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Abstract. We establish new theoretical convergence guarantees for the
difference-of-convex algorithm (DCA), where the second function is al-
lowed to be weakly-convex, measuring progress via composite gradient
mapping. Based on a tight analysis of two iterations of DCA, we identify
six parameter regimes leading to sublinear convergence rates toward crit-
ical points and establish those rates by proving adapted descent lemmas.
We recover existing rates for the standard difference-of-convex decompo-
sitions of nonconvex-nonconcave functions, while for all other curvature
settings our results are new, complementing recently obtained rates on
the gradient residual. Three of our sublinear rates are tight for any num-
ber of DCA iterations, while for the other three regimes we conjecture
exact rates, using insights from the tight analysis of gradient descent
and numerical validation using the performance estimation methodol-
ogy. Finally, we show how the equivalence between proximal gradient
descent (PGD) and DCA allows the derivation of exact PGD rates for
any constant stepsize.

Keywords: Difference-of-Convex Algorithm - Performance Estimation.

1 Introduction

We investigate the difference-of-convex (DC) formulation

minimize F'(z) == fi(x) — fa(z),

zER4

where f; € Fj, 1

functions f; : R? — R having curvature in the interval [u;, L;], i.e.,

i = {1,2}, denoting proper, lower semicontinuous (l.s.c.)
Lill-12
2

77

fi and f; — %‘IQ are convex. If f; € C2, then u; and L; correspond to the
minimum and maximum eigenvalues of the Hessian. When L; < oo, then f; is
smooth. Moreover, f; is p;-convex, including weakly-convexity under p; < 0.
We assume p; > 0 and allow pe < 0, which extends the standard DC case
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Algorithm 1: Difference-of-convex algorithm (DCA)

Data: f1 € Fu .1, f2 € Fus,Lo, With p1 >0, g1 + p2 > 0 or g1 = p2 = 0;
N > 1 iterations starting from z° € dom df;
1 fork=0,...,N do

2 Select gk € sz(xk) ;
3 Select zFT! e argminweRd{fl (w) — (9’57 w)}

Result: Best iterate z* with k = argminOSkSN{ka —z

e

where both functions are convex. The difference-of-convex algorithm (DCA),
stated in Algorithm 1, is a standard method to solve the DC problem. Various
work provide extensive analysis of DCA [6,20,10,13], which is also referred as the
convex-concave procedure (CCCP) [27,11,14]. In this work we focus on improving
the theoretical guarantees. For the interested reader, a comprehensive list of DCA
applications is found in the review paper [13].

If the entire sequence of iterates {z*} is bounded, then each accumulation
point of it is a critical point of F' [6, Theorem 3(iv)|. Inspired by this result, we
aim to find the best iterate z* providing the lowest value of {|z* — z**1||} over
N iterations. This metric is referred as the best (composite) gradient mapping
[15,16] or the proz-gradient mapping [5], and is complementary to the best resid-
ual gradient norm {||g¥ — g5||} over N iterations, where g; € dfi(x*), i = {1,2},
are any subgradients of f; evaluated at 2¥. On this metric, [3] provides the first
tight rates for any convex functions f; when F' is nonconvex and nonconcave,
using the performance estimation problem (PEP) methodology [7,21,22]. The
analysis is later refined and extended in [19] to accommodate weakly-convex
functions fo. For the standard DC setup, [8] provides convergence rates in terms
of Bregman distance, viewing DCA as a instance of the Bregman proximal point
algorithm, while [12,26] provides linear rates under the Polyak-F.ojasiewicz (PL)
inequality. The Frank-Wolfe algorithm [28] and the proximal gradient descent
(PGD) [13] are also equivalent to DCA.

Contributions. In Theorem 1 we establish new theoretical convergence guaran-
tees for DCA and PGD, measuring progress via composite gradient mapping.
When both f; and fo are convex and F' is nonconvex-nonconcave, we refine
the analysis from [3|, providing standard descent lemmas in Section 2.1. Our
results extend existing work by introducing new rates for all other curvature
settings, complementing the best gradient residual rates from [3,19]. Building
on insights from gradient descent (GD), we conjecture in Conjecture 1 the ex-
act behavior of DCA across all curvature choices, with some regimes rigorously
proven (Theorems 2 and 3) and others remaining open. As shown in Section 4,
the equivalence between PGD and DCA enables us to formulate precise PGD
rates for any constant stepsize, including the ones exceeding the inverse Lipschitz
constant. Finally, we propose a general adaptive curvature shifting procedure for
DCA, leveraging PGD stepsize schedules aligned with established GD strategies.
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Our derivations are aided by the PEP technique, allowing to establish the
tightness of the regimes and validate our conjecture. The setup of PEP for DCA
is described in [3,19] and can be solved using dedicated software packages [23,9].

