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Abstract

Sequential data are encountered in many contexts of everyday life and in
numerous scientific applications. They can for instance be SMS typeset on
mobile phones, web pages reached while crossing hyperlinks, system logs or
DNA samples, to name a few. Generating such data defines a sequential
process.

This thesis is concerned with the modeling of sequential processes from
observed data. Sequential processes are here modeled using probabilistic
models, namely discrete time Markov chains (MC), Hidden Markov Models
(HMMs) and Partially Observable Markov Models (POMMs). Such models
can answer questions such as (i) Which event will occur a couple of steps
later? (ii) How many times will a particular event occur? and (iii) When
does an event occur for the first time given the current situation?

The last question is of particular interest in this thesis and is mathemat-
ically formalized under the notion of First Passage Times (FPT) dynamics
of a process. The FPT dynamics is used here to solve the three following
problems related to machine learning and data mining: (i) HMM/POMM
induction, (ii) supervised sequence classification and (iii) relevant subgraph
mining.

Firstly, we propose a novel algorithm, called POMMSTRUCT, for learn-
ing the structure and the parameters of POMMs to best fit the empirical
FPT dynamics observed in the samples. Experimental results illustrate
the benefit of POMMSTRUCT in the modeling of sequential processes with
a complex temporal dynamics while compared to classical induction ap-
proaches. Our second contribution is concerned with the classification of
sequences. We propose to model the FPT in sequences with discrete phase-
type (PH) distributions using a novel algorithm called PHIT. These distri-
butions are used to devise a new string kernel and a probabilistic classifier.
Experimental results on biological data shows that our methods provides
state-of-the-art classification results. Finally, we address the problem of
mining subgraphs, which are relevant to model the relationships between
selected nodes of interest, in large graphs such as biological networks. A
new relevance criterion based on particular random walks called K-walks is
proposed as well as efficient algorithms to compute this criterion. Experi-
ments on the KEGG metabolic network and on randomly generated graphs
are presented.






Frequently used symbols

Matrices

(I-F)~! The fundamental matrix of an absorbing MC

A The transition probability matrix of a MC

TA The transition matrix used for K-walks starting in state x

B The emission matrix of a HMM

E The transition submatrix between transient states
and absorbing states in an absorbing MC

*E The absorption vector used for K-walks starting in state x

F The transition submatrix between transient states

TF The transient submatrix used for KC-walks starting in state
x

1 The identity matrix

K A positive definite Gram or kernel matrix

M The adjacency matrix of a graph

TN The fundamental matrix used for K-walks starting in state
x

Vectors

0 A vector having all its elements equal to 0

1 A vector having all its elements equal to 1

« The vector of Lagrange multipliers or dual variables

0 The parameters of a multinomial distribution

L The initial distribution vector of a MC

3 The vector of slack variables in the soft-margin SVM

™ The stationary distribution of an irreducible MC

o'fa An initial distribution relative to the POMM block x4

T A vector such that 7,, = mta(qp)

(7 The parameters of a Dirichlet prior distribution

c A vector of counts or weights

e The absorption vector of a reduced absorbing MC

i, l; The right and left eigenvectors associated to \;

U The initial distribution vector for transient states

w The weight vector of a hyperplane

x,x; Instances or a data points (not necessarily a vector)




vi

Scalars

Qa, o Dual Lagrange multipliers or variables

€ A precision parameter for convergence checking

0; A parameter of a multinomial distribution

Ai The i-th largest eigenvalue of a matrix

Mnaz The largest eigenvalue of a matrix

W A precision parameter in state merging

&, Slack variables in SVM

b The bias term of a hyperplane

C The regularization constant in SVM

N Counts or a weights

dert The optimal solution of an optimization problem in dual
form

hyvo The VC dimension of a class of functions

Linax A maximum walk length

n The number of instances in the training set

N A subsequence length in N-grams and FPT features

ny The number of transitions/edges in a model

Ng The number of states/nodes in a model

poPt The optimal solution of an optimization problem in primal
form

q.9,q1,q2 States in Markov models or in probabilistic automata

90, qf The initial and final states (possibly silent)

x A node of interest

Y, Yi Classes or the labels of instances

Z, % Discrete passage times

Sequences

|s| The length of the sequence s

€ The empty sequence

a,b,c e Symbols in the alphabet 3

h A sequence of past events (history)

l The last position or index in a sequence

5,8, s Discrete sequences

Si:j The subsequence of s from position 4 to position j

5.5 The subsequence of s starting at position 0 and ending at
position j

S The subsequence of s starting at position ¢ and ending at
position [

v, v, v? Subsequences
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Sets and partitions

K A state partition in POMMs

Ka A block gathering states emitting symbol a

by A discrete alphabet of symbols

p The probabilistic parameters of a model

Q The set of all possible discrete events

C An equivalence class of states in a MC

E The set of edges of a graph

F A class of functions

g A Hilbert space (a.k.a the feature space)

H A set of hidden paths

H2b A set of hidden paths from block k. to block &y
K A set of nodes of interest

M A set of generative models

P A set of features consisting of subsequence pairs
Q The set of states of a MC

Qa The set of absorbing states of an absorbing MC
Qr The set of transient states of an absorbing MC
S/ Stest A sample of training/test sequences

Tr A training set made of labeled sequences

V The set of nodes of a graph

w The set of K-walks

Wr, The set of K-walks of length L

WL aw The set of K-walks of length up to L, starting in z
*w The set of KC-walks starting in state x

Wy, The set of IC-walks of length L starting in x
WL The set of IC-walks of length up to Lj,q, starting in x
X The input space where live the instances

y The set of labels or classes

Z A set of first passage times

Probabilistic functions, distributions and random variables

¥(0) The Dirichlet prior parameters relative to 0

Djs(Py, Py) The Jensen-Shannon divergence between P, and P

DEG(Py,...,P,)  The generalized Jensen-Shannon divergence between
Pi,....P

Dk (P, P) The Kullback-Leibler divergence between Py and P

E [X] The expectation of the random variable X

H(P) The Shannon entropy of distribution P

KX =z} An indicator variable equal to 1 if X = 2 and to 0 otherwise

Po A multinomial distribution parametrized by 6
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A discrete phase-type distribution
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Introduction

Sequential data are encountered in many contexts of everyday life and in
numerous scientific applications. Think for instance to SMS typeset with
mobile phones, web pages reached while crossing hyperlinks, parts of speech,
musical pieces, hand-written digits, system logs, climatic informations or
DNA samples, to name a few. All these examples are defined by the succes-
sion of events forming sequences. These events can be the characters entered
while writing SMS, visited web pages or pronounced phonemes. Generating
such sequences of events defines a sequential process. Mathematical models
of sequential processes are useful for making predictions about future events
or to shed light on how sequences are generated. Stepping back to our exam-
ples, mobile phones now integrate systems to facilitate message typesetting
on numerical keyboards. Such systems are based on the prediction of words
from their first characters. Besides, scientists can discover meaningful re-
lations between observations, e.g. DNA sequences, and some unobservable
phenomenons revealed by the model.

Traditionally, models are designed by experts of the application domains
such as phoneticians for modeling speech or meteorologists for modeling the
weather evolution. That is, domain experts try to include their knowledge
inside the mathematical models. While this approach has successful appli-
cations, it has some severe limitations. First, it can be hard to synthesize a
sufficient knowledge to build accurate models or sometimes such a knowledge
is simply not a priori available. For instance, specifying rules for recognizing
occurrences of words or groups of words in a speech signal is very compli-
cated. Systems based on such tentative rules perform very poorly in speech
recognition applications. Besides, models need sometimes to be adjusted
after some task adaptation. For instance, a model for hand-written digit
recognition should adapt to the end-user and should gradually improve its
performance as more input data have been observed.

The machine learning approach attempts to automatically learn or in-
duce models from empirical observations. That is, knowledge of the ap-
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plication domain is acquired directly from data rather than from experts.
Such an approach clearly circumvents the previously mentioned issues as
the reliance to the experts is limited or avoided and models can be updated
whenever more data become available. This thesis is mainly concerned with
the general problem of modeling sequential processes from data. To do so,
we consider probabilistic models called Markov models. Probabilistic mod-
els are mathematical models assigning probabilities to event realizations.
The major strength of such models is their ability to cope with uncertainty.
Indeed, data observed in real-life contexts are never crystal clear. For in-
stance, given current climatic observations, the weather can evolve in many
different ways. Hence, rather than predicting univocally the next events of
a process, probabilistic models provides the probability for events to occur.
Generating data according to some probabilistic model defines a stochastic
process. Markov chains (MC), introduced by the Russian mathematician
Andrei Markov in the beginning of the 20th century, are one of the most
fundamental contributions to the field of stochastic processes. These models
make the assumption that the next outcome of a process only depends on a
fixed number of previous events. This assumption is not necessarily satisfied
in real-life processes since outcomes are sometimes conditioned by the real-
ization of some events arbitrarily far in the past. For instance, the weather
on a given day may depend on climatic elements such as anticyclones formed
at a much earlier time. Such phenomenons are called long-term dependen-
cies.

Hidden Markov Models (HMMs) are an extension of MC introduced
to model sequential processes including unobservable phenomenons. For in-
stance, given a DNA sequence, one can observe the four nucleotides A,C,T,G
but not biological phenomenons such as the process of protein creation. In
HMDMSs, unobservable events are represented by hidden states whereas obser-
vations are modeled by an emission process depending on hidden states. In
the early nineties, these models have become very popular in many pattern
recognition applications. In the present work, we focus especially on the
hidden aspect of HMMs to encode complex temporal dynamics which may
include long-term dependencies. Indeed, these models circumvent some of
the limitations of traditional MC as, outcomes can potentially depend on
any previous event realizations. Markov models can be graphically repre-
sented as state charts where transitions between states are labeled with a
probability. Traversing such a graphical model according to the transition
probabilities defines a random walk.

Markov models can answer questions such as (i) Which event will occur
a couple of steps later? (ii) How many times will a particular event occur?
and (iii) When does an event occur for the first time given the current
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situation? The last question is of particular interest in this thesis and is
mathematically formalized under the notion of first passage times dynamics
of a process. That is, we focus on when events occur rather than on which
event will occur next. This kind of analysis has applications in many areas
such as finance, insurance and queuing systems, to name a few.

Problems and approach
This thesis attempts to solve the three following problems:

1. HMM induction: The general problem consists in automatically
learning a HMM from a data sample. The induction of such models is
twofold: (i) the model structure has to be defined and (ii) the proba-
bilistic parameters of the model have to be estimated. While efficient
techniques for parameter estimation have been provided, there is no
widely adopted strategy for learning the structure of these models.
Furthermore, models learned with the existing techniques generally
fail to incorporate the long-term behavior of the target process from
which the sample has been generated. Our specific objective is to learn
the structure and the parameters of HMMs to accurately model the
temporal dynamics, possibly including long-term dependencies, of the
target process.

2. Sequence classification: The objective is to automatically classify
sequences in a given set of classes or labels. For instance, one may want
to automatically classify musical pieces according to their genre: clas-
sical, jazz, pop, ...or to find where a protein is located inside the cell
from a set a possible locations: mitochondria, membrane, cytoplasm

Hence, the prediction does not concern the future outcomes of
a process but the class or the label of a given sequence. While the
problem of classifying data represented as vectors has been studied for
some decades, classification techniques dealing with structured data,
such as sequences, have received more attention recently. Our objec-
tive is to provide new methods to this problem, relying on dynamical
properties in sequences.

3. Graph mining: This problem is somewhat different from the two
preceding ones as, the input data no longer consist of sequences but of
a network, represented mathematically by a graph, made of intercon-
nected entities. Such a network can for instance be a roadmap where
the entities are locations and the connections are roads or highways be-
tween these locations. In this context, one is not necessary concerned
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by the whole network but by some specific entities (also called nodes)
of interest, e.g. places to travel or bioentities in a given metabolic
pathway. The problem we want to solve is to extract a part of the
original network, called a subgraph, that best models or explains the
relationships between the entities of interest.

The general approach proposed to tackle these three problems is based
on first passage times (FPT). Given two events e; and es occurring in a
process, the FPT between e; and ey are the times between a realization of
e1 and the next realization of es. Such features can be extracted from input
sequences or computed from a model. We propose to learn HMM to fit the
FPT observed in the learning sequences. Such a fitting criterion is rele-
vant to specifically learn the temporal dynamics of the target process and
the long-term dependencies it possibly contains. In the context of sequence
classification, we assume that sequences labeled differently are drawn from
stochastic processes having distinct FPT dynamics. That is, FPT are con-
sidered as a discriminative information used to classify sequences. Finally,
the mining problem is approached by defining a dynamical view of the input
graph consisting of a MC. Random walks can be performed on this MC and
the FPT between nodes of interest during these walks are computed. These
FPT are used to define a relevance criterion to extract subgraphs.

Main contributions

The main contributions of the present work are the following:

e The POMMSTRUCT algorithm for estimating the model structure and
parameters of a Partially Observable Markov Models (POMMs) is in-
troduced (see chapter 5). The induced model is estimated so as to fit
the FPT dynamics observed in sequences. The structure is learned by
iteratively adding states to the model and by trimming infrequently
used transitions. The model parameters are estimated using the novel
POMMPHIT algorithm which maximizes the likelihood of the ob-
served FPT.

e Two sequence classification approaches based on FPT between subse-
quences are proposed (see chapter 7). FPT are modeled with discrete
phase-type distributions using a novel algorithm called PHIT. The
first approach builds a maximum a posteriori model from phase-type
distributions while the second method uses a kernel relying on these
distributions.
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e A novel approach to mine a subgraph that best explains the relation
between prescribed nodes of interests in a large graph is proposed (see
chapter 8). The subgraph is extracted according to a new relevance
criterion based on specific random walks called IC-walks. An efficient
procedure for computing this criterion while considering walks of lim-
ited length is proposed, allowing one to deal with large graphs.

Thesis roadmap

This thesis is organized in four parts: (I) Background, (II) Hidden Markov
Model induction, (III) Sequence classification and (IV) Graph mining.

Part I provides the background material required to understand existing
and novel approaches presented in this thesis. Chapter 1 reviews the theory
of discrete time MC including basic definitions, the stationary distribution,
absorbing MC techniques to analyze passage times, phase-type distributions
and techniques for estimating MC from a data sample. Absorbing MC tech-
niques are used throughout this thesis to compute FPT whenever needed.
Next, chapter 2 presents an overview of HMMs containing basic definitions,
links with probabilistic automata and three main problems identified by Ra-
biner [107] with their respective solutions. This material is a prerequisite to
understand part II concerning HMM induction. Finally, chapter 3 provides
an introduction to kernel methods including the basics about the statisti-
cal learning theory of Vapnik, kernel functions, Support Vector Machines
(SVM), notions about convex optimization, relations between SVM and the
statistical learning theory and implementation issues. This material is used
in part I1I dealing with sequence classification problems.

Part II is concerned with the induction of HMMs. Chapter 4 presents an
overview of existing techniques towards this objective. It includes methods
learning the structure through parameter estimation, techniques based on
state merging and state splitting, and discriminative induction approaches.
Chapter 5 presents original material related to the HMM induction problem.
New graphical models called Partially Observable Markov Models (POMMSs)
are introduced. We establish the equivalence between these models and
HMMs. We also provide links between POMMs and MC. The FPT dy-
namics in POMMSs is studied and connections between this dynamics and
the model structure are underlined. The problem of modeling processes
containing long-term dependencies is discussed. Next, we propose a novel
induction algorithm, called POMMSTRUCT, for estimating the structure
and the probabilistic parameters of POMMs. The iterative state addition,
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the transition trimming technique and the FPT fitting procedure are de-
tailed. Finally, practical experiments are conducted with POMMSTRUCT
and other competing approaches on several sequence modeling tasks.

Part III deals with the sequence classification problem. Chapter 7 re-
views several existing approaches to this problem. It includes generative
classification techniques such as the Naive Bayes classifier and extensions
based on variable-order MC. We also review discriminative techniques such
as discriminatively trained MC and kernel methods. Chapter 7 presents a
novel approach to the sequence classification problem. We propose a general
scheme to perform classification based on FPT. A feature selection procedure
to identify the most informative FPT features is presented. We introduce a
new technique, called PHIT, for fitting passage times with phase-type distri-
butions. Two sequence classifiers based on the estimated PH distributions
are proposed. Finally, the performance of these new classifiers is assessed
with respect to state-of-the-art approaches.

Part IV is concerned with the problem of mining relevant subgraphs in
large networks. Chapter 8 first presents the general context and provides in-
tuition about random walks in such mining problems. Specific random walks
called K-walks and relevance criteria based of these walks are introduced.
The computation of these relevance measures, using absorbing MC tech-
niques is detailed. Alternatively, we propose to use C-walks of a prescribed
length or up to a prescribed length. An efficient algorithm for computing
relevances for such walks is presented. Techniques for extracting subgraphs
based on the proposed relevance measures are discussed. We also introduce
an inflation procedure to improve the discrimination efficiency of the pro-
posed techniques. An electrical interpretation of the K-walk approach is
given. Finally, experiments are conducted with the proposed approaches on
a biological network and on artificially generated graphs.

The original contributions to the present thesis are contained in the fol-
lowing publications:

[21] J. Callut and P. Dupont. A Markovian approach to the induction of
regular string distributions. In Grammatical Inference: Algorithms and
Applications, number 3264 in Lecture Notes in Artificial Intelligence,
pages 77-90, Athens, Greece, 2004. Springer Verlag

[23] J. Callut and P. Dupont. Inducing hidden markov models to model
long-term dependencies. In 16th European Conference on Machine
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Learning (ECML), number 3720 in Lecture Notes in Artificial Intelli-
gence, pages 513-521, Porto, Portugal, 2005. Springer Verlag

J. Callut and P. Dupont. Sequence discrimination using phase-type
distributions. In 17th European Conference on Machine Learning
(ECML ), number 4212 in Lecture Notes in Artificial Intelligence, pages
78-89, Berlin, Germany, 2006. Springer Verlag

P. Dupont, J. Callut, G. Dooms, J.-N. Monette, and Y. Deville. Rel-
evant subgraph extraction from random walks in a graph. Technical
Report RR 2006-07, INGI, UCL, 2006

J. Callut and P. Dupont. Learning hidden markov models from first
passage times. In 18th European Conference on Machine Learning
(ECML), number 4701 in Lecture Notes in Artificial Intelligence, pages
91-103, Warsaw, Poland, 2007. Springer Verlag
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Chapter 1

Discrete time Markov chains

This chapter reviews the basic theory about discrete time Markov chains
(MC). These models are one of the most commonly used techniques to model
sequential processes. Furthermore, MC can also model discrete time dura-
tions with the so-called phase-type distributions. These distributions are of
special interest in this thesis since they are used to model the first passage
times (FPT) dynamics in sequences. The FPT are used to induce Hidden
Markov models (HMM) (see chapter 5), to perform discrete sequence classi-
fication (see chapter 7) and to mine relevant subgraphs in large networks (see
chapter 8). The present chapter is organized as follows. Section 1.1 reviews
the classical definition of a MC as well as the MC state set partitioning into
equivalence classes. The Perron-Frobenius theorem applied to MC transi-
tion matrices is presented in section 1.2. Consequences of this theorem are
important since it characterizes the long-term dependencies possibly embed-
ded in a process (see section 5.4). In particular, HMMSs can model long-term
dependencies, provided an adequate topology is used. The proposed induc-
tion technique (see section 5.5) automatically learns such a structure by
fitting the FPT observed in the learning sample. Section 1.3 presents two
fundamental quantities characterizing the dynamics of random walks in MC,
namely the stationary distribution and the FPT. Section 1.4 is concerned
with the distribution of the FPT, i.e with discrete phase-type distributions.
Finally, estimation and smoothing techniques to learn a MC from a data
sample are presented in section 1.5. For a more detailed introduction to the
MC theory, the reader is referred to the classical text books [73, 98]. The
theory of non-negative and stochastic matrices is thoroughly studied in [117].
More complete references about phase-type distributions are [94, 80]. State-
of-the-art estimation and smoothing techniques of MC' are presented in [75].

11
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1.1 Definitions

The classical definition of a discrete time Markov chain is given hereafter.

Definition 1 (Discrete Time Markov Chain) A discrete time Markov
Chain (MC) is a stochastic process {X; |t € N} where the random variable
X takes its value at any discrete time t in a countable set QQ and such that:

P[Xt =q | thl,Xt72, e ,Xo] = P[Xt =(q | thl,. . .,Xt,p]. (11)

This condition states that the probability of the next outcome only depends
on the last p € N wvalues of the process (Markov property). When the set Q
is finite, the process forms a p order finite state MC.

If the outcome probabilities of the process are invariant to a time shift,
the MC is said to be homogeneous.

Definition 2 An order p MC is homogeneous if
PXy=q|Xi—1,...,Xi—p] = P[Xp = q| Xp—1,..., X0 (1.2)
holds for everyt > p > 0.

In the sequel, a MC refers to an order 1 homogeneous model unless stated
otherwise. A MC can be represented by a 3-tuple T' = (@, A, ¢) where Q is
a finite set of states, A is a |Q| x |@Q] transition probability matrix such that
Ay = P[Xy = ¢'| Xi—1 = ¢] and ¢ is a |Q|—dimensional vector representing
the initial probability distribution, i.e. ¢, = P[Xo = ¢]. In a proper MC,
each line of A as well as the initial vector ¢ must be stochastic (i.e. sum up
to one). It is often convenient to represent a MC as a directed graph with
a set of nodes () and having a weighted adjacency matrix A. To illustrate
this, let us consider an intuitive example inspired from [73] which consists
of modeling the weather evolution in the Europe capital. For the sake of
simplicity, the weather can be nice (N), rainy (R) or snow (S). Initially the
weather is assumed to be nice. The weather changes as follows: (i) if the
weather is nice, the next day will be rainy, (ii)if it snowing or raining, there
is an even chance that the weather remains the same on the next day and
(iii) if the weather changes from snow or rain, there is an even chance to
have a nice day. A MC Tyeather can be formed by defining the state set
Q = {N, R, S}, the initial vector ¢7 = (1,0,0) and the transition matrix :

0 1 0
A= 1/4 1/2 1/4 (1.3)
1/4 1/4 1/2
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1 1/4 1 1/4
1/4 1/4

14 1/4 1/4 @

12 4 12 12 12

Figure 1.1: The evolution of the weather in the Europe capital. Left:
the weather evolution modeled by an order 1 MC. Right: the weather
evolution modeled by an order 2 MC.

The representation of this chain as a graph is depicted in the left part of
Figure 1.1.

Let us note that it is also possible to represent a higher order MC by an
order 1 MC T' = (Q, A, ). For instance, let us modify our weather example
in the following way. When the weather changes from a rainy day, two case
are considered: if the day before the rain was a snowy day then the next
day will be nice, otherwise the weather evolves as described above. Clearly,
this behavior cannot be modeled by a MC of order less than 2 with the
same state set @ = {N, R, S}. This order 2 MC can however be encoded
by an order 1 MC with an extended state set @ = {N, R, S, R|S} where
the state R|S stands for a rainy day following snow. The initial vector is
¢ =(1,0,0,0) and the transition matrix is defined as

0o 1 0 0
1/4 1/2 1/4 0
1/4 0 1/2 1/4
1 0 0 0

(1.4)

The entry Apgg x encodes the order 2 conditional probability P[X; = N|X;—1 =
R, X;_o9 = S]. This MC is shown in the right part of Figure 1.1.

Once a MC T = (@, A, ) is defined, a process instance is called a random
walk.

Definition 3 (Random walk) Given a MC, T = (Q,A,t), a random
walk is defined on T as follows. The process starts on a state qo accord-
ing to the initial distribution . The process next moves to some state ¢
according to the transition matriz A. Repeating this operation n € N times
results in a n-steps random walk.
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It can be interesting to know where the process will be k steps after initial-
ization. For instance, in the weather example it could be used to predict
the weather a couple of days later. This question can be answered by us-
ing the powers of the transition matrix A. Indeed, the entry (A¥),,, con-
tains the probability to go from state ¢g to state ¢ in exactly k steps, i.e
P[X}; = q| Xo = qo]. Therefore, the probability that the process reaches
state ¢ after k steps is simply computed as

Y P[Xo = qo]P[X) = q| Xo = qo] = (" A*), (1.5)
qQ€eQ

where (¢TA¥), is the g-th entry of the row vector ¢T A*. Let us note that
(Q, A* 1) is also a proper MC for all k € N.

The states of a MC can be classified into two categories : transient
states and recurrent states. In the original Markov chain theory (see for
instance [117]), transient and recurrent states are respectively referred to as
inessential and essential states.

Definition 4 Given a MC'T = (Q, A, 1), a state ¢ € Q is a recurrent state
if
Plnf{(t| X, = g} < 00| Xo =g =1 (16)

That is, once a recurrent state ¢ is reached by the process, there is a prob-
ability one to come back in ¢ in a finite time. Equivalently, if ¢ is reached
by the process, the average number of times it is visited is unbounded.

Definition 5 Given a MC' T = (Q, A, ), a state q € @Q is a transient state
if
Plinf{t | X¢ = ¢} <oo[Xo=¢] <1 (1.7)

When the process reaches a transient state g, there is a strictly positive
probability that the process will never go back to ¢ again. Consequently,
the average number of times a transient state is reached is always bounded.

Let us now introduce the “leads stochastically” relationship between
states partitions the MC state set Q.

Definition 6 Given a MC T = (Q, A, 1), a state ¢ € Q leads stochastically
(~) to a state ¢’ € Q, if there exists a number k € N such that (Ak)qq/ > 0.

The state set Q can now be partitioned in classes according to an equivalence
relationship between two states defined as ¢ = ¢ < g~ ¢ AN¢' ~ q. One
can distinguish two kinds of equivalence classes: transient classes and final
classes.
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Definition 7 Given a MC T = (Q, A,t), an equivalence class C C Q is
transient if

VgeC, 3¢ e Q\C:q~qd Nd % q (1.8)

That is, the states of a transient class C lead to at least one state ¢’ outside
the class but not conversely. The exterior state(s) ¢’ can belong either to a
transient class or to a final class.

Definition 8 Given a MC T = (Q, A,t), an equivalence class C C Q is
final if
VgeCNgd €eC #C:q4 ¢ (1.9)

where C' is another equivalence class defined on Q.

That is, once a final class is reached the process will remain in this class
forever with probability 1. It can be shown that a transient class only
contains transient states and that a final class only contains recurrent states.
In addition, a MC always contains at least one final class while it might
contain no transient class. According to this class partitioning, several kinds
of MC can be distinguished. A particular case of interest is when the chain
only contains one self-communicating class, i.e., when its transition graph
is strongly connected.

Definition 9 A MC T = (Q, A,¢) is irreducible if T is made of a single
final class.

In some references (for instance in the text book [73]), an irreducible chain
is called ergodic. Irreducible MC can be further refined by introducing the
notion of (a)periodic states.

Definition 10 Given a MC T = (Q, A, 1), the period of a state q € Q is
defined as

. . OithENO,P[Xt:q]onq]:(),
period(q) = { GOD({t € N°| P[X; = q | Xo = q] > 0}) otherwise, (1.10)
where GC'D(.) denotes the greatest common divisor of a set of integers.
If period(q) > 1 then q is a periodic state otherwise q is an aperiodic state.

That is, a state g has a period p > 1 if each walk from ¢ to itself has a length
which is a multiple of p. Let us note that every states in an equivalence class
have the same period. Hence, the period of a class is defined as the period of
every states belonging to this class. Let us note, that, if a state ¢ in a class
C has a self loop, i.e. Agq > 0, then C is necessarily aperiodic. According to
its periodicity, an irreducible MC can be either reqular or cyclic.
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Figure 1.2: A Markov chain containing two transient classes and two
final classes.

Definition 11 An irreducible MC is regular if all its states are aperiodic.

A necessary and sufficient condition for a MC T = (@, A, ¢) to be regular is
that there exist a number k € N such that for all k¥’ > k, all entries of A*" are
strictly positive. A matrix with non-negative entries having this property is
called a primitive matrix.

Definition 12 An irreducible MC is cyclic if all its states are periodic.

To illustrate these notions, let us consider the example depicted in Figure
1.2. This MC contains two transient classes C; = {1} and Cy = {2, 3} as well
as two final classes C3 = {4,5,6,7} and Cy = {8,9,10,11}. The final class
Cs3 is periodic since all its states have a period equal to 4. Let us note that
the subchain induced by the states of C3 with a proper initial distribution
forms a cyclic MC. The final class C4 is aperiodic since it is possible to go
from state 8 to itself in 3 or 4 steps and that GC'D(3,4) = 1. Note also that
the subchain induced by the states of C4 with a proper initial distribution
forms a regular MC.

Another particular class of MC is called the absorbing MC.

Definition 13 A MC is absorbing if all its final classes contain a single
state.

In an absorbing MC, a recurrent state ¢ is called an absorbing state and
Agy = 1. In such a model, the state set () can be partitioned into the
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absorbing state set Q4 and its complementary set, the transient state set
Q7. The initial distribution and the transition matrix of an absorbing MC
can be represented in canonical block form by setting the indices of the
absorbing states at the end :

J =@ oh), A= (g ?) (1.11)

where u is a |Qr|-dimensional vector, 0 is a |@Q4|-dimensional vector of
zeros, F'is a |Qr| x |Qr| transition submatrix between transient states, E is
a |Qr| X |Q | transition submatrix from transient states to absorbing states,
O is a |Q4] x |Qr| matrix of zeros and I is a |Qa] X |Q4| identity matrix.
Let us note that the matrix F' is substochastic, i.e. it contains at least one
row the sum of which is less than 1. Furthermore, according to the structure
of ¢ it is assumed that the process always starts in a transient state, hence
u is stochastic. A particular case is when the absorbing MC contains only
a single absorbing state.

Definition 14 An absorbing MC is reduced if it contains a single absorbing
state.

1.2 The Perron-Frobenius theorem

The MC theory is closely related to linear algebra and especially to the the-
ory of non-negative and stochastic matrices. The properties of such matrices
characterize interesting behaviors of the process. For instance, the spectral
values of the MC transition matrix directly provides information about the
long-term dependencies possibly embedded in the process (see section 5.4).
We quote here perhaps the most important result from the theory of non-
negative matrices which is the Perron-Frobenius theorem [117] applied here
to stochastic matrices. This theorem is also useful to prove other results such
as the existence of a stationary distribution for regular MC (see section 1.3).

Theorem 1 (Perron-Frobenius applied to stochastic matrices [117])
Let A be a ns X ng primitive matrixz. Then, there exists an eigenvalue
Amaz = 1 such that

1. strictly positive left and right eigenvectors are associated with Apaz,
2. Amaz > |A| for any eigenvalue X\ # Aoz,

3. the eigenvectors associated with \pay are unique up to a multiplicative
constant,
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4. if a ng X ng matriz A’ is such that 0 < A;j < A;j and that N is an
etgenvalue
of A then |N| < Mgz Moreover |N| = Az implies A" = A,

5. Amaz 98 a simple root of the characteristic equation of A.

Proof. see p. 4-7in [117].

1.3 Dynamics of random walks

This section presents fundamental quantities characterizing the dynamics
of random walks in MC, namely the stationary distribution, the absorption
times and absorption probabilities, and the First Passage Times (FPT).

Stationary distribution

One can be interested in the long run behavior of the process, ¢.e. in the
limiting probabilities
lim P[X; = q] = lim (.7 A4%),, V¢eQ (1.12)
t—o0 t—o00
Clearly the process will be in a final class. We concentrate here our atten-

tion on irreducible chains. For regular MC, these limiting probabilities are
obtained by computing the stationary distribution of the chain.

Theorem 2 (The stationary distribution for regular MC) Given a reg-
ular MC'T = (Q, A, 1), the limiting probabilities limy_, o, P[X}] are obtained

by computing the stationary distribution vector m such that 7' A = wl.

Proof.
The Perron-Frobenius theorem implies that the primitive matrix A has a
unique largest eigenvalue \pqr = 1. Consequently, the sequence of matri-
ces At converges to a rank one matriz: limy_., A* = v’ where r and ™
are respectively the right and the left eigenvectors of A associated to Apmasz -
Moreover, since A is stochastic, the right eigenvector » = 1. Therefore, the
limiting probabilities are given by

lim A" = 1727 = 7T (1.13)

t—o0
|
The vector 7 is also known as the equilibrium vector or as the steady-state

vector. This vector can be obtained by computing the left eigenvector of A
associated to the eigenvalue 1 and by normalizing it such that it sums up
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to 1. The ¢-th entry of the vector 7 is equal to lim; ., P[X; = ¢q] and can
also be interpreted as the expected proportion of the time the process in
steady-state reaches state g. Let us note that the stationary distribution is
completely independent of the initial distribution ¢. A regular MC is started
in steady-state when the initial distribution ¢ is set to the stationary distri-
bution 7.

For cyclic chains, limiting probabilities cannot be defined since states are
only reached at specific time indices. However, even if the sequence {A'},
diverges, a limiting average of the sequence, called the Euler sum, is com-
putable (for details see Theorem 5.1.1 in [73]). This yields the stationary
distribution vector = which is computed exactly as the stationary vector of
a regular chain, i.e. by solving 77 A = w7 (for details see Theorem 5.1.2
in [73]). It can also be interpreted as the proportion of time the process
reaches each state in the long run.

To illustrate this concept, let us compute the limiting probabilities for
the order 1 MC modeling the weather in the Europe capital (left side of
Figure 1.1). This chain is clearly regular as it contains a single final class
which is aperiodic (for instance, states R and S have a self-loop). The
stationary distribution is w = (N : 0.2, R : 0.53,S : 0.27) which can be
interpreted as follows: 20% of the time the weather is nice, 53 % of the time
it is rainy and 27% of the time there is snow.

Absorbing MC techniques

This section presents techniques to analyze the process behavior before
reaching absorbing states. The scope of these techniques goes beyond ab-
sorbing MC. They can be used to study the process behavior before reaching
a particular state ¢ which needs not to be absorbing. Such methods are also
used to define the FPT distributions in Partially Observable Markov Models
(see section 5.3). First, let us introduce the notion of passage time during
random walks on a MC T

Definition 15 (Passage Time) Given a MC, T = (Q, A, ), the passage
time is a function pt : Q x Q — N such that pt(qo, q) is the number of times
the process reaches the state q, leaving initially from state qo :

pt(qo,q) = [{t e N| Xy = ¢, Xo = qo}| (1.14)

The Mean Passage Time denotes the expectation of this quantity:

mpt(qo, ) = E [pt(qo, q)] (1.15)
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That is, pt(qo,q) is the number of times the process reaches state ¢ dur-
ing random walks started in state gy. In the sequel, it is assumed that
every states of the chain are reachable by the process, i.e. Vg € Q,3t €
N, (¢TA%), > 0. The mean passage time in an absorbing state ¢ is clearly
unbounded. For transient states, the mean passage time is provided by the
following theorem.

Theorem 3 (The fundamental matrix of an absorbing MC) Given an

absorbing MC' T = (Q,A,t) in canonical form and two transient states
qo,q € Qr, the mean passage time mpt(qo,q) can be computed as

mpt(qo,4) = (I = F)gq (1.16)
Proof.

The passage time in a transient state q can be decomposed as a sum of
indicator variables': pt(qo,q) = Y poq { Xt = q| Xo = qo}. Therefore, the
expectation of pt(qo,q) is obtained as follows:

mpt(go,q) = B[220 KXi =q|Xo=qo}] = 220 E [{X: = ¢ Xo = qo}]
= Yo PIXe = q| Xo=q0] = 220 (F ) goa = 20 F ) aoa
(1.17)
We shall show that > ;2. F" actually converges to (I — F)~'. First, let us
note that
I-F)YI+F+...+F"Y=T—-F' vt>1 (1.18)

Moreover, the sequence of matrices F' converges to the zero matriz as F is
substochastic (for details, see [117] p. 120). For a sufficiently large number
t € N, the matriz (I — F) is non-singular since det(I — F)det(I + F + ...+
F'=Y) = det(I — F') # 0. Letting t tend to infinity yields:

limg oo(I — F)Y(I +F+ ...+ F71) = I (L19)
1.19
— limy ool +F+...+F7Y) = (I-F)"!

The matrix (I — F)~! plays an important role in the MC theory and is called
the fundamental matriz of an absorbing MC. The mean passage times in an
absorbing MC are equivalently computed by the following recurrence:

mpt(qo, q) = 6g,q + Z Fyqmpt(go,q’) (1.20)
q€Qr

'The value of an indicator variable T{ X = x} is 1 when the random variable X equals
x and 0 otherwise. The expectation of an indicator variable is simply E [I{X = z}] =
P[X =z].
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where 04y 4 = 1 if ¢ = go and 0 otherwise. The mean passage time in a state
q is the sum of the mean passage times over each transient state ¢’ weighted
by the transition probability Fi,. Furthermore, if ¢ is the starting state, a
contribution of 1 must be added to take the initial position into account.
If N denotes a |Qr| X |Qr| matrix such that Ny, = mpt(qo, q), the matrix
form of equation (1.20) is given by

N = I+ FN

P (1.21)

which, again, shows that the mean passage times are obtained by computing
the fundamental matrix. When the MC is started according to the transient
initial distribution w, the mean passage times for all transient states are
obtained by computing the vector u” (I — F)~!. A closely related notion is
the time to absorption.

Definition 16 (Time to absorption) Given an absorbing MCT = (Q, A, 1),
the time to absorption is a function ta : Qr — N such that ta(qo) is the time
taken by the process to reach an absorbing state when it starts in a transient
state qq:

ta(go) = inf{t € N° | X; € Q4. Xo = qo} (1.22)

The mean time to absorption is defined as the expectation of this quantity:

mta(qo) = E [ta(qo)] (1.23)

The time to absorption can be thought of as the number of times the pro-
cess reaches transient states before absorption. Therefore the mean time to
absorption can be decomposed as the sum of the mean passage times over
all transient states :

mta(go) = »_ mpt(qo,q) = (I — F) ') (1.24)
q9€Qr

The mean time to absorption is equivalently computed by the following
recurrence:

mta(go) =1+ »  Fygmta(q) (1.25)
q€QT

If 7 denotes a |Qr|-dimensional vector such that 7, = mta(q), the matrix
form of equation (1.25) is given by
T = 1+ Fr

(1.26)
— 7 = (I-F)11
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When the MC is started according to the transient initial distribution u,
the mean time to absorption is given by u’ (I — F)~'1. An interesting
related notion called the absorption probability can also be obtained from
the fundamental matrix.

Definition 17 (Absorption probability) Given an absorbing MC T =
(Q, A, 1), the absorption probability of an absorbing state ¢ € Q4 is the
probability that the process get absorbed into state q while starting from state

q € Qr:

Pl Xo = @] = Pnf(X, = g} < oo | Xo=ao]  (1.20)

This probability can be computed as follows:

Ptrap[q | Xo=qo] = Zq’EQT ZtoiO(Ft)qoq/Eq/q
—1
2qe@rd = F)gy Baq (1.28)
= [(I_F)ilE}qoq

If the MC contains only one absorbing state ¢ then E = (I — F')1 and the
absorption probability is one from any transient state. The absorption prob-
ability in any absorbing state ¢ when the MC is started according to the
initial distribution w is given by (u?' (I — F)~1E),.

The absorbing MC techniques can be extended to the case of a general
MC T with final classes possibly containing several recurrent states. To do
S0, one has first to transform each final class C; into a single absorbing state
gc;- This can be done without loss of generality since we study the process
behavior before reaching a final class. Figure 1.3 shows such a transforma-
tion for the MC introduced in Figure 1.2. If A denotes the transition matrix
of the original MC having r final classes Cy,...,C,, the transition matrix
A" of the transformed MC is obtained as follows (not explicitly specified
elements are null):

F Eq ... Eg, F e ... ec,

Ac, 1
A= . — A= . (1.29)

Ac 1

T

where F'is a |Qr| x|Qr| transition submatrix between transient states, Eg, is
a |Qr|x|C;| transition submatrix from transient states to the states in C;, Ac,
is a |C;| x |C;| transition submatrix between states in C; and e¢, = E¢,1. The
matrix (I —F)~! computes the mean passage times in transient states before
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Figure 1.3: Transformation of the final classes of a MC into absorbing
states.

the process get trapped into a final class. For recurrent states, the mean
passage time is clearly unbounded. Similarly, the vector 7 = (I — F)~!'1
computes the expected time before the process reaches a final class. Finally,
the probability to reach the final class C; starting from state qg € Q7 is given
by

PrraplCi | Xo = qo] = [( - F)ileci]qo (1.30)

One can also use absorbing MC techniques to study the process behavior
before reaching a particular final class C. Final classes are transformed into
absorbing states as in equations (1.29). The absorption probabilities are
provided by:

[(I - F)_leck]qo if go € Q7
Ptrap[qck | Xo= QO] = 1 if go = qcy, (1'31)
0 otherwise

Let us now define a reduced absorbing MC T" = (Qr U g¢,, A’, ") modeling
the original process behavior before reaching C;. The parameters of this
model are defined in order to allow only random walks ending in Ci. The
initial probabilities for transient states ¢ € Qp are provided by

u, = P[Xo=qo| inf{X; =qc,} < ]

%
_ Plinfy{X; = g¢,.} < o0 | Xo = qo]P[Xo = qo]
B Plinf {X; = qc, } < o0 (1.32)
Ptrap[qck ‘ XO = QO]uqo
ZqerT Piraplacy, | Xo = qolug,
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The transition probabilities for all ¢,q € @ are given by:
Ay = PlXiy =4 | Xy =q,inf{Xy = qe, } < o7

_ Poaplac, | Xev1 = ¢, Xt = q)P[ X1 =¢' | Xe =]
Ptrap[qck ’ Xt = CI} (133)
Ptmp[qck | Xo = q/]Aqq’

Ptrap[qck | XO = Q]

Equivalently, the initial distribution ¢’ and the transition matrix A’ in nor-
mal forms are readily obtained by defining a |Qr| X |Q7| diagonal matrix D
such that Dy = Piraplqe, | Xo = ¢] for all g € Qr:

D'FD D lec, )

0 ) (1.34)

J = (u'D/[uD1],0)T, A = (

Similarly, the fundamental matrix of the new absorbing MC is obtained from
the fundamental matrix of the original MC as (I — F')~! = D=1(I - F)~'D.

First Passage Times

The first passage times are a generalization of the time to absorption since
the destination state needs not to be absorbing.

Definition 18 (First Passage Time) Given a MC T = (Q,A,t), the
first passage time (FPT) is a function fpt : Q x Q — N such that fpt(qo, q) is
the number of steps before reaching state q for the first time, leaving initially
from state qo.

fpt(qo, q) = iftlf{t eN’| X, =g and Xo = qo} (1.35)

The Mean First Passage Time (MFPT) denotes the expectation of this quan-
tity:
mfpt(qo, q) = E [fpt(qo, g)] (1.36)

Let go and ¢ denotes two states belonging respectively to the equivalence
classes Cy and C. If the process, started in g, has a strictly positive proba-
bility to get trapped into a final class Cr # C before reaching state g then
mfpt(qo, ¢) is unbounded. Otherwise, one can simply compute mfpt(qo, q)
by transforming ¢ to be absorbing and by computing the mean time to ab-
sorption mta(qg) as presented above. For a regular MC, the MFPT values
can also be obtained by solving the following linear system:

14 ) Aggmipt(q',q) if go # g,

Va0, q € Q,mipt(go,q) = § ; 97 (1.37)

— otherwise.
Tq
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The values mfpt(q, ¢) are usually called the recurrence times?. Interestingly,
there is a close connection between the stationary distribution and the recur-
rence times in a regular MC. While 7, can be interpreted as the proportion
of the time the process in steady state reaches state ¢, the inverse of this
quantity provides the mean time required to go from ¢ to itself. In the sequel,
the matrix M"™" denotes a [@Q| x [@] matrix such that M, " = mfpt(qo, q).
Importantly, the MFPT completely determine a regular MC in steady-state.
That is, knowing the MFPT for any pair of states allows one to compute the

transition matrix of the chain (and consequently its stationary distribution).

Theorem 4 Given a |Q| % |Q| matrix M*™™ representing the MEPT for any
pair of states q,q' € Q of a reqular MC T, the transition probability matriz
A of T can be obtained as follows:

A =1 + (Diag(M™") — 117)(M™" — Diag(M™7))~! (1.38)

where Diag(M™"") is a |Q| % |Q| diagonal matriz such that Diag(M™"), =
Mg, for all ¢ € Q. Proof. see p.81 of [75].

1.4 Discrete Phase-type distributions

In the previous section, the notion of time to absorption in an absorbing MC
was presented. It was shown that the mean time to absorption can be ob-
tained by computing the fundamental matrix. Furthermore, this technique
can also be used to compute the MFPT in a general MC. The distribution
of the times to absorption, or equivalently of the FPT in a general MC, is
called a distribution of phase-type.

Definition 19 (Discrete Phase-type (PH) Distribution) A probabil-
ity distribution ¢(.) on N° is a distribution of phase-type (PH) if and only
if it is the distribution of the time to absorption in an absorbing MC.

It should be pointed out that it is always possible to transform an absorbing
MC with several absorbing states into a reduced one with the same distri-
bution of the time to absorption. Hence, without loss of generality, we will
only consider reduced MC in normal form, the last state being absorbing :

J =@ 0), A= (OF ‘f) (1.39)

where u is a |Qp|-dimensional initial vector for transient states, F' is an
|Qr| % |Qr| matrix called the phase generator, e is an |Qr| x 1 vector called

2An alternative definition, mfpt(g, q) = 0, is possible when it is not required to leave
the initial state before reaching the destination state for the first time [98].
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the absorption vector and 0 is an 1 x |Qr| vector of zeros. It will be assumed
that the process always starts in a non-absorbing state. A PH distribution ¢
is completely determined® by a pair (u, F') which is called the representation
of the distribution. The probability distribution of ¢(.) for all k£ > 1 is given
by

p(k) = Y eqp PIinf{t e N®| X; € Qa} = k| Xo = qo]-P[Xo = qo]
— uTkale

(1.40)
which means that the probability of being absorbed in £ steps is the prob-
ability of starting in any transient state, then to move over transient states
during k& — 1 steps, and finally to get absorbed. Each transient state of the
representing MC is called a phase. This technique is powerful since it allows
one to decompose complex distributions as a combination of phases. For
instance, the class of PH distributions contains the negative binomial, the
hyper-geometric and the discrete Coxian distributions, to name a few. These
distributions can be instantiated using particular absorbing MC structures.
This point is illustrated in figure 1.4. A distribution with an initial vector
and a transition matrix with no particular structure is called here a general
PH distribution.

Hypergeometric: mixture of Discrete Coxian distribution
negative binomials
> =
h@ S -
3 3
o
O O £ O O g
Time to absorption o Time to absorption
Generalized binomial: sum of General PH distribution
negative binomials
F 2
O—0O—0O—0OD 3 2
o =
D) D) 4 O< g
o a
(t )) . 1
Time to absorption Time to absorption

Figure 1.4: Different kinds of PH distributions and associate absorb-
ing MC structures. The process has a strictly positive probability to
start in states filled with gray and a null probability to start in the
other states.

To illustrate phase-type distributions, let us consider the leaky bucket
algorithm. The leaky bucket algorithm aims at detecting if a transmission
channel between two hosts should be considered as unreliable. The error
rate on the channel is assumed to be fixed and equal to p with 0 < p < 1.
The receiver has a counter ¢ which is incremented by 1 when he receives

3Since the matrix A is stochastic, the vector e can be obtained from the matrix 7T
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a corrupted packet and decremented by 1, provided ¢ > 0, if the packet
is valid. When the counter c¢ is equal to a threshold value U, the chan-
nel is discarded. The distribution of the number of packets transmitted on
the channel before getting discarded can be modeled by a phase-type dis-
tribution. Let us define a reduced absorbing MC Tjeery = (Q, A, t) where
the state set is @ = {0,1...,U}, i.e. each state corresponds to a counter
value. The initial vector is ¢« = (1,0,...,0) and the transition matrix is
(not explicitly specified elements are null):

A= e (1.41)

1-p 0 »p
1

This absorbing MC is depicted in figure 1.5. Initially the process starts in
state 0 as no corrupted packet has been received yet. Receiving a corrupted
packet (with probability p) moves the process to the next state to the right
while the reception of a valid packet (with probability 1 — p) moves the pro-
cess to the previous state to the left (except for state 0). When the process
reaches state U, it is absorbed. Hence, the number of packets transmitted
on the channel before getting discarded is drawn from a phase-type distri-
bution represented by the transient initial vector and the phase generator
of the reduced absorbing MC Tjcapy-

Figure 1.5: The leaky bucket algorithm modeled by a reduced ab-
sorbing MC. The channel bit error rate is constant and equal to p.
Each state of the MC corresponds to a counter value. When the
counter reaches the threshold value U (i.e. the process is absorbed),
the channel is discarded.

1.5 Estimation techniques

The present section deals with the estimation of MC from a data sample
made of sequences defined over a discrete alphabet ¥. In this context, the
set ) of states of chain to estimate will directly correspond to the alphabet
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Y. In other words, one wants to estimate the parameters of an unknown
MC from a set of random walks (the sequences) performed on this MC.
In practice, the observed sequences may have been drawn from a process
which is not a MC (i.e. the Markov property is not satisfied). However,
one can try to approximate such a process with a MC. This section presents
the maximum likelihood estimate of a MC as well as smoothing techniques
derived from a so-called back-off scheme. MC estimated according to the
Kneser-Ney (KN) back-off scheme, presented hereafter, are used in order
to report comparative results in the context of sequence classification (see
chapter 7). For a more detailed presentation of these smoothing techniques
as well as their theoretical foundations, the reader is referred to [75]. In the
sequel, given a string s € ¥*, |s| will denote the length of s and s; will stand
for the symbol in the i-th position, the first position being 0

In the language modeling literature a N-gram denotes a N —1 order MC.
Estimate a N-gram model amounts to estimate the homogeneous conditional
probabilities Pla | h] = P[X; = a| X;-1 = hn-2,..., Xy (y—1) = ho] for
alla € ¥ and h € V71, where. A maximum likelihood estimate of these
probabilities can be simply obtained from counts of substrings. In the sequel,
the count C'(h) denotes the number of times the substring h € ¥* occurs in
the data sample. The notation C(h,b) stands for the number of times the
substring A € X* is immediately followed by the symbol b in the sample.
The maximum likelihood estimator of P[a | h| is given by

R C(h,a) .
Pla|h ={ oy O >0 (1.42)

0 otherwise

In general, the number of parameters of a N-gram model is given by |Z|V.
This exponential grow with the model order makes the maximum likelihood
estimator unreliable for high order model for the two following reasons: (i)
a large number of events (i.e substrings) may not appear in the sample
(although, they are likely to happen in other samples), leading to zero prob-
abilities in the estimated model (ii) even for observed events, an accurate
estimate of the conditional probabilities would require a huge amount of
observations, very unlikely to be available in practice. To circumvent this
issue, one classically applies smoothing techniques. In general, smoothing a
distribution amounts to better spread the probability mass onto the set of
possible events.

For N-gram models, a well known smoothing technique is the so-called
back-off scheme [72]. An improved back-off modeling, called here the KN
back-off scheme [75], is summarized hereafter.
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W + T(h) Prackla| B if C(h,a) >
Plalh] = T(h) Pract[a | 1) if C(h,a) > 0 and C(h) >
Pback[a | h] if C(h) =
where
T(h) = [{a|C(h,a) > 0}[d. (1.43)

C(h)

and where pback[.] is a back-off distribution and d. € R™ is a discounting
factor.

