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Abstract—The 4D RecOnstructiOn using Spatial and TEmpo-
ral Regularization method is a recent 4D cone beam computed
tomography algorithm. 4D ROOSTER has not been rigorously
proved to converge. This paper aims to reformulate it using
the Chambolle & Pock primal-dual optimization scheme. The
convergence of this reformulated 4D ROOSTER is therefore
guaranteed.

I. INTRODUCTION

Four dimensional cone beam computed tomography (4D
CBCT) of the free breathing thorax is important for image-
guided radiation therapy (IGRT). Mainly two families of meth-
ods have been proposed to handle the problem: respiratory
motion compensation, in which the motion of organs during
breathing is estimated and used to deform the volume during
reconstruction, and respiration-correlated reconstruction, in
which several volumes are computed, each one from a subset
of the projections that has been acquired during the correct
respiratory phase. Advances in compressed sensing have been
used to improve respiration-correlated reconstruction by en-
forcing spatial regularity constraints [1]–[4], but only a few
recent methods exploit the strong correlation between succes-
sive respiratory phases [5]–[8]. 4D ROOSTER [8], which was
recently proposed for 4D cardiac CBCT, is one such method.
However, it came without a rigorous proof of convergence.
In this paper, we propose a reformulation of 4D ROOSTER
using the Chambolle & Pock primal-dual optimization scheme
[9]. The convergence of this reformulated 4D ROOSTER is
therefore guaranteed.

II. THE ORIGINAL 4D ROOSTER METHOD

This algorithm assumes that a rough segmentation of the
patient’s heart is available, and that movement is expected to
occur only inside this segmented region. The method consists
in iteratively enforcing five different constraints in an alternat-
ing manner. It starts by minimizing a quadratic data-attachment
term

P
↵
kR↵S↵x� p↵k22, with ↵ the projection angle, x a 4D

sequence of volumes, R↵ the forward projection operator at
angle ↵, S↵ a linear interpolator, and p↵ the measured pro-
jection at angle ↵. This data-attachment term is minimized by
conjugate gradient. Then the following regularization steps are
applied sequentially: positivity enforcement, averaging along
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time outside the heart region, spatial total-variation denoising,
and temporal total-variation denoising. This constitutes one
iteration of the main loop, the output of which is fed back
to the conjugate gradient minimizer for the next iteration.
This algorithm offers no convergence guarantees. In [10], [11],
using the theory of non-expansive mappings, it is only proved
that if the main iteration has at least one fixed point, the
algorithm converges to one of them. However, we show in
this paper that each step of this method can be interpreted as
a proximal operator [8], thus little effort is required to make it
fit into the Chambolle & Pock framework. We remind that for
f : RN ! R a closed convex function, the proximal operator
of f is defined as proxf (v) = argmin

x2RN

1
2kx� vk22 + f(x).

III. CHAMBOLLE & POCK 4D ROOSTER

Setting R =

0

B@
R↵1S↵1

...
R↵mS↵m

1

CA and p =

0

B@
p↵1

...
p↵m

1

CA, with m

the number of projections, the data-attachment term becomes
a single L2 norm

P
↵
kR↵S↵x� p↵k22 = kRx� pk22. The 4D

ROOSTER optimization problem can then be expressed as the
search for

argmin

x2RN

1

2

kRx� pk22 + �2kxkTVspace

+ �3kxkTVtime + iRN+(x) + iROI(x)

(1)

with x the 3D+t sequence of volumes, with in total N vox-
els, p the set of measured projections, with in total P pixels,
R : RN ! RP the forward projection operator, k.kTVspace

the spatial total-variation norm, k.kTVtime the temporal total-
variation norm, RN+ the set of sequences of volumes in which
all voxels have non-negative values, ROI the set of sequences
of volumes in which all voxels outside the heart have equal
values, iRN+(x) and iROI(x) their respective convex indicator
functions, and �2,�3 > 0 two parameters weighing the relative
importance of the terms. We adopt the same formalism as in
[12], and therefore use the following notations:

F1 : RP ! R, t ! 1

2

kt� pk22
F2 : RN ! R, t ! �2ktkTVspace

F3 : RN ! R, t ! �3ktkTVtime

H : RN ! R [ {+1}, t ! iRN+(t) + iROI(t)

Because the cost function has more than two terms, we
have to reformulate the problem into a search in R3N by
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defining x0
=

