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Abstract—To perform parameter and shape optimization, 

an initial topology is required which affects the final 

solution. Topology optimization methods have the 

advantage to release this constraint. They are based on a 

splitting of the design space into cells, in which they attempt 

to distribute optimally some given materials.  

In this paper, the optimization is based on a discrete 

formulation of the Maxwell equations obtained thanks to a 

finite element model. The gradient of the objective function 

is computed immediately from this discrete form, which is 

more convenient than the adjoint variable method. A line-

search method (steepest descent direction) is then applied. 

The step size is computed by a simple and quick algorithm, 

to achieve good and fast convergence. 

Several convexity issues were already highlighted in 

topology optimization. We explain how we can face some of 

them by performing the optimization on a variable linked to 

the permeability by a given mapping. This mapping actually 

affects the value of intermediate materials and must be 

selected carefully to avoid the algorithm to be trapped in 

some local minimizers. 

In order to illustrate the concepts presented along the 

paper, the method is applied for the topology optimization 

of a linear reluctant actuator. 

I. INTRODUCTION 

Optimization methods differentiate themselves from the 
design parameters on which they are performed. 
Parameter optimization is concerned with some 
dimensions of the drive topology, such as the length of a 
tooth. However, the range of solutions that may be 
obtained is limited by the topology fixed initially. Shape 
optimization experiences the same issue at a lower level. 

In topology optimization, the design space is split into 
cells. The method is then concerned with distributing 
predefined materials into the cells, such as air, copper or 
iron. The design parameters are thus the electric and 
magnetic properties in each cell. The main advantage of 
this approach is that no initial topology is required and 
that the design parameters enable any topology to be 
represented. However, the resolution is limited to the 
number of cells, which must be kept quite low to limit the 
number of design parameters. 

In this paper, the problem is first formulated, which 
includes the development of the finite element model for 
the field computation and the description of the constraints 
linked to the predefined materials. Next, the gradient 

based optimization method is described. We explain how 
the gradient can be computed directly from the discrete 
equations of the finite element model. This method gives 
the same results as the adjoint variable method used in [1]-
[4] but is more convenient.  

Then, some convexity issues are discussed. The 
optimization is usually performed on a design variable 
linked to the permeability by a given mapping, rather than 
on the permeability itself. This mapping actually affects 
the convexity of the problem. Different mapping were 
introduced in [4]-[10] but never because of convexity 
problems.  Thereby, we suggest a mapping specifically 
selected to deal with some of the convexity issues. 

Finally, the concepts developed along the paper are 
illustrated through an application of the method for the 
optimization of a reluctant linear actuator. 

II. PROBLEM FORMULATION 

This section is dedicated to the formulation of the 
topology optimization problem in the particular case of a 
magnetostatic problem. To evaluate the objective 
function, the magnetic fields are computed thanks to a 
finite element model. The method described in this paper 
does not rely on an independent finite element solver, but 
it focuses directly on the finite element equations. The 
space splitting into cells is used directly as the finite 
element mesh. 

This section includes the development of the finite 
element equations and the description of the optimization 
constraints linked to the materials. 

A. Finite element model 

The finite element model is based on the following 
Maxwell equations: 

 ,= JH  (1) 

 ,= AB   (2) 

 ,= HB   (3) 

with H  and B  the magnetic field, J  the current 

density, A  the vector potential and   the permeability. 

These equations can be grouped into one:  
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The weak formulation is obtained by multiplying each 

side of (4) by an arbitrary vector potential Â  and by 
integrating them over the whole domain:  
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This weak formulation remains equivalent to (4) since it 

must be verified for any Â . The integration by parts 
gives:  
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The first term can be developed thanks to the Kelvin-
Stokes theorem:  
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This integral actually equals to zero. Indeed, we 
consider situations were either the normal or the parallel 
component of B  is zero on the boundary. In the first case, 
we can assume homogeneous conditions on the vector 

potential A  which also apply to Â . In the second case, 
the curl of A  is zero. 

The weak formulation reduces then to:  
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To derive the discrete formulation, we approximate the 

vector potentials A  and Â  by discrete values at each 
node of the mesh:  
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 with n  the number of nodes and iu  the vector 

potential on the node i . i  is a shape function equal to 1 

on node i  and zero on the other nodes. Pyramidal 
functions are used since the mesh is triangular. 