The general idea of the scheme is to subtract a value from the counts
of seen events (h,a) such that C'(h,a) > 0. The discounted probability
mass is spread to unseen events in proportion to their back-off estimates
Poaer[a | h] (cases (C1) and (C2)). The factor T'(h) can be considered as a
normalization factor in order to define proper conditional distributions, i.e.
> pes Pla| h] = 1,Vh € ¥*. Note also that I'(h) is only well-defined if A
occurs at least one time in the sample. Otherwise, the case (C3) applies and
the back-off distribution is used in all cases.

Smoothing techniques derived from this scheme differ by the definitions
of the discounting factor d. and the back-off probability Prack [a|h]. In the
case of the absolute discounting [96], the discounted value d. is constant. In
contrast, the Turing-Good discounting [72] and the Witten-Bell discount-
ing [135] respectively define the discounted value d. according to the count
C(h,a) and to the number of distinct events.

The simplest case for the back-off distribution is to define Prack [a|h] =
Pla| h_1] where h_; denotes the string b trimmed by one symbol on the
left. In other words, for a N-gram, the back-off distribution is simply a
(N —1)-gram. It is important to note that this scheme is applied recursively
down to the unigram (i.e. a l-gram). Interestingly, a N-gram defines in
this way actually forms a variable order MC. The order of this MC ranges
from 0 to N — 1. The base case of the recursion is the order 0 MC (i.e. the
unigram): P(a) = C(a)/)_,cx C(a), which is always strictly positive when
a occurs at least one time in the sample. If this assumption is not satisfied,
the base of the recursion becomes the uniform distribution P(a) = 1/|X|.
The KN back-off scheme, presented here, also uses the back-off distribution
for observed events (second term of the case (C1)). The rationale is that
the back-off distribution is more accurately estimated as it is less specific
and thus relies on more observations. The resulting model is a mixture of
Markov chains of various orders.
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Another definition of the back-off distribution proposed by Kneser and
Ney [75] is the following:

~ . C(, hfl, a)
Pback[a | h] - Za/ez C(, h_1, a) (144)
where
Clhov,a) = [{b| C(bh_1,a) > 0} (1.45)

Here, C(.,h_1,a) denotes the number of distinct events (., h_1) preceding
a in the sample. It should be noted that the frequencies of these events
are not taken into account. It was shown experimentally that this back-off
distribution offers a better performance than Pback:[a | h] = P[a | h_1] in the
context of sequence prediction, i.e the prediction of the next symbol of a
sequential process knowing its past [75].



Chapter 2
Hidden Markov Models

This chapter reviews the theory and classical algorithms related to Hidden
Markov Models (HMMs). The second part of this thesis is concerned with
the structural estimation of such models. HMMs extend MC by adding a
probabilistic emission function onto the states of the model. Consequently,
the process outcomes no longer correspond to the states but to output sym-
bols belonging to a discrete or continuous alphabet. These models are called
hidden, since in general, it is not possible to know with certainty the states
reached by the process by looking at its outcomes. From a theoretical view-
point HMMs are equivalent to Probabilistic Non-deterministic Finite state
Automata (PNFA). Consequently, learnability results as well induction tech-
niques (see chapter 4) related to one of these two formalisms also apply to
the other. Practically, HMMs are widely used in many pattern recognition
areas, including biological sequence modeling [46], speech recognition [108],
optical character recognition [83] and information extraction [52], to name
a few. There are three main problems concerning HMMs: (i) compute the
likelihood of a sequence with respect to a given model (i.e. the probability
that the model has generated the sequence), (ii) given a sequence, compute
the best path (i.e. sequence of states) in the model to generate/observe
this sequence, and (iii) learn a HMM from a data sample. While there are
efficient algorithms to solve the two first problems, the learning problem
remains hard to tackle in practice. Learning a HMM from data is much
harder than learning a MC since the process is only partially observed (the
state identities are not provided in the sample). Moreover, the learning pro-
cess does not only amount to estimate the model parameters but also its
structure, i.e. its transition graph. The learning problem is restricted here
to parameter estimation and the most traditional approach, known as the
Baum-Welch or forward-backward algorithm, is briefly reviewed. Chapter
5 proposes an original algorithm to learn the structure of a HMM from a
data sample. This chapter is organized as follows. Section 2.1 reviews ba-

31
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sic definitions about HMMSs. Next, section 2.2 highlights the links between
HMMs and probabilistic automata. Finally, section 2.3 presents the three
main problems concerning HMMs and their classical solutions. For a more
detailed introduction to HMMs, the reader is referred to the classical Ra-
biner tutorial [107]. The paper [45] thoroughly studies the links between
HMMs and probabilistic automata.

2.1 Definitions

A HMM defines a stochastic process {O; € X}; where ¥ is a discrete or
continuous alphabet. In this work, we concentrate our attention on HMMs
defined over a discrete alphabet of symbols. In contrast with MC, a HMM
needs not to focus on local dependencies in a process. In other words,
the probability of an outcome can potentially depend on an unbounded
history of past events. HMMs are however closely related to MC and were
initially studied as “functions of finite Markov chains” [12, 8]. The classical
definition of an order 1 discrete HMM is provided hereafter. Many variants
can be found in the literature, including higher order HMMs, models with
emission on transitions (see definition 27) or with a continuous emission
density, typically defined by a Gaussian or a multi-Gaussian instead of a
discrete (multinomial) distribution (see, for example, [103], [107], [108], [66]).

Definition 20 An order 1 discrete Hidden Markov Model (HMM) is a 5-
tuple H = (3,Q, A, B,1) where ¥ is an alphabet, Q is a set of states, A :
Q x Q — [0,1] is a mapping defining the probability of each transition, B :
Q x X — [0,1] is a mapping defining the emission probability of each letter
on each state, and v : Q@ — [0, 1] is a mapping defining the initial probability
of each state. The following properness constraints must be satisfied:

e VgEQ, X A d)=1
e VgeQ,> ,cxBlg,a)=1
hd quQ L(q) =1

As only finite HMMs are considered here, the transition function A(.,.)
can be represented by a |Q| x |@Q| matrix A such that A,y = A(q,q'), the
emission function B(.,.) can be represented by a |@Q| x |X| matrix B such
that Bya = B(g,a) and the initialization function ¢(.) can be represented
by a |Q|-dimensional vector ¢ such that ¢; = ¢(¢). Properness constraints
impose that the vector ¢ and each line of the matrices A and B must be
stochastic.

To illustrate this, let us consider the following example. During holi-
days, in the Europe capital (where the weather evolves according to the MC
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H
[T 0.3]
[0 0.7]

[T 0.8] ! [T 0.5]
[0 0.2] [0 0.5]

12 172

Figure 2.1: A HMM example modeling the sequence of places (indoor
(I) or outdoor (0)) visited by a PhD student during holidays in the
Europe capital.

TWeather Presented in chapter 1), a PhD student has 7 out of 10 chances to
spend the day outdoor if the weather is nice (N), 8 out of 10 chances to spend
the day indoor if it is raining (R) and he has an even chance to spend the day
indoor/outdoor if it is snowing (S). The sequence of places (indoor/outdoor)
visited by the PhD student can be modeled by a HMM Hy /o with an alpha-
bet ¥ = {I,0} (I: indoor; 0: outdoor), a state set @@ = {N,R,S}, an initial
vector ¢ = (1,0,0) and the following transition and emission matrices:

0 1 0 0.3 0.7
A= 1/4 1/2 1/4 |; B=| 08 02
1/4 1/4 1/2 0.5 0.5

This HMM is displayed in Figure 2.1. In this example, the hidden aspect is
that one assumes that we can only observe if the PhD student was indoor
or outdoor during a particular day but not the weather on that day. In this
sense, the underlying MC' is hidden by the emission process.

Definition 21 (Underlying MC of a HMM) Given a HMM H = (%, Q,
A, B, 1), the underlying Markov chain T is the 3-tuple (Q, A,¢).

The process {X; € Q}; associated to the underlying MC will be called the
hidden process. That is, the random variable X; provides the state reached
at time ¢. This process evolves as in definition 3. The emission process is
formally defined as follows.

Definition 22 (Emission process) Given a HMM H = (£,Q, A, B, 1),
let q; denotes the state reached by the hidden process at time t € N, i.e.
X; = q;. The emission process {O; € X} consists of emitting a symbola € 3
according to the emission function B(qy,.) at each time t € N. Running such
a process up to a time t € N results in a sequence of t + 1 symbols.
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An instance of the emission process will be called a HMM random walk. It
is important to note that all the notions presented in chapter 1 concerning
MC also apply to the underlying MC of HMMSs. These notions are very
useful to analyze the behavior of HMMs. For instance, the stationary dis-
tribution of the underlying regular MC Tiyeather is ™ = (N : 0.2, R : 0.53, S :
0.27). Consequently, the expected proportion of indoor days is given by
(0.2%0.3) + (0.53%0.8) + (0.27 % 0.5) = 0.62.

During a random walk in a HMM, the sequence of states reached by the
hidden process is called a HMM path.

Definition 23 (HMM path) Let H = (£,Q, A, B, ) be a HMM. A path
mn M is a word defined on Q*. For any sequence s € ¥X* and any path
v € QF, the probabilities Py (s,v) and Py (s) are defined as follows:

L(v0) B(vo, s0) 17! Awi1, v) Bvi, 1) if |s| = [v] > 0,
Pg(s,v) =14 1if|s|=|v| =0 and
0 otherwise.

Py(s) = Z P(s,v).

ve*

P (s, v) is the probability to emit the sequence s while following path v.
Along any path, the emission process is Markovian since the probability of
emitting a letter on a given state only depends on that state. HMMs are used
to model processes for which the existence of such a path (or state sequence)
can be assumed while the actual states are not observed. Py (s) can be inter-
preted as the probability of generating/observing a finite sequence s as part
of a random walk through the model. For instance, the sequence s = I0I
can have been generated by the HMM Ht /, along the following paths: NRI,
NRR or NRS. Consequently, the probability (or the likelihood) of the se-
quence s = I0I with respect to Hy o is P, ,,(I0I) = (1%0.3)#(1%0.2)(0.25%
0.3) 4+ (1%0.3) % (1%0.2) % (0.5%0.8) + (1%0.3) * (1% 0.2) % (0.25%0.5) = 0.036.
Section 2.3.1 presents an efficient algorithm to compute such a likelihood.

The structure or the topology of an HMM can be characterized by the
transient /final class partition of its underlying MC (see chapter 1). Hence,
we will use the same denominations for HMMs as for MC. Irreducible HMMs
are often called ergodic HMMs in the literature. Sometimes, an ergodic
HMM also denotes a fully connected HMM. Up to our knowledge, the dis-
tinction between a cyclic HMM and a regular HMM is not well-known in the
HMM literature. A popular topology used in automated speech recognition
is the left-to-right structure. The left-to-right structure denotes a reduced



2.2. Links between PA and HMMs 35

absorbing HMM (the last state being absorbing) such that a state with in-
dex g can only be connected to states with an index ¢’ > ¢. Furthermore,
the process starts in the first state (the state with the lowest index) with
probability 1. When the states are displayed linearly according to the in-
creasing order of their indices, the process starts in the leftmost state, then
it moves to the right (or to itself) until it ends up in the absorbing state.
This kind of topology can adequately model sequences whose properties are
changing over time. A 5-states left-to-right structure is depicted in Figure
2.2. In this example, the process cannot move to the right by more than
two states at once.

Figure 2.2: A left-to-right HMM structure.

The transition matrix of such a left-to-right HMMSs is upper triangu-
lar. According to the application domain, many relevant topologies can be
designed. Onme of the objectives of this thesis is to provide a procedure to
efficiently learn the structure of a HMM from data (see chapter 5).

2.2 Links between PA and HMMs

This section highlights the connections between HMMs and probabilistic
languages (also known as stochastic languages) represented by probabilistic
automata (PA). We review here some of the results thoroughly studied in
[45]. A probabilistic language is a distribution defined over sequences.

Definition 24 A distribution or probabilistic language ¥ over ¥* is a
function W : ¥* — [0, 1] satisfying Y s ¥(s) =1

Importantly, HMMs are equivalent, in the sense that they represent the
same class of probabilistic languages, to a particular class of PA called Prob-

abilistic Non-deterministic Finite state Automata with no final probabilities
(PNFA).

Definition 25 A probabilistic Non-deterministic finite automaton with no
final probabilities (PNFA) is a 4-tuple (¥,Q, ¢, 1) where ¥ is a finite alpha-
bet, Q is a finite set of states, ¢ : Q x X x Q — [0,1] is a mapping defining
the transition probability function and v : Q — [0,1] is a mapping defining
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the initial probability of each state. The following properness constraints
must be satisfied:

dug)=1and¥ge€ Q) > o(¢.a,d)=1.

qeQ acY ¢'eQ

The probability of generating a sequence! s € ¥* in such a model is defined
as follows.

Definition 26 Let NA = (X,Q, ¢,t) be a PNFA. The functions Pna : ¥* —
[0,1] is defined as follows:

Pra(s) = Y ua)d(g,s,q)

7,9'€Q
where ¢ is an extension of the transition function defined on (Q X X* X @)
such that
lifq=4¢

0 otherwise

o Vs € E*v Va € Ea ¢(Q7 sa, q/) = Zq”GQ ¢(Q7 S, q,/)¢(q/,a a, q,)
where € denotes the empty sequence.

A PNFA (equivalently, a HMM) defines a distribution (i.e. a language)
for each sequence length, i.e. > s Pna(s) = 1 for all [ € N. More pre-
cisely, a probabilistic language is obtained for any complete prefix-free set
of ¥*, that is, a subset U C ¥* such that (i) a sequence in U cannot be a
prefix of another sequence in U and (ii) each sequence in ¥* has a prefix in
U or is a prefix of a sequence in U (for details, see [45]).

Let us show how to convert a HMM into an equivalent PNFA and con-
versely. First, let us introduce an intermediate kind of models called hidden
Markov models with emissions on transitions (HMMT) used in the conver-
sions HMM « PNFA.

Definition 27 A discrete Hidden Markov Model with transition emission
(HMMT) is a 5-tuple (X,Q, A, B, 1), where ¥ is an alphabet, Q is a set of
states, A : Q x Q — [0,1] is a mapping defining the probability of each tran-
sition, B : Q X ¥ x Q — [0,1] is a mapping defining the emission probability
of each letter on each transition, and v : Q — [0, 1] is a mapping defining the

initial probability of each state. The following properness constraints must
be satisfied:

"More precisely, since we consider PNFA without final probabilities, the probability
Pna(s) given in definition 26 denotes the probability of generating a (possibly infinite)
sequence with finite prefix s.
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e VgEQ, X cqAled) =1
L4 Vq, q/ S Q?Zan B(Qa a? q,) = {
° quQ u(q) = 1.

For such models, the probability of generating a (prefix) sequence s € ¥* is
defined hereafter.

1if A(g,q¢') >0
0 otherwise.

Definition 28 Let H = (3,Q,A,B,.) be a HMMT. A path in H is a
word defined on Q*. For any sequence s € ¥* and any path v € Q*, the
probabilities P (s,v) and Pg(u) are defined as follows:

0 otherwise,

PH(S, l/) _ { L(l/()) H"iil[B(yi—h Si—1, I/i)A(I/i_l, Vz)] Zf |I/| = |S| + 1, and

Py(s)= Y _ P(s,v).

ve@*

Next, we show how to transform a PNFA into an equivalent HMMT.
The resulting HMMT can be transformed into an equivalent HMM.

Proposition 1 Let NA = (X, Q, ¢,t) be a PNFA with no final probabilities.
There exists an equivalent HMMT H = (X,Q, A, B, ). Proof see [}5].

The transformation can be done as follows. 3, @ and ¢(.) are identical for
NA and H. The transition functions for H are defined as follows.

e Vq,q € Q,A(q,q") = ex (q,2,¢)

#(9,2,9") : /
L4 vq) q/ € Q)va € Zu B(Qy a, q/) - { 52362 ¢(q7a7q/) if ZaGE ¢(Q7 a4 ) >0

otherwise.
This transformation is illustrated in Figure 2.3.
[a 03]
0.4 ‘ a0.27 ‘ 0.6 04 ‘ [b0.7] ‘ os
a °-°2C<@Qa oz = o %@Q -
[a0.2] [a 0.9]
a0.56
b 0.8
Q b0.14 ool 0.7 o1
b 0.08 b 0.03 [a 0.8]
b 0.21

Figure 2.3: The conversion of a PNFA (left) into an equivalent
HMMT (right).

Proposition 2 Let H = (X,Q, A, B,.) be a HMMT, there exists an equiv-
alent HMM H' = (3,Q’', A', B',//). Proof see [28].
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H' is defined as follows.

e Q' = {(q,¢) € Q x Q|A(q,q¢') > 0}. The states of Q' represents
pairs of states in () that are connected by a strictly positive transition
probability.

1/ " : /I

° v(q’ q/)7 (q//7 q//l) E Q/7 14-((qvq/)7 (q//’ q///)) — { 104((] 7q ) i)ftflel:)vfse;

e V(¢,q) € Q\Va€ X,B((¢:¢),2) = Blg,a,q)

e V(q,q) € @,/ ((¢.4)) = (a)Alg, ¢)

Let us note that the number of states |Q’| is less or equal to |Q|?>. This
transformation is illustrated in Figure 2.4.

0.4 ‘ [a 03] ‘ 0.6

[b0.7]
0.1 0.9 0.3
[a0.2] [a 0.9]
[b 0.8] o7 [b0.1]
[a0.8]
b 0.21

Figure 2.4: The conversion of a HMMT (left) into an equivalent
HIMM (right).

The two preceding results show that a HMM generating the same dis-
tributions as a given PNFA can be constructed in two steps. Conversely, a
PNFA equivalent to a given HMM can be obtained directly.

Proposition 3 Let H = (X,Q, A, B, 1) be a HMM. There exists an equiva-
lent PNFA with no final probabilities NA = (X, Q, ¢, ). Proof see [/5].

Y, @ and «(.) are the same for H and NA. The transition function of NA is
defined as follows:

Vq,q € Q,Va € £,¢(q,a,¢') = B(q,2)A(q,q')

This transformation is illustrated in Figure 2.5.
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Figure 2.5: The conversion of a HMM (left) into an equivalent PNFA
(right).

Note that the PNFA depicted in the right part of Figure 2.5 is equivalent
to the PNFA displayed in the left part of figure 2.3, since it results from
the successive transformations described in propositions 1, 2 and 3. These
two PNFA generate the same distributions. They are however structurally
distinct. The question of determining if two structurally distinct models are
equivalent is studied in [7]. In a few words, [7] proposes an algorithm to test
if two HMMs H = (X,Q, A, B,.) and H' = (X,Q’, A’, B', /) are equivalent,
in computational time O(|X|(|Q| + |Q’])?). The same work also proposes a
technique to reduce a HMM H = (¥, @, A, B, ) into a canonical Generalized
Markov Model (GMM), i.e. a HMM without the positivity constraint on the
parameters, in computational time O(|2||@Q]?). An important consequence
of the equivalence between HMMs and PNFA is that learnability results as
well as reduction and induction techniques (see chapter 4) related to one
of these two formalisms also apply to the other. A similar equivalence can
be obtained when considering PNFA and HMMs with final probabilities. In
this case, both models represent the class of probabilistic regular languages
[45].

2.3 The three main problems and their classical
solutions

Modeling a process often aims at performing predictions of its future out-
comes. One can also analyze the model in order to discover relevant prop-
erties of the process under study. To do so, there are three basic problems
that need to be solved:

1. Given a sequence s € ¥* and a HMM H = (X,Q, A, B, ), how to
compute efficiently the sequence likelihood P (s)?
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2. Given a sequence s € ¥* and a HMM H = (X,Q, A, B,.), how to
obtain the HMM path that best explains the emission of s in H?

3. Given a sequence s € X.*, how to estimate the probabilistic parameters
of a HMM H = (X,Q, A, B, ) such that the sample likelihood P (s)

is maximized?

The classical solutions to these problems are reviewed hereafter.

2.3.1 Computing the sequence likelihood

Computing the likelihood of a sequence s with respect to a HMM H =
(3,Q, A, B,1) is particularly useful in sequence classification problems. In
this setting, we have a set of n examples {(s',y1),..., (s",yn)} where s* € ¥*
is a sequence and y; € Y its label (or its class), and we want to predict the
label of new sequences. For each class y, a model is estimated (see section
2.3.3) using the sequences labeled y. To classify a new sequence s, one
computes the likelihood of s for each estimated model. According to the
maximum likelihood decision rule, the predicted label is the label associated
to the model offering the largest likelihood. Alternatively, one can take the
class priors into account in a maximum a posteriori decision scheme (see
chapter 6). A naive way to compute the sequence likelihood Pp(s) is to
sum the probability of generating s over all possible paths as in definition
23. However, the number of paths is, in general, exponential in the size of the
sequence |s|, leading to an intractable algorithm. The sequence likelihood
can be efficiently computed using the forward or the backward recurrences.
These recurrences are also the basis of the HMM estimation procedure (see
section 2.3.3). Considering a sequence s = sg...s; (i.e. | = |s| — 1), the
forward variables are defined as follows :

a(q,t) = P[Ot:St,...,O():So,Xt:q’H] (21)
= Pls4, Xy =q| H]

for all ¢ € Q and for all 0 <t <. That is, a(q,t) computes the probability
that the model H generates the sequence s up to position ¢ (denoted by s.;),
while reaching state g. One can determine these variables by computing the
following recurrence:

(Base case) a(q,0) = u(q)B(q,s0) (2.3)
(IndU‘Ction) a(Qa t) = [Z Oé(q,, t— 1)A(q,a Q)]B(qa St) (24)
7EQ

for all ¢,¢' € @ and for all 0 < ¢t < [. The base case, a(q,0), is the
probability to start in ¢ and to emit the symbol sg. The probability to
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Figure 2.6: The lattice used to compute efficiently the forward and
backward recurrences. The bottom line displays the discrete time
indices.

generate s; while reaching state ¢ is the sum over all states ¢’ € Q of the
probabilities to generate s.;_1 while reaching state ¢’ then to move from ¢’
to ¢ and finally to emit symbol s;. By the total probability theorem, the
sequence likelihood can be reformulated as follows

Pu(s) = > Pls| Xi=q,H| PlX; = q| H] (2.5)
q€qQ
= Y PlsXi=q|H]=) aq]) (2.6)
q€Q qeQ

The forward recurrence can be efficiently computed using the lattice dis-
played in Figure 2.6. The computation is made from left to right since the
variables a(.,t) only depends on the variables a(.,t—1). The time complex-
ity of this computation is ©(|s| n;) where n; is the number of transitions
in the model. An equivalent upper bound of the computational time is
O(|s||Q|?) which is tight for dense models.

Either the forward or backward recurrence can be used to compute a
sequence likelihood. However, both recurrences are required to estimate
efficiently the model parameters as detailed in section 2.3.3. The backward
variables (g, t) are defined hereafter.

/B(q,t) = P[O[:Sl,-..,0t+1:St+1,Xt:q‘H} (27)
= Plsir1:, Xy = q| H]
for all ¢ € @Q and for all 0 < ¢ <. That is (g, ), is the probability to gen-

erate s from position ¢ + 1 to the end (denoted by s;41.), while leaving from
state q. These variables can be computed using the following recurrence:
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(Base case) f(q,1) (2.9)

=1
(InduCtion) ﬁ(Q) t) = Z A(Qv q/)B(qlv St+1)ﬁ(q/, t+ 1) (210)
q'eQ

for all ¢ € @ and for all 0 < ¢ < [. Initially, the backward variables (., 1) are
set to one?. The probability to generate s;; 1. while leaving from ¢ is the sum
over all states ¢’ € @Q of the probability to move from ¢ to ¢/, then to emit
st+1 and finally to generate s;1o. from ¢’. Using the backward variables, the
sequence likelihood is provided by

Py(s) =Y 1(q)B(g, %0)B(g,0) (2.11)
q€Q

The backward recurrence can also be computed in a time complexity O(|s| n;)
using a similar lattice as for the forward recurrence computation.

2.3.2 Computing the optimal path

The objective is to find the HMM path that best explains (according to some
optimality criterion) the generation of a sequence s € ¥* in the model. A
first optimality criterion requires that the states of the path are individually
the most likely. To be more precise, let us compute the probability to be in
state ¢ at time ¢ (0 <t <) while generating the sequence s = sg. .. s;:

a(g,t)B(g; )
Zq/GQ a(q,t)B(d' ;1)

That is a(q,t) accounts for the generation of s.; while reaching state ¢ and
B(q,t) accounts for the emission of the remainder of the sequence while
leaving from ¢. At time index ¢, the individually most likely state is defined
as follows:

P[X;=q]|s,H| =

(2.12)

gt = argmax(P[X; = q| s, H]) (2.13)
qeQ

Unfortunately, this criterion possibly results in invalid paths. Indeed, such a
path could contains two consecutive states ¢ and ¢ which are not adjacent,
i.e. Agy = 0. The rationale is that this criterion optimizes the probability
of an individual state at each time index but not the probability of the
sequence of states. Optimizing the probability of the sequence of states, i.e.
P[X;=q,...,X0 = qo|s,H], can be performed using a method based on

?Indeed, there is a probability 1 to generate an empty sequence from any state ¢ € Q
(see definition 23).
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dynamic programming called the Viterbi algorithm [49]. First, let us define
the maximal probability to generate s.; along a path ending by state q.

5(Q>t) = Imnax P[S:taXt =4dq, Xt—l =qt—1,--- aXO = qo, ‘ H] (214)

q0,--,qt—1

By induction on ¢, one obtains:

6(q,t) = 6(v(g,t),t—1) A(v(q, 1), q) B(g; st) (2.15)
vig,t) = ar%g?ax[é(q',t—l)a(q’,q)] (2.16)

for all 0 < t < [ and for all ¢ € Q. The v(q,t) variable provides the
state ¢’ reached at time t — 1 while generating s.; 1, that maximizes the

probability to be in state ¢ at time ¢. Using these recurrences, the optimal

path?® ¢57", ... .q" " is computed by the following procedure:

1. Initialization, for all ¢ € Q:

3(g,0) = u(q)B(g,50) (2.17)
v(g,0) = 0 (2.18)

2. Recursion, for all 0 <t <[ and for all ¢ € Q:

6(g,t) = 6(v(g,t),t—1) A(v(q,t),q) B(q,st) (2.19)

v(g,t) = arg,érclgax[é(q/,t—l)a(q/,q)] (2.20)

3. Termination:

p?" = maxd(q,l) (2.21)
9€Q

g"" = argmax[6(q,1)] (2.22)
9'eQ

4. Path recovery, for all 0 <t < I
" = vighht+1) (2.23)

where p°P! is the probability of generating sequence s along the best path.
The Viterbi algorithm is similar to the forward recurrence computation ex-
cept for the summation in equation (2.10) which is replaced by a maximiza-
tion in equations (2.19)-(2.20). Consequently, the Viterbi algorithm can be
efficiently computed using the same lattice as for the forward recurrence.
Additionally, a backtracking step (i.e. path recovery) is required to recover
the optimal state sequence. The time complexity of the Viterbi algorithm
is O(|s| n¢) where n; is the number of transitions in the model.

3The optimal path is also known as the Viterbi path.
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2.3.3 Estimating the model parameters

The objective is to estimate the parameters of a HMM from a training se-
quence s = g . ..s; drawn from some unknown process of interest called here
the target process. More precisely, one wants to adjust the model parame-
ters such that the sequence likelihood is maximized. It is important to note
that the structure of the model is also crucial in order to accurately model
the target process. The current section only deals with the estimation of
parameters assuming a predefined structure. The second part of this thesis
focus on the structural estimation of HMMs.

Estimating the parameters of a HMM appears to be a difficult problem
since the likelihood function is highly non-linear and non-convex. Instead of
trying to solve these non-linear equations®, Baum et al. have set up an iter-
ative hill-climbing procedure, the Baum-Welch algorithm, which guarantees
that the likelihood increases at each iteration and that it converges to some
local minimum?® of the likelihood function. Gradient-based techniques are
an alternative to Baum-Welch in order to maximize the likelihood. There is
a strong connection between the Baum-Welch algorithm and gradient-based
techniques since the Baum-Welch algorithm can be viewed as a gradient-
ascent technique with an automatic update rate selection [113]. Another
advantage of the Baum-Welch algorithm is that properness constraints are
automatically satisfied while additional constraints must be added when us-
ing gradient-based methods.

The Baum-Welch algorithm is an instance of the Expectation-Maximization
(EM) algorithm [36]. In a few words, EM finds the maximum likelihood esti-
mates of the parameters p of a joint distribution P[O, H|p|] when the variable
H is unobserved (H is a latent or hidden variable). In our case, the observed
variables are the symbols generated by the emission process {O;}; and the
hidden variables are the states reached by the hidden process {X;}; also
called the hidden path. The parameters to estimate are the initial function
t(.), the transition function A(.,.) and the emission function B(.,.). EM
computes iteratively the parameters p that maximize E [log(P[O,H | p]) | O].
Each EM iteration involves two steps: (i) the computation of the conditional
expectation of the latent variables given the last parameter values p'~! and
the partial observations Oy, (ii) the maximization of the parameters pt given
the conditional expectation of the latent variables.

4We are referring here to the KKT optimality conditions merely stating that the partial
derivatives of the Lagrangian with respect to the model parameters must be zero at the
optimum.

5In fact, a global optimum of the likelihood can be reached but there is no guaranty.
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Expectation step

As mentioned earlier, the hidden variables are the states reached by the
process while generating the observed sequence. Let us introduce useful
auxiliary variables deriving from the hidden variables:

e N(q,q') : the number of times the process goes from state g to state
e
q inH,
e V(q,a) : the number of times the process reaches state ¢ and emits a
in H,
e S(g) : the number of times the process starts in state q.
Conditional expectation of N(q,q'): The variable N (q, ") can be decom-
posed as a sum of indicator variables : N(q,¢') = Zt KX =4, X =

q}. Therefore the expectation of N(q,q'), denoted by N(q, "), can be com-
puted as follows:

-1
N(g,¢)=E[N(¢,¢)|s] = B |> HXep1=d,X;=q} S] (2.24)
t=0
-1
= PXip1=¢, Xi=q]s] (2.25)
t=0

The probability P[X:11 = ¢/, X: = ¢| s] can be readily obtained using the
forward and backward variables:

a(q,t) Alg,q') B(d',st41) B(¢ st +1)

> gqeq(a:t) Alg, ¢') B(d',se41) B(d, t+1)
(2.26)

The numerator computes the probability to generate s.; while reaching state

q then to perform the transition ¢ — ¢’ and to emit s;;1 and finally to gen-

erate s;y1. from ¢’. The denominator normalizes this expression in order to

get a proper probability measure. The expected number of times the process

transits from state q is N(q,.) = Zq’EQ N(q,q").

P X1 =¢, Xy =q|s] =

Conditional expectation of V(g,a): The variable V (¢, a) can be decom-
posed as Zi:o KX, = q,0;, = a}. The expectation of V(q,a), denoted by
V(gq,a), is obtained as follows:

l
Vig,a)=E[V(g,a)|s] = > PlX;=qO0;=als] (227
t=0
_ Z{t |lst:a} a(Q7 t)ﬁ(% t) (228)
im0 (g, t)B(q,t)
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The expected number of times the process reaches state ¢ is V(q,.) =
> acs V(g,2). It should be noted that the difference between N(g,.) and
V(gq,.) is that N(q,.) does not take a possible occurrence of ¢ as the last
state of a path into account.

Conditional expectation of S(g): the variable S(gq) can be restated as
S(q) = I{Xy = q}. The expectation of S(q), denoted by S(q), is computed
as follows:

qls] = 1(9)B(q,50)8(q,0)
>geq @) B(g,50)8(q,0)

(2.29)

Maximization step

Once the expected values of the auxiliary variables have been computed, the
maximum likelihood estimators of the model parameters are

N(%q,) B(q, a) — L;Ei) and L(q) = g(Q)

Yyeo N(@d) > aes V(g a)
(2.30)

for all ¢,¢' € Q and for all a € ¥. The Expectation and Maximization steps
are iterated until convergence of the likelihood function.

Ag,q) =

Unlike for the likelihood computation, both recurrences, forward and
backward, are required in the Baum-Welch algorithm. Indeed, computing
the expected number of times a transition ¢ — ¢’ is used while generating a
sequence s requires to know the probabilities to generate s.; while reaching
q (forward recurrence) and to generate s;. while leaving from ¢’ (backward
recurrence), for each time index 0 < ¢ < [. For this reason, the Baum-
Welch algorithm is also known as the forward-backward algorithm. The time
complexity is ©(|s| n:) per iteration where n; is the number of transitions
in the model. The Baum-Welch algorithm is presented here for a single
training sequence s. It can be readily adapted in order to deal with a sample
of training sequences (see [107]). Furthermore, improvements have been
proposed in order to face numerical issues due to the numerous products of
probabilities in the forward and backward recursions (see [107] and erratum

126)).
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Kernel methods

For the last decade, kernel methods have become one of the most important
and challenging fields of research in the machine learning community. In
a few words, kernel methods denote learning schemes making solely use of
the data through dot products between instances. The kernel trick aims at
substituting the classical dot product by a function called a kernel. Doing
so allows one to apply the considered learning method in a suitable space,
called the feature space, induced by the kernel. For instance, linear meth-
ods such as the perceptron can be performed in a possibly non-linear feature
space. Beyond non-linear data mapping, the use of kernels enables one to
deal with structured data which are not lying in a vector space, e.g. strings,
trees or graphs. Kernel methods are used in this thesis in order to solve
sequence classification problems (see part III). Several kernels for strings
are reviewed in chapter 6. In chapter 7, we propose an original kernel based
on First Passage Times (FPT) between occurrences of substrings. Support
Vector Machines (SVM) are one of the most important kernel methods and
are closely related to the statistical learning theory introduced by Vapnik
[130]. Basically, a SVM is a binary classifier computing the maximal margin
hyperplane in the space induced by a kernel. There are extensions of SVM to
handle regression, ranking and outlier detection problems. Learning a SVM
from data amounts to solve a convex optimization problem. Therefore, one
is guaranteed to find the global optimum of the objective function, i.e. the
hyperplane having the largest margin. Another advantage is that the num-
ber of parameters to learn is linear in the number of training instances and
independent of the dimension of the input space. This makes the method
suitable to handle high-dimensional data. This chapter is organized as fol-
lows. Section 3.1 reviews the basis of the statistical learning theory which
gives theoretical foundations to the generalization ability of large margin
methods. Section 3.2 provides definitions and properties about kernel func-
tions and positive definite matrices. Finally, section 3.3 introduces the SVM

47
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for binary classification problem. Connection with the statistical learning
theory are highlighted in subsection 3.3.4. Practical implementation issues
are briefly reviewed in subsection 3.3.5.

3.1 Statistical learning theory

In this section, we review the basis of the statistical theory introduced by
Vapnik [130] . We focus on binary classification problems where we have a
training set consisting of n learning instances (also called learning examples)
{(x1,91),.. ., (®n,yn)} where x; is an instance living in some input space X
and y; € Y = {—1,+1} denotes its class or its label. The data are assumed
to be independently and identically drawn (i.i.d.) from some unknown but
fixed probability distribution P[X,Y]. The objective is to select a decision
function (also called a classifier) f : X — Y from a class of functions F in
order to predict the label of new instances.

3.1.1 The functional and empirical risks

In order to measure the performance of a classifier, one classically uses a
loss function Err : X x Y x Y — [0,00) such as the zero-one loss function
defined as follows:

Brrop(@,y, /(@) = 51f(@) —y (31)

This function returns 0 if the prediction f(x) and the true label y agree and
1 otherwise. Computing the expectation of this loss function over the joint
distribution P[x,y] defines the functional risk:

1

Rifl = [ 31f(@) =yl dPle.y (32)
XxY

In other words, the risk corresponds to the probability of misclassification.

The optimal decision function f°P! is the one with the lowest risk.

foP = arg min(R([f]) (3.3)
fer

Unfortunately, the minimization of the functional risk requires to have the
complete data distribution P[z, y] which is not available in practice. Instead,

one can compute the average of the loss function over training data, which
is called the empirical risk:

Remplf) = = 37 517 (@) — ui (34
=1
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One of the major results of statistical learning theory states that it is mean-
ingless to select f € F as the minimizer of the empirical risk without ad-
equately restricting the class of functions F. Intuitively, if f can be any
function X — ), a perfect mapping of the training examples to their la-
bel behaving randomly over other instances, would have an empirical risk
equal to zero. However, the obtained classifier has not learned anything
but the training data. Its functional risk, i.e. its expected prediction error
rate, will be large. On the other hand, if F is too poor, the classifier might
approximate inaccurately the true mapping to be learned, leading to large
empirical and functional risks. This is classically known as the bias-variance
or overgeneralization-overfitting trade-off.

3.1.2 Capacity, VC dimension and VC bounds

The Vapnik-Chervonenkis (VC) theory allows one to bound the functional
risk while knowing only the empirical risk and the capacity of the func-
tion class F. Intuitively, the capacity of a class of functions measures the
complexity of the boundaries it defines or, in other words, its ability to sep-
arate a set of points into two regions'. Classical capacity functions are the
shattering number and the VC dimension.

Definition 29 (Shattering number) The shattering number of a set of
functions, denoted by N(F,n), is the number of ways the functions in F
can separate a set of n points into two classes.

The maximal number of ways a function class F can separate a set of
n points is 2". In this case, we say that the set of functions F shatters the
n points. The maximal number of points hy ¢ that can be shattered by a
function class F is called the VC dimension of F.

Definition 30 (VC dimension) The VC dimension of a function class
F, denoted by hyco, is the mazimal number of points that can be shattered
by F.

To illustrate this point, let us consider the VC dimension of the class of
linear functions in R%. One can observe in Figure 3.1 that linear functions
in R? can shatter a set of three points, eventough it cannot shatter any
set of three points. In contrast, there is no set of 4 points in R? that can
be shattered by this class of functions. Consequently, the VC dimension of
linear functions in R? is 3. More generally, the following proposition applies
to hyperplanes defined in R™.

!The capacity presented here is related to classification problems. Extensions of this
notion also apply to the regression setting.
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Figure 3.1: A set of 3 points which is shattered by the class of linear
functions in R?. Filled points are classified as positive (i.e. +1)
while non-filled points are classified as negative (i.e. -1).

Proposition 4 The VC dimension of hyperplanes in R™ isn + 1.
Proof. see [19].

This proposition is important for the Support Vector Machines (SVM)
presented in section 3.3 since it is a linear classifier performed in a possibly
high-dimensional feature space. We will see that the high VC dimension of
such hyperplanes can be controlled by maximizing the margin between the
two classes.

Using the VC dimension, one can derive a confidence interval for the
functional risk which holds with a probability 1 — §:

RIf] < Remplf] + \/ % (hvc (an” + 1) + mé) (3.5)

hve

It is important to note that the VC bound (3.5) does not rely on the data
distribution P[z,y]. However, this bound is not tight and therefore, min-
imizing the bound does not necessarily minimize the true functional risk.
Tighter bounds such as the span bound [131] rely on the geometrical con-
figuration of the training points. The term under the square root is called
the confidence term. Letting the number of training points tend to infinity
makes the confidence term vanish and therefore the functional risk is only
bounded by the empirical risk. For a fixed amount of training points, the
confidence term can be decreased by considering a function class F with a
low VC dimension hyo. However, choosing a poor class F may lead to a
large empirical risk Repp[f]. Therefore, to minimize the bound (3.5), one
has to pick a function having a low empirical risk, from a function class with
a reasonable capacity.
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3.1.3 Structural risk minimization and regularized risk

Model selection, i.e. the selection of the hyperparameters? of a learning
algorithm, can be done using VC bounds by performing the so-called Struc-
tural Risk Minimization (SRM). First, let us note that in the bound (3.5),
the empirical risk is related to a single function while the confidence term
is related to a function class. The core of SRM is to define nested func-
tion classes F; of increasing VC dimensions. For each function class, the
empirical risk is minimized. The optimal model is chosen as the one which
minimizes the considered VC bound.

The optimization theory and statistics [14] propose an alternative point
of view to this kind of problems, which is known as reqularization. The main
idea is to add an extra term to the objective function in order to penalize
complex or non-smooth solutions. In our context, this amounts to minimize
the empirical risk regularized by a penalty term p(f) preventing to use a
function from class with a too high capacity. This objective function is called
the regularized risk:

n

1 1

Ryeglf] = n212!f<xi> il + D p(f) (3.6)
1=

The constant D allows one to tune the importance of the empirical risk

versus the complexity of the solution. In section 3.3.3, it will be shown that

SVM actually optimizes a relaxed regularized risk.

3.2 Kernels and positive definite matrices

In this section, we review fundamental definitions and properties about ker-
nel functions. Basically, a kernel is a function X x X — R which measures
the similarity between two instances. Kernels can be thought of as a di-
rect generalization of the dot product between two vectors in the Euclidean
space. More precisely, a function k£ : X x X — R is a kernel if it corresponds
to the dot product in some Hilbert space® G:

k(z,z) = ((z), 2(2))

2A hyperparameter is a parameter which is not learned/estimated from the training
data. In the case of the Support Vector Machines (SVM, see section 3.3), the hyperpa-
rameters are the kernel function k(.,.) and additionally the regularization constant C' for
soft-margin SVM (see section 3.3.3).

3 A Hilbert space is a space endowed with a dot product and with the norm deriving
from this dot product.
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Figure 3.2: A mapping function ®(.) making the instances linearly
separable.

where ®(.) is a function X — G such that ®(x) maps the instance x into
a Hilbert space G also called the feature space. Learning algorithms mak-
ing solely use of the data through dot products between instances can be
kernelized by replacing the dot product between instances by a kernel func-
tion. The consequence of this substitution is that the learning method is no
longer carried out in the input space X but in the feature space G. Figure
3.2 illustrates the benefits of such a mapping. In the input space X = R?,
the instances cannot be separated by a linear function while in the feature
space G = R3 they can be separated by a plane. This plane however corre-
spond to an ellipsoidal function in the input space. The kernelization also
known as the kernel trick allows one to perform a linear method in a pos-
sibly non-linear mapping or embedding of the data. A SVM computes the
hyperplane with the largest margin (see definitions 33 and 34) in the feature
space induced by a kernel. In general, the number of dimensions of the fea-
ture space G can be very high or even unbounded. Consequently, computing
the dot product in such a space can be intractable in practice. Fortunately,
in many cases, one can compute the dot product in the feature space via
some efficient closed form without mapping explicitly the data points into
the feature space.

Although kernel functions are relatively new in the field of machine learn-
ing, they were initially studied by mathematicians almost one century ear-
lier. A necessary and sufficient condition for a function to be a valid kernel
has been provided by Mercer [91]. In order to state this result, let us intro-
duce the notions of Gram matrix and positive definite matrix. The Gram
or the kernel matrix is an n x n matrix K such that k;; = k(x;, z;), i.e. the
matrix containing the kernel evaluation for any pair of training instances.
Positive definite matrices are introduced hereafter.
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Definition 31 A symmetric matriv K € R™ "™ such that, for all vector
v e R"”
vIKv >0 (3.7)

is called a positive definite (PD) matrix*.

Equivalently, a symmetric matrix K is PD if and only if all its eigenvalues are
positive. A PD matrix K is a kind of “square” since it can be decomposed as
K = (UAY?)(UAY?)T where AY/? is a diagonal matrix containing the square
root of the eigenvalues of K and U is an orthogonal matrix containing the
associated eigenvectors of K stored in columns. Furthermore, PD matrices
form a convexr cone: if K; and K9 are two PD matrices of the same order
then aKq + bK> is also PD for all a,b > 0. The Mercer condition is stated
hereafter.

Theorem 5 (Mercer’s condition) The function k(.,.): X x X - R isa
kernel if and only if for all ®1, ..., x, € X

K= (k(w’u xj))i,j:l,...,n

s a positive definite matrix.
Proof. see [95].

If a function k£ : X x X — R satisfies the Mercer condition, then it corre-
sponds to a dot product function into some Hilbert space G. Consequently,
it enjoys the three fundamental properties of the classical dot product:

o Positivity : k(x;,x;) >0
e Symmetry : k(xz;, x;) = k(xzj, ;)
e Cauchy-Schwartz : k(z;,z;)? < k(z;, x;) k(z;, x;)

The distance between two instances x; and x; in the feature space induced
by a kernel k(.,.) can be computed as follows:

@ (i) — By = /s, 20) — (i, 2)) + b, @)

The Mercer condition does not provide any information about the underly-
ing kernel mapping or feature space. In fact, the mapping is not unique. A
valid mapping can be constructed by using the notion of Reproducing Kernel
Hilbert Space (for more information, see [115]).

Classical kernels on vectorial data are reviewed hereafter.

4For the sake of conciseness, a positive/negative definite matrix actually denotes a
semi-positive/semi-negative definite matrix in this thesis.
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e Linear kernel: k(x;, z;) = (z;, ;)

Polynomial kernel: k(z;,z;) = ({(x;, z;) +¢)¢ with ¢ >0 and d € N

e Gaussian kernel: k(z;, z;) = exp(||z; — z;|?/o?) with o # 0

Sigmoid kernel: k(x;, x;) = tanh(a(x;, ;) +c) witha > 0and ¢ < 0

The linear kernel simply corresponds to the dot product in the input space.
Hence, the mapping function ®(.) is the identity function. The polynomial
kernel with ¢ = 0 maps the data points to the space of all monomial of
degree d. For instance, if the input space is X = R? with axes (x1,22)
then the axes of an induced feature space are (x%, V2z1 29, x%) Using c=1
maps the data to the space of all monomials up to degree d. The feature
space induced by the Gaussian kernel is somewhat particular as it is an in-
finite dimensional space. In fact, the Gaussian kernel maps an instance to a
Gaussian function representing the similarity of the considered instance to
all possible instances in X. The ¢ parameter allows one to tune the width of
the Gaussian function. Using a large ¢ makes an instance similar to many
other instances (even if they are far away) while letting o tending to zero
makes an instance only similar to itself. In the latter case, the Gram matrix
tends to the identity matrix. It should also be noted that the instances are
on a unit ball (since k(z;,x;) = 1 for all ; € X') and are located in the
same orthant of the feature space (since k(x;, ;) > 0 for all z;,x; € X).
The use of the sigmoid kernel allows one to implement a Multiple Layer
Perceptron (MLP) having one hidden layer, with a SVM. The number of
hidden units in the hidden layer is automatically chosen as it corresponds
to the number of so-called support vectors (see section 3.3.2). However, the
SVM objective function does not correspond to the squared error function
used traditionally with MLP. Unlike the other kernels presented here, the
sigmoid kernel is actually not (semi-)positive definite but good results are
obtained in practice [115].

New kernels can be composed from existing kernels satisfying the Mercer
condition. Let k1 (.,.) and ka(.,.) denotes two Mercer kernels, a € R} and K
a positive definite matrix, then the following functions are also valid kernels:

o k(x,z)=ki(x, z)+ ka(zx, 2)
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Figure 3.3: A linear classifier g(x) = (w,x) + b in the input space
X =R

These compositions directly derive from the properties of PD matrices (i.e.
positive eigenvalues and convex cone) discussed above.

Beyond non-linear mapping, the use of kernels allows one to handle non-
vectorial data such as graphs, trees and sequences [118]. Chapter 6 reviews
classical kernel on strings whereas chapter 7 introduces a new string kernel
based on First Passage Times (FPT) features. These kernel are used with
SVM in order to perform discrete sequence classification.

3.3 Support Vector Machines (SVM)

3.3.1 Definitions

This section reviews SVM in the context of supervised binary classification.
A SVM implements a linear function g : X — R :

g(x) ={(w,z) +b (3.8)

where w € X and b € R are the parameters of the linear function or hy-
perplane. An instance x is classified according to the sign of g(.), i.e. the
decision function is f(x) = sgn(g(z)). This point is illustrated for X = R?
in Figure 3.3. The w vector defines the slope of the hyperplane while the
bias b translates the hyperplane from the origin by an Euclidean distance
equal to b/||w||.
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The notion of margin is one of the core components of SVM and is
closely related to Vapnik’s statistical theory. Before formally introduce the
definition of the margin, let us define the separability of a set of instances.

Definition 32 (separability of a set of instances) A set of n instances
(x1,y1), - -, (Tn,yn) is separable if

JweX beR:y((w,z;)+b) >0 Vi=1,...,n

That is, a set of points is separable in the input space X if there exists a
hyperplane such that the two half-spaces it defines only contain instances
from the same class. There are many algorithms to compute such a hy-
perplane, the most famous being the Perceptron algorithm [110]. To make
things easier, we will first assume that our training data are separable. The
non-separable case is addressed in section 3.3.3. Let us now introduce the
functional margin of an instance with respect to an hyperplane.

Definition 33 (functional margin of a single instance) The functional
margin of an instance (x;,y;) with respect to the hyperplane (w,x;) +b =0
18

yi({w, z;) +b)

The geometrical margin of an instance x; is obtained by dividing its func-
tional margin by [Jw]||. It corresponds to the signed® Euclidean distance
from «; to the closest point of the hyperplane. In the sequel, we will simply
use the term “margin” to denote the geometrical margin. The margin of a
hyperplane with respect to a set of instances is defined as follows:

Definition 34 (geometrical margin of a hyperplane) The geometrical
margin of a hyperplane (w,x) + b = 0 with respect to a set of n instances

(1,91), ., (Tn,yn) is

That is, the smallest margin over all the instances in the set. Given a
training set (x1,y1),- .., (€n, Yn), a SVM computes the hyperplane that has
the largest margin. This hyperplane actually bisects the smallest segment
joining the convex hulls of the two classes. This situation is depicted in
Figure 3.4. In order to maximize the margin, it is convenient to impose that
the closest instances from the hyperplane have a functional margin equal to

5If a; is wrongly classified, the margin is negative.
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<w,x>+b=+1

<wx>+b=-1 "

Figure 3.4: The two canonical hyperplanes and the convex hulls of
a binary dataset in the input space X = R2.

1 in absolute value. That is, the closest positive and negative instances lie
respectively on the following canonical hyperplanes (see also Figure 3.4):

(w,z)+b = 1 (3.9)
(w,z)+b = -1 (3.10)

The geometrical margin of the hyperplane, in absolute value, is now sim-
ply m Hence maximizing the margin can be performed by minimizing

||lw]|. The relation between the margin maximization and statistical learning
theory is discussed in section 3.3.4.
3.3.2 Primal and dual formulation

Maximizing the margin of the hyperplane with respect to the training in-
stances can be casted as the following optimization problem:

QP1 Minimize ~ WP (w,b) = i|jw|?

s.t. y2(<w,:cz> + b) >1

This is a quadratic convex problem where the objective function is the square
of the inverse of the margin and where the constraints enforce that the train-
ing instances are well classified. The number of variables is the dimension
of w, i.e. the dimension of the input space X, plus one for the bias term.
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The dual formulation of QP1, presented hereafter, has two main advantages
over the primal: (i) the number of variables becomes the number of primal
constraints, i.e. the number n of instances in the training set and (ii) it
allows one to kernelize the algorithm. Let us note that the primal problem
QP1 is not readily kernelizable since the data are not used via dot product
of instances. However, it has been recently shown that the primal QP1 can
be reformulated in order to be kernelized [30]. To derive the dual of QP1,
let us introduce its Lagrangian:

1 n
L(w, b, a) = 5||w|\2 =) i [gi((w, @) + b) - 1] (3.11)
i=1
with «; € ]Rar for all i = 1,...,n. The «; variables are called the Lagrange

multipliers or the dual variables. Basically, one introduces the Lagrangian in
order to transform a constrained optimization problem into an unconstrained
one. Maximizing the Lagrangian with respect to the dual variables o defines
the so-called barrier function:

h(w, b) = rcrxl%}o(L(w’ b.a) = otherwise

) { WP (w,b) if y;((w,x;) +b) >1 Vi=1,...

