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Introduction

Leibniz algebras were first introduced by J.-L. Loday in [16] as a non-antisymmetric version of Lie
algebras, and many results of Lie algebras were also established in the frame of Leibniz algebras. Earlier,
such algebraic structures were considered by A. Blokh, who called them D-algebras [6], for their strict
connection with the derivations. Leibniz algebras play a significant role in different areas of mathematics
and physics.

In [3] and [11] derivations of nilpotent Lie algebras with small dimensional commutator ideal
were studied; in [12] and [14] two-step nilpotent algebras were classified. After a short preliminary
section, in this paper we aim to study the Lie algebras of derivations of two-step nilpotent algebras.
Independently of its intrinsic interest, derivations find concrete applications in representation theory
(cf. [15]), (sub-)Riemannian geometry and control theory (see [5], and the bibliography therein), just to
give two instances.

The first section is devoted to some background material on Leibniz algebras and derivations which
will be useful for the rest of the paper. We address the reader to [2] and [10] for more details. We recall
that there are only three classes of indecomposable nilpotent Leibniz algebras with one-dimensional
commutator ideal, namely the Heisenberg Leibniz algebras 14, 41> parametrized by their dimension 2n+1
and a n x n matrix A in canonical form, the Kronecker Leibniz algebras £, and the Dieudonné Leibniz
algebras 0,,, both parametrized by their dimension only. Recently noncommutative Heisenberg algebras
were also studied in [13].

In Sections 2-4 we find the derivation algebras of such nilpotent Leibniz algebras. The properties of
these Lie algebras are studied and, for the Heisenberg algerbras, we analyze the relations between the
complex and the real case. We always obtain Lie algebras of derivations with trivial center and abelian
ideal of inner derivations. We use the LieAlgebras package of the software Maple for finding the radical,
the Levi decomposition and the nilradical of such algebras.

CONTACT Manuel Mancini @ manuel.mancini@unipa.it e Dipartimento di Matematica e Informatica, Universita degli Studi di
Palermo, Via Archirafi 34, 90123 Palermo, Italy.
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In the last section we show that, for a complex nilpotent Leibniz algebra L with one-dimensional

commutator ideal, such that L is not isomorphic to [%1; | Or 0, every almost inner derivation is an inner
derivation. This generalizes the result found by D. Burde, K. Dekimpe and V. Verbeke in [7] for two-step

nilpotent Lie algebras of genus 1. We also find the Lie subalgebras AIDer([é“n 4+1)> whena = +1, and
AlDer(0,), showing that in this case the inclusions

AlDer(4 ) 2 Inn(552, )

n

and
AlDer(0d,) 2 Inn(d,)

are strict.

1. Preliminaries

We assume that F is a field with char(F) # 2. For the general theory we refer to [2].

Definition 1.1. A left Leibniz algebra over F is a vector space L over F endowed with a bilinear map
(called commutator or bracket) [—, —] : L x L — L which satisfies the left Leibniz identity

Lozl = [[er].2] + 2], Vxepz el
In the same way we can define a right Leibniz algebra, using the right Leibniz identity

[[xy] 2] = [[x.2Ly] + [x [»2]], ¥xy.z€L

A Leibniz algebra that is both left and right is called symmetric Leibniz algebra. From now on we assume
that dimp L < o0.

Clearly every Lie algebra is a Leibniz algebra and every Leibniz algebra with skew-symmetric
commutator is a Lie algebra. Thus it is defined an adjunction (see [17]) between the category LieAlgy
of the Lie algebras over IF and the category LeibAlgy of the Leibniz algebras over F. The left adjoint
of the full inclusion i: LieAlgy, — LeibAlgy is the functor 7 : LeibAlgy — LieAlgy that associates
with every Leibniz algebra L the quotient L/ Leib(L), where Leib(L) = ([x,x] | x € L). We observe that
Leib(L) is the smallest bilateral ideal of L such that L/ Leib(L) is a Lie algebra. Moreover Leib(L) is an
abelian Lie algebra.

The definition of derivation is the same as in the case of Lie algebras.

Definition 1.2. Let L be a Leibniz algebra over F. A derivation of L is a linear map d: L — L such that
d([x.y]) = [dex),y] + [x.d()], Vxy€L.

The left multiplications are particular derivations called inner derivations and an equivalent way to
define a left Leibniz algebra is to say that the (left) adjoint map ad, = [x, —] is a derivation, for every
x € L. Meanwhile, for a left Leibniz algebra, the right adjoint maps are not derivations in general.

With the usual bracket [d}, d>] = d) o dy — d3 o dy, the set Der(L) is a Lie algebra and the set Inn(L) of
all inner derivations of L is an ideal of Der(L). Furthermore, Aut(L) is a Lie group and the associated Lie
algebra is Der(L).

Definition 1.3. A derivation d of a Leibniz algebra L is called almost inner derivation if d(x) € [L, x], for
everyx € L.
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In [1] Z. K. Adashev and T. K. Kurbanbaev proved that the space of all almost inner derivations,
denoted by AIDer(L), is a Lie subalgebra of Der(L) and

Inn(L) C AlDer(L).
We define the left and the right center of a Leibniz algebra
Zi(L) ={xeL| [xL]=0}, Z/(L) ={x e L]| [Lx] =0},

and we observe that they coincide when L is a Lie algebra. The center of L is Z(L) = Z;(L) N Z,(L). In the
case of symmetric Leibniz algebras, the left center and the right center are bilater ideals, but in general
Zy(L) is an ideal of the left Leibniz algebra L, meanwhile the right center is not even a subalgebra.

