides interpolation conditions for the class F,, 1,
of L-smooth p-strongly convex functions.

THEOREM 2.2 ([63, Theorem 4]). Let 0 <y < L and consider the class F, ..
The set of triplets {(x;, i, fi) Yiciny 98 Fpu,p-interpolable if and only if V(i j) € [N]?

(2.1)
2 (1= 5) (i 5= 0 @im) 2 7 e = g3+ 1l — 1 =24 (01 — )7 (s — ).
It turns out that the nature of interpolation conditions allows in many important
cases for a tractable formulation of the PEP, this was shown for instance in [63] for
the class F, . This tractable formulation is a semidefinite problem whose variables
are the values f; and the Gram matrix containing the scalar products between all
the iterates x; and gradients g;. In that case, the explicit formulation of the inter-
polation conditions can only involve values f; and scalar products a7 z;, g7 g;, and
zlg; linearly, e.g., as in (2.1), or in a semidefinite-representable manner. Note that
since the variables of the problem are the scalar products between the iterates and
the gradients, their dimension no longer appears explicitly in the formulation of the
problem. We refer the reader to [63] for more details about the tractable formulation
of (PEP) and interpolation conditions.

2.2. Classes of linear operators. In this work, we want to extend PEP to
methods involving linear operators. As we saw in the motivating examples of the
introduction, such first-order methods typically compute the gradient of the objective
function but also products of iterates with M and M7T. More precisely, we can
decompose expression (1.1) of the gradient of a composed function F(z) = g(Mz) as

Yi = M:Eia
(2.2) v; = VF(z;) < vy =M"Vg(Mz;) < u; = Vg(yi),
V; = MT’U,Z'.

Currently, in the PEP framework, it is known how to incorporate equality u; =
Vg(y;). However, y; = Mz; and v; = M T u; need new interpolation conditions. Indeed,
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analyzing such methods with PEP requires the ability to represent the application of
a linear operator to a set of points and possibly also the application of the transpose
of the same operator to some other points. We formalize this by defining different
classes of linear operators M of interest together with their respective interpolability.
In what follows, we will use matrices M and linear operators M interchangeably as
we only work on finite-dimensional spaces.

We are interested in matrices with bounded eigenvalues or singular value spec-
trums since the maximal eigenvalue and singular value have an important role in the
efficiency of the methods. Such bounds on the spectrum are usually assumed in the
literature. We consider general, symmetric, and skew-symmetric matrices, namely,

Lr={M:0ma(M)<L}={M: M"M < LT},
(2:3) Sur=1{Q:Q=Q", pI <Q = LI},
To={Q:Q=-Q",0mux(Q) < L} ={Q: Q=-Q",QTQ X L*I}

with opmax (M) the largest singular value of M, and < the Lowner order. Note that £,
is the class of L-Lipschitz linear operators and S,, 1, is the class p-strongly monotone
L-Lipschitz symmetric linear operators (see [57] for an analysis on interpolability of
general, not necessarily linear operators). We now define operator interpolability in
a similar way to function interpolability of Definition 2.1.

DEFINITION 2.3 (Lp-interpolability). Sets of pairs {(xi,y:)}iciny and {(uy,
vj)}ielN, are Lp-interpolable if and only if

(2.4) Wreg, s JUT M Viel)
Uj:M Uj VjE[NQ].
DEFINITION 2.4 (S, r-interpolability). Set of pairs {(xs,y:)}iein) s Sur-
interpolable if and only if

(25) E'QGS%L LY :Qifz Vi € [N]

DEFINITION 2.5 (Tr-interpolability). Set of pairs {(zi,y:) }ie[n) is Tr-interpolable
if and only if

(2.6) AQ e TL : yi=Qx; Vi€ [N].

3. Interpolation conditions for linear operators. Exploiting PEP to ana-
lyze methods involving linear operators requires an explicit formulation of their inter-
polation conditions. Here we develop tractable necessary and sufficient interpolation
conditions for the classes Ly, 71, and S, 1, of linear operators. We also deduce inter-
polation conditions for the class of quadratic functions.

3.1. Main results. In the following, to facilitate manipulation of lists of vectors
{zitievi)s {¥itievi), and {uj}jen,). {v)}jen,), we use notations X = (z1 -+ an,),
Y= - yn), U= (u1 -~ un,), V=_(v1 -+ vn,), and write that (X,Y,U,V) is
L -interpolable when Y = M X and V = MU for some M € L. Similarly, we write
that (X,Y) is S, - or Tr-interpolable when Y = QX for some @ in S, 1. or 7. We
use O, ,, for zero matrices (dimension may be omitted) and ||M|| = oyax(M) for the
spectral norm of M. We now state our main interpolation theorems.
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THEOREM 3.1 (Lp-interpolation conditions). Let X € R™*Ni Y ¢ Rm*M [J ¢
R™ N2 vV e R™*N2 gnd L >0.
Set (X,Y,U,V) is L -interpolable if and only if

XTV =YTU,
(3.1) VTY < 12XTX,
VIV < L2UTU.

Moreover, if U=X and V=Y (resp., V==Y ), then the interpolant matriz can be
chosen symmetric (resp., skew-symmetric).

COROLLARY 3.2 (Tr-interpolation conditions). Let X € RN Y € RN gnd
L>0.
Set (X,Y) is Ty -interpolable if and only if
XTy = —yTX,
(3.2) - 5 o
Y'Y L°X'X.

THEOREM 3.3 (S, p-interpolation conditions). Let X € RN vV € RN and
—oco< u< L <oo.
Set (X,Y) is S, r-interpolable if and only if
XTy =yTX,
(3.3) -
(Y — pX)T(LX —Y) = 0.

Crucially, these conditions only involve the scalar products between the columns
of (X U) and (Y V) for £ and columns of (X Y) for 7 and S, 1, and they are
convex semidefinite-representable constraints on the Gram matrices of these scalar
products.

Several additional observations can be made about these conditions. First of all,
in Theorem 3.1, the condition X7V =Y7TU is related to the fact that X and Y are
linked by the same matrix (but transposed) as U and V. Similarly, in Theorem 3.3
(resp., Corollary 3.2) XTY =YT X (resp., XTY = —Y T X) is related to the symmetry
(resp., skew-symmetry) of the operator. Furthermore, a product X7 X is always
symmetric positive semidefinite. Finally, in the nonsymmetric and skew-symmetric
cases, YTY < L2XTX is related to the fact that the spectral norm is also the induced
operator norm in the Euclidean case. In the symmetric case, the situation is a bit
more sophisticated due to the presence of a nonzero lower bound on the eigenvalues,
therefore, we have Y = QX which cannot be “lower” than pX nor “greater” than
LX.

Conditions (3.1) (without the first equation) and (3.3) were presented as necessary
conditions for decentralized optimization in Theorem 1 from [16] (in a more specific
setting) and in the analysis of ADMM in formulation (13) from [69]. Moreover, in
equation (2.7) from [1], the authors further restrict the L-smooth p-strongly convex
interpolation conditions with an additional necessary condition for nonhomogeneous
quadratic functions (see section 3.4 for details). Using necessary but not sufficient
interpolation conditions in the context of the PEP still allows obtaining bounds on
the worst-case performance, but whose tightness is no longer guaranteed. In this
work, we show that conditions (3.1) and (3.3) are also sufficient.
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3.2. Proofs of the main results. We show that the interpolation conditions
are indeed necessary and sufficient for £, 7r, and S, r-interpolability. As suggested
by the above observations, proving their necessity is much easier than their sufficiency.

