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ABSTRACT

Extending the model of the interval, we explicitly define for each n > 0 a
free complete differential graded Lie algebra £,, generated by the simplices
of A", with desuspended degrees, in which the vertices are Maurer—Cartan
elements and the differential extends the simplicial chain complex of the
standard n-simplex. The family {Ce}, >0 is endowed with a cosimplicial
differential graded Lie algebra structure which we use to construct two
adjoint functors

SimpSet _ > DGL
()

given by (L)e = DGL(Le, L) and £(K) = lim - £q. This new tool lets us
extend the Quillen rational homotopy theory approach to any simplicial
set K whose path components are not necessarily simply connected.

We prove that £(K) contains a model of each component of K. When
K is a 1-connected finite simplicial complex, the Quillen model of K can be
extracted from £(K). When K is connected then, for a perturbed differen-
tial g, Ho(L£(K), dq) is the Malcev Lie completion of 71 (K). Analogous
results are obtained for the realization (L) of any complete DGL.
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Introduction

In [18], R. Lawrence and D. Sullivan raise the following observation and sub-
sequent general questions: the rational singular chains on a cellular complex
are naturally endowed with a structure of cocommutative, coassociative infinity
coalgebra and hence, taking the commutators of a “generalized bar construc-
tion”, it should give rise to a complete differential graded Lie algebra (DGL
henceforth). What is the topological and geometrical meaning of this DGL?
Are there closed formulae for its differential? Allowing 1-cells, what is the re-
lation of this DGL with the fundamental group of the given complex? In the
same reference they carefully construct such a DGL for the interval.

Here we attack these problems for any finite simplical complex K. In fact,
we construct in a functorial way a complete differential graded Lie algebra
£(K) = (L(Vk),d) which is the only (up to isomorphism) free complete differ-
ential graded Lie algebra for which Vi together with the linear part 9, of 0 is
the desuspension of the simplicial chain complex of K, and any generator of de-
gree —1 (i.e., any O-simplex) is a Maurer—Cartan element. The departure point
is the construction of a family £, := £(A") of such DGL’s for the standard
simplices, together with coface and codegeneracy operators, for which we prove:

THEOREM A: The family £4 := {£(A"), 0}, >0 forms a cosimplicial differential
graded Lie algebra.

We also prove uniqueness of such a family as Theorem 2.8, and give as exam-
ples explicit models £o and £3 for the triangle and the tetrahedron in Proposi-
tion 2.7 and Example 2.9 respectively.

On the one hand, this cosimplicial structure lets us finally define £(K) as a
left Kan extension of £, (see Definition 4.2),

£(K) = lim £,
K

for any simplicial set K. Whenever K is a finite simplicial complex, £(K) is
trivially isomorphic to a sub DGL of a certain £,, as K C A™ for some n.

On the other hand, the cosimplicial DGL £, defines a functor (-) from the
category DGL of complete differential graded Lie algebras to the category
SimpSet of simplicial sets via

(L) = DGL(L, L).
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Then, we prove:

THEOREM B: The following are adjoint functors:
e
SimpSet _ ~DGL.
()

These functors not only shed light on our original questions but also let us
develop an Eckmann—Hilton dual of the Sullivan geometrical approach to ratio-
nal homotopy theory, even for non-simply connected complexes. Here, £, plays
the dual role of the simplicial differential graded algebra o7y = Apr(A®) of PL-
forms on the standard simplices [12, 29, 30]. Recall that the Quillen approach
[26] is based on the construction of several equivalences between homotopy cat-
egories joining the homotopy category of rational 2-reduced simplicial sets and
that of 1-reduced differential graded Lie algebras.

Our work, although using a completely different method, extends Quillen
theory in several ways.

First of all, if X is a simply connected simplicial set, we denote by Y the
associated 2-reduced simplicial set. In the text, we abuse notation by denoting
A(X) the image of Y by the Quillen construction. We prove:

THEOREM C: Let K be a 1-connected finite simplicial complex. Then, for any
vertex a € K, there is a quasi-isomorphism of differential graded Lie algebras,

(L(K), 0a) = A(K).
In particular, H,(£(K),0s) = mp1(K) @ Q, n > 1.
Here 9, = 0 + ad, is the twisting of the original differential 9 of £(K) via
the Maurer—Cartan element a.

On the other hand, concerning the realization functor, we show that, for a
non-negatively graded DGL L = L>g, there are explicit isomorphisms,

(L) 2 Hy_1(L), n>1,

where the group structure on Hy(L) is given by the Baker—Campbell-Hausdorff
product (see Proposition 4.6).

Moreover, recall the dual Sullivan geometric realization [12, 29] of a commu-
tative differential graded algebra A given by

(A)s = CDGA(A, o).
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Then:

THEOREM D: If L is a non-negatively graded finite type DGL, then there is a
homotopy equivalence (L) ~ (C*(L))s.

Here, C* denotes the cochain functor. In particular, our realization also equals
Quillen realization for finite type 1-reduced DGL’s in view of the main result
in [21]. Moreover, in [15] Getzler has constructed another functor (-)g from
DGL to SimpSet,

(L)a = MC(L&),
in which MC denotes the set of Maurer—Cartan elements. By [15, Proposition
1.1], (L)g = (€*(L))s when L is a non-negatively graded finite type DGL, and
thus, for these DGL’s, all realizations coincide (see also [3, Cor. 1.3]).
Finally, we answer the last question which we begin with and explicitly de-

scribe the relation between the fundamental group of a complex and its associ-
ated DGL:

THEOREM E: If K is a connected finite simplicial complex, then Hy(£(K),d,,)
is the Malcev Lie completion of the fundamental group of K.

This result implies that, unlike the classical Quillen approach and their known
interesting extensions [7, 19, 24], our model functor reflects geometrical prop-
erties of non-nilpotent spaces.

We also point out that our constructions apply to not necessarily connected
complexes. Indeed, for any finite complex K, the connected components of K,
the disjoint union of K and a point, correspond to the classes of Maurer—Cartan
elements of £(K) modulo the gauge action [4]. Moreover, if a is a non-zero
Maurer—Cartan element, then (£(K),d,) is a “model” of the corresponding
path component of K.

On the other hand, in Theorem 4.7 we prove that, for a general DGL L, the
components of the realization (L) correspond also to the classes of Maurer—
Cartan elements of L modulo the gauge action. Moreover, if a is a Maurer—
Cartan element, the corresponding component of (L) is the realization (L(®)) of
the “localization of L at a”. In other words,

Ly~ |J ««).
aeMC(L)

This extends [8, Theorem 5.5] to any (complete) DGL.
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We remark that the definition and main properties of the model and realiza-
tion functor purposely stay in the Lie side and do not rely upon any connection
to commutative algebras via cochain functors. The main reason is the following:
in [5], we endow the category of complete DGL’s with a model structure which
makes the model and realization functors a Quillen pair. This structure geo-
metrically shapes complete Lie algebras as it is the result of “transfering” the
classical model structure on simplicial sets. With this, weak equivalences and
fibrations properly contain the weak equivalences and fibrations of the model
structure defined in [19] via the cochain functor.

Since the original work of Quillen, several authors [16, 15, 3, 19, 1] have con-
structed geometrical realization functors or have studied the relations between
them. Recently, in [27] and [6] it has been shown that the realization functor
() turns out to be isomorphic to the Getzler nerve -, defined in [15].

This paper is organized as follows:

Section 1 is devoted to recalling the Baker—-Campbell-Hausdorff product and
its connection with the basic properties of Lawrence—Sullivan model £ for the
interval [18]. In Section 2 we extend this construction and build the sequence
{£,}n>0 of compatible models for A™. We establish some technical properties
and also prove uniqueness.

In Section 3 we prove the existence of compatible symmetric models, i.e.,
models (£, 0) that are 3,,;1-DGL with an action that permutes the inclusions
of the different copies of £,,_1. This leads to the existence of the cosimplicial
DGL structure on £o. All of this proves Theorem A.

In Sections 4 and 5 we define the model £ and realization (-) functors, we
prove Theorem B, and give some properties and examples.

Section 6 is devoted to introducing the material on differential graded Lie
coalgebras and the transfer theorem that we use in Section 7 to build a sequence
of compatible models from a transfer process applied to a classical diagram of
the form

o(O AplK) - 7 CHE).

K2

Using the uniqueness Theorem 2.8, we establish relations between the classi-
cal rational models of Sullivan and Quillen and the models constructed in the
previous sections. In particular, we prove Theorem C as Theorem 7.4.
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Section 8 contains the correspondence between our realization and Sullivan’s
realization. Theorem D corresponds to Theorem 8.1. Finally, Theorem E is
proved in Section 9.
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1. The BCH product and the Lawrence—Sullivan model for the
interval

Throughout this paper we assume that Q is the base field. A graded Lie
algebra consists of a Z-graded vector space

L=PL,

pEZL
together with a bilinear product called the Lie bracket denoted by [—, —] such
that
and

(=))W, [y, 2]] + (=), [z, 2]) + ()W, [z, 4])) = 0.
Here |x| denotes the degree of .
A differential graded Lie algebra is a graded Lie algebra L endowed with
a linear derivation 9 of degree —1 such that 8% = 0. It is called free if L is free
as a Lie algebra, L = IL(V') for some graded vector space V.
The completion Lofa graded Lie algebra L is

_ 1 n
L %n L/L
where L' = L, L™ = [L, L™~!] for n > 2, and the limit is taken on the topology
arising from this filtration. A Lie algebra L is called complete if L is isomorphic
to its completion. From now on, and unless explicitly stated otherwise, by a
DGL we mean a complete differential graded Lie algebra.
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A Maurer—Cartan element is an element a € L_; such that da + }[a,a] = 0.
Denote by MC(L) the set of Maurer—Cartan elements. These are preserved by

DGL morphisms. In particular, if L = (IL(V), d) is a complete free DGL, and 6
is a derivation satisfying (V) € L=2(V) and [, 9] = 0, then

is an automorphism of L and so, if a € MC(L), then e’(a) is also a Maurer—
Cartan element.