0

@
x1

x2

x3

1

A, with x1, x2 and x3 2 RN , and

Q
1,i

= {x0 2 R3N | x1 = xi} for i = 2, 3. The 4D ROOSTER

optimization problem becomes

argmin

x2R3N

F1(Rx1) + F2(x2) + F3(x3)

+ iRN+(x1) + iROI(x1) + iQ
1,2

(x0
) + iQ

1,3

(x0
)

(2)

We define the total dimension W = P + 2N , the convex
functions F and G and the linear operator K:

F : RW ! R, s =

0

@
s1
s2
s3

1

A !
X

j=1..3

Fj(sj)

with s1 2 RP , s2 2 RN , s3 2 RN

K : R3N ! RW ,K =

0

@
R 0 0

0 IN 0

0 0 IN

1

A

G : R3N ! R, x0 ! iQ
1,2

(x0
) + iQ

1,3

(x0
) +H(x1)

With these new notations, we can write the cost function
as a sum of two functions argmin

x2R3N

F (Kx0
) + G(x0

) on

which the Chambolle-Pock algorithm applies. In compact
form, the Chambolle-Pock algorithm is as follows: let v0(0) 2
RW , x0(0) 2 R3N , y0(0) 2 R3N , the update step is

8
<

:

v0(k+1)
= prox�F⇤

�
v0(k) + �Ky0(k)

�

x0(k+1)
= proxµG

�
x0(k) � µK⇤v0(k+1)

�

y0(k+1)
= 2x0(k+1) � x0(k)

If we expand this for our problem and simplify it since
x1 = x2 = x3 and y1 = y2 = y3, we obtain:
8
>>>>>>>>>>><

>>>>>>>>>>>:

v(k+1)
1 = prox�F⇤

1

⇣
v(k)1 + �Ry(k)1

⌘
! Data fidelity

v(k+1)
2 = prox�F⇤

2

⇣
v(k)2 + �y(k)2

⌘
! TV in space

v(k+1)
3 = prox�F⇤

3

⇣
v(k)3 + �y(k)3

⌘
! TV in time

x(k+1)
= prox

µ
3 H

⇣
3x(k)

1 � µ
⇣
R⇤v(k+1)

1

+v(k+1)
2 + v(k+1)

3

⌘⌘
! Positivity and ROI

y(k+1)
= 2x(k+1) � x(k) ! Update step

Four new operators appear in this formulation.
R⇤

: RP ! RN is the back projection operator. To express
the other ones, we use the relation between the proximal
operator of a function and the proximal operator of its adjoint:

prox�F⇤ (x) = x� � prox 1
� F

✓
1

�
x

◆

Therefore

prox�F⇤
1
(x) = x� �

✓
x+ p

� + 1

◆
=

x� �p

� + 1

The proximal operator for the spatial and temporal TV
norms can be computed iteratively using the Chambolle algo-
rithm [13], simply by using either the spatial or the temporal
gradient and divergence operators

prox

1
� TV (x) = x� 1

� div p,where p = lim

n!+1
p(n)

p(0) = 0 and for every voxel i,

p(n+1)
i =

pn
i +h

(

r
(

div p(n)��x
))

i

1+h
(

r
(

div p(n)��x
))

i

,with h > 0

And the proximal operator of �F ⇤
2 (and similarly �F ⇤

3 ) can
be obtained from the same relationship as previously

prox�F⇤
2

⇣
v(k)2 + �y(k)2

⌘

= v(k)2 + �y(k)2 � � prox 1
� F2

✓
1

�

⇣
v(k)2 + �y(k)2

⌘◆

= v(k)2 + �

✓
y(k)2 � prox

1
� F2

✓
1

�
v(k)2 + y(k)2

◆◆

With this new formulation, the modified 4D ROOSTER is
guaranteed to converge. The theory of proximal algorithms
also helps find the suitable parameters based on the norm of R,
while they can only be determined empirically in the original
method.

IV. PERSPECTIVES

4D ROOSTER can be applied to respiration-correlated 4D
CBCT in order to reduce the level of streak artifacts in the re-
constructions. Preliminary results are provided in Figure 1 and
2. They have been obtained using the original 4D ROOSTER
method, and are compared with a standard ECG-gated FDK
reconstruction. The modified 4D ROOSTER method presented
in this paper will be implemented in the near future using the
RTK framework [14].
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