To show that conditions (3.1) are sufficient for Ly -interpolability, i.e., for the
existence of a linear operator M for (X,Y,U, V), we will first show that under these
conditions there exist factorizations (Xr Vi) and (Yz Ur) of the Gram matrices G =
(xv)T(xv)and H= (v v)T(vv), such that (Xg,Yr,Ur, Vg) is Lr-interpolable
(Lemma 3.4). Afterwards, we show how this implies the L -interpolability of the
actual vectors (X,Y,U,V) (Lemma 3.5). In other words, the proof consists of two
steps:

e Step 1 (Lemma 3.4): there exist factorizations (Xz Vr) and (Yz Ur) of the
Gram matrices G and H, where (Xg,Yr,Ug,Vg) is L-interpolable;
e Step 2 (Lemma 3.5): there exists a rotation from (Xg,Yr,Ug,Vg) to the
initial vectors (X,Y,U, V).
For S, 1, and Tr-interpolability, we rely on the fact that the linear operator construc-
tively proposed in the nonsymmetric case is symmetric (resp., skew-symmetric) when
we have the symmetric (resp., skew-symmetric) interpolation conditions.

3.2.1. Lp-interpolability of (Xgr,Yr,Ur,Vr) (Step 1). Conditions (3.1)
only involve the scalar products between the columns of (x v) and (v v ), in other
words, the Gram matrices G and H. Therefore, they apply equally to all sets of vectors
leading to the same Gram matrices, i.e., to all factorizations of the Gram matrices.
We first show here that at least one of these factorizations is Ly -interpolable.

LEMMA 3.4 (existence of Lr-interpolable factorizations of Gram matrices). Let
two symmetric positive semidefinite matrices G = (gl% gi) and H = (22% gj ), where
A, Ay € RNIXNl, C1,Cy GRNzXNZ, and By, Bs € RN1 XNz,

If G and H satisfy

Bl = 327
(3.4) Ay X L% Ay,
Cl j L2027
then they admit the factorizations
(3.5) G=(Xr V&) (Xg Va),
T
(3.6) H= (YR UR) (YR UR) ,

where

1
A? N14+Nox N (C2T)§Bg Ni+Nox N
37) Xp=| A | erM+NxN oy, e RN1+NaxN1
37 Xr (NQ,M) & ((AQ—BQCQTBE)%

(38) UR: 022 e}RNz-ﬁ-J\hXI\/E7 VR: ( (AlT)%Bl 1) ERN2+N1><N2,
N1,N2 (Cl —B,{AlTBl)i

such that (Xg,Yr,Ugr, Vr) is Lr-interpolable.

Moreover, if Ay =Cy, Ay =Cy, and By = B (resp., By = —BY{ ), then Ur = Xg,
Ve =Yg (resp., VR = —YR), and the interpolant matriz is symmetric (resp., skew-
symmetric).
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Proof. The proof consists in explicitly building a matrix Mg defining the operator
such that Yg = MrXg, Vg = MEUg, and ||Mg|| < L. The proof is deferred to
Appendix B. ]

This lemma guarantees that, if (X,Y,U, V) satisfies (3.1), then their associated
Gram matrices admit a factorization (Xg,Ygr,Ur,Vg) that is Lp-interpolable, but
does not yet guarantee the interpolability of the initial vectors (X,Y,U, V') themselves.
For example, consider a symmetric case where we just have (X,Y) (hence Ny = 0)
and let

1 1
(3.9) x=[1],v=|1 (with Ny =1)
1 0

which satisfy the S, r-interpolation conditions (3.3) for =0 and L = 1. If, given
these data (X,Y), one computes the Gram matrix (x v )7 (x v)=(32), it turns out

that via Lemma 3.4 one will obtain the following new and different factorization

a0 5o () - (%)

Hence Lemma 3.4 does not directly guarantee the S, r-interpolability of (X,Y’), but
only of (Xg,YRr), sharing the same Gram matrix but not necessarily equal to or even
having the same dimension as (X,Y’). The next lemma guarantees that (X,Y) is also
S, L-interpolable.

3.2.2. Rotation to (X,Y,U,V) (Step 2). We now show that if a given fac-
torization of Gram matrices is Ly -interpolable, then all factorizations of these Gram
matrices are Ly -interpolable.

LEMMA 3.5 (rotation between (X,Y,U,V) and (Xg,Yr,Ur,Vg)). Let Xp €
R"RXNl, YR c RmRXNl, UR c RTrLRXN27 and VR c R7LR><N2.

If (Xgr,YRr,Ur,VRg) is L -interpolable, then (X,Y,U,V) is Ly -interpolable for all
X eRVM Yy e RN U e R™*N2 | and V € R"*N2 such that

x V)X V)=(Xz V&) (Xg Vi),

(3.11) , .
(Y U) (Y U)=(Yr Ugr) (Yr Ug).

Moreover, if U=X,V =Y (resp., V==Y ), Up=Xg, VR =Yg (resp., Vk = —-Yg),
and interpolant matriz Mp is symmelric (resp., skew-symmetric), then interpolant
matriz M can be chosen symmetric (resp., skew-symmetric).

Proof. The central idea is that all sets of vectors with the same Gram matrices are
equivalent up to a rotation. Some care must however be taken because the dimensions
of these vectors are not necessarily the same. The proof is deferred to Appendix C. O

We are now able to prove the necessity and sufficiency of interpolation conditions
in the nonsymmetric case. The necessity is obtained by a straightforward reasoning
and the sufficiency relies only on the successive application of Lemmas 3.4 and 3.5.

3.2.3. Proof of Theorem 3.1.

Proof. (necessity) Let us assume that (X,Y,U,V) is Lp-interpolable. First, ¥ =
MX and V= MTU yield XTV = XTMTU =YTU. Moreover, MM" < L?I implies
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UTMMTU < L?UTU, ie., VIV < L2UTU and similarly, MTM =< L?I implies
XTMTMX <L?°XTX ie. YTY < I2XTX.

(sufficiency) Let us assume that (X,Y,U,V) satisfies conditions (3.1). From
Lemma 3.4, there exists (Xg,Yr,Ugr,Vg) which is £p-interpolable and shares the
same Gram matrices as (X,Y,U,V). Thus, by Lemma 3.5, (X,Y,U,V) is Lp-
interpolable. Finally, if U = X and V =Y (resp.,, V = —Y), then we can choose
Ugr = Xgr, Vg =Yg (resp., Vg = —YR), and Mg symmetric (resp., skew-symmetric)
in Lemma 3.4 and thus M symmetric (resp., skew-symmetric) in Lemma 3.5. |

The results on the symmetric and skew-symmetric cases come from the nonsym-
metric result. In the symmetric case, they correspond to matrices with eigenvalues
belonging to the centered interval [—L, L]. We apply a shift to allow a general interval
[, L]. In the skew-symmetric case, the sufficiency comes from Theorem 3.1 whereas
the necessity follows a similar reasoning to the nonsymmetric case.

3.2.4. Proof of Theorem 3.3.

Proof. First, let us define X = X and Y =Y — #X and show that requiring
(X,Y) to satisfy (3.3) is equivalent to

X'y =YTX,
3.12 e 2
(3:12) VIV < (551) XTX.
Indeed, XY =YTX & XTY - Lot xTX =YTX - L2 XTX & XTY =YVTX and

I T/ I
(Y — puX)T(Y - LX) <0< <Y+2”X) <Y—2“X> <0
(3.13) 2
SYTY < <L2”) XTX.