-~

Given (L(V), ) a complete free DGL and v € V', we will often write

ov = Z Onv
n>1
where 0,v € IE”(V)

Let (L,0) be a DGL and a € MC(L). Then, the derivation d, = 0 + ad, is
again a differential on L.

Given L a complete DGL, the gauge action G of Ly on MC(L) determines
an equivalence relation among Maurer—Cartan elements defined as follows (see
for instance [22, §4]): given = € Ly and a € MC(L),
e?ds _

ad,
Here and from now on, 1 inside an operator will denote the identity. Explicitly,

ad’ (a ad’ (dx

= ! = (i+ 1)

rGa=e*(a) —

(0z).

We denote the quotient set by MC(L) = MC(L)/S. Geometrically [17, 18],
interpreting Maurer—Cartan elements as points in a space, one thinks of = as a
flow taking z Ga to a in unit time. In topological terms [8], the points a and
x G a are in the same path component.

Let L be a complete Lie algebra concentrated in degree 0. We denote by UL
its enveloping algebra, by I its augmentation ideal and by UL and jz the
completions of UL and I, with respect to the powers of I,

UL=1imUL/I}, Tp=lmI./I}.

Denote finally by
Gy ={r € UL|A(z) = 2@}
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the group of grouplike elements in UL. Moreover, the injection of L in the set of
primitive elements in UL is an isomorphism and the functions exp and log give
inverse bijections between L and Gr. This induces a product on L, called the
Baker—Campbell-Hausdorff product, BCH product henceforth, defined by

a*b=log(exp(a) - exp(b)).

Note that a * (—a) = 0. Therefore, —a is the inverse of a for the BCH product
and we also use the notation —a = a~!.
As the law in G is associative, the BCH product is also associative. An

explicit form of the product is given by the Baker—-Campbell-Hausdorff formula

1 1 1
axb=a+b+ 2[(1,b]+ 12[(1,[(1,&)]]7 12[b7[a7b”+ .

It follows from the Jacobi identity that in the Lie algebra of derivations of L we

have adg., = ad, * ad,. Hence e?daxt = ¢ad ady

Note that the BCH product is compatible with the gauge action on MC(L).

aoe

LEMMA 1.1: Ifz,y € Lo and a € MC(L), we have
(x xy)Sa = xG(ySa).

Proof. Consider L & Qc the cdgl where ¢ is a cycle of degree —1 and the bracket
extends the one on L defining [z, c] = —(—1)I*10x for any z € L and [c,c] = 0.
Then, for x € Ly, a simple computation shows that

(b4 ¢) =25+
We thus have
(z*y)Gb+c=ev(b+c) = e e (b+c)
= (yGb+c) =29 (yG0) +c,
and therefore (z * y)Sa = 29(ySGa).
We also need the following property.

ProrposiTION 1.2: Let L be a complete DGL and let x,y € Lo. Then,

e (y).

zHy*(—x)=e
With the previous convention, the formula also reads

rryxx L = e
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Proof. First, we note that, in ﬁ,

x

e (y) = eye "

(&

Indeed,

e (y) = Z adi'(y) = Z il Z(*l)i (7;) "yt
! n=0  i=0

n=0
© n—i %
_ xz (—(L‘) _ x,  —x
_gg m—in? o “°Ye
Replacing y by €Y, we deduce
(1) ez (e¥) = e%eVe ",

In a second step, we prove the equality

(2) (€ ) (y™) = (™= (y))".
On the left-hand side, the term of length k&, k > 0, in x equals
ad; (y")
K
In the right-hand side, this term is

adlgj1 adﬁ"
)3 W) !(y) _

k! k
kitotko=k L "

Isr. J. Math.

As ad, is a derivation, both terms coincide and the equality (2) is proved.

Therefore,
N eadx yn eadx y n pada
5 iy = 37 ) @O _ ey,
n>0 n>0

Finally, the proposition follows from

xxy* (—x) =log(eeYe™ ™) . log(e®d= (e¥)) © 1og(eeadm(y)) =e

e (y).

The construction of a model for the interval was first introduced in [18].

Definition 1.3: The Lawrence—Sullivan model for the interval, LS-interval

henceforth, is the complete DGL

-~

(£1,0) = (L(a,b,x),0),
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in which a and b are Maurer—Cartan elements, x is of degree 0 and

ad,

(4) dx = ad, b+z .ad"b—a)fad bt g, (=)
where the B,,’s are the Bernoulli numbers.
Using the identity
() =2 (20
e-r—1) ¢ et —1/)7
we may also write
ad_

(5) Oxr = adza + omads 1 (b—a).

Let (Ht,(ao, ay,az,1,x2),0) be two glued LS-models of the interval. That is,
ao, a1 and as are Maurer—Cartan elements,

adg,

8561 = adzl(al) + ad ((11 — (10)
ez — 1
and
ady,
Oxe = ady, (a2) + ey ] (a2 — aq).

These two models give a model for the subdivision of an interval, as follows.
THEOREM 1.4 ([18, Theorem 2|): The map
~: (If,(a,b, x),0) — (Iﬁ(ao,al,ag,zl,xg),ﬁ),
defined by v(a) = ag, ¥(b) = az and y(x) = x1 * 22, is a DGL morphism.
Finally, we will make use of the following results (for the first cf. also [25]).

THEOREM 1.5: Let (Iﬁ(a,b,z),@’) be a complete Lie algebra in which a,b
are Maurer—Cartan elements and the linear part of the differential satisfies
O1x =b—a. Then

(L(a,b,z),d') = (£1,9).

Proof. Let 0 = Y, -, On, with Im9,, C If,”(a,b,z), be the differential in £;.
We show that 9,2 = 9, for any n > 1. For n = 1 this is trivially true. For
n = 2, by using 0,04 + 0501 = 0, a short computation shows that

1
(92:6 = 85:6 =

2[$,(1+b].
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Assume O,z = 0/, x, for 1 < m < n. From 9> = 9 = 0 and the induction
hypothesis we deduce that 9,z — 9/, is a decomposable d;-cycle of degree —1.
Since H.(L(a,b,),0;) = L(a) and I/L:(a, b, z)o = Qz, we conclude that

Opx — Oz =0.

ProproSITION 1.6: Let L be a complete DGL which contains an LS-interval

-~

(L(a,b,2),0). Then, for any v € L,

D € (v) = 4= (Jpv).
In other words, the map

e (L,0y) = (L,0,)
is an isomorphism of DGL’s.

Proof. In fact,

erde — 1

Ope % (v) == (Gpv) + (~1)"le *Had, "

(Op)

—e e Qv + (—1)‘”|adv(b —a))

=e 2= (Oav),

where the first equality comes from [18, Lemma 1] and the second is a direct
computation using (4).

2. Sequences of compatible models of A

For each n > 0, we consider the standard m-simplicial complex A™, whose
p-simplices are

A" ={(ig,...,ip) |0<dg <+ <ip<n}, ifp<mn,

and Ay = 0 if p > n. Let (IE(S_lA"),d) be the complete free DGL on the
desuspended rational simplicial chain complex on A™,
p .
(6) daig...i = Z(*l)jaio..@...ip'
j=0
Here, ay,...;, denotes the generator of degree p — 1 represented by the p-simplex
(i0,---,ip) € Aj. Henceforth, unless explicitly needed, we drop the desuspen-

sion sign to avoid unnecessary notation and write simply (IE(A"), d).
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For each 0 < i < n consider the i-th coface map between simplicial complexes
§;: A"~1 — A" defined on the vertices by

OSSR
Jj+1, ifj >
We use the same notation for the induced DGL morphism,
(7) 0i: (LA™Y, d) — (L(A"), d),
defined by

. jk7 if jk < iv
di(ajo...j,) = ay...0, Wwith £ = ¢7 o .
Jr+ 1, it g >

Finally, we denote by A" and A7 the boundary of A™ and the i-horn obtained
by removing the i-th coface from A”.

Definition 2.1: A sequence of compatible models of A is a family
{(£n,0) = (L(A™),0) }n>0
of DGL’s satisfying the following properties:
(1) For each i = 0,...,n, the generator a; € A} is a Maurer—Cartan ele-
ment, 8ai = — é [ai, ai].
(2) The linear part 0 of 0 is precisely d as in (6).
(3) For each i =0,...,n, the coface maps, 6;: (L(A""1),9) — (L(A"),d),
are DGL morphisms.
Each element (L(A™),) of this sequence is called a model of A™, which is

thus implicitly endowed with models of A?, ¢ < n, satisfying the compatibility
condition (3) above.

Definition 2.2: A sequence of models {(H/;(A"),B)}nzo is called inductive if,
for n > 2, we have

(8) Oap@0...n € [ﬁ(A")

THEOREM 2.3: There exist sequences of compatible inductive models of A.

~

Its proof uses the following key proposition: Let (L(V & W), d) be a complete
free DGL in which V' and W are of finite dimension. We denote by J the ideal
generated by W, and by 0; the linear part of the differential.
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PRrOPOSITION 2.4: With the above notations, if 9(J) C J and H(W,01) = 0,
then the projection

(L(VaeWw),d) - (L(V),d) = (L(V & W)/3,0)

is a quasi-isomorphism.
Moreover, every cycle in INILZ"(V @ W) is a boundary a = 93 with

BeInLzr(V e w).

