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Abstract

Nowadays, sensing and communication are both critical in numerous applications of

everyday life. In future network, joint integration of both functions is promising for

multiple motives, including increase of spectral efficiency, lower cost and complexity,

and improvement of the overall network performance. In this PhD thesis, such

systems have been studied from three different perspectives, especially in vehicular

scenarios.

First, at the vehicle level, novel radar propagation and cross-section models

are developed from the electromagnetic theory in monostatic configurations.

Those models are obtained considering simple flat and curved rectangular targets,

and are suited for both near- and far-field applications. They highlight how the

received power varies w.r.t. to distance between the antennas and the target,

depending on the carrier frequency and the geometry of the scenario. This

emphasises the importance of the choice of accurate models. Experimental

measurements are also carried out to validate the conclusion drawn from the

developed expressions. Besides, expressions of the reflected signal and specific

signal processing are developed in multistatic configurations. This shows that the

consideration of the spherical wavefronts in the near-field propagation region can

lead to radar performance improvement, i.e. an increased resolution and/or ac-

curacy, respectively when orthogonal and non-orthogonal waveforms are transmitted.

Then, within the stochastic geometry framework, novel joint sensing and

communication performance metrics are defined, highlighting the impact of one

function on the other, and the associated trade-offs. Analytical expressions are

computed in a full-duplex scenario at the street level, where the system of interest

simultaneously process radar echoes and uplink communication signals. Ray-tracing

simulations are also carried out to assess the accuracy of the developed metrics.

Furthermore, at the city level, cooperative sensing and communication is analysed,

and complex interference mechanism are modelled, namely direct links, reflections,

diffractions, and building penetrations. Optimisation of the network parameters is

also performed.

Finally, the full-duplex joint sensing and communication scenario is further studied.

Two solutions against the interference between both function are proposed, namely

interference cancellation and beamforming. In the first case, multiple structures are
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proposed, e.g. interference cancellation at the radar function, at the communication

function, iterative and dynamic interference cancellation. Such receivers are robust

against any scenario, and their complexity may be reduced leveraging on previous

measurements. In the second case, optimisation is carried out while ensuring fairness

between both functions, and among the targets and communication users. Multiple

schemes are designed depending on the scenario, with variable complexity, optimality

and required assumptions.

ii |



List of Publications

Conference Publications

1. F. De Saint Moulin, C. Oestges, and L. Vandendorpe. “Characterisation and

Cancellation of Interference with Multiple Phase-Coded FMCW Dual-Function

RADAR Communication Systems”. In: 2022 IEEE 95th Vehicular Technology
Conference (VTC2022-Spring). 2022.

2. F. De Saint Moulin, C. Wiame, C. Oestges, and L. Vandendorpe. “Cooperative

Sensing in Automotive Urban Scenarios Using Poisson Line Processes”. In: 2023
31st European Signal Processing Conference (EUSIPCO). 2023.

3. F. De Saint Moulin, G. Thiran, C. Oestges, and L. Vandendorpe. “Fair Beam-

forming Design for MIMO ISAC Systems”. In: Accepted to 19th International
Symposium on Wireless Communication Systems (ISWCS). 2024.

4. F. De Saint Moulin, G. Thiran, C. Craeye, L. Vandendorpe, and C. Oestges.

“Near-Field EM-Based Multistatic Radar Range Estimation”. In: Accepted to
32nd European Signal Processing Conference (EUSIPCO). Also published on arXiv,

preprint arXiv:2403.09258. 2024.

Journal Publications

1. F. De Saint Moulin, C. Wiame, L. Vandendorpe, and C. Oestges. “Joint Coverage

and Detection Performance Metrics for Integrated Sensing and Communication

in Automotive Scenarios”. In: IEEE Transactions on Vehicular Technology (2024).

Also published on arXiv, preprint arXiv:2208.12790, pp. 1–16.

2. F. De Saint Moulin, C. Oestges, and L. Vandendorpe. “Interference Cancellation

Schemes for Full-Duplex Integrated Sensing and Communication”. In: Submitted
to Open Journal of the Communications Society (OJCOMS). 2024.

3. F. De Saint Moulin, C. Craeye, L. Vandendorpe, and C. Oestges. “Novel

Electromagnetic-Based Radar Propagation Model for Vehicular Sensing”. In:

Submitted to IEEE Access. Also published on arXiv, preprint arXiv:2305.10109.

2024.

| iii



| List of Publications

In preparation:

1. F. De Saint Moulin, C. Wiame, C. Oestges, and L. Vandendorpe. “Joint Commu-

nication and Sensing Performance of User Centric Cell-Free Systems in Poisson

Line Processes”. In: 2024.

2. F. De Saint Moulin, G. Thiran, C. Craeye, L. Vandendorpe, and C. Oestges.

“Near-Field EM-Based Multistatic Radar Range Estimation”. In: 2024.

Letters

F. De Saint Moulin, S. Demey, C. Wiame, L. Vandendorpe, and C. Oestges.

“Full-Duplex V2X Integrated Sensing and Communication Scenario: Stochastic

geometry, Monte-Carlo, and Ray-Tracing Comparison”. In: arXiv preprint
arXiv:2407.06822. 2024.

Collaborations

G. Thiran, F. De Saint Moulin, C. Oestges, and L. Vandendorpe. “Performance

Bounds for Near-Field Multi-Antenna Range Estimation of Extended Targets”.

In: Accepted to 25th IEEE International Workshop on Signal Processing Ad-
vances in Wireless Communications (SPAWC). Also published on arXiv, preprint

arXiv:2404.06949. 2024.

Contributions to INTERACT COST Action (CA20120)

1. F. De Saint Moulin, C. Wiame, L. Vandendorpe, and C. Oestges. “Joint Perfor-

mance Metrics for Joint Radar Communication Systems in Automotive Scenar-

ios”. In: 2nd Technical Meeting, Lyon, France. 2022.

2. F. De Saint Moulin, C. Craeye, L. Vandendorpe, and C. Oestges. “Novel

Electromagnetism-Based Radar Propagation Model for 5G and Beyond”. In: 5th
Management Committee and 5th Technical Meeting, Barcelona, Spain. 2023.

3. F. De Saint Moulin, G. Thiran, C. Craeye, L. Vandendorpe, and C. Oestges.

“Near-Field EM-Based Multistatic Radar Range Estimation”. In: 7th Management
Committee and 7th Technical Meeting, Lisbon, Portugal. 2024.

iv |



Acknowledgments

First of all, I would like to thank my two supervisors, Profs. Claude Oestges and Luc

Vandendorpe. They both welcomed me with open arms four years ago to discuss a

thesis topic and write together the research project from scratch. Their sound advice,

brilliant ideas and huge support during difficult times were a great help in bringing

this thesis to a successful conclusion. This also includes more human moments, wild

word games, and an uncommon tolerance regarding my unusual working hours.

Then, I would like to thank Profs. Jérôme Louveaux and François Horlin for

kindly agreeing to follow me during these four years as members of my support

committee, and Profs. Christophe Craeye and Sofie Pollin for their interest into my

work and helping to improve it. A particular thanks for the Profs. Jérôme Louveaux

and Christophe Craeye for their scientific and human contributions to my journey as

a doctoral student. Besides, I also thank the Prof. Bruno Clerckx for agreeing to host

and supervise me at the Imperial College of London for three months, during which I

learned a lot.

Next, I would like to thank my doctoral student colleagues and friends, for

the numerous discussions and scientific collaborations we had, but mostly for

the good times we spent together on a daily basis. In particular, a big thanks to

Florian Quatresooz and Guillaume Thiran, my eternal office companions, who

had the onerous task of having to deal with me in the same office every day,

which is no small burden. Fortunately, they were able to partially share this duty

with Jérome Eertmans andMartinWillame, whom Iwould also like to especially thank.

Finally, many thanks to my loved ones, i.e. my family, my friends andmy girlfriend,

for the unconditional and immeasurable support they gave me during these four years.

I only succeeded to finish this PhD thesis thanks to their help. Being pessimistic and

negative by nature, they often pushed me to get back on track and finally reach the

end of my journey.

| v





Preamble

This PhD thesis has been written targetting engineers graduated in Electricity, with

basics in telecommunications and signal processing. As detailed in Section 1.2 of

Chapter 1, this work has been divided in three parts of three chapters. The first

chapter of each part is dedicated to the description of numerous notions and tools

which are useful for the understanding of the next chapters. Thus, experienced readers

may skip partially or entirely these chapters, at their convenience. Additionally, it is

not required to read the content of the appendices to fully understand the results and

conclusions of this work, as they mainly contain mathematical developments and

proofs.

Within this manuscript, important definitions from the litterature and significant

contributions from this thesis are highlighted in boxes:

Important Definitions from the Literature

Boxes colored in gray summarises important definitions from the litterature,

which are used in the thesis.

Significant Result from this Thesis

Boxes colored in green summarises significant results and contributions

obtained in this thesis.
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Introduction — Sensing and
Communication 1
N

owaday, ElectroMagnetic (EM) wireless systems are designed to fulfil (usually

one among) three different purposes, namely radar, communication, and

power transfer. The radar or sensing1 function aims to gather information about the

unknown environment, by transmitting a known signal, receiving echoes of this

signal from the numerous objects composing the environment, and processing this

signal to extract their parameters, i.e. distances, angles (or directly a position), and

speeds. In contrary, The communication function objective is to transmit information

between devices, in a supposedly known environment. Thus, the transmitted signal

is now unknown at the receiver. In practice, the environment is also unknown, but it

is estimated at the receiver, most of the time using pilot symbols, i.e. a part of the

transmitted signal which is known beforehand. Finally, the power transfer aims to

transmit electrical energy to devices, to eliminate the need of battery and wire supply.

In this thesis, a focus is made on the sensing and communication functions. Histor-

ically, radar and communication systems are operating at distinct carrier frequencies.

However, in recent years, owing to the spectrum scarcity, the carrier frequency ranges

of both functions tend to increase and get closer, or even overlap. Additionally, both

purposes tends to require larger bandwidths and antenna arrays. Therefore, the pos-

sibility to operate both functions simultaneously has received an increased attention.

This especially raises the following questions:

1. Both the sensing and communication function share the same EM spectrum.

Thus, how to allocate the available resources between both functions?

2. Instead of allocating resources separately between the sensing and communica-

tion purpose, could we perform both functions using the same resources, and

how to do it efficiently?

3. Owing to the complementarity of the sensing and communication function,

could both functions cooperate with each other, in order to improve their

respective performance?

Note that, in [Liu+22], the gains of the second and third challenges are respectively

named integration and coordination gain.

1
In this thesis, the term sensing always refers to radar sensing.
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Joint Radar & Communication
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Different Approaches for Joint Radar and Communication

R & CR

C

Fig. 1.1 Joint radar and communication under multiple perspectives.

In order to answer to these questions, two approaches have been adopted in

the literature: coexistence and co-design. On the one hand, with the coexistence
perspective, different waveforms are transmitted for each function. The same or

different hardware may be used. The main challenges to handle are the interference

mitigation and the resource management between both functions. On the other hand,

with the co-design perspective, a single waveform is transmitted for both functions,

using the same hardware. In that case, the main challenge resides in the design of the

joint waveform, and more particularly the trade-offs made between both purposes.

Integrated design is particularly appealing, as the use of a single hardware could lead

to spectral efficiency increase, complexity reduction, and cost reduction. Numerous

names are given to co-designed systems, e.g. Dual-Function Radar-Communication

(DFRC), Joint Communication and Sensing (JCAS), or Integrated Sensing and

Communication (ISAC).

Within the ISAC literature, three different ISAC design perspectives are

distinguished: radar-centric, communication-centric, or fully-integrated. With

the radar-centric point of view, one leverages on existing radar waveforms. Then,

information is embedded in the waveform, e.g. through phase modulation, amplitude

modulation, or index modulation. This includes for instance chirp-modulated

waveforms (Section 8.1 of Chapter 8), or frequency hopping systems [Wu+21]. Modest

communication capabilities are introduced, usually at the price of slight (or no) radar

performance reduction. Contrariwise, with the communication-centric point of view,
one starts with existing communication waveforms, and modifies the structure to

2 |
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Joint Radar and Communication: Design Approaches

Fully-Integrated

Fig. 1.2 Performance of the three joint radar and communication design approaches
(inspired from [Ma+20]).

integrate sensing capabilities. This mainly includes variations of the Orthogonal

Frequency Division Multiplexing (OFDM) modulation (Section 8.2 of Chapter 8), but

also protocol-based approaches [Kum+18], or spread spectrum techniques [MSJ19].

Small sensing capabilities are introduced, usually at the price of slight (or no)

communication performance reduction. Finally, with the fully-integrated approach,

the ISAC waveform is designed from scratch through optimisation procedures

[Zho+22]. Thus, no function is especially privileged. Though, performance trade-offs

are made between both functions, depending on the definition of the problem.

The different perspectives of joint radar and communication are summarised in

Figure 1.1, and the performance of the three design approaches are illustrated in

Figure 1.2. Yet, the limitations between the different perspectives are not always

defined. For instance, even with co-designed systems, coexistence issues, i.e.

interference mitigation and resource management, are also challenging when

multiple systems are operating simultaneously. Still, these issues are not inherent

of JCAS systems. Other examples are the chirp-modulated OFDM ISAC waveform

[Bod+23], and the multi-carrier Frequency-Modulated Continuous Wave (FMCW)

waveform [Wan+18]. Depending on the privileged purpose, both may be considered

as radar- or communication-centric approach. Furthermore, multiple perspectives

may be combined. A very elegant way to summarise how they may be combined is

proposed in [SZA24]. First, the data lattice is defined as a mathematical construct that

enables data symbols (known or unknown, respectively for radar and communication

applications) to be distributed in a multidimensional space. For instance, the time

domain is considered for usual complex modulated communications or phase-coded

sensing. Instead, the time-frequency space is considered for OFDM. Nonetheless, this
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Fig. 1.3 Illustration of different waveforms discussed in the literature for next gen-
eration networks [SZA24].

space may include any logical domain. For example, the Orthogonal Time-Frequency

Spacing (OTFS) modulation uses a delay-Doppler space. This is a mathematical

structure in which the symbols are distributed, under any arbitrary form. Then,

transformations are performed to reshape the data lattice into the physical resource
grid, i.e. the time, frequency and space dimensions. Finally, the signal is transmitted

after windowing, filtering and suffix/prefix operations. This is illustrated in Figure

1.3.

With such abstraction, the co-design perspective studies how to define the data

lattice, windowing, filtering, and suffix/prefix operations, such that both sensing

and communication may be performed. In contrary, the co-existence perspective

considers divisions of the physical resource grid. Each part may be allocated to

sensing, communication or joint waveforms. Thus, one may simultaneously transmit
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Applications for Joint Radar and Communication

Fig. 1.4 Applications for ISAC systems [Liu+22].

co-designed waveform on different portions of the physical resource grid.

1.1 Scenarios and Applications

Numerous usages of ISAC systems may be found in multiple different scenarios,

e.g. Vehicle-to-Everything (V2X), human-computer interaction, smart home and

manufacturing, remote sensing, environmental monitoring, as illustrated in Figure

1.4. These scenarios are further detailed in [Liu+22].

Yet, the specific case of the V2X scenarios is particularly considered in this thesis,

as ISAC systems have raised an increased interest in recent years for such applications.

For instance, they may be embedded in vehicles and/or the infrastructure for multiple

purposes, such as autonomous driving, cooperative sensing, and V2X communications.

As a non-exhaustive list, multiple interesting challenges especially related to this

application are the interference management between multiple ISAC systems, the

embedding of such systems in vehicles, the design of distributed algorithms for

resource allocation, or the fusion of information coming from the numerous embedded

sensors, e.g. cameras or lidars. In this thesis, as further detailed in Section 1.2, a focus

is made on the first challenge, namely the interference management.
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1.1.1 Interference Management in Automotive Scenarios
The interference between multiple radar or ISAC systems is a major issue, owing

to the constantly increasing number of vehicles and RoadSide Units (RSUs). This

challenge has been initially tackled by the MOre Safety for All by Radar Interference

Mitigation (MOSARIM) project [10]. Different interference mitigation techniques

have been developed involving space, time, frequency, code, and polarisation domains.

For instance, for coexisting radar systems, [RDP18] has proposed an adaptive digital

beamforming technique where the beamforming weights are updated depending on

the estimated interference level. Modifications of chirps bandwidth, duration, and

pulse repetition interval are implemented in [SM19; Kit+19; Kim16]. Carrier sensing

multiple access schemes are adopted in [Ish+19; Ayd+19]. Different multiple access

strategies are also compared in [JR21].

However, even if dynamic modifications of the parameters are possible with radar

systems, such solutions are not suited for embedded ISAC systems without back-

haul link, since communication receivers are not collocated with the transmitter,

except when the modification simultaneously carries information and helps for in-

terference mitigation [LS23]. Another approach applicable to both radar and ISAC

scenarios is to consider interference suppression algorithms. This can be implemented

through iterative interference reduction [Ume+18], subspace error correction [YZ19],

short time Fourier transform interpolation [NKY19], sparsity-based [CG19] or other

reconstruction methods [Liu+20].

1.1.2 Full-Duplex Integrated Sensing and Communication
In many of the scenarios described in [Liu+22], multiple ISAC systems may coexist in

the same environment, either by using orthogonal resources (time, frequency, or

space), or they may transmit and receive simultaneously in the same frequency band.

By analogy with cellular networks, the latter is denoted as (inband) full-duplex ISAC.

The full-duplex ISAC scenario is abstracted in Figure 1.5. The ISAC system of

interest transmits a joint radar and communication signal. On the one hand, this

signal first reaches other transceivers, which can decode the communication carried

by the ISAC waveform. This communication link is named downlink, by analogy

with the cellular denomination. Then, the signal is reflected on the environment,

also comprising the other transceivers, and it is received at the ISAC system of

interest. On the other hand, the other transceivers simultaneously transmit their

own joint radar and communication signals (or simply communication signal if

it is compatible with the receiver), which are also received at the ISAC system of

interest. This communication link is named uplink, again by analogy with the cellular

denomination. It is assumed that the same frontend is used for both functions. This

applies for monostatic and multistatic configurations. Additionally, especially in
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Self-interference

Full-Duplex ISAC Scenario

From the communication 
perspective

From the radar perspective

Radar function

Communication function

Interference

Radar echoes

Downlink signals

Uplink signals

Self-interference

Radar echoes

Downlink signals

Uplink signals

Self-interference

Fig. 1.5 Representation of full-duplex ISAC scenarios. The downlink and uplink
transceivers may be the same or different network nodes, or they may also be con-
sidered as radar targets. Interference arising from other-non compatible systems is
omitted for the sake of clarity.

monostatic configurations, self-interference from the transmitting to the receiving

antennas can occur. Additional interference from other non-compatible systems is

also present. It is not illustrated for readability.

Consequently, from the radar perspective, the useful signals to decode are the

radar echoes from the environment. The interference comprises the self-interference,

the interference from other non-compatible systems, and the communication

uplink signals. At the opposite, from the communication perspective, the useful

signals to decode are the transmitted ISAC waveform. The interference comprises

the self-interference, the interference from other non-compatible systems, and

the radar echoes. Note that full-duplex scenarios encompass both coexisting and

co-designed systems, as the interference between both functions arises from another

communication or ISAC system. In this thesis, the self-interference is neglected, as it

is not specific to ISAC scenarios, but to full-duplex systems in general. It has also

been extensively studied for ISAC, and it is usually mitigated through EM isolation,

beamforming, analogue and digital interference cancellation, or other techniques

[Baq+19; Mor+22; Liu+23; ZMS18; ZMS18]. The self-interference cancellation

problem is even combined with a power allocation problem in [Che+23] to maximise

both radar and communication performance.

Three examples of full-duplex scenarios are shortly developed here:
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Full-Duplex V2X Scenario: In V2X scenarios, a vehicle equipped with an ISAC

system may detect targets, e.g. other vehicles, User Equipments (UEs), e.g. cyclists

and pedestrians, or obstacles, while simultaneously receiving communication signals

from other vehicles, or from the infrastructure. The opposite is also possible: an RSU

may detect targets while simultaneously receiving a communication signals from

vehicles, UEs or other RSUs. In both cases, the ISAC system of interest suffers from

interference coming from other vehicles, RSUs or UEs. In this thesis, such scenarios

are often be considered for illustration, as further detailed in Section 1.2.

Full-Duplex Indoor Scenario: In indoor scenarios [Jia+18; Sto+21], an Access

Point (AP) equipped with an ISAC system may serve and track UEs, while receiving

simultaneously communication signals from other APs, and the same or/and other

UEs. The AP is suffering from interference coming from other APs and/or other UEs.

Full-Duplex Crowd Sensing Scenario: In crowd sensing applications [Sto+23],

a Base Station (BS) equipped with an ISAC system may serve and track multiple UEs.

The BS is simultaneously receiving data from another macro-BS or from the UEs. The

BS is suffering from interference coming from other BSs and/or other UEs.

1.2 Research Questions, Content and Contributions
of the Thesis

This thesis is divided in three parts, tackling joint radar and communication challenges

at three different scales. V2X scenarios are considered at the vehicle, street or city level,

as they well illustrate the faced challenges, as shown in Figure 1.6. Yet, in most of the

cases, the obtained results are generalisable to other applications. Numerous research

questions, which are subparts of the three questions raised at the start of this Chapter,

are considered in this thesis. Those are related either to the modelling or the perfor-

mance evaluation of JCAS, at the link or system level. This is summarised in Figure 1.7.

Part I focuses on the link level. Leveraging on the EM theory, the radiation and

propagation mechanisms involved in ISAC applications are analysed from scratch.

This encompasses the transmission from radiative elements, the propagation in

free-space, the reflection on obstacles or targets, and the reception by other radiative

elements. Owing to the increase of the carrier frequencies and number of antennas,

the usual radar and communication models of the literature should be adapted, to

encompass additional propagation effects. For instance, with large antenna arrays,

the spherical wavefronts cannot be assumed to be planar. Moreover, the dimensions

of the obstacles or targets become electrically large w.r.t. the signals wavelength

and the considered distances. Thus, such analysis enables to develop accurate

radar and communication channel models. More specifically, Chapter 2 starts from
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Fig. 1.7 Summary of research questions considered in this thesis. The acronym SG
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the Maxwell’s equation to obtain at the end expressions of the EM fields radiated

by source distributions. The different propagation regions, namely the near- and

far-field, are also detailed. Then, Chapter 3 leverages on Chapter 2 to obtain the radar

and communication propagation models usually considered in the literature, and to

study how they are related to each other. More specifically, for the radar function,

the limits of these models are highlighted, and extensions are developed to overcome

these restrictions. Experimental measurements are also presented. Besides, as new

models for the received power are developed, the associated signal processing must

be adapted. This is the focus of Chapter 4, which follows the approach of Chapter 3

to analyse how it is possible to develop accurate expressions of the received signal,

and leverage on the propagation effects, which were neglected with usual signal

models from the literature, in order to increase the sensing performance. All these

results find for instance an application in automotive radar systems: let us assume

that two vehicles are following each other. The vehicle behind is equipped with an

ISAC system at its front. Thanks to the novel EM-based signal models, the back of

the next vehicle ahead is abstracted, and the power of the radar echo is accurately

estimated, enabling to well predict the achieved performance, and design the system.

Then, the distance to the next vehicle ahead is estimated with an improved accuracy.

The estimation of radar and communication performance is critical for the design

of ISAC systems. With the accurate radar and communication propagation models

developed in Part I, it is possible to estimate the received radar and communication

power levels, given the location of the transmitting and receiving nodes, and the

location of the target. Thus, with the help of the Stochastic Geometry (SG) framework,

it is possible to evaluate average system performance through averaging over random

distributions of network nodes, targets, and/or obstacles. This may be done either at

the street level, or considering a complete city. Though, relevant performance metrics

are required to perform an accurate assessment. These are the objectives of Part II.

First, Chapter 5 summarises the foundations of SG. Then, Chapter 6 details usual

performance metrics for both sensing and communication. Yet, a joint evaluation of

the capabilities of both functions is interesting to model the interactions between

sensing and communication, especially in full-duplex scenarios. Such metrics enable

for instance to perform unconstrained optimisation of the network parameters, or

to evaluate the performance of one function conditioned on a given requirement

for the other. Consequently, JCAS performance metrics are also defined. In this

chapter, those are evaluated in an V2X scenario at the street level: let us again assume

that two vehicles are following each other. The vehicle behind is equipped with

an ISAC system at its front, enabling to simultaneously receive a radar echo from

the next vehicle ahead, and a communication signal from the infrastructure. The

joint metrics enable to predict how the system will perform, and for instance to

optimise the transmitted powers, maximising the achieved performance. Still, the SG

framework requires numerous assumptions in the system model. Hence, ray-tracing

10 |



Research Questions, Content and Contributions of the Thesis | 1.2

simulations are also performed to assess the accuracy of the obtained results. Finally,

rather than considering one single street, Chapter 7 analyses networks in a city scale.

At this level, the complete infrastructure may be able to cooperate, and additional

complex interference mechanisms must be taken into account. Therefore, the sensing

and communication performance metrics defined in Chapter 6 are extended to

handle cooperation for both functions between the nodes of the infrastructure,

with a complex system model comprising interference from direct links, reflections,

diffractions, and building penetrations. Further optimisation is also performed.

Unfortunately, the main drawback of the SG framework is the trade-off between

the accuracy of the systemmodel, and the complexity of the mathematical expressions.

Either many assumptions are made to simplify the model and obtain tractable results,

at the price of less accurate results, or a complex model is considered, and the

mathematical results are often intractable. Therefore, Part III makes a step backward,

to focus again on full-duplex vehicular scenarios in a street at the link level, but

studied thoroughly outside the SG framework. In such applications, the radar and

communication functions interfere with each other, and this interference must be

mitigated. A first answer to this issue is the interference cancellation. Leveraging

on the information carrier by the radar or communication signals, cooperation

between both functions may enable to enhance the overall performance of the

system. A second answer to the inter-function interference is beamforming, with

multi-antenna systems. If the radar targets and communication transmitters are

separable in the spatial domain, each function is enabled to focus only on the

signal of interest. First, for the development of these two solutions, Chapter 8

details two popular radar- and communication-centric ISAC waveforms, namely the

phase-coded FMCW, and the OFDM modulation. Then, Chapter 9 is dedicated to the

interference cancellation algorithms. A first insight of the performance improvement

achieved with interference cancellation was provided in Chapter 6. However, the

high level of abstraction required by the SG framework limited the accuracy of

the evaluated radar and communication performance. Hence, leveraging on the

specific processing for the waveforms presented in Chapter 8, multiple interference

cancellation schemes are proposed, namely at the radar, communication, or at both

functions, in static and dynamic scenarios. Finally, regarding the beamforming

solution, Chapter 10 analyses multiple beamforming algorithms, depending on

the number of radar targets and communication signals. The optimisation of the

beamformers is performed for a specific objective function, namely the product of the

Signal-to-Interference-plus-Noise Ratios (SINRs) of all radar and communication links,

which ensures fairness between both functions, for every target and communication

signal.

Figure 1.8 summarises the structure, content, and contributions of this thesis.

Before starting the first part, two additional sections are provided in this chapter,
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Part I: EM Theory for Sensing and Communication
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Usual radar and communication propagation models

Novel radar cross-section modelling for near- and far-field

Experimental measurements

Chapter 4: EM-Based Multistatic Near-Field Sensing

Multistatic reflection model
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Chapter 6: Communication and Sensing Performance of Cooperative
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Chapter 8: Interference Cancellation for Full-Duplex ISAC Systems
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Summary of the Thesis Content and Contributions

Fig. 1.8 Structure and summary of the thesis content. The contributions are high-
lighted in green.
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1.3

acting as useful reminders for the three parts. First, Section 1.3 describes how single-

antenna channel models are derived for both functions from a signal processing

perspective. Then, Chapter 1.4 quickly reminds numerous usual performance metrics

for the radar and communication functions. Some radar metrics are further detailed,

as they are often considered in the following chapters.

1.3 Single-Antenna Channel Models for Communi-
cation and Sensing

Let us consider a signal 𝑠RF in radio-frequencies, such that

∃ 𝐵, 𝑓𝑐 such that 𝑆 (𝑓 ) = 0 ∀𝑓 ∉

[
𝑓𝑐 −

𝐵

2

, 𝜔𝑐 +
𝐵

2

]
,

where 𝐵 and 𝑓𝑐 are respectively defined as the bandwidth and carrier frequency of

the signal. For narrowband signals, one can moreover assume that 𝐵 << 𝑓𝑐 . The

equivalent complex baseband representation 𝑠 of such signal is defined as

𝑠RF (𝑡) ≜ Re

{
𝑠 (𝑡) 𝑒 𝚥2𝜋 𝑓𝑐𝑡

}
.

The transmitted signals are usually expressed in their equivalent complex baseband

representation to simplify the mathematical analyses.

In this section, usual channel models for communication and sensing are presented.

In a first time, single-antenna systems are considered. The multiple-antenna channel

models are further discussed in Sections 4.2 of Chapter 4.

1.3.1 Single-Link Channel

Considering in a first time a single link of time-varying delay 𝜏0 (𝑡), attenuation 𝑎0,
and phase shift𝜓0, the received signal is written in radio-frequencies as

𝑢RF (𝑡) = Re

{
𝑎0 𝑒

𝚥𝜓0𝑠 (𝑡 − 𝜏0 (𝑡)) 𝑒 𝚥2𝜋 𝑓𝑐 (𝑡−𝜏0 (𝑡 ) )
}
,

leading to the following signal in complex baseband representation:

𝑢 (𝑡) = 𝑎0 𝑒 𝚥𝜓0𝑒− 𝚥2𝜋 𝑓𝑐𝜏0 (𝑡 ) 𝑠 (𝑡 − 𝜏0 (𝑡)) . (1.1)

One may develop the time-varying delay 𝜏0 (𝑡) as

𝜏 (𝑡) = 𝑟0

𝑐
− 𝑣0

𝑐
𝑡,
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where 𝑟0 is the total travelled distance, and 𝑣0 is the resultant of the velocities pro-

jections on the link. This includes the velocity of the transmitter and receiver, but

also the velocity of the obstacles or target. Following the convention of the radar

community, the sign of 𝑣0 is supposed to be positive when the link is shortened.

Inserting this expression in (1.1) gives

𝑢 (𝑡) = 𝑎0 𝑒 𝚥𝜓0𝑒− 𝚥2𝜋 𝑓𝑐
𝑟
0

𝑐 𝑒 𝚥2𝜋 𝑓𝑐
𝑣
0

𝑐
𝑡 𝑠

((
1 − 𝑣0

𝑐

)
𝑡 − 𝑟0

𝑐

)
≈ 𝛼 𝑒 𝚥2𝜋 𝑓D0𝑡 𝑠 (𝑡 − 𝜏0) , (1.2)

where 𝑓D0 ≜ 𝑓𝑐 𝑣0/𝑐 is the Doppler frequency of the link, 𝜏0 ≜ 𝑟0/𝑐 is the (initial) delay,
and

𝛼0 = 𝑎0 𝑒
𝚥𝜓0𝑒− 𝚥2𝜋 𝑓𝑐𝜏0 .

The approximation supposes that the speed 𝑣0 is small compared to the speed of light.

This enables to neglect the distortion of the signal induced by the movement of the

target. Since the phase shift and attenuation of the channel are usually supposed

to be unknown, the additional phase shifts induced by 𝜏0 cannot be distinguished

from𝜓0. Thus, all the attenuation and phase shift terms are included in the complex

coefficient 𝛼0.

The channel can be modelled as a linear time-variant system, and the correspond-

ing channel impulse response is given in Box 1.1. Equation (1.2) is therefore obtained

by convolving the transmitted signal with the channel impulse response:

𝑢 (𝑡) =
∫
𝜏

ℎ(𝑡, 𝜏) 𝑠 (𝑡 − 𝜏) d𝜏 .

1.1: Single-Link Single Antenna Channel Model

ℎ(𝑡, 𝜏) = 𝛼0 𝑒 𝚥2𝜋 𝑓D0𝑡 𝛿 (𝜏 − 𝜏0)

1.3.2 Multi-Links Channel
Equation (1.2) can be extended by assuming that the environment is modelled as a

sum of 𝑄 single links, each with their own attenuations, phase shifts and delays. It

leads to the following received signal in baseband:

𝑢 (𝑡) =
𝑄−1∑︁
𝑞=0

𝛼𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑡 𝑠

(
𝑡 − 𝜏0,𝑞

)
. (1.3)

The complex coefficient 𝛼𝑞 potentially merge the attenuations and phase shifts of

multiple clustered links, with comparable delays and Doppler frequencies.
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One can again model the channel as a linear time-variant system and write the

corresponding channel impulse response as in Box 1.2. In the sensing context, this

channel model is named single-point targets channel model, as the environment is

discretised in a set of 𝑄 points, each representing a target.

1.2: Multi-Link Single Antenna Channel Model

ℎ(𝑡, 𝜏) =
𝑄−1∑︁
𝑞=0

𝛼𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑡 𝛿

(
𝜏 − 𝜏𝑞

)

1.4 Communication and Sensing Performance Met-
rics

Numerous performance metrics have been created to evaluate the performance of

communication and sensing systems. On the one hand, for the communication

function, one may namely cite from [SBC20] the rate or capacity, energy efficiency,

coverage, exposure, latency, and Bit Error Rate (BER). These metrics are often related

to the SINR of the communication link. On the other hand, for the radar function,

some performance metrics are the detection, misdetection, and false alarm probability,

Cramér-Rao lower bound of the estimates of the targets parameters, resolution in the

range, Doppler, and angle domains, ambiguity function, and estimation rate [Bli14].

These are also often related to the SINR of the radar link, or the characteristics of the

radar waveform.

Different definitions of these metrics are encountered, depending on the con-

sidered framework. For instance, they are redefined in Chapter 6, specifically for

the SG framework considered in Part II. In the other parts of this thesis, the BER is

considered for the communication function. For the radar function, the detection and

false alarm probability, ambiguity function, CRB and resolutions are analysed. Thus,

these metrics are detailed in this section.

1.4.1 Ambiguity Function
The ambiguity function is critical for the design of radar waveforms. It is helpful to

characterise many quantities, as for instance the resolution in the range and Doppler

domains or the sidelobes level.

1.4.1.1 Single-Point Single-Target Delay-Doppler Estimation

Let us consider a single-point single-target channel model with one target of delay

𝜏 , and Doppler frequency 𝑓D. Following (1.2), for a transmitted signal 𝑠 of energy 𝐸𝑠 ,

| 15



1 | Introduction — Sensing and Communication

the received signal in baseband is written as

𝑢 (𝑡) = 𝛼 𝑒 𝚥2𝜋 𝑓D𝑡 𝑠 (𝑡 − 𝜏) +𝑤 (𝑡),

where 𝛼 is a complex coefficient,𝑤 is an Additive White Gaussian Noise (AWGN) of

variance 𝜎2𝑤 . Assuming that the parameter 𝛼 is unknown, the maximum likelihood

estimation problem of the target parameters, jointly with the unknown parameter 𝛼 ,

is written as

𝜏, ˆ𝑓D, 𝛼 = arg min

𝜏,𝑓D,𝛼

∫
𝑡

���𝑢 (𝑡) − 𝛼 𝑒 𝚥2𝜋 𝑓D𝑡 𝑠 (𝑡 − 𝜏)���2 d𝑡
= arg min

𝜏,𝑓D,𝛼
2|𝛼 |2𝐸𝑠 − 2Re

{
𝛼∗

∫
𝑡

𝑢 (𝑡) 𝑒− 𝚥2𝜋 𝑓D𝑡 𝑠∗ (𝑡 − 𝜏) d𝑡

}
. (1.4)

First, from the second term, since Re {𝑧} ≤ |𝑧 | ∀𝑧 ∈ C with the equality achieved

when 𝑧 ∈ R+, the phase of 𝛼 is estimated as

arg {𝛼} = arg

{∫
𝑡

𝑢 (𝑡) 𝑒− 𝚥2𝜋 ˆ𝑓D𝑡 𝑠∗ (𝑡 − 𝜏) d𝑡

}
.

Then, minimising (1.4) after inserting the estimate of the phase of 𝛼 , the delay and

Doppler frequency are estimated as

𝜏, ˆ𝑓D = argmax

𝜏,𝑓D

����∫
𝑡

𝑢 (𝑡) 𝑒− 𝚥2𝜋 𝑓D𝑡 𝑠∗ (𝑡 − 𝜏) d𝑡

���� .
When the couple of values (𝜏, ˜𝑓D) is tested, neglecting the noise terms, one compute����𝛼 ∫

𝑡

𝑠 (𝑡 − 𝜏) 𝑠∗ (𝑡 − 𝜏) 𝑒− 𝚥2𝜋
(
˜𝑓D−𝑓D

)
𝑡
d𝑡

���� ∝ ���𝜒𝑠 (
𝜏 − 𝜏, ˜𝑓D − 𝑓D

)��� ,
where the function 𝜒𝑠 is named ambiguity function of the waveform 𝑠 . Its expression

is given in Box 1.3. From the Cauchy-Schwartz inequality, one may show that

|𝜒𝑠 (𝜏, 𝑓D) | ≤ |𝜒𝑠 (0, 0) | ∀𝜏, 𝑓D. Therefore, the ambiguity function is maximised at the

location of the target in the delay-Doppler map.

1.3: Ambiguity Function

𝜒𝑠 (𝜏, 𝑓D) ≜
∫
𝑡

𝑠 (𝑡) 𝑠∗ (𝑡 − 𝜏) 𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡

An ideal ambiguity function would be a Dirac function, i.e. 𝜒𝑠 (𝜏, 𝑓D) = 𝛿 (𝜏)𝛿 (𝑓D),
as it would enable to perfectly distinguish targets in the delay-Doppler map, while

achieving a perfect accuracy, thanks to the absence of sidelobes and the infinitely
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thin mainlobe. Such function would be achieved by transmitting infinitely a white

noise. However, in practical systems, some tolerance w.r.t. the location of the target

is required, to be more robust against delay and Doppler mismatches.

1.4.1.2 Ambiguity Function of a Rectangular Pulse

Let us define the normalised rectangular pulse as

𝑠 (𝑡) = 1

√
𝑇

Π

(
𝑡 + 𝑇

2

𝑇

)
,

where the function Π is the non-centred rectangular function, defined as

Π(𝑥) =
{
1 if 0 ≤ 𝑥 ≤ 1,

0 otherwise.

For 0 ≤ 𝜏 ≤ 𝑇 , the ambiguity function of the normalised rectangular pulse is computed

as

𝜒𝑠 (𝜏, 𝑓D) =
1

𝑇

∫
𝑡

Π

(
𝑡 + 𝑇

2

𝑇

)
Π

(
𝑡 − 𝜏 + 𝑇

2

𝑇

)
𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡 =

1

𝑇

∫ 𝑇
2

−𝑇
2
+𝜏
𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡

=
1

𝑇
𝑒− 𝚥𝜋 𝑓D𝜏

𝑒 𝚥𝜋 𝑓D (𝑇−𝜏 ) − 𝑒− 𝚥𝜋 𝑓D (𝑇−𝜏 )
𝚥2𝜋 𝑓D

= 𝑒− 𝚥𝜋 𝑓D𝜏
(
1 − 𝜏

𝑇

)
sinc

(
𝑓D𝑇

(
1 − 𝜏

𝑇

))
.

Similarly, for −𝑇 ≤ 𝜏 ≤ 0, the ambiguity function is computed as

𝜒𝑠 (𝜏, 𝑓D) =
1

𝑇

∫
𝑡

Π

(
𝑡 + 𝑇

2

𝑇

)
Π

(
𝑡 − 𝜏 + 𝑇

2

𝑇

)
𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡 =

1

𝑇

∫ 𝑇
2
+𝜏

−𝑇
2

𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡

=
1

𝑇
𝑒− 𝚥𝜋 𝑓D𝜏

𝑒 𝚥𝜋 𝑓D (𝑇+𝜏 ) − 𝑒− 𝚥𝜋 𝑓D (𝑇+𝜏 )
𝚥2𝜋 𝑓D

= 𝑒− 𝚥𝜋 𝑓D𝜏
(
1 + 𝜏

𝑇

)
sinc

(
𝑓D𝑇

(
1 + 𝜏

𝑇

))
.

Therefore, combining the two cases, one obtain Box 1.4. This gives a triangular func-

tion w.r.t. the delay, modulated by a sinc function for non-zero Doppler frequencies.

The amplitude of Box 1.4 is illustrated in Figure 1.9.

1.4.2 Resolution
The resolution is defined as the capacity to distinguish two targets in the delay, Doppler
or angle domain. The resolution is directly related to the width of the mainlobe and

the level of the sidelobes of the ambiguity function, as the parameters of the targets

are extracted from the latter. Similarly to the computation of the bandwidth, the
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1.4: Ambiguity Function of a Normalised Rectangular Pulse

𝜒𝑠 (𝜏, 𝑓D) =


𝑒− 𝚥𝜋 𝑓D𝜏

(
1 − |𝜏 |

𝑇

)
sinc

(
𝑓D𝑇

(
1 − |𝜏 |

𝑇

))
for −𝑇 ≤ 𝜏 ≤ 𝑇

0 otherwise

Fig. 1.9 Amplitude of the ambiguity function of the normalised rectangular pulse.

resolution has been defined in multiple ways mathematically. The simplest definition

is to consider the location of the first zero of the ambiguity function. This is named

the Rayleigh resolution.

1.4.2.1 Rayleigh Resolution of a Rectangular Pulse

The delay and Doppler resolution of the normalised rectangular pulse are computed

from its ambiguity function, which has been obtained in Box 1.4.

Delay resolution: For the delay, the first zeroes of Box 1.4 along the delay-axis are

computed as

|𝜒𝑠 (𝜏, 0) | = 1 − |𝜏 |
𝑇

= 0 ⇔ 𝜏 = ±𝑇 .

Therefore, the Rayleigh resolution of the delay is 𝛿𝜏 = 𝑇 . This result may be related

to the Rayleigh bandwidth of the rectangular pulse, i.e. the inverse of its duration.

Therefore, the delay and range resolutions are obtained in Box 1.5.
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1.5: Delay and Range Resolution

𝛿𝜏 =
1

𝐵
↔ 𝛿𝑟 =

𝑐

2𝐵

The expression 𝑐/2𝐵 is also applicable to many other waveforms. Still, for the

rectangular pulse, the pulse bandwidth and duration are related to each other, and the

pulse duration also affects the transmitted power. This issue can be overcome thanks

to the pulse compression technique, which is presented in Section 8.1.1.1 of Chapter

8.

Doppler resolution: For the Doppler, the first zeroes of Box 1.4 along the Doppler-

axis are computed as

|𝜒𝑠 (0, 𝑓D) | = sinc (𝑓D𝑇 ) = 0 ⇔ 𝑓D = ± 1

𝑇
.

Thus, the Doppler and speed resolutions are obtained in Box 1.6.

1.6: Doppler and Speed Resolution

𝛿 𝑓D =
1

𝑇
↔ 𝛿𝑣 =

𝑐

2𝑓𝑐𝑇

1.4.2.2 Limitation of the Rayleigh Resolution

Depending on the shape of the ambiguity function, the Rayleigh resolution may be

misleading. For instance, the ambiguity function may quickly drop to a small value,

and reach zero only at large distance from the centre of the main lobe, as it will

be encountered in Chapter 4. Therefore, looking at the first zero of the ambiguity

function is not representative of the capacity to distinguish two targets.

One may instead define the resolution as the width of the main lobe at the

location where its amplitude has decreased by 𝑥 dB. This is named the 𝑥 dB-resolution.
For instance, for the particular case of the rectangular pulse, the Rayleigh resolution

is equal to the 3 dB-resolution. Nonetheless, the 3 dB-bandwidth is not equal to the

Rayleigh bandwidth, as it is approximately equal to 0.886/𝑇 for a rectangular pulse of

duration 𝑇 .

In summary, the Rayleigh resolution gives easily a first insight of the capability

to distinguish two targets for most ambiguity functions. Otherwise, when the first

| 19



1 | Introduction — Sensing and Communication

Fig. 1.10 Difference between resolution and accuracy. The positions of the targets
are illustrated with black dashed lines. In the left plot, one target is located at 𝑥 = 4.3

m. In the right plot, two targets are located at 𝑥 = 4.2 m and 𝑥 = 4.8 m.

zero is not indicative of the width of the main lobe, one may instead consider the 𝑥

dB-resolution to better assess this capability.

1.4.2.3 Resolution and Accuracy

The resolution should be distinguished from the accuracy, as they are often mixed

in the literature. The accuracy denotes the error between the estimated and the true

target parameters, whereas the resolution denotes the capacity to distinguish two

targets. For a given sampling, increasing the resolution usually also increases the

accuracy. Still, the accuracy can also be artificially increased by interpolating the

delay-Doppler-angle map, e.g. with zero-padding, but this operation does not affect

the resolution. The distinction between resolution and accuracy is highlighted in

Figure 1.10. The Rayleigh resolution of waveform is equal to 1 meter. In the left plot,

thanks to the interpolation, the accuracy is increased of 0.3 meters. However, in the

right plot, the interpolation does not enable to distinguish the two targets.

1.4.3 Cramér-Rao Lower Bound

Let us denote by 𝑓 (x;𝜽 ) the Probability Density Function (PDF) of an observation

vector x, given a set of 𝑃 parameters 𝜽 ∈ R𝑃 . The Fisher information matrix I ∈ R𝑃×𝑃
is defined as

[I (𝜽 )]𝑖 𝑗 ≜ −E
[

𝜕2

𝜕𝜃𝑖𝜕𝜃 𝑗
log 𝑓 (x;𝜽 )

]
.
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The Cramér-Rao Lower Bound (CRB) is defined as the minimum variance any unbiased

estimator
ˆ𝜃𝑝 of the parameter 𝜃𝑝 = [𝜽 ]𝑝 can achieve [Rao92]:

E
[�� ˆ𝜃𝑝 ��2] ≥

[
I−1 (𝜽 )

]
𝑝𝑝
.

The maximum likelihood estimator is efficient, i.e. it achieves the CRB when the

number of observations tends to the infinity.

It is usually supposed that, even if it is not always the case, the lower the CRB of

a parameter, the better the accuracy of the estimators of this parameter. Therefore,

this is a popular metric in the radar literature, for instance to evaluate the impact of

the system parameters on the performance of the target parameters estimation.

1.4.4 Detection, Misdetection and False Alarm Probability
Let us consider the output of the radar receiver before the detector. The radar detection

problem can be translated into a hypothesis testing on such output [Ric05]. For each

cell of the delay-Doppler-angle map computed by the receiver, one can define the

following two hypotheses:

■ Hypothesis 𝐻0, i.e. there is no target within the cell.

■ Hypothesis 𝐻1, i.e. there is a target within the cell.

The cell under study is named Cell Under Test (CUT). Given the output of the radar

receiver and the decision which is made, one defines

■ The detection probability as the probability to suppose that there is a target

when there is a target in the CUT.

■ Themisdetection probability as the probability to suppose that there is no target

when there is a target in the CUT.

■ The false alarm probability as the probability to suppose that there is a target

when there is no target in the CUT.

In order to decide which hypothesis is true, one should select a criterion to define

the optimal choice. There are multiple options, as for instance the Bayes optimisation

criterion, which assigns costs to every possibility. Nonetheless, the most popular

option in radar is the Neyman-Pearson criterion [Ric05].

1.4.4.1 Neyman-Pearson Criterion

The Neyman-Pearson criterion is a special case of the Bayes optimisation criterion.

It maximises the detection probability under the constraint that the false alarm

probability does not exceed a given threshold. Therefore, depending on the application,
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one may select a low (resp. high) threshold to ensure a low (resp. high) false alarm

probability, but at the price of a low (resp.high) detection probability. As it will be

confirmed in Section 1.4.4.2, both probabilities are decreasing with an increasing

threshold, and a trade-off should be made depending on the system requirements.

For the false alarm probability, owing to the high number of cells and measurements,

values in the range of 10
−4

to 10
−8

are common [Ric05].

1.4.4.2 Additive White Gaussian Noise Model

The simplest model for the value 𝑥 of the CUT is

𝑥 =

{
𝑤 under 𝐻0

𝐴 +𝑤 under 𝐻1

,

where 𝐴 is the complex amplitude generated from the radar echo, and𝑤 is assumed

to be an AWGN with variance 𝜎2𝑤 . Let us denote by 𝛾 the required threshold. Looking

at the magnitude of the CUT, under 𝐻0, the value 𝑥 is Rayleigh-distributed, and the

false alarm probability is computed as

PFA = P𝑥 (|𝑥 | ≥ 𝛾 | 𝐻0) =
∫ ∞

𝛾

2𝑣

𝜎2𝑤
𝑒
− 𝑣2

𝜎2

𝑤 d𝑣 = 𝑒
− 𝛾2

𝜎2

𝑤 .

Therefore, for a given false alarm probability requirement, the threshold 𝛾 can be set

as

𝛾 =

√︃
−𝜎2𝑤 logPFA. (1.5)

For the detection probability, the value of 𝑥 under 𝐻1 is Ricean-distributed. It follows

that the detection probability is computed as

PD = P𝑥 ( |𝑥 | ≥ 𝛾 | 𝐻1) =
∫ ∞

𝛾

2𝑣

𝜎2𝑤
𝑒
− 𝑣2+|𝐴|2

𝜎2

𝑤 𝐼0

(
2|𝐴|𝑣
𝜎2𝑤

)
d𝑣

= 𝑄1

(√︄
2|𝐴|2
𝜎2𝑤

,

√︄
2𝛾2

𝜎2𝑤

)
,

where 𝐼0 is the modified Bessel function of the first kind and order 0, and 𝑄1 is the

Marcum 𝑄-function of order 1. It may also be expressed using (1.5) as a function of

the Signal-to-Noise Ratio (SNR) of the CUT, and the false alarm probability, as given

in Box 1.7. This function, also named Receiver Operating Characteristic (ROC), is

illustrated in Figure 1.11, for different SNRs.

From the properties of the Marcum Q-function, it is known that 𝑄1 (𝑥,𝑦) is a
strictly increasing function of 𝑥 and a decreasing function of 𝑦. Therefore, for a given

false alarm probability requirement, the higher the SNR, the higher the detection prob-

ability. However, decreasing the false alarm probability requirement also decreases
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1.7: Detection Probability (AWGN Model)

PD = 𝑄1

(√
2 SNR,

√︁
−2 logPFA

)

Fig. 1.11 ROC for different SNRs.

the detection probability.
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Part I

Electromagnetic Theory for Sensing
and Communication





From Maxwell’s Equations to
Radiated Fields 2
This chapter is an introduction to the electromagnetic radiation theory, widely inspired
by the electromagnetic-related courses given by the Prof. Oestges and Prof. Craeye, which
I thank warmly. Other resources that helped me to write it are [BH11; Bal99; ISU15;
Orf16; Kil15], with a special mention for [Orf16] which is a very clear and pedagogic book.

T
he EM theory is the foundation of mostly all the electrical engineering disciplines.

In this chapter, the fundamental concepts of this theory which are useful for the

next chapters are presented. First, the Maxwell’s equations are introduced, and the

wave equation is derived in free-space. The particular cases of plane and spherical

waves are then presented. For plane waves, the reflection and transmission on a

planar interface are detailed. Finally, the radiated fields from an arbitrary current

source are computed, and the different propagation regions, namely the near- and

far-field, are defined.

2.1 Maxwell’s Equations

The Maxwell’s equations are the root of the EM theory. They provide the electric

fields E and D, and magnetic fields H and B, depending on the charges, currents, and

other fields. The electric and magnetic fields are related to each other in an isotropic

medium by the permittivity 𝜖 and permeability 𝜇 of the medium:

D = 𝜖E, B = 𝜇H. (2.1)

The Maxwell’s equations can be expressed in integral or differential form, and are

summarised in Box 2.1. In the electric and magnetic Gauss’s laws, S is a closed surface

andV is the volume enclosed by S. In the Faraday’s and Ampere’s laws, C is a closed

curve and S is the surface enclosed by C. The quantities 𝜌 and J are the total electric
charge and current density. The current density can be decomposed into an imposed
current J

imp
and a conduction current:

J = J
imp

+ 𝜎E,

where 𝜎 is the conductivity of the medium. By combining the Ampere’s and electric
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2 | From Maxwell’s Equations to Radiated Fields

2.1: Maxwell’s Equations

Gauss’s law (D):
∯

S
D · dS =

∭
V
𝜌 d𝑉 ⇔ ∇ · D = 𝜌

Gauss’s law (B):
∯

S
B · dS = 0 ⇔ ∇ · B = 0

Faraday’s law:

∮
C
E · dl = − 𝜕

𝜕𝑡

∬
S
B · dS ⇔ ∇ × E = − 𝜕

𝜕𝑡
B

Ampere’s law:

∮
C
H · dl =

∬
S
J · dS + 𝜕

𝜕𝑡

∬
S
D · dS ⇔ ∇ ×H = J + 𝜕

𝜕𝑡
D

Gauss’ laws, one obtain the equation of charge conservation:∯
S
J · dS = − 𝜕

𝜕𝑡

∭
V
𝜌 d𝑉 ⇔ ∇ · J = − 𝜕𝜌

𝜕𝑡
.

Finally, when there is a change of medium, boundary conditions can be derived

from the Maxwell’s equations. Denoting by 𝑒𝑛 the normal unit vector pointing from

medium 1 to medium 2, they are expressed as

𝑒𝑛 · (D2 − D1) = 𝜌𝑠 , 𝑒𝑛 × (E2 − E1) = 0,

𝑒𝑛 · (B2 − B1) = 0, 𝑒𝑛 × (H2 −H1) = J𝑠 .
(2.2)

In these conditions, 𝜌𝑠 and J𝑠 are the surface charge and current density at the interface
between the two media.

2.2: Maxwell’s Equations (Frequency Domain)

Gauss’s law (D):
∯

S
D · dS =

∭
V
𝜌 d𝑉 ⇔ ∇ · D = 𝜌

Gauss’s law (B):
∯

S
B · dS = 0 ⇔ ∇ · B = 0

Faraday’s law:

∮
C
E · dl = −𝚥𝜔

∬
S
B · dS ⇔ ∇ × E = −𝚥𝜔B

Ampere’s law:

∮
C
H · dl =

∬
S
J · dS + 𝚥𝜔

∬
S
D · dS ⇔ ∇ ×H = J + 𝚥𝜔D

It is often convenient to express the Maxwell’s equations in the frequency domain.

Denoting by 𝚥 the imaginary unit and 𝜔 = 2𝜋 𝑓 the angular frequency (with 𝑓 the

frequency), the Maxwell’s equations in the frequency domain are given by Box 2.2.
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The equation of charge conservation becomes∯
S
J · dS = −𝚥𝜔

∭
V
𝜌 d𝑉 ⇔ ∇ · J = −𝚥𝜔𝜌,

and the boundary conditions remains unchanged. Note that, in the frequency domain,

the permittivity and permeability in (2.1) could be expressed as frequency-dependent

complex quantities, to account for losses in the medium. This will be further discussed

in Section 2.3.3. In the following sections, every quantity will be considered in the

frequency domain, unless specified otherwise.

2.2 Free-Space Propagation

In free-space, there is no charge or current density, and the Maxwell’s equations in

differential form can be rewritten as:

∇ · E = 0,

∇ ·H = 0,

∇ × E = −𝚥𝜔𝜇0H,
∇ ×H = 𝚥𝜔𝜖0E,

with 𝜖0 and 𝜇0 the free-space permittivity and permeability. Knowing that

∇ × (∇ × Z) = ∇(∇ · Z) − ∇2Z, (2.3)

thewave equation is obtained by combining the fourMaxwell’s equations in free-space:

∇ × (∇ × E) = ∇(���∇ · E) − ∇2E = −𝚥𝜔𝜇0 (∇ ×H) = 𝜔2𝜖0𝜇0E,

∇ × (∇ ×H) = ∇(���∇ ·H) − ∇2H = 𝚥𝜔𝜖0 (∇ × E) = 𝜔2𝜖0𝜇0H.

Defining the wave speed as 𝑐 ≜ 1/√𝜖0𝜇0 and wave number by 𝑘 ≜ 𝜔/𝑐 , it is rewritten
as Box 2.3.

2.3: EM Wave Equation in Free-Space

(∇2 + 𝑘2) E = 0

(∇2 + 𝑘2) H = 0

Two particularly important solutions of the wave equation are the plane and
spherical waves. Their expressions are summarised in Box 2.4, and they are illustrated

in Figure 2.1. In these equations, k = 𝑘 ê𝑢 is the wave vector, and r the position in

Cartesian coordinates.
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Plane Waves Spherical Waves

Fig. 2.1 Plane and spherical waves.

2.4: Plane and Spherical Waves

Plane waves: E = E0 𝑒
±𝚥 k·r, H = H0 𝑒

±𝚥 k·r

Spherical waves: E =
E0

∥r∥ 𝑒
− 𝚥 𝑘 ∥r∥ , H =

H0

∥r∥ 𝑒
− 𝚥 𝑘 ∥r∥

Inserting the electric field expression in the Faraday’s law, using the vector identity

∇ × (𝑓 Z) = 𝑓 ∇ × Z + (∇𝑓 ) × Z, (2.4)

one can find for plane waves that

H =
𝚥

𝜔𝜇0

[(
∇𝑒±𝚥 k·r

)
× E0 + 𝑒±𝚥 k·r (���∇ × E0)

]
=

𝑘

𝜔𝜇0
(∓ê𝑢) ×

(
E0𝑒

±𝚥 k·r
)
=

1

𝜂
(∓ê𝑢) × E,

where 𝜂 ≜
√︁
𝜇0/𝜖0 is the free-space impedance. This shows that the magnetic field is

perpendicular to the electric field and the direction of propagation. Its amplitude is

related to the electric field amplitude through the free-space impedance. The same

development can also be performed for spherical waves:

H =
𝚥

𝜔𝜇0

[(
∇𝑒

±𝚥 𝑘 ∥𝑟 ∥

∥𝑟 ∥

)
× E0 +

𝑒±𝚥 𝑘 ∥𝑟 ∥

∥𝑟 ∥ (���∇ × E0)
]
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=

(
𝑘

𝜔𝜇0
− 𝚥

𝜔𝜇0𝑟

) (
∓ r
∥𝑟 ∥

)
×

(
E0

∥𝑟 ∥ 𝑒
±𝚥𝑘 ∥𝑟 ∥

)
=

1

𝜂

(
1 − 𝚥

𝑘𝑟

)
(∓ê𝑟 ) × E,

where ê𝑟 = r/∥𝑟 ∥ is the radial direction of propagation. This shows that the magnetic

field is again perpendicular to the electric field and the direction of propagation. For

large 𝑘𝑟 -products, the 𝚥/𝑘𝑟 term is negligible, and the same expressions are obtained

in both cases. Note that this does not always hold for non-omnidirectional sources, as

the fields amplitudes are also functions of the direction of propagation with spherical

waves. One can also execute the same development by inserting the magnetic field

expression in the Ampere’s law, leading to

E = 𝜂 H × (∓ê𝑢),

for plane waves, and

E = 𝜂

(
1 − 𝚥

𝑘𝑟

)
H × (∓ê𝑟 ),

for spherical waves. Finally, assuming large 𝑘𝑟 -products and using the vector identity

a × (b × c) = (a · c) b − (a · b) c, (2.5)

the following equalities are obtained:

E ×H∗ = E ×
(
1

𝜂
(∓ê𝑢) × E∗

)
=

1

𝜂
[(E · E∗) (∓ê𝑢) − (����E · (∓ê𝑢)) E∗] =

|E|2
𝜂

(∓ê𝑢)

= (𝜂 H × (∓ê𝑢)) ×H∗ = 𝜂
[
(H ·H∗) (∓ê𝑢) −

(
�����H∗ · (∓ê𝑢)

)
H

]
= 𝜂 |H|2 (∓ê𝑢).

The different relations between the electric field, the magnetic field and the

direction of propagation for plane and spherical waves (assuming 𝑘𝑟 >> 1) are

summarised in Box 2.5. In the next sections, the forward propagating solution is

considered, and the positive sign of the expressions is used.

2.5: Relations between E, H and ê𝑢 (Plane and Spherical Waves, 𝑘𝑟 » 1)

H =
1

𝜂
(∓ê𝑢) × E

E = 𝜂 H × (∓ê𝑢)

E ×H∗ =
|E|2
𝜂

(∓ê𝑢) = 𝜂 |H|2 (∓ê𝑢)
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2.3 Plane Wave at a Planar Interface

In a first time, a lossless dielectric planar interface between two media 1 and 2

is considered, with permittivities, permeabilities, impedances and wave numbers

𝜖1, 𝜇1, 𝜂1, 𝑘1 and 𝜖2, 𝜇2, 𝜂2, 𝑘2. The normal unit vector pointing from the medium 1 to

the medium 2 is denoted as ê𝑛 . The different fields and their associated wave vectors

are expressed as follows:

Incident fields: E𝑖
1
= E𝑖

10
𝑒− 𝑗k

𝑖
1
·r, H𝑖

1
= H𝑖

10
𝑒− 𝑗k

𝑖
1
·r,

Reflected fields: E𝑟
1
= E𝑟

10
𝑒− 𝑗k

𝑟
1
·r, H𝑟

1
= H𝑟

10
𝑒− 𝑗k

𝑟
1
·r,

Transmitted fields: E2 = E20 𝑒
− 𝑗k2 ·r, H2 = H𝑖

20
𝑒− 𝑗k2 ·r.

Let us define the incidence plane as the plane spanned by the incident wave vector

k𝑖
1
and the normal unit vector ê𝑛 . Two different polarisations are considered:

■ The Transverse Magnetic (TM) polarisation, also named p-polarisation, for which
the magnetic field is perpendicular to the incidence plane and the parallel to

the interface. The electric field therefore lies in the incidence plane.

■ The Transverse Electric (TE) polarisation, also named s-polarisation, for which
the electric field is perpendicular to the incidence plane and the parallel to the

interface. The magnetic field therefore lies in the incidence plane.

Other polarisations, named Transverse ElectroMagnetic (TEM), can be decomposed as

a linear combination of the TE and TM polarisations, as shown in Section 2.3.5. Thus,

it is not required to study the other cases.

For the following developments, without any loss of generality, let us orientate

the Cartesian coordinates such that the incidence plane is the (𝑥, 𝑧)-plane, and the

normal unit vector ê𝑛 is equal to ê𝑥 . The considered setup is shown in Figure 2.2. The

position vector is thus expressed as

r = 𝑥 ê𝑥 + 𝑧 ê𝑧,

and the wave vectors as

k𝑖
1
= 𝑘1 cos𝜃

𝑖
1
ê𝑥 + 𝑘1 sin𝜃 𝑖1 ê𝑧,

k𝑟
1
= −𝑘1 cos𝜃𝑟1 ê𝑥 + 𝑘1 sin𝜃𝑟1 ê𝑧,

k2 = 𝑘2 cos𝜃2 ê𝑥 + 𝑘2 sin𝜃2 ê𝑧 .

In these equations, 𝜃 𝑖
1
and 𝜃𝑟

1
are the angles of incidence and reflection, and 𝜃2 is the

angle of transmission. The angles are all defined regarding −ê𝑥 for the first medium,

and the ê𝑥 for the second medium.
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TM Polarisation TE Polarisation

Fig. 2.2 Transverse electric and magnetic polarisations.

2.3.1 Transverse Magnetic Polarisation

For the TM polarisation, the electric and magnetic field amplitude vectors are written

as

E𝑖
10

= −𝐸𝑖
10
sin𝜃 𝑖

1
ê𝑥 + 𝐸𝑖10 cos𝜃 𝑖1 ê𝑧, H𝑖

10
= −𝐻 𝑖

10
ê𝑦,

E𝑟
10

= −𝐸𝑟
10
sin𝜃𝑟

1
ê𝑥 − 𝐸𝑟10 cos𝜃𝑟1 ê𝑧, H𝑟

10
= −𝐻𝑟

10
ê𝑦,

E2 = −𝐸20 sin𝜃2 ê𝑥 + 𝐸20 cos𝜃2 ê𝑧, H20 = −𝐻20 ê𝑦 .

On the one hand, applying the boundary condition of (2.2) on the tangential

electric fields at the interface (𝑥 = 0), one obtains:

𝐸20 cos𝜃2 𝑒
− 𝚥𝑘2𝑧 sin𝜃2 − 𝐸𝑖

10
cos𝜃 𝑖

1
𝑒− 𝚥𝑘1𝑧 sin𝜃

𝑖
1 + 𝐸𝑟

10
cos𝜃𝑟

1
𝑒− 𝚥𝑘1𝑧 sin𝜃

𝑟
1 = 0.

In order to find a solution which holds for any value of 𝑧, the phase of the three terms

must be equal, leading to the law of reflection and the law of Snell-Descartes of Box 2.6.

2.6: Law of Reflection and Snell-Descartes

Law of reflection: 𝜃 𝑖
1
= 𝜃𝑟

1

Law of Snell-Descartes: 𝑘1 sin𝜃
𝑖
1
= 𝑘2 sin𝜃2

Following these two laws, the boundary condition of (2.2) on the tangential electric
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fields at the interface becomes

𝐸20 cos𝜃2 − 𝐸𝑖10 cos𝜃1 + 𝐸𝑟10 cos𝜃1 = 0. (2.6)

where 𝜃1 ≜ 𝜃
𝑖
1
= 𝜃𝑟

1
. In another hand, applying the boundary condition of (2.2) on

the tangential magnetic fields at the interface (𝑥 = 0) and leveraging on Box 2.5, one

obtains:

𝐻20 − 𝐻 𝑖10 − 𝐻𝑟10 = 0 ⇔ 𝐸20

𝜂2
−
𝐸𝑖
10

𝜂1
−
𝐸𝑟
10

𝜂1
= 0, (2.7)

Combining (2.6) and (2.7), one obtains the Fresnel reflection and transmission coefficients
of Box 2.7 for the TM polarisation. These coefficients can also be expressed in terms

of the incidence angle only by computing

cos𝜃2 =
√︁
1 − sin

2 𝜃2 =

√︄
1 −

(
𝑘1

𝑘2

)
2

sin
2 𝜃1 =

√︂
1 − 𝜇1𝜖1

𝜇2𝜖2
sin

2 𝜃1 . (2.8)

2.7: Fresnel Reflection and Transmission Coefficients (TM Polarisation)

Reflection: RTM =
𝐸𝑟
10

𝐸𝑖
10

=
𝜂1 cos𝜃1 − 𝜂2 cos𝜃2
𝜂1 cos𝜃1 + 𝜂2 cos𝜃2

Transmission: TTM =
𝐸20

𝐸𝑖
10

=
2𝜂2 cos𝜃1

𝜂1 cos𝜃1 + 𝜂2 cos𝜃2

2.3.2 Transverse Electric Polarisation
For the TE polarisation, the electric and magnetic field amplitude vectors are written

as

E𝑖
10

=𝐸𝑖
10
ê𝑦, H𝑖

10
= −𝐻 𝑖

10
sin𝜃 𝑖

1
ê𝑥 + 𝐻 𝑖10 cos𝜃 𝑖1 ê𝑧,

E𝑟
10

=𝐸𝑟
10
ê𝑦, H𝑟

10
= −𝐻𝑟

10
sin𝜃𝑟

1
ê𝑥 − 𝐻𝑟10 cos𝜃𝑟1 ê𝑧,

E20 =𝐸20 ê𝑦, H20 = −𝐻20 sin𝜃2 ê𝑥 + 𝐻20 cos𝜃2 ê𝑧 .

On the one hand, applying the boundary condition of (2.2) on the tangential electric

fields at the interface (𝑥 = 0), one obtains:

𝐸20 − 𝐸𝑖10 − 𝐸𝑟10 = 0. (2.9)

On the other hand, applying the boundary condition of (2.2) on the tangential magnetic

fields at the interface (𝑥 = 0), one obtains:

𝐻20 cos𝜃2 𝑒
− 𝚥𝑘2𝑧 sin𝜃2 − 𝐻 𝑖

10
cos𝜃 𝑖

1
𝑒− 𝚥𝑘1𝑧 sin𝜃

𝑖
1 + 𝐻𝑟

10
cos𝜃𝑟

1
𝑒− 𝚥𝑘1𝑧 sin𝜃

𝑟
1 = 0.
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In order to find a solution which holds for any value of 𝑧, the phase of the three terms

must be equal, leading again to the law of reflection and the law of Snell-Descartes of

Box 2.6. Following these two laws and leveraging on Box 2.5, the boundary condition

of (2.2) on the tangential electric fields at the interface becomes

𝐻20 cos𝜃2 − 𝐻 𝑖10 cos𝜃1 + 𝐻𝑟10 cos𝜃1 = 0

⇔ 𝐸20

𝜂2
cos𝜃2 −

𝐸𝑖
10

𝜂1
cos𝜃1 +

𝐸𝑟
10

𝜂1
cos𝜃1 = 0 (2.10)

where 𝜃1 ≜ 𝜃
𝑖
1
= 𝜃𝑟

1
. Combining (2.9) and (2.10), one obtains the Fresnel reflection and

transmission coefficients of Box 2.8 for the TE polarisation. Note that TTE = 1 + RTE

in that case.

2.8: Fresnel Reflection and Transmission Coefficients (TE Polarisation)

Reflection: RTE =
𝐸𝑟
10

𝐸𝑖
10

=
𝐻𝑟
10

𝐻 𝑖
10

=
𝜂2 cos𝜃1 − 𝜂1 cos𝜃2
𝜂2 cos𝜃1 + 𝜂1 cos𝜃2

Transmission: TTE =
𝐸20

𝐸𝑖
10

=
𝐻20

𝐻 𝑖
10

=
2𝜂2 cos𝜃1

𝜂2 cos𝜃1 + 𝜂1 cos𝜃2

2.3.3 Reflection and Transmission with a Good Conductor
With a good conductor of conductivity 𝜎2, surface currents generated on the interface

should be taken into account in the Ampere’s law:

∇ ×H = J + 𝚥𝜔D = (𝜎2 + 𝚥𝜔𝜖2) E = 𝚥𝜔𝜖2,effE,

where the effective permittivity is defined as

𝜖2,eff ≜ 𝜖2 − 𝚥
𝜎2

𝜔
≈ −𝚥 𝜎2

𝜔
.

This also leads to

𝚥𝑘2 = 𝚥𝜔
√
𝜇2𝜖2,eff ≈ √

𝚥𝜔𝜇2𝜎2, and 𝜂2 =

√︂
𝜇2

𝜖2eff
≈

√︂
𝚥𝜔𝜇2

𝜎2
.

Using the effective permittivity of the second medium, the Fresnel coefficients for both

polarisations in Boxes 2.7 and 2.8 are still valid. However, the law of Snell-Descartes

given in Box 2.6 is now also a complex equality, involving a complex transmission

angle. Equation (2.8) is thus developed as

cos𝜃2 =

√︂
1 − 𝜇1𝜖1

𝜇2𝜖2,eff
sin

2 𝜃1 ≈
√︂
1 − 𝚥𝜔𝜇1𝜖1

𝜇2𝜎2
sin

2 𝜃1
𝜎2↑↑−−−→ 1.
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Therefore, in a good conductor, the Fresnel coefficients are complex values, and

the transmitted wave propagates nearly parallel to the interface. Besides, for any

reasonably good conductor, the PEC assumption is an excellent approximation, as the

Fresnel reflection coefficients are very close to ±1, respectively for the TM and TE

polarisation.

2.3.4 Physical Optics Approximation
The Physical Optics (PO) approximation is a popular method to evaluate the EM

fields reflected by an obstacle, enabling in some simple case to obtain tractable

analytical results, with a limited complexity. This approximation relies on the surface

equivalence theorem and the image theory, which will not be described thoroughly,

but summarised in this chapter.

On the one hand, the surface equivalence theorem enables to compute the EM

fields radiated outside a given volume by defining an equivalent problem. In the

equivalent problem, every current distribution comprised within the delimited region

are replaced by electric and magnetic surface currents on the surface of the volume,

such that the same EM fields are radiated outside. Those surface currents are defined

following the boundary conditions (2.2), in which the magnetic surface currents,

which are not defined in this thesis, must be introduced. Moreover, since the enclosed

volume is not the region of interest, Perfect Electric Conductors (PECs) or Perfect

Magnetic Conductors (PMCs) may be placed infinitely close to the inside surface of

the volume, without affecting the EM fields of interest outside the volume.

On the other hand, the image theory enables to compute the EM fields radiated

near infinite PEC or PMC planes, by instead introducing virtual electric and magnetic

source distributions. For instance, if a PMC is considered, the virtual electric current

distribution must be identical to the initial electric source, whereas the virtual

magnetic current distribution must be the opposite of the initial magnetic source.

Combined with the surface equivalence theorem, if a PMC plane is placed infinitely

close to the surface of the equivalent volume, the equivalent magnetic surface current

is nullified by its opposite image, whereas the equivalent electric surface current is

doubled.

Figure 2.3 illustrates the equivalent problems. The PO approximation works well

for electrically large scatterers
1
, for which the curvature is slowly varying, such that

the source can be assumed to be locally planar. Such approximation does not guarantee

the reciprocity, since the diffraction and other boundary effects are neglected, and

the shadow side of the target is not considered. With the PO approximation, the EM

fields reflected by a target can be computed by considering an equivalent electric

1
Usually, the dimension of the scatterer is supposed to be larger than ten times the wavelength.
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Initial problem Equivalent problem

Equivalent problem 
with PMC

Image theory

PMC

Physical Optics Approximation

Fig. 2.3 PO approximation. The quantities indexed by the letter 𝑚 are magnetic
currents.
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surface current generated at the surface of the equivalent volume surrounding the

target, defined as

J𝑠 = 2 ê𝑛 ×H𝑟
1
,

with ê𝑛 the normal unit vector pointing outside the volume. Yet, since the incident

EM fields are known, with the locally planar approximation, the equivalent surface

current may instead be related to the incident magnetic field through the Fresnel

coefficients of the target, as given in Box 2.9.

2.9: Equivalent Surface Current at the Interface

J𝑠 ≈
{

2 RTM ê𝑛 ×H𝑖
1

(TM polarisation)

−2 RTE ê𝑛 ×H𝑖
1

(TE polarisation)

Besides, as described in Section 2.3.3, the PEC assumption is an excellent ap-

proximation. In that case, the Fresnel reflection coefficients are very close to ±1,
respectively for the TM and TE polarisation, and both expressions of Box 2.9 thus

merge to give Box 2.10.

2.10: Equivalent Surface Current at the Interface of PECs

J𝑠 = 2 ê𝑛 ×H𝑖
1
.

2.3.5 Transverse Electromagnetic Decomposition
One can be interested in decomposing a TEM plane wave into its TE and TM compo-

nents. To achieve that, let us define a basis B ≜
{
ê∥ ; ê⊥;k𝑖1

}
such that

1. the first basis vector ê∥ is parallel to the incidence plane,

2. the second basis vector ê⊥ is perpendicular to the incidence plane,

3. the third basis vector k𝑖
1
is the incident wave vector.

Owing to their definitions, the two first basis vectors can respectively be computed as

ê⊥ =
k𝑖
1
× ê𝑛

∥k𝑖
1
× ê𝑛 ∥

, ê∥ = ê⊥ × k𝑖
1
.

Using these vectors, the incident electric and magnetic fields can thus be decomposed

into the TE and TM polarisations by computing their components in the basis B:

E𝑖
10

=
(
E𝑖
10
· ê∥

)
ê∥ +

(
E𝑖
10
· ê⊥

)
ê⊥ +

(
����E𝑖
10
· k𝑖

1

)
k𝑖
1

≜ 𝐸𝑖
10∥ ê∥ + 𝐸

𝑖
10⊥ ê⊥,
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and

H𝑖
10

=
(
H𝑖

10
· ê∥

)
ê∥ +

(
H𝑖

10
· ê⊥

)
ê⊥ +

(
����H𝑖

10
· k𝑖

1

)
k𝑖
1

≜ 𝐻 𝑖
10∥ ê∥ + 𝐻

𝑖
10⊥ ê⊥ .

2.4 Radiation from an Arbitrary Electric Current
Source

In order to simplify the derivation of the radiated fields from an arbitrary radiating

electric current source, let us introduce the vector potential A, defined as

H ≜ ∇ × A.

This enables to rewrite the Faraday’s law in free-space as

∇ × (E + 𝚥𝜔𝜇0 A) = 0 ⇔ E + 𝚥𝜔𝜇0 A = −∇𝜙,

where 𝜙 is an arbitrary scalar potential. Inserting this result in the Ampere’s law

when there is an electric current source, using Identity (2.3) one obtains

∇ ×H = ∇ × (∇ ×A) = J − 𝚥𝜔𝜖0 (∇𝜙 + 𝚥𝜔𝜇0 A)
⇔ ∇(∇ · A) − ∇2A = J − 𝚥𝜔𝜖0∇𝜙 + 𝑘2A
⇔

(
∇2 + 𝑘2

)
A = −J + ∇ (∇ · A + 𝚥𝜔𝜖0 𝜙) .

The scalar and vector potentials are not uniquely defined. One possible choice to set

these quantities is the Lorentz gauge, defined such that

∇ · A + 𝚥𝜔𝜖0 𝜙 = 0 ⇔ 𝜙 =
𝚥

𝜔𝜖0
(∇ · A) .

Using that gauge, the vector potential should satisfy(
∇2 + 𝑘2

)
A = −J.

First, assuming a current point source J = J
0
𝛿 (r), the solution is given byA = 𝐺 (r) J

0
,

where 𝐺 is the Green’s function:

𝐺 (r) ≜ 𝑒
− 𝚥𝑘 ∥r∥

4𝜋 ∥r∥ .