Second, from Theorem 3.1 with U = X and V =Y, conditions (3.12) are equivalent to

(X,Y) being 8_%,%—interpolable, therefore, Y = QX for some Q € 8_%,%.
Third, Y = QX with Q € 87%,% is equivalent to Y = QX with Q € S, 1.,

indeed, Y =QX &V - X =QX &V = (Q + L)X =QX. o

3.3. Limiting cases. Theorems 3.1 and 3.3 assume finite values of L; we now ex-
tend them to “L — 00,” that is unbounded singular values and eigenvalues. Again, we
are interested in an explicit convex formulation of the conditions. It is not straight-
forward to take the limit of conditions (3.1), i.e., limy 4o : YTV < L2XTX. In-
deed, the constraint must still impose in the limit that the nullspace of X7 X is
included in the one of Y7Y, which is not directly semidefinite representable. How-
ever, it is possible to obtain a tractable formulation of the conditions by considering
IL>0: YTY < L2XTX instead of the limit. We define £ the class of matrices with
arbitrary real singular values and propose the following L-interpolation conditions.

THEOREM 3.6 (L-interpolation conditions). Let X € R™*M Y ¢ RN [J ¢
R™*N2 qnd V e RP* N2,
(X,Y,U,V) is L-interpolable if and only if

XTv =vyTy,
XTx vTy <o
(3.14) 3L>0: vy 121 )~
vty vty
= 0.
vty L I | —
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Proof. By Theorem 3.1, (X,Y,U,V) is L-interpolable if and only if

XTv =vTy, XTv =YTy,
I >0 YTY <12XTX, TOBAP30, 0> 0:{ (vTY)? < L2XTX,
VTV < L2UTU, (VTV)?2 < L3UTT,

XTv =vTU,

XTX YY)
Prop At gy La>0:4 \YTY 121 )~

vty vTv
=0,
vTY I2I)°

where we can take L = max{Ly,L3}. d

Existence of L is not an issue for the PEP framework since we can just add a
scalar variable to represent L2. Conditions (3.14) of Theorem 3.6 are thus convex on
the Gram matrices (x v)T(x v), (v v)T(v v), and L2

3.4. Interpolation conditions for quadratic functions. Let Q, ; be the
class of homogeneous quadratic functions f(z) = %zTQx, where ul < @Q < LI. Our
new theorems allow us to write the interpolation conditions of Q,, r..

THEOREM 3.7 (Q,, r-interpolation conditions). Let —oco < u < L < oo.
The set of triplets { (i, i, fi) }ieiny 18 Qu,r-interpolable if and only if
XTG=GTX,
(3.15) (G — uX)T(LX — G) =0,
where X = (21 --- any) and G= (g1 --- gN)-
Proof. We have that {(x4,gi, fi)}ic|n] Qu,L-interpolable if and only if

QeS,: g ?T , V] = g ?T - )
fi=35x; Qx; Vie[N], fi=3%;g9; Vie[N],
XTG=G"X,
M2 (G- pX)T(LX - G) =0,

As we have the inclusion Q,, ;, C F, 1, the quadratic interpolation conditions of
Theorem 3.7 must imply the general smooth strongly convex interpolation conditions.
Indeed, one can also show algebraically that conditions (3.15) imply conditions (2.1).

As mentioned earlier, the recent work [1] proposed necessary interpolation condi-
tions (originally announced in [24]) for the class of nonhomogeneous quadratic func-
tions f(x) = %.TTQZL‘ — bTx (see their section 2.2). The authors used the L-smooth
p-strongly convex interpolation conditions (2.1) in addition to the following necessary
conditions for nonhomogeneous quadratic functions

(3.16) 5 01 +9)" (i —a5) = fi — f; ¥(i.3) €[N
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These conditions are not sufficient. Indeed, there exist sets of points satisfying both
conditions (2.1) and (3.16) and that cannot be interpolated by a quadratic function.
For example, the following set {(z:,9:, fi) }ic[3]

o (5)- ) 0)- (6)- ()55 -((0)-Ce) =52)

satisfies conditions (2.1) and (3.16). Yet, there is no function of the form f(x) =
%xTQac —bTx that interpolates these points. Indeed, the first triplet implies f(0) =
forcing the quadratic to be homogeneous, i.e., b = 0, and then the linearity of the
gradient imposes that the values of the gradient on the two other points with xo = —x4
are opposite (since we have g; = Qx; and x3 = —xo which implies g3 = g2). This is
impossible unless L% =0 (and when p= L, the class of L-smooth L-strongly convex
functions is already the class of nonhomogeneous quadratic functions).

4. Performance estimation of methods involving linear operators. The
new interpolation conditions of Theorems 3.1 and 3.3 allow the analysis of any function
class currently available in PEP (smooth strongly convex, proximable, hypoconvex,
etc.) combined with a linear operator, leading to the exact worst-case performance of
methods applied to these classes. In practice, we used the MATLAB toolbox PESTO
[62] to which we added our new interpolation conditions. The toolbox and our exten-
sion is available in Python via the library PEPit [36] and the numerical experiments
performed in this work can be found at https://github.com/NizarBousselmi/PEP-
Linear-Operator-code/tree/main. Semidefinite programs are solved by the MOSEK
[5] interior-point semidefinite optimization solver.

In this section, we demonstrate the applicability of our extension of the PEP
framework. First, we analyze the worst-case performance of the gradient method ap-
plied to the first motivating example, min, g(Mx) (which covers problem min, %xTQx
as a special case). Then, we analyze the more recent and practical Chambolle-Pock
algorithm [10], which was our second motivating example. For the latter, we show
the flexibility of our approach with several types of performance guarantees, both in
settings found in the literature and in new, previously unstudied settings.

4.1. Gradient method on g o M. Let us define the class CO LM of functions
of the form

(4.1) F=goM,
where ¢ is an Lg-smooth pg-strongly convex function (where 0 < py < L,) and
Mz — Mz is defined with a general, not necessarily symmetric, matrix M with

singular values between 0 and Ljy;. We also define the class DI‘:M iLgM, where M is
symmetric with eigenvalues between py; and Ly, and 0 < pps < L M-

By definition of the classes, we have C ’LM = C'O’IL2 L2 and ’D“M’LLM =
I M> M Hg:bg
’D’L M/ J‘i’ 12,0 therefore, we will only consider the case Lj; =1 without loss of gener-

ahty "For comparison purposes, we will also look at the class F),, 1, of functions of
the form F' = f, where f is an Ly-smooth py-strongly convex function.
We analyze the worst-case performance of the gradient method with fixed step

h
(GM) Tyl =T — TVF($k)
P

on the problem min, F( ), where L is the smoothness constant of the class consid-
ered, namely, L, for C glL and D”M’L and Ly for F,, r,.

Given a bound R on the initial dlbtance to the solution ||zg—x*||, we are interested
in the worst-case performance w(F, R, N, F) of N iterations of the gradient method
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with step size T on the function class F. We define w(F, R, N, ) as the value of
the solution of (PEP) where the method A is (GM) with step size T which allows

writing the following guarantee
h

(4.2) Fzy)—F(z*) < (.7—' R, N, ) VFeF
Lp

with 2 the Nth iterate of (GM) with step size h on F', and z* the minimizer of F.

The worst-cases guarantees for classes F, FiLy and CO ! L, reduce to simpler cases
with the following homogeneity relations (see [61, sectlon i2. 5] for a proof) (semi-
colons are introduced for readability),

h
w (f“f’Lf;R, N, Lf) = L;R*w <fzj;,1; 1,N, h> ,

h
(c“L ‘R, N, Lg) = L,R*w <cug SLN h>

Therefore, without loss of generahty, we can consider the cases Ly =L, =R=1, i.e.,
w(Fpu, 131, N, h) and w(C“M’ 1,N,h), from which we will deduce the worst case for
the general cases. We wﬂl use the following shortened notations (we have the same

results and notations for DZM o)
w(Fuy s, N B) =w (Fyih),  w (cf;g{l; 1,N, h) —w (cgg;h) .

g Q
Note that F,, C C C Fo and F,, C DM C F, 2, therefore, w(Fu,;h) <
(Cog'h) < w(fo,h) and w(Fp,;h) < w(D“M h) < w(]-'ug“?w;h) will always hold.
All inclusions and inequalities become equahtles when pg =0.
We are not aware of works addressing the performance of the gradient method
on such classes. Reference [53] provided a bound on the performance of a gradient
method with unit step size on functions F' = go M when M has a nonzero lower bound
on its singular values, an interesting case but out of our scope of study.
Solving (PEP) for the new class ng with gy = 0.1 yields numerical results in
Figure 1, namely, the worst-case performance of the gradient method after N = 10
iterations for varying step size h € [0,2] when applied to classes Fo, C3,, and Fo 1.