Proof. Let K be the kernel of the projection (L(V@W),d;) — (L(V),d;). Since
H(W,01) =0, K is acyclic. Now let @ € J be a d-cycle. There exists n such that
o = + Bus1, with o, € INLY(W & V) and Bnyy € INL>"(W @ V). From
da = 0, we deduce dy o, = 0 and since o, € KNL"(W & V) and H(K,8;) = 0,

there is an element
Y e KNL"(WaV)=INL"(Wa V)

such that a,, = 917,,. Thus, we have a — 9,, € TN IE>"(W @ V). By iterating
this process, we obtain a sequence (7;);>n, such that v; € INLI (W & V) and

o= 5(23-271 Y5)-

COROLLARY 2.5: Let (L(A"),8) be a model of A™, and n > 2. Then:

(i) H(L(A"),04,) = H(L(A™),84,) =0 for any i =0,...,n.
(ii) If the model is inductive and n > 2, then H(L(A™),8,,) = L(£2), with
Q= aaoaO...n-

Proof. (i) This follows from Proposition 2.4. Let W be the vector space gen-
erated by the elements a; — ap and the elements of higher degree. We verify
directly that H (W, dy) = 0. Moreover, the ideal generated by W is a differential
ideal. This is clear by construction for £; and for degree reasons when n > 2.

(ii) By construction, (L(A™),0) = (L(A!)L(u),d), with u = a, — .
Let W be as above for A} and J the ideal generated by W in IE(A") Since
H(W,01) = 0, by Proposition 2.4, the projection

(H/;(An)v aao) - (I/[:(A")/:]’ 6%) = (E(GO’ u), aao)

is a quasi-isomorphism. Now by the inductive hypothesis, 04, (x) = 0. Then
by Lemma 2.6, the injection (L(u),0) — (L(ag, ), 04, ) is a quasi-isomorphism.
Therefore, H(L(A™), d,,) = L(u).
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LEMMA 2.6: Let (IE(Q@ ®V),0) lA)e a DGL in which a is a Maurer—Cartan
element, dimV < oo and 0,(V') C L(V'). Then, the injection
(L(V). 00) = (L(Qa® V), 0u)
is a quasi-isomorphism.
Proof. Denote by J the ideal generated by V. Since V is finite dimensional,
J = Iﬁ(adgv, v basis of V and ¢ > 0).

We then denote by d; the linear part of the differential d in J.
We claim that for v € V, and ¢ odd,

dyad? (v) = ad?™ (v) + (—1)%ad? (8 v).

This holds for ¢ = 1 because di[a,v] = }[[a,a],v] — [a, d1v] = —ad’(v) — [a, O10].

Suppose this is true for ¢ — 2. Then, since ad?(v) = 1 [[a, a],ad? *(v)], we have

dyad? (v) = ;dl[[a, a],ad? " (v)]

lla,a],ad? ™ ()] + (~1)ad(910)

= adg+1(v) + (—1)%ad?(dyv).
The result is then a consequence of Proposition 2.4.
PROPOSITION 2.7: The model of the triangle is given by

9) Lo = (IE(A2),5) = (I/[:(G/Oaa/laa23a01;a123a025a012)56)5

-~ -~ -~

in which (L(ag,a1,a01),0), (L(a1,as2,a12),0) and (L(ag, az,apz2),d) are LS-in-
tervals and where their inclusions in £o give the coface maps. Moreover, the
differential of agy2 is defined by

—1
(9(100,012 = ap1 * A12 * Ggo -

Proof. Let (H/:(ao,al,ag,am,aog,alg),@) be the DGL in which H/:(ao,al,am),
L(ag, az,ap2) and L(ay, as, a12) are LS-intervals. Consider the DGL morphism

~ ~

¢: (L(a,b,2),0) — (L(ao, a1, az, ao1, a2, ai2), 0)

given by the composition

PN

(Hj(a,b, x)va) g (E(ao,al,az,fﬂl,xz),a) ﬂ (L(GO,a1,a27a01,ao2,a12),8)7
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where 1 is the morphism of Theorem 1.4 and ¢'(ag) = ao; ¥'(a1) = a;
V' (as) = ap; V' (w1) = ap1; ¥'(x2) = a2 * ayy . The same argument as that
in Theorem 1.4 shows that ¢’ is a DGL morphism. Then, ¢(a) = ¢(b) = ao
and o(x) = apy * ajo * ao_Ql. Hence,

d(apr * arg * %721) =0¢p(z) = ¢(0x)
= (adz )+ Z if ad® (b — a))

k>0

:adam *a12%ag, (ao).

In other terms, agy * aqs * aa; is a Oq,-cycle, and we can add a generator a2
such that 0y, a012 = ao1 * a12 * aazl.

Finally, observe that the linear part of J,,(ao12) is a12 — ag2 + ap1. In geo-
metrical terms, this expression draws the border of A? starting from the base
point ag.

Proof of Theorem 2.3. We proceed by induction on n. Let (£0,8) = (L(ao), d)
in which aq is a Maurer—Cartan element. On the other hand, let

£1 = (L(ao, a1, a01), )

be the LS-interval and let £9, the first one satisfying the inductive statement,
be the model of the triangle as in Proposition 2.7.

Assume that £, = (L(A%),9) is defined for ¢ < n, as in the statement,
with n > 3. The condition (3) of Definition 2.1 defines the differential 0
on each face of A™. In particular, by induction, 0s,a0..n—1 € HAJ(AZ) As
H(L(A"),84,) = 0 by Corollary 2.5(i), there exists I' € L(A") such that
IT| =n—2 and 04ya0..n—1 = Da,I'. We set

Gaoao,,,n = (—1)"(0,0“.71_1 — F)

By construction, this model satisfies the conditions (1) and (3) of Definition 2.1.
Now denote by 01 ap...,, the linear part of 9,,a0..., and by I'; the linear part of I'.
Since 812 =0, 01Ty = 01(ap.. n—1). Let w be the difference

n—1

w= (="' — Z(_l)iao,.i...n'

i=0
Since 01(Y;_o(—1)'ay 5 ) =0,
w = (—=1)""'01(ag..n-1) + (—1)"01(ag..n—1) = 0.
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Thus, w is a 0i-cycle of degree n — 2 in HAJ(AZ) Hence, there is a linear
element, vy, of degree n — 1 in IE(AZ) such that 01y = w. As IE(AZ) is generated
by elements of degree < n — 2, we have v = 0 and w = 0. Therefore, we get the
expected linear differential,

n—1
drao..n = (=1)"ao..n-1 + Z(_l)iao.i..n—r
i=0

We now prove the uniqueness up to isomorphism of the sequences of models.

~

THEOREM 2.8: Two sequences {(L(A"), ) tn>o and {(L(A™),0") >0 of com-
patible models of A are isomorphic: for n > 0, there are DGL isomorphisms,

ot (L(A™),8) = (L(A™),d),

which commute with the coface maps 0;, fori =0,...,n,
(10) Lam,0) T~ ([LAn),d)
A a A
6»5 61

®n

Lar1),0) “TE (LA, d),

1R

and such that Im(p,, — id) C L=2(A").

Proof. Obviously there is only one choice for (IE(AO),ﬁ) while (E(Al),ﬁ) is
also uniquely determined by Theorem 1.5. Suppose n > 2 and ¢,, defined for
all m < n. Then, the condition (3) of Definition 2.1 determines ¢, on every
generator of IE(A”) except on T = ag.. .

As an inductive model exists, if we prove the existence of the isomorphism of
the statement when the sequence

{(L(A™),0)} 20

is inductive, we will get the general result by transitivity. Hence, as
daor € L(A™), the hypothesis Im(p; — id) ¢ L22(A?) for i < n, implies
that ©,0,,2 — 0402 is a decomposable element. Thus, as d,,2 and 9, x have
the same linear part, we deduce that ¢,04,% — 0, = is a decomposable ele-
ment. Since this is a 0;, -cycle, there exists w € L(A"), |w| = n — 1, such that
0w = ©nOgox — 0} x. The linear part, wi, of w is a di-cycle and there exists
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a linear element v € IE(A"), |v| = n, such that 9}y = w;. By degree reasons,
we have v = 0 and w; = 0. Thus, we set

on(x) =2+ w.

As w € L=2(A"), the condition Im(p, — id) C L=2(A") is fulfilled. Moreover,
the coface maps being linear, the square (10) is commutative.

Example 2.9 (The model of the tetrahedron): Let (L, 0) be a complete DGL,

-~

andeq,...,e, € L1. We form the DGL (L', 9’) = (L(e;, u;), 9") where 9'(u;) = 0
and & (e;) = u; and the DGL morphism ~: (L', 8) — (L, 9) defined by
v(e;) =e; and v(u;) = de;.

Now the product uq * - - - xu, is a linear combination of Lie brackets and in each
of them we replace one and only one u; by the corresponding e;. This defines
an element A., . € L', and we define B, .. = v(Ae, . .,). By construction

we have
0Be, ...e, = 0ey % --- % Oep,
and its linear part is precisely > ", ;.
For the model of the tetrahedron, we observe that via Proposition 2.7,
Oao Bagi2,a023,—a01s =0ao@012 * ag @023 * (—0ay@013)
=ag1 * a1 * a3y * a1_31 * aall.
On the other hand, a direct computation, using successively Proposition 1.6,

the model of the triangle described in Proposition 2.7 and Proposition 1.2, gives

Oaq (ead“01 ai23) =e*denn Oy @123
=¢?denr (a12 * asz * al_31)
=ag] * A12 * Q93 * a1_31 * ao_ll.
Finally, define
Dag o123 = €101 a193 — Bag,y 023, —aos-

We finish by finding base points in the barycentre of the simplex.
PROPOSITION ?\.10: The simplicial complex A™ admits a model (IE(A"), 0)
where Tm 8, C L(A™), and b is a Maurer—Cartan element whose linear part is
the barycentre of A™.
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Proof. Let (£,,0) be an inductive model for A", and let

n

17:771_::_120,01'.

i=1
Then b = x9ap is a Maurer—Cartan element whose linear part is nil > a;.

ad

Consider the element u = e*“=qay.. ,,. By Proposition 1.6,

pu = €0, a9, n € L(A™).