(3.12)
That is, the barrier function exactly coincides with the objective function
of QP1 whenever the constraints are satisfied. If they are not, the barrier
takes an infinite value. This function is called a barrier since it prevents the
constraints to be violated. Consequently, one can solve the original problem
QP1 by minimizing the unconstrained barrier function h(w,b) :

P! = min max L(w, b, @) (3.13)
(w,b) >0

The notion of strong duality essentially amounts to exchange the min qy p)
and the maxq>o in equation (3.13) while preserving the optimal solution:

P! = min max L(w, b, &) = max min L(w,b,a) = d°?" (3.14)

(w,b) >0 a0 (w,b)

The function min(qy ) L(w, b, ) is called the dual objective function. The
strong duality holds for several classes of convex optimization problems in-
cluding our case: convex quadratic programming. Optimization techniques
such as Interior Point Methods (see section 3.3.5) solve the primal and the
dual forms of problems simultaneously. If the problem is only partially
solved (i.e. the global optimum has not yet been found), the duality gap
is defined as p' — d* where p' and d' are respectively the primal and dual
solutions at iteration ¢. By strong duality, this non-negative gap vanishes
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when the optimal solution is attained. A fundamental result from the dual-
ity theory is the Karush-Kuhn-Tucker conditions for optimality. In the case
of convex and differentiable problems, it provides sufficient and necessary
conditions for a solution to be globally optimal.

Theorem 6 (KKT for differentiable convex problem [71, 77]) Let
CP1  Minimize WP (w)

s.t. {c(w) > 0 Vi=1,...,n

be a continuous optimization problem where WP'(.) and ¢;(.) for all i =

1,...,n are convex and differentiable functions. The Lagrangian is defined
as follows:
L('w, a) Wpr Z Olzcz
where o is a n-dimensional vector such that a; >0 fori=1,...,n. The
solution wP! is the minimizer of CP1 if-and-only-if there exists a®Pt such
that :
O L(w® opt) = OwW™(w opt Zal&wc opt 0 (3.15)
Oo; L(wP' @) = ¢;(w) <0 (3.16)
afP c;(wPt) = 0 Vi=1,...,n (3.17)

The two first conditions states that the optimal primal-dual pair (w°*, a°P?)
defines a saddle point of the Lagrangian function. The last condition stated
in equation (3.17) is called the complementary condition. It often provides
useful insights about the characteristics of an optimal solution. It states
that either the constraint is not active, i.e. ¢;(w) < 0 and the associated
dual variable o; = 0, or the constraint is active, i.e. ¢;(w) = 0 and «; is
positive. A physical interpretation of the Lagrange multipliers can be given:
it measures how much the solution pushes against the constraints. The KKT
conditions for the SVM problem QP1 are detailed hereafter:

OwL(w,b, o) = w-— Z:Ozlyla:Z = 0 (3.18)
OpL(w, b, ) = Z ;Y = 0 (319
Oa, L(w, b, o) = —yl(<w, xi)+b)+1 < 0 (3.20)

ai(yi((w,z) +b)—1) = 0 Yi=1,....,n (3.21)
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Interestingly, equation (3.18) allows one to reformulate the primal vector w
with dual variables:

w = Zaiyia:i (3.22)
i=1

By substituting (3.22) into the Lagrangian defined in equation (3.11), one
obtains:

1 n
Lw,b,a) = g{w,w)~ > ai[yi((w, @) +b) — 1]
= 5 Z Yiyj i (Ti, Tj) — Z yiyjoioy (@i, ) + Zai
i,j=1 i,j=1 i=0
n 1 n
— Zai — 5 Z yiyjaiaj<mi,a:j>
=0 ij=1

(3.23)
It is important to note that the Lagrangian now only depends on dual vari-
ables since the remaining bias term b has been canceled out in equation
(3.23). Consequently, the inner minimization over w and b in the left part
of equation (3.14) has disappeared, leading to the following dual problem:

QP2 Maximize Wdl(a) = Z?:O o — % ZZj:l YiYj i <$i, 32j>

s.t. { 2im1 0iyi =0

041'20 Vi=1.n

This is again a convex quadratic problem but this time with n variables
instead of dim(X’) + 1 variables, and with n + 1 constraints. Each dual
variable «; is associated to a primal constraint, or in other words, to a
training instance. As discussed above, a dual variable «; is strictly positive
when the associated primal constraint is active, i.e. when the i-th instance
lies on a canonical hyperplane. These particular instances are called Support
Vectors (SV). Typically, the number of SV is by far below the number of
training instances. The separating hyperplane only depends on SV and
the reformulation w = ;" | osy;@; is often referred to as the sparse SV
expansion of the hyperplane. Another very important characteristic of QP2
is that it can directly be kernelized by substituting (x;, ;) by k(x;, ;).

QP3 Maximize Wdl(a) = Z?:O o — % ZZj:l yiyjaiajk(mi, mj)

s.t. 2ic1 iyi =0
(67 > 0 Vi=1..n
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As shown above, the solution of the dual SVM problem does not explic-
itly provides the hyperplane bias b. This bias can however be recovered as

follows:
_ maxy,— 1 ((w, ;) + maxy,— 1 ((w, z;))

b= 3.24
' (3.24)
where (w,x;) = 27:1 a;yjk(x;, ;). Finally, the linear function imple-
mented by a SVM is now reformulated as follows:
g(m) =) aik(m, ;) + b (3.25)
i=1

The decision function used to classify new instances is f(x) = sgn(g(x)).

3.3.3 Soft-margin SVM

In section 3.3.1, we made the assumption that our data were linearly sep-
arable. In this section, we detail how to compute the maximal margin
hyperplane when this assumption does not hold. We distinguish here two
reasons why the data may not be linearly separable.

First, the class of functions F (see section 3.1) implementable by our
classifier may be too poor to adequately model the decision function to
be learned (also called the target function). For instance, if the target
function is quadratic, in general, one will not be able to perfectly separate
the instances with a linear function. To circumvent this point, one can use
a kernel bringing the instances in some richer feature space (for instance by
considering a polynomial kernel with a higher degree or a Gaussian kernel
having a tighter width) allowing one to represent the target function linearly.

The second reason why the data may not be separable is the presence
of noise. Even tough one is working in a feature space allowing one to rep-
resent the target function, the noise on the features or on the labels can
prevent from perfectly separate the training instances. A direct solution to
face this problem is to work in an even more complex feature space making
the data separable. However, doing so amounts to learn the noise present
in the data, what can clearly lead to overfitting problems. Furthermore,
from the statistical learning viewpoint, using a more complex feature space
increases the VC dimension of the classifier. Consequently, the functional
risk of the classifier is also likely to increase (see the VC bound presented in
equation 3.5).

In order to deal properly with non-separable data, one should allow train-
ing instances to be misclassified (i.e. outliers) or to lie inside the margin. To
do so, one can relax the constraints of QP1 enforcing the training instance
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Figure 3.5: Soft-margin SVM and associated slacks

to be correctly classified, by introducing positive slack variables & and a
penalization term in the objective function:

OP1 Minimize WP (w,b, &) = %HU’HQ + Cu(€)
¢ yi((w,e) +b) >1-& i=1,...,n
o &>0 i=1...n

The v(€) term introduced in the objective function is used to penalize solu-
tions presenting many training errors. The constant C is called the regular-
ization constant® It allows one to tune the relative importance of minimizing
the training error versus maximizing the margin. For any feasible solution
(w, b, £), misclassified training examples have an associated slack value of at
least 1. The situation is illustrated in figure 3.5. Hence, it seems natural to
chose a function counting the number of slacks greater or equal to 1 as pe-
nalization function v(.). Indeed, with C' = 1/n, the penalization term would
be equivalent to the empirical risk (see equation 3.4). Unfortunately, the
optimization of such a function combined with the margin criterion turns
out to be a mixed-integer problem known to be NP-hard [115]. In fact, two
approximations of the counting function are commonly used: v(&) = > 7" | &
(1-norm) and v(€) = Y1 | &2 (2-norm). These approximations present two
peculiarities: 1) The sum of slacks related to examples inside the margin
might be considered as errors. 2) Examples with a slack value greater than
1 might contribute more than one error. However, the use of these ap-
proximations is computationally attractive as the problem remains convex,
quadratic and consequently solvable in polynomial time. In the sequel, we
will focus on the 1-norm alternative:

5The denomination “regularization constant” for C' is somewhat misleading since,
strictly speaking, the true regularization constant is actually D = ;1= and [|w||® is the

actual regularization term while v(£) is a loss term (see equation (3.28)).
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QP4 Minimize WP (w,b, &) =w|>+CY1, &
s.t.

yi((w,z;)) +b) >1-& i=1,....n
§& >0 i=1,...,n

The next proposition shows that the term > | & is closely related to
the empirical risk presented in section 3.1 (see equation 3.4).

Proposition 5 Let (w,b,€) be a solution satisfying the constraints of QP4.
The following bound holds for the empirical risk on the training set:

I~ 1 1 —

Remp[f] = EZi‘f(wi)_yi’ < Ez& (3.26)
i=1 i=1

This result derives directly from the fact that if an instance x; is wrongly

classified, its associated slack value &; is at least one. The loss function

associated to this upper bound is called the hinge loss and is defined as

Errpinge(x,y, g(x)) = max(0,y.g(x)) (3.27)

Interestingly, one can make a connection between the optimization of the
regularized risk (see equation (3.6)) and the soft-margin SVM. The soft-
margin SVM actually optimizes a modified version of the regularized risk,
Rye%[ f], where the empirical risk is upper bounded by % >, & and where
the regularization term is the square of the inverse of the margin:

1 n
RigGlfl =~ &+ Dlw|? (3.28)
=1
where D = %

Like the hard-margin problem QP1, the soft-margin problem QP4 can
be dualized in order to reduce the dimension of the problem to the number
of instances and to introduce kernel functions. The dual form of QP4 is
given hereafter:

QP5 Maximize ~ W(a) = =3 31 viyjouask(mi, @) + Yo o

s.t. { iy iyi =0

0<a<C Vi=1l.n

The only difference with QP3 is that the Lagrange multipliers are now upper
bounded by C. Three kinds of instances can be distinguished according to
their dual variable «y:
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Figure 3.6: Left: A set of instances (the filled circle stands for a test
instance) in R? with the maximal margin hyperplane computed on
training instances. Right: the same set of instances with a hyper-
plane having a smaller margin.

1. a; = 0 : the instance is correctly classified and does not lie on a
canonical hyperplane. This kind of instance is called a non-SV.

2. 0 < a; < C : the instance is well classified and lies on a canonical
hyperplane, i.e. it is a SV.

3. a; = C : the example either lies in the margin or is misclassified. It
is considered as a SV (as it contributes to the SV expansion of the
separating hyperplane) but it is also referred to as an outlier.

3.3.4 Relation with statistical learning theory

In this section, we underline connections between the statistical learning
theory presented in section 3.1 and SVMs. First, let us consider a simple
example providing some intuition about why we should consider hyperplanes
with a large margin. The left and the right parts of Figure 3.6 show the
same set of instances living in R?. The filled circle is a test instance, not
present while learning the classifier. This set of points is clearly separable.
The left part of Figure 3.6 displays the maximal margin hyperplane learned
from the training instances. This hyperplane perfectly classifies the training
instances as well as the test instance (which falls inside the margin). In con-
trast, the right part of Figure 3.6 shows a hyperplane perfectly learned on
training instances, i.e. there is no misclassified training instance, but with a
smaller margin. One can observe that this hyperplane wrongly classifies the
test instance. To sum up, the margin acts like a “safety” region for the test
instances. A larger margin enables safer decisions as the instances can move
along a larger radius without being misclassified. Consequently, it offers a



3.3. Support Vector Machines (SVM) 65

better resistance to noise.

In section 3.1, it was shown that the VC dimension of a hyperplane
in R™ is n + 1. This result is rather pessimistic, in particular, when we
are working in a high-dimensional feature space induced by a kernel (see
section 3.2). However, we are not considering any hyperplanes, but those
with the largest margin. It is a subclass of linear functions which has its
own VC dimension. The following theorem makes the connection between
the margin and the VC dimension.

Theorem 7 (VC dimension for bounded margin hyperplanes [130])
Let Fayy = {{w,z) = 0} denotes the class of unbiased hyperplanes such that
the closest instances from the hyperplane have a functional margin equal
to 1. The VC dimension hyc of the function class Fay with ||w| < A is
bounded by

hyo < R?A?

where R is the radius of the smallest sphere enclosing all the training in-
stances centered at the origin.

Let us point out the following important remarks about the preceding the-
orem:

e The bound on the VC dimension, often called the radius-margin bound,
is inversely proportional to the square of the geometrical margin 1/||wl||.
Hence, one can control the VC dimension (which itself is related to the
generalization ability, see equation 3.5) by maximizing the margin.

e Interestingly, this result is independent from the dimension of the in-
put/feature space where the data live. One can control the VC dimen-
sion even in a very high dimensional space, circumventing the curse of
dimensionality.

e There are extensions of this theorem including biased hyperplanes and
using finer informations about the geometrical configuration of the
instances in the space instead of the radius of the smallest enclosing
hypersphere [115].

The relation between SVM and structural risk minimization (SRM) is
now investigated. SRM optimizes a VC bound (for instance, see equation
(3.5)) by minimizing the empirical risk over nested function classes of in-
creasing VC dimensions. Let us restate the function class that can be im-
plemented by a SVM once the kernel k(.,.) and the regularization constant
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C have been selected:

Fro = {f(il:) = sgn (Z ayik(x, ;) + b>

0<a; <C, i:1,...,n}
=1

(3.29)
It consists of linear functions, i.e. hyperplanes, defined in the feature space
G induced by the kernel. According to proposition 4, the VC dimension
of hyperplanes in R is m 4 1. This result would prevent one to work in
a high-dimensional feature space as the capacity could not be controlled.
Fortunately, another result by Vapnik (see theorem 7) directly relates the
VC dimension to the margin of hyperplanes. Minimizing (a bound on) the
VC dimension can be performed by maximizing the margin. Importantly,
this result is independent from the dimension of the feature space.

Inside a function class F ¢, SVM selects a function minimizing an upper
bound on the empirical risk (see equation (3.28)) and belonging to a subclass
with a controlled VC dimension (by maximizing the margin). In this sense,
one can consider that SVM approximates the SRM at the level of the hyper-
plane parameters. This point is illustrated in Figure 3.7. A complete SRM
procedure would also take place at the hyperparameters (i.e., k(.,.) and C)
level. Unfortunately, such a procedure is difficult to apply in practice for
the following reasons: (i) the nested subclasses of increasing VC dimensions
are not straightforward to define, especially when considering structurally
different kernel functions (e.g. the polynomial and the Gaussian kernels)
(ii) according to the number of function subclasses, it may become com-
putationally intractable. In practice, the hyperparameters are often chosen
using a regular cross-validation procedure. Alternatively, Chapelle and Vap-
nik [31] have proposed to select the model selection by performing a gradient
descent over the radius-margin bound (see theorem 7) with respect to the
hyperparameters. In [22], we proposed to perform model selection according
to the Fj3 measure, combining precision and recall, which is better suited in
case of unbalanced data. A potential drawback of such techniques is that
the radius-margin bound is not convex with respect to the hyperparameters
and, therefore, the gradient descent procedure is likely to get trapped into
local minima. The regularization constant C' can be tuned without having
to explore all values in a range by computing the regularization path [60]. It
allows one to train a SVM for all possible values of C' at a similar computa-
tional cost than a standard SVM. Another approach [79] attempts to learn
the hyperparameters at the training time using Semidefinite Programming
(SDP). For instance, it can learn the weights of a linear mixture of kernels
as well as the regularization constant C' when the Iy norm is considered for
the slack variables (see section 3.3.3). To the best of our knowledge, this
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Structural Risk Minimization
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Figure 3.7: SVM in the context of the structural risk minimization.
Nested function classes F; ,?C of increasing VC dimensions are defined
according to the hyperparameters, i.e. the kernel k(.,.) and the
regularization constant C'. For fixed hyperparameters (i.e. inside
one of these function classes), SVM computes a function minimizing
an upper bound on the empirical risk and belonging to a subclass
with a controlled VC dimension (by maximizing the margin).

technique only works in a transductive setting, i.e. when the test instances
are known (without their labels) at training time.

3.3.5 Implementation

Convex quadratic problems such as QP2 and QP5 are well-known in the
continuous optimization community [14]. They can be solved using off-the-
shelf optimization packages such as LOQO [129], SeduMi [122] or MOSEK
[4]. These softwares rely on Interior Points Methods (IPM) which simulta-
neously solve the primal and dual forms of the considered problem. This is
done iteratively until the duality gap (i.e. the difference between the primal
and dual objectives) has vanished, which means that the optimal solution
has been found. At each iteration ¢, the primal and dual variables are lin-

earized, i.e. wf = wf_l + Aw; and oz§ = ag_l + Aq;, and a relaxed” KKT

"The complementary KKT conditions are relaxed such that the product of the primal
constraints with their respective Lagrange multiplier needs not to be null but below a
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system (see section 3.3.2) is solved for the update variables Aw; and Aq;.
The primal-dual pairs (w?, ') obtained at each iteration ¢ define a path of
feasible solutions which is called the central path. The relaxed KKT sys-
tem can be solved using a predictor-corrector strategy. In a few words, the
predictor step solves the relaxed KKT system while ignoring the quadratic
terms (i.e. products of update variables). Then, the corrector step substi-
tutes the obtained values into the quadratic terms (which are now considered
as constant) and resolves the system for the updates Aw; and Acq;. This
technique is simple to implement (no derivatives of the functions are re-
quired) and provides accurate results whenever the updates are small. The
linear system involved in the predictor and corrector steps can be efficiently
solved using numerical routines such as the Cholesky decomposition [104],
in a time complexity O(n3) where n denotes the number of dual variables
or training instances. More details about IPM can be found in [129] and a
specialized code for solving the SVM classification problems is proposed in
[20].

Even though IPM are efficient to solve quadratic problems, the cubic
time complexity required at each iteration does not allow one to solve prob-
lems having more than a few thousands variables (i.e. training instances).
However, in machine learning, one has often to face larger datasets such
as, for instance, the MNIST dataset for optical character recognition which
contains 60,000 training instances.

In order to improve the training efficiency, one can take benefit from the
particular form of the SVM problems. In many cases the solutions of QP2
and QPS5 are very sparse, i.e. there are many dual variables «; = 0, since
the number of support vectors is generally by far below the total number
of training instances. Therefore, a significant speed-up would be made if
one could only optimize the variables which will eventually be non-zero, i.e.
support vectors. This statement is the main motivation of chunking or de-
composition methods. In such techniques, the set of variables is split into
a working set containing variables to be optimized, and a fized set contain-
ing frozen variables (i.e. considered as constants). The chunking methods
consist in iteratively building working/fixed sets and to solve the related
subproblems until the KKT optimality conditions are satisfied. There are
several chunking strategies. The first, proposed by Osuna [100], selects the
active variables randomly and, after having solved the subproblem, it keeps
the variables related to SV in the working set for the next iteration. Using
this strategy, the size of the working set tends to grow at each iteration, mak-

prescribed threshold. At each iteration, this threshold is decreased, leading eventually to
the original KKT system.
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ing the procedure quite slow because of the cubic time complexity of IPM
solvers. In contrast, another strategy proposed by Joachims [69] considers a
fixed size working set containing typically 10 variables. The active variables
are selected according to the gradient of the objective function. This tech-
nique, implemented in SVMZ9"  decreases significantly the training time,
allowing one to deal with dataset containing about 10° instances.

Fixing the working set size to 2 defines a particular case of chunking
called Sequential Minimal Optimization (SMO) [102]. In this case, the sub-
problems can be solved analytically, without requiring a numerical solver.
Furthermore, the memory requirements are very low since the maximal
memory footprint is about the size of the training set. The working set
selection criterion is equivalent to the gradient-based criterion applied to
this particular case. In practice, SMO, implemented in libSVM [29], offers a
performance almost as good as the chunking strategy proposed by Joachims.

Other implementation improvements include shrinking and kernel caching.
The shrinking amounts to virtually remove variables from the problem. Typ-
ically, when a dual variable is associated to a non-SV («; = 0) or to an outlier
(ovy = C) for several iterations, the variable is removed from the problem.
A potential issue of this technique is that the KKT conditions do not guar-
antee anymore that the original problem (i.e. containing all the variables)
is solved. Therefore, when an optimal solution is found, one has to check
if the complete KKT conditions are satisfied. In the case they are not,
one has to reintroduce the shrinked variables and to restart. The kernel
caching is especially important when the evaluation of the kernel function
is a computational burden. In chunking methods, when the working set has
been selected, the Gram submatrix relative to active instances is required
to solve the considered subproblem. Kernel caching amounts to save the
kernel evaluations in a fixed memory bunch. Available Gram entries can be
reused during next chunking iterations without having to recompute them.
When the kernel cache is full, one has to discard kernel entries in order to
store the more recent ones. The discarded entries should be selected such
as the number of cache miss, i.e. the number of times a Gram entry must
be (re)computed, is minimized. In most of the SVM implementations, the
discarded entries are selected according to the Least Recently Used (LRU)
criterion. More details about the efficient implementation of SVM can be
found in [115] and [20].
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Chapter 4

An overview of HMM
induction techniques

This chapter reviews some important techniques to the structural induction
of Hidden Markov Models (HMMs). We distinguish here three kinds of
approaches: (i) methods performing structural induction through parameter
estimation (ii) techniques based on state merging or state splitting and (iii)
approaches optimizing a discriminative criterion rather than the likelihood
or a maximum a posteriori (MAP) criterion.

Methods based on parameter estimation apply to a fixed input graph. If
no prior knowledge about the model structure is available, a fully connected
graph is usually considered. After parameter fitting, useless transitions are
trimmed off from the model. For instance, one can apply the Baum-Welch
algorithm (see section 2.3.3) on a fully connected graph and trim transitions
with a small probability. A more sophisticated technique due to Brand [16]
maximizes a MAP criterion with entropic priors enforcing the sparseness of
parameters.

State merging techniques start with a model overfitting the training se-
quences (typically containing many states) and successively merge “com-
patible” states in order to improve the generalization ability of the model.
The ALERGIA [26, 27] and MDI [125] algorithms apply to Probabilistic
Deterministic Finite state Automata (PDFA) which form a proper subclass
of HMMs [45]. These techniques essentially differ on the definition of “com-
patible” states. The former technique merges states having a close suffix
distributions while the second technique merges states leading to a small
divergence increase relatively to the model size reduction. Some learnability
results about probabilistic automata (and HMMs) are also discussed. The
Bayesian state merging due to Stolcke et al. [121] is perhaps the most refer-
enced work in the field of HMM induction. In contrast with ALERGIA and
MDI, it applies to the general class of HMMs. It maximizes a MAP criterion
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with Minimum Description Length (MDL) priors on the structural param-
eters (e.g. the number of states) and Dirichlet priors on the multinomial
distributions related to transition and emission probabilities. State splitting
techniques start with a small initial model and iteratively split states in or-
der to improve the fit to the training data. In this context, a technique has
been proposed by Ostendorf [99] to learn left-to-right HMMs. First an ini-
tial model is estimated with the Baum-Welch algorithm. At each iteration,
a state is split into two new states so as to maximize the expected likelihood
on a constrained subset of the parameters.

All the preceding techniques aim at modeling the generative process of
the training sequences. Alternatively, HMMSs can be specifically trained to
be used in a discriminative setting such as sequence classification or sequence
labeling. In this context, we briefly overview techniques optimizing the con-
ditional likelihood and methods relying the maximization of a margin.

This chapter is organized as follows: section 4.1 reviews induction tech-
niques through parameter estimation including Baum-Welch applied on fully
connected graphs (subsection 4.1.1) as well as the technique proposed by
Brand based on entropic priors (subsection 4.1.2). Section 4.2 reviews meth-
ods relying on state merging and state splitting. More precisely, subsection
4.2.1 presents the ALERGIA and MDI algorithm, subsection 4.2.2 details
the Bayesian state merging algorithm due to Stolcke et al. and subsection
4.2.3 reviews the maximum likelihood state splitting technique proposed by
Ostendorf. Section 4.3 presents an overview of some discriminative learn-
ing techniques, including methods optimizing the conditional likelihood or
a margin-based criterion.

4.1 Structural induction by parameter estimation

This section presents structural induction techniques relying on the estima-
tion of parameters. In such approaches, an initial model with a prescribed
topology is estimated and the probabilistic parameters with a small mag-
nitude are trimmed off from the model. Section 4.1.1 presents the Baum-
Welch algorithm applied to fully connected graphs while section 4.1.2 details
the MAP estimation of parameters with an entropic prior biasing towards
parameter extinction. Parameter trimming and extinction are two related
but distinct notions. Trimming structurally removes a parameter of small
magnitude whereas extinction numerically pushes a probabilistic parameter
towards a null probability during the estimation. Consequently, extinction
supports the trimming of parameters.



4.1. Structural induction by parameter estimation 75

4.1.1 Baum-Welch on fully connected graphs

The most direct way of performing HMM induction is to apply the Baum-
Welch algorithm (see section 2.3.3) to a fully connected graph. The es-
timated model remains fully connected since Baum-Welch is an iterative
procedure unable to set parameters exactly to zero. Let us recall that
Baum-Welch only finds a local maximum of the likelihood function. Abe
and Warmuth [1] have shown theoretically that maximizing the sample like-
lihood globally is not feasible in polynomial time. Let us however point out
that this result states that the time complexity is non-polynomial in the size
of the alphabet which is often considered as constant in practical problems.
In order to effectively learn the model structure with Baum-Welch, one has
to structurally remove (i.e. set to zero) parameters of small magnitude.
Several alternative trimming procedures can be defined. We detail here the
implementation, called STRUCTBW, used in the induction experiments pre-
sented in section 5.6. The pseudo-code of STRUCTBW is given in Algorithm
1. Tt takes three input parameters: (i) a training sample S, (ii) a set N
of increasing model sizes to test and (iii) a number n, of random initializa-
tions of the probabilistic parameters. The outer-most loop iterates on the
model sizes. First, a fully connected graph having ng states is obtained us-
ing the function fullMeshed. The Baum-Welch algorithm is applied on this
structure using n, random initializations for the probabilistic parameters;
the parameters leading to the best log-likelihood are kept. The inner loop
is concerned with transition trimming. The transition having the smallest
probability is trimmed by the function trimSmallest and the model is nor-
malized accordingly. The Baum-Welch is applied on the trimmed model
with the current parameter values (no random initialization is used here).
The obtained model is kept if the sample likelihood is not decreased. The
trimming procedure is iterated until a transition removal causes a likelihood
decrease. The algorithm returns the estimated models for all considered
sizes. The optimal model size is selected as the one offering the largest like-
lihood while applied to an independent validation set of sequences. Other
criteria, not requiring a validation set, can be considered for selecting the
optimal model size, the most popular being the Akaike’s Criterion (AIC)
[2] and the Bayesian Information Criterion (BIC) [116]. Both criteria are
instances of the following formula to be maximized:

log(P[S | p]) — D |p| (4.1)

where |p| denotes the number of probabilistic parameters of the model. The
AIC is instantiated by setting D = 1 while the BIC is obtained by setting
D = log(|S])/2. The first term of formula (4.1) denotes the log-likelihood

of the sample S with respect to a model parametrized by p. The second
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Algorithm STRUCTBW
Input: e A training sample S

e A set Ny of model sizes

e The number n, of restarts for Baum-Welch
Output: A collection of HMMs: Hi, ..., Hy,

11
for ngs € Ns do
G; « fullMeshed(ns)
H;, <« BauwWelch(G;, S, n,)
Lik; < 1likelihood(H;,S)
repeat
Likj,ss <« Lik;
Hypp  «— trimSmallest(H;)
Himp <« BauwWelch(Hypp, S)
Liktyyp <« likelihood(Himyp, S)
if Likyypy > Lik; then
L H; — Htmp

le‘z — Liktmp

until Liktmp Z Liklast;
L t«—1+1
return Hq,... ,H|NS‘

Algorithm 1: The Baum-Welch algorithm performed on fully con-
nected graphs with transition trimming.
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term of formula (4.1) aims at penalizing complex models, i.e. models with
numerous parameters. In this sense, these criteria can be thought of as
regularization (see section 3.1.3).

In section 5.4.2, we argue that applying Baum-Welch on a fully con-
nected graph is poorly suited in order to model long-term dependencies.
This phenomenon is observed in the experiments presented in section 5.6.

4.1.2 MAP estimation with entropic priors

Brand [16] proposes a method for estimating parameters and discovering
the structure of probabilistic models with hidden states, HMMs being a
particular case. To do so, an entropic prior on the parameters of multino-
mial distributions is proposed. This prior pushes the parameters towards
deterministic values (i.e. 0 or 1). Consequently, the obtained models are bi-
ased towards sparsity. The estimation procedure relies on the EM algorithm
where the M-step is replaced by a MAP estimation including the entropic
priors. Doing so, weakly supported parameters are iteratively driven to
extinction and surviving parameters approach their maximum likelihood es-
timate. At each step, the posterior probability of the model given the data
is monotonically increased. Additionally a trimming procedure is proposed
to structurally remove, before convergence, parameters that would asymp-
totically decay to zero. We review here the building blocks of this approach,
i.e. the definition of the entropic prior, the MAP estimate of parameters
and the trimming procedure.

Let Py denote a multinomial distribution parametrized by 8 = (01,. .., 0k).
The parameter ; defines the probability that the i-th outcomes occurs and
Zle f; = 1. The entropic prior for the parameters 0 is defined as follows :

k k
P [0] e_H(e) = exp (Z 0; log 0i> = H 91-6" (4.2)
i=1

i=1

where H(0) = — Zle P[6;]log(P[#;]) denotes the Shannon entropy applied
to the multinomial distribution Pg. The entropic posterior of the model
parameters given the observations is provided by

k
Pert[0 | €] o Plc| 8] Peny[0] = [ ] 077 (4.3)
i=1

where ¢ is a k-dimensional vector such that ¢; is the number of times the i-th
outcome was observed. The MAP estimate of the parameters 6 are obtained
by maximizing the log of the entropic posterior (defined in equation 4.3) with
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respect to 8 and subject to Zle 0; = 1. To do so, one defines the following
Lagrangian (see section 3.3.2) :

k k
L(6,a) = log (H glioﬁcz-) +a (Z 0; — 1) (4.4)

i=1 i=1

Where a € RT is a Lagrange multiplier enforcing the constraint Zle 0; = 1.
As this Lagrangian is not convex, the KKT conditions (see theorem 6) only
allow one to characterize local optima. Setting the partial derivative of
L(0, ) with respect to 6; to zero yields:

05, L(0, o) = % tlog(6;) +1+a=0 (4.5)

Doing so for all the partial derivatives 0y, L(0, ), with ¢ = 1,..., k, defines
a system of independent transcendental' equations. Such a system is solved
here using the Lambert function [35] W(.) satisfying the functional map-
ping W(y) exp(W(y)) = y which implies that log(W(y)) + W (y) = log(y).
Defining y = €% and an additional variable z € RT, one obtains

—W(e*) —log(W(e*)) + x + log(z) — log(z) = 0

— —W(e") +log(z/W(e")) + = — log(z) =0 (0
Defining x = 1 + a + log(—¢;) and z = —¢;, equation (4.6) becomes
—W (—c;ie' ™) + log (fci/W(fcieHo‘)) +14+a=0 (4.7)
Consequently, setting
b = VV(—_TC;H&) (4.8)

defines a solution to equation (4.5). Equations (4.5) and (4.8) define a fix
point for the Lagrange multiplier «. This yields an iterative procedure for
jointly computing 8 and «. This procedure amounts to repeat the two fol-
lowing steps until convergence: (i) given the current value of a compute
0 using equation (4.8) and (ii) given the new 6 compute « using equation
(4.5). In practice, convergence is fast and takes typically 2-5 iterations.

The MAP estimation relying on entropic priors is substituted to the M
(maximization) step in the EM algorithm. The vector ¢ of counts does not
directly correspond to observations but to the conditional expectations (i.e.
the expected number of times the parameters are triggered given the data)

! A transcendental equation is an equation containing non-polynomial terms.
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computed in the E (expectation) step of the EM. Additionally, a procedure
is proposed to structurally remove irrelevant parameters. In a few words, a
parameter 0; can be trimmed whenever the likelihood loss is compensated
by a gain in the prior. A simple test, assuming a small value of 8;, can
be computed using the partial derivative of the log-likelihood function: the
parameter #; can be trimmed if

6; < exp(dy, log(P[S | 9))) (4.9)

where P[S | 6] denotes the likelihood of the sample S given the model pa-
rameters 8. When applied to HMMs, the MAP parameter estimation with
parameter trimming defines a structural induction technique. As for Baum-
Welch, the main drawback of this technique is that it only considers mod-
els having a fixed number of states. Consequently, one has to perform a
complete training for several model sizes and select the optimal size by val-
idation. On the other hand, entropic priors are applied independently to
all sets of multinomial parameters in the model while the relations between
parameters should be captured using multivariate entropic priors. Finally,
a bias towards sparse structures may be inappropriate to model processes
with an underlying graph containing dense regions.

Recently, another induction technique [84] using entropic priors has been
proposed. This method aims at determining the number of states of left-
to-right HMMs. The MAP parameter estimation relies on a Deterministic
Annealing (DA) technique rather than on the Lambert function. It also as-
sumes that sequences have been generated along their most probable path,
the Viterbi path. One can think of DA as a simulated annealing procedure
where the stochastic simulations on the energy surface are replaced by ex-
pectations. The algorithm is started with an initial model having a large
number of states, an initial temperature and a cooling scheme for the an-
nealing procedure. At each iteration, the parameters are MAP reestimated
according to the current temperature and every merging of state pairs de-
creasing the free energy are applied. In contrast with the approach of Brand
[16], this technique is only concerned with finding the correct number of
states, consequently no transition trimming is applied. The temperature is
then updated according to the cooling scheme. The procedure is iterated
until the temperature raises some lower threshold value. Parameters are
finally reestimated for a null temperature.

4.2 State merging and splitting

This section presents induction techniques relying on states merging/splitting
operations. In contrast with methods based on parameter estimation, these
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techniques do no apply to fixed size models. Section 4.2.1 presents the
ALERGIA and MDI algorithms which induce Probabilistic Deterministic
Finite state Automata (PDFA). Section 4.2.2 describes the Bayesian state
merging algorithm due to Stolcke which applies to the general class of
HMDMs. Section 4.2.3 presents the maximum likelihood technique proposed
by Ostendorf et al.

4.2.1 The ALERGIA and MDI algorithms

The ALERGIA [26, 27] and MDI [125] algorithms are structural induction
techniques for learning Probabilistic Deterministic Finite state Automata
(PDFA) with final probabilities, from a learning sample. A PDFA is a
PNFA (X,Q, ¢, ) (see definition 25) such that

VgeQ, VaeX:|{¢ €Q|olg,aq)>0}<1 (4.10)

That is, the outgoing transitions from each state g € @ are labeled with
distinct symbols. Consequently, one defines d(q,a) as the unique successor
of state ¢ reached when triggering the transition originated in ¢ and labeled
with a. In the sequel the shorthand ¢(q,a) stands for ¢(q,a,d(q,a)). In
[26, 27] and [125], PDFA are considered with final probabilities in order to
predict the end of sequences. Equivalently, we will consider here PDFA with
a dummy final state gy that can be reached from any state ¢ € ) using a
silent transition ¢(q,e,qs) where € denotes the empty sequence. In [45],
it is shown that distributions generated by PDFA form a proper subset of
distributions defined by PNFA. Since PNFA are equivalent to HMMs (see
section 2.2), these induction algorithm do not apply to the general class
of HMMs. Both algorithms can be formulated as instances of the generic
state merging scheme presented in Algorithm 2.  First an initial model,

Input: e A learning sample S
e A precision parameter p

Output: A PDFA PA
PA — PPTA(S)
while (There is a compatible candidate pair) do

(q1,q2) <selectStates(PA)

if compatible(qi,qo, 1) then

| PA «merge(PA,q,q)

return PA

Algorithm 2: A generic state merging induction algorithm.
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State | | a|Db | aa State | (e,a) | b | aa State | (e,a,aa) | b

Count | 5|23 ]| 1 Count 7 3] 1 Count 8 3

:0.24
£ 4:10

b: 0.38
1.0 C

a: 0.38

PA = PPTA(S) PA =nmerge(PA,c,a) PA=nmerge(PA, e, a),aa)

Figure 4.1: Left: the Probabilistic Prefix Tree Automaton (PPTA)
built from the sample S = {a,aa,b,b,b}. Center: the PNFA re-
sulting from merging states labeled € and a in PPT A(s). Right: the
PDFA resulting from the determinization by merging. The counts
C(.) relative to the states are displayed above each model.

called a Probabilistic Prefix Tree Automaton (PPTA) is constructed from the
sample S. The PPTA is a tree-shaped automaton representing efficiently the
sample’s distribution by factorizing common prefixes in .S. The probability
of a sequence s in the sample S is simply the relative frequency of s in
S. A PPTA constructed from the sample S = {a, aa,b,b,b} is depicted in
Figure 4.1. Probabilities displayed above states stand for the probabilities
of transition to the final state gy which is not explicitly represented here.
Each state ¢ is labeled with the unique prefix sequence generated/observed
while reaching ¢. To each state ¢ € @ is associated a counter C(q) € N°
providing the number of times state ¢ is attained while generating/observing
the sample S. These counters are used during merging operations as well as
in the compatibility test implemented in the compatible function.

At each iteration, two states in the current model are selected for merg-
ing. The order in which candidate pairs are probed is defined by the
selectStates function. The branches of PPTA(S) are first sorted ac-
cording to the standard order on strings (i.e. shorter sequences first then
the alphabetical order is applied), as in Figure 4.1. Candidate pairs (i, j),
where state j is a predecessor of state i, are returned following this order.
For instance, the ordered candidate pairs returned by selectStates ap-
plied to PPTA(S) are (a,¢),(b,¢), (aa, ), (aa,a) and (aa,b). The function
compatible tests whether two states should be merged according to some
statistical criterion and a precision parameter u. ALERGIA and MDI es-
sentially differ on the definition of this compatibility test. The compatible
function for both algorithms is detailed later on. Whenever the compati-
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bility test is satisfied for a pair (g1, ¢2), the current model is updated by
merging g1 and g2 into state ¢ such that

Clq)o(q1,a,¢) + Clq2)P(q2,2,¢")
Clq1) + Clg)

If the resulting model is no longer a PDFA (i.e. constraint (4.10)) is violated
when the resulting structure is non-deterministic), the merging operation is
recursively applied to the successors of ¢ until the “determinism constraint”
(4.10) is satisfied. This operation is called determinization by merging. The
center part of Figure 4.1 shows the PNFA resulting from the merging of
states € and a in PPTA(S). This model is no longer a PDFA as there
are two transitions labeled with a originated from state (¢,a). Therefore,
the determinization by merging is applied, which consists of merging states
(¢,a) and aa. The resulting model is depicted in the right part of Figure
4.1. The algorithm is iterated until all the candidate pairs in PPT A(s) have
been considered. The total number of candidate pairs is in O(|PPT A(S)|?)
where |PPTA(S)] is the number of states in the PPTA.

V¢ € Q,Vae X : ¢(q,a,q):

(4.11)

In ALERGIA, the compatible function implements a test derived from
the Hoeffding bound [62]. Formally, two states ¢; and g2 are p-compatible
(0 < p < 1) if the two following conditions hold for all a € ¥:

1.2 1 1
[9(q1,2) — (g2, 2)| < iln; <\/C(q1) + \/C(q2)> ; (4.12)

d(q1,a) and 0(ge, a) are p—compatible. (4.13)

Condition (4.12) defines the compatibility between each pair of transitions
outgoing respectively from state ¢; and gp. Condition (4.13) requires the
compatibility to be recursively satisfied for every pair of successors of these
states®. Finally it should be noted that, in the case of small finite samples,
state pairs with very low counts can be wrongly considered compatible. To
face this issue, Young-Lai and Tompa have introduced some refinements to
the compatibility measure [139].

The compatible function used in the MDI algorithm [125] is detailed
hereafter. MDI aims at inducing PDFA while trading off minimal divergence
from the training sample distribution and minimal automaton size. It can
be considered as a Bayesian learning method. Indeed a possible solution

2If a successor state is undefined for the transition function §, condition (4.12) can be

rewritten for the other successor ¢’ as follows: ¢(q’,a) < 4/ % In %( m), VYa € 2.
q
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with null divergence is PPT'A(S). It is also a maximum likelihood model
built from the learning sample. On the other hand, favoring small automata
corresponds to an increased prior probability associated to a reduced au-
tomaton size. Trading off both effects is thus equivalent to maximizing the
posterior probability of the model given the training data. Let us assume
that PAg = PPTA(S), PA; is a temporary solution and PAj is a tentative
new solution that can be derived from PA; by a merging operation. States
q1 and ¢o are p-compatible if

Dir(PAy, PAy) — Dir,(PAg, PAy)
|[PA1| — [P Ay

where | PA| denotes the number of states of PA and Dk (., .) is the Kullback-
Leibler divergence [86] defined as D1, (P1, P2) = > cq P1le]log(Pile]/ Pale]).
That is, PAs is the new temporary model if the divergence increment rela-
tive to the automaton size reduction is less than u. An efficient computation
of the divergence increment resulting from a merging is presented in [125].

(4.14)

We now briefly mention learnability results concerning probabilistic au-
tomata. The ALERGIA algorithm has been slightly reformulated under the
name RLIPS to identify in the limit with probability one the class of prob-
abilistic languages generated by PDFA [27]. This identification framework
essentially requires the induction technique to find exactly the structure of
the target machine in finite time. In contrast with RLIPS, MDI has not
been proved to identify distributions generated by PDFA. However, empiri-
cal results in the domain of language modeling show that MDI outperforms
ALERGIA [125]. Recently, it has been shown that the class of distributions
generated by PDFA is efficiently learnable in the Probably Approximately
Correct (PAC) framework [33]. Learning results are often harder to obtain
in this framework as it imposes the induction technique to run in a polyno-
mial time of (the inverse of) parameters of a probabilistic bound and of the
number of parameters defining the target distribution. The positive PAC
learnability result for PDFA requires to define two extra parameters charac-
terizing the sample complexity: (i) a bound on the expected sequence length
and (ii) a bound on the distinguishability between states.

The class of distributions generated by PNFA (strictly including dis-
tributions generated by PDFA) has been shown to be identifiable in the
limit with probability one [37]. However, according to the results of Abe
and Warmth [1], there exists no efficient algorithm for learning this class of
distributions. Let us recall that PNFA and HMMs model the same class
of distributions (see section 2.2), hence these learning results also apply to
HMMs. Besides, a recent work [56] has shown that even more general mod-
els, called Multiplicity Automata (MA), have interesting learning properties.
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MA are relaxed PNFA such that the numerical parameters take their values
in R rather than in [0, 1], furthermore, stochastic or properness constraints
need not be satisfied. MA can generate probabilistic languages (or equiva-
lently distributions on ¥*) called Rational Stochastic Languages (RSL). This
class of languages strictly includes languages generated by PNFA. Further-
more, such languages admit a canonical representation from which follows
an efficient learning algorithm called DEES. This technique identifies in the
limit RSL but the intermediate languages, obtained before identifying the
target, need not define proper distributions on strings (see definition 24).
In practice, even if the target language is probabilistic, DEES can return
a non-probabilistic language as the learning sample may be insufficient to
exactly identify the target. These non-probabilistic languages are called
Pseudo-Stochastic Languages (PSRL). The authors of [56] propose a tech-
nique for converting such a language into a probabilistic one but it is not
guaranteed to be a RSL. Another serious drawback of this approach is that
one cannot decide whether two MA define the same PSRL. Experimental
results show the superiority of DEES with respect to the ALERGIA and
MDI algorithms.

4.2.2 Bayesian state merging

In contrast with preceding merging techniques, the Bayesian state merging
algorithm due to Stolcke [121] applies to the general class of HMMs rather
than to PDFA. This target class is more general than PDFA since the dis-
tributions generated by PDFA are properly included in the distributions
generated by HMMs. In his thesis [121], Stolcke proposed several alter-
native induction techniques. We review here the technique applied in his
experimental work. The Bayesian state merging method is initialized with a
trivial model Hy consisting of linear paths; each one representing a training
sequence in the sample S. Given a sequence s € S, its representing path
in Hy contains |s| states and the emission probability of each state is 1 for
the corresponding symbol. Additionally, an initial silent?® state qq leads to
the first state of each path with probability 1/[S| and the last state of each
path is connected to a final silent state q; with probability one. Such an
initial model constructed from the sample S = {abbab, baba} is displayed
in Figure 4.2.

3A silent state is a state emitting no symbol.
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Figure 4.2: The initial model in the Bayesian state merging algo-
rithm applied on the sample S = {abbac, baba}.

In the sequel, p denotes the probabilistic parameters of the model while
Hg denotes its structure, i.e. its transition graph. The objective of the
learning algorithm is to maximize the posterior log-probability of the model
structure given the training sample (formally presented later in equation
(4.20)). The prior for a model H is defined as a combination of priors
for the probabilistic parameters and for the global model structure: P[H] =
P[Hg|P[p|Hg|. For each state ¢ € @, the outgoing transition probabilities as
well as the emission probabilities define multinomial distributions. A natural
prior for such distributions is the Dirichlet distribution. The Dirichlet prior
over the parameters 6 of a multinomial distribution Pg is defined as follows

k
PlO |y = @H%""‘l (4.15)
=1

where 1) is a k-dimensional vector defining the parameters of the Dirich-
let distribution and b(.) is the k-dimensional beta function (for an accurate
implementation of the beta function see [104]). The parameters 1 of the
Dirichlet prior defines a prior bias on the multinomial parameters such that
E [0; | ¥] = 1i /110t Where thior = Zle ;. Interestingly, the Dirichlet distri-
bution is a conjugate prior for the multinomial distribution. In other words,
its functional form? is the same as the likelihood function for multinomial
distributions. The induction algorithm takes benefit from this property in
computing the posterior of a model structure. This computation requires
to integrate the product of the multinomial likelihood function and of the
Dirichlet prior over all possible values of 8. This integral can be computed
in closed form as follows:

/GP[C 01P[6 | wldo = NEEY)

b(6)

where ¢ is a k-dimensional vector such that ¢; is the number of times the
i-th outcome has been observed. While performing a MAP estimation of a

(4.16)

4More precisely, the functional form of the numerator.
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multinomial parameter 6; from counts ¢, the effect of the Dirichlet prior is
equivalent to adding 1; — 1 virtual count(s) to ¢;, provided v; > 1:
. . 1
0; = ,fz + ¥ (4.17)
=16t —1

Using 0 < 9; < 1 adds a bias towards the extreme values 6; = 0 or 6; = 1
while using ¢; = 1 for all ¢ = 1,..., k defines a uniform prior and the MAP
estimate becomes equivalent to the maximum likelihood estimate. In his
experiments, Stolcke defines ¢,y = 1, leading to a bias towards non-uniform
multinomial distributions. All the multinomial distributions defined within
a model are considered to be independent. Consequently, the prior of the
probabilistic parameters given the model structure is the product of the
priors for all multinomials in the model:

Plp| Hs] = HPOIw (4.18)
GHS

where 1(0) returns the parameters of the Dirichlet priors related to the
multinomial parameters 8. The structural prior P[Hg]| is defined according
to the Minimum Description Length (MDL) principle as

PlHs) = [ QI+ 1)@ (|5 + 1)@ (4.19)
q€Q

where n4(q) and n.(q) are respectively the number of outgoing transitions
from state ¢ and the number of distinct symbols emitted by g with a strictly
positive probability. This prior adds a bias towards small models as for the
MDI algorithm.

The induction algorithm iteratively merges state pairs until reaching a
local maximum of the log-posterior of the model structure given the sample:

log(P[H | S)) = log(P[S | Hs]) + D log(P|Hs]) (4.20)

where P[S | Hg] is the likelihood of the sample S given the model structure
and D is a hyperparameter, called the global prior weight, defining the rel-
ative importance of the structure prior versus the likelihood. An intuitive
interpretation of this hyperparameter can be given by multiplying® the right
part of equation (4.20) by 1/D: log(P[Hgs]) + log(P[S | Hs]'/”). The quan-
tity 1/D acts as a “data multiplier” and consequently |S|/D is the effective

SMultiplying the objective function by a positive constant has no effect on the maxi-
mization.
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sample size. This hyperparameter is particularly useful when the induc-
tion algorithm is applied online. In such a case, the training sequences are
successively presented to the algorithm. The importance of the likelihood
should become progressively higher as the model estimation relies on more
data. To do so, Stolcke proposes to fix the effective sample size to a given
value. Consequently, the parameter D is implicitly decreased as more se-
quences are available. The probability P[S | Hg] of the data given the model
structure is obtained by integrating the product P[S | Hg, p|P[p | Hs] over
all possible values of the probabilistic parameters p:

P[S| Hs] = / P(S | Hs.p] Plo| Hsldp (4.21)
p

Such an integral is very difficult to compute in practice. To circumvent this
issue, two assumptions are made: (H1) sequences are generated along their
Viterbi path (see section 2.3.2) and (H2) Viterbi paths remain unchanged
by a modification of the probabilistic parameters p. We should note that
the second assumption is somewhat crude as the Viterbi path related to a
sequence is mostly determined by the probabilistic parameters along that
path. The integral (4.21) can be approximated by

Pis | Hel ~ [ /0 Plc(6) | 01P(6 | :(6)]d6 (4.22)
OcHg

where ¢(0) denotes the counts relative to the multinomial parameters 6. The
inner integrals can be computed in closed form by applying formula (4.16).
At the beginning, the counts are equal to one for the parameters present
(i.e. having a strictly positive probability) in the initial model. Thanks to
assumptions (H1) and (H2), these counts are readily updated: when two
states q1 and ¢o are merged into state g, the counts associated to g are ob-
tained by summing up the counts relative to ¢; and ¢o. At each iteration,
all pairs of states are considered as candidate for merging. The candidate
model leading to the largest improvement of the objective function is kept.
The algorithm is iterated until the objective function is no longer improved.

This induction algorithm has several issues. First, at each iteration,
O(|Q|?) candidate pairs for merging have to be evaluated. If the training
sample contains numerous sequences, the early stages of the algorithm may
be very slow. To circumvent this issue, Stolcke proposes an online alternative
to his technique. The sequences are presented to the algorithm in small
batches, typically containing from 1 to 10 sequences. For each sequence in
the batch, a linear path is added to the model as depicted in Figure 4.3.
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S

O OO

Figure 4.3: The Bayesian state merging due to Stolcke applied online.
Here, a batch of two sequences {bab, abba} is added to the current
model. Filled states denote states of the current model while unfilled
states are associated to the new sequences.