(4.3)

T
=w(Fo; h)
—w(CY1;h)
" —-w(Fo1;h
I, 101, ..... ( 0.1, ) 4
LT N,
= N~
\i_{ \“\~ .............
LH \~\~ .........................
5 \.\~ ........................
8 o2l Y |
=z 10 ~.
=} ~.
: ~— J
< S '[
el I
N, '
S 1
‘\~\ 1
1073 I I I I I I I I <
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Step size h

Fi1G. 1. Worst-case performance of 10 iterations of (GM) for varying step size h € [0,2] on
classes Fo of 1-smooth convez functions f (dotted red line), C841 of 1-smooth 0.1-strongly convex
functions go M (solid blue line), and Fo.1 of 1-smooth 0.1-strongly convex functions f (broken black
line). Note: color appears only in the online article.
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The double inequality w(Fo.1;h) < w(C1;h) < w(Fo;h) is confirmed, and observed
to be strict.

After extensive numerical computations with PESTO and analysis of results such as
that depicted in Figure 1, we were able to identify the exact worst-case performances
w(ng; h) and w(D};M; h) for all values of parameters pg, fiar, and h. Before we show
the analytical expressions of these worst-cases in section 4.1.2, we review the results
of [63] on the worst-case performance of (GM) on the class F,,

4.1.1. Performance on F,. Let N >0, h € [0,2], functions ¢, g € F, as

1— .
l, ;L(x):{g$2+(1“) , - (T“) Tﬁ,h if || > 7,
1,.2
(4.4) 2T else,
1
Q(x) 5.7}2
and 7., = ;H+(1+uh)‘” It is conjectured in [63], with very strong numerical

evidence, that the worst-case performance of (GM) on F,, is given by

oy 1 My _p)\2N
(4.5) w(}—”f’h)Qmax{,uf—l—i—(l—ufh)—QN’(l h) .

Moreover, as one can check that this worst-case performance corresponds to that
of the one-dimensional functions £, , and ¢, this conjecture also implies that the
worst-case w (]:u f;h) is attained by one-dimensional functions.

4.1.2. Performance on Cg and ’D“M Through numerous numerical exper-
iments, we also observed that the worst- case functions are one-dimensional on these
two classes. Actually, a more important observation is that, in the worst-case, the
operator M is a pure scaling (a multiple of the identity), i.e., M = oI for some « € R.
Therefore, we denote 529 (resp., @Zj‘f ) the subclass of functions go M, where M = ol
is a scaling operator and propose the following conjecture, supported by our numerical
evidence.

CONJECTURE 4.1. Worst-case performances ofC'ﬂg and DM are reached by scal-
ing operator M = al, i.e., w(CO h) = w(C~0 ih) and w(DyM;h) = w(ﬁ“;”;h).

From now on, given Conjecture 4.1 and the fact that CO D ,» we will only
present the analysis for the symmetric case, as the general “case Shares the same
analysis (but with py; = 0). The class of functions g o al can be written as a union
of classes of functions f,

(4.6) D= | Fuarars
a€lpn,1]
which allows us to express the worst-case performance w(D}; h) thanks to w(F,; h)
9
with
(DHM h) Conj:.4 1 (D”M h)

Hg > Hg >

ol U Fuazaib
(47) a€lpnr,1]

= max w(}-ugcﬂ,a?;h)

a€lpnr,1]

4 max a2w(}]q;a2h).
a€lpn 1] )
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This reasoning holds only if we know, or conjecture, that the worst-case operator of
a method is a scaling of the form M = al. We conjectured it for (GM) but it is
not the case in general. Similarly, we must not infer that the worst-case operator M
is symmetric for all methods and settings. Indeed, there exist algorithms where the
worst-case performance on symmetric operators is strictly better than its performance
on general linear operators.

Given expression (4.5) of w(Fy,;h), it is possible to solve the last maximiza-
tion problem of (4.7) and end up with the following conjecture featuring an explicit
convergence rate.

CONJECTURE 4.2 (worst-case performance of the gradient method applied to a
function in Dﬁé”). For all 0 < p1g <1 and 0 < ppr <1, we have

2
1 *
(4.8) w (Dﬁg’;h) = 2max{ Ko SN (1- h)ZN} ,
pg =1+ (1= pga*h)
where o = proj[uMﬁl]( %) with ho the unique solution in [0, ;%q] of equation
(4.9) (1= 1) (1 = pgho)? N+ =1 = (2N + Do,

Moreover, we can exhibit functions reaching this worst-case, therefore, guaran-
teeing that the worst-case cannot be better (i.e., lower).

THEOREM 4.3 (lower bound on the worst-case performance w(D}*; h)). For all
0<pg <1 and 0< upr <1, we have

%2

1
(4.10) w (D,‘:;”;h) > 2max{ Ko - —7 (1= h)QN}
pg =1+ (1= pgar*h)

with o defined in Conjecture 4.2.

Proof. Functions a*qug o2, (%) and ¢(z), defined in (4.4), belong to D} and
reach the performance (4.10).

The worst-case performance established in Conjecture 4.2 matches exactly the
large number of numerical experiments we performed for many different values of
parameters fig, fpr, and h. Moreover, development (4.7) shows that Conjecture 4.2
relies only on the weaker Conjecture 4.1 and on the previous conjectures of [63]. We
summarize this observation in a corollary.

COROLLARY 4.4. If Conjecture 4.1 holds and w(F,,;h) is given by (4.5) as con-
jectured in [63], then Conjecture 4.2 holds.

All these observations and conjectures were made possible thanks to the numerical
experiments performed on PESTO with our extension and the extremely helpful insight
and information provided by the solution of the different (PEP) solved.

So far we proposed several partial justifications for Conjecture 4.2 on the worst-
case performance of the gradient method. We now give a full proof of the conjecture
in a simple case, namely, one iteration of the gradient method with a unit step.

Proof of Conjecture 4.2 when N =1, h=1, pup; =0. The optimal primal solution
of (PEP) yields a function reaching the worst-case performance of interest. In addi-
tion, we can extract from the optimal dual solution a combination of inequalities that
builds a proof for this performance guarantee (see [35] for more details). Moreover,
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that type of proof mainly relies on the interpolation conditions. Therefore, solving
(PEP) with our new interpolation conditions will provide a proof that exploits these
new conditions. We propose a simple example of such a proof for illustration. Ana-
lyzing any method with the PEP framework and our interpolation conditions can in
principle provide this type of proof.

We consider Conjecture 4.2 in the case N =1, h=1, uy; =0, and pg <0.17. We
still consider the case Lj; = 1 but we do not replace it in the proof for clarity and
understanding. The proof below, which shows that F(z1)— F(z*) < ||z — 2*||?, was
identified from the numerical dual solution of the PEP.