Since
(ﬁ({al}lg{o,...,n}, u),0)

is isomorphic to (IE(A”), 0), the proposition is proved.

PROPOSITION 2.11: For n > 2 we can suppose that d,,(ao..n) belongs to the
complete free Lie subalgebra generated by the elements a;,.. ;. with 0 <r <n.

s

Proof. Consider the complete sub-Lie algebra HAJ(En) C £, defined as follows:
Write ¢p = 0 and, for ¢ > 0, denote by

Ci = ap1 *ai2* - *aj—1,4
the path joining ap and a; by means of elements of the form a, 1. Then, for

i < j consider the element

bij = Cj kA C;l.
Then, b;; is a loop at ag. By construction when j = ¢ + 1, we have b;; = 0.
Now for r > 1, let

d..
big..i, =€ 0 (ajy. 4.)

Denote by E,, the vector space generated by elements b;;, ¢ < j — 1, and bj,.. .,
with 2 <7 < n. Since the natural morphism

L(E,) OL({a:}, {aii+1}) — Ln

is an isomorphism on the indecomposable elements, it follows that it is an
isomorphism.

We prove by induction on r > 2 that we can choose 0y, (ao...,) € Hj(ET_l). The
model of the triangle (Proposition 2.7) shows that this holds for the case n = 2,
because 9,,(ap12) = —bpa. We suppose now that this is true for 2 <r < n.
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Denote by F;,, C E, the subspace generated by elements b;;, i < j — 1 and
big. i, 2 <1 <n,with {ig,...,i,} #{0,1,...,n — 1}. Then the natural map

¢ : L(F) OL({ai}, {aj 1)) — L(s7'A7)

is an isomorphism of graded Lie algebras. We show now that HAJ(Fn) is stable
for the differential 0y, i.€., G4y (bsy...i,.) € L(F},) for any b;,. 4. € F,. For r =2
this is true by the following identities:

ad.. _ade, —1
&mbijk =€ %8(11. (aijk) =€ g (aij * Ak * Q. )
:ci*aij*ajk*ai_kl*cfl
= (¢ * a;j * cj_l) (¢ * ajp * cgl) * (cp * ai_kl * ci_l)
= sz *bjk * bik s

where we have used Proposition 1.6 and Proposition 1.2.
Remark that every loop based at ag in the 1l-skeleton of A7 is a Baker—
Campbell-Hausdorff product of loops of the form b;;. Moreover, if ¢ is a path

. . —1
connecting ag to some point a;,, then ¢ = ¢ * Ciy * Cig and

ad —1 ad —1

*

c C'LU eadcio (aio,,,iT) —¢ C*C'LU (bio___ir).

eadc (

Qiy..i,) =€

Since ¢ * c{ol is a loop at ag and is a product of b;;, we have that eade (aig...i,.)
is in L(F,).
Next, let a;,. ;. with 2 < r < n. By the inductive hypothesis dq, (ao...r) € F>.

The element a;,,..;, is the image of ap.., along a composition of coface opera-

s

tors §;. Since the ¢§; are cdgl morphisms, Bam (ai,.. 4, ) belongs to the complete
free Lie algebra generated by loops in the 1-skeleton based in a;, in degree 0

ad,. (

and elements of the form e*®<(aj,.. j,) where ¢ is a path joining a;, to aj,. Since

by Proposition 1.6 we have that
de,
aao (blolr) = "o aaig (aio---ir)v

it follows that g, (bs,...;,) is in the complete free Lie algebra generated by loops

ad; (

at ag and elements of the form et (aj, . ;,) where ¢ is a path joining ag to aj,.

Therefore
aao (bio---ir) € L(Fn)
Since H., (H/:(S_IAZ), 01) = L(ap), we have that

H(L(F,),81) = 0.
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We continue with the construction of dq,(ao...,). There is an element
I'eL(s 'A%

with 95, ' = 04y (a0..n—1), and 9y, (ao..n) = (—=1)"(ao..n—1 — I'). We will con-
struct T' € L(F,). By induction a = y (ag..n—1) € L(F,), and we decompose a
asa = ai+as+--- with o, € L (F,). The element « is a 0;-cycle and so there
is u; € F,, with 0;(u1) = ay. We suppose by induction to have constructed
Uiy ..., ur such that v=a —9(u1 +---+u,) € H/:>T(Fn). Then, its component
Up41 in bracket-length 41 is a d1-cycle and so a d-boundary, v.41 = 01 (Ur41).
Then o — &(uy + - - - + ur41) belongs to L>"+1(F,). By iteration we construct
a sequence u, and we define

r=> u eL(F).

Therefore 04, (ap..n) € IE(Fn)

Writing each element of F, in terms of the a;,..;,, p > 1, implies that
Oao(ap..n) belongs to the complete free Lie algebra generated by the a;,. ;.
with 0 <7 < n.

3. Symmetric models of A and the cosimplicial structure
Let Qiy..iyy be a generator of IE(A") and o € ¥, of signature £,. We set

Qig(0)--iop) = Eolio..ip:

With this notation, we define an action of the symmetric group ¥,4+; on the
generators of L(A™) by the rule

O Qig...ip, = Qo (ig)...o(ip)"
We extend it to brackets by o - [a,b] = [0 - a, 0 - b] and get an action on L(A™).
In particular, we have
0 ag..n = €(0)ao..n,

where (o) is the index of the permutation . We remark that the differential 0;

is compatible with this action, making (IE(A"), 01) a Xy p1-equivariant model.

Definition 3.1: A sequence {(L(A™), 0) }n>0 of compatible models of A is called
symmetric if for the above action each (L(A™),0) is a X,+1-DGL, that is, a
DGL whose bracket and differential are compatible with the 3,1 action.
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Since (£,,01) is Ln41-DGL, we denote by L. the set of elements a € L(A")
such that o(a) = e(0)a.

LEMMA 3.2: Hy(L.,01) =0 for ¢ > 0.

Proof. Note that (L., ;) is a retract of (L(A™),d;) with a retraction p given
by

1
pla) = 4 1y 2oclo)ota)

Therefore, H(L.,01) injects into
H(L(A™),d1) = L(ao).

o

This implies the result.
THEOREM 3.3: There exists a sequence of symmetric models of A.

Proof. The model of A? is trivally symmetric. Let o be the generator of X5 and
observe directly that in the LS-interval, £, = (If,(ao, ai,ao1),d), the morphism
defined by o(ag) = a1, o(a1) = ap and o(ag1) = —ap1 commutes with 9 . We
deduce then directly that £; is symmetric.

Assume (L(A""1),8) to be symmetric with n > 2 and observe that, by
construction, (£(A™),d) is a Xy, 41-DGL. It remains only to define d(ag...,,) in

order that 0d(ag...,) = 0o (ap...,) for every permutation o. It means
c0(ag...n) =€(0)9(ao..n)-
Write ¢ = ag..., and @ = 01 + 02 + - -- where 0, increases the length of the
brackets by ¢ — 1. By definition o1z = 31" (—1)‘a, + . satisfies
ooz =e(0)0x,

and we suppose by induction that, for all » < g, the elements 0,2 have been
defined and satisfy
> 00,2=0, and o(9,3) = e(0)d,w.
itj=r+1
Then ZLQ 0;0q4+1—ix is a O1-cycle in L.. By Lemma 3.2 there exists an element
wq € L. such that

q
Z ai6q+1_il' = Blwq.
i=2
We set 0,0 = wg, and check easily that the induction step is attained.
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THEOREM 3.4: Any sequence {£,},>0 of models of A admits a cosimplicial
DGL structure for which the cofaces are the usual ones.

Proof. Assume first that the models £,, are symmetric. For 0 < i < n, denote
as usual by ¢;: {0,...,n+1} — {0,...,n} the morphism defined by
. J if j <4,
(oF} (J) =9 . o .
j—1 if j >i.

Then, we define a DGL morphism, denoted in the same way,

aai(@o)...ai(éq) if O'i(go) < < O'i(gq)a
oilae..0,) = |
0 otherwise.
When the elements o;(¢;) are different, then o; extends to an element of ¥, 42
and Jo;(ag,...e,) = 0i0(as,...1,)-
In the case the sequence ly,..., ¢, contains the elements ¢ and i + 1, then
denote by 7 the permutation 7 = (4,7 + 1). We have o; o 7 = 0;. Thus,

0i0(ag,...e,) = 0iTIag,...0,) = —0:i0(as,...1,)-

Therefore 0;0(ag,...e,) = 0 = 90i(ag,..r,), and thus the o;’s are DGL mor-
phisms. The cosimplicial identities are trivially satisfied.

Now let {£),},>0 be another sequence of compatible models. By Theorem
2.8 we have compatible isomorphisms

on: & =5 L.

We define then the codegeneracies as ¢, 'o;¢,. Since the p,’s commute with
the cofaces, the cosimplicial identities are also satisfied in this case.

4. The realization functor and its adjoint

Based on a sequence £, of compatible models of A with the cosimplicial struc-
ture given by Theorem 3.4, we define a pair of adjoint functors

£
SimpSet _ ~ DGL
()

between the categories of simplicial sets and complete DGL’s.
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Definition 4.1: Let L € DGL. The realization of L is the simplicial set
(LYe = DGL(L,, L).
On the other hand, let A be the category whose objects are the sets
[n] = {0,...,n}, n > 0, and whose morphisms are monotone maps. Now,
let I: A — SimpSet be the functor that associates to [n] the simplicial set A"

whose p-simplices are the sequences 0 < iy < --- <4, < n. Observe that, by
construction, £, is a functor from A to DGL.