Definition 1.4. Let L be a left Leibniz algebra over I and let
LO =1, L% = [1,1P], vk > o,
be the lower central series of L. L is n-step nilpotent if L~V = 0 and L™ = 0.

We observe that two-step nilpotent Leibniz algebras lie in different varieties of non-associative
algebras, such as associative, alternative and Zinbiel algebras. For this reason we will refer at them as
two-step nilpotent algebras.

One can directly prove the following.

Proposition 1.5. If L is a left two-step nilpotent algebra, then LV = [L, L] C Z(L) and L is symmetric.

Proposition 1.6. If L is a left nilpotent Leibniz algebra with dimp L'V = 1, then LY C Z(L) and L is
symmetric.

Nilpotent Leibniz algebras with one-dimensional commutator ideal were classified in [14]. It was
proved that, up to isomorphism, there are only the following three classes of indecomposable nilpotent
Leibniz algebras with one-dimensional commutator ideal.

Definition 1.7. [14] Let f(x) € F [x] be a monic irreducible polynomial. Let k € N and let A = (a;));;
be the companion matrix of f (x)k. The Heisenberg Leibniz algebra [‘24" 41 is the (2n + 1)-dimensional
Leibniz algebra with basis {el, B s PR z} and the Leibniz brackets are given by

[ei)ﬁ] = (81] + aij)z) [fi’ el] = (_61] + aij)za Via_] = 1) ce N

Notice that, if A is the zero matrix, then we obtain the (2n + 1) —dimensional Heisenberg Lie algebra
B2nt1.

Definition 1.8. [14] Let n € N. The Kronecker Leibniz algebra €, is the (2n 4 1)-dimensional Leibniz
algebra with basis {el, N ST z} and the Leibniz brackets are given by

[ei>fi] = [fi,ei] =z Vi=1l,...,n

[ei»f—ifl] =2 [fi*l) ei] =—z Vi= 2,...,0.

Definition 1.9. [14] Let n € N. The Dieudonné Leibniz algebra d,, is the (21 + 2)-dimensional Leibniz
algebra with basis {ey, . . ., e24+1, 2} and the Leibniz brackets are given by

le1, ent2] = 2,

lei, entil = leirentit1]) =2, Vi=2,...,n,

lent1, €2n41] = 2,

lei,ei_n] =z, [eisein—1]=—2, YVi=n—+2,...,2n+ 1.
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In the next sections we study the Lie algebra of derivations of the three classes of indecomposable
nilpotent Leibniz algebras with one-dimensional commutator ideal. We observe that, given a derivation
d of a Leibniz algebra L, we have

d([L,L]) < [L,L],
thus, if [L, L] = Fz, it follows that
d(z) = yz,

for some y € FF.

. o . . . A
2. Derivations of the Heisenberg Leibniz algebras [,

Now we want to study in details the Lie algebras of derivations of the Heisenberg Leibniz algebras in the
case the field F is C or R.

2.1. The complex case
Let n € Nandlet f(x) = x — a € C[x]. Then the companion matrix A of f(x)" is similar to the n x n
Jordan block J, of eigenvalue a. Thus 15, | = [é“n 1 and the Leibniz brackets are given by
[enfi] = A+ )z [fie] =(-1+a)z Vi=1,...,n,
[ei,ﬁ_l] = [ﬁ_l,e,-] =z Vi=2,...,n,
where {el, ceslm iy ,fn,z} is a basis of [éan+1- Moreover [é”n_H = [é;,‘fH.

Now let d: [é“n 1 [é“n 41 be alinear endomorphism such that

n n
d(e)) = Zajiej + Z brifs +aiz, Yi=1,...,n,

j=1 k=1

n n
d(f) = ciej+ Y _difi + biz, Yi=1,...,n

j=1 k=1
and
d(z) = yz.

Then for a # 0 the linear endomorphism d is a derivation of the Heisenberg algebra [é“n 41 ifand only if
it has the following form

A 0 O
0 D O
wovoy
where
o] oy o3 ... Oy B 0 0 ... 0
0 Q) o) ... Oy —) ,31 0 . 0
A= 0 0 o ... Op—>2 , D= —Q3 —0) ﬁl e 0 ,
0 0 0 e o —0y —0p—_1 —0Op—2 ... ,31

M= (MI’MZ)IUJ?)’---)MH)a V= (\)1,\}2,1)3,...,\);1), Yy = o1 +ﬂ1
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Thus, Der([é”n +1) is the Lie subalgebra of gl(2n + 1, C) of dimension 3n + 1 with basis

{x>)’>El, ... )En—I)Ala LI )AH)BI) se. )Bn}a

where
n n

X = Z ekk + e2nt12n4+1> Y = Z entkn+k T €2n+12n+1>
k=1 k=1
n—i
Ei = Z(ek,k+i — entitknik) Yi=1,...,n—1,
k=1
Aj = emt1i Bi=emtinti Yi=1,...,n,

and e;; are matrix units and non-trivial commutators given by
[x,B,‘] = B,‘, [y,A,‘] = A,', Vi=1,...,n,
[Ei>Bk] = Bk—i) 1<i< k =n
[El)Ak]Z_AH-k) lflfl’l—l, 1§k§n—1