Then, let us consider an arbitrary radiation electrical current source, as represented in

Figure 2.4. The vector potential generated by an arbitrary current density in a given
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Radiation from a Current Source

Fig. 2.4 Radiation from an electric current source.

volumeV is given by superposing the Green’s functions of each point source:

A =
1

4𝜋

∭
V
𝐺 (r − r′) J(r′) dr′ = 1

4𝜋

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥ J(r′) dr′ .

Finally, using Identity (2.4), the radiated magnetic field is computed as follows:

H = ∇ × A

=
1

4𝜋

∭
V

[
(∇𝐺 (r − r′)) × J(r′) +𝐺 (r − r′)

(
����∇ × J(r′)

) ]
dr′

= − 𝚥𝑘
4𝜋

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥2

(
1 − 𝚥

𝑘 ∥r − r′∥

)
(r − r’) × J(r′) dr′

= − 𝚥𝑘
4𝜋

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥

(
1 − 𝚥

𝑘 ∥r − r′∥

)
ê𝑢 × J(r′) dr′,

where ê𝑢 ≜ (r − r′)/∥r − r′∥ is the unit vector pointing from the source points to the

observation point. Let us define for readability

𝐺 ′ (r − r′) ≜ 𝑒
− 𝚥𝑘 ∥r−r′ ∥

∥r − r′∥

(
1 − 𝚥

𝑘 ∥r − r′∥

)
.

The radiated electric field is then obtained from the Ampere’s law in free-space as

E = − 𝚥

𝜔𝜖0
∇ × (∇ ×A)
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= − 𝑘

4𝜋𝜔𝜖0

∭
V
∇ ×

[
𝐺 ′ (r − r′)
∥r − r′∥ (r − r’) × J(r′)

]
dr′

= − 𝜂

4𝜋
(E1 + E2) .

The integrals E1 and E2 are developed as

E1 =

∭
V
∇

(
𝐺 ′ (r − r′)
∥r − r′∥

)
× [(r − r’) × J(r′)] dr′

= 𝚥𝑘

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥

(
1 − 3𝚥

𝑘 ∥r − r′∥ − 3

𝑘2∥r − r′∥2

)
[(ê𝑢 × J(r′)) × ê𝑢] dr′,

and

E2 =

∭
V

𝐺 ′ (r − r′)
∥r − r′∥ ∇ × [(r − r’) × J(r′)] dr′

=

∭
V

𝐺 ′ (r − r′)
∥r − r′∥ [(J(r′) · ∇) (r − r′) − J(r’) (∇ · (r − r′))] dr′

−
∭

V

𝐺 ′ (r − r′)
∥r − r′∥

[
((((((((((r − r′) · ∇) J(r′) − (r − r′) (����∇ · J(r′))

]
dr′

= 2

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥

(
1

∥r − r′∥ − 𝚥

𝑘 ∥r − r′∥2

)
J(r′) dr′ .

For large 𝑘 ∥r − r′∥-products, one can further simplify the expressions of the radiated

fields, obtaining Box 2.11. In these expressions, the component of the current density

J⊥ perpendicular to the direction of propagation is defined as

J⊥ (r′) ≜ (ê𝑢 × J(r′)) × ê𝑢 = J(r′) − (ê𝑢 · J(r′)) ê𝑢,

where the last equality is obtained by applying (2.5). Additionally, for 𝑘 ∥r − r′∥ >> 1,

since the radiated fields are obtained as a superposition of spherical waves, the

magnetic field is perpendicular to the electric field, and both fields are perpendicular

to the direction of propagation. Therefore, the equalities of Box 2.5 are verified. The

radiated EM Fields can also be expressed in the time domain by applying an inverse

Fourier transform to the frequency-domain expressions, giving Box 2.12.

2.11: Radiated EM Fields (𝑘 ∥r − r′∥ >> 1)

H(r) � − 𝚥𝑘
4𝜋

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥ ê𝑢 × J(r′) dr′

E(r) � − 𝚥𝑘𝜂
4𝜋

∭
V

𝑒− 𝚥𝑘 ∥r−r
′ ∥

∥r − r′∥ J⊥ (r′)dr′
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2.12: Radiated EM Fields (Time Domain, 𝑘 ∥r − r′∥ >> 1)

H(r, 𝑡) � − 1

4𝜋𝑐

∭
V

1

∥r − r′∥ ê𝑢 ×
𝜕

𝜕𝑡
J
(
r′, 𝑡 − ∥r − r′∥

𝑐

)
dr′

E(r, 𝑡) � − 𝜂

4𝜋𝑐

∭
V

1

∥r − r′∥
𝜕

𝜕𝑡
J⊥

(
r′, 𝑡 − ∥r − r′∥

𝑐

)
dr′

Description of the Current Source

Fig. 2.5 Description of the electric current source.

2.4.1 Near- and Far-Field Propagation Regions
Let us define by 𝑂 the origin of the Cartesian coordinate system, 𝑃 ′ an arbitrary

point of the current source, and 𝑄 the observation point. The vectors r′ and r defined
previously are respectively pointing from the origin to points 𝑃 ′ and 𝑄 . One may

now define another point 𝑃 as the reference point of the current source. The vector
pointing from the reference point 𝑃 to any point 𝑃 ′ of the current source is denoted

as 𝝆, and the vector pointing from the reference point 𝑃 to the observation point

𝑄 is denoted as R. Additionally, the largest dimension of the current source is

denoted as𝐷 . It corresponds to max(2𝜌). These quantities are illustrated in Figure 2.5.

In order to compute the radiated fields in Box 2.11, a Taylor approximation of the

distance ∥r − r′∥ can be performed to simplify these expressions. Defining the angle

𝛼 as the angle between the vectors 𝝆 and R, and denoting by 𝜌 and 𝑅 the norms of

these two vectors, the distance ∥r − r′∥ can be approximated as

∥r − r′∥ =
√︁
𝑅2 + 𝜌2 − 2𝑅𝜌 cos𝛼 = 𝑅

√︂
1 +

( 𝜌
𝑅

)
2

− 2

𝜌

𝑅
cos𝛼
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Near- and Far-Field Propagation

Reactive Radiative

Near-Field Far-Field

Plane wavefrontSpherical wavefront

Fig. 2.6 Reactive and radiative near- and far-field regions.

≈ 𝑅 − 𝜌 cos𝛼 + 1

2

𝜌2

𝑅
sin

2 𝛼 + 1

2

𝜌3

𝑅2
sin

2 𝛼 cos𝛼 + O
(
𝜌4

)
,

Assuming that a phase error up to 𝜋/8 is acceptable in radiated fields:

■ One can neglect the third order term if

𝑘

2

𝜌3

𝑅2
sin

2 𝛼 cos𝛼 ≤ 𝑘

3

√
3

(
𝐷
2

)
3

𝑅2
≤ 𝜋

8

⇔ 𝑅 > 0.62

√︂
𝐷3

𝜆
≜ 𝑅NF,

where 𝑅NF is the Fresnel distance.

■ One can neglect the second order term if

𝑘

2

𝜌2

𝑅
sin

2 𝛼 ≤ 𝑘

2

(
𝐷
2

)
2

𝑅
≤ 𝜋

8

⇔ 𝑅 >
2𝐷2

𝜆
≜ 𝑅FF, (2.11)

where 𝑅FF is the Fraunhofer distance.

Based on that, two regions are defined, namely the near- and far-field, respectively
if the distance is smaller or larger than the Fraunhofer distance. In the far-field, it

is also assumed for the amplitude that ∥r − r′∥ ≈ 𝑅, and ê𝑢 = R/𝑅. This enables to
rewrite the expressions of the radiated fields as in Box 2.13.

The near-field region can be further separated into two subregions, namely the

reactive near-field and the radiative near-field (or Fresnel region), depending on the

predominance of the reactive (i.e. the components proportional to ∥r − r′∥−3) or
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2.13: Radiated EM Fields (Far-Field)

H � − 𝚥𝑘
4𝜋

𝑒− 𝚥𝑘𝑅

𝑅

∭
V
𝑒 𝚥𝑘𝝆 ·ê𝑢 ê𝑢 × J(r′) dr′

E � − 𝚥𝑘𝜂
4𝜋

𝑒− 𝚥𝑘𝑅

𝑅

∭
V
𝑒 𝚥𝑘𝝆 ·ê𝑢 J⊥ (r′)dr′

radiative components (i.e. the other components) of the fields. The limit between

both subregions is usually given by the Fresnel distance, or by 𝜆/2𝜋 for very short

radiators. The different propagation regions are summarised in Figure 2.6.

From Box 2.13, one can define in the far-field the radiation vector of the antenna
by Box 2.14. The radiated fields in the far-field are generated by the transverse

components of the radiation vector. Using (2.5), the component of the radiation vector

perpendicular to the direction of propagation is defined as

F⊥ ≜
∭

V
𝑒 𝚥𝑘𝝆 ·ê𝑢 J⊥ (r′) dr′ .

This enables to rewrite the radiated fields in far-field following Box 2.15.

2.14: Radiation Vector (Far-Field)

F ≜
∭

V
𝑒 𝚥𝑘𝝆 ·ê𝑢 J(r′) dr′

2.15: Radiated EM Fields from the Radiation Vector (Far-Field)

H � − 𝚥𝑘
4𝜋

𝑒− 𝚥𝑘𝑅

𝑅
ê𝑢 × F⊥

E � − 𝚥𝑘𝜂
4𝜋

𝑒− 𝚥𝑘𝑅

𝑅
F⊥

2.4.2 Poynting Vector and Antenna Characteristics

The Poynting vector represents the power density of the radiated fields. In the fre-

quency domain, it is defined in Box 2.16. For plane and spherical waves, assuming

distances larger than the wavelength, the Poynting vector is developed from Box 2.5
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2.16: Poynting Vector

S ≜
1

2

E ×H∗

as

S =
|E|2
2𝜂

ê𝑢 = 𝜂
|H|2
2

ê𝑢

Considering the radiated EM fields in the far-field, this expression can be further

developed using Box 2.15:

S =
𝑘2𝜂

32𝜋2𝑅2

��F⊥��2 ê𝑢 .

The radiation intensity is defined as the power radiated by unit solid angle. De-

noting the surface element by dS = 𝑅2dΩ, where dΩ = cos𝜃d𝜃d𝜙 is the solid angle

element, it is defined in Box 2.17, where 𝑆 is the norm of the Poynting vector, and

the dependence of F⊥ with the angles has been written explicitly. From Box 2.17, the

total radiated power is computed as

𝑃rad =

∬
𝜃,𝜙

𝑈 (𝜃, 𝜙) dΩ.

2.17: Radiation Intensity

𝑈 (𝜃, 𝜙) ≜ 𝑅2𝑆 =
𝑘2𝜂

32𝜋2

��F⊥ (𝜃, 𝜙)��2
Based on the radiation intensity, the directivity is finally defined as the ratio

between the radiation intensity of the antenna compared to the radiation intensity

of an isotropic radiator. The gain of the antenna is related to the directivity, as it is

defined as ratio between the radiation intensity of the antenna compared to the power

accepted by the antenna 𝑃t. Both are expressed in Box 2.18. In these expressions,

the two powers 𝑃t and 𝑃rad are different owing to the losses of the antenna. One can

invert the definition of Box 2.18 to compute the power density in any direction:

𝑆 =
𝑈 (𝜃, 𝜙)
𝑅2

=
𝑃t𝐺 (𝜃, 𝜙)
4𝜋𝑅2

=
𝑃rad𝐷 (𝜃, 𝜙)

4𝜋𝑅2
. (2.12)

Owing to that expression, the Effective Isotropic Radiated Power (EIRP) is therefore

defined as the transmitted power in the maximum direction:

EIRP ≜ max

𝜃,𝜙
𝑃t𝐺 (𝜃, 𝜙) = max

𝜃,𝜙
𝑃rad𝐷 (𝜃, 𝜙). (2.13)
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2.18: Antenna Directivity and Gain

𝐷 (𝜃, 𝜙) ≜ 4𝜋 𝑈 (𝜃, 𝜙)
𝑃rad

=
4𝜋 |F⊥ (𝜃, 𝜙) |2∫

𝜃

∫
𝜙
|F⊥ (𝜃, 𝜙) |2 d𝜃d𝜙

𝐺 (𝜃, 𝜙) ≜ 4𝜋 𝑈 (𝜃, 𝜙)
𝑃t

Until now, antennas in transmissionmode have been considered. When an antenna

is operating in the receiving mode, the effective area is defined as the ratio between

the received power 𝑃r at the antenna terminal and the arriving power density 𝑆inc. For

an antenna with a matched load, it is also related to the antenna gain (or directivity

gain if losses in the antenna are neglected) in Box 2.19.

2.19: Effective Area (Matched Load)

𝐴𝑒 (𝜃, 𝜙) ≜
𝑃r

𝑆inc (𝜃, 𝜙)
=
𝜆2

4𝜋
𝐺 (𝜃, 𝜙).

One can also compute the voltage and current generated at the receiver from the

received electric field Einc thanks to the Lorentz reciprocity theorem. In particular, this

theorem states that the voltage generated at a first antenna by the EM fields radiated

by a second antenna, fed by a current source is equal to the voltage generated at

the second antenna by the EM fields radiated by the first antenna, fed by the same

current source. This means that the structure of the antennas and the environment

affect the transferred EM fields in the same way independently of the direction in

which they propagate. Therefore, antennas can be analysed in transmitting modes,

and reciprocity can be used for the receiving mode. As a consequence, denoting by

𝑍ant and 𝑍load the impedance of the receiving antenna and the load, of the voltage

and current generated at the receiver are computed in Box 2.20.

2.20: Voltage and Current in Receiving mode

𝑉𝑟 =
1

𝐼
F⊥ · Einc,

𝐼𝑟 =
1

(𝑍ant + 𝑍load)𝐼
F⊥ · Einc.
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Radiation from a Linear Antenna

Fig. 2.7 Radiation from a linear antenna.

2.4.3 Hertzian Dipole and Uniform Line Element

Let us consider the linear antenna illustrated in Figure 2.7. The spherical coordinate

system is defined as

©­­«
ê𝑟
ê𝜃
ê𝜙

ª®®¬ =
©­­«

cos𝜃 cos𝜙 sin𝜃 cos𝜃 sin𝜙

− sin𝜃 cos𝜙 cos𝜃 − sin𝜃 sin𝜙

− sin𝜙 0 cos𝜙

ª®®¬
©­­«
ê𝑥
ê𝑦
ê𝑧

ª®®¬ .
The direction of propagation is ê𝑢 = ê𝑟 .

Multiple models for the current density flowing into the antenna can be considered.

The simplest models are the Hertzian dipole, which is a point source of electric current,

and the uniform line element, for which a constant electric current flows in the

complete antenna. With such radiative elements, the current density is given by

J(r′) =
{
𝐿𝐼 𝛿 (r′) ê𝑦 for a Hertzian dipole,

𝐿𝐼 𝛿 (𝑥)𝛿 (𝑧) ê𝑦 for a uniform line element.

In these expressions, 𝐼 is the current flowing through the dipole, and 𝐿 is the length

of the dipole. The length is assumed to be a fraction of the wavelength, i.e. 𝐿 = 𝜆/𝑛
with 𝑛 ∈ N. The Fraunhofer distance of such radiator is computed as

𝑅FF =
2𝐿2

𝜆
=

2

𝑛2
𝜆.

In order to obtain an analytical expression of the radiative fields, it is also assumed

that 𝑘𝑅 >> 1. Therefore, the distance 𝑅 is larger than the Fraunhofer distance, and
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the wave propagates in the far-field region. Defining 𝝆 = 𝑦 ê𝑦 , the radiation vector of

the Hertzian dipole is computed as

FHz =
∭

V
𝑒 𝚥𝑘𝑦 sin𝜃𝐿𝐼 𝛿 (r′) ê𝑦 dr′ = 𝐿𝐼 ê𝑦 .

For the uniform line element,

FULE =

∭
V
𝑒 𝚥𝑘𝑦 sin𝜃𝐿𝐼 𝛿 (𝑦)𝛿 (𝑧) ê𝑦 dr′

= 𝐿𝐼

∫ 𝐿
2

− 𝐿
2

𝑒 𝚥𝑘𝑦 sin𝜃 d𝑦 = 𝐿𝐼 sinc

(
𝐿

𝜆
sin𝜃

)
ê𝑦,

where sinc is the normalised cardinal sine. Using Box 2.17, the radiation intensity of

the Hertzian dipole and the uniform line element are respectively computed as

𝑈Hz (𝜃, 𝜙) =
𝑘2𝜂𝐿2𝐼 2

32𝜋2
cos

2 𝜃,

𝑈ULE (𝜃, 𝜙) =
𝑘2𝜂𝐿2𝐼 2

32𝜋2
sinc

2

(
𝐿

𝜆
sin𝜃

)
cos

2 𝜃,

which is maximum for 𝜃 = 0. Therefore, in both cases, the EIRP of these antennas is

identical, and it is given by

EIRPHz = EIRPULE =
𝑘2𝜂𝐿2𝐼 2

8𝜋
.

The electric and magnetic fields are finally computed with the radiation vector fol-

lowing Box 2.15, giving Box 2.21.

2.21: Radiated EM Fields from Linear Antennas (Far-Field)

H � − 𝚥𝑘𝐿𝐼
4𝜋

𝑒− 𝚥𝑘𝑅

𝑅
𝑓 (𝜃 ) ê𝜙

E � − 𝚥𝑘𝜂𝐿𝐼
4𝜋

𝑒− 𝚥𝑘𝑅

𝑅
𝑓 (𝜃 ) ê𝜃

In Box 2.21, the function 𝑓 is the amplitude of the transverse radiation vector F⊥

for the considered current density distribution, normalised by the amplitude of the

current density:

𝑓 ≜
|F⊥ |
𝐿𝐼

=


cos𝜃 for a Hertzian dipole,

sinc

(
𝐿

𝜆
sin𝜃

)
cos𝜃 for a uniform line element.

(2.14)
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2.5 Complex Baseband Representation of Electro-
magnetic Fields

It is usually convenient to express the transmitted signals in their equivalent complex

baseband representation to simplify the mathematical analyses. Therefore, one also

want to express the EM fields in their equivalent baseband representations to relate

these quantities to baseband signals. Expressions of the time-domain radiated fields

in radio-frequency are provided in Box 2.12, involving the derivative of the current

density J
RF

in radio-frequency, delayed by a delay 𝜏 . Such derivative can further be

developed as

𝜕

𝜕𝑡
J
RF
(𝑡 − 𝜏) = 𝜕

𝜕𝑡
Re

{
J
BB
(𝑡 − 𝜏) 𝑒 𝚥𝜔𝑐 (𝑡−𝜏 )

}
= Re

{
𝜕

𝜕𝑡
J
BB
(𝑡 − 𝜏) 𝑒 𝚥𝜔𝑐 (𝑡−𝜏 ) + 𝚥𝜔𝑐 JBB (𝑡 − 𝜏) 𝑒 𝚥𝜔𝑐 (𝑡−𝜏 )

}
= Re

{(
𝜕

𝜕𝑡
J
BB
(𝑡 − 𝜏) + 𝚥𝜔𝑐 JBB (𝑡 − 𝜏)

)
𝑒− 𝚥𝜔𝑐𝜏 𝑒 𝚥𝜔𝑐𝑡

}
.

The baseband representation of the delayed derivative of the current density is there-

fore given by[
𝜕

𝜕𝑡
J
RF

]
BB

(𝑡 − 𝜏) =
(
𝜕

𝜕𝑡
J
BB
(𝑡 − 𝜏) + 𝚥𝜔𝑐 JBB (𝑡 − 𝜏)

)
𝑒− 𝚥𝜔𝑐𝜏 .

For narrowband signals, as 𝐵 << 𝑓𝑐 , the first term with a magnitude in frequency

related to the bandwidth, is negligible compared to the second term with a magnitude

in frequency related to the carrier frequency:[
𝜕

𝜕𝑡
J
RF

]
BB

(𝑓 ) = 𝚥 (𝜔 + 𝜔𝑐 ) 𝑒− 𝚥 (𝜔+𝜔𝑐 )𝜏 J
BB
(𝑓 ) ≈ 𝚥𝜔𝑐 𝑒

− 𝚥 (𝜔+𝜔𝑐 )𝜏 J
BB
(𝑓 ).

Defining 𝑘𝑐 ≜ 𝜔𝑐/𝑐 , this enables to rewrite the radiated EM fields in complex baseband

representation for narrowband signals as expressed in Box 2.22.

2.22: Radiated EM Fields in Baseband (Time Domain, 𝑘 ∥r−r′∥ >> 1, 𝐵 << 𝑓𝑐 )

H(r, 𝑡) � − 𝚥𝑘𝑐
4𝜋

∭
V

𝑒− 𝚥𝑘𝑐 ∥r−r
′ ∥

∥r − r′∥ ê𝑢 × J
(
r′, 𝑡 − ∥r − r′∥

𝑐

)
dr′

E(r, 𝑡) � − 𝚥𝑘𝑐𝜂
4𝜋

∭
V

𝑒− 𝚥𝑘𝑐 ∥r−r
′ ∥

∥r − r′∥ J⊥
(
r′, 𝑡 − ∥r − r′∥

𝑐

)
dr′
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Most of the content of this chapter is inspired from [De +24a].

E
xpressions of the EM fields radiated by a given current source, i.e. a transmitting

antenna, were provided in Chapter 2, which also defines useful quantities

to characterise the power received at another antenna. Thus, it is now possible

to compute the link budget of radar and communication links. Yet, for radar

applications, different models, namely the radar equation and Geometrical Optics

(GO) approximation, are widely used in the literature. At a first glance, they may

seem unrelated to each other, as they usually rely on incompatible assumptions,

leading to expressions of the received power which are contradictory with each other.

Thus, the aim of this chapter is to clarify how these models are related to each other,

and to develop novel radar propagation models overcoming their limitations.

In a first time, the usual radar and communicationmodels are thoroughly described

in Section 3.1. Then, starting from scratch, the scattered fields by flat and curved

square plate are computed in Section 3.2. From, these expressions, the relation between

the radar equation and the GO approximation is highlighted, reconciling the two

models. Then, novel expressions of the radar cross-sections are obtained, and their

impact is analysed numerically in Section 3.3. Finally, experimental measurements in

an anechoic chamber are proposed in Section 3.4, to validate the radar cross-section

behaviour with the distance, carrier frequency and target geometry.

3.1 Radar and Communication Propagation Models

Multiple propagation models for radar and communication systems are used in the

literature. This section aims to summarise the most common models of the literature,

and to highlight their differences. On the one hand, for the communication function,

the Friis formula is widely used, and extended with complex path-loss models. On

the other hand, for the radar function, the radar equation is the most known and

extensively used model. Though, from the Ray-Tracing (RT) literature, another

propagation model based on the GO approximation is considered for reflections.

| 55



3 | Electromagnetic-Based Radar and Communication Propagation

Models

Free-Space Communication Link

Fig. 3.1 Free-space communication link.

3.1.1 Friis Formula and Radar Equation
Let us first consider a transmitting and a receiving antenna, with respective (maximum)

gains𝐺t and𝐺r, separated by a distance 𝑅. The transmitting antenna is fed by a power

𝑃t. This scenario is illustrated in Figure 3.1. As shown in (2.12), the power density at

the receiving antenna is given by

𝑆 =
𝑃t𝐺t

4𝜋𝑅2
=

EIRP

4𝜋𝑅2
,

where the EIRP is defined in (2.13). The received power 𝑃r is then computed using

the effective area 𝐴𝑒,𝑟 of the receiving antenna, given in Box 2.19. Multiplying the

incident power density and the effective area of the receiving antenna, the expression

of Box 3.1 is obtained. It is known as the Friis formula [Fri46].

3.1: Friis Formula

𝑃r = 𝑆𝐴𝑒,r =
𝑃t𝐺t𝐺r𝜆

2

(4𝜋)2𝑅2

Similar developments can be performed for radar applications. Let us denote by

𝑅t (resp. 𝑅r) the distance between the transmitting (resp. receiving) antenna and the

target. The considered scenario is illustrated in Figure 3.2. The incident power density

𝑆𝑖 at the target is given by

𝑆𝑖 =
𝑃t𝐺t

4𝜋𝑅2
t

=
EIRP

4𝜋𝑅2
t

.

Similarly to the effective area, the Radar Cross-Section (RCS) 𝜎 of the target is then

defined, as the area intercepting the amount of incident power which would produce

the same received power at the radar receiver if it was radiated isotropically. It can be

expressed with the incident and reflected power densities 𝑆𝑖 and 𝑆𝑟 , or equivalently

with the incident and reflected electric fields E𝑖 and E𝑟 , as given in Box 3.2.
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Radar Link

Fig. 3.2 Radar link.

3.2: Radar Cross-Section

𝜎 ≜ 4𝜋𝑅2
r

𝑆𝑟

𝑆𝑖
= 4𝜋𝑅2

r

|E𝑟 |2

|E𝑖 |2

In order to obtain a distance-independent RCS, the dependence with the range is

often removed by computing instead

𝜎FF = lim

𝑅t,𝑅r→∞
4𝜋𝑅2

r

𝑆𝑟

𝑆𝑖
= lim

𝑅t,𝑅r→∞
4𝜋𝑅2

r

|E𝑟 |2

|E𝑖 |2
.

However, by taking the limit of the distance to the infinity, one forces the propagation

to occur in the far-field region.

The RCS is a widely used quantity which is in practice a complex function of

many parameters, e.g. as the target geometry, the properties of the material, or the

carrier frequency, angle and polarisation of the incident wave. In many applications,

the RCS is a key quantity to evaluate. For military purposes, aerial and terrestrial

vehicles require a low detectability, and the RCS is the parameter to minimise. At

the opposite, in automotive applications, a high RCS is beneficial to improve the

detection of other vehicles, pedestrians or obstacles.

The received power 𝑃r is finally obtained by computing the product between the

reflected power density 𝑆𝑟 at the receiving antenna and its effective area. Using the

RCS of Box 3.2, Box 3.3 is obtained. This is the well-known radar equation [Ric05].
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3.3: Radar Equation

𝑃r =
𝑃t𝐺t𝐺r𝜆

2𝜎

(4𝜋)3𝑅2
t
𝑅2
r

Full-Duplex JCAS Scenario

Communication Tx

JCAS Tx/Rx

Target

Fig. 3.3 Full-duplex JCAS scenario. The ISAC system simultaneously receives a radar
echo from a target, and a communication signal from another system. The downlink
communication and interference sources have been omitted for the sake of clarity.

3.1.2 Propagation Losses for Radar and Communication
From Box 3.1, one can isolate the free-space losses in communication links as

𝐿FS,C =
𝑃t𝐺t𝐺r

𝑃r
=

(
4𝜋𝑅

𝜆

)
2

=
4𝜋

𝜆2
𝑙 (𝑅), (3.1)

with the so-called propagation function equal to

𝑙 (𝑅) = 4𝜋𝑅2. (3.2)

A similar reasoning can be done for radar links in Box 3.3:

𝐿FS,R =
𝑃t𝐺t𝐺r

𝑃r
=

(4𝜋)3𝑅2
t
𝑅2
r

𝜆2𝜎
=
4𝜋

𝜆2
𝑙 (𝑅t) 𝑙 (𝑅r) 𝜎−1. (3.3)

Comparing the losses for communication and radar links, the impact of the

wavelength is identical for both functions. However, an additional propagation

loss affects the radar echoes compared to the communication signals owing to the

travelled distance of the reflected wave.
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Fig. 3.4 Radar echo power against communication signal power, for the same total
travelled distance 𝑅.

Let us consider the full-duplex scenario of Figure 3.3. In this scenario, a monostatic

ISAC system detects a target at a distance 𝑅R, while receiving simultaneously a

communication signal from another ISAC system at a distance 𝑅C. For the same

travelled distance 𝑅, i.e. 𝑅C = 2𝑅R = 𝑅, the power ratio between the radar echo and

the communication signal is given by

𝐿FS,R

𝐿FS,C
=
𝐿

(
𝑅
2

)
2

𝐿(𝑅) 𝜎 =
𝐿(𝑅)
16𝜎

=
𝜋𝑅2

4 𝜎
.

Therefore, for the radar echo power to be equivalent to the communication signal

power for the same travelled distance 𝑅, the RCS of the target must be close to 𝜋𝑅2/4.

Figure 3.4 illustrates this relation for RCS values of 0, 10 and 20 dBsm. Following

[Ric05], these values respectively correspond to the order of magnitude of RCSs for

humans, automobiles and jet airliners. To obtain equivalent radar and communication

power levels, the total travelled distance 𝑅 must be comprised between 1 and

10 meters depending on the RCS of the target, meaning that in most practical

scenarios, the power of the radar echo is much lower than the power of the uplink

communication signal.

This conclusion would be valid if the RCS was independent with the distance,

which is not always the case in practice. As specified in Section 3.1.1, the RCS of

Box 3.2 is also a function of the distance, except in the far-field region. In order to

know if the far-field assumption holds, the Fraunhofer distance 𝑅FF in (2.11) should

be computed. Regarding the dimension of the antennas, as they are often designed

w.r.t. the wavelength, the Fraunhofer distance is in most of the cases much smaller

than the considered distances between the transmitting and receiving radar antennas,

and the targets. This means that the transmission occurs in the far-field region of
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Fig. 3.5 Fraunhofer distance against the target dimension, for different carrier fre-
quencies.

both antennas. However, as the incident power density is absorbed by the target,

one should also verify if the Fraunhofer distance of the target is smaller than the

distance between the target and the receiving antenna. Thus, since there is no

relation between the target dimension and the wavelength, one cannot guarantee

that the far-field assumption holds for the reflection.

Figure 3.5 shows the evolution of the Fraunhofer distance with the target dimen-

sion, for different carrier frequencies. Frequencies of 5, 24 and 77 GHz respectively

correspond to IEEE 802.11ac (and newer) Wi-Fi systems [13], and automotive radar

systems [20b]. At the automotive radar carrier frequencies, the Fraunhofer distance

is varying from meters to multiple hundred of meters, increasing quickly with the

target dimension. For a target dimension of 1 meter, corresponding roughly to the

back of an automobile or a truck, the Fraunhofer distance is way larger than the dis-

tance between the radar system and the target. This means that, at such frequencies,

the propagation occurs in the near-field, and the RCS is highly dependent with the

distance! Even at 5 GHz, the Fraunhofer distance increases quickly to a dozen meters,

which is comparable to large rooms dimensions, making the far-field assumption

questionable.

3.1.3 Geometrical Optics Propagation Model
The RT is a numerical method based on the GO approximation to compute the

propagation modelling of complex environment [MPM90]. Rays are obtained when

considering the high frequency approximation of the Maxwell’s equations. Under

that assumption, the propagation always occurs in the near-field region. From the

RT literature, the received power at the radar receiver is computed following Box

3.4 [YI15], where R is the Fresnel reflection coefficient of the target at the specular

reflection point, assuming a given polarisation.
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3.4: Radar Received Power (GO Approximation)

𝑃r =
𝑃t𝐺t𝐺r𝜆

2 |R |2
(4𝜋)2 (𝑅t + 𝑅r)2

In order to be consistent with the radar equation in the near-field, the RCS should

be equal to

𝜎 = 4𝜋 |R |2
(
𝑅t𝑅r

𝑅t + 𝑅r

)
2

. (3.4)

Therefore, in RT applications, the received power is modelled as a function which

decays with the square of the total travelled distance. This highlights the importance

to model correctly the RCS: with a constant RCS, the radar equation gives a received

power which decays with the product of the square of the back and forth distances
(fourth power).

3.1.4 Extension with other Path-Loss Models
In order to relate the path-losses of (3.1) to real-world measurements, free-space

losses have been extended in the literature into different path-loss models. One

proposition is the alpha-beta-gamma model [Sun+16]. For a distance 𝑅 in meters and

a carrier frequency 𝑓 in gigahertz, the path-loss is given by Box 3.5, where 𝑅0 = 1m

is a reference distance, 𝑓0 = 1GHz is a reference frequency, and 𝛼 , 𝛽 and 𝛾 are three

parameters to optimise w.r.t. measurements. In the particular case of 𝛼 = 2, 𝛾 = 2 and

𝛽 = (4𝜋𝑅0 𝑓0 · 109/𝑐)2, Box 3.5 is expressed in natural values as

𝐿(𝑅, 𝑓 ) =
(
𝑅

𝑅0

)
2

(
4𝜋𝑅0 𝑓0 · 109

𝑐

)
2

(
𝑓

𝑓0

)
2

=

(
4𝜋𝑅

𝜆

)
2

,

and the free-space losses model of (3.1) is recovered. Another common model is the

floating intercept model [Mac+13]. It is equivalent to the alpha-beta-gamma model

with 𝛾 = 2.

3.5: Alpha-Beta-Gamma Model

[𝐿(𝑅, 𝑓 )]dB = 10𝛼 log
10

(
𝑅

𝑅0

)
+ [𝛽]dB + 10𝛾 log

10

(
𝑓

𝑓0

)

The presented path-loss models are common in the communication literature,

but they are less used in the radar literature. One example of such transformation is
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presented in [GLC21], which applies a two-way path-loss model to measurements

obtained with a monostatic radar to extract path-loss parameters for communication

links. Another example is [Cha+23], which performs an empirical path-loss modelling

for ISAC at 28 GHz. Additionally, this paper takes into account the variation of the

RCS with the distance in the near-field region, following the RCS model developed in

[Pou+06].

In this chapter, the Friis and radar equation are extended, based on the floating

intercept path-loss model, by replacing only the propagation function 𝑙 of (3.2) by

𝑙 (𝑅) = 𝛽 𝑅𝛼 .

In that case, the received powers 𝑃C and 𝑃R at the communication and radar receivers,

respectively computed with the Friis formula and the radar equations, are rewritten

as

𝑃C =
𝑃t𝐺t𝐺r𝜆

2

4𝜋 𝛽 𝑅𝛼
, 𝑃R =

𝑃t𝐺t𝐺r𝜆
2𝜎

4𝜋 𝛽2 𝑅𝛼
t
𝑅𝛼
r

.

Note that choosing 𝛽 = 4𝜋 and 𝛼 = 2 leads back to Boxes 3.1 and 3.3. With a modified

propagation function, the RCS definition must be adapted as well to take into account

the path-loss parameters, giving Box 3.6.

3.6: Radar Cross-Section with Arbitrary Propagation Function

𝜎 ≜ 𝛽 𝑅𝛼
r

(𝑆𝑟 ) 𝛼
2

(𝑆𝑖 ) 𝛼
2

= 𝛽 𝑅𝛼
r

|E𝑟 |𝛼

|E𝑖 |𝛼

By only modifying the propagation function and not the complete path-loss model,

the impact of the propagation is isolated from the impact of the target and antenna.

Thus, the same path-loss parameters can be used for both the communication and

radar functions. Otherwise, if the complete path-loss function is modified for each

function, the alpha-beta-gamma model can be used, but different models are required

for each function, and the RCS model should also be integrated in the radar path-loss

function.

3.1.5 Radar and Communication Power Levels in the Literature
In the literature, when discussing the interference between the communication

and radar functions, one can often read multiple variations of the sentence: "the
radar interference power decreases with the fourth power of the distance, whereas the
communication signal power decreases with the square of the distance." This is the con-
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sequence of the analysis which has been performed in Section 3.1.2 with constant RCS.

For instance, [Adi+23] makes that assumption while studying the sensing

performance of channel-coded communication signals in an interference-limited

scenario. The interference mitigation performance in multi-hop cooperative

radar-communication vehicular networks is analysed in [AKW21], by defining the

radar SNR using the radar equation with constant RCS. The same assumption is made

in [Str+19] which uses the fractional Fourier transform coupled with an interference

mitigation scheme in a multi-user JCAS automotive scenario. Another framework

in which the radar equation is widely used is the sSG framework, which is the

main topic of Part II. Many examples which extensively use the radar equation with

constant RCSs in this framework are further described in Chapter 6.

Nonetheless, as described in Section 3.1.2, in most cases, a constant RCS could

not be assumed, and the radar echoes power levels aren’t decreasing with the fourth

power of the distance in the near-field. Distance-dependent RCS models are required.

This is further discussed in Section 3.1.6.

3.1.6 Near-Field Radar Cross-Section in the Literature

In the XX
th
century, [TT97] already showed that the RCS of a sphere and a square

plate in the near-field region is dependent of the range and orientation of the

antennas. Two new definitions of the RCS are proposed in the near-field, as variations

of the radar equation. The monostatic and bistatic RCS in the near-field is also

analysed with a PO approach in [PD96]. Numerical examples for rectangular and

circular plates are also provided. It has been extended in [Pou+06], where complex

targets are decomposed into small triangular elements, such that each element

propagates in the far-field. A similar approach is proposed in [Leg04].

Following these works, multiple papers have analysed the RCS of targets in the

near-field. Namely, [Deb+09] and [Deb+10] compare numerical simulations and

measurements for rectangular plates with an oblique incidence at 24 GHz. Other

simple targets are analysed in [Td18] and [Cho+21]. Circular plates and cylinder

are evaluated numerically for the first. Sphere and cylinder are studied numerically,

and compared with measurements at 5.24 GHz for the second. The RCS of complex

targets, i.e. the back of a car at 77 GHz, are evaluated in [ER19]. From another

perspective, [Cho22] proposes to use the RCS model of [Cho+21] to develop a

procedure extracting the scattering matrix coefficients of the targets using analogue

beamforming.

Nonetheless, owing to the complexity of the RCS computation, most of these

works focus on numerical analysis and measurements. Instead, [Lah+20] proposes
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three-dimensional computationally efficient models based on Fresnel integrals to

calculate the backscattering model of a rectangular plate. It also compares these

models to measurements at 28 GHz. This work is further extended in [Lah+22],

which leverages on the proposed models to evaluate the backscattered fields with

multiple oriented rectangular surfaces. Therefore, fully analytical expressions for

simple geometries are developed in Section 3.2.

3.2 Electromagnetic-Based Monostatic Radar Cross-
Section Model

In this section, an analytical model of the RCS of a rectangular plate is developed

from the EM theory. In order to obtain this result, the stationary phase approximation

is first introduced.

3.2.1 Stationary Phase Approximation

The Stationary Phase Approximation (SPA) is a useful method to approximate the inte-

gral of a rapidly oscillating function [Bor94]. For the sake of simplicity, the following

development is done in one dimension, but it is generalisable for multidimensional

integrations. Let us consider the following integral:

𝐼 =

∫
Ω
𝑔(𝑥) 𝑒 𝚥𝜓 (𝑥 )

d𝑥,

where Ω is the integration domain, and 𝑔 and 𝜓 are respectively an amplitude and

a phase function. The phase function can be developed with its Taylor expansion

around a point 𝑥0 as

𝜓 (𝑥) = 𝜓 (𝑥0) +
d𝜓

d𝑥

����
𝑥=𝑥0

(𝑥 − 𝑥0) +
1

2

d
2𝜓

d𝑥2

����
𝑥=𝑥0

(𝑥 − 𝑥0)2 + O(𝑥3).

With the SPA, the point 𝑥0 is called stationary point, and chosen such that the first

derivative of the phase function is equal to zero:

d𝜓

d𝑥

����
𝑥=𝑥0

= 0.

Denoting by𝜓0 the function𝜓 evaluated at 𝑥0, and by𝜓 ′′
0
the second derivative of𝜓

evaluated at 𝑥0, the integral is then approximated as

𝐼 ≈ 𝑒 𝚥𝜓0

∫
Ω
𝑔(𝑥) 𝑒 𝚥 12𝜓 ′′

0
(𝑥−𝑥0 )2

d𝑥 . (3.5)
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Next, assuming that the amplitude function 𝑔 varies slowly compared to the phase

function𝜓 in the vicinity of the stationary point, the amplitude function is taken out

of the integral:

𝐼 ≈ 𝑔(𝑥0) 𝑒 𝚥𝜓0

∫
Ω
𝑒 𝚥

1

2
𝜓 ′′
0
(𝑥−𝑥0 )2

d𝑥 .

Finally, if the integration domain Ω is large enough to contain multiple oscillations of

the phase function, or equivalently if𝜓 ′′
is large enough w.r.t. the boundaries of Ω,

the second-order term of the Taylor expansion is assumed to be oscillating rapidly,

leading to successive cancellations. Therefore, expanding the boundaries of Ω to the

infinity does not affect the result of the integration, and the integral is approximated

as

𝐼 ≈ 𝑔(𝑥0) 𝑒 𝚥𝜓0

∫ +∞

−∞
𝑒 𝚥

1

2
𝜓 ′′
0
(𝑥0 ) (𝑥−𝑥0 )2

d𝑥 = 𝑔(𝑥0) 𝑒 𝚥𝜓0

√︄
𝚥2𝜋

𝜓 ′′
0

.

3.7: Stationary Phase Approximation∫
Ω
𝑔(𝑥) 𝑒 𝚥𝜓 (𝑥 )

d𝑥 ≈ 𝑔(𝑥0) 𝑒 𝚥𝜓0

∫
Ω
𝑒 𝚥

1

2
𝜓 ′′
0
(𝑥−𝑥0 )2

d𝑥

≈ 𝑔(𝑥0) 𝑒 𝚥𝜓0

√︄
𝚥2𝜋

𝜓 ′′
0

The SPA is summarised in Box 3.7. Note that, even for limited integration domains,

the first approximation is still valid if the amplitude function is slowly varying in the

integration domain. In that case, the integral can be solved using the Fresnel integral,
defined as [Abr74]

𝐹 (𝑥) =
∫ 𝑥

0

𝑒 𝚥𝜋
𝑡2

2 d𝑡, (3.6)

and illustrated in Figure 3.6.

Based on that definition, one can easily proof that∫ 𝑏

𝑎

𝑒 𝚥𝑐𝑡
2

d𝑡 =

√︂
𝜋

2𝑐

[
𝐹

(√︂
2𝑐

𝜋
𝑏

)
− 𝐹

(√︂
2𝑐

𝜋
𝑎

)]
. (3.7)

Additionally, 𝐹 (−𝑥) = −𝐹 (𝑥), such that, if 𝑎 = −𝑏,∫ 𝑏

−𝑏
𝑒 𝚥𝑐𝑡

2

d𝑡 =

√︂
2𝜋

𝑐
𝐹

(√︂
2𝑐

𝜋
𝑏

)
. (3.8)

Furthermore, the SPA also requires the stationary point to be located in Ω. Other-
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Fig. 3.6 Fresnel function.

wise, the value 𝑔(𝑥0) may not be suited to approximate the behaviour of this function

in the integration domain. Still, one may obtain a good approximation of the integral

if the function 𝑔 is well approximated by a Gaussian function:

𝑔(𝑥) ≈ 𝑔0 𝑒𝜉𝑥
2

.

In that case, (3.5) can be rewritten as

𝐼 ≈ 𝑒 𝚥𝜓0

∫
Ω
𝑔0 𝑒

𝜉𝑥2 𝑒 𝚥
1

2
𝜓 ′′
0
(𝑥−𝑥0 )2

d𝑥 = 𝑔0 𝑒
𝚥𝜓0 𝑒

𝚥𝜓 ′′
0
𝜉

2𝜉+𝚥𝜓 ′′
0

𝑥2
0

∫
Ω
𝑒

1

2
(2𝜉+𝚥𝜓 ′′

0
)
(
𝑥−

𝚥𝜓 ′′
0

2𝜉+𝚥𝜓 ′′
0

𝑥0

)
2

d𝑥,

where the second equality is obtained by using the following equality:

𝑎𝑥2 + 𝑏 (𝑥 − 𝑥0)2 = (𝑎 + 𝑏)
(
𝑥 − 𝑏

𝑎 + 𝑏 𝑥0
)
2

+ 𝑎𝑏

𝑎 + 𝑏 𝑥
2

0
.

That integral can also be solved using the Fresnel integrals and (3.7).

3.2.2 Reflection on a Flat Rectangular Plate
Let us now compute the field reflected by a flat rectangular plate. The system model of

Figure 3.7 is considered. A linear antenna located at (−𝑅, 0, 0) is facing a rectangular

plate S of dimensions 𝐷𝑦 and 𝐷𝑧 , defined as

S ≜
{
(𝑥,𝑦, 𝑧) ∈ R3

��� 𝑥 = 0, |𝑦 | ≤
𝐷𝑦

2

, |𝑧 | ≤ 𝐷𝑧

2

}
.
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Reflection on a Rectangular Plate

Fig. 3.7 Reflection on a flat rectangular plate (view from the 𝑧-axis).

The normal unit vector pointing towards the antennas is given by ê𝑛 = −ê𝑥 . The
spherical coordinate system associated with the antenna is defined as

©­­«
ê𝑟
ê𝜃
ê𝜙

ª®®¬ =
©­­«

cos𝜃 cos𝜙 sin𝜃 cos𝜃 sin𝜙

− sin𝜃 cos𝜙 cos𝜃 − sin𝜃 sin𝜙

− sin𝜙 0 cos𝜙

ª®®¬
©­­«
ê𝑥
ê𝑦
ê𝑧

ª®®¬ .
One can compute the angle 𝜃 and 𝜙 from the (𝑥,𝑦, 𝑧) coordinates as

sin𝜙 =
𝑧√︁

(𝑅 + 𝑥)2 + 𝑧2
, sin𝜃 =

𝑦√︁
(𝑅 + 𝑥)2 + 𝑦2 + 𝑧2

,

cos𝜙 =
𝑅 + 𝑥√︁

(𝑅 + 𝑥)2 + 𝑧2
, cos𝜃 =

√︁
(𝑅 + 𝑥)2 + 𝑧2√︁

(𝑅 + 𝑥)2 + 𝑦2 + 𝑧2
.

3.2.2.1 Scattered Electromagnetic Fields

The characterisation of a Hertzian dipole or a uniform line element is detailed in

Section 2.4.3. Assuming that the transmitting antenna is one of these two options,

the incident EM fields at the surface of the plate are computed using Box 2.21:

H𝑖 � − 𝚥𝑘𝐿𝐼
4𝜋

𝑒− 𝚥𝑘𝑅
′

𝑅′
𝑓 (𝜃 ) ê𝜙 ,

E𝑖 � − 𝚥𝑘𝜂𝐿𝐼
4𝜋

𝑒− 𝚥𝑘𝑅
′

𝑅′
𝑓 (𝜃 ) ê𝜃 . (3.9)

where the function 𝑓 is defined in (2.14), and the distance 𝑅′ is defined as

𝑅′ =
√︁
𝑅2 + 𝑦2 + 𝑧2 .

The PO approximation enables to compute an equivalent surface current is gen-

erated at the surface S of the conductor from the incident EM fields following Box
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2.9. Using the TEM decomposition detailed in Section 2.3.5, the equivalent surface

current density generated at the plate is obtained by summing the surface currents

generated by the TE and TM components of the magnetic field:

J𝑠 ≈ 2 RTM (𝜃, 𝜙) 𝐻 𝑖⊥ (ê⊥ × ê𝑥 ) − 2 RTE (𝜃, 𝜙) 𝐻 𝑖∥ (ê∥ × ê𝑥 ),

where 𝐻 𝑖
10⊥ = H𝑖

1
· ê⊥, 𝐻 𝑖

10∥ = H𝑖
1
· ê∥ , and

ê⊥ =
ê𝑥 × ê𝑟
∥ê𝑥 × ê𝑟 ∥

, ê∥ =
ê𝑥 × ê𝑟
∥ê𝑥 × ê𝑟 ∥

× ê𝑟 .

This expression may be simplified for good conductors by using the PEC approxima-

tion of Box 2.10:

J𝑠 = 2H𝑖
1
× ê𝑥 = − 𝚥𝑘𝐿𝐼

2𝜋

𝑒− 𝚥𝑘𝑅
′

𝑅′
𝑓 (𝜃 ) cos𝜙 ê𝑦 .

The perpendicular component of the surface current density is then obtained as

J⊥𝑠 = J𝑠 − (J𝑠 · ê𝑟 ) ê𝑟 = − 𝚥𝑘𝐿𝐼
2𝜋

𝑒− 𝚥𝑘𝑅
′

𝑅′
𝑓 (𝜃 ) cos𝜙 cos𝜃 ê𝜃 ,

The reflected electric field is finally computed using Box 2.11 on the surface of

the rectangular plate:

E𝑟 � − 𝚥𝑘𝜂
4𝜋

∬
S

𝑒− 𝚥𝑘𝑅
′

𝑅′
J⊥𝑠 (r′) dr′

= −𝑘
2𝜂𝐿𝐼

8𝜋2

∫ 𝐷𝑧
2

− 𝐷𝑧
2

∫ 𝐷𝑦
2

− 𝐷𝑦

2

𝑓 (𝜃 ) cos𝜙 cos𝜃

(𝑅′)2 𝑒− 𝚥2𝑘𝑅
′
ê𝜃 d𝑦d𝑧, (3.10)

in which 𝜃, 𝜙 and 𝑅′ are functions of 𝑦 and 𝑧. Note that the results of Box 2.13 cannot

be used, as nothing ensures that the reflected EM fields propagates in the far-field of

the rectangular plate!

Solution in the near-field: Using the SPA of Box 3.7, the developments presented

in Appendix 3.A lead to the following approximation of the reflected electric field of

(3.10):

E𝑟 ≈ −𝑘
2𝜂𝐿𝐼

8𝜋2

𝑒− 𝚥2𝑘𝑅

𝑅2

∫ 𝐷
2

− 𝐷
2

𝑒− 𝚥
𝑘
𝑅
𝑧2
d𝑧

∫ 𝐷
2

− 𝐷
2

𝑒− 𝚥
𝑘
𝑅
𝑦2

d𝑦 ê𝑦 (3.11)

≈ −𝑘
2𝜂𝐿𝐼

8𝜋2

𝑒− 𝚥2𝑘𝑅

𝑅2
−𝚥𝜋𝑅
𝑘

ê𝑦

=
𝚥𝑘𝜂𝐿𝐼

4𝜋

𝑒−2𝚥𝑘𝑅

2𝑅
ê𝑦 . (3.12)
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This approximation holds if the amplitude function g is slowly varying in the

integration domain, and if the rectangular plate is large enough to contain multiple

Fresnel zones [And64]. Quantitatively, the Fresnel zone radii 𝜌𝑚 are computed as

𝑘

𝑅
𝜌2𝑚 =𝑚

𝜋

2

⇔ 𝜌𝑚 =
1

2

√
𝑚𝜆𝑅,

Therefore, for a rectangular plate of dimensions 𝐷𝑦 and 𝐷𝑧 , the radii of the𝑚 first

Fresnel zones are comprised on the rectangular plate for distances 𝑅 such that

𝑅 ≤
min(𝐷𝑦, 𝐷𝑧)2

𝑚𝜆
≤
𝐷2

𝑦 + 𝐷2

𝑧

𝑚𝜆
=
𝑅FF

2𝑚
, (3.13)

where 𝑅FF is the Fraunhofer distance of the plate. Thus, the distance 𝑅 is restricted to

be a fraction of the Fraunhofer distance of the rectangular plate, meaning that this

model is only valid in the near-field region of the plate.

By comparing (3.12) with Box 2.21, one may notice that the scattered electric field

in the near-field is equivalent to the electric field which would have been received

by an antenna located at a distance 2𝑅 of the transmitting antenna, with a phase

shift of 180° owing to the PEC assumption. The scattered power density is computed

following Box 2.16 as

𝑆𝑟 =
|E𝑟 |2

2𝜂
=

EIRP

4𝜋 (2𝑅)2 ,

where the EIRP is defined in (2.13). Multiplying this equation by the effective area of

the receiving antenna, the resulting power corresponds to the GO approximation in

free-space, presented in Section 3.1.3. Moreover, this is also valid if the transmitting

and receiving antennas are not aligned with the centre of the plate, as long as the

specular reflection point, and multiple Fresnel zones around this point, are still

included within the plate.

Solution in the far-field: Instead, in the far-field, for the carrier frequencies usu-

ally considered in radar applicataions, the distance 𝑅 is large enough such that

𝑅 >> 𝑅FF =

2

(
𝐷2

𝑦 + 𝐷2

𝑧

)
𝜆

>> 𝑦2 + 𝑧2, ∀(𝑦, 𝑧) ∈ S.

Thus, the phase function of (3.18) can be approximated with a Taylor series as

𝜓 (𝑦, 𝑧) = −2𝑘𝑅
√︂
1 + 𝑦

2 + 𝑧2
𝑅2

≈ −2𝑘𝑅
(
1 + 𝑦

2 + 𝑧2
2𝑅2

)
,

giving back (3.19). Additionally, since the plate dimensions are assumed to be small

compared to the distance 𝑅, one can also assume that 𝑅′ ≈ 𝑅, 𝜃 ≈ 0°, and 𝜙 ≈ 0° in the
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amplitude function of (3.17), leading again to (3.20). Consequently, this gives back

the integral of (3.11), obtained in the near-field. Nonetheless, the condition of (3.13)

is not fulfilled. Thus, the integral must be solved using the Fresnel functions.

Solution with Fresnel functions: As described in Section 3.2.1, if the distance

𝑅 is large such that the first Fresnel zones are not contained in the plate, but the

amplitude function 𝑔 is slowly varying in the integration domain, one can still use

the first approximation of Box 3.7 and solve the integral using (3.8):

E𝑟 ≈ −𝑘
2𝜂𝐿𝐼

8𝜋2

𝑒− 𝚥2𝑘𝑅

𝑅2

∫ 𝐷𝑧
2

− 𝐷𝑧
2

𝑒− 𝚥
𝑘
𝑅
𝑧2
d𝑧

∫ 𝐷𝑦
2

− 𝐷𝑦

2

𝑒− 𝚥
𝑘
𝑅
𝑦2

d𝑦 ê𝑦

≈ −𝑘
2𝜂𝐿𝐼

8𝜋2

𝑒− 𝚥2𝑘𝑅

𝑅2
2𝜋𝑅

𝑘
𝐹 ∗

©­«
√︄
𝑘𝐷2

𝑦

2𝜋𝑅

ª®¬ 𝐹 ∗
(√︂

𝑘𝐷2

𝑧

2𝜋𝑅

)
ê𝑦

= −𝑘𝜂𝐿𝐼
4𝜋

𝑒− 𝚥2𝑘𝑅

2𝑅

√︄
Σ

(
𝑅

𝑅FF,𝑦

)
Σ

(
𝑅

𝑅FF,𝑧

)
ê𝑦, (3.14)

where 𝑅FF,y and 𝑅FF,z are respectively defined as

𝑅FF,y ≜
2𝐷2

𝑦

𝜆
, and 𝑅FF,z ≜

2𝐷2

𝑧

𝜆
.

The function Σ is defined as

Σ(𝑥) ≜ 2

(
𝐹 ∗

(
1

2𝑥

))
2

,

and it is illustrated in Figure 3.8. Note that, if the transmitting and receiving antennas

are not aligned with the centre of the plate, one may use (3.7) instead of (3.8), leading

to similar results. Moreover, for tilted plates, a rotation of the coordinate system

can be considered, the problem thus reducing to the case where the antennas are

unaligned with the centre of the plate.

The solution with Fresnel functions is valid for propagation in both the near- and

far-field regions. The function Σ has the following properties:

lim

𝑥→0

Σ(𝑥) = −𝚥, (3.15)

lim

𝑥→∞
Σ(𝑥) = 1

𝑥
. (3.16)

Consequently, in the near-field, one may inject (3.15) in (3.14), giving back (3.12).
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Fig. 3.8 Function Σ and the proposed approximation of Box 3.9.

Contrariwise, in the far-field, one may inject (3.16) in (3.14), leading to

E𝑟 ≈ 𝑘𝜂𝐿𝐼

4𝜋

𝑒− 𝚥2𝑘𝑅

2𝑅

√︁
𝑅FF,y𝑅FF,z

𝑅
ê𝑦 =

𝑘𝜂𝐿𝐼

8𝜋

𝑒− 𝚥2𝑘𝑅

𝑅2

√︁
𝑅FF,y𝑅FF,z ê𝑦 .

The corresponding scattered power density is then computed as

𝑆𝑟 =
|E𝑟 |2

2𝜂
=

EIRP

(4𝜋𝑅2)2 𝜋𝑅FF,y𝑅FF,z,

where the EIRP is again defined in (2.13). Multiplying this equation by the effective

area of the receiving antenna, the resulting power corresponds to the radar equation

of Box 3.3, assuming that the RCS is modelled as 𝜎 ≜ 𝜋𝑅FF,y𝑅FF,z. The expressions of

the reflected fields in the near- and far-field regions, and the novel model developed

in this section which encompasses both regions, are summarised in Box 3.8.

Approximation of the Fresnel function: In order to approximate the nor-

malised Fresnel integral defined in (3.6), while keeping the asymptotic properties of

the function, an approximation of the Fresnel function and the function Σ is proposed

in Box 3.9. This approximation is represented in Figure 3.8. Such approximation for

the modulus may be extended for any natural number 𝑛 ≥ 2 to reduce the transition

region, giving Box 3.10.
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3.8: Reflected Electric Fields — Flat Rectangular Plate

Near-Field: E𝑟 ≈ 𝚥𝑘𝜂𝐿𝐼

4𝜋

𝑒−2𝚥𝑘𝑅

2𝑅
ê𝑦

Far-Field: E𝑟 ≈ 𝑘𝜂𝐿𝐼

8𝜋

𝑒− 𝚥2𝑘𝑅

𝑅2

√︁
𝑅FF,y𝑅FF,z ê𝑦

New Model: E𝑟 ≈ −𝑘𝜂𝐿𝐼
4𝜋

𝑒− 𝚥2𝑘𝑅

2𝑅

√︄
Σ

(
𝑅

𝑅FF,𝑦

)
Σ

(
𝑅

𝑅FF,𝑧

)
ê𝑦

3.9: Approximation of the Fresnel Function and the Function Σ

𝐹 (𝑥) ≈
(
1

𝑥2
− 2𝚥

)− 1

2

Σ(𝑥) ≈ 𝑥 − 𝚥

1 + 𝑥2

3.2.2.2 Radar Cross-Section

Regarding the RCS, on the one hand, one can apply the definition of Box 3.2 in the

near-field with (3.9) evaluated at the stationary point, and Box 3.8:

𝜎 ≈ 4𝜋𝑅2

(
𝑘𝜂𝐿𝐼

8𝜋𝑅

)
2(

𝑘𝜂𝐿𝐼

4𝜋𝑅

)
2
= 𝜋𝑅2,

which is consistent with the RCS for RT applications, given in (3.4). This confirms

that a distance-dependent RCS model is required in the near-field to accurately model

the received radar power. On the other hand, the same can be done in the far-field

with (3.9) evaluated at the stationary point:

𝜎 ≈ 4𝜋𝑅2

(
𝑘𝜂𝐿𝐼

8𝜋𝑅2

√︁
𝑅FF,y𝑅FF,z

)
2(

𝑘𝜂𝐿𝐼

4𝜋𝑅

)
2

= 𝜋𝑅FF,y𝑅FF,z.

3.10: Approximation of the Amplitude of the Σ-Function

Σ(𝑥) ≈ (1 + 𝑥𝑛)− 1

𝑛
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In that case, the RCS does not depend on the distance. The model of Box 3.8 is valid

in the near- and far-field, and makes the link between the two propagation regions.

The RCS is accordingly computed as

𝜎 ≈ 4𝜋𝑅2

(
𝑘𝜂𝐿𝐼

8𝜋𝑅

)
2

����√︂Σ
(

𝑅
𝑅FF,𝑦

)
Σ

(
𝑅

𝑅FF,𝑧

)����2(
𝑘𝜂𝐿𝐼

4𝜋𝑅

)
2

= 𝜋𝑅2
����Σ (

𝑅

𝑅FF,𝑦

)
Σ

(
𝑅

𝑅FF,𝑧

)����
(𝑎)
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅

)𝑛) (
1 +

(
𝑅FF,z

𝑅

)𝑛)]− 1

𝑛

,

where (𝑎) is obtained using the proposed approximation of Box 3.10. The expressions

of the RCSs in the near- and far-fields, and the novel model developed in this section,

are summarised in Box 3.11.

3.11: RCS Models — Flat Rectangular Plate

Near-Field: 𝜎 ≈ 𝜋𝑅2

Far-Field: 𝜎 ≈ 𝜋𝑅FF,y𝑅FF,z

New Model: 𝜎 ≈ 𝜋𝑅2
����Σ (

𝑅

𝑅FF,𝑦

)
Σ

(
𝑅

𝑅FF,𝑧

)����
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅

)𝑛) (
1 +

(
𝑅FF,z

𝑅

)𝑛)]− 1

𝑛

The new model is also generalisable with the extended path-loss model proposed

in Section 3.1.4: using Box 3.6, one obtains Box 3.12.

3.12: RCS Model — Flat Rectangular Plate and Extended Path-Loss Model

𝜎 ≈ 𝛽

2
𝛼
𝑅𝛼

����Σ (
𝑅

𝑅FF,𝑦

)
Σ

(
𝑅

𝑅FF,𝑧

)����𝛼2
≈ 𝛽

2
𝛼
(𝑅FF,y𝑅FF,z)

𝛼
2

[(
1 +

(
𝑅FF,y

𝑅

)𝑛) (
1 +

(
𝑅FF,z

𝑅

)𝑛)]− 𝛼
2𝑛

3.2.3 Reflection on a Curved Rectangular Plate
In practical scenarios, e.g. automotive applications, targets are complex objects

which are difficult to model analytically. In order to generalise the previous results,
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Reflection on a Curved Plate

Fig. 3.9 Reflection on a curved rectangular plate (view from the 𝑧-axis).

curvature is introduced in both dimensions. The system model of Figure 3.9 is now

considered. The curved plate Ω is modelled through a well-behaved arbitrary function

ℎ : R × R→ R as

Ω ≜

{
(𝑥,𝑦, 𝑧) ∈ R3

����� 𝑥 = ℎ(𝑦, 𝑧), |𝑦 | ≤ 𝐷𝑦

2
, |𝑧 | ≤ 𝐷𝑧

2

ℎ(0, 0) = 0, ∇ℎ(0, 0) = 0, ∇2ℎ(𝑦, 𝑧) ⪰ 0

}
.

The third condition on the function ℎ ensures that the considered surface is convex. It

is also assumed that the function ℎ varies slowly w.r.t. the wavelength. Moreover, we

suppose that the principal directions of the target are aligned with the 𝑦- and 𝑧-axis,

i.e. that

𝜕2ℎ

𝜕𝑦𝜕𝑧
(0, 0) = 𝜕2ℎ

𝜕𝑧𝜕𝑦
(0, 0) = 0.

For instance, this assumption is verified for the specific shapes analysed in

Section 3.2.3.3. If not fulfilled, the integral obtained after applying the SPA may still

be solved by performing an adequate change of variables along the principal directions.

Compared to Section 3.2.2, the same spherical coordinate system and angles are

used. However, the distance 𝑅′ is now computed as

𝑅′ =
√︁
(𝑅 + 𝑥)2 + 𝑦2 + 𝑧2 =

√︁
(𝑅 + ℎ(𝑦, 𝑧))2 + 𝑦2 + 𝑧2 .

The normal unit vector pointing outside the curved plate is now given by

ê𝑛 =
−ê𝑥 + 𝜕ℎ

𝜕𝑦
ê𝑦 + 𝜕ℎ

𝜕𝑧
ê𝑧√︂

1 +
(
𝜕ℎ
𝜕𝑦

)
2

+
(
𝜕ℎ
𝜕𝑧

)
2

.
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3.2.3.1 Scattered Electromagnetic fields

The modification of the normal unit vector impacts the generated surface current

density, which is now computed as

J𝑠 ≈ 2 ê𝑛 ×H𝑖
1
= − 𝚥𝑘𝐿𝐼

2𝜋

𝑒− 𝚥𝑘𝑅
′

𝑅′
𝑓 (𝜃 ) (ê𝑛 × ê𝜙 ),

and its perpendicular component w.r.t. the direction of propagation as J⊥𝑠 = J𝑠 − (J𝑠 ·
ê𝑟 ) ê𝑟 . The integral of the reflected electric field is expressed as

E𝑟 � −𝑘
2𝜂𝐿𝐼

8𝜋2

∫ 𝐷𝑧
2

− 𝐷𝑧
2

∫ 𝐷𝑦
2

− 𝐷𝑦

2

𝑓 (𝜃 )
(𝑅′)2 𝑒

− 𝚥2𝑘𝑅′ [
(ê𝑛 × ê𝜙 ) − ((ê𝑛 × ê𝜙 ) · ê𝑟 ) ê𝑟

]
d𝑦d𝑧

=
𝑘2𝜂𝐿𝐼

8𝜋2

∫ 𝐷𝑧
2

− 𝐷𝑧
2

∫ 𝐷𝑦
2

− 𝐷𝑦

2

𝑓 (𝜃 )
(𝑅′)2 𝑒

− 𝚥2𝑘𝑅′ (ê𝑛 · ê𝑟 ) ê𝜃 d𝑦d𝑧,

which gives back (3.10) for a flat plate, i.e. ℎ(𝑦, 𝑧) = 0. Using the SPA of Box 3.7, the

developments presented in Appendix 3.B lead to the following approximation of the

reflected electric field of (3.10) :

E𝑟 ≈ −𝑘
2𝜂𝐿𝐼

8𝜋2

𝑒− 𝚥2𝑘𝑅

𝑅2

∫ 𝐷
2

− 𝐷
2

𝑒
− 𝚥 𝑘

𝑅𝑧
𝑧2
d𝑧

∫ 𝐷
2

− 𝐷
2

𝑒
− 𝚥 𝑘

𝑅𝑦
𝑦2

d𝑦 ê𝑦

≈ −𝑘
2𝜂𝐿𝐼

8𝜋2

𝑒− 𝚥2𝑘𝑅

𝑅2
2𝜋

𝑘

√︁
𝑅𝑦𝑅𝑧 𝐹

∗ ©­«
√︄
𝑘𝐷2

𝑦

2𝜋𝑅𝑦

ª®¬ 𝐹 ∗ ©­«
√︄
𝑘𝐷2

𝑧

2𝜋𝑅𝑧

ª®¬ ê𝑦

= −𝑘𝜂𝐿𝐼
8𝜋

𝑒− 𝚥2𝑘𝑅

𝑅2

√︁
𝑅𝑦 𝑅𝑧

√︄
Σ

(
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧

𝑅FF,𝑧

)
ê𝑦,

where 𝑅𝑦 and 𝑅𝑧 are defined as

𝑅𝑦 ≜
𝑅

1 + 𝑅 ℎ′′𝑦
, and 𝑅𝑧 ≜

𝑅

1 + 𝑅 ℎ′′𝑧
,

and ℎ′′𝑦 and ℎ′′𝑧 are the second derivative of ℎ w.r.t. 𝑦 and 𝑧, evaluated at the stationary

point.

3.13: Reflected Electric Field — Curved Rectangular Plate

E𝑟 ≈ −𝑘𝜂𝐿𝐼
8𝜋

𝑒− 𝚥2𝑘𝑅

𝑅2

√︁
𝑅𝑦 𝑅𝑧

√︄
Σ

(
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧

𝑅FF,𝑧

)
ê𝑦

The electric field reflected by a curved plate is summarised in Box 3.13. With a

curved plate, it is not possible to predict the behaviour of the Σ function in the near-
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and far-field regions, as the distances 𝑅𝑦 and 𝑅𝑧 adopt different behaviours depending

on the value of ℎ′′𝑦 and ℎ′′𝑧 .

3.2.3.2 Radar Cross-Section

Regarding the RCS, it is computed by applying the definition of Box 3.2 with (3.9)

evaluated at the stationary point, and Box 3.13:

𝜎 ≈ 4𝜋𝑅2

(
𝑘𝜂𝐿𝐼

8𝜋𝑅2

)
2

𝑅𝑦𝑅𝑧

����√︂Σ
(
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧
𝑅FF,𝑧

)����2(
𝑘𝜂𝐿𝐼

4𝜋𝑅

)
2

= 𝜋𝑅𝑦𝑅𝑧

����Σ (
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧

𝑅FF,𝑧

)����
(𝑎)
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅𝑦

)𝑛) (
1 +

(
𝑅FF,z

𝑅𝑧

)𝑛)]− 1

𝑛

,

where (𝑎) is obtained using the proposed approximation of Box 3.10. This result is

summarised in Box 3.13.

3.14: RCS Model — Curved Rectangular Plate

𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧
����Σ (

𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧

𝑅FF,𝑧

)����
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅𝑦

)𝑛) (
1 +

(
𝑅FF,z

𝑅𝑧

)𝑛)]− 1

𝑛

Again, the proposed RCS model is also generalisable with the extended path-loss

model proposed in Section 3.1.4: using Box 3.6, one obtains

𝜎 ≈ 𝛽𝑅𝛼

(
𝑘𝜂𝐿𝐼

8𝜋𝑅2

)𝛼
𝑅

𝛼
2

𝑦 𝑅
𝛼
2

𝑧

����√︂Σ
(
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧
𝑅FF,𝑧

)����𝛼(
𝑘𝜂𝐿𝐼

4𝜋𝑅

)𝛼 =
𝛽

2
𝛼
𝑅𝛼

����Σ (
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧

𝑅FF,𝑧

)����𝛼2
≈ 𝛽

2
𝛼
(𝑅FF,y𝑅FF,z)

𝛼
2

[(
1 +

(
𝑅FF,y

𝑅𝑦

)𝑛) (
1 +

(
𝑅FF,z

𝑅𝑧

)𝑛)]− 𝛼
2𝑛

.

This result is summarised in Box 3.15.

3.2.3.3 Application to Specific Shapes

Let us consider three specific target shapes, namely the cylinder, the sphere and the

paraboloid. The new RCS model of Box 3.14 may be considered to evaluate their RCSs.
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3.15: RCS Model — Curved Rectangular Plate with Extended Path-Loss Model

𝜎 ≈ 𝛽

2
𝛼

(
𝑅𝑦𝑅𝑧

) 𝛼
2

����Σ (
𝑅𝑦

𝑅FF,𝑦

)
Σ

(
𝑅𝑧

𝑅FF,𝑧

)����𝛼2
≈ 𝛽

2
𝛼
(𝑅FF,y𝑅FF,z)

𝛼
2

[(
1 +

(
𝑅FF,y

𝑅𝑦

)𝑛) (
1 +

(
𝑅FF,z

𝑅𝑧

)𝑛)]− 𝛼
2𝑛

Cylinder of radius 𝑎: With a cylinder of radius 𝑎 >> 𝐷𝑦 , the function ℎ is defined

as

ℎ(𝑦, 𝑧) = 𝑎 −
√
𝑎2 − 𝑧2 .

The second derivative of ℎ w.r.t. 𝑦 and 𝑧 are respectively given by

𝜕2ℎ

𝜕𝑦2
(𝑦, 𝑧) = 0 ⇒ ℎ′′𝑦 = 0,

𝜕2ℎ

𝜕𝑧2
(𝑦, 𝑧) = 𝑎2

(𝑎2 − 𝑧2) 3

2

⇒ ℎ′′𝑧 =
1

𝑎
.

Therefore, the distances 𝑅𝑦 and 𝑅𝑧 are respectively given by

𝑅𝑦 = 𝑅, and 𝑅𝑧 =
𝑅

1 + 𝑅
𝑎

=
1

1

𝑅
+ 1

𝑎

,

and the RCS is approximated following Box 3.14 as

𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧

�����Σ (
𝑅

𝑅FF,𝑦

)
Σ

(
1

𝑅FF,z
𝑅

+ 𝑅FF,z
𝑎

)�����
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅

)𝑛) (
1 +

(
𝑅FF,z

𝑅
+ 𝑅FF,z

𝑎

)𝑛)]− 1

𝑛

.

Sphere of radius 𝑎: With a sphere of radius 𝑎 >> max(𝐷𝑦, 𝐷𝑧), the function ℎ is

defined as

ℎ(𝑦, 𝑧) = 𝑎 −
√︁
𝑎2 − 𝑦2 − 𝑧2.

The second derivative of ℎ w.r.t. 𝑦 and 𝑧 are respectively given by

𝜕2ℎ

𝜕𝑦2
(𝑦, 𝑧) = 𝑎2 − 𝑧2

(𝑎2 − 𝑦2 − 𝑧2) 3

2

⇒ ℎ′′𝑧 =
1

𝑎
,

𝜕2ℎ

𝜕𝑧2
(𝑦, 𝑧) = 𝑎2 − 𝑦2

(𝑎2 − 𝑦2 − 𝑧2) 3

2

⇒ ℎ′′𝑧 =
1

𝑎
.

| 77



3 | Electromagnetic-Based Radar and Communication Propagation

Models

Therefore, the distances 𝑅𝑦 and 𝑅𝑧 are respectively given by

𝑅𝑦 = 𝑅𝑧 =
𝑅

1 + 𝑅
𝑎

=
1

1

𝑅
+ 1

𝑎

,

and the RCS is approximated following Box 3.14 as

𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧

�����Σ
(

1

𝑅FF,y

𝑅
+ 𝑅FF,y

𝑎

)
Σ

(
1

𝑅FF,z
𝑅

+ 𝑅FF,z
𝑎

)�����
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅
+
𝑅FF,y

𝑎

)𝑛) (
1 +

(
𝑅FF,z

𝑅
+ 𝑅FF,z

𝑎

)𝑛)]− 1

𝑛

.

Nonetheless, it may instead be more relevant to consider the integration of the surface

current on a disk of radius 𝑎 instead of a square, to match the projection of the sphere

on the plane (0, 𝑦, 𝑧), and consider the complete visible surface. This is left for future

works.

Paraboloid: With a paraboloid of curvature 𝑐𝑦 >> max(𝐷𝑦, 𝐷𝑧) and

𝑐𝑧 >> max(𝐷𝑦, 𝐷𝑧) in the 𝑦- and 𝑧-dimensions, the function ℎ is defined

as

ℎ(𝑦, 𝑧) = 𝑦2

𝑐𝑦
+ 𝑧

2

𝑐𝑧
.

The second derivative of ℎ w.r.t. 𝑦 and 𝑧 are respectively given by

𝜕2ℎ

𝜕𝑦2
(𝑦, 𝑧) = 2

𝑐𝑦
⇒ ℎ′′𝑧 =

2

𝑐𝑦
,

𝜕2ℎ

𝜕𝑧2
(𝑦, 𝑧) = 2

𝑐𝑧
⇒ ℎ′′𝑧 =

2

𝑐𝑧
.

Therefore, the distances 𝑅𝑦 and 𝑅𝑧 are respectively given by

𝑅𝑦 =
𝑅

1 + 2𝑅
𝑐𝑦

=
1

1

𝑅
+ 2

𝑐𝑦

, and 𝑅𝑧 =
𝑅

1 + 2𝑅
𝑐𝑧

=
1

1

𝑅
+ 2

𝑐𝑧

,

and the RCS is approximated following Box 3.14 as

𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧

������Σ ©­« 1

𝑅FF,y

𝑅
+ 2𝑅FF,y

𝑐𝑦

ª®¬ Σ
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1
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𝑅
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)������
≈ 𝜋𝑅FF,y𝑅FF,z

[(
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(
𝑅FF,y

𝑅
+
2𝑅FF,y

𝑐𝑦

)𝑛) (
1 +

(
𝑅FF,z

𝑅
+ 2𝑅FF,z

𝑐𝑧

)𝑛)]− 1

𝑛

.
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Note that, with 𝑐𝑦 → ∞ and 𝑐𝑧 = 2𝑎, the paraboloid exactly matches the cylinder,

and with 𝑐𝑦 = 𝑐𝑧 = 2𝑎, the paraboloid exactly matches the sphere.

3.16: RCS Models — Specific Curved Geometries

Cylinder: 𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧

�����Σ (
𝑅

𝑅FF,𝑦

)
Σ

(
1

𝑅FF,z
𝑅

+ 𝑅FF,z
𝑎

)�����
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅

)𝑛) (
1 +

(
𝑅FF,z

𝑅
+ 𝑅FF,z

𝑎

)𝑛)]− 1

𝑛

Sphere: 𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧

�����Σ
(

1

𝑅FF,y

𝑅
+ 𝑅FF,y

𝑎

)
Σ

(
1

𝑅FF,z
𝑅

+ 𝑅FF,z
𝑎

)�����
≈ 𝜋𝑅FF,y𝑅FF,z

[(
1 +

(
𝑅FF,y

𝑅
+
𝑅FF,y

𝑎

)𝑛) (
1 +

(
𝑅FF,z

𝑅
+ 𝑅FF,z

𝑎

)𝑛)]− 1

𝑛

Paraboloid: 𝜎 ≈ 𝜋𝑅𝑦𝑅𝑧

������Σ ©­« 1

𝑅FF,y

𝑅
+ 2𝑅FF,y

𝑐𝑦

ª®¬ Σ
(
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)������
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[(
1 +

(
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)𝑛) (
1 +

(
𝑅FF,z

𝑅
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𝑐𝑧

)𝑛)]− 1

𝑛

The RCS models obtained for the cylinder, sphere, and paraboloid are summarised

in Box 3.16. Nonetheless, as discussed in Section 2.3.4 of Chapter 2, the curvature

or the target must vary slowly for the PO approximation to be accurate. Thus, the

approximation may be inaccurate, if the dimensions of the curved rectangular plate

are close to 2𝑎. Moreover, the normal unit vector is fastly varying close to the edges

of the sphere and cylinder, which may affect the accuracy of the SPA.

3.3 Numerical Analysis

In this section, simulations are first performed to illustrate the analytical results

developed in Section 3.2. Then, an example of the impact of the different propaga-

tion models on the evaluation of sensing performance in an automotive scenario is

provided.