Definition 4.2: The functor model £: SimpSet — DGL is defined as the left

Kan extension of £, along I,

A ' - SimpSet

Lo
v L=Lan; £,

DGL
The DGL £(K) is thus the colimit of £, over the comma category I | K,
L(K) =Lan;L.(K) = lim £,
f: A=K
For simplicity, we write
LK) = ligS.
K

and refer to it as the £-model of the simplicial set K.

In the case K is a finite simplicial complex, then K C A" for some n,
and £(K) is trivially isomorphic to the complete sub-DGL (L(V),d) C £,
where (V) 0;) is the desuspension of the chain complex of K.

THEOREM 4.3: The functors £ and (-) are adjoint. More precisely, for any
simplicial set K and any complete differential graded Lie algebra L, there is a
bijection
SimpSet(K, (L)) 2 DGL(£(K), L).
Proof. The result follows from classical properties of commutation of limits with
hom functors, i.e.,
DGL(L(K),L) = DGL(I%)H L., L) = %n DGL(L,, L)
— lim(L),,  lim SimpSet(A”, (L))
K K

= SimpSet(lig A" (L)) = SimpSet(K, (L)).
K
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PROPOSITION 4.4: The realization (L) of a cdgl L is a Kan complex.

Proof. Recall that (L) is a Kan complex if for any diagram in solid arrows

A~
there exists a dotted lifting making the diagram commutative. By adjunction
this is equivalent to the existence of the dotted lifting in the corresponding cdgl
diagram

L(A}) =L

~

Now, the inclusion (L(A?), 04,) < £, extends to a morphism
£ (LW),d) = AN L(u,v) — £,

where u is a degree n—1 generator with du=wv, and f(u)=aq.. n, f(V) =0u, 0. .n-
Since the linear part f; is an isomorphism, f is an isomorphism: We define the
inverse g: £, — L(W) to be the identity on L(A?). We put g(ao..n) = u and

FUT @) = 2+ wa 4wy + -

with w, € €. Since f} is an isomorphism, there is v € L*(W) with ws = f1(72).
Then

FUTH @) =) =2 +wy+wi+ ..
with w/ € £4. We define v3 € L3(W) with fi(y3) = w}, and we continue

q
inductively. At the end, we obtain a sequence of elements ~, € L™ (W) and we

define
g(@) = fi'(x) = Y €LOW).
k>2
Clearly g is an inverse of f.
As

£, = &AM L(u, du),

the dotted arrow in the cdgl diagram always exists.
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We now interpret the homotopy groups of the realization of a DGL and its
path component.

PROPOSITION 4.5: For any DGL, (L, ), there is a natural bijection
mo(L) = MC(L).

Proof. By [7, Proposition 3.1], two Maurer—Cartan elements zo, z; € MC(L) are
gauge equivalent if there is a map ¢: £, = (IE(a, b,x),0) — L with ¢(a) = 2o
and ¢(b) = z1. By Definition 4.1, (L) is the set of Maurer—Cartan elements
of L, and (L) is the set of DGL morphisms from the LS-interval £; to L. This

implies the result.

PROPOSITION 4.6: Let (L,0) be a non-negatively graded DGL. Then, (L) is a
connected simplicial set and there are natural group isomorphisms

(L) =2 Hy—1(L,d), n>1,

in which Hy(L,d) is considered with the group structure given by the Baker—
Campbell-Hausdorff product.

Proof. By Proposition 4.5, (L) is connected. The coface maps, 0;: £,-1 — £,
induce the face maps

d; = DGL(;,L): (LY, = (L)n—1-
We denote kerd; = {f: (£,,9) — (L,0) | d; f = 0}. Since (L) is a Kan complex
by Proposition 4.4,
(L) =Ny kerd;/ ~

where f ~ g if there is h € (L)1 such that d,h = f, dpy1h = g and d;h =0
for i < n.

The space K, = ;_, ker d; is the subspace of maps f such that flai..i,) =0
for (ig,...,iq) # (0,...,n). In particular, f(ag..) is a cycle. This defines a
surjective map

pn i Kn = Hna (L), pa(f) = [f(a0..n)]-

Suppose first n > 1. If h € (L),4+1 is a homotopy between f and g, then
h: £,41 — L vanishes on all the generators except ag.. n, Go. 7nt+1 and ag.. niy1-
By definition of homotopy, h(ag. an+1) = f(ao..n) and h(ao..n) = g(ao. n).
Now, for degree reasons,

Oh(ao..n+1) = (=1)"(f(ao..n) — g(ao...n)),
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and therefore p, induces a quotient map p,: m,(L) — H,_1(L) which is
clearly bijective: the surjectivity is already done. For the injectivity suppose
on(f) = pn(g). There is an element v with du = f(ag...n) — g(ao..n) and we
define a homotopy h: £,4+1 — L by

h(aO...nJrl) - (71)nu, h(aOn) - g(aOn) and h(aO...ﬁn-i-l) = f(aOn)

Now p,, is easily seen to be a morphism of groups: given f,g € K,, define
h: £,41 — L by

h(ag..nt1) =0, hlao. sn+1) = f(ao..n) + g(ao..n),
dn+1h = f and dn_lh =4d.

In 7, (L), [f]+ [g] = [dn(h)]. Therefore pn([f]+ [g]) = pn[f]+ pnlg).
Next, we consider the case n = 1. Since L = L>g, a map f : £y — L corre-

sponds to the cycle f(ao1) € L. Suppose f ~ g. Then there is amap h: £o — L
with doh = g, dih = f and doh = 0. In €9, 4, (a012) = ao1 * a1 * agy . Apply-
ing h, this gives f(ao1) * g(ao1)~! = 0 in homology. Therefore p;(f) = p1(g)
and thus p; also induces a map py: 71 (L) — Hy(L) which is also bijective.

Let f,g: £4 — L. The product [f] - [g] is the class of a map k: £, — L for
which there is another map h: £ — L with dih = f, dgh = g and doh = k.
A solution is given by the map k: £, — L defined by k(ao1) = f(ao1) * g(ao1),
and h(ag12) = 0. This shows that p1([f] - [g]) = p1[f] * p1[g]-

For any differential graded Lie algebra L and any Maurer—Cartan element
z € MC(L) consider the localization of L at z which is the DGL,

L®) = (L,8.)/(Leo® M) = Luo & (L Nkerd.),

where M is a complement of kerd, in Ly. Observe that the injection of
(L¥),d,) < (L,d.) induces an isomorphism in homology in degrees > 0.

THEOREM 4.7: (L) ~ L&),

Uzeﬁé(m(

Proof. As we know, the components of (L) are identified with l\//E(L) Via this
identification, since (L) is a Kan complex (Proposition 4.4), the component of
a given z € l\//E(L) is of the same homotopy type as the reduced simplicial set
which we denote by (L), whose n-simplices are the DGL morphisms f: £, — L
such that f(a;) = z for any O-simplex a;, i = 0,...,n.
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The simplicial set (L), has only one 0-simplex z: £y — L and its degeneracies
are the maps z : £, — L such that z(a;) = z for all 4 and which vanish on all
generators of non-negative degrees.

Recall that £, verifies the properties of Proposition 2.11. We now define an
isomorphism of simplicial sets,

p:(L,d), — (L*,0,),
as follows. Let f: £, — (L,9) be an element of (L, 0),. We set

o(f)(a;) =0 and ©(f)(ai..4,) = f(aiy..i,), ifr>0.
Recall that

0, if n <0,
(L?)p = { kerd,, ifn=0,
L, if n>0.

We easily see that the association f — o(f) is a bijection of morphisms of
Lie algebras. We are reduced to proving that ¢(f) is compatible with the
differentials, that is,

@(f) o0 =0-00(f)

We first observe that

1

@(f) 0 0(a;) = *250(f)[auai] =0=0.0(f)(ai).

First, since f(a;) = z for all i, 9f(a;;) = fO(ai;) = [—2, f(ai;)], so that
Oz0(f)(aij) = 0:f(aiz) = 0f(aij) + [2, f(aiz)] = 0 = p(f)D(ai;).

Let a;,..;, with 7 > 1 be a generator of £, . Since das, (aiy...i,.) does not
contain any generator a;, the elements O, f and (9, f ) are equal. We then
have the following sequence of equalities that give the result:

dop(f)(aiy..i,) = 0= f(ig...i,.) = Of (Qig...i,) + [2, fig...i,)]
= fO(ai...i,) + [f(aiy), flai..i,)] = fOa;, (aiy...1,)
= @(f)0a;, (aiy...i,.) = o(f)(O(ai...i,) + [ao, aiy...i,])
= ¢(f)0(as..i,)-

Finally, the compatibility of ¢ with the faces and degeneracies follows from
the cosimplicial structure of £,.
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5. The £-model of K

We first prove that the homology of £(K) for the differential 9, depends only
on the component of a.

ProprosITION 5.1: Let K be a finite simplicial complex and let a be a 0-simplex.
Denote by K, the component of a in K and denote also by a the corresponding

~

generator of degree —1 in £(K). Then, the injection (£(K,),0q) = (£(K), D)

is a quasi-isomorphism.
Proof. Write K = K, 1 K', £(K,) = L(V & Qa) and £(K') = L(W). Recall

(see for instance [30, Proposition 6.2.(7)]) that the ideal I in L(V & W & Qa)
generated by V @ W is the free DGL I = L(V & W), where

V ={ad] (v;),n > 0, with (v;) a basis of V'},
W ={ad; (w;),n >0, with (w;) a basis of W}.
Since V @ W is finite dimensional and a has degree —1, the kernel .J of the
projection (L(V&W @®Qa),d,) — (L(a),d,) is the DGL (L(V& W), d). Denote

by d;y the linear part of the differential 9 in J. We claim that for w € W and ¢

even, dyad?(w) = ad?™!(w) + (—1)%ad?(d,w). Suppose this is true for ¢ — 2.