The reluctivity 



1

=  and the current density J  are 

approximated by a discrete value in each cell:  
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 with m  the number of cells and i  a shape function 

equal to 1  on the cell i  and 0  everywhere else. These 
approximations are inserted in (8) to obtain:  
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This equation must be satisfied for any vector potential 

Â , and thus for any value of iû . We can thus write:  
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Since the shape functions are known, the integral terms 
can be computed to obtain the following matrices:  
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The vector potential is then computed from the current 
density j  and the reluctivity   by the following linear 

system:  

 .=)(=)(
1=1=

CjuMjCuM kik

m

k

jij

n

j

   (17) 

The M  matrix can be actually rewritten to make   
appears. The development is made for the two dimensions 
x  and y , but it can be easily generalized for three 

dimensions. Assuming that the current J  is on the z-axis, 
it comes from (15):  
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The k  shape functions are equal to 1 on cell k  and 

zero everywhere else. The integral can thus be rewritten 
as:  
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 with k  the domain of cell k . We can now write:  
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 with 
k

S  the surface of cell k  and 

)(k
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derivative of i  on it. Indeed, the derivatives of the shape 

functions are constant on a cell since we use pyramidal 
functions. The matrix M  can then be computed by:  
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 with V  the matrix containing   on its diagonal and 
A  and B  given by:  



 

Fig. 1. Feasible domain for the magnetic properties p  and j  in 

a cell 
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The system of discrete equations for the optimization 
problem is thus:  

 .=)( jCuBVBAVA TT   (25) 

The Maxwell equations are actually hidden in this 
expression:  
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Thanks to (25), the objective function can be computed 
from the reluctivity   and the current density j . Indeed, 

if they are needed, the vector potential A  is calculated by 

jMu )(= 1   and the magnetic fields H  and B  may be 

obtained from u  thanks to (26) to (28). A cost on the 

materials must be reflected on   and j . 

B. Material constraints 

The optimization can often be performed using only the 
three materials described in Table 1. Indeed, it is often 
possible to take advantage of symmetries to avoid the 
necessity to use an addition material having a negative 
current density. In addition, the design space is reduced. 

TABLE I.  TABLE  1: ELECTRIC AND MAGNETIC PROPERTIES OF 

THE MATERIALS 

Material Permeability (  ) Current Density ( j ) 

Air 0  0  

Iron r0  0  

Copper 0  J  

  

As explained in section 4, it is interesting for convexity 
issues to perform the optimization on a parameter p  

linked to the permeability by a specific mapping 

)(= pg , rather than on the permeability itself, with the 

following characteristics: 0=0)=( pg  and 

rpg 0=1)=( . The optimization problem is thus:  
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 maximaxiimaxiimaxi pjpjjp ,,,,   (32) 

 maxii jj ,  (33) 

 maxii pp ,  (34) 

 with f  the objective function. 

Some materials may be forbidden in some cells. For 
instance, the rotor of a reluctant motor cannot contain 

current. That is the reason why we write maxij ,  the 

maximum current density that cell i  can contain ( J  if the 
element can contain copper, 0 otherwise). In the same 

way, we note 1=,maxip  for a cell that may contain iron, 

0=,maxip  otherwise. The feasible domain for the 

electromagnetic properties p  and j  in a cell is 

represented on Fig.1. 

 

 

III. OPTIMIZATION ALGORITHM 

The optimization algorithm is based on a line-search 
method which uses the steepest descent direction (the 
opposite direction to the gradient). At each iteration, the 
design variables are updated in this way:  
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components of the descent direction and   the step size. 

The algorithm requires thus an evaluation of the 
gradient of the objective function at each iteration. This 
section starts with the sensitivity analysis. Next, a method 
to manage the constraints related to the feasible domain in 
each cell is explained. Finally, we describe an algorithm to 
compute a reasonable step size in the steepest descent 
direction. 

A. Sensitivity analysis 

The gradient related to the design variables is a really 
good tool in optimization. In topology optimization, the 
adjoint variable method is widely used to compute the 
gradient [1]-[4]. Other authors compute the gradient from 
the mutual energy [11]. In this paper, the gradient is 
calculated immediately from the objective function in its 
matrix product form. The result is exactly equivalent but 
this method is more convenient and intuitive. 