Theoretical setup and running assumptions. Let f be a proper, convex, ls.c.
function. Its subdifferential at z € R is 0f(x) := {g € R | f(y) > f(z) + {9,y —
z),Yy € R} If f is weakly-convex with u < 0, let f(z) == f(z) — ,u@ be a
convex function. Since its subdifferential df(z) is well-defined, we take df(z) =
df(x) 4+ px [4, Proposition 6.3], which is well-defined. For f differentiable at
x we have 0f(z) = {Vf(x)}. The domain and range of f are dom f := {z €
R? : f(z) < oo} and range f == {y € R : 32 € dom f with y = f(z)}. The
domain and range of the subdifferential are domdf = {z € R%: 9f(x) # 0} and
rangef = U{0f(x) : x € domdf}. The convex conjugate of f l.s.c. function is
defined as f*(y) == Sup,edom f1(¥; ) — f(z)}, where f* is closed and convex.

Assumption 1 The objective function F = fi — fo is lower bounded by Fj, =
inf, F, where fi € Fu,,n, and fo € Fu,p, with 0 < py < Ly < 00, ps €
(—00,00) and Ly € (ug,00]. Additionally, assume & # domdf; C domdfy and
range dfs C range df.

Note that F' € F,,, _1,, 1,—pu,- The second part of Assumption 1 implies that the
DCA iterations are well-defined, meaning there exists a sequence {z*}, starting
from 2° € dom df;, generated by Algorithm 1, such that x*+1 € 9f; (0 f2(z¥)).
By definition, this condition implies the existence of gF™' € af; (1) such
that g"f"'1 = gk, where g& € Ofo(2*). This is the only characterization of DCA
iterations employed in our derivations.

DCA finds critical points z* satisfying 9fa(z*) N 9f1(x*) # (0. These are
stationary only if fo is smooth [17, Exercise 10.10]. If only f; is smooth, then only
the inclusion 9(—f2)(x*) C —0fa2(x*) is guaranteed [17, Corollary 9.21], hence
OF (z*) C V f1(z*) — 0f2(x*) and critical points are not necessary stationary.

We assume that at each iteration a subgradient from Jf; is available and
only focus on the progress of the iterations ming<g<n{|z* — 2%+1||?} subject
to the initial condition F(2°) — F(zV*t1) < A, with A > 0. To remove the
dependence of the initial condition on the last iterate, in all our rates the initial
objective gap can be further upper bounded by F(z%) — Fj,.

2 Sublinear convergence rates

Theorem 1. Let fi € Fu, 1, and fo € Fu, 1, satisfying Assumption 1 and
p1 + po > 0. Then after N +1 > 2 iterations of DCA starting from x° it holds

F 0y _ F N+1
% min {||ij—l‘k+1||2} < (.’E ) (‘T ) ,
0<k<N (1 + p2) + pi(pa, L,y pro, L2) N

(1)
where the expressions of the regimes p;—{1,... ¢y are given in Table 1.

The proof is deferred to Section 2.2. All regimes are exact for N = {0,1}
and their domains span the entire range of parameters satisfying the condition
p1 + po > 0, which is sufficient for decreasing the objective (see Proposition 1).
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Table 1. Coefficients p; from Theorem 1. Their domains cover all parameter space
under the condition p1+pu2 > 0. Regimes py; 2,3} are tight for any number of iterations.
(s.c.: strongly convex; n.c.: nonconvex; CCv.: COncave; n.CCv.: NONCONCAVE)

Regime Domain Description

f1, f2 convex
F n.c.-n.ccv.
f1, f2 convex

— (Hl—H2)2 > >0 L
p1 = p1 + U2 + Lot H1 = p2 > 2 > 1

— 2
P2 = 1+ po + BRI > >0 Ly > p2

Li—pm F n.c.-n.cev.
p= ) | e e (0 | m > 0] D
po= e e [ ) el | PG B0
ps = 7#?(;2;—#2) p2 <0, p2 € (*#17 Z;,Ljﬁi] hi ;CI;CfCQVnC
De = 7;@@;;-#2) 2 >p1 >0 | Ly € (0, po) h COI};IGC}Z;# S¢