Then, since ad(v) = 1[[a, a], ad? ?(v)] we have

dyadl(v) = ;dl[[a, al, adg_2(v)]
= ;[[a, al,ad? ! (v) + (=1)%ad? *(d,v)]
= ad*} () + (~1)%d?(dy).

Therefore the homology H(W,d;) = 0 and the injection

~

(L(V),0a) = (L£(K), 0a)
is a quasi-isomorphism. This implies the result.

Definition 5.2: Let K be a simplicial set. A model of K is a free complete
differential Lie algebra (L(Z),d) connected to £(K) by a sequence of quasi-
isomorphisms. Such a model is called minimal if the linear part of the differ-
ential is null, i.e., 9; = 0.

We make precise the behaviour of some models in the connected case.
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Let K be a finite connected simplicial complex. Then (£(K),d) = (L(V),d),
where (V1) is the desuspension of the chain complex of K. Let ag,...,a, be
the O-simplices of K viewed as generators of V_;. We write

W= w,
q=—1
with W, = V, for ¢ > 0 and W_; the vector space generated by the

elements a; — ag.

PRrOPOSITION 5.3: Let K be a finite connected simplicial complex. With the
previous notation, the differential 0 in £(K) can be chosen so that

oy (W) C L(W)
and there is a quasi-isomorphism

(E(K), Bug) — (L(W), ay)-

Moreover, if we denote by (£(K)/(ao),0) the quotient of (£(K'),d) by the ideal
generated by ag, then there is an isomorphism

~

(£(K)/(a0),8) — (L(W), Day)-

Proof. We prove by induction on n that da,(W,,) C L(W). By the naturality of
the differential in £(K) we have only to prove it when K = A™*!. Tt is obvious
for n = —1 and directly deduced for n = 0 from the definition of the differential
of the LS-interval. Suppose that 9,,(W,) C L(W) for g <n—1andn > 2.
From the induction hypothesis, we get

(L(A™), 0ay) = (L(ao), 8a,) I (L(Z), 8ay ),

where Z is the graded vector space generated by the elements {a; —ag | i > 0},
together with the generators of degree > 0. Here, II denotes the coproduct
in the category of DGL’s which is obtained by completing the non-complete
coproduct. Since H(L(ag),04,) = 0, the inclusion of the second factor is a

quasi-isomorphism
(11) (L(Z),0a0) — (L(a0), 0, ) 11 (L(Z), Dy )-
On the other hand, in view of Corollary 2.5,

H(L(A™), 84,) = L(u),
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where |u| = n — 2. With (11), we can choose u € L(Z), and set d,, (ag..n) = u.
Since W = Z @ Quq...n, the inclusion dq, (W) C L(W) is established. Then, it
follows that

~ =~

(S(K)v aao) — (L(ao), 6110) ui (L(W)a 6110)'
By Lemma 2.6 this implies that (£(K), 0y, ) is quasi-isomorphic to (I/L:(W), Oag)-
Moreover, on the quotient £(K)/(ag) the induced differentials 0 and 9,, coin-
cide. This implies the isomorphism of the statement.

COROLLARY 5.4: Let K be a connected finite simplicial complex. Then,

~

(£(K), 0qy) has a minimal model of the form (IL(R), 9), with

R=Rso~s 'H(K;Q).

Proof. Denote by T a maximal tree contained in the graph formed by the 0-
simplices and the 1-simplices of K. Since K is connected, this tree contains all
the vertices. Moreover, in £(K), the ideal J, generated by the {a; — ag | i > 0}
together with the generators of dimension 0 corresponding to the edges of T,
is acyclic. Therefore, the quotient £(K)/J is quasi-isomorphic to a DGL of the
form

(]L(a())v 8(10) ﬁ (I/L\‘(R)a a)a

with R = R>o.

Now, suppose that for some x € R we have 01z = y # 0. Then, replace y
by Oz, and by Proposition 2.4, taking the quotient by the ideal generated by z
and y gives a quasi-isomorphism (L(R),d) = (L(R)/(z,y),d). We continue in
the same way and finally obtain a minimal complete free DGL quasi-isomorphic

to (L(K), Oay)-
Example 5.5: If K is a connected finite simplicial complex of dimension 1, then
(£(K),8.) ~ (L(V),0) with

V=s1H (K).

Example 5.6: The minimal model of a finite simplicial set K of the homotopy
type of S1Vv 5?2 is of the form (IL(a, b),0), with |a| = 0 and |b| = 1. In particular,
H(£k) is the completion of L(a,b) for the adjoint action of a on b.
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6. Differential graded Lie coalgebras and the Transfer Theorem

In this and in the next section, we show how the homotopy transfer theorem
and the structure of free Lie coalgebras let us also associate a DGL to a finite
simplicial complex K. The uniqueness theorem (Theorem 2.8) will then iden-
tify this DGL with our construction £(K). Following this approach we may
understand the relation between the combinatorial properties of £(K’) with the
algebra of PL-forms on K.

Recall that a graded Lie coalgebra is a graded vector space, V', with a comul-
tiplication A: V — V ® V that satisfies two properties,

(1+7)oA=0 and (1+0+0?)o(1®A)oA=0.

Here, 7: V@V — V®V is the graded permutation and o: VRVRV — VVeV
is the graded cyclic permutation [14, 23].

Any graded coalgebra (C,A) admits a Lie coalgebra structure defined by
Ap = A—710A. If T%(V) denotes the tensor coalgebra on a graded vector
space V', then Ap induces a Lie coalgebra structure on the indecomposables
for the shuffle product, i.e., on the quotient of T°(V') by the shuffle products.
This quotient is called the free Lie coalgebra on V and is denoted by (V).
We denote by DGLC the category of differential graded Lie coalgebras and
by CDGC the category of differential connected graded cocommutative coal-
gebras. If Vect denotes the category of graded vector spaces, there is a natural

isomorphism
Vect(I', V) = DGLC(T',L°(V))

when V is a graded vector space and T' a graded Lie coalgebra [14, §4.2.1].
The graded universal coenveloping coalgebra of a graded Lie coalgebra L is a
coalgebra, denoted UL with the property that for any graded coalgebra C', we
have

DGLC(C, L) = DGC(C,U°L).

In particular, there is a coalgebra isomorphism,U¢(Lf (V)= T<(V). If (T¢(V),d)
is a differential graded coalgebra such that, for every n, the part d,,: ™V — V
of the differential vanishes on the (p, ¢)-shuffles with p + ¢ = n, then d makes
of (IL°(V),d) a differential graded Lie coalgebra.

Clearly, the dual of a differential Lie coalgebra is a differential Lie algebra.
Moreover, the following holds.
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LEMMA 6.1: For any finite type vector space, V, we have (L¢(V))? = L(V?).

Proof. From L(V) = lim (I)="(V), we deduce

Hom(lim(L*)="(V'), Q) = lim Hom((L*)="(V), Q)
= lim L(V#)/L>"(VH) = L(V).

il

Let f: (T°(V),d) — (T°(W),d) be a morphism of differential graded coal-
gebras. We denote by d; the linear part of the differentials, dy(V) C V,
di(W) Cc W, and we write f = fo + f1 + -+ with f; (T¢)" (V) C (T°)"~4{(W).

PROPOSITION 6.2: With the above notations, suppose fo: (V,dy) = (W,d,) is
a quasi-isomorphism. Then:
(i) f is a quasi-isomorphism.
(ii) Moreover, if [ and the differentials d vanish on the decomposables for
the shuffle product, then the induced map f: (L¢(V),d) = (L¢(W),d)
is also a quasi-isomorphism.

Proof. (i) First of all, by the Kiinneth Theorem,
o (TM(V),di) — (T™(W), da)
is a quasi-isomorphism for each n. Therefore, by the five lemma,
feqa=fot ot for (T=UV),d) — (T=9(W), d)

is a quasi-isomorphism for all ¢ > 1. This implies the surjectivity of H(f).
To prove the injectivity suppose H(f)(a) = 0. Write o = [a], a € T<9(V) and
f(a) =db, b e T<"(W), for some r > q. Then since f<, is a quasi-isomorphism,
we have a = 0.

(ii) Recall that L¢(V) is a retract of T°(V), obtained by identifying L°(sV)
with the image of the first Eulerian idempotent e(!), i.e., see [14, Theorem 4.2.3],

L°(sV) = eDT(sV).

Since this retraction is natural with respect to linear maps, it commutes with
the differentials d; and with fy. Therefore,

Le(fo): (ILE(V),d1) — (LS(W), d1)

is a retract of T°(fy) and is thus a quasi-isomorphism. We deduce in the same
way that f: (L¢(V),d) = (L°(W),d) is a quasi-isomorphism.
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The Quillen correspondence £ and € (generalized by Neisendorfer in [24]) be-
tween DGL and CDGC dualizes in a pair of adjoint functors between DGLC
and the category CDGA of augmented commutative differential graded alge-
bras, that we can summarize in the following commutative diagram [28, Theo-
rem 4.17):

£
cpGe > DaL
A
¢
S, (-)*
CDGA~____ _DGLC.
&

Moreover, the adjunction maps, LC(L) = L and C = CL(C), are quasi-
isomorphisms; see [24, Proposition 4.1].

We recall the definition of the functors € and A.