The objective function of a magnetostatic optimization 
problem depends at least partly on the vector potential, 

which is computed by inverting the )(M  matrix. 

Thereby, it is interesting to study the gradient of )(1 M . 

We differentiate the following expression:  

 ,=)()( 1 IMM   (37) 

 which gives:  



 
Fig. 3. Selection of the step based on an initial guess 

 
Fig. 2. Algorithm iteration for two cells 
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From (21), we can write:  
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This result enables to compute easily the gradient of the 
objective function with respect to the design variables. 

B. Constrained optimization 

Fig.2 illustrates an iteration of the line-search method 
for two cells. The feasible domains are plotted and the 
initial points within those domains are represented by grey 
circles. The steepest descent direction is pointed out by 
black arrows. 

There are two different cases where the constraints get 
involved:   

    • If a point lies initially on a constraint and if its 
descent direction points out of the feasible domain (a), 
then the direction must be projected on the constraint.  

    • If a point lies initially inside the feasible domain 
and the step size is large enough to put it out of the 
domain, then there are two possibilities, represented for 
cell (b):   

        (a) The new point is placed where the constraint 
was met.  

        (b) The new point is the projection of the outside 
point on the constraint. This is equivalent to project the 
gradient when the constraint is met and then to continue 
with the projected gradient. This is the method we use in 
this paper.  

C. Step size computation 

Choosing a right step size is important. Indeed, if steps 
are too short then the algorithm will be very slow. On the 
other hand, too large steps can lead to instability and could 
worsen the objective function value. Obviously, the 
optimal step size is the one that minimizes the objective 
function in the steepest descent direction. 

Finding the optimal step is really time consuming. We 
will rather be satisfied with a reasonable good step, which 
can be computed by the following method:   

    • Try with an initial guess of the step size. This initial 
guess is computed based on the previous step :   

        (a) Count in how many cells one of the three 
corners of the feasible domain was reached at the previous 
step.  

        (b) Compute a step size for which a corner is 
reached in the same number of cells.  

     

• Compute the objective function and compare it with 
its value at the initial point. There are two possibilities :   

        (a) The value obtained is better than at the initial 
point, a larger step may be better : multiply the step by a 
factor   as long as it decreases the objective function.  

        (b) The value obtained is worse than at the initial 
point, the step size is thus too large : divide the step by the 
factor   as long as it decreases the objective function.  

 The method is illustrated on Fig.3 for the two cases. It 
is really quick and works very well. It enables to avoid too 
short as well as too large steps and ensures a reduction of 
the objective function at each step, which guarantees a 
stable convergence. 

 

In [2] and [12], an "ON/OFF" method is suggested: the 
materials are changed in all the cells according to the 
inverse of the gradient. This is similar to the selection of a 
very large step size for which the solution goes in a corner 
of the feasible domain in all the cells. Since this can lead 
to instability, they need to use some heuristic smoothers 
after each step. 

IV. CONVEXITY ISSUES 

An important issue in optimization is to prove that a 
problem minimizer is global. This is often impossible, 
excepted when the problem is convex: in that case, every 
local minimum is a global minimizer, and the set of all 
those minimizers is convex. 

For topology optimization, lack of convexity has 
already been experimentally observed. For instance, the 
solution of a rotor optimization in [6] depends on the 
initial solution used to start the line-search algorithm. 

As explained before, the optimization is performed on a 
variable p  linked to the permeability by a given mapping, 

rather than on the permeability itself. The convexity of the 
optimization problem is affected by the objective function, 
but also by the mapping selected. 

In the literature, different mapping are suggested. In [5], 
a geometrical relation of this form is used:  
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 where p  is the design variable used to control the 

permeability in the cell. When p  varies from 0 to 1,   

varies from 0  to r . In [4], [6], [7], a quadratic mapping 

is recommended:  
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 with n  a penalty factor comprised between 2  and 4 . 
Finally, some authors put a lot of effort in finding a 



 

Fig. 4. Domain of the possible values for   and j  and 

illustration of the convexity evolution in function of a  

 
Fig. 5. Linear drive 

mapping physically explainable and based on the 
equivalent permeability of a microstructure [8]-[10]. This 
is called the homogenization theory and was first 
developed for topology optimization of mechanical 
structure [13]. 