(4.11)
F(zy) — F(2")

7 (F(21) = Fo) + Vg(a1)TM (w0 — o1) + 54| [M (w0 — 1)
+ 55 IV (Mzo) = Vg(Man)||? = 122 (Vg(Mao) — Vg(Ma1))" M(wo — 1)

1—pg
|+ (Flao) = Fa®) + V(M) M (" = o) + 52| M (" = o) I
+ 5 V(M) = Vg(Mao) | = 24— (Vg(Ma*) — Vg(M))™ M (2 — o))

+(1=9) (F(a1) = F(*) + Vg(Ma1)TM (2" —21) + g2 M (2" — 21)|?
+ 5 |IV9(Ma®) = Vg(Man)|[? = 24— (Tg(Ma*) = Vg(Mar))" M(2* — 1)

+ (7= ) (IM (" = wo)? = L3, |e" — ol )
+1 7 (IIM (o + & = 2a1)|[> = L3 ||2* + 2o — 2a:1[?)

—[|Pay,,|I* = |1Pby,|I* = || Pey, |

+ 7||lzo — 2*||?
< 7o — |,
where P = (Mzo Mz; Mz* Vg(Mzo) Vg(Mz1) Vg(Mz*)), v = ;:fz’ T= 2(/Lg—1+P(Li]—;Lg)*2)’
x1=z0—MTVg(Mzy), and a,,, by, cu, are defined in Appendix D. The expression
of the rate 7 matches Conjecture 4.2 for this set of parameters. The equality is an
algebraic reformulation that is always satisfied (see Appendix D). The terms in the
first box are nonpositive thanks to the F,,  i-interpolation conditions applied to the
function ¢, and the terms in the second box are nonpositive thanks to the Lr,,,-
interpolation conditions applied to the linear operator M. Finally, the terms in the
third box are a negative sum of squares, thus, always nonpositive.

Comparison between f and go M. Table 1 compares the performance of N itera-

tions of (GM) with step size h on the classes F,, and D on the functions £ and g,
namely,

TABLE 1
Worst-case performances and functions of Fi., and Dﬁé”.

Fug Dy
W.c. perf. max {pl (,uf, h) 7pg(h)} max{a*2p1 <,ug,a*2 h) 7pz(h)}
2
W.c. fun. é”f’h(x) @ eﬂg’M*zh(m)
q(z) q(x)
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1 1%
pr(p,h) &L, p(an) — 05 == —
(4.12) ' 2p—14 (1= ph) N

p2(h)  2qen)—¢" =1 -h)N.

1
2
There is an interesting difference of performance between the general and com-

posed cases. Let two convex functions f; and fy = go M with up; = 0. When the
worst-case performance w is given by p; for fo and that h > hy, then the performance
LO
is Eu 71+(;;g Ligho) 2N~ §2N}11+
we see a gain of around a factor e”VH¢ between the performance of the gradient
method on the convex functions f; and f5 in this range of values of the step size h.
Optimal step sizes. Understanding the exact worst-case performance of (GM) on
D“M allows us to select the step size that optimizes this worst-case performance. Such
an optlmal design of (GM) is possible thanks to our extension of PEP. We characterize
these optimal step sizes h € [0, 2] minimizing w(D/27; k) from Conjecture 4.2. Optimal
steps h*(py) for F,, (see [63]) and A™(ug, puar) for Dy satisfy

—V/ 11
e 9 whereas in p; for fi it is 2 2Nh+1. Therefore,

* . : . i 2N
(4.13) h*(uy) is the solution of equation ——~ = (1—-h)=",
! pp =14 (1= pgh) "
fu(h)
- ON :(1_h)2N7
o — 1+ (1— hja(h))

(4.14) h*(pg, pear) is the solution of equation

where fi(h) = pgprojy,: 1) (%o). Note that both h*(puy) and h*(pg, fiar) can be easily
computed numerically "and that they depend on the number of iterations N.
Therefore, when facing a 1-smooth p-strongly convex function F', if we do not
know anything else about the function, then we should use h* (uy). However, if we
know that the function F' can be written as F' = goM, where g is 1-smooth p4-strongly
convex with pps <||M|| <1, then it is preferable to use h* (g, fiar).
Performance on quadratic functions. The class of L-smooth, u-strongly convex,

not necessarily homogeneous, quadratic functions is easily seen to be equal to D‘f L.
Moreover, since the gradient method is invariant to translations, this class shares the
same worst-case performance as the class of homogeneous quadratic functions Q,, r..
Therefore, according to Conjecture 4.2, the worst-case performance of the gradient
method over the class of quadratic functions is

2
(4.15) w(Quih)=w (D{{lﬁ’ﬁ;h) = % max {q(l —qh)*N (1 - h)QN} )

where ¢ = proj[u ll(m) Moreover, it is known that the worst-case over the
class of quadratrc functions must be univariate, a consequence of the polynomial-
based analysis mentioned in the introduction (below the first motivating example).
Therefore, Conjecture 4.1 holds in the case Ly = .

4.2. Chambolle-Pock method. We show how to tackle with PEP the analysis
of a more sophisticated algorithm, namely, the Chambolle-Pock algorithm [10].
The Chambolle-Pock algorithm solves problems of the form

(4.16) min f(z) + g(Mz),
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where f and g are both convex and proximable and ||[M|| < Ly, by computing the
following iterations with parameters 7 >0 and ¢ > 0,

(cP) Tit1 = ProX, s (l‘i — TMTui) ,
Ujy1 =ProX, g« (i + oM (2wi41 — 4)),

where ¢g* is the convex conjugate function of g.

4.2.1. Convergence results from the literature. Existing results from the
literature sometimes require very specific assumptions, which makes them difficult to
exploit and compare. One of our objectives is to show that the PEP framework allows
us to obtain guarantees potentially for any set of assumptions, including some that
have never been analyzed so far.

For example, the convergence rate stated in the original paper describing the
method [10], reproduced below, requires the existence of sets B; and By “large
enough.” We note £(z,u) =u? Mz + f(x) — g*(u), the Lagrangian of problem (4.16),
and Ty = % Zi\;l x; and uy = % > iy Ui, the averages of the iterates produced by
(CP) starting from xo and ug.

THEOREM 4.5 ([10, Theorem 1]). Let f and g convex, ||M|| < Ly, and By
and Bs large enough to contain all the iterations x; and u;, respectively, of (CP). If
Trol%, <1, then after N > 1 iterations of the Chambolle—Pock algorithm (CP) started
from xg and ug we have, for any x and u, that

D(By,B
(4.17) GB,xB, (TN, UN) < %7

where performance criteria Gp, x B, and distance D are defined as follows:
_ AN /
Gp, xB,(x,u) = 7{;16&];(2 L(z,u") xr'%lgl Lz’ ),
(418) e = woll*  Jju—uoll®

D(By,Bs) = sup
(xz,u)€B1 X Bs 27 20

The following result, from the same authors, solves this issue and bounds the
performance with a quantity that depends only on the initial iterates xy and ug, but
involves some evaluation of the linear operator M of the actual instance of the problem
(Remark 2 in [11] adapts the result to remove the dependency in M at the cost of an
additional factor).

THEOREM 4.6 ([11, Theorem 1]). Let f and g be conver and ||M|| < Ly. If
ToL%; <1, then after N > 1 iterations of the Chambolle—Pock algorithm (CP) started
from xy and ug we have, for any x and w, that the primal-dual gap satisfies

(4.19)

1 (e ==ol® | [lu—uol?
L(Zn,u)— L(z,un) < + —

SoN . > Q(U—UO)TM(x—x0)> .

Note that Theorem 2 of [67] proves a similar result for the primal-dual three-
operator splitting method which reduces to the Chambolle-Pock method when the
first operator is zero.

Finally, the following result, inspired by a lecture of Professor Beck (slide 29 of
part 3 of [6]; see Appendix E for a proof), relies on the previous theorem to bound
the primal value accuracy instead of the primal-dual gap. However the proposed
performance guarantee involves a point %y which depends on the average iterate Zy,
and which cannot be easily bounded a priori.
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0 T T
10 ® PEP results
- Z(NIH) R?