On the one hand, let (A, d) be an augmented cdga. The differential on the bar
construction BA = T¢(sA) preserves the ideal generated by the shuffle products
and induces a differential d on the indecomposables BTA/BTA - BT A, which
is the free Lie coalgebra L.°(sA). By definition €(A) = (L°(sA), d).

On the other hand, let (E,d) be a differential graded Lie coalgebra. Then,
A(E) = (AsE, D) with

1
_ _ 1)l . /I
D(sx) = 5 Z( 1 sa; A s, — sdu,
with Az = 3", 2; ® . In particular, if (AZ,d) is the minimal model of A(E),
then Z = sH(E,d).
In fact, there are quasi-isomorphisms, AE(A) = A and E = EA(E).
Recall now that an A,-algebra structure on a graded vector space A

consists in a sequence of linear maps m,: A®™ — A, n > 1, of degree 2 — n
such that for all 7, s,t > 1

> (1) im0 (1d®T @ me @ id®') = 0.
r4+s+t=n

Now, each map m,, defines a canonical map of degree 1,

(12) dp: (sA)®" = sA,  d, = sm, (s 1)®",
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that extends into a coderivation on the coalgebra T¢(sA). The degree 1 map
d=3",>; dn is a coderivation and the identity

dr+t+1(id®r ® dk ® id®t) == Smr+t+1(’id®r Xmy X id®t)(871)®r+t+k

implies that
> e (id®T @ dy, @ d®) = 0
r4k+t=n

and therefore (T¢(sA), d) is a differential graded coalgebra.
"5 s71d, %" we have that (A, {m,}) is an
Aso-algebra if and only if (T¢(sA),d) is a differential graded coalgebra.

It is well known that A is an A-algebra if and only if (T°(sA),d) is a
differential graded coalgebra. Moreover, in the case A is a differential graded

In fact, if we define m,, = (—1)

algebra, we recover the bar construction on A, (T°(sA),d).
A morphism of A, -algebras f: A — B consists of a sequence of morphisms
fn: A®" — B such that the induced morphism

F: (T°(sA),d) — (T°(sB),d)

is a morphism of differential graded coalgebras.

An A.-algebra structure on A is commutative (or a Cu-algebra) if the
differential d vanishes on the shuffle products in 7¢(sA). In this case, d induces
a differential on the quotient 1f(sA), and we have a differential graded Lie
coalgebra, denoted (L°(sA),d). When f is a morphism between commutative
Ao-algebras, that preserves the shuffle products, then f restricts to a morphism
of Lie coalgebras, (IL°(sA),d) — (L°(sB),d).

A unital A.-algebra is an A,.-algebra endowed with an element 14 of de-
gree 0 such that my(14) =0, m2(1la,a) = a =maz(a,1,) for all a € A and such
that for all ¢ > 2 and all ay,...,a; € A, the product m;(ay,...,a;) vanishes
if one of the a; equals 14. A morphism of A-algebras, f: A — B is unital
if fi(la) = 1p and for n > 1 f,(a1,...,a,) = 0 if one of the a; equals 14.
A unital Ay -algebra is augmented if it is endowed with a unital morphism
e: A — Q such that £(14) = 1. The augmentation ideal A = ker ¢ inherits then
an A.-algebra structure. A morphism of augmented A, -algebras is a unital
morphism f: A — B such that eg o f = €4. It induces a morphism between
the augmentation ideals.

Note that the functor € can be extended to any augmented commutative
Aso-algebra A as the graded Lie coalgebra E(A) = (IL°(sA), d).
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In our setting, a transfer CDGA diagram is a diagram of the form

P
. >
9: o (O (A,d)<i (V. d)
where (A,d) is an augmented CDGA, (V,d) is an augmented (cochain) dif-
ferential graded vector space, p and ¢ are quasi-isomorphisms preserving the
augmentations, pi = idy, and ¢ is a chain homotopy between id4 and ip, i.e.,
¢d + d¢ = id 4 — ip, which satisfies ¢pi = pp = ¢ = 0.

The Homotopy Transfer Theorem (see [20, §9.4] for example) states that there
is an Aoo-algebra structure {my}r>1 in (V,d) such that m; = d.

The formula of Kontsevich and Soibelman for the higher operations my is
defined in terms of trees. A planar tree T is a directed, simply connected
graph which can be embedded in the plane. The valence of a vertex is the
number of edges having this vertex as the source. A leafis a vertex of valence 0.
A tree is rooted if there is a unique vertex (the root) with valence 1 which is
the target of no edge. A rooted tree is binary if every vertex except the root
and the leaves has valence 2. For any k& > 2 denote by J% the set of isomorphism
classes of planar rooted binary trees with k leaves.

We associate to each tree T' € T a linear map my: V& 5 V as follows:
label the root by p, each internal edge by ¢, each internal vertex by m, and
each leaf by i. Then, mr is defined as the composition of the different labels
moving down from the leaves to the root.

The transferred Co-algebra structure in V' is given by {my}x>1, where m; =d
and, for k > 2,

mr — Z mr.
TETy
A consequence of the Homotopy Transfer Theorem is the following:

THEOREM 6.3: The diagram % induces quasi-isomorphisms of differential
graded Lie coalgebras,

P P
(I(sA),d) = = (Ie(sV),d), (If(sA),d) =~ (I(sV),d),
I I
where PI = id, I) = si, P, = sp and d; = sd.
In particular, £(A,d) = (IF(sA), d).
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Proof. Use the Homotopy Transfer Theorem together with [9, Theorem 12] to
obtain quasi-isomorphisms of C.-algebras

P P
(T%(sA),d) = 7 (T%(sV),d), (T“(sA),d) =~ (T*(sV),d),
I I
where the differentials d in the tensor coalgebras of the right sides are defined
as in equation (12). Finally, quotient in both sides by decomposables and apply
Proposition 6.2.

Remark 6.4: Alternatively, Theorem 6.3 can be proved using Theorem 1.3 of [2]
specialized to the cooperad of Lie coalgebras.

7. The cosimplicial structure via a transfer

Let K be a finite simplicial complex. We denote by C*(K) the dual of the chain
complex of K, with rational coefficients, and by Apy, (K) the algebra of rational
PL-forms on K, [12, 29].

THEOREM 7.1 ([10, 11, 15]): There is a CDGA transfer diagram of the form

o oD AmK) - T CK).

2

In particular, there is a simplicial CDGA transfer diagram
Pe
D, oo (O Apn(At) o 7 CH(AY),

where pe, 1e and ¢e preserve the simplicial structure.

The transfer diagram D, is explicitly described, for instance, in [15, §3]. As

usual,

ApL(A™) = Alto,.. tn, dto, . .,dtn>/(zti ~1, Zdti)

and the maps p, and i, are defined as follows:
Let a;,.. 4, be the basis for C*(A™) defined by

k(k—1)

(—1) if (Jo,. .-y Jk) = (G0, .-, ik),

<aig...ik;ajg...jk> = .
0 otherwise.
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Then, i, (c,..4,) is the Whitney elementary form w;, . ;, defined by
k
3=0

Since

d(wig...ik) = Z Wqig...ig s
q

the map i,: C*(A™) — Apr(A™) is a morphism of cochain complexes. The
map p,: Apr(A™) — C*(A") is defined by

pn(w) = Z Z aio~~~iin0~~ik (W)’

k=0 i0<--<ip

with
ar!---ag!
(a1 + -+ ap + k)

and 0 otherwise. In particular, I;,. ;, (wi,..q.) = 1.

Tigooi (£ . 408y, . dty,) =

Since the morphisms p, and i, preserve the simplicial structures, they pre-
serve sub-simplicial complexes. So, if K is a finite simplicial complex, then
K C A™ and the diagram D is obtained by restriction.

Theorem 6.3 implies the following:

COROLLARY 7.2: For a finite simplicial complex K, there is a quasi-isomorphism
of differential graded Lie coalgebras,

I: (L5(sC*(K)), d) — (L(sApr(K)), d),

such that Iy = si and d; in both sides is the suspension of the differential on

cochains and forms on K respectively.
Let ag be a base point. The associated augmentation of Apy,(K) is defined by
e(to) =1, e(t;) =0 for i # 0.

An augmentation in the cochain complex C*(K) is also defined by e(ag) = 1
and e(a;) = 0 for ¢« > 0. In the transfer diagram the morphisms p, and i,
preserve the augmentations because p,(tg) = ag and i,(ag) = tg. Therefore,
the morphism I induces a quasi-isomorphism

(L(sC™ (K)), d) — E(ApL(K)).
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THEOREM 7.3: With the above notations:

(i) The dual of the simplicial differential graded Lie coalgebra
(L2 (sC*(A®)), D)* is a sequence of compatible models of A.
(ii) The differential graded Lie algebras (L¢(sC*(K)),d)* and £(K) are

isomorphic.

Proof. (i) Note first that, by construction, the linear part of the differential is
the good one. Thus by Theorem 2.8, we need to check both that, for all n > 0,
each vertex in (L¢(sC*(A®)), D)* is a Maurer-Cartan element, and that the
cofaces are as in (7).

On the one hand, by naturality it is enough to check that the only vertex ag
in (Lf(sC*(A?)), D)* is a Maurer-Cartan element. Note that

App(A%) =Q-e=C*(AY),
with e = e the unit of the algebra. Now in the bar construction [12, Page 269,
d([se|se]) = —[se].
The anti-symmetrisation of the diagonal gives
AL ([se|se]) = 2[se, se].

In the dual Lie algebra this gives d(ag) = —}[ao, ao).

On the other hand, a simple inspection shows that the faces on C*(A®)
become the usual cofaces when taking the dual of the free Lie coalgebra.

(i) This is a direct consequence of the fact that K C A™ for some n and £(K)
is isomorphic to a sub-DGL (L(V),8) C £,, where (V, ) is the suspension of
the chain complex of K.