Remark 2.1. With the change of basis
{el,. . )ei/bfl)- . >fn,Z} = {el)fl:~ . -3en)fnaz} >

a derivation of [é‘j1 4 is represented by the (21 + 1) x (21 + 1) matrix

M, —M, _]\z3 _@ . _N]T/[n 0
M, My My, -Mz --- =My, 0
M; M, My My - =My 0
My M; M, M, R L/ 0
Mn Mn—l Mn—2 Mn—3 e Ml 0

v V2 v3 ve o - Vn tr(Mp)

where

a1 O '_00 ~._ot,-0 .
= 0) = (0 0). = (% 0), wima

vk = (U Vi), forany k= 1,...,nand tr(M;) = a1 + .

In this case Der([é“n 1) has basis

{x>)’>E1>~ . ~’En—1aA11~ .. )An)Bla~ .- )Bn}a

where
n n
x = Z ek—12k—1 t €2nt12nt1>, ¥ = Z ek2k T €2nt12n415
k=1 k=1
n—i+1
Ei= Z (e2(krit ) 2(k+1) — €2k+12(k+i)+1)> Yi=1,...,n—1,
k=0
Aj = emt12i-1, Bi=exyy10i Vi=1,...,n

and the Lie brackets are given by
[x,Bil =B, [y,Ail=A;, Vi=1,...,n,
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[Ei) Bk] = —Bk—Zi) k > 21)
[Ei, Akl = Agyoir k+2i < 2n.
With this representation, one can check that

Der(¥,, ) € Der(hau1),

where the derivations of the (2n 4+ 1)—dimensional Heisenberg Lie algebra b3, were determined in
[9], with respect to the symplectic basis {e1, fi, . . ., €n, fu» 2} Of h2y41. Later we present the derivations of
the Heisenberg Leibniz algebra [éon +1 and the ones of the Kronecker Leibniz algebra £, with respect to
this basis, in order to compare them with the corresponding ones of the Heisenberg Lie algebra h3,,41.

The commutator ideal of Der([é“n 1) is the abelian Lie algebra of dimension 2n with basis
{Al) .. ~AH$BI) e iBTl})

thus Der([é“n 41) is a two-step solvable Lie algebra. Moreover the lower central series is

Der(U, ) 2 (A1,...ApBi,...,By) 2 (A1,... Ay B, By) 2 - --
SO Der([é“n +1) is not nilpotent and its nilradical is the ideal

N={(Ey,....En-1,A1L,-..,AnB1,...,Bn).
Finally the center Z(Der([é“n 41)) is trivial and the algebra of inner derivations of [é“n 4118
In(%,, ) = (Ap. .., AwBi,.... By,

withh=1landk=nifa #+l;h=2andk=nifa=l;andh =1landk =n — 1ifa = —1. Indeed

adei =Bi_1+{Q+4a)B;, Vi=2,...,n,

adfj =An+(=1+aA;, Vi=1,...,n—1
and
ade; = (1 +a)By, ad, = (=1 +a)A,,
thus for a = 1 we have
adf, =0, adf; = Aj;1, Vi=1,...,n—1

and the matrix A; does not represent an inner derivations. In the same way, if a = —1, then B, ¢
Inn([é‘n +1)- We will show later that

AIDer(3, ) = (A1,...,AwBi, ..., By)

for everya € C.

When a = 0, a derivation of the Heisenberg Leibniz algebra [éon 41 has the form
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where A, D, u, v and y are as above,

if n is even,

if n is odd.

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 —by42
0 0 buia 0
0 —byra 0  —byiy
c 0 C4 0
0 —c1s 0 —cq
C4 0 Ce 0
0 —Cq 0 —C8
C= : :
Cn_1 0 Cn 0
0 —c, O 0
Cn 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 —byy1
0 0 byy1 0
0 - bn—i—l 0 - bn+3
bn+1 0 bn+3 0
() 0 C4 0
0 —C4 0 —Cq
C4 0 Cs 0
0 —Cg 0 —cg
0 —c-1 0 —cppr
Cn—1 0 Cn+1 0
0 —Cnt1 0 0
Cn+1 0 0 0

0 0
0 0
0 0
0 _bn+2
ban—s6 0
0 _b2n—4
ban—4 0
0 —ban—2
Cn—2 0
0 —Cy
Cn 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 bn+1
_bn+1 0
_b2n73 0
0 b2n—3
by O
0 ban—
0 Cn—1
—Cp—1 0
0 Cn+1
—Cn+1 0
0 0
0 0
0 0
0 0