3.3.1 Evolution of the Radar Cross-Section with the Range, Fre-
quency, and Target Geometry

Figure 3.10 illustrates the evolution of the RCS against the range, frequency, i.e.

5 GHz (Wi-Fi frequencies), 24 GHz, and 77 GHz (automotive radars), and target
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Fig. 3.10 RCS for different ranges, carrier frequencies, and target geometries. The
solid and dashed lines respectively represent the RCSs computed using the models of
Box 3.16 with 𝑛 = 4.
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geometry, with and without the proposed approximation of Σ. The higher the

carrier frequency, the better the modulus approximation. It enables to filter out the

oscillatory behaviour of the Fresnel functions, while keeping intact the trend of the

RCS. However, at low carrier frequencies, when the far-field RCS is reached, an offset

is observed for curved targets.

Compared to the flat rectangular plate geometry, introducing curvatures in the 𝑦-

and 𝑧-axis modifies drastically the behaviour of the RCS:

(i) When 𝑐𝑦 << 𝑅FF,𝑦 , 𝑐𝑦 << 𝑅, 𝑐𝑧 << 𝑅FF,𝑧 , 𝑐𝑧 << 𝑅, the RCS is constant,

whatever the Fraunhofer distances.

(ii) When 𝑐𝑦 << 𝑅 << 𝑐𝑧 , or 𝑐𝑧 << 𝑅 << 𝑐𝑦 by symmetry, the RCS is proportional

to the distance, until the Fraunhofer distances are reached.

(iii) When 𝑅 << 𝑐𝑦 and 𝑅 << 𝑐𝑧 , the RCS is proportional to the square of the dis-

tance, until the Fraunhofer distances are reached. This is the case corresponding

to the rectangular flat plate.

At high carrier frequencies, the Fraunhofer distances are high compared to the

considered distances in indoor applications. This is also often the case in automotive

scenarios. Therefore, the modelling of the target has a huge impact on the radar

propagation model. The RCS is either constant, proportional to the distance, or pro-

portional to the square of the distance, depending on the considered range, frequency,

and target geometry.

3.3.2 Application to an Automotive Scenario
As it will be further discussed in Part II, average sensing and communication

performance metrics may be analysed using the SG framework. An example of such

study is [Fan+20], which analyses the performance of automotive radar systems in a

bidirectional multi-lane street. Instead of simply consider a constant RCS, they model

fluctuation by introducing a 𝜒2-distributed random variable, as suggested in the

Swerling I and III models [Swe60]. Random fluctuation models can be coupled with

the proposed radar propagation models by using the analytical models of Section 3.2

as the average RCS of the random variable distributions. The performance metric

under study is the radar success probability. It is defined as the probability that the

radar SINR is higher than a given SINR threshold, for a given distance. This metric is

further detailed in Section 6.1.2.3 of Chapter 6.

Figure 3.11 illustrates the success probability achieved with Swerling I

(exponentially-distributed) and Swerling V (constant) RCS fluctuations models, using

as average RCS a constant value, the RT RCS model of (3.4), or the curved plate

RCS model of Box 3.14, with and without using the approximation of Box 3.10. One

can observe that the selected radar propagation model hugely impacts the radar
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Fig. 3.11 Success probability with multiple RCS Models. Swerling V and I RCS fluc-
tuations models are respectively considered in the top and bottom plots. The black
curves consider a constant average RCS, as in [Swe60]. The gray curves use the RT
model of (3.4). The blue, orange and green curves are obtained with the model of Box
3.14. Dotted and continuous lines correspond to exact and approximated RCSs.
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Parameters Values

Vehicles density 10 km
−1

Plate dimensions 𝐷𝑦 = 𝐷𝑧 = 1 m

Number of lanes 5

Lanes width 3.6 m

Interference probability 0.01

Path-loss parameters 𝛼 = 2, 𝛽 = 4𝜋

Carrier frequency 𝑓𝑐 = 76.5 GHz

EIRP 10 dB

Receiver gain 𝐺r = 30 dBi

Antenna beamwidth 15°

SINR threshold 10 dB

Table 3.1 Parameters of the scenario for Section 3.3.2.

performance owing to the significant differences of received power, related to the

dependency of the average RCS with the distance. Additionally, the choice of the

curvature radii has also a huge impact on the achieved performance. Whereas a flat

square plate seems appropriate for trucks, the introduction of a curvature radius in

the 𝑦-dimension seems more suited to approximate the back of cars, and leads to

a large performance degradation. The RT model is close to the flat square model

since a high carrier frequency is considered, leading to a high Fraunhofer distance

compared to the radar-to-target distance. Additionally, for the selected configuration,

the model with a constant RCS of 30 dBsm also approximates well the model with

vertical curvature radius. Finally, the proposed approximation for the Σ-function

enables to efficiently filter the oscillation of the average RCS. These oscillations may

not be relevant for the evaluation of average performance in the SG framework,

owing to the high level of abstraction.

3.4 Experimental Measurements

RCS measurements have been performed in the anechoic chamber of the WELCOME

facility at UCLouvain. The five targets of Figure 3.12 have been considered:

1. A square flat plate of dimensions 𝐷𝑦 = 𝐷𝑧 = 5 cm.

2. A square flat plate of dimensions 𝐷𝑦 = 𝐷𝑧 = 10 cm.

3. A square flat plate of dimensions 𝐷𝑦 = 𝐷𝑧 = 1 m.

4. A cylinder of height 𝐷𝑦 = 1 m and radius 𝑎 = 15 cm.

5. A sphere of radius 𝑎 = 27.5 cm.
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Fig. 3.12 Considered target geometries for RCS measurements.
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RF Spin
H-A26-W15

VNA PNA-X
N5242B

Fig. 3.13 VNA PNA-X N5242B from Keysight, and horn antennas H-A26-W15 from
RF Spin, used for RCS measurements.

The measurements have been performed using a Vector Network Analyser (VNA)

PNA-X N5242B from Keysight, which enables to obtain the transmittance matrix

between two inputs at frequencies up to 26.5 GHz, with a transmitted power up to 10

dBm. This power level is sufficient for the considered targets to obtain echoes higher

than the noise floor, at the considered Intermediate Frequency (IF) bandwidth of 100

Hz. Thus, no amplifier has been used, to avoid any additional source of errors. The

antennas are two H-A26-W15 horns from RF Spin, operating at frequencies from 18

GHz to 26.5 GHz. A zoom on the VNA and the antennas is shown in Figure 3.13. Note

that additional absorbing foam is put between the VNA and the antennas during the

measurements, as a second reflection on the VNA arises for targets with a high RCS.
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Fig. 3.14 Antenna gain — setup and measurements.
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RF Spin
H-A26-W15

VNA PNA-X
N5242B

Target

Fig. 3.15 Measurement setup with the square plate of 10 cm. Additional absorbing
foam is put in front of the boxes under the targets, and between the VNA and the
antennas for large targets, to avoid undesirable reflections.

3.4.1 Measurement of the Antenna Gain
The setup and the measurements of the antenna gain are illustrated in Figure 3.14.

Denoting by 𝑆ant the transmittance between the output and the input of the VNA, the

antenna gain 𝐺ant at a given frequency is computed as

[𝐺ant (𝑓 )]dB = 20 log
10
|𝑆ant (𝑓 ) | − 20 log

10

(
𝑐

4𝜋 𝑓 𝑅ant

)
,

following the Friis equation of Box 3.1, with 𝑅ant = 45 cm the distance between the

two antennas in Figure 3.14, and 𝑐 the speed of light. A 2-port calibration is carried

out with the cables only, so that the cable losses can be excluded.

3.4.2 Measurement of the Radar Cross-Section
The measurement setup is shown in Figure 3.15, with the square plate of 10 cm.

Additional absorbing foam is put in front of the boxes under the small targets to

avoid undesirable reflections. Moreover, for large targets, the same is done between

the antennas and the VNA, as the echo from the target is powerful enough to be

reflected a second time on the VNA.

For each target geometry and distance, the clutter transmittance 𝑆clut is first mea-

sured by performing a measurement with the target removed from the experimental

setup, and it is saved in the memory of the VNA. Next, the transmittance 𝑆 is measured

with the target, and the background is removed by the VNA. Thus, the data 𝑆 − 𝑆clut
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is extracted for post-processing.

3.4.3 Post-processing

The received data consists on 501 points in the frequency domain, between 15 and

25 GHz (step of 20 MHz). The signal is first converted in time domain. Then, it is

filtered with a Hamming window of 41 points, centred on the peak of the dominant

path. This enables to further isolate the target response. Next, the RCS 𝜎 is obtained

from the post-processed data 𝑆 in the frequency domain by computing

[𝜎]dB = 20 log
10

��𝑆 (𝑓 )�� − [𝐺ant (𝑓 )]dB − [𝛾 (𝑓 )]
dB
,

with 𝛾 defined by the radar equation as

𝛾 (𝑓 ) = 𝑐2

(4𝜋)3 𝑓 2𝑅4 ,

where 𝑅 is the distance between the target and the centre of the line connecting both

antennas.

3.4.4 Results

The RCS measurements performed for the five targets of Figure 3.12 are shown in

Figure 3.16. All the measurements are compared with the theoretical models of Boxes

3.11 and 3.14. Less than 0.5 dB of error is achieved for the square plate of 10 cm.

Though, for the other square plates, higher discrepancies are observed. For the square

plate of 5 cm, the RCS is overestimated, owing to the residual clutter after imperfect

cancellation, which is not negligible w.r.t. the useful reflection from the target.

Additionally, these differences can also be explained by the difficulty to calibrate

the positions and orientations of the antennas and the target. This applies for the

three square plates. For the cylinder and the sphere, the results of Box 3.16 are not

accurate owing to the high curvature radii of the targets, compared to the considered

distances. Additionally, the sphere is only approximated by a curved rectangular

plate. Other phenomena like creeping waves are also not taken into account.

Nevertheless, one can observe that the RCS is nearly independent of the distance

for the square plate of 5 cm, square plate of 10 cm, and the sphere, whereas it increases

with the distance for the square plate of 1m, and the cylinder. The Fraunhofer distances

varies from 27 cm to 38 cm for the square plate of 5 cm, and from 107 cm to 153 cm

for the square plate of 10 cm. Thus, owing to the considered distances, this happens

in accordance with the theoretical models.
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Fig. 3.16 RCS measurements for different, distances, carrier frequencies, and target
geometries. The measurements and the theoretical RCSs are respectively represented
by solid and dashed lines, or by crosses and dots in Figure 3.16f. The acronyms SSP,
MSP, LSP, CYL and SPHR respectively refer to the square plate of 5 cm, square plate
of 10 cm, square plate of 1 m, cylinder, and sphere.
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3.5 Conclusion

Accurate propagation models are required to evaluate correctly the performance of

future radar and communication systems. Whereas the received power is usually

evaluated with the Friis equation for communication applications, the radar equation

and the GO approximation are two different popular models for sensing applications

which seems opposed to each other. In this chapter, these models have first been

thoroughly detailed. General path-loss models have also been introduced to enable

fitting with real-world measurements. Whereas the received power decreases with

the fourth power of the distance using the radar equation, it decreases with the square

of the distance using the GO approximation. The key quantity is the RCS in the radar

equation. Whereas it is usally supposed to be constant, this is only valid in the far-

field propagation region. However, numerous sensing applications, e.g. automotive

scenarios, are occuring in the near-field region, and distance-dependent RCS models

must be considered. Therefore, a focus has then been made on the sensing application,

and more particularly on the evaluation of RCS models in monostatic configurations.

3.5.1 Summary of the Contributions
The contributions of this chapter are summarised as follows:

■ Using the SPA, closed-form analytical expressions have been obtained for flat

rectangular plate. Depending on the distance to the target, the target dimen-

sions, and the carrier frequency, the developed models unify the radar equa-

tion and the GO approximation. The near- and far-field conditions are high-

lighted mathematically, as they are required to respectively consider distance-

dependent and independent RCS.

■ The analytical models have been extended for curved rectangular plate geome-

tries. The shape of the target can be arbitrarily defined as a continuous 3D

surface. This enables to efficiently model cylinders, paraboloids, and approxi-

mate spheres. The obtained results show that the curvature of the target around

the specular reflection point, i.e. the second derivatives of the shape function,

defines the behaviour of the RCS.

■ The importance of good propagation models has been emphasised through

numerical analyses. More specifically, within the SG framework, the radar

equation has been extensively used with constant RCSs. In comparison with

the new models, huge discrepancies have been observed. Moreover, it has been

highlighted that the curvature has a huge impact on the RCS trend w.r.t. the

distance between the antennas and the target. Even in the near-field region

of the target, when curvature is introduced, the RCS is constant, or increases

proportionally with the distance, depending on the ratio between the curvature
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radii and the distance to the target, whereas it always increases with the square

of the distance for flat rectangular plates.

■ Experimental measurements of the RCS have been performed for multiple target

geometries. For the square plate of 10 cm, the theoretical RCS model seems

promising, as errors less than 1 dB are committed in the considered carrier

frequency range. Nevertheless, even if large discrepancies are observed with

the other geometries, the dependency or the independence of the RCS with the

distance has still been highlighted.

3.5.2 Future Works
First, the experimental setup and the associated post-processing may be improved.

For instance, the alignment of the antennas and target orientations is difficult for

most targets, especially for the curved geometries. Moreover, the actual configuration

is quasi-monostatic. Therefore, a correction of the travelled distance may be

incorporated in the model, to improve the fitting between the theoretical expressions

the measurements. Besides, RCS measurements of realistic targets, e.g. the back of a

real vehicle, may be carried out, to evaluate at which extent the models developed for

similar simple target geometries are able to predict the evolution of the RCS with the

distance and carrier frequency.

Then, further investigations may be carried out for the development of analytical

expressions with the cylinder and the sphere. The fast variations of the normal

unit vector at the edges of the integration boundaries affects the accuracy of the

SPA. Moreover, for the sphere, the projection of the sphere on the 𝑦- and 𝑧-axis is a

disk, and not a square. Consequently, this also impacts the fitting of the theoretical

expressions with the measurements.

Finally, monostatic configurations have been analysed. Therefore, the extension

of the obtained results in multistatic configuration may be studied. This will for

instance be performed for flat rectangular plates in Chapter 4, as specified in Section

3.5.3. Yet, with multistatic configurations, the position of the stationary point may be

challenging to compute analytically, for curved geometries. Additionally, it may be

located outside the target, making difficult the evaluation of the RCS with the SPA.

3.5.3 What is Next?
This chapter was focused on radar propagation, or equivalently RCS models. Whereas

this is critical for the evaluation of sensing performance, the following approaches

can be extended in a signal processing perspective for performance improvements.

In this chapter, a highlight has been made on the near-field region, in which the

propagation models varies drastically compared to the far-field. Thus, this raises

multiple questions:
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1. Instead of considering the received power, could the proposed approach be

generalised to obtain accurate closed-form expressions of the received signals,

in monostatic or multistatic configurations?

2. How the obtained expressions compares to the usual near- and far-field signal

models of the literature? Moreover, if differences are observed, how the model

mismatches impact the achieved communication and sensing performance?

3. Is it possible to leverage on the specific near-field propagation effects, em-

phasised in the developed expressions, to improve the communication and

sensing performance? Furthermore, if it is possible, under which conditions

this applies?

Consequently, Chapter 4 tries to answer all these questions.
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3.A Stationary Phase Approximation for a Flat Rect-
angular Plate

Relying on the SPA presented in Section 3.2.1, the amplitude and phase functions are

respectively defined as

g(𝑦, 𝑧) = 𝑓 (𝜃 ) cos𝜙 cos𝜃

(𝑅′)2 ê𝜃 , (3.17)

𝜓 (𝑦, 𝑧) = −2𝑘𝑅′ = −2𝑘
√︁
𝑅2 + 𝑦2 + 𝑧2 . (3.18)

The stationary point is found by solving
𝜕𝜓

𝜕𝑦
= − 2𝑘𝑦√︁

𝑅2 + 𝑦2 + 𝑧2
= 0

𝜕𝜓

𝜕𝑧
= − 2𝑘𝑧√︁

𝑅2 + 𝑦2 + 𝑧2
= 0

⇔ (𝑦0, 𝑧0) = (0, 0).

The second derivatives of the phase function are then computed as

𝜕2𝜓

𝜕𝑦2
= − 2𝑘 (𝑅2 + 𝑧2)

(𝑅2 + 𝑦2 + 𝑧2) 3

2

⇒ 𝜕2𝜓

𝜕𝑦2
(0, 0) = −2𝑘

𝑅
,

𝜕2𝜓

𝜕𝑧2
= − 2𝑘 (𝑅2 + 𝑦2)

(𝑅2 + 𝑦2 + 𝑧2) 3

2

⇒ 𝜕2𝜓

𝜕𝑦2
(0, 0) = −2𝑘

𝑅
,

𝜕2𝜓

𝜕𝑦𝜕𝑧
=

2𝑘𝑦𝑧

(𝑅2 + 𝑦2 + 𝑧2) 3

2

⇒ 𝜕2𝜓

𝜕𝑦2
(0, 0) = 0.

Therefore, around the stationary point, the phase function is approximated with a

Taylor series as

𝜓 (𝑦, 𝑧) ≈ −2𝑘𝑅 − 𝑘 𝑦
2 + 𝑧2
𝑅

. (3.19)

Regarding the amplitude function and the polarisation, at the stationary point, 𝜃 = 0

and 𝜙 = 0, leading to

g(0, 0) = 1

𝑅2
ê𝑦 . (3.20)
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3.B Stationary Phase Approximation for a Curved
Rectangular Plate

Relying on the SPA presented in Section 3.2.1, the amplitude and phase functions are

respectively defined as

g(𝑦, 𝑧) = − 𝑓 (𝜃 )(𝑅′)2 (ê𝑛 · ê𝑟 )ê𝜃 ,

𝜓 (𝑦, 𝑧) = −2𝑘𝑅′ = −2𝑘
√︁
(𝑅 + ℎ(𝑦, 𝑧))2 + 𝑦2 + 𝑧2.

The stationary point is found by solving


𝜕𝜓

𝜕𝑦
= −2𝑘

𝑦 + [𝑅 + ℎ(𝑦, 𝑧)] 𝜕ℎ
𝜕𝑦

(𝑦, 𝑧)√︁
(𝑅 + ℎ(𝑦, 𝑧))2 + 𝑦2 + 𝑧2

= 0

𝜕𝜓

𝜕𝑧
= −2𝑘

𝑧 + [𝑅 + ℎ(𝑦, 𝑧)] 𝜕ℎ
𝜕𝑧
(𝑦, 𝑧)√︁

(𝑅 + ℎ(𝑦, 𝑧))2 + 𝑦2 + 𝑧2
= 0

⇔


𝑦 + [𝑅 + ℎ(𝑦, 𝑧)] 𝜕ℎ

𝜕𝑦
(𝑦, 𝑧) = 0

𝑧 + [𝑅 + ℎ(𝑦, 𝑧)] 𝜕ℎ
𝜕𝑧

(𝑦, 𝑧) = 0

.

The solution of this system of equations is not straightforward. Nonetheless, follow-

ing the Fermat stationary point theroem [MVM09], the stationary point is the one

minimising the total travelled distance. Geometrically, it follows that the stationary

point is (𝑦0, 𝑧0) = (0, 0). This is also confirmed mathematically with the system of

equations, as it is assumed that ∇ℎ(0, 0) = 0. One can check that, with ℎ(0, 0) = 0 and

∇ℎ(0, 0) = 0, the second derivatives of the phase function at the stationary point are

given by

𝜕2𝜓

𝜕𝑦2
(0, 0) = −2𝑘

𝑅

[
1 + 𝑅 𝜕2ℎ

𝜕𝑦2
(0, 0)

]
,

𝜕2𝜓

𝜕𝑧2
(0, 0) = −2𝑘

𝑅

[
1 + 𝑅 𝜕2ℎ

𝜕𝑧2
(0, 0)

]
,

𝜕2𝜓

𝜕𝑦𝜕𝑧
(0, 0) = 2𝑘

𝜕2ℎ

𝜕𝑦𝜕𝑧
(0, 0) = 0,

where the last equality is obtained when assuming that the principal directions of

the target are aligned with the 𝑦- and 𝑧-axis. Therefore, denoting by ℎ′′𝑦 and ℎ′′𝑧 the

second derivative of ℎ w.r.t. 𝑦 and 𝑧 at the stationary point, the phase function is

approximated with a Taylor series as

𝜓 (𝑦, 𝑧) ≈ −2𝑘𝑅 − 𝑘

𝑅

[
1 + 𝑅 ℎ′′𝑦

]
𝑦2 − 𝑘

𝑅

[
1 + 𝑅 ℎ′′𝑧

]
𝑧2 .

94 |



Stationary Phase Approximation for a Curved Rectangular Plate | 3.2

Regarding the amplitude function and the polarisation, at the stationary point, ê𝑛 =

−ê𝑥 , ê𝑟 = ê𝑥 and 𝜃 = 0, leading back to (3.20):

g(0, 0) = 1

𝑅2
ê𝑦 .
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Multistatic Near-Field
Sensing

4

This chapter is a joint work carried out with Guillaume Thiran, which I thanks warmly.
Most of the content is inspired from [De +24b]. An extended version of this paper is in
preparation [De +24c].

F
or emerging radar and communication systems, high carrier frequencies are

considered. For instance, in automotive applications, frequencies in the 77-81

GHz band are now considered [20b]. Additionally, the 5G-New Radio (NR) standard

extends previous standards to use frequencies up to 7.125 GHz in a first instance, and

then rise up to 24.25 GHZ and 71 GHz [20a]. To further improve the performance of

both functions, the number of antennas is also increasing, leading to extremely large

antenna arrays [Ram+23]. From a signal processing perspective, multiple techniques

and algorithms are developed in parallel to support the novel near-field infrastructure.

For instance, cooperative nodes are envisaged, such that their capabilities can be

aggregated to enhance the overall network performance [AKN20].

Owing to the high carrier frequencies and large antenna arrays, the near-field

propagation region is enlarged. Indeed, whereas the Fraunhofer distance of one

antenna alone is still in the magnitude of the wavelength, the Fraunhofer distance of

the complete array is increasing with the array size. Therefore, the combination of the

plane waves transmitted by each antenna forms a spherical wave from the point of

view of the receiver. This is further enhanced with cooperative transmissions, as the

dimension of the complete network should be considered. For sensing applications,

the Fraunhofer distance of the target should also be considered for the reflection. As

shown in Chapter 3, at such frequencies, the reflection is nearly always propagating

in the near-field region of the target in most applications, e.g. automotive and indoor

sensing. Instead of modelling targets as points, one should take into account the

targets shapes and dimensions. Such applications therefore call for the development

of accurate near-field radar propagation models, and specific signal processing

algorithms leveraging on the additional propagation effects which are modelled.

This chapter focuses on the development of novel multistatic near-field prop-
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agation models, and specific signal processing leveraging on the near-field effects

to enhance the sensing capabilities. First, Section 4.1 summarises existing works

on near-field signal processing for communication and sensing. Then, Section 4.2

introduces the usual far-field and near-field signal models from the literature. Next,

the EM-based reflected signal model is developed for rectangular plate targets in

Section 4.3. Moreover, leveraging on the obtained model, Section 4.4 develops an

expression of the maximum likelihood estimator for the range. Finally, the accuracy

of the EM model, and the impact of multiple parameters, i.e. the bandwidth, carrier

frequency and range, on the modified log-likelihood function are evaluated in Section

4.5. The CRB is also computed numerically.

4.1 Near-field Signal Processing in the Literature

The near-field propagation region raises both challenges and opportunities, which

have been studied both for communication and radar system [Con+23; Lu+24].

For a communication perspective, accurate channel estimation and beam splitting

are two examples of challenges to tackle [Cui+23]. For instance, the former has

been considered in [CD22], exploiting polar-domain sparsity, or in [Liu+24], which

proposes a sensing-enhanced channel estimation scheme, reducing the complexity

of the process. Line-of-Sight (LoS) and Non Line-of-Sight (NLoS) near-field paths

components are modelled in [LD23] to better match actual scenarios. The latter

is analysed in [Gao+19], which investigates the wideband beamspace channel

estimation problem, or in [MH22], which proposes a low complexity technique to

mitigate any misfocus. As opportunities, it enables increase of the single or multi-user

capacity owing to the increase of the spatial multiplexing gain in the near-field,

compared to far-field transmissions [Ram+23]. For instance, energy-efficient hybrid

precoding is proposed in [Gao+16] to improve the spectral efficiency in the near-field.

Moreover, the potential of beam focusing for single multi-user communications is

analysed in [Zha+22]. Finally, near-field beamforming has also been considered in

combination with Reconfigurable Intelligent Surface (RIS), e.g. in [BDS21; Wan+22;

Wan+23].

From a radar perspective, considering the near-field propagation as a challenge,

[Mei+22] proposes a strategy for compensating the range-dependent phase deviation

in near-field coherent radar networks in order to increase the angle-estimation ca-

pabilities of such system. On the other hand, considering the near-field propagation

as an opportunity, the performance achieved by a large-scale radar array is studied

[Sak+22b; Sak+22a], when detecting a target in near-field with an OFDM waveform.

By leveraging on the near-field propagation, the authors show numerically and ex-

perimentally that the estimation of the position can be improved with respect to

traditional far-field propagation models. To evaluate the performance improvement

brought by near-field algorithms, the CRB has been evaluated in different scenarios.
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In [WXZ24; Sak+21], radar passive targets are localised, the accuracy being linked

to waveform parameters. However, the presented works all consider point targets,

the near-field effect being only considered from the antenna arrays. In order to

consider targets with significant dimensions, it is nonetheless necessary to develop

novel propagation models based on the EM theory, to accurately model the near-field

effects related to the targets. This is done in [Che+23], where an antenna position

is estimated from the signal received over a large surface, relying on a specific EM

propagation model. Nevertheless, this work does not consider the detection of a

passive radar target.

4.2 Single-Point Multistatic Channel Model in Near-
and Far-Field

In Section 1.3 of Chapter 1, single-antenna channel models for communication and

sensing have been detailed from a signal processing perspective. One can verify

based on Chapter 2 that these channel models are coherent with the expression of the

radiated fields in complex baseband representation, given in Box 2.22. In this section,

the single-antenna channel models are extended for multi-antenna systems, operating

in the near- or far-field region of the antenna arrays for communication links, and/or

the target for radar links. As this chapter is focused on the radar function, reflections

on targets are considered. Still, the developed models are also valid for communication

links, as targets may be considered as scatterers from the communication point of

view.

4.2.1 Far-Field Multi-Antenna Channel Model
In the far-field region of a current distribution, as shown in Section 2.4.1 of Chapter 2,

the phase variation among the current elements contained in the distribution only

varies w.r.t. the distance between these elements. This is valid for the EM fields

transmitted by the antenna array, but also for the received EM fields reflected on the

target, as long as the receiving antenna array is located in the far-field region of the

target. Additionally, in this propagation region, its characteristics, e.g. its shape or

dimensions, are all merged into one single complex coefficient, and it is modelled as a

single point [Ric05]. This is named the single-point target model. Therefore, in the

literature, the signal received at the 𝑙 ′th antenna from the reflection on a target of the

signal transmitted by the 𝑙 th antenna is usually modelled as Box 4.1 [TV05].

In Box 4.1, 𝜉 is an unknown complex coefficient, 𝑅t (resp. 𝑅r) is the distance between

the centre of the target and the reference point for the transmitting (resp. receiving)

antenna array, 𝜌𝑙 (resp. 𝜌𝑙 ′ ) is the distance between the 𝑙 th transmitting antenna (resp.

𝑙 ′th receiving antenna) and the reference point of the transmitting (resp. receiving)

antenna array, 𝜙𝑙 (resp. 𝜙𝑙 ′ ) is the angle between the vectors starting from the
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4.1: Single-Point Target Model (Far-Field)

𝑢𝑙 ′𝑙 (𝑡) = 𝜉 𝑒− 𝚥𝑘 (𝜌𝑙 cos𝜙𝑙+𝜌𝑙 ′ cos𝜙𝑙 ′ ) 𝑠𝑙
(
𝑡 − 𝑅t + 𝑅r

𝑐

)
+𝑤𝑙 ′𝑙 (𝑡)

Tx antenna
array

Rx antenna
array

Target

Single-Point Target Model

Fig. 4.1 Single-point target model.

reference point of the transmitting (resp. receiving) antenna array, and pointing to

the centre of the target and the 𝑙 th transmitting antenna (resp. 𝑙 ′th receiving antenna),

and𝑤𝑙 ′𝑙 is an AWGN. These quantities are illustrated in Figure 4.1. From this model,

the range 𝑅t + 𝑅r is usually estimated based on the waveform delay, whereas the

phase shifts between the different antennas pairs enable to estimate the angles of

departure and arrival.

4.2.2 Near-Field Multi-Antenna Channel Model
To extend the far-field channel model in the near-field region of the transmitting

and receiving antenna arrays, in the literature, e.g. [BDS21; Liu+23; Sak+22a], the

dependence of the phase shift w.r.t. the exact positions of the antennas and the target

has been introduced in Box 4.1, leading to Box 4.2.

4.2: Single-Point Target Model (Near-Field)

𝑢𝑙 ′𝑙 (𝑡) = 𝜉 𝑒− 𝚥𝑘 (𝑟𝑙+𝑟𝑙 ′ ) 𝑠𝑙
(
𝑡 − 𝑟𝑙 + 𝑟𝑙 ′

𝑐

)
+𝑤𝑙 ′𝑙 (𝑡)

In Box 4.2, 𝑟𝑙 (resp. 𝑟𝑙 ′ ) is the distance between the 𝑙 th transmitting antenna (resp. 𝑙 ′th
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receiving antenna) and the centre of the target. With this model, the impact of the

spherical wavefronts is well taken into account in the phase. However, the target is

still considered as a single point. This may be accurate in the far-field region, but the

impact of the near-field region should also be considered:

1. The impact of the target in the received signal is still modelled as a single

complex coefficient 𝜉 , identical for every pair of transmitting and receiving

antenna. One may expect this coefficient to vary, even slightly, w.r.t. the

antennas positions. For instance, the attenuation of the EM fields is a function

of the distance between the antennas and the target.

2. The received waveform is delayed by the distance between the antennas and

the centre of the target. Nonetheless, since the targets dimensions and shapes

are not negligible w.r.t. the distance between the antennas and the target, the

centre of the targets may not be appropriate as reference points. Moreover, one

unique point may not be enough to model accurately the target in the near-field

region.

Consequently, in Section 4.3, leveraging on the electromagnetic theory, a novel

multistatic signal model is developed for a flat rectangular plate. This model is then

used in Section 4.4 to estimate the range between the antenna arrays and the target.

4.3 Multistatic Reflection Model for a Rectangular
Plate

In this section, analytical expressions of the signal reflected by rectangular plates are

developed, in a multistatic near-field configuration. This is first carried out in Section

4.3.1 for a flat rectangular plate, parallel to the antenna array. The cases of oriented

flat and curved plates are then discussed in Sections 4.3.2 and 4.3.3.

4.3.1 Parallel Flat Rectangular plate

In order to compute the voltage at a receiving antenna from the EM fields reflected

by a flat rectangular plate in a multistatic configuration, the developments of Section

3.2.2 in Chapter 3 are adapted from a monostatic to a multistatic configuration. Let

us consider the scenario illustrated in Figure 4.2. An antenna array of 𝑁 antennas

distributed at positions {(−𝑅,𝑦𝑙 , 𝑧𝑙 )} is facing a rectangular plate S of dimensions 𝐷𝑦

and 𝐷𝑧 defined as

S ≜
{
(𝑥,𝑦, 𝑧) ∈ R3

��� 𝑥 = 0, |𝑦 | ≤
𝐷𝑦

2

, |𝑧 | ≤ 𝐷𝑧

2

}
.
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Fig. 4.2 Reflection on a rectangular plate with a planar antenna array.

The normal unit vector pointing towards the antenna array is given by ê𝑛 = −ê𝑥 . The
spherical coordinate system associated with the antenna 𝑙 is also defined as

©­­«
ê𝑟𝑙
ê𝜃𝑙
ê𝜙𝑙

ª®®¬ =
©­­«

cos𝜃𝑙 cos𝜙𝑙 sin𝜃𝑙 cos𝜃𝑙 sin𝜙𝑙

− sin𝜃𝑙 cos𝜙𝑙 cos𝜃𝑙 − sin𝜃𝑙 sin𝜙𝑙

− sin𝜙𝑙 0 cos𝜙𝑙

ª®®¬
©­­«
ê𝑥
ê𝑦
ê𝑧

ª®®¬ .
One can compute the angle 𝜃𝑙 and 𝜙𝑙 from the (𝑥,𝑦, 𝑧)-coordinates as

sin𝜙𝑙 =
𝑧 − 𝑧𝑙√︁

(𝑅 + 𝑥)2 + (𝑧 − 𝑧𝑙 )2
, sin𝜃𝑙 =

𝑦 − 𝑦𝑙√︁
(𝑅 + 𝑥)2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2

,

cos𝜙𝑙 =
𝑅 + 𝑥√︁

(𝑅 + 𝑥)2 + (𝑧 − 𝑧𝑙 )2
, cos𝜃𝑙 =

√︁
(𝑅 + 𝑥)2 + (𝑧 − 𝑧𝑙 )2√︁

(𝑅 + 𝑥)2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2
.

In the following, a focus is made on the signal transmitted by the 𝑙 th antenna, and

received by the 𝑙 ′th antenna.

Assuming that the antenna is either a Hertzian dipole or a uniform line element,

following the developments of Section 2.4.3 in Chapter 2, the incident EM fields at

the surface of the plate are computed using Box 2.21:

H𝑖
𝑙
� − 𝚥𝑘𝐿

4𝜋
𝐼

(
𝑡 − 𝑟𝑙

𝑐

) 𝑒− 𝚥𝑘𝑟𝑙

𝑟𝑙
𝑓 (𝜃𝑙 ) ê𝜙𝑙 , (4.1)

E𝑖
𝑙
� − 𝚥𝑘𝜂𝐿

4𝜋
𝐼

(
𝑡 − 𝑟𝑙

𝑐

) 𝑒− 𝚥𝑘𝑟𝑙

𝑟𝑙
𝑓 (𝜃𝑙 ) ê𝜃𝑙 , (4.2)
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where the function 𝑓 is defined in (2.14). W.r.t. the developments of Chapter 3, some

differences should be highlighted:

1. A time-varying current is considered, as it is supposed to be modulated by a

given signal 𝑠 of bandwidth 𝐵:

𝐼 (𝑡) = 𝐼0 𝑠 (𝑡).

Therefore, contrariwise to Chapter 3, the EM fields in this chapter are expressed

in the time domain complex baseband representation. Following Box 2.22, (4.1)

and (4.2) are obtained by converting the developments of Section 2.4.3 in the

time-domain complex baseband representation. These equations are therefore

valid only for narrowband signals, i.e. signals such that the bandwidth 𝐵 is

much smaller than the carrier frequency 𝑓𝑐 .

2. Owing to the bistatic configuration, different spherical coordinate systems

associated with each antenna are defined. Therefore, the EM fields are function

of the distance 𝑟𝑙 , elevation angle 𝜃𝑙 and azimuth angle 𝜙𝑙 related to the antenna

𝑙 . The distance 𝑟𝑙 from the antenna to any point of S is computed as

𝑟𝑙 =
√︁
𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2.

Under the PEC approximation, the equivalent surface current at the surface of

the plate is computed following Box 2.10:

J𝑠,𝑙 ≈ 2H𝑖
𝑙
× ê𝑥 = − 𝚥𝑘𝐿𝐼0

2𝜋
𝑠

(
𝑡 − 𝑟𝑙

𝑐

) 𝑒− 𝚥𝑘𝑟𝑙

𝑟𝑙
𝑓 (𝜃𝑙 ) cos𝜙𝑙 ê𝑦 .

Focusing on the 𝑙 ′th receiving antenna, the perpendicular component of the surface

current density is then computed as

J⊥
𝑠,𝑙 ′𝑙 = J𝑠,𝑙 − (J𝑠,𝑙 · ê𝑟𝑙 ′ ) ê𝑟𝑙 ′ = − 𝚥𝑘𝐿𝐼0

2𝜋
𝑠

(
𝑡 − 𝑟𝑙

𝑐

) 𝑒− 𝚥𝑘𝑟𝑙

𝑟𝑙
𝑓 (𝜃𝑙 ) cos𝜙𝑙 cos𝜃𝑙 ′ ê𝜃𝑙 ′ .

The reflected EM fields at the 𝑙 ′th receiving antenna are finally computed using Box

2.22 on the surface of the rectangular plate. From these fields, one can compute the

received voltage 𝑢𝑙 ′𝑙 and current at the 𝑙 ′th receiving antenna using Box 2.20:

𝑢𝑙 ′𝑙 (𝑡) ≈ − 𝚥𝑘𝜂
4𝜋

∬
S

𝑒− 𝚥𝑘𝑟𝑙 ′

𝑟𝑙 ′

[
F⊥
𝑙 ′ · J

⊥
𝑠,𝑙 ′𝑙

(
𝑡 − 𝑟𝑙 ′

𝑐

)]
dS (4.3)

= −𝑘
2𝜂𝐿2𝐼0

8𝜋2

∫ 𝐷𝑧
2

− 𝐷𝑧
2

∫ 𝐷𝑦

2

− 𝐷𝑦

2

𝑒− 𝚥𝑘 (𝑟𝑙+𝑟𝑙 ′ )

𝑟𝑙𝑟𝑙 ′
𝑠

(
𝑡 − 𝑟𝑙 + 𝑟𝑙 ′

𝑐

)
𝑓 (𝜃𝑙 ) 𝑓 (𝜃𝑙 ′ ) cos𝜙𝑙 cos𝜃𝑙 ′ d𝑦d𝑧,

in which F⊥
𝑙 ′ is the perpendicular radiation vector of the 𝑙 ′th receiving antenna. The

angles 𝜙𝑙 , 𝜃𝑙 and 𝜃𝑙 ′ , and the distances 𝑟𝑙 and 𝑟𝑙 ′ are all functions of 𝑦 and 𝑧.
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One may already notice that the voltage generated at the receiving antenna 𝑙 ′

by the transmitting antenna 𝑙 , seems to not be equal to the voltage generated at the

receiving antenna 𝑙 by the transmitting antenna 𝑙 ′. This would therefore violate the

reciprocity principle. As described in Section 2.3.4 of Chapter 2, the PO does not

guarantee the reciprocity, owing to the numerous approximations which are made.

Nonetheless, in most scenarios, such conclusion cannot be drawn before solving the

integral. Closed-forms expressions of the integral in (4.3) are computed with the SPA

in Appendix 4.A, and particularised to linear antenna arrays in Appendix 4.B. As

expected, the results obtained in the appendices are reciprocal.

In summary, the signal transmitted by the 𝑙 th transmitting antenna, reflected by

the flat rectangular plate, and received by the 𝑙 ′th receiving antenna, is given in Box

4.3.

4.3: Received Multistatic Near-Field Signal Model

𝑢𝑙 ′𝑙 (𝑡) ≈ 𝜉 𝜂𝑙 ′𝑙
𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙

𝜅𝑙 ′𝑙
𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
+𝑤𝑙 ′𝑙 (𝑡)

In the model of Box 4.3,

■ The factor 𝜉 is a constant real coefficient, which does not vary among the pairs

of antennas, or the distance 𝑅 between the antenna array and the target.

■ The factor 𝜂𝑙 ′𝑙 is a complex coefficient, which varies both among the pairs of

antennas, and with the distance 𝑅 between the antenna array and the target.

Nonetheless, it is supposed to be nearly constant, as the significant amplitude

and phase variations are expected to be brought by the 𝜅𝑙 ′𝑙 factor, and the

complex exponential term. This is further analysed in Section 4.5.2.

■ The factor𝜅𝑙 ′𝑙 is a real coefficient which varies both among the pairs of antennas,

and the distance 𝑅 between the antenna array and the target. It is supposed to

model the significant amplitude variations of the signal with the distance.

■ The factor 𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙 is a complex exponential term, which models the significant

phase variations of the signal with the distance.

■ The distance 𝑟𝑙 ′𝑙 is the distance between the 𝑙 th transmitting and 𝑙 ′th receiving

antennas, and the stationary (or specular) point of the reflection on the target.

Therefore, what matters is the distance to the stationary point, and not the

distance to the centre of the target, as usually considered in the literature.

These factors are summarised in Table 4.1 for the general case and the particular

case of the linear antenna array along the 𝑧-axis. Yet, note that the general case
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Factor Planar antenna array Linear antenna array

𝜉
𝑘𝜂𝐿2𝐼0
8𝜋

𝜂𝑙 ′𝑙 𝚥 -
𝑘𝑅𝐴𝑙 ′𝑙
𝜋𝑟 2

𝑙 ′𝑙

𝜅𝑙 ′𝑙
4𝑟 3

𝑙 ′𝑙
4𝑅2+(𝑧𝑙−𝑧𝑙 ′ )2

𝑟𝑙 ′𝑙

𝑟𝑙 ′𝑙

√︃
𝑅2 + (𝑦𝑙−𝑦𝑙 ′ )2

4
+ (𝑧𝑙−𝑧𝑙 ′ )2

4

√︃
𝑅2 + (𝑧𝑙−𝑧𝑙 ′ )2

4

Table 4.1 Quantities in Box 4.3, for the planar antenna array, and the linear antenna
array along the 𝑧-axis. The expression of 𝐴𝑙 ′𝑙 is provided in (4.14).

Oriented Flat Rectangular Plate

Fig. 4.3 Oriented flat rectangular plate.

holds only if the rectangular plate is large enough to contain multiple Fresnel

zones. Contrariwise to Chapter 3, owing to the multistatic configuration, the sta-

tionary point can be located anywhere on the target, such that it is not always fulfilled.

Compared to traditional received signal models in the far-field, for which the

range of the target can only be estimated from the delay of the transmitted waveform,

one may retrieve more information using also the amplitude and phase factors of Box

4.3 to further improve the radar range estimation performance. For instance, the radar

resolution is traditionally limited by the bandwidth of the transmitted waveform.

Since the phase variation is instead proportional to the carrier frequency, such limit

is expected to be overcome in the near-field. This question is analysed in Section 4.4.

Before, the cases of the oriented flat and curved plates are first discussed in Section

4.3.2 and 4.3.3.
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4.3.2 Oriented Flat Rectangular Plate

If an oriented rectangular plate is instead analysed, the results obtained in Section

4.3.1 are generalisable. For instance, let us consider a rotation of the plate of an

angle 𝜙𝑡 in azimuth, and a linear antenna array along the 𝑧-axis. The antenna array

is composed of 𝑁 antennas distributed at positions {(−𝑅, 0, 𝑧𝑙 )}, and the oriented

rectangular plate
˜S is defined as

˜S ≜
{
(𝑥,𝑦, 𝑧) ∈ R3

����� 𝑥 = −𝑧 tan𝜙𝑡 , |𝑦 | ≤
𝐷𝑦

2

, |𝑧 | ≤ 𝐷𝑧

2

cos𝜙𝑡

}
.

However, instead of considering this setup, the problem may be instead analysed in

another coordinate system {ê𝑢 ; ê𝑣 ; ê𝑤} aligned with the target:

©­­«
𝑢

𝑣

𝑤

ª®®¬ =
©­­«
cos𝜙𝑡 0 − sin𝜙𝑡

0 1 0

sin𝜙𝑡 0 cos𝜙𝑡

ª®®¬
©­­«
𝑥

𝑦

𝑧

ª®®¬ .
In that coordinate system, the target is defined as

˜S ≜
{
(𝑢, 𝑣,𝑤) ∈ R3

����� 𝑢 = 0, |𝑣 | ≤
𝐷𝑦

2

, |𝑤 | ≤ 𝐷𝑧

2

}
,

and the antennas are now located at positions {(𝑢𝑙 , 0,𝑤𝑙 )}𝑙=1,...,𝑁 such that{
𝑢𝑙 = −𝑅 cos𝜙𝑡+𝑧𝑙 sin𝜙𝑡
𝑤𝑙 = 𝑅 sin𝜙𝑡+𝑧𝑙 cos𝜙𝑡

. (4.4)

Moreover, the angle 𝜃𝑙 and𝜙𝑙 are now computed in the new coordinate system, defined

as

sin𝜙𝑙 =
𝑤 −𝑤𝑙√︁

(𝑢 − 𝑢𝑙 )2 + (𝑤 −𝑤𝑙 )2
, sin𝜃𝑙 =

𝑣 − 𝑣𝑙√︁
(𝑢 − 𝑢𝑙 )2 + (𝑣 − 𝑣𝑙 )2 + (𝑤 −𝑤𝑙 )2

,

cos𝜙𝑙 =
𝑢 − 𝑢𝑙√︁

(𝑢 − 𝑢𝑙 )2 + (𝑤 −𝑤𝑙 )2
, cos𝜃𝑙 =

√︁
(𝑢 − 𝑢𝑙 )2 + (𝑤 −𝑤𝑙 )2√︁

(𝑢 − 𝑢𝑙 )2 + (𝑣 − 𝑣𝑙 )2 + (𝑤 −𝑤𝑙 )2
.

Therefore, the results developed in Appendix 4.A and 4.B are easily extended by

modifying the coordinates 𝑥𝑙 and 𝑧𝑙 to match the coordinates 𝑢𝑙 and 𝑤𝑙 of (4.4).

The last remaining subtlety is the computation of the specular reflection point: let

us denote by 𝑧𝑠 the 𝑧-coordinate of the specular point. Knowing that the angle

of incidence and reflection are equal at the location of the specular reflection, the
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following property holds:

𝑥𝑙√︃
𝑥2
𝑙
+ (𝑧 − 𝑧𝑙 )2

=
𝑥𝑙 ′√︃

𝑥2
𝑙 ′ + (𝑧 − 𝑧𝑙 ′ )2

.

Introducing that result in (4.8) gives

𝑧𝑠 =
𝑧𝑙𝑥𝑙 ′ + 𝑧𝑙 ′𝑥𝑙
𝑥𝑙 + 𝑥𝑙 ′

.

The expression of the received signal with the oriented flat rectangular plate may be

interesting to simultaneously estimate the range and the azimuth rotation angle of

the plate. Though, this is left for future works.

4.3.3 Curved Rectangular Plate
The analysis of curved geometries is critical for numerous reasons. First, few targets

are well approximated by flat plates. Moreover, with the introduction of curvature,

slight variations of the specular point position are associated with large variations of

the antennas positions. Thus, the number of scenarios the proposed model cannot

handle decreases significantly, as the specular point is in most of the cases located

within the target. Additionally, the discrepancies between the usual model of Box

4.2 and the developed expressions would probably reduce, as the variations of the

specular point positions are smaller.

Nonetheless, curved rectangular plates are challenging in multistatic configura-

tions, as the position of the specular point on the target is often intractable analytically.

For instance, the computation of the specular point on a sphere in two dimensions

is a well-known challenge, named the Alhazen problem [Alh89]. Still, such solution

may be computed numerically. Thus, the parametrisation of the developed model

on the specular point location for arbitrary targets, and the comparison between the

obtained models are left for future works.

4.4 Range Estimation in the Near-Field Region

In this section, a focus is made on the estimation of the distance 𝑅 between the

antenna array and the target, based on the received signal model of Box 4.3. The

positions of the 𝑁t transmitting and 𝑁r receiving antennas are assumed to be known.

In a first time, we assume that the signals transmitted by the antennas are received

in an orthogonal manner, such that the receiver has access to each signal 𝑢𝑙 ′𝑙 inde-

pendently. Orthogonality could be achieved in the time, frequency or code domain.

In the time domain, each transmitting antenna starts the transmission at a given
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time, selected such that it is higher than the maximum possible round trip time. In

the frequency domain, each transmitting antenna uses a different carrier frequency.

Therefore, one may adapt Box 4.3 such that the wave number also varies with the

transmitting antenna index. In the code domain, each transmitting antenna transmits

a different orthogonal waveform. In that case, it requires adapting Box 4.3 such that

the transmitted waveform varies with the transmitting antenna index. Nonetheless,

the orthogonality should be ensured whatever the travel time differences between

the pairs of antennas, as the delays of the waveforms vary with the antenna indices.

4.4.1 Transmission of Orthogonal Signals
Let us consider that orthogonality is achieved in the time domain. According to Box

4.3, the received signal 𝑢𝑙 ′𝑙 at the 𝑙
′th

receiving antenna, generated by the reflection

of the signal transmitted by the 𝑙 thtransmitting antenna on the flat rectangular plate,

can be written from a signal processing perspective as Box 4.4, where 𝜉 is a constant

complex coefficient, identical for every pair of antennas, and assumed to be unknown,

and𝑤𝑙 ′ is an AWGN, supposed to be independent for each receiving antenna.

4.4: Received Multistatic Near-Field Signal Model (Signal Processing)

𝑢𝑙 ′𝑙 (𝑡) = 𝜉 𝜇𝑙 ′𝑙 ;𝑅 (𝑡) +𝑤𝑙 ′ (𝑡)

The function 𝜇𝑙 ′𝑙 ;𝑅 in Box 4.4 represents the signal model. For instance, if a full

knowledge of the target is available, except for the distance 𝑅, one may relate 𝜇𝑙 ′𝑙 ;𝑅 to

Box 4.3 as

𝜇𝑙 ′𝑙 ;𝑅 (𝑡) = 𝜂𝑙 ′𝑙
𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙

𝜅𝑙 ′𝑙
𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
.

One may also assume that the parameter 𝜂𝑙 ′𝑙 does not vary much among the pairs of

antennas, such that it can be considered to be constant. In that case, it is merged with

the unknown constant coefficient 𝜉 , leading to

𝜇𝑙 ′𝑙 ;𝑅 (𝑡) =
𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙

𝜅𝑙 ′𝑙
𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
.

One step further is assuming that the parameter 𝜅𝑙 ′𝑙 is not varying as much as the

phase term among the pairs of antennas, such that it does not bring any information

on the range. Under that assumption, the parameter 𝜅𝑙 ′𝑙 is also merged with 𝜉 , and

the signal model is expressed as

𝜇𝑙 ′𝑙 ;𝑅 (𝑡) = 𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙 𝑠
(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
.

The three considered signal models are summarised in Box 4.5.
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4.5: Approximated Signal Models

Full Knowledge: 𝜇𝑙 ′𝑙 ;𝑅 (𝑡) = 𝜂𝑙 ′𝑙
𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙

𝜅𝑙 ′𝑙
𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
Constant 𝜂𝑙 ′𝑙 : 𝜇𝑙 ′𝑙 ;𝑅 (𝑡) =

𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙

𝜅𝑙 ′𝑙
𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
Constant 𝜂𝑙 ′𝑙 and 𝜅𝑙 ′𝑙 : 𝜇𝑙 ′𝑙 ;𝑅 (𝑡) = 𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙 𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)

With independent noises at each receiving antenna, the joint maximum likelihood

estimation problem of the distance 𝑅 and the unknown coefficient 𝜉 is developed as

𝑅, ˆ𝜉 = argmin

𝑅̃,𝜉

𝑁r−1∑︁
𝑙 ′=0

𝑁t−1∑︁
𝑙=0

∫
𝑡

��𝑢𝑙 ′𝑙 (𝑡) − 𝜉 𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)��2 d𝑡 (4.5)

= argmin

𝑅̃,𝜉

|𝜉 |2
𝑁r−1∑︁
𝑙 ′=0

𝑁t−1∑︁
𝑙=0

∫
𝑡

��𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)��2 d𝑡 − 2Re

{
𝜉∗

𝑁r−1∑︁
𝑙 ′=0

𝑁t−1∑︁
𝑙=0

∫
𝑡

𝑢𝑙 ′𝑙 (𝑡) 𝜇∗𝑙 ′𝑙 ;𝑅̃ (𝑡) d𝑡
}
.

First, from the second term of the objective function, since Re {𝑧} ≤ |𝑧 | ∀𝑧 ∈ C with

the equality achieved when 𝑧 ∈ R+, the phase of 𝜉 is estimated as

arg

{
ˆ𝜉

}
= arg

{
𝑁r−1∑︁
𝑙 ′=0

𝑁t−1∑︁
𝑙=0

∫
𝑡

𝑢𝑙 ′𝑙 (𝑡) 𝜇∗𝑙 ′𝑙 ;𝑅̂ (𝑡) d𝑡
}
.

Then, minimising (4.5) after inserting the estimate of the phase of 𝜉 , the amplitude of

𝜉 is estimated as

| ˆ𝜉 | =

���∑𝑁r−1
𝑙 ′=0

∑𝑁t−1
𝑙=0

∫
𝑡
𝑢𝑙 ′𝑙 (𝑡) 𝜇∗

𝑙 ′𝑙 ;𝑅̂
(𝑡) d𝑡

���∑𝑁r−1
𝑙 ′=0

∑𝑁t−1
𝑙=0

∫
𝑡

��𝜇𝑙 ′𝑙 ;𝑅̂ (𝑡)��2 d𝑡 .

Combining the phase and amplitude of 𝜉 , this leads to the following estimate:

ˆ𝜉 =

∑𝑁r−1
𝑙 ′=0

∑𝑁t−1
𝑙=0

∫
𝑡
𝑢𝑙 ′𝑙 (𝑡) 𝜇∗

𝑙 ′𝑙 ;𝑅̂
(𝑡) d𝑡∑𝑁r−1

𝑙 ′=0

∑𝑁t−1
𝑙=0

∫
𝑡

��𝜇𝑙 ′𝑙 ;𝑅̂ (𝑡)��2 d𝑡 .

Inserting this result into (4.5), the maximum likelihood estimation problem of

the distance 𝑅 is written as Box 4.6, where the function Υ is named the modified
log-likelihood function.

Therefore, to estimate the distance 𝑅, the correlations of all the received signals

with their corresponding signal models are all computed and summed in a coherent
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4.6: Multistatic Near-Field Range Estimation (Orthogonal Case)

𝑅 = argmax

𝑅̃

Υ(𝑅̃) with Υ(𝑅̃) ≜

���∑𝑁r−1
𝑙 ′=0

∑𝑁t−1
𝑙=0

∫
𝑡
𝑢𝑙 ′𝑙 (𝑡) 𝜇∗

𝑙 ′𝑙 ;𝑅̃
(𝑡) d𝑡

���2∑𝑁r−1
𝑙 ′=0

∑𝑁t−1
𝑙=0

∫
𝑡

��𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)��2 d𝑡
manner. Then, the result is normalised with the sum of the energies of all the signal

models. Though, this should be evaluated for every candidate 𝑅̃ of the distance,

making this solution computationally expensive.

4.4.2 Transmission of Non-Orthogonal Signals
If there is no orthogonality between the transmitted signals, according to Box 4.3, the

received signal 𝑢𝑙 ′ at the receiving antenna 𝑙 ′ is generated by the reflection of all the

signals transmitted simultaneously by the transmitting antennas on the rectangular

plate:

𝑢𝑙 ′ (𝑡) = 𝜉
𝑁t−1∑︁
𝑙=0

𝜇𝑙 ′𝑙 ;𝑅 (𝑡) +𝑤𝑙 ′ (𝑡),

where 𝜉 , 𝜇𝑙 ′𝑙 ;𝑅 and𝑤𝑙 ′ are defined similarly as in Section 4.4.1.

With independent noises at each receiving antenna, the joint maximum likelihood

estimation problem of the distance 𝑅 and the unknown coefficient 𝜉 is developed the

same way as in Section 4.4.1:

𝑅, ˆ𝜉 = argmin

𝑅̃,𝜉

𝑁r−1∑︁
𝑙 ′=0

∫
𝑡

�����𝑢𝑙 ′ (𝑡) − 𝜉 𝑁t−1∑︁
𝑙=0

𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)
�����2 d𝑡 (4.6)

= argmin

𝑅̃,𝜉

|𝜉 |2
𝑁r−1∑︁
𝑙 ′=0

∫
𝑡

�����𝑁t−1∑︁
𝑙=0

𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)
�����2 d𝑡 − 2Re

{
𝜉∗

𝑁r−1∑︁
𝑙 ′=0

∫
𝑡

𝑢𝑙 ′ (𝑡)
𝑁t−1∑︁
𝑙=0

𝜇∗
𝑙 ′𝑙 ;𝑅̃

(𝑡) d𝑡
}
.

Following exactly the same developments as in Section 4.4.1, the following estimates

of 𝜉 and 𝑅 are obtained:

ˆ𝜉 =

∑𝑁r−1
𝑙 ′=0

∫
𝑡
𝑢𝑙 ′ (𝑡)

∑𝑁t−1
𝑙=0

𝜇∗
𝑙 ′𝑙 ;𝑅̂

(𝑡) d𝑡∑𝑁r−1
𝑙 ′=0

∫
𝑡

���∑𝑁t−1
𝑙=0

𝜇𝑙 ′𝑙 ;𝑅̂ (𝑡)
���2 d𝑡 ,

𝑅 = argmax

𝑅̃

���∑𝑁r−1
𝑙 ′=0

∫
𝑡
𝑢𝑙 ′ (𝑡)

∑𝑁t−1
𝑙=0

𝜇∗
𝑙 ′𝑙 ;𝑅̃

(𝑡) d𝑡
���2∑𝑁r−1

𝑙 ′=0

∫
𝑡

���∑𝑁t−1
𝑙=0

𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)
���2 d𝑡 ,

and the estimation of Box 4.6 is rewritten as Box 4.7.
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Parameters Values

Number of antennas 𝑁 = 13

Antenna spacing Δ = 0.125 m

Antenna length/current 𝐿2𝐼0 = 1 m
2
A

Signal bandwidth 𝐵 = 100 MHz

Carrier frequency 𝑓𝑐 = 77 GHz

Target dimensions 𝐷𝑦 = 0.8 m, 𝐷𝑧 = 1.75 m

Target Distance 𝑅 = 4 m

Table 4.2 Parameters of the scenarios for Section 4.5.

4.7: Multistatic Near-Field Range Estimation (Non-Orthogonal Case)

𝑅 = argmax

𝑅̃

Υ(𝑅̃) with Υ(𝑅̃) ≜

���∑𝑁r−1
𝑙 ′=0

∫
𝑡
𝑢𝑙 ′ (𝑡)

∑𝑁t−1
𝑙=0

𝜇∗
𝑙 ′𝑙 ;𝑅̃

(𝑡) d𝑡
���2∑𝑁r−1

𝑙 ′=0

∫
𝑡

���∑𝑁t−1
𝑙=0

𝜇𝑙 ′𝑙 ;𝑅̃ (𝑡)
���2 d𝑡

Compared to the orthogonal case, the same operations are performed, except

that the contributions of the transmitted signals cannot be separated, as they are all

summed together at the receiver.

4.5 Numerical Analysis

In order to validate the proposed signal models and analyse the sensing performance

of the proposed maximum likelihood range estimator, a scenario which mimics an

automotive setting is proposed, in which a first vehicle equipped with a linear antenna

array estimates the distance 𝑅 to the next car driving ahead. The 𝑁 antennas are

spread linearly and centred at the front of the vehicle, with a spacing of Δ. The

position of the 𝑙 th antenna is thus given by

p𝑙 =
(
−𝑅, 0,

(
−𝑁 − 1

2

+ 𝑙
)
Δ

)
.

The same signal is transmitted at all antennas, orthogonally in time, or simultaneously.

The waveform 𝑠 is defined as a sinc function of bandwidth 𝐵:

𝑠 (𝑡) = sin(𝜋𝐵𝑡)
𝜋𝐵𝑡

.

Unless stated otherwise, the parameters of the scenario are summarised in Table 4.2.
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Fig. 4.4 Amplitude and phase errors committed by the SPA (𝑢
SPA,𝑙 ′𝑙 ), compared to

numerical integration of (4.3) (𝑢𝑙 ′𝑙 ), for a constant transmitted signal.

4.5.1 Validation of the Multistatic Reflection Model

First, let us assess the accuracy of the SPA. Figure 4.4 illustrates the amplitude and

phase errors committed by the SPA, w.r.t. the numerical integration of (4.3), for a

constant transmitted signal, i.e. 𝑠 (𝑡) = 1. Differences up to 0.3 dB in amplitude and 3°

in phase are observed, whatever the considered transmitting and receiving antenna

pair. These low errors suggest that the signal model of Box 4.5 with full knowledge

is an accurate model on which the maximum likelihood range estimation can be

performed.

4.5.2 Impact of the SignalModel on theModified Log-likelihood
Function

The maximum likelihood estimator designed in Section 4.4.1 and 4.4.2 in the

orthogonal and non-orthogonal case are both functions of the signal model 𝜇𝑙 ′𝑙 ;𝑅 .

This model can be chosen arbitrarily depending on the knowledge of the scenario

available at the receiver. It therefore also integrates any mismatch between the actual

and supposed scenario. The three propositions of Box 4.5, and detailed in Section

4.4.1, are analysed in this section.

The maximum likelihood range estimator can be analysed through its ambiguity

function, i.e. the modified log-likelihood function Υ in noiseless scenarios. Figure

4.5 evaluates the impact of the selected signal model on Υ, in the orthogonal and

non-orthogonal case, in the neighbourhood of the distance 𝑅. More precisely, the

exact signals 𝑢𝑙 ′𝑙 are computed numerically, and fed to the modified log-likelihood

function. Then, for each possible value of 𝑅̃, the value of the modified log-likelihood
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Fig. 4.5 Impact of the selected signal model on the modified log-likelihood function
Υ, in the orthogonal and non-orthogonal case. The analytic signal is given by Box
4.3. The first and second approximations are respectively corresponding to the two
simplifications proposed in Box 4.5.
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Fig. 4.6 Coefficients 𝜂𝑙 ′𝑙 as a function of the specular point position, assuming 𝑧𝑙 ′ = 0.

function is computed with each signal model. These values, normalised to a unitary

maximum, are represented in the upper panels of the figure.

As it can be observed, the maximum of the ML function indicates the exact

target location for the three models, even if they are only analytically tractable

approximations of the received signal. Still, in the non-orthogonal case, an increased

sidelobes level is observed. This will be further discussed in Section 4.5.3. Looking at

discrepancies between the full analytical model and the two simplifications of Box 4.5,

they can difficultly be observed in the upper panels, since the differences between the

ML values are shown to remains below 1% and 5%, respectively in the bottom panel

of the orthogonal and non-orthogonal case. This is particularly convenient, as the

exact modelling of 𝜂𝑙 ′𝑙 is highly dependent on the target geometry, and thus unlikely

to be available at the receiver. This is explained by Figure 4.6, which illustrates the

variation of the coefficients 𝜂𝑙 ′𝑙 w.r.t. the position of the specular point on the plate.

Except when the specular point is located at the edges of the rectangular plate, the

coefficients do not vary significantly, neither in amplitude, nor in phase. As the plate

is large w.r.t. the signal wavelength, the surrounding of the specular point is similar

for each pair of antennas.

4.5.3 Impact of the System Parameters on the Modified Log-
likelihood Function

Still analysing the modified log-likelihood function Υ, the impact of the bandwidth,

carrier frequency, and range are illustrated in Figure 4.7 for the orthogonal and
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non-orthogonal case, in the neighbourhood of the distance 𝑅. As for the impact of

the signal model, the exact signals 𝑢𝑙 ′𝑙 are first computed numerically, and fed to

the modified log-likelihood function. Then, owing to the negligible discrepancies

introduced by the simplified models of Box 4.5, the modified log-likelihood function

has been evaluated assuming 𝜂𝑙 ′𝑙 constant.

Let us first focus on the orthogonal case. In the upper panel, one can observe that

increasing the bandwidth has two effects. First, it reduces the sidelobes level, thus

reducing the ambiguities. Then, for high bandwidths, it also reduces the width of the

mainlobe. It can be checked that, for 𝐵 = 1 GHz, the 3-dB pulse width is equal to

the traditional resolution, i.e. 𝑐/2𝐵 = 0.15 m. On the middle panel, the impact of the

carrier frequency is visible. For a carrier frequency of 𝑓𝑐 = 5 GHz, the pulse width

is again equal to the traditional resolution 𝑐/2𝐵 = 1.5 m. Therefore, it shows that

the developed estimation method gives in the worst case the same performance as

classical range estimation methods which only leverage on the delay of the waveform.

Otherwise, the resolution is improved thanks to the phase information brought by the

novel EM-based near-field signal model. Finally, the lower panel illustrates the impact

of the range. It can be observed that better resolutions are achieved, but only at close

ranges. Nonetheless, even for distances still in the near-field region of the target,

increasing the distance leads to a degradation of the resolution, up to 𝑐/2𝐵. Indeed,
the further the target, the smaller the differences of phase among the pairs of antennas.

In the non-orthogonal case, it is difficult to distinguish the mainlobe and the

sidelobes. Whereas the increase of the carrier frequency helps improve the resolution

in the orthogonal case, this only impacts the accuracy of the estimation in the non-

orthogonal case. Yet, the bandwidth still limits the mainlobe and sidelobes level, and

the developed estimation method also gives in the worst case the same performance as

classical range estimation methods with non-orthogonal waveforms. Nonetheless, the

performance improvement is unpredictable, as it varies quickly with the parameters

of the scenario. For instance, in the lower panel, a range of 4 meters gives a larger

envelope than a range of 10 meters, but it can be shown that this is not the case at

9 and 11 meters. This will be further illustrated in Section 4.5.4, where the CRB is

analysed.

4.5.4 Cramér-Rao Lower Bound
To complement the analysis of the parameters impact, the CRB is numerically evalu-

ated. More specifically, from [Thi+24], it can be proven that, assuming the unknown

complex coefficient 𝜉 to be a nuisance parameter, the CRB of the range 𝑅 is propor-

tional to the inverse of the second derivative of the modified log-likelihood function:

CRB𝑅 = −
(
1

𝜎2𝑤

𝜕2Υnoise-free (𝑅)
𝜕𝑅2

)−1
, (4.7)
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Fig. 4.8 CRB against the distance 𝑅, for different carrier frequencies 𝑓𝑐 and band-
widths 𝐵, with a constant SNR, in the orthogonal and non-orthogonal case.
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where 𝜎2𝑤 is the noise power, and Υnoise-free is respectively given by Box 4.6 or Box

4.7 for the orthogonal and non-orthogonal case, with the signals 𝑢𝑙 ′𝑙 replaced by

𝜉 𝜇𝑙 ′𝑙 ;𝑅 . The complete demonstration is provided in the PhD thesis of Guillaume Thiran.

Figure 4.8 shows the CRB as a function of the distance 𝑅, for different carrier

frequencies and bandwidths, with a constant SNR at the receiving antennas, in the

orthogonal and non-orthogonal case. As it can be observed, the estimation method

always leverages on the most informative value among the waveform delay (related

to the bandwidth), and the phase shift (related to the carrier frequency). Whereas

for small ranges, the phase information dominates, the CRB saturates to a constant

value related to the bandwidth when the distance increases. Note that the saturation

already occurs in the near-field region. Nevertheless, in the non-orthogonal case,

the different transmitted waveforms add up unpredictably in phase, leading to rapid

oscillations of the performance with the distance. Yet, the performance are never

worsened compared to usual signal processing, leveraging only on the delay of the

waveform.

4.6 Conclusion

The near-field propagation region has raised an increased interest for both commu-

nication and sensing in recent years, owing to the higher carrier frequencies, larger

antenna arrays, and smaller range considered for future ISAC applications. In this

chapter, a focus has been made on near-field multistatic sensing. First, the far- and

near-field single point target models have been presented. Whereas the phase shifts

of the far-field model only depend on the angles of departure and arrival, the exact

distances between the transmitting and receiving antennas, and the centre of the

target are considered in the near-field model. However, even if it already enables

to grasp some insight about the benefits which may be extracted from the spherical

wavefronts, such point target model is inaccurate when considering electrically and

physically large targets at short distances.

4.6.1 Summary of the Contributions
The contributions of this chapter are summarised as follows:

■ Following the same approach as Chapter 3, the signal received from a reflection

on a flat rectangular plate has been computed in a multistatic configuration,

leveraging on the EM theory and the SPA. The antenna arrays are supposed

to be either in a planar or linear configuration, within a plane parallel to the

target. The proposed models work either in the near- or far-field region, under

the condition that the specular reflection point is located within the target for

every pair of antennas. Moreover, the accuracy of the SPA has been assessed

by comparing the channel coefficients obtained with numerical integrations
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and the developed expressions. It has shown that this approximation works

very well for multistatic reflections on flat rectangular plates when the specular

point is located within the target. The obtained expression has highlighted

the impact of the spherical wavefronts, as a function of the distance between

the transmitting and receiving antennas, and the specular point, instead of the

centre of the target. Moreover, this phase shift set aside, the remaining complex

coefficient has been shown to slightly vary for each pair of antennas, instead of

being constant. Yet, it does not impact significantly the estimation performance.

■ Leveraging on the developed expressions, the maximum likelihood estimator

of the distance between the antenna array and the target has been computed.

Three different signal models have been considered for the estimator, depending

on the level of knowledge of the target. Namely, either the complete expression

of the received signal is used, or simplified expressions can be instead consid-

ered, assuming some coefficients to be constant among the pairs of antennas.

Furthermore, other expressions of the received signals may be introduced to

analyse the impact of other model mismatches. Additionally, the discrepancies

between the different signal models for the maximum likelihood estimator have

been analysed numerically. Negligible differences are observed in the modified

log-likelihood function between the two proposed approximations and the

complete analytical model, respectively in the orthogonal and non-orthogonal

case. This motivates the use of the simplest signal model, as it requires less

information about the target. More specifically, it only depends on the position

of the specular point, which is assumed to be located within the target.

■ The impact of the bandwidth, carrier frequency, and range of the target on the

modified log-likelihood function has been analysed numerically. It has shown

that, in the orthogonal case, at high carrier frequencies and for close targets, the

resolution of the range estimation is improved, further than the usual resolution

of 𝑐/2𝐵 obtained only with the delay of the waveform. Moreover, even in the

non-orthogonal case, the accuracy of the estimation is enhanced, and leveraging

on the phase shift in the near-field region never worsens the performance.

Furthermore, the CRB has been evaluated, which confirms the observations

made from the study of the impact of the system parameters. It also highlights

that the target should be close w.r.t. the dimension of the antenna arrays to

observe a performance improvement, even within the near-field region.

4.6.2 Future Works
The developed multistatic model for flat rectangular plates has shown some

similarities with the near-field single point target model of Box 4.2. The main

difference which has the most impact resides in the specific position of the reflection

point. In the model of Box 4.2, the centre of the target is considered, whereas the

new model of Box 4.3 considers instead the position of the specular reflection point.
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Nonetheless, the flat rectangular plate is one of the worst case for the model of

Box 4.2, as the flatness of the plate induces large variations of the specular point

depending on the considered pair of antennas. Instead, as described in Section 4.3.3,

the introduction of curvature should modify significantly the discrepancies between

the two models, as a slight variation of the specular point location is associated with

a large variation of the antennas positions. Therefore, such target geometries should

be analysed, even if it is difficult to obtain tractable results for the positions of the

specular points with these shapes.

Then, the main limitation of the SPA is the specular point, which must be located

within the target for the result to be accurate. With curved geometries, this is less of

an issue, owing to the latter explanation. Still, for flat geometries, the SPA may give

a good approximation when the specular point is not located within the target, if

the amplitude function is well approximated by a Gaussian function, as proposed in

Section 3.2.1 of Chapter 3. Thus, such approximation may be investigated to enlarge

the scenarios for which the proposed model holds.

Next, as discussed in Section 4.3.2, a joint estimation of the range and orientation

of the target may be possible in near-field multistatic scenarios. Thus, this should be

further investigated. Moreover, the development of such a model could also help

evaluate the impact of a model mismatch related to the orientation of the target.

Furthermore, one may also estimate the angle, and thus the position of the target.

This is performed by extending the estimators of Boxes 4.7 and 4.6 to jointly estimate

the range and angle.

Finally, the impact of the number of antennas and the antenna spacing should

also be studied. Moreover, the impact of other model mismatches, for instance the

use of a point target instead of an extended target model, and the complete analytical

computation of the CRB require further analyses. Yet, such questions are answered

in the PhD thesis of Guillaume Thiran. A first insight of his work on the CRB for

extended target models is available in [Thi+24].

4.6.3 What is Next?
This chapter concludes the first part of this PhD thesis. Starting from the EM theory,

novel RCS and received signal models have been developed, accounting for the near-

and far-field propagation regions. Specific signal processing has been developed, and

performance improvements have been highlighted consequently.

In the next part, ISAC systems will be analysed in a larger scale. A first glimpse of

such analysis has been provided in Section 3.3.2 of Chapter 3. One may be interested

in the performance of an ISAC system, interacting with other nodes modelled at

the street level, or even at the city level. Leveraging on the developed radar and
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communication propagation models, the power levels of the received radar echoes

and communication signals can be assessed accurately. Therefore, the performance

of ISAC systems may be inferred based on the radar and communication SINRs at

the system of interest. Still, this requires the definition of relevant metrics to assess

such performance. Additionally, they may be very sensitive to the scenario and the

positions of the nodes. Thus, the stochastic geometry framework seems to be a good

candidate to carry this study.
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Appendix - Chapter 4

4.A Stationary Phase Approximation for a Parallel
Flat Rectangular Plate

As done in Chapter 3, one can again rely on the SPA of Section 3.2.1. The amplitude

and phase functions are defined as

𝑔(𝑦, 𝑧) = 𝑠
(
𝑡 − 𝑟𝑙 + 𝑟𝑙 ′

𝑐

) 𝑓 (𝜃𝑙 ) 𝑓 (𝜃𝑙 ′ ) cos𝜙𝑙 cos𝜃𝑙 ′

𝑟𝑙𝑟𝑙 ′

(𝑎)
= 𝑠

(
𝑡 − 𝑟𝑙 + 𝑟𝑙 ′

𝑐

) 𝑅

𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2
𝑅2 + (𝑧 − 𝑧𝑙 ′ )2

(𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2)
3

2

,

𝜓 (𝑦, 𝑧) = −𝑘 (𝑟𝑙 + 𝑟𝑙 ′ )

= −𝑘
[√︁
𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2 +

√︁
𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2

]
.

where (𝑎) is obtained with the Hertzian dipole assumption, i.e. 𝑓 (𝜃𝑙 ) = cos𝜃𝑙 . The

stationary point is found by solving


𝜕𝜓

𝜕𝑦
= −2𝑘

[
𝑦 − 𝑦𝑙√︁

𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2
+ 𝑦 − 𝑦𝑙 ′√︁

𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2

]
= 0

𝜕𝜓

𝜕𝑧
= −2𝑘

[
𝑧 − 𝑧𝑙√︁

𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2
+ 𝑧 − 𝑧𝑙 ′√︁

𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2

]
= 0

. (4.8)

The solution of this system of equations is not straightforward. Nonetheless, following

again the Fermat’s stationary point theorem [MVM09], the stationary point (𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 )
is the one minimising the total travelled distance, which is obtained as

𝑦𝑙 ′𝑙 =
𝑦𝑙 + 𝑦𝑙 ′

2

, 𝑧𝑙 ′𝑙 =
𝑧𝑙 + 𝑧𝑙 ′

2

.

Note that the following developments are valid if and only if the stationary point is

comprised in the rectangular plate, i.e. (𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 ) ∈ S.

The second derivatives of the phase function are then computed as

𝜕2𝜓

𝜕𝑦2
= −𝑘

[
𝑅2 + (𝑧 − 𝑧𝑙 )2

(𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2)
3

2

+ 𝑅2 + (𝑧 − 𝑧𝑙 ′ )2

(𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2)
3

2

]
,
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𝜕2𝜓

𝜕𝑧2
= −𝑘

[
𝑅2 + (𝑦 − 𝑦𝑙 )2

(𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2)
3

2

+ 𝑅2 + (𝑦 − 𝑦𝑙 ′ )2

(𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2)
3

2

]
,

𝜕2𝜓

𝜕𝑦𝜕𝑧
= 𝑘

[
(𝑦 − 𝑦𝑙 ) (𝑧 − 𝑧𝑙 )

(𝑅2 + (𝑦 − 𝑦𝑙 )2 + (𝑧 − 𝑧𝑙 )2)
3

2

+ (𝑦 − 𝑦𝑙 ′ ) (𝑧 − 𝑧𝑙 ′ )
(𝑅2 + (𝑦 − 𝑦𝑙 ′ )2 + (𝑧 − 𝑧𝑙 ′ )2)

3

2

]
.

Let us define by 𝑟𝑙 ′𝑙 the distance between the stationary point and the transmitting or

receiving antenna:

𝑟𝑙 ′𝑙 ≜

√︂
𝑅2 + (𝑦𝑙 − 𝑦𝑙 ′ )2

4

+ (𝑧𝑙 − 𝑧𝑙 ′ )2
4

=
1

2

√︁
4𝑅2 + (𝑦𝑙 − 𝑦𝑙 ′ )2 + (𝑧𝑙 − 𝑧𝑙 ′ )2 .

Around the stationary point, one obtains

𝜕2𝜓

𝜕𝑦2
(𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 ) = −𝑘

2

4𝑅2 + (𝑧𝑙 − 𝑧𝑙 ′ )2

𝑟 3
𝑙 ′𝑙

,

𝜕2𝜓

𝜕𝑧2
(𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 ) = −𝑘

2

4𝑅2 + (𝑦𝑙 − 𝑦𝑙 ′ )2

𝑟 3
𝑙 ′𝑙

,

𝜕2𝜓

𝜕𝑦𝜕𝑧
(𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 ) =

𝑘

2

(𝑦𝑙 − 𝑦𝑙 ′ ) (𝑧𝑙 − 𝑧𝑙 ′ )
𝑟 3
𝑙 ′𝑙

.