Based on extensive numerical experiments using PEP, we determine that
regimes pyj 23y are tight for any number of iterations. Regimes p; and po are
derived in [3, Proposition 3.1], by applying Toland duality [25] on the rates
measuring the best gradient residual criterion. Theorem 1 gives more explicit
expressions and includes in the proofs a simpler derivation based on Lemmas 2
and 3. These regimes assume F is nonconvex-nonconcave (L1 > ps and Lo > p7),
with the active one indexed by argmax, {1, 2 }. All other regimes are new.

When F' is nonconvex-nonconcave, regime ps is active when fy is weakly-
convex with py € [ijﬁ 1 ,0). When pus is even lower, then regime ps is active.
This is however not tight for N > 2, where a more complicated analysis is
required. The exact rates expressions in this case are given in Conjecture 1.

When F is (strongly) convex (p1 > L2), the sublinear rates of regimes py
and ps are tight only for N = 1. These regimes are separated in this case by
the threshold puo = ZZLT""”& When N > 2, we prove a linear rate for regime py
in Theorem 2, which is confirmed to be exact using PEP. Within the particular
range of ps satisfying the condition Lo + po < 0, we demonstrate a linear rate
in Theorem 3. For the rest domain of p5, we conjecture the tight rates in Con-
jecture 1. Finally, regime pg characterizes the iterates over concave objectives F'
and is included for a complete covering of the parameter space.

2.1 Lemmas to prove sublinear rates

For compactness of the proofs, at each iteration k we denote Az* = 2% — zF+1,

fr = fiah), f§ = fo(ab), AF(@*) = F(a*) — F(2"*1), gf € 0fi(a*), g5 €
Df2(z*), G* == gF — gk. Recall that ¢! = g& for all DCA iterations.

Lemma 1. Let fi € Fj, 1, and fo € Fy, 1,, with Ly > po and Ly > pq > 0.
Consider one DCA iteration connecting z* and x**1. Let gl € 0f1(z7), g} €
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Afa(x?) and G7 = ¢l — g}, where j = {k,k+1}. The following inequalities hold:

+ k2 o NG —pp AF|? | [|GF—pa Ax®|? k

AF(a*) > Axh|[? 4 1Sl o WGl (BY)
G* —py Az®||? k

(G¥, Aak) > | Ac¥||? + 17T A, ()
Gk+1_ A k2 k

(GH, Axt) > pal| Act|? 4 e, (C})

Proof. Given p < L and f € F, r, from [21, Theorem 4|, [22, Theorem 3.10],
[18, Theorem 3.2] it holds Vz,y € R%, with g* € df(z), g¥ € Of(y), that

f@) = fly) = g%z —y) = §llz =yl + gz 19" — 9¥ —p(z =y, (2)

We exploit the property g1 = g’2“, implying G* = gk — gk = gF — g"f"'1 and
Gkl = ng — ng = g5 — gk . By writing inequality (2) for: f; with the

iterates (a*,2F*1) a

nd (zF+1,2%) we get (3) and (4), respectively; fo with the
iterates (mk,xk"’l) nd

(x k‘“,xk) we obtain (5) and (6), respectively:

S fEL (g Agky > i HAkaQJFW; )
B 4 (gh, Adh) 2 B AdH|? 4+ LG om s, 0
£ A5 - (g A 2 g Adt P 4 1S mma )
B (gh, Adk) > | Ak 4 IS imast (©)

Then summing (3) and (6) gives (B*); inequality ((’j};]) results by summing (3)
and (4); inequality (Cjﬁz) is obtained by summing (5) and (6). O
Proposition 1 (Decrease after one iteration). Let fi € F,, 1, and fo €

Fus,L, Satisfying Assumption 1. Consider one DCA iteration connecting z* and
xF 1. Then it holds

k k k k
F(2%) = F(a"1) > gz flab — o 12, (7)
Consequently, the objective function F decreases after each DCA iteration if
w1+ po > 0 and the decrease is strict if puy + po > 0, unless aFtl = gk,
Proof. Inequality (7) results by ignoring the mixed squares in (B*). O

Proposition 1 was first proved in [6, Theorem 3, Proposition 2].