0 0
0 _bn+2
bors 0
0 _bn+4
ban—s4 0
0  —bu
ban—2 0
0 —byy
¢, O
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 bn—H
_bn+1 0
0 bn+3
_bn+3 0
) 0
0 ban—2
—by, 0
0 by
0 Cn+1
—Cn+1 0
0 0
0 0
0 0
0 0
0 0
0 0
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If we reorder the basis as in Remark 2.1, then a derivation of [éon 4 is represented by

o] c —ay 0 —o3 Cy4 cee o —0p—1 Cn —oy 0 0

0 B1 0 0 0 0 e 0 0 0 0 0

0 0 (03] —C4 —0) 0 s —0p—2 0 —0y—1 0 0

0 o 0 B 0 0 e 0 0 —byy2 O 0

0 C4 0 0 o] Cs cee —0p—3 0 —y—2 O 0

0 (0%} 0 (0%) 0 ,31 s bn+2 0 0 0 0

0 Cn 0 0 0 0 e o] 0 —0oy 0 0

0 auyg 0 Un—2 buyz o3 - bya  Pi 0 0 0

0 0 0 0 0 0 e 0 0 o] 0 0

0 ap —by2 ap1 0 oy oy - 0 o by  B1 0

n1 v 2 %) 3 V3 s Up—1  Vp—l  Ma vy | a1+ B

if n is even, and
03] (%) —0) 0 —Q3 C4q e —0y—1 0 —0y Cn+1 0
0 B1 0 0 0 0 e 0 0 byy1 0 0
0 0 o] —C4 —0) 0 —0p—2 —Cp4+1 —0Op—1 0 0
0 0 B 0 0 by O 0 0 0
0 C4 0 0 o] Cs cee —0p—3 0 —0py—2 0 0
0 o3 0 o 0 B1 e 0 0 buys 0 0
0 0 0 —Cnt1 0 0 e o] 0 —0) 0 0
0  ay-1 —buy1 ano 0 op—3 -+ —byo B 0 0 0
0 Cn+l 0 0 0 0 e 0 0 o] 0 0
bpy1 oy 0 ap—1 bugz app - 0 o ban B1 0

M1 %1 M2 vy M3 V3o fp—1l Vol Hn vy | a1+ B

if n is odd. We can now study in details these two cases.

If n is even, then Der([éon +1) is a Lie algebra of dimension 47 + 1 with basis
{x>)/>E1> e :En—b C25C45...5Cps bn+2> bn+4 cee bZn,Al, e :Ana Bla e )Bn})
where
n
x= Z €2k—1,2k—1 T €2k+1,2k+1>

k=1
n

y= Z ek 2k + €2k+1,2k+1>

k=1
n—i+1
Ei = Z (e2(kti+1),2(k+1) — €2k+12(k+i)+1)> Vi=1...,n—1,
k=0
A; = exnt12i-1, Bi=emy12i, Yi=1,...,n,
h—2
= Z(—1)162(1171'71)71,2(1%)) Vh=24,...,n,
i=0
2n—nh

by, = Z (_l)iez(nfi),z(hfnJri)fl» Vh=n+2,n+4,...,2n
i=0
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and commutators

[x,B;] = B;, [y,Ail = A;, Vi=1,.

[Ei, Bx] = —Bi—»i» k > 2,

[Ei, Akl = Agyoi, k4 2i < 2n,

Le,cpl = cp [senl = —cn, Yh=2,4,...,n,

[x,bp] = —by, bpl =bp, Yh=n+2,n+4,...,2n,
[Aicil = (=)™ 'By_y, [Bibel = (—1)'Ap;, 1<k—i<n,
[¢k> bn]l = Ep—k, h—k =1,

[o2is cp]l = —2¢p—2i, h—2i> 0,

[ot2i, bp] = 2bh+2,, h+2i <2n.

Then the commutator ideal of Der( ons1) has basis

{EZ)E4) e )EH—Z) €2,C45...5Cpns bn+2) bn+4 e )bzn)Al) LR 7A11)Bl) e )Bn}

and we have a (5 4 1) —step solvable Lie algebra with derived series
Der([2n+1) D [Der([2n+1) Der([ZnH)] D
2 (EZ)E4) e 7En—2362) C4s...5Cp=2, bn+4’ e 7b2n:A2) e :An)Blr .o )Bn—l) 2 tte

: 2 <C2)b2n)A%+1’~-~>An)Bl)~-«)B > 2 0

2
Moreover, Der([éon +1) is not nilpotent and its nilradical is the ideal
N=A(Ep,....,Eq—1,¢2,Cr s Cs b2, bpya ..., bon, A1, .., Ap, B, ..., By).
If n is odd, then the algebra of derivations of [éon 41 has dimension 4n + 2 and it is generated by
{9, E1,. .., En—1,C2,C5 o« o> Cn 1, Ot 1, b3 -« . bons AL ..o, A, B, ..., Byl

The Lie brackets are the same of the ones listed for the case n even, except for the facts that [B;, bx] =
(=D)AL, for any 1 < k—i < n,and [¢y+1, but1] = x—y. Then the commutator ideal is the subspace
generated by

{x =% EnEs4 ..., En1,62,C4 - > Cnt1> bn 1, bugs .. bons Ars oo, Ay Bl ..o, Byl
In this case the Lie algebra of derivations is not solvable since
[[Der(5, 1), Der(,, )], [Der(1y, ), Der(L, 1] = [Der(, ), Der(8,,,)]
and the Levi decomposition is given by
Der([2n+1) =R xS,
where the radical of the Lie algebra is
R=(x+y,Ei,....,En—1,¢2,¢45. . .»cn—1,bn43,bnys ..., b2, A1, ..., Ap, B1, ..., By)
and the Levi complement is
S = (x =y, cn+1, bn1)-
Finally the nilradical is the ideal
N=A(Ep,....,Eq—1,¢2:C45- - -sCn—1-bn43, bpy5..., b2y, A1, ..., Ay, B1,. .., By).
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In both cases n is even or odd, we have that Z(Der([éon +1)) = Oand the Lie algebra of inner derivations
is represented by the matrices of the type

0 :
0
HL VL. fn v | O

thus Inn([éon 41) is an abelian Lie algebra of dimension 2n. Moreover, for every n € N and for every
a € C*, we observe that

Der(hz41) 2 Der(ly, ) 2 Der(l, ).