Therefore, the phase function is approximated with a Taylor series as

𝜓 (𝑦, 𝑧) ≈ −2𝑘𝑟𝑙 ′𝑙 −
𝑘

𝑟 3
𝑙 ′𝑙

(x − x𝑙 ′𝑙 )T Z𝑙 ′𝑙 (x − x𝑙 ′𝑙 ), (4.9)

in which

x =

[
𝑦

𝑧

]
, x𝑙 ′𝑙 =

[
𝑦𝑙 ′𝑙

𝑧𝑙 ′𝑙

]
,

and

Z𝑙 ′𝑙 =

[
𝑅2 + (𝑧𝑙−𝑧𝑙 ′ )2

4
− (𝑦𝑙−𝑦𝑙 ′ ) (𝑧𝑙−𝑧𝑙 ′ )

4

− (𝑦𝑙−𝑦𝑙 ′ ) (𝑧𝑙−𝑧𝑙 ′ )
4

𝑅2 + (𝑦𝑙−𝑦𝑙 ′ )2
4

]
.

One may show that, given a 2×2 symmetric matrix Z with elements 𝑧𝑖 𝑗 ≜ [Z]𝑖 𝑗 , the
eigenvalues and eigenvectors of Z are respectively computed as

𝜆1,2 =
𝑧11 + 𝑧22 ± Δ

2

,

with Δ =

√︃
(𝑧22 − 𝑧11)2 + 4𝑧2

12
, and

v1,2 =
1√︁

2Δ(Δ ± (𝑧22 − 𝑧11))
[
2𝑧12 𝑧22 − 𝑧11 ± Δ

]
T

.
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4.A

Applying that results to Z𝑙 ′𝑙 , one obtains

Δ𝑙 ′𝑙 =
(𝑦𝑙 − 𝑦𝑙 ′ )2

4

+ (𝑧𝑙 − 𝑧𝑙 ′ )2
4

,

leading to

𝜆1 = 𝑅
2 + (𝑦𝑙 − 𝑦𝑙 ′ )2

4

+ (𝑧𝑙 − 𝑧𝑙 ′ )2
4

= 𝑟 2
𝑙 ′𝑙 , 𝜆2 = 𝑅

2,

and

v1 =
1√︁

(𝑦𝑙 − 𝑦𝑙 ′ )2 + (𝑧𝑙 − 𝑧𝑙 ′ )2
[
𝑧𝑙 − 𝑧𝑙 ′ −(𝑦𝑙 − 𝑦𝑙 ′ )

]
T

,

v2 =
1√︁

(𝑦𝑙 − 𝑦𝑙 ′ )2 + (𝑧𝑙 − 𝑧𝑙 ′ )2
[
𝑦𝑙 − 𝑦𝑙 ′ 𝑧𝑙 − 𝑧𝑙 ′

]
T

.

This enables to rewrite the phase function as

𝜓 (x) ≈ −2𝑘𝑟𝑙 ′𝑙 −
𝑘

𝑟 3
𝑙 ′𝑙

(x − x𝑙 ′𝑙 )T Q𝑙 ′𝑙D𝑙 ′𝑙QT

𝑙 ′𝑙 (x − x𝑙 ′𝑙 ),

with

𝑄𝑙 ′𝑙 =
1√︁

(𝑦𝑙 − 𝑦𝑙 ′ )2 + (𝑧𝑙 − 𝑧𝑙 ′ )2

[
𝑧𝑙 − 𝑧𝑙 ′ 𝑦𝑙 − 𝑦𝑙 ′

−(𝑦𝑙 − 𝑦𝑙 ′ ) 𝑧𝑙 − 𝑧𝑙 ′

]
, D𝑙 ′𝑙 =

[
𝑟 2
𝑙 ′𝑙 0

0 𝑅2

]
.

Using the change of variable x̃ = QT

𝑙 ′𝑙 (x − x𝑙 ′𝑙 ), the phase function is now expressed

in term of its principal components as

𝜓 (x̃) ≈ −2𝑘𝑟𝑙 ′𝑙 −
𝑘

𝑟 3
𝑙 ′𝑙

x̃T D𝑙 ′𝑙 x̃ = −2𝑘𝑟𝑙 ′𝑙 −
𝑘

𝑟𝑙 ′𝑙
𝑦2 − 𝑘𝑅2

𝑟 3
𝑙 ′𝑙

𝑧2,

where 𝑦 and 𝑧 are the two components of x̃.

Regarding the amplitude function, at the stationary point,

𝑔(𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 ) = 𝑠
(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
𝑅

[
4𝑅2 + (𝑧𝑙 − 𝑧𝑙 ′ )2

]
4𝑟 5
𝑙 ′𝑙

, (4.10)

Using the SPA of Box 3.7, the received voltage of (4.3) is finally computed as

𝑢𝑙 ′𝑙 (𝑡) ≈ −𝑘
2𝜂𝐿2𝐼0

8𝜋2
𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
𝑅

[
4𝑅2 + (𝑧𝑙 − 𝑧𝑙 ′ )2

]
4𝑟 5
𝑙 ′𝑙

𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙 𝐴𝑙 ′𝑙 , (4.11)

with

𝐴𝑙 ′𝑙 =

∬
S
𝑒
− 𝚥 𝑘

4𝑟3
𝑙 ′𝑙

(x−x𝑙 ′𝑙 )T Z𝑙 ′𝑙 (x−x𝑙 ′𝑙 )
d𝑦d𝑧.

| 125



4 | Electromagnetic-Based Multistatic Near-Field Sensing

The integral of the phase on S can be developed following the principal components

of𝜓 as

𝐴𝑙 ′𝑙 =

∬
˜S
𝑒
− 𝚥 𝑘

𝑟𝑙 ′𝑙
𝑦̃2

𝑒
− 𝚥 𝑘𝑅2

𝑟3
𝑙 ′𝑙
𝑧2

d𝑦d𝑧

≈
√︂
− 𝚥𝜋𝑟𝑙

′𝑙

𝑘

√︄
−
𝚥𝜋𝑘𝑟 3

𝑙 ′𝑙

𝑅2
= −

𝚥𝜋𝑟 2
𝑙 ′𝑙

𝑘𝑅
. (4.12)

where
˜S is the transformation of S in the principal components space, leading to

𝑢𝑙 ′𝑙 (𝑡) ≈
𝚥𝑘𝜂𝐿2𝐼0

8𝜋

4𝑅2 + (𝑧𝑙 − 𝑧𝑙 ′ )2

4𝑟 3
𝑙 ′𝑙

𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙 𝑠

(
𝑡 − 2𝑟𝑙 ′𝑙

𝑐

)
.

However, the approximation made in (4.12) holds only if the amplitude of the func-

tion 𝑔 is slowly varying in the integration domain, and if the rectangular plate is

large enough to contain multiple Fresnel zones [And64]. Owing to the multistatic

configuration, the stationary point can be located anywhere on the target, such that

the second condition is not fulfilled in many cases. This issue is circumvented by

considering a linear antenna array distributed along the 𝑧-axis.

4.B Received Signal with a Linear Antenna Array

In the particular case of a linear antenna array distributed along the 𝑧-axis,𝑦𝑙 = 𝑦𝑙 ′ = 0

for every transmitting and receiving antenna. Thus, the stationary point (𝑦𝑙 ′𝑙 , 𝑧𝑙 ′𝑙 ) is
obtained as

𝑦𝑙 ′𝑙 = 0, 𝑧𝑙 ′𝑙 =
𝑧𝑙 + 𝑧𝑙 ′

2

.

The distance 𝑟𝑙 ′𝑙 between the stationary point and the transmitting or receiving

antenna is then computed as

𝑟𝑙 ′𝑙 =

√︂
𝑅2 + (𝑧𝑙 − 𝑧𝑙 ′ )2

4

=
1

2

√︁
4𝑅2 + (𝑧𝑙 − 𝑧𝑙 ′ )2.

Next, the phase function of (4.9) is rewritten as

𝜓 (𝑦, 𝑧) ≈ −2𝑘𝑟𝑙 ′𝑙 −
𝑘

𝑟𝑙 ′𝑙
𝑦2 − 𝑘𝑅2

𝑟 3
𝑙 ′𝑙

𝑧2.

In that particular case, the principal components of the phase functions are aligned

with the 𝑦 and 𝑧 axes. Regarding the amplitude function of (4.10), it is rewritten as

𝑔(0, 𝑧𝑙 ′𝑙 ) =
𝑅

𝑟 3
𝑙 ′𝑙

.
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Using the SPA of Box 3.7, the received voltage of (4.12) is finally computed as

𝑢𝑙 ′𝑙 (𝑡) ≈ −𝑘
2𝜂𝐿2𝐼0

8𝜋2

𝑅

𝑟 3
𝑙 ′𝑙

𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙 𝐴𝑙 ′𝑙 𝑠
(
𝑡 − 𝑟𝑙 + 𝑟𝑙 ′

𝑐

)
, (4.13)

with

𝐴𝑙 ′𝑙 =

∫ 𝐷𝑦

2

− 𝐷𝑦

2

𝑒
− 𝚥 𝑘

𝑟𝑙 ′𝑙
𝑦2

d𝑦

∫ 𝐷𝑧
2
−𝑧𝑙 ′𝑙

− 𝐷𝑧
2
−𝑧𝑙 ′𝑙

𝑒
− 𝚥 𝑘𝑅2

𝑟3
𝑙 ′𝑙
𝑧2

d𝑧 (4.14)

=
𝜋𝑟 2
𝑙 ′𝑙

𝑘𝑅
𝐹 ∗

©­«
√︄

2𝑘

𝑟𝑙 ′𝑙

𝐷𝑦

2

ª®¬
[
𝐹 ∗

(√︄
2𝑘𝑅2

𝑟 3
𝑙 ′𝑙

(
𝐷𝑧

2

− 𝑧𝑙 ′𝑙
))

+ 𝐹 ∗
(√︄

2𝑘𝑅2

𝑟 3
𝑙 ′𝑙

(
𝐷𝑧

2

+ 𝑧𝑙 ′𝑙
))]

,

where the last equality is obtained using (3.7), and 𝐹 (𝑥) = −𝐹 (−𝑥). Inserting that

result in (4.13), the received signal is finally rewritten as

𝑢𝑙 ′𝑙 (𝑡) ≈ −𝑘𝜂𝐿
2𝐼0

8𝜋

𝑒− 𝚥2𝑘𝑟𝑙 ′𝑙

𝑟𝑙 ′𝑙
𝜂𝑙 ′𝑙 𝑠

(
𝑡 − 𝑟𝑙 + 𝑟𝑙 ′

𝑐

)
,

with 𝜂𝑙 ′𝑙 = 𝑘𝑅𝐴𝑙 ′𝑙/𝜋𝑟 2𝑙 ′𝑙 .
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Part II

Large-Scale Analysis of Integrated
Sensing and Communication

Networks





Stochastic Geometry
Framework 5
This chapter introduces the stochastic geometry framework, and is based on my Master
thesis [DOV20]. Related reference books are [BB10a; BB10b].

T
he Stochastic Geometry (SG) Framework is a branch of mathematics which

provides mathematical models and appropriate statistical methods to study

and analyse random spatial patterns based on Point Processes (PPs), or the random

shape theory [Di 16]. This tool is well suited for the analysis of large scale wireless

networks since they can be viewed as a collection of nodes, located randomly in

space. These nodes represent transmitters or receivers of different types depending

on the considered network topology, as UEs, BSs, RSUs or vehicles. It enables

estimation of the average performance for radar and communication networks

through closed-form (or quasi closed-form) analytical expressions. The most common

alternative to obtain insights about the performance of networks is Monte-Carlo

(MC) simulation. They do not require any restrictive assumption, but they are very

time and computationally expensive. Nonetheless, they provide an estimation of the

complete statistics of the network.

Using SG, one expects to obtain simple analytical expressions, such that the

impact of some key parameters of the network can be extracted from the SG analytic

expressions, to draw conclusions and optimise the network, which is not possible

with MC simulations [WOV17]. However, depending on the system model and

the considered performance metric, the complexity of the SG expressions can rise

significantly, making the analysis of the network performance difficult. This can

be leveraged by the use of additional assumptions, at the price of a system model

which reflects less accurately real-world applications. Therefore, the relevance of

the SG framework must also be analysed in comparison to MC simulations or other

alternatives in terms of complexity.

In this chapter, the SG framework is presented, and useful mathematical tools

and models are detailed. First, the point process theory is introduced, and the most

common point processes used to model in wireless networks are presented. Then,

the properties of the Poisson point processes are detailed. Finally, the Poisson line

process is introduced.
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5.1 Point Process Theory

A PP 𝚽 is a countable random collection of points that resides in some measurable

space, typically R𝑛 . It is usually used to model the positions of network nodes, as

UEs, BSs, RSUs, vehicles or other targets. It is uniquely defined in Box 5.1 as a set of

Random Variables (RVs) X𝑖 ∈ R𝑛 describing the coordinates of the nodes in the PP,

or through its random counting measure Ψ𝚽, a function which returns the number of

points of 𝚽 in any subset A ⊂ R𝑛 .

5.1: Point Process and Random Counting Measure

Φ ≜ {X𝑖 , 𝑖 ∈ N} ↔ Ψ𝚽 (A) ≜
∑︁
X𝑖 ∈A

1 (X𝑖 ∈ A)

Three important statistical measures of PPs are:

■ The intensity measure, also known as expectation measure or mean measure, is
the mean of the random counting measure on a given subset A ⊂ R𝑛 . It is
defined in Box 5.2.

5.2: Intensity Measure

Λ𝚽 (A) ≜ EΨ𝚽
[Ψ𝚽 (A)]

■ The void probability is the probability that a given subset A ∈ R𝑛 does not

contain any points of the PP. It is defined in Box 5.3.

5.3: Void Probability

𝑉𝚽 (A) ≜ PΨ𝚽
(Ψ𝚽 (A) = 0)

■ The Probability Generating FunctionaL (PGFL) of a function 𝑓 : R𝑛 → R+ is
the mean of the product of 𝑓 evaluated at every point of the PP. It is defined in

Box 5.4.

The PGFL is especially useful to compute the Laplace Transform (LT) of a RV 𝑍

which can be expressed as 𝑍 =
∑

X𝑖 ∈𝚽 𝑓 (X𝑖 ):

L𝑍 (𝑠) ≜ E𝚽
[
𝑒−𝑠𝑍

]
= E𝚽

[ ∏
X𝑖 ∈𝚽

𝑒−𝑠 𝑓 (X𝑖 )

]
= Π𝚽 (𝑒−𝑠 𝑓 ). (5.1)
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5.4: Probability Generating Functional

Π𝚽 (𝑓 ) ≜ E𝚽

[ ∏
X𝑖 ∈𝚽

𝑓 (X𝑖 )
]

5.1.1 Point Processes for Wireless Networks
In the context of wireless networks, some PPs are especially relevant to model the

topology of networks [Hma+21]. Among them, popular options are the binomial point

process, the Poisson point process, the Poisson cluster process, and the hard-core

point process.

5.1.1.1 Binomial Point Process

A Binomial Point Process (BPP) on a bounded set A ⊂ R𝑛 is a PP such that a fixed

number 𝑁 of points are distributed uniformly in A. Consequently, the number of

points comprised in any subset B ⊂ A follows a Binomial distribution:

PΨ𝚽
(Ψ𝚽 (B) = 𝑘) =

(
𝑁

𝑘

) (
|B|
|A|

)𝑘 (
1 − |B|

|A|

)𝑁−𝑘
, (5.2)

where | · | denotes the Lebesgue measure, corresponding to the surface of the subset

in R2.

5.1.1.2 Poisson Point Process

A Poisson Point Process (PPP) in R𝑛 is a PP such that

1. The numbers of points in any disjoint subsets A𝑖 ⊂ R𝑛 are independent.
2. The number of points in any subset A follows a Poisson distribution:

PΨ𝚽
(Ψ𝚽 (A) = 𝑘) = (Λ𝚽 (A))𝑘

𝑘!
𝑒−Λ𝚽 (A) .

The PPP is an extension of the BPP, as the number of points in the subset is not

fixed, but follows a Poisson distribution. It is completely characterised by its

intensity function Λ. However, it can also be characterised by its density or intensity
function 𝜆. The density is defined in Box 5.5 as the intensity measure of the PPP

for an infinitesimal volume dx ⊂ R𝑛 located at x ∈ R𝑛 . The product 𝜆(x)dx can

be interpreted as the infinitesimal probability that there is a point of the PPP in an

infinitesimal area dx located at x.

A Homogeneous Poisson Point Process (HPPP) is a particular case of the PPP for

which the density is uniform, such that its intensity measure is expressed as Λ(A) =
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5.5: Density of a Poisson Point Process

Λ(dx) ≜ 𝜆(x)dx ↔ Λ(A) ≜
∫
A
𝜆(x)dx

𝜆 |A| for any subset A ⊂ R𝑛 . For the HPPP, the density is therefore also defined as

the mean number of points in A. In opposition with HPPPs, PPPs which are not

homogeneous are often referred as inhomogeneous PPPs. Examples of HPPPs are

shown in Figures 5.1 and 5.2.

5.1.1.3 Poisson Cluster Process

A Poisson Cluster Process (PCP) is a PP composed of clusters of points, centred at

the positions of parent points distributed following a HPPP. This is useful to model

scenarios where points are susceptible to be grouped in limited volumes, for instance

during particular events, e.g. hotspots [GKD19], or in disaster scenarios [Hay+18].

In R2, two particular PCPs are the Matérn Cluster Process (MCP) and the Thomas
Cluster Process (TCP) [Hay+18]. For the first, a fixed or random number of points

is uniformly distributed in circular areas, located around each parent point. For the

second, these points are normally distributed around each parent point. These PPs

are illustrated in Figure 5.1.

5.1.1.4 Hard-Core Point Process

A Hard-Core Point Process (HCPP) with repulsive distance 𝑑 ∈ R𝑛 is a PP for which all

the points are mutually separated by a distance greater than 𝑑 . It enables to avoid

unrealistic scenarios in which nodes are close to each other, as it is for instance

unlikely for BSs in wireless networks.

Two particular cases of HCPPs are the Matérn HCPP of type I and II [Hae11]. For
both types, the points are first distributed following a HPPP. Then, in the first case,

the points mutually located at a distance lower than 𝑑 are all removed. In the second

case, a random mark is assigned to each point of the HPPP, and a point is deleted if

there exists another point with a smaller mark located at a distance closer than 𝑑 .

These two HCPPs are illsutrated in Figure 5.2.

Unfortunately, with HCPPs, the mathematical developments are often intractable,

owing to the PGFL of such PPswhich does not have a closed-form expression. Nonethe-

less, following [Hae11], the PPP is a good approximation for HCPPs if the densities

of the PPPs are adapted accordingly.
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Fig. 5.1 Generation of a MCP and a TCP in R2. The blue points represent the parent
HPPP. The dashed circles show the radius of the clusters (resp. the standard deviation
of the clusters distribution) for the MCP (resp. TCP). The red points represent the
MCP and TCP generated around the parent points.

Fig. 5.2 Generation ofMatérn HCPPs of type I and II inR2 from anHPPP. The dashed
circles illustrate the repulsive distance around each point of the parent HPPP. The
green circles highlight the points which are kept in the Matérn HCPP of type II, but
removed in the Matérn HCPP of type I.
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5.1.2 Palm Theory
The Palm theory formalises the notion of conditional distribution for PPs, given some

points at arbitrary locations. Two particular distributions of this theory are the Palm

distribution and the reduced Palm distribution. On the one hand, the Palm distribution
is the conditional distribution of the PP given that one point is located at an arbitrary

location. On the other hand, the reduced Palm distribution is the Palm distribution of

the PP, for which the arbitrary point is assumed to be excluded from the distribution

of the PP.

5.2 Properties of Poisson Point Processes

The PPP, introduced in Section 5.1.1.2, is the most popular PP to model the spatial

distribution of wireless networks nodes, owing to its simplicity and mathematical

tractability [Hma+21]. Those provide quite realistic distributions of the nodes com-

pared to real networks, and it has a lot of useful properties, which lead to tractable

analytical results. Some of these properties are summarised in this section.

5.2.1 Void Probability
The void probability of a PPP is given in Box 5.6. It is directly obtained from (5.2)

by setting 𝑘 = 0. For the particular case of HPPPs with density 𝜆, it can be further

simplified as

𝑉𝚽 (A) = 𝑒−𝜆 |A | .

5.6: Void Probability of a Poisson Point Process

𝑉𝚽 (A) = 𝑒−Λ𝚽 (A)

5.2.2 Campbell’s Theorem
The Campbell’s theorem is detailed in Box 5.7. For the particular case of HPPPs with

density 𝜆, it can be further simplified as

E𝚽

[ ∑︁
X𝑖 ∈𝚽

𝑓 (X𝑖 )
]
= 𝜆

∫
R𝑛
𝑓 (x) dx.

5.2.3 Probability Generating Functional
The PGFL of a PPP is detailed in Box 5.8.
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5.7: Campbell’s Theorem

Let us consider a function 𝑓 : R𝑛 → R+, and a PPP 𝚽 ∈ R𝑛 of intensity

measure Λ𝚽. The expectation of the sum of 𝑓 , evaluated at every point of the

PPP, is given by

E𝚽

[ ∑︁
X𝑖 ∈𝚽

𝑓 (X𝑖 )
]
=

∫
R𝑛
𝑓 (x) Λ𝚽 (dx).

5.8: Probability Generating Functional of a Poisson Point Process

The PGFL of a PPP 𝚽 ∈ R𝑛 with intensity measure Λ𝚽 of a function 𝑓 : R𝑛 →
[0, 1] is given by

Π𝚽 (𝑓 ) = exp

(
−

∫
R𝑛
(1 − 𝑓 (x)) Λ(dx)

)
.

For the particular case of HPPPs with density 𝜆, it can be further simplified as

Π𝚽 (𝑓 ) = exp

(
−𝜆

∫
R𝑛
(1 − 𝑓 (x))dx

)
.

This also implies that, with an HPPP, the LT of a RV 𝑍 which can be expressed as

𝑍 =
∑

X𝑖 ∈𝚽 𝑓 (X𝑖 ) is given by

L𝑍 (𝑠) = exp

(
−𝜆

∫
R𝑛

(
1 − 𝑒−𝑠 𝑓 (x)

)
dx

)
. (5.3)

5.2.4 Displacement Theorem

The displacement theorem for PPPs is detailed in Box 5.9.

5.9: Displacement Theorem

The transformation of a PPP 𝚽 ∈ R𝑛 with intensity measure Λ𝚽 by a prob-

ability kernel 𝑝 : R𝑛 × A ⊂ R𝑛′ → [0, 1] is a PPP 𝚽
′ ∈ R𝑛′ with intensity

measure Λ
𝚽
′ , such that

Λ
𝚽
′ (A) =

∫
R𝑛
𝑝 (x,A) Λ𝚽 (dx).
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For the particular case of HPPPs with density 𝜆, it can be further simplified as

Λ
𝚽
′ (A) = 𝜆

∫
R𝑛
𝑝 (x,A) dx.

When expressed in terms of density instead of intensity measure, the displacement

theorem is rewritten as Box 5.10. This formulation is more easily interpreted, as it

directly involves the probability density function of the displacement vector between

the two spaces, for every point of the initial space.

5.10: Displacement Theorem (Densities)

The transformation of a PPP 𝚽 ∈ R𝑛 with density 𝜆 following the probability

density function of the displacement vector 𝑓x′ |x : R𝑛
′ × R𝑛 → [0, 1] from

x ∈ R𝑛 to x′ ∈ R𝑛′ is a PPP 𝚽
′ ∈ R𝑛′ with density 𝜆′, such that

𝜆′ (x′) =
∫
R𝑛
𝑓x′ |x (x′ |x)𝜆(x) dx.

The deterministic displacement by a bijection 𝑔 : R𝑛 → R𝑛′ , also named mapping,
is a particular case of the displacement theorem where a point x ∈ R𝑛 is transformed

into a point 𝑔(x) ∈ R𝑛′ with probability 1. In that case, the resulting PP is a PPP

𝚽
′ ∈ R𝑛′ with intensity measure Λ

𝚽
′ expressed as

Λ
𝚽
′ (A′) = Λ𝚽 (𝑔−1 (A′)), A′ ⊂ R𝑛′ .

Thanks to that property, it can be shown that any HPPP is stationary and isotropic
(i.e. motion-invariant), namely that any translation or rotation of an HPPP results in

another HPPP with the same density [Di 16].

5.2.5 Thinning Theorem
The thinning operation of a PPP 𝚽 ∈ R𝑛 is an operation for which each point X𝑖 ∈
𝚽 is kept in the PP with a probability 𝑝 : R𝑛 → [0, 1]. The thinning theorem

is detailed in Box 5.11. Note that the thinning theorem is also a consequence of

the displacement theorem of Box 5.9 for which the points of the hyperplane R𝑛

are displaced independently out of the hyperplane in R𝑛+1 with probability 1 − 𝑝 .
The generated PPP 𝚽𝑝 is then composed of the points which are still in the initial

hyperplane.

5.2.6 Superposition Theorem
The superposition operation of 𝑘 PPPs 𝚽𝑖 ∈ R𝑛, 𝑖 = 1, ..., 𝑘 is an operation which

combines all the PPPs to form the PP 𝚽 = ∪𝑘𝑖=1𝚽𝑖 . The superposition theorem is

detailed in Box 5.12.
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5.11: Thinning Theorem

The thinning operation of a PPP 𝚽 ∈ R𝑛 with intensity measure Λ𝚽 by a

probability 𝑝 : R𝑛 → [0, 1] generates a PPP 𝚽𝑝 ∈ R𝑛 with intensity measure

Λ𝚽𝑝
, such that

Λ𝚽𝑝
(A) =

∫
A
𝑝 (x) Λ𝚽 (dx), A ∈ R𝑛 .

Furthermore, the PP 𝚽1−𝑝 ∈ R𝑛 composed of the points which have been in-

dependently removed from𝚽with probability 1−𝑝 is also a PPP, independent
of 𝚽𝑝 , with intensity measure Λ𝚽1−𝑝 expressed as

Λ𝚽1−𝑝 (A) =
∫
A
(1 − 𝑝 (x)) Λ𝚽 (dx), A ∈ R𝑛 .

5.12: Superposition Theorem

The superposition operation of 𝐾 PPPs {𝚽𝑘 } ∈ R𝑛, 𝑘 = 1, ..., 𝐾 with intensity

measures Λ𝚽𝑖
generates a new PPP 𝚽 = ∪𝑘𝑖=1𝚽𝑖 with intensity measure Λ𝚽

expressed as

Λ𝚽 (A) =
𝐾∑︁
𝑘=1

Λ𝚽𝑘
(A), A ∈ R𝑛 .

5.2.7 Slivnyak-Mecke’s Theorem

The Slivnyak-Mecke’s theorem, based on the Palm theory introduced in Section 5.1.2,

is detailed in Box 5.13.

5.13: Slivnyak-Mecke’s Theorem

The reduced Palm distribution of a PPP 𝚽 ∈ R𝑛 is equal to its original distri-

bution.

This theorem means that a PPP 𝚽 ∈ R𝑛 keeps the same distribution, even if one

of its points is removed. It is a consequence of the independence between the number

of points of the PPP in any disjoint set: removing the point X𝑖 ∈ 𝚽 is equivalent to

suppress from the PPP an infinitesimally small ball B(X𝑖 , 𝜖) ∈ R𝑛 centred at X𝑖 with
radius 𝜖 → 0. This does not affect the distribution of the points in R𝑛 \ B(X𝑖 , 𝜖) by
definition of the PPP, and therefore does not affect the initial PPP as 𝜖 → 0 [AGD16].
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Fig. 5.3 Illustration of a PLP in R2.

5.3 Poisson Line Process

The Poisson Line Process (PLP) generalises the two-dimensional PPP by distributing

lines in R2 instead of points [Dem23]. These lines are fully characterised with two

parameters:

1. the radial distance 𝑦𝑖 from the origin;

2. the angle 𝜃𝑖 measured in the counter-clockwise direction between an axis of

reference (i.e. the horizontal axis), and the line formed by the projection of the

origin on the line of the PLP.

The PLP can therefore be generated from the following process:

𝚽 =
{
(𝑦𝑖 , 𝜃𝑖 ) ∈ R+ × [0, 2𝜋 [, 𝑖 ∈ N

}
.

The process Φ can represent any planar line process, as the radial distances and angles

are generated arbitrarily. The PLP is the particular case for which the radial distances

are generated following a PPP in R+. An example of PLP is illustrated in Figure 5.3.

The Cox PLP is obtained by associating a PPP with each line of the PLP, modelling

node locations along the lines. Regarding the angles 𝜃𝑖 , they are usually are

distributed uniformly in [0, 2𝜋 [. If the angles are drawn from the discrete set of

angles {0, 𝜋/2, 𝜋, 3𝜋/2} with a uniform probability, one obtains the particular case

of the Manhattan PLP, containing only vertical and horizontal lines. Note that the

Manhattan PLP can also be characterised with two independent PPPs in R. Each

PPP respectively represents the coordinates of the crossings of the lines with the

horizontal and vertical axis.

Cox PLPs are especially useful to model stochastically a city in a large scale. Con-

trariwise to the two-dimensional PPP, the Cox PLP conditions the node locations by

the fact that they belong to a given line. One may also use Manhattan PLPs depending
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Manhattan

Brussels

⇒

⇒

Abstraction of Cities with Poisson Line Processes

Fig. 5.4 Abstraction of Brussels and Manhattan with Cox PLPs and Manhattan PLPs.

on the layout of the city. Figure 5.4 illustrates these PLPs, used as abstractions for the

cities of Manhattan and Brussels.
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This chapter is a work carried out with the help of Charles Wiame, which I thank
warmly. I also thank Simon Demey for providing ray-tracing simulation results. Most of
the content is inspired from [De +24a] and [De +24c].

T
he SG framework, presented in Chapter 5, has been widely used to evaluate

the performance of wireless networks at a large-scale level. For that purpose,

relevant performance metrics are required, enabling to assess accurately the

performance of the network, and to perform optimisation of the parameters of the

network. Such metrics are defined in the literature for communication and sensing

applications. Still, since scenarios involving simultaneously both functions are

more and more analysed for future networks, a joint evaluation of the radar and

communication performance is required.

Therefore, this chapter focuses on the definition of joint performance metrics in

full-duplex ISAC scenarios. In such scenario, the analysis of the interactions between

both functions is critical for an accurate performance evaluation. First, Section 6.1

details usual radar and communication metrics from the literature, within the SG

framework. Then, novel joint metrics are proposed, and analytical expressions are

obtained in Section 6.2 for a vehicular scenario. Finally, results obtained with the

SG framework are compared to RT simulations in Section 6.3, in order to assess the

relevancy of the developed analytical expressions.

6.1 Performance Metrics in Stochastic Geometry

As described in Section 1.4 of Chapter 1, numerous performance metrics have been

defined in the literature, both for sensing and communication. In this section, common

metrics are presented for both functions within the SG framework. Additionally, new

joint metrics are proposed for JCAS applications.
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6.1.1 Communication Metrics
For communication applications, several performance metrics which are evaluated

include the coverage probability, the spectral efficiency, the energy efficiency and the

average exposure. Most of them are functions of the SINR at the receiver. Many papers

analysing wireless communication scenarios through these performance metrics are

presented in [Hma+21].

6.1.1.1 Coverage and Outage Probability

The coverage probability (resp. outage probability) is defined as the probability that

the SINR 𝜒 at the communication receiver is higher (resp. lower) or equal than a

predefined SINR threshold 𝜂. The coverage and outage probability are therefore

respectively equal to Complementary Cumulative Distribution Function (CCDF) and

Cumulative Distribution Function (CDF) of the SINR. Expressions of these metrics

are provided in Box 6.1.

6.1: Coverage and Outage Probability

Coverage probability: C(𝜂) ≜ P𝜒 (𝜒 ≥ 𝜂)
Outage probability: O(𝜂) ≜ P𝜒 (𝜒 < 𝜂) = 1 − C(𝜂)

The coverage probability is directly related to the rate and spectral efficiency, as it

will be detailed in Section 6.1.1.2. It is also related to the BER, as it is also a function of

the SINR. For instance, to achieve a BER of 10
−3

with a QPSK modulation at a given

probability, the SINR threshold should be set to at least 9.8 dB.

6.1.1.2 Rate and Spectral Efficiency

The rate or capacity is defined as the maximum number of bits per second that the

communication receiver is able to decode without any error in a given bandwidth

𝐵. Similarly, the spectral efficiency is defined as the rate divided by the bandwidth.

Denoting by 𝜒 the SINR of the communication receiver, the CCDFs of these quantities

are given in Box 6.2.

6.2: Rate and Spectral Efficiency

Rate: R(𝜏) ≜ P𝜒
(
𝐵 log

2
(1 + 𝜒) ≥ 𝜏

)
Spectral efficiency: R𝑒 (𝜏) ≜ P𝜒

(
log

2
(1 + 𝜒) ≥ 𝜏

)
Both metrics can be computed from the coverage (or outage) probability, and vice
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versa:

R(𝜏) = P𝜒
(
𝐵 log

2
(1 + 𝜒) ≥ 𝜏

)
= P𝜒

(
𝜒 ≥ 2

𝜏
𝐵 − 1

)
= C

(
2

𝜏
𝐵 − 1

)
,

R𝑒 (𝜏) = P𝜒
(
log

2
(1 + 𝜒) ≥ 𝜏

)
= P𝜒 (𝜒 ≥ 2

𝜏 − 1) = C(2𝜏 − 1). (6.1)

In other words, requiring the SINR to be higher than a given threshold 𝜂 with a

given probability is equivalent to requiring the rate to be higher than a threshold

𝜏 = 𝐵 log
2
(1 + 𝜂) with the same probability, and vice versa.

Under standard modelling assumptions [Di +18], one can also compute the average

rate and spectral efficiency, following Box 6.3.

6.3: Average Rate and Spectral Efficiency

Average rate: R ≜ 𝐵 E𝜒
[
log

2
(1 + 𝜒)

]
Average spectral efficiency: R𝑒 ≜ E𝜒

[
log

2
(1 + 𝜒)

]
Again, both average metrics can be computed by integrating the coverage (or outage)

probability. For the average spectral efficiency,

R𝑒 =
∫ ∞

0

P𝜒
(
log

2
(1 + 𝜒) ≥ 𝜏

)
𝑑𝜏 =

∫ ∞

0

C(2𝜏 − 1) 𝑑𝜏 = 1

ln 2

∫ ∞

0

C(𝜂)
1 + 𝜂 𝑑𝜂.

Yet, in some works, another definition of the average rate (or spectral efficiency),

also named potential throughput, is considered, as defined in Box 6.4. With the defi-

nition of Box 6.3, an average over the possible realisations of the SINR is computed.

Therefore, it assumes that the channel statistics remain unchanged (i.e., stationarity

is assumed) for every realisation of the network, and ergodism (i.e. short chan-

nel coherence time) is required. Contrariwise, in Box 6.4, no average is computed.

Nonetheless, the rate which would be achieved if a SINR threshold 𝜂 is required to

decode successfully the signal is pondered by coverage probability at this threshold.

6.4: Average Rate and Spectral Efficiency (Potential Throughput)

Average rate:
˜R(𝜂) ≜ 𝐵 log

2
(1 + 𝜂) C(𝜂)

Average spectral efficiency:
˜R𝑒 (𝜂) ≜ log

2
(1 + 𝜂) C(𝜂)

6.1.1.3 Energy Efficiency

In order to evaluate the rate with regard to the consumed power, the energy efficiency
is defined in Box 6.5 as the rate divided by the total power consumption 𝑃 of the
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network. One can also compute the average energy efficiency as Box 6.6, following

either the definition of Box 6.3 or Box 6.4.

6.5: Energy Efficiency

E(𝜈) ≜ P𝜒
(
𝐵

𝑃
log

2
(1 + 𝜒) ≥ 𝜈

)

6.6: Average Energy Efficiency

Following Box 6.3: E ≜
𝐵

𝑃
E𝜒

[
log

2
(1 + 𝜒)

]
Following Box 6.4:

˜E(𝜂) ≜ 𝐵

𝑃
log

2
(1 + 𝜂) C(𝜂)

Some works define the average energy efficiency based on the average spectral

efficiency and the total power consumption per unit area [Moz+16; QCK11; CQK12].

Nonetheless, the total noise power is a function of the bandwidth, making these

definitions less relevant.

6.1.1.4 Exposure

The exposure is defined as the probability for the total power to exceed a given power

threshold 𝛾 at a given location. If this location corresponds to the position of a

communication receiver, one can distinguish the power 𝑆 of the desired signal, and

the interference 𝐼 from other transmitters. Otherwise, there is no desired signal, and

every source is considered as an interference. This is summarised in Box 6.7. One can

also compute the average exposure as Box 6.8.

6.7: Exposure

With a desired signal: U(𝛾) ≜ P𝑆,𝐼 (𝑆 + 𝐼 ≥ 𝛾)
With interference only: U(𝛾) ≜ P𝐼 (𝐼 ≥ 𝛾)

6.1.2 Sensing Metrics
Sensing performance metrics are mostly derived from communication performance

metrics. They include the detection probability, the false alarm probability, the success

probability, and the estimation rate. They are either functions of the received powers,
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6.8: Average Exposure

With a desired signal: U ≜ E𝑆,𝐼 [𝑆 + 𝐼 ]

With interference only: U ≜ E𝐼 [𝐼 ]

or SINR at the radar receiver. Section 6.1.2.1 provides some examples of radar scenarios

analysed in the literature.

6.1.2.1 Sensing Metrics in the Stochastic Geometry Literature

In the SG literature, [MSP18] analyses the CDF of the interference with a population

of pulsed-radar devices, [RSG20; RSG21; RG22a] consider the radar performance in a

cluttered environment, and [PH18] evaluates the detection probability when multiple

obstacles are distributed around the radar systems. Many automotive scenarios have

also been studied. Namely, [Fan+20a] compares the performance obtained with

different random RCS models. To model the position of the vehicles, instead of using

PPP, [Al-+18] proposes to use a 1D lattice, and [MSO20] uses 2D Matérn HCPPs. In

[Fan+20b], an arbitrary number of lanes in both directions is considered, and the

reflected interference from vehicles on neighbouring lanes is taken into account. In

[Chu+20], a multiple lane scenario is also considered, with front- and side-mounted

radars with directional antenna patterns. To obtain a fine-grained analysis, [Gha+21;

GKG22] evaluate the meta distribution of the SINR, which enables to analyse the

reliability of the detection at each individual vehicle.

6.1.2.2 Detection and False Alarm Probability

The detection probability is defined as the probability that the total received power

at the radar receiver, i.e. the radar echoes 𝑈 from the targets and the interference 𝐼

from other transmitters, is higher than a predefined threshold 𝛾 , given the presence of

targets. Contrariwise, the false alarm probability is defined as the probability that the

total received power at the radar receiver, i.e the interference from other transmitters

only, is higher than the threshold 𝛾 , given the absence of targets. These metrics are

summarised in Box 6.9.

6.9: Detection and False Alarm Probability

Detection probability: D(𝛾) ≜ P𝑆,𝐼 (𝑆 + 𝐼 ≥ 𝛾)
False alarm probability: F (𝛾) ≜ P𝐼 (𝐼 ≥ 𝛾)
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6.1.2.3 Success Probability

The success probability is defined similarly as the coverage probability. Namely, it

is the probability that the SINR 𝜒 at the radar receiver is higher than a predefined

threshold 𝜂. Its expression is provided in Box 6.10.

6.10: Success Probability

S(𝜂) ≜ P𝜒 (𝜒 ≥ 𝜂)

In many works presented in Section 6.1.2.1, this metric is also named detection

probability. The relation between both metrics has been clarified in Section 1.4.4 of

Chapter 1. For a given false alarm probability requirement, the SINR threshold is set

to achieve a given detection probability. For instance, as illustrated in Figure 1.11, a

detection probability of 50% is achieved with a false alarm requirement of 10
−7
, for a

SINR threshold of 12 dB. Again, it can also be related to the radar estimation rate, as

detailed in Section 6.1.2.4.

6.1.2.4 Estimation Rate

The estimation rate is defined similarly to the communication rate. It is a measure of

the information about the target, retrieved from radar measurements [Bli14]. For a

given radar with pulse repetition interval𝑇PRI and SINR 𝜒 at the receiver, it is defined

in Box 6.11.

6.11: Estimation Rate

R𝑟 (𝜏) ≜ P𝜒
(

1

2𝑇PRI
log

2
(1 + 𝜒) ≥ 𝜏

)

The estimation rate can be computed from the success probability, and vice versa:

R𝑟 (𝜏) = P𝜒
(

1

2𝑇PRI
log

2
(1 + 𝜒) ≥ 𝜏

)
= P𝜒

(
𝜒 ≥ 2

2𝑇PRI 𝜏 − 1

)
= S

(
2
2𝑇PRI 𝜏 − 1

)
.

In other words, requiring the SINR to be higher than a given threshold 𝜂 with a

given probability is equivalent to requiring the estimation rate to be higher than a

threshold 𝜏 = 1

2𝑇PRI
log

2
(1 + 𝜂) with the same probability.

One can also compute the average estimation rate, following Box 6.12.

Again, the average estimation rate can instead by computed by integrating the
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6.12: Average Estimation Rate

R𝑟 ≜
1

2𝑇PRI
E𝜒

[
log

2
(1 + 𝜒)

]

success probability. For instance,

R𝑟 =
1

2𝑇PRI

∫ ∞

0

P𝜒
(
log

2
(1 + 𝜒) ≥ 𝜏

)
𝑑𝜏

=
1

2𝑇PRI

∫ ∞

0

S(2𝜏 − 1) 𝑑𝜏 = 1

2𝑇PRI ln 2

∫ ∞

0

S(𝜂)
1 + 𝜂 𝑑𝜂.

6.1.3 Joint Radar and Communication in the Stochastic Geome-
try Literature

Considering JCAS applications, many works have been published, regarding either

coexisting radar and communication or co-designed systems. In the former, with

coexisting systems, [RMP19; RMP20] evaluate the radar range and the communication

coverage probability of a JCAS network with Time Division Multiple Access (TDMA).

The interference from a rotating radar sharing the same spectrum as a cellular system

is considered in [KII21], whereas [Rao+21] analyses the interference of a massive

Multiple-Input Multiple-Output (MIMO) cellular network on a radar system. Finally,

the development of Cooperative Multi-Point (CoMP) detection is presented in [SPK20;

SPK22]. In the latter, with co-designed systems, [Fan+19] evaluates the cooperative

detection volume of an ISAC system where targets are detected with the main beam,

and different BSs cooperate by communicating through the secondary beams. The

increase of communication rate with ISAC systems is evaluated in [RG22b], and an

analytical framework to optimise the system parameters is proposed. Regarding

automotive applications, the cooperative detection range is evaluated in [Ma+19] and

[Gho+21], respectively with spectrum allocation between both functions or with an

ISAC system. This range is defined as the total range in which targets are detected by

multiple vehicles communicating with each other.

6.1.4 Joint Performance Metrics
In order to evaluate the performance of multiple links or functions simultaneously,

joint metrics have recently been defined by combining existing communication

metrics. For instance, [SZA15] considered jointly the achieved rate in the uplink and

downlink. Another example is simultaneous wireless information and power transfer,

analysed in [DL17].

Nevertheless, joint statistics for both the radar and communication functions is

| 157



6 | Joint Performance Metrics for Integrated Sensing and

Communication Networks

also interesting:

1. Both functions mutually interfere, requiring a joint evaluation of the perfor-

mance achieved by both functions, as they are highly correlated.

2. In addition to recovering the univariate metrics, conditional metrics can also be

defined from joint metrics, enabling to study the performance of one function,

given a requirement on the other function.

3. Joint metrics enable to provide a single objective function, which takes into

account both functions simultaneously to optimise the parameters of ISAC

systems. No additional constraint is required, or they can be integrated into

the objective function using the conditional metrics.

For instance, recently, in the literature, [Gan+24] has analysed the ISAC performance

through a joint metric in a cooperative scenario, where multiple BSs participate for the

positioning of UEs, while it receives data from the nearest BS. In this thesis, two novel

joint metrics are proposed: the joint radar detection and communication coverage

probability, and the joint radar success and communication coverage probability.

6.1.4.1 Joint Radar Detection and Communication Coverage Probability

The Joint Radar Detection and Communication Coverage Probability (JRDCCP) is

defined as an extension of the communication coverage probability, detailed in Section

6.1.1.1, and the radar detection probability, detailed in Section 6.1.2.2. It is defined as

the probability to jointly achieve a communication SINR 𝜒C higher than a predefined

communication SINR threshold 𝜂C, and receive a total power, i.e. the radar echoes 𝑆R

from the target, the interference 𝐼R for the radar function, and the noise𝑊R, higher

than a predefined radar power threshold 𝛾R. Its expression is given in Box 6.13. The

JRDCCP metric is always defined in pair with the false alarm probability (Section

6.1.2.2), as the radar power threshold𝛾R is set to achieve a given false alarm probability

requirement:

F (𝛾R) = P𝐼R (𝐼R +𝑊R ≥ 𝛾R) .

6.13: Joint Radar Detection and Communication Coverage Probability

JD (𝜂C, 𝛾R) ≜ P𝜒C,𝑆R,𝐼 (𝜒C ≥ 𝜂C, 𝑆R + 𝐼R +𝑊R ≥ 𝛾R)

From the JRDCCP, one can compute the communication coverage, and the radar

detection probability as

C(𝜂C) = lim

𝛾R→0

JD (𝜂C, 𝛾R), (6.2)

D(𝛾R) = lim

𝜂C→0

JD (𝜂C, 𝛾R). (6.3)
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6.1.4.2 Joint Radar Success and Communication Coverage Probability

The Joint Radar Success and Communication Coverage Probability (JRSCCP) is defined

as an extension of the communication coverage probability, detailed in Section 6.1.1.1,

and the radar success probability, detailed in Section 6.1.2.3. It is defined as the

probability to jointly achieve a communication SINR 𝜒C higher than a predefined

communication SINR threshold 𝜂C, and a radar SINR 𝜒R higher than a predefined

radar SINR threshold 𝜂R. Its expression is given in Box 6.14.

6.14: Joint Radar Success and Communication Coverage Probability

JS (𝜂C, 𝜂R) ≜ P𝜒C,𝜒R (𝜒C ≥ 𝜂C, 𝜒R ≥ 𝜂R)

From the JRSCCP, one can compute the communication coverage probability and

the radar detection probability as

C(𝜂C) = lim

𝜂R→0

JS (𝜂C, 𝜂R), (6.4)

S(𝜂R) = lim

𝜂C→0

JS (𝜂C, 𝜂R). (6.5)

6.1.4.3 Fréchet Upper and Lower Bounds

The Fréchet inequalities are the simplest relations to obtain upper and lower bounds

for joint metrics directly from their associated univariate metrics [Fré35]. They are

summarised in Box 6.15.

6.15: Fréchet Inequalities

P𝑋,𝑌 (𝑋 ≥ 𝑥,𝑌 ≥ 𝑦) ≥ max (0, P𝑋 (𝑋 ≥ 𝑥) + P𝑌 (𝑌 ≥ 𝑦) − 1)
P𝑋,𝑌 (𝑋 ≥ 𝑥,𝑌 ≥ 𝑦) ≤ min (P𝑋 (𝑋 ≥ 𝑥) , P𝑌 (𝑌 ≥ 𝑦))

Applying the Fréchet to the JRDCCP and JRSCCP metrics of Boxes 6.13 and 6.14,

one obtain the upper and lower bounds given in Box 6.16.

6.16: Fréchet Upper and Lower Bounds for the JRDCCP and JRSCCP

max {0, C(𝜂C) + D(𝛾R) − 1} ≤ JD (𝜂C, 𝛾R) ≤ min {C(𝜂C),D(𝛾R)}
max {0, C(𝜂𝐶 ) + S(𝜂R) − 1} ≤ JS (𝜂C, 𝜂R) ≤ min {C(𝜂C),S(𝜂R)}
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6.1.4.4 Conditional Metrics

One can be interest in the performance achieved by one function, given a requirement

on the other function. More specifically, on the one hand for the communication, the

communication coverage probability can be evaluated given a fulfilled radar detection

or success probability requirement. Conditioning the JRDCCP and JRSCCP of Boxes

6.13 and 6.14 w.r.t. the radar function, the conditional metrics of Box 6.17 are obtained.

6.17: Communication Conditional Metrics

JC|D (𝜂C |𝛾R) ≜ P𝜒C |𝑆R,𝐼 (𝜒C ≥ 𝜂C | 𝑆R + 𝐼R ≥ 𝛾R) =
JD (𝜂C, 𝛾R)
D(𝛾R)

JC|S (𝜂C |𝜂R) ≜ P𝜒C |𝜒R (𝜒C ≥ 𝜂C | 𝜒R ≥ 𝜂R) =
JS (𝜂C, 𝜂R)
S(𝜂R)

On the other hand, for the radar function, the radar detection or success probability

can be evaluated given a fulfilled communication coverage probability requirement. By

conditioning the JRDCCP and JRSCCP of Boxes 6.13 and 6.14 w.r.t. the communication

function, the conditional metrics of Box 6.18 are obtained.

6.18: Sensing Conditional Metrics

JD|C (𝛾R |𝜂C) ≜ P𝑆R,𝐼 |𝜒C (𝑆R + 𝐼R ≥ 𝛾R | 𝜒C ≥ 𝜂C) =
JD (𝜂C, 𝛾R)
C(𝜂C)

JS|C (𝜂R |𝜂C) ≜ P𝜒R |𝜒C (𝜒R ≥ 𝜂R | 𝜒C ≥ 𝜂C) =
JS (𝜂C, 𝜂R)
C(𝜂C)

6.2 Application to a V2X Scenario

In this section, the evaluation of the different metrics presented in Section 6.1 is

performed in a full-duplex V2X scenario, which belongs to the category of scenarios

presented in Section 1.1.2 of Chapter 2.

6.2.1 System Model
Let us consider the two-lane V2X scenario illustrated in Figure 6.1. The vehicles are

all equipped at the front side with an ISAC system. The transmitted powers, and the

antenna beamwidths at the transmitter and receiver of the vehicles are respectively

denoted as 𝑃V, 𝜙Vt and 𝜙Vr. The typical vehicle simultaneously receives a radar echo

reflected by the first vehicle in front and driving in the same lane, and a communication
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TX
RX

Typical vehicle

Full-Duplex ISAC Automotive Scenario

Fig. 6.1 Considered two-lane V2X scenario.

signal from the nearest RSU ahead. The transmitted power and antenna beamwidth

of the RSU at the transmitter are respectively denoted as 𝑃L and 𝜙Lt. The distance

perpendicular to the road direction between the typical vehicle and the RSU (resp.

the centre of the opposite lane) is denoted 𝑑C (resp. 𝑑I). The minimum and maximum

detectable range of the radar function, the minimum distance parallel to the road

of the communication signal, and the minimum distance parallel to the road of the

interfering signals, are respectively denoted as 𝑟Rmin, 𝑟Rmax, 𝑟Cmin and 𝑟Imin. Note that

𝑟Cmin and 𝑟Imin are directly related to the antenna beamwidths of the different systems:

𝑟Cmin =
𝑑C

tan (min(𝜙Lt, 𝜙Vr)/2)
, 𝑟Imin =

𝑑I

tan (min(𝜙Vt, 𝜙Vr)/2)
. (6.6)

The echoes arising from vehicles driving in the opposite direction are not considered

in this work. This assumption is motivated by the stronger attenuation affecting

the radar echoes compared to the interfering signals, and the use of directive

beamforming at the transmitter. Interference Cancellation (IC) of the interfering

echoes at the communication function based on the acquired radar information

could also be implemented following the approach presented in Chapter 9, but

this is not studied in this thesis. Nevertheless, it is still assumed that this scenario

is interference-limited owing to the high interference arising from the vehicles

driving in the opposite direction. Therefore, the noise is neglected in this Chapter 6.2.2.

As detailed in Section 1.1.2 of Chapter 1, this V2X application is a variation

of the full-duplex ISAC scenario. For the communication function, the radar echo

generated by the typical vehicle is considered as an interference. Contrariwise, for the

radar function, the communication signal transmitted by the RSU is considered as an

interference. Moreover, the signals transmitted by the vehicles driving in the opposite
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lane are interfering with both functions. The self-interference is not considered in

this work, as this issue is not specific to ISAC scenarios, but to full-duplex systems in

general. It is assumed that it has been mitigated through EM isolation, beamforming,

self-interference cancellation, or other techniques. The extension of the two-lane V2X

scenario into a multi-lane scenario is proposed in Section 6.2.4.2.

6.2.1.1 Nodes Distribution using Point Processes

Assuming that the typical vehicle is located at 𝑟 = 0 m, the vehicles driving in the

direction of the typical vehicle, the interfering vehicles on the opposite way, and the

RSUs are distributed on three parallel lines following three independent PPPs 𝚽R, 𝚽I

and 𝚽C, of intensities respectively given by

𝜆R (𝑟 ) = 𝜆R 1 (𝑟Rmin ≤ 𝑟 ≤ 𝑟Rmax) ,
𝜆I (𝑟 ) = 𝜆I 1 (𝑟Imin ≤ 𝑟 ) ,
𝜆C (𝑟 ) = 𝜆C 1 (𝑟Cmin ≤ 𝑟 ) ,

where 𝜆R, 𝜆I and 𝜆C are respectively the densities of vehicles driving on the same lane

as the typical vehicle, the density of interfering vehicles, and the density of RSUs.

PPPs have been selected to model all the node locations, owing to their tractability

and analytical flexibility. Other existing PPs, e.g. HCPPs and PCPs, presented in

Section 5.1.1 of Chapter 5, are by contrast more accurate for modelling real world

scenarios, at the price of a higher complexity [Hma+21]. The integration of these PPs

in the proposed models is discussed in Section 6.2.5.

6.2.1.2 Propagation Models

Following the models detailed in Section 3.1.4 of Chapter 3, linear path-loss models

are considered:

[𝐿𝑘 (𝑟 )]dB = [𝛽𝑘 ]dB + 10 𝛼𝑘 log
10
(𝑟 ),

where 𝑘 ∈ {R,C, I} designates the considered link, 𝛼𝑘 is the path-loss exponent, and

𝛽𝑘 the intercept.

Communication link: For the communication link, the received power 𝑆C is given

by the Friis formula of Box 3.1:

𝑆C (𝑟 ) = 𝑃L 𝐺C

𝑐2

4𝜋 𝑓 2𝑐
𝐿−1
C

(√︃
𝑟 2 + 𝑑2

C

)
= 𝜌C

(
𝑟 2 + 𝑑2

C

)− 𝛼
C

2 ,

where

𝜌C ≜
𝑃L 𝐺C 𝑐

2

4𝜋 𝑓 2𝑐 𝛽C
.
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In this equation, 𝑟 is the distance between the two nodes parallel to the road, 𝑓𝑐 is the

carrier frequency, and𝐺C is the gain of the complete communication link. The small-

scale fading has been neglected for the sake of tractability. However, it is assumed

to be highly Ricean [Stü13], since the RSU is located on the same side of the road

than the typical vehicle, and high frequencies, i.e. 24 or 77 GHz, are considered in

automotive scenarios.

Interfering links: For the interfering links, the total interfering power is also

computed with the Friis formula:

𝐼 =
∑︁

𝑖 | 𝑥𝑖 ∈𝚽I

𝑃V 𝐺I

𝑐2

4𝜋 𝑓 2𝑐
𝐿−1
I

(√︃
𝑥2
𝑖
+ 𝑑2

I

)
|ℎ𝑖 |2 =

∑︁
𝑖 | 𝑥𝑖 ∈𝚽I

𝜌I
(
𝑥2𝑖 + 𝑑2I

)− 𝛼
I

2 |ℎ𝑖 |2,

where

𝜌I ≜
𝑃V 𝐺I 𝑐

2

4𝜋 𝑓 2𝑐 𝛽I
.

The beamforming gain of the complete interfering link is denoted as 𝐺I, and |ℎ𝑖 |2 are
small-scale fading RVs, also supposed to be Ricean-distributed.

Radar link: Regarding the radar link, following the discussions of Chapter 3, the

received power 𝑆R is modelled following the RT propagation model, presented in

Section 3.1.3 of Chapter 3:

𝑆R (𝑟 ) = 𝑃V 𝐺R

𝑐2

4𝜋 𝑓 2𝑐
𝐿−1
R

(2𝑟 ) = 𝜌R 𝑟−𝛼R , (6.7)

where

𝜌R ≜
𝑃V 𝐺R 𝑐

2

4𝜋 𝑓 2𝑐 𝛽R
.

The gain of the complete radar link is denoted as 𝐺R. The small-scale fading is also

neglected, but it is again supposed to be highly Ricean. The RT model is motivated

by the high carrier frequency considered in automotive scenarios. For example, the

Fraunhofer distance for a target with a maximum dimension of 1 meter is higher

than 100 meters for carrier frequencies of both 24 and 77 GHz.

To simplify the notations of the next sections, the following definitions are intro-

duced:

■ The distance between the typical vehicle and the next vehicle driving ahead is

denoted as 𝑟R.

■ The distance between the typical vehicle and the nearest RSU parallel to the

road is denoted as 𝑟C.
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Fig. 6.2 Preliminary results and metrics computed in Section 6.2.2.

■ The received useful power for the radar link is rewritten as 𝑆R ≡ 𝑆R (𝑟R).

■ The received useful power for the communication link is rewritten as 𝑆C ≡
𝑆C (𝑟C).

■ The minimum and maximum useful power for the radar link are rewritten as

𝑆Rmin ≡ 𝑆R (𝑟Rmax) and 𝑆Rmax ≡ 𝑆R (𝑟Rmin).

■ The minimum and maximum useful power for the communication link are

rewritten as 𝑆Cmin ≡ 𝑆C (𝑟Cmax) and 𝑆Cmax ≡ 𝑆C (𝑟Cmin).

6.2.2 Development of the Metrics

In order to obtain closed-form expressions of the univariate, joint and conditional

metrics, preliminary results are first required, namely the PDFs of 𝑆R and 𝑆C, the

LT of the Ricean small scale fading, and the LT of the interference 𝐼 . These results

are computed in Appendices 6.A and 6.B. Then, the Gil-Pelaez theorem and two

useful operators are defined in Section 6.2.2.1. Finally, all the metrics are computed in

Appendices 6.C to 6.H, and the results are summarised in Section 6.2.2.3. Figure 6.2

illustrates the relations between the different considered metrics, and the required

preliminary results.
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6.2.2.1 Gil-Pelaez Theorem and Operators 𝔈 and𝔓

The Gil-Pelaez theorem enables to compute the cumulative distribution function of a

RV 𝑋 based on its characteristic function 𝜙𝑋 [Gil51]. It is summarised in Box 6.19.

6.19: Gil-Pelaez Theorem

P𝑋 (𝑋 ≤ 𝑥) = 1

2

− 1

𝜋

∫ ∞

0

1

𝜏
Im {𝜙𝑋 (𝜏) 𝑒− 𝚥𝜏𝑥 } d𝜏

6.2.2.2 Operators 𝔈 and𝔓

Two operators are defined to simplify the expressions of the metrics. First, the operator

𝔈 enables to rewrite the expectation of a function 𝑔 : R𝑛 → R𝑚 with 𝑛,𝑚 ∈ N, in a

given domain Ω ⊆ R𝑛 :

𝔈Ω [𝑔(X)] ≜ EX [𝑔(X) 1 (X ∈ Ω)] .

Then, the operator 𝔓 is derived from the Gil-Pelaez theorem. Defining two

functions 𝑔1 : C→ C and 𝑔2 : C × R𝑛 → C, for a given domain Ω ⊆ R𝑛 , it is defined
as

𝔓(𝑔1, 𝑔2;Ω) ≜ 𝔈Ω

[
1

2

− 1

𝜋

∫ ∞

0

1

𝜏
Im {𝑔1 (−𝚥𝜏) 𝑔2 (−𝚥𝜏,X)} d𝜏

]
.

6.2.2.3 Summary

A summary of the expressions obtained for the computation of the different metrics

is provided in Table 6.1. In order to evaluate these metrics, averaging on the variables

𝑆R and 𝑆C is performed, using the PDFs of (6.13) and (6.14). The computation of the

LT of the interference 𝐼 given in (6.11) is also required. It itself depends on the LT of

the small-scale fading, obtained in (6.12).

For the JRSCCP to be non-zero, the condition of Box 6.20 has been obtained. This

result highlights a trade-off between the communication and radar functions: it is

impossible to achieve simultaneously arbitrarily high radar and communication

SINR thresholds requirements, the useful power of one function being detrimental

for the other. This condition seems too restrictive to enable both functions to work

simultaneously. Nonetheless, one may instead consider the SINR of the decision

variable in the JRSCCP. In that case, the threshold of 0 dB is shifted by the processing

gains of both functions, enabling to achieve correct performance for both functions.

For each point of the metrics, four integrations are required, respectively over

𝑆R and 𝑆C in the operator 𝔈, 𝜏 in the operator𝔓, and 𝑟 in the LT of the interference.

For the false alarm probability, as it does not depend on 𝑆R, it is limited to three
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Metric Function𝜓 Region Ω

Coverage probability

C(𝜂C) = 𝔓(L𝐼 ,𝜓C;ΩC)
𝜓C (𝑠) = exp

(
𝑠

(
𝑆C
𝜂C

− 𝑆R
))

ΩC =

{
𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝜂C𝑆R ≤ 𝑆C ≤ 𝑆Cmax

}
False alarm probability

F (𝛾R) = 1 −𝔓(L𝐼 ,𝜓F;ΩF)
𝜓F (𝑠) = exp (𝑠 (𝛾R − 𝑆C)) ΩF = {0 ≤ 𝑆C ≤ min(𝛾R, 𝑆Cmax)}

Detection probability

D(𝛾R) = 1 −𝔓(L𝐼 ,𝜓D;ΩD)
𝜓D (𝑠) = exp (𝑠 (𝛾R − 𝑆R − 𝑆C)) ΩD =

{
𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

0 ≤ 𝑆C ≤ min(𝛾R − 𝑆R, 𝑆Cmax)

}
Success probability

S(𝜂R) = 𝔓(L𝐼 ,𝜓S;ΩS)
𝜓S (𝑠) = exp

(
𝑠

(
𝑆R
𝜂R

− 𝑆C
))

ΩS =

{
𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

0 ≤ 𝑆C ≤ min(𝑆R/𝜂R, 𝑆Cmax)

}

JRDCCP

JD (𝜂C, 𝛾R) = 𝔓(L𝐼 ,𝜓D1;ΩD1)

+𝔓(L𝐼 ,𝜓D2;ΩD2) −𝔈ΩD2

[
1

2

] 𝜓D1 (𝑠) = 𝜓C (𝑠) ΩD1 =

{
𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

max (𝜂C𝑆R, 𝛾R − 𝑆R) ≤ 𝑆C ≤ 𝑆Cmax

}

𝜓D2 (𝑠) = 𝜓C (𝑠) −𝜓D (𝑠) ΩD2 =


𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝜂C𝛾R

𝜂C + 1

≤ 𝑆C ≤ min(𝛾R − 𝑆R, 𝑆Cmax)


JRSCCP

JS (𝜂C, 𝜂R) = 𝔓(L𝐼 ,𝜓S1;ΩS1)
+𝔓(L𝐼 ,𝜓S2;ΩS2)

𝜓S1 (𝑠) = 𝜓C (𝑠) ΩS1 =


𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝜂C𝑆R ≤ 𝑆C ≤ min

(
𝜂C (𝜂R + 1)
𝜂R (𝜂C + 1) 𝑆R, 𝑆Cmax

)
𝜓S2 (𝑠) = 𝜓S (𝑠) ΩS2 =


𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝜂C (𝜂R + 1)
𝜂R (𝜂C + 1) 𝑆R ≤ 𝑆C ≤ min

(
𝑆R

𝜂R
, 𝑆Cmax

)
Table 6.1 Computation of the different metrics. The regions Ω and functions𝜓 are
obtained in appendices 6.C to 6.H. Moreover, the regions have here been merged with
the minimum and maximum values of 𝑆R and 𝑆C.
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6.20: Requirement Trade-off for the JRSCCP

𝜂C𝜂R ≤ 1 ⇔ [𝜂C]dB + [𝜂R]dB ≤ 0 dB

Parameters Values

Transmitted powers 𝑃V = 𝑃L = 20 dBm

Beamforming gains 𝐺R = 𝐺C = 𝐺I = 1

Minimum detectable range 𝑟Rmin = 5 m

Antennas beamwidths 𝜙Vt = 22.5 °, 𝜙Vr = 𝜙Lt = 45 °

Path-loss coefficients 𝛽R = 𝛽C = 𝛽I = 4𝜋

Path-loss exponents 𝛼R = 2, 𝛼C = 𝛼I = 3

Nodes densities

𝜆V = 0.02 m−1
, 𝜆L = 0.01 m−1

,

𝜆I = 0.002 m−1

Street topology 𝑑C = 2.5 m, 𝑑I = 3 m

Table 6.2 Parameters of the scenario for Section 6.2.3.

integrations. In order to reduce the complexity, one may first pre-compute the LT

of the interference, as it is used in every metrics, and does not vary with 𝑆R and 𝑆C.

Then, using the Gil-Pelaez theorem, its CDF may also be pre-computed. Therefore,

having computed the CDF beforehand, only two integrations must be performed for

each point of the metrics, except for the false alarm probability, which requires only

one integration.

6.2.3 Numerical Analysis
In this section, numerical analyses are performed based on the scenario defined in

Table 6.2. First, the different metrics are presented. MC simulations are performed to

validate the analytical models. Then, optimisation w.r.t. the RSUs transmitted power

and density is performed.

6.2.3.1 Analysis of the Metrics

Figure 6.3 illustrates the false alarm probability, the detection probability and the

JRDCCP, obtained with SG and MC simulations. As expected from their definitions

given in Box 6.9, the false alarm probability is lower than the detection probability at

any threshold. The false alarm and detection probabilities decrease to zero when the

radar threshold increases. Therefore, the number of false alarms is lowered at the

price of fewer detections. For low values of the radar threshold 𝛾R, corresponding

to high false alarm probabilities, the detection probability is close to one, and the

JRDCCP tends to be equal to the communication coverage probability. Contrariwise,

for low values of the communication Signal-to-Interference Ratio (SIR) threshold 𝜂C,

| 167



6 | Joint Performance Metrics for Integrated Sensing and

Communication Networks

60 40 20 0 20 4090 80 70 60 50 40

0.0

0.2

0.4

0.6

0.8

1.0

Detection
False alarm
MC

0.0

1.0

0.8

0.6

0.4

0.2

MC
SG

Coverage probability

Comm SIR threshold

JRDCCPFalse Alarm and Detection Probability

(dBm)Radar threshold

C
C
D

F

(dB)

Fig. 6.3 False alarm and detection probability (left), and JRDCCP (right). The white
area corresponds to the region delimited by the Fréchet upper and lower bounds of
the magenta curve, given in Box 6.16.

the communication coverage probability is close to one, and the JRDCCP tends to be

equal to the detection probability.

The same behaviour is observed with the JRSCCP, shown in Figure 6.4. For low

values of the radar SIR threshold 𝜂R, the radar success probability is close to one, and

the JRSCCP tends to be equal to the coverage probability. By contrast, for low values

of 𝜂C, the coverage probability is close to one, and the JRSCCP tends to be equal to

the radar success probability. Additionally, the condition given in Box 6.20 is verified:

whatever the values of 𝜂R and 𝜂C, the metric decreases to zero when the sum of the

SIR thresholds in dB exceeds 0 dB. This condition illustrates directly that a trade-off

should be achieved between the radar and the communication function. Owing to the

negative impact of the communication signal on the radar function and vice-versa,

arbitrarily high performance cannot be achieved simultaneously for both functions.

Two conditional metrics are also illustrated in Figure 6.3d, namely JC |S and JS |C,

defined in Boxes 6.17 and 6.18. For these metrics, the same condition applies: among

the vehicle achieving a communication (resp. radar) SIR of at least 𝜂C (resp. 𝜂R) in dB,

there is a zero probability of achieving a radar (resp. communication) SIR higher than

−𝜂R (resp. −𝜂C) in dB. This illustrates again the trade-off between the radar and the

communication function. It is not possible to achieve arbitrarily high performance

with one function given an arbitrary high requirement for the other function.

The Fréchet upper and lower bounds are illustrated in both Figure 6.3 and 6.4.

In each case, the bounds become tighter as the joint metrics are evaluated for lower

thresholds. At these thresholds, the joint metrics tend to be equal to radar or commu-

nication metrics (detection, success and coverage probability), and the bounds merge
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Fig. 6.5 JRSCCP against transmitted powers, with 𝜂R = −10 dB and 𝜂C = −20 dB. The
optimal power ratio of (6.9) is denoted as 𝜇∗.

with the univariate metrics.

6.2.3.2 Optimisation of the Network Parameters

One may use the joint performance metrics to optimise the transmitted power of

the vehicles and the RSUs, and the density of RSUs. First, regarding the JRSCCP, the

optimisation problem is formulated for given radar and communication SIR thresholds

𝜂R and 𝜂C as

𝑃∗
L
, 𝑃∗

V
= argmax

𝑃L,𝑃V

JS (𝜂C, 𝜂R; 𝑃L, 𝑃V)

s.t. 𝑃Lm ≤ 𝑃L ≤ 𝑃LM,

𝑃Vm ≤ 𝑃V ≤ 𝑃VM.

(6.8)

The minimum and maximum values for both the RSUs and vehicles powers are

respectively denoted as 𝑃Lm, 𝑃LM, 𝑃Vm and 𝑃VM. The problem can be formulated

similarly with the JRDCCP.

Figure 6.5 illustrates how the JRSCCP evolves for different vehicles and RSUs trans-

mitted powers 𝑃V and 𝑃L, at given SIR thresholds 𝜂C and 𝜂R. Under the interference-

limited scenario assumption, the JRSCCP can be expressed as a function of the ratio

𝜇 ≜ 𝑃L/𝑃V between the RSUs and vehicles transmitted powers. The power ratio

should be therefore set such that neither the radar nor the communication function

is disadvantaged, relatively to the required thresholds. Defining by 𝑆C ≜ 𝑆C/𝑃L,
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with the transmitted powers of the RSUs and vehicles optimised for each pair of
thresholds. The minimum and maximum powers are 𝑃Lm = 𝑃LM = 0 dBm and 𝑃Vm =

𝑃VM = 60 dBm.

𝑆R ≜ 𝑆R/𝑃V and 𝐼 ≜ 𝐼/𝑃V, (6.8) can be rewritten as

𝜇∗ = argmax

𝜇

JS (𝜂C, 𝜂R; 𝜇)

s.t. 𝜇m ≤ 𝜇 ≤ 𝜇M,

(6.9)

with 𝜇m ≜ 𝑃Lm/𝑃VM, 𝜇M ≜ 𝑃LM/𝑃Vm, and

JS (𝜂C, 𝜂R; 𝜇) = P𝑆R,𝑆C,𝐼
(
𝜇

𝑆C

𝑆R + 𝐼
≥ 𝜂C,

𝑆R

𝜇 𝑆C + 𝐼
≥ 𝜂R

)
.

This enables to perform a univariate optimisation to solve (6.9), for instance with a

1D grid search, or a golden-section search [Kie53]. When 𝜇∗ is found, one can select

the lowest power levels satisfying both 𝜇∗ = 𝑃∗
L
/𝑃∗

V
, and the transmitted powers

constraints.

The achieved JRSCCP after power optimisation is illustrated in Figure 6.6,

for power levels between 0 and 60 dBm. For each pair of thresholds, the joint

metric is optimised w.r.t. the RSUs and vehicles transmitted powers, and the

achieved performance is shown. Indeed, the JRSCCP is higher when low SIR

thresholds are required. Nevertheless, even if the metric is increased for every

pair of thresholds, condition Box 6.20 is still verified. Even with power optimisa-

tion, arbitrarily high SIR requirements cannot be set for both functions simultaneously.
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𝜂C − 1, with the transmitted powers of the RSUs and vehicles
optimised for each pair of thresholds. The minimum and maximum powers are
𝑃Lm = 𝑃Vm = 0 dBm and 𝑃LM = 𝑃VM = 60 dBm.

The same analysis is done in Figure 6.7 for the JRDCCP, in which the change

of variable of (6.1) has been performed to compute the joint radar detection and

communication spectral efficiency. Again, higher performance are achieved for

low radar thresholds 𝛾R, but it also induces a higher false alarm probability. For

the considered scenario, radar thresholds up to -80 dBm give similar performance,

ensuring a communication rate of 0.8 bits/s/Hz or higher with a probability of at least

50%.

One can also be interested to optimise the transmitted power and density of

the RSUs to design the RSUs infrastructure. For instance, for given SIR thresholds

requirements, with the JRSCCP, the optimisation problem is formulated as

𝑃∗
L
, 𝜆∗

L
= argmax

𝑃L,𝜆L

JS (𝜂C, 𝜂R; 𝑃L, 𝜆L)

s.t. 𝑃Lm ≤ 𝑃L ≤ 𝑃LM,

𝜆Cm ≤ 𝑃V ≤ 𝜆CM .

Minimum and maximum values for the density of the RSUs are respectively denoted

as 𝜆Cm and 𝜆CM. The problem is solved in Figure 6.8 using a 2D grid search for

transmitted powers between 0 and 60 dBm, and densities between 10
−3

and 5 · 10−1
m

−2
. Conclusions similar to Figure 6.5 are drawn. An increased density leads to a
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higher probability for the nearest RSU to be close, increasing the received power for

the communication function, but also the interference at the radar function, similarly

to the impact of an increase of the transmitted power. Consequently, increasing the

density also enables to reduce the transmitted power while keeping good performance.

Finally, one can observe than a higher JRSCCP is achieved for high densities and

low transmitted powers, compared to the one achieved for high transmitted powers

and low densities. At low density, the distance between the RSU and the vehicle is

large with a high probability, and a high communication power does not enable to

compensate the path-loss for every network realisation.

6.2.4 System Model Extensions
In this section, extensions of the system model are proposed, namely the introduc-

tion of interference cancellation capabilities, the generalisation to a multi-lane road

scenario, and the introduction of other point processes for modelling of the nodes

locations.

6.2.4.1 Introduction of Interference Cancellation

As discussed in Section 1.1.2 of Chapter 1, on the one hand, from the radar

point of view, any signal arriving at the receiver other than the radar echoes

is an interfering signal. On the other hand, from the communication point of

view, any signal arriving at the receiver other than communication signals of

interest is considered as interference. Enabling some cooperation between both

functions, communication signals which are decoded at the communication receiver
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could be (partially) suppressed at the radar receiver, and radar echoes which are

processed at the radar receiver could be (partially) suppressed at the communication

receiver. This could also handle the self-interference if the residual power of the

direct link is not saturating the frontend of the receiver, as the direct link can

be considered either as a radar echo, or a communication signal with a known payload.

In the considered scenario, we assume that the signals transmitted by the

interfering vehicles are not decoded by the typical vehicle. Therefore, the interference

arising from the opposite lane is not cancelled, but the cooperation of both functions

enables to mitigate the impact of 𝑆R on the communication function, and 𝑆C on the

radar function.

Interference cancellation is modelled in [TH15] by multiplying the interference

term by a factor 𝜁 ∈ [0, 1], defining at which extent the interference has been

cancelled. Perfect interference cancellation is achieved when 𝜁 = 0, whereas no

interference cancellation is performed when 𝜁 = 1. Another approach is followed in

[BJ09], which defines the coverage probability as the probability to simultaneously

have the interference-to-signal-plus-noise and the SNR higher than a given SINR

threshold. Instead, we assume in this section that the higher the SINR at the

communication (resp. radar) receiver, the better the interference cancellation at the

radar (resp. communication) receiver. Thus, leveraging on both approaches, we

introduce a 𝜁 factor which depends on the performance of the decoding at the other

function.

Definition of the residuals: The residual interference 𝜁R is supposed to be high

when the radar SIR is low, as the radar receiver has difficulties to estimate correctly

the parameters of the radar echoes. The same applies for the residual interference 𝜁C,

which is supposed to be high when the communication SIR is low, as the communica-

tion receiver has difficulties to estimate correctly the symbols and parameters of the

communication signals. Moreover, the interference level could even be increased

owing to an imprecise signal cancellation. Conversely, when these SIRs are high,

the interference is supposed to be efficiently cancelled, leading to nearly zero residuals.

For the sake of tractability, even if the total interference should be considered to

assess the efficiency of the interference cancellation scheme, we assume that these

functions do not depend on the interfering signals 𝐼 , but only on the power of the

radar echoes and communication signals. In most of the simulated scenarios, it has

been observed that the powers 𝑆R and 𝑆C are large w.r.t. the interference, motivating

this assumption. Three different case are evaluated:

1. No interference cancellation is performed, leading to 𝜁R (𝑆C, 𝑆R) ≜ 𝑆R and

𝜁C (𝑆C, 𝑆R) ≜ 𝑆C. This gives back the results of Section 6.2.2.
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2. A perfect interference cancellation is performed at both functions, leading to

𝜁R (𝑆C, 𝑆R) ≜ 0 and 𝜁C (𝑆C, 𝑆R) ≜ 0. This is an ideal case, in which the radar and

communication functions do not interfere with each other after cancellation.