Merging operations are carried out until finding a maximum of the ob-
jective function and a new batch of sequences is presented to the algorithm.
This procedure is iterated until the complete sample is exhausted. The
global prior weight is implicitly defined by fixing the effective sample size
to a prescribed value, preventing overgeneralization at early stages. An-
other technique to reduce the computational cost is to only allow merging
of states emitting the same symbol at the early stages of the induction. If
this constraint is maintained till convergence, the resulting model is a Par-
tially Observable Markov Model (POMM, see section 5.2). Another possible
issue can happen when the stopping criterion (i.e. the objective function
is no longer improved) is triggered too early, as sometimes several merging
operations are required to improve the posterior of the model structure. To
face this problem, the stopping criterion is modified to trigger after a fixed
number of steps during which no improvement has been made.

4.2.3 Maximum likelihood state splitting

This section presents the maximum likelihood state splitting induction al-
gorithm due to Ostendorf and Singer [99]. This approach mainly focuses
on the automatic design of left-to-right models with continuous emission
densities, typical in speech recognition. This work extends a previous state
splitting technique [123] for allophone modeling. However, it can readily
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Figure 4.4: State splitting in the maximum likelihood state split-
ting algorithm due to Ostendorf et al. [99]. Left: state ¢ with its
neighbors before splitting. Center: state ¢ and its neighbors after
a contextual split. Right: state ¢ and its neighbors after a temporal
split.

be applied to the case of discrete emissions considered in this thesis. An
initial model topology is defined and parameters are estimated using the
Baum-Welch algorithm (see section 2.3.3). States are then iteratively split
in order to maximize the likelihood of the training sequences. The model
estimation is solely driven by the likelihood maximization as no priors on
the model structure or on parameters are defined. At each iteration, a state
q is split into two new states g; and ¢o. T'wo kinds of splitting operations,
called here splitting types, are considered: (i) contextual split (displayed in
the center part of Figure 4.4) and (ii) temporal split (pictured in the right
part of Figure 4.4). Note, that in a left-to-right structure the predecessors
and the successors of a state ¢ are necessarily disjoint. A contextual split
refines the dependencies between the predecessors and successors of state g
while a temporal split is used to adapt the process behavior along time in
the neighborhood of ¢. In addition, two constraints are imposed for a state
q to be split: (i) there must be a sufficient number of sequences flowing
through state ¢ to ensure reliable estimations of the parameters relative to
the resulting states ¢; and g2 and (ii) there must be a path in the model, the
length of which accommodates the shortest training sequence. It is impor-
tant to note that this structural induction technique is not totally general as
it cannot induce cyclic model, unless cycles were present in the initial model.
In contrast with a previous state splitting technique [123], the splitting type
is determined for each candidate state before the actual state to split is se-
lected. To do so, Ostendorf et al. propose efficient tests, not detailed here,
to determine the optimal splitting type for a given state. Hence, once the op-
timal state is selected, one already knows how to update the model structure.

The parameters of the model resulting from the split are estimated by
maximum likelihood. More precisely, the expected log-likelihood of the
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training sequences is maximized:

E [log(P[S,H]) | p] = > P[H| S, p]log(P[S, M| p])
H

= log H 1(q)5@ H B(q,a)V (@) H Alg, ¢V @)
qeQ acy q'eQ
= ) S(q)log(u(g)) + D> _Vl(g,a)log(B(g,2)) + Y N(g,¢)log(A(g,q))
q€Q aEY 7€Q
(4.23)

where H denotes the paths along which the observations S are generated,
and S(q),V(q,a) and N(q,q') denote respectively the expectations of the
number of times the parameters ¢(q), B(q,a) and A(q, ¢') are triggered given
the training sequences, as defined in section 2.3.3. The form of equation
(4.23) allows one to easily determine the contribution of each state in the
expected log-likelihood. At each split, only the parameters affected by the
topology change, i.e. transitions from and to ¢;, g2 and the emission distri-
butions relative to these states, are (re)estimated using Baum-Welch. Fur-
thermore, additional constraints impose that the expectations S(.), V (.,.)
and N(.,.) relative to unaffected parameters remain unchanged. These con-
straints are more easily satisfied for left-to-right models since modifying the
parameters of a state ¢ does not affect the expectations relative to the pre-
decessors of ¢ (i.e. no retro-propagation loop has to be taken into account).
Consequently, the log-likelihood gain, used to select the state to split, is ob-
tained by subtracting the contribution relative to g (before being split) from
the cumulative contributions relative to ¢; and gs. The induction algorithm
is iterated until the likelihood gain falls below a user-defined threshold or
there are no more allowed states to split. The optimal model size is se-
lected on an independent validation set of sequences. Additional criteria
for state splitting, including a x? goodness-of-fit test as well as a Minimum
Description Length prior are presented in [120].

4.3 Discriminative induction techniques

This section presents an overview of some discriminative learning techniques
for HMMs or HMM-related models. Such approaches are typically used to
solve sequence classification or sequence labeling problems. In contrast with
the techniques presented above, the goal is not to model the generative pro-
cess of the data but to estimate models with a good discrimination efficiency.
Several discriminative criteria have been proposed including the Maximum
Mutual Information (MMI) [6], the Minimum Classification Error (MCE)
[70, 111, 61], the conditional likelihood [11, 65, 113] and margin-based crite-
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ria [34, 127]. From the theoretical point of view, the conditional likelihood
criterion is perhaps the most appealing for classification since, according
to the Bayes decision theory, the optimal classification follows from max-
imizing this criterion. Subsection 4.3.1 discusses the maximization of the
HMM conditional likelihood. Besides, margin-based techniques and related
approaches such as conditional random fields are now considered as the state-
of-the-art in sequence labeling tasks. Such approaches are briefly overviewed
in subsection 4.3.2.

4.3.1 Conditional likelihood based techniques

The classical Baum-Welch algorithm and more generally EM attempt to
maximize the probability of the sample S given the model parameters p:
P[S | p]. This kind of estimation is interesting to shed light on how the
observations were generated. On the other hand, the estimated models are
frequently used in a discriminative setting such as sequence classification.
To do so, a model is estimated for each class y € ), hence maximizing
the joint probability P[S,Y | p]. Given a sequence s to classify, the class
having the largest posterior probability is predicted using the Bayes rule:
y* = argmax, P[s |y, p]Ply]. It is well-known that estimating the condi-
tional distribution P[Y | S, p] through the estimation of the joint distribu-
tion P[S,Y | p] yields often suboptimal discrimination results. In contrast,
discriminative techniques have been proposed to directly optimize P[Y|S, p].

The EM algorithm can be applied to maximize the conditional likeli-
hood [65], however, the Maximization (M) step has no closed form solution.
Consequently, this step has to be solved using a gradient ascent technique,
making the method computationally intensive. A recent work [113] pro-
poses a more tractable EM-based procedure for maximizing the conditional
likelihood. However, this speed-up is obtained by sacrifying the monotonic
increase of the conditional likelihood at each iteration. The authors provide
reestimation formula for the parameters of HMMs and show that their tech-
nique compares favorably with an extended EM algorithm [54] in sequence
classification problems.

Alternatively to EM-based techniques, one often resorts to gradient-
based algorithms (see [11]). As mentioned in section 2.3.3, these techniques
are not as simple as Baum-Welch as the learning rate has to be chosen
empirically. This inconvenience can be circumvented by using second-order
methods. However, such methods require to compute the inverse of the
Hessian matrix (containing the partial second derivatives of the likelihood
function at the current solution for all pair of variables), yielding a high
computational cost.
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4.3.2 Margin-based techniques

Several kernel methods have been proposed to model sequential processes.
These methods do not explicitly induce a HMM but they are based on
features inspired by HMMs and often resort to techniques such as the Viterbi
decoding (see section 2.3.2) typically used with HMMs. These techniques
mainly focus on the supervised label sequence learning problem: predict
a sequence of labels associated to an input sequence. Training instances
consist of pairs {(s,¥), ..., (s",yn)} where s’ is sequence of symbols (called
the input sequence) and y; is a sequence of labels (called the label sequence).
This setting is different from sequence classification where a single label is
predicted from an input sequence. Applications of such techniques include
Part-Of-Speech (POS) tagging, Named Entity Recognition (NER) and gene
finding, to name a few.

Several techniques to the label sequence learning problem have been pro-
posed including Conditional Random Fields (CRF's) [78], Maximum Entropy
Markov Models (MEMMs) [89], Perceptron reranking [34] and Max-Margin
Markov (M?3) Networks [124]. The basic commonality between these meth-
ods is that the label prediction at a given position can depend on past and
future features of the input sequence. Hidden Markov SVM (HMSVM) [3]
follows this line while adding the maximum margin principle as well as the
kernel trick. This work can be instantiated in the Structural SVM frame-
work proposed by Tsochantaridis et al. [127]. One of the key idea of this
approach is to define a discriminant function f(s) = argmax,cy{F(s,y) =
(w, ®(s,y))} where ) is an output space consisting of all possible label se-
quences, w is a weight vector defining the (primal) model parameters and
®(.,.) is a joint feature representation of inputs and outputs. As for SVM,
this explicit feature mapping can be avoided by using a kernel function
over joint input-output features. Two kinds of features are considered: (i)
features modeling interaction between the labels and the symbols of input
sequences and (ii) features describing local dependencies between the labels
along sequences. As for HMMs, the dependencies between labels (corre-
sponding to the dependencies between states in the hidden process (see
definition 21)) respect the order 1 Markov property, i.e. the prediction of
label at time ¢ only depends on the label at time ¢ — 1. This allows one to
compute the arg max,cy efficiently using a Viterbi-like decoding algorithm,
provided w is known. The notion of margin for an instance (s',y;) is de-
fined as v; = F(s',y;) — max,,, F(s',y). The maximization of the margin
amounts to finding a weight vector w, or equivalently a dual SV expansion
of w, that maximizes min; ;. Such a problem can be efficiently solved using
a cutting plane algorithm introducing successively constraints which corre-
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spond to the largest margin violations.

Another work [136] deals with the unsupervised label sequence learning
problem. In contrast with the previous setting, training data are solely made
of (unlabeled) sequence of symbols. A discriminative criterion based on
the margin maximization is informally defined as follows: strongly different
input sequences should be associated to widely separated label sequences.
The resulting problem turns out to be a convex optimization problem that
can be solved using Semidefinite Programming (SDP). Unfortunately, this
problem is very expensive to solve in practice. The authors of [136] propose
an approximation technique which substantially reduces the computational
cost but it is no longer guaranteed to find the global solution. Even using
this approximation, the learning technique can only deal with small datasets
(containing about 50 sequences) made of short sequences (containing about
10 symbols).

4.4 Summary and discussion

In this chapter, we have presented an overview of techniques for learning
Hidden Markov Models (HMMs). These models are more powerful than
standard MC as they can define unbounded dependencies while MC rely on
a bounded history of past events. This expressiveness increase makes these
models harder to train. The estimation of HMMs from data is twofold: (i)
the model structure, i.e. the number of states and the presence of transitions
between these states, has to be defined and (ii) the probabilistic parameters
of the model have to be estimated. The structural design is a discrete opti-
mization problem while the parameter estimation is continuous by nature.
The parameter estimation alone has been shown to be a hard problem [1].
In other words, the Baum-Welch algorithm for estimating these parame-
ters (see section 2.3.3) is only guaranteed to find a local maximum of the
likelihood function. In most cases, the model structure, also referred to as
topology, is defined according to some prior knowledge of the application do-
main. For instance, in speech recognition the left-to-right topology prevails
while a linear structure (i.e. a profile HMM) is frequently used to model the
primary structure of proteins. However, automated techniques for designing
the HMM topology are interesting as the structures are sometimes hard to
define a priori or need to be tuned after some task adaptation. Several
approaches towards this objective have been discussed.

A first strategy to learn the model structure relies on the estimation of
the probabilistic parameters. An initial model with a prescribed topology is



94 Chapter 4. An overview of HMM induction techniques

estimated, and the probabilistic parameters of small magnitude are trimmed,
i.e. structurally removed from the model. In this context, the simplest ap-
proach consists in applying the Baum-Welch algorithm on a fully connected
topology and in trimming transitions with small probabilities. Several model
sizes are considered and the optimal size is selected on validation data or
using a BIC or AIC criterion. This structural learning is far from optimal.
For each considered model size, the parameters have to be estimated from
scratch which can be highly time consuming. Moreover, we will see in sec-
tion 5.4 that the Baum-Welch procedure, applied on fully connected graphs,
is badly suited to model long-term dependencies.

A more sophisticated technique, due to Brand [16], estimates the pa-
rameters in a MAP setting including entropic priors. These priors strongly
bias the model towards sparsity. That is, weakly supported parameters are
numerically pushed to very small probabilities and can then be trimmed off
from the model. The same prior distribution is applied to all the multinomial
parameters in the model. This can be inappropriate if the target model has
an underlying graph with variably dense regions. Moreover these priors do
not take the possible relations between the model parameters into account
as they are applied independently. A recent work [84] also uses entropic
priors to learn of left-to-right HMMSs. This technique attempts to learn the
number of states of the model not the (left-to-right) transition graph itself.

State merging techniques start with a complex model perfectly match-
ing the sample distribution and successively merge states to improve the
generalization ability of the model. These techniques have been first used
in grammatical inference for learning non-probabilistic regular languages.
These languages are conveniently represented using Deterministic Finite
state Automata (DFA) or Non-deterministic Finite state Automata (NFA).
While these two formalisms define the same class of languages in a non-
probabilistic setting, their probabilistic counterparts PDFA and PNFA gen-
erate distinct classes of distributions. More precisely, distributions generated
by PDFA form a proper subclass of the distributions generated by PNFA.
Since HMMs are equivalent to PNFA (see section 2.2), PDFA form a proper
subclass of HMMs.

Techniques for learning PDFA using state merging include the ALERGIA
[26, 27] and MDI [125] algorithms. These two techniques successively merge
the states of a probabilistic prefix tree automaton representing the sample
distribution. ALERGIA (more precisely a slight adaptation called RLIPS)
has been shown to identify in the limit with probability one the class of
distributions generated by PDFA. Such a proof has not been provided for
MDI, however experimental results in language modeling show the practical
superiority of this approach over ALERGIA. Recently, Clark et al. [33] have
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shown that a state merging based technique (close to ALERGIA) can learn
efficiently distributions generated by PDFA in the PAC framework.

The Bayesian state merging due to Stolcke [121] is perhaps the most
well-known HMM structural induction technique. In contrast with previous
merging techniques it applies to the general class of HMMs. This technique
learns a HMM while maximizing the posterior probability of the model struc-
ture. Two kinds of priors are considered: (i) structural priors concerning the
transition graph of the model and (ii) parameter priors concerned with the
probabilistic parameters of the model. Structural priors are defined accord-
ing to the Minimum Description Length (MDL) principle while Dirichlet
priors are defined over the multinomial parameters of the model. At each
iteration, all the candidate pairs are considered and merging is applied to
the pair leading to the largest structure posterior increase. The computa-
tion of the structure posterior relies on two assumptions: (i) sequences are
generated along their maximal probability path (aka the Viterbi path) and
(ii) these paths do not change as the model parameters vary. The second
assumption is rather crude and is obviously not satisfied in practice. Apart
from these modeling assumptions, one of the major drawbacks of this tech-
nique is its high computational cost. To face this issue, Stolcke has proposed
an on-line version where batches of sequences are successively presented to
the model. While reducing the computational cost, this alternative adds
more parameters to tune, namely the effective sample size for preventing
unsupported merging and the batch size. Finally, this approach has not
been shown to clearly outperform alternative techniques such as the Baum-
Welch algorithm applied to fully connected graphs. This is verified in our
experimental work (see section 5.6).

State splitting methods are initialized with a small initial model and iter-
atively split states to better fit the training data. Ostendorf et al. [99] have
proposed a technique based on state splitting to learn left-to-right HMMs.
An initial model topology is defined, the parameters of which are estimated
using the Baum-Welch algorithm. States are then iteratively split in order
to maximize the likelihood of the training sequences. At each iteration a
state is split into two new states. Two types of splitting are considered:
(i) a contextual split replaces a state by a pair of parallel states and (ii) a
temporal split substitutes a given state by a sequence of two states. The
optimal splitting type is determined for all states, via efficient tests, before
updating the model structure. This technique is not completely general as
it cannot induce cyclic models unless cycles were already included in the
initial topology.
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A recent research [56] has been proposed to induce Multiplicity Au-
tomata (MA) which are more powerful than HMMs. MA can generate proba-
bilistic languages called Rational Stochastic Languages (RSL) which strictly
include the distributions generated by HMMSs. An efficient algorithm, called
DEES, has been proposed to identify RSL in the limit, however, the inter-
mediate languages obtained before identification need not define a proper
distribution on strings. These non-probabilistic languages can be converted
into probabilistic languages called Pseudo-Stochastic Rational Languages
(PSRL). One of the major drawbacks of this approach is that one cannot
decide whether two MA define the same PSRL.

Discriminative learning approaches build models optimizing the condi-
tional likelihood, i.e. the class posterior, or a discriminant function. That
is, models are trained to solve a specific, discriminative, task such as se-
quence classification or labeling. Such model does not embed the “complex-
ity” necessary for generating the training sequences but the “complexity”
required to discriminate these sequences. The conditional likelihood associ-
ated to HMMs can be optimized using adapted EM algorithms [65, 54] or
by applying gradient-based techniques [11]. On the one hand, conditional
EM algorithms are more complex than the standard Baum-Welch proce-
dure as the Maximization step has no closed form solution. On the other
hand, gradient-based techniques require to tune the learning rate and to
take the properness constraint into account explicitly (EM automatically
satisfy these constraints). Besides, margin-based techniques [34, 127] and
related approaches such as conditional random fields [78] are now considered
as the state-of-the-art in sequence labeling tasks. Margin-based techniques
extend Support Vector Machines (SVM) by considering structured outputs
which are here sequences of labels. Strictly speaking, these techniques do
not apply to HMMs but rely on features inspired from HMMs such as the
Markovian dependencies between the labels (corresponding to hidden states
in HMMSs) in the output sequences.

In chapter 5, we propose a novel approach, called POMMSTRUCT, to
the structural induction of HMMs. POMMSTRUCT learns the structure and
the parameters of Partially Observable Markov Models (POMMs), which are
equivalent to HMMs, to model the First Passage Times (FPT) of the target
process. It learns a model by iteratively adding new states and estimat-
ing the additional parameters to best fit the observed FPT. This approach
circumvents several issues related to the techniques discussed above. First
POMMSTRUCT deals with the general class of HMMs unlike ALERGIA or
MDI which apply to the restricted class of PDFA. In contrast with induc-
tion approaches relying on parameter estimation, POMMSTRUCT does not
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apply to a fixed size model. In particular, states can be structurally added
and the augmented model needs not be reestimated from scratch. Moreover
it is not restricted to left-to-right topologies like the approach of Ostendorf
et al. Unlike Baum-Welch applied to fully connected topologies, POMM-
STRUCT is well-suited to model long-term dependencies. POMMSTRUCT
also proposes a novel trimming strategy which is based on the expected
number of times transitions are used rather than on the transition proba-
bilities. This criterion takes the global dynamics of the model into account
whereas trimming according to transition probabilities is only based on the
local dynamics of the model. POMMSTRUCT is shown to outperform the
Bayesian merging technique of Stolcke in section 5.6.
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Chapter 5

Learning HMMs from First
Passage Times

This chapter presents a novel approach to the structural induction of Hidden
Markov Models (HMMs). The induction algorithm, called POMMSTRUCT,
aims at estimating a model that accurately fits the First Passage Times
(FPT) between symbols in sequences. POMMSTRUCT applies to Partially
Observable Markov Models (POMMs) which are graphical models equiv-
alent to HMMs. More precisely, POMMSs are HMMs for which any state
emits a single symbol but the same symbol can be emitted by several states.
The state set of a POMM can be partitioned into blocks by gathering the
states emitting the same letter. These models are called partially observable
since the observation of a sequence emitted by a POMM identifies the blocks
reached by the process but not precisely which states inside the blocks. We
show that POMMs and HMMSs are equivalent in the sense that they gen-
erate the same probabilistic languages (see definition 24). A constructive
proof of this equivalence is provided by showing how a given HMM can
be transformed into an equivalent POMM. The relations between standard
MC and POMMs are also investigated. When all the states emit a distinct
symbol, the process is fully observable (i.e. an observation corresponds to a
unique state) and is equivalent to an order 1 MC. Otherwise, we show that
a POMM is equivalent to a lumped MC.

Next, the distributions of FPT in POMMs (equivalently in HMMs) are
studied. We show that these distributions are of phase-type. The FPT dy-
namics is a fundamental characteristic of random walks in POMMs. Indeed,
POMMs are more powerful models than standard MC, and their FPT dy-
namics is generally poorly approximated by local models. We motivate the
use of the FPT in POMMSTRUCT by showing that these features are infor-
mative about the topology to be learned. Furthermore, we show that a HMM
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with an appropriate structure can model long-term dependencies and that
these dependencies are reflected in the FPT dynamics. We also argue why
an accurate modeling of long-term dependencies cannot be achieved through
the classical approach of Baum-Welch estimation of a fully connected model.

Starting from a standard MC, POMMSTRUCT iteratively adds states
to the model. The probabilistic parameters are estimated using a novel
method based on the EM algorithm, called POMMPHIT. It computes the
POMM parameters that maximize the likelihood of the FPT observed in the
training sequences. This algorithm differs from the standard Baum-Welch
procedure (see section 2.3.3) since the likelihood function to be maximized is
concerned with times between events (i.e. emission of symbols) rather than
with the complete generative process. A simpler version of this algorithm is
also used to model FPT in the context of sequence classification (see section
7.3). An interesting byproduct of the expectation step of POMMPHIT is
the expected transition passage times. It provides the average number of
times a given transition is triggered when observing the FPT in the sample.
This offers a very natural criterion to trim off less frequently used transitions
from the model. POMMSTRUCT is iterated until convergence of the FPT
likelihood function and the optimal model size is selected on an independent
validation set.

This chapter is organized as follows. Section 5.1 presents the FPT fea-
tures extracted from sequences, on which POMMSTRUCT relies. Section 5.2
introduces Partially Observable Markov Models (POMMSs). The equivalence
with HMMs and the relations with lumped MC' are respectively detailed in
subsections 5.2.1 and 5.2.2. The distributions of FPT in POMMSs are studied
in section 5.3. Section 5.4 is concerned with the modeling of probabilistic
long-term dependencies. The poor approximation of such dependencies by
local models is illustrated in subsection 5.4.1. Subsections 5.4.2 and 5.4.3
respectively highlight the importance of the HMM topology to fit long-term
dependencies and the impact of such dependencies on the FPT dynamics.
Section 5.5 presents the structural induction algorithm POMMSTRUCT as
well as the parameter estimation procedure POMMPHIT. Finally, experi-
mental results obtained with POMMSTRUCT and other competing methods
on several sequence modeling tasks are presented in section 5.6.

5.1 First Passage Times in sequences

Definition 35 Given a sequence s defined on an alphabet 3 and two symbols
a,b € X. For each occurrence of a in s, the first passage time to b is the finite
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number of steps taken for observing the next occurrence of b. FPTs(a,b)
denotes the first passage times to b for all occurrences of a in s. It is
represented by a set of pairs {(z1,c1), ..., (21,¢)} where z; denotes a passage
time and c; is the number of times z; is observed in s.

For instance, let us consider the sequence s = aababba defined over the alpha-
bet ¥ = {a,b}. The FPT from a to b in s are FPT(a,b) = {(2,1),(1,2)}.
The potential number of FPT pairs is bounded by |2|2. In POMMSTRUCT
(see section 5.5), the FPT are extracted from a set S of sequences rather
than from a single sequence. The empirical FPT distribution relative to a
pair (a,b) is obtained by computing the relative frequency of each distinct
passage time from a to b. In contrast with N-gram features (see section 1.5),
the FPT do not only focus on the local dynamics in sequences as there is no
a priori fixed maximum time (i.e. number of steps) between two events. For
this reason, such features are well-suited to model long-term dependencies
(see section 5.4.3). In section 5.3, we motivate the use of the FPT in the
induction algorithm by showing that they are informative about the model
topology to be learned.

5.2 Partially Observable Markov Models

This section introduces Partially Observable Markov Models (POMMsS).
These models are used in the structural induction algorithm presented in
section 5.5. The equivalence between POMMSs and HMMs is detailed in
section 5.2.1. The links between POMMSs and classical MC are detailed in
subsection 5.2.2.

Definition 36 (POMM) A Partially Observable Markov Model (POMM)
is a« HMM H = (3,Q, A, B,1) with emission probabilities satisfying: Yq €
@, 3a € ¥ such that B(q,a) = 1.

In other words, any state in a POMM emits a single symbol but the same
symbol can be emitted by distinct states. A POMM is displayed in the right
part of Figure 5.1. The observable partition k = {Ka, Ky, . . ., Kz} of the state
set () gathers the states emitting the same symbol into blocks.

Definition 37 (Observable partition) Given a« POMM H = (X,Q, A, B, 1),
the observable partition k is made of the blocks ka = {q € Q| B(q,a) = 1}
for alla e .

As for HMMs, the observation of a sequence drawn from a POMM does
not allow one to identify the states from which each symbol was emitted.
However, we know from which block each symbol has been emitted. For this
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reason, these models are called partially observable. Whenever each block
contains only a single state, the POMM is fully observable and is equivalent
to an order 1 MC. It should be pointed out that a POMM still defines a
proper HMM. Therefore, the definitions of underlying MC' (see definition
21), emission process (see definition 22) and HMM path (see definition 23)
as well as the solutions to the three main problems (see section 2.3) also
apply to POMMs.

5.2.1 Equivalence between POMMs and HMMs

We show here that the class of POMMs is equivalent to the class of HMMs,
as any distribution generated by a HMM with |Q| states over an alphabet
Y can be represented by a POMM with O(|Q].|X|) states.

Theorem 8 (Equivalence between HMMs and POMDMs)
Let H=(X,Q, A, B,.) be a HMM, there exists an equivalent POMM H' =
(3,Q', A", B, /).

Proof.
Let H' be defined as follows.
«Q=Qx,

e B'((q,a),z) =1 if . = a, and 0 otherwise,
e A'((g,2),(¢',b)) = Alq,q")B(d',b),
e /((9:2)) = «(a)B(g,a).
It is easily shown that H' satisfies the stochasticity constraints. Let s =
Sg...81_1 be a sequence defined on ¥ and v = vg...v;_1 be a path in H.
We shall show that Py:(s, (vo, S0) - .- (V1—1,81-1)) = Pr(s,v):
Pyi(s,v) = (v0)B'((v0,50),50) [T=1 A ((vie1,vi-1), (Vir ) B' ((vi, 54), 5:)
= (w0) Tl A(im1, vimn), (v 51)
= (vg)B(w, so) Hi;% A(vi—1,v)B(v4, si) = Pr(s,v)

Summing up over all possible paths of length 1 in H' provides Py:(s) =
Py (s). Hence, H and H' generate the same distribution.

This transformation is illustrated in Figure 5.1. The emission probabilities
are omitted as they directly derive from the state labels. There are several
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Figure 5.1: Transformation of a HMM into an equivalent POMM.

ways to build a POMM equivalent to a given HMM. We propose a slightly
different construction in [21]. The theoretical question of finding a minimal
POMM is left for future research. An immediate corollary of this theorem
is the equivalence between PNFA and POMMs (see section 2.2). It should
be stressed that all transition probabilities of the form A’((q,-), (¢, b)) are
necessarily equal as the value of A’((q,a),(¢’,b)) does not depend on a in
a POMM constructed in this way. A state (g,a) in this model represents
the state ¢ after having emitted the symbol a during a random walk in the
original HMM.

5.2.2 Links between POMMS and Markov chains

In this section, the links between POMMs and MC are highlighted. The
material exposed here is not a prerequisite for the induction algorithm pre-
sented in section 5.5 but motivates its design. Therefore, the reader mostly
interested in structural induction can safely skip this section. In the begin-
ning of section 5.2, we mentioned that when each block of a POMM contains
a single state, the process is equivalent to an order 1 MC. In this section, we
show that, in general, a POMM is equivalent to a lumped process in a MC.

Definition 38 (Lumped process) Given a MC T = (Q, A,¢), let g be
the state reached at time t € N, i.e. X, = q. Let kK = {K1,K2,...,Kr}
denote a partition of the set of states Q. The function K, : Q — 29 maps
the state q to the block of k containing q. The lumped process T'//k outcomes
Ky (q¢) at time t.
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Figure 5.2: Left: A regular Markov chain 77 and the partition x =
{{1,3},{2},{4}}. Right: T} lumped with respect to the partition

k= {{1,2},{3,4}}.

Consider for example the regular MC T} illustrated! in the left part of
Figure 5.2. A partition  is defined on its states set, with x1 = {1,3}, ko =
{2} and k3 = {4}. The random walk 312443 in T} corresponds to the
following observations in the lumped process T} //k: Kikikaokskski. While
the states are fully observable during a random walk in a MC, a lumped
process is associated with random walks where only blocks are observed. In
this sense, the lumped process makes the MC only partially observable as
it is the case for a POMM. The following proposition makes the connection
between POMMs and lumped processes.

Proposition 6 The emission process {Oy € X}; associated to a POMM
H = (¥,Q, A, B, ) with an observable partition k is equivalent to the lumped
process T |k where T = (Q, A, 1) is the underlying MC of H.

Proof.

This result is obtained by applying the definition of a lumped process (see
definition 38) to the underlying MC of H (see definition 21) with respect to
the observable partition k and by noting that there is a bijection between X
and K. |

It is important to note that the Markov property is not necessarily satis-
fied for a lumped process and consequently neither for a POMM or a HMM.
For example, the lumped MC in the left part of Figure 5.2 satisfies P[L; =
K2 ‘ Lt—l = Hl,Lt_Q = /ig] = 0.2 and P[Lt = K9 | Lt—l = K1, Lt_g = /433] =04
where L; denotes the block reached by the lumped process at time ¢. This
clearly violates the first-order Markov property. In general, the Markov

LFor the sake of clarity, the initial probability of each state is not depicted.



5.2. Partially Observable Markov Models 105

Figure 5.3: Left: The quotient of 77 with respect to the partition
k= {{1,3},{2},{4}}. Right: A non Markovian lumped process.

property is not satisfied when, for a fixed length history, it is impossible to
decide unequivocally which state the process has reached in a given block
while the next step probability differs for several states in this block. This
can be the case no matter the length of the history considered. This is illus-
trated by the MC depicted in the right part of Figure 5.3 and the partition
rk = {{1,2},{3}}. Even if the complete history of the lumped process is
given, there is no way to know the state reached in k1. Thus, the probabil-
ity P[L; = ko| Li—1 = K1, Li—2, ..., Lo| cannot be unequivocally determined
and the lumped process is not Markovian for any order. However, it is inter-
esting to know when a lumped process (or equivalently a POMM) preserves
the Markovian property. This notion is called lumpability. As mentioned
earlier, a sufficient condition for lumpability is that each block of the par-
tition x contains a single state. We state hereafter necessary and sufficient
conditions for lumpability.

Theorem 9 (Necessary and sufficient conditions for lumpability)
A MC is lumpable with respect to a partition k if and only if for every pair
of blocks k; and kj the probability A;j//k to reach some state of r; is equal
from every state in K;:

v:‘"»'i,lij € H’uvq)q/ € Ki, AZ]//H’ = Z Aqq” = Z Aq/q//

qllel,{j q”EHj
The proof of this result is given in [73].

The values A;j//x form the transition matrix of the lumped chain. For
example, the MC T} given in the left part of Figure 5.2 is not lumpable
with respect to the partition x = {{1, 3}, {2}, {4}} while it is lumpable with
respect to the partition «' = {{1,3},{2,4}}. The lumped chain T} //x’ is
illustrated in the right part of Figure 5.2. A related, but possibly different,
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process is obtained when the states of the original MC are merged to form
a quotient Markov chain.

Definition 39 (Quotient MC) Given a MCT = (Q, A, ) and a partition
k= {K1,Ka,...,kr} on Q, the quotient T /K is a r-states MC with transition
matriz A/k and initial vector v/k defined as follows:

Aij/r = Z Z oq'Agqs LifK = Z «(a)

qEKi q'ER; qErR;

where oy’ is the expected proportion of time the process associated to T'
reaches state q relatively to the states in K.

The left part of Figure 5.3 presents the quotient model of 77 (shown in
Figure 5.2) with respect to k = {{1,3},{2},{4}}. Since T} is a regular MC
(see definition 11), o is computed from the stationary distribution 7 of T}
as follows: og? = mg/ > .. mq for all ¢ € k;. The stationary distribution of
Ty is w = [0.29 0.11 0.14 0.46]7. Note that the quotient 7/x has always
the Markov property while, as mentioned before, this is not necessarily the
case for the lumped process T'//k. The following proposition specifies under

which condition the distributions generated by T'/k and T'//k are identical.

Proposition 7 If a MC T is lumpable with respect to a partition x then
T/k and T//k define the same process.

Proof.
When T is lumpable with respect to k, the transition probabilities between
any pair of blocks k;, kj are the same in both models:

Ai’j//i = Z Ugi Z Aqq’ = Aij//li Z O'qm = AU//KJ

qEk; q' €k qEK;
|

To sum up, we have shown here that POMMs are equivalent to lumped
MC, i.e. MC with a partitioned state set and such that only the blocks of the
partition are observed. Such a process has, in general, not the Markovian
property as the states cannot be unequivocally identified given an arbitrary
long process history. However, in certain cases, a lumped process is equiv-
alent to a MC. Such a process is said to be lumpable with respect to the
considered partition. The quotient of a MC with respect to a partition is ob-
tained by merging the states belonging to the same block. In contrast with
lumped processes, the resulting process has always the Markovian property.
Both processes are equivalent when the original MC is lumpable with respect
to the considered partition.
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5.3 First Passage Times in POMMs

In this section, the distributions of the FPT in POMMs are studied. We
show that the FPT distributions between blocks are of phase-type (abbre-
viated by PH, see section 1.4) by constructing their representing absorbing
MC. POMMSTRUCT aims at fitting these PH distributions from the FPT
observed in a training sample. We motivate the use of these distributions by
showing that they are informative about the model structure to be learned.

First, let us formally define the FPT for a pair of symbols (a,b) in a
POMM.

Definition 40 (First Passage Times in POMMSs) Given a POMM H =
(3,Q, A, B, 1), the first passage time (FPT) is a function fpt : ¥ x ¥ — N
such that fpt(a,b) is the number of steps for reaching block ky for the first
time, starting initially from the block rky:

fpt(a,b) = iItlf{t €N’ | X; € kp and Xo € Ka} (5.1)

Let us now compute the probability P[fpt(a,b) = k] with k¥ € N°. To do
so, one can use absorbing MC techniques presented in section 1.3. In a few
words, a reduced absorbing MC (see definition 14) modeling the FPT from
Ka to Kp will be set up. The FPT distribution from k, to Ky, in the POMM is
equivalent to the PH distribution associated to the time to absorption in this
absorbing MC. We assume here that each state ¢y € k, leads stochastically
(see definition 6) to a state in kp. Otherwise, such a state can be ignored in
the following computations.

First, let us compute the starting probability of each state gy € ko while
observing a FPT originated in k,. This probability, denoted by Prpr[Xo =
qo | Xo € Kal, is obtained by computing the expected proportion of time the
process reaches state qg relatively to the states in k,. According to the nature
of the underlying MC T' = (@, A, ¢) of H, this expectation is computed using
distinct techniques from the standard MC theory. If all states in k5 belong
to the same final class C (for instance, see the left part of Figure 5.4), we
can restrict our attention to the irreducible subchain T¢ induced by C. The
left eigenvector 7r of the transition matrix of Ty associated to the eigenvalue
1 contains, for each state ¢ € C, the expected proportion of the time the
process reaches ¢ (see section 1.3). The desired probability is provided by

T
Prpr[Xo = qo | Xo € Ka] = = 2— (5.2)

EQEHa Tq
If the states in k, are spread over distinct final classes Cy,...,C, (for in-

stance, see the center part of Figure 5.4), one has first to compute the
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probability to reach these final classes. The probability Piqp[C;] to reach
the final class C; is computed as in equation (1.30) and normalized to get
a proper distribution over {Ci,...,C.}. If ¢o € C; and = is computed as
above with respect to the subchain induced by C;, the desired probability is
provided by

T,
Prpr[Xo =qo | Xo € ka] = Ptmp[cz‘]ﬁ (5.3)
qcranC; Tq

If Kk, contains both transient and recurrent states (i.e. states belonging
to a final class), the desired probability is null for transient states and is
computed as above for recurrent states. If k5 contains only transient states
(for instance, see the right part of Figure 5.4), the probability of starting in
state qo for the FPT originated in k, is computed from the mean passage
times in transient states (see definition 15) :

[UT(I - F)_l]qo
D ger 0 (I = F)71,

where F' is the transition submatrix between transient states and u is the
initial vector for transient states.

OO0
Ly Tade TG

Figure 5.4: Left: All the states in x, belong to the same final class.
Center: the states in k, are spread over two final classes. Right: the
states in k5 are transient.

Prpr[Xo = qo | Xo € ka] = (5.4)

Let us now construct an absorbing MC modeling the FPT from k, to sy
in the POMM H. An initial distribution o is defined as follows:

B { Pepr[Xo = qo | Xo € Ka]  if qo € Ka,
Oq0 =

0 otherwise (5-5)

All the states in Ky, are merged into a single absorbing state gy, . It is assumed
here that a # b. Otherwise, a similar construction can be made but the
states in k, have to be duplicated such that the original states are used as
starting states and the duplicated ones are merged. The FPT from k, to Ky
can now be studied as the time to absorption in ¢, while starting according
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to o. It is important to note that the obtained model might contain several
final classes. It is therefore not sufficient to compute the (unconditional)
time to absorption as the process might be trapped into another final class
than {gx,}. The process behavior before specifically getting absorbed into
qr, can be analyzed using absorbing MC techniques presented in section
1.3. Applying formula (1.34) to the present model results in an absorbing
MC T’ = (Q1 U gx,, A', /) with the same transient set and a unique final
class {qx,}. The obtained initial vector and transition matrix are block
partitioned as follows:

Kb Kb
V= (%, 0)7, A’:<F0 < ) (5.6)

where (%) is a |Qr|-dimensional vector representing the initial distribution
for transient states, F(**) is the |Q7| x |Qr| transient submatrix between
transient states and e(®®) is a |Q7|-dimensional absorption vector. The prob-
ability that the FPT from k., to xp occurs after k steps in H is equivalent
to the probability to get absorbed in k steps in T":

Pltpt(a,b) = k] = (o) (F™)F" e (5.7)
The previous computations prove the following theorem.

Theorem 10 (FPT in POMDMs are of phase type) Given a POMM H =
(3,Q, A, B, 1), the first passage times from a € ¥ tob € X in H are drawn
from a phase type distribution represented by the couple (o2, F*®).

An immediate corollary of theorems 8 and 10 is that the FPT in HMMs are
drawn from PH distributions.

An irreducible POMM H is depicted in the left part of Figure 5.5. The
expected proportion of the time the process reaches each state is provided
by its stationary distribution : 7w = (1d : 0.24,1a : 0.14,1c : 0.16,1Db :
0.13,2c : 0.12,2b : 0.10,2a : 0.11)7. An absorbing MC 1" representing the
FPT from k, to Ky, is obtained by merging the states 1b and 2b into a single
absorbing state q.,. The initial distribution for transient states is set up
from 7 restricted to ka. : 6% = (1d: 0,1a: 0.56,1c : 0,2c : 0,2a : 0.44)T.
This absorbing MC is shown in the center of Figure 5.5. The resulting PH
distribution is displayed in the right part of Figure 5.5. This distribution
has several modes (i.e. maxima), the most noticeable being at times 2 and
4. These modes reveal the presence of paths of length? 2 and 4 from r,
to kp having a large probability. For instance, the paths 1a,1c,1b and

2The length of a path is defined here in terms of number of steps.



110 Chapter 5. Learning HMMs from First Passage Times

1.0 08
()
1.0 - 0.56 10 0-1 0.45
0.6 ' ’ 0.6 ' ’
o1 08 | o
1.0
. @G % (22)
0.8 1.0 08 10 T
0.2 02 10 10| %%
00 2 4

1.0
FPT(a,b) Time to absorption Time to absorption

Probability

Figure 5.5: Left: an irreducible POMM H = (X, Q, A, B, ). Center:
an absorbing MC T” representing the FPT from block s, to block sy,
in H. The gray filled states are the initial states of the MC and their
initial probabilities are shown as well. Right: The PH distribution
of the absorption times in 7", or equivalently, of the FPT between
Ka and Ky in H.

2a,1d,1a,1c,1b have a respective probability equal to 0.45 and 0.21 (other
paths of length 4 yield a total probability equal to 0.25 for this length).
In section 5.4.3, we show that long-term dependencies can also be deduced
from the FPT distributions. These structural informations, available in the
learning sequences, are exploited in the induction algorithm POMMSTRUCT
presented in section 5.5. It starts by estimating a standard MC from the
training sequences. The left part of Figure 5.6 shows an order 1 MC Ty
estimated from a sample containing 1000 sequences of length 100 drawn
from the POMM H. The right part of Figure 5.5 shows the FPT distribution
from a to b in the MC T'. One can clearly observe that the FPT dynamics
from state a to state b in Ty poorly approximates the FPT dynamics from
Ka to Kp in H as there is only a single mode. POMMSTRUCT iteratively
adds states to the model and reestimates its probabilistic parameters in
order to best match the observed FPT dynamics. Section 5.6.3 evaluates
the model structure obtained by POMMSTRUCT using data drawn from
known artificial target models.

5.4 Modeling long-term probabilistic dependencies

This section is concerned with the modeling of probabilistic dependencies
with Markovian models. The material exposed here is not a prerequisite
for the induction algorithm presented in section 5.5. First, we show that
standard Markov chains are not well suited to model long-term dependen-
cies. This motivates the use of more general models like HMMs or POMMs,
provided they are defined with an appropriate topology. We also show the
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Figure 5.6: Left: An order 1 MC Ty approximating the POMM H
displayed in the left part of Figure 5.5. Center: an absorbing MC
T representing the FPT from state a to state b in Ty Right: The
PH distribution of the absorption times in 7', or equivalently, of the
FPT between a to state b in Ty.

connections between long-term dependencies and the FPT dynamics.

A stochastic process {X;}; contains long-term dependencies if an out-
come at time ¢ significantly depends on an outcome that occurred at a much
earlier time t': P[X;|X;_1,...,Xv] # P[X¢|H] when H = {X;_1,..., X¢—p}
and p < t —t'. Hence, the relevant history size for such a process is defined
as the minimal size of H such that P[X;| X;_1,...,Xy] = P[X,| H|, Vt,t' €
N,# < t. When the size of the relevant history is bounded, Markov chains
of a sufficient order can model the long-term dependencies. On the other
hand, if a conditioning event Xy can be arbitrarily far in the past, more
powerful models such as HMMs or POMMs are required. This phenomenon
is further studied in section 5.4.1. Section 5.4.2 stresses the importance of
the model topology in order to learn long-term dependencies with HMMs.
Section 5.4.3 highlights connections between long-term dependencies and
FPT.

5.4.1 Modeling long-term dependencies with finite order MC

Let us consider the parametric POMM Hy displayed on the top of Figure 5.7.
Emission of e or £ in this model depends on whether b or ¢ was emitted right
before the last consecutive d’s. Depending on the number of consecutive d’s,
the b or ¢ outcomes can be arbitrarily far in the past. In other words, the
size of the relevant history (i.e. the number of consecutive d’s + 1) is
unbounded. The expected number of consecutive d’s is however finite and

given by > 7, 9t = 1%9. Consequently, the expected size of the relevant
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history is 1—19 + 1. It should be noted that when # = 0, Hyp can be modeled
accurately by an order 2 MC? since the relevant history size equals 2.

A model would poorly fit the distribution defined by Hy if it would first
emit f rather than e after having emitted b. The probability of such an event
is Pepror = Plts < te | Xy = b] where t; and te denote the respective times
of the first £ or e after the outcome b. In the target model Hy, Pepror = 0.
If the same process is modeled by an order 1 MC (middle of Figure 5.7),
P..ror = 0.5. Indeed, when the process reaches state d, there is an equal
probability to reach states e or f£. In particular, these probabilities do not
depend on previous emissions of b or c. An order 2 MC, as depicted on
the bottom of Figure 5.7, would have P...o, = 0.475 when 6 = 0.95. More
generally, the error of an order p MC is given by Pepror = ?. For instance,
when 6 = 0.95, the expected size of the relevant history is 21 and Pe.or for
such a model is still 0.17. Bounding the probability of error to 0.1 would
require to estimate a MC of order p = [log; 5(0.2) + 1] = 33. An accurate
estimate of such a model requires a huge amount of training data, very
unlikely to be available in practice. Hence, MC offers poor approximations
when the relevant history size is unbounded and more powerful models such
as HMMs or POMMs are required.

5.4.2 Topology matters to fit long-term dependencies

Bengio has shown that the use of a good HMM topology is crucial in order
to model long-term dependencies [10]. Indeed, the classical Baum-Welch
algorithm applied to a fully connected graph, that is the basic technique to
induce the structure via parameter estimation, is hindered by a phenomenon
of diffusion of credit: the probability of being in a state at time ¢ becomes
gradually independent of the states reached at a previous time ¢’ < t. In
other words, the dependencies on the past outcomes of the process end up
vanishing. This phenomenon is related to the powers of the transition ma-
trix A used in the forward and backward recursions of the Baum-Welch
algorithm. Let ¢; be a row vector representing the distribution of being in
each state at time ¢. This distribution d steps further is given by ¢;44 = t; A%
If the successive powers of A converge quickly to a rank 1 matrix? then ¢4
becomes independent of ¢;. In such case, the estimation algorithm is likely
to be stuck in an inappropriate local minimum of the likelihood.

3 A state label bla in an order 2 MC means that the process emits b after having emitted
a. The probability of the transition from state b|a to state d|b encodes the second order
dependence P(X; = d|X¢—1 = b, Xt—2 = a).

4All rows of a rank 1 stochastic matrix are equal.
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Figure 5.7: A parametric POMM Hy (top) modeled by an order 1
MC (middle) or an order 2 MC (bottom).
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For a primitive matrix A (see definition 11), the rate of convergence to
the rank 1 can be characterized using the Perron-Frobenius theorem (see
section 1.2). It implies that a primitive stochastic matrix has a unique
eigenvalue equal to 1 and that all other eigenvalues have a modulus strictly
smaller than 1. If A is diagonalizable and has a rank equal to k, then the
spectral decomposition of A is given by

A= )\1T1l¥1 + /\Qrglg 4+ ...+ )\krklg,

where \; is the i-th largest eigenvalue, in absolute terms, and 7;, l; are
respectively the right-hand and left-hand eigenvectors associated with \;.
Furthermore, the spectral decomposition of A% is given by

A = X 0T 4 Xrold . N pd?

that is, taking A to the power d amounts to take its eigenvalues to the power
d. Consequently, while taking the successive powers of A, \; = 1 remains
unchanged and all other eigenvalues are decreasing until cancellation. The
rate of convergence to rank 1 follows a geometric progression with a ra-
tio equal to the absolute value of the second® largest eigenvalue \o. If A
is not diagonalizable (i.e. there are several eigenvectors associated to the
same eigenvalue), the Jordan normal form [92] A = SJS™! is used instead
of the diagonalization. One can observe that the powers of the matrix J
converge to a rank one matrix. The rate of convergence follows a geometric
progression with a ratio upper bounded by A3. For more details about the
convergence, see [117].

Classically, the Baum-Welch algorithm is initialized with a uniform ran-
dom matrix®. Such a matrix is primitive and has typically a very low As.
The Baum-Welch algorithm is thus poorly conditioned to learn long-term
dependencies when initialized in this way. On the other hand, initializing
this algorithm with a matrix having Ao close to 1 requires prior knowledge
of the model topology.

5.4.3 Long-term dependencies and FPT

In this section, we show that long-term dependencies between individual
symbols are closely related to FPT. Let us consider the parametric POMM
Hy displayed in the top part of Figure 5.7. As mentioned in section 5.4.1,
the process defined by Hy contains long-term dependencies: the emission of
e or f is conditioned by the outcome (b or c¢) preceding the last consecutive

5In the case of the POMM Ty of Figure 5.7, Ao = 6.
SEach entry is uniformly drawn in [0, 1] and rows are normalized to sum up to 1.
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Figure 5.8: The distributions of the FPT from b to e (left) and from
b to f (right) in the parametric POMM Hjy presented in Figure 5.7
for several values of 6.

Table 5.1: The mean of the FPT in Hy g5 (left), modeled by an order
1 MC (center) or an order 2 MC (right).

[ Ho || e | £ | [MCi] e | £ | [MC] e | £ |
b [[21.0]67.0] [b 44.0[440| [b 42.85 | 45.15
c |[67.0 210 [c 44.0 | 440 | [c 45.15 | 42.85

d’s. The 0 parameter defines the length of these dependencies (i.e. the rel-
evant history size). The FPT from the conditioning event (b or c) to the
conditioned event (e or £) directly measures the relevant history size. Figure
5.8 displays the distributions of the considered FPT in Hy for several values
of 8. One can clearly observe that increasing the value of 8 gives a larger
probability to long FPT. Furthermore, the plots shows that the FPT from b
to £ (equivalently from c to e) occur, in general, later than the FPT from b
to e (equivalently from c to f) in Hyp. Indeed, once the process has reached
state b, there are at least two series of consecutive d’s before reaching state
f while there is only one before reaching state e.

Let us now examine, the FPT distributions in the order 1 and order 2
approximating MC respectively depicted in the center and bottom parts of
Figure 5.7. The considered FPT distributions for Hy and the approximating
MC are depicted Figure 5.9. The value of the 8 parameter is equal to 0.95
in these plots. Table 5.1 shows the mean of these distributions. One can
observe that the MC poorly approximates the dynamics of Hy as the FPT
from b to e in the approximating MC are longer than in Hy while the FPT
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Figure 5.9: The distributions of the FPT from b to e (left) and from
b to f (right) in the POMM Hpy, an order 1 approximating MC and
an order 2 approximating MC. The 6 parameter is equal to 0.95.

from b to £ are shorter than in Hy. An order 2 MC only slightly improves
the fit to the target FPT with respect to an order 1 model. It should also be
noted that the expectation of the relevant history size computed in section
5.4.1, equal to 21, corresponds to the mean of the FPT from b to e (or
equivalently from c to f).

To sum up, the long-term dependencies between individual symbols are
directly reflected in the distributions of FPT. Approximating a POMM with
a finite order MC only poorly reproduces the long-term dynamics of the
original process. The induction algorithm presented in section 5.5 builds a
POMM to best fit the observed FPT dynamics and therefore the long-term
dependencies reflected in the FPT.

5.5 Induction algorithm : POMMStruct

This section present the POMMSTRUCT algorithm which learns the struc-
ture and the parameters of a POMM from a set of training sequences S.
POMMSTRUCT aims at inducing a model that best reproduces the FPT
dynamics extracted from S. The objective function to be maximized is
the log-likelihood of FPT observed in the training sequences (see equation
(5.17)). Section 5.5.1 presents the general structure of the induction algo-
rithm. The FPT likelihood function as well as reestimation formulas for
fitting FPT distributions are detailed in section 5.5.2.