— 35 R? (Th. 4.6)]

Primal-dual gap L£(Zy,u) — L(z, uy)

102!
2 4 6 8 10 12 14 16 18 20

Number of iterations N

FiG. 2. Worst-case performance obtained by our extension of PEP for N iterations of the
Chambolle—Pock algorithm (CP) with any step size parameters o and T satisfying TUL?M <1 on
the problem ming F(x), where F = f+go M, f and g are convex prozimable, and M is such that
[|IM|| < 1. The performance criterion is the primal-dual gap L(Zn,u) — L(z,an) and the initial

2 2
distance is R? = M + M —2(u—up)TM(z — x0). PEP results (blue dots) are compared
to bound (4.19) of Theorem 4.6 (red line). Note: color appears only in the online article.

THEOREM 4.7. Let f and g be conver and ||M|| < Lys. If ToL3, <1, then after
N > 1 iterations of the Chambolle—Pock algorithm (CP) started from xzo and ug we
have, for any x and u, that the primal-dual gap satisfies

(4.20)

1 * 2 ~ 2
F(zy)— F(a*) < ('x Zol P | 1w = ol ® _

SoN = > 2(an — uO)TM(x* — xo)),

where F(x) = f(x) + g(Mz) and ay € 0g(MZy).

4.2.2. Convergence results obtained with the new PEP framework.
Theorems 4.6 and 4.7 can be analyzed using our extension of the PEP framework.
First, to study the setting of Theorem 4.6, we impose that the initial distance R? =
Hm_fouz + |\u—:0\|2 —2(u—wug)T M (z — ) in the right-hand side of (4.19) is bounded
by one, and compute the worst-case for the left-hand side (i.e., its maximum), giving
us the best possible value of the leading factor. We observe from the tight numerical
results provided by PEP that the exact rate is strictly better than the existing bound
R? . . . . .
5n» as shown in Figure 2. Note that these numerical results were identical for all val-
ues of 7 and o such that 7o L3, < 1. We also observe numerically that the method no
longer converges (i.e., the gap is no longer decreasing with V) as soon as To L%, > 1.

Moreover, we were able to identify a simple analytical expression matching the
tight numerical bound returned by PEP: it corresponds to 2(5%_2,_1), i.e., the same
bound as (4.19) but with N + 1 instead of N (shown as a blue line on Figure 2).
Based on the hint, provided by PEP, that this better bound actually holds, we were
able to adapt the proof of Theorem 4.6 in [11] to obtain the following theorem, that
gives the exact convergence rate.

THEOREM 4.8. Let f and g be convezx and ||M|| < Lys. If o < 7, then after
M
N > 1 iterations of the Chambolle-Pock algorithm (CP) started from xy and ug we

have, for any x and u, that the primal-dual gap satisfies
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(4.21)
1 |z — ol [lu—uol® T
£(£N7u)—£(m,ﬁN)§2(N+1) . + . —2(u—up)" M(x —xo) | .
Proof. Define ||z||3, = w + lz#”Q — 22" M2, with 2z = (24,2,), so that the
initial distance becomes R? = ||z — z||3, with 2z = (z,u) and 29 = (z0,ug). Letting

oW zp, = (Zn, Uy ), we sum the following inequality (proved as (15) in [11]),
L(@nr1,u) = L@, un41) <12 = zalir = 12 = 2n41ll3s = [zn41 = 2alls

from n =0 to n =N — 1, without removing the negative terms, yielding

= lzo— 213 llz— 2l S znes — 2all3s
D Ll@niru) = L@, ung) < P - SR T e
n=0 n=0

Mzo=2lB L llm =2l

- 2 N+1 2 ’

where to prove the second inequality we use the following consequence of the convexity
of the squared norm, with s; =2z; for all 0 <¢ < N and syy1 = 2:

N N
wrlso —snal> = (N + Dllghg D (snpr = )7 <D lsnsr — sl
n=0 n=0

Finally, by convexity of L(-,u) — L(z,-), we have

N-—-1
_ _ 1 20 — 2||3
N(L(Zn,u) = L(x,0n)) < Y L(Tpi1,u) — L(@,tn41) < (1_ N+1> JER 2 [[7r

n=0

leading finally to L(Zn,u) — L(z,un) < ﬁ% ]

2 2
Instead of bounding the quantity R? = Hx_j‘)” + Hu_:OH —2(u—up)T M (z — z0),
it is also possible with PEP to compute rates that depend on the simpler squared
distance

(4.22) R = |lz — o]l + [lu — uo||*.

In this case, our numerical results indicate that the primal-dual gap depends on the
step sizes 7 and o. Figure 3 shows the worst-case performance returned by PEP
with initial condition R% < 1 for different values of 7 = 0. When 7 = ¢ = 1, the
numerical results exactly match the curve ﬁR% for all tested values of N, which
can be compared to the rate 1 R3 proved in [11]. We could also identify the rate for
all tested values of ¢ = 7 < 1 when N = 1, for which the numerical results match
T—HR%. While we were not able to identify the exact rate for general N, 7, and o,

4T

the expression W%R% appears to be a valid upper bound for all N when 7 =0
(and becomes exact when 7 =0 =1 or N =1 as mentioned above) according to our

numerical observations.

4.2.3. Convergence results on the class of Lipschitz convex functions.
The PEP framework allows us to identify performance guarantees in the setting of
our choice, i.e., we can study any performance criterion under any initial condition.
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Fic. 3. Worst-case performance obtained by our extension of PEP for N iterations of the
Chambolle—Pock algorithm (CP) with different step sizes T = o on the problem ming F(z), where F =
f+goM, f and g are convez prozimable, and M 1is such that ||M|| < 1. The performance criterion
is the primal-dual gap L(Zn,w) — L(z,@n) and the initial distance is R2 = ||z —zo|| 2+ ||lu—uol|? < 1.
Note: color appears only in the online article.

Theorems 4.5 and 4.6 characterized the primal-dual gap without any boundedness
assumptions on the functions f and g. To conclude this section, we propose an
alternative analysis, where we consider the primal accuracy, i.e., the value of the
(primal) objective function at some iterate. For the corresponding rates to be finite,
we must consider a bounded class of functions. We choose the class of Lipschitz convex
functions, i.e., convex functions with bounded subgradient. Note that we could have
used any other type of bounded classes, e.g., L-smooth functions.

We use ||zo — z*||2 < R2 and |Jup — u*||* < R2 as a pair of initial conditions. We
have to fix the values of all parameters 7, o, N, Ly, R, and R,, and we consider
not necessarily symmetric matrices M. To show the flexibility of our approach, in
addition to computing the rate for the (standard) average iterate, we also perform the
analysis for the last iterate, for the best iterate, and for two other averages of iterates,
namely, the average of the last % iterations, and an average using linearly increasing
weights (weight ¢ for iteration ¢ before normalization).

Figure 4 displays the worst-case performance in the above five cases as computed
by PEP when minimizing F = f 4+ go M with (CP) for a number of iterations ranging
from N =1to N =50. We bounded the primal and dual initial distances ||z —z*||? <
R2 =1 and |lug — u*||> < R2 =1 and fixed 7 = ¢ = 1. The primal accuracy of

the average iterate (blue dots) seems to roughly follow the % curve, whereas the

last (red squares) and best (green dots) iterates appear closer to the ﬁ curve in

this example. Moreover, returning the average of the last % iterations (magenta
dots) or the proposed weighted sum of the iterates (black dots) leads to even better
performances of the method.