3. An imperfect interference cancellation is performed at both functions, depend-

ing on the ratio between the powers of the radar echoes and communication

signals, leading to the following residuals:

𝜁R (𝑆C, 𝑆R) ≜ 𝑆R 𝜁
(
𝑆R

𝑆C

)
, 𝜁C (𝑆C, 𝑆R) ≜ 𝑆C 𝜁

(
𝑆C

𝑆R

)
.

The function 𝜁 should ideally describe the performance of the interference cancella-

tion scheme. In view of all the arguments set out above, an option is to defined it

following Box 6.21, with 𝑎 and 𝑏 two fitting parameters.

6.21: Residual Interference Function

𝜁 (𝑥) ≜ 𝑎

1 + 𝑥𝑏

This function is illustrated in Figure 6.9 for different values of 𝑎 and 𝑏. On the one

hand, choosing 𝑎 > 1 enables to model the maximum increase of the interference for

low power ratios, respectively equal to 𝑎 𝑆C or 𝑎 𝑆R for the residual interference at the

radar and communication functions. On the other hand, the higher the value of 𝑏, the

higher the efficiency of the cancellation when the power ratio is higher than 1, but the

quicker the increase of interference in the opposite case. It can be shown that such

shape is relevant to model the residual interference, from the interference cancellation

schemes proposed in Chapter 9. Still, this definition is arbitrary and constitutes an

example. Yet, any residual functions can be introduced in the framework, as long as

they do not depend on the interfering power 𝐼 .

Definition of the metrics: Introducing the residuals, the JRDCCP and JRSCCP of

Boxes 6.13 and 6.14 are respectively redefined as

J IC

D
(𝜂C, 𝛾R) ≜ P𝑆C,𝑆R,𝐼

(
𝑆C

𝜁R (𝑆C, 𝑆R) + 𝐼
≥ 𝜂C, 𝑆R + 𝜁C (𝑆C, 𝑆R) + 𝐼 ≥ 𝛾R

)
,

J IC

S
(𝜂C, 𝜂R) ≜ P𝑆C,𝑆R,𝐼

(
𝑆C

𝜁R (𝑆C, 𝑆R) + 𝐼
≥ 𝜂C,

𝑆R

𝜁C (𝑆C, 𝑆R) + 𝐼
≥ 𝜂R

)
.

Starting from these expressions, all the metrics with interference cancellation are

obtained following the same developments as presented in Appendices 6.C to 6.H.

This leads to the results summarised in Table 6.3. For readability, the residuals have

been shortened as 𝜁C ≜ 𝜁C (𝑆C, 𝑆R) and 𝜁R ≜ 𝜁R (𝑆C, 𝑆R). One may also obtain the
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Metric Function𝜓 Region Ω

Coverage probability

CIC (𝜂C) = 𝔓(L𝐼 ,𝜓
IC

C
;ΩIC

C
) 𝜓 IC

C
(𝑠) = exp

(
𝑠

(
𝑆C
𝜂C

− 𝜁R
))

ΩIC

C
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝑆C − 𝜂C𝜁R ≥ 0


False alarm probability

F IC (𝛾R) = 1 −𝔓(L𝐼 ,𝜓F
IC ;ΩIC

F
) 𝜓 IC

F
(𝑠) = exp (𝑠 (𝛾R − 𝜁C)) ΩIC

F
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝜁C ≥ 𝛾R


Detection probability

DIC (𝛾R) = 1 −𝔓(L𝐼 ,𝜓
IC

D
;ΩIC

D
) 𝜓 IC

D
(𝑠) = exp (𝑠 (𝛾R − 𝑆R − 𝜁C)) ΩIC

D
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝛾R − 𝑆R − 𝜁C ≥ 0


Success probability

SIC (𝜂R) = 𝔓(L𝐼 ,𝜓
IC

S
;ΩIC

S
) 𝜓 IC

S
(𝑠) = exp

(
𝑠

(
𝑆R
𝜂R

− 𝜁C
))

ΩIC

S
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝜁C − 𝑆R

𝜂R
≥ 0


JRDCCP

J IC

D
(𝜂C, 𝛾R) = 𝔓(L𝐼 ,𝜓

IC

D1
;ΩIC

D1
)

+𝔓(L𝐼 ,𝜓
IC

D2
;ΩIC

D2
) −𝔈ΩIC

D2

[
1

2

]
𝜓 IC

D1
(𝑠) = 𝜓 IC

C
(𝑠) ΩIC

D1
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝛾R − 𝑆R − 𝜁C ≤ 0

𝑆C/𝜂C − 𝜁R ≥ 0


𝜓 IC

D2
(𝑠) = 𝜓 IC

C
(𝑠) −𝜓 IC

D
(𝑠) ΩIC

D2
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

𝛾R − 𝑆R − 𝜁C ≥ 0

𝑆C/𝜂C − 𝜁R ≥ 𝛾R − 𝑆R − 𝜁C


JRSCCP

J IC

S
(𝜂C, 𝜂R) = 𝔓(L𝐼 ,𝜓

IC

S1
;ΩIC

S1
)

+𝔓(L𝐼 ,𝜓
IC

S2
;ΩIC

S2
)

𝜓 IC

S1
(𝑠) = 𝜓 IC

C
(𝑠) ΩIC

S1
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

0 ≤ 𝑆C/𝜂C − 𝜁R ≤ 𝑆R/𝜂R − 𝜁C


𝜓 IC

S2
(𝑠) = 𝜓 IC

S
(𝑠) ΩIC

S2
=


0 ≤ 𝑆C ≤ 𝑆Cmax

𝑆Rmin ≤ 𝑆R ≤ 𝑆Rmax

0 ≤ 𝑆R/𝜂R − 𝜁C ≤ 𝑆C/𝜂C − 𝜁R


Table 6.3 Computation of the different metrics with interference cancellation.
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Fig. 6.9 Function 𝜁 of Box 6.21 for different parameters 𝑎 and 𝑏.

Fréchet upper and lower bounds of the joint metrics, or the conditional metrics

directly following Section 6.1.4.3 and 6.1.4.4.

Figure 6.10 and 6.11 illustrate the impact of partial and perfect interference

cancellation on the JRSCCP. The parameters of the 𝜁 -function have been set for

instance to 𝑎 = 2, and 𝑏 = 4. With this arbitrary choice, the residual interference 𝜁R

(resp. 𝜁C) at the communication function (resp. radar function) is increased when

the power ratio 𝑆R/𝑆C (resp. 𝑆C/𝑆R) is smaller than 1, to a maximum of 2𝑆R (resp.

2𝑆C). Moreover, around 85% of the interference is cancelled when 𝑆R/𝑆C = 2 (resp.

𝑆C/𝑆R = 2), as illustrated in Figure 6.9.

With perfect IC, the performance drastically increases since the interfering power

𝐼 is in most of the cases lower than the radar and communication powers 𝑆R and 𝑆C.

Instead, with imperfect interference cancellation, at high radar (resp. communication)

SIR thresholds, it is likely that the radar (resp. communication) signal is dominant for

the metric to be non-zero. In that situation, the IC performs well at the communication

(resp. radar) function, but the interference level is potentially increased at the other

function since 𝑎 > 1. Therefore, depending on the considered pair of thresholds, the

performance may either be improved or worsened by the IC scheme. Nevertheless, in

the considered scenario, for most pairs of SIR thresholds, this leads to performance

improvement. Finally, when partial or perfect IC is introduced, condition Box 6.20

does not apply. The coupling of both functions becomes limited. It therefore enables

to reach much higher radar and communication requirements.

6.2.4.2 Multi-Lane V2X Scenario

Following the system model of [Fan+20a], one may generalise the two-lane scenario

to an 𝑀-lane scenario, by adapting the PDFs of 𝑆R and 𝑆C, and the LT of the

interference 𝐼 . The new scenario is illustrated in Figure 6.12. Let us now denote by 𝑑
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Fig. 6.10 JRSCCP without IC, with partial IC (𝑎 = 2 and 𝑏 = 4) and with perfect IC, for
fixed radar SIR thresholds 𝜂R = {−20, 0, 20}dB.

the width of one lane, and by 𝑑L the perpendicular distance between the RSUs and

the centre of the nearest lane. In the two-lane scenario, 𝑑I = 𝑑 , and 𝑑C = 𝑑L. The typi-

cal vehicle is assumed to be located in the𝑚th
lane starting from the centre of the road.

First, for the communication signal transmitted by the nearest RSUs, the perpen-

dicular distance 𝑑C is now computed as

𝑑C = 𝑑L + (𝑀 −𝑚)𝑑.

The minimum distance 𝑟Cmin and the PDF of 𝑆C are then adapted by plugging the

new distance 𝑑C in (6.6) and (6.14).

Then, for the interference, the perpendicular distance 𝑑I,𝑛 , starting from the centre

of the road to the 𝑛th lane, is given by

𝑑I𝑛 = (𝑚 + 𝑛 − 1)𝑑.

The minimum distance 𝑟Imin,𝑛 from the centre of the street to the 𝑛th interfering lane

is then obtained by plugging the new distance 𝑑I𝑛 in (6.6). The total interference at

the typical vehicle is thus given by

𝐼 =

𝑀∑︁
𝑛=1

∑︁
𝑖 | 𝑥𝑖 ∈𝚽I,𝑛

𝜌I (𝑥2𝑖 + 𝑑2I𝑛)−
𝛼
I

2 |ℎ𝑖,𝑛 |2,
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Fig. 6.12 Multi-lane V2X scenario.

where 𝚽I,𝑛 are independent PPPs modelling the interfering nodes on each lane, and

|ℎ𝑖,𝑛 |2 are the independent small-scale fading associated with each interfering link.

Based on that, the LT of the total interference is computed following the development

of (6.11):

LI (𝑠) = exp

(
−𝜆I

𝑀∑︁
𝑛=1

∫ ∞

𝑟Imin,𝑛

[
1 − L |ℎ𝑖,𝑛 |2

(
𝑠𝜌I (𝑟 2 + 𝑑I,𝑛)−

𝛼
I

2

)]
d𝑟

)
.

This result is obtained owing to the independence between the different interfering

PPPs and small-scale fading RVs.

Additional improvements of the model could include numerous other sources of

interference, as considered in [Fan+20b; KHF21], and the blockage induced by the

vehicles, which is analysed in [CB22].

6.2.5 Generalisation to other Point Processes
In order to generalise the framework to integrate other PPs, the PDFs of 𝑆R, 𝑆C and

the LT of 𝐼 should be adapted to the considered PP. Owing to the high mathematical

complexity potentially introduced by other PPs, these functions can be approximated

if needed. For instance, [Mar+16] approximates the LT of the interference using a

sigmoidal approximation, or following a transformed distribution approach. Another

interesting proposal is presented in [DWX18] to approximate any PP as two inhomo-

geneous PPPs through inhomogeneous double thinning. In that case, an equivalent

180 |



Comparison with Ray-Tracing Simulations | 6.3

network model is introduced based on two independent inhomogeneous PPPs to

approximate the original PP and obtain tractable results. The introduction of inhomo-

geneous PPPs in the proposed system model in Section 6.2.1 is then straightforward.

6.2.6 Generalisation to Other Scenarios
The different metrics presented in Section 6.1 can be applied to any JCAS scenario.

Moreover, the developments of Section 6.2.2 are straightforwardly translated to any

full-duplex scenario, as the ones detailed in Section 1.1.2 of Chapter 1, i.e. scenarios in

which an ISAC system simultaneously receives a radar and an uplink communication

signal while suffering from interference.

6.3 Comparison with Ray-Tracing Simulations

In order to assess the relevancy of the proposed system model, RT simulations

have been carried out. The RT framework is assumed to be the closest framework

to the ground truth. Therefore, both the comparison of the received powers, and

the evaluation of sensing and communication metrics, are interesting to assess the

relevancy of the SG system model and the developed expressions.

First, the differences between the system model of the two frameworks are high-

lighted in Section 6.3.1. Then, to reduce the discrepancies between the two system

models, extensions of the SG system model are proposed In Section 6.3.2. Next, a

parameters fitting is performed in Section 6.3.3 with the generated RT dataset to

extract the parameters of the system model for the SG framework. Finally, the power

statistics and the sensing and communication performance metrics computed in the

different frameworks are compared in Sections 6.3.4 and 6.3.5.

6.3.1 Generation of the Environment
Following the system model proposed in Section 6.2.1, the environment, illustrated in

Figure 6.13, has been generated in the RT simulations. The main differences in the

environment are the following:

■ Buildings are modelled along the streets as rectangular blocks. Perpendicular

streets are generated at coordinates following a PPP. This generates additional

multipath in the RT simulations. Thus, for the radar link, these should be

filtered out to isolate the useful radar echo, arising from the next vehicle ahead,

w.r.t. the other radar echoes from the environment.

■ Vehicles are modelled as rectangular blocks. Stacking vehicles are removed

from the street. Thus, the position of the vehicles is better modelled by HCPPs

instead of PPPs. Still, as discussed in Section 5.1.1.4, HCPPs are often intractable,

and the PPP is a good approximation if the nodes density is adapted accordingly.
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Fig. 6.13 Illustration of the RT scenario. Vehicles are represented in black, and
buildings in red. The RSU is represented by a traffic light. Blue, red and green rays
respectively correspond to communication, radar, and interference links.

■ Vehicles are positioned in both lanes on the street following two PPPs with the

same density. The interfering vehicles are selected by performing a thinning

with a given probability of interference. Therefore, the vehicles in the opposite

lane are not all interfering, but they may still act as obstacles.

■ The transmitting and receiving antennas are located at non-zero heights. For

the ISAC systems of the vehicles, they are both located at the front of the

vehicles, but slightly separated from each other.

Three examples of simulated scenarios are shown in Figure 6.14. The parameters of

the RT simulations are summarised in Table 6.4.

6.3.2 Monte-Carlo System Model
To further improve the SG system model of Section 6.2.1, two additional features are

added:

■ LoS and NLoS propagations are considered. Owing to the presence of the

numerous vehicles on both lanes, and buildings acting like obstacles, both LoS

and NLoS propagations occur for the communication and interfering links.

Therefore, for these links, the propagation parameters {𝛼𝑣,𝑙 } and {𝛽𝑣,𝑙 } with
𝑣 ∈ {C, I} and 𝑙 ∈ {L,N} are instead defined for LoS or NLoS links. The

probability for the considered link to be in LoS is denoted as 𝑝L,𝑣 (𝑟 ), with 𝑟 the
distance between the two nodes. To determine which nodes are in LoS or NLoS,

independent thinnings are performed on the PPPs of the RSUs and interfering

vehicles, with probability 𝑝L,v (𝑟 ). The LoS probability model considered in this

chapter is the 3GPP 𝑑1/𝑑2 model [3GP15]:

𝑝L,v (𝑟 ) = min

(
𝑑1,𝑣

𝑟
, 1

) [
1 − exp

(
− 𝑟

𝑑2,𝑣

)]
+ exp

(
− 𝑟

𝑑2,𝑣

)
, (6.10)
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Fig. 6.14 Three examples of simulated RT scenarios. Vehicles are represented in
black, buildings in red, and antennas in green.
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Parameters Values

3D position of the radar TX antenna (6.1, 16, 0.5) m
3D position of the radar RX antenna (6.1, 16.2, 0.5) m
3D position of the RSUs TX antenna (6.1 + 𝑟C, 18, 2.5) m
3D position of the interfering TX antennas (6.1 + 𝑟I, 13, 0.5) m
Streets length 2 km

Streets width 9 m

Perpendicular streets density 10 km
−1

RSUs density 𝜆C 10 km
−1

Vehicles density 𝜆R 20 km
−1

Interfering vehicles density 𝜆I 2 km
−1

Carrier frequency 𝑓𝑐 26 GHz

Transmitted powers 𝑃V and 𝑃L 20 dBm

Beamforming gains 𝐺R, 𝐺C and 𝐺I 1

Table 6.4 Parameters of the RT simulations. The distances 6.1 + 𝑟C and 6.1 + 𝑟I are
computed from the PPPs of the RSUs and interfering vehicles.

with {𝑑1,𝑣} and {𝑑2,𝑣} four fitting parameters.

■ Small-scale fading is considered for every link. Even if it is supposed that the

small-scale fading is highly Ricean, the introduction of such RV helps improve

the accuracy of the models fitting. It is therefore assumed that Ricean small-

scale fading affects both the radar and communication links, in addition to the

interfering links, with 𝐾-factors to determine from the RT simulations.

Since these features affects the mathematical tractability of the models, we name the

enhanced framework the Monte-Carlo system model, in opposition to the SG system

model, which designates the one detailed in Section 6.2.1.

6.3.3 Generated Data and Parameters Fitting
From the dataset generated with the RT simulations, the parameters of the system

model for the SG and MC framework are extracted. To perform this estimation, the

different nodes densities are first estimated by averaging the number of nodes over

the different network realisations. Instead of obtaining the densities of Table 6.4, the

densities extracted from the dataset are equal to 18.6 km
−1

for the vehicles, and 1.79

km
−1

for the interfering nodes. As expected, owing to the removal of overlapping

vehicles, the vehicles density is reduced, leading to lower 𝜆R and 𝜆I.

Then, for the path-loss parameters, Least Square Estimation (LSE) in the log-log

domain is applied. More specifically, denoting by {𝑆RT𝑣,𝑛} with 𝑣 ∈ {R,C, I} the received
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Mixed LoS NLoS

Radar
𝛼R 1.74 — —

[ ˆ𝛽R]dB 3.72 — —

Comm.
𝛼C 2.20 1.53 2.32

[ ˆ𝛽C]dB 0.42 3.37 0.40

Interference
𝛼I 4.64 1.12 4.35

[ ˆ𝛽I]dB 0 14.41 0

Table 6.5 Propagation parameters obtained through LSE fitting of the ray tracing data,
for the radar, communication and interfering links. Either LoS and NLoS links are
separated, or they are mixed. The parameters of the radar links have been computed
considering only the power of the radar echo of the next vehicle ahead, whereas the
environment echoes are filtered out of the dataset.

powers for each link, associated with the distances {𝑟𝑣,𝑛}, the LSE problem is written

for the considered linear path-loss model as

𝛼𝑣, ˆ𝛽𝑣 = arg min

𝛼𝑣 ,𝛽𝑣

𝑁−1∑︁
𝑛=0

( [
𝑆RT𝑣,𝑛

]
dB

− [𝛽𝑣]dB − 𝛼𝑣 [𝑟𝑛]dB
)
2

,

where 𝑁 denotes the number of simulated RT scenarios. This problem is solved by

computing[
𝛼𝑣

[𝛽𝑣]dB

]
=

[∑𝑁−1
𝑛=0 [𝑟𝑛]dB 𝑁∑𝑁−1
𝑛=0 [𝑟𝑛]2

dB

∑𝑁−1
𝑛=0 [𝑟𝑛]dB

]−1 [ ∑𝑁−1
𝑛=0

[
𝑆RT𝑣,𝑛

]
dB∑𝑁−1

𝑛=0

[
𝑆RT𝑣,𝑛

]
dB

[𝑟𝑛]dB

]
.

Note that, for the interference, the power 𝑆RT
I,𝑛

stands for the power of the interference

coming from one single vehicle. The total interference 𝐼 is obtained by summing

the power from each interfering vehicle within a simulated scenario. Furthermore,

LSE can be applied after separating the LoS and NLoS links, or mixing all the links

together. The estimated parameters are summarised in Table 6.5. Low path-loss

exponents are estimated for the radar and communication links, owing to the

canyon-like structure of the street, even with the presence of perpendicular streets.

Contrariwise, the path-loss exponent of the interfering link is very high, owing to the

strong blockage and high NLoS probability induced by the vehicles driving on both

lanes, as later illustrated in Figure 6.18.

Figure 6.15 to 6.17 illustrates the received powers for the radar, communication,

and interfering links, when LoS and NLoS links are separated or not. In order to

compute the received powers, all the paths comprising up to two interactions with

the environment are considered. Diffraction on the edges of the buildings and

vehicles is only considered at the last interaction. For the radar link, two cases are
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Fig. 6.15 Received radar echo power with RT simulations, and fitting, with and
without the clutter filtered out.

illustrated: either the echoes from the environment are kept, or they are filtered out.

The echoes from the environment comprise all the rays which does not interact

with the next vehicle ahead. This encompasses diffraction on building edges, or

reflection and diffraction on other vehicles. Since these rays do not interact with

the next vehicle ahead, this corresponds to all the high power data points in Figure

6.15a which do not decrease with the distance 𝑟R. Cancelling these echoes leads to

Figure 6.15b, which illustrates the power of the radar echo of the next vehicle ahead.

Oscillations of the power with the distance 𝑟R are explained by diffractions on the

edges of the vehicle, with or without reflections on the buildings, which generates

the observed interference pattern. Such interference patterns are also observed in

Figures 6.16 and 6.17 generated by the same cause.

Regarding the LoS probability models, the distances {𝑑1,𝑣} with 𝑣 ∈ {C, I} are set
equal to the minimum distances 𝑟𝑣min of the communication and interfering links.
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Fig. 6.16 Received communication signal power with RT simulations, and fitting.
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Fig. 6.17 Received interfering signals power with RT simulations, and fitting.
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Fig. 6.18 LoS probabilities for the communication and interfering links.

The distances {𝑑2,𝑣} are instead computed by solving another LSE problem:

ˆ𝑑2,𝑣 = argmin

𝑑2,𝑣

𝑁−1∑︁
𝑛=0

(
𝑝RT
L𝑣,𝑛 − 𝑝L𝑣 (𝑟𝑣,𝑛 ;𝑑1,𝑣, 𝑑2,𝑣)

)
2

,

where {𝑝RT
L𝑣,𝑛

} are the LoS probabilities of each link, estimated from the RT data, and

associated with the distances {𝑟𝑣,𝑛}, and 𝑝L𝑣 is the LoS probability model of (6.10).

The fitting illustrated in Figure 6.18 leads to
ˆ𝑑2,C = 110.44 m for the communication

link, and
ˆ𝑑2,I = 43.95 m for the interfering links. Indeed, the estimated distance is

shorter for the interfering links, since the interfering signals encounters vehicles

driving in both lanes, while the communication link is only blocked by vehicles

driving on the same lane as the vehicle of interest.

Finally, for the small-scale fadings 𝐾-factors, they are estimated by computing the

ratio between the powers from the RT data and the estimated path-loss models at the

same distance. This enables to isolate the fading component of the link. Performing

this operation has shown that the small-scale fading of the three links can be modelled

with Rayleigh fading, i.e. 𝐾 ≈ 0.

6.3.4 Comparison of the Powers Distributions
Figure 6.19 compares the PDF of the radar, communication and interfering powers,

obtained with the RT simulations, the SG system model of Section 6.2.1, and the MC

system model of Section 6.3.2. First, the same order of magnitudes are observed for
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Fig. 6.19 PDFs of the radar, communication and interfering powers, with the RT, SG and MC system models.
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the three powers with the three models. Regarding the radar power, the shape of the

PDF is consistent in the three cases, except for the multiple peaks observed in the RT

simulations. This is less accurate for the communication link, owing to the blockage

of the vehicles which are not taken into account in the SG model. Nonetheless, the

introduction of fading RVs and LoS probability models enable the MCmodel to achieve

a more accurate shape. The discontinuities related to the maximum power levels of

the SG models vanish with the introduction of the fading RVs. Unfortunately, neither

the SG nor MC model succeeds to reproduce the shape of the interfering power. With

the MC model, the introduction of the LoS probability enables to model accurately

the high power peak in the PDF, but the blockage of the vehicles narrows the low

power peak around -160 dB in the RT simulations, whereas the low power peak of the

SG and MC models are very wide. A decrease of the vehicles density could therefore

help better model the interfering power, as it would reduce the blockages.

6.3.5 Comparison of the Metrics
First, univariate metrics, namely the communication coverage, radar success and

radar detection probabilities, are compared with the three system models in Figure

6.20. For the coverage and success probabilities, a good fitting is achieved, even

with the differences in the interference modelling. The metrics obtained with the

RT and MC system models are very close to each other, whereas the SG system

model overestimates slightly the slope. However, for the detection probability, larger

differences are observed. In that case, both the SG and the MC model underestimates

the detection probability. Contrariwise to the other metrics, the MC model gives

lower detection probabilities than the two other models.

Unfortunately, contrariwise to the univariatemetrics, larger discrepancies between

the three system models are observed in Figure 6.21 both for the JRDCCP and the

JRSCCP. Still, for the JRSCCP, the performance achieved with the MC system model

seems closer to the ones achieved with the RT system model, as expected. Moreover,

whatever the considered system model, the condition of Box 6.20 is still observed.

6.4 Conclusion

The evaluation of relevant performance metrics is critical for the design of future

wireless networks, including both sensing and communication features. For that pur-

pose, the SG framework provides mathematical tools enabling to compute analytically

the average performance in given scenarios, at the price of additional assumptions in

the system model. In this chapter, popular performance metrics from the SG literature

have been presented for both functions. Yet, the performance of the radar and com-

munication functions are highly correlated. This is encompassed by the definition of

joint metrics, evaluating simultaneously the performance of both functions.
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Fig. 6.20 Coverage, success and detection probabilities.
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Fig. 6.21 JRDCCP and JRSCCP, with the RT, SG and MC system models.
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6.4.1 Summary of the Contributions

The contributions of this chapter are summarised as follows:

■ Two novel joint metrics have been proposed, i.e. the JRDCCP and JRSCCP,

enabling to jointly evaluate the radar and communication performance. More-

over, conditional metrics have also been detailed, enabling to evaluate radar

or communication performance, conditioned on the requirement for the other

function. Upper and lower bounds, function of the univariate metrics, have

also been also proposed. Closed form expressions of the joint and univariate

metrics have been obtained for a full-duplex V2X JCAS scenario, where a vehicle

simultanelously detects the next vehicle ahead, while receiving a communica-

tion signal from the infrastructure, and interference from other vehicles. From

the expressions of the JRSCCP, a trade-off between both functions has been

highlighted: increasing the SIR threshold requirement for one function requires

to decreases the threshold of the other function, for the metric to be non-zero.

Nevertheless, even if a vehicular scenario has been analysed in this chapter, the

obtained expressions are easily extended for other full-duplex ISAC scenarios,

as detailed in Section 1.1.2 of Chapter 1. Through the analysis of the joint met-

rics, performance trade-offs between the radar and communication functions

have been highlighted. Optimisation on the vehicles and RSUs transmitted

powers, and RSUs densities, has also been performed.

■ The proposed definitions have been extended to include interference cancel-

lation capabilities. The framework is compatible with any model of residual

interference at the radar or communication function, provided that it depends

only on the powers of the radar echo and communication signal. The introduc-

tion of interference cancellation enables to further increase the SIR threshold

requirements of both functions, without nullifying the metric. Apart from

interference cancellation, other generalisations have also been discussed, i.e.

the use of other PPs, or the extension to multi-lane scenarios.

■ In order to compare the communication and sensing performance evaluated

with different system models, RT simulations have been carried out. Instead of

only evaluating the performance achieved with the SG expressions, extensions

of the systemmodel have also been proposed as a third option, to compute more

accurately the performance through MC simulations. After performing a fitting

of the densities and propagation parameters, it has been shown that the SG and

MC system models seem relevant w.r.t. RT simulations for the evaluation of

univariate sensing and communication metrics. Nonetheless, for the proposed

joint metrics, the results obtained with the two other system models are rather

inaccurate, but the same trends are observed with the three models.
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6.4.2 Future Works
The comparison between the SG framework and the RT simulations has shown small

discrepancies for the evaluation of the average univariate performance, but larger

errors have been observed for the joint metrics. Therefore, the model mismatches

between the two frameworks must first be further investigated. For instance,

the blockage by other vehicles, the reflections on the ground or the diffraction

mechanisms are not taken into account. It is maybe possible to slightly complexify

the SG model, in order to improve the accuracy of the evaluated JCAS performance,

with an acceptable increase of complexity.

Then, the residual function for the interference cancellation model has been

inferred from logical deductions, and it can be shown that it is coherent with the

results obtained for the interference cancellation schemes proposed in Chapter 9.

Nonetheless, the achieved performance are difficult to analyse, as the definition of the

residual seems sensitive to the considered waveform and scenarios. This abstraction

is difficult to model accurately, motivating further investigations of the performance

gains at each function obtained thanks to the interference cancellation, with specific

ISAC systems, outside the SG framework. Such analysis is done in Chapter 9. Besides,

deeper analyses of the residuals for different ISAC systems could be performed, to

further develop the residual functions. For instance, different functions may be

considered for sensing and communication, or it may depend on the considered

scenario.

Finally, three generalisations have been detailed in Section 6.2.4, namely the

extension to roads with multiple lanes, the introduction of other PPs, and the general-

isation to other full-duplex scenarios. Further investigations of these proposals may

be considered.

6.4.3 What Is Next?
The performance of ISAC systems has been evaluated in this chapter, in a full-duplex

V2X scenario, using the SG framework. Such application corresponds to what could

happen in the streets of future smart cities, where vehicles and the infrastructure

may gather information about the environment, and communicate. Thus, this raises

multiple questions:

1. In such scenario, multiple nodes are equipped with ISAC systems. In that

case, since the nodes of the infrastructure embedding such capabilities are

mutually connected through backhaul links, would they be able to cooperate

with each other? How would that impact the achieved communication and

sensing performance?

2. Simple interference models are considered in this chapter, within one street

under study. How to model a complete city in a larger scale within the SG
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framework? In such case, which additional interference mechanisms should be

modelled?

This is the main topic of Chapter 7, which tries to answer these two questions.
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6.A Laplace Transform of the Interference

The LT of the interference 𝐼 is related to the PGFL of the PPP 𝚽I. Following (5.1),

L𝐼 (𝑠) = E𝚽I,{ |ℎ𝑖 |2 }𝑖∈N

exp ©­«−𝑠
∑︁

𝑖 | 𝑥𝑖 ∈𝚽I

𝜌I
(
𝑥2𝑖 + 𝑑2I

)− 𝛼
I

2 |ℎ𝑖 |2ª®¬


= E
𝚽I,{ |ℎ𝑖 |2 }𝑖∈N


∏

𝑖 | 𝑥𝑖 ∈𝚽I

exp

(
−𝑠𝜌I

(
𝑥2𝑖 + 𝑑2I

)− 𝛼
I

2 |ℎ𝑖 |2
)

(𝑎)
= E𝚽I


∏

𝑖 | 𝑥𝑖 ∈𝚽I

E |ℎ𝑖 |2
[
exp

(
−𝑠𝜌I

(
𝑥2𝑖 + 𝑑2I

)− 𝛼
I

2 |ℎ𝑖 |2
)]

(𝑏 )
= exp

(
−𝜆I

∫ ∞

𝑟Imin

[
1 − L |ℎ𝑖 |2

(
𝑠𝜌I

(
𝑟 2 + 𝑑2

I

)− 𝛼
I

2

)]
d𝑟

)
, (6.11)

where (𝑎) is obtained using the independence of the small-scale fading RVs, and (𝑏)
is obtained using the definition of the PGFL in Box 5.8. In this expression, the LT of

the small-scale fading |ℎ𝑖 |2 appears.

The small-scale fading is supposed to be Ricean-distributed. Let us denote by

𝜈2 the power of the dominant path, and 𝜎2 the power of the scattered paths. The

small-scale fading is expressed in Cartesian coordinates as |ℎ𝑖 |2 = 𝑋 2

𝑖 +𝑌 2

𝑖 , where𝑋𝑖 ∼
N(𝜈 cos𝜃, 𝜎2) and 𝑌𝑖 ∼ N(𝜈 sin𝜃, 𝜎2) are two independent and normally distributed

RVs, with 𝜃 ∈ [0, 2𝜋 [. By the properties of the normal distribution, 𝑋 2

𝑖 /𝜎2 and 𝑌 2

𝑖 /𝜎2
follow two non-centralised 𝜒2 distributions with one degree of freedom [Pat49].

Therefore, using the LT of the 𝜒2 distribution, the LT of 𝑋 2
and 𝑌 2

are computed as

L𝑋 2 (𝑠) = exp

(
−𝜈

2
cos

2 𝜃 𝑠

1 + 2𝜎2𝑠

) (
1 + 2𝜎2𝑠

)− 1

2 ,

L𝑌 2 (𝑠) = exp

(
−𝜈

2
sin

2 𝜃 𝑠

1 + 2𝜎2𝑠

) (
1 + 2𝜎2𝑠

)− 1

2 ,
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and the LT of |ℎ𝑖 |2 is finally obtained as

L |ℎ𝑖 |2 (𝑠) = L𝑋 2 (𝑠)L𝑌 2 (𝑠) = exp

(
− 𝜈2𝑠

1 + 2𝜎2𝑠

) (
1 + 2𝜎2𝑠

)−1
.

To express it as a function of the 𝐾-factor, when the small-scale fading power is

normalised,

𝜈2 ≜
𝐾

𝐾 + 1

, 2𝜎2 ≜
1

𝐾 + 1

,

leading to

L |ℎ𝑖 |2 (𝑠) = exp

(
− 𝐾 𝑠

𝐾 + 1 + 𝑠

)
𝐾 + 1

𝐾 + 1 + 𝑠 . (6.12)

6.B Probability Density Functions of 𝑆R and 𝑆C
To obtain the PDFs of 𝑆R and 𝑆C, the first step is to obtain the PDFs of 𝑟R and 𝑟C.

Probability density function of 𝑟R: The probability to have at least one vehicle

in the radar detectable range is given by

P𝜓𝚽
R

(
𝜓𝚽R

( [𝑟Rmin, 𝑟Rmax]) > 0

)
= 1 −𝑉𝚽R

( [𝑟Rmin, 𝑟Rmax]) = 1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin ) ,

where 𝑉𝚽R
is the void probability of the PPP, given in Box 5.6. Next, using the Bayes

rule, the CCDF of 𝑟R assuming that there is at least one vehicle in the radar detection

range is developed as

𝐹 𝑟R (𝑟 ) = P𝑟R |𝜓𝚽
R

(
𝑟R > 𝑟 | 𝜓𝚽R

( [𝑟Rmin, 𝑟Rmax]) > 0

)
= P𝑟R |𝜓𝚽

R

(
𝜓𝚽R

( [0, 𝑟 ]) = 0 | 𝜓𝚽R
( [𝑟Rmin, 𝑟Rmax]) > 0

)
=
P𝑟R,𝜓𝚽

R

(
𝜓𝚽R

( [0, 𝑟 ]) = 0,𝜓𝚽R
( [𝑟Rmin, 𝑟Rmax]) > 0

)
P𝜓𝚽

R

(
𝜓𝚽R

( [𝑟Rmin, 𝑟Rmax]) > 0

) .

three cases can be distinguished:

■ When 𝑟 ≤ 𝑟Rmin, the two subsets [0, 𝑟 ] and [𝑟Rmin, 𝑟Rmax] are disjoint, and by

the disjoint sets property of PPPs, one obtains

𝐹 𝑟R (𝑟 ) = P𝜓𝚽
R

(
𝜓𝚽R

( [0, 𝑟 ]) = 0

)
= 1.

■ When 𝑟 ≥ 𝑟Rmax, then [𝑟Rmin, 𝑟Rmax] ⊆ [0, 𝑟 ]. As the two events of the numerator

are incompatible, one obtains

𝐹 𝑟R (𝑟 ) = 0
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■ When 𝑟Rmin ≤ 𝑟 ≤ 𝑟Rmax, the expression of 𝐹 𝑟R is developed as

𝐹 𝑟R (𝑟 ) =
P𝑟R,𝜓𝚽

R

(
𝜓𝚽R

( [𝑟Rmin, 𝑟 ]) = 0,𝜓𝚽R
( [𝑟, 𝑟Rmax]) > 0

)
1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )

(𝑎)
=
P𝑟R,𝜓𝚽

R

(
𝜓𝚽R

( [𝑟Rmin, 𝑟 ]) = 0

)
P𝑟R,𝜓𝚽

R

(
𝜓𝚽R

( [𝑟, 𝑟Rmax]) > 0

)
1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )

=
𝑒−𝜆R (𝑟−𝑟Rmin ) (

1 − 𝑒−𝜆R (𝑟Rmax−𝑟 ) )
1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )

=
𝑒−𝜆R (𝑟−𝑟Rmin ) − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )

1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )
,

where (𝑎) is obtained by the disjoint sets property of PPPs.

The PDF of 𝑟R (assuming that there is a vehicle in the radar detectable range) is

finally obtained by deriving the CCDF:

𝑓𝑟R (𝑟 ) = −
d𝐹 𝑟R

d𝑟R
(𝑟 ) = 𝜆R 𝑒

−𝜆R (𝑟−𝑟Rmin )

1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )
1 (𝑟Rmin ≤ 𝑟 ≤ 𝑟Rmax) .

Probability density function of 𝑟C: The PDF of 𝑟C is obtained similarly as the

PDF of 𝑟R, except that there is no maximum communication range, i.e.

P𝜓𝚽
C

(
𝜓𝚽C

( [𝑟Cmin,∞[) > 0

)
= 1.

The CCDF of 𝑟C is developed as

𝐹 𝑟C (𝑟 ) = P𝑟C
(
𝜓𝚽C

( [0, 𝑟 ]) = 0

)
.

Two cases are distinguished:

■ When 𝑟 ≤ 𝑟Cmin, one obtains 𝐹 𝑟C (𝑟 ) = 1.

■ When 𝑟 ≥ 𝑟Cmin, the expression of 𝐹 𝑟C is developed as

𝐹 𝑟C (𝑟 ) = P𝑟C
(
𝜓𝚽C

( [𝑟Rmin, 𝑟 ]) = 0

)
= 𝑒−𝜆C (𝑟−𝑟Rmin ) .

The PDF of 𝑟C is then obtained by deriving the CCDF:

𝑓𝑟C (𝑟 ) = −
d𝐹 𝑟C

d𝑟C
(𝑟 ) = 𝜆C 𝑒−𝜆C (𝑟−𝑟Rmin ) 1 (𝑟 ≥ 𝑟Rmin) .

Probability density functions of 𝑆R and 𝑆C: Now that the PDFs of 𝑟R and 𝑟C

have been computed, the PDFs of 𝑆R and 𝑆C can be obtained using the change of

variable formula for a univariate PDF with a monotonic and invertible transformation

[Eva+08].

For 𝑆R, by inverting (6.7), the transformation 𝑔R is defined as

𝑔R (𝑠) ≜ 𝜌
1

𝛼
R

R
𝑠
− 1

𝛼
R ,
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one obtains

𝑓𝑆R (𝑠) = 𝑓𝑟R (𝑔R (𝑠))
����d𝑔R
d𝑠

(𝑠)
����

=
𝑔R (𝑠)
𝛼R 𝑠

𝜆R 𝑒
−𝜆R (𝑔R (𝑠 )−𝑟Rmin )

1 − 𝑒−𝜆R (𝑟Rmax−𝑟Rmin )
1 (𝑆Rmin ≤ 𝑠 ≤ 𝑆Rmax) . (6.13)

For 𝑆C, by inverting (6.2.1.2), the transformation 𝑔C is defined as

𝑔C (𝑠) =

√︂
𝜌

2

𝛼
C

C
𝑠
− 2

𝛼
C − 𝑑2

C
,

one obtains

𝑓𝑆C (𝑠) = 𝑓𝑟C (𝑔C (𝑠))
����d𝑔C
d𝑠

(𝑠)
����

=
𝑔2
C
(𝑠) + 𝑑2

C

𝛼C 𝑔C (𝑠) 𝑠
𝜆C 𝑒

−𝜆C (𝑔C (𝑠 )−𝑟Cmin ) 1 (0 ≤ 𝑠 ≤ 𝑆Cmax) . (6.14)

6.C Joint Radar Detection and Communication Cov-
erage Probability

In the considered scenario, the JRDCCP of Box 6.13 is rewritten as

JD (𝜂C, 𝛾R) = P𝑆C,𝑆R,𝐼
(
𝑆C

𝑆R + 𝐼
≥ 𝜂C, 𝑆R + 𝑆C + 𝐼 ≥ 𝛾R

)
. (6.15)

For the communication function, the interference comprises signals from vehicles

driving in the opposite lane, and the radar echo from the next vehicle ahead. For

the radar function, a detection occurs when the total received power, comprising the

communication signal transmitted by the RSU, is higher than a predefined threshold.

It can be developed as

JD (𝜂C, 𝛾R) = P𝑆C,𝑆R,𝐼
(
𝑆C

𝑆R + 𝐼
≥ 𝜂C, 𝑆R + 𝑆C + 𝐼 ≥ 𝛾R

)
= E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R

(
𝑆C

𝑆R + 𝐼
≥ 𝜂C, 𝑆R + 𝑆C + 𝐼 ≥ 𝛾R

)]
= E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R

(
𝛾R − 𝑆R − 𝑆C ≤ 𝐼 ≤ 𝑆C

𝜂C
− 𝑆R

)]
.
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𝑆R

𝑆C

𝜂C𝑆R

𝛾
R −
𝑆
R

𝛾R
𝜂C+1

𝜂C𝛾R
𝜂C+1

ΩD2

ΩD1

Fig. 6.22 Illustration of the regions ΩD1 and ΩD2.

This probability is non-zero only when the pairs (𝑆C, 𝑆R) are comprised in the domains

ΩD1 and ΩD2, defined as

ΩD1 ≜

(𝑆C, 𝑆R) ∈ R+ × R+ s.t.

𝛾R − 𝑆R − 𝑆C ≤ 0

𝑆C

𝜂C
− 𝑆R ≥ 0

 ,
ΩD2 ≜

(𝑆C, 𝑆R) ∈ R+ × R+ s.t.

𝛾R − 𝑆R − 𝑆C ≥ 0

𝑆C

𝜂C
− 𝑆R ≥ 𝛾R − 𝑆R − 𝑆C

 ,
which can also be developed as

ΩD1 =
{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 𝑆C ≥ max(𝜂C𝑆R, 𝛾R − 𝑆R)

}
,

ΩD2 =

{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t.

𝜂C𝛾R

𝜂C + 1

≤ 𝑆C ≤ 𝛾R − 𝑆R
}
.

These regions are illustrated in Figure 6.22.

Applying the Gil-Pelaez theorem of Box 6.19 in ΩD1, one obtains

P𝐼 |𝑆C,𝑆R

(
𝐼 ≤ 𝑆C

𝜂C
− 𝑆R

)
=
1

2

− 1

𝜋

∫ ∞

0

1

𝜏
Im

{
𝜙𝐼 (𝜏) 𝑒

− 𝚥𝜏
(
𝑆
C

𝜂
C

−𝑆R
)}

d𝜏,

where 𝜙𝐼 is the characteristic function of the interference. Similarly, in ΩD2, one
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obtains

P𝐼 |𝑆C,𝑆R

(
𝛾R − 𝑆R − 𝑆C ≤ 𝐼 ≤ 𝑆C

𝜂C
− 𝑆R

)
= P𝐼 |𝑆C,𝑆R

(
𝐼 ≤ 𝑆C

𝜂C
− 𝑆R

)
− P𝐼 |𝑆C,𝑆R (𝐼 ≤ 𝛾R − 𝑆R − 𝑆C)

=
1

𝜋

∫ ∞

0

1

𝜏
Im

{
𝜙𝐼 (𝜏)

[
𝑒− 𝚥𝜏 (𝛾R−𝑆R−𝑆C ) − 𝑒− 𝚥𝜏

(
𝑆
C

𝜂
C

−𝑆R
) ]}

d𝜏 .

Therefore, knowing that the characteristic function of the interference is related to its

LT as 𝜙𝐼 (𝜏) = L𝐼 (−𝚥𝜏), the JRDCCP metric is computed using the operators of 6.2.2.1

as

JD (𝜂C, 𝛾R) = 𝔓(L𝐼 ,𝜓D1;ΩD1) +𝔓(L𝐼 ,𝜓D2;ΩD2) −𝔈ΩD2

[
1

2

]
,

where the functions𝜓D1 and𝜓D2 are defined as

𝜓D1 (𝑠) ≜ 𝑒
𝑠

(
𝑆
C

𝜂
C

−𝑆R
)
,

𝜓D2 (𝑠) ≜ 𝑒
𝑠

(
𝑆
C

𝜂
C

−𝑆R
)
− 𝑒𝑠 (𝛾R−𝑆R−𝑆C ) .

Note that the operator 𝔈 is computed the expectation over 𝑆R and 𝑆C, requiring

the PDFs of (6.13) and (6.14).

6.D Joint Radar Success and Communication Cover-
age Probability

In the considered scenario, the JRSCCP of Box 6.14 is rewritten as

JS (𝜂C, 𝜂R) = P𝑆C,𝑆R,𝐼
(
𝑆C

𝑆R + 𝐼
≥ 𝜂C,

𝑆R

𝑆C + 𝐼 ≥ 𝜂R
)
. (6.16)

For the communication function, the interference comprises signals from vehicles

driving in the opposite lane, and the radar echo from the next vehicle ahead. For the

radar function, the interference comprises signals from vehicles driving in the opposite

lane, and the communication signal transmitted by the RSU. It can be developed as

JS (𝜂C, 𝜂R) = P𝑆C,𝑆R,𝐼
(
𝑆C

𝑆R + 𝐼
≥ 𝜂C,

𝑆R

𝑆C + 𝐼 ≥ 𝜂R
)

= E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R

(
𝑆C

𝑆R + 𝐼
≥ 𝜂C,

𝑆R

𝑆C + 𝐼 ≥ 𝜂R
)]

= E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R

(
𝐼 ≤ 𝑆C

𝜂C
− 𝑆R, 𝐼 ≤

𝑆R

𝜂R
− 𝑆C

)]
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= E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R

(
𝐼 ≤ min

(
𝑆C

𝜂C
− 𝑆R,

𝑆R

𝜂R
− 𝑆C

))]
.

This probability is non-zero only when the pairs (𝑆C, 𝑆R) fulfil the following conditions:
𝑆C

𝜂C
− 𝑆R ≥ 0

𝑆R

𝜂R
− 𝑆C ≥ 0

⇔ 𝜂C𝑆R ≤ 𝑆C ≤ 𝑆R

𝜂R
.

This can only be fulfilled if

𝜂C𝜂R ≤ 1 ⇔ [𝜂C]dB + [𝜂R]dB ≤ 0 dB. (6.17)

Equation (6.17) highlights a trade-off between the communication and radar functions:

it is impossible to achieve simultaneously arbitrarily high radar and communication

SINR thresholds requirements, the useful power of one function being detrimental

for the other. This condition seems too restrictive to enable both functions to work

simultaneously. Nonetheless, one may instead consider the SINR of the decision

variable in the JRSCCP. In that case, the threshold of 0 dB is shifted by the processing

gains of both functions, enabling to achieve correct performance for both functions.

If (6.17) is fulfilled, one can define the domains ΩS1 and ΩS2 as

ΩS1 ≜

{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 0 ≤ 𝑆C

𝜂C
− 𝑆R ≤ 𝑆R

𝜂R
− 𝑆C

}
,

ΩS2 ≜

{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 0 ≤ 𝑆R

𝜂R
− 𝑆C ≤ 𝑆C

𝜂C
− 𝑆R

}
,

which can also be rewritten as

ΩS1 ≜

{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 𝜂C𝑆R ≤ 𝑆C ≤ 𝜂C (𝜂R + 1)

𝜂R (𝜂C + 1) 𝑆R
}
,

ΩS2 ≜

{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t.

𝜂C (𝜂R + 1)
𝜂R (𝜂C + 1) 𝑆R ≤ 𝑆C ≤ 𝑆R

𝜂R

}
.

These regions are illustrated in Figure 6.23.

Applying the Gil-Pelaez theorem of Box 6.19 in ΩS1, one obtains

P𝐼 |𝑆C,𝑆R

(
𝐼 ≤ 𝑆C

𝜂C
− 𝑆R

)
=
1

2

− 1

𝜋

∫ ∞

0

1

𝜏
Im

{
𝜙𝐼 (𝜏) 𝑒

− 𝚥𝜏
(
𝑆
C

𝜂
C

−𝑆R
)}

d𝜏 .
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𝑆R

𝑆C

𝜂C𝑆R

𝑆 R
𝜂 R

𝑆𝑅
𝜂C

(𝜂R+
1)

𝜂R(𝜂C
+1)

ΩS1

ΩS2

Fig. 6.23 Illustration of the regions ΩS1 and ΩS2.

Similarly, in ΩS2, one obtains

P𝐼 |𝑆C,𝑆R

(
𝐼 ≤ 𝑆R

𝜂R
− 𝑆C

)
=
1

2

− 1

𝜋

∫ ∞

0

1

𝜏
Im

{
𝜙𝐼 (𝜏) 𝑒

− 𝚥𝜏
(
𝑆
R

𝜂
R

−𝑆C
)}

d𝜏 .

Therefore, the JRDCCP metric is computed using the operators of 6.2.2.1 as

JS (𝜂C, 𝜂R) = 𝔓(L𝐼 ,𝜓S1;ΩS1) +𝔓(L𝐼 ,𝜓S2;ΩS2),

where the functions𝜓S1 and𝜓S2 are defined as

𝜓S1 (𝑠) ≜ 𝑒
𝑠

(
𝑆
C

𝜂
C

−𝑆R
)
,

𝜓S2 (𝑠) ≜ 𝑒
𝑠

(
𝑆
R

𝜂
R

−𝑆C
)
.

6.E False Alarm Probability

In the considered scenario, the radar false alarm probability of Box 6.9 is rewritten as

F (𝛾R) = P𝑆C,𝑆R,𝐼 (𝑆C + 𝐼 ≥ 𝛾R) . (6.18)

This corresponds to the total received power at the radar function when there is no

radar echo, comprising the communication signal transmitted by the RSU and the
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interfering signals. It can be developed as

F (𝛾R) = P𝑆C,𝑆R,𝐼 (𝑆C + 𝐼 ≥ 𝛾R)
= E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R (𝑆C + 𝐼 ≥ 𝛾R)

]
= 1 − E𝑆C,𝑆R

[
P𝐼 |𝑆C,𝑆R (𝐼 ≤ 𝛾R − 𝑆C)

]
.

This probability is non-zero only when the pairs (𝑆C, 𝑆R) are comprised in the domain

ΩF defined as

ΩF ≜
{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 𝑆C ≤ 𝛾

}
.

Applying the Gil-Pelaez theorem of Box 6.19 in ΩF, one obtains

P𝐼 |𝑆C,𝑆R (𝐼 ≤ 𝛾R − 𝑆C) =
1

2

− 1

𝜋

∫ ∞

0

1

𝜏
Im

{
𝜙𝐼 (𝜏) 𝑒− 𝚥𝜏 (𝛾R−𝑆C )

}
d𝜏 .

Therefore, the false alarm probability is computed using the operators of 6.2.2.1 as

F (𝛾R) = 1 −𝔓(L𝐼 ,𝜓F;ΩF),

where the function𝜓F is defined as

𝜓F (𝑠) ≜ 𝑒𝑠 (𝛾R−𝑆C ) .

6.F Coverage Probability

The communication coverage probability can be obtained from either the JRDCCP or

JRSCCP following respectively (6.2) or (6.4). In both cases, the domains ΩD1 and ΩS1

tends to be equal to ΩC defined as

ΩC ≜
{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 𝜂C𝑆R ≤ 𝑆C

}
.

Defining the function

𝜓C (𝑠) ≜ 𝜓D1 (𝑠) = 𝜓S1 (𝑠),

the communication coverage probability is computed as

C(𝜂C) = 𝔓(L𝐼 ,𝜓C;ΩC).

6.G Detection Probability

The radar detection probability can be obtained from the JRDCCP following (6.3). The

domain ΩD2 tends to be equal to ΩD defined as

ΩD ≜
{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 𝑆C ≤ 𝛾R − 𝑆R

}
.
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Following the same approach as for the false alarm probability, the radar detection

probability is computed as

D(𝛾R) = 1 −𝔓(L𝐼 ,𝜓D;ΩD),

where the function𝜓D is defined as

𝜓D (𝑠) ≜ 𝑒𝑠 (𝛾R−𝑆R−𝑆C ) .

6.H Success Probability

The radar success probability can be obtained from the JRSCCP following (6.5). The

domain ΩS2 tends to be equal to ΩS defined as

ΩS ≜

{
(𝑆C, 𝑆R) ∈ R+ × R+ s.t. 𝑆C ≤ 𝑆R

𝜂R

}
.

Defining the function

𝜓S (𝑠) ≜ 𝜓S2 (𝑠),

the radar success probability is computed as

S(𝜂R) = 𝔓(L𝐼 ,𝜓S;ΩS).
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This chapter is a work carried out with the help of Charles Wiame, which I again thanks
warmly. Most of the content is inspired from [De +23]. An extended version of this paper
is in preparation [De +24b].

R
adar and communication performance have been thoroughly investigated in

Chapter 6, in which univariate and joint metrics are proposed for the analysis of

both functions. Whereas this analysis has been performed at the street level, one

may be interested in the evaluation of radar and communication performance at the

city scale. Indeed, ISAC systems are a promising technology for future smart cities,

e.g. for the safety of road users (vehicles, cyclists or pedestrians), or for autonomous

driving [Zha+22]. Nevertheless, at the city level, multiple additional aspects must

be considered. For instance, the nodes of the infrastructure, connected through

backhaul links, may cooperate with each other to improve the overall communication

and sensing performance. Furthermore, complex interference mechanisms should

be modelled, e.g. diffraction on the streets, reflections on obstacles, or building

penetrations. The configuration of the streets is also affecting the useful and

undesired power levels at the node of interest. Therefore, the SG framework seems

appealing for the modelling of the cities infrastructure and the nodes locations, also

enabling an analytical evaluation of average sensing and communication performance.

This chapter analyses the performance of JCAS cooperative networks at a city

scale, within the SG framework. First, Section 7.1 summarises existing works related

to cooperative networks and cities modelling in SG. Then, Section 7.2 details all the

models and metrics considered in this chapter. These metrics are next developed

in Section 7.3. Finally, the achieved sensing and communication performance with

cooperation are evaluated in Section 7.4. Optimisation of the network parameters is

also performed.
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Works Function Vehicular Processes Cooperation
[EAA20; Pap+21;

Che+22; PD23;

GSK23]

Comm. ✗ PPP CoMP

[Sun+24] Comm. ✗ PCP CoMP

[Sun+20; JH21;

Wan+20; PW22a;

QKA24]

Comm. ✓ PLP ✗

[PW22b; CB23] Comm. ✓ PLP (+ PPP) Relaying

[SDD21] Comm. ✓ PLP CoMP

[SPK20] Radar + Comm. ✗ PPP CoMP

[SPK22] Radar + Comm. ✗ 𝛽-Ginibre CoMP

This chapter Radar + Comm. ✓ PLP CoMP

Table 7.1 Non-exhaustive list of multiple papers considering PLPs and/or CoMP
systems in the literature, compared to this chapter.

7.1 Poisson Line Processes and Cooperative Net-
works in the Literature

On the one hand, as detailed in Section 5.3 of Chapter 5, PLP are especially suited

for the modelisation of complete cities. On the other hand, Cooperative Multi-Point

(CoMP) systems have also raised an increase interest in recent years, especially with

the Non-Orthogonal Multiple Access (NOMA) protocol, and for cell-free networks.

Numerous works have been published in these fields within the SG framework. Some

recent publications have been summarised in Table 7.1. Among these, [SPK20] and

[SPK22] introduce multiple cooperation rules for the radar function, which will be

considered in this chapter. They are further described in Section 7.2.4.2.

7.2 System Model

This section presents the considered streets topology, cooperation rules, propagation

models, and the cooperative sensing and communication performance metrics which

will be developed in Section 7.3.

7.2.1 Streets Topology

The street deployment is modelled by means of a PLP, as also done in many other

works presented in Section 7.1. The PLP can be generated from the following process:

𝚵S =
{
(𝑦𝑖 , 𝜃𝑖 ) ∈ R+ × [0, 2𝜋 [, 𝑖 ∈ N

}
,
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Modelling of the City

Fig. 7.1 Illustration of a PLP modelling the streets topology.

where 𝑦𝑖 are the radial distances from the origin, and 𝜃𝑖 are the counter-clockwise

angles between the horizontal axis, and the line formed by the projection of the

origin on the street, as illustrated in Figure 5.3. Nonetheless, the performance of a

typical node is strongly impacted by its location in the city, e.g. along a street, or

in a crossroad. Thus, one may compute overall metrics with a weighted average,

depending on the probability to be located in a crossroad of 𝑁S + 1 lanes.

For a crossroad of 𝑁S + 1 streets, the first 𝑁S + 1 streets are associated with radial

distances 𝑦𝑖 = 0, 𝑖 = 0, . . . , 𝑁S. The other radial distances are distributed following a

PPP 𝚽S of density 𝜆s. The angle 𝜃0 is equal to 𝜋/2, such that the first street is always

oriented horizontally. The other angles 𝜃𝑖 , ∀𝑖 ≥ 0 are uniformly distributed in [0, 2𝜋 [
to form a Cox PLP. As described in Section 5.3 of Chapter 5, the Manhattan PLP is

obtained as a particular case of the Cox PLP. Finally, nodes are distributed along

the streets following one-dimensional PPPs 𝚽v𝑖 of densities 𝜆v𝑖 . These nodes may

model vehicles, RSU, pedestrians, or other devices located in the streets. Such model

is illustrated in Figure 7.1. Denoting by 𝑥 ∈ 𝚽v𝑖 the position of a node in the 𝑖th street,

the absolute position p of the node in the city is computed as

p =

(
cos𝜃𝑖 sin𝜃𝑖

sin𝜃𝑖 − cos𝜃𝑖

) (
𝑦𝑖

𝑥

)
. (7.1)

7.2.2 Cooperation Rule
In this chapter, we assume that the nodes in 𝚵S model RSUs, which are connected

to a Central Processing Unit (CPU) through the backhaul network. These RSUs are
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Target / UE

Soft or hard 
information

Communication
payload

CPUDecision

Data

Cooperative RSUs

Cooperative ISAC Network

Radar
Communication

Fig. 7.2 Illustration of the cooperative sensing and communication process. Infor-
mation is transmitted towards UEs from all the RSUs, whereas a decision is drawn at
the CPU based on the RSUs radar outputs about the presence of targets.

equipped with ISAC systems, and all RSUs located at a distance lower than 𝜌 in the

streets of the crossroad are assumed to cooperate. The set of cooperative RSUs is

denoted as C =
⋃𝑁S

𝑗=0
C𝑗 , with C𝑗 ≜ {𝑥 ∈ 𝚽v𝑗 | |𝑥 | ≤ 𝜌} the set of cooperative RSUs in

the 𝑗 th street of the crossroad. This is also shown in Figure 7.1. From a communication

perspective, they all transmit information to a typical vehicle located at the origin.

From a sensing perspective, they receive radar echoes from the vehicle, and transmit

soft or hard information to the CPU, which draws a conclusion on the presence of

the vehicle. This cooperative ISAC process is illustrated in Figure 7.2.

7.2.3 Propagation Models

We assume a linear path-loss model, for instance the alpha-beta-gamma model of Box

3.5, presented in Section 3.1.4 of Chapter 3. The crossroad of interest is located at

(0, 0). Depending on the considered link and propagation mechanism, the received

power at a node located at position p
1
from a transmitted located at position p

2
,

potentially located in two different roads forming an angle𝜓 , with an intersection at

position 𝝌 , can be written in the form:

𝑃 = 𝜅 𝑔(p
1
, p

2
, 𝝌 ,𝜓 ) 𝛾,

where 𝛾 is an exponentially distributed random variable modelling the small-scale

fading of the link. The coefficient 𝜅 and functions 𝑔 vary depending on the considered

link, i.e. communication, radar, or interference.
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7.2.3.1 Communication links

For the communication link between a cooperative RSUs at position p
1
and the typical

vehicle at position p
2
= (0, 0), the function 𝑔 is defined as

𝑔C (p1) ≜∥p1∥−𝛼C , (7.2)

where 𝛼C denotes the path-loss exponent of the communication link.

7.2.3.2 Radar links

For the radar link between a cooperative RSUs at position p
1
= p

2
= p and the typical

vehicle at position (0, 0), the function 𝑔 is defined as

𝑔R (p) ≜∥2p∥−𝛼R , (7.3)

where 𝛼R denotes the path-loss exponent of the radar link. A GO model is considered,

as presented in Section 3.1.3 of Chapter 3, owing to the high frequencies and small

distances considered in future ISAC networks.

7.2.3.3 Interfering links

Multiple interference sources may be modelled in the considered scenario. In this

chapter, four different types of interference are considered. The path-loss of the

interfering links is denoted as 𝛼I.

Interference of type I: The interference of type I comprises all the direct interfer-

ing links between nodes located in the same street. As for the communication link,

the function 𝑔 is defined as

𝑔I,I (p1, p2) ≜∥p1 − p
2
∥−𝛼I . (7.4)

Interference of type II: The interference of type II comprises all the unwanted

reflection on scatterers located in a crossroad, reflected towards a RSU. The function

𝑔 is defined as

𝑔I,II (p1, p2, 𝝌 ,𝜓 ) ≜
(
1 + cos𝜓

2

)𝜈𝑟 (
∥p

1
− 𝝌 ∥+∥p

2
− 𝝌 ∥

)−𝛼I , (7.5)

following the reflection model proposed in [Man12]. The parameter 𝜈𝑟 defines the

angular beamwidth of the reflective contribution.

Interference of type III: The interference of type III comprises all the unwanted

diffraction on the corners of the crossroad, towards a RSU. The function 𝑔 is defined
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Interference Modelling

Type IType II

Type III

Type IV

Fig. 7.3 Illustration of the four types of interference.

as

𝑔I,III (p1, p2, 𝝌 ,𝜓 ) ≜
[
∥p

1
− 𝝌 ∥+∥p

2
− 𝝌 ∥ + 𝑘𝑏

(
2𝜓

𝜋

)𝜈𝑏
∥p

1
− 𝝌 ∥∥p

2
− 𝝌 ∥

]−𝛼I
, (7.6)

following the Berg diffraction model proposed in [Ber95]. The parameter 𝑘𝑏 is defined

as 𝑘𝑏 =
√︁
𝑞𝑏 𝑓𝑐/𝑐 , and 𝑞𝑏 and 𝜈𝑏 are two empirical parameters.

Interference of type IV: The interference of type IV comprises all the indirect

interference through penetration in the buildings. The function 𝑔 is defined as

𝑔I,IV (p1, p2) ≜ 10
− 2𝛿

10
(1+2𝜆s ∥p1−p2 ∥) ∥p

1
− p

2
∥−𝛼I , (7.7)

following the model proposed in [Dem23]. The parameter 𝛿 is the average penetration

loss from the external walls of the buildings, and 2𝜆s∥p1 − p
2
∥ is the average number

of walls crossed.

These four types of interference are illustrated in Figure 7.3. Note that the models

proposed for the interference of type I and III have been compared to ray-tracing

simulations in [Wia+23], showing similar results when the propagation parameters

of these models, i.e. the coefficient 𝜅I and the path-loss exponent 𝛼I, are fitted to the

ray-tracing simulations.

Whatever the type of link, based on the angles 𝜃 𝑗 , 𝜃𝑙 and radial distances 𝑦 𝑗 , 𝑦𝑙 of

the two crossing streets, the positions p
1
and p

2
can first be computed as function

of the one-dimensional positions 𝑧 𝑗 ∈ 𝚽v𝑗 and 𝑧𝑙 ∈ 𝚽v𝑙 within the streets using (7.1).
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Next, the position of the crossroad 𝝌 can be computed from (7.1) by solving w.r.t. 𝜒 𝑗

and 𝜒𝑙 the following system of equations:{
𝑦 𝑗 cos𝜃 𝑗 + 𝜒 𝑗 sin𝜃 𝑗 = 𝑦𝑙 cos𝜃𝑙 + 𝜒𝑙 sin𝜃𝑙 ,
𝑦 𝑗 sin𝜃 𝑗 − 𝜒 𝑗 cos𝜃 𝑗 = 𝑦𝑙 sin𝜃𝑙 − 𝜒𝑙 cos𝜃𝑙 .

Then, using again (7.1):

𝝌 =

(
cos𝜃 𝑗 sin𝜃 𝑗

sin𝜃 𝑗 − cos𝜃 𝑗

) (
𝑦 𝑗

𝜒 𝑗

)
=

(
cos𝜃𝑙 sin𝜃𝑙

sin𝜃𝑙 − cos𝜃𝑙

) (
𝑦𝑙

𝜒𝑙

)
.

Finally, The angle𝜓 can be computed from the positions of the RSUs and the crossroad:

𝜓 = arccos

(p
1
− 𝝌 )T (p

2
− 𝝌 )

∥p
1
− 𝝌 ∥∥p

2
− 𝝌 ∥ .

Thus, the received power can be rewritten as

𝑃 = 𝜅 𝑔(𝑥 𝑗 , 𝑥𝑙 , 𝜃 𝑗 , 𝜃𝑙 , 𝑦 𝑗 , 𝑦𝑙 ) 𝛾,

which explicitly involves the positions of the nodes within the streets, and streets

topology. This formulation is therefore more suited for the following developments.

7.2.4 Cooperative Performance Metrics
As described in Section 7.2.2, multiple RSUs cooperate with each other to improve

both radar and communication performance. Therefore, one may extend the radar

and communication metrics detailed in Section 6.1 to cooperative networks.

7.2.4.1 Cooperative Communication

For the communication function, a Non-Coherent Joint Transmission (NC-JT) cooper-

ation scheme is considered. Such scheme is for instance considered in [Tan+14]. In

other words, the same information is transmitted from all the cooperative RSUs in a

non-coherent manner.

Cooperative Coverage Probability: With the NC-JT scheme, one may extend the

definition of Box 6.1, presented in Section 6.1.1.1 of Chapter 6, by taking into account

the total useful communication power in the communication SINR. This leads to the

following expression for the cooperative communication coverage probability of the

typical vehicle located in the crossroad:

PC (𝜂C) ≜ P
(∑𝑁S

𝑗=0

∑
𝑖∈C𝑗

𝑆C𝑗𝑖

𝐼C +𝑊C

≥ 𝜂C

)
, (7.8)
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Communication Interference

Type III

Type IV

Type III
Type I

Fig. 7.4 Interference sources for the communication function.

where 𝑆C𝑗𝑖 is the received power from the 𝑖th cooperative RSU in the 𝑗 th street, 𝐼C

is the interference power at the typical vehicle, and𝑊C is the constant noise power.

Following (7.2), the useful communication power is expressed as

𝑆C𝑗𝑖 = 𝜅C |𝑥 𝑗𝑖 |−𝛼C 𝛾C𝑗𝑖 ,

with 𝑥 𝑗𝑖 the position of the 𝑖th cooperative RSU in the 𝑗 th street. The total communi-

cation interference power aggregates two interference sources, denoted as 𝐼C1 and

𝐼C2, and illustrated in Figure 7.4:

1. The interference of type I from the RSUs in the streets belonging to the crossroad,

which are not cooperating. Following (7.4), the first interference source is

expressed as

𝐼C1 =

𝑁S∑︁
𝑗=0

∑︁
𝑘 |𝑧 𝑗𝑘 ∈𝚽v𝑗 \C𝑗

𝜅I |𝑧 𝑗𝑘 |−𝛼I 𝛾C1I, 𝑗𝑘 .

2. The interference of type III and IV from the RSUs in the streets not belonging

to the crossroad. Following (7.6) and (7.7), the second interference source is

expressed as

𝐼C2 =

∞∑︁
𝑙=𝑁S+1

∑︁
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙

[
𝑁S∑︁
𝑗=0

𝜅I 𝑔I,III
(
0, 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 𝑦𝑙

)
𝛾C2III, 𝑗𝑙𝑘

+ 𝜅I 𝑔I,IV (0, 𝑧𝑙𝑘 , 0, 𝜃𝑙 , 0, 𝑦𝑙 ) 𝛾C2IV,𝑙𝑘

]
.

Diffraction may arise from any street belonging to the crossroad of interest.

Since the vehicle of interest is located at (0, 0), multiple parameters of the

function 𝑔 are not required, and are thus set to zero.
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7.2.4.2 Cooperative Sensing

For the radar function, we assume that each cooperative RSU draws a binary decision

on the presence of the vehicle in the crossroad. Then, the CPU gathers all the decisions,

and determine if there is a target or not depending on the selected decision rule.

Success Probability of one RSU: The success probability of Box 6.10, presented in

Section 6.1.2.3 of Chapter 6, is used to evaluate the probability that the 𝑖th cooperative

RSU of the 𝑗 th street belonging to the crossroad successfully detects the vehicle:

PS, 𝑗𝑖 (𝜂R) ≜ P
(

𝑆R𝑗𝑖

𝐼R𝑗𝑖 +𝑊R𝑗𝑖

≥ 𝜂R
)
,

where 𝑆R𝑗𝑖 is the power of the received radar echo, 𝐼R𝑗𝑖 is the interference power at

the RSU, and𝑊R𝑗𝑖 is the constant noise power. Following (7.3), the useful radar power

is expressed as

𝑆R𝑗𝑖 = 𝜅R |2𝑥 𝑗𝑖 |−𝛼R 𝛾R𝑗𝑖 ,

with 𝑥 𝑗𝑖 the position of the 𝑖th cooperative RSU in the 𝑗 th street. The total radar

interference power aggregates five interference sources, denoted as 𝐼R1, 𝑗𝑖 to 𝐼R5, 𝑗𝑖 , and

illustrated in Figure 7.5:

1. The interference of type I and II from the RSUs in the 𝑗 th street, which are not

cooperating. Following (7.4) and (7.5), the first interference source is expressed

as

𝐼R1, 𝑗𝑖 =
∑︁

𝑘 |𝑧 𝑗𝑘 ∈𝚽v𝑗 \C𝑗

[
𝜅I |𝑥 𝑗𝑖 − 𝑧 𝑗𝑘 |−𝛼I 𝛾R1I, 𝑗𝑖𝑘

+ 𝜅I
(
|𝑥 𝑗𝑖 | + |𝑧 𝑗𝑘 |

)−𝛼I 𝛾R1II, 𝑗𝑖𝑘 1 (
𝑥 𝑗𝑖𝑧 𝑗𝑘 ≥ 0

) ]
.

The interference of type II is assumed to only occur when the cooperative and

interfering RSUs are both on the same side of the crossroad.

2. The interference of type I and II from the RSUs in the 𝑗 th street, which are coop-

erating. Following (7.4) and (7.5), the second interference source is expressed

as

𝐼R2, 𝑗𝑖 =
∑︁

𝑘 |𝑥 𝑗𝑘 ∈C𝑗 \{𝑥 𝑗𝑖 }

[
𝜅I |𝑥 𝑗𝑖 − 𝑥 𝑗𝑘 |−𝛼I 𝛾R2I, 𝑗𝑖𝑘

+ 𝜅I
(
|𝑥 𝑗𝑖 | + |𝑥 𝑗𝑘 |

)−𝛼I 𝛾R2II, 𝑗𝑖𝑘 1 (
𝑥 𝑗𝑖𝑥 𝑗𝑘 ≥ 0

) ]
.

The interference of type II is again assumed to only occur when the cooperative

and interfering RSUs are both on the same side of the crossroad.

3. The interference of type II, III and IV from the RSUs in the other streets of

the crossroad, which are cooperating. Following (7.5), (7.6) and (7.7), the third
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interference source is expressed as

𝐼R3, 𝑗𝑖 =

𝑁S∑︁
𝑙=0
𝑙≠𝑗

∑︁
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙 \C𝑙

[
𝜅I 𝑔I,II

(
𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 0

)
𝛾R3II, 𝑗𝑖𝑙𝑘

+ 𝜅I 𝑔I,III
(
𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 0

)
𝛾R3III, 𝑗𝑖𝑙𝑘

+ 𝜅I 𝑔I,IV
(
𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 0

)
𝛾R3IV, 𝑗𝑙𝑘

]
.

Since both the 𝑗 th and 𝑙 th streets belong to the crossroad, 𝑦 𝑗 = 𝑦𝑙 = 0, and the

position of the crossroad 𝝌 is (0, 0).

4. The interference of type II, III and IV from RSUs in the other streets of the

crossroad, which are cooperating. Following (7.5), (7.6) and (7.7), the fourth

interference source is expressed as

𝐼R4, 𝑗𝑖 =

𝑁S∑︁
𝑙=0
𝑙≠𝑗

∑︁
𝑘 |𝑥𝑙𝑘 ∈C𝑙

[
𝜅I 𝑔I,II

(
𝑥 𝑗𝑖 , 𝑥𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 0

)
𝛾R4II, 𝑗𝑖𝑙𝑘

+ 𝜅I 𝑔I,III
(
𝑥 𝑗𝑖 , 𝑥𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 0

)
𝛾R4III, 𝑗𝑖𝑙𝑘

+ 𝜅I 𝑔I,IV
(
𝑥 𝑗𝑖 , 𝑥𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 0

)
𝛾R4IV, 𝑗𝑙𝑘

]
.

Since both the 𝑗 th and 𝑙 th streets again belong to the crossroad, 𝑦 𝑗 = 𝑦𝑙 = 0, and

the position of the crossroad 𝝌 is (0, 0).

5. The interference of type II, III, and IV from RSUs in the 𝑙 th street which does not

belong to the crossroad. Following (7.5), (7.6) and (7.7), the fifth interference

source is expressed as

𝐼R5, 𝑗𝑖 =

∞∑︁
𝑙=𝑁S+1

∑︁
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙

[
𝜅I 𝑔I,II

(
𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 𝑦𝑙

)
𝛾R5II, 𝑗𝑙𝑘

+ 𝜅I 𝑔I,III
(
𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 𝑦𝑙

)
𝛾R5III, 𝑗𝑙𝑘

+ 𝜅I 𝑔I,IV
(
𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 𝑦𝑙

)
𝛾R5IV, 𝑗𝑙𝑘

]
.

Since the 𝑗 th street belongs to the crossroad, 𝑦 𝑗 = 0.

Detection probability of one RSU: Instead of the success probability, one may

consider the detection probability of Box 6.9, presented in Section 6.1.2.2 of Chapter

6. In that case, the detection probability that the 𝑖th cooperative RSU of the 𝑗 th street

belonging to the crossroad successfully detects the vehicle is expressed as

PD, 𝑗𝑖 (𝜁R) ≜ P
(
𝑆R𝑗𝑖 + 𝐼R𝑗𝑖 +𝑊R𝑗𝑖 ≥ 𝜁R

)
,
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Radar Interference

Type II Type I Type I

Type IV Type III

Type II

Type IV

Type III

Type II

Type IV

Type III

Type II

Fig. 7.5 Interference sources for the radar function. For the second interference
source, there is no interference of type II in the illustrated scenario, as the interfering
RSU is located on the other side of the crossroad.
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where 𝜁R is the detection threshold. The useful radar echo and the interference power

are identical to the ones presented for the success probability.

Decision rule: Multiple decision rule are analysed in this chapter:

■ The 𝐾 rule: A vehicle is present if at least 𝐾 RSUs among the cooperative RSUs

have detected the target.

■ The OR rule: A vehicle is present if at least one RSU among the cooperative

RSUs have detected the target. This corresponds to the 𝐾 rule with 𝐾 = 1.

■ The 𝑥%-MAJ rule: A vehicle is present if at least 𝑥% of the cooperative RSUs

have detected the target. If the percentage is omitted, the 50%-MAJ rule is

considered. If the number 𝑛𝑇 of cooperative RSUs is known, the 𝑥%-MAJ rule

is equivalent to the 𝐾 rule with 𝐾 = ⌈𝑥 𝑛T⌉.

■ The AND rule: A vehicle is present if all the cooperative RSUs have detected

the target. If the number 𝑛T of cooperative RSUs is known, this corresponds to

the 𝐾 rule with 𝐾 = 𝑛T.

As every rule can be derived as a particular case of the 𝐾 rule when the total number

of cooperative RSUs is known, we focus on the 𝐾 rule in the following. The metrics

can then be averaged with the probability density function of 𝑛T.

7.3 Development of the Cooperative Metrics

The cooperative sensing and communication metrics are developed in Appendices 7.A

and 7.B, with the system model proposed in Section 7.2. These results are summarised

in Section 7.3.1 and 7.3.2, assuming that the positions x of the cooperative RSUs, and

the angles 𝜽 of the streets belonging to the crossroad, are known beforehand.

7.3.1 Cooperative Communication
For the communication function, the cooperative coverage probability is computed

in Box 7.1 using the Gil-Pelaez theorem of Box 6.19, where the random variable𝑈 is

defined as

𝑈 =

𝑁S∑︁
𝑗=0

∑︁
𝑖∈C𝑗

𝑆C𝑗𝑖 − 𝜂C𝐼C .

The computation of the LT of𝑈 is detailed in Section 7.A. It requires the computation

of the LTs of 𝐼C1 and 𝐼C2.

The average over the positions x may be lifted easily, as the average of the LT of

𝑈 over x is straightforward. However, an average over the angles 𝜽 is still required

to consider random crossroad geometries. Thus, this is only analysed through MC

simulations.
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7.1: Cooperative Coverage Probability

PC (𝜂C;x, 𝜽 ) =
1

2

+ 1

𝜋

∫ ∞

0

1

𝜏
Im

{
L𝑈 |x,𝜽 (−𝚥𝜏) 𝑒− 𝚥𝜏𝜂C𝑊C

}
d𝜏

Communication Integrations Sensing Integrations

L𝐼C1 1

ℎ
(𝑚)
13

1

ℎ
(𝑚)
2

, ℎ
(𝑚)
4

0

L𝐼C2 3

ℎ
(𝑚)
5

3

ℎ
(𝑚)
𝑊

, ℎ𝜁 0

Table 7.2 Number of numerical integrations in the quantities required for the com-
putation of the cooperative coverage, success and detection probabilities.