5.5.1 Induction scheme

The pseudo-code of POMMSTRUCT is presented in Algorithm 3.
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Algorithm POMMSTRUCT
Input: e A training sample S

e The order r of the initial model (default r = 1)
e The number p of pairs (default p = |X|?)
e The number n, of restart for POMMPHIT (default n, = 3)
e A precision parameter € (default € = 1079)

Output: A collection of POMMs

EP,
FPT

initialize(S,r);
extractFPT(S);
selectDivPairs(EP, FPT,p);
POMMPHIT(EP,, FPT, P,n,);
FPTLikelihood(EFy, FPT);

&
~
TrT 1T

s}

Lik;

probeBlocks(EP;, FPT);
addStateInBlock(EP;, Kj);
POMMPHIT(EP;.1, FPT, P, n,):
FPTLikelihood(E P11, FPT);
i+1

rrr1r1a

o1 |Lik—Likjqs|
until |.7as €;
|lelast| < ’

return {EP,,...,EP;}

Algorithm 3: POMM Induction by fitting FPT dynamics.
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1. Initialization

Before fitting the FPT observed in the sequences, an initial model has to be
defined. This operation is performed by the function initialize. It esti-
mates an order » MC by maximum likelihood (without smoothing) from the
N-gram counts, as detailed in equation (1.42). In general, POMMSTRUCT
is initialized with an order 1 MC. Such a model defines the smallest POMM
(in terms of number of states and transitions) that can generate the training
sequences. Each block contains a single state and there is a transition from
state a to state b only if the subsequence ab is observed. Next, the func-
tion extractFPT extracts the FPT in the sample for each pair of symbols
according to definition 35. In section 5.3, it was shown that in general the
initial MC does not adequately fit these FPT.

2. Feature selection/weighting

The selectDivPairs function is applied to determine the FPT pairs poorly
fitted by the initial model. For each pair of symbols, the FPT distribution
of the model is compared to the empirical FPT distribution of the sample.
To do so, we propose to use the Jensen-Shannon (JS) divergence. The
JS divergence [86] is a function which measures the distance between two
distributions and is defined as

Dys(Pr, Py) = H(M) — H(Py) ~ S H(P) (5.8)

where Py, P, are two distributions over Q, M = (P + P») and H(P) =
— > ccq Ple] log Ple] is the Shannon entropy. It can be thought of as a
symmetrized and smoothed variant of the KL divergence as it is relative to
the mean of the distributions. The p most diverging pairs P are selected
to be fit during the induction process, where p is an input parameter. In
addition, the selected pairs can be weighted according to their JS divergence
in order to give more importance to the poorly fitted pairs. This is achieved
by multiplying the parameters ¢; in FPT(a, b) (see definition 35) by the JS
divergence obtained for this pair. The JS divergence is particularly well-
suited for this feature weighting as it is positive and upper bounded by
one [86].

3. Iterative strategy

At each iteration, a new state is added to the model in order to improve the
fit to the observed FPT. Each iteration consists of 3 main steps: (i) deter-
mining the block in which a new state is added (ii) adding structurally the
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new state in the selected block and (iii) estimating the probabilistic param-
eters of the augmented model. Doing so, the FPT likelihood of the training
sequences monotonically increases” at each iteration. The algorithm is iter-
ated until convergence of the FPT likelihood up to the precision parameter
€.

3.1 Block probing

At the beginning of each iteration, the procedure probeBlocks determines
the block x5 of the model in which a new state is added. This block is se-
lected as the one leading to the largest FPT likelihood improvement, if any.
To do so, probeBlocks tries successively to add a state in each block using
the addStateInBlock procedure detailed hereafter. The parameters of the
candidate model are estimated using the POMMPHIT algorithm. In order
to keep things tractable, only a few, typically 20, iterations of POMMPHIT
are applied to the candidate model. The block x; offering the largest im-
provement is returned.

3.2 Adding a new state

The addStateInBlock function (illustrated in Figure 5.10) inserts a new
state ¢ in the block x; such that ¢ is connected to all the predecessors (i.e.
states having at least one outgoing transition to a state in ;) and successors
(i.e. states having at least one incoming transition from a state in ;) of &;.
These two sets need not to be disjoint and may include states in &5 (if they
are connected to some state(s) in ;). This point is illustrated in Figure
5.10. The transition probabilities of the augmented model are (re)initialized
as follows. For all predecessors p; of k3, the outgoing transition probabilities

are:
Apq if ¢ € Q\ k;
A;nq’ =< rdpg/(r+1) %f ¢ €rj\q (5.9)
Zq’e K Apg/(r+1) ifqd =g¢

where r is the number transitions from p; to ; \ ¢. That is, the probabilities
of the existing transitions leading to x; (the dotted transitions in Figure
5.10) are uniformly discounted and the discounted mass is assigned to the
new transition p; — ¢ (the bold transitions in Figure 5.10). The probabilities
of the transitions originated from the new state ¢ (the dashed transitions in

"When a new state is added, some of the additional transitions are randomly initialized
(see Figure 5.10). Doing so, the likelihood of the augmented model can temporarily
decrease. However, in most cases, reestimating these parameters with POMMPHIT yields
a likelihood increase with respect to the model before state addition. Otherwise, the
stopping criterion of POMMSTRUCT is triggered.
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Figure 5.10: Left: The block x; in a POMM with its predecessors and
successors. Right: The same block after having added the new state
q. The dashed transitions are randomly initialized in POMMPHIT.
The dotted transitions are uniformly discounted and the subtracted
probability mass is assigned to the new transitions leading to ¢ dis-
played in bold. Plain line transitions are initialized to their current
value.

Figure 5.10) are randomly initialized in POMMPHIT. All other transition
probabilities of the model remain unchanged (the plain line transitions in
Figure 5.10). Similarly, the initial probabilities % for the FPT originated
in k; are initialized using an uniform discounting:

ro(r+1) ifd €ry\q
o =14 1/(r+1) if ¢ =g (5.10)
0 otherwise

where r is the number of states in x; before adding the new state gq.

3.8 Parameter estimation and trimming

The probabilistic parameters of the augmented model are estimated using
POMMPHIT (see section 5.5.2) until convergence. POMMPHIT is first
applied to the transitions connected to xj, i.e. the transitions depicted
in the right part of Figure 5.10. This procedure is called local estimation.
POMMPHIT is restarted n, times with different random initializations of
the dashed transitions (n, is an input parameter) and the parameters of-
fering the largest FPT likelihood are kept. Starting from these estimated
parameters, POMMPHIT is then applied to all the model parameters. This
procedure is called global estimation. The local estimation is intended to pro-
vide a good starting point for the global estimation in a reasonable time.
An interesting byproduct of POMMPHIT are the expected transition pas-
sage times (see section 5.5.2). It provides the average number of times the
transitions are triggered when observing the FPT in the sample. According
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to this criterion, the less frequently used transitions (determined at conver-
gence) are successively trimmed off from the model. Whenever a transition
is removed, the model is normalized to insure properness constraints and
the parameters are reestimated using POMMPHIT. In general, the conver-
gence is attained after a few iterations as the parameters not affected by the
trimming are already well estimated. Transitions are trimmed until the FPT
likelihood no longer increases. This procedure has several benefits: (i) it can
move POMMPHIT away from a local minimum of the FPT likelihood func-
tion (ii) it makes the model sparser and therefore reduces the computational
resources needed in the forward-backward computations (see section 5.5.2)
and (iii) the obtained model is more interpretable. The trimming procedure
is applied after both the local and global estimations.

4. Selecting the optimal model size

The present discussion is about model selection and more precisely about the
selection of the optimal model size. When the FPT likelihood has converged
up to a user-defined precision parameter ¢, POMMSTRUCT returns all the
models {EPF,, ..., EP;} considered during induction from the initial MC to
the last estimated POMM. Each model is evaluated on an independent vali-
dation set of sequences and the model offering the highest FPT likelihood is
chosen. It is important to note that the selected model size does not depend
much on the precision parameter € as all the models returned by POMM-
STRUCT are considered. In our experiments, we set ¢ = 1075,

At each iteration, the computational complexity is dominated by the
complexity of POMMPHIT (see section 5.5.2). POMMSTRUCT does not
maximize the likelihood of the training sequences in the model but the like-
lihood of the FPT extracted from these sequences. We argued in section 5.3
that maximizing this criterion is relevant to learn an adequate model topol-
ogy. If one wants to perform sequence prediction, i.e. predicting the next
outcomes of a process given its past history, the parameters of the model
may be adjusted towards this objective. This can be achieved by applying
the standard Baum-Welch procedure initialized with the model resulting
from POMMSTRUCT.

Finally, let us mention that POMMSTRUCT is not guaranteed to return
a canonical POMM, i.e. an equivalent model with fewer states or transitions
may exist. The question of reducing a HMM (let us recall that POMMs
form a particular case of HMMSs) to a canonical form is thoroughly studied
in [7]. An algorithm is proposed to reduce a HMM to a Generalized Markov
Model (GMM), i.e. a HMM relaxed such that its numerical parameters
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belong to R rather than to [0,1]. The reduced model is minimal in term
of number of states. Such a technique could be applied to the POMMs
resulting from POMMSTRUCT. It should be pointed out that the obtained
canonical GMMs are however not necessarily easier to interpret than the
original POMMSs as they do not always have a probabilistic interpretation.
Indeed, such models may contain numerical parameters greater than one or
negative parameters which have to be interpreted as inhibitions to perform
some events (a transition or a symbol emission).

5.5.2 Fitting the FPT: POMMPHit

In this section, we introduce the POMMPHIT algorithm for fitting the
FPT distributions between blocks in a POMM H = (X,Q, A, B,.) from
the FPT observed in sequences. POMMPHIT is based on the Expectation-
Maximization (EM) algorithm. In the context of sequence classification
(see section 7.3.1), a simplified version of POMMPHIT, called PHiT, is
presented. PHIT only fits a single PH distribution using an absorbing
MC whereas POMMPHIT fits several PH distributions using a POMM.
For each pair of symbol (a,b), the observations consist of the FPT Z =
{(z1,¢1),...,(z1,¢1)} extracted from the sequences according to definition
35.

POMMPHIT makes two modeling assumptions to fit the observed FPT.
First, the observations for a given pair (a,b) are assumed to be independent
from the observations associated to the other pairs. While this assumption is
generally not satisfied, it drastically simplifies the reestimation formula and
consequently offers an important computational speed-up. Moreover, good
results are obtained in practice. Secondly, the starting distributions o+ of
the FPT from each block k, in the model are considered as additional model
parameters to be estimated from the sample rather than deduced from the
other parameters.

A passage time z; is considered here as an incomplete observation of
the pair (z;, h;) where h; is the hidden path (i.e. the sequence of states)
taken by the process to go from block k. to block ky in z; steps. In the
sequel, H®P denotes the set of hidden paths from block k. to block y.
EM finds the maximum likelihood estimates of the parameters p of a joint
distribution P(Z,H | p) when the variable H is unobserved (H is a latent or
hidden variable). This is achieved by iteratively computing the parameters p
that maximize E [In(P(Z,H | p)) | Z]. Each EM iteration involves two steps:
(i) the computation of the conditional expectation of the latent variables
given the last parameter values p'~! and the partial observations Z, (ii)
the maximization of the parameters p’ given the conditional expectation of
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the latent variables. Before presenting the expectation and maximization
steps in POMMPHIT, let us introduce auxiliary hidden variables which
provide sufficient statistics to compute the complete FPT likelihood function
P[Z,H | p| conditioned to the model parameters p:

e 52P(g): the number of observations in H*P starting in state q € ka,

e N2P(q,¢'): the number of times state ¢ immediately follows state ¢
in H>P.

The complete FPT likelihood function is defined as follows:

PzH = [] L)@ T Al @ (5.11)

(a,b)€P q€Ka q,9'€Q

where o= is the initial distribution over s, for the FPT starting in k,.

Expectation step

The expectations of the variables S*P(q) and N*®(q,q') are conveniently
computed using forward and backward variables similar to those used in the
Baum-Welch algorithm (see section 2.3.1). It is assumed here that a # b.
Otherwise, the states in k, have to be duplicated in order to have distinct
starting and destination states. Given a state ¢ € @ and a time ¢ € N, the
forward variable a®®(q, t) computes the probability that the process started
in Kk, reaches state q after ¢ steps without transiting through states in xyp:

a®®(q,t) = P[Xy = ¢, {X;;}: | € Q\ kv | Xo € Ka (5.12)

The forward variables can be computed using the following recurrence for
geQandteN:

Ka :
(Base case) a*®(q,0) = { gq 1fg€ a
otherwise (5.13)
(Induction) a*®(q,t) = 3 equm @@t —1) Ay,

where o2 denotes the initial distribution for the FPT originated in k,.
Given a state ¢ € @ and a time t € N, the backward variable 3°(q,t)
computes the probability that state ¢ is reached by the process t steps before
reaching xy, for the first time:

3°(a,t) = P[Xo = ¢, {Xk}}Z) € Q\ hn | Xi € h] (5.14)
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The following recurrence computes the backward variables for ¢ € @ and
teN:
1 ifge@q
< < b —
(Base case) - 32(¢,0) = { 0 otherwise
, 0 if g€ Qa
b _
(Induction) B°(¢,t) = { Zq’EQ 5b(q/’t_ 1)Aqq/ otherwise
(5.15)
The forward and backward recurrences are efficiently computed using a |Q| x
L*P lattice structure where L*P is the longest observed FPT from a to b.

The probability distribution of the FPT from block k. to block kK can be
computed as follows with the forward or backward recurrences:

Plfpt(a,b) = k| x Z a®®(q, k Z o20°(q, k) Vk € N (5.16)
qEkp q€kKa

Consequently, the log-likelihood of the observed FPT given the model pa-
rameters p is provided by

og(PZlo) = Y % clog(zaa%q,z))
(a,b)

(a,b)€P (2,c)eFPT gEkD

(5.17)
SIS VR D SRR
(a:0)

(a,b)€P (2,c)EFPT(a, q€ka

Conditional expectation of S*P(q): The auxiliary variable S®P(q) can
be decomposed as a sum of indicator variables: S*°(q) = Y4 _ TH{hyo = q}
where the notation hy, ; denotes the j-th state in the k-th hidden path from
#a to #p. The conditional expectation S22(q) = E[S2®(q)|(21,¢1),-- -, (21, ¢1)]
is given by

!

52%(q) = E |3 Hheo=a}|(zr.c1),... <z,,cl>]
k=1
l
= D B [M{hro = q} | 2 (5.18)
k=1
l l s
= chP[h;w =q | Zk;] = chw
k=1 k=1

Using equation (5.16), Plzk] = > ., @*°(q,2) while Plhyo = ¢,z is
readily obtained using the backward variables: Plhy o = ¢, 2] = Ugﬂb(q, 2k )-
Finally, the desired conditional expectation is defined as follows:

o2 b
Sa5(q Z i 74, 2) (5.19)

q@:b a® b(q Zk)
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Conditional expectatlon of N#?(q,¢'): The auxiliary variable N®*(q, ¢')
can be decomposed as Zk D ! Khyt = q, hit41 = ¢'}, that is, counting
the presence of the transition ¢ — ¢’ in each hidden path from k. to kp.
The conditional expectation Na?(q,¢') = E [N**(q,¢') | (z1,¢1), ..., (21, 1))
is provided by

2p—1

Na®(q,q) = ZZ Whyy = q hipsr = q'}

k=1 t=0
2p—1

!
B Plhys = ¢, hig1 = ¢, 2]
- kZ:l Ck ; Plor]

(z1,¢1)5 -, (21, Cz)]

(5.20)
The probability Plhy: = q, hit+1 = ¢, 2] can be computed as follows
P[hkﬂf =4q, hk,t-i—l = q/7 Zk] = Oﬁ’b(‘]a t)Aqq'/Bb(q,a z—t— 1) (521)

That is, the probability to reach state q at time ¢, to perform the transition
q — ¢, and to reach ky, for the first time z — ¢t — 1 steps later. Finally, the
desired expectation is provided by

2p—1

l
®(q.d) = cx Z Z JAar (q 2t 1) (5.22)
k=1 t=0 qe"@b

(‘L Zk)

The conditional expectations S2P(q) and N2P(g,¢') are used in the
maximization step of POMMPHIT but also in the trimming procedure
of POMMSTRUCT. In particular, Z(a,b)eP N2®(q,q') provides the aver-
age number of times the transition ¢ — ¢’ is triggered while observing the
sample FPT.

Maximization step

Given the conditional expectations S2P(q) and N2P(q,q’), the maximum
likelihood estimates of the POMM parameters are the following for all ¢, ¢’ €

Gab
H 2 befb|(ap)eP) (Q)b if ¢ € Ka
gt = Zquea Zbe{bKavb)eP} 5+%(0) 52
0 otherwise
gy = —2emer N0.0) (5:24)

Zq 'eqQ Z(a b)eP (q q )

The computational complexity per iteration is ©(pL?n;) where p is the num-
ber of selected pairs, L is the longest observed FPT and n; is the number of
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transitions in the current model. An equivalent bound for this computation
is O(pL?|Q|?), but this upper bound is tight only if the transition matrix A
is dense.

5.6 Experiments

This section presents experimental results obtained with POMMSTRUCT on
several sequence modeling tasks. The objectives of this experimental study
are the following:

1. to evaluate the quality of the model structure learned with POMM-
STRUCT,

2. to evaluate the ability of POMMSTRUCT to model processes having a
complex FPT dynamics including long-term dependencies (see section
5.4),

3. to observe the influence of the hyperparameters on the estimated mod-
els and on the CPU time taken to learn these models,

4. to compare the performance of POMMSTRUCT with respect to stan-
dard approaches to the structural induction of HMMs: (i) Baum-Welch
applied on fully-connected graphs with transition trimming (see 4.1.1)
and the Bayesian state merging algorithm due to Stolcke (see section
4.2.2).

5.6.1 Datasets

This section presents the datasets used in our experiments. The first,
called GenDep, consists of artificially generated sequences drawn from target
POMMs having a complex FPT dynamics including long-term dependencies.
The second dataset is a part of the Splice dataset also used in sequence
classification (see section 7.5.1). The third dataset, called CopChrom consists
of sequences encoding chromosome samples.

Artificially generated data: GenDep

In order to assess the performances of the proposed approach in a controlled
setting, a set of target models with a complex FPT dynamics was randomly
generated. The GenDep dataset is made of sequences drawn from these
models. Target models are created by queuing sequences of 4 states, called
here branches (see Figure 5.11), in a cyclic fashion. The first and the third
states of a branch are called specific states, as they emit a specific symbol,
not emitted by any other state in the model. The second and the fourth
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p p
21.0 % 1-pC 1.0 1-p
@--->
Figure 5.11: A branch in the artificial target POMMs.

states of a branch, called forgetting states, emit the same letter and have
a self loop with a random probability p > 0.7. These states generate long-
term dependencies between specific states as the process remains for several
steps (in average ﬁ) in forgetting states. For instance, in the branch
displayed in Figure 5.11, a large number of consecutive b’s are emitted and
the symbols directly following these b’s depends on the symbol (a or c)
emitted right before these b’s. The symbols emitted in a branch are not
used elsewhere and, therefore, the relation between the alphabet size and
the number of states is here |X| = 3|Q|. Afterward, 2|Q| random transitions
of small magnitude < 0.1 are added® to the model in order to make the
structure more general while preserving its complex FPT dynamics. We
generated target models containing 4, 8, 16, 24 and 32 states. From each
target model, 500 training sequences and 250 test sequences of length 100
were generated.

Splice

The Splice dataset, available from the UCI repository, is made of DNA
sequences, each one consisting of 60 nucleotides. A more detailed description
of this dataset is provided in section 7.5.1. We focus here on sequences
containing “exon = intron” boundaries. Furthermore, the rare sequences
containing ambiguities have been filtered out to limit the alphabet to the
4 nucleotides A,C,T,G. Note that our method can cope with ambiguous
sequences; they were not included here due to their low frequency in the
dataset (less than 0.5% of sequences contain ambiguities). The considered
training and test sets contain respectively 500 and 235 sequences.

CopChrom

The CopChrom database? consists of a collection of chromosome sequences
classified into 22 categories (or types). Each database entry is made of (i)
the metaphase from which the chromosome sample is extracted [1..180], (ii)

8When a random transition is added, the model is normalized to ensure that the total
outgoing probability mass from each state equals 1.

®The CopChrom dataset is publicly available at the address:
http://algoval.essex.ac.uk:8080/data/sequence/copchrom/
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the chromosome type [0..21], the centromere position and (iii) a sequence
defined on an alphabet consisting of the lower case letters a-f, the upper-
case letters A-F and the symbol ‘=’. In our experiments, all the informations
but the sequences have been filtered out. A letter codes a difference of
successive sample positions whereas ‘=" means that two successive positions
are equal. The upper and lower cases are respectively used to represent
positive and negative differences. The alphabetic position codes the level of
the difference, e.g. a stands for a negative difference of 1 whereas E denotes a
positive difference of 5. For each of the 22 categories, the database contains
100 training and test sequences. The training and test sequences have been
gathered into sets of 200 sequences and performances are assessed for each
class using a standard tenfold cross-validation.

5.6.2 Evaluation criteria

The dynamics and the prediction performances of the models are respec-
tively assessed using (i) the FPT divergence and (ii) the perplexity which
are detailed hereafter. Other performance measures to assess the model
structure are used in subsection 5.6.3. To evaluate the FPT dynamics of a
model H, we propose to compute the JS divergence between the PH dis-
tributions defined by H and the empirical FPT distributions observed in a
test sample Siest. The JS divergence has already been used in the feature
selection procedure presented in section 5.5.1. It is averaged here over all
the symbol pairs (a,b) with a,b € ¥ such that each pair is weighted by its
relative frequency in the test sample Siest:

, count(a,b) Ds(FPTg,., (a,b), Plfpt(a,b) | H
Divppr(H, Stest) = Y (2,0) D5 (P s ( 2 ,[p( )1 H))
aber Za’,b’GE Count(a ,b)

(5.25)
where count(a,b) is the cumulated frequency of the FPT from a to b in
Stest F{ﬁgtest(a, b) denotes the empirical distribution of FPT from a to b
in Siest and P[fpt(a,b) | H] denotes the PH distribution from a to b defined
by the model H.

The perplexity (PP) is related to the sequence likelihood and is used
to measure the prediction efficiency of probabilistic models. It is formally
defined as follows:

PP = 2 TSieatl] Zs€Sicu 1082 Pls | H] (5.26)

where ||Stest|| denotes the total number of symbols in the test sample Stest
and P[s | H| denotes the probability of generating the sequence s from the
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model H. The perplexity can be interpreted as a measure of the average
uncertainty for predicting the next symbol at any given position in the test
strings. An uninformed model would predict any symbol of the alphabet %
with the same probability 1/|X|. Such a model would have PP = |X|. There
is a potential issue when computing the perplexity on test sequences. Indeed,
the estimated model may give a null probability to these sequences, yielding
an infinite perplexity. To face this problem, the emission distributions of
states are smoothed such that each symbol of the alphabet is given a minimal
probability of 1075,

5.6.3 Evaluation of the model structure

Sections 5.3 and 5.4 argue that using a good model structure or topopology
is crucial to accurately model the FPT dynamics of a process. In turn, one
may wonder whether inducing a model fitting the observed FPT provides a
good model structure. This is precisely the objective of the current section.
The quality of the model structure induced by POMMSTRUCT is evaluated
here in a controlled setting. To do so, the artificial models used to generate
the sequences of the GenDep dataset (see section 5.6.1) are considered as
reference target models. For each target size (i.e. 4, 8, 16, 24 and 32
states), the complete training set (i.e. 500 sequences) is used to estimate
a model with POMMSTRUCT. The induced models are then structurally
compared with the target models. For comparison purpose, POMMSTRUCT
is stopped when the target size (in terms of number of states) is reached and
the current model is returned (i.e. there is no model size selection using a
validation set like in section 5.5.1). Comparisons with target models are
performed using the two following criteria:
1

MissAdd(Tar, EP) = ﬁg max(ns(EP,a) —ns(Tar,a),0) (5.27)
ng(Tar
ack

ATrans(Tar, EP) = EP) — ni(Tar)] (5.28)

1
ne(Tar) Ime(
where Tar and EP respectively denote the target and the estimated model,
ns(H,a) denotes the number of states emitting “a” in a POMM H, and
ns(H) and ny(H) are respectively the number of states and the number of
transitions with a strictly positive probability in a POMM H.

On the one hand, MissAdd(Tar, EP) is the proportion of states wrongly
added in a block relatively to the number of states in the target. In other
words, it is the proportion of false positive state additions. The left part
of Figure 5.12 evaluates this criterion for increasing target model sizes. For
target models up to 16 states, POMMSTRUCT makes no faulty state addi-
tions to the model. For targets having 24 and 32 states, POMMSTRUCT
wrongly adds two states to the model and the relative scores are respectively
2/24 = 8.33% and 2/32 = 6.25%.
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Structure evaluation : GenDep Structure evaluation : GenDep

ATrans (%)

MissAdd (%)
OFRPNWAUUIION®O

4 8 16 24 32 4 8 16 24 32
Target size (#states) Target size (#states)

Figure 5.12: Evaluation of the estimated model structure induced
by POMMSTRUCT using the GenDep dataset and associated target
models. Left: evaluation of the proportion of states added in a
wrong block for increasing target model sizes. Right: evaluation of
the relative difference of number of transitions between the target
and the estimated model for increasing target model sizes.

On the other hand, ATrans(Tar, EP) is the difference, in absolute value,
between the number of transitions in the target and in the estimated model,
normalized by the number of transitions in the target. This criterion is
assessed in the right part of Figure 5.12. For target sizes up to 8 states, the
target and the induced model have exactly the same number of transitions.
Furthermore, when considering a target size of 4, the estimated model and
the target are isomorphic (this is not the case for a target model with 8
states). For larger target sizes, POMMSTRUCT tends to estimate models
with more transitions than in the target. For instance, for a target size of 32
states, the estimated model has 129 transitions whereas the target has only
109 transitions which result on a relative difference of (129 — 109)/109 =
18.35%.

5.6.4 Complex dynamics modeling

In this section, we visually assess the ability of POMMSTRUCT to model
complex FPT dynamics. To do so, POMMSTRUCT is applied to sequences
from the GenDep dataset. These sequences are drawn from artificially gener-
ated target POMMs which include a broad range of dynamics and long-term
dependencies. Figure 5.13 displays selected PH distributions defined by a
target POMM H defined on an alphabet of 24 symbols and containing 32
states. It also shows empirical FPT distributions of a learning sample drawn
from H and containing 500 sequences as well as the PH distributions of a
model estimated with POMMSTRUCT. The concerned symbol pair as well
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Figure 5.13: Selected FPT fits obtained with POMMSTRUCT applied
to the GenDep dataset. The solid line represents the PH distribution of

the estimated model.

The light dashed line denotes the empirical FPT

observed in the 500 training sequences. The bold dashed line stands for

the PH distribution of the target model.
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as the Jensen-Shannon divergence between the target and the estimated PH
distribution are shown above each plot. Target PH distributions 1 and 2
are respectively shaped like hypergeometric and generalized binomial dis-
tributions. The target distribution 2 is shifted to the right as FPT shorter
than 20 have a nearly null probability to occur. Reproducing such a be-
havior requires an adequate structure since a fully connected model would
give a larger probability mass to short FPT. POMMSTRUCT adequately
models this shifted distribution, i.e. the induced structure supports well
the dynamics of the target model. POMMSTRUCT also correctly models
respectively the three modes and the bell-shaped dynamics of target dis-
tributions 3 and 4 even if the empirical distributions are somewhat noisy.
Target distributions 5 and 6 exhibit long-term dependencies in the target
model as short passage times have a rather small probability while the major
modes are located round passage time 60. In the last row of Figure 5.13,
it can be observed that POMMSTRUCT tends to exaggerate the early peak
of the target distributions. This may result from a partial overfitting of the
empirical distributions where early peaks are over-estimated. To sum up,
POMMSTRUCT is able to model a wide range of FPT dynamics including
multimodal distributions, shifted distributions and long-term dependencies.
The correct modeling of these distributions is achieved through the induction
of an adequate model topology.

5.6.5 Influence of the parameters

In this section, the influence of the hyperparameters, i.e. the initial model
order and the number of selected features, is studied. The number n, of
restarts and the precision parameter € can also be considered as hyperpa-
rameters. Using a larger number of restarts essentially helps to avoid the
local minima of the FPT likelihood function. The precision parameter € is
used in the stopping criterion of POMMSTRUCT to check if a significant im-
provement has been made. The influence of these parameters has not been
systematically checked, however, we have observed that using n, > 3 and
¢ < 1079 provides generally good results. Therefore, all our experiments
were carried out using n, = 3 and € = 107%. The learning curves pre-
sented hereafter are produced by extracting samples of growing sizes from
the training set. For each data size (except for 100%), 10 samples have been
randomly extracted from the training set in order to produce averaged re-
sults with standard deviations. Performances, in terms of FPT divergence
and of perplexity, are measured on a validation set obtained by extract-
ing randomly 25% of the training data. When measuring perplexities, the
probabilistic parameters of models learned by POMMSTRUCT have been
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reestimated with the Baum-Welch algorithm without adapting the model
structure.

Influence of feature selection

This section studies the influence of feature selection on (i) the FPT di-
vergence, (ii) the perplexity, (iii) the size of the model and (iv) the CPU
time. We have also evaluated the influence of feature weighting using the
JS divergence (see section 5.5.1). It appeared that slightly better perfor-
mances are obtained without feature weighting on the considered datasets.
However, in a preliminary experiment with sequences generated from the
POMM Hy displayed in Figure 5.7 with § = 0.95, using feature weighting
exactly matches the target structure whereas the standard approach returns
a model with 8 states (instead of 7) which does not fit as well the target
dynamics. The top and bottom parts of Figure 5.14 respectively show the
influence of the number of selected features on the FPT divergence and on
the perplexity. Results on validation data are shown when 10%, 20%, 50%,
70% and 100% of features'® are used.

As expected, using more features decreases the FPT divergence (which
is averaged over all features) but good results are already obtained when
50% of features are used. We can therefore conclude that fitting a subset of
features is sufficient to fit the complete FPT dynamics of the target process.
This also underlines the effectiveness of our feature selection strategy which
is based on the JS divergence (see section 5.5.1). Besides, increasing the
number of features also improves the perplexity. The top and bottom parts
of Figure 5.15 respectively show the influence of feature selection on the
size (in terms of number of transitions) of the obtained model and on the
CPU time of POMMSTRUCT. In general, increasing the number of features
provides models with a larger number of transitions. For instance, when the
full training set is used, fitting 10% of features results in a model with
90 transitions whereas fitting all the features provides a model with 131
transitions. The last plot shows the evolution of the CPU time in function
of the proportion of selected features. CPU time increases linearly with the
number of features. This is consistent with the computational bounds given
for the POMMPHIT algorithm!! (see section 5.5.2).

°The total number of features is p = |2
1At each iteration of the POMMSTRUCT algorithm, the computational complexity is
dominated by the complexity of POMMPHIT.
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Influence of feature selection
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Figure 5.14: The influence of the number of features, i.e. FPT pairs
and on the FPT divergence (top), the perplexity (bottom) evaluated
using the GenDep validation data.
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Figure 5.15: The influence of the number of features, i.e. FPT pairs,
on the number of transitions (top) and on the run-time (bottom)
evaluated using the GenDep training data.
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Influence of initial order

This section investigates the influence of the order of the initial model on
(i) the FPT divergence, (ii) the perplexity, (iii) the size of the model and
(iv) the CPU time. For computational time reasons we have only initial-
ized POMMSTRUCT with order 1 and 2 MC (see section 5.5.1). For the
GenDep and CopChrom datasets, using an order 2 MC provides slightly worse
FPT divergences and perplexities than with an order 1 MC. For the Splice
dataset, better results are obtained using an order 2 initial MC. The Splice
dataset has a much simpler dynamics than the two other datasets: it con-
sists of short passage times (the average FPT for each feature is less than 5)
and only two features, (a,t) and (t,g), have a bimodal empirical FPT dis-
tribution. Therefore, we believe that using an order 2 initial MC improves
the fit to these local dependencies. The top and bottom parts of Figure
5.16 respectively show the influence of the initial model order on the FPT
divergence and on the perplexity measured on the Splice validation data.

When a few data is available, an initial order of 1 provides better results.
Indeed, an initial order 2 MC has more parameters to estimate (see the top
part of figure 5.17) than an order 1 MC and therefore reliable estimations
require more data. When more than 20% of the training data are used,
the (relatively small) benefits of the order 2 initial MC can be observed.
The top and bottom parts of Figure 5.17 respectively show the influence
of the initial order on the number of transitions and on the CPU time of
POMMSTRUCT. As expected, initializing POMMSTRUCT with an order 2
MC provides a larger model than with an order 1 MC. Let us recall that
using an order 2 initial MC initially multiplies the number of transitions by
a factor |©|? with respect to an order 1 MC. The difference is most notice-
able when a small amount of data is available. In this case, the estimated
model is close to the initial model as a more complex model is likely to be
rejected by validation data due to overfitting (see 5.5.1 for the model size
selection). Besides, using a higher order initial model clearly increases the
computational run-time. This follows from the larger number of parameters
to estimate.

5.6.6 Comparative results

This section presents comparative results with the Baum-Welch algorithm
(see section 4.1.1) and the Bayesian state merging algorithm due to Stolcke
(see section 4.2.2). The hyperparameters of all the methods have been se-
lected on a validation set obtained by holding out 25% of the training data.
The Baum-Welch algorithm is applied on fully connected graphs of increas-
ing sizes as detailed in section 4.1.1. For the GenDep dataset, the considered



5.6. Experiments 137

Splice : initial order

0.01 T ——
oo [ ot T
0.008 |
0.007 | |}
0.006 | \i
0.005 t
0.004 |
0.003 t
0.002

FPT Divergence

0 0.10.20.30.40.50.60.70.809 1
Training data ratio

Splice : initial order

44li ' 'iniiorderll —_—
4.05 * init order 2

44
3.95 | i
39
3.85 r K
38 ¢
3.75
3.7

Perplexity

0 0.10.20.30.40.50.60.70.80.9 1
Training data ratio

Figure 5.16: The influence of the initial model order on the FPT
divergence (top) and on the perplexity (bottom) evaluated using the
Splice validation data.
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graph sizes are k/4,k/2,k and 3k/2 where k is the number of states in the
target model. For the Splice and CopChrom datasets the following graph
sizes are used: 2, 5, 10, 20 and 30. For each considered model size, three
different random seeds are used and the model having the largest likelihood
is kept. Additionally, a transition trimming procedure, based on the transi-
tion probabilities, has been used. The optimal model size is selected using
the validation data. The Bayesian state merging technique of Stolcke has
been reimplemented according to the setting described in section 3.6.1.6 of
[121] (see also section 4.2.2). The effective sample size parameter, defin-
ing the weight of the prior versus the likelihood, has been tuned!? in the
set {1,2,5,10,20} on validation data. Models estimated with this approach
contain a final silent state to predict the end of sequences. Such a state is not
present in the models resulting from POMMSTRUCT or Baum-Welch. In
order to get comparable measures, the final silent state is removed and the
model is normalized so as to satisfy properness constraints. The POMM-
STRUCT algorithm is initialized with an order r € {1,2} MC. All observed
FPT pairs are considered (i.e. p = |3|?) without feature weighting. When-
ever applied, the POMMPHIT algorithm (used in POMMSTRUCT to esti-
mate the model parameters) is initialized with three different random seeds
and the parameters leading to the largest FPT likelihood are kept. The
optimal model size and the initial model order are selected on the valida-
tion set. In addition to the stopping criterion presented in section 5.5.1, we
have limited the maximum number of iterations (i.e. state additions) to 20.
Performances are assessed using the FPT divergence and the perplexity (see
section 5.6.2). When measuring perplexities, the probabilistic parameters of
models learned by POMMSTRUCT have been reestimated with the Baum-
Welch algorithm without adapting the model structure.

Figure 5.18 shows learning curves on the GenDep test sequences which
are drawn from an artificial target model with 32 states and 24 symbols.
POMMSTRUCT clearly outperforms its competitors in terms of FPT diver-
gence. Furthermore, POMMSTRUCT is able to correctly model the target
dynamics even when a small amount of data is available. This has also been
observed in the top part of Figure 5.14 when all the features are used. The
algorithm of Stolcke performed rather well for small amounts of data but the
performance does not improve much when more training data are available.
The Baum-Welch technique poorly fits the FPT dynamics when a small
amount data is used. However, when more data are available (> 70%),
it outperforms the approach of Stolcke. The bottom part of Figure 5.18
shows that POMMSTRUCT has the best overall perplexity. When all the

12The fixed value of 50 recommended in [121] performed poorly in our experiments.
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Figure 5.18: Comparative results using POMMSTRUCT, Baum-
Welch applied on fully connected graphs with transition trimming,
and the Bayesian state splitting due to Stolcke on the GenDep test
data. The train and test sequences have been been drawn from a
target model defined on an alphabet of 24 symbols and containing
32 states.
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training data are used, the approach of Stolcke obtains a slightly lower di-
vergence than Baum-Welch. The relative perplexity increases with respect
to the target model, used to generate the sequences, for POMMSTRUCT,
the approach of Stolcke and Baum-Welch are respectively 2%, 18% and 21%.
When all the training data are used, the computational run-times are the
following: 3.45 hours for POMMSTRUCT, 2 hours for Baum-Welch and 35
minutes for Stolcke’s approach. It should be noted that when 50% of the
features are used, the run-time of POMMSTRUCT is less than two hours
while it still outperforms the competing approaches with respect to both
criteria.

Figure 5.19 present results obtained on the Splice dataset. The FPT
dynamics in these sequences is less complex than in other datasets, leading
to smaller absolute JS divergences for all techniques. POMMSTRUCT ex-
hibits the best overall performance in terms of FPT divergence. Results on
validation data have shown that better results are obtained when POMM-
STRUCT is initialized with an order 2 MC (see section 5.6.5). However,
POMMSTRUCT also outperforms its competitors when initialized with an
order 1 MC. When more than 50% of the training data are used, the Baum-
Welch algorithm performs slightly better than the technique of Stolcke. The
perplexity obtained with POMMSTRUCT and Baum-Welch are comparable
(the relative perplexity increase of POMMSTRUCT with respect to Baum-
Welch is less than 1%) while the approach of Stolcke performs slightly worse
(4% of relative perplexity increase). When all the training data are used,
the computational run-times are the following: 25 minutes for Baum-Welch,
17 minutes for Stolcke’s approach and 6 minutes for POMMSTRUCT. In
this case, POMMSTRUCT runs faster than its competitors. This can be ex-
plained by the small size of the alphabet (|X| = 4) of the Splice sequences.
Indeed, the computational complexity of POMMSTRUCT increases quadrat-
ically with the alphabet size when all features are used. Therefore, POMM-
STRUCT runs much faster on sequences defined on small alphabets.

Figure 5.20 display performances obtained on the CopChrom dataset. The
FPT dynamics in these sequences is rather complex with many peaks which
makes the task rather challenging. Results have been computed using a
standard tenfold cross-validation for each one of the 22 chromosome types.
POMMSTRUCT obtains the lowest FPT divergence on each of the 22 cat-
egories. The relative divergence increase, averaged on the 22 categories,
with respect to POMMSTRUCT is 51% for Baum-Welch and 64% for the
approach of Stolcke. Concerning the perplexity, Baum-Welch has the best
overall performance but POMMSTRUCT has the lowest perplexity on the
chromosome types 2, 6, 12, 17 and 20. The perplexity increase, averaged on
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Figure 5.19: Comparative results using POMMSTRUCT, Baum-
Welch applied on fully connected graphs with transition trimming,
and the Bayesian state splitting due to Stolcke on the Splice test
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Figure 5.20: Comparative results using POMMSTRUCT, Baum-
Welch applied on fully connected graphs with transition trimming,
and the Bayesian state splitting due to Stolcke on the CopChrom data.
Performances are evaluated separately for each of the 22 chromosome
types (or categories) using a ten-fold cross-validation.
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all the categories, with respect to Baum-Welch is 4% for POMMSTRUCT
and 19% for the Stolcke’s approach. The computational run-times, averaged
on all the categories, are the following: POMMSTRUCT and Stolcke’s ap-
proach both take 8 minutes whereas Baum-Welch takes 23 minutes.

To sum up, the comparative results presented above show the superior-
ity of POMMSTRUCT to model the FPT dynamics observed in sequences.
This is mostly noticeable on the GenDep and CopChrom datasets where the
dynamics is more complex than in the Splice dataset. The models obtained
with POMMSTRUCT and reestimated using Baum-Welch have a lower per-
plexity than those estimated with the approach of Stolcke. POMMSTRUCT
obtains a lower perplexity than Baum-Welch on the GenDep dataset whereas
both approaches have very close perplexities when applied to the Splice and
CopChrom datasets.

5.6.7 Implementation issues

A prototype of the proposed induction algorithm, POMMSTRUCT (see sec-
tion 5.5.1), has been implemented in the Python 2.4 language whereas the
inner PH fitting procedure, POMMPHIT (see section 5.5.2), has been devel-
oped in the ANSI C language. In the one hand, the Python programming
language offers convenient string manipulation procedures, useful to extract
FPT in the sequences. Moreover, POMMSTRUCT also takes benefit from
the object-oriented layer of Python to define objects like POMMs or other
intermediate structures. In the other hand, the major computational burden
takes place in the POMMPHIT estimation algorithm which is called each
time a new state is added to the model. For this reason, we have chosen to de-
velop an external program written in a very efficient second generation pro-
gramming language, namely the ANSI C language. Presently, both programs
communicates via Unix pipes and files. A more elegant and efficient bridge
would rely on the SWIG development tool'® which connects C or C++ pro-
grams to a variety of high-level programming languages such as Python. The
Baum-Welch algorithm with transition trimming (see section 4.1.1) used in
our comparative experiments follows the same design as POMMSTRUCT:
the inner parameter estimation routine has been coded in ANSI C whereas
the outer structural procedure including transition trimming has been de-
veloped in Python. The Bayesian state merging algorithm due to Stolcke
(see section 4.2.2) has been fully programmed in ANSI C. In this context,
the beta function is computed using a routine proposed in the “Numerical
Recipes in C” [104]. The implementations of POMMSTRUCT as well as

13This tool can be freely obtained at http://www.swig.org/.
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the Baum-Welch algorithm and Stolcke’s method are available on the UCL
Machine Learning Group (MLG) website: http://www.ucl.ac.be/mlg/.

5.7 Summary and discussion

This chapter has presented a novel approach to the structural induction
of HMMs. The proposed technique, POMMSTRUCT, builds a model re-
producing the First Passage Times (FPT) dynamics observed in a sample
drawn from some unknown target process. Unlike N-grams (i.e. contigu-
ous sequences of length N), FPT features are not local as there is no fixed
maximum time (i.e. number of steps) between two events. Furthermore,
the FPT distributions contain relevant informations, such as the presence
of dominant path lengths or long-term dependencies, about the structure to
be learned.

We have introduced a new kind of model called Partially Observable
Markov Models (POMMSs). These models are HMMs constrained such that
each state can only emit a single symbol with probability one. The state
set of POMMSs can be partitioned such that the states emitting the same
symbol are gathered in blocks. Importantly, we have shown that POMMs
and HMMs generate the same class of distributions on strings. Our induc-
tion algorithm POMMSTRUCT uses POMMs as target representation since
FPT are conveniently computed in these models while the expressiveness of
HMDMs is preserved. Links between POMMSs and standard Markov chains
(MC) have also been investigated. We have shown that POMMs are equiva-
lent to lumped MC, i.e. MC with a partitioned state set and such that only
the block identities are observed. Sufficient and necessary conditions for a
POMM to define a MC were also given via the notion of lumpability.

The distributions of FPT in POMMs (or equivalently in HMMs) have
been studied. We have shown that these distributions are of phase type
(PH). Moreover, we have motivated the use of the FPT in model induction
by showing that they are informative about the structure to be learned. For
instance, multi-modal FPT distributions reveals the presence of dominant
path lengths between blocks in the model. Importantly, these structural
informations are directly available in the learning sample. In a nutshell, ac-
curately modeling the FPT dynamics requires an adequate topology. Such a
topology is learned incrementally by our induction algorithm which is driven
by the fit to the observed FPT.
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We have then focused on modeling sequential processes including long-
term dependencies, which are processes for which an outcome can depend
on the realization of some event at a much earlier time. We have shown that
finite order Markov chains (MC) poorly model such dependencies, especially
when the conditioning event can be arbitrarily far in the past. More powerful
models such as HMMs or POMMSs are required to model such dependencies.
Nevertheless, we have shown that using an adequate structure is crucial for
reproducing such dependencies. This follows from the Perron-Frobenius the-
orem (see section 1.2) which implies that a model can only have a long-term
memory if the second largest eigenvalue of its transition matrix is large.
In general, fully connected graphs with uniformly randomized transitions
probabilities have a very low second largest eigenvalue. This theoretically
explains why the Baum-Welch algorithm applied to fully connected graphs
(see section 4.1.1) fails to model long-term dependencies. Links between
long-term dependencies and FPT have been highlighted. We have shown
that the FPT directly measure the time between conditioning and condi-
tioned events. Therefore, long-term dependencies are reflected in the FPT
dynamics of a process. This makes the FPT a suitable criterion to fit these
dependencies.

The POMMSTRUCT algorithm for POMM induction has been intro-
duced. This technique learns the structure of POMMSs and estimates jointly
their parameters to fit the observed FPT. A new likelihood function relying
on PH distributions is introduced. Unlike the traditional likelihood function,
the FPT likelihood is concerned with times between events (i.e. emission of
symbols) rather than with the complete generative process. POMMSTRUCT
is initialized with a standard MC, the order of which is a user parameter
typically set to one. By default, POMMSTRUCT fits the FPT associated to
all possible pairs of symbols (a,b) where a,b € ¥. Alternatively, a feature
selection procedure is proposed to fit only a limited number pairs. Feature
selection finds, via the Jensen-Shannon divergence, the pairs poorly fitted
by the initial MC. At each iteration, a new state is added to the model
and the additional parameters are estimated using a novel algorithm called
POMMPHIT. This is a maximum likelihood estimation based on EM and
concerned with the FPT likelihood function. An interesting byproduct of
POMMPHIT is the expected number of times transitions are triggered while
observing the sample FPT. This defines a very natural criterion to trim less
frequently used transitions from the model. The optimal model size is se-
lected on an independent set of validation sequences.

Finally, we have presented experimental results obtained with POMM-
STRUCT on several sequence modeling tasks. These experiments aimed at
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(1) assessing the quality of the model structure learned with POMMSTRUCT
(iii) evaluating the ability of POMMSTRUCT to model complex FPT dy-
namics, (iv) check the influence of hyperparameters and (v) compare the
performances of POMMSTRUCT with respect to Baum-Welch applied on
fully connected graphs with transition trimming (see section 4.1.1) and the
Bayesian merging approach due to Stolcke (see section 4.2.2). Firstly, ex-
periments with data drawn from known artificial target models have shown
that POMMSTRUCT provide models close to the targets in terms of num-
ber of states per block but with slightly more transitions. Then, we have
shown that POMMSTRUCT is able to model a wide range of FPT dynamics
including multi-modal distributions, shifted distributions and long-term de-
pendencies. The influence of feature selection and of the initial model order
has been studied. It was shown that using a limited amount of features can
model well the complete FPT dynamics observed in the sample while signifi-
cantly reducing the computational run-time. Using a higher order initial MC
does not systematically yield better results but it can improve the fit to local
dependencies present, for instance, in DNA sequences. Finally, comparative
results have shown that POMMSTRUCT is better suited to fit a process with
a complex FPT dynamics than Baum-Welch or Stolcke’s approach. Mod-
els obtained with POMMSTRUCT and reestimated with Baum-Welch have
a lower perplexity than those estimated with the approach of Stolcke on
all the considered datasets. POMMSTRUCT does not always offer a lower
perplexity than Baum-Welch, however the FPT dynamics observed in the
sample is more accurately modeled by our technique.

We now discuss the limitations of our approach and possible future re-
searches in that perspective. A first remark concerns the use of POMMSs
instead of HMMs in our induction technique. While being equivalent to
HMMs, POMMs are often less concise than HMMs and therefore harder to
interpret. We have provided a technique for converting a given HMM into a
POMM but the converse transformation has not been investigated. When
converting a HMM into an equivalent POMM, the resulting model has, by
construction, additional constraints linking its parameters (see theorem 8).
A POMM satisfying such constraints can readily be transformed into a more
concise HMM. POMMSTRUCT could be adapted to satisfy these constraint
and to return a HMM rather than a POMM. Alternatively, one could adapt
our reestimation procedure, POMMPHIT, to apply to HMMs. Finally, one
could use the technique proposed in [7] to get a canonical representation of
the estimated POMM. This technique would however return a generalized
HMM, i.e. a relaxed HMM with parameters in R, rather than a standard
HMM.
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Up to now, POMMSTRUCT fits the observed FPT dynamics between
individual symbols. An interesting extension would consider higher order
events, that is modeling the FPT between occurrences of subsequences in
the input sequences. In the context of sequence classification (see chapter
7), such extended FPT are modeled using PH distributions. The major
difference with the current approach is that each subsequence pair is fitted
with a distinct model. These extended features are shown to be discriminant
in sequence classification tasks. We believe that POMMSTRUCT could also
take benefit from these features. For instance, it could be used to model
long-term dependencies between aggregated events (i.e. subsequences).

Besides, POMMPHIT makes an independence assumption concerning
the symbol pairs. More precisely, it is assumed that the FPT for a given
pair are independent from the FPT associated to the other pairs. Taking
the possible FPT dependencies into account could also be investigated in a
future work.

Finally, smoothing issues are an important problem for HMM or POMM
induction. That is, the learning sample is often very sparse and consequently,
numerous possible events are given a null probability by the estimated mod-
els. This can cause problems while computing the perplexity of sequences
containing such events as the log-likelihood becomes unbounded. Smooth-
ing techniques aim at spreading the probability mass to unobserved or rare
events. Approaches towards this objective include back-off smoothing (see
section 1.5) applied to Probabilistic Automata (PA) [87], symbol clustering
[44] and error-correcting techniques [42]. All these techniques are concerned
with smoothing the sequence likelihood. Alternatively, one could focus on
smoothing the FPT. That is, one wants to spread the probability mass to
rare or unobserved FPT. In section 7.3.2 we will show that modeling the FPT
with PH distributions can be thought of as a smoothing technique where
the amount of smoothing is controlled by the number of phases. The num-
ber of phases corresponds here to the number of states in the POMM. One
could therefore control the number of state additions towards this smoothing
objective.
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Chapter 6

An overview of sequence
classification methods

This chapter reviews some important methods for solving discrete sequence
classification problems. Given a training set of n examples Tr = (S,Y) =
{(s',91),..., (s",yn)} where s’ is a sequence defined on an alphabet ¥ and
y; € Y is its label (or its class), one wants to learn a function f : ¥X* — )
for predicting the label of new sequences. Practical applications of this task
range from the recognition of splicing sites in DNA sequences to musical
pieces classification. We distinguish here two general kinds of approaches
to this problem: (i) generative techniques where the classification relies on
a probabilistic model of the data and (ii) discriminative methods directly
focusing on the decision function.