Remark 1 (Proofs structure). The proofs are based on multiplying the inequal-
ities from Lemma 1 with nonnegative weights. For regimes p; 34,5 we sum:

BY 4+ 1 x C§H + By x CF,, (8)

while for the proofs of pa ¢ we sum: B¥+1+ 3y x C’;l + g X C”]fjl, where BlF-k+1}

C’}k’kﬂ}, C{f’kﬂ} are instances of inequalities (B"), (C;l) and (C;Z), respec-

1
tively. The weights 8 and (5 are functions of the curvature parameters.
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The demonstrations rewrite the inequalities from Remark 1 by building specific
mixed squared norms of G and Az at specific indices k, using Property 1. For
space reasons, we only give the final inequalities containing all the squares.

Property 1. The following identities hold, where 4, j € {1,2} and G and Ax are
specialized When building the squares within the proofs:
—(G, Az) = 5~ [IG — p;A2|]* = ||G||* — || n; Az||*] and

16— e - B\ G~ A2 — B (1~ )y Aal|? + (1 - )

Lemma 2 (Regime p;). Let fi € Fyu, r, and fo € Fu, 1,, with Ly > p1q >
pz > 0. Then after two DCA iterations connecting x*, x**t1 and z*+2 it holds

Lo—
AF(*) > (i + o 22 ) L A2 4 gy 1202 1 Ak 1.

Proof. Let B = 0 and f; = = ZQ, which is nonnegative since p; > po. After

replacing in (8), building squares and performing simplifications we get:

AF@") > (p + pa 22 ) 51 A28 |7 + i bz 5 At P+

IG*—pAz®|? | po| GFF! —py Aa®|? 4 Eatn) - —p)|GE iy At
2(L1—p1) 2p1 (L2 —p2) 2p1 (L —p1) (L2 —p2)

Since 1 > uo > 0, all coefficients of the squares are positive and the conclusion
follows by dropping the mixed terms. O

Lemma 3 (Regime py). Let fi € Fyu, n, and fo € Fuy 1,, with Ly > pio >
p1 > 0. Then after two DCA iterations connecting x*, x**t1 and z*+2 it holds

Li—
AF(eh*1) > g B L AGH(2 4 (s + p 21282) E| Ak 2,

Proof. Let 81 = 0 and By = ¥2=£L nonnegative since ps > u1, be the specific

Lyi—p
multipliers from Remark 1. Bullldlﬁg the mixed squares we obtain:

AP (@) > (pg + pn P252) S| AP 4 o =t || Ak +

IG*+2 —pp Aa™ )2 + pa |G — iy A2 + (Latpz) (pa—p) |GF T —pp Aa® H2
2(L2—p2) 2p2 (L1 —p1) 2p2(La—p2)(L1—p1)

Since po > puy > 0, all coefficients of the squares are positive and the conclusion
follows by dropping the mixed terms. a

Property 2 (T1). When uy < 0, we define T} = ul(m — M) One can

check that 77 > 0 if po € (— pLthjZl] and Ty <0 if py € [L jﬁi Lg).

Lemma 4 (Regime p3). Let f1 € F,, 1, and fo € Fp, 1,, with Ly > py > 0,

L2 € [szl’ﬁ O) and p1 + po > 0. Consider two DCA iterations connecting x*,

; L
a1 and 2FT2. Then AF(z*) > (u + LQZT“;)%HAJUICHQ + m”AJck‘HHQ
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Proof. Let 81 = Lzlfkluz and By = L;THZz’
—pe >0 and Lo + po > _‘;7"’1“’ > 0. After replacing in (8), building squares and
performing simplifications we obtain:
k L k2 k412
AF(2%) > (u + 282) 1 Ack |2 4 gl Acs+1 2 +
|G* = Az®|? + (Ln+p)||GF T —p AzF 12
2(L1—p1) 2(L1—p1)(Latpz2)
Since Lo > —pus, the coefficients of the mixed terms are positive and the conclu-
sion follows by dropping them. The coefficient of || Az*||? is positive if T} < 0 as

which are nonnegative since pu; >

2 2
it can be factorized as %(fﬂ). The inequality holds even for 77 > 0. O
2 2

Lemma 5 (Regime py). Let fi € Fu, 1, and fo € Fu, 1,, with Ly € [0, p1],

ta € [Zfﬁgi , Lg) and py + po > 0. Consider two DCA iterations connecting z*,

o*1 and x*+2. Then it holds AF (z*) > %%HAJE’“HHQ.
2

Proof. Let 3, = %;2) and fa == 7%, both positive. After replacing in (8),
building the mixed squares and performing simplifications we get:

AR(a*) > M) L Agh+ |2 4 10 m sl

2(L1—p1)
(Li+p) (Lo p G —pn A2 i (ZT) |G — Lo Ak ?
L3(L1—p1) w1 (L2—p2)? ’
Since Ty < 0 (Property 2), the conclusion follows. d

Lemma 6 (Regime ps). Let f1 € F,, 1, and fo € Fpu, 1,, with g1 > —pe >0

such that piz € (— i1, Eszi

and x*+2. Then it holds AF(z*) > W%HAQJICHH?.
2

}. Consider two DCA iterations connecting x*, zF+1

Proof. Let 3 = % and 3 = %, both positive. After replacing in
2

(8), building the mixed squares and performing simplifications we get:

AF(ab) > tildis) | Agh+1 |2 4 JpmAnl

2(L1—p1)
(L) (pa4p2) |G —pg AdhH 2 + L3 Th||GM T —po Ax®||?
nz(La—pa) ii(La—pz)2 :
Since Ty > 0 (Property 2), the conclusion follows. O

Lemma 7 (Regime ps). Let fi € F,, 1, and fo € Fu, 1,, with po > p1 >0
and Ly € (0, uz]. Then after two DCA iterations connecting z*, o*+1 and z*+2

2
we have AF(zF+1) > MQ(LLli;M)%”Aka

Proof. Let 35 == % and f1 := £2, both positive. After replacing in (8),
building the mixed squares and performing simplifications we get:

k 2Lt k G2 —pup A
AF(a*) > 2Bt ) Agk > 4 1S prale

(Litpe)(Lo+pu) |GF T —pp A2 + papia+Ln (pa+po) |GFT =Ly Azt |2
L3 (L2—p2) L3 (L1—p1) ’

The conclusion follows by dropping all mixed squares terms. ad

k+1”2
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2.2 Proof of Theorem 1

Proof (of Theorem 1). For regimes p1, p3, ps and ps, by telescoping inequali-
ties from Lemma 2, Lemma 4, Lemma 5 and Lemma 6, respectively, for k =
{0,..., N — 1} and taking the minimum over iterations differences norms:

F(‘TO) - F(g:N) > Pi(#l,L17H27L2)N % OgllelélN{HIk - xk+1||2}7 i = {1733455}3

where p; denotes the sum of the two coefficients multiplying 3 ||z* — 2**!||> and
L[|a*+t — 2*2||2 in each inequality. Writing (7) for the iterates ¥ and «¥*+?,
we have F(zV) — F(aN*1) > tadiz||pN — gN+112 Then the rate results by
summing it to the previous inequality and taking the minimum in the right-
hand side. For regimes p, and pg, by telescoping inequalities from Lemmas 3
and 7, respectively, for k = {1,..., N} and taking the minimum over iterations:

F(a') = F@™*) = pilyu, L, iz, LN & min {2 =212}, i = {2,6).

Writing (7) for the iterates 2% and x!, summing it up and taking the minimum
in the right-hand side leads to the rate. a

3 Tight convergence rates for any number of iterations
Notation. We define Fy, : Ryg — Rsq, Ex(z) = Z?il 279, which is ﬂ%’i%,
if z # 1, and 2k is z = 1. Note that FEy(z) = 0. We denote [z]+ = max{0, z}.

3.1 Subdomains with proved rates

Theorem 2. Let fi € Fy, 1, and fo € Fp, 1,, with Ly € [0, 1], p1 +p2 > 0
and pg € [ijﬁi , Lg). Then after N +1 > 2 iterations of DCA starting from z°
it holds: L||aN — gN+1|2 < LE)=FETT)

T2 = pitpetm En(22)