2.2. Thereal case

Irreducible polynomials in R[x] have degree one or two. Let f(x) € R[x] be an irreducible monic
polynomial. If f(x) = x — a, then we obtain the same results of the complex case. So we suppose that
f(x) = x*> + Cx + D, with C> — 4D < 0.

Letz = a+ib € C\ Rbearoot of f(x). Then f(x) = (x — z)(x — z) and the companion matrix
A of f(x)" in similar to the 2n x 2n real block matrix

L R 0
k=|{. . .. .
0 L R

where

w5 )

is the realification of the complex number z. Thus [, = [{fn 41 and [{an 41 is the realification of the

complex algebra Iézn +1- In [4] the derivations of the realification of the (2n+ 1) —dimensional Heisenberg
Lie algebra b, were studied. We want to find the conditions such that the realification of a derivation

of the complex algebra [é"n 4+ Withz = a+ib € C\ R, is a derivation of the real algebra [{1’; 41+ We will
investigate the case n = 1.

Let {e1, f1, €2, /2, z} be a basis of the real algebra 11;. The non-trivial commutators are

lei. fil = 1+ a)z, [fieil = (—1+a)z, Vi=1,2,
le1, o] = [fo, e1] = bz, [e2, fil = [f1,e2] = —bz

and it comes out that a general derivation of [ is represented by the matrix

(05} 0 (0%) 0 0
0 ﬂl 0 (0%) 0
—ay 0 a; O 0

0 - 0 B 0
\uwr v w2 wmja+p)
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ifa # 0 and by

o é (0%) 0 0
8 B1 0 o 0
—a 0 a1 O 0
0 —Q) (3, /31 0
\uwr v w2 wfa+p)

ifa = 0. Then
o ifa # 0, Der(I}) is generated by the set

{x,y,E, A1, A2, By, By},

where x = ej1 + €33 + €55,y = ez + eqq + €55, E = e13 + e24 — €31 — eq2, A; = es2i—1 and B; = e5;,
for every i = 1, 2, and the non-trivial Lie brackets are

[x,Bi] = Bi, [y,Ail = A;, Vi=1,2,
[E, A1l = —Ay, [E, A2] = —Ay,
[E,Bi1] = —By, [E,B;] = —B.
Then we have a solvable Lie algebra with abelian commutator ideal generated by
{A1, A2, B1, Bo}s

which coincides with the ideal Inn([g) and with the nilradical of the Lie algebra itself. Moreover the
center Z(Der([?)) is trivial.
o ifa =0, abasis ofDer([g) is

{x,,E, F, G, A1, Ay, B, By},

where x, y, E, A1, Az, B, B, are defined as above, F = e13 + €34, G = €31 + e43 and the non-trivial Lie
brackets are given by the ones above and by

[x,F1=F, [x,Gl = —G, [y,F] = —F, [y,Gl = —G,

[F,Gl =x—y, [F,A;] = —B;, [F,Bi]=—A;, Vi=1,2.
It follows that Z(Der([lsz)) = 0 and the Lie algebra is not solvable. Its radical is given by the ideal

R=(x+y,E A1, A2 By, By),
a Levi complement is the semisimple Lie algebra
S={x—-yFGQG)
and the nilradical of Der([?) is the abelian four-dimensional algebra
N = (A1,A3, By, By) = R*

and again it coincides with the set of inner derivations of I%.

Now let
a 0 0
08 0
w v oat+p
be a derivation of the complex Heinseberg algebra 5, where z = a + ib. Then its realification is
represented by the matrix
R) () 0 0 0
(@) NR(w) 0 0 0
0 0 RPB) B |0
0 0 3B NPB)|O
\ M1 V1 w2 V2 ‘ Y /
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and this is a derivation of the real Heisenberg Leibniz algebra [¥ if and only if

a=BelR
in both cases that a # 0 or a = 0. Then the set of realifications of the derivations of [§ that are derivations
of the real algebra [X form the proper Lie subalgebra of the matrices of the form

a 0 0 0O
0 o 0 0[O0
0 0 o 0O
0 0 a0

0
\Ml Vi M2

of Der([?).