7.3.2 Cooperative Sensing

For the radar function, the number of cooperative RSUs is known, as their locations

are assumed to be known. Under that assumption, every decision rule can be

expressed as a variation of the 𝐾 rule, and both the cooperative success and detection

probabilities are computed following Box 7.2. The coefficients 𝑎 (𝑚)
and the functions

ℎ are detailed in Section 7.B.

7.2: Cooperative Success and Detection Probabilities

P (𝐾 )
S

(𝜂R;x, 𝜽 ) =
2
𝑛
T∑︁

𝑚=1

𝑎 (𝑚) ℎ (𝑚)
13

(𝜂R;x, 𝜽 ) ℎ (𝑚)
2

(𝜂R;x) ℎ (𝑚)
4

(;x, 𝜽 )

· ℎ (𝑚)
5

(𝜂R;x, 𝜽 ) ℎ (𝑚)
𝑊

(𝜂R;x)

P (𝐾 )
D

(𝜁R;x, 𝜽 ) =
2
𝑛
T∑︁

𝑚=1

𝑎 (𝑚) ℎ (𝑚)
13

(−1;x, 𝜽 ) ℎ (𝑚)
2

(−1;x) ℎ (𝑚)
4

(−1;x, 𝜽 )

· ℎ (𝑚)
5

(−1;x, 𝜽 ) ℎ (𝑚)
𝑊

(−1;x) ℎ𝜁 (1;x)

Both averages over the positions x and angles 𝜽 are required to consider random

RSUs positions and crossroad geometries. Additionally, averaging over the number of

cooperative RSUs is also required. Thus, this is only analysed through MC simulations.
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7.3.3 Complexity Analysis
On the one hand, the evaluation of the cooperative coverage probability requires

the computation of the LT of the interference 𝐼C1 and 𝐼C2. On the other hand, the

evaluation of the cooperative success probability requires the computation of the

functions ℎ. Table 7.2 details the number of numerical integrations required for each

quantity, enabling to compute the cooperative communication and sensing metrics.

One can observe that most integrations involve the LT of the interference 𝐼C2, and the

function ℎ
(𝑚)
5

, which is a function of the interference 𝐼R5. Therefore, the interference

arising from the roads outside the crossroads is the most difficult to evaluate. Still,

it will be shown in Section 7.4 that this source of interference may be negligible

compared to the interference arising from the streets belonging to the crossroad.

7.3.4 Other Sensing and Performance Metrics
Numerous other popular communication and sensing metrics were presented in

Section 6.1 of Chapter 6. Similarly to the cooperative coverage, detection and success

probabilities, they may be generalised to cooperative scenarios. For instance, the

radar false alarm probability is often evaluated in pair with the detection probability.

Additionally, two novel joint metrics have been defined, i.e. the JRDCCP and JRSCCP.

Unfortunately, these other metrics are mathematically intractable within the SG

framework. Still, they may be evaluated using Monte-Carlo simulations.

7.4 Numerical Analysis

In this section, the impact of the different interference sources is first analysed. A

focus is made on the model of the city with Cox processes in Section 7.4.1, compared

to usual PPPs. The equivalent density for the HPPP is computed as

𝜆s,PPP =
𝑁S + 1

𝜋𝜌
𝜆s,

such that the same average number of cooperative nodes is achieved with the two

models. Then, the cooperative communication and sensing metrics are evaluated,

and the impact of the nodes distribution is again highlighted. Finally, the JRSCCP

is used in Section 7.4.2, in order to perform optimisation of the RSUs density and

the radius of association. The parameters of the scenario are summarised in Table

7.3. Random city topologies are considered. Thus, the presented results are obtained

through Monte-Carlo simulations.

7.4.1 Cox Processes versus Poisson Point Processes
Figure 7.6 illustrates the CDFs obtained with Cox processes and PPPs, for the

communication and sensing functions. First, one can notice that the interference
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Parameters Values

Roads density 𝜆s = 0.034 m−1

RSUs density 𝜆v = 0.1 m−1

Cooperative distance 𝜌 = 20 m

Transmitted power 𝑃t = 29 dBm

Beamforming gains 𝐺t = 𝐺r = 18 dBi

Carrier frequency 𝑓𝑐 = 24 GHz

Path-loss parameters

𝛼R = 𝛼C = 1, 𝛼I = 2.8

[𝛽R]dB = [𝛽C]dB = 55 dB,

[𝛽I]dB = 46.7 dB

Reflection parameters 𝜈𝑟 = 4

Diffraction parameters 𝑘𝑏 = 1.58 m−1
, 𝜈𝑏 = 1.5

Wall losses 𝛿 = 20 dB

Table 7.3 Parameters of the scenario for Section 7.4.
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Fig. 7.6 Communication (top) and sensing (bottom) powers CDFs, with Cox processes
and PPPs. The quantity 𝐼R,coop denotes the interference arising from the other cooper-
ative nodes with PPPs.
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Fig. 7.7 Coverage probability, using Cox processes (solid lines) or PPPs (dotted lines),
with and without cooperation.

arising from the streets which do not belong to the crossroad, namely 𝐼C2 and 𝐼R5, is

negligible for both functions in most scenarios, except in the few cases where the

interfering street is crossing the streets of the crossroad close to the centre. Therefore,

as specified in Table 7.2, since both quantities require three integrations, they may

be neglected to hugely lower themathematical complexity of the provided expressions.

Then, focusing first on the communication function, compared to the results

obtained with Cox processes, the useful signal is underestimated with PPPs, whereas

the interference level is overestimated. Thus, PPPs should provide lower bounds for

the cooperative coverage probability obtained with Cox processes. This is indeed

observed in Figure 7.7, illustrating the coverage probability obtained using the two

models, with and without cooperation. Moreover, it also shows that the cooperation

scheme enables to improve the coverage probability. Contrariwise, for the radar

function, comparing the two models, the useful signals CDFs are similar, but the

PPPs overestimates the interference power, except for the interference 𝐼R2 between

the cooperative nodes of the same street, which dominates all the other interference

sources. This leads to different tendencies in the top plot of Figure 7.8, showing the

success probability obtained using the two models, with and without cooperation.

Rules with low majority percentages give lower performance with PPPs, whereas

the opposite is observed for rules with high majority percentages. This is not the

case anymore when the cooperative nodes use orthogonal resources to perform

the detection, as illustrated in the bottom plot of Figure 7.8. In that case, the inter-

ference 𝐼R2 is zero, and the PPPs provide lower bounds for the radar success probability.

With regard to the achieved sensing performance, as expected, the OR rule max-

imises the cooperative success probability. This is not the case for the cooperative

detection probability, evaluated for different cooperative false alarm probabilities in

Figure 7.9. Surprisingly, the AND rule enables to maximise the former, whatever the
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Fig. 7.8 Success probabilities, using Cox processes (solid lines) or PPPs (dotted lines),
with and without cooperation. The bottom plot illustrates the case where the inter-
ference arising from other cooperative nodes is neglected, thus corresponding to a
scenario with orthogonal resources.
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Fig. 7.9 ROC using Cox processes (solid lines) or PPPs (dotted lines), with andwithout
cooperation. The bottom plot illustrates the case where the interference arising from
other cooperative nodes is neglected, thus corresponding to a scenario with orthogonal
resources.
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selected false alarm probability. Furthermore, cooperation enables to improve the

achieved performance for majorities higher or equal to 50% and 75%, respectively

when there the interference between the cooperative RSUs is neglected or not. Still,

additional simulations should be performed, as the results with the 75% MAJ and the

AND rule are unexploitable in the bottom figure.

7.4.2 Optimisation of the Network Parameters
As specified in Section 7.3.4, the evaluation of the cooperative joint metrics is not

mathematically tractable. Still, the Fréchet bounds of Box 6.15 may be computed from

the univariate metrics. Figure 7.10 illustrates the optimisation of the JRSCCP (and its

upper and lower bounds) w.r.t. the RSUs density and the radius of the cooperative

region. Even if the Fréchet bounds (especially the lower bound) are quite loose, the

maximum of the JRSCCP is close to the maximum of the upper and lower bounds.

Thus, network optimisation may be carried out based on the Fréchet bounds, which

only depend on the univariate cooperative metrics. Besides, the higher the majority

percentages, the lower the optimal RSUs density and cooperation radius. Indeed, it

is easier to obtain high majorities when the number of cooperative nodes is small.

Finally, for the OR rule and the case without cooperation, the cooperation radius can

be increased as much as required without affecting the joint metric, as the coverage

probability keeps increasing, whereas the sensing performance are only affected by

the closest nodes using these rules.

7.5 Conclusion

Cooperative sensing and communication networks are promising to enhance the

performance of both functions at the city scale. Yet, the performance analysis of such

scenario raises new challenges for the modelling of the network, and the development

of tractable analytical expressions. In this chapter, the radar and communication

performance achieved by cooperative RSUs in a PLP have been analysed within the

SG framework.

7.5.1 Summary of the Contributions
The contributions of this chapter are summarised as follows:

■ Numerous interference mechanisms, specific to the evaluation of the perfor-

mance at the city scale, have been modelled. This comprises interference from

direct links, reflections on obstacles, diffractions on the edges of the streets, and

building penetrations. Based on that, the cooperative communication coverage,

radar success, and radar detection probabilities have been defined. For the radar

function, multiple decision rules have been proposed from the literature. Sadly,

the joint metrics developed in Chapter 6 are analytically intractable, but they

may be evaluated with Monte-Carlo simulations.
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Fig. 7.10 Optimisation of the cooperative JRSCCP against the RSUs density (top),
and radius of the cooperation region (bottom).
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■ Analytical expressions of the cooperative metrics have been developed. Un-

fortunately, their complexity is high, such that Monte-Carlo simulations are

more efficient to evaluate the network performance. Yet, the interference aris-

ing from the streets outside the crossroad of interest introduces most of the

complexity. Thus, if this source of interference is neglected, these expressions

are quickly evaluated for scenarios in which the number of cooperative RSUs,

their locations on the crossroad, and the angles of the streets belonging to the

crossroad are known.

■ Numerical analyses have been carried out for random city topologies:

1. The CDFs of the useful signals and interference obtained with PLP and PPP

to model the topology of the city have been compared for both functions.

Whereas the CDFs of the useful signals are similar, the PPP overestimates

the total interference in most cases, except when cooperative RSUs within

the same streets are interfering with each other for sensing.

2. The sensing and communication performancemetrics have been evaluated,

for both PLP and PPP models. Since the interference is overestimated in

most cases with PPPs, the obtained metrics act as lower bounds of the PLP

for the communication function. This is also valid for the sensing function,

when the interference between cooperative nodes is neglected, as if the

sensing was performed with orthogonal resources. Moreover, looking

at the achieved performance, the OR rule maximises the cooperative

success probability with given SINR threshold requirements, whereas the

AND rule maximises the cooperative detection probability, with a given

cooperative false alarm probability.

3. The JRSCCP metrics has been optimised w.r.t. the RSUs density and radius

of association. Even if this metric is not tractable mathematically, the

optimal RSUs density and radius of association achieved by the Fréchet

bounds are close to the optimal values of the joint metrics. This enables

to perform optimisation with the analytical expressions. Moreover, the

higher the majority of the decision rule, the lower the optimal RSUs

density and radius of association.

7.5.2 Future Works
Owing to the high complexity of the analytical expressions, they may be evaluated

only for scenarios in which the number of cooperative RSUs, their locations

on the crossroad, and the angles of the streets belonging to the crossroad are

known. Thus, discrete optimisation could first be performed with SG, to find

the optimal locations of the RSUs around the crossroad, for a given crossroad topology.

Then, if the locations of the RSUs around the crossroad is known, one may

replicate this configuration for every crossroad in the city, and evaluate the
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inter-crossroads interference in this situation. This generalises the proposed system

model, especially in Manhattan scenarios where the crossroads topology is identical.

In that case, performing optimisation of the RSUs locations would also impact directly

the interference arising from the other crossroads.

Next, even if the Fréchet bounds are helpful to perform optimisation of the

JRSCCP, tractable approximations of the joint metrics should be further investigated,

to precise the value of the optimal network parameters. For instance, the similarities

with the product of the cooperative communication and success probabilities may be

analysed.

Finally, as it has been done in Chapter 6, ray-tracing simulations may be per-

formed to assess the relevance of the developed framework. This has been performed

in [Wia+23] for joint communication metrics, but it does not enable to assess the

behaviour of the JCAS metrics. Indeed, the analysis of Chapter 6 has shown a good

matching for the univariate metrics, but higher discrepancies have been observed for

the joint metrics.

7.5.3 What is Next?
This chapter concludes the second part of this PhD thesis. The SG framework has

been leveraged to analyse the performance of ISAC systems in networks at a street

or city scale. Whereas the performance of both sensing and communication can be

evaluated separately, joint metrics enable to grasp all the interactions between both

functions, and perform optimisation of the network parameters. Moreover, at the city

level, cooperation enables to improve the network performance for both functions.

Though, the complexity of the developed analytical expressions is high, and the SG

framework furthermore requires to perform multiple approximations in the system

model to obtain tractable results.

Therefore, in the next part, performance of ISAC systems are analysed at the street

scale, outside the SG framework. More specifically, the full-duplex V2X scenario is

further investigated, for specific FMCW and OFDM ISAC receivers. Two solutions are

detailed to mitigate the interference between the radar echoes and the uplink signals,

namely interference cancellation and beamforming.
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7.A Cooperative Communication

The communication coverage probability of (7.8) can be developed using the Gil-Pelaez

of Box 6.19 as

PC (𝜂C) = P{𝑆C𝑗𝑖 },𝐼C

(∑𝑁S

𝑗=0

∑
𝑖∈C𝑗

𝑆C𝑗𝑖

𝐼C +𝑊C

≥ 𝜂C

)
= P{𝑆C𝑗𝑖 },𝐼C

©­«
𝑁S∑︁
𝑗=0

∑︁
𝑖∈C𝑗

𝑆C𝑗𝑖 − 𝜂C𝐼C ≥ 𝜂C𝑊C

ª®¬
=
1

2

+ 1

𝜋

∫ ∞

0

1

𝜏
Im

{
L𝑈 (−𝚥𝜏) 𝑒− 𝚥𝜏𝜂C𝑊C

}
d𝜏,

where the random variable𝑈 is defined as

𝑈 =

𝑁S∑︁
𝑗=0

∑︁
𝑖∈C𝑗

𝑆C𝑗𝑖 − 𝜂C𝐼C .

Denoting by x ∈ C the positions of the cooperative RSUs, and 𝜽 the angles of the

streets belonging to the crossroad, the LT of𝑈 is then computed as

L𝑈 (𝑠) = Ex

𝑁S∏
𝑗=0

∏
𝑖∈C𝑗

L𝑆C𝑗𝑖 |𝑥 𝑗𝑖 (𝑠)
 L𝐼C1 (𝑠) E𝜽

[
L𝐼C2 |𝜽 (𝑠)

]
.

This expression is obtained as the small-scale fading RVs and the PPPs {𝚽v𝑗 } are
independent with each other. This assumes random cooperative RSUs locations, and

random crossroad geometries. One may instead consider that these parameters are

known beforehand:

L𝑈 |x,𝜽 (𝑠) =
𝑁S∏
𝑗=0

∏
𝑖∈C𝑗

L𝑆C𝑗𝑖 |𝑥 𝑗𝑖 (𝑠) L𝐼C1 (𝑠) L𝐼
C2|𝜽 (𝑠).
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7.A.1 Laplace Transform of the Total Communication Power

The set of cooperative nodes C𝑗 in the 𝑗 th street of the crossroad is generated by

performing a thinning of the PPP 𝚽v𝑗 , with a probability function 𝑝 defined as

𝑝 (𝑥) =
{
1 if |𝑥 | ≤ 𝜌,

0 otherwise.

Therefore, following the thinning theorem presented in Box 5.11, C𝑗 is also a PPP,

with density

𝜆C𝑗
(𝑥) = 𝜆v𝑗 1 ( |𝑥 | ≤ 𝜌) . (7.9)

Thus, using the PPPs PGFL of Box 5.8, the LT of the total communication power is

expressed as

Ex


𝑁S∏
𝑗=0

∏
𝑖∈C𝑗

L𝑆C𝑗𝑖 |𝑥 𝑗𝑖 (𝑠)
 =

𝑁S∏
𝑗=0

EC𝑗


∏
𝑖∈C𝑗

L𝑆C𝑗𝑖 |𝑥 𝑗𝑖 (𝑠)


=

𝑁S∏
𝑗=0

exp

(
−2𝜆v𝑗

∫ 𝜌

0

(
1 − L𝛾 (𝑠 𝜅C 𝑥−𝛼C )

)
d𝑥

)
= exp

(
−2𝜆v (𝑁S + 1)

∫ 𝜌

0

𝑠 𝜅C 𝑥
−𝛼C

1 + 𝑠 𝜅C 𝑥−𝛼C
d𝑥

)
,

where the last equality is obtained assuming a constant RSUs density for all the

streets, and using the LT of the exponentially distributed small-scale fading RVs. If

the positions of the cooperative RSUs is instead assumed to be known beforehand,

the LT of the total communication power is then computed as

𝑁S∏
𝑗=0

∏
𝑥 𝑗𝑖 ∈C𝑗

L𝑆C𝑗𝑖 |𝑥 𝑗𝑖 (𝑠) =
𝑁S∏
𝑗=0

∏
𝑥 𝑗𝑖 ∈C𝑗

1

1 + 𝑠 𝜅C |𝑥 𝑗𝑖 |−𝛼C
.

7.A.2 Laplace Transform of 𝐼C1

The set of interfering nodes 𝚽v𝑗\C𝑗 in the 𝑗 th street of the crossroad is generated

following the thinning theorem of Box 5.11 as the complementary set of C𝑗 . Therefore,
𝚽v𝑗\C𝑗 is also a PPP, with density

𝜆𝚽v𝑗 \C𝑗
(𝑥) = 𝜆v𝑗 1 ( |𝑥 | > 𝜌) .
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Similarly as the LT of the total communication power, the LT of the first interference

source is obtained as

L𝐼C1 (𝑠) = exp

(
−2𝜆v (𝑁S + 1)

∫ ∞

𝜌

𝑠 𝜅C 𝑥
−𝛼C

1 + 𝑠 𝜅C 𝑥−𝛼C
d𝑥

)
.

7.A.3 Laplace Transform of 𝐼C2

Conditioned on the angles 𝜽 of the streets belonging to the crossroad, the LT of the

second interference source is developed as

L𝐼
C2|𝜽 (𝑠) = E

[ ∞∏
𝑙=𝑁S+1

∏
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙

𝑁S∏
𝑗=0

exp

(
−𝑠 𝜅I 𝑔I,III

(
0, 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 0, 𝑦𝑙

)
𝛾C2III, 𝑗𝑙𝑘

)
· exp

(
−𝑠 𝜅I 𝑔I,IV (0, 𝑧𝑙𝑘 , 0, 𝜃𝑙 , 0, 𝑦𝑙 ) 𝛾C2IV,𝑙𝑘

) ]
(𝑎)
= E𝚽S,{𝚽v𝑙 },{𝜃𝑙 }


∞∏

𝑙=𝑁S+1

∏
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙

𝜄C2 (𝑧𝑙𝑘 , 𝜃𝑙 , 𝑦𝑙 )


(𝑏 )
= E𝚽S,{𝜃𝑙 }

[ ∞∏
𝑙=𝑁S+1

exp

(
−𝜆v𝑙

∫ ∞

−∞
[1 − 𝜄C2 (𝑧, 𝜃𝑙 , 𝑦𝑙 )] d𝑧

)]
(𝑐 )
= E𝚽S

[ ∞∏
𝑙=𝑁S+1

1

2𝜋

∫
2𝜋

0

exp

(
−𝜆v𝑙

∫ ∞

−∞
[1 − 𝜄C2 (𝑧, 𝜃,𝑦𝑙 )] d𝑧

)
d𝜃

]
(𝑑 )
= exp

(
−𝜆s

∫ ∞

0

[
1 − 1

2𝜋

∫
2𝜋

0

exp

(
−𝜆v

∫ ∞

−∞
[1 − 𝜄C2 (𝑧, 𝜃,𝑦)] d𝑧

)
d𝜃

]
d𝑦

)
,

with the function 𝜄C2 defined as

𝜄C2 (𝑧, 𝜃,𝑦) ≜
𝑁S∏
𝑗=0

L𝛾
(
𝑠 𝜅I 𝑔I,III

(
0, 𝑧, 𝜃 𝑗 , 𝜃, 0, 𝑦

) )
L𝛾

(
𝑠 𝜅I 𝑔I,IV (0, 𝑧, 0, 𝜃𝑙 , 0, 𝑦)

)
=

𝑁S∏
𝑗=0

1

1 + 𝑠 𝜅I 𝑔I,III
(
0, 𝑧, 𝜃 𝑗 , 𝜃, 0, 𝑦

) 1

1 + 𝑠 𝜅I 𝑔I,IV (0, 𝑧, 0, 𝜃, 0, 𝑦) .

Equalities (𝑎) to (𝑑) are respectively obtained using the definition of the LT of the

exponentially distributed small-scale fading RVs, the PGFL of the RSUs PPPs of Box

5.8, averaging over the angles of the streets not belonging to the crossroad, and using

the PGFL of the streets PPPs again with Box 5.8. Additionally, it is assumed that the

RSUs density is the same for every street.
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7.B Cooperative Sensing

As described in Section 7.2.4.2, multiple decision rules may be considered at the CPU

to draw a decision about the presence of the vehicle in the crossroad. Nonetheless,

if the number of cooperative node is known, all the presented rules brings down to

particular cases of the 𝐾 rule. It has been shown in Section 7.A.1 that the cooperative

sets {C𝑗 } follow PPPs of density given by (7.9). Therefore, the number of cooperative

RSUs in each street is a Poisson RV, and the joint probability mass function of the

number of cooperative RSUs in each street is given by

𝑓𝑛0,...,𝑛𝑁
S

(𝑛0, ..., 𝑛𝑁S
) = (2𝜆v𝜌)𝑛0+···+𝑛𝑁S

𝑛0! · · ·𝑛𝑁S
!

𝑒−2(𝑁S+1)𝜆v𝜌 .

The cooperative success or detection probability may then be computed as a weighted

average of the cooperative probabilities conditioned with the number of nodes in

each street, with the 𝐾 rule. The parameter 𝐾 varies with the number of nodes to fit

the required decision rule.

7.B.1 Cooperative Sensing with the 𝐾 Rule
Following [SPK22], assuming that the number of cooperative RSUs is known for each

street of the crossroad, the cooperative probability obtained with the 𝐾 rule can be

written as

P (𝐾 )
X

(𝜂R) = E−\𝜸R


𝑛T∑︁
𝑘=𝐾

(𝑛T𝑘 )∑︁
𝑚=1

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝛿
(𝑘,𝑚)
𝑗𝑖

X, 𝑗𝑖
(𝜂R)

[
1 − PX, 𝑗𝑖 (𝜂R)

]
1−𝛿 (𝑘,𝑚)

𝑗𝑖

 , (7.10)

where E−\𝜸R
denotes the expectation over every RV, except the small-scale fadings

RVs of the useful radar echoes. The binary values 𝛿
(𝑘,𝑚)
𝑗𝑖

define if the cooperative

𝑖th cooperative RSU in the 𝑗 th street of the crossroad successfully performs or not a

detection, for each combination indexed by𝑚. For example, with 𝐾 = 2, 𝑛T = 3 and

𝑁S = 1, discarding the index 𝑗 , the expectation and the threshold 𝜂R for readability,

the probability is computed as

P (𝐾 )
X

= PX,0PX,1 (1 − PX,2) + PX,0 (1 − PX,1)PX,2 + (1 − PX,0)PX,1PX,2 + PX,0PX,1PX,2.

The corresponding vectors [𝜹 (𝑘,𝑚) ]𝑖 = 𝛿 (𝑘,𝑚)
𝑖

are written as

𝜹 (2,1) =
[
1 1 0

]
,

𝜹 (2,2) =
[
1 0 1

]
,

𝜹 (2,3) =
[
0 1 1

]
,

𝜹 (3,3) =
[
1 1 1

]
.
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In order to further develop (7.10), one may notice from the example that this

expression can be developed as a sum of products of the probabilities of the 𝑛T

cooperative RSUs:

𝑛T∑︁
𝑘=𝐾

(𝑛T𝑘 )∑︁
𝑚=1

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝛿
(𝑘,𝑚)
𝑗𝑖

X, 𝑗𝑖
(𝜂R)

[
1 − PX, 𝑗𝑖 (𝜂R)

]
1−𝛿 (𝑘,𝑚)

𝑗𝑖 =

2
𝑛
T∑︁

𝑚=1

𝑎 (𝑚)
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝑏
(𝑚)
𝑗𝑖

X, 𝑗𝑖
(𝜂R),

where b(𝑚)
are the 2

𝑛T − 1 non-zero binary words of size 𝑛T, listing all the possible

combinations of the cooperative RSUs which detects a target. Denoting by 𝑐 (𝑚) ≜

∥b(𝑚) ∥1 the cardinality of these vectors, the coefficients 𝑎 (𝑚)
are computed as

𝑎 (𝑚) =


(−1)𝑐 (𝑚)−𝐾 𝑐

(𝑚) − 𝐾 + 1

𝑐 (𝑚)

(
𝑐 (𝑚)

𝐾 − 1

)
if 𝑐 (𝑚) ≥ 𝐾,

0 otherwise.

This expression is obtained by noticing that every term of the sum associated with

a word b(𝑚)
with the same cardinality 𝑐 (𝑚)

is associated with the same coefficient

𝑎 (𝑚)
, computed as

𝑎 (𝑚) =
𝑐 (𝑚)−𝐾∑︁
𝑝=0

(−1)𝑝
(
𝑐 (𝑚)

𝑐 (𝑚) − 𝑝

)
.

When there isn’t a sufficient number of cooperative RSUs which detect the target,

i.e. 𝑐 (𝑚) ≥ 𝐾 , then 𝑎 (𝑚) = 0. For example, developing the result obtained for 𝐾 = 2,

𝑛T = 3 and 𝑁S = 1, discarding the index 𝑗 , the expectation and the threshold 𝜂R for

readability, it gives

P (𝐾 )
X

= PX,0PX,1 (1 − PX,2) + PX,0 (1 − PX,1)PX,2 + (1 − PX,0)PX,1PX,2 + PX,0PX,1PX,2

= PX,0PX,1 + PX,0PX,2 + PX,1PX,2 − 3PX,0PX,1PX,2 + PX,0PX,1PX,2

= PX,0PX,1 + PX,0PX,2 + PX,1PX,2 − 2PX,0PX,1PX,2.

The binary words with cardinality 𝑐 (𝑚) ≥ 2 are the following:

b(4)
=

[
1 1 0

]
,

b(5)
=

[
1 0 1

]
,

b(6)
=

[
0 1 1

]
,

b(7)
=

[
1 1 1

]
.

The words b(4)
to b(7)

have a cardinality of 2, and their associated coefficients are

equal to 1. The word b(7)
has a cardinality of 3, and its associated coefficient is equal

to −2.
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To summarise, the cooperative sensing metrics are computed as

P (𝐾 )
X

(𝜂R) =
2
𝑛
T∑︁

𝑚=1

𝑎 (𝑚) E−\𝜸R

[
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝑏
(𝑚)
𝑗𝑖

X, 𝑗𝑖
(𝜂R)

]
.

The expectation is developed the same way for both the success and detection proba-

bility. For the success probability, one obtains

E−\𝜸R

[
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝑏
(𝑚)
𝑗𝑖

S, 𝑗𝑖
(𝜂R)

]
= E−\𝜸R


𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝜸R

(
𝑆R𝑗𝑖

𝐼R𝑗𝑖 +𝑊R𝑗𝑖

≥ 𝜂R
)𝑏 (𝑚)

𝑗𝑖


= E−\𝜸R


𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝜸R

(
𝛾R𝑗𝑖 ≥

𝜂R𝐼R𝑗𝑖 + 𝜂R𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R

)𝑏 (𝑚)
𝑗𝑖


= E−\𝜸R


𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«−
𝑏
(𝑚)
𝑗𝑖
𝜂R𝐼R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«−

𝑏
(𝑚)
𝑗𝑖
𝜂R𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬


= Ex,𝜽

E{𝐼R𝑗𝑖 } |x,𝜽

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«−
𝑏
(𝑚)
𝑗𝑖
𝜂R𝐼R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«−

𝑏
(𝑚)
𝑗𝑖
𝜂R𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬

 .

For the detection probability, one obtains

E−\𝜸R

[
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝑏
(𝑚)
𝑗𝑖

D, 𝑗𝑖
(𝜁R)

]
= E−\𝜸R

[
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝜸R

(
𝑆R𝑗𝑖 + 𝐼R𝑗𝑖 +𝑊R𝑗𝑖 ≥ 𝜁R

)𝑏 (𝑚)
𝑗𝑖

]

= E−\𝜸R


𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

P𝜸R

(
𝛾R𝑗𝑖 ≥

𝜁R − 𝐼R𝑗𝑖 −𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R

)𝑏 (𝑚)
𝑗𝑖


= E−\𝜸R


𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«
𝑏
(𝑚)
𝑗𝑖

𝐼R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«

𝑏
(𝑚)
𝑗𝑖
𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«−

𝑏
(𝑚)
𝑗𝑖
𝜁R

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬


= Ex,𝜽

E{𝐼R𝑗𝑖 } |x,𝜽

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«
𝑏
(𝑚)
𝑗𝑖

𝐼R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«

𝑏
(𝑚)
𝑗𝑖
𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«−

𝑏
(𝑚)
𝑗𝑖
𝜁R

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬

 .

Thus, decomposing the expectation, the cooperative success and detection proba-

bilities can both be rewritten as

P (𝐾 )
S

(𝜂R) =
2
𝑛
T∑︁

𝑚=1

𝑎 (𝑚) Ex,𝜽
[
ℎ
(𝑚)
13

(𝜂R;x, 𝜽 ) ℎ (𝑚)
2

(𝜂R;x) ℎ (𝑚)
4

(𝜂R;x, 𝜽 )

· ℎ (𝑚)
5

(𝜂R;x, 𝜽 ) ℎ (𝑚)
𝑊

(𝜂R;x)
]
,
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P (𝐾 )
D

(𝜁R) =
2
𝑛
T∑︁

𝑚=1

𝑎 (𝑚) Ex,𝜽
[
ℎ
(𝑚)
13

(−1;x, 𝜽 ) ℎ (𝑚)
2

(−1;x) ℎ (𝑚)
4

(−1;x, 𝜽 )

· ℎ (𝑚)
5

(−1;x, 𝜽 ) ℎ (𝑚)
𝑊

(−1;x) ℎ𝜁 (𝜁R;x)
]
.

The functions ℎ are detailed in the following sections.

7.B.2 First and Third Interference Source

The first and third interference sources are both functions of the positions of the

RSUs in the streets belonging to the crossroad, which are not cooperating. Therefore,

they must be handled together. The function ℎ13, modelling the impact of these two

sources of interference, is developed as

ℎ
(𝑚)
13

(𝑢;x, 𝜽 ) = E{𝐼R1, 𝑗𝑖 },{𝐼R3, 𝑗𝑖 } |x,𝜽

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«−
𝑢 𝑏

(𝑚)
𝑗𝑖

𝐼R1, 𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬ exp ©­«−

𝑢 𝑏
(𝑚)
𝑗𝑖

𝐼R3, 𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬


(𝑎)
= E{𝚽v𝑞 }𝑞≤𝑁

S

[
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

∏
𝑘 |𝑧 𝑗𝑘 ∈𝚽v𝑗 \C𝑗

𝜄R1 (𝑥 𝑗𝑖 , 𝑧𝑙𝑘 )
𝑁S∏
𝑙=0
𝑙≠𝑗

∏
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙 \C𝑙

𝜄R3 (𝑥 𝑗𝑖 , 𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 )
]

(𝑏 )
=

𝑁S∏
𝑗=0

E𝚽v𝑗

[ ∏
𝑘 |𝑧 𝑗𝑘 ∈𝚽v𝑗 \C𝑗

𝑛 𝑗−1∏
𝑖=0

𝜄R1 (𝑥 𝑗𝑖 , 𝑧𝑙𝑘 )
𝑁S∏
𝑙=0
𝑙≠𝑗

𝑛𝑙−1∏
𝑖=0

𝜄R3 (𝑥𝑙𝑖 , 𝑧 𝑗𝑘 , 𝜃𝑙 , 𝜃 𝑗 )
]

(𝑐 )
=

𝑁S∏
𝑗=0

exp

(
− 𝜆v𝑗

∫
|𝑧 | ≥𝜌

[
1 −

𝑛 𝑗−1∏
𝑖=0

𝜄R1 (𝑥 𝑗𝑖 , 𝑧)
𝑁S∏
𝑙=0
𝑙≠𝑗

𝑛𝑙−1∏
𝑖=0

𝜄R3 (𝑥𝑙𝑖 , 𝑧, 𝜃𝑙 , 𝜃 𝑗 )
]
d𝑧

)
,

where the functions 𝜄R1 and 𝜄R3 are defined as

𝜄R1 (𝑥, 𝑧) ≜ L𝛾 ©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I |𝑥 − 𝑧 |−𝛼I

𝜅R |𝑥 |−𝛼R
ª®¬L𝛾 ©­«

𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I ( |𝑥 | + |𝑧 |)−𝛼I

𝜅R |𝑥 |−𝛼R 1 (𝑥𝑧 ≥ 0)ª®¬
=

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I |𝑥−𝑧 |−𝛼I
𝜅R |𝑥 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I ( |𝑥 |+|𝑧 | )−𝛼I
𝜅R |𝑥 |−𝛼R 1 (𝑥𝑧 ≥ 0)

,

𝜄R3 (𝑥, 𝑧, 𝜃0, 𝜃1) ≜ L𝛾
©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,II (𝑥, 𝑧, 𝜃0, 𝜃1)
𝜅R |𝑥 |−𝛼R

ª®¬L𝛾 ©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,III (𝑥, 𝑧, 𝜃0, 𝜃1)
𝜅R |𝑥 |−𝛼R

ª®¬
· L𝛾 ©­«

𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,IV (𝑥, 𝑧, 𝜃0, 𝜃1)
𝜅R |𝑥 |−𝛼R

ª®¬
=

1

1 + 𝑢 𝜅I 𝑔I,II (𝑥,𝑧,𝜃0,𝜃1 )
𝜅R |𝑥 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,III (𝑥,𝑧,𝜃0,𝜃1 )
𝜅R |𝑥 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,IV (𝑥,𝑧,𝜃0,𝜃1 )
𝜅R |𝑥 |−𝛼R

.
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Equalities (𝑎) to (𝑐) are respectively obtained by using the definition of the LT of

the exponentially distributed small-scale fading RVs, by rearranging the product

operators, and using the PGFL of the RSUs PPPs of Box 5.8.

7.B.3 Second Interference Source

With known cooperative RSUs positions, using the definition of the LT of the

exponentially-distributed small-scale fading RVs, the function ℎ2, modelling the

impact of the second interference source, is developed as

ℎ
(𝑚)
2

(𝑢;x) = E{𝐼R2, 𝑗𝑖 } |x

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«−
𝑢 𝑏

(𝑚)
𝑗𝑖

𝐼R2, 𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬


=

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

∏
𝑘 |𝑥 𝑗𝑘 ∈C𝑗 \{𝑥 𝑗𝑖 }

𝜄R2 (𝑥 𝑗𝑖 , 𝑥 𝑗𝑘 ),

with the function 𝜄R2 defined as

𝜄R2 (𝑥0, 𝑥1) ≜ L𝛾
©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I |𝑥0 − 𝑥1 |−𝛼I

𝜅R |𝑥0 |−𝛼R
ª®¬L𝛾 ©­«

𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I (|𝑥0 | + |𝑥1 |)−𝛼I

𝜅R |𝑥0 |−𝛼R
1

(
𝑥 𝑗𝑖𝑥 𝑗𝑘 ≥ 0

)ª®¬
=

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I |𝑥0−𝑥1 |−𝛼I
𝜅R |𝑥0 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I ( |𝑥0 |+|𝑥1 | )−𝛼I
𝜅R |𝑥0 |−𝛼R 1

(
𝑥 𝑗𝑖𝑥 𝑗𝑘 ≥ 0

) .

7.B.4 Fourth Interference Source

With known cooperative RSUs positions and angles of the crossroad streets, using

the definition of the LT of the exponentially-distributed small-scale fading RVs, the

function ℎ4, modelling the impact of the fourth interference source, is developed as

ℎ
(𝑚)
4

(𝑢;x) = E{𝐼R4, 𝑗𝑖 } |x

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«−
𝑢 𝑏

(𝑚)
𝑗𝑖

𝐼R4, 𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬


=

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

𝑁S∏
𝑙=0
𝑙≠𝑗

∏
𝑘 |𝑥𝑙𝑘 ∈C𝑙

𝜄R4 (𝑥 𝑗𝑖 , 𝑥𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 ),

with the function 𝜄R4 defined as

𝜄R4 (𝑥0, 𝑥1, 𝜃0, 𝜃1) ≜ L𝛾
©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,II (𝑥0, 𝑥1, 𝜃0, 𝜃1, 0, 0)
𝜅R |𝑥0 |−𝛼R

ª®¬
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· L𝛾 ©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,III (𝑥0, 𝑥1, 𝜃0, 𝜃1, 0, 0)
𝜅R |𝑥0 |−𝛼R

ª®¬L𝛾 ©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,IV (𝑥0, 𝑥1, 𝜃0, 𝜃1, 0, 0)
𝜅R |𝑥0 |−𝛼R

ª®¬
=

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,II (𝑥0,𝑥1,𝜃0,𝜃1,0,0)
𝜅R |𝑥0 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,III (𝑥0,𝑥1,𝜃0,𝜃1,0,0)
𝜅R |𝑥0 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,IV (𝑥0,𝑥1,𝜃0,𝜃1,0,0)
𝜅R |𝑥0 |−𝛼R

.

7.B.5 Fifth Interference Source

The fifth interference source is function of the positions of the RSUs in the streets not

belonging to the crossroad. The function ℎ5, modelling the impact of this source of

interference, is developed as

ℎ
(𝑚)
5

(𝑢;x, 𝜽 ) = E{𝐼R5, 𝑗𝑖 } |x,𝜽

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp
©­«−
𝑢 𝑏

(𝑚)
𝑗𝑖

𝐼R5, 𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R
ª®¬


(𝑎)
= E𝚽S,{𝚽v𝑞 }𝑞>𝑁

S
,{𝜃𝑞 }𝑞>𝑁

S
|x,𝜽


∞∏

𝑙=𝑁S+1

∏
𝑘 |𝑧𝑙𝑘 ∈𝚽v𝑙

𝜄R5 (𝑧𝑙𝑘 , 𝜃 𝑗 , 𝜃𝑙 , 𝑦𝑙 )


(𝑏 )
= E𝚽S,{𝜃𝑞 }𝑞>𝑁

S
|x,𝜽

[ ∞∏
𝑙=𝑁S+1

exp

(
−𝜆v𝑙

∫ ∞

−∞

[
1 − 𝜄R5 (𝑧, 𝜃 𝑗 , 𝜃𝑙 , 𝑦𝑙 )

]
d𝑧

)]
(𝑐 )
= E𝚽S |x,𝜽

[ ∞∏
𝑙=𝑁S+1

1

2𝜋

∫
2𝜋

0

exp

(
−𝜆v𝑙

∫ ∞

−∞

[
1 − 𝜄R5 (𝑧, 𝜃 𝑗 , 𝜃,𝑦𝑙 )

]
d𝑧

)
d𝜃

]
(𝑑 )
= exp

(
−𝜆s

∫ ∞

0

[
1 − 1

2𝜋

∫
2𝜋

0

exp

(
−𝜆v

∫ ∞

−∞

[
1 − 𝜄R5 (𝑧, 𝜃 𝑗 , 𝜃,𝑦)

]
d𝑧

)
d𝜃

]
d𝑦

)
.

with the function 𝜄R5 defined as

𝜄R5 (𝑧, 𝜃0, 𝜃1, 𝑦) ≜
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

L𝛾
©­­­­«
𝑢L𝛾

(
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,III (𝑥0,𝑥1,𝜃0,𝜃1,0,0)
𝜅R |𝑥0 |−𝛼R

)
𝜅I 𝑔I,II

(
𝑥 𝑗𝑖 , 𝑧, 𝜃0, 𝜃1, 0, 𝑦

)
𝜅R |𝑥 𝑗𝑖 |−𝛼R

ª®®®®¬
· L𝛾 ©­«

𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,III
(
𝑥 𝑗𝑖 , 𝑧, 𝜃0, 𝜃1, 0, 𝑦

)
𝜅R |𝑥 𝑗𝑖 |−𝛼R

ª®¬L𝛾 ©­«
𝑢 𝑏

(𝑚)
𝑗𝑖

𝜅I 𝑔I,IV
(
𝑥 𝑗𝑖 , 𝑧, 𝜃0, 𝜃1, 0, 𝑦

)
𝜅R |𝑥 𝑗𝑖 |−𝛼R

ª®¬
=

𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,II (𝑥 𝑗𝑖 ,𝑧,𝜃0,𝜃1,0,𝑦)
𝜅R |𝑥 𝑗𝑖 |−𝛼R

1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,III (𝑥 𝑗𝑖 ,𝑧,𝜃0,𝜃1,0,𝑦)
𝜅R |𝑥 𝑗𝑖 |−𝛼R

· 1

1 + 𝑢 𝑏
(𝑚)
𝑗𝑖

𝜅I 𝑔I,IV (𝑥 𝑗𝑖 ,𝑧,𝜃0,𝜃1,0,𝑦)
𝜅R |𝑥 𝑗𝑖 |−𝛼R

.
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Equalities (𝑎) to (𝑑) are respectively obtained using the definition of the LT of the

exponentially distributed small-scale fading RVs, the PGFL of the RSUs PPPs of Box

5.8, averaging over the angles of the streets not belonging to the crossroad, and using

the PGFL of the RSUs PPPs again with Box 5.8. Additionally, it is assumed that the

RSUs density is the same for every street.

7.B.6 Noise and Threshold Functions
As the noise power and the detection threshold are supposed to be constant, the two

functions ℎ𝑊 and ℎ𝜁 are directly obtained as

ℎ
(𝑚)
𝑊

(𝑢;x) =
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp

(
−

𝑢𝑊R𝑗𝑖

𝜅R |𝑥 𝑗𝑖 |−𝛼R

)
,

ℎ𝜁 (𝑢;x) =
𝑁S∏
𝑗=0

𝑛 𝑗−1∏
𝑖=0

exp

(
− 𝑢

𝜅R |𝑥 𝑗𝑖 |−𝛼R

)
.
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Part III

Interference Management in
Full-Duplex Integrated Sensing and

Communication Scenarios





Integrated Sensing and
Communication Waveforms 8
This chapter introduces popular ISAC systems from the literature, based on the FMCW
and OFDM waveforms.

I
n recent years, numerous JCAS waveforms design have been proposed in the

literature. Among the multiple candidates proposed to fulfil simultaneously

both functions, two designs stand out, namely the FMCW and OFDM ISAC

systems. The former is radar-centric, and leverages on the chirp waveform to

integrate communication capabilities in multiple manners. Contrariwise, the latter

is communication-centric, and leverages on the OFDMmodulation to perform sensing.

This chapter is dedicated to the complete description of such waveforms. FMCW

systems are first analysed in Section 8.1, whereas a focus is made on OFDM systems in

Section 8.2. Finally, in this part of the thesis, a focus is made on full-duplex scenarios.

Thus, the structures of the FMCW and OFDM receivers are detailed in Section 8.3 for

full-duplex applications.

8.1 Frequency Modulated Continuous Wave

The FMCW is the a popular waveform in automotive radar applications [WHM21].

This waveform is composed of a succession of chirps, i.e. single tones signals with a

linearly increasing or decreasing frequency during time. From such systems, multiple

variations have been proposed in the literature to integrate communication capabilities.

This section first presents the chirp waveform, and how it is used for sensing. Then,

one popular variation of this waveform for ISAC, i.e. phase-coded FMCW, is detailed.

Finally, other variations of the phase-coded FMCW from the literature are introduced.

8.1.1 Chirp Waveform
A chirp of duration 𝑇 , bandwidth 𝐵, and transmitted at a carrier frequency 𝑓𝑐 is

defined as a signal with a linearly increasing or decreasing instantaneous frequency,

and phase given in Box 8.1. This is also known as linear frequency modulation. The
chirp is renamed upchirp or downchirp respectively if the frequency is increasing or

decreasing. When it is not specified, one usually consider upchirps.
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8.1: Instantaneous Frequency and Phase of a Chirp

𝑓 (𝑡) = 𝑓𝑐 ±
𝐵

𝑇
𝑡

𝜓 (𝑡) = 2𝜋

∫ 𝑡

0

𝑓 (𝑡 ′) 𝑑𝑡 ′ = 2𝜋 𝑓𝑐𝑡 ± 𝜋
𝐵

𝑇
𝑡2

for 0 ≤ 𝑡 ≤ 𝑇

One may notice that the instantaneous frequency of the chirps varies from 𝑓𝑐 to

𝑓𝑐+𝐵. Instead, the chirpmay also be centred in frequency by defining the instantaneous

frequency and phase as

𝑓 (𝑡) = 𝑓𝑐 −
𝐵

2

± 𝐵

𝑇
𝑡

𝜓 (𝑡) = 2𝜋

(
𝑓𝑐 −

𝐵

2

)
𝑡 ± 𝜋 𝐵

𝑇
𝑡2

for 0 ≤ 𝑡 ≤ 𝑇 .

8.1.1.1 Ambiguity Function of a Chirp-Modulated Signal

Let us denote by 𝑠 an arbitrary waveform in complex baseband representation, with

ambiguity function 𝜒𝑠 . By modulating this waveform with an (up)chirp, one obtains

𝑠 (𝑡) = 𝑠 (𝑡) 𝑒 𝚥𝜋 𝐵
𝑇
𝑡2 .

The ambiguity function of the chirp-modulated signal is then computed as

𝜒𝑠 (𝜏, 𝑓D) =
∫
𝑡

𝑠 (𝑡) 𝑠∗ (𝑡 − 𝜏) 𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡

=

∫
𝑡

𝑠 (𝑡) 𝑠∗ (𝑡 − 𝜏) 𝑒 𝚥𝜋 𝐵
𝑇
𝑡2 𝑒− 𝚥𝜋

𝐵
𝑇
(𝑡−𝜏 )2𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡

= 𝑒− 𝚥𝜋
𝐵
𝑇
𝜏2

∫
𝑡

𝑠 (𝑡) 𝑠∗ (𝑡 − 𝜏) 𝑒 𝚥2𝜋 𝐵
𝑇
𝜏𝑡𝑒− 𝚥2𝜋 𝑓D𝑡 d𝑡

= 𝑒− 𝚥𝜋
𝐵
𝑇
𝜏2 𝜒𝑠

(
𝜏, 𝑓D − 𝐵

𝑇
𝜏

)
.

This result is summarised in Box 8.2. This shows that the ambiguity function of a

chirp-modulated signal is a skewed version of the ambiguity function of the original

signal in the delay-Doppler plane. Therefore, this modulation introduces a coupling

between the delay and Doppler dimensions.

Applying this operation to a normalised rectangular pulse, from Box 1.4, one

obtains Box 8.3. Regarding the delay resolution, the first zero of the ambiguity
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8.2: Ambiguity Function of a Chirp-Modulated Signal

𝜒𝑠 (𝜏, 𝑓D) = 𝑒− 𝚥𝜋
𝐵
𝑇
𝜏2 𝜒𝑠

(
𝜏, 𝑓D − 𝐵

𝑇
𝜏

)

Fig. 8.1 Ambiguity function of a chirp-modulated rectangular pulse for different
𝐵𝑇 -products.

function along the delay-axis is computed as

|𝜒𝑠 (𝜏, 0) | = 𝐵𝜏
(
1 − |𝜏 |

𝑇

)
= 1

𝜏>0
=⇒ 𝜏 =

𝑇

2

(
1 −

√︂
1 − 4

𝐵𝑇

)
𝐵𝑇>>1−→ 1

𝐵
.

Therefore, for high 𝐵𝑇 -products, the Rayleigh resolution of the range with a chirp-

modulated rectangular pulse is still equal to 𝑐/2𝐵, as in Box 1.5. However, the chirp

bandwidth is not related to the pulse duration, meaning that one may increase the

resolution while keeping constant the pulse duration and energy. This technique is

named pulse compression. The ambiguity function of the chirp-modulated rectangular

pulse is illustrated in Figure 8.1 for different 𝐵𝑇 -products.

8.3: Ambiguity Function of a Chirp-Modulated Rectangular Pulse

|𝜒𝑠 (𝜏, 𝑓D) | =


(
1 − |𝜏 |

𝑇

)
sinc

(
(𝑓D𝑇 − 𝐵𝜏)

(
1 − |𝜏 |

𝑇

))
for −𝑇 ≤ 𝜏 ≤ 𝑇

0 otherwise

| 249



8 | Integrated Sensing and Communication Waveforms

8.1.1.2 Stretch Processing

The stretch processing, also known as dechirping, is a special technique for matched

filtering of chirp waveforms. Let us assume that the following signal is received in

baseband (the noise is neglected here):

𝑢 (𝑡) = 𝜉 𝑠 (𝑡 − 𝜏) = 𝜉 𝑒 𝚥𝜋 𝐵
𝑇
(𝑡−𝜏 )2 ,

where 𝜉 is an unknown complex coefficient, containing for instance the response of

the target, and 𝜏 is the delay of the reflection on the target. The dechirp operation

consists by mixing the received signal by the conjugate of the transmitted waveform:

𝑦 (𝑡) = 𝑢 (𝑡) 𝑠∗ (𝑡)

= 𝜉 𝑒 𝚥𝜋
𝐵
𝑇
(𝑡−𝜏 )2𝑒 𝚥𝜋

𝐵
𝑇
(𝑡−𝜏 )2

= 𝜉 𝑒 𝚥𝜋
𝐵
𝑇
𝜏2𝑒− 𝚥2𝜋

𝐵
𝑇
𝜏𝑡 .

Therefore, at the output of this operation, an additional constant phase shift is

added, and the output signal oscillates at a frequency named beat frequency, equal to
𝑓B = 𝐵𝜏/𝑇 . This enables to estimate the delay of the target by performing a Fourier

analysis, and estimating the beat frequency. One may observe that this processing is

equivalent to the computation of an ambiguity function.

If the dechirp operation is performed in radio-frequency, one obtains

𝑦 (𝑡) = 𝑟RF (𝑡) 𝑠RF (𝑡)

= 𝜉 cos

(
2𝜋 𝑓𝑐𝑡 + 𝜋

𝐵

𝑇
(𝑡 − 𝜏)2

)
cos

(
2𝜋 𝑓𝑐𝑡 + 𝜋

𝐵

𝑇
𝑡2

)
=
𝜉

2

cos

(
4𝜋 𝑓𝑐𝑡 + 𝜋

𝐵

𝑇

[
(𝑡 − 𝜏)2 + 𝑡2

] )
+ 𝜉
2

cos

(
𝜋
𝐵

𝑇

[
(𝑡 − 𝜏)2 − 𝑡2

] )
=
𝜉

2

cos

(
4𝜋 𝑓𝑐𝑡 + 𝜋

𝐵

𝑇

[
2𝑡2 + 𝜏2 + 2𝑡𝜏

] )
+ 𝜉
2

cos

(
2𝜋
𝐵

𝑇
𝜏𝑡

)
.

Therefore, after filtering the high-frequency component of the signal, one obtains

again a signal oscillating at the beat frequency.

When the received signal is also affected by a Doppler shift, one obtains

𝑦 (𝑡) = 𝜉 𝑒 𝚥𝜋 𝐵
𝑇
𝜏2𝑒− 𝚥2𝜋 ( 𝐵

𝑇
−𝑓D)𝜏𝑡 .

As shown in the ambiguity function of a chirp-modulated signal, the delay and

Doppler frequency are coupled with each other. Therefore, one may estimate first

the Doppler frequency in another way, and then compensate its effect on the beat

frequency to estimate the Doppler. This will be further described in Section 8.1.2.
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In any case, the beat frequency is usually equal to a small fraction of the bandwidth.

Therefore, if the dechirp operation can be performed in the analogue domain, the

Analogue-to-Digital Converter (ADC) sampling rate is limited compared to other

waveforms, for which the sampling rate should at least be equal to the bandwidth.

This is a significant advantage in terms of power consumption and cost of the system.

8.1.2 Frequency Modulated Continuous Wave for Sensing

Let us now assume that the transmitter emits multiple successive centred chirps, such

that the instantaneous frequency of the complete signal is given by Box 8.4.

8.4: Instantaneous Frequency of the FMCWWaveform

𝑓 (𝑡) = 𝑓𝑐 +
𝑃−1∑︁
𝑝=0

[
−𝐵
2

+ 𝐵
𝑇
(𝑡 − 𝑝𝑇PRI)

]
Π

(
𝑡 − 𝑝𝑇PRI

𝑇

)

In Box 8.4, 𝑃 is the number of transmitted pulses, 𝑇 is the chirp duration, 𝑇PRI > 𝑇 is

the Pulse Repetition Interval (PRI), and Π is the non-centred rectangular function:

Π(𝑥) =
{
1 if 0 ≤ 𝑥 ≤ 1,

0 otherwise.

The guard interval 𝑇𝑔 is set such that 𝑇𝑔 = 𝑇PRI −𝑇 ≥ max𝑘 {𝜏𝑘 }, to avoid inter-pulse

interference. Note that, by introducing the shift of −𝐵/2, the chirp is centred around

the carrier frequency. The instantaneous phase at time 𝑡 ∈ [𝑝𝑇PRI, 𝑝𝑇PRI +𝑇 ] is then
computed as

𝜓 (𝑡) = 2𝜋 𝑓𝑐𝑡 + 2𝜋

𝑝−1∑︁
𝑝′=0

∫ 𝑇

0

[
−𝐵
2

+ 𝐵
𝑇
𝑡 ′
]
d𝑡 ′ + 2𝜋

∫ 𝑡−𝑝𝑇PRI

0

[
−𝐵
2

+ 𝐵
𝑇
𝑡

]
d𝑡 ′

= 2𝜋 𝑓𝑐𝑡 + 2𝜋

[
���

��−𝐵𝑇
2

+ 𝐵𝑇
2

]
+ 2𝜋

[
−𝐵
2

(𝑡 − 𝑝𝑇PRI) +
1

2

𝐵

𝑇
(𝑡 − 𝑝𝑇PRI)2

]
= 2𝜋 𝑓𝑐𝑡 − 𝜋𝐵(𝑡 − 𝑝𝑇PRI) + 𝜋

𝐵

𝑇
(𝑡 − 𝑝𝑇PRI)2,

leading to the waveform given in Box 8.5.

Following the single-point targets channel model of (1.3), the received signal in

baseband (neglecting the noise) is given by

𝑢 (𝑡) =
∫
𝜏

ℎ(𝑡, 𝜏)𝑠 (𝑡 − 𝜏) d𝜏
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8.5: FMCWWaveform (Complex Baseband Representation)

𝑠 (𝑡) =
𝑃−1∑︁
𝑝=0

𝑒− 𝚥𝜋𝐵 (𝑡−𝑝𝑇PRI )𝑒 𝚥𝜋
𝐵
𝑇
(𝑡−𝑝𝑇PRI )2 Π

(
𝑡 − 𝑝𝑇PRI

𝑇

)

=

𝐾−1∑︁
𝑘=0

𝛼𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑡

𝑃−1∑︁
𝑝=0

𝑒− 𝚥𝜋𝐵 (𝑡−𝜏𝑘−𝑝𝑇PRI )𝑒 𝚥𝜋
𝐵
𝑇
(𝑡−𝜏𝑘−𝑝𝑇PRI )2 Π

(
𝑡 − 𝜏𝑘 − 𝑝𝑇PRI

𝑇

)
.

In this equation, 𝐾 is the number of single point targets, 𝜏𝑘 is the delay, and 𝑓D𝑘 is the

Doppler frequency of the 𝑘 th target. For the sake of readability, let us define the pulse
notation of a signal 𝑥 as

𝑥 (𝑝, 𝑡) = 𝑥 (𝑡 − 𝑝𝑇PRI), for 0 ≤ 𝑡 ≤ 𝑇PRI.

The received signal in pulse notation is written as

𝑢 (𝑝, 𝑡) =
𝐾−1∑︁
𝑘=0

𝛼𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒 𝚥2𝜋 𝑓D𝑘𝑡𝑒− 𝚥𝜋𝐵 (𝑡−𝜏𝑘 )𝑒 𝚥𝜋

𝐵
𝑇
(𝑡−𝜏𝑘 )2 Π

( 𝑡 − 𝜏𝑘
𝑇

)
.

After dechirping, on obtains

𝑦 (𝑝, 𝑡) = 𝑢 (𝑝, 𝑡) 𝑠∗ (𝑝, 𝑡)

= 𝑢 (𝑝, 𝑡) 𝑒 𝚥𝜋𝐵𝑡𝑒− 𝚥𝜋 𝐵
𝑇
𝑡2 Π

( 𝑡
𝑇

)
=

𝐾−1∑︁
𝑘=0

𝛼𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒− 𝚥2𝜋 ( 𝐵

𝑇
𝜏𝑘−𝑓D𝑘)𝑡 Π

(
𝑡 − 𝜏𝑘
𝑇 − 𝜏𝑘

)
, (8.1)

with

𝛼𝑘 = 𝛼𝑘 𝑒
𝚥𝜋𝐵𝜏𝑘𝑒 𝚥𝜋

𝐵
𝑇
𝜏2
𝑘 .

From (8.1), one may observe that the Doppler frequencies of the targets can be

estimated from a Fourier analysis performed over the successive pulses (also called

slow-time), whereas the delays can be estimated from a Fourier analysis performed

within the pulses (also called fast-time). Either the Doppler frequency is supposed to

be large compared to the beat frequency, or it is compensated by skewing back the

delay-Doppler map by the right angle. The delay/range and Doppler/speed resolutions

are summarised in Box 8.6 where 𝑇CPI = 𝑃𝑇PRI is the coherent processing interval.

For the maximum non-ambiguous detectable Doppler frequency, assuming that

both positive and negative Doppler frequencies are estimated, one obtains

𝑓Dmax =
1

2𝑇PRI
↔ 𝑣max =

𝑐

4𝑓𝑐𝑇PRI
.
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8.6: Delay/Range and Doppler/Speed Resolutions of the FMCW Radar

𝛿𝜏 =
1

𝐵
↔ 𝛿𝑟 =

𝑐

2𝐵

𝛿 𝑓D =
1

𝑇CPI
↔ 𝛿𝑣 =

𝑐

2𝑓𝑐𝑇CPI

Regarding the maximum non-ambiguous detectable range, it depends on the configu-

ration of the radar system. After dechirping, a low pass filter is usually applied to

remove all the frequency components higher than the highest beat frequency the

radar should be able to process, i.e. 𝐵𝑇𝑔/𝑇 if the guard interval is set depending on

the maximal detectable range. Otherwise, it is limited by the maximum sampling rate

of the ADC. Figure 8.2 illustrates the dechirping and low-pass filtering for FMCW

radars.

8.1.3 Phase-Coded Frequency Modulated Continuous Wave for
Integrated Sensing and Communication

Multiple methods have been proposed in the literature to integrate communication

capabilities in FMCW systems. One of the simplest modifications is to transmit an

upchirp for a bit equal to 1, and a downchirp for a bit equal to 0. The cross-correlation

of an up and downchirp is equal to���� 1𝑇 ∫ 𝑇

0

𝑒 𝚥2𝜋
𝐵
𝑇
𝑡2
d𝑡

����2 = 1

4𝐵𝑇

���𝐹 (√
4𝐵𝑇

)���2 𝐵𝑇>>1−→ 1

2𝐵𝑇
,

where 𝐹 is the Fresnel function of (3.6). The cross-correlation is small for high

𝐵𝑇 -products, compared to the auto-correlation of the up- and downchirp, equal to 1.

This good cross-correlation property enables to use the same waveform, unaltering

the radar function while transmitting information. This approach is adopted in

[MS20] in association with Alamouti space-time coding. However, the drawback of

this method is the achievable rate, limited by the PRI. The same applies for instance

to [Fag+23], which uses frequency shift keying to modify the starting frequency of

the chirps for communication.

In order to integrate multiple symbols, another method is to modulate the usual

communication payload with a chirp. This has been first proposed by [BEJ07], with

amplitude modulation. Then, it has been extended in phase with different designs in

[Ala+19; Uys20; Bar+21] for higher order modulations, and in [Bek+21] for MIMO

systems. Hardware implementations have also been demonstrated in [McC+19;

UO20; Kum+21]. Finally, the performance achieved with different receiver structures

are compared in [Kum+22; Kum+23]. This method is named Phase-Coded Frequency
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Dechirping and Low-Pass Filtering

Fig. 8.2 Dechirping and low-pass filtering operation. Two echoes with delays 𝜏1 and
𝜏2 are illustrated, with 𝜏1 < 𝑇𝑔 < 𝜏2. Therefore, the low-pass filter remove the beat
frequency 𝑓B2 of the second echo.
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Modulated Continuous Wave (PC-FMCW), and it is detailed in this section.

Let us consider a classical complex pulse modulation scheme, where symbols

𝐼𝑚 are transmitted with a rectangular pulse shaping filter. The transmitted signal is

written as

𝑠C (𝑡) =
𝑁−1∑︁
𝑛=0

𝐼𝑛 Π

(
𝑡 − 𝑛𝑇C
𝑇C

)
,

where 𝑇C is the communication symbol duration. In a PC-FMCW ISAC system, this

signal is modulated by a chirp, written as

𝑠R (𝑡) = 𝑒− 𝚥𝜋𝐵R𝑡𝑒 𝚥𝜋
𝐵
R

𝑇
𝑡2 Π

( 𝑡
𝑇

)
,

where𝑇 = 𝑁𝑇C is the chirp duration, which is also the duration of the communication

symbol train, and 𝐵 is the chirp bandwidth. When multiple pulses are transmitted,

the PC-FMCW waveform of Box 8.7 is obtained, where 𝐼𝑝,𝑛 are the communication

symbols transmitted during the 𝑝 th pulse.

8.7: PC-FMCW ISAC Waveform (Complex Baseband Representation)

𝑠 (𝑡) =
𝑃−1∑︁
𝑝=0

[
𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝑝𝑇PRI − 𝑛𝑇C

𝑇C

)]
𝑒− 𝚥𝜋𝐵 (𝑡−𝑝𝑇PRI )𝑒 𝚥𝜋

𝐵
𝑇
(𝑡−𝑝𝑇PRI )2

8.1.3.1 Radar Processing

At the ISAC receiver, neglecting the noise, the received signal reflected by 𝐾 targets,

with complex coefficients {𝛼𝑘 }, delays {𝜏𝑘 } and Doppler frequencies {𝑓D𝑘 }, is written
as

𝑢 (𝑡) =
𝐾−1∑︁
𝑘=0

𝛼𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑡𝑠 (𝑡 − 𝜏𝑘 ),

which is written in pulse notation as

𝑢 (𝑝, 𝑡) =
𝐾−1∑︁
𝑘=0

𝛼𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒 𝚥2𝜋 𝑓D𝑘𝑡

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝜏𝑘 − 𝑛𝑇C

𝑇C

)
𝑒− 𝚥𝜋𝐵 (𝑡−𝜏𝑘 )𝑒 𝚥𝜋

𝐵
𝑇
(𝑡−𝜏𝑘 )2 .

At the radar receiver, a dechirp operation is first performed. Assuming that

max𝑘 {𝜏𝑘 } ≤ 𝑇PRI −𝑇 , the processed signal is written as

𝑦 (𝑝, 𝑡) = 𝑢 (𝑝, 𝑡) 𝑒 𝚥𝜋𝐵𝑡𝑒− 𝚥𝜋 𝐵
𝑇
𝑡2 Π

( 𝑡
𝑇

)
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=

𝐾−1∑︁
𝑘=0

𝛽𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒− 𝚥2𝜋 ( 𝐵

𝑇
𝜏𝑘−𝑓D𝑘)𝑡

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝜏𝑘 − 𝑛𝑇C

𝑇C

)
,

where

𝛽𝑘 = 𝛼𝑘 𝑒
𝚥𝜋𝐵𝜏𝑘𝑒 𝚥𝜋

𝐵
𝑇
𝜏2
𝑘 .

Compared to classical chirp-based radars, the presence of the communication symbols

will induce a dispersion of the echo power on the delay-Doppler map. This is for

instance studied in [Uys20], and it will be further analysed in Section 9.1.1. One

method to circumvent this problem is the use of a group delay filter.

Let us denote by 𝐻gd a group delay filter, i.e. |𝐻gd | = 1. The group delay is defined

as

𝜏gd ≜ − 1

2𝜋

d arg

{
𝐻gd (𝑓 )

}
d𝑓

.

A signal with envelope 𝑠 and carrier frequency 𝑓0 passing through the group delay

filter is transformed in radio frequency as [Opp+97]

𝑠 (𝑡) ≈ Re

{
𝑠 (𝑡 − 𝜏gd) 𝑒 𝚥2𝜋 𝑓0 (𝑡−𝜏pd )

}
,

where 𝜏pd is named phase delay and defined as

𝜏pd ≜ − 1

2𝜋

arg

{
𝐻gd (𝑓 )

}
𝑓

.

This supposes that the envelope is slowly varying compared to the carrier frequency

𝑓0:

1

2𝜋

���� d
d𝑡

log 𝑠 (𝑡)
���� << 𝑓0 .

Assuming that the beat frequencies of the targets are large compared to their

Doppler frequencies, one may assume that 𝐵𝜏𝑘/𝑇 − 𝑓D𝑘 ≈ 𝐵𝜏𝑘/𝑇 . Therefore, the echo
of the target associated with the beat frequency 𝑓B = −𝐵𝜏𝑘/𝑇 should be delayed by a

group delay 𝜏gd (𝑓 ) = 𝑇 𝑓 /𝐵. This leads to the following phase response:

arg

{
𝐻gd (𝑓 )

}
= 𝜙0 − 2𝜋

∫ 𝑓

0

𝜏gd (𝑓 ) d𝑓 = 𝜙0 − 2𝜋

∫ 𝑓

0

𝑇

𝐵
𝑓 d𝑓 = 𝜙0 − 𝜋

𝑇

𝐵
𝑓 2,

with 𝜙0 being a constant phase offset. The phase delay is thus equal to 𝜏pd = 𝑇 𝑓 /2𝐵.
Applying this filter to the received signal, one obtains

𝑦gd (𝑝, 𝑡) ≈
𝐾−1∑︁
𝑘=0

𝛽𝑘 𝑒
− 𝚥𝜋 𝐵

𝑇
𝜏2
𝑘𝑒 𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒− 𝚥2𝜋 𝑓D𝑘𝑡

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝑛𝑇C
𝑇C

)
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Group Delay Filtering

Fig. 8.3 Group delay filtering after the dechirp and low-pass filter operations. The
black and white squares represent the communication symbols.

=

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝑛𝑇C
𝑇C

) 𝐾−1∑︁
𝑘=0

𝛾𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒− 𝚥2𝜋 𝑓B𝑘𝑡 , (8.2)

where 𝛾𝑘 is defined as

𝛾𝑘 = 𝛽𝑘 𝑒
− 𝚥𝜋 𝐵

𝑇
𝜏2
𝑘 = 𝛼𝑘 𝑒

𝚥𝜋𝐵𝜏𝑘 .

Thanks to the group delay filter, the multiple radar echoes associated with different

targets are now aligned in time, as illustrated in Figure 8.3. This enables to compensate

the known communication symbols, allowing to perform the Fourier analysis in the

slow- and fast-time domain:

𝑧 (𝑝, 𝑡) =
𝑁−1∑︁
𝑛=0

𝑦gd (𝑝, 𝑡)
𝐼 ∗𝑛𝑝

|𝐼𝑛𝑝 |2
Π

(
𝑡 − 𝑛𝑇C
𝑇C

)
≈
𝐾−1∑︁
𝑘=0

𝛾𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒− 𝚥2𝜋 𝑓B𝑘𝑡 . (8.3)

8.1.3.2 Communication Processing

At the communication receiver, which may also be another ISAC or communication

system compatible with the PC-FMCW waveform, the received signal from a𝑄-paths

channel with complex coefficients {𝛼𝑞}, delays {𝜏𝑞} ,and Doppler frequencies {𝑓D𝑞},
is written as

𝑢 (𝑡) =
𝑄−1∑︁
𝑞=0

𝛼𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑡𝑠 (𝑡 − 𝜏𝑞),

which is rewritten in pulse notation as

𝑢 (𝑝, 𝑡) =
𝑄−1∑︁
𝑞=0

𝛼𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝𝑒 𝚥2𝜋 𝑓D𝑞𝑡

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝜏𝑞 − 𝑛𝑇C

𝑇C

)
𝑒− 𝚥𝜋𝐵 (𝑡−𝜏𝑞 )𝑒 𝚥𝜋

𝐵
𝑇
(𝑡−𝜏𝑞 )2 .
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First, time synchronisation is performed to align the signal with the start of the most

powerful path. Then a dechirp operation is performed. Denoting by 𝜏M this delay,

one obtains

𝑦 (𝑝, 𝑡) = 𝑢 (𝑝, 𝑡 + 𝜏M) 𝑒 𝚥𝜋𝐵𝑡𝑒− 𝚥𝜋
𝐵
𝑇
𝑡2 Π

( 𝑡
𝑇

)
=

𝑄−1∑︁
𝑞=0

𝛽𝑝𝑞 𝑒
− 𝚥2𝜋 ( 𝐵

𝑇
𝜏𝑞−𝑓D𝑞)𝑡

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝜏𝑞 − 𝑛𝑇C

𝑇C

)
. (8.4)

This corresponds to a symbol train passing through a time-variant channel with

delays 𝜏𝑞 = 𝜏𝑞 − 𝜏M, Doppler frequencies of 𝐵𝜏𝑞/𝑇 − 𝑓D𝑞 , and complex coefficients 𝛽𝑝𝑞

given by

𝛽𝑝𝑞 = 𝛼𝑞 𝑒
− 𝚥2𝜋 𝑓D𝑞𝜏M 𝑒 𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝𝑒 𝚥𝜋𝐵𝜏M𝑞𝑒 𝚥𝜋

𝐵
𝑇
𝜏2𝑞 .

Therefore, usual communication processing techniques can be applied to recover the

transmitted symbols, i.e. matched filtering, frequency offset estimation and correction,

and equalisation.

8.1.4 Extensions of the FrequencyModulated ContinuousWave
Integrated Communication and Sensing System

Other variations of the PC-FMCW ISAC waveforms have been proposed in the

literature. For instance, a first issue of the PC-FMCW waveform is the bandwidth

increase compared to the chirp bandwidth, consequence of the introduction of the

communication symbols. This problem is overcome in [Zha+17a], which separates

the chirp in a three-section waveform to limit the excess bandwidth. For instance,

[Ma+20; Ma+21] have extended the waveform in a multi-carrier multi-antenna

design, leveraging on index modulation. Another solution proposed by [Ni+19] which

avoid bandwidth increases is tomodify the transmission rate during the chirp duration.

In order to reduce the distortions induced by phase changes at the power

amplifier, Continuous Phase Modulation (CPM) and Minimum Shift Keying (MSK)

have been introduced for the communication function in [DZZ17; Lam+19]. An

experimental setup implementing this waveform has been presented in [BZH21].

This has been further extended in [Zha+17b] for multi-user applications with MIMO

systems. Besides, to further increase the data rate, the CPM FMCW ISAC waveform

is coupled with low density parity check codes in [Li+19].

More recently, to keep a low complexity at the radar receiver, [ZRA22] has com-

bined the OTFS modulation with FMCW waveforms. It is also combined with OFDM

in [Bod+23], using the FMCWwaveforms to simultaneously perform for radar sensing

and channel estimation, acting like pilot signals for the communication function.
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8.2 Orthogonal Frequency Division Multiplexing

Another popular modulation for communication applications is the OFDM. The

OFDM modulation transmits multiple symbols on different orthogonal subcarriers.

This enables to perform easily the equalisation of frequency selective channels at

the communication receiver. Nonetheless, its extension to radar applications is also

straightforward [SZW09; TJX14]. Experimental results with such implementation are

for example obtained in [Sch+19]. Another processing for the radar function which is

not detailed in this chapter consists to directly compute the ambiguity function of the

OFDM symbols. Such approach is for instance proposed in [FNG06; SW11; BHS17].

The main drawbacks of the OFDM modulation are the high Peak-to-Average Power

Ratio (PAPR) and sensitivity to frequency offsets, which should be accomodated for

both radar and communication functions [HL05].

An OFDM symbol is generated in baseband from the symbols 𝐼𝑛 as

𝑠 (𝑡) = 1

√
𝑁

𝑁−1∑︁
𝑛=0

𝐼𝑛 𝑒
𝚥2𝜋𝑛Δ𝑓 (𝑡−𝑇CP ) Π

(
𝑡

𝑇PRI

)
,

where Δ𝑓 is the subcarrier spacing, 𝑇CP is the cyclic prefix duration, and 𝑇PRI =

𝑇 +𝑇CP, with𝑇 the OFDM symbol duration. To ensure the orthogonality between the

subcarriers, the following condition should be fulfilled:

1

𝑇

����∫ 𝑇

0

𝑒 𝚥2𝜋 (𝑛−𝑚)Δ𝑓 𝑡
d𝑡

����2 = 𝛿𝑛𝑚 ⇔ sinc
2 ((𝑛 −𝑚)Δ𝑓𝑇 ) = 𝛿𝑛𝑚 ⇔ Δ𝑓 =

1

𝑇
,

where sinc is the normalised cardinal sine, and 𝛿𝑛𝑚 is the Kronecker symbol. When

multiple OFDM symbols are transmitted, the signal of Box 8.8 is obtained.

8.8: OFDM ISAC Waveform (Complex Baseband Representation)

𝑠 (𝑡) = 1

√
𝑁

𝑃−1∑︁
𝑝=0

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 𝑒
𝚥 2𝜋
𝑇
𝑛 (𝑡−𝑝𝑇PRI−𝑇CP ) Π

(
𝑡 − 𝑝𝑇PRI
𝑇PRI

)

One may relate the continuous-time to the discrete-time OFDM implementation

by sampling this expression at a rate𝑀𝑁 /𝑇 , with𝑀 the oversampling factor. Looking

at the sampled pulse notation of this signal, one obtains

𝑠 (𝑝, 𝑙) = 1

√
𝑁

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 𝑒
𝚥 2𝜋
𝑁𝑀

𝑛 (𝑙−𝑁CP ) ,

with𝑁CP = 𝑇CP/𝑁𝑀 . This corresponds to the inverse discrete Fourier transform of the
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input symbols, where the input symbol sequence has been zero-padded with 𝑁 (𝑀−1)
zeros. The parametrisation of such waveform for ISAC is detailed in [Bra+09].

8.2.1 Communication Processing

At the communication receiver, neglecting the noise, the received signal in base-

band from a 𝑄-paths channel with complex coefficients 𝛼𝑞 , delays 𝜏𝑞 and Doppler

frequencies 𝑓D𝑞 is written as

𝑢 (𝑡) =
𝑄−1∑︁
𝑞=0

𝛼𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑡

1

√
𝑁

𝑃−1∑︁
𝑝=0

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 𝑒
𝚥 2𝜋
𝑇
𝑛 (𝑡−𝜏𝑞−𝑝𝑇PRI−𝑇CP ) Π

(
𝑡 − 𝜏𝑞 − 𝑝𝑇PRI

𝑇PRI

)
.

First, time synchronisation is performed to align the signal with the start of the most

powerful path. Still, thanks to the Fourier transform properties, it is only required to

start the processing in a window of duration 𝑇CP before the start of the first received

path. Such timing may be achieved through a correlation with the preamble, or with

the Schmidl & Cox algorithm [SC97]. Then, the signal is sampled at rate𝑀𝑁 /𝑇 and

the cyclic prefix is discarded. Denoting by 𝜏M the delay of the most powerful path,

one obtains in pulse notation

𝑢 (𝑝, 𝑙) = 𝑟
(
𝑙
𝑇

𝑀𝑁
+ 𝜏M + 𝑝𝑇PRI +𝑇CP

)
=

𝑄−1∑︁
𝑞=0

𝛼𝑞 𝑒
𝚥2𝜋 𝑓D𝑞 (𝜏M+𝑝𝑇PRI+𝑙 𝑇

𝑀𝑁
+𝑇CP ) 1

√
𝑁

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 𝑒
𝚥 2𝜋
𝑇
𝑛(𝑙 𝑇

𝑀𝑁
−𝜏𝑞) Π

(
𝑙 𝑇
𝑀𝑁

+𝑇CP − 𝜏𝑞
𝑇PRI

)
≈
𝑄−1∑︁
𝑞=0

𝛽𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝

1

√
𝑁

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 𝑒
− 𝚥 2𝜋

𝑇
𝜏𝑞𝑛𝑒 𝚥

2𝜋
𝑁𝑀 (𝑛+𝑓D𝑞𝑇 )𝑙 ,

where 𝜏𝑞 = 𝜏𝑞 − 𝜏M, and
𝛽𝑞 = 𝛼𝑞 𝑒

𝚥2𝜋 𝑓D𝑞 (𝜏M+𝑇CP ) .