H1

Proof. We take 81 = Ek+1(%) and By = —1+ %Ekﬂ(%) in (8), where k =
0,..., N — 1. After building the squares and simplifications we get:

k_ k2
AF(2%) > —Ep(£22) 8| A2 + By (L2) 8[| Axh+1 |12 4 L zmae

2(L1—p1)
(Lip) Exgr (82)|GFH —py AgMH Y2 122t gy (£2) | GR 4 — Lo Ac® |2
2p1(L1—pa) 2(La—pz2) :
1y Lotus Loy s _qaLletpep Loy 1 TS0,
We have —1+4+ =272 Eppy (42) > -1+ =252 By (2) = ;Ufl(LZ_;UQ)( Ty) > 0, since

Eri1 (%) is increasing with k, thus the mixed terms can be dropped. Telescoping
for k=0,...,N — 1 and adding (B*) with k = N gives the conclusion. O

Theorem 3. Let fi € Fu, 1, and fo € Fu, 1., with py + p2 > 0 and Ly +
p2 < 0. Then after N + 1 > 2 iterations of DCA starting from x° it holds
LzN — 2N+112 < F(z%)—F (M)

2 - #1+H2+H1EN(%).
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Proof. We take 81 = Ep1(42) and By = —£2Ep1(52) in (8), where k =
0,...,N — 1. After building tﬁe squares and simplifications we get:

k_ k2
AF(z%) > — B (42) 5| Aa®|? + Ejpa(42) | A2 4 Lpmael o

(L) B (GIGH —pun AP 1= E822 By (S2))1GM ! —pa e
21 (L) 5(La—p2)

Ek;Jrl(%) is positive and monotonically increasing with index k as p; + po > 0.
Then due to Ly + po < 0, we can drop all mixed squares. Telescoping for k =
0,...,N — 1 and adding (B*) with k = N gives the conclusion. O

3.2 Conjectures for any number of iterations

Conjecture 1. Let f1 € F,, 1, and fa € Fp, 1,, with g1 > 0 and pg + pu2 > 0.
Consider N + 1 > 2 iterations of DCA starting from z°.
If uo < 0 < py < La, thus F' is nonconvex-nonconcave, then:

Bomin {]|2f — 2812 < F(a®)—F(a™ ) 9
2 ogng{“ I } - 1+%+min{PN(%s%),EN(%)}) ©)

where Py (1, p) = %(N + % fo:o[Ek(n) - Ek(ﬂ)ﬂ)

If Ly < pq and pq > 0, thus F is (strongly) convex, then:

momin L2k — 2R 2 < F(z%)—F(a™*) . 10
5 {H H } - 1+%+min{EN(%)’EN(%)} ( )

Finally, if 0 < p; < L1 < pg < Lo, thus F is (strongly) concave, then:

% min {ka 7Ik+1|‘2} S F(zo)fF(xN+1) (11)

14+ 4+ min { Ex (£1), Bn(42) }

For N =1, Conjecture 1 includes the rates corresponding to regimes p3 and
ps in (9) when F' is nonconvex, of regimes py and ps in (10) when F' is (strongly)
convex and of regime pg in (11) when F' is concave. The rate in (10) includes the
ones proved in Theorem 2 (within the domain of regime p4) and in Theorem 3.
The expressions of the rates (9) and (10) are independent of Ly, hence they also
hold when f; is nonsmooth, i.e., Ly = co.

Conjecture 1 is based on the exact rates developed for gradient descent (GD)
derived in [18] and is confirmed by PEP numerical experiments. GD is a partic-
ular case of the proximal gradient descent (PGD), which is iteration equivalent
with DCA when f> is smooth.

4 Deriving rates for proximal gradient descent (PGD)
Assume F' = ¢ + h, with ¢ € F,_ 1 smooth, L, € (0,00), ut, € (=00, L), and
h € Fy, L, proper, closed, l.s.c. and convex, such that p, >0 and L;, € (0, 00].
The PGD iteration with stepsize v > 0, starting from z¥, reads 2! =
argmin, cpa{h(w) + % |w—x* +~Vp(x*)||?}. This iteration is exactly the DCA

one applied to f; = h + % and fo = ”2'“;) — ¢, as shown in [13, Section 3.3.4]

and [19, Proposition 3]. Consequently, all the rates developed for DCA readily
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translate to rates for PGD using the mapping pq = vy~ ' + un, L1 = v~ + Ly,
po ="t — Ly, Ly =y~ — py,. The condition pq + p2 > 0 translates to the

standard upper limit of v < szl"h and po < 0 corresponds to stepsizes v > i

When ¢ is convex, [24] shows various tight rates employing different per-
formance metrics, including gradient residual for stepsize v = L—lw, but not the
gradient mapping. In the gradient residual, for ¢ nonconvex, with p, = —L,

and pp = 0, Ly = oo, the tight rate for stepsizes shorter than % is given in [1,
@

Proposition 8.11]. Sublinear rates for the same criterion are given in [19].