Generative techniques aim at modeling the generative process of the data
P[S,Y]. A new sequence s can be classified using a maximum likelihood or
a maximum a posteriori (MAP) decision rule. The Naive Bayes classifier
is perhaps the most simple and popular generative technique for classifying
sequences. In such a classifier, symbols are assumed to be generated inde-
pendently. The locations or co-locations of symbols in the sequences are not
taken into account in such a classifier. Consequently, a random permutation
of the symbols in sequences would have no effect on the resulting model as
the sufficient statistics, i.e. the symbol frequencies, remain unchanged after
such an operation. N-grams, or equivalently order N — 1 Markov chains
(MC), can be considered as an extension of Naive Bayes, modeling the de-
pendencies between successive events in a window of length N. Estimation
techniques for such models have been presented in section 1.5. HMMs, pre-
sented in chapter 2 are a generalization of MC modeling even more general
dependencies in sequences. In section 7.4.1, we propose a novel generative
classification technique based on phase-type (PH) distributions modeling the
first passage times (FPT) in sequences. In section 5.3, it has been shown
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that the FPT between symbols in HMMs define PH distributions. Hence,
using these distributions for characterizing sequences allows us to include a
part of the powerful expressiveness of HMMs in our classification techniques.
In contrast with generative classification techniques, discriminative ap-
proaches directly focus on the decision function used to classify sequences.
To do so, models such as MC and HMMs can be trained so as to maxi-
mize the conditional likelihood (see section 4.3.1 for HMMs) rather than the
data likelihood. Besides, non-probabilistic methods such as multiple layer
perceptrons, decision trees, nearest neighbors and kernel methods can also
be applied to classify sequences. Kernel methods (see chapter 3) are now
considered as the state-of-the-art in sequence classification. They basically
consist of a Support Vector Machine (SVM) classifier along with a specific
kernel computing the similarity between sequences. String or sequence ker-
nels embed sequences into some relevant feature space based on characteris-
tics such as counts of subsequences. Finally, one can couple generative and
discriminative approaches by using a kernel relying on a probabilistic model
to compute similarities. In section 7.4.2, we propose a novel string kernel
relying on a probabilistic model of the FPT, namely the PH distributions.

This chapter is organized as follows. Section 6.1 reviews some genera-
tive classification techniques including Naive Bayes and N-gram classifiers
(subsection 6.1.1) as well as a technique based on the Lempel-Ziv78 (LZ78)
algorithm used in data compression (subsection 6.1.2). Section 6.2 reviews
discriminatively trained MC (subsection 6.2.1) as well as state-of-the-art
string kernels (subsection 6.2.2).

6.1 (Generative approaches

This section is concerned with generative methods for classifying discrete
sequences. Such techniques build a probabilistic model of the data and
predict the label of new sequences according to a maximum likelihood or
a Maximum a posteriori (MAP) decision rule. In this context, one of the
simplest methods is the Naive Bayes classifier [68] which is equivalent to
a unigram model. Sequence classification with Naive Bayes only relies on
the frequencies of individual symbols within the different classes. Such a
technique was shown to provide good results in text classification problems.
N-gram extends Naive Bayes by modeling dependencies between successive
events in a sliding window of length N. The estimation of such models is not
straightforward as the number of distinct N-grams grows exponentially fast
with N and a huge amount of data is required to get reliable estimates. To
face this issue, one can use robust estimation techniques presented in section
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1.5. Such estimation techniques define variable order MC by using a back-
off smoothing scheme. Alternatively, lossless compression algorithms such
as the classical Lempel-Ziv-78 (LZ78) can be used in sequence prediction
and classification problems. These techniques also define variable order MC
and were shown to produce good results in sequence classification tasks [9].
HMMs introduced in chapter 2 are more powerful than finite order MC as
they can model more general dependencies, such as long-term dependencies
(see section 5.4), in sequences. However, such models are more difficult
to learn than N-grams and do not systematically yield better classification
results. In sections 7.4.1 and 7.4.2 we show how PH distributions can be
efficiently used to perform sequence classification. In section 7, we show that
these novel methods compare favorably with state-of-the-art classification
techniques.

Subsection 6.1.1 briefly reviews the Naive Bayes and N-gram classifiers
while subsection 6.1.2 presents a classification technique based on the LZ78
algorithm.

6.1.1 Naive Bayes and N-grams classifiers

According to the Bayesian decision theory, the highest expected classification
accuracy, or equivalently the minimum expected error rate (also called the
functional risk in section 3.1.1), is achieved by predicting the class y € Y
having the highest posterior probability Py |s]. The class posteriors can be
computed using the Bayes theorem, which yields the following decision rule
to classify a new sequence s:

* = arg max s| where 5] = P[s | y|Ply]
Ve P PRI

Since the denominator is the same for all the classes, it can be ignored
from the maximization. The decision rule displayed in equation (6.1) is
guaranteed to yield the lowest expected error rate when the distributions
P[S|Y] and P[Y] are known. In practice, these distributions have to be
estimated from data. The prior probability of a class y € ) is simply
estimated as the relative proportion of sequences labeled with ¥ in T'r:

(6.1)

Ply
n

The estimation of P[S | Y] is somewhat more challenging as there are ex-
ponentially many! distinct sequences for a given length. Consequently, ob-
taining a reliable estimate of the sequence distribution using simple count

The number of sequences of length [ defined on an alphabet ¥ is \Z|l.
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ratios, as in equation (6.2), is practically infeasible as it would require a
huge amount of training data. In order to estimate the distribution P[S|Y],
the naive Bayes classifiers makes the assumption that the symbols occur
independently in sequences. Therefore, the probability, or the likelihood, of
a sequence s = S ... S given a class y is computed as follows

l

Pls|yl =[] Plsi |yl = [ Pla]y)“® (6.3)

i=0 aex

where Cs(a) counts the number of occurrences of a in the sequence s. Con-
sequently, the estimation of P[s | y] is reduced to estimating each Pla | y]
independently. The Laplace estimate for such probabilities is given here-
after. e
Plaly] = e ) (6.4
X[+ 2 aen C(a)

where CY(a) counts the number of occurrences of a in the sequences labeled
with y. A virtual count is added to the numerator in order to insure a strictly
positive probability for symbols not observed in the training sequences la-
beled with y. Indeed, if a test sequence contains a symbol ¢ unobserved in
the training sequences labeled with y, the probability Plc | y] = 0 would
be propagated through the probability products in the right part of equa-
tion (6.3), eventually defining P[s|y] = 0. The term |X| is added to the
denominator in order to define a proper conditional distribution over X.

The naive Bayes classifier is easily extended by estimating the distribu-
tion P[S | Y] using N-grams rather than frequencies of individual symbols
corresponding to unigrams. This finer modeling allows one to take depen-
dencies within a finite range into account. Probability smoothing is even
more crucial here as there are numerous unobserved N-grams in the train-
ing data. The KN back-off smoothing presented in section 1.5 can be applied
to get (more) reliable estimates of the N-grams probabilities. The obtained
model actually defines a variable order MC, the order of which ranges from
0 to N — 1. These models have been assessed in sequence classification
problems and are shown to be very robust to noisy training data [41]. The
core of the computational load of smoothed N-gram classifiers consists of
counting all contiguous subsequences up to length N in the training set T'r.
Consequently, N-gram classifiers have a time complexity O(N [|S||) where
||S]| is the cumulated length of all sequences in the training set.

6.1.2 A compression-based approach

There is a close relation between lossless compression and sequence predic-
tion algorithms as, according to the Shannon theory, data can be encoded
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with a smaller number of bits if the generative distribution (or a model of
this distribution) is available. Furthermore, it turns out that any lossless
compression algorithm can be used for prediction and conversely. This sec-
tion presents a technique based on the LZ78 compression algorithm [142]
used in a variety of compression and archiving utilities. Compression is
achieved by replacing portions of data with references to previously en-
countered fragments stored in a lexicon. This algorithm defines a mediocre
predictor whenever applied to new sequences but it turns out that this tech-
nique along with refinements proposed in [97] performs very well on sequence
classification problems such as protein categorization [9].

The LZ78 algorithm builds a variable order MC from a data sample S
by performing the following steps. First, the sequences s € S are parsed as
non-overlapping fragments in an incremental fashion. Note that consider-
ing only non-overlapping fragment yields in general a crude MC estimation,
nevertheless, this parsing is well-suited for compression purpose. For the
sake of simplicity, we explain this parsing technique through an example
consisting of the sequence s = banana. A lexicon L is initialized with the
empty sequence €. The sequence s is then scanned from left to right and
the parser adds successively the smallest subsequences not yet present in
L. For instance, when the parser reaches the first n in s, the lexicon is
L = {e,b,a,n}. When reaching the second a, the parser adds an in £ as
a was already present in the lexicon. The parsing continues after the sec-
ond n as no overlapping subsequences are considered. The remaining of the
sequence contains no other subsequence to add in the lexicon, which is fi-
nally £ = {e,b,a,n,an}. The same procedure applied to s = abcbcd would
return £ = {e,a,b,c,bc,d}. The lexicon is efficiently represented using a
prefix tree built as follows. Initially, the tree consists of a root node labeled
with £ and having |¥| child leaves. Each node of the tree maintains a counter
which is always equal to 1 for the leaves and equal to the sum of the chil-
dren’s counters for the internal nodes. Given a newly parsed fragment s,
the tree is (deterministically) traversed from the root until reaching a leaf
g. This leaf is then transformed into an internal node with || child leaves
and the counters are updated backwards along the path from ¢ to the root
node. Such a prefix tree constructed from our example sequence s = banana
is depicted in Figure 6.1. The prefix tree resulting from parsing the sam-
ple S is used to compute conditional probabilities Pla | h] as follows. The
prefix tree is traversed from the root according to the history h. If a leaf
is reached before h is consumed, the traversal is continued from the root
node according to the remaining symbols. If g, denotes the node (which
can be an internal node or a leaf) reached at the end of the traversal and
¢a denotes the child of g; corresponding to symbol a, the conditional prob-
ability is computed as Pla | h] = C(qa)/C(qp) where C(q) is the counter of
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(€ 11)

(a, 5)/ (b, 3) \(n, 3)
AN AN N

(a 1) (b, 1) (n, 3) (a 1) (b, 1) (n, 1) (a 1) (b, 1) (n, 1)

(a 1) (b, 1) (n, 1)

Figure 6.1: The tree constructed by LZ78 when applied to the se-
quence s = banana. LZ78 extracts the set of non-overlapping frag-
ments of increasing sizes {b,a,n,an} and constructs the prefix tree
accordingly. Nodes are labeled with a pair (a, ) where a is a symbol
and i is the node counter which is equal to the sum of the children’s
counters for internal nodes and equal to one for the leaves.

node ¢. For instance, for computing P[b | an] the tree is traversed as follows
£ — a — n — b and the desired probability is 1/3. To compute P[b|ab], the
traversal ise — a — b — ¢ — b and P[b|ab] = P[b|e] = 3/11. This model
clearly defines a variable order MC as the prediction of the next symbol
may depend on a variable length history. Let us recall that this variable
order MC is crudely estimated since only non-overlapping fragment have
been considered and the observed frequency of these fragment are not taken
into account.

Estimating a variable order MC with LZ78 essentially amounts to enu-
merating the non-overlapping fragments, what can be done in a time com-
plexity O(nL) where n is the number of sequences in the training set and
L is the length of the longest sequence in the training set. This low com-
putational requirement is achieved at the cost of possibly unreliable prob-
ability estimations. On the one hand, not all the subsequences present in
the input sequences are taken into account. In our example s = banana,
the subsequence na is not included in the lexicon nor in the prefix tree.
This subsequence would however be very useful to compute the conditional
probability P[n | na]. On the other hand, a loss of context can happen
when a traversal is reset to the root of the tree. For instance, when com-
puting P[b | ab] one could rely on the more informed probability P[b | a]
rather than defining P[b | ab] = P[b | ¢]. To face these issues, the authors
of [97] have proposed to use techniques called input shifting and back-shift
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parsing. Input shifting considers additional fragments by parsing the input
sequences several times starting from different offsets. Besides, back-shift
parsing attempts to improve the computation of conditional probabilities by
guaranteeing a minimal context length. This improved LZ78 predictor has
been shown to outperform other variable MC approaches when applied to
protein classification tasks [9].

6.2 Discriminative approaches

This section presents discriminative techniques to the discrete sequence clas-
sification problem. In contrast with generative approaches, these techniques
do not focus on how the data were generated but on a decision function
allowing one to predict the label of sequences. In a probabilistic setting, the
conditional distribution P[Y | S] is estimated without resorting to a maxi-
mum likelihood or a MAP estimation of the joint data distribution P[S,Y].
In this context, we present a technique for estimating /N-gram models which
optimize the conditional likelihood. Moreover, kernel methods have been
successfully applied to sequence classification problems by defining kernels
embedding the sequences into some relevant feature space. In this context,
we present two string kernels which are considered as the state-of-the-art
in sequence classification. Finally, it should be noted that both generative
and discriminative approaches can be unified using kernels which compute
similarities based on generative models. This is the objective of the so-
called marginalization and Fisher kernels [118]. In section 7.4.2, a novel
marginalization kernel based on phase-type distributions is proposed to per-
form sequence classification.

Subsection 6.2.1 presents a method for training MC discriminatively
while subsection 6.2.2 reviews kernel methods for sequence classification.

6.2.1 Discriminative Markov models

This section presents the discriminative counterpart of the generative IN-
gram classification approach described in section 6.1.1. This technique was
proposed by Yakhnenko et al. [137]. The basic idea amounts to estimate the
probabilistic parameters of N-gram models, or equivalently of order N — 1
MC, so as to maximize the conditional likelihood of the data. Given a
sequence s = sq...s; defined on an alphabet X, the posterior probability of
a class y € Y is given by

Pls, y]

P[y | S] = Zy/eyp[&yl]

(6.5)
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According to the Markov property, the joint probability P[s,y] is provided
by
l
P[s,y] = Plso.n—2,Y] H Plsg | sk-N11:6-1,Y] (6.6)
k=N—1

where s;.; denotes the subsequence of s starting at index ¢ and ending at
index j and [ is the last index of the sequence s. Note that the factor
P[sp.n—2,y] in equation (6.6) is a generalization of the initial probability
tqg = P[Xo = ¢} in an order 1 MC (see definition 1); it defines the probability
of the first NV — 1 outcomes of the process. The complete model consists in
|Y| N-gram models; the parameters of the model associated to the class y
are superscripted with y:

. pg‘th[a|h,y] forallhe XN"landae X
e pY = Pv,y] for all v € XN—1

The parameters pg ' encodes the conditional probabilities of the model while
p? defines the initial probabilities of the model. Since sequences are assumed
to have been independently drawn, the conditional log-likelihood of the com-
plete training data 7T'r is given by:

CLL(Tr)= > log(Ply|s)) (6.7)
(s,y)ETr

The authors of [137] propose to use a gradient-ascent technique to maximize
the conditional likelihood. In order to keep the parameters of the model in
the range [0, 1] and to enforce properness constraints, a new parametrization
is used:

1 .
Pan = exp(wy,) with Zy =3 cxexp(wy,,)
| le | | (6.8)
e = 5 exp(u?) with Z,, = Zveszl’yey exp(uy)
u

where the new parameters wi" , and uy are respectively related to the log-
arithm of the original parameters pz h and pY. These new parameters are
initialized according to the logarithm of their maximum likelihood estimates
(see section 1.5). Then, they are iteratively updated according to the fol-
lowing gradient-based rules:

w? — w6 +a 0log CI;L(T'r)
alh alh 8wa\h (69)
u% - uly} +a Olog CLL(T'r)

ouy
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where « is the learning rate. For the technical derivations of the partial
derivatives, the reader is referred to the original paper [137]. Like the max-
imum likelihood estimates (see section 1.5), these partial derivatives rely on
N-gram counts but they also include an additional term enforcing the true
labels of sequences (provided in the training set) to have a larger posterior
probability than the other labels. It is important to note that this learning
technique is not guaranteed to find the global optimum of the conditional
likelihood function whereas globally maximizing the classical likelihood is
straightforward using formula provided in section 1.5. Once the model is es-
timated, new sequences are classified by assigning the most probable class:
y* = argmax, cy Ply|s]. Experimental results show that discriminative N-
grams offer slightly better performances than their generative counterpart
but they are generally outperformed by kernel methods [137].

6.2.2 Kernel methods for sequence classification

Support Vector Machines (SVM) reviewed in chapter 3 can be applied to
sequence classification problems by using a kernel computing similarities be-
tween sequences. Kernel methods are now considered as the state-of-the-art
in supervised sequence classification. Many string or sequence kernels have
been proposed over the last few years; each such kernel defines an embedding
of the sequences into some relevant feature space where the maximal margin
hyperplane is computed. This section reviews three important string kernels
which are now considered as standard in the literature, namely the spectrum
kernel, the mismatch kernel and the subsequence kernel. Several extensions
of these kernels are presented in [118]. Kernels can also be constructed
from generative models such as N-grams or HMMs. This is the objective
of the so-called marginalization and Fisher kernels [118]. Marginalization
kernels are used in section 7.4.2 to define an original kernel based on PH
distribution. The Fisher kernel is briefly overviewed in the present section.

Spectrum kernel

The spectrum kernel proposed in [82] is one of the first kernels on sequences.
It relies on the following principle: two sequences should be considered as
similar if they share a large number of contiguous subsequences of length
p € N. Therefore, a sequence s is characterized by the histogram ®P(s) of
frequencies of all contiguous subsequences of length p called the p-spectrum
of s. The p-spectrum kernel computes the dot product between two p-
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spectra.
kp(s,s') = (®(s), "(s"))

= > Cs(v) Cy(v)

vEXP

(6.10)

where Cs(v) denotes the number of occurrences of v in s. For instance, let
us consider the two following sequences defined on the alphabet ¥ = {a,b}:
s = abba and s’ = baba. The 2-spectra for these sequences are respectively
®2(s) = {(ab, 1), (ba, 1), (bb,1)} and ®?(s’) = {(ab,1), (ba,2)} where the
(null) frequencies of non-occurring subsequences are not given. Performing
the dot product between these feature vectors provides ka(s,s’) = 3. The
spectrum kernel can be extended so as to consider contiguous subsequence
up to length p. This kernel is known as the blended p-spectrum kernel.
Since the frequencies of observed subsequences tend to decay exponentially
with their length, one introduces weighted features in order to reinforce the
influence of longer subsequences: ®%¢(s) = c?®%(s), where ¢ € R*. The
blended spectrum kernel is defined as follows:

bpe(s. o) = (20(s), @P4(s))
= > ) M Ci(v) Ca(v) (6.11)

d=1ycxd

The blended 2-spectra, with ¢ = 2, of our example sequences are respectively
®22(s) = {(a,4), (b,4), (ab,4), (ba,4), (bb,4)} and ®>2(s') = {(a,4), (b,4),
(ab,4), (ba,8)} and the related kernel evaluation is k3 (s, s’) = 80. The spec-
trum kernel can be efficiently computed using a prefix tree data structure.
The tree used to evaluate the 2-spectrum kernel on our example sequences
is depicted in Figure 6.2. The nodes of the tree are labeled with their rela-
tive prefix. To each node ¢ are associated two lists Ls; and Ly. In the root
node ¢, Ly and Ly are respectively initialized with the frequencies of sub-
sequences of length p in s and s’. These subsequences are filtered down the
tree and the list Ls/Ly associated to a node ¢ contains the frequencies of all
subsequences in s/s’ starting with ¢. Given a node ¢, let n®(¢q) and n® (q)
respectively denote the summed frequencies of subsequences in L and L.
Summing the products [n®(q) n® (q)] over all the leaves ¢ in the tree provides
the desired kernel evaluation k,(s,s’). This computation has a time com-
plexity O(p(|s|+|s])). If dp(q) denotes the depth of the node ¢ in the tree?,
the blended spectrum kernel is obtained by summing [2P@ns(q) n* (¢)]
over all nodes ¢ in the tree but the root. Such a computation has the same
time complexity as the non-blended spectrum kernel.

2The depth of the root node is defined as zero.
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L ={(ab.1),(ba.2)}
L ={(ab,1),(ba,1),(bb,1)}

L={(ba,1),(bb,1)} L={(ab,1)}

L ={(ba2)} L ={(ab.1)}
bb ba ab aa
L ={(bb,1)} L={(ba,1)} L.={(ab,1)} L=0
L=0 L ={(ba,2)} L={(ab.1)} L=0

Figure 6.2: The prefix tree used to compute the 2-spectrum kernel
applied on the sequences s = abba and s’ = baba.

We now provide an interesting link between SVM along with the spec-
trum kernel and classical MC. To the best of our knowledge, this relation
has not been provided in the literature. Let us consider an order p — 1 MC
denoted by T and a sequence s = sq...s;. Ignoring® the initial probability,
the likelihood of s with respect to T is provided by

l
Ps|T] = I Plst|si—p-1:-1]
t=p—1 (6.12)
= [I Pl|n)e®
hxeXP

where z is an individual symbol and h is a subsequence of length p — 1.
Consequently, the log-likelihood of s with respect to T is

log(P[s|T]) = Z Cs(hz)log(P[z | h)) (6.13)
hxeXp

If one parametrizes the conditional log-probabilities as wp, = log(P|x | h]),
the log-likelihood becomes:

log(P|s = Cs(v) w,
g(P[s|T]) gz:p (v) 6.14)
= (w.27(s))

where w is a | X|P-dimensional vector gathering the conditional log-probabilities.
This is exactly the functional form of the decision function of a SVM based

3The initial probability can be taken into account by adding p — 1 silent symbols € at
the beginning of sequences.
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on the spectrum kernel, without considering the bias term b (see section
3.3.1). Consequently, learning a SVM along with the spectrum kernel amounts
to learn a standard MC in a discriminative fashion. We shall point out two
remarks: (i) the model learned by SVM needs not satisfy stochastic or
properness constraints, therefore (w, ®P(s)) should be interpreted as a score
rather than as a log-probability, and (ii) the additional bias term b in the
SVM decision function acts as a threshold for classifying sequences accord-
ing to their score. In contrast with the method optimizing the conditional
likelihood of MC (see section 6.2.1), SVM globally optimizes its objective
function. Finally, using blended spectrum features is equivalent to learning
a mixture of increasing orders MC where the weights are defined according
to the blending weight parameter c.

Mismatch kernel

The mismatch kernel [81] generalizes the spectrum kernel by comparing the
frequencies of subsequences which are not exactly the same. Let v and v’
denote two subsequences defined over an alphabet ¥ and such that |v| =
|v'| = p. The number of mismatches d(v,v’) is the number of symbols to
substitute in one of these sequences to obtain the other. Given a subsequence
v of length p and a number m of allowed mismatches, the mismatch feature
with respect to a sequence s is defined as follows:

PP (5) = > Cs(v') (6.15)

{v'exr | d(v,v')<m}

That is, it counts the occurrences of subsequences of length p differing by
at most m symbol(s) from v. Consequently, a sequence s is defined by
a |X[P-dimensional vector ®”"™(s) such that the entry corresponding to a
subsequence v is " (s). The mismatch kernel is defined as the dot product
between such feature vectors:

kpm(s,s") = (2P7(s), P™(s"))
_ Z Z CS(UI)CS/(U/) (6.16)

veXP {v/eXP | d(v,v')<m}

For instance, let us compute the mismatch feature with p = 3, m = 1 and
v = aba of the sequence s = abba. The frequencies of all subsequences of
length 3 obtained by changing at most one symbol in v are the following;:
(aba,0), (bba,l), (abb,1) and (aaa,0). Consequently, )" (s) = 2. Again,
the mismatch kernel is efficiently computed using a prefix tree data structure.
The tree used to evaluate the mismatch kernel with p = 3 and m = 1 on our
example sequences is displayed in Figure 6.3. It is constructed in a similar
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L=
aaa | '~{(aba,l,)}
L ={(abb,1,1)}
aa L ={(aba,1,1),(bab,1,1)}
L ={(abb,1,1)}

aab | '_r(pab.1.1)}

L ={(abb,1,0),(bba,1,1)}

L=i@ba 10 kan L} L ={(abb,1,1),(bba,1,1)}
/aba Li={(aba,l0)}
L

={(abb,1,1),(bba,1,1)}

ab L ={(aba,1,0)}

L ={(abb,1,0)}
abb Li={(aba,1,)}

a

g L={(abb,1,0),(bba,1,0)}

L ={(bba,l,1
L ={(aba,1,0).(bab,1,0)} / baa LS,,={{((bai,1,l))}}
L ={(bba,1,1)}
ba L ={(bab,1,0)}
L=0

bab ¥ _(bab,1,0)

b L={(abb,1,1),(bba,1,0)}

L,={(aba,1,1),(bab,1,0)}
L ={(bba,1,0)}
\ /bba L.={(aba,1,1)}

bb L={(abb,1,1),(bba,1,0)}

L ={(aba,1,1),(bab,1,1)}
L ={(abb,1,1),(bba,1,1)}

bbb L:,:{(bab,l D}

Figure 6.3: The prefix tree used to compute the mismatch kernel

with p = 3 and m = 1 applied on the sequences s = abba and
s’ = baba.
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way as the spectrum kernel except the elements in the list Ls/Ly attached
to the nodes g are now 3-tuples (v,%,7) where v is a subsequence of length
p, i is the frequency of v in s/s’ and j is the number of symbol substitutions
required for g to be a prefix of s/s’. The subsequences of length p present in s
and s’ are filtered down the tree until reaching a leaf or exceeding the allowed
number m of mismatches. Unlike for the spectrum kernel, a subsequence v
can traverse the prefix tree along several paths, each one corresponding to
particular symbol substitutions. By construction, at a leaf ¢, the summed
frequencies n°(q) and n® (q) are respectively equal to ®7"™(s) and ®7™(s").
Consequently, summing the products [n°(g) n* (q)] over all the leaves ¢ in the
tree provides the desired kernel evaluation kp (s, s’). In our example, the
kernel evaluation is kp (s, s’) = 8. This computation has a time complexity
O™+ Z|™(|s| + |t|)). The mismatch kernel is clearly more expensive to
compute than the spectrum kernel. This additional complexity can however
be controlled by restricting the number m of allowed mismatches.

Subsequence kernel

Another extension of the (blended) spectrum kernel considers features made
of possibly non-contiguous subsequences. This kernel is called here the sub-
sequence kernel [88]. To define these extended features, we shall introduce
some new notations. Given a sequence s = sg...s;, i = {i1,...,ix} denotes
a list of k strictly increasing positions or indices in s. The notation s(i)
stands for the subsequence defined by considering only the positions i in
s. For instance, let us consider the sequence s = anaconda and the set of
positions i = {0,1,5,7}. The subsequence of s defined by i is s(i) = anna.
The feature space induced by the subsequence kernel is indexed by all the
subsequences v € ¥*. The value of the feature associated to a subsequence
v is equal to the number of times v is matched as a subsequence of s:

sup(s) = [{i] s(i) = v} (6.17)

Note that the empty sequence ¢ is assumed to be matched one time in any
input sequence. Gathering features associated to all subsequences v € X*
gives rise to a feature vector ®g,;(s). The subsequence kernel is defined as
the dot product between such feature vectors:

ksub(svsl) = <q)sub(5)aq)sub(5/)>
= HE.,4)s() =G}

where j is set of positions in s’. To illustrate this point, let us compute the
kernel matrix for the set of sequences S = {tac, cat,acc}. Table 6.1 shows
the number of matchings of all subsequences in S.

(6.18)
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H&?‘a‘c‘t‘ac‘at‘ca‘cc‘ct‘ta‘tc‘aoc‘ca‘c‘tac
tac[1[1[1]1]1]JoJoJoJo]1]1] 0] o071
cat [1[1]1]1]Jo][1[1]Jo]1][o]JoOo] O] 1]oO
acc [1[1[2]0o]2[o0]Jo]1[o]Jo]o0o[ 1] o0]oO

Table 6.1: The numbers of subsequence matchings in the input se-
quences {tac, cat,acc}.

Computing the dot product between these feature vectors (which are the
rows of Table 6.1) provides the following kernel matrix K:

K tac cat acc

tac 8 4 6
cat 4 8 4
acc 6 4 12

Note that the diagonal elements, computing the sequence self-similarities,
are not all the same, even if the considered input sequences have the same
length. This can be avoided by normalizing the kernel matrix as detailed in
[118].

Computing the subsequence kernel explicitly in the feature space, as
we did in the previous example, becomes computationally intractable while
applied to longer sequences. Indeed, even if we use a sparse representation
of the feature vectors, the number of non-zero entries grows exponentially
fast with the length of the subsequences (a bound on this number is given
in [118]). Fortunately, there is an efficient algorithm, based on dynamic
programming, for computing the subsequence kernel. Considering two input
sequences s and s', this procedure relies on the following recurrence:

(Base case) k(s,e) = 1 (6.19)

(Induction) k(ua,s’) = k(u,s")+ Z k(u,spi—1)  (6.20)
{i| s}=a}

The base case simply states that the empty sequence ¢ is matched exactly
one time in s’. The induction step decomposes the input sequence s into a
prefix u consisting of all the symbols in s but the last, and the final symbol
denoted here by a. Counting the number of common subsequences in s and s’
is split into two parts. The first term of equation (6.20) counts the number of
common subsequences that do not use the last symbol of s. The second term
of equation (6.20) counts the number of common subsequence while using
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the last symbol a of s. For the latter case, one counts the number of common
subsequences in u and any prefix of s’ followed by an a. This recursion is
efficiently computed using a |s| x |s’| dynamic programming array (for details
about this computation see [88] or [118]). It has a time complexity O(]s||s'|).
Extensions of the subsequence kernel consider fixed length subsequences
and gap-weighted subsequences [118] to penalize strongly non-contiguous
features.

Fisher kernel

The Fisher kernel [64, 114] is an interesting technique for incorporating gen-
erative information into a discriminative classifier. Unlike marginalization
kernels presented in section 7.4.2, the Fisher kernel is based on a single gen-
erative model M, which is smoothly parametrized by a set of parameters
p=A{p1,...,pxr}. For instance, in the context of sequence classification, the
generative model could be a HMM parametrized by its initial, transition and
emission probabilities. The generative model is generally learned from train-
ing data but it can also be designed by experts of the application domain. In
a nutshell, the Fisher kernel compares two instances s' and s? according to
how they are generated by M,. That is, s! and s? are similar if their internal
representations in M, are close. To define such a similarity measure, one
computes separately for s! and s how the parameters p should be updated
to increase the sequence likelihood. This gives rise to two update vectors
which are compared using a dot product, providing the desired similarity
measure. We now give some details about this computation.

Let Pls | p] denotes the likelihood of the sequence s with respect to the
model M,. We will compute, using a gradient-based strategy, how the model
parameters should be updated to increase the (log-)likelihood of s. Note that
HMMs can be estimated using such gradient-based technique or using the
Baum-Welch algorithm which can be thought of as a gradient ascent where
the learning rate is automatically adapted (see [113]). The k-dimensional
gradient vector of the likelihood function for an instance s with respect to
p is called the Fisher score:

k
a(s.0) = {0, Pls | I}, (6.21)
The Fisher information matriz, is built from such feature vectors as follows:
I, =E [g(s,p) g(s,p)"] (6.22)

where the expectation is over the complete data distribution P[s] which
is unavailable in practice. Instead, one can compute the empirical Fisher
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information matriz from the training data as follows :
> 1 ¢ i i T
i=1

In other words, the empirical Fisher information matrix is the covariance
matrix between Fisher feature vectors. Unfortunately, this empirical expec-
tation can amplify particularities of the training data which are not rep-
resentative of the complete data distribution, leading to noisy covariances.
The Fisher information matrix (or its empirical estimation) is used to com-
pute a modified dot product between two Fisher feature vectors. This dot
product defines the invariant Fisher kernel:

nv _ T r—1
kp (573/)_9(57[)) Ip g(slvp) (624)

This kernel is said to be invariant as it is not affected by any smooth and
invertible reparameterization of the model parameters (for instance, using
a logarithm function). This property is formally shown in [118]. This is
interesting when the parametrization of the model is somewhat arbitrary.
Alternatively, one can use the practical Fisher kernel:

ko(s,s") = g(s,0)" g(s', p) (6.25)

The practical Fisher kernel is not invariant to parameter reparameteriza-
tion however it does not suffer from a noisy information matrix estimation.
Technical computations of HMM log-likelihood partial derivatives can be
found in [118]. Evaluating these derivatives for a sequence s rely on the
forward and backward lattices used in the Baum-Welch algorithm (see sec-
tion 2.3.3). The time complexity for computing the Fisher feature vector
associated to s is O(|s|k). Note that the number k£ of model parameters is
O(n¢ + ng|X|) where ng and ny are respectively the number of states and of
transitions in the model, and |X| is the size of the alphabet. Finally, both
Fisher kernels, applied to a pair of sequences (s, s’), have a time complexity
O((Is] + [k + K?).

6.3 Summary and discussion

In this chapter we have provided an overview of some sequence classification
techniques. The latter are dichotomized here into generative and discrim-
inative approaches. On the one hand, generative methods model the joint
distribution of the sequences and their categories. That is, one models the
generative process of the training data. Classification of new sequences is
performed via a maximum likelihood or a maximum a posterior decision
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rule. On the other hand, discriminative techniques directly focus on the de-
cision boundary, that is on what is most important to perform classification.
It is well-known that discriminative techniques often offer better classifica-
tion results than their generative counterparts. Indeed, models resulting
from such techniques only include relevant informations to discriminate se-
quences, not to generate them. Besides, according to Vapnik, one should
not solve a more general problem than the considered task. That is, one
should not learn how sequences are generated, i.e. the generative process,
to discriminate them. Nevertheless, optimizing a discriminative function
such as the conditional likelihood is often much harder than dealing with
the classical sequence likelihood (for instance, see section 4.3.1). Moreover,
hybrid techniques incorporating generative and discriminative components
have also provided very good results in practice. Consequently, these two
approaches are complementary.

In the context of generative approaches, the Naive Bayes classifier is
considered as a good base line technique. Such a classifier essentially re-
lies on the frequencies of individual symbols within each class. That is, it
assumes that symbols in sequences (or text) are generated independently
and consequently a random permutation of symbol positions has no effect
on such a classifier. Despite this rather crude assumption, good results
are obtained in practice, especially in text classification. Naive Bayes can
be extended by using N-gram frequencies instead of frequencies of individ-
ual symbols. Doing so models the symbol co-locations within a window of
length N. However, such models are more difficult to estimate accurately as
the potential number of distinct N-grams grows exponentially fast with the
window length N. To face this issue, robust estimation techniques, based
on back-off smoothing, have been presented in section 1.5. The smoothed
models actually define variable order Markov chains (MC) the order of which
ranges from 0 to N — 1.

Other estimation techniques defining variable order MC are discussed
and compared in [9]. We have focused on a technique based on the well-
known compression algorithm LZ78. This method has been shown to con-
sistently outperform the competing approaches while applied to sequence
classification tasks. Interestingly, there is a close relation between compres-
sion and prediction since, according to Shannon, data are encoded more
concisely when the generative distribution of the data (or a model of this
distribution) is known. LZ78 compresses a message (e.g. a file) by replac-
ing portions of data with references to previously encountered fragments
stored in a lexicon. Such a lexicon is efficiently represented via a prefix
tree from which conditional probabilities can be computed. These condi-
tional probabilities are crudely estimated but are sufficient for compression
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purpose. Extensions of LZ78 [97] improve these noisy estimations in very
simple ways. The resulting variable order MC have been shown to produce
very good results in biological sequence classification [9].

Alternatively, one can generalize Naive Bayes using even more powerful
models such as Hidden Markov Models. These models are however harder
to train since the structure or topology has to be defined in addition to pa-
rameter estimation. This question has been thoroughly discussed in chapter
4 whereas chapter 5 has proposed a new structural induction technique re-
lying on First Passage Times (FPT).

Discriminative approaches learn model to be specifically used in sequence
classification. The considered models can be probabilistic such as MC and
HMDMs which are trained discriminatively, or discriminative functions such
as a hyperplane in a feature space. Several discriminative criteria for learn-
ing generative models in a discriminative fashion have been mentioned in
section 4.3. The conditional likelihood is perhaps the most popular criterion
towards this objective. We have reviewed the discriminative counterparts of
N-gram classifiers, that is MC optimizing the conditional likelihood. Such
models are estimated using a gradient-based technique which is not guar-
anteed to find the global optimum of the conditional likelihood function.
Practical results show that discriminatively trained MC slightly outperform
their generative counterparts. However, they are generally consistently out-
performed by kernel methods.

Kernel methods are now considered as the state-of-the-art in sequence
classification tasks. They basically consist of a Support Vector Machine
(SVM) classifier along with a string kernel embedding the sequences into
some relevant feature space. Three important string kernels have been re-
viewed: (i) the (blended) spectrum kernel (ii) the mismatch kernel and (iii)
the subsequence kernel. All these kernels compute similarities according to
the number of subsequences shared by two input sequences. The resulting
feature space is indexed by all the considered subsequences. The spectrum
kernel considers subsequences of fixed length whereas the blended spectrum
kernel deals with subsequences up to some prescribed length. We have pro-
vide a new theoretical link between these two kernels and classical MC.
Roughly speaking, training a SVM based on the spectrum kernel amounts
to discriminatively learn a finite order MC. Using the blended alternative
estimates a mixture of increasing order MC. Unlike the technique optimiz-
ing the conditional likelihood of MC, SVM is guaranteed to maximize its
discriminative criterion which is a trade-off between the margin maximiza-
tion and the minimization of a bound on the empirical risk (see section
3.3.3). The mismatch kernel generalizes the spectrum kernel by comparing



170 Chapter 6. An overview of sequence classification methods

the frequencies of subsequences which are not matching perfectly. This is
interesting in the case of noisy sequences where some symbols might be am-
biguous. Unlike the two preceding kernels, the subsequence kernel considers
possibly non-contiguous subsequences. Interestingly, these features are no
longer local, as subsequences can potentially be spread in the whole input
sequences.

Hybrid classification methods coupling generative and discriminative
components can be defined by incorporating generative information in the
design of kernels. The marginalization and the Fisher kernels are two ap-
proaches towards this objective. A marginalization kernel builds a feature
space from a collection of generative models. Each axis of such a feature
space corresponds to the likelihood of the data instance with respect to the
associated generative model. This technique is used in section 7.4.2 to de-
fine a new kernel based on phase-type (PH) distributions. In contrast with
the marginalization kernel, the Fisher kernel is based on a single generative
model. It compares two instances according to how they are generated by
the model. For each training instance, one computes, via the gradient of
the likelihood function, how the model should be updated to increase the
likelihood. T'wo sequences are similar if the model should be updated in the
same way. In the context of sequence classification, the considered genera-
tive model is typically a MC or a HMM.

In chapter 7, we propose a novel approach to perform sequence classifica-
tion. A completely different point of view is adopted for characterizing the
input sequences. Rather than relying on the frequencies of subsequences, we
focus on the temporal dynamics between occurrences of such subsequences.
In other words, one computes First Passage Time (FPT) features from the
input sequence. All the approaches presented in the current chapter, except
the subsequence kernel, focus on the local dynamics in sequences. This is
somewhat restrictive, as two distinct processes having the same local dynam-
ics might have a very different FPT dynamics. This is illustrated in section
5.4.1 where a target process with a complex temporal dynamics, including
long-term dependencies, is modeled with a finite order MC. While both pro-
cesses share the same local dynamics, Figure 5.9 shows that their non-local
dynamics are very different. Using FPT features allows one to discriminate
sequences drawn from two such processes. These features are modeled by
phase-type (PH) distributions which also characterize the FPT dynamics
in HMMs and POMMs (see section 5.3). Doing so, one includes a part of
the powerful expressiveness of HMMs into classification techniques. Two
classifiers are proposed: (i) a generative classifier using PH distributions to
compute the sequence likelihood (ii) a hybrid approach consisting of a SVM
with a marginalization kernel based on PH distributions. Additionally, a
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feature selection procedure is proposed to select the most informative FPT
features.
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Chapter 7

Sequence classification using
First Passage Times

This chapter presents an original approach to the discrete sequence classifica-
tion problem. Classification techniques presented in chapter 6 are based on
the frequencies of particular subsequences (e.g. N-grams or non-contiguous
subsequences of a given length) in sequences. In contrast with these meth-
ods, our approach characterizes sequences in the temporal domain. That
is, we focus on the time (i.e. the number of steps) between occurrences of
subsequences rather than on the frequencies of these subsequences. More
precisely, given a pair of subsequences (v',v?), called here a feature of the
sequence to be classified, we are looking at the number of steps taken to
observe the next occurrence of v? after having observed v'. The distribu-
tion of these measures forms the First Passage Time (FPT) dynamics of a
sequential process with respect to the feature (v',v?). Importantly, FPT
features do not only focus on the local dynamics in sequences as there is
no a priori fixed maximum time (i.e. number of steps) between two events.
Such features are therefore well-suited to capture long-term dependencies
or complex time-dependent dynamics in sequences. The induction algo-
rithm POMMSTRUCT presented in section 5.5 builds a Partially Observable
Markov Model (POMM) from FPT between individual symbols observed in
the learning sample. In contrast with POMMSTRUCT, the FPT considered
here are measured between occurrences of subsequences up to a prescribed
length rather than between individual symbols. This offers a more power-
ful modeling as such features can capture dependencies between aggregated
events (i.e. subsequences) in sequences.

The purpose of our approach is to exploit the different FPT dynamics

between the classes to perform sequence classification. Since the number
of features can be potentially large, only a restricted number of the ob-
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served features are considered. Feature selection is performed using the
Jensen-Shannon (JS) divergence [86]. This function measures whether sev-
eral samples, defined by their empirical distributions, are drawn from differ-
ent source distributions. Given an observed feature (v',v?), the empirical
FPT distribution is estimated for each class. The JS divergence is then
applied to rank the considered features. The features offering the largest
JS divergence between their class conditional distributions are kept for the
classification process. Once the features have been selected, the associated
FPT are modeled with general' phase-type (PH) distributions (see section
1.4). PH distributions form a broad class of distributions that generalize
the family of negative binomial distributions. Moreover, we have shown in
section 5.3 that the FPT between symbols in POMMSs (or equivalently in
HMMs) are drawn from PH distributions. The POMMSTRUCT algorithm
(see section 5.5) learns the structure and the parameters of POMMSs by
fitting these PH distributions from data. In contrast with this induction
technique, each PH distribution is fitted here on a separate absorbing MC.
That is, for each selected feature (v, v?), an absorbing MC is defined, the
parameters of which are estimated so as to fit the observed FPT from v'
to v2. To do so, we propose a novel EM-based algorithm for fitting dis-
crete PH distributions called PHIT. This technique can be considered as an
adaptation to discrete distributions of the work of Asmussen and Olsson [5],
which handles continuous PH distributions. It can also be considered as a
simplification of the POMMPHIT algorithm (see section 5.5.2) which fits
several PH distributions with a single model. Modeling the FPT dynamics
with PH distributions controls the generalization, that is, the probability
mass given to unseen events, by tuning the number of phases (see section
1.4). In this sense, the PH modeling can be thought of as a smoothing tech-
nique of the empirical FPT distributions observed in the sequences. The
estimated PH distributions are used to solve sequence classification prob-
lems. Our first classification technique is purely generative: it consists of
a maximum a posteriori (MAP) classifier where the likelihood is computed
using PH distributions. The second classification technique is hybrid, i.e.
it combines generative and discriminative components, as it consists of a
Support Vector Machine (SVM) classifier applied in a feature space built
from PH distributions. This feature space is induced by a novel kernel on
sequences called the PH kernel.

This chapter is organized as follows. Section 7.1 presents the general
strategy to classify sequences using FPT. Section 7.2 details the feature se-

! A general phase-type distribution is a PH distribution associated to an absorbing MC
with no particular structure.
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lection procedure to extract relevant FPT pairs. Section 7.3 presents the
PHIT algorithm for fitting a PH distribution from data using an absorbing
MC. Section 7.4 presents a MAP classifier and a string kernel; both are
based on PH distributions. Finally, section 7.5 shows experimental results
obtained with the proposed methods applied to biological sequence classifi-
cation problems.

7.1 Classification using first passage times

This section presents a general scheme to perform sequence classification
using FPT. This scheme is illustrated in Figure 7.1 . The different steps
are briefly sketched here; they are further detailed in sections 7.2, 7.3 and
7.4. The inputs consist of a training set containing n labeled sequences
Tr = {(st,y1),..., (5", yn)} where s° € ¥* is a sequence and y; € Y is its
label or class, a number N defining the maximal subsequence length con-
sidered in the features, a number p of features to extract and a number ng
specifying the number of states? to use for fitting the selected FPT. Our clas-
sification approach consists of 3 steps: (i) feature extraction and selection,
(ii) fitting the selected features with PH distributions, and (iii) building a
classifier. First, the FPT are extracted separately for each class from the
training sequences (see definition 41). The feature selection procedure aims
at detecting the features (v!, v?) for which the FPT dynamics strongly varies
among the classes. To do so, features are ranked using a procedure detailed
in section 7.2 and the p highest ranked features are kept for the classification
process. The set P denotes the set of selected features. Next, the FPT asso-
ciated to each pair (v!,v?) € P are fitted using a PH distribution containing
ns — 1 phases. More precisely, given a pair (v!,v?) € P, a PH distribution is
estimated for each class y € ) using the FPT extracted from the sequences
labeled with y. The fitting procedure, called PHIT, is detailed in section
7.3. Once the PH distributions have been fitted, a classifier based on these
distributions is built. Two classifiers are proposed: (i) a MAP classifier
using the PH distributions as a generative model and (ii) a SVM classifier
along with a kernel based on PH distributions. These classifiers are further
detailed in section 7.4.

7.2 Feature extraction and selection

The features extracted from the training sequences are the First Passage
Times (FPT) between occurrences of subsequences.

2The number of phases of a PH distribution associated to a reduced absorbing MC
with ns states is ns — 1.
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Inputs: e A training set Tr = {(s',y1),...,(s™ yn)}
e A maximal subsequence length N
e A number p of features
e A number ng of states

Output: e A classifier

1. Feature extraction and selection

[ [ Feature [ FPTY! [ . [ FPTYIVI [ Score ]
1] a,» | [(LI0),.. .(502)) | ... | {(L2), .., 30,0} | 06
2 [ (a0 | {(L,28), ...,(20,2)} | ... | {(L16), .., (15:2)] | 05
» [ e,ba) | {(L10), B} | . | {09, &3] | 01

P « {(ba,b), (a,bb),.. ., (bc,ba)}

2. Fitting PH distributions
for (vi,v?) € P do

for y € Y do
Q 0.3
QX ML estimation
I —_— 07 0.8
:o: " FPTY(v!,v?) ( ‘/\ 1
1

1

3. Building classifier

Mazimum a posteriori classifier SVM in a PH feature space

Figure 7.1: The general scheme used to learn a classifier from first
passage times.
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Definition 41 Given a sequence s defined on an alphabet 3 and two subse-
quences v',v? € . For each occurrence of v' in s, the first passage time
to v? is defined as the finite number of steps taken for observing the next
occurrence of v2. FPT4(v',v?) denotes the first passage times to v for all
occurrences of v! in s. It is represented by a set of pairs {(z1,¢1), ..., (z,¢)}

where z; denotes a passage time and c¢; is the frequency of z; in s.

For instance, let us consider the sequence s = aababbabba defined on the
alphabet 3 = {a,b} and the events v! = ab and v? = ba. The value of the
feature (ab,ba) is FPT,(ab,ba) = {(3,1),(1,2)}. Note that the step count
starts after the last character of v! and it does not take the length of v? into
account. Definition 41 can be readily extended to apply to a set of sequences
rather than to an individual sequence. This can be done by cumulating the
frequencies of the passage times over all the sequences in the set. The FPT
are extracted separately for each class y € ) such that FPTY(v!,v?) denotes
the FPT from v' to v? computed from all the sequences labeled with y. The
potential number of features is bounded by (sz\il 1292 € O(|%|Y), where
|X| denotes the alphabet size. An alternative upper bound is n.L2. N2, where
L is the length of the longest sequence in the training set which contains n
sequences, and IV is the input parameter defining the maximal subsequence
length considered in the features. Even if the number of features observed in
practice is often below these bounds, it is crucial to select a reasonably small
subset of features to keep the computational run-time tractable. Indeed, the
number of features directly controls the number of PH distributions to fit
in the second step of the classification scheme (see Figure 7.1).

Since our classification methods rely on the difference between the class
conditional FPT dynamics, the proposed feature selection procedure ex-
tracts the features for which the empirical FPT distribution differs the most
among the classes. To do so, a generalization of the Jensen-Shannon (JS)
divergence is used [86]. The JS divergence has already been used to perform
feature selection in the context of POMM induction (see equation (5.8)).
The generalized version considered here can apply to more than two distri-
butions. It is defined as follows

DEY(Py,...,P,)=H (Z ciPi> —> " cH(P) (7.1)
i=1 i=1

where Pi,..., P, are distributions defined on a set £ of discrete events,
c1,...,¢p are strictly positive weights summing up to one and H(P) =
— > ecq Ple]log Ple] is the Shannon entropy. A larger JS divergence be-
tween the empirical distributions of various samples indicates that they are
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more likely to have been drawn from different source distributions (i.e. from
different classes). The JS divergence is a concave function and has several ad-
vantages over the Kullback-Leibler (KL) divergence [86], a classical measure
to compare two distributions: (i) it can be applied to more than two distri-
butions, (ii) the relative importance of the distributions can be parametrized
with weights (in our experiments, uniform weights are used), (iii) it can be
thought of as a symmetrized and smoothed (it is relative to the mean of
the distributions) variant of the KL divergence, (iv) when applied to two
distributions, the square root of the JS divergence enjoys the properties of
a true distance metric. For each class y € ), the empirical FPT distribu-
tion associated to a feature (v',v?), denoted by F/‘P\Ty(vl,vz), is obtained
by computing the relative frequency of each distinct passage time from v! to
v? in the sequences labeled with y. The score of a feature (v',v?) is defined
as the JS divergence between the empirical FPT distributions of each class,
weighted by the prior probability of the feature:

Score(v!,v?) = P[(v},v?)] DENEPT” (v',02),...,FPT > (v},02)) (7.2)
where the prior probability of a feature (v!,v?) is defined as

t(vl, v?)
P 1 9 _ coun ) 73
ICRED) Zv371}4€ESN count(v3, vt) i

such that count(v!, v?) is the number of times a string v! is followed (without
overlap) by a string v? in the training set and ¥V is the set of non-empty
strings up to length N defined on the alphabet ¥. The features are ranked
with respect to their score and the p highest ranked features are kept for the
classification process, where p is an input parameter. The selected features
are denoted by the set P. The computation of the empirical FPT distribu-
tions for every features made of subsequences of length up to N can be done
in time complexity O(n.L?.N?). Given one feature, the time complexity of
the JS divergence computation is O(|Y|.L) since the maximum value of the
distributions support is bounded by L. The ranking of the features is done
in time complexity O(R |Y| L + Rlog R) where R = nL?N?2. In practice,
the complete feature selection procedure (including the empirical distribu-
tions computation) can rank a set of 10° features in about 30 seconds on a
standard PC.

7.3 Fitting PH distributions

Once the features have been selected, the associated FPT are modeled with
general phase-type (PH) distributions. A PH distribution is defined as the
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distribution of the time to absorption in an absorbing MC (see section 1.4).
These distributions are used here as they can conveniently model discrete
time durations. For instance, they are used in many stochastic models such
as queuing systems in order to model service times [80]. This section is
concerned with the estimation of PH distributions from the observed FPT.
Subsection 7.3.1 presents the PHIT algorithm while subsection 7.3.2 illus-
trates the influence of the number of phases used to fit the data.

7.3.1 PHit algorithm

In this section, we introduce the PHIT algorithm for fitting discrete PH
distributions. This algorithm is used to fit the FPT associated to the selected
features P with PH distributions (see step 3 in Figure 7.1). Here, the sample
does not directly correspond to the learning sequences of the classification
task but to FPT extracted from these sequences. PHIT can be thought of as
a simplification of the POMMPHIT algorithm (see section 5.5.2) which fits
several PH distributions with a POMM while PHIT aims at fitting a single
PH distribution with an absorbing MC. These algorithms mainly differ in the
definitions of the forward and backward variables and in the maximization
step of the EM algorithm.