The last approximation is obtained assuming that 𝑁CP is designed such that it is larger

than the channel length. Finally, an 𝑁𝑀-discrete Fourier transform is applied over

the fast-time, giving the following signal:

𝑦 (𝑝,𝑚) = 1

√
𝑁

𝑁𝑀−1∑︁
𝑙=0

𝑢 (𝑝, 𝑙) 𝑒− 𝚥 2𝜋
𝑁𝑀

𝑙𝑚

=

𝑄−1∑︁
𝑞=0

𝛽𝑞 𝑒
𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 𝑒
− 𝚥 2𝜋

𝑇
𝜏𝑞𝑛

(
1

𝑁

𝑁𝑀−1∑︁
𝑙=0

𝑒 𝚥
2𝜋
𝑁𝑀 (𝑛+𝑓D𝑞𝑇−𝑚)𝑙

)
= 𝐼𝑝,𝑚

𝑄−1∑︁
𝑞=0

𝛽𝑞 𝜁
(
𝑓D𝑞𝑇

)
𝑒 𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝 𝑒− 𝚥

2𝜋
𝑇
𝜏𝑞𝑚 + ICI𝑝,𝑚, (8.5)

260 |



Orthogonal Frequency Division Multiplexing | 8.2

where the Inter-Carrier Interference (ICI) is given by

ICI𝑝,𝑚 =

𝑁−1∑︁
𝑛=0
𝑛≠𝑚

𝐼𝑝,𝑛

𝑄−1∑︁
𝑞=0

𝛽𝑞 𝜁
(
𝑛 −𝑚 + 𝑓D𝑞𝑇

)
𝑒 𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝𝑒− 𝚥

2𝜋
𝑇
𝜏𝑞𝑛,

and

𝜁 (𝑥) ≜ 1

𝑁

𝑁𝑀−1∑︁
𝑙=0

𝐼𝑝,𝑛 𝑒
𝚥 2𝜋
𝑁𝑀

𝑙𝑥 =
1

𝑁

sin (𝜋𝑥)
sin

(
𝜋
𝑁𝑀

𝑥
) 𝑒 𝚥𝜋 𝑁𝑀−1

𝑁𝑀
𝑥 .

Whereas the first term of (8.5) contains the symbol to decode, the second term is ICI

induced by the Doppler frequencies of the channel. Depending on their values, a

Doppler frequency estimation and correction can be performed before or simultane-

ously with the timing estimation to reduce their impacts. Finally, after performing

a channel estimation based on pilot symbols, one may simply divide 𝑦 (𝑝,𝑚) by the

channel estimate to obtain 𝐼𝑝,𝑚 .

8.2.2 Radar Processing
At the ISAC receiver, neglecting the noise, the received signal reflected by 𝐾 targets

with complex coefficients 𝛼𝑘 , delays 𝜏𝑘 and Doppler frequencies 𝑓D𝑘 is written as

𝑢 (𝑝, 𝑡) =
𝐾−1∑︁
𝑘=0

𝛼𝑘 𝑒
𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒 𝚥2𝜋 𝑓D𝑞𝑡

𝑁−1∑︁
𝑛=0

𝐼𝑝,𝑛 Π

(
𝑡 − 𝜏𝑘 − 𝑛𝑇C

𝑇C

)
𝑒− 𝚥𝜋𝐵 (𝑡−𝜏𝑘 )𝑒 𝚥𝜋

𝐵
𝑇
(𝑡−𝜏𝑘 )2 .

The radar receiver follows the same structure as the communication receiver. Either

it is supposed that the delays of the reflected echoes are smaller than the cyclic prefix

duration, or a time synchronisation is performed to align the signal with the start of

a reference path, supposed to be the most powerful one. In that case, knowing the

parameters of the reference path, one may extract the parameters of the other paths.

Following the developments of Section 8.2.1, after sampling, discarding the cyclic

prefix, and applying a 𝑁𝑀-discrete Fourier transform, one obtains the following

signal:

𝑦 (𝑝,𝑚) = 𝐼𝑝,𝑚
𝐾−1∑︁
𝑘=0

𝛽𝑘 𝜁 (𝑓D𝑘𝑇 ) 𝑒 𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝 𝑒− 𝚥
2𝜋
𝑇
𝜏𝑘𝑚 + ICI𝑝,𝑚, (8.6)

where the ICI is given by

ICI𝑝,𝑚 =

𝑁−1∑︁
𝑛=0
𝑛≠𝑚

𝐼𝑝,𝑛

𝐾−1∑︁
𝑘=0

𝛽𝑘 𝜁 (𝑛 −𝑚 + 𝑓D𝑘𝑇 ) 𝑒 𝚥2𝜋 𝑓D𝑘𝑇PRI𝑝𝑒− 𝚥
2𝜋
𝑇
𝜏𝑘𝑛,

and

𝜁 (𝑥) ≜ 1

𝑁

𝑁𝑀−1∑︁
𝑙=0

𝐼𝑝,𝑛 𝑒
𝚥 2𝜋
𝑁𝑀

𝑙𝑥 =
1

𝑁

sin (𝜋𝑥)
sin

(
𝜋
𝑁𝑀

𝑥
) 𝑒 𝚥𝜋 𝑁𝑀−1

𝑁𝑀
𝑥 .
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After dividing the output by the transmitted symbols, a Fourier analysis in the slow-

and fast-time enables to extract from the useful part of (8.6) the delays and Doppler

frequencies of the targets.

8.9: Delay/Range and Doppler/Speed Resolutions of the OFDM Radar

𝛿𝜏 =
1

𝐵
↔ 𝛿𝑟 =

𝑐

2𝐵

𝛿 𝑓D =
1

𝑇CPI
↔ 𝛿𝑣 =

𝑐

2𝑓𝑐𝑇CPI

One may observe from (8.6) that, similarly to (8.1), the achieved resolutions are

identical for the FMCW and OFDM radar. Those are summarised in Box 8.9. Nonethe-

less, both waveforms have different pros and cons. For instance, the FMCW radar

outputs can be sampled at low rate (up to the maximal beat frequency), whereas the

OFDM radar must be sampled at the full bandwidth. Still, contrariwise to the FMCW

radar, the OFDM radar does not suffer from delay-Doppler coupling.

8.2.3 Extensions of the Orthogonal Frequency Division Multi-
plexing Integrated Sensing and Communication Systems

Numerous other variations of the OFDM ISAC waveform have been proposed in the

literature. As a non-exhaustive list, to handle the negative impact of ICI, [HY18]

proposes a method to suppress the ICI for OFDM radars. From another point of

view, [KWK21a] and [KWK21b] develop specific ICI-aware algorithms for MIMO

OFDM ISAC systems. A MIMO configuration with frequency division multiplexing is

considered in [LLY16]. More complex structures are proposed in [HY16] based on

antennas multiplexing with subcarrier interleaving, and in [XP22; Kni+19] based on

random antennas multiplexing with compressive sensing. The use of the Alamouti

coding scheme is also analysed in [Ley+20].

On the one hand, to reduce the high peak-to-average power ratio, which is one

of the main drawback of the OFDM modulation, constant envelope structures are

introduced in [Tho+08; LTZ18; Mul21]. On the other hand, to decouple the radar

bandwidth from the communication bandwidth, chirp modulation of the OFDM

waveform has been proposed in [Wan+18]. This has been extended for MIMO

configurations in [Oli+21]. Leveraging on the advantages of both structures, [Did+16]

merged both constant envelope and chirp-modulated OFDM waveforms.

To further improve the data rate, from a communication perspective, index modu-

lation of the subcarrier indices or antennas is considered in [AH09; TSH11; Baş+13].

262 |



Full-Duplex Integrated Sensing and Communication Receivers | 8.3

In contrary, from a radar perspective, high resolutions are achieved in [Pod+19] using

a wideband OFDM structure for range, velocity and direction-of-arrival estimation.

Finally, for complexity reduction, stepped OFDM has been considered in [LMI15;

Sch+18] to achieve high resolutions with lower bandwidths. The sampling rate of

the digital-to-analogue converters and vice-versa has been reduced to the extreme

in [Zhu+21], which proposes a low complexity MIMO OFDM scheme with 1-bit

sampling.

8.3 Full-Duplex Integrated Sensing and Communica-
tion Receivers

In summary, the radar and communication processing chains for PC-FMCW and

OFDM ISAC receivers are illustrated in Figures 8.4 and 8.5. The PC-FMCW waveform

enables to transmit large bandwidths, but the communication rate is limited, whereas

it is the contrary for the OFDM waveform. In both cases, the signal is supposed to be

already sampled, as in software defined radio structures. Still, one may consider other

architectures for the receivers, and adapt the block diagrams accordingly. For instance,

performing the dechirping of the PC-FMCW waveform in the analogue domain

may enable to sample the beat frequencies at low rates, but specific synchronisation

structures are required [Lam+20].

On the one hand, at the radar function, both systems works with 2D matrices

to distinguish the slow- and fast-time. First, (8.3) and (8.6) are obtained with

waveform-specific processing. Then, a 2D-Discrete Fourier Transform (DFT) is

applied to recover the delays and Doppler frequencies of the targets in the Fourier

domain. Finally, a Constant False Alarm Rate (CFAR) detector is applied on the

delay-Doppler map to extract the number of targets and their parameters. The CFAR

detectors enable to estimate the noise (and interference) power level, and to set the

detection threshold of Section 1.4.4 accordingly, at the price of a small SNR loss.

More information can be found in [Ric05]. On the other hand, at the communication

function, both systems starts by locating the beginning of the payload, before

working with 2D in the slow- and fast-time. Then, waveform-specific processing is

applied to extract the transmitted symbols.

Still, with such receiver, the interference between the radar and communication

functions, detailed in Section 1.1.2, is not handled at all. Therefore, in the Chapters

9 and 10, interference cancellation and beamforming are introduced to mitigate the

interference between both functions with such receivers.
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LPF + GDF 2D-DFT CFAR
 detector

Dechirping Sync. Decision
Matched

filter

Comm.
 suppression

Full-Duplex Phase-Coded FMCW ISAC System

Timing
sync.

Dechirping

Radar Processing

Communication Processing

Fig. 8.4 Block diagram of a full-duplex PC-FMCW ISAC receiver. The low-pass and
group delay filtering are respectively denoted as LPF and GDF. The synchronisation
block performs the carrier frequency estimation and correction, and the channel
estimation and equalisation.

DFT
(fast time) 2D-DFT CFAR

 detector

Timing
sync.

Discard CP

Discard CP Equalisation Decision
DFT

(fast time)

Comm.
 suppression

Radar Processing

Communication Processing

Full-Duplex OFDM ISAC System

Fig. 8.5 Block diagram of a full-duplex OFDM ISAC receiver. The equalisation block
also performs the channel estimation. For high mobility applications, an additional
carrier frequency estimation and correction block can be integrated.
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9

Most of the content of this chapter is inspired from [DOV22] and [DOV24].

I
n Section 1.1.2 of Chapter 1, the full-duplex ISAC scenario has been presented.

Two issues have been raised, i.e. the self-interference from the transmitter

to the receiver of the ISAC system, and the interference between the radar and

communication functions. As specified in Section 1.1.2, the self-interference will not

be studied in this thesis. Nonetheless, analyses of the second issue are still lacking in

the litterature. On the one hand, from the radar point of view, the communication

signal transmitted by another ISAC (or compatible communication) system is an

interference. On the other hand, from the communication point of view, the radar

echoes are considered as interference. Therefore, enabling some cooperation between

both functions, one may (partially) suppress the communication signal at the radar

function, and/or the radar echoes at the communication function. Such IC has

for instance been considered in [Sit+11], with OFDM ISAC systems. Within the

SG framework, a first insight of the expected performance improvement has been

presented in Section 6.2.4.1. However, the achieved performance are computed

from a residual function which has been arbitrarily defined. Thus, it may not be

accurate. Moreover, the SG framework is an abstraction in which numerous details of

the processing cannot be easily taken into account, e.g. an inaccurate synchronisation.

In this chapter, the IC between both functions is further investigated by fully

modelling the full-duplex ISAC scenario, including the complete transmitter and

receiver processing chains and the channel impairments. It is assumed that every

ISAC system in the scenario shares the same parameters. Following the single-point

channel model of (1.3), the received signal at the ISAC system of interest is given

in Box 9.1. The number of targets and communication links are denoted as 𝐾 and

𝑄 , and 𝑤 is an AWGN. The signal 𝑠R denotes the signal transmitted by the ISAC

system of interest. This signal carries communication symbols, for the downlink

communication function. Moreover, the reflections of this signal on the environment
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IC RC

R

IC C

IC

RIC

C ICCR structure

R-iterative structure

C-iterative structure

ICR C

Section 9.2

Section 9.1

  Section 9.3

R

IC C

IC

Dynamic structure

Section 9.4

R

IC

C

= radar processing

= comm. processing

= int. cancellation

Structure of the Chapter

Fig. 9.1 Organisation of the chapter, and representation of the different IC structures.
The first solid arrow entering the blocks from the left represents the received signal.
The solid arrows at the output of the radar and communication blocks represents
the targets number and parameters, the communication channel parameters, and
the decoded symbols. The solid arrows at the output of the IC blocks represents the
received signal in which the radar or communication interference has been cancelled.
The dotted arrow in the dynamic structure represents radar information forwarded
from previous measurements.

are received and processed by the radar function. Simultaneously, other ISAC systems

are transmitting different signals {𝑠C𝑞}. Multipath channels may be included within

the summation over the index 𝑞. These signals are also received at the ISAC system

of interest, which extracts the uplink communication information. Note that these

signals are not used at the radar function to gather additional information about the

environment. The waveforms 𝑠R and 𝑠C𝑞 may be any ISAC waveform, such as the

PC-FMCW or OFDM waveforms, detailed in Chapter 8. The complex coefficients,

Doppler frequencies and delays of the radar and communication paths are denoted as

{𝛼𝑣}, {𝑓D𝑣} and {𝜏𝑣}, where 𝑣 ∈ {R,C}.

9.1: Single-Antenna Full-Duplex Received Signal

𝑢 (𝑡) =
𝐾−1∑︁
𝑘=0

𝛼R𝑘 𝑒
𝚥2𝜋 𝑓DR𝑘𝑡 𝑠R (𝑡 − 𝜏R𝑘 ) +

𝑄−1∑︁
𝑞=0

𝛼C𝑞 𝑒
𝚥2𝜋 𝑓DC𝑞𝑡 𝑠C𝑞 (𝑡 − 𝜏C𝑞) +𝑤 (𝑡)

Multiple IC schemes are detailed in this chapter, as summarised in Figure 9.1.
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First, the impact of the interference on the radar and communication functions is

analysed, respectively in Sections 9.1 and 9.2. Two structures are then proposed

to cancel the interference at one function, in cooperation with the other. Next, in

Section 9.3, iterative IC structures are introduced, further improving the performance

and the robustness of the receiver. Finally, in Section 9.4, the application of the

iterative structure in dynamic scenarios is discussed, leveraging on previous radar

measurements.

9.1 Interference Cancellation at the Radar Function

At the radar function, the signals of interest are the radar echoes, while the uplink

communication signals are interfering. First, the impact of the communication signals

on the delay-Doppler map is analysed. Then, IC is introduced at the radar function,

based on the output of the communication function.

9.1.1 Interference between Phase Coded Frequency Modulated
Continuous Wave Systems

If PC-FMCW ISAC systems are considered, the communication signals are filtered

at the radar function after dechirping if the total Doppler frequency, i.e. the carrier

frequency offsets, communication channel Doppler frequencies, and beat frequencies

generated by the dechirp operation, is higher than the cut-off frequency of the

receiver low pass filter. However, if the relative delay between the interferer and

the receiver is lower than the maximum detectable delay of the radar receiver, the

delay-Doppler map will be corrupted by the interfering communication signals.

Fortunately, the transmitted data are different for the PC-FMCW ISAC system

of interest and the other interfering systems, enabling an inherent interference

mitigation [Uys20].

After the dechirp operation, group-delay filtering and sampling, assuming that

the communication paths have not been filtered out, the 𝑞th processed interfering

signal is written following (8.2) as

𝑦C𝑞,gd (𝑝, 𝑙) ≈
𝑁−1∑︁
𝑛=0

𝐼C𝑞,𝑝,𝑛 Π

(
𝑙 − 𝑛𝑀
𝑀

)
𝛾C𝑞 𝑒

𝚥2𝜋 𝑓DC𝑞𝑇PRI𝑝𝑒− 𝚥2𝜋
𝑓
BC𝑞𝑇C

𝑀
𝑙 ,

where 𝑀 is the oversampling factor, 𝑇PRI is the pulse repetition interval, 𝛾C𝑞 is a

complex coefficient associated with the 𝑞th path of variance E
[
|𝛾C𝑞 |2

]
= 𝜎2

C𝑞
, 𝐼C𝑞

are the symbols transmitted by the 𝑞th ISAC system, and 𝑓BC𝑞 is the beat frequency

generated for the 𝑞th path. Since symbols of the communication signals are different
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for each ISAC system, they are not well compensated at the radar function:

𝑧C𝑞 (𝑝, 𝑙) = 𝛾C𝑞 𝑒 𝚥2𝜋 𝑓DC𝑞𝑇PRI𝑝
𝑁−1∑︁
𝑛=0

𝐼C𝑞,𝑝,𝑛𝐼
∗
R,𝑝,𝑛

|𝐼R,𝑝,𝑛 |2
Π

(
𝑙 − 𝑛𝑀
𝑀

)
𝑒− 𝚥2𝜋

𝑓
BC𝑞𝑇C

𝑀
𝑙 .

To compute the impact of such interference in the delay-Dopplermapwhile accounting

for the random path coefficients and symbols, the power spectral density of 𝑧C𝑞 cannot

be computed directly, as the signal is not stationary. One may instead compute the

expectation of the autocorrelation of 𝑧C𝑞 over the fast- and slow-time, and then apply

DFT and Inverse Discrete Fourier Transform (IDFT) over both dimensions to observe

the distribution of the signal power in the delay-Doppler map. The expectation of the

autocorrelation of 𝑧C𝑞 over both dimensions is computed as

𝐶𝑧C𝑞 (Δ𝑝 ,Δ𝑙 ) = E
[
𝑃−1∑︁
𝑝=0

𝑀𝑁−1∑︁
𝑙=0

𝑧C𝑞 (𝑝, 𝑙) 𝑧∗C𝑞 (𝑝 − Δ𝑝 , 𝑙 − Δ𝑙 )
]

(𝑎)
= 𝜎2

C𝑞 𝑃 𝑒
𝚥2𝜋 𝑓DC𝑞𝑇PRIΔ𝑝 𝛿 (Δ𝑝 ) 𝑒− 𝚥2𝜋

𝑓
BC𝑞𝑇C

𝑀
Δ𝑙

𝑀𝑁−1∑︁
𝑙=0

𝑁−1∑︁
𝑛=0

Π

(
𝑙 − 𝑛𝑀
𝑀

)
Π

(
𝑙 − Δ𝑙 − 𝑛𝑀

𝑀

)
= 𝜎2

C𝑞 𝑀𝑁𝑃 𝛿 (Δ𝑝 ) 𝑒− 𝚥2𝜋
𝑓
BC𝑞𝑇C

𝑀
Δ𝑙 Λ

(
Δ𝑙
𝑀

)
, (9.1)

where (𝑎) is obtained assuming that independent symbols are drawn from normalised

constellations at every system, such that

E

[
𝐼C𝑞,𝑝,𝑛𝐼

∗
C𝑞,𝑝′,𝑛′ 𝐼

∗
R𝑞,𝑝,𝑛

𝐼R𝑞,𝑝′,𝑛′

|𝐼R𝑞,𝑝,𝑛 |2 |𝐼R𝑞,𝑝′,𝑛′ |2

]
= 𝛿 (𝑛 − 𝑛′) 𝛿 (𝑝 − 𝑝′), (9.2)

and Λ is the triangular function, i.e.

Λ(𝑥) =
{
1 − |𝑥 | if |𝑥 | ≤ 1,

0 otherwise.

Finally, applying a DFT on the slow-time and an IDFT on the fast-time, one obtains an

insight on the power dispersion of the 𝑞th communication signal in the delay-Doppler

map:

P𝑧C𝑞 (Δ𝑓 ,Δ𝜏 ) = 𝜎2C𝑞 𝑃𝑁
sin

2
(
𝜋
𝑁

(
Δ𝜏 − 𝑓BC𝑞𝑇

) )
sin

2
(
𝜋
𝑁𝑀

(
Δ𝜏 − 𝑓BC𝑞𝑇

) ) . (9.3)

This shows that the power of the communication signal is spread uniformly in

the Doppler dimension, and follows a sin/sin shape in the delay dimension. The

maximum value of the power is located around the normalised beat frequency 𝑓BC𝑞𝑇 ,

and it is equal to 𝜎2
C𝑞
𝑃𝑁𝑀2

.
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Fig. 9.2 Illustration of the power distribution of the communication signals interfer-
ence in the delay-Doppler map. The parameters are 𝛼C = 1, 𝜏C = 0.25 𝜇s, 𝑓DC = −300 Hz,
𝑃 = 50, 𝑁 = 10,𝑀 = 2000, 𝑇 = 100 𝜇s, 𝑇PRI = 100.5 𝜇s, 𝐵 = 100 MHz.

That result can be compared with the power distribution of the radar echoes, for

which the communication symbols are well compensated. After the dechirp operation,

group delay filter and sampling, the processed echoes are written following (8.2) as

𝑦R𝑘,gd (𝑝, 𝑙) ≈
𝑁−1∑︁
𝑛=0

𝐼R𝑝,𝑛 Π

(
𝑙 − 𝑛𝑀
𝑀

)
𝛾R𝑘 𝑒

𝚥2𝜋 𝑓DR𝑘𝑇PRI𝑝𝑒− 𝚥2𝜋
𝑓
BR𝑘𝑇C
𝑀

𝑙 ,

where 𝑀 is the oversampling factor, 𝑇PRI is the pulse repetition interval, 𝛾C𝑘 is a

complex coefficient associated with the 𝑘 th echo of variance E
[
|𝛾R𝑘 |2

]
= 𝜎2

R𝑘
, 𝐼R are

the symbols transmitted by the ISAC system of interest, and 𝑓BR𝑘 is the beat frequency

generated for the 𝑘 th echo. The communication symbols of the joint waveform are

next compensated at the radar function:

𝑧R𝑘 (𝑝, 𝑙) = 𝛾R𝑘 𝑒 𝚥2𝜋 𝑓DR𝑘𝑇PRI𝑝 𝑒− 𝚥2𝜋
𝑓
BR𝑘𝑇C
𝑀

𝑙 ,

The expectation of the autocorrelation of 𝑧R𝑘 over the fast- and slow-time is obtained

as

𝐶𝑧R𝑘 (Δ𝑝 ,Δ𝑙 ) = E
[
𝑃−1∑︁
𝑝=0

𝑀𝑁−1∑︁
𝑙=0

𝑧R𝑘 (𝑝, 𝑙) 𝑧∗R𝑘 (𝑝 − Δ𝑝 , 𝑙 − Δ𝑙 )
]

= 𝜎2
R𝑘
𝑀𝑁𝑃 𝑒 𝚥2𝜋 𝑓DR𝑘𝑇PRIΔ𝑝 𝑒− 𝚥2𝜋

𝑓
BR𝑘𝑇C
𝑀

Δ𝑙 .
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Finally, applying a DFT on the slow-time and an IDFT on the fast-time, one obtains

P𝑧R𝑘 (Δ𝑓 ,Δ𝜏 ) = 𝜎2C𝑞 𝑀𝑁𝑃
sin

(
𝜋

(
Δ𝑓 − 𝑓DR𝑘𝑇CPI

) )
sin

(
𝜋
𝑃

(
Δ𝑓 − 𝑓DR𝑘𝑇CPI

) ) sin (𝜋 (Δ𝜏 − 𝑓BR𝑘𝑇 ))
sin

(
𝜋
𝑁𝑀

(Δ𝜏 − 𝑓BR𝑘𝑇 )
) ,

where 𝑇CPI is the coherent processing interval. This shows that the power of the

radar echoes follows a sin/sin shape in both the delay and Doppler dimension. The

maximum value of the power is located around the normalised beat frequency

𝑓BC𝑞𝑇 and normalised Doppler frequency 𝑓DR𝑘𝑇CPI, and it is equal to 𝜎2
C𝑞
𝑃2𝑁 2𝑀2

.

Comparing this result with the maximum value of (9.3), one observes that, for the

same variances of the radar and communication channels, a power gain of 𝑁𝑃 is

obtained for the radar echoes compared to the interfering communication signals.

Note that, if the radar echoes were not aligned with the group delay filter, the

communication symbols would not be well compensated, and the power of the radar

echoes would also be dispersed in the delay-Doppler map.

When the number of communication symbols 𝑁 is large, the main lobe of (9.3)

is widened. Nearly constant interference may be observed on the complete delay-

Doppler map if this number is sufficient. Nonetheless, the power of the communication

signals is only dispersed and not suppressed. Therefore, for high communication

signals power, the equivalent noise floor is increased, which severely degrades the

radar detection performance. This motivates the introduction of IC at the radar

function.

9.1.2 Interference betweenOrthogonal Frequency DivisionMul-
tiplexing Systems

If OFDM ISAC systems are instead considered, similarly to PC-FMCW ISAC systems,

the symbols of the communication signals, which are different for each ISAC system,

are not well compensated at the radar function. Starting from (8.6), neglecting the

ICI, the following signal is obtained for the 𝑞th path after performing an erroneous

compensation:

𝑧C𝑞 (𝑝, 𝑙) = 𝛽C𝑞 𝜁
(
𝑓DC𝑞𝑇

) 𝐼C𝑞,𝑝,𝑙 𝐼 ∗R,𝑝,𝑙
|𝐼 ∗
R,𝑝,𝑙

|2 𝑒 𝚥2𝜋 𝑓DC𝑞𝑇PRI𝑝 𝑒− 𝚥
2𝜋
𝑇
𝜏C𝑞𝑙 ,

with 𝑇 the OFDM pulse duration, and 𝛽C𝑞 a complex coefficient associated with the

𝑞th path of variance E
[
|𝛽C𝑞 |2

]
= 𝜎2

C𝑞
. The expectation of the autocorrelation of 𝑧C𝑞

over both dimensions is then computed as

𝐶𝑧C𝑞 (Δ𝑝 ,Δ𝑙 ) = E
[
𝑃−1∑︁
𝑝=0

𝑁−1∑︁
𝑙=0

𝑧C𝑞 (𝑝, 𝑙) 𝑧∗C𝑞 (𝑝 − Δ𝑝 , 𝑙 − Δ𝑙 )
]

270 |



Interference Cancellation at the Radar Function | 9.1

= 𝜎2
C𝑞 |𝜁

(
𝑓DC𝑞𝑇

)
|2 𝑃𝑁 𝑒 𝚥2𝜋 𝑓DC𝑞𝑇PRIΔ𝑝 𝛿 (Δ𝑝 ) 𝑒− 𝚥

2𝜋
𝑇
𝜏C𝑞Δ𝑙 𝛿 (Δ𝑙 )

= 𝜎2
C𝑞 |𝜁

(
𝑓DC𝑞𝑇

)
|2 𝑃𝑁 𝛿 (Δ𝑝 ) 𝛿 (Δ𝑙 ),

where the last equality is again obtained assuming that independent symbols are

drawn from normalised constellations at every system, leading to (9.2). Finally,

applying a DFT on the slow-time domain and an IDFT on the fast-time domain, one

obtains an insight on the power dispersion of the 𝑞th communication signal in the

delay-Doppler map:

P𝑧C𝑞 (Δ𝑓 ,Δ𝜏 ) = 𝜎2C𝑞 |𝜁
(
𝑓DC𝑞𝑇

)
|2 𝑃𝑁 . (9.4)

This shows that the power of the communication signal is spread uniformly in the

both the delay and Doppler dimensions.

That results can be compared with the power distribution of the radar echoes, for

which the communication symbols are well compensated. Starting again from (8.6),

the following signal is obtained for the 𝑘 th target after compensating correctly the

symbols:

𝑧R𝑘 (𝑝, 𝑙) = 𝛽R𝑘 𝜁 (𝑓DR𝑘𝑇 ) 𝑒 𝚥2𝜋 𝑓DR𝑘𝑇PRI𝑝 𝑒− 𝚥
2𝜋
𝑇
𝜏R𝑘𝑙 ,

with 𝛽R𝑘 a complex coefficient associated with the 𝑘 th target of variance E
[
|𝛽R𝑘 |2

]
=

𝜎2
R𝑘
. The expectation of the autocorrelation of 𝑧R𝑘 over both dimensions is then

computed as

𝐶𝑧R𝑘 (Δ𝑝 ,Δ𝑙 ) = E
[
𝑃−1∑︁
𝑝=0

𝑁−1∑︁
𝑙=0

𝑧R𝑘 (𝑝, 𝑙) 𝑧∗R𝑘 (𝑝 − Δ𝑝 , 𝑙 − Δ𝑙 )
]

= 𝜎2
R𝑘

|𝜁 (𝑓DR𝑘𝑇 ) |2 𝑃𝑁 𝑒 𝚥2𝜋 𝑓DR𝑘𝑇PRIΔ𝑝 𝑒− 𝚥
2𝜋
𝑇
𝜏R𝑘Δ𝑙 ,

Finally, applying a DFT on the slow-time domain and an IDFT on the fast-time domain,

one obtains an insight on the power dispersion of the 𝑞th communication signal in

the delay-Doppler map:

P𝑧C𝑞 (Δ𝑓 ,Δ𝜏 ) = 𝜎2C𝑞 |𝜁 (𝑓DR𝑘𝑇 ) |2 𝑃𝑁
sin

(
𝜋

(
Δ𝑓 − 𝑓DR𝑘𝑇CPI

) )
sin

(
𝜋
𝑃

(
Δ𝑓 − 𝑓DR𝑘𝑇CPI

) ) sin (𝜋 (Δ𝜏 − 𝜏R𝑘𝐵))
sin

(
𝜋
𝑁
(Δ𝜏 − 𝜏R𝑘𝐵)

) .
(9.5)

This shows that the power of the radar echoes follows a sin/sin shape in both

the delay and Doppler dimensions. The maximum value of the power is located

around the normalised delay 𝜏R𝑘𝐵 and Doppler frequency 𝑓DR𝑘𝑇CPI, and is equal to

𝜎2
C𝑞

|𝜁 (𝑓DR𝑘𝑇 ) |2 𝑃2𝑁 2
. Comparing this result with the maximum value of (9.4), one

observes that, for the same variances of the radar and communication channels,

and the impact of the ICI being neglected, a power gain of 𝑁𝑃 is obtained for the

radar echoes compared to the interfering communication signals, as with PC-FMCW
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Interference
cancellation

Comm.
Processing

Radar
Processing

CR Structure

Fig. 9.3 CR structure. The communication function forwards the communication
synchronisation parameters and the decoded symbols ÎC to the IC block.

Parameters Values

Bandwidth 𝐵 = 20 MHz

Chirp duration 𝑇 = 100 𝜇s

Guard interval 𝑇𝑔 = 0.5 𝜇s

Pulse number 𝑃 = 50

Symbols number 𝐿𝑐 = 100

False alarm probability PFA = 10
−4

Radar channel parameters |𝛼R | = 0.1, 𝜏R = 0.1 𝜇s, 𝑓DR = 1000 Hz

Comm. channel parameters |𝛼C | = 1, 𝜏C = 0.25 𝜇s, 𝑓DC = -300 Hz

Table 9.1 Parameters of the scenario for Section 9.1.3.

systems.

9.1.3 Interference Cancellation

In scenarios where the power of the communication signals is assumed to be larger

than the power of the radar echoes, IC can be applied at the radar function. The

communication signals are first decoded at the communication function. Then, the

retrieved information, i.e. the received symbols {ÎC𝑞}, and synchronisation parameters

{𝛼C𝑞, 𝑓DC𝑞, 𝜏C𝑞}, is transferred to the radar function. Leveraging on these parameters,

the communication signals are reconstructed, and subtracted from the received signal.

This receiver is named CR structure, based on the order in which the radar and

communication functions are processed. It is illustrated in Figure 9.3.
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9.1.3.1 Sensing and Communication Performance

To evaluate the performance of the CR structure, a scenario with PC-FMCW ISAC

systems is defined in Table 9.1, with one radar echo and communication link. Figure

9.4 illustrates the probability of detection obtained for different modulation indices,

i.e. Binary Phase Shift Keying (BPSK), Quadrature Phase Shift Keying (QPSK),

16-Phase Shift Keying (PSK) and 16-Quadrature Amplitude Modulation (QAM), after

IC at the radar function, compared to the probability of detection obtained when

there is no interference, or when interference is not cancelled. In the considered

scenario, the communication signal power is 20 dB higher than radar echoes. Even if

the interference power is spread in the delay-Doppler map, owing to the presence

of uncompensated communication symbols, the radar echoes are hidden below the

interference noise floor.

Thanks to the IC, large performance improvement is achieved, depending on the

BER obtained at the communication function (and equivalently on the modulation

indices). This is shown in Figure 9.5. At low communication SNR, the BER is high,

leading to multiple symbol errors at the cancellation. The higher the modulation

index, the higher the number of errors, leading to a decrease of the probability of

detection. In that case, the obtained performance is even worse than the performance

obtained when there is no IC with high modulation indices. However, at higher

communication SNR, the BER decreases, and the cancellation efficiency increases as

well. Therefore, the probability of detection increases to one. The increase is slower

for high modulation indices since the BER decreases more slowly in the considered

SNR range. Regarding the 16-QAM constellation, the detection performance is worse

than the one achieved with the 16-PSK for SNRs up to around 13 dB, even with a

lower BER, owing to the non-constant envelope of the transmitted ISAC waveform.

9.1.3.2 Introduction of Error Correcting Codes

In order to further improve the IC capabilities, Error Correcting Codes (ECC), e.g.

convolutional codes, are introduced in the structure. We assume that bits are coded at

the ISAC transmitters using the systematic convolutional code G(𝐷) =
[
1

1+𝐷
1+𝐷+𝐷2

]
of rate 𝑅𝑐 = 1/2, with 𝐷 the delay operator. At the receiver, soft Viterbi decoding is

performed.

First, regarding the inherent interference mitigation of both ISAC waveforms

discussed in Section 9.1.1 and 9.1.2, the auto-correlation of 𝑧C𝑞 presented in (9.1)

remains valid only if the condition of (9.2) is still fulfilled after coding. Apart from

repetition coding, even if convolutional codes integrate redundancy in the coded bits,

pairs of symbols remain empirically independent, except at the start of the sequence.

This is illustrated in Figure 9.6. Correlation between the first bits of the sequence is

observed owing to the structure of the code. Still, with a QPSK mapping, this does
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Fig. 9.4 Probability of detection against SNR with BPSK, QPSK, 16-PSK and 16-QAM
modulation, with and without IC.
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Fig. 9.5 BER against SNR with BPSK, QPSK, 16-PSK and 16-QAMmodulation, with
the CR structure (solid lines) and without any interference (dashed lines).
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Fig. 9.6 Bits and symbols covariance matrices after coding, with QPSK mapping.

not induce correlation of the first symbols. Nevertheless, interleaving can also be

introduced to ensure no covariance. Therefore, with the considered convolutional

code, the dispersion of the interfering communication signal in the Delay-Doppler

remains unchanged.

To ensure a fair comparison is performed between the uncoded and coded trans-

missions, coded bits are transmitted with half power in the coded transmission in

order to keep a constant energy per bit 𝐸b. The uncoded transmission uses BPSK

constellation, whereas the coded transmission uses QPSK constellation in which the

redudancy bits are transmitted in quadrature, ensuring the same transmission time.

This also enables to conserve the same SNR = 𝑀𝑅𝑐 𝐸b/𝑁0 in both transmissions, with

𝑀 the modulation index (𝑀 = 1 for BPSK, and𝑀 = 2 for QPSK). Figure 9.7 illustrates

the achieved BER between uncoded BPSK and coded QPSK transmissions. Thanks to

the presence of ECC in the ISAC waveform, a lower BER is achieved with the coded

transmission, except for low 𝐸b/𝑁0 ratios. This improvement is directly translated in

Figure 9.8, showing that a higher detection probability is achieved with a coded QPSK

transmission compared to uncoded BPSK. The performance improvement is small

since the detection probability is already close to the performance achieved without

any interference in that scenario, which acts as an upper bound. Note that a further

increase of the code memory would also help improve the detection probability to

some extent. Moreover, the same conclusions can be drawn with higher modulation

indices if ECCs with higher correction capabilities are considered.

9.1.4 Summary

PC-FMCW and OFDM systems are inherently robust to interference from other ISAC

systems at the radar function. Nonetheless, when the communication component

is dominant compared to the radar echoes, the increased noise floor is still an issue.
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Fig. 9.7 BER against 𝐸b/𝑁0 for uncoded BPSK and coded QPSK communication
symbols.

0 2 4 6 8 10
Eb/N0 (dB)

0.0

0.2

0.4

0.6

0.8

D
e
te

ct
io

n
 p

ro
b
a
b
ili

ty

Detection probability with coding - CR structure

Perfect IC (BPSK)
BPSK
QPSK coded

0 2 4 6 8 10
Eb/N0 (dB)

0.00

0.01

0.02

0.03

Detection probability Loss w.r.t. Perfect IC

BPSK
QPSK coded

Fig. 9.8 Probability of detection against 𝐸b/𝑁0 after IC, for uncoded BPSK and coded
QPSK communication symbols.
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Therefore, IC can be introduced before the radar function, leveraging on the outputs

of the communication function to estimate and suppress the communication signals.

IC performs well when the BER obtained at the communication output is sufficiently

low. The modulation index of the communication signal can be increased at the

price of a lower detection probability for a given SNR at the communication function.

Introducing ECCs helps improve the achieved performance at both functions, as lower

BERs are achieved, which also leads to better IC at the radar function.

9.2 Interference Cancellation at the Communication
Function

At the communication function, the signals of interest are the uplink communication

signals, while the radar echoes are interfering. First, the impact of the radar echoes on

the communication signals is discussed. Then, IC is introduced at the communication

function, based on the output of the radar function.

9.2.1 Interference between Phase Coded Frequency Modulated
Continuous Wave Systems

If PC-FMCW ISAC systems are considered, as shown in Figure 8.4, dechirping is also

applied at the communication function. Hence, the interfering components rotate at

frequencies equal to the sum of the Doppler and beat frequencies associated with the

radar echoes, computed w.r.t. the time reference given by the timing synchronisa-

tion block. Thus, low-pass filtering can be applied after dechirping to filter echoes

with large beat frequencies and limit the interference. This still assumes that the

Doppler frequencies of the communication signals are negligible compared to the

beat frequencies of the radar echoes. Nonetheless, except that, there is no inherent

interference mitigation mechanism at the communication function. Therefore, IC can

be applied to increase the communication performance when interference occurs.

9.2.2 Interference betweenOrthogonal Frequency DivisionMul-
tiplexing Systems

If OFDM ISAC systems are considered, all the received signal are processed similarly,

and there is no inherent interference mitigation mechanism at the communication

function. Therefore, IC can be applied to increase the communication performance

when interference occurs.

9.2.3 Interference Cancellation
In scenarios where the power of the radar echoes is assumed to be larger than

the power of the communication signals, IC can be applied at the communication
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Fig. 9.9 RC structure. The radar function forwards the number of targets and their
parameters to the IC block.

function. The radar echoes are first processed at the radar function. Then, the

retrieved information, i.e. the number of targets and their parameters {𝛼R𝑘 , 𝑓DR𝑘 , 𝜏R𝑘 },
is transferred to the communication function. Leveraging on these parameters, the

radar echoes are reconstructed, and subtracted from the received signal. This receiver

is named RC structure. It is illustrated in Figure 9.9.

Note that the complex coefficients {𝛼R𝑘 } can be estimated from the delay-Doppler

map, but this may be inaccurate, owing to the inter-target interference. Instead,

owing to the joint waveform structure which is shared by every system, radar echoes

can be processed as communication signals, for which the delays and the Doppler

frequencies have already been estimated at the radar function. Additionally, the

transmitted symbols are also known. Another option is to estimate all the parameters

of each radar echo successively based on the estimated number of targets of the radar

receiver, but this solution does not leverage on all the information gathered at the

radar function.

9.2.3.1 Sensing and Communication Performance

The performance achieved by the RC structure depends on the accuracy of the

radar estimates, which is directly related to the delay and Doppler resolutions of

the radar function. In order to increase the Doppler resolution, one can increase the

total duration of the payload. Nevertheless, this also impacts the radar processing

gain, and the senstivity to the frequency offset. Otherwise, the accuracy can be

improved by interpolating the delay-Doppler map with zero-padding. Two scenarios

with phase-coded ISAC systems are defined in Table 9.2, with one radar echo

and communication link, leading to different Doppler frequency resolutions and

accuracies.
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Parameters Values

Bandwidth 𝐵 = 20 MHz

Chirp duration 𝑇 = 100 𝜇s

Guard interval

I: 𝑇𝑔 = 0.5 𝜇s

II:𝑇𝑔 = 5 𝜇s

Pulse number 𝑃 = 50

Symbols number 𝐿𝑐 = 100

False alarm probability PFA = 10
−4

Modulation QPSK

Radar channel parameters |𝛼R | = 1,

I: 𝜏R = 0.1 𝜇s

II: 𝜏R = 1 𝜇s
, 𝑓DR = 1000 Hz

Comm. channel parameters |𝛼C | = 1,

I: 𝜏R = 0.25 𝜇s

II: 𝜏R = 2.5 𝜇s
, 𝑓DC = -300 Hz

Table 9.2 Parameters of the scenario for Section 9.2.3. Two scenarios are defined, and
respectively denoted as I and II.

Number of pulses 𝑃
Resolution (1/𝑇CPI) Accuracy

Scenario I Scenario II Scenario I Scenario II

50 199 Hz 190.5 Hz 5 Hz 47.6 Hz

100 99.5 Hz 85.2 Hz 5 Hz 47.6 Hz

150 66.3 Hz 63.5 Hz 5 Hz 15.9 Hz

200 49.8 Hz 47.6 Hz 5 Hz 0 Hz

Table 9.3 Resolutions and accuracies achieved for both scenarios of Table 9.2.

The higher the number of transmitted pulses, the better the Doppler resolution.

Yet, this does not imply that a higher accuracy is achieved. The latter depends on the

Doppler frequency of the target, w.r.t. the discrete delay-Doppler grid. For instance,

Table 9.3 summarises the achieved resolutions and accuracies in both scenarios

defined in Table 9.2. On the one hand, with the parameters of the first scenario, even

if the resolution is improving with the considered number of pulse, the accuracy

remains constant. Yet, the length of the payload also increases, leading to many

errors at the reconstruction of the end of the signal, owing to the phase rotation of

the symbols. This is translated in Figure 9.10, showing the BER achieved with the RC

structure in the first scenario, for different numbers of pulse. Increasing the number

of transmitted pulses leads to an increase of BER. Note that the detection probability

is not shown in that case, as it is always very close to one in this scenario.
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Fig. 9.10 BER against 𝐸b/𝑁0 for multiple numbers of pulse.
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Fig. 9.11 BER against 𝐸b/𝑁0 for multiple numbers of pulse and zero-padding factors
(𝑍D = number of padded zeros).
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Fig. 9.12 Detection probability against 𝐸b/𝑁0 for multiple numbers of pulse and
zero-padding factors (𝑍D = number of padded zeros).

On the other hand, with the parameters of the second scenario, the accuracy

remains constant with 50 and 100 transmitted pulses, but decreases for higher number

of pulse. The achieved BER and detection probability are shown in Figure 9.11 and

9.12, for different numbers of pulses and zero-padding factors.

■ When the number of pulse is increased from 50 to 100 pulses, worse performance

is achieved, as the same accuracy is achieved, with a doubled payload length.

■ When the number of pulse is increased from 100 to 150 pulses, the improvement

of accuracy enhances the BER. Yet, the increase of payload duration worsens

the performance, leading to a limited improvement w.r.t. the transmission of

100 pulses.

■ When the number of pulse is increased from 150 to 200 pulses, the Doppler fre-

quency is estimated perfectly, leading to significant performance improvement,

regardless of the increased payload duration.

With zero-padding, the accuracy is increased without affecting the payload length.

For instance, with 50 transmitted pulses, a zero-padding factor of 1 does not increase

the accuracy, but the payload length being unaffected, performance losses are avoided.

With higher zero-padding factors, the accuracy is increased, and better performance

is achieved. Note that a reduction of the detection probability is observed with a

zero-padding factor of 3, which is translated by an increase of the BER, and lower

performance compared to the transmission of 200 pulses. This is a consequence of

the CFAR detector, which is not able to estimate accurately the noise power in the

delay-Doppler map with high zero-padding factors, owing to the interpolation of the

noise and target response.
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9.2.3.2 Summary

Contrariwise to the radar function, the communication function is more sensitive

to interference from other ISAC systems. Nonetheless, when the radar echoes are

dominant compared to the communication signals, IC can be applied efficiently to the

communication receiver, leveraging on the outputs of the radar function to suppress

the radar echoes. The estimation of the echoes parameters is either based on the radar

outputs, or it is aided by the communication synchronisation algorithms, leveraging

on the waveform structure shared by all systems. In the former, the radar delay and

Doppler accuracies should be sufficiently high in order to ensure accurate estimations

of the delays and Doppler frequencies, leading to an efficient cancellation. The

resolutions and accuracies can be increased by modifying the system parameters.

Otherwise, zero-padding of the delay-Doppler map is helpful to increase the accuracy

of the delay and Doppler estimations, without modifying the bandwidth nor the

payload duration.

9.3 Iterative Interference Cancellation

In Sections 9.1 and 9.2, two IC structures at the radar or communication function,

namely the CR and RC structures, have been detailed. However, each receiver only

works well, respectively at high communication or radar SIR. Thus, IC should be

integrated at the radar (resp. communication) function only if the communication

signals (resp. radar echoes) are dominant compared to the radar echoes (resp.

communication signals). To solve this issue, if the power levels of the different

signals are estimated beforehand, one may switch between both structures to use

the appropriate IC scheme. Another solution which does not require any a priori

information is to perform iterative cancellation.

Iterative structures are illustrated in Figure 9.13. In such structures, the received

signal is forwarded to the first radar or communication block, and to IC blocks.

The radar block estimates the number of targets and their parameters, while the

communication function estimates the synchronisation parameters and the decoded

symbols of the communication signals. These receivers are named R- and C-iterative
structures, respectively when they start with the radar or communication function.

Such structures work well irrespective of the considered scenario. If the power of the

radar echoes (resp. communication signals) is dominant, even if the signal at the

input of the radar (resp. communication) function is corrupted by a poor IC output,

the radar (resp. communication) function still performs well owing to the high power

of the radar echoes (resp. communication signal). Thus, the next IC block efficiently

suppress the interference for the other function, and good performance are achieved.

When the powers of the radar echoes and communication signals are equivalent, the

structure still achieves good performance thanks to the high radar processing gain of
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Fig. 9.13 Iterative structures. The radar function forwards the number of targets and
their parameters to one IC block, while the communication function forwards the
communication synchronisation parameters and the decoded symbols ÎC to another
IC block.
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Parameters Values

Bandwidth 𝐵 = 20 MHz

Chirp duration 𝑇 = 100 𝜇s

Guard interval 𝑇𝑔 = 5 𝜇s

Ratio 𝐸b/𝑁0 𝐸b/𝑁0 = 10 dB

Pulse number 𝑃 = 50

Symbols number 𝐿𝑐 = 100

False alarm probability PFA = 10
−4

Modulation QPSK

Zero-padding factor 𝑍D = 3

Radar channel parameters |𝛼R | = 0.1→10, 𝜏R = 1 𝜇s, 𝑓DR = 1000 Hz

Comm. channel parameters |𝛼C | = 1, 𝜏C = 2.5 𝜇s, 𝑓DC = -300 Hz

Table 9.4 Parameters of the scenario for Section 9.3.1.

the radar function.

Multiple specific iterative IC receivers are defined in this thesis, namely the

RCR structure (extending the CR structure with one additional radar block), CRC
structure (extending the RC structure with one additional communication block), and

RCRC structure (R-iterative receiver with two complete stages). Note that there is no

benefit to perform more than two complete stages, since there are no new operations

performed w.r.t. the two-stage iterative structure. Parallel IC receivers can also be

defined by combining simple or iterative structures.

9.3.1 Sensing and Communication Performance
In order to evaluate the performance achieved by the iterative structure, a scenario

with PC-FMCW ISAC systems is defined in Table 9.4, with one radar echo and commu-

nication link. The power of the radar echo varies such that radar to communication

power ratios from -20 dB to 20 dB are considered. Figures 9.14 and 9.15 illustrate

the detection probability and BER achieved for different SIRs, i.e. radar echo to

communication signal power ratios. In Figures 9.14 and 9.15, three regions can be

identified:

For radar to communication SIRs between -20 dB and -10 dB: The communi-

cation signal is dominant compared to the radar echoes. Therefore, low detection

probabilities are achieved without IC before the radar function, as with the RC struc-

ture. The other simple and iterative structures nonetheless achieve good detection

probabilities since there is at least one IC stage before the radar function. Regarding

the BER, the CR, RC and RCR structures achieve similar performance, with a slight
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Fig. 9.14 Detection probability against radar to communication power ratio, with
simple and iterative structures.
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Fig. 9.15 BER against radar to communication power ratio, with simple and iterative
structures.

| 285



9 | Interference Cancellation Schemes for Full-Duplex Integrated

Sensing and Communication Systems

increase of BER for the RC structure, owing to the poor radar and IC performed at

the first stage. However, the CRC and RCRC structures achieve better performance

with an increasing radar echo power since the radar function is improved by the first

communication and IC stage, and then the communication performance is improved

at the second stage by the radar function and IC block.

For radar to communication SIRs between -10 dB and 0 dB: The radar echo

power increases to reach power levels equivalent to the communication signal. Owing

to the high radar processing gain, the RC and all the iterative structures perform well

compared the CR structure, even if the SIR is still negative. The BERs achieved by the

CRC and RCRC structures starts to increase with the radar echo power since the IC is

not perfect, and the residual radar interference is increasing. Still, the RCR structure

achieves lower performance compared to the other iterative structures because of

a poorer radar detection and IC at the first stage. This first stage is nonetheless

improving with the radar echo power, and the performance does not decrease as fast

as for the other structures.

For radar to communication SIRs between 0 dB and 20 dB: The radar echo

power is dominant compared to the communication signal. All the structures

efficiently suppress the radar interference at the communication function, but the

residual interference continues to increase with the radar echo power, and the

achieved BERs thus increase. Furthermore, at SIRs close to 20 dB, the detection

probabilities of the CR and CRC structures decreases slightly owing to the poor

communication and IC performed at the first stage.

Finally, note that the RCRC structure achieves slightly lower performance com-

pared to the CRC structure between -5 dB and 5 dB, owing to the additional IC residual

from the first stage, which propagates through the complete structure.

9.3.2 Summary

Compared to simple structures, iterative structures enable to achieve good perfor-

mance at the radar and communication function, irrespective of the considered sce-

nario, at the price of a higher complexity. IC is iteratively performed before each

function, to handle scenarios where the powers of the radar echoes and communica-

tion signals are comparable, or unbalanced. Multiple iterative structures have been

defined with different complexity and performance, i.e. the RCR, CRC and RCRC

receivers. The CRC receiver seems to achieve the best radar and communication

performance. Still, even with iterative structures, the IC is not perfect. Therefore, the

residual interference of the radar echo on the communication signal, increasing with

the radar echo power, is detrimental for the communication function at high SIRs.
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Fig. 9.16 Considered dynamic V2X scenario. A vehicle is receiving a communication
signal from a RSU, illustrated by traffic lights, while detecting the next vehicle behind,
which is braking.

9.4 Interference Cancellation in Dynamic Scenarios

The iterative IC structures presented in Section 9.3 are efficient irrespective of the

scenario (which is not the case for the simple RC and CR structures). Additionally,

they do not require any a priori estimation of the signals power levels. However, the

price to pay is an increased complexity.

In dynamic scenarios, one may leverage on previous radar measurements to es-

timate the power levels of the signals, or to reduce the complexity of the iterative

structures. This is done for instance in [Yua+21], which predicts the vehicles states

based on their estimated kinematic parameters, and infers delays and Doppler fre-

quencies associated with different channel paths. In this section, a focus is made

on the R-iterative structures, following the same approach, the first radar function

is replaced by an estimation of the radar echo parameters, computed as an update

of previous radar processing. These receivers are respectively named dynamic CR
structure and dynamic CRC structure.

9.4.1 System Model
The vehicular scenario of Figure 9.16 is considered, with one radar echo and commu-

nication signal. The vehicle of interest, located in (0, 0), is stopped at a crossroad. It

receives simultaneously a communication signal from a RSU, and detects the vehicle

behind, which is braking. Denoting by p
C
and p

R
(𝑛) the 2D positions of the RSU and

the moving vehicle at the 𝑛th transmission, the links parameters are computed as

𝜏C =
∥p

C
∥

𝑐
, 𝜏R (𝑛) =

2∥p
R
(𝑛)∥
𝑐

, 𝑓DR (𝑛) =
2𝑓𝑐 𝑣 (𝑛)

𝑐
,
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𝛼C (𝑛) =
𝑐 𝑒− 𝚥2𝜋 𝑓𝑐𝜏C

4𝜋 𝑓𝑐 ∥pC∥
, 𝛼R (𝑛) =

𝑐 R 𝑒− 𝚥2𝜋 𝑓𝑐𝜏R (𝑛)

4𝜋 𝑓𝑐 (2∥pR (𝑛)∥)
, (9.6)

where 𝑣 (𝑛) is the speed of the moving vehicle at time index 𝑛, 𝑓𝑐 is the carrier

frequency and 𝑐 the speed of light. The considered radar propagation model is

a GO-based model, with R being the Fresnel reflection coefficient of the target.

Assuming a good conductor, it is approximated as R ≈ 1. As discussed in Chapter 3,

this model is suited for automotive radars owing to the high carrier frequencies and

dimensions of the target, meaning that a near-field propagation model should be

considered. Note that the same analysis can be performed with other propagation

models, and fading on the links can also be introduced without discarding the

following discussions and conclusions.

With the coefficients of (9.6), the SIR is computed as

SIR(𝑛) =
∥p

C
∥2

4∥p
R
(𝑛)∥2 .

Let us assume a time interval Δ𝑡 between two radar measurements. In the considered

scenario, the estimates of the delays and Doppler frequencies at the next transmission

are computed as


ˆ𝑓DR (𝑛 + 1) = ˆ𝑓DR (𝑛),

𝜏R (𝑛 + 1) = 𝜏R (𝑛) +
Δ𝑡
2𝑐
𝑣 (𝑛) = 𝜏R (𝑛) +

Δ𝑡
𝑓𝑐

ˆ𝑓DR (𝑛).

This simple estimation update process could be improved, for instance using com-

plex tracking mechanisms as extended Kalman filtering [Liu+20]. Nonetheless, the

proposed process is sufficient to achieve good performance with dynamic structures.

9.4.2 Sensing and Communication Performance
Table 9.5 depicts the scenario parameters with PC-FMCW ISAC systems, and their

evolutions is shown in Figure 9.17. The delay between two transmissions is set as

Δ𝑡 = 66.6 ms. At the start, the communication signal power dominates. As time goes

by, the moving vehicle approaches the motionless vehicle, leading to an increased

radar echo power |𝛼R (𝑛) |2, and a decreased delay 𝜏R (𝑛). Figures 9.18 and 9.19 illustrate
the achieved BER and detection probability over time. First, regarding the detection

probability, oscillations are observed with time owing to the finite accuracy for the

estimation of the delay at the radar function. Except for the RC structure, all other

simple, iterative, and dynamic receivers achieve a detection probability close to one,

thanks to the interference cancellation of the communication signal. Next, regarding

the BER, two cases can be distinguished:

■ Until 𝑡 ≈ 0.7 s, the RC, RCR, and dynamic RCR structures achieve a slightly
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Parameters Values

Bandwidth 𝐵 = 20 MHz

Chirp duration 𝑇 = 100 𝜇s

Guard interval 𝑇𝑔 = 5 𝜇s

Ratio 𝐸b/𝑁0 𝐸b/𝑁0 = 10 dB

Pulse number 𝑃 = 50

Symbols number 𝐿𝑐 = 100

False alarm probability PFA = 10
−4

Modulation QPSK

Zero-padding factor 𝑍D = 3

Vehicle Parameters p
R
(0) = (30, 0) m, 𝑣 (𝑛) = 𝑣 = 15 m/s

RSU parameters p
C
= (14, 2.5) m

Table 9.5 Parameters of the scenario for Section 9.4.2.
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Fig. 9.17 Parameters of the automotive scenario against time.
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Fig. 9.18 BER over time, with iterative and dynamic structures. The lowercase 𝑑 in
the legend stands for dynamic structures.
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higher BER than the other structures, which is also higher than the one achieved

with the structure without any interference cancellation of the radar echo. At

low radar echo to communication signal power ratios, these structures are

hugely impacted by the communication signal when performing the first radar

and interference cancellation stage. The reconstruction and cancellation of the

radar echo is thus inefficient, leading to an increased interference level at the

communication function.

■ For higher times, the performance of all structures are similar or better than the

performance of the CR structure. The radar echo power is still lower than the

communication signal, but it becomes sufficient to perform an efficient radar and

interference cancellation stage, even without suppressing the communication

signal beforehand. Thus, at such times, starting by the radar function is no

more detrimental.

Regarding the dynamic structures, on the one hand, the dynamic RCRC receiver

achieves the same radar and communication performance as the RCRC structure. The

first radar and interference cancellation stage of this structure has nearly no impact

on the last communication block, as shown by the CRC structure which achieves the

same performance. On the other hand, this is not the case with the dynamic CRC

structure. The performance observed with this structure are shifted in time compared

to the performance achieved by the CRC structure. This is a consequence of the

update step, which relates the efficiency of the previous to the actual time instant.

When the radar function performs well (resp. poorly), the estimation of the delay and

Doppler frequency at the next time instant is accurate (resp. inaccurate), leading to

good (resp. low) performance for the next transmission.

9.4.3 Summary
Leveraging on multiple successive transmissions in dynamic scenarios, the complexity

of R-iterative structures is reduced by replacing the first radar block by an update of

previous radar estimations, at the price of a slight performance reduction. One can

still improve the performance by using more complex tracking mechanisms, or by

enhancing the radar resolution.

9.5 Conclusion

Even with co-designed systems, the interference between the sensing and communi-

cation of two ISAC systems in full-duplex is still an issue. A first solution to overcome

this problem is the IC. Leveraging on the cooperation between both functions, sharing

their processing outputs may help the other function to reconstruct and suppress the

interfering signal.
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9.5.1 Summary of the Contributions
The contributions of this chapter are summarised as follows:

■ The impact of the uplink communication signals (resp. radar echoes) on the

radar function (resp. communication function) has first been analysed mathe-

matically, for PC-FMCW or OFDM ISAC systems. It has been shown that the

communication interference on the radar function is inherently mitigated, as

its power is spread on the delay-Doppler map at the output of the receiver. Still,

the noise floor is increased, and the targets may be drawn in the interference.

Moreover, for the communication function, there is no inherent interference

mitigation mechanism.

■ IC has been introduced at either the sensing or the communication function.

On the one hand, when the power of the uplink communication signals is

dominant, these signals are first processed, reconstructed and cancelled from

the input of the radar function. Accordingly, it has been shown that the detection

probability is drastically increased after cancellation. Moreover, the higher the

communication constellation index, the lower the performance at the radar

function, owing to the signal reconstruction errors. ECCs also help increase

the performance of both functions. On the other hand, when the power of the

radar echoes is dominant, they are processed, reconstructed, and cancelled from

the input of the communication function. In that case, it has been shown that

the achieved BER is highly dependent on the accuracy of the estimated radar

parameters, i.e. the Doppler frequencies and delays of the radar echoes. The

accuracy may be improved by transmitting longer payloads, at the price of a

higher sensitivity to the Doppler frequency, or by introducing zero-padding.

■ Iterative IC structures have been proposed. By iterating between both func-

tions, the proposed structures are robust against any scenario, at the price of

a high complexity. Among the proposed receivers, the best trade-off between

performance and complexity is achieved by the CRC structure, i.e. when the

communication is processed in a first stage, then the radar function, and finally

the communication function in a second stage.

■ In order to reduce the complexity of the iterative receivers, dynamic scenarios

have been introduced, in which the system can leverage on the previous radar

estimation. Using that information, the delay and Doppler frequencies of the

radar echo at the next transmission is estimated beforehand. This enables

to remove the first radar block of the R-iterative structure, and reduce the

complexity of the system, at the price of a slight performance reduction.

9.5.2 Future Works
In dynamic scenarios, it has been proposed to leverage on the previous radar

measurements to predict the radar echoes parameters at the next transmission.
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Nevertheless, the approach may be generalised for the communication function as

well. If the other ISAC system is also tracked by the radar function, similarly to what

has been done with the radar echo, the C-iterative structure may also first be adapted

to reduce the complexity of this receiver.

Next, the tracking algorithm could be improved, as a simple linear uniform

movement has been supposed. For instance, variations of the Doppler frequency may

be predicted based on multiple previous measurements. Besides, extended Kalman

filtering seems to be a promising approach to better leverage on the past information.

Finally, IC schemes work well in simulation, but experimental measurements may

be carried out to assess the relevancy of such approach. Especially, the impact of the

clutter on the communication function has been neglected. This assumption may

hold if the uplink communication signals have non-zero Doppler frequencies, such

that it may be isolated from the other signals.

9.5.3 What is Next?
This chapter has investigated a first solution, namely the IC, against the inter-function

interference generated by two ISAC systems in full-duplex mode. Another solution

to tackle this problem with MIMO systems is the design of specific beamformers, to

isolate the signal of interest in the spatial domain. Nonetheless, the design may favour

one of the two functions. Even among the radar or communication function, some

users or targets may be emphasised. Therefore, the design of the objective function

for the optimisation problem is also critical. This is the topic of Chapter 10.
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This chapter is a joint work carried out with Guillaume Thiran, with equal contributions,
which I again thanks warmly. Most of the content is inspired from [De +24].

I
n Chapter 9, IC has been considered to improve the communication and sensing

performance of single-antenna ISAC systems in full-duplex scenarios. With MIMO

systems, another way to tackle the interference issue, which may be complementary

to IC, is to perform beamforming, enabling isolation of the signals of interest in the

spatial domain. Nevertheless, the beamformers design must be based on a relevant

optimisation metric, defined specifically for the considered application. For instance,

in full-duplex ISAC scenarios, it should not favorise the sensing or communication

purpose, and not favorise any of the targets or UEs, except in a controlled manner if

priority is introduced, either w.r.t. the function, or the targets and UEs. This topic is

analysed in this chapter.

First, Section 10.1 summarises existing works in the design of JCAS beamformers.

Next, the system model is detailed in 10.2. Namely, expressions of the communica-

tion and radar SINRs are obtained in MIMO configurations for the PC-FMCW and

OFDM ISAC systems presented in Chapter 8. Moreover, a fair objective function is

proposed, to ensure that both functions achieve good performance. Then, solutions

of the optimisation problem are provided in Section 10.3 for different scenarios, and

numerical analyses are performed in Section 10.4.

10.1 Joint Communication and Sensing Beamform-
ing in the Literature

The JCAS beamforming has already been widely studied in the literature. For instance,

an uplink communication signal is received together with a radar echo in [Has+18;

HHA18]. The designed beamformers are able to nullify the interference between

both systems. Motivated by complexity reduction, [NWH22] and [Don+20] provide

suboptimal beamformers in a downlink scenarios, with a maximisation of the SINR
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of the radar links, constrained by the SINR of the communication links. In [Liu+21],

the radar CRB is minimised with SINR constraints on the UEs. The beamformers

are either obtained in closed-form in the single-user case, or the problem is relaxed

and solved with numerical methods for multi-user systems. The radar CRB is

also considered in [Zhu+23], and minimised under a communication sum-rate

constraint. In [Liu+23], an iterative algorithm optimises both the radar power and

communication rates, while ensuring a low self-interference in a full-duplex scenario.

In order to optimise the performance related to all communication users and

radar targets, one possible paradigm is to consider one metric as an objective with

the others set as constraints. This is the approach adopted by [NWH22; Liu+21;

Zhu+23]. Still, choosing adequate constraint thresholds is challenging and may

require multiple iterations to ensure sufficient performance for both functions.

Alternatively, a weighted-sum of the radar and communication objectives can be

performed [Liu+23]. However, such formulation might totally neglect one objective

in favour of the others. This issue is tackled in [Che+21], in which a fair optimisation

of the downlink radar and communication performance is performed. The proposed

approach nonetheless requires to solve a sequence of convex optimisation problems

and the computational burden this implies might be incompatible with the real-time

tracking mechanisms usually associated with radar beamforming schemes.

In summary, following the numerous works on the JCAS beamforming, a focus is

made in this chapter on a beamforming scheme which is able to fairly optimise the

transmit and receive beamformers in full-duplex multi-user multi-target scenarios,

detailed in Section 1.1.2 of Chapter 1. Moreover, the numerical complexity of the

proposed scheme should be controlled.

10.2 System Model

In this chapter, the full-duplex scenario detailed in Section 1.1.2 of Chapter 1 is

considered. The scenario is illustrated in Figure 10.1. The ISAC system of interest si-

multaneously receives radar echoes from𝐾 targets, and uplink communication signals

from 𝑄 ISAC systems. All the ISAC systems are equipped with 𝑁t and 𝑁r antennas

at the transmitter and receiver, respectively. As in Chapter 9, the self-interference is

again neglected, as its remains are supposed to be negligible compared to the power

of the uplink communication signals and radar echoes. Instead of performing IC,

leveraging on the MIMO configuration of the ISAC systems, beamforming is applied

at the ISAC transmitters and receivers. The beamformers at the transmission and

reception are respectively denoted as f and g.
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Full-Duplex MIMO Scenario

...

...
...

Fig. 10.1 Full-duplexMIMO scenario, with beamformers fR and fC at the transmitters,
and gR and gC at the receivers.

10.2.1 Multiple-Antennas Channel Model
In Section 4.2 of Chapter 4, MIMO channel models for sensing and communication,

i.e. Boxes 4.1 and 4.2, are presented from the literature. Conveniently, when the noise

is neglected, they may both be rewritten in a matrix form as follows:

u(𝑡) =
𝐿∑︁
𝑙=1

𝛼𝑙 𝑒
𝚥2𝜋 𝑓D𝑙 𝑡 ar𝑙 aHt𝑙 s(𝑡 − 𝜏𝑙 ), (10.1)

where 𝐿 is the number of radar targets or communication paths, and {𝛼𝑙 , 𝑓D𝑙 , 𝜏𝑙 }
are complex coefficients, Doppler frequencies and delays associated with the radar

targets or communication paths. This corresponds to the MIMO channel impulse

response given in Box 10.1
1
, valid for both the sensing and communication function.

Denoting by 𝑁t and 𝑁r the number of transmitting and receiving antennas, the vector

s ∈ C𝑁t
are the transmitted signals at each transmitting antenna, and the vectors

at𝑙 ∈ C𝑁t
and ar𝑙 ∈ C𝑁r

are named the transmitter and receiver steering vectors.

10.1: MIMO Multi-Link Channel Model

h(𝑡, 𝜏) =
𝐿∑︁
𝑙=1

𝛼𝑙 𝑒
𝚥2𝜋 𝑓D𝑙 𝑡 ar𝑙 aHt𝑙 𝛿 (𝜏 − 𝜏𝑙 )

The steering vectors respectively contain the phase shifts associated with the

specific antenna index w.r.t. to given reference points at the transmitter and receiver.

For instance, in the far-field region, following Box 4.1, the steering vectors are given

1
The channel impulse response is also a function of the targets or scatterers absolute positions, or the

angles of departure and arrival in the far-field region of the antenna arrays. Still, it has been hidden in the

vectors a
t𝑙 and a

r𝑙 for the sake of readability.
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by

[at𝑙 ]𝑛 = 𝑒 𝚥𝑘𝜌t𝑛 cos𝜙t𝑙𝑛 , [ar𝑙 ]𝑛 = 𝑒− 𝚥𝑘𝜌r𝑛 cos𝜙r𝑙𝑛 ,

where 𝜌𝑣𝑛 with 𝑣 ∈ {t, r} is the distance between the 𝑙 th transmitting or receiving

antenna, and the reference point of the transmitting or receiving antenna array,

and 𝜙𝑣𝑙𝑛 is the angle between the vectors starting from the reference point of the

transmitting or receiving antenna array, and pointing to the centre of the 𝑙 th target

and the 𝑙 th transmitting antenna (resp. 𝑙 ′th receiving antenna). These quantities are

illustrated in Figure 4.1 of Chapter 4. For ULAs, taking the first antenna of the arrays

as reference point, it is further simplified as

[at𝑙 ]𝑛 = 𝑒 𝚥𝑘𝑛Δ cos𝜙t𝑙 , [ar𝑙 ]𝑛 = 𝑒− 𝚥𝑘𝑛Δ cos𝜙r𝑙 ,

where Δ is the antenna spacing, and the angle 𝜙 is constant for each antenna array.

Equation 10.1 also works in the near-field region for radar links, or for communication

links without LoS components. Following Box 4.2, the steering vectors are obtained

as

[at𝑙 ]𝑛 = 𝑒 𝚥𝑘𝑟𝑙𝑛 , [ar𝑙 ]𝑛 = 𝑒− 𝚥𝑘𝑟𝑙𝑛 ,

where 𝑟𝑙𝑛 are the distances between the 𝑛th transmitting or receiving antennas and

the 𝑙 th target or obstacle.

Still, in order to obtain (10.1), it is assumed that the complex coefficients {𝛼𝑙 },
Doppler frequencies {𝑓D𝑙 } and the delays {𝜏𝑙 } does not vary significantly, whatever

the considered pair of antennas. This is a reasonable assumption in the far-field region

of the antenna arrays and the targets, but this is not always true in the near-field

region. This should be kept in mind when using this model and the results which will

be developed this chapter for near-field propagation.

10.2.2 Radar and Communication Processing

Following (10.1), supposing for simplicity flat fading channels for the communication

links, the received signal at the ISAC system of interest can be written as Box 10.2,

where the subscripts R and C refer to the radar and communication signals, and n is

the noise vector.

10.2: Multi-Antenna Full-Duplex Received Signal

u(𝑡) =
𝐾−1∑︁
𝑘=0

𝛼R𝑘 𝑒
𝚥2𝜋 𝑓DR𝑘𝑡 aRr𝑘aHRt𝑘 sR (𝑡−𝜏R𝑘 )+

𝑄−1∑︁
𝑞=0

𝛼C𝑞𝑒
𝚥2𝜋 𝑓DC𝑞𝑡 aCr𝑞aHCt𝑞 sC𝑞 (𝑡−𝜏C𝑞)+n(𝑡)
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It is assumed that the same signal is transmitted at all antennas, i.e.

sR (𝑡) = fR 𝑠R (𝑡), sC𝑞 (𝑡) = fC𝑞 𝑠C𝑞 (𝑡), ∀𝑞.

The signals 𝑠R and 𝑠C𝑞 are assumed to be PC-FMCW or OFDM ISAC waveforms.

Expressions of the SINRs for every target and communication signal are developed

for both waveforms in Appendices 10.A and 10.B. Note that, these developments may

be straightforwardly adapted to other waveforms.

In summary, whatever the adopted ISAC waveform, the SINRs of the radar targets

and communication signals can be written as

SINRR𝑘 =
𝜅RR𝑘𝑘

��fH
R
aRt𝑘

��2 ��gH
R
aRr𝑘

��2∑𝐾−1
𝑘 ′=0
𝑘 ′≠𝑘

𝜅RR𝑘 ′𝑘
��fH
R
aRt𝑘 ′

��2 ��gH
R
aRr𝑘 ′

��2 + ∑𝑄−1
𝑞=0

𝜅CR𝑞𝑘

���fH
C𝑞aCt𝑞

���2 ��gH
R
aCr𝑞

��2 + 1

,

SINRC𝑞 =

𝜅CC𝑞𝑞

���fH
C𝑞aCt𝑞

���2 ���gH
C𝑞
aCr𝑞

���2∑𝑄−1
𝑞′=0
𝑞′≠𝑞

𝜅CC𝑞′𝑞

���fH
C𝑞′aCt𝑞′

���2 ���gH
C𝑞
aCr𝑞′

���2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘𝑞
��fH
R
aRt𝑘

��2 ���gH
C𝑞
aRr𝑘

���2 + 1

,

On the one hand, for the radar echoes, the interference comprises the echoes of the

other targets, and the communication signals. On the other hand, for the uplink

signals, the interference comprises the other communication signals, and the radar

echoes. Every term is pondered by a coefficient𝜅 , equal to the ratio between the power

of the considered quantity, excluding the beamforming gains, and the noise at the

receiver. Thus, they are equivalent to the SNRs of the useful and interfering signals.

One may therefore optimise the beamformers fR, gR, {fC𝑞}, and {g
C𝑞}, depending on

the criterion of interest.

10.2.3 Fair Integrated Sensing and Communication Metric

In order to design the 𝑄 + 1 beamforming vectors at the transmitters and receivers,

the product of the radar and communication SINRs [Bjo+14] is maximised:

M ≜
𝐾−1∏
𝑘=0

SINRR𝑘

𝑄−1∏
𝑞=0

SINRC𝑞 . (10.2)

The optimisation problem to solve is thus written as

f★
R
, g★

R
,
{
f★
C𝑙 , g

★
C𝑙

}
= max

fR,gR,{fC𝑙 ,gC𝑙 }
M

s.t.

∥fR∥2 = 1, ∥g
R
∥2 = 1,

∥fC𝑙 ∥2 = 1, ∥g
C𝑞 ∥2 = 1, ∀𝑞 = 0, . . . 𝑄 − 1.

(10.3)
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Parameters Values

Antennas numbers 𝑁t = 𝑁r = 8

Targets angles 𝜃R0 = 43°, 𝜃R1 = −43°

Coefficients 𝜿 𝜿RR =

[
𝜅 0.1𝜅

0.1 1

]
Table 10.1 Parameters of the scenario for Section 10.2.3, with 𝜅 > 0.

This problem is either solved for ISAC systems in tracking mode, or discrete codebook

design. Therefore, the parameters of the targets and communication systems are

supposed to be available for optimisation. The impact of a model mismatch on the

performance is briefly discussed in Section 10.4.1.

The proposed metric offers the advantage to fairly consider all targets and

communication users, since they all impact in the same manner the objective function.

Moreover, any low factor heavily penalises such a product. This consequently

prevents the targets and UEs with low SINRs to be set aside, without requiring to

arbitrarily define any weight or threshold. Additionally, at high SINR, it is equivalent

to a sum-rate maximisation [Liu+17].

In order to illustrate the benefits of the SINR-product metric, a sensing scenario

with two targets and no UE is defined, with parameters given in Table 10.1. The

antenna arrays of the transmitter and receiver are modelled as Uniform Linear Arrays

(ULAs). The targets are supposed to be in the far-field, such that the two steering

vectors can be written as

aR𝑣𝑘 =
[
1 𝑒− 𝚥𝑘Δ cos𝜃R𝑣𝑘 . . . 𝑒− 𝚥𝑘Δ(𝑁𝑣−1) cos𝜃R𝑣𝑘

]
T

, (10.4)

with 𝑣 ∈ {t, r}, Δ the antenna spacing assumed to be equal to 𝜆/2, and 𝜃R𝑣𝑘
the angle of departure/arrival of the 𝑘 th target. The coefficient 𝜅 in Table 10.1

models the path-loss ratio between the first and second radar target. A coefficient 𝜅

lower than 1means that the first target is in less favourable conditions than the second.

Figure 10.2 illustrates the Pareto-optimal SINR pairs (SINRR0, SINRR1), as well
as the point selected by the SINR-product and sum metrics. As it can be observed,

the SINR-product metric always selects a Pareto-optimal point, and fairly considers

both targets, even if one suffers from severe channel degradation. In contrast, the

SINR-sum metric drastically favours the target with the best channel condition, at

the detriment of the other. As a result, the SINR-sum metric is extremely sensitive to

channel changes, as it can be observed by comparing the results with 𝜅 = 0.99 and

𝜅 = 1.01. Whereas the Pareto frontier remains almost unmodified, the SINR of the
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Fig. 10.2 Pareto frontier and selected point for the SINR-product and sum metrics,
in a scenario with two radar targets. The factor 𝜅 is the ratio between the path loss of
the first radar target and the second.

targets jumps from around -23 dB to 18 dB.

10.3 Transmitters and Receivers Beamformers De-
sign

This section focuses on the development of beamformers for the ISAC transmitters

and receivers, with the SINR-product metric. The optimisation problem of (10.3) is

solved in Appendices 10.C to 10.F for different scenarios, i.e. with different numbers of

targets and UEs. For that extent, a dimensionality reduction approach is first detailed

in Section 10.3.1. It is helpful to reduce the complexity of scenarios in which large

antenna arrays are considered. Then, different solutions are summarised in Section

10.3.2.