The gradient descent (GD) is obtained by setting h = 0, hence u, = Ly = 0.
Convergence rates on the best gradient norm are proved in [18] for all curvatures
of ¢. These rates are a particular case of Conjecture 1 and served as a base to
conjecture the tight expressions, since the projection / proximal step is not
modifying the behavior of the worst-case function.

To get exact rates from DCA, one just has to plug in the expressions of
the curvatures p;, L;, i = {1,2}, written with respect to curvatures of ¢ and
h, in Theorem 1 and Conjecture 1. The convexity of h implies pup > 0, thus
@1 > 0. Then regime p; corresponds to taking stepsizes v < i for a splitting
with ¢ and F' nonconvex. Within the regimes ps and p4, the stepsize 7 lies
in the interval [iﬂl(LwaMh)L where ¥'(Ly, i, i) is a threshold with

an analytical expression obtained through the condition ps = ijﬁ 1 Regime

p3 holds when ¢ and F' are nonconvex. When pj, = 0 and p, = —L, then

At = L—‘/g, as also obtained in [2] for the GD method. Regime p4 holds when F is
®
strongly convex and ., + ptp, > 0; in particular, this includes the case of ¢ being

strongly convex. For stepsizes v € (3 (L, i, fin), ﬁ), regime py is active if
e THe

F' is nonconcave. Regimes ps and pg, respectively, correspond to using stepsizes
v < L%; for ¢ concave and F' nonconcave or concave, respectively.

Lemma 8 provides an example of convergence rate translation between PGD
and DCA, corresponding to regime p3 from Lemma 4, assuming the standard
setup of PGD with pu, =0 and Ly, = .

Lemma 8. Let p € Fp, 1, h € Fooo and y € | L 2

Ly’ Ly
tions of PGD with stepsize v connecting x*, x*T1 and x**2 it holds
k [(2=Le)(2=pe)=1]1 k2 1 1 k412

AF(z") =2 =52 S 2 1A 1 + s =y 2 141
Lemma 8 is the extension to PGD of the same result obtained for GD in [19,
Lemma 4.3]. Therein, it is involved in deriving a stepsize schedule gradually
increasing from ¥'(Ly, f1,,0) towards ﬁ (if ¢ is convex), which gives a

® ®

better worst-case guarantee than the best constant stepsize. Based on Lemma 8,
the same schedule should give a similar performance for PGD. Further, we show
how it may improve the DCA convergence.

Curvature shifting and schedules for DCA

Proposition 2. One PGD iteration with stepsize v on the splitting F'= ¢ + h
produces the same iterate as one iteration with stepsize v on F' = ¢ + h, with

¢:¢+Aw;ﬁ=h—/\w L =~71 — X, where A < 71,

). Then after two itera-
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This relates to curvature shifting in DCA: f} == f; — %'”2, 1 ={1,2}, where X is
a scalar. Based on a single-iteration analysis, [19] studies the best curvature shift-
ing, observing that it usually reduces the convexity of both functions. The proce-
dure can be improved, as (optimized) stepsize schedules {y*(L, j1,)} for PGD
can be translated to DCA. Consider the standard setting of PGD with L, > 0,
wr =0, L, = oo, assume pq > 0 and choose vy = ufl. Using Proposition 2, a cur-
vature splitting schedule for DCA is defined as {\*} = g —{v* (1 — Lo, 11 —p12) }.

Acknowledgements This research was funded within the framework of the
Global PhD Partnership KU Leuven - UCLouvain.

5 Conclusion

We studied rates in the gradient mapping for DCA and PGD. Examining the
behavior of DCA after two iterations, we identified six regimes partitioning the
parameter space, and proved the corresponding six tight sublinear convergence
rates. Three of those sublinear rates hold for any number of iterations and, for the
other regimes, we conjectured their exact convergence rates. We also show how
PGD rates follow directly from DCA ones. This connection suggests the potential
for an optimized splitting of the objective function used in DCA, possibly varying
at each iteration, inspired by stepsize schedules used for (proximal) gradient
descent. We leave the practical testing of those as future work.
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