The EMpht algorithm, developed by Asmussen and Olsson [5], fits con-
tinuous PH distributions. In contrast, we focus here on discrete PH dis-
tributions. In particular, PHIT deals with negative binomial state duration
distribution in an absorbing MC while these durations are modeled in EMpht
by a negative exponential density, typical of continuous Markov processes.
The re-estimation formula in both algorithms are thus distinct. Bobbio et
al. [13] also proposed a technique for fitting discrete PH distributions, how-
ever it is restricted to a particular class of PH distributions (acyclic PH
distributions) while PHIT can deal with general PH distributions.

Given a set of observed FPT Z = {(z1,¢1),...,(z1,¢)} (see definition
41) and a number ng of states, PHIT estimates the parameters (u, F') of
a PH distribution ¢ with ng — 1 phases that maximize the likelihood with
respect to Z. The complete transition matrix, including F', of the absorbing
MC associated to ¢ is denoted by A (see equation (1.11) for details on the
block-partitioning of A). To do so, the iterative Expectation-Maximization
(EM) algorithm is used [36]. The basic idea is to consider each z; as an
incomplete observation of the underlying process {X;} (an absorbing MC).
More precisely, we observe the time to absorption of a process realization
but not the hidden path (i.e. the sequence of states) reached by the process
during this realization. Let H = {hq,..., i} be the set of hidden sequences
paths associated to Z, where h; is a sequence of z; states. We introduce
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below two kinds of auxiliary variables which provide sufficient statistics to
compute the complete likelihood function:

e S¥(q): the number of observations in H starting in state q.

e N¥?(q,q'): the number of times state ¢ immediately follows state ¢

in H.

The likelihood of the complete observations with respect to the PH distri-
bution ¢:

P[Z,H ] gp] = H ug‘*’(Q) eé\f“’(q,qns) H F;Z,“’(q,q’) (7'4)
qeQT q'E€EQT

where ¢,, denotes the unique absorbing state of the MC associated to ¢ and
e is the absorption vector of this chain which can be computed from the
transition matrix F' between transient states as e = (I — F')1.

The EM algorithm finds the maximum likelihood estimates of the pa-
rameters p = (u, F) of the joint distribution P[Z,H | p] where the variable
H is unobserved (H is a latent or hidden variable). This is achieved by
computing iteratively the parameters p that maximize E [In(P[Z, H | p]) | Z].
Each EM iteration involves two steps: (i) the computation of the conditional
expectation of the latent variables given the last parameter values p'~! and
the partial observations Z, (ii) the maximization of the parameters p given
the conditional expectation of the latent variables. The computations of
these two steps in the PHIT algorithm are detailed hereafter.

Expectation step

In PHIT, the latent variables are the auxiliary variables S¥(¢) and N¥(q, ¢').
Their conditional expectations are conveniently obtained using forward and
backward variables defined in a similar way as in the POMMPHIT algorithm
(see section 5.5.2). Given a state ¢ € @ and a time ¢t € N, the forward
variable a¥(q,t) computes the probability of being in state ¢ after ¢ steps
while starting in a transient state.

a?(q,t) = P[X; = ¢, { X3 }'=2 € Qr | Xo € Q7] (7.5)

The forward variables can be computed using the following recurrence for
geQandt € N:

. _ Ug if g € Qr
(Base case) a¥(q,0) { 0  otherwise (7.6)

(Induction) a®(q,t) = >, co,a?(dt—1)Ay,
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Given a state ¢ € @ and a time t € N, the backward variable (%(q,t)
computes the probability that state q is reached by the process t steps before
getting absorbed:

B%(q,t) = P[Xo = ¢. {Xi};_ € Qr | X1 = qn,] (7.7)

The following recurrence computes the backward variables for ¢ € @) and
teN:

1 ifg=q,
© = )
(Base case) [3¥(q,0) { 0 otherwise

(Induction) 3%(q,t) = {O if ¢ = qn,

dgeqBf(d it —1)Ayy  otherwise

(7.8)
The probability ¢(k) to get absorbed in k steps (see equation (1.40)) can be
computed as follows using the forward or backward variables:

p(k) = a?(qn, k) = D g3 (a0, k) (7.9)

QEQT

The forward variables 043-0 (t) can be thought of as a simplification of the for-
ward variables used in the Baum-Welch algorithm (see section 2.3.3) which
estimates the parameters of Hidden Markov Models (HMMs). Indeed, in
the Baum-Welch algorithm, a forward variable computes the probability of
being in a state after having generated a given string. In PHIT, a forward
variable computes the probability of being in a given state after ¢ steps no
matter how this state is reached.

Conditional expectation of S¥(q): The variables S¥(q) where ¢ € Q can
be decomposed as a sum of indicator variables $%(q) = Y4 T{heo = g}
where the notation hy ; stands for the j-th state in the k-th hidden path.
The conditional expectation S¥(q) = E [S®(q) | (21,¢1),---, (21, ¢)] is given
by

I
Se(q) = E Z Khro = q}|(z1,¢1)5- -, (215 cl)]
k=1
!
= > aE[M{hko = a} | 2] (7.10)
k=1

1
= Z i Plhio = q | 2]
k=1

The conditional probability Plhro = ¢ | zx] = w with Plhyo =

q, 2k = uqfB%(q, z) and Plzi] = a®(gn,, zr). Finally, the conditional expec-
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tation is defined as l

Fo(g) = 3 e a0 02 (711)

Conditional expectatlon of N¥(q,q'): The variables N¥(q,q¢') can be
decomposed as Zk DD ]I{hkt = q,hgt+1 = ¢'}, that is, counting the
presence of the tran51t10n g — ¢ in each position of each hidden path.
The conditional expectation N¥(q,q') = E [N¥(q,q¢') | (z21,¢1),- .-, (21,¢1)] is
obtained as follows:

l Zkfl
N?(q,q) = E DY Mhpy =q hpgpr =q'}|(21,01),. ., (Zl,Cl)]
k=1 t=0
l Zk—l
= Y e Y Plhrs = hagsr = q' | ]
k=1 =0

(7.12)
The joint probability Plhy: = q, hit+1 = ¢, zi] = a¥(q,t) Agy (¢, 21—t —
1), that is the probability of starting in any transient state, to reach state
q after t steps, then to perform the transition ¢ — ¢/, and finally to get
absorbed z; —t — 1 steps later. The expectation N®(q,q) is finally provided

by
l

k=1

zp—1

qq’ﬂ (¢ 21—t —1)

ZO a‘ﬂ (qné Y Zk)

(7.13)

Maximization step

Once the expected values of the latent variables have been computed, the
maximum likelihood estimators of the PH distribution parameters are the
following:

5%(q)
vy = =L vgeqr
Zq/GQT 59(q) (7.14)
N%(q,q '
Foy = (iq) Vq,q € Qr

Zq/eQ NQP(Q? q/)

The parameters (u, F') are initialized at random at the beginning of the
algorithm. PHIT iterates until the relative likelihood improvement falls be-
low a user-defined threshold. In our experiments, PHIT is rather insensitive
to the initialization. In other words, the value of the likelihood obtained
after convergence is rarely affected by different initializations. However,
the parameters found by PHIT can be different using different initializa-
tions since the representation of a PH distribution is not unique. As in the
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POMMPHIT algorithm, the forward and backward variables can efficiently
be computed using a lattice data structure. The computational complexity
per iteration is ©(n;L?) where L is the longest observed FPT and n;) is
the number of transitions in the absorbing MC. An alternate upper bound,
which is tight if the absorbing MC has a dense transition graph, is O(L?n?).
PHIT has been implemented in the ANSI C language and it can estimate

PH distributions with 100 phases over 2,000 events in about one minute on
a standard PC.

7.3.2 Influence of the number of phases

The PHIT algorithm estimates the parameters of a general PH distribution ¢
having a prescribed number ns; — 1 of phases. This is a structural parameter
as it defines the number of transient states in the absorbing MC associated
to . Importantly, the number of phases defines a trade-off between the
simplicity of the model and the accuracy of the fit. In other words, this
parameter controls the overgeneralization-overfitting or bias-variance trade-
off. Modeling FPT with a small number of phases gives a larger probability
mass to infrequently or not observed FPT. In this sense, a small number of
phases bias towards generalization. Therefore, PH modeling can be thought
of as a technique for smoothing empirical FPT distributions. In opposite,
modeling FPT with a large number of phases tends to overfit the empirical
FPT distribution.

To illustrate the influence of the number of phases, let us considering
the following example. We have artificially generated a set of FPT defined
as follows Z = {(1,7),(2,2),(3,4), (4,2),(5,3),(6,5), (7,2),(9,2),(10,1)}.
Note that there is no observed FPT equal to 8. Then, we apply PHIT on
this sample for increasing numbers of phases. Figure 7.2 shows the PH dis-
tributions obtained while fitting Z with 1, 3, 5 and 10 phase(s). The dashed
line denotes the empirical FPT distribution and the solid line stands for the
PH distribution obtained with PH1T. Using a single phase roughly models
the observations as the tail of the PH distribution does not fit the modes (i.e.
the local maxima) present after time 1. Note that the obtained PH distribu-
tion gives a strictly positive probability to the unseen FPT 8. Increasing the
number of phases to 5 fits more closely the empirical FPT distribution as
the 3 first modes of the PH distribution approximately coincide with those
observed in Z. Note also that the FPT equal to 8 has still a strictly posi-
tive probability. Using 10 phases, the PH distribution nearly reproduces the
empirical distribution and the FPT 8 has here a null probability to occur.
More generally, we observe that using a larger number of phases better fits
the tail of the distribution. From the smoothing point of view, larger FPT
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are smoothed first while decreasing the number of phases. This is consistent
with the implicit assumption that the observed FPT are drawn from a PH
distribution. Indeed, longer absorption times occur generally less frequently
in an absorbing MC and therefore statistics associated with these times are
less reliable and need to be smoothed first. In our sequence classification
context, the number of phases has to be selected to provide the best classi-
fication accuracy. To do so, the ns parameter is tuned on an independent
validation set of sequences (see section 7.5.2).

7.4 Building PH-based classifiers

This section presents two classifiers based on the PH distributions estimated
by the PHIT algorithm detailed in section 7.3. Let us recall that the FPT
are fitted separately for each class y € Y. The PH distribution associated to
a feature (v!,v?) estimated from the sequences belonging to a class y € )
is denoted by ¢?(/U17U2)(.). The first classifier consists of a MAP decision rule
where the sequence likelihood is computed using PH distributions. The
second classifier is a SVM applied in a feature space constructed from PH
distributions. These two classifiers are respectively presented in subsections

7.4.1 and 7.4.2.

7.4.1 Maximum a posteriori classifier

In this section, we introduce a maximum a posteriori (MAP) classifier based
on PH distributions. For each class y € ), the set of PH distributions
{@1(/@1’”2)(.)}(”1,”2)67; defines a generative model of the FPT in the class y.
It is assumed here that the features are independent. That is, the FPT
associated to a pair (v!,v?) € P are independent from the FPT associated
to any other pair (v3,v*) € P. Consequently, the log-likelihood of sequence
s with respect to the model {@7(’1)171}2)(.)}(@171,2)67; is defined as

log(Pls|y]) = Y log(PFPT4(v',0%)|y])
(vl w?)ep (7.15)

= Z Z c 10g(¢?{v1,v2)(z))

(v1,02)eP (z,c)€FPT,(vi,w2)

As usual for models making this naive assumption, the independence is not
always satisfied but good results are obtained in practice. Predicting the
label of a sequence s is made by selecting the class that maximizes the
posterior log-probability:

y" = argmax (log(P[s | y]) + log(P[y])) (7.16)

Y
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where P[y| denotes the prior probability of class y which is estimated as the
proportion of sequences belonging to y in the complete training set.

7.4.2 Phase-type kernel

We introduce here the PH kernel which maps the sequences in a feature
space based on PH distributions. There are several ways to incorporate
generative information in the design of a kernel function. We use here a
technique called marginalization kernels [118]. First, a set M of generative
models and a prior probability over these models P[M]| with M € M are
defined. We consider the probability P[x, z, M| of observing jointly a model
M and two instances  and z. The probability Pz, z] of observing jointly
x and z is obtained by marginalizing, i.e. summing over all models M € M,
the distribution P[x, z, M]:

Plz,z] = Y Plz,z| M) P[M] (7.17)
MeM

A marginalization kernel computes precisely this probability while making
the assumption that  and z are conditionally independent given M:

k(x,z) = Plx,z| = Z Plx | M| Pz | M] P[M] (7.18)
MeM

The marginalization kernel k(.,.) is positive definite (see theorem 5) as it
corresponds to the dot product in the feature space defined by the following
mapping:

O :x — {Plx| M|/ P[M]}rmem (7.19)
That is, the feature space is indexed by the generative models M € M. The
value of an instance x along the axis corresponding to the model M is the
likelihood P[x|M] of & with respect to M weighted by the square root of the
prior probability of M. It is sometimes important to replace the involved
probabilities by log-probabilities in order to avoid numerical issues. The
resulting kernel computes therefore a dot product between vectors made of
log-probabilities. Strictly speaking, the kernel no longer corresponds to a

joint (log-)probability but this is not required to perform classification with
a SVM.

We now detail how this technique is applied to build a kernel from PH
distributions. For each feature (v',v?), a marginalization kernel k(,1 ,2)(.,.)
computing the probability that two sequences s and s’ have been generated
together is introduced. The collection of generative models is here defined as

the PH distributions relative to the FPT from v! to v? estimated separately
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for each class label: M = {cp%vl UQ)(.)}yey. These generative models can
therefore be indexed by the set of labels ). The marginalization kernel with
respect to the feature (v',v?) is defined as follows:

kw2 (s,s') = Pls,s'|= >  Pls| M]P[s'| M] P[M]

MeM
= Y P[FPT,(v',v%) |y] P[FPTy(v",v%) | y] Ply]
v (7.20)
where
P[FPT (v',v?) | y] = 11 (o1 02y (2)]° (7.21)

z,c)EFPT (v, 02
(250) (vt

and where P[y] denotes the prior probability of the class y which is estimated
as the proportion of sequences belonging to y in the complete training set.
The mapping induced by this kernel is

) 5 (\/P[y] P[FPT,(v!,v?) | y]) (7.22)

yey

The PH kernel is obtained by summing the marginalization kernels over all
the features (vl,v?) € P:

K2(s,8) = Y kwie(ss) (7.23)
(v, v2)eP

The PH kernel is positive definite as a sum of positive definite functions is
also positive definite. Furthermore, the PH kernel amounts to compute the
dot product in a feature space defined by the following mapping;:

7 :s — (VP PIFPT,(v',0%) |4]) ey (7.24)
(viw2)eP
The SVM classifier based on the PH kernel defines a hybrid approach
coupling the generative part of PH distributions with the discriminative part
of SVM. The statistical learning theory of Vapnik (see section 3.1), providing
theoretical foundations to SVM, assumes that the training instances are
generated i.i.d. from some source distribution. In our case, the feature space
is built from all the training sequences. Therefore, the training instances
are no longer independent in the feature space. To face this issue, the PH
distributions used to compute the PH distributions ‘pl(Jvl,UZ)(') are estimated
from a part of the training data (80 % in our experiments) and the rest of
the data is used to train the SVM. Once the SVM has been trained, new
sequences are classified by looking at which side of the hyperplane they lie
in the PH feature space (see the SVM decision function defined in equation
(3.25)).
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7.5 Experiments

The preceding section has presented two classifiers based on PH distribu-
tions: (i) a MAP classifier computing the sequence likelihood using PH
distributions and (ii) a SVM along with a kernel mapping the sequences
in a feature space built from PH distributions. In this section, the perfor-
mances of both classifiers are assessed on two sequence classification tasks:
(i) DNA splicing region detection (Splice dataset) and (ii) protein sublo-
calization (DBSubloc database). First, the influence of the parameters, i.e.
the number of phases and the number of features, is studied. Then, com-
parative results, in terms of the classification accuracy, are provided versus
a smoothed N-gram classifier (see section 6.1.1) and a SVM based on the
blended spectrum kernel (see section 6.2.2).

7.5.1 Dataset descriptions

This subsection details the Splice and DBSubloc datasets as well as the
classification tasks considered in our experiments.

Splice

The Splice dataset is publicly available from the UCI Machine Learning
Repository. Splice junctions are points on a DNA sequence at which ‘super-
fluous’ DNA is removed during the process of protein creation in higher or-
ganisms. The problem posed in this dataset is to recognize, given a sequence
of DNA, the boundaries between exons (the parts of the DNA sequence re-
tained after splicing) and introns (the parts of the DNA sequence that are
spliced out). This problem consists of two subtasks: recognizing exon/intron
boundaries (referred to as EI sites), and recognizing intron/exon boundaries
(IE sites). In the biological community, IE borders are referred to as ac-
ceptors while EI borders are referred to as donors. More specifically, given
a position in the middle of a window of 60 DNA sequence elements (called
“nucleotides” or “base-pairs”), one has to decide whether this is an “intron
= exon” boundary (IE), an “exon = intron” boundary (EI), or neither of
them (N). We restrict here our attention to binary classification problems
using only sequences labeled either as EI or IE. Apart from its class label,
each instance is characterized by 60 DNA nucleotides found at a given posi-
tion in the window. The alphabet is composed of 8 letters3. The class priors
are equal and the training, validation and test sets contain respectively 975,
253 and 253 sequences.

3A, T, C, Gstands for the specific nucleotides and 4 additional characters are used to
indicate ambiguity: D={A,G,T}; N={A,G,C,T};S={C,G}; R={4,G}.



7.5. Experiments 189

DBSubloc

The DBSubloc database® contains protein sequences (primary structures)
with their subcellular localization for various organisms such as eukaryotes,
bacteria, plants or animals, to name a few. In general, the protein sublo-
calization task consists in predicting the localization of a protein in a cell
given its primary structure. This task can be thought of as a sequence clas-
sification problem where the classes are the possible localizations in the cell,
e.g. the mitochondria, the ribosomes or the membrane. The classification
task considered here consists in finding if a protein from a plant organism
is located in the membrane or in the mitochondria of the cell. In contrast
with the sequences from the Splice dataset, the protein sequences consid-
ered here have different lengths. The average length of the sequences is
406. The class priors are respectively 0.45 and 0.55 for the membrane and
the mitochondria classes and the training, validation and test sets contain
respectively 151, 51 and 50 sequences.

7.5.2 Influence of parameters

The influence of parameters (the number of phases and the number of fea-
tures) is evaluated with both classification methods using the Splice vali-
dation data. For computational reasons, the influence of the maximal subse-
quence length N has not been systematically checked. In all our experiments
this parameter has been set to N = 3 and therefore all the features made
of subsequences up to length 3 are considered (what subsumes N = 1 and
N = 2). From a practical point of view, using larger N values makes the
feature selection computationally very intensive, especially in the case of the
DBSubloc database. The learning curves presented hereafter are produced
by extracting samples of growing sizes from the training set. For each data
size (except for 100%), 10 samples have been randomly extracted from the
training set in order to produce averaged results with standard deviations.
The SVM classifiers are trained using SVM®"t 6.01 [69]. The regularization
constant C' is tuned according to the heuristic of Joachims:

C= ! (7.25)

5 iy V(s s7)
As mentioned in section 7.4.2, in the case of the PH kernel, 80 % of the

training data are used to estimate the PH distributions and the remaining
20% are used to train the SVM classifier.

4DBSubloc is available at http://www.bioinfo.tsinghua.edu.cn/dbsubloc.html.
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Influence of the number of phases

The top part of Figure 7.3 shows the accuracy obtained on validation data
using the MAP classifier with an increasing number of phases and 100 fea-
tures. Interestingly, one can observe that for very small training set sizes (2%
and 5%), using 2 phases leads to significantly better results as for 2% of the
training data, the classification accuracy is about 75% whereas it is approx-
imatively 56% when using 5 or 10 phases. The reason is that the estimation
of PH distributions with a larger number of parameters® becomes unreliable
when there are too few observations. Furthermore, we argue in section 7.3.2
that decreasing the number of phases acts as a smoothing procedure for the
empirical FPT distribution, which is especially important when only a few
data is available. When the training set size becomes greater than 10%, the
benefit of additional phases is noticed. The experiments were made using
up to 20 phases but it appears that using more than 5 phases does not sig-
nificantly improve the accuracy for this problem. It should be pointed out
that an accuracy close to 85% was eventually attained using 2 phases while
this score was already obtained with 50% of the training data using 5 or 10
phases.

The bottom part of Figure 7.3 shows the influence of the number of
phases on the SVM classifier based on the PH kernel, when using 100 fea-
tures. One can observe that this parameter has nearly no influence on the
results. The SVM classifier thus seems able to compensate unreliable es-
timations (obtained when estimating a PH distribution containing many
phases from a small amount of data) by adapting its decision function.

Influence of the number of features

The top part of Figure 7.4 shows the accuracy obtained on validation data
using the MAP classifier with an increasing number of features (1, 4, 30,
100 and 1000) and 5 phases. The features considered in our experiments
are made of subsequences up to length N = 3. Features have been selected
according to their JS ranking (see section 7.2). It can be observed that,
in general, the classification accuracy increases with the number of selected
features. An accuracy around 73 % is already obtained using a single feature
(the highest ranked feature is the subsequence pair (T,GG)). Using 1000
features only improves the results when 50% of the training data are used
as for smaller training set sizes, the lack of observations (for rare features)
decreases the accuracy of the fitting. The influence of the number of features
on the SVM based classifier is shown in the bottom part of Figure 7.4.
Using more features clearly improves the classification accuracy obtained on

5A PH distribution with p phases has p? + p parameters.
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Figure 7.3: Influence of the number of phases on both classifiers
using 100 features, evaluated on the Splice dataset. Top: influence
of the number of phases on the MAP classifier. Bottom: influence
of the number of phases on the SVM classifier along with the PH
kernel.
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the validation data. In contrast with the MAP classifier, this is also true
when using 1000 features and when only a small amount of training data
is available. Again, we can conclude that SVM is not much hindered by
poor PH estimations as the maximization of the margin makes the classifier
robust to noisy data.

7.5.3 Comparative results

Figure 7.5 shows comparative results on both dataset using several classi-
fiers: (i) smoothed N-grams (see section 6.1.1), (ii) the MAP classifier based
on PH distributions, (iii) SVM with the PH kernel and (iv) SVM with the
blended® spectrum kernel (see section 6.2.2). All the hyperparameters, ex-
cept the regularization constant C' (see equation (7.25)) are tuned on the
validation set. The top part of Figure 7.5 presents results obtained on the
Splice dataset. The best parameters obtained on validation data are a
4-gram, a blended string kernel length of 7 with a length weight of 3.5, and
a 10-phase PH modeling of the 1000 best features for our methods. When a
sufficient amount of data is used (at least 50% of the training data), the best
performances are obtained with the MAP classifier. However, for smaller
amounts of data (up to 20% of the training set), the SVM classifiers obtain
better performances than the MAP classifier. Both kernels have comparable
performances on this task. The test classification accuracy for the 4-grams,
the PH kernel, the blended spectrum string kernel, and the MAP classifiers
are respectively 84.1%, 88.5%, 88.8% and 89.7% when the whole training
set is used.

The bottom of Figure 7.5 presents results obtained on the DBSubloc
database. The best parameters obtained on validation data are a 2-gram,
a blended spectrum string kernel length of 4 with a length weight of 2.5
and a 5-phase PH modeling of the 100 best features for our methods. The
test classification accuracy for 2-grams, the blended spectrum kernel, the
MAP classifier and the PH kernel are respectively 80.4%, 82.35%, 82.4%
and 84.3% when the whole training set is used.

7.5.4 Implementation issues

The implementation of the proposed classification techniques consists of 4
modules (i) the feature selection procedure, (ii) the PHIT algorithm, (iii) the
MAP classifier and (iv) the PH kernel precomputation. All these modules
have been implemented in the ANSI C programming language for efficiency
purpose. The PHIT algorithm has been first developed in the Matlab 7.1

SExperiments with the standard p-spectrum kernel offer worse results than the blended
version reported here.
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Splice: accuracy on test set
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programming language. This first prototype could only handle PH distri-
butions with a few phases (about 10 phases) due to the slow execution of
programs containing nested loops in Matlab. In contrast, the ANSI C proto-
type is much more efficient and can deal with PH distributions having about
10 times more phases. It should be noted that the PH kernel precomputation
module does not actually compute a Gram or a kernel matrix. Instead, it
explicitly computes the representation of the sequences in the feature space
(see equation (7.24)). These representations are fed to SVMH" 6.01 [69]
which is trained using a linear kernel (corresponding to the PH kernel).
Classification of new sequences is performed applying the same procedure.

7.6 Summary and discussion

We have proposed a novel approach to the classification of discrete sequences.
It relies on First Passage Times (FPT) features which are the central theme
of this thesis. The use of such features brings a novel characterization of
sequences as one focuses on when events of interest occur rather than which
events occur frequently. Our approach attempts to exploit the temporal
dynamics in sequences to perform sequence classification. More precisely, it
relies on the following assumption: sequences belonging to distinct classes
are drawn from generative models having different FPT dynamics. Conse-
quently, the FPT are considered here as discriminative informations used
to perform sequence classification. Furthermore, we argue that FPT are
global features of the sequences to be classified as there is no a prior: fixed
maximum time between two events. Therefore, such features are well-suited
to capture long-range dependencies or complex time-dependent dynamics in
sequences.

We have proposed a general learning scheme to perform sequence clas-
sification using the FPT. It consists of 3 stages: (i) feature extraction and
selection (ii) fitting the FPT with phase-type distributions and (iii) building
a classifier based on the estimated PH distributions. Since the number of
features can be potentially large, a feature selection procedure is proposed
to keep a limited number of informative features. To do so, features are
ranked according to the Jensen-Shannon (JS) divergence to their class con-
ditional empirical FPT distributions. The most diverging features are kept
for the classification process. The FPT associated to the selected features
are modeled with general phase-type (PH) distributions. These distribu-
tions are very powerful since they can decompose complex distributions into
a combination of phases. Furthermore, the FPT dynamics in rich models
such as POMMSs or HMMs has been shown to be of phase-type (see sec-
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tion 5.3). Therefore, using PH distributions to model FPT offers a way to
incorporate a part of the expressiveness of HMMs into sequence classifiers.
The PHit algorithm, an adapted version of the Expectation-Maximization
algorithm, is proposed to estimate PH distributions from data. It can be
thought of as a simpler version of the POMMPHIT algorithm used to es-
timate the probabilistic parameters of a POMM so as to fit the observed
FPT. In contrast with this technique, PHIT aims at fitting the FPT associ-
ated to a single feature (v',v?) with an absorbing MC. Tuning the number
of phases deals with the bias-variance trade-off since using a small num-
ber of phases spreads the probability mass to infrequently or unobserved
passage times while using many phases tends to overfit the observed FPT.
The selected features are used in two classification schemes: a maximum a
posteriori (MAP) classifier and Support Vector Machines (SVM) classifier
along with a new kernel called the PH kernel. The MAP classifier uses PH
distributions as a generative model to compute the sequence likelihood while
the PH kernel computes the dot product in a feature space constructed from
PH distributions.

We have presented experimental results obtained by our techniques ap-
plied to DNA splicing site detection and on protein sublocalization. First,
the influence of the number of phases and of features has been studied.
We have shown that increasing the number of phases yields slightly better
results, provided enough data is available. Indeed, the estimation of PH
distributions with a large number of phases becomes unreliable when there
are too few observations. We have also observed that the SVM classifier
seems to be able to compensate inaccurate PH estimations by adapting its
decision function. We believe that this robustness follows from the maxi-
mum margin principle. Then, we have studied the influence of the number
of FPT features. These features are ranked using a score based on the JS
divergence. As expected, increasing the number of features improves the
classification accuracy of the classifiers. However, good results are already
obtained when using a few features, e.g. 30. This property underlines the
efficiency of the proposed feature selection method. Finally, we have pre-
sented comparative results with respect to two competing techniques: (i) a
smoothed N-gram classifier and (ii) SVM based on the blended spectrum
kernel. Our methods outperform the N-gram classifier on both classification
tasks. The MAP classifier provides the best overall result on the splice site
detection tasks while the PH kernel and the blended spectrum have a com-
parable performance. On the protein sublocalization task, the PH kernel
shows the best overall results while the MAP classifier is slightly outper-
formed by the blended spectrum kernel.



7.6. Summary and discussion 197

We now discuss possible extensions to be addressed in a future research.
First, the number of phases could be tuned separately for each considered
feature. Indeed, the complexity of the FPT dynamics may vary from one
feature to another and the number of phases should be adapted accordingly.
A more powerful approach would automatically discover the optimal struc-
ture, including the number of phases, of the absorbing MC associated to PH
distributions. To do so, we propose to simplify the POMMSTRUCT algo-
rithm (see section 5.5) used to learn the structure of Partially Observable
Markov Models (POMMs). Indeed, the structural operations, i.e. adding
states and trimming transitions, could be readily applied to absorbing MC.
Furthermore the estimation procedure PHIT is already a simplification of
the POMMPHIT algorithm used in POMMSTRUCT to estimate the prob-
abilistic parameters of POMMs.

Another possible refinement concerns the feature selection procedure.
The current procedure selects the features having a large JS divergence be-
tween their class conditional empirical distributions. While each selected
feature may have a good discriminative property, there might be some re-
dundancy among the selected features. This is particularly the case, when
features have overlapping subsequences, e.g. (aba, baa) and (ba, ba). To
face this issue, one can filter out overlapping feature. Additionally, one could
couple the JS divergence with a criterion such as the mutual information [57]
in order to define a feature score which trades off discriminative efficiency
and minimal redundancy.



198 Chapter 7. Sequence classification using First Passage Times



Part 1V

Graph mining

199






Chapter 8

Relevant subgraph mining
from First Passage Times

This chapter presents a novel technique to mine relevant subgraphs in large
networks. Most of the material presented in this chapter comes from the
technical report [43]. The general problem can be stated as follows: given
a weighted graph and a set /C of nodes of interest, one wants to find the
subgraph that best explains the relationship between the nodes in . For
instance, this kind of mining can be applied to analyze the possible influence
of genes in the regulation of a given metabolic pathway. This topic is quite
different from those presented in the first and second parts of this thesis
since the input data are no longer a set of sequences but a graph. However,
the First Passage Times (FPT) play a crucial role here as they are used to
define a relevance criterion for mining subgraphs.

The key idea is to interpret the graph as a Markov chain. The states of
such a model correspond to the nodes in the original graph and the transition
probabilities are defined proportionally to the edge weights. This defines a
dynamic view of the graph in which random walks can be performed. A
K-walk is defined as a random walk starting in a node of interest and end-
ing when any other node of interest is entered for the first time. K-walks
are therefore directly related to the FPT between nodes of interest. One
can compute the expected number of times the walker reaches each node
of the chain during K-walks. Similar computations can be performed for
the edges of the graph. Relevant nodes and edges are then defined as the
most frequently used, in average, during K-walks. These expectations can
be computed in practice using tools from the MC theory presented in chap-
ter 1. Besides, there is a well-known analogy between random walks in MC
and the current in an electrical network [40]. In this respect, we provide an
electrical interpretation of KC-walks whenever applied to an undirected input

201
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graph.

We also propose to consider K-walks of a prescribed length L or up to
a prescribed length Ly,.,. This approach is called limited K-walks. Using
limited K-walks incorporates a prior knowledge about the maximum path
length allowed to explain the relation between nodes of interest. Moreover,
tuning the maximum walk length determines the amount of randomness
in the walks since short lengths constraint to move only along short paths
whereas an infinite maximum length allows one to follow any paths con-
necting the nodes of interest. An efficient algorithm is proposed to compute
node/edge relevances in the case of limited KC-walks. It is based on for-
ward and backward recurrences similar to those used in the expectation
steps of the PHIT (see section 7.3.1) and POMMPHIT (see section 5.5.2)
algorithms. When letting Ly,q, tend to infinity limited K-walks become
equivalent to the standard K-walks. Consequently, they can approximate
standard KC-walks by considering a large maximum walk length L,q.

Once node and edge relevances have been computed, one has to extract
a subgraph modeling the relationships between the nodes of K. Such an
extraction trades off the size of the subgraph and its relevance. In other
words, maximally relevant subgraphs of minimal size should be returned. In
addition, it is often natural to require the extracted graph to be connected.
Unfortunately, this defines a combinatorial problem, related to the Steiner
tree problem, hard to tackle in practice. To face this issue, we propose sev-
eral greedy strategies based on a relevance threshold and on a connectedness
constraint. Additionally, an inflation technique is proposed to increase the
relevance contrast to better discriminate relevant and irrelevant parts of the
input graph relatively to K.

This chapter is organized as follows. Section 8.1 presents an intuitive
overview of the proposed approach including running examples. A technical
description of the K-walk approach is given in section 8.2. Limited K-walks
are detailed in section 8.3. An extension of the proposed approaches to
deal with cluster of nodes of interest is presented in section 8.4. Several
methods for extracting a subgraph from edge/node relevances are discussed
in section 8.5. An inflation technique to increase the relevance contrast is
proposed in section 8.6. An electrical analogy as well as a comparison with
an existing approach are provided in section 8.7. Finally, section 8.7 shows
experimental results obtained with (limited) KC-walks applied to the KEGG
LIGAND database [55] and to artificially generated graphs.
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8.1 Overview and intuition

The general problem is to extract a subgraph that best explains the re-
lationships between k (> 2) given nodes of interest in a graph. We are
considering for instance a large metabolic network which can be represented
as a directed connected graph' of reactions and bioentities involved in these
reactions. More specifically, we could analyze the Methionine Biosynthesis
of Escherichia Coli. A simplified view of this metabolic pathway? is de-
picted on Figure 8.1. One could study in particular the influence of the
metR Activator on the production of Homocysteine from L-Homoserine in
this pathway. In this case, there are 3 nodes of interest (dash-circled) and
we would like to extract a relevant subgraph explaining the relationships
between these 3 nodes.

Another typical application of the proposed methods is the traffic anal-
ysis of vehicles running between several locations. The road network can be
modeled as a graph in which nodes represent locations. Each road between
any pair of adjacent locations can be characterized by an edge weight. The
higher the weight between two nodes the easier the immediate connection
between them. A connection weight is typically inversely proportional to the
time to travel from one node to the other or to the distance between them.
According to the chosen modeling hypothesis, the corresponding weighted
graph can either be directed or undirected. In the latter case, the weight
also corresponds to the notion of conductance in an electrical network as
detailed in section 8.7. While analyzing the traffic over the whole network,
one would like to extract the most relevant routes to connect a predefined
subset of k, non-necessarily adjacent, locations. The extracted subgraph
should not only reflect the shortest path(s) between any pair of locations of
interest but how the overall traffic can be distributed while connecting them.

Consider, for instance, the graph® depicted on Figure 8.2. The nodes
represent particular locations on a roadmap. Edge weights correspond here
to the inverse distance between nodes. Since distances are symmetric the
graph is undirected. In this particular example, the weight of any (existing)
edge is assumed to be equal to 1. For the simplicity of the reasoning, we
first consider only two nodes of interest (1 and 9). They typically identify

!Several representations exist for metabolic networks (see e.g. [38]). The approach de-
scribed here can be applied whether the network is represented as a directed or undirected
graph, bipartite or not, and as long as it is connected. The unconnected case is briefly
discussed in section 8.5.

2This figure has been kindly provided to us by J. Van Helden from the Service de
Conformation des Macromolécules Biologiques et de Bioinformatique of the Université
Libre de Bruzxelles.

3This example is inspired from [95].
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Figure 8.1: Methionine Biosynthesis of E. Coli.
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Figure 8.2: A roadmap describing the possible routes between a set
of locations.

two distinct locations, each one belonging for example to a specific suburb
(a highly connected cluster of locations). The best route between 1 and 9
corresponds here to the shortest distance path 1-3-6-9 or, equivalently, 9-
6-3-1. Suppose we would like to know the second best route (in case of a
potential traffic jam along the 3-6 edge, for instance). If one considers the
second shortest path(s), there are many routes having the same total dis-
tance (equal to 4 in this case): 1-4-3-6-9, 1-3-6-8-9, 1-3-11-6-9, ... One can
thus apply an algorithm for finding the m-shortest paths [47, 67] but this
algorithm would consider all routes of length 4 as equally important. The
unique second best route in this particular example is arguably 1-3-11-6-9
as it forms the unique best alternative to the direct edge 3-6 connecting two
cut nodes. In other words, a random walker starting from node 1 and reach-
ing eventually node 9 (or the converse) is more likely to go through node
11 than any other node as an alternative to the best route. Conversely, a
random walker following the 1-2 edge instead of 1-3 is less likely to choose
2-3 as the next edge, simply because there are many other options to leave
node 2. The proposed approach is precisely based on the expected num-
ber of times a given node or a given edge is used along any random walk
connecting the nodes of interest. The resulting graph is depicted on Fig-
ure 8.3 where each edge width denotes its relative frequency of use along
these walks. This relative frequency is interpreted as its relevance to ex-
plain the relationships between the nodes of interest. Discarding any edge
the relevance of which falls below a threshold defines a relevant subgraph.
A more stringent threshold would result in a smaller subgraph, e.g. the sub-
graph induced by the nodes {1,3,6,9,11}. The resulting subgraph obtained
by such a thresholding needs not be connected however. This connectivity
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Figure 8.3: Relative edge relevance based on random walks between
nodes 1 and 9.

issue 1s further discussed in section 8.5.

The random walk method proposed here also overcomes limitations intro-
duced by a maximal flow approach. Consider for instance another roadmap?
depicted on Figure 8.4. We are interested in relevant ways to connect nodes 1
and 8, each one belonging to a separate cluster?. All (existing) edge weights
are again assumed to be equal to 1. These weights can also be interpreted as
the flow capacity between any pair of adjacent nodes. There are alternatives
routes to connect the two clusters but there is a maximal flow of 2 units from
one cluster to the other. Nodes such as 12 or 15 can each one capture one
unit of flow (for instance, from left to right) and thus would be considered as
important to connect the two nodes (or clusters) of interest. Node 17 would
not be considered as important since flowing through this node would limit
the total flow between the two clusters to 1 unit. This is not necessarily
appropriate since there are routes through 17 which can be considered as
good alternatives to the “straight” routes. In particular, 1-3-11-17-16-10-8
also defines a relevant shortest path. Relative edge relevances based on the
proposed random walk approach is depicted on Figure 8.5. The edges 3-11
and 16-10 are the most important since any left-to-right route between the
two clusters must at least pick one of them, sometimes both. The edges
11-17 and 17-16 are non-negligible as they are part of important alternative
routes.

The proposed approach relies on an interpretation of the graph as a
Markov chain. The states of such a model correspond to the nodes in the

4These clusters form cliques in the present case but this is not a mandatory feature.
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Figure 8.5: Relative edge relevance based on random walks between
nodes 1 and 8.
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Figure 8.6: Edge relevances relatively to the nodes 3, 7 and 10.

original graph and the transition probabilities are defined proportionally
to the edge weights. Markov chain theory [73, 98] allows one to compute
the nodes and edges most frequently visited while performing random walks
between any pair of distinct nodes of interest. The walks are random but the
probability distribution over all possible walks is generally far from uniform.
Hence the likelihood of any given walk actually matters in the relevance
computation. These notions are formally presented in section 8.2 detailing
the proposed KC-walk approach.

The edge or node relevance measures used here are betweenness centrality
indices [17]. Shortest-path betweenness has been proposed in [51]. Random
walk betweenness [95] was introduced more recently. Our approach can be
considered as offering several extensions to Newman’s work. In particular,
we do not restrict our attention to undirected unweighted graphs. More
importantly, edge and node relevances are here evaluated relatively to the
choice of k (> 2) nodes of interest rather than defined as a fixed characteri-
zation of a given graph. For instance, Figure 8.6 depicts the edge relevances
of the graph of Figure 8.2 when nodes 3, 7 and 10 are selected as nodes of
interest. The result is clearly distinct from the graph depicted on Figure 8.3.

Moreover, as pointed by Newman, shortest-path betweenness and ran-
dom walk betweenness can be considered at the opposite end of a spectrum
of possibilities in terms of the number of walk steps. Indeed a random walker
has no idea of where he is heading to while a shortest-path walker intends
to follow a straightest path from source to destination®. The limited KC-walk
approach, presented in section 8.3 , can be considered as an intermediate
along this spectrum. Here the walker travels also at random but only those
walks of a prescribed length L are considered. A slightly distinct variant

SWhenever unit weights are assigned to the edges, shortest distance paths are also
minimal in number of steps.
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considers all random walks up to a maximal length Ly,q,. When L4, tends
to infinity this method becomes equivalent to the original K-walk approach.
Both algorithms are however distinct from a computational viewpoint as
discussed in section 8.3. Section 8.4 describes another extension where the
nodes of interest are no longer considered individually but as groups of a
priori related nodes.

We discussed so far how to define a relevance measure on the edges and
nodes of a graph to best explain the relationships between k£ nodes of interest.
Keeping only those edges whose relevance is above a prescribed threshold is
a direct way to extract a non-necessarily connected subgraph. Section 8.5
elaborates on the subgraph extraction itself. A relevant subgraph should be,
in many cases, as small as possible while capturing most of the information
to explain the relationships between the nodes of interest. In other words,
one would like to discriminate between important and less important edges
(or nodes). The K-walk or limited K-walk approaches are not necessarily
highly discriminant since their relevance measures are based on a large, pos-
sibly infinite, set of walks in the graph. Many walks in this set can largely
overlap while partially sharing the captured information. Whether or not
the extracted subgraph is small relative to the initial graph also depends on
the graph topology, the initial edge weights and the chosen nodes of interest.
In any case, one can enforce more discrimination by inflating the differences
between the edges as detailed in section 8.6.

An inspiring approach to the problem of extracting a relevant subgraph
is described in [48]. To the best of our knowledge, this is the only previous
work where the problem of extracting a relevant subgraph from a given set
of nodes of interest has been stated. The problem was however restricted to
2 nodes of interest in an undirected graph. In this approach, the 2 nodes of
interest are respectively considered to be the source and the sink of an elec-
trical current. The algorithm searches the paths followed by the current flow
and maximizes the sum of current flow in the extracted subgraph. In addi-
tion, each node includes some current loss in order to penalize long paths
and very highly connected nodes (hubs). A comparison with this approach
is further discussed in section 8.7 where we present an electrical equivalent
of the K-walk approach for undirected graphs.

Let us finally mention that random walks and First Passage Times (FPT)
have been used recently in a variety of applications in data mining and ma-
chine learning. For instance, Harel & Koren [59] investigates the possibility
of clustering data according to some random-walk related quantities, such
as the probability of visiting a node before returning to the starting node.
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They show that their algorithm is able to cluster arbitrary nonconvex shapes.
White & Smyth [134] investigates the use of the Mean First Passage Times
(MFPT, see definition 18) as a similarity measure between nodes. Their
purpose is to generalize the random-walk approach of Page et al. [18, 101]
by capturing a concept of relative centrality of a given node with respect
to some other node of interest. A recent study, comparing several measures
(including MFPT) for analyzing the proximity of nodes in a graph in the
framework of co-authorship networks, is presented in [85]. Commute Times
(CT) during random walks are closely related to FPT: they count the num-
ber of steps a random walker, starting from a given node, will take before
entering another given node for the first time, and go back to the starting
node. The CT kernel is introduced in [112, 50] and is based on mean com-
mute times during random walks. From the geometrical viewpoint, the CT
kernel computes the dot product in a feature space where the nodes are ex-
actly separated by their commute-time distance. Qiu & Hancock [105, 106],
Ham, Lee, Mika & Scholkopf [58], Yen et al. [138] as well as Brand [15] ap-
ply the same CT embedding to image segmentation and multi-body motion
tracking [105, 106], to dimensionality reduction of manifolds [58], to cluster-
ing [138] as well as to collaborative filtering [15], with good results. Besides,
Zhou [141, 140] uses the MFPT between two nodes as a dissimilarity index
in order to cluster them. He studies various greedy clustering techniques
based on this dissimilarity index. An application of the CT distance to
semi-supervised learning is proposed in [39].

8.2 -walks in a graph

Let G = (V,€) denote a graph formed by a set V of vertices (or nodes) and
a set £ of edges, with £ C V x V. Let ng = |V| and ny = |€] respectively
denote the graph order and the number of edges in the graph. We consider
in particular connected graphs represented by their weighted ns X ng ad-
jacency matrix M. The My, entry of M denotes the weight of the edge
connecting node ¢ to node ¢’. Weights are assumed to be zero if and only
if their corresponding edge does not belong to the graph. Otherwise, the
weight between any pair of connected nodes is assumed strictly positive.
Moreover edge weights should be defined such that the larger the weight
M,y the easier the connection (or communication or information flow) from
q to ¢’. We consider both directed and undirected graphs. An undirected
graph is simply represented by a symmetric matrix M. In the directed case,
the graph is assumed weakly connected and there must exist a directed path
from any node to at least one node of interest. The diagonal degree matrix
is defined as D = Diag(dy,...,dn,) with dg = 3_ o, Myy. Whenever M
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reduces to a binary adjacency matrix (weights are either 0 or 1), d; simply
denotes the degree® of node ¢. In general, d4 is interpreted as the weighted
degree of node q. A related quantity is the graph volume Dg = quv dg.

Given a weighted adjacency matrix M associated to a graph G = (V, )
and a subset L C V (|K| > 2) of nodes of interest, we define relevance indices
on the edges or nodes of G. They measure how much each node or edge
contributes to the relationships between the nodes of K. The number k& = |K|
of nodes of interest is typically much smaller than ns. Formally, we define a
node relevance function nri : V — RT which maps any node to its relevance.
We define an edge relevance function erg : £ — R™T, similarly. As motivated
in section 8.1, the relevances should rely on all possible ways to connect
the k nodes of interest (each way having a certain likelihood) and not only
shortest-distance or maximal-flow paths. Technically, we propose to define
the relevance of a node or an edge to be proportional to the expected number
of times it is used when randomly walking through the graph, starting from
one node of interest and eventually reaching a distinct node of interest.

Section 8.2.1 describes how the input graph is transformed into a Markov
chain and introduces the relevance indices for nodes and edges. Section 8.2.2
details how these relevances are computed in practice.

8.2.1 A dynamic view of the graph

Random walks in a graph can be modeled by a Markov chain 7' = (V, A, ¢)
(see definition 1) describing the sequence of nodes visited during the walk.
The state set of the MC is the set of nodes V, i.e. each state of the Markov
chain corresponds to a distinct node of the graph. Hence, the terms nodes
and states are used interchangeably in this chapter. The random variable
X; represents the state of the MC reached at time t. The probability of
transiting to state ¢’ at time ¢ + 1, given that the current state is ¢ at time

t, is given by:
qq'

. 8.1

- (8.1)

P[Xt—H :q/‘Xt ZQ] :Aqq’ =

Thus, from any state ¢, the (homogeneous) probability to jump to state ¢/
is proportional to the weight M, of the edge from ¢ to ¢’. The transition
matrix A = [A,y] of the Markov chain is related to the degree and adja-
cency matrices as A = D~'M. Note that even when M is symmetric, A is
generally asymmetric since the degrees of adjacent nodes need not be equal.
A is stochastic since, by construction, 0 < A,y < 1 and Z?il Ayy = 1. The
initial distribution ¢ is considered as a user parameter, not derived from

6d, denotes the outgoing degree of node q whenever the graph is directed.
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the input graph. It is typically defined such that ¢, > 0 < o € K. This
probability distribution encodes some prior preference between the nodes
of interest. By default, all nodes of interest are assumed equally important
and ¢, = %,Vw e k.

The proposed approach is concerned with specific random walks be-
ginning in a node of interest and ending when another node of interest
is reached. These walks, called K-walks, are formally defined hereafter.

Definition 42 (K-walk) Given a MC T = (V, A, ) and a set of nodes of
interest IC with |K| > 2, a K-walk is a word” v = zwr defined on V such
that z,r € K, x # r and w € (Vr)* where Vr = (V\ K) U {z}.

In the sequel, the set of all K-walks is denoted by W and the set of K-walks
starting in a specific state x € I is denoted by *W. The relevance of a node
q €V is defined as the expectation of passage times pt(q) (see definition 15)
in ¢ during K-walks.

Definition 43 (Node relevance) Given a MC T = (V, A,¢) and a set of
K-walks W, the node relevance function nri : V — RT is defined as

nri(q) = E [pt(q) | W] (8.2)
forallgeV.

The edge passage times is a function ept : £ — R computing the number
of times an edge ¢q x ¢’ is triggered during random walks. The edge relevance
function is defined according to the expected edge passage times.

Definition 44 (Edge relevance) Given a MC T = (V, A,¢) and a set of
K-walks W, the edge relevance function erg : £ — R is defined as

(0.4) E [ept(q,q") | W] if G is directed

erxg\d,q ) =

: > wek te/E[ept(q,¢') | "W] = E [ept(¢’, q) | “W]| otherwise
(8.3)

forall q,q' € V.

In the undirected case, the absolute difference guarantees that edge rele-
vances are symmetric. It is also motivated by an electrical interpretation
detailed in section 8.7. The practical computations of node and edge rele-
vances are detailed in the next subsection.

“A word defined on the alphabet V corresponds to a sequence of states.
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8.2.2 Relevance computation

To compute the node and edge relevances, we will resort to absorbing MC
techniques detailed in section 1.3. We essentially need to compute the ex-
pected passage times in each node g € V during K-walks (see definition 42).
This computation can be split according to the initial state x of the walks.
The desired expectations are then obtained as a weighted sum over all pos-
sible starting nodes z € K (see equation (8.8)).

Given the MC T obtained from the input graph G (see equation (8.1)),
K-walks can be studied by transforming all states in I\ {x} to be absorbing.
Doing so prevents the walker to continue his walk when reaching a node of
interest as he is getting trapped in such states. Let *A denote a modified
transition matrix for which all nodes of interest but « have been transformed
to be absorbing. It is defined from A as follows.

1 ifge K\ {z} and ¢ = ¢/,
T Ay = 0 ifge K\ {z}and q#¢, (8.4)
A4y otherwise.

As the original graph is assumed to be connected®, there is no absorbing state
in the Markov chain defined by the original transition matrix A. Hence, only
the states of interest but = are absorbing according to *A. The other states,
including z itself, form the set Vr of transient states from which there is a
strictly positive probability to leave. The canonical block-partitioned form

of A is the following;:
e, [ °F TE
4= (7 ) 6

Here *F' denotes the (ns — k 4+ 1) X (ns — k + 1) transition submatrix be-
tween transient states, I is the identity matrix of order k — 1 and *F is a
(ns —k+1) x (k—1) matrix. In particular, *Eg, denotes the probability of
a walk being in a transient state g to be absorbed in state r € K\ {z} in
one step. The probability to be absorbed in one step, no matter in which
absorbing state, is computed by the (ns—k+1)-dimensional vector *E1; the
g-th entry containing the absorption probability from the transient state q.
Moreover, since A is stochastic this vector can be obtained from the matrix
*Fas®Fl = (I —-"F)1.