10.3.1 Dimensionality Reduction

As shown in [Liu+21], the optimal beamforming vectors fR and

{
fC𝑞

}
(resp. g

R

and {g
C𝑞}) belong to the spaces generated by the transmitters (resp. receivers)

steering vectors, named the steering spaces. Additional vectors, perpendicular to

the steering spaces, are also required, as the optimisation of the transmitted powers

is not included in (10.3). Thus, this allows solutions in which power is transmitted

in directions orthogonal to the steering spaces. Yet, it is possible to extend the

optimisation problem of (10.3) by introducing power constraints, such that these
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s𝐾 𝑄 Assumption Solution Details Optimality Complexity O (·)

1 1 -

f★
R
= aRt, f★

C
= aCt,

g★
R
= aRr −

aH
Cr
aRr
𝑁r

𝑁t𝑁r

𝜅−1
CR

+ 𝑁t𝑁r

aCr,

g★
C
= aCr −

aH
Rr
aCr
𝑁r

𝑁t𝑁r

𝜅−1
RC

+ 𝑁t𝑁r

aRr,

- Global 𝑁

2 0 -

f★
R
= 𝜆t aRt0 + (1 − 𝜆t) 𝑒 𝚥 arg{a

H

Rt1
aRt0 } aRt1

g★
R
= 𝜆r aRr0 + (1 − 𝜆r) 𝑒 𝚥 arg{a

H

Rr1
aRr0 } aRr1

Grid search on (𝜆t, 𝜆r) Global 𝑁 +𝑀2

AM on (𝜆t, 𝜆r) Local 𝑁 + 𝑆1 log (𝑀)

≤2 ≤2
𝜅RR𝑘 ′𝑘 = 0

g
C𝑞 = aCt𝑞

(10.11) and (10.12)

AM on fR, {gC𝑞} Relaxed local 𝑆2𝑁
6

AM on
˜fR, {g̃C𝑞} Relaxed local 𝑁 + 𝑆3

𝐾 𝑄 -

f★
R
, f★

C𝑙 ∈ span {{aRt𝑘 } , {aCt𝑙 }}
g★
R
, g★

C𝑞 ∈ span

{
{aRr𝑘 } ,

{
aCr𝑞

}} AM Local 𝑁 + 𝑆4𝑀2

Table 10.2 Transmitters and receivers beamforming methods against the number of targets and users. For the sake of readability, the
normalisation constants of all beamformers have been omitted. Yet, they should be normalised to a unit norm. For the complexity analysis,
the maximum number of antennas is denoted 𝑁 ≜ max (𝑁t, 𝑁r). The letter𝑀 denotes the number of points selected to discretise the [0, 1]
interval. The numbers 𝑆1, 𝑆2, 𝑆3 and 𝑆4 are the number of iterations performed in the alternating maximisation scheme, which depends on
the variables on which the alternation takes place, and the desired accuracy. The scaling of the complexity w.r.t. 𝐾 and 𝑄 has not been
included in the table, as these numbers are expected to remain small w.r.t. the other quantities in practical scenarios.
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perpendicular vectors are not required. This is done in Guillaume Thiran’s PhD thesis.

Following this transformation, the optimal solutions can be written in the form

fR = SRt ˜fR, g
R

= Srg̃R,

fC𝑞 = SCt𝑞 ˜fC𝑞, g
C𝑞 = Srg̃C𝑞, ∀𝑞 = 0, . . . 𝑄 − 1.

where
˜fR ∈ C𝐾+1, {˜fC𝑞} ∈ C2, and g̃

R
, {g̃

C𝑞} ∈ C𝐾+𝑄+1
. The matrices SRt, {SCt𝑞}, and

Sr are defined as

SRt ≜
[
aRt0 · · · aRt𝐾−1 a⊥

Rt

]
∈ C𝑁t×(𝐾+1) ,

SCt𝑞 ≜
[
aCt𝑞 a⊥

Ct𝑞

]
∈ C𝑁t×2,

Sr ≜
[
aRr0 · · · aRr𝐾−1 aCr0 · · · aCr𝑄−1 a⊥

r

]
∈ C𝑁r×(𝐾+𝑄+1) .

The vectors a⊥
Rt

∈ C𝑁t
, {a⊥

Ct
} ∈ C𝑁t

, and a⊥
r
∈ C𝑁r

are the vectors perpendicular to

the steering spaces, respectively generated by the matrices SRt\{a⊥
Rt
}, {aCt𝑞}, and

Sr\{a⊥r }. This formulation reduces the dimension of the vectors to optimise from 𝑁t

or 𝑁r elements to 𝐾 + 1, 2, and 𝐾 +𝑄 + 1 elements, i.e. from the antennas spaces to

the steering spaces. In the scenario analysed in next sections, the two formulations

will be considered depending on the cases. Note that, for fR to be normalised to a unit

power, the vector
˜fR should be normalised to

˜fR/∥SRt ˜fR∥, and similarly for the others

vectors.

10.3.2 Summary

Table 10.2 summarises the different scenarios, the associated beamforming schemes,

and their assumptions. The optimality and complexity of the solutions are also

provided. Based on that, methods can be selected depending on the number of radar

targets and UEs.

When there is only one target and UE, the optimal beamformers are obtained as

the Minimum Variance Distortionless Response (MVDR) solutions. These closed-form

solutions have the lowest complexity among all the methods, while being globally

optimal. For two radar targets and no UE, a global optimum can be found through

a 2D grid search. If this complexity is too high, either an Alternative Maximisation

(AM) on (𝜆t, 𝜆r) can be performed, or the method proposed for 𝐾 ≤ 2 and 𝑄 ≤ 2 can

be applied in the steering space. For the other cases with 𝐾 ≤ 2 and 𝑄 ≤ 2, the AM

method should be operated in the steering space, as it has a much lower complexity

than in the antenna space. Finally, the complexity of the AM proposed for general

𝐾 and 𝑄 makes it a relevant method only if 𝐾 ≥ 3 or 𝑄 ≥ 3, owing to the lack of

analytical solution in these cases.
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10.3.3 Extension for Downlink Communication
The metric proposed in (10.2) can be extended to take into account downlink commu-

nication links. Similarly to the development proposed in Appendix 10.B, as there is

inter-function interference in the downlink, denoting by 𝐿 the number of downlink

UEs, the SINR of the 𝑙 th downlink UE would then be written as

SINRD𝑙 = 𝜅D𝑙
��fH
R
aDt𝑙

��2 ��gH
D
aDr𝑙

��2 ,
where 𝜅D𝑙 is a coefficient equal to the ratio between the power of the link excluding

the beamforming gains and the noise at the receiver, aDt𝑙 and aDr𝑙 are respectively
the transmitter and receiver steering vectors, and g

D
is the receiver beamformer

associated with the 𝑙 th downlink UE. These SINRs can be introduced in the product

metric to take into account these downlink UEs.

Since the SINRs of the downlink UEs involve the transmitter beamformer fR, the
methods proposed in Table 10.2 are still valid, considering 𝐾 +𝐿 targets and downlink

UEs instead of 𝐾 targets only. Yet, note that these UEs may already be handled if they

are considered as radar targets.

10.4 Numerical Analysis

In this section, multiple numerical analyses are performed in the different scenarios of

Section 10.3. As in Section 10.2.3, the antenna arrays of the transmitters and receivers

are modelled with ULAs, with the target and the UEs supposed to be in the far-field

region. The steering vectors are therefore written as in (10.4). The antenna spacing is

assumed to be equal to Δ = 𝜆/2. First, the impact of an angle mismatch on the metric

is investigated, in a one-target one-user scenario. Then, the performance obtained

with the full and Hermitian relaxations are analysed in a two-target no-user scenario.

Finally, the beam patterns obtained with the Hermitian relaxation are illustrated in a

two-target two-user scenario.

10.4.1 Impact of Angle Mismatch
Since the parameters of the scenario are assumed to be known beforehand, the impact

of a model mismatch is first analysed. Table 10.3 defines parameters for a scenario

with one target one UE. Assuming a mismatch 𝜖 in the radar angle 𝜃R, Figure 10.3

illustrates the impact of 𝜖 on the metric. The higher the number of antennas, the

higher the sensitivity against the mismatch. Particularly large losses arise when

the mismatch is sufficiently large to deviate the target outside the mainlobe. In that

scenario, the mismatch does not affect significantly the communication SINR, owing

to the large difference between the target and user angles. In scenarios where the

radar target and communication user are close to each other, the mismatch is even
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Parameters Values

Target angle 𝜃R = 43°

UE angle 𝜃C = −43°
Radar coefficients 𝜿 𝜅RR = 1, 𝜅CR = 0.1

Comm. coefficients 𝜿 𝜅CC = 1, 𝜅RC = 0.1

Table 10.3 Parameters of the scenario for Section 10.4.1.
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Fig. 10.3 One-target one-user scenario — Impact of the radar angle mismatch on the
metric for different number of antennas 𝑁t = 𝑁r = 𝑁 .

more detrimental, as it has a significant effect on the other function as well.

10.4.2 Performance of the Full and Hermitian Relaxations

Table 10.4 defines parameters for a sensing scenario with two radar targets and no

UE. Figure 10.4 illustrates the beamforming gains 𝐺fR (𝜃 ) ≜
��fH
R
a(𝜃 )

��
of the radar

transmitter, where a is the steering vector in the far-field region for a given angle 𝜃 ,

and the vector fR is obtained through 2D grid search, AM with full relaxation, and

AM with Hermitian relaxation. All three solutions direct two mainlobes towards

the targets. Both relaxations provide very similar solutions, whereas the optimal

solution increases slightly the power directed towards the target suffering the most

from interference. This enables to ensure fairness between both targets, achieving a

higher SINR-product.

In order to better compare the solutions, Figure 10.5 illustrates the performance

gaps between themetrics obtainedwith both relaxations and the optimal beamforming

vector, obtained through 2D grid search, for different noise powers. For low and

high noise-to-interference ratios, the relaxations tend to reach the optimal solution.

Between these extremes, a small loss in performance is observed, being reduced by

the Hermitian relaxation, at the price of a slightly higher complexity.
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Parameters Values

Antennas numbers 𝑁t = 𝑁r = 8

Targets angles 𝜃R0 = 12°, 𝜃R1 = 43°

Coefficients 𝜿 𝜿RR =

[
1 0.5

0.1 1

]
Table 10.4 Parameters of the scenario for Section 10.4.2.
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Fig. 10.4 Two-target no-user sensing scenario — Beamforming gains of the radar
transmitter, obtained with 2D grid search, AM with full relaxation (Relax. 1), and AM
with Hermitian relaxation (Relax. 2).
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Fig. 10.5 Two-target no-user sensing scenario — Performance gap between the 2D
grid search, AM with full relaxation (Relax. 1), and AM with Hermitian relaxation
(Relax. 2). The parameter 𝜅0 corresponds to the initial values of 𝜿RR, defined in Table
10.4.
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Parameters Values

Targets angles 𝜽R = {12,43}°

UEs angles 𝜽C = {21,-67}°

Radar coefficients 𝜿 𝜅RR =

[
1 0.5

0.1 1

]
, 𝜅CR =

[
1 0.1

0.2 1

]
Comm. coefficients 𝜿 𝜅CC =

[
1 0.1

0.2 1

]
, 𝜅RC =

[
0.5 0.5

0.1 0.1

]
Table 10.5 Parameters of the scenario for Section 10.4.3.

10.4.3 Beamformers in a Two-Target Two-User Scenario

Table 10.5 defines parameters for a scenario with two radar targets and UEs. Figure

10.6 illustrates the beamforming gains 𝐺fR (𝜃 ) ≜
��fH
R
a(𝜃 )

��
, 𝐺g

R

(𝜃 ) ≜
��gH

R
a(𝜃 )

��
, and

𝐺g
C𝑞
(𝜃 ) ≜

���gH
C𝑞
a(𝜃 )

���, of the radar transmitter, radar receiver, and communication

receivers, obtained through AM with full relaxation, AM with Hermitian relaxation,

and AM on
˜fR, g̃R and {g̃

C𝑞} in the steering space.

First, focusing on the radar transmitter, two mainlobes are directed in the direction

of the radar targets, while the sidelobes are allowed to send power in the direction of

the UEs. Indeed, the power transmitted towards the UEs is not penalised in the metric.

This is not the case for the radar receiver, as the communication signals interfere

with the radar function. Therefore, the power received from the UEs is minimised. In

contrary, for the communication receivers, this is the power of radar echoes which

is minimised, while the mainlobes are directed towards the UEs. These conclusions

are valid for the three optimisation schemes. Whereas the two relaxations gives very

similar results, the alternative optimisation on
˜fR, g̃R and {g̃

C𝑞} in the steering space

shows some differences. Since the solutions obtained through the relaxations must

still be projected into the space of the rank-one matrices, the alternative optimisation

in the steering space achieves slightly better performance. Still, none of the methods

ensures to find a global optimum of the SINR-product metric.

10.5 Conclusion

IC has been proposed in Chapter 9 to handle the interference arising when multiple

ISAC systems are transmitting in full-duplex. When MIMO systems are considered,

another promising solution is to perform beamforming. In this chapter, numerous

works about the beamforming for JCAS scenarios have been summarised, highlighting

the lack of a fair solution with an acceptable computational complexity.
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Fig. 10.6 Two-target two-user scenario — Beamforming gains of the radar transmitter
(top), radar receiver (middle), and communication receivers (bottom). The beamform-
ers of the radar transmitter and receiver are synthesised either through AM with full
relaxation (Relax. 1), AM with Hermitian relaxation (Relax. 2), or AM on ˜fR, g̃R and
{g̃C𝑞} in the steering space (Alt. search).
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10.5.1 Summary of the Contributions
The contributions of this chapter are summarised as follows:

■ Analytical expressions of the SINRs associated with each target and UEs have

then been developed for MIMO PC-FMCW and OFDM ISAC systems. Lever-

aging on that, a fair and threshold-free objective function has been proposed

for the optimisation, namely the product of the SINRs of the targets and UEs.

Such metric has shown to ensure fairness, as the performance of every target

and UE impacts similarly the metric, and any low factor heavily reduces the

product. Moreover, the obtained solution is robust against channel changes, in

contrary to SINR-sum metrics.

■ Based on the SINR-product metric, numerous scenarios have been considered,

in which the number of targets or UEs varies. The different solutions which

have been obtained vary in optimality, complexity, and required assumptions.

For instance, the higher is the number of targets and UEs, the higher is the

complexity of the proposed scheme. Yet, when the number of targets or UEs are

lower or equal to 2, the proposed schemes provide lower complexities compared

to the AM method in the steering space, which is the only solution left for

the other scenarios. Though, for two-target two-user scenarios, the original

problem must be relaxed, leading to sub-optimal, but still satisfactory solutions.

■ Numerous numerical analyses have been performed. Firstly, the impact of an

angle mismatch has been evaluated, to investigate the impact of tracking errors

and codebook discretisation. It has shown that, as expected, the higher the

number of antennas, the higher the sensitivity w.r.t. the mismatch. Secondly, the

performance of the relaxations have been analysed, showing small discrepancies

with the optimal solution. Thirdly, the optimal beamformers obtained in a two-

target two-user scenarios have been illustrated. As expected, it is observed

that the radar (resp. communication) function tries to nullify the power of the

uplink communication signals (resp. radar echoes).

10.5.2 Future Works
The need of a fair optimisation objective metric has been highlighted throughout this

chapter. However, depending on the application, it may be interesting to be able to

prioritise the sensing or communication function. Priority among the targets and

UEs may even be considered. Thus, further research may first analyse how to extend

the SINR-product metric to add such capability. This should be carried out, while

keeping an acceptable complexity. Otherwise, the other metrics of the literature may

be considered again.

Then, another weakness is the limitation on the number of targets, downlink and

uplink UEs. Further investigations should be carried out to extend the proposed solu-
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tions to more general scenarios. One way to handle this problem would be to consider

different information streams for downlink UEs, sent with different beamformers,

such that the downlink information streams would be decoupled from uplink echoes.

Additionally, the radar receiver may process separately each radar target, instead of

processing all the targets jointly.

10.5.3 What is Next?
This chapter concludes the third and final part of this PhD thesis. Two solutions,

namely the IC and beamforming, have been proposed to mitigate the interference issue

in full-duplex ISAC scenarios. For that purpose, PC-FMCW and OFDM ISAC systems

have been considered. Both the IC and beamforming are promising to improve both

the sensing and communication performance.
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10.A Radar Processing

Both for the PC-FMCW and the OFDM waveform, following the processing detailed

in Sections 8.1.3.1 and 8.2.2 of Chapter 8, neglecting the noise (and the ICI for the

OFDM waveform), one obtains from (8.3) and (8.6) the following radar output:

z(𝑝, 𝑛) =
𝐾−1∑︁
𝑘=0

𝛾RR𝑘 aRr𝑘aHRt𝑘fR 𝑒
𝚥 2𝜋
𝑃
𝑓DR𝑘𝑇CPI𝑝𝑒 𝚥

2𝜋
𝑁
𝐵𝜏R𝑘𝑛

+
𝑄−1∑︁
𝑞=0

𝛾CR𝑞 aCr𝑞aHCt𝑞fC𝑞 𝐼C,𝑝,𝑛 𝑒
𝚥 2𝜋
𝑃
𝑓DC𝑞𝑇CPI𝑝𝑒 𝚥

2𝜋
𝑁
𝐵𝜏C𝑞𝑛,

where 𝛾𝑣 with 𝑣 ∈ {RR,CR} are complex coefficients, 𝐼C,𝑝,𝑛 represent the impact of

the communication symbols of the uplink communication signals, after they have

not been well compensated, 𝑇CPI is the coherent processing interval, and 𝐵 is the

waveform bandwidth. After applying a 2D-DFT, one obtains

Z(𝑓 , 𝜏) =
𝐾−1∑︁
𝑘=0

𝛾RR𝑘 aRr𝑘aHRt𝑘fR 𝜒RR𝑘
(
(𝑓 − 𝑓DR𝑘 )𝑇CPI, (𝜏 − 𝜏R𝑘 ) 𝐵

)
+
𝑄−1∑︁
𝑞=0

𝛾CR𝑞 aCr𝑞aHCt𝑞fC𝑞 𝐼C,𝑝,𝑛 𝜒CR𝑞
( (
𝑓 − 𝑓DC𝑞

)
𝑇CPI,

(
𝜏 − 𝜏C𝑞

)
𝐵
)
,

where 𝜒RR and 𝜒CR are respectively the ambiguity function of the radar echo, and the

cross-ambiguity between the communication signal and the radar waveform.

One may finally combine the signals of all antennas with the beamforming vector

g
R
. This leads to the following SINR for the 𝑘 th target at the radar function:

SINRR𝑘 =
𝜅RR𝑘𝑘

��fH
R
aRt𝑘

��2 ��gH
R
aRr𝑘

��2
𝐼RR𝑘 + 𝐼CR𝑘 + 1

,

where 𝐼RR𝑘 is the interference from the ambiguity function of the other targets on the
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cell of the target of interest:

𝐼RR𝑘 =

𝐾−1∑︁
𝑘 ′=0
𝑘 ′≠𝑘

𝜅RR𝑘 ′𝑘
��fH
R
aRt𝑘 ′

��2 ��gH
R
aRr𝑘 ′

��2 ,
and 𝐼CR𝑘 is the interference from the communication signals on the cell of the target

of interest:

𝐼CR𝑘 =

𝑄−1∑︁
𝑞=0

𝜅CR𝑞𝑘

���fH
C𝑞aCt𝑞

���2 ��gH
R
aC𝑟𝑞

��2 .
The coefficients 𝜅 contains the impact of the complex coefficients, ambiguity functions

and noise on the SINR:

𝜅RR𝑘 ′𝑘 ≜ E
[
|𝛾R𝑘 |2

] ��𝜒RR𝑘 ( [𝑓DR𝑘 ′ − 𝑓DR𝑘 ]𝑇CPI, (𝜏R𝑘 ′ − 𝜏R𝑘 ) 𝐵) ��2
𝜎2
R

,

𝜅CR𝑞𝑘 ≜ E
[
|𝛾C𝑞 |2

]
E

[
|𝐼C,𝑝,𝑛 |2

] ��𝜒CR𝑘 ( [𝑓DC𝑞 − 𝑓DR𝑘 ] 𝑇CPI, (𝜏C𝑞 − 𝜏R𝑘 ) 𝐵) ��2
𝜎2
R

,

where 𝜎2
R
is the noise power at the output of the radar function. If the condition of

(9.2) is also fulfilled, then E
[
|𝐼C,𝑝,𝑛 |2

]
= 1.

10.B Communication Processing

The communication processing is quite different for PC-FMCW and OFDM systems.

Moreover, contrariwise to the radar processing, each communication signal is handled

separately, the other signals being considered as interference, similarly to the radar

echoes. Still, similar expressions of the communication SINRs can be obtained.

PC-FMCW ISAC: Following the processing detailed in Section 8.1.3.2 of Chapter

8, based on (8.4), the signal obtained after timing synchronisation and dechirping

channel is computed as

y𝑞 (𝑝, 𝑡) = 𝛽CC𝑝𝑞 aCr𝑞aHCt𝑞fC𝑞 𝑒 𝚥2𝜋
˜𝑓DC𝑞𝑡

𝑁−1∑︁
𝑛=0

𝐼C𝑞,𝑝,𝑛 Π

(
𝑡 − 𝑛𝑇C
𝑇C

)
+
𝑄−1∑︁
𝑞′=0
𝑞′≠𝑞

𝛽CC𝑝𝑞′ aCr𝑞′aHCt𝑞′fC𝑞′ 𝑒
𝚥2𝜋 ˜𝑓

DC𝑞′ 𝑡
𝑁−1∑︁
𝑛=0

𝐼C𝑞′,𝑝,𝑛 Π

(
𝑡 − 𝜏C𝑞′𝑞 − 𝑛𝑇C

𝑇C

)

+
𝐾−1∑︁
𝑘=0

𝛽RC𝑝𝑘 aRr𝑘aHRt𝑘fR 𝑒
𝚥2𝜋 ˜𝑓DR𝑘𝑡

𝑁−1∑︁
𝑛=0

𝐼R,𝑝,𝑛 Π

(
𝑡 − 𝜏R𝑘𝑞 − 𝑛𝑇C

𝑇C

)
,
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where 𝛽𝑣 with 𝑣 ∈ {CC, RC} are complex coefficients,
˜𝑓D𝑤 with 𝑤 ∈ {R,C} are

frequencies containing the Doppler frequencies of the links, the carrier frequency

offsets between the different ISAC systems, and the beat frequencies generated by

the dechirping
2
, 𝐼𝑤 are the communication symbols from all the ISAC systems, and

𝜏𝑤 = 𝜏𝑤 − 𝜏C𝑞 are the delays of the links, w.r.t. the time reference obtained from the

timing synchronisation algorithm. Focusing on the 𝑞th signal, after sampling, carrier

frequency estimation and correction, and matched filtering, one obtains

z𝑞 (𝑝,𝑚) = 𝛽CC𝑝𝑞 aCr𝑞aHCt𝑞fC𝑞 𝜒CC𝑞𝑞 (𝑝,𝑚)

+
𝑄−1∑︁
𝑞′=0
𝑞′≠𝑞

𝛽CC𝑝𝑞′ aCr𝑞′aHCt𝑞′fC𝑞′ 𝑒
𝚥2𝜋

(
˜𝑓
DC𝑞′− ˜𝑓DC𝑞

)
𝑡
𝜒CC𝑞′𝑞 (𝑝,𝑚)

+
𝐾−1∑︁
𝑘=0

𝛽RC𝑝𝑘 aRr𝑘aHRt𝑘fR 𝑒
𝚥2𝜋

(
˜𝑓DR𝑘− ˜𝑓DC𝑞

)
𝑡
𝜒RC𝑘𝑞 (𝑝,𝑚),

where the functions 𝜒𝑣 with 𝑣 ∈ {CC, RC} are defined as

𝜒CC𝑞′𝑞 (𝑝,𝑚) ≜
𝑁−1∑︁
𝑛=0

𝐼C𝑞′,𝑝,𝑛 𝐸Π Λ

( (𝑚 − 𝑛)𝑇C − 𝜏C𝑞′
𝑇C

)
,

𝜒RC𝑘𝑞 (𝑝,𝑚) ≜
𝑁−1∑︁
𝑛=0

𝐼R,𝑝,𝑛 𝐸Π Λ

(
(𝑚 − 𝑛)𝑇C − 𝜏R𝑘

𝑇C

)
,

with 𝐸Π the energy of the pulse shaping filter. Note that, for the 𝑞th signal, one obtains

𝜒CC𝑞𝑞 (𝑝,𝑚) =
𝑁−1∑︁
𝑛=0

𝐼C𝑞′,𝑝,𝑛 Λ (𝑚 − 𝑛) = 𝐼C𝑞′,𝑝,𝑚 𝐸Π .

The signals of all antennas may finally be combined with the beamforming vector

g
C𝑞 . This leads to the following SINR for the 𝑞th uplink signal at the communication

function:

SINRC𝑞 =

𝜅CC𝑞𝑞

���fH
C𝑞aCt𝑞

���2 ���gH
C𝑞
aCr𝑞

���2
𝐼CC𝑞 + 𝐼RC𝑞 + 1

, (10.5)

where 𝐼CC𝑞 is the interference from the matched filtering of the other communication

signals:

𝐼CC𝑞 =

𝑄−1∑︁
𝑞′=0
𝑞′≠𝑞

𝜅CC𝑞′𝑞

���fH
C𝑞′aCt𝑞′

���2 ���gH
C𝑞aCr𝑞′

���2 ,
2
For the communication signal of interest, the beat frequency generated by the dechirping is equal to

zero if the timing synchronisation is perfect.
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and 𝐼RC𝑞 is the interference from the matched filtering of the radar echoes:

𝐼RC𝑘 =

𝐾−1∑︁
𝑘=0

𝜅RC𝑘𝑞
��fH
R
aRt𝑘

��2 ���gH
C𝑞aRr𝑘

���2 .
The coefficients 𝜅 contains the impact of the complex coefficients, matched filters,

and noise on the SINR:

𝜅CC𝑞′𝑞 ≜ E
[
|𝛽CC𝑝𝑞′ |2

] E [��𝜒CC𝑞′𝑞 (𝑝,𝑚)
��2]

𝜎2
C𝑞

,

𝜅RC𝑘𝑞 ≜ E
[
|𝛽RC𝑝𝑘 |2

] E [��𝜒RC𝑘𝑞 (𝑝,𝑚)
��2]

𝜎2
C𝑞

.

OFDM ISAC: Following the processing detailed in Section 8.2.1 of Chapter 8, based

on (8.5) with negligible ICI, the signal obtained after the DFT operation is computed

as

y𝑞 (𝑝,𝑚) = 𝛽CC𝑞 𝜁
(
𝑓D𝑞𝑇

)
aCr𝑞aHCt𝑞fC𝑞 𝑒

𝚥2𝜋 𝑓D𝑞𝑇PRI𝑝 𝑒− 𝚥
2𝜋
𝑇
𝜏𝑞𝑚 𝐼C𝑞,𝑝,𝑚

+
𝑄−1∑︁
𝑞′=0
𝑞′≠𝑞

𝛽CC𝑞′ aCr𝑞′aHCt𝑞′fC𝑞′ 𝑒
𝚥2𝜋 𝑓

DC𝑞′𝑇PRI𝑝 𝜒CC𝑞′𝑞 (𝑝,𝑚)

+
𝐾−1∑︁
𝑘=0

𝛽RC𝑘 aRr𝑘aHRt𝑘fR 𝑒
𝚥2𝜋 𝑓DR𝑘𝑇PRI𝑝 𝜒RC𝑘𝑞 (𝑝,𝑚),

where the functions 𝜒𝑣 with 𝑣 ∈ {CC, RC} are defined as

𝜒CC𝑞′𝑞 (𝑝,𝑚) ≜ 1

𝑁

𝑁−1∑︁
𝑛=0

𝐼C,𝑞′,𝑝,𝑛 𝑒
𝚥 2𝜋
𝑇
𝜏
C𝑞′𝑛

𝑁𝑀−1∑︁
𝑙=0

𝑒 𝚥
2𝜋
𝑁𝑀 (𝑛+𝑓DC𝑞′𝑇−𝑚)𝑙 Π

(
𝑙 𝑇
𝑀𝑁

+𝑇CP − 𝜏C𝑞′
𝑇PRI

)
,

𝜒RC𝑘𝑞 (𝑝,𝑚) ≜ 1

𝑁

𝑁−1∑︁
𝑛=0

𝐼R,𝑘,𝑝,𝑛 𝑒
𝚥 2𝜋
𝑇
𝜏R𝑘𝑛

𝑁𝑀−1∑︁
𝑙=0

𝑒 𝚥
2𝜋
𝑁𝑀

(𝑛+𝑓DR𝑘𝑇−𝑚)𝑙 Π

(
𝑙 𝑇
𝑀𝑁

+𝑇CP − 𝜏R𝑘
𝑇PRI

)
.

Note that the rectangular functions have been kept in the definitions of the functions

𝜒𝑣 , as there is no guarantee that the delays of the interfering signals are smaller

than the cyclic prefix duration. In these equations, the quantities 𝛽𝑣 are complex

coefficients, 𝑓D𝑤 with𝑤 ∈ {R,C} are frequencies containing the Doppler frequencies

of the links, and the carrier frequency offsets between the different ISAC systems, 𝐼𝑤

are the communication symbols from all the ISAC systems, and 𝜏𝑤 are the delays

of the links, w.r.t. the time reference obtained from the timing synchronisation

algorithm. If perfect synchronisation is achieved, 𝜏𝑤 = 𝜏𝑤 − 𝜏C𝑞 and 𝜏C𝑞𝑞 = 0.

Nevertheless, with the Schmidl & Cox algorithm, one may start the processing in a

314 |



Communication Processing | 10.C

window of duration 𝑇CP before the start of communication signal of interest.

The signals of all antennas may finally be combined with the beamforming vector

g
C𝑞 . This leads to the following SINR for the 𝑞th uplink signal at the communication

function:

SINRC𝑞 =

𝜅CC𝑞𝑞

���fH
C𝑞aCt𝑞

���2 ���gH
C𝑞
aCr𝑞

���2
𝐼CC𝑞 + 𝐼RC𝑞 + 1

, (10.6)

where 𝐼CC𝑞 is the interference from the matched filtering of the other communication

signals:

𝐼CC𝑞 =

𝑄−1∑︁
𝑞′=0
𝑞′≠𝑞

𝜅CC𝑞′𝑞

���fH
C𝑞′aCt𝑞′

���2 ���gH
C𝑞aCr𝑞′

���2 ,
and 𝐼RC𝑞 is the interference from the matched filtering of the radar echoes:

𝐼RC𝑘 =

𝐾−1∑︁
𝑘=0

𝜅RC𝑘𝑞
��fH
R
aRt𝑘

��2 ���gH
C𝑞aRr𝑘

���2 .
The coefficients 𝜅 contains the impact of the complex coefficients, DFTs of other

signals, and noise on the SINR:

𝜅CC𝑞′𝑞 ≜ E
[
|𝛽CC𝑞′ |2

] E [��𝜒CC𝑞′𝑞 (𝑝,𝑚)
��2]

𝜎2
C𝑞

,

𝜅RC𝑘𝑞 ≜ E
[
|𝛽RC𝑘 |2

] E [��𝜒RC𝑘𝑞 (𝑝,𝑚)
��2]

𝜎2
C𝑞

,

Note that, for the communication signal of interest,

𝜒CC𝑞𝑞 (𝑝,𝑚) = 1

𝑁

𝑁−1∑︁
𝑛=0

𝐼C,𝑞,𝑝,𝑛 𝑒
𝚥 2𝜋
𝑁𝑀 (𝑛+𝑓DC𝑞𝑇−𝑚)𝑙 = 𝜁 (𝑓D𝑞𝑇 ) 𝐼C𝑞,𝑝,𝑚 .

The SINR of (10.6) obtained for the OFDM ISAC system is identical to the SINR of

(10.5) obtained for the PC-FMCW ISAC system. The only difference is the definition

of the weights 𝜅𝑣 with 𝑣 ∈ {CC, RC}, which should be adapted depending on the

considered waveform.

| 315



10 | Fair Beamforming for Integrated Sensing and Communication

Systems

10.C One-Target One-User Scenario

With one target and one UE, discarding the indices 𝑘 = 0 and 𝑞 = 0 for readability,

the objective metric of (10.2) can be rewritten as

M =
𝜅RR

��fH
R
aRt

��2 ��gH
R
aRr

��2
𝜅CR

��fH
C
aCt

��2 ��gH
R
aCr

��2 + 1

𝜅CC
��fH
C
aCt

��2 ��gH
C
aCr

��2
𝜅RC

��fH
R
aRt

��2 ��gH
C
aRr

��2 + 1

∝
��gH

R
aRr

��2
𝜅CR

��gH
R
aCr

��2 + 1

|fH
C
aCt |2

��gH
C
aCr

��2
𝜅RC

��gH
C
aRr

��2 + 1

|fH
R
aRt |2

. (10.7)

Focusing first on the beamforming vectors of the transmitters fR and fC, the metric is

only increasing with

��fH
C
aCt

��
and

��fH
R
aRt

��
. Therefore, the optimal beamformers for the

transmitters are computed as

f★
R
=

aRt√
𝑁t

, f★
C
=

aCt√
𝑁t

.

Interestingly, this shows that, even when the interference of the other func-

tion is taken into account, the steering vectors at the transmitters, the optimal

beamforming vectors are alignedwith the transmitters, as in the interference-free case.

Plugging the optimal beamforming vectors into (10.7), one obtains

M ∝
��gH

R
aRr

��2
𝜅CR𝑁t

��gH
R
aCr

��2 + 1

��gH
C
aCr

��2
𝜅RC𝑁t

��gH
C
aRr

��2 + 1

=
gH
R
aRraH

Rr
g
R

gH
R

(
𝜅CR𝑁t aCraH

Cr
+ I𝑁r

)
g
R

gH
C
aCraH

Cr
g
C

gH
C

(
𝜅RC𝑁t aRraH

Rr
+ I𝑁r

)
g
C

, (10.8)

where the matrix I𝑁 is the identity matrix of size 𝑁 × 𝑁 . The above shows that the

radar and communication optimisation problems are decoupled, as two independent

Rayleigh quotients. The optimisation of Rayleigh quotient is a well-known problem,

which is written as

x★ = arg max

x∈C𝑁
xHAx
xHBx

,

with A,B ∈ C𝑁×𝑁
, and A ≻ 0,B ⪰ 0. As the matrix B is positive semi-definite, it may

be decomposed following the Cholesky decomposition as B = LHL. Thus, the problem
can be rewritten as

x̃★ = arg max

x̃∈C𝑁
x̃HL−HAL−1x̃

x̃Hx̃
,

and the solution x★ is then computed as x★ = L−1x̃★. For such problem, the optimal

vector is the principal eigenvector of the matrix L−HAL−1
[Den09, Lemma 8.4.3],
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denoted here by the operator eigvec:

x★ = L−1
eigvec

{
L−HAL−1} .

This can be further developed if the matrix A is a rank-one matrix, i.e. A = aaH, with
a ∈ C𝑁 . In this case,

x★ = L−1
eigvec

{
L−Ha

(
L−Ha

)
H

}
∝ L−1L−Ha = B−1a. (10.9)

This solution is also named the MVDR beamforming vectors [NWH22]. Applied to

(10.8), it gives

g★
R
= 𝜇R

(
𝜅CR𝑁t aCraHCr + I𝑁r

)−1
aRr = 𝜇R

(
aRr − 𝜂

𝑁t𝑁r

𝜅−1
CR

+ 𝑁t𝑁r

aCr

)
,

g★
C
= 𝜇C

(
𝜅RC𝑁t aRraHRr + I𝑁r

)−1
aCr = 𝜇C

(
aCr − 𝜂∗

𝑁t𝑁r

𝜅−1
RC

+ 𝑁t𝑁r

aRr

)
,

where the coefficients 𝜇𝑣 with 𝑣 ∈ {R,C} are normalisation factors, and 𝛾 = aH
Cr
aRr/𝑁r

is the correlation between the radar and communication steering vectors. This shows

that the optimal receivers beamforming vectors are aligned with their receivers

steering vectors, plus a skewing depending on the level of interference, noise, and

correlation between the steering vectors of both functions.

10.D Two-Target No-User (Sensing) Scenario

In the sensing scenario with two targets and no UE, the objective metric of (10.2) can

be rewritten similarly to the one-target one-user scenario as

M =
𝜅RR00

��fH
R
aRt0

��2 ��gH
R
aRr0

��2
𝜅RR10

��fH
R
aRt1

��2 ��gH
R
aRr1

��2 + 1

𝜅RR11
��fH
R
aRt1

��2 ��gH
R
aRr1

��2
𝜅RR01

��fH
R
aRt0

��2 ��gH
R
aRr0

��2 + 1

∝
(
𝜅RR10 +

1��fH
R
aRt1

��2 ��gH
R
aRr1

��2
)−1 (

𝜅RR01 +
1��fH

R
aRt0

��2 ��gH
R
aRr0

��2
)−1

. (10.10)

Owing to the symmetry of the metric in this scenario, the solution is found the same

way for the beamforming vector of the transmitter and receiver. Following Section

10.3.1, the optimal beamforming vectors can be written in the steering vectors space

as

f★
R
=

1

√
𝑁t

𝜆t aRt0 + (1 − 𝜆t) 𝑒 𝚥𝜙t aRt1√︃
𝜆2
t
+ (1 − 𝜆t)2 + 2𝜆t (1 − 𝜆t) Re

{
𝑒− 𝚥𝜙t 𝛾t

} ,
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g★
R
=

1

√
𝑁r

𝜆r aRr0 + (1 − 𝜆r) 𝑒 𝚥𝜙r aRr1√︃
𝜆2
r
+ (1 − 𝜆r)2 + 2𝜆r (1 − 𝜆r) Re

{
𝑒− 𝚥𝜙r 𝛾r

} ,
where 𝜆𝑣 ∈ [0, 1] and 𝜙𝑣 with 𝑣 ∈ {t, r} are two weights and phases to compute, and

𝛾𝑣 = aH
R𝑣1

aR𝑣0/𝑁𝑣 are the correlation between the steering vectors of the two targets.

Let us focus the developments on the beamforming vector of the transmitter,

as it is identical for the beamforming vector of the receiver. First, developing the

beamforming gains, one obtains

��f★H
R

aRr0
��2 = 𝑁t

𝜆2
t
+ (1 − 𝜆t)2 |𝛾t |2 + 2𝜆t (1 − 𝜆t) Re

{
𝑒− 𝚥𝜙t 𝛾t

}
𝜆2
t
+ (1 − 𝜆t)2 + 2𝜆t (1 − 𝜆t) Re

{
𝑒− 𝚥 𝜙t𝛾t

} ,

��f★H
R

aRt1
��2 = 𝑁t

𝜆2
t
|𝛾t |2 + (1 − 𝜆t)2 + 2𝜆t (1 − 𝜆t) Re

{
𝑒− 𝚥𝜙t 𝛾t

}
𝜆2
t
+ (1 − 𝜆t)2 + 2𝜆t (1 − 𝜆t) Re

{
𝑒− 𝚥𝜙t 𝛾r

} .

In both cases, to find the optimal phase 𝜙t, it may be noticed that these quantities can

be rewritten as the following function:

𝑓 (𝑥) = 𝑐0 + 𝑥
𝑐1 + 𝑥

, with 𝑐0 ≤ 𝑐1.

As this function is an increasing function of 𝑥 , maximising (10.10) is equivalent to

maximise 𝑥 w.r.t. 𝜙𝑡 , which is achieved when 𝜙𝑡 = arg{𝛾t}. This leads to

f★
R
=

1

√
𝑁t

𝜆t aRt0 + (1 − 𝜆t) 𝑒 𝚥 arg{𝛾t } aRt1√︃
𝜆2
t
+ (1 − 𝜆t)2 + 2𝜆t (1 − 𝜆t) |𝛾t |

,

g★
R
=

1

√
𝑁r

𝜆r aRr0 + (1 − 𝜆r) 𝑒 𝚥 arg{𝛾r } aRr1√︁
𝜆2
r
+ (1 − 𝜆r)2 + 2𝜆r (1 − 𝜆r) |𝛾r |

.

There is no closed form solution for 𝜆𝑣 with 𝑣 ∈ {t, r}. Nevertheless, 𝜆𝑣 is com-

prised in [0, 1], and it can be shown that the optimisation of − logM w.r.t. 𝜆r or 𝜆t is

a convex problem. Still focusing on the beamforming vector of the transmitter, the

logarithm of (10.10) is developed as

− logM = 𝐶 (g★
R
) + log

(
𝜅RR10

��g★H
R

aRr1
��2 + 1��f★H

R
aRt1

��2
)

+ log

(
𝜅RR01

��g★H
R

aRr0
��2 + 1��f★H

R
aRt0

��2
)

= 𝐶 (g★
R
) + log

(
𝜅RR10

��g★H
R

aRr1
��2 + 1

𝑁t

𝜆2
t
+ (1 − 𝜆𝑡 )2 + 2𝜆t (1 − 𝜆𝑡 ) |𝛾t |

𝜆2
t
|𝛾t |2 + (1 − 𝜆t)2 + 2𝜆t (1 − 𝜆t) |𝛾t |

)
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+ log

(
𝜅RR01

��g★H
R

aRr0
��2 + 1

𝑁t

𝜆2
t
+ (1 − 𝜆𝑡 )2 + 2𝜆t (1 − 𝜆𝑡 ) |𝛾t |

𝜆2
t
+ (1 − 𝜆t)2 |𝛾t |2 + 2𝜆t (1 − 𝜆t) |𝛾t |

)
= 𝐶 (g★

R
) + log

(
𝜅RR10

��g★H
R

aRr1
��2 + 1

𝑁t

+ 1 − |𝛾t |2
𝑁t

𝜆2
t

[1 − (1 − |𝛾t |)𝜆]2

)
+ log

(
𝜅RR01

��g★H
R

aRr0
��2 + 1

𝑁t

+ 1 − |𝛾t |2
𝑁t

(1 − 𝜆t)2

[1 − (1 − |𝛾t |) (1 − 𝜆t)]2

)
= 𝐶 (g★

R
) + log

(
𝜅RR10𝑁t

��g★H
R

aRr1
��2 + 1

1 − |𝛾t |2
+

𝜆2
t

[1 − (1 − |𝛾t |)𝜆t]2

)
+ log

(
𝜅RR01𝑁t

��g★H
R

aRr0
��2 + 1

1 − |𝛾t |2
+ (1 − 𝜆t)2

[1 − (1 − |𝛾t |) (1 − 𝜆t)]2

)
.

Let us define the function ℎ as

ℎ(𝑥) ≜ log

(
𝑐0 +

𝑥2

(1 − 𝑐1𝑥)2

)
, 𝑐0 ≥ 1, 𝑐1 ∈ [0, 1] .

The function ℎ is convex if the sign of its second derivative is always positive.

Additionally, if ℎ(𝑥) is convex, then ℎ(1−𝑥) is also convex. As both therms depending

on 𝜆t can be rewritten in the form of ℎ(𝑥) or ℎ(1 − 𝑥), analysing the convexity of

ℎ is sufficient to ensure that the optimisation of 𝜆t is a convex problem. The same

reasoning can be applied to 𝜆r.

The second derivative of ℎ is computed as

d
2

d𝑥2
ℎ(𝑥) = 2

𝑥2 (2𝑐1𝑥 − 1) + 𝑐0 (𝑐1𝑥 − 1)2 (2𝑐1𝑥 + 1)
(1 − 𝑐1𝑥)2 [𝑥2 + 𝑐0 (𝑐1𝑥 − 1)2]2 .

The denominator of this function is always positive. The numerator can be developed

as

𝑥2 (2𝑐1𝑥 − 1) + 𝑐0 (𝑐1𝑥 − 1)2 (2𝑐1𝑥 + 1) = 2𝑐1 (1 + 𝑐0𝑐21)𝑥3 − (1 + 3𝑐0𝑐
2

1
)𝑥2 + 𝑐0

= 𝑐0 (2𝑐31𝑥3 − 3𝑐2
1
𝑥2 + 1) + 2𝑐1𝑥

3 − 𝑥2

= 𝑐0 (𝑐1𝑥 − 1)2 (2𝑐1𝑥 + 1) + 𝑥2 (2𝑐1𝑥 − 1)
≥ (𝑐1𝑥 − 1)2 (2𝑐1𝑥 + 1) + 𝑥2 (2𝑐1𝑥 − 1),

where the equality is achieved when 𝑐0 = 1. Thus, one may study the sign of the

function
˜ℎ defined as

˜ℎ(𝑥) ≜ 2𝑐1 (1 + 𝑐21)𝑥3 − (1 + 3𝑐2
1
)𝑥2 + 𝑐0 .

Using the Descartes’ rule of signs [Cur18], there is 0 or 2 roots such that 𝑥 ≥ 0, and

one 1 root such that 𝑥 ≤ 0. Additionally,
˜ℎ(0) = 1 and

˜ℎ′ (0) = 0. This implies that the
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next minimum 𝑥min of
˜ℎ is larger than 0. Looking at the position of this minimum,

the first derivative of
˜ℎ is computed as

d

d𝑥
˜ℎ(𝑥) = 6𝑐1 (1 + 𝑐21)𝑥2 − 2(1 + 3𝑐2

1
)𝑥 = 6𝑐1𝑥 (1 + 𝑐21)

(
𝑥 −

1 + 3𝑐2
1

3𝑐1 (1 + 𝑐2
1
)

)
,

giving the following root:

𝑥min =
1 + 3𝑐2

1

3𝑐1 (1 + 𝑐2
1
)
.

The function
˜ℎ is always positive either if 𝑥min ≥ 1 and

˜ℎ(1) ≥ 0, or if 𝑥min < 1 and

˜ℎ(𝑥min) ≥ 0. When 𝑥min ≥ 1,

𝑐1 ≤ 0.4425 ⇒ ˜ℎ(1) = 𝑐1 (2𝑐21 − 3𝑐1 + 2) ≥ 0.

When 𝑥min < 1,

𝑐1 > 0.4425 ⇒ ˜ℎ(𝑥min) = 1 −
(1 + 3𝑐2

1
)3

27𝑐2
1
(1 + 𝑐2

1
)2

> 0.

This implies that the function
˜ℎ is always positive, and therefore that the optimisation

of − logM w.r.t. 𝜆t or 𝜆r is a convex problem.

In summary, since the optimisation of − logM w.r.t. 𝜆t or 𝜆r is a convex problem,

one may perform an alternating maximisation on 𝜆t and 𝜆r to find a local extremum.

To find the unique optimum at each step, efficients methods such as golden-section

search [Kie53] can be employed, with a complexity in O (log𝑀) where 𝑀 is the

number of points in the interval [0, 1].

10.E Two-Target Two-User Scenario

When there is two targets and two UEs in the considered scenario, for the sake of

tractability, two assumptions are considered:

1. the radar waveform is designed such that the targets do not interfere with each

other in the delay-Doppler map, i.e. 𝜅RR𝑘 ′𝑘 = 0 for 𝑘 ≠ 𝑘 ′. This is a reasonable

assumption for well-designed radar waveforms, and targets far away in the

delay-Doppler map.

2. For the beamforming vectors of the UEs transmittesr, an uncoordinated design

has to be carried out, as they are not collocated with the ISAC system under

study. Therefore, each UE optimises the transmitted power in the direction of
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the ISAC system by setting

fC𝑞 =
1

√
𝑁t

aCt𝑞, ∀𝑞 = 0, ..., 𝑄 − 1.

Thus, it remains to design the beamforming vectors fR, gR, and {g
C𝑞}.

With the two assumptions above, the metric of (10.2) can be rewritten in the form

of

M =
𝜅RR00

��fH
R
aRt0

��2 ��gH
R
aRr0

��2∑
1

𝑞=0 𝜅CR𝑞0𝑁t

��gH
R
aCr𝑞

��2 + 1

𝜅RR11
��fH
R
aRt1

��2 ��gH
R
aRr1

��2∑𝑄−1
𝑞=0

𝜅CR𝑞1𝑁t

��gH
R
aCr𝑞

��2 + 1

·
𝜅CC00𝑁t

��gH
C0
aCr0

��2
𝜅CC10𝑁t

��gH
C0
aCr1

��2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘0
��fH
R
aRt𝑘

��2 ��gH
C0
aRr𝑘

��2 + 1

·
𝜅CC11𝑁t

��gH
C1
aCr1

��2
𝜅CC01𝑁t

��gH
C1
aCr0

��2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘1
��fH
R
aRt𝑘

��2 ��gH
C1
aRr𝑘

��2 + 1

.

For the optimisation of fR, using [Den09, Fact 7.4.9], one obtains

M ∝
��fH
R
aRt0

��2
𝜅CC10𝑁t

��gH
C0
aCr1

��2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘0
��fH
R
aRt𝑘

��2 ��gH
C0
aRr𝑘

��2 + 1

·
��fH
R
aRt1

��2
𝜅CC01𝑁t

��gH
C1
aCr0

��2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘1
��fH
R
aRt𝑘

��2 ��gH
C1
aRr𝑘

��2 + 1

=
fH
R
ARtfRfHRBRtfR

fH
R
CRtfRfHRDRtfR

=
tr

{
fRfHRARtfRfHRBRt

}
tr

{
fRfHRCRtfRfHRDRt

} =
vec{FR}H

(
A∗

Rt
⊗ BRt

)
vec{FR}

vec{FR}H
(
C∗
Rt
⊗ DRt

)
vec{FR}

,

where the Hermitian matrices ARt,BRt,CRt,DRt ∈ C𝑁t×𝑁t
are defined as

ARt ≜ aRt0aHRt0, BRt ≜ aRt1aHRt1,

CRt ≜
𝐾−1∑︁
𝑘=0

𝜅RC𝑘0
��gH

C0
aRr𝑘

��2 aRt𝑘aHRt𝑘 +
(
𝜅CC10𝑁t

��gH
C0
aCr1

��2 + 1

)
I𝑁t
,

DRt ≜
𝐾−1∑︁
𝑘=0

𝜅RC𝑘1
��gH

C1
aRr𝑘

��2 aRt𝑘aHRt𝑘 +
(
𝜅CC01𝑁t

��gH
C1
aCr0

��2 + 1

)
I𝑁t
.

The same is obtained for the optimisation of g
R
:

M ∝
��gH

R
aRr0

��2∑
1

𝑞=0 𝜅CR𝑞0𝑁t

��gH
R
aCr𝑞

��2 + 1

��gH
R
aRr1

��2∑𝑄−1
𝑞=0

𝜅CR𝑞1𝑁t

��gH
R
aCr𝑞

��2 + 1
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=
gH
R
ARrgRg

H

R
BRrgR

gH
R
CRrgRg

H

R
DRrgR

=
tr

{
g
R
gH
R
ARrgRg

H

R
BRr

}
tr

{
g
R
gH
R
CRrgRg

H

R
DRr

} =
vec{GR}H

(
A∗

Rr
⊗ BRr

)
vec{GR}

vec{GR}H
(
C∗
Rr

⊗ DRr

)
vec{GR}

,

with the Hermitian matrices ARr,BRr,CRr,DRr ∈ C𝑁r×𝑁r
defined as

ARr ≜ aRr0aHRr0, BRr ≜ aRr1aHRr1,

CRr ≜
1∑︁
𝑞=0

𝜅CR𝑞0𝑁t aCr𝑞aHCr𝑞 + I𝑁r
, DRr ≜

𝐾−1∑︁
𝑘=0

𝑄−1∑︁
𝑞=0

𝜅CR𝑞1𝑁t aCr𝑞aHCr𝑞 + I𝑁r
.

Finally, for the optimisation of {g
C𝑞}, one obtains

M ∝
��gH

C0
aCr0

��2
𝜅CC10𝑁t

��gH
C0
aCr1

��2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘0
��fH
R
aRt𝑘

��2 ��gH
C0
aRr𝑘

��2 + 1

·
��gH

C1
aCr1

��2
𝜅CC01𝑁t

��gH
C1
aCr0

��2 + ∑𝐾−1
𝑘=0

𝜅RC𝑘1
��fH
R
aRt𝑘

��2 ��gH
C1
aRr𝑘

��2 + 1

=
gH
C0
ACr0gC0

gH
C0
BCr0gC0

gH
C1
ACr1gC1

gH
C1
BCr1gC1

,

with the matrices {ACr𝑞}, {BCr𝑞} ∈ C𝑁r×𝑁r
defined as

ACr𝑞 = aCr𝑞aHCr𝑞,

BCr𝑞 = 𝜅CC𝑞′𝑞𝑁t aCr𝑞′aHCr𝑞′ +
𝐾−1∑︁
𝑘=0

𝜅RC𝑘𝑞
��fH
R
aRt𝑘

��2 aRr𝑘aHRr𝑘 + I𝑁r
,

where 𝑞′ = 1 (resp. 𝑞′ = 0) when 𝑞 = 0 (resp. 𝑞 = 1). The optimisations of

the beamforming vectors of the communication receivers are decoupled. Thus, the

optimal beamformers are obtained by maximising Rayleigh quotients. Following

(10.9), the solutions are given by

g★
C𝑞 = 𝜇C𝑞 B−1

Cr𝑞aCr𝑞, ∀𝑞 = 0, 1, (10.11)

where the coefficients {𝜇C𝑞} are normalisation factors.

In summary, for both radar beamformers, the following problem must be solved:

X★= argmax

X

vec{X}H (A∗ ⊗ B) vec{X}
vec{X}H (C∗ ⊗ D)vec{X}

s.t. X = XH,

X ⪰ 0,

rank(X) = 1.

(10.12)
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The optimal beamformer x★ is then obtained as X★ = x★x★H. Note that this approach
also works for less than two targets and UEs. However, the constraint set is non convex.

Thus, obtaining a solution is challenging. To overcome this issue, two relaxations are

proposed. First, all the constraints of (10.12) are relaxed in Section 10.E.1. Then, a

symmetry constraint is introduced in Section 10.E.2 to improve the relaxation. Finally,

once the vectors f★
R
and g★

R
are computed, one obtains the optimal beamformers for the

communication receivers

{
g★
C𝑞

}
using (10.11). AM between the optimal beamformers

f★
R
and

{
g★
C𝑞

}
is then performed until a local extremum is reached.

10.E.1 Full Relaxation

When all the constraints of (10.12) are relaxed, the optimal matrixX★
can be rewritten

asX = x2xH1 , with x1, x2 ∈ C𝑁 . Using again [Den09, Fact 7.4.9], the objective function

of (10.12), one obtains

xH
1
Ax1xH2 Bx2

xH
1
Cx1xH

2
Dx2

=
tr

{
x2xH1 Ax1x

H

2
B
}

tr

{
x2xH

1
Cx1xH

1
D
} =

vec{X}H (A∗ ⊗ B) vec{X}
vec{X}H (C∗ ⊗ D)vec{X} .

Therefore, the vectors x1 and x2 can be optimised independently:

x★
1
= argmax

x

xHAx
xHCx

, x★
2
= argmax

x

xHBx
xHDx

.

This is the optimisation of two Rayleigh quotients, for which the solutions are com-

puted following (10.9):

x★
1
∝ C−1a, x★

2
∝ D−1b,

where the vectors a and b are defined such that A = aaH,B = bbH. The optimal

matrix X★
is finally given by

X★ ∝ x★
2
x★H
1

= D−1baHC−H .

Nevertheless, even if the matrix X★
is rank-one, it is neither Hermitian, nor positive

definite. To find the optimal beamforming vector, the closest admissible solution is

selected, as the projection of X★
on the set

S ≜
{
X = 𝜁 xxH | 𝜁 ∈ C, x ∈ C𝑁 , ∥x∥2 = 1

}
.

Thus, the final beamforming vector x★ is obtained by minimising the following

Frobenius norm:

x★ = argmin

x,𝜁



X★ − 𝜁 xxH


2
F
.
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This norm can be developed as

X★ − 𝜁 xxH


2
F
= tr

{(
X★ − 𝜁 xxH

)
H

(
X★ − 𝜁 xxH

)}
= tr

{
X★HX★ − 𝜁 X★HxxH − 𝜁 ∗ xxHX★ + |𝜁 |2

}
= |𝜁 |2 + tr

{
X★HX★

}
− 2Re

{
𝜁 ∗ xHX★x

}
.

To maximise the Frobenius norm, the phase of 𝜁 should be choosen such that

arg {𝜁 } = arg

{
x★HX★x★

}
.

Finally, knowing that X★ ∝ x★
2
x★H
1

, the optimal x★ is obtained as

x★ = argmin

x

��xHX★x
�� = argmin

x

��xHx★
1

�� ��xHx★
2

�� . (10.13)

Thus, the solution may span in the space of the vectors x★
1
and x★

2
. Owing to the

symmetry of the problem, following the similar developments in Section 10.D, the

optimal beamforming vector x★ is obtained as

x★ = 𝜇

(
0.5

x★
1

∥x★
1
∥2

+ 0.5 𝑒 𝚥 arg{x
★H
2

x1 } x★
2

∥x★
2
∥2

)
,

where the coefficient 𝜇 is a normalisation factor.

10.E.2 Hermitian Relaxation

When considering the Hermitian constraint only, two operators and matrices must

be defined for the following developments:

■ The complex vectorisation operator vecC is defined as

vecC : C𝑁×𝑁 → R2𝑁 2×1
: E →

[
vec{Re {E}}
vec{Im {E}}

]
.

The inverse operator is denoted as vec
−1
C
.

■ The complex half-vectorisation operator vechC : C𝑁×𝑁 → R𝑁 2×1
is defined for

Hermitian matrices similarly as the complex vectorisation operator, except for

the duplicate entries, which are discarded. In other words, given a matrix E ∈
C𝑁×𝑁

, vechC{E} is the vector of size 𝑁 2 × 1, whose first 𝑁 (𝑁 + 1)/2 elements

are the stacked columns of the upper triangular part of Re {E}, including the
diagonal. The last 𝑁 (𝑁 − 1)/2 elements are the stacked columns of the upper

triangular part of Im {E}.
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■ The complex duplication matrix T ∈ R2𝑁 2×𝑁 2

is the unique matrix fulfilling

T vechC{E} = vecC{E},

for any Hermitian matrix E ∈ C𝑁×𝑁
.

■ Given a matrix E ∈ C𝑁×𝑁
, the matrix ME ∈ R2𝑁×2𝑁

is defined as

ME ≜

[
Re {E} −Im {E}
Im {E} Re {E}

]
.

As an illustration, let us consider the 2×2 matrix

E =

[
𝑎𝑟 + 𝚥𝑎𝑖 𝑏𝑟 + 𝚥𝑏𝑖
𝑐𝑟 + 𝚥𝑐𝑖 𝑑𝑟 + 𝚥𝑑𝑖

]
,

where 𝑎𝑟 , 𝑏𝑟 , 𝑐𝑟 , 𝑑𝑟 , 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 ∈ R. First, the associated 4×4 matrixMX is given by

ME =


𝑎𝑟 𝑏𝑟 −𝑎𝑖 −𝑏𝑖
𝑐𝑟 𝑑𝑟 −𝑐𝑖 −𝑑𝑖
𝑎𝑖 𝑏𝑖 𝑎𝑟 𝑏𝑟

𝑐𝑖 𝑑𝑖 𝑐𝑟 𝑑𝑟

 .
Let us now assume that 𝑎𝑖 = 0, 𝑑𝑖 = 0, 𝑏𝑟 = 𝑐𝑟 and 𝑏𝑖 = −𝑐𝑖 , such that the matrix E is

Hermitian. Aplying the complex vectorisation and half-vectorisation operators, one

obtains

vecC{E} =
[
𝑎𝑟 𝑏𝑟 𝑐𝑟 𝑑𝑟 𝑎𝑖 𝑏𝑖 𝑐𝑖 𝑑𝑖

]
T

=
[
𝑎𝑟 𝑏𝑟 −𝑏𝑟 𝑑𝑟 0 𝑏𝑖 −𝑏𝑖 0

]
T

,

vechC{E} =
[
𝑎𝑟 𝑏𝑟 𝑑𝑟 𝑏𝑖

]
T

.

Finally, the unique duplication matrix T for 2×2 matrices is given by

T =


1 0 0 0 0 0 0 0

0 1 −1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 1 −1 0


T

.

Instead of optimising all the elements of X ∈ C𝑁×𝑁
, since the matrix X must be

Hermitian, one may optimise the vector x̃ ∈ R𝑁 2×1
defined as x̃ ≜ vechC{X}. Using

the complex duplication matrix, it follows that

vecC{vec{X}} = vecC{X} = T vechC{X} = Tx̃. (10.14)
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In order to rewrite the objective function of (10.12) as a function of x, one may

first develop the product vHXv, for a vector v = v𝑟 + 𝚥v𝑖 ∈ C𝑁×1
and a matrix

E = E𝑟 + 𝚥E𝑖 ∈ C𝑁×𝑁
, with v𝑟 , v𝑖 ∈ R𝑁×1

and E𝑟 ,E𝑖 ∈ R𝑁×𝑁
:

vHEv =

(
vT𝑟 − 𝚥vT𝑖

)
(E𝑟 + 𝚥E𝑖 ) (v𝑟 + 𝚥v𝑖 )

= vT𝑟 E𝑟v𝑟 + vT𝑖 E𝑟v𝑖 − vT𝑟 E𝑖v𝑖 + vT𝑖 E𝑖v𝑟

+ 𝚥
(
vT𝑟 E𝑖v𝑟 + vT𝑖 E𝑖v𝑖 − 𝚥vT𝑖 E𝑟v𝑟 + 𝚥vT𝑟 E𝑟v𝑖

)
.

If the matrix E is Hermitian, then E𝑟 = ET

𝑟 , and E𝑖 = −ET

𝑖 . Thus,

vT𝑟 E𝑖v𝑟 = (vT𝑟 E𝑖v𝑟 )T ⇔ vT𝑟 E𝑖v𝑟 = −vT𝑟 E𝑖v𝑟 ⇒ vT𝑟 E𝑖v𝑟 = 0,

vT𝑖 X𝑖v𝑖 = (vT𝑖 E𝑖v𝑖 )T ⇔ vT𝑖 E𝑖v𝑖 = −vT𝑖 E𝑖v𝑖 ⇒ vT𝑖 E𝑖v𝑟 = 0,

vT𝑟 X𝑟v𝑖 = (vT𝑟 E𝑟v𝑖 )T = vT𝑖 E𝑟v𝑟 ,

leading finally to

vHEv = vT𝑟 E𝑟v𝑟 + vT𝑖 E𝑟v𝑖 − vT𝑟 E𝑖v𝑖 + vT𝑖 E𝑖v𝑟 = vecC{v}HME vecC{v}. (10.15)

Inserting (10.14) and (10.15) into the objective function of (10.12), one obtains

vec{X}H (A∗ ⊗ B) vec{X}
vec{X}H (C∗ ⊗ D)vec{X} =

vecC{vec{X}}H MA∗⊗B vecC{vec{X}}
vecC{vec{X}}H MC∗⊗D vecC{vec{X}}

=
x̃TTT MA∗⊗B Tx̃
x̃TTT MC∗⊗D Tx̃

.

In summary, when keeping only the Hermitian constraint, the optimisation prob-

lem of (10.12) is rewritten as

x̃★= arg max

x∈R𝑁 2

x̃TTT MA∗⊗B Tx̃
x̃TTT MC∗⊗D Tx̃

,

and the optimal Hermitian matrix X★
is obtained by computing X★ = vec

−1
C
{Tx̃★}.

Still, the obtained matrix is not rank-one. Therefore, the projection of X★
on the

set S proposed in Section 10.E.1 is again performed. Following (10.13), the optimal

beamforming vector x★ is obtained as

x★ = argmin

x

��xHX★x
�� .

Using again [Den09, Lemma 8.4.3], the solution is obtained by computing the principal

eigenvector of X★
.
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10.F Other Scenarios

For more than two radar targets and UEs, obtaining additional analytical results is

extremely challenging. Following Section 10.3.1, still assuming that each UE optimises

the transmitted power in the direction of the ISAC system as they are not collocated,

locally optimal solutions can nevertheless be obtained by performing AM between

the beamforming vectors of the transmitters and receivers
˜fR, g̃R, and {g̃

C𝑞}, in the

steering space. Another AM is carried out to compute the elements of these vectors.
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Conclusion and Future
Works 11
I
ntegrated sensing and communication systems is a promising technology to im-

prove the performance of existing networks, and provides two functions for future

multi-services infrastructures. In this thesis, ISAC systems have been studied under

multiple facets. Three parts have been distinguished, considering V2X applications at

the vehicle, street, or city scale, and focusing either on the performance or modelling,

at the link or system level. Their content is first summarised in Section 11.1, high-

lighting the contributions of this thesis. Then, Section 11.2 provides future research

questions related to the topic of joint sensing and communication. Research questions,

contributions and future works are summarised in Figure 11.1, which extents Figure

1.7 by including the different contributions of the three parts, helping to answer these

questions. For the questions remaining unanswered, future works are also presented.

11.1 Take-Home Messages and Contributions

First, at the link level, Part I has leveraged on the EM theory to analyse the

behaviour of the transmitted waveforms at the vehicle level. More specifically, the

reflection of the EM waves on flat and curved objects has been thoroughly studied.

On the one hand, such analysis has enabled to develop novel radar propagation

and cross-section models in Chapter 3. These models highlight specificities of

the near-field propagation region, which applies in more and more applications,

especially in vehicular scenarios. Namely, depending on the shape of the target, the

received power may decrease with the square, third power, or fourth power of the

distance to the target. They also make the bond between the usual sensing models of

the literature. Numerical simulations have emphasised the significance of selecting a

good model for the considered application. Experimental measurements have also

been carried out to validate the developed expressions. On the other hand, novel

near-field signal models have been obtained for multistatic radar configurations.

The obtained expressions highlight that point target models are not accurate when

the target dimensions are electrically and physically large, w.r.t. to the geometry

of the scenario and the wavelength. Based on the obtained analytical expression, a

maximum likelihood estimator of the distance between the antenna array and the

target has been developed. Through numerical analyses, it has been shown that one

can capitalise on the phase information in addition to the waveform delay to enhance
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letters R and C to radar and communication. The red cross mark indicates that the
research question has not been addressed.
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the resolution and/or accuracy of the estimation, respectively with orthogonal and

non-orthogonal transmissions. Take-home messages for Part I are summarised in

Box 11.1.

11.1: Take-home Messages — Part I

■ The radar equation is suited for both near- and far-field applications.

Yet, the RCS must be modelled as a function of the distance in the

near-field region.

■ The GO propagation model is only accurate in the near-field region,

and it assumes locally planar targets around the specular point. Thus,

it is suited for high carrier frequencies applications, e.g. automotive

sensing.

■ In the near-field region, extended target models should be considered.

When considering point target models, one should ensure that the

reference point of the target is the specular reflection point, instead of

the centre of the target.

■ The radar range resolution and accuracy are increased in the near-field

region, when estimators which leverage both on the waveform delay

and phase information are considered.

Next, at the system level, Part II has leveraged on the SG framework to assess

the joint sensing and communication performance of vehicular networks, at the

street or city scale. In Chapter 6, relevant univariate performance metrics have

been summarised, and joint ISAC metrics have been defined, enabling to fully

grasp the impact of the interactions of both functions on each other. For instance,

a performance trade-off regarding the SIR requirements has been highlighted in

full-duplex ISAC scenarios. Optimisation of the network parameters has also been

carried out, and the developed framework has moreover been extended to include IC

capabilities. Additionally, the accuracy of the obtained results has been assessed by

performing a comparison with ray-tracing simulations. In Chapter 7, cooperative

sensing and communication and complex interference mechanisms are introduced

at the city scale. Analytical expressions of the cooperative performance metrics

have been developed, but their mathematical complexity is high, showing the

limits of the SG framework. Yet, comparisons of the proposed models have been

analysed through numerical analyses, and the cooperation schemes have shown

to improve the performance. Moreover, optimisation of the network parameters

has again been carried out. Take-homemessages for Part II are summarised in Box 11.2.
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11.2: Take-home Messages — Part II

■ Joint radar and communication metrics enable to evaluate the perfor-

mance of both functions with a single metric, while taking into account

the impact of one function on the other.

■ In full-duplex ISAC scenarios, the radar and communication functions

interfere with each other. Thus, the design is constrained by a trade-off

w.r.t. the system requirements. Interference mitigation techniques can

be considered to alleviate this constraint.

■ For the considered automotive scenarios, the SG framework gives rel-

evant results w.r.t. RT simulations for the univariate metrics, with a

lower complexity. Nonetheless, higher discrepancies are observed for

joint metrics.

■ At the city scale, cooperation between the network nodes can help

improve the radar and communication performance of the network.

Yet, the cooperation rule should be carefully designed depending on

the requirements.

■ When considering a complete city with complex interference mecha-

nisms, the SG framework is less relevant owing to the high mathemati-

cal complexity of the models, compared to the MC framework.

Finally, back at the link level, Part III has focused on vehicular full-duplex ISAC

scenario, with PC-FMCW and OFDM systems. In such applications, the radar echoes

and uplink communication signals interfere with each other. Thus, two solutions have

been proposed in Chapter 9 and 10, respectively IC and beamforming. In the former,

the specific signal processing of the considered systems has been thoroughly analysed,

showing that the radar function has inherent interference mitigation capabilities,

that does not exist at the communication function. Though, targets may still be

drowned under the higher noise floor. Thus, IC has been integrated at the radar or

communication function, for the system to work respectively in scenarios where the

radar echoes or uplink communication signals are dominant. In order to increase

the robustness of the developed receivers, iterative IC has been introduced. With

such structure, good performance are achieved whatever the scenario, at the price

of a high complexity. Consequently, the complexity has been reduced in dynamic

applications, by leveraging on previous radar measurements to predict the position

and speed of the targets at the next measurement. Instead of considering the IC, the

beamforming has been investigated with MIMO systems. The SINR-product metric

has been selected to ensure fairness between both functions, and among the targets
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and uplink communication users. Multiple schemes have been designed depending

on the number of targets and users, with variable complexity, optimality and required

assumptions. The beamformers have been analysed through numerical analyses,

to study the impact of channel mismatches, and assess the quality of the proposed

solutions. Take-home messages for Part III are summarised in Box 11.3.

11.3: Take-home Messages — Part III

■ With full-duplex ISAC systems, IC and beamforming are two solutions

to mitigate the interference between the radar and communication

functions on each other.

■ Different IC structures have been proposed. The higher the robustness

of the system, the higher the complexity.

■ Contrariwise to the SINR-sum metric, the SINR-product metric ensures

fairness between the radar and communication functions, and among

the targets and UEs.

■ The higher the number of targets and UEs, the higher the complexity

of the proposed beamforming schemes.

■ The choice between full-duplex or orthogonal systems should still be

analysed. This requires comparisons between popular waveforms, and

evaluations of the achieved performance, complexity, and cost of the

system.

11.2 Future Works

Numerous extensions of the results provided in this thesis have been proposed in the

conclusion of each chapter. Instead, this section focuses on research questions which

have not been exploited in this work.

11.2.1 Full-Duplex versus Half-Duplex Integrated Sensing and
Communication Systems

In this thesis, a particular focus has been made on the interference modelling be-

tween multiple ISAC systems, and full-duplex ISAC scenarios. However, one should

also consider in parallel the evaluation of the performance achieved by equivalent

half-duplex systems. Especially for the third part of the PhD thesis, the radar and

communication performance achieved by full-duplex ISAC systems implementing the

proposed IC schemes should be compared to the performance achieved by half-duplex
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ISAC systems, orthogonalised in time or frequency, which are not interfering with

each other. Yet, such analysis should be made for different waveforms, and with

various metrics, as they are not all affected identically by modifications of the systems

parameters, e.g. the bandwidth, or the coherent processing interval.

11.2.2 Communication/Sensing-aided Sensing/Communication

In Chapter 9, the benefits of introducing cooperation between both functions has been

emphasised, as IC at one function leverages on the information provided by the other.

More generally, the complementarity of the sensing and communication function is

interesting for the improvement of their respective performance. As the communi-

cation function requires channel information to be able to recover the transmitted

information, the most intuitive solution is to leverage on the sensing function, as its

purpose is to gather information about the environment. Nonetheless, the opposite

may also be considered, as this information can be transmitted between the network

nodes using the communication function. Besides, the received information must be

aggregated to the radar output in some way. Thus, this research question is directly

related to the challenge of the data fusion.

11.2.3 Data Fusion

Owing to the increasing number of sensors carried by nowadays vehicles, and the

capability to share information between multiple network nodes, the data fusion is a

critical topic to investigate. Indeed, one may capitalise on the redundant information

generated by the multiple sensors of the vehicles to enhance the sensing function.

At a specific sensing node, this information may be considered as a prior knowledge,

or it may be merged with the output of the node of interest. This is the topic of

Martin Willame’s PhD thesis. For instance, in the communication-aided sensing

perspective, the beamforming feedback information shared by multiple Wi-Fi APs

carries information about the angles of arrival, which may be merged with the sensing

performed at each AP [Wil+24].

11.2.4 Fully-Integrated Designs and Other Waveforms

The PC-FMCW and OFDM ISAC systems have been considered in Part III to anal-

yse full-duplex V2X scenarios. Nonetheless, these waveforms are either radar- or

communication-centric. Thus, fully-integrated waveforms should be investigated.

As the design is executed from scratch, constraints specific to the application may

be integrated. Additionally, other joint interesting ISAC waveforms, e.g. frequency-

hopping, OTFS, or CPM-based designs, have not been described in this thesis. Still,

their different pros and cons may be interesting for the considered full-duplex ISAC

scenarios, or for other applications.
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Fig. 11.2 Mobile experimental setup under development at UCLouvain.

11.2.5 Experimental Integrated Sensing and Communication
Experimental measurements have been performed in Chapter 3 to validate the novel

RCS models which have been developed. Otherwise, ray-tracing simulations have

been carried out in Chapter 6 to assess the accuracy of the analytical expressions of the

metrics. Nonetheless, the results of the other chapters are all theoretical, and additional

experimental analyses would have been interested to complete this work. Besides,

the development of an experimental setup raises new practical challenges which may

be tackled, as synchronisation or non-idealities. For that purpose, an experimental

setup based on Universal Radio PeriPherals (USRPs) is developed at UCLouvain. A

mobile version of the setup is illustrated in Figure 11.2. This setup should be able to

carry out joint sensing and communication experimentations, enabling to assess the

results presented in this thesis, and open the lead to new challenges.

| 343





References

[Wil+24] M. Willame, H. C. Yildirim, L. Storrer, F. Horlin, and J. Louveaux. Hybrid
Fusion for 802.11ax Wi-Fi-based Passive Radars Exploiting Beamforming
Feedbacks. 2024. arXiv: 2404.14269 [eess.SP].

| 345

https://arxiv.org/abs/2404.14269

	Table of Contents
	List of Figures
	List of Tables
	Acronyms
	Notations and Symbols
	Introduction — Sensing and Communication
	Scenarios and Applications
	Research Questions, Content and Contributions of the Thesis
	Single-Antenna Channel Models for Communication and Sensing
	Communication and Sensing Performance Metrics

	I Electromagnetic Theory for Sensing and Communication
	From Maxwell's Equations to Radiated Fields
	Maxwell's Equations
	Free-Space Propagation
	Plane Wave at a Planar Interface
	Radiation from an Arbitrary Electric Current Source
	Complex Baseband Representation of Electromagnetic Fields

	Electromagnetic-Based Radar and Communication Propagation Models
	Radar and Communication Propagation Models
	Electromagnetic-Based Monostatic Radar Cross-Section Model
	Numerical Analysis
	Experimental Measurements
	Conclusion

	 Appendices - Chapter 3
	Stationary Phase Approximation for a Flat Rectangular Plate
	Stationary Phase Approximation for a Curved Rectangular Plate

	Electromagnetic-Based Multistatic Near-Field Sensing
	Near-field Signal Processing in the Literature
	Single-Point Multistatic Channel Model in Near- and Far-Field
	Multistatic Reflection Model for a Rectangular Plate
	Range Estimation in the Near-Field Region
	Numerical Analysis
	Conclusion

	 Appendices - Chapter 4
	Stationary Phase Approximation for a Parallel Flat Rectangular Plate
	Received Signal with a Linear Antenna Array


	II Large-Scale Analysis of Integrated Sensing and Communication Networks
	Stochastic Geometry Framework
	Point Process Theory
	Properties of Poisson Point Processes
	Poisson Line Process

	Joint Performance Metrics for Integrated Sensing and Communication Networks
	Performance Metrics in Stochastic Geometry
	Application to a V2X Scenario
	Comparison with Ray-Tracing Simulations
	Conclusion

	 Appendices - Chapter 6
	Laplace Transform of the Interference
	Probability Density Functions of SR and SC
	Joint Radar Detection and Communication Coverage Probability
	Joint Radar Success and Communication Coverage Probability
	False Alarm Probability
	Coverage Probability
	Detection Probability
	Success Probability

	Communication and Sensing Performance of Cooperative Networks in Poisson Line Processes
	Poisson Line Processes and Cooperative Networks in the Literature
	System Model
	Development of the Cooperative Metrics
	Numerical Analysis
	Conclusion

	 Appendices - Chapter 7
	Cooperative Communication
	Cooperative Sensing


	III Interference Management in Full-Duplex Integrated Sensing and Communication Scenarios
	Integrated Sensing and Communication Waveforms
	Frequency Modulated Continuous Wave
	Orthogonal Frequency Division Multiplexing
	Full-Duplex Integrated Sensing and Communication Receivers

	Interference Cancellation Schemes for Full-Duplex Integrated Sensing and Communication Systems
	Interference Cancellation at the Radar Function
	Interference Cancellation at the Communication Function
	Iterative Interference Cancellation
	Interference Cancellation in Dynamic Scenarios
	Conclusion

	Fair Beamforming for Integrated Sensing and Communication Systems
	Joint Communication and Sensing Beamforming in the Literature
	System Model
	Transmitters and Receivers Beamformers Design
	Numerical Analysis
	Conclusion

	 Appendices - Chapter 10
	Radar Processing
	Communication Processing
	One-Target One-User Scenario
	Two-Target No-User (Sensing) Scenario
	Two-Target Two-User Scenario
	Other Scenarios


	Conclusion and Future Works
	Take-Home Messages and Contributions
	Future Works