3. Derivations of the Kronecker Leibniz algebra ¢,
Now we return to the case that [F is a field with char(F) # 2. Let n € N and let ¢, be the Kronecker
Leibniz algebra. We fix the basis {ej, . . ., e, f1, - . - » fu> 2} Of &

Theorem 3.1. A linear endomorphism d: €, — &, is a derivation of the Kronecker algebra ¥, if and only
if it has the form

A C 0
B D O
novoy
where
o] O O3 oy ﬁl 0 0 . 0
0 o) O Op—1 —0) ,31 0 e 0
A= 0 0 o1 [0 77 , D= —Q3 —0 ,31 e 0 ,
0 0 0 aj —Oy  —Ou—1 —Qp_3 B1
0 0 0 0 0 0 0 but1
0 0 0 0 0 0 —byt+1 0
0 0 0 0 0 byi1 0 buis
0 0 0 0 —by+1 0 —byis 0
B=| : : :
0 0 0 bny 0 ban—s 0 byn—3
0 0 —byp1 O by 0  —by3 O
0 bn+1 0 bn+3 0 b2n73 0 banl
~bpy1 0 —bpyz O b3 0  —by1 O
0 Cc3 0 Cs 0 Cn—1 0 Cn+1
—C3 0 —Cs5 0 —Cpn—1 0 —Cn+1 0
0 Cs5 0 Cc7 0 Cn+1 0 0
—C5 0 —cy 0 —Cnt1 0 0 0
c=| : A
0 Cn—1 0 Cntl 0 0 0 0
—Cpn—1 0 —Cn+1 0 0 0 0 0
0 Cn+l 0 0 0 0 0 0
—Cn+1 0 0 0 0 0 0 0
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if n is even,

if nis odd and

w= (U1, U2, U35 - -

S O OO

S O OO

0

bn+2

0 0
0 0
0 0
0 0
0 0
0 bn+2
_bn+2 0
0 bn+4
0 c3 0
—C3 0 —C5
0 Cs5 0
—Cs5 0 —C7
——2 0 —cy
0 Cy 0
—Cy 0 0
0 0 0

Remark 3.2. Again, with the change of basis

Cs

c7

,H'i’l)) V= (Ul) V2, V3,

0 0
0 0
0 0
0 _bn+2
0 —bu-s
b2n75 0
0 _b2n73
b2n—3 0
Cn—z 0
0 —Cy
Cn 0
0 0
0 0
0 0
0 0
0 0

a derivation of £, is represented by the (2n + 1) x (2n + 1) matrix

0 0
0 _bn+2
bn+2 0
0 _bn+4
0  —bus
ban—3 0
0 _b2n71
ban—1 0
¢, O
0 0
0 0
0 0
0 0
0 0
0 0
0 0

.. Vp), ¥ =o1 + Bl

{ev . emfis. .o furz) > {enfio. . enfun 2}

o] 0 —ay c3 —o3 0 —0y—1 0 —oy Cn+1 0
0 B o 0 0 0 0 0 bui O 0
0 —C3 o] 0 —0y —Cs —0p—2 —Cpy1 —Op—1 0 0
0 o) 0 B1 0 0 —byy1 0 0 0 0
0 0 0 Cs o 0 —0uy—_3 0 —0p—_2 0 0
0 o] 0 (0%) 0 ,31 0 0 _bn+3 0 0
0 0 0 Cn+l 0 0 o] 0 —0o) 0 0
0 ap—1 bur1 an2 0 ap3 0 . —bw-1 O 0
0 —Cn+1 0 0 0 0 0 0 oy 0 0

—by1 oy 0 o1 bpyzs ano ban—1 o 0 B1 0

w1 V1 2 %) "3 V3 Mn—1  Vn—1 Mn vy | a1+ B
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if n is even and

o 0 —a) c3 —o3 0 cee —0p—1 Cn —oy 0 0
0 B1 0 0 0 0 0 0 0 0 0
0 —C3 03] 0 —0) —C5 e —0p—2 0 —0lp—1 0 0
0 o) 0 B1 0 0 e 0 0 —byya O 0
0 0 0 —Cs5 o 0 e —0p—_3 0 —0p—_2 0 0
0 o3 0 (0%) 0 ﬁ] cee bn+2 0 0 0 0
0 (o 0 0 0 0 e o 0 —an 0 0
0 ay 0 ap—2 —bppa ay3 - 0 B1 b1 O 0
0 0 0 0 0 0 s 0 0 o] 0 0
0 oap bupr an 0 Qn—2 -+ by 0 b1 0
M1oovi g2 V2 M3 Vi ot Up—1 Va—l Mmoo Va1t B

if n is odd.

We can now describe the main properties of the Lie algebra Der(¢,,).
o Ifnis even, then Der(£,) has basis
{x,)/,El, . e :En—la €3,C55...5Cn+1> bn+1’ bn+3 e bZH—I:Al: ‘e >AnaBlr ‘e )Bn}7

where
n
x= Z €2k—1,2k—1 T €2k+1,2k+1>
k=1
y= Z €2k,2k t €2k+1,2k+1>
k=1
n—i+1
E = Z (e2(k it D) 2(k+1) — €2k+12(k+i)+1)> Yi=1,...,n—1,
k=0
Aj = emt12i-1, Bi=ewmq12i Yi=1,...,n,
h—2
i+1
= Z:(—l)lJr e2(h—i—1)—12(14i)» Yh=3,5,...,n+1,
i=0
2n—h
bh=Y (=D espuoppahonti-1, Yh=n+1Ln+3,...,2n—1,
i=0
and

[x,Bil = B;, [y, Ail =A;, Vi=1,.

[E;, Bx] = —Bi_2i, k > 2i,

[Ei, Ax] = Agyais k4 2i < 2n,

[x,cn]l =cn [yenl = —cn, Yh=3,5,...,n+1,

[x, byl = —by, [y, byl = by, Vh—n+1n+3 L2n—1,
[
[
[

Aick]l = (=)' Bi_y, [Bi byl = (—1)’+1Ak_i, l<k—i<n,

byl = Ep—f, h—k=>1,

Cntls b1l = —x +y,
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[E2i, Ch] = —2cn—2i> h—2i> 0,
[E2i» br] = 2byqpi, h+2i < 2n.