However, in the literature, the aim of the mapping is 
usually described vaguely as a way to enhance the speed 
and performances of the algorithm. The convexity issue is 
never highlighted to justify a mapping selection. 

In this paper, we suggest the following mapping:  
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 is a parameter. This mapping 

was selected because the convexity can be directly 
improved for cells moving between copper and iron by 
decreasing a . 

This feature can be explained by examining the possible 
values that the permeability   and the current density j  

can take. Indeed, since the feasible domain for p  and j  

remains a triangle, the surface of the possible values for 
  and j  changes according to a , which is illustrated on 

Fig.4. 

  When a cell is moving between copper and iron, its 
design parameter p  and j  lie on the slanted constraint of 

its feasible domain. The electromagnetic properties   

and j  in the cell follow then the curves represented on 

Fig.4 for different values of a . When a  decreases, cells 
containing intermediate materials becomes more valuable 
since their electromagnetic properties are higher. The 
objective function gets thus a more convex shape. 

To approach the global minimizer, the algorithm must 
thus be started with a low value of a . Thereby, we avoid 
the solution to be trapped in a corner of the feasible 
domain. However, the solution obtained will contain some 
intermediate materials, but they can be removed by 
increasing progressively the value of a . 

The mapping proposed in this paper is thus a useful tool 
to face with convexity problems for cells moving between 
copper and iron. However, it has no effect on convexity 
issues that may appear when moving between air and 
copper or between air and iron.  

V. APPLICATION 

In this section, the method is applied for the 
optimization of a linear actuator. Fig.5 shows a schematic 
view of the actuator in its two extreme positions and a 
zoom of the design space. The aim is to maximize the 
force on the rotor and thus the difference of magnetic 
coenergy between those two positions. 

The objective function is thus )(
2

1
= 21 AAJminf  , 

where 1A  and 2A  are the vector potentials for the 

opposition and the conjunction positions while J  is the 
current density.  

 
 

 

In a discrete form, it becomes:  
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The derivatives of the objective function are:  
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Fig.6 regroups the optimization results for different 
initial solutions, mesh sizes and value of a . Here are 
some comments based on these results. 

     • The optimization was performed with the 
parameter 0=a . Indeed, this value was low enough to 
obtain a convex behaviour: the stator part optimized with 
different initial solutions and mesh sizes are identical ((a), 
(b) and (c)).  

    • Different shapes are obtained for the rotor due to 
the lack of convexity. The concavity shape of the 
objective function is highlighted on Fig.7 where its 
evolution is plotted when moving from (a) to (b). The 
mapping and the value of a  has no influence on this 
concave behaviour.  

    • The solution (d) was obtained by starting with the 
solution (c) and continuing the optimization while 
increasing a . Thereby, the value of intermediate materials 
decreases and they disappear in the solution eventually 
obtained. 

 

 

 

 

 



 

 

VI. CONCLUSION 

In conclusion, several aspects of topology optimization 
were examined along this paper. 

First, the optimization problem was defined: the 
Maxwell equations were transformed into a discrete form 
and the constraints linked to the materials were described. 

Next, the optimization algorithm was explained. The 
algorithm is based on a line-search method which uses the 
steepest descent direction. We proposed a new method to 
compute the gradient directly from the discrete form of the 
objective function, which gives the same results but is 
more intuitive and convenient than the adjoint variable 
method. The material-related constraints were handled and 
an algorithm was detailed for the step size computation. 

Then, the convexity issues linked to the topology 
optimization were discussed. For cells moving between 
iron and copper, it was shown that the convexity can be 

affected through the mapping between the permeability 
and the design parameter used to represent it. Several 
mappings have already been suggested in the literature but 
the reasons for their utilization were never convexity 
issues. That is the reason why we introduced a new 
mapping focusing specifically on convexity. This mapping 
contains a parameter that can be used to enhance the 
convexity of the objective function since it modifies the 
value of intermediate materials. 

Finally, all those aspects were illustrated by the 
optimization of a linear reluctant actuator. 
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Fig. 7. Concavity illustration for the rotor 

 

 

Fig. 6. Optimization results :  

(a) coarse mesh, 0=a   

(b) same mesh as (a), other initial solution, 0=a   

(c) fine mesh, same initial solution as (a), 0=a   

(d) initial solution (c) intermediate material removal by increasing a  

 

 