Numerical guarantees such as those depicted in Figure 4 can also be easily ob-
tained for other performance criteria (e.g., primal-dual gap, dual value accuracy),
initial distance conditions, and function classes (e.g., symmetric linear operator with
lower bounded eigenvalues). These could be of great help in the analysis and explo-
ration of the algorithm performance and the identification of interesting phenomena.
Moreover, any bound obtained in such a manner will be exact, i.e., unimprovable
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o F(zy)— F'
O Flzy) - F*
min;e; F(x;) — F* ]
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= [
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=
g
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Number of iterations N

Fic. 4. Worst-case performance obtained by our extension of PEP for N iterations of the
Chambolle—Pock algorithm (CP) with step size parameters T = o = 1 on the problem ming F(z),
where F = f4+go M, f and g are 1-Lipschitz convex prozimable, and M is such that ||M]| < 1.
The performance criterion is the objective function accuracy of the average (blue dots), last (red
squares), best (green dots), last % (magenta dots), and weighted sum (black dots) of iterates. Curves
% (solid black line) and ﬁ (solid black dashed line) are also represented for comparison purposes.
Note: color appears only in the online article.

over the considered function class. By contrast, analytical results typically found in
the literature may be subject to nontrivial modification or even have to be redevel-
oped when changing the framework of evaluation. For example, the convergence of
a weighted sum of the iterates as done in Figure 4 would in all likelihood be quite
difficult to analyze with standard techniques.

5. Conclusion. Our main contribution is twofold. First, we obtained interpola-
tion conditions for three classes of linear operators corresponding to general, symmet-
ric, and skew-symmetric matrices with bounds on the eigenvalues or singular value
spectrum. With these, the powerful and well-developed framework of PEP can be
extended to analyze first-order optimization methods applied to problems involving
linear operators.

Our extension allowed us to analyze any fixed-step first-order method with any
of the standard performance criteria. As a first example, we analyzed the worst-
case behavior of the gradient method applied to the problem min, g(Mz), where g is
smooth and convex. We computed exact performance guarantees and conjectured a
closed-form expression for the convergence rate. We also analyzed the more sophisti-
cated Chambolle-Pock algorithm, tightened the existing primal-dual gap convergence
rate, and obtained new exact, numerical convergence guarantees when the objective
components are convex and Lipschitz.

Throughout this work, we have used the PEP framework to obtain different types
of performance guarantees, ranging from purely analytical to purely numerical, de-
pending on the intrinsic complexity of the desired result and our abilities. More
precisely, we encountered the following, distinct situations:

1. Design using PEP-identified coefficients of a new, independently verifiable
mathematical proof of a performance guarantee (see the proof for one step of
the gradient method in section 4.1.2).
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2. Identification of the analytical expression of an exact convergence rate, later
proved using an improvement of the classic argument (see Theorem 4.8 on
the primal-dual gap of (CP)).

3. Identification of new analytical expression for some exact performance guar-
antees, from which a theoretical explanation is conjectured (see Conjecture 4.2
on the gradient method).

4. Identification of a new analytical expression for a performance guarantee (see
Figure 3 for the case 0 =7 =1 on the primal-dual gap of (CP) with another
initial distance).

5. Purely numerical performance guarantee (see Figure 4 for (CP) on Lipschitz
convex functions).

For future research, we hope to exploit our new approach to improve our under-
standing of the large variety of methods tackling problems involving linear operators
and compare them in terms of worst-case performance.

Appendix A. Properties of matrices. We review some results of linear alge-
bra used in our proofs. We use Iz and 0,, ,, for identity and zero matrices (dimension
may be omitted) and ||M|| = opmax (M) for the norm of M.

ProOPOSITION A.1 ([9]; [31, Theorem 4.3]). Let G = (;T g) be symmetric. We
have the three following equivalences:

C =0, A =0,
(A1) G0 A-BC'BT »0,<¢(C-BTA'B >0,
(I-cchHBT =o, (I-AAHYB =o.

PROPOSITION A.2. Let a symmetric matriz A= 0. We have AAT = Az (AT)z.
Proof. We have AAT = atabah) (ah)’ = atah)Tarad)’ = atad) by
definitions of pseudoinverse and square root matrix. 0

PropPOSITION A.3. Let two matrices be C and X. We have XC = 0 &
XcceT =o.

Proof. If XCCT =0, then XCCT(C)T = XCCTC = XC =0 and if XC =0,
then XCCT =0. 0

PROPOSITION A.4. Let two symmetric matrices be A =0 and C' = 0. We have

(A.2) Ja>0:C=<ads AATC=C.

.. .. al -0,

Proof. By application of Proposition A.1, we have da >0 :
C=<aA,
A Cl Ato,

&3a>0: (cl 2>§O<:>Eloz>0: al =C2ATCE, & (- AAhC =0,

2 1

“ (I —AANHCOE =0,
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since A0, (I — AAN)Cz =0« (I — AAT)C =0 by Proposition A.3, and that we can
always find an « (sufficiently large) such that ol = C 3 ATCS. 0

PROPOSITION A.5. Let two symmetric matrices be A= 0 and C = 0. We have
(A.3) 3L, >0: C<L3A=3,>0: C? < L2A.

Proof. By Propositions A.3 and A.4, we have 3L; > 0 : C < L?A<AATC =
Ce AATC? =C? = 3L, >0 : C? < L3A. ]

The following result allows us to extend a block matrix without increasing its
maximal singular value. It will be used to prove Lemma 3.4 in Appendix B.

THEOREM A.6 ([19, Theorems 1.1 and 1.2]). Let M; be conformable matrices.

W s.t. H(Jz\vﬁ %2)“ < L if and only if ||( M1 M2)|| < L and H(%QH < L. Moreover,
if My is symmetric (resp., skew-symmetric) and My = ML (resp., My =—MZ), then
there is a W symmetric (resp., skew-symmetric).

Note that extending a matrix while maintaining its largest singular value under a
given bound L is not trivial in general and W = 0 does not always work. For example,
Il = V2 IO = V2, 1) = 252 ~ 1618 > vZ and ||(1 1)] = v2,
therefore, W = —1 is a solution and W =0 is not.

The following result states that vector sets leading to the same Gram matrix are
equal up to a rotation when the vectors of the two sets have the same dimension. It
will be used to prove Lemma 3.5 in Appendix C.

THEOREM A.7 ([43, Theorem 7.3.11]). A and B € RN build the same Gram
matriz, i.e., ATA= BT B, if and only if
(A.4) IV e R4 ynitary : B=V A.

Appendix B. Proof of Lemma 3.4.
Ij’roof. Ijet G = (21% gi )and H = (;2% gz ) be symmetric and positive semidefinite
matrices satisfying

By = Bo,
(B.1) Ay =< LAy,
Cy < L2Cs.

In the remainder of the proof, we equivalently use B; or Bs. We note S; = Cy —
BlTAlTBl and Sy = AQ—BQCQTBQT, where A1,Cq, Az, Cs, 51,52 = 0 by Proposition A.1
and G, H = 0. Moreover, Propositions A.1 and A.2 with G, H > 0 provide

1 1
” K,
B3(C2")2CF = B2Cy Oy = By,

and Propositions A.2 and A.4 with (B.1) and (B.2) provide

[SIE
I

A
C.