The commutator ideal of Der(£,,) has basis
{x - yaE21E4) “ee ’Ei/l72) €3,C55 .- -5Cn+1> bﬂ+1> b}’l+3 e bZ?’l*l)Ala .. >AnaB1) .. ,Bn}

and, as in the case of the Heisenberg Leibniz algebra [é(; 41 with 7 odd, we have that the Lie algebra of
derivations is not solvable. The Levi decomposition is

Der(t,) =R x S,

where
R=(x+yE1,....,En_1,63,¢5, ..., cn—1,bn43, bnys ..., b2n—1,A1, ..., Ap, B1, ..., By)
is the radical and
S = (x—y,cnt1,bnt1)
is a Levi complement. Moreover the nilradical of Der(¢,) is
N=(E,....,En—1,63¢5 ..., cn—1,bn+3,bpts ..., ban—1,A1,..., Ay, B1,..., By).
If n is odd, then the algebra of derivations of £, has dimension 4# and it is generated by
{,9,El,.. ., En1,3,655 .« o5 € b2, bppa o . bon—1, A1, .., Ap, B, .., Bl

The Lie brackets are the same of the ones listed before when 7 is even, except for the facts that x — y
does not belong to the commutator ideal and [B;, bx] = (—1)*Ag_;, forany 1 < k — i < n. In this

case the commutator ideal is the subspace generated by

{EZ)E4:~ . -)En—la €3,C55...,Cpns bI’H—Z) bn+4 .. -,b2n—1>A1>- . ':An:Bb- . -’Bn}

and we have a (”T'H + 1)—step solvable Lie algebra with nilradical

N = (El, N ,Enfl,C3,C5, e Cps bn+2, bn+4 e ,bznfl,Al, . ,An,Bl, e ,Bn).

In both cases n is odd or even, the center Z(Der([éon 41)) is trivial, the Lie algebra of inner derivations is

Inn(t,) = (A1,...,AnBi,...,By) = F?",
since
ade, = Bi—1 + B;, ad = Aj + Ajqy, Vi=1,...,n
and
Der(hant1) 2 Der(t,) 2 Der (P, 1),
for any a # 0. More precisely

Der([éOnH) N Der(¢,) = Der([é“nH).

4. Derivations of the Dieudonné Leibniz algebra v,

Finally we study the derivations of the Dieudonné Leibniz algebra 0,,. We fix the basis {ey, . ..

of 0,,.

> €2n+1, Z}
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Theorem 4.1. A derivation of 0, is represented by a (2n + 2) x (2n + 2) matrix

0
O{In_H C
0
0
0 Bl, :
0
M1.oofpyl | VIV | @+ B

where the (n + 1) x n matrix C is

o] 0 o) 0 o3 0 eoan 0
0 —Q) 0 —Q3 0 —0ly s 0 —0n
o 0 a3 0 oy 0 on g 0
0 —3 0 —0y 0 —as 0 —any
0 —any 0 —Qny 0 —Qnj 0 —oy
anyq 0 oanyy 0 any3 0 oy 0
if nis even and
o] 0 o) 0 o3 0 0 o ntl
2
0 —o 0 —o3 0 —0ly — O nt1 0
2
o 0 o3 0 oy 0 0 nel g
2
0 —o3 0 —0ly 0 —05 — O nt1 0
2 +1
OlnTl 0 Ol%l+1 0 oznTH+2 0 0 oy
0 —Ontl g 0 —Untl 0 —COntl g —ay 0

ifnis odd.

The Lie algebra Der(0,,) has dimension 37 + 3 and basis
{x,y,El, e ,En,Al, e ,A2n+1},

where
n+1
X = Z €ii + en+12n+1>
i=1
2n+2
y= Z €ii, Ai = €2n+1,i> Vi=1,.. L2n+1,
i=n+2
2i—1
k+1 ;
Ei = Z(—l) Hegnairi—t Vi=1..., L
k=1
n4+2-2j
_ k1 . n
E%Jr] = Z (=1 €n+2—k,n+2j—1+k> V] =1L..., E’
k=1

n—|—1J
2 bl
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if n even, and
n+1-2j
! n—1

E"THJ,_] = Z (_l)ken+2—k,n+2j+k) V_] =1,... > T)
k=1

if nis odd. The non-zero Lie brackets are
[x,Ei]l =[Ehyl =0a; Vi=1,...,n,
[y, Apl = Ap, Yh=1,...,n+1,
[x, Akl = A, Yk=n+2,...,2n+1,
[A Ex] = gjAj, Yi=1,...,n+1,
where ¢; = +1is the only entry different than zero in the ith row of the matrix @y andj € {n+2,...,2n+

1} is its column. Thus Der(d,,) is a 3-step solvable Lie algebra with commutator ideal consisting of the
matrices

0

0 C :

0

0

0 0 :