Next, we connect the functor £ with the classical Quillen functor
A: SimpSet; - DGL

from the category of 2-reduced simplicial sets [26] and with Sullivan minimal
models [29].

THEOREM 7.4: Let K be a connected finite simplicial complex with Sullivan
minimal model (AV,d). Then:
(i) For any vertex a, (£(K),d,) is quasi-isomorphic to (E(AV,d))F.
(ii) In particular, if K is 1-connected, then (£(K),d,) is quasi-isomorphic
to A(K).
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Proof. (i) We have a sequence of quasi-isomorphisms
E(AV.d) T =E(ApL(K))< T (L5(sC(K)).d).
By taking duals we get a series of DGL quasi-isomorphisms
V.= E(ApL(K))F T =(L(sC7 (K)), ).

Now we remark that (L¢(sC” (K)), d)! = (£(K)/(ap),d) and recall from Propo-
sition 5.3 that (£(K)/(ag),0) = (L(K), Oa,)-

(ii) When K is 1-connected, the minimal model (AV,d) of K is of finite type.
Thus, it is the dual of a differential graded coalgebra (AV,d)*, and

L((AV,d)F) = (E(AV,d))%.

The result is then a direct consequence of a theorem of Majewski [21] who
connects A\(K) with £((AV,d)*) by a sequence of quasi-isomorphisms.

8. Representability of the Quillen realization functor

We have proved that £(K) is homotopy equivalent to the Quillen construc-
tion A(K), when K is 2-reduced of finite type. We study now the connection
between the realization functor (—) introduced in Section 4 with the composite
of the functors,

e*=(-)!oC: DGL; - CDGA and (—)s: CDGA — SimpSet,

where DGLy is the full subcategory of DGL of finite type DGL’s (L, 0) with
L = L>g. The first functor is the classical cochain functor defined on the
category of Lie algebras of finite type and the second one is the Sullivan’s
realization functor defined by

(A)s = CDGA (A, Apr(A®)).

The conditions L of finite type and L = Ly are necessary for the chain coal-
gebra C(L) to be of finite type.

THEOREM 8.1: Let (L, d) be a finite type DGL with L = L> for ¢ < 0. Then,
there is a homotopy equivalence of simplicial sets,

(L) = (C*(L))s-
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Proof. Given the simplicial differential graded Lie coalgebra
£5 = (L5(sC*(A%)), D)

of Theorem 7.3 and L € DGLy, we define the simplicial set
(L), == DGLC(L*, £2).

A coalgebra morphism L# — £¢ is completely determined by its projection
on the indecomposables L — sC*(A") and an algebra morphism £,, — L by
its restriction s~!C,(A") — L. Since L is finite type, (L)), = (L),. Also, as
taking dual is compatible with the simplicial structure, the dual process induces

a bijection of simplicial sets

(=)F: (L) = (L)

The quasi-isomorphism I: £5 — E(ApL(A®)) of Theorem 7.3 induces a mor-
phism of simplicial sets

U: DGLC(LF, £5) — DGLC(Lf, EAp(A®)).
On the other hand, the functor A is equipped with a natural evaluation
morphism,
ea: AE(A,d) = (AsLE(sA),0) — (A, d),
which vanishes on (IL¢)Z2(A). We then obtain a sequence of simplicial maps,

4

DGLC(L!, £2) > DGLC(L!, EApr(A®))

A
\

CDGA(A(LY), AEApL(A®))

v
CDGA(C*(L), Apr(A®)) = (C*(L))s-

Recall now that in the transfer,
7:71(040...71) = Wo..n = n! dty - - dty,.

Therefore, the linear part of £5 — EApr(A™) is in. As m,(C*(L)) can be
identified with the linear maps Hom(H,_1(L),Q) — Qaq.., (see [13, §1.7]),
this composition induces an isomorphism on the homotopy groups.
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Recall now that a group G is Q-complete if each G"/G"*! is a Q-vector
space and G = ]&nn G/G". Here G = G' D G? O -+ is the lower central series
of G. That is, G? is the subgroup generated by the commutators [a, b] and G™ is
the subgroup generated by the iterated commutators [g1, [92, [ - [gn—1,9n] - - - ]-
A nilpotent space X is called a rational nilpotent space if its fundamental group
is Q-complete, if each m,(X) is a finite dimensional Q-vector space for n > 2,
and if m (X)) acts nilpotently on 7, (X) for n > 2.

PROPOSITION 8.2: Let K be a finite connected simplicial complex. Then, the
simplicial set (£(K),0,) is the projective limit of a tower of rational nilpotent
spaces.

Proof. Write (£(K),8,) = (L(V),d). Then
(£(K),da) = im(L(V) /17", D).

Since the realization functor is a right adjoint, it commutes with limits and

(L(K),0a) = Lim((L(V)/L>",9)).

n

~

Now, since (L(V)/L>™,9) is a finite-dimensional nilpotent Lie algebra, its
geometric realization is a rational nilpotent space in view, for instance, of
Theorem 8.1.

9. The Malcev completion of the fundamental group
This section is entirely devoted to the proof of the following result.

THEOREM 9.1: Let K be a connected, finite simplicial complex. Then,
Hy(£(K),0,) is the Malcev Lie completion of the fundamental group m (K).

Proof. Let (AV,d) be the minimal Sullivan model of K. Since K is connected,
V=v>0

The graded vector space
Lip(AV,d) = (VFHL)E
equipped with the quadratic part of the differential d inherits the structure of

a graded Lie algebra [13, §2], whose component Lo(AV,d) is the Lie algebra
associated to the Malcev completion of 71 (K) [13, Theorem 7.5].
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Suppose first that V' is a finite type vector space. In that case (AV,d) is the
dual of a commutative differential graded coalgebra (C,d). Thus, by [24],

On the other hand, the natural map £(C,d) — (£(AV,d))? is the inclusion
p: (L(s~'C),d) = (L(s7'C),d).

Finally, since (s~'V)¥ injects in the homology of the two DGL’s, and is in an
isomorphism in both cases, the injection ¢ is a quasi-isomorphism.

In the general case, (AV,d) is the increasing union of finite type CDGA’s of
the form (AV'(n),d), i.e.,

(AV, d) = lim(AV (), d),

n

where Lo(AV(n),d) = Lo(AV,d)/Lj(AV,d),
L3(AV,d) = [Lo(AV,d), Lo(AV, d)],
L§(AV,d) = [Lo(AV,d), L (AV,d)], n>2.
Moreover,
We write
(L(W(n)),d) = E(AV (n), d)*.
It follows that E(AV,d) = lim E(AV (n),d) and

(Lrc, 0a)=m( E(AV (n), d))* = Lim (L(W (n)), ).

By construction W(n) = W(n)>o is a finite type graded vector space. We

write
Y, =L(W(n))o, X,=LW(n)); and X:=L*W(n));

We denote by p,: X;,, = X,,—1 and o,:Y,, — Y,,_1 the surjective morphisms
induced by the inclusions AV (n — 1) < AV(n). For r < ¢ we also denote by
Pgr: Xq — X, the composition p,.4q10---0 pg.
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We consider then the short exact sequences of towers of vector spaces

0 0
\ Y
> 0(X,) > 0(Xp-1) > .-
\ \
> Yn > Ynp—1 > e
\ Y

~ Hy(L(W(n)),d) > Hy(L(W(n—1)),8) > ---

\ \
0 0
This induces an exact sequence
~ 1
0= 1lmd(X,) = lmY, — @HO(L(W(TL)),@) — lim 9(Xy).

Since every p,: X, — X,_1 is surjective, the induced map 9(X,,) = 9(X,—_1)
is also surjective and so @1 d(X,) =0.
Now, by the next Lemma, ]'&n@(Xn) = 8(]&11 X,). Therefore,

~

Ho(£(K),0a) = lim Ho(L(W (n)), 8) = lim Lo(AV, d)/ L5 (AV, d)

n

is the Malcev Lie completion of m (K).

LEMMA 9.2: With the notation in the previous proof, let a = T&l(an) eyYy. If
for each n, a, = Oc, for some c,, then there is an element b = ]&n(bn) e X
such that 0b,, = a,, for all n.

Proof. The element a; can be written as a; = 3 2 af with af € LYW (1))o
and af # 0. For fixed n we denote by f(n) the maximum integer such that
there is an element e € L=/ (W (n)); with de = a,,. Since do pn1(e) = a1, we
have f(n) < p. As we can replace ey, ..., e,_1 by the images of e,,, the function
f(n) is decreasing and we denote by r its limit.
We construct a sequence " = (ﬂg) with the following properties:
() 8 € X3 and p,(8y) = By.+.
(ii) There exist elements e, € X, with de, = a, and e, — 8, € X"
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Suppose we have constructed f57,..., 5, _; with the two preceding properties
for p < n and

(iii) for all ¢ there exists an element e, € XZ" with de, = a, and
Pan-1y(€q) = Br_1 € X771
Then, we denote by ¢, _;: X,,—1 — X, _, the projection on the component of
length degree r and we write

Wo = arpan (107 (ag) NV XZT] 0 (@1 © pan—1) ™ (Bro1))-

The W, form a decreasing sequence of affine subspaces of X]. Since X is
finite dimensional and the W, are non empty, their intersection is not empty
and we choose an element 3], in this intersection. This ends the construction of
B = (Bn)-

Now consider o/ = «a — 98". We proceed in the same way for o/ and note
that by construction there is an element e/, = e,, — 87 € L="*! with de!, = al,.
This gives an element 71!, and by induction elements 5? for ¢ > r. Now

R (Zﬁ)

is a well defined element in lim | L(W (n)) and by construction
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