)

(A7)
t

(B.3) S
S (C2h)

ok Nioe
ol Nl

S,
S

N ol F o=
Nl=
Il
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First, we show that

3 Yz gT 1 3
(B.4) (X, Yr,Ug, Vi) = ( A7 ) , (Cs )l By : ( Cs ) ’ (A1 ); B
(U S5 Ony, N S2

is a factorization of G and H. Indeed, we have

(B.5) X}{XR:(A% ONI,NQ) (0];41 )Al,

2,N1
11 (o o)
(B6) UrUr= (02 0N27N1> <0N17N2> Co,
N [(Coh2BT ) .
Ty, — Y 3 (G 2| = Nz (o, 1z BT —
2 =
BT VEYe= Byt s}) ( e ) By(Co) 3 (Co)EBY + S, = Ao,
2
1 1 A f %B 1 1
(B8) VEVR: BT Al—“ z S2 ( 1 )l 1 :B?(AlT)Q(AlT)EBl+51:Ch
1 1 SQ
i
=B, by (B.2)
1 ANH:B 1 1
(B.9) X}QVRZ (A1§ 0N17N2) ( 15); 1) =A; (AIT)fBlzBl,
1
=B, by (B.2)
(B.10) YR UR= (32(C2T)% 52% ( Cs ) =B,y (Cy1)2CZ = By,
S AA

and therefore

r C(XEXn XEVR\ (A Bl _
(Xr Ve)" (Xr VR)_<VRTXR vive) = \BT @)=

T YEYr YEUr Ay Bs
(Ye Ur)" (Y UR)z(U%YR vive) =\Br o) =H

(B.11)

Second, we show that (Xg,Yg,Ug, Vr) is L-interpolable by providing a linear oper-
ator Mg such that Yz = MrXg, Ve = MEUg and ||[Mg|| < L. The expression of Mg
is

[NE

(B.12) Mp = (C2T)1B1T(A1T)% (CQT)%Sl‘%
S;(AlT) ’

S

where W is a matrix specified later. Indeed, we have

S2(A )z W Ony N
(B.13) SR N
(@O3BI (A7) _ (@B _
= 1 1 = 1 = IR,
57 (A2 A S3
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1
o (O TR

1 1
S2(Cy1)z wT Ony,N
(B.14) 11( 2 L N
(aEBI@hics) _ ((ahiBh
- 1 1 = 1 =VR.
SZ(cuhyzoz Sz

It remains to show that the proposed Mg has singular values bounded by L for a
suited choice of W. Thanks to Theorem A.6, we must just show that the matrices

Ca')2 By (Ar)3
(up) _ + 1 i Fage 1 (left) — ( 2 2
(B.15) My ((02 2B (A D)2 (Ca )2312) and Mp, SE(AJ)%
: : (up) (up) "
have singular values lower than L or, equivalently, that the products M, P M R P

T
and Mgeft) M}(%left) have eigenvalues lower than L2, i.e.,
MEPMED" = (€1 EBIAT BT (Co)E + (G E81(Ca)E = (Gl ECu(Ca ) < 121

and

)T

MM = (A1) Bo 0 BY (A1) 4 ()85 (A1) F = (A1) 2 s (41 )7 < 17T

which are both true since C; =< L2C5 implies that
(Co1)3C1(CLT)E X L2 (Cal)2CF CF (Cal)F = L2CoCyTCoCyl = L2CoCy < LT

by definition of the pseudoinverse and Proposition A.2 (the same result for Ay =<
L?Ay).

Finally, we observe on expression (B.12) of Mg that, if 41 =C5 and Ay = C1, and
B = BT (resp., B=—BT), then thanks to Theorem A.6, we can choose W symmetric
(resp., skew-symmetric) such that Mg is symmetric (resp., skew-symmetric). More-
over, if A; = Cy, then Ur = Xg and Vg = Yg (resp., Vg = —Yg). Note that in the
skew-symmetric case, we have to add a negative sign on one of the two off-diagonal
blocks of My in (B.12). d

Appendix C. Proof of Lemma 3.5.

Proof. Adding zeros to (X V) or (X& Va) such that they have the same num-
ber of rows, ie., d, = max{n,ng}, will allow us to use Theorem A.7. We use

— In — "R 3 3
Ena, = (o, ") a0d Eng g, = (0<dn7nR),nR) to add the zeros and now work with

Eng,(xVv) and E,pq,(Xr Ve). Moreover, adding the zeros preserves the Gram
matrices, indeed, if (x v)T(x v)=(Xzr V& )T (Xr Vr), then

1) (X V'EL, Ena (X V)=(Xg Vi) EL 4 Enpa. (X Va).
Therefore, Theorem A.7 applies and yields

(C.2) Epnd, Xr Ve)=VgEna4, (X V)

and with the same reasoning on (v U ), (Yr Ur), and d,, = max{m,mg}, it yields

(CS) EmR,dm (YR UR) = VHEm;dm (Y U)

for some Vi and Vy unitary. Now, since (Xg,Yg,Urg,Vg) is Lr-interpolable, there
exists an Mg such that Yg = MrXg, Vg = MTUg, and ||Mg|| < L. Therefore,
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VHEmvdﬂLY VGEn,d"X
—_—— —l
(C4) Yr=MprXr= Emnpa,Yr=Empd, MREn, 4. Enpd, Xr
M
(05) j Y = E”?r—;/,d/,yz VgEmR;dnz MRE;{R,dn VGEn7dn X’
VeEn, 4,V Ve Em dy X
T T T N
(C.6) VR=MRrUr= FEy d,VR=FEngd, MRE,, . 4, Emp.d,.Ur
MT
(C.7) =V=E!; ViEnya, MLE} . 4 ViiEm.a, U.

We have ||M|| < L since unitary transformations V7 and Vg preserve the maximal
singular value and that F; ; can only add zeros singular values.
Finally, when U = X, V =Y (resp.,, V = -Y), Ug = Xg, and Vg = Yg (resp.,
Ve =—YRr), we have Vg = Vg. Therefore, M is obtained as a unitary transformation
of Mg, in other words, if M was symmetric (resp., skew-symmetric), then, M remains
symmetric (resp., skew-symmetric). d
Appendix D. Proof of the equality in (4.11). The equality in (4.11) holds

17 g J— g J—
when v = 2—Zg’ T= 2(#9_1":21_#9)72), 1 =120 — MTVg(Mzg), and

1 7 :
o<t (e o i) ot

V44 — 3177

P=(Mzy Mz Maz* Vg(Mzo) Vg(Mz) Vg(Mz*)),

T
=(a1 —(+pglaz as —(1+pglaz az pgaz)

Gy,

- 0
0 _\/#794_#4_(1_% )2a2
b 2(1—pyg) 2—pg Hg 2
1

—by
by, = bz = 2(1+4g)? (2—pg)a3 —(1+ug) ,
g bs —2(@—pg)b1

by —2(1—u§)ag+l

—2Hg(1—#3)(2—#9)‘1§+(1—N9)2+#g
2(1—pg)(2—pg)b1

T
Cuy = (000\/2—1ug — (1+ pg)2a2 — b3 _\/ﬁ_ag_bg \/2(%@‘(#9“2)2—1)3) )

where a1 = —, /55 4+ 7, ay = m, az = /T — 52—+ (1 + p1y)%a3. Indeed,

2—pg 2—pg
given these definitions, elementary algebraic calculations allow us to prove the

equality.

Appendix E. Proof of Theorem 4.7. The proof comes from a lecture by
Professor Beck [6].

Proof. Since the assumptions of Theorem 4.6 hold, it applies Vz,y, namely,

, , Uz =l | flu—uol?
E(xN,u)—L'(a:,uN)Sﬁ . + . —

2(u — uo)TM(x - x0)> ,
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where L£(z,u) = 2T MTu — g*(u) + f(z). Choosing u =y € dg(MZy), x = z*, and
using the conjugate subgradient theorem and Fenchel’s inequality yield

L(zy,in) =2y M iy — g*(in) +f () =g(Min) + f(2n) = F(Zn),

=g(Mzn) by (CST)
L(z*,uy) =2"" M Ty — g" (i) +f (%) < g(Ma*) + f(2*) = F(a"),

<g(Maz*) by (FI)

and therefore

F({fN) — F(i*) < ,C(LfN7’L~LN) — ,C(l'*,’fLN)

U (Il =0l | Mo —wol* Ty r (o
éﬁ . + . —2(ay —uo)" M(z* —x0) | - 0
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