8In the directed case, the graph is assumed weakly connected. Moreover, there must
exist a path from any node to at least one node of interest. If, for a particular node of
interest x, there exist only directed paths to itself but not to any other node of interest,
we do not consider the transformed MC *A and simply iterate the construction over the
other nodes of interest.
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Theorem 3 (in section 1.3) can now be applied to compute the expected
passage times in transient states. Importantly, it states that averaging the
passage times over the possibly infinite set of random walks ending in an ab-
sorbing state can be performed, in a finite time, by computing the following
matrix:

CN=(I-*F)"! (8.6)

called the fundamental matriz of the absorbing MC. In particular, /N, is
the expected number of times a walk starting in the node of interest x goes
through state ¢ before getting absorbed in any node of K \ {z}, that is,
before reaching a distinct node of interest:

E [pt(q) [ W] = “Nag (8.7)

Finally, the mean time to absorption mta(z) starting from x (see definition
16) computes the expected length of K-walks starting in « and ending in any
other node of interest. It is readily obtained from the fundamental matrix
as mta(z) = [*N1],.

The previous computations are restricted to K-walks starting in a par-
ticular node of interest x. Considering K-walks starting in any node of
interest reduces to computing the same quantities separately for each possi-
ble starting node x and to averaging these quantities according to the initial
distribution ¢. The node relevance function nri : ¥V — R (see definition
43) is computed as follows for all g € V' :

Y oseicte “Nzg ifqeV\K,

tg 1Nyq otherwise. (88)

wrele) =Elpe(a) | W] = {
The sum in the above formula is replaced by a single term whenever ¢ is a
node of interest since it is considered only once as a transient state, precisely
when it is used as starting state.

The expected edge passage times of an edge ¢ — ¢ during K-walks
starting in x can be readily obtained from the expected passage times in
state ¢ as follows:

" Nyg TAgy fqeV\K,
E [ept(q,q') | "W] = 9Ny 94,y if g=zand g € K, (8.9)
0 ifg#xand qge K.

When considering KC-walks starting from any state x € K, the expected edge
passage times are obtained as follows for all ¢,¢’ € V:

E [ept(q, ¢') |[W] = ) 1o E [ept(q, ¢') | “W] (8.10)
zell
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The edge relevance function erg : &€ — R can now be computed by
applying definition 44 where the expected edge passage times are provided
by equations (8.9) and (8.10).

To sum up, the application of the K-walk approach to compute node and
edge relevances essentially amounts to interpreting the graph as a Markov
chain. The transition probability matrix A of this chain can be computed
in O(n¢) time with n; = |€|. Next, k particular submatrices *F' (one matrix
for each node = of interest) need to be considered. For each of them, the
fundamental matrix *NV is computed. This amounts to inverting the matrix
(I —*F), which can be done in O(n?). This is the core of the computational
load of this approach. Node and edge relevances can be derived from the
fundamental matrices in O(n;) time. Overall, the time complexity of the
K-walk approach is O(kn3).

8.3 Limited K-walks in a graph

In the KC-walk approach, presented in section 8.2, any walk connecting the
nodes of interest is considered, no matter its length. Alternatively, the
relationships between the nodes of interest can be explained by walks of a
fixed length L or up to a maximal length L,,q,. This is the purpose of the
limited KC-walk approach. Section 8.3.1 defines limited K-walks and related
relevances. Section 8.3.2 highlights the theoretical connection between the
limited and the standard K-walk approaches. Finally, section 8.3.3 presents
an efficient technique to compute edge and node relevances.

8.3.1 Walk and relevance definitions
Formally, a limited K-walk is defined as follows.

Definition 45 Given a MC'T = (V, A, 1), a set of nodes of interest IC with
|| > 2 and a strictly positive length L, a limited K-walk v = zwr is a
K-walk such that |w| = L — 1.

Considering K-walks up to a maximal length L,,,, amounts to replacing the
constraint |w| = L — 1 by |w| < Lyez. The sets of K-walks subject to these
constraints are respectively denoted by W, and Wy, ..

Node and edge relevances are now defined according to the expected
number of times they are visited during limited KC-walks. To compute these
expectations, any node of interest x is again considered in turn as the unique
starting node in a transformed MC characterized by the A transition ma-
trix. The expected passage times of an edge ¢ — ¢’ can be computed as
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follows:
L—1
PIX;=q, X141 =¢,"Wy]
ept(q,q) | “Wr] = 8.11
E [ept(q, ¢’ L] 2 P, (8.11)

In equation (8.11), X; is a random variable denoting the state visited at step
[ of the walk. P[*W] denotes the probability of performing a K-walk of
length L starting in state z. Similarly, P[X; = ¢, X;11 = ¢/,*W;] denotes
the joint probability of visiting the edge ¢ — ¢/, between step [ and step
[ 4+ 1, and performing a K-walk of length L starting in state x. These
probabilities can be computed from the *F and *E matrices associated to
T A (see the block structure of * A described in equation (8.5)). In particular,
the probability of a K-walk of length L starting in x is given by

PlW = > [P B, (8.12)
rek\{z}

since such a walk transits L — 1 times through transient states before getting
absorbed in any state r in K \ {z}. The probability of visiting edge ¢ — ¢
in such a walk, if ¢’ is a transient state and [ < L — 2, is given by

PIXi = ¢, Xps1 = d, Wil = Y [F)]
rek\{z}

[l P2 0B)]
zq q'r
(8.13)
Indeed, such a walk transits [ times through transient states while reaching
q in the I'' step, transits from state ¢ to state ¢’ with probability " Flgq's
transits again L —[—2 times through transient states before getting absorbed
in any state 7 in K\{z}. Whenever the destination state ¢’ of the edge ¢ — ¢

is absorbing, the probability of visiting this edge is given by
PXp1=q,Xe =¢,"Wi] = [("F)" ] [(PB),y» Vd' € K\ {z} (8.14)

since, for the walk length to be equal to L before getting absorbed, such an
edge can only be visited at the last step of the walk. The expected edge
passage times during /C-walks of length L, starting in any state x € IC are
computed as follows for all ¢,¢’ € V:

E [ept(q,¢') | WL] = > ta E [ept(q, ¢') | “Wi] (8.15)
ekl

Considering K-walks up to a maximal length Ly.x simply consists of a
weighted sum of expectations over all these lengths:

Lma:E

E[ept(q,4) | Wral = D Elept(a,q) |“Wi] PI'Wr]  (8.16)
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Computing this expectation no matter the initial state z € IC is performed
similarly as in equation (8.15).

Edge relevances eryx(q,q’) are computed according to definition (44)
where the expected edge passage times are replaced as follows. If one is
interested only in the relationships between the nodes of interest for a fixed
walk length L, the expectations E [ept(q,q’) | W] and E [ept(q, ¢’) | W] are
respectively replaced by E [ept(q,¢) | W] and E [ept(q,¢’) | “Wi]. For K-
walks up to length L,,.., the former expectations are respectively replaced
by E [ept(q, ¢') | Wi,..] and E [ept(q, ¢') | “Wr,,..)-

Node relevances nri(q) are assigned according to the expected passage
times E [pt(q) | “Wr| computed as the sum of the expected passage times on
all outgoing edges from each node ¢ € V:

nre(e) = ) wEptle) | Wi, (8.17)
e

with E [pt(g) |“Wi] = > Elept(g,q) | “Wi]. (8.18)
q'eV

When considering K-walks up to length Ly, a weighted sum of the ex-
pectation E [pt(q) | “Wr] over all these lengths is performed, similarly as in
equation (8.16).

8.3.2 Links between standard and limited K-walks

We establish here a theoretical connection between limited K-walks up to a
maximal length L,,., and standard K-walks introduced in section 8.2. More
precisely, we show that both approaches become equivalent when letting
Lo tend to infinity. First, let us observe that when Ly, tends to infinity,
the constraint |w| < Ly, (see definition 45 and below) becomes inactive
and therefore limy, oo Wr,... = V. Proposition 8 shows formally that
the expected edge passage times for both approaches are equal when L,
tends to infinity. Consequently, both approaches define asymptotically the
same relevance measure.

Proposition 8 (Convergence of limited K-walks)

> Elept(q,q') |*WL] PFWr] = Elept(q,q) [ *W]
L=1
= Nig “Agq

(8.19)

Proof.
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Case 1: ¢ ¢ K\ {z}

o0

> "Elept(q, ) | “Wi] P["Wy] =

L=1

0o N L—2 ZTE . [(IF)l]x [xF]qq’ [(IF)L*l*Q (:L‘EH .
ZP[ WL] Z K\{z} qP[xWL] q

[(xF)L—l—Q(I _ xF)l)}

/

q

[(xF)L’l’2(I . :EF)]_} /
1=0 M =1+2 e

—TF),, [ ="F) " (1 = "F)1]

~

q/

= ["Flgg “Nag="Nag “Agq
where 1 denotes a (ns — k + 1)-dimensional vector of ones.

Case 2: ¢ € K\ {z}

> | x T = T [(mF)L_l]ﬂcq[(mE)]qq/
D Eleptla.d) W) PIWL] = 3 PIWi =5y
= ("B)y Y [P,
L=1

= [(xE)]qq’ foUq = ZENIq quq/
n

This result has a practical consequence as it offers an alternative way to
compute the non limited K-walks. This directly suggests a way to approx-
imate standard KC-walks by considering large but finite L4, values. As
detailed, in section 8.2.2 the standard K-walk has a time complexity O(kn3)
whereas the limited K-walk approach has a time complexity ©(kniLpqz)
(see section 8.3.3) where k is the number of nodes of interest and ng, n; are
respectively the number of nodes and edges in the input graph. Therefore,
when considering moderate L., values, the limited approach offers a sig-
nificant speed-up with respect to the standard approach. Moreover, we can
show theoretically that the limited K-walk approach converges almost geo-
metrically fast to the standard K-walk approach. To do so, let us define the
approximation error made when performing the limited K-walk up to length
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Lpnaz- We distinguish the two cases considered in the proof of Proposition 8.
The approximation error for the Case 1 (i.e. q’ is a transient state) is

o0

Enf! (2,q,4) = 2 Eleptle,d) [“Wr] PEWi]
=Lmaz+
= [Fl, S SEEER,, [CRF ),
L=Lmaz+1

(8.20)
where e = (I —*F)1. An upper bound on the approximation error can be
obtained by individually bounding the entries [(*F)'] 2q 20d [(eF)E=1=2e)] .
using a spectral decomposition of *F. Assuming that the matrix *F is
diagonalizable, the spectral decomposition of its [-th power is given by

!

R = N 0T Norold + 4 N plE, (8.21)

where ); is the i-th largest eigenvalue in modulus, r; and I; are respectively
the right-hand and left-hand eigenvectors associated with \; and R < ng —
k + 1 is the rank of *F. Using this spectral decomposition, we can bound

[(xF)l] zq:
[(xF)l]xq = /\ll(rlllT)wq + /\IQ(T2l2T)wq +...+ )‘ZR(TRIE%Q
(8.22)
< M Usg

where Uyzy = |(7107 )ag| + |(r2ld)agl + .- + |(rRlE)zq|- Similarly, one can
bound the second considered entry:

- s—k+1 -
(P 2e)], = SiM R e
< ST U e, (8.23)
— Af_l_z Uq/
where Uq/ = Zfi;kﬂ Ugrrer. The approximation error can now be bounded
by
. 00
Errcim,z (l’, q’ q/) S [IF]qq/ qu Uq/ L:LZ +1(L a 1))\{/72
T7 Lmaz_
= [*F,y Usq Uy ((137;1)2 n ﬁme) Abmas =1

(8.24)
A similar reasoning can be applied for the Case 2 (i.e. ¢’ is an absorbing
state), leading to the following bound on the approximation error:
o0

Erf? (2,0,d) = ("B, L:LZ +1 .y (8.25)

S [(mE)]qq/ 1_71)\1)\-1[/7”(”
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In section 8.8, we show that in practice small L,,,, values, e.g. 50, already
provide a good approximation.

8.3.3 Efficient relevance computation

Practical computation of the limited KC-walks can be performed efficiently
via forward and backward recurrences similar to those used in the expec-
tation steps of the PHIT (see section 7.3.1) and POMMPHIT (see section
5.5.2) algorithms.

Given a state ¢ € V and a time | € N, the forward variable o/(q,1)
computes the probability of being in state ¢ after [ steps while starting in
state x.

a®(g,1) = P[X; = ¢, { X3} € Vr | Xo = 1] (8.26)

The forward variables are computed using the following recurrence for ¢ € V
and [ € N:

1 ifg==x

K _ q

(Base case) o’(g,0) = { 0 otherwise 527)
(Induction) oX(q,1) = 7eVr M 1= 1)[F Ay

Note that if ¢ is a transient state, o’ (¢, 1) actually computes [(xF)l]mq

whereas if ¢ is an absorbing state it corresponds to [(IF )t “E] g

Given a state ¢ € V and a time [ € N, the backward variable 3%(q, 1)
computes the probability that state ¢ is reached by the process t steps before
getting absorbed:

B(q,1) = P[Xo = ¢, { X} € Vr | X; € K\ {2}] (8.28)

The following recurrence computes the backward variables for ¢ € V and
leN:

1 ifge K\ {z}
i o q
(Base case) (3™(q,0) = { 0 otherwise

' 0 if ge K\ {z}
K _
(Induction)  §™(¢,1) = { Zq/ev B 1~ 1)*[A]gy  otherwise
(8.29)
Note that (g, 1) actually computes the probability ZreK\{x} [(IF)I_I (IE)}

— P[PW).

qr
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The forward and backward recurrences are efficiently computed using
an ng X Lye. lattice structure. The time complexity of the forward and
backward recurrences for one transformed Markov chain is ©(n¢Lyqz ), with
nt = |€]. Equation (8.11) can be reformulated using these recurrences:

S oK (1) FAly B L1 1)
E [ept(q.q') | *Wi] = =2 D)

Equation (8.30) can be evaluated, from the two lattices, in ©(n,L) which,
when summed over all possible lengths up to Luq. (equations (8.16) and
(8.17)), can also be performed globally in O(n;La.). Finally, as the above
computations need to be repeated for k Markov chains, the overall time
complexity of the limited K-walk approach is ©(kn¢Lpas). An equivalent
upper bound is O(kn? L4 ), but this upper bound is tight only if the graph
is dense.

(8.30)

8.4 Groups of nodes of interest

The nodes of interest were considered so far independently of each other. In
a more general setting, the elements of K can be partitioned into p clusters:
K ={Ci,...,Cp} with 2 < p < k. The node or edge relevances should
now explain the relationships between the clusters rather than between the
individual nodes. If the K-walk approach is run while ignoring the cluster
structure, node and edge relevances depend on the relationships between
nodes of interest belonging to the same cluster, which is generally inappro-
priate. An alternative would be to construct a modified graph in which all
nodes belonging to the same cluster are merged. This modified graph can
however be an overly simplified view of the original graph.

A simple extension of the KC-walk approach considers the cluster structure
explicitly. A transformed Markov chain is built relatively to each cluster
rather than each node of interest. When the cluster C, is considered, all
nodes belonging to K\ C, are transformed to be absorbing. Hence the walks
start in any node of C, and end in any node of K\ C,. Let ““N denote
the fundamental matrix of this transformed Markov chain. The mean node
passage times are now defined as:

Ce :
Vg € V,nric(q) = { Dgecte *Nag i geV\K, (8.31)

C .
tg V1 Ngq otherwise.

The expected edge passage times are defined analogously (see equation (8.9)).
A similar reasoning can also apply to the limited C-walk approach.
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8.5 Subgraph extraction

The KC-walk and limited KC-walk approaches essentially amount to defining
edge (or node) relevances proportionally to their frequencies of use along
walks connecting the nodes of interest. A relevant subgraph can subsequently
be extracted in several ways described hereafter.

The simplest approach requires a positive edge relevance threshold O,
and includes the edge ¢ — ¢’ in the extracted subgraph whenever ery(q, ¢') >
©,. This procedure defines a subgraph induced by the selected edges,
the larger ©. the smaller the induced subgraph. A positive node rele-
vance threshold ©, can also be defined to include the node ¢ whenever
nry(q) > ©y,. The use of edge and node thresholds gives more flexibility. In
particular, a specific node may be selected even though none of its incident
edges are selected. Whether such a situation is desirable depends on the
application context.

In the K-walk approach, the extracted subgraph needs not be (weakly)
connected even when thresholding is applied only on the edges. Whenever
connectedness is required, one can search for the maximal ©. such that
the induced subgraph is connected. Since the original graph is assumed
connected, there must exist a critical threshold ©} such that the extracted
subgraph is connected for any ©, < ©F. Automatically fixing ©. to this
critical value defines a parameter-free subgraph extraction approach. The
above approach is a greedy edge selection procedure which is efficient and
locally minimal in terms of the number of edges of the induced subgraph. In
the undirected case, one could also define edge costs inversely proportional
to their respective relevances and look for the subgraph connecting the nodes
of interest with a minimal total edge cost. This is a particular instance of
the Steiner tree problem for undirected weighted graphs [63]. The optimal
subgraph is indeed necessarily a tree in this case. This problem was shown
NP-complete [53] but exact algorithms exist in restricted cases [133].

The limited K-walk approach offers another alternative to construct a
connected subgraph. Only the subset of walks of a given length L, or up
to a maximal length L;,4., are considered. In any case, a given edge rele-
vance is strictly positive if and only if it is used in at least one walk of this
subset. One can thus simply discard all edges with a null relevance. The
resulting subgraph, if not empty, is connected by construction. It is also the
smallest subgraph representing all walks of the prescribed length(s) between
the nodes of interest. So far, the (limited) K-walk approaches require the
original graph to be connected. In the directed case, the graph is assumed
weakly connected and there must exist a directed path from any node to at
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least one node of interest. A possible extension would consider separately
each connected component of the original directed or undirected graph and
restrict the analysis in each component to the nodes of interest belonging to
it.

8.6 Inflation

The K-walk approach offers a global view of the ways nodes of interest are
connected between each other. It is however not necessarily very discrim-
inative between highly relevant edges (or nodes) versus less relevant ones.
The relevance measures are indeed based on a large, possibly infinite, set
of walks. Many of these walks overlap at least partially and the captured
information is spread between them. This may be not optimal if the goal is
to extract a small subgraph summarizing most of this information.

To some extent the limited K-walk approach is more discriminative, es-
pecially for low L;q.. In particular, when k = 2, if L4, is fixed to the min-
imal number of steps between the 2 nodes of interest, only nodes or edges
belonging to shortest paths, in terms of number of steps, have a strictly
positive relevance. The larger L,,q,; the more walks are considered with a
less discriminant result. Tuning L,,., is thus a way to control discrimina-
tion. In general, the discriminative character of the K-walk approach (or
the limited K-walk approach for a large L,,,.) depends on the edge weights
in the original graph, the chosen nodes of interest and the graph topology.
If necessary, it is easy to inflate the differences between edge (or node) rele-
vances by applying the KC-walk approach recursively. This notion of inflation
is inspired from [128] where it used for defining graph clusters. The very
simple way inflation is implemented in our approach is however different.

Figure 8.7 illustrates this idea. In the original graph on top, edge weights
are assumed equal to 1. The graph obtained after one execution of the K-
walk approach is depicted in the middle. Here, the edge widths are their
relative edge relevance. Edge relevances can be considered as new weights
associated to edges and the same approach can be applied recursively. The
result obtained after the second iteration is depicted at the bottom of Fig-
ure 8.7.

8.7 An electrical interpretation

An undirected graph is represented by a symmetric weighted adjacency ma-
trix M. In this case, the graph can be seen as an electrical network, the
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Figure 8.7: Inflating the relative edge relevances.
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weight M,y being the conductance between nodes ¢ and ¢’ [40]. According
to equation (8.1), this symmetry implies a relationship between the transi-
tion probabilities (in the associated Markov chain) assigned to each direction
for traversing an edge:

dgAgqy = dyAyy. (8.32)

The degree d; is now interpreted as the sum of the conductances of the edges
incident to node gq.

When a node of interest x is used as starting state of the walks, the net-
work is represented by a transformed Markov chain with transition matrix
T A. Positively charged particles are assumed to enter the network at node x
and to leave the network at any node in £\ {z}. The node z is thus assumed
to be the source of an electrical current and the other nodes of interest form
current sinks. It could be even more realistic to consider negatively charged
particles flowing in the opposite direction towards x but the reasoning below
is essentially equivalent. The currents observed between any nodes ¢ and
q are directly related to the edge passage times in the K-walk approach as
described below.

By Ohm’s Law, the current Z,, from g to ¢’ is determined by the voltages
V, and V and the conductance between ¢ and ¢':

Loy = (Vg = V) Moy (8.33)

Kirchhoff’s Current Law requires that the total current flowing through any
node (but the current source and sinks) is 0:

Vg, € VK, Y Ty =0. (8.34)
ql

The relationships between node voltages follows from the combination of
equations (8.33) and (8.34):

Vg, €VAK, Vo= Vg "Ayy (8.35)
q/
In the K-walk approach, * /N, is the expected number of times node ¢ is
visited for a walk starting in x. This quantity can also be defined from the
expected number of times any node ¢’ is visited:

"Neg = "Nag "Agq (8.36)
q/

The relationship between these expected times and the voltages follows from
the combination of equations (8.32) and (8.36):

T T

N,
Yoo EVAK, =37
q/

Nag
T Ay (8.37)
q
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T

Equations (8.35) and (8.37) are exactly equivalent when V, = 2;” showing
that the voltages in this electrical network correspond to the node passage
times normalized by the node degrees. Moreover, by equation (8.33), the
current from ¢ to ¢’ is given by

"Nug  “Nag
dg dy

Ty = ( JMgq = “Nug “Agqy — “Nog “Agq (8.38)
The current Z,, is the current along the edge ¢ — ¢’ actually flowing from ¢
to ¢’ whenever it is positive, or flowing in the opposite direction otherwise.
Hence the net current along the edge ¢ — ¢/, independently of its direction,
is the absolute value |Z,,|. This absolute value is exactly the net edge pas-
sage times considered in equation (8.3) in the case of an undirected graph.
The edge relevances in the K-walk approach correspond to the sum of the
net currents obtained for k electrical networks when each node x of interest
is used in turn as a current source of ¢, current unit.

The electrical interpretation of the KC-walk method illustrates some links
and differences with the method proposed in [48]. The latter is restricted
to 2 nodes of interest, respectively called the source and the destination,
in an undirected graph. A one unit voltage is applied to the source and
the destination is grounded. The voltages in all other nodes are computed
by solving the system of linear equations (8.35). The electrical analogy is
slightly different in the K-walk approach since a unit current is injected in
the source node rather than fixing its voltage. The respective currents and
voltages are however identical in both electrical circuits up to a multiplica-
tive constant equal to the effective resistance of the network [40]. In other
words, the expected edge passage times are identical in relative terms, for
one starting node. The K-walk approach generalizes this methodology to
any number of nodes of interest by considering k electrical networks.

Both approaches also differ when considering the actual subgraph ex-
traction. The algorithm proposed by Faloutsos et al. searches the paths
followed by the current flow, from source to destination, and maximizes
the sum of current flow in the extracted subgraph. This approach is based
on the extraction of successive paths using dynamic programming. Such
an approach is more difficult to extend to any number of nodes of interest
since the paths to consider should be defined according to the k nodes. In
contrast, the KC-walk approach does not compute explicitly some paths but
defines edge relevance according to their use in all possible walks. Walks,
as opposed to paths, also include possible round trips along a given edge
but the edge relevances are defined, for an undirected graph, as the net
differences in both directions. Note that if the graph is directed or, more
precisely, if M is no longer symmetric, the electrical analogy presented here
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does not hold anymore since physical laws require the conductance to be
symmetric. The K-walk approach can still be applied however.

A universal sink node, which absorbs a fraction of the current delivered
to each node, is also introduced in [48]. The purpose of this current loss is to
penalize very long paths between the two nodes of interest and paths going
through highly connected nodes (hubs). The (limited) K-walk approaches
do not include such current losses. Discarding very long walks is the purpose
of the limited K-walks approach. We argue that this is a more direct and
principled way of limiting the maximal walk length considered between the
nodes of interest. Discarding hubs can be obtained by defining the weighted
adjacency matrix in such a way that any edge connected to a hub has a low
conductance.

Finally, solving the system of linear equations (8.35) can be done in
O(n?) but iterative methods can often perform faster for sparse graphs.
As detailed in section 8.3, the limited KC-walk approach can be seen as an
approximation to the KC-walk approach for a large L;,q,. The resulting time
complexity reduces to ©(n¢Lq.) for a single source node. The possible
sparsity of the graph directly pays off here since this complexity is linear
with n¢, the number of graph edges.

8.8 Experiments

An experimental study of the (limited) C-walk approaches is conducted in
the present section. The objectives of this study are summarized hereafter:

1. to evaluate the discrimination efficiency of the proposed methods, that
is, their ability to extract small relevant subgraphs,

2. to observe the benefits of inflation (see section 8.6) with respect to
the discrimination efficiency,

3. to measure practical run times and validate them against the
theoretical complexity,

4. to evaluate how well the limited K-walk approach can approximate
the KC-walk approach for increasing Li,q, values.

Randomly generated graphs are considered as well as two strongly con-
nected components of the metabolic network representing the KEGG LIG-
AND database [55]. Random graphs were generated using the algorithm
presented in [132]. This technique allows one to generate an undirected and
unweighted graph with a prescribed degree sequence drawn from a power
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law?. In our experiments, the exponent of the power law 7 is set to 2.5 and
the p parameter is tuned such that the mean degree equals 4, which are
typical parameters used in [132]. Graphs were generated with sizes ranging
from 100 to 20,000 nodes. The two strongly connected components extracted
from KEGG contain respectively 7,695 and 18,297 nodes and their respective
mean degrees are 2.7 and 2.9. Randomly generated graphs are undirected
while the KEGG components are directed. Furthermore, we have defined
weights on the graph edges such that My, = dq%%, where d; and d, are

respectively the out degrees of nodes g and ¢’. Hence any edge connected to
a hub has a low conductance.

Each experiment is carried out using random sets of nodes of interest of
size |K| = 2,5,10 and 20. For each size, 10 sets are sampled out in order to
produce averaged results with standard deviations.

8.8.1 Discrimination efficiency

The (limited) K-walk approaches output relevance weights on the edges and
nodes of the input graph. The total amount of information is defined as the
sum of these relevances over all edges. Section 8.5 proposes several tech-
niques to extract a relevant subgraph. In our experiments, a subgraph is
extracted by keeping every edge with a relevance above a given threshold
O.. The information captured by a subgraph is simply defined as the sum
of the relevances over all edges in the subgraph. Dividing this quantity by
the total information provides the relative captured information. Similarly,
the subgraph relative size is obtained by dividing the number of edges in
the subgraph by the number of edges in the input graph. Let us stress here
that the selected performance measure, i.e. the captured information, is
somewhat subjective as it directly relies on our node/edge relevance defi-
nitions (see definitions 43 and 44). Therefore, the results presented here
might be thought of as an internal validation of our approaches. Besides,
other related techniques use subjective or internal performance criteria as
well. For instance, Newman [95] validates his approach qualitatively by dis-
cussing results obtained on social networks while Faloutsos et al. [48] use
a performance measure based on the electrical current which is an inter-
nal measure used in their approach (see section 8.7). The performance of
relevant subgraph extraction methods should ideally be assessed using an
external criterion related to a real-world problem such as for instance the
discovery of pathways in biological networks or the selection of an alternate
itinerary on a roadmap in case of traffic jam.

9The probability that a node has a degree equal to d is P[d] = (d 4+ p) ™.
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Figures 8.8 and 8.9 show the relative captured information for increasing
relative subgraph sizes using the K-walk method.

The K-walk technique seems to offer a good discrimination efficiency
since a large amount of information can be captured with small subgraphs.
This is especially true when a small set of nodes of interest is considered.
For instance, for an input graph with 1,000 nodes and |K| = 2, a 10% sub-
graph captures in average 82% of information. In contrast, when || = 20,
it only captures 64% of information. The rationale is that a larger set of
(randomly chosen) nodes of interest is more likely to cover many regions
of the input graph, spreading the information in the graph. Furthermore,
considering larger input graphs also reduces the covering of the nodes of
interest, making the approach more discriminative.

We consider now the limited KC-walk approach. Figure 8.10 shows the rel-
ative discrimination efficiency for several L,,,, values using an input graph
with 1,000 nodes. This technique is more discriminative for small L,,q.
values. Indeed short walks only explore frequently a small portion of the
input graphs, while concentrating the captured information. Note that us-
ing Lyee = 50 provides almost the same results as the standard K-walk
approach (see the top of Figure 8.9). Using Ly, greater than 50 does not
modify the discrimination efficiency. As for the KC-walk approach, a better
discrimination is obtained with a smaller number of nodes of interest.

Next, we consider the KEGG directed network. The plot of captured
information against extracted subgraph relative size using the KC-walk ap-
proach is presented on the top part of Figure 8.11. Relatively small portions
of the input graph already contain a majority of the information of the
graph. For instance, 10% of the input graph captures 67% of the total in-
formation. Note also that the captured information does not vary with the
number of nodes of interest. We interpret this result as a consequence of
the strong connectedness of the component extracted from the whole net-
work. The information rapidly diffuses throughout such a graph and limited
walks should reveal much better the influence of the specific nodes of inter-
est chosen. The bottom part of Figure 8.11 illustrates that the captured
information increases significantly faster with L4, = 10, with a slight de-
pendence on ||. The behavior of the limited approach tends rapidly to the
unlimited case for larger L,,,, values. The same phenomenon is observed
for the KEGG strongly connected component containing 18,297 nodes.
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Figure 8.8: The relative captured information averaged over 10 ran-
dom sets of nodes of interest for increasing relative subgraph sizes.
Top: the KC-walk approach applied on a random input graph contain-
ing 100 nodes. Bottom: the K-walk approach applied on a random
input graph containing 500 nodes.
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Figure 8.9: The relative captured information averaged over 10 ran-
dom sets of nodes of interest for increasing relative subgraph sizes.
Top: the K-walk approach applied on a random input graph contain-
ing 1000 nodes. Bottom: the K-walk approach applied on a random
input graph containing 5000 nodes.
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Limited k-walk, graph size : 1000, |K| =2
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Figure 8.10: The relative captured information averaged over 10
samples of seed nodes for increasing Lj,q, values using the limited
K-walk approach.
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Figure 8.11: The relative captured information in a strongly con-
nected component of the KEGG network containing 7,695 nodes.
Top: The relative captured information using the IC-walk approach.
Bottom: The relative captured information using the limited K-walk
approach with L., = 10.
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Figure 8.12: The influence of inflation on the discriminative efficiency
using the K-walk approach. Curves are provided using no inflation
and using 1 and 2 inflation iterations.

8.8.2 Impact of inflation

Figure 8.12 shows the influence of inflation on the K-walk approach using a
random graph of size 1,000 and two nodes of interest. As expected, inflation
allows one to improve the discriminative efficiency. For instance, a 10%
subgraph captures in average 82% of information. Inflating the K-walk
approach once or twice captures respectively 91% and 96% of information
with the same subgraph size. Similar observations are made when studying
the impact of inflation on the limited K-walk approach.

8.8.3 CPU time

The time complexity of the K-walk approach is O(|K|n) (see section 8.2).
We have assessed that our implementation fits this theoretical complexity.
The top part of Figure 8.13 presents running times per node of interest for
growing random graph sizes. The plotted times are computed by dividing
the CPU time by the number of nodes of interest. Since the expected com-
plexity is linear in ||, these normalized times should be cubic in ns. The
plot presented on the top of Figure 8.13 is a cubic curve fitting very well
our experimental measures. The time complexity of the limited /C-walk ap-
proach is O(|K|n¢Lmaz). The bottom part of Figure 8.13 presents the CPU
time normalized per walk step and number of nodes of interest. The bottom
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of Figure 8.13 presents a least-square fit of a linear function to our exper-
imental data. In a nutshell, the limited K-walk approach can handle an
input graph of 100,000 nodes, with 10 nodes of interest and L4, = 1,000
in about 30 minutes on a standard PC. The actual useful maximal length
to consider is often significantly smaller as discussed in the next section.

8.8.4 Approximating K-walks with limited K-walks

As mentioned in the previous paragraph, the limited C-walk offers a signif-
icant reduction of CPU time as compared to the K-walk approach. Such a
reduction allows one to handle much larger graphs. We study now whether
the limited K-walk approach can approximate adequately the subgraph ex-
tracted by the K-walk approach. The limited approach is guaranteed to
become equivalent to the unlimited case when Ly, tends to infinity (see
section 8.3). We shall see that a good approximation is already obtained in
practice with relatively small L,,q, values.

A first indicator of the quality of the approximation is the cumulated
absorption probability (see definition 17):

i Z Z PEWL]

1 Lmax

’ ’ zeX L=1
For a given starting node z, the inner sum computes the cumulative prob-
ability of walks up to length L,,q,,. When all walk lengths are considered
(i.e. Lpmaz — 00), this quantity sums up to one. This cumulative probability
is averaged over all starting nodes in K. Hence, if this average is close to
one for a finite L,,q,; value, the limited KC-walk is expected to approximate
adequately the KC-walk approach.

Figure 8.14 displays the cumulated absorption probability with respect to
the Lqz value for two input graphs containing respectively 5,000 and 20,000
nodes. A higher mass of absorption probability is obtained with a larger
number of nodes of interest. For instance, for an input graph containing
20,000 nodes, an absorption probability of 0.91 is obtained with Ly, =
5,000 and 20 nodes of interest while this probability mass is only 0.12 for
2 nodes of interest. The rationale is that the distance, in terms of number
of steps, between two distinct nodes of interest becomes smaller in average
with a larger number of nodes of interest. Therefore, smaller walk lengths
are sufficient to get a high absorption probability mass.

The above analysis shows that only a small fraction of the total prob-
ability mass may be captured even for relatively large L., values. The
extracted subgraph is however not necessarily very different with respect to
the unlimited case. Indeed, relative edge relevances may be already well
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approximated with a small L,,q,. The following experiment confirms this
statement.

Several subgraphs are extracted with the X-walk approach. Each sub-
graph corresponds to a fixed proportion (5%, 10% and 20%) of the same
input graph. They serve as reference subgraphs. Next, the limited K-walk
approach is used to extract subgraphs. Figure 8.15 reports precision/recall
figures of the edges included in these subgraphs with respect to the refer-
ences. The curves are obtained while varying the selection threshold of the
edge relevances computed with the limited approach. The plots correspond
to several L4, values with an input graph of 5,000 nodes and 5 nodes of
interest. Unsurprisingly, the higher the L,,,; value, the better the preci-
sion/recall. A very good precision/recall curve is already obtained using
Linar = 50. This curve is almost ideal while the cumulated absorption prob-
ability is only equal to 0.2 in this case. In conclusion, the standard K-walk
approach can be approximated accurately with the limited K-walk approach
using a small L,,,, value and at a much lower computational cost.

8.8.5 Implementation issues

The computation of the standard K-walk approach essentially relies on ma-
trix inversions. For this reason, we have chosen to implement a prototype
in the Matlab 7.1 framework. The inversion routine proposed in Matlab
allows us to deal with graphs containing about 5,000 nodes in a reasonable
time. In practice however, we found out that the K-walk approach could
be more efficiently computed using the limited K-walk approximation (see
section 8.3.2). The latter approach has been implemented in the ANSI C
programming language which is by far more efficient than Matlab when
considering iterative procedures (i.e. the forward and backward recurrence
computations, see section 8.3.3). It relies on sparse matrix representations,
developed by our own, allowing one to deal with large sparse graphs contain-
ing for instance about 100,000 nodes. The implementations of the standard
and limited K-walk approaches are available on the UCL Machine Learning
Group (MLG) website: http://www.ucl.ac.be/mlg/.

8.9 Summary and discussion

We have presented novel methods to extract a relevant subgraph that best
captures the relationships between k given nodes of interest in a connected
graph. The number k of nodes of interest is typically assumed much smaller
than the graph order n. The proposed approaches are based on random
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Figure 8.15: Measure of the quality of the approximation of the K-
walk approach by the limited K-walk approach by comparing the
extracted subgraphs. Subgraphs of relative sizes 5% (top) and 20%
(bottom) are considered for the K-walk approach. Precision/recall
curves are computed by increasing the threshold on the edge rele-
vance weight obtained with the limited K-walk.
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walks between the nodes of interest to define node and edge relevances pro-
portionally to their expected frequency of use along these walks. Such quan-
tities can be computed efficiently after transforming the graph successively
into k absorbing Markov chains. In particular, the time complexity of the
K-walk approach is O(kn?) since it essentially amounts to invert k matrices
of size O(ns) x O(ns). The K-walk approach relies on walks of any length
between the nodes of interest. In contrast, a method relying only on shortest
paths between these nodes would offer a much more restrictive view. The
limited K-walk approach offers an intermediate view (in number of walk
steps) since it considers random walks up to a maximal length Lyq.. It
can be efficiently implemented with two recurrences similar to those used in
the expectation steps of the PHIT (see section 7.3.1) and POMMPHIT (see
section 5.5.2) algorithms, respectively used in sequence classification and
in Partially Observable Markov Models (POMMs) induction. The resulting
time complexity is O (kn¢ Liqz ), where ny denotes the number of graph edges.

The limited C-walk method offers an efficient way to approximate un-
limited K-walks even when a relatively small L, is chosen. The quality
of this approximation is discussed in section 8.8. Practical experiments also
illustrate that the proposed methods are well suited to extract relatively
small subgraphs while capturing most of the information between the nodes
of interest. Even more discriminative results can be obtained while inflating
edge relevances. The limited K-walk approach is clearly superior to the un-
limited [C-walk with respect to CPU time. It can process a graph of 100,000
nodes with 10 nodes of interest and a maximal walk length of 1,000 steps
in 30 minutes on a standard PC. Relevant subgraphs of the largest con-
nected component (18,297 nodes and 53,248 edges) of the KEGG metabolic
network [55] can be extracted in 3 seconds, while considering 5 randomly
chosen nodes of interest and L,,,; = 50. This walk length is also shown
to approximate very well the unlimited case. Additional variants of the
proposed methods consider clusters of nodes of interest. Our future work
includes several aspects described below.

Some of the practical experiments described in section 8.8 were con-
ducted on metabolic networks. These experiments answer questions related
to the amount of captured information in the extracted subgraphs or the
respective results of the limited versus unlimited KC-walk methods. Average
results were reported here with nodes of interest chosen at random. From a
biological viewpoint the nodes of interest are far from random though. The
proposed methods could be tested with carefully chosen nodes of interest.
The extracted subgraphs could then be compared with known metabolic
pathways. Interestingly, these pathways are not necessarily restricted to
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single paths but several alternatives are often considered to define a biolog-
ically relevant subgraph. The initial edge weights should be defined in a
meaningful way in this context, possibly according to the enthalpy of the
various reactions represented by the nodes of the network. Such an approach
would then help to predict relevant subgraphs which are not yet identified
as known pathways.

The limited -walk approach is efficient since it scales linearly with k,
the graph size and the maximal walk length. Yet it may require to be
adapted for very large graphs by decomposing the computation over several
predefined subgraphs and by combining the results. One could investigate
whether some edges with very high relevances can be rapidly detected and
serve as seeds of this process. Another open issue is the sensitivity of the
KC-walk approach to the insertion or removal of an edge in the graph or,
more finely, to some modification of its weight. Fast computation of the
extracted subgraph after such a modification is a related issue. Up to now,
the nodes of interest in the original graph are assumed to be given. The
sensitivity analysis mentioned above could determine for which nodes of in-
terest the results are more or less stable. A different but related problem
is to find which nodes of interest have the highest influence overall in the
graph. Some existing works precisely address this issue, motivated by the
design of viral marketing strategies in social networks [109]. Finding the
most influential nodes, according to standard models of information diffu-
sion in social networks, is known to be a NP-hard optimization problem.
However an efficient greedy strategy providing a good approximate solution
has been proposed [74]. It would be interesting to study whether the K-walk
approach could be adapted to this objective.

Another interesting future research is concerned with inflation applied
to limited K-walk up to a length L. In a few words, inflation applies
successively the K-walk approach such that the edge relevances computed
at iteration 7 are used as the weight of the input graph at iteration ¢ 4+ 1. It
was shown that inflation increases the relevance contrast to better discrim-
inate relevant/irrelevant parts of the graph. Inflation actually defines an
iterative procedure closely related to the EM algorithm. Indeed, computing
edge relevances provides the expectations of passage times on the edges of
the graph. Besides, at the beginning of each inflation iteration, the edge
weights are normalized to define a proper MC (see section 8.2.1). These two
steps respectively matches the Expectation and Maximization steps of an
EM algorithm (see for instance PHIT in section 7.3.1). We believe that this
instance of EM would compute the transition probabilities maximizing the
likelihood of the prescribed walk lengths (equivalent to first passage times)



242 Chapter 8. Relevant subgraph mining from First Passage Times

1,..., Ly between the nodes of interest. The formal definition of the like-
lihood function as well as the convergence of inflation remain to be carefully
investigated.

Information diffusion in graphs has also been studied with kernel meth-
ods [76]. Such a kernel defines a similarity measure between graph nodes.
This kernel is related to a lazy random walk model. The random walker
in this model has a certain probability, at each time step, to stay in place
(even if the graph does not include self loops) rather than pursuing his walk.
One could possibly extend this approach by defining a similarity measure
between graph nodes which would become relative to some nodes of inter-
est. A diffusion kernel is also strongly related to the graph Laplacian which
plays a central role in spectral graph theory [32]. In particular, Shi and Ma-
lik introduced a normalized cut criterion to define an optimal bipartitioning
of a graph [119]. They proposed a spectral segmentation approach based
on the normalized Laplacian to approximate this problem. Meila and Shi
also present links between this spectral segmentation and random walks in
a Markov chain [90]. Random walks are also used in the MCL algorithm for
graph clustering [128]. Another line of work would extend these works by
considering an optimal partitioning or clustering of a graph relative to some
predefined nodes of interest.



Conclusion and future
research

This thesis is concerned with the modeling of sequential processes from data.
Such processes are here modeled using Markov models, namely finite order
Markov chains (MC) and Hidden Markov Models (HMMs). Traditional
approaches aim at estimating such models for predicting the next outcomes
of a process given its past. Throughout this thesis we have adopted another
point of view on modeling. Rather than focusing on which events will occur
next, we have concentrated on the temporal dynamics of processes to predict
when events occur. More precisely, the First Passage Times (FPT) are the
times taken by the process between the realization of two considered events.
These features are concerned with the global dynamics of the process, i.e.
they are not restricted to a time-bounded window of events. The FPT
dynamics of a process consists of the distributions of the FPT between any
pairs of events occurring in the process. The goal of this thesis is to apply
this process characterization to three distinct problems: (i) the induction of
HMMs from data, (ii) the classification of discrete sequences and (iii) the
mining of relevant subgraphs in large networks. The results obtained in this
thesis are summarized hereafter.

HMM induction

We have proposed a novel induction algorithm, called POMMSTRUCT, to
learn the structure and the parameters of Partially Observable Markov Mod-
els (POMMs). POMMs are HMMs constrained such that each state can
only emit a single letter. We have shown that POMMs are as general as
HMMs in the sense that they generate the same class of distributions on
strings. POMMSs are used as the target formalism since the FPT are more
conveniently computed in these models while they preserve the expressive-
ness of HMMs. The state set of a POMM can be partitioned into blocks
gathering states emitting the same letter. The FPT between symbols in
a POMM are concerned with the time taken by the process to go from
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one block to another. We have shown that FPT in POMMs are of phase
type (PH). POMMSTRUCT aims at inducing a POMM to best reproduce
the FPT dynamics observed in the learning sample. We have motivated
the use of FPT in model induction by showing that they are informative
about the structure to be learned. For instance, multi-modal FPT dis-
tributions reveal the presence of dominant path length between blocks in
the model while the FPT directly measure the time between conditioning
and conditioned events in long-term dependencies. Starting from a stan-
dard Markov chain (MC), POMMSTRUCT iteratively adds states to the
model. The probabilistic parameters are estimated using a novel method
based on the EM algorithm, called POMMPHIT. The latter estimates pa-
rameters to maximize the likelihood of the observed FPT. POMMPHIT
differs from the standard Baum-Welch procedure since the likelihood func-
tion to be maximized is concerned with times between events (i.e. emission
of symbols) rather than by the complete generative process. Infrequently
triggered transitions are trimmed off from the model according to a mea-
sure based on passage times. We have presented experimental results ob-
tained with POMMSTRUCT on several sequence modeling tasks. We have
shown that POMMSTRUCT is able to model a wide range of FPT dynam-
ics including multi-modal distributions, shifted distributions and long-term
dependencies. Comparative results with Baum-Welch applied on fully con-
nected graphs with transition trimming and the Bayesian state merging
approach due to Stolcke have shown that POMMSTRUCT is better suited
to fit a process with a complex FPT dynamics. On symbol prediction tasks,
models obtained with POMMSTRUCT and reestimated with Baum-Welch
outperform the approach of Stolcke. POMMSTRUCT does not always offer
a better prediction performance than Baum-Welch alone but the FPT are
more accurately modeled.

Limitations of the current approach and possible future researches in that
perspective are now discussed. A first remark concerns the use of POMMs
instead of HMMs in our induction technique. While being equivalent to
HMMs, POMMs are often less concise than HMMs and therefore harder
to interpret. POMMSTRUCT could be adapted to apply to HMMs or one
could apply a reduction algorithm, such as the one proposed in [7], to the
estimated POMM. Another possible research would consider higher order
events, that is modeling the FPT between occurrences of subsequences. For
instance, it could be used to model long-term dependencies between aggre-
gated events (i.e. subsequences). Finally, smoothing issues are an important
problem for HMM or POMM induction as the learning samples are often
very sparse. Traditional techniques smooth models with respect to the se-
quence likelihood. Alternatively, one could focus on smoothing the FPT.
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That is, one wants to spread the probability mass to rare or unobserved
FPT. Modeling FPT with PH distributions offers a natural smoothing con-
trolled by the number of phases. The number of phases corresponds here to
the number of states in POMMSs. One could therefore control the number of
state additions (and also the transition trimming) towards this smoothing
objective.

Sequence classification

We have proposed a novel approach to the discrete sequence classification
problem. It relies on FPT features extracted from the sequences to classify.
In contrast with POMMSTRUCT, the FPT considered here are measured
between occurrences of subsequences up to a prescribed length rather than
between individual symbols. Due to the potentially large number of features
(i.e. subsequence pairs), a feature selection procedure, based on the Jensen-
Shannon divergence, has been proposed. The selected features are modeled
with phase-type (PH) distributions which also characterize the FPT dynam-
ics in HMMs and POMMSs. Doing so, one includes a part of the powerful
expressiveness of HMMs into the resulting classifier. The PHIT algorithm,
an adapted version of the Expectation-Maximization algorithm, has been
proposed to estimate PH distributions from data. It can be thought of as a
simpler version of the POMMPHIT algorithm used to estimate the proba-
bilistic parameters of POMMSs. In contrast with this technique, each feature
is fitted on a separate model being an absorbing MC. Tuning the number
of phases deals with the bias-variance trade-off since using a small num-
ber of phases smooths the distribution while using many phases tends to
overfit the observed FPT. The estimated PH distributions are used to build
two classifiers: (i) a generative classifier computing the likelihood with PH
distributions and (ii) a Support Vector Machine (SVM) classifier applied
in an embedding based on PH distributions. Comparative results on DNA
splicing site detection and on protein sublocalization tasks have shown that
our approach compares favorably with states-of-the art techniques relying
on local features.

We now discuss the limitations of the current work and possible ex-
tensions to be addressed in a future research. While the current feature
selection procedure is efficient to select discriminative pairs, the selection
may include some redundancy. This is particularly the case when features
have overlapping subsequences, e.g. (aba, baa) and (ba, ba). A possible
solution to this problem would filter out such overlapping features. A more
refined strategy would combine the JS divergence with a criterion such as
the mutual information [57] to trade off discriminative efficiency and min-
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imal redundancy. Another perspective concerns the tuning of the number
of phases. The complexity of the FPT dynamics may vary from one fea-
ture to another and the number of phases should be adapted accordingly.
A more powerful approach would automatically discover the optimal struc-
ture, including the number of phases, of the absorbing MC associated to PH
distributions. The POMMSTRUCT algorithm (see section 5.5) used to learn
the structure of POMMSs could be simplified towards this objective.

Subgraph mining

We have introduced a new method for mining relevant subgraphs in large
networks. More precisely, given a graph and a set K of nodes of inter-
est, the proposed technique extracts a subgraph modeling the relationships
between the nodes of interest. The relevance criterion used to extract a
subgraph is defined in a Markovian perspective. This criterion relies on all
possible ways to connect the nodes of interest (each way having a certain
likelihood) and not only shortest-distance or maximal-flow paths. The input
graph is first transformed into a MC by normalizing the graph adjacency
matrix into a stochastic transition matrix. Performing random walks on
this MC defines a sequential process. A K-walk is defined as a random walk
starting in a node of interest and ending when any other node of interest
is entered for the first time. Relevant nodes and edges are then defined as
the most frequently visited in average during these walks. Alternatively, we
have proposed to consider KC-walks of a limited length. Such a constraint
incorporates a prior knowledge about the maximum path length allowed to
explain the relation between the nodes of interest. An efficient algorithm has
been proposed to compute node and edge relevances in the case of such lim-
ited walks. This technique can approximate the standard C-walk approach
by considering a large but finite maximum walk length. In practice, we
have shown that moderate walk lengths already approximate the standard
approach very well. Several strategies based on the computed relevances
have been proposed to extract a subgraph. Such techniques greedily search
for a maximally relevant subgraph of minimal size, possibly constrained to
be connected. Additionally, an inflation procedure, consisting in applying
our approaches recursively, has been proposed to enforce more discrimina-
tion for extracting smaller subgraphs. Experiments on the KEGG metabolic
network [55] as well as on artificially generated graphs are reported. Our
approach is shown to have a good discriminative efficiency, 4.e. it can extract
small graphs having a high relevance. From the computational viewpoint,
relevant subgraphs of the largest connected component (18,297 nodes and
53,248 edges) of the KEGG metabolic network [55] can be extracted in 3
seconds on a standard PC, while considering 5 randomly chosen nodes of
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interest and C-walk up to length 50.

As a future research we propose to apply the K-walk approach to bi-
ological applications such as the discovery of new pathways in metabolic
networks. The initial edge weights of the input graph should be defined in
a meaningful way in this context, possibly according to the enthalpy of the
various reactions represented by the nodes of the network. Interestingly,
pathways are not necessarily restricted to single paths but several alterna-
tives are often considered, hence searching for a subgraph makes sense in
such a context. To assess the performance of our method one could select
a few bioentities which are parts of a known pathway and compare the ex-
tracted subgraph with the complete considered pathway. Another future re-
search is concerned with inflation applied to limited K-walk. In a few words,
inflation defines an iterative procedure closely related to the EM algorithm.
We believe that this instance of EM would compute the transition proba-
bilities maximizing the likelihood of the prescribed walk lengths (equivalent
to first passage times) between the nodes of interest. The formal definition
of the likelihood function being maximized as well as the convergence of
inflation remain to be carefully investigated. Another possible future work
is concerned with a sensitivity analysis of the relevance measure to graph
modifications such as edge reweighting or deletion. The present work could
also be an inspiring approach to define new kernels on graph for computing
node similarities relatively to a set of nodes of interest.

To sum up, the FPT dynamics in Markov models has been used in turn
to solve three distinct problems, namely HMM induction, sequence classi-
fication and graph mining. We have shown that these features provide an
interesting fitting criterion to discover the structure of POMMSs, they also
contains much discriminative information to classify sequences and finally
they can be used to define a relevance measure for mining subgraphs rela-
tively to a set of prescribed nodes of interest.
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