0

M1 ... Unt1 Vi...Vy 0

The derived series is
Der(0,) 2 (E1,...,Ep, AL, .., Aont1) 2 (Apt2s - 5 A2pr1) 20

and the nilradical coincides with the commutator ideal (which is a two-step nilpotent Lie algebra). Finally
Z(Der(0,)) is trivial and the left adjoint maps are

ade1 = An+2; adei = An+i + AVl+i+1> Vl = 2’ s
ade,,, = Aony1, adg = Ajy — Ajpn—1, Vi=n+2,....2n+1,

thus the inner derivations of the Dieudonné algebra 9,, are represented by the matrices of the form

0
0

S e

M1 2. g VL.V | O

n
where u = — Z k. More precisely, the matrix
k=1

0 :
0
0...0 p410...0]0

does not represent an inner derivation, for every a,4; # 0.
For example, we study Der(?,) in the case that n < 3.
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Example 4.2. If n = 1, then

o 0 o 0

D:0a0 0

0
\u1 w2 v [a+p8)
thus Der(0,) is the six-dimensional solvable Lie algebra with basis
{x, 9, E, A1, Az, A3},

where x = €11 + €22 + eqs, ¥ = €33 + e4q, E = €13 and A; = ey, for any i = 1, 2, 3, and with non-trivial
commutators

[X,E] = [E’y] =E, [X’A3] = A3> [}’)Al] = Ay, [y’AZ] = A, [AI)E] = A3-

Example 4.3. If n = 2, the derivations of 9, are of the form

o 0 0 o 0 0

0 o 0 0 —a 0

0 0 o o 0 0

0 0 0 B 0 0

0o 0 0 o0 8 0
\i 2 s v v |a+p)

and Der(9,) is a nine-dimensional Lie algebra with commutator ideal consisting of the matrices

0 0 0 o 0 0
0 0 0 0 —a |0
0 0 0 o 0 0
0 0 0 0 0 0
0 0 0 0 0 0
\Ml W2 M3 VIV 0/

Example 4.4. If n = 3, then

0
0114 C
0
D= 0
0 BI3
0
M1 M2 (3 g | VI V2 V3 | @+ B

where

(03} 0 (0%)

C= 0 —0) 0
(6%) 0 o3
0 —Q3 0

and the Lie algebra Der(93) has dimension 9 with generators

{x, 5, E1, E», E3, A1, . .., Ag),
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where

Xx =e11 +ex + e33 + eqq + €83, ¥y = €55 + €6 + €77 + ess,
E1=e5 Ey =e17—ey6t+e35E3 =e37 —exs,
A,‘ = €38,i> Vi= 1,...,7

and with Lie brackets

[x,Ej] = [Ei,y] = Ei, Vi=1,2,3,

v, Apl = Ap, [x, Akl = A Yh=1,2,3,4, Vk=5,6,7,
[A1, E1] = As, [Ay, E2] = A7, [Az, E2] = —Ag,

[A3, E2] = As, [A3, E3] = A7, [Ag, B3] = —As.

5. Almost inner derivations of nilpotent Leibniz algebras with one-dimensional
commutator ideal

We recall that a derivation d of a left Leibniz algebra L is an almost inner derivation if d(x) € [L, x], for
every x € L. The set of all almost inner derivations of L forms a Lie subalgebra of Der(L), denoted by
AlIDer(L), containing the ideal Inn(L) of inner derivations of L.

Derivations of two-step nilpotent Lie algebras were studied in [7] and [8] by D. Burde, K. Dekimpe
and B. Verbeke. They proved that every almost inner derivations of a Lie algebra of genus 1 (i.e. with
one-dimensional commutator ideal) is an inner derivation. We want to generalize this result in the frame
of Leibniz algebras.

Proposition 5.1. Let L be a complex nilpotent Leibniz algebra with [L, L] = Cz, such that L % [éfllﬂ and

L % 0,. Then every almost inner derivation d € AlDer(L) is an inner derivation.

Proof. Letd € AlDer(L). Then
d(y) € [Ly] C[L,L]=Cz Vyel

and
d([L,L]) = 0.
Then, fixed a basis {e1, . ..,e;_1, 2} of L, where t = dim¢ L, we have that
d(ej)) =ajz, Vi=1,...,t—1,
with a; € F and d(z) = 0, thus d € Inn(L). O

For the Heisenberg Leibniz algebras [é“n 41 witha = £1 (in [14] it was proved that these two algebras
are isomorphic) and for the Dieudonné Leibniz algebra 0, it is possible to define an almost inner
derivation d which is not inner. For instance, if a = 1 and we fixed the basis {ej,fi,. .., en, fu, 2} of
[Qn 41> then the matrix
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defines a derivation d € AIDer([é1 0\ Inn([éln +1)- In the same way

n

is an almost inner but non-inner derivation of [g;l_H. More precisely every almost inner derivation of

[éf,:_l is of the form

0 :
0
M1 V... My Vy ‘ 0

with ay, by, . .., au, by € C, meanwhile the inner derivations are represented by the set of matrices
0
0 :
0

Ovi o va...idyvy | O
for [Qn +1>and by
0

0
M1V 2 V2... 4,00 ‘ 0

for the Leibniz algebra [£;11+1~ Finally AIDer(0,) consists of the matrices of the type

0 :
0
M1 - Upt1 V1...Vy ‘ 0

and an example of almost inner but non-inner derivations is given by the linear map d € gl(0,) defined
by d(ent1) = z.
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