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bounds only involve the respective probability masses at the origin. This provides analysts
with the set of values that can be attained, helping them to interpret the obtained results
as shown in an example based on Danish fire insurance losses data.
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1. Introduction

Zero-inflated (or zero-adjusted) distributions combine a continuous distribution on the positive real line and a point mass
at zero. There are numerous examples of such distributions in different areas. For instance, in insurance studies, the total
claim amount related to a given contract is often equal to 0, when no claims have been filed against the insurer, but may also
by strictly positive when one or several accidents occurred. The total claim cost is thus decomposed into the product of an
indicator for the event “the policy produces at least one claim during the reference period” and a positive random variable
representing the total claim amount produced by the policy when at least one claim has been filed. See e.g. Section 5 for an
example with fire insurance losses, as well as Klein et al. (2014) and the references therein.

When the focus is on the abundance of a species or resources, data that are positively skewed and contain a substantial
proportion of zeros are often encountered in ecological applications. The probability mass at zero indicates whether or
not the species or resource is present whereas a continuous probability density function describes the distribution of the
abundance when it is present. See e.g. Fletcher et al. (2005) or Ancelet et al. (2010). Climatic data, such as rainfall data for
instance, also exhibit many zero values. See e.g. Bruno et al. (2014).

Bivariate zero-inflated data are now under study in various areas. Coming back to insurance applications for example,
multivariate models combining different insurance products subscribed by policyholders are now investigated by actuaries.
The joint examination of the losses produced by policyholders on several covers accounts for the correlation effects,
improving on marginal analyses. See for instance Shi (2014) and Thuring et al. (2012). Similarly, species abundance or
climatic measures at two locations or at two points in time provide examples of bivariate zero-inflated data that are of
interest in different applications.
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Proper assessment of the strength of dependence existing in a pair of zero-inflated random variables is not an easy task,
due to the possibly substantial probability mass at the origin. Pimentel et al. (2015) proposed an estimator of Kendall’s
tau for bivariate zero-inflated data. This estimator possesses a natural interpretation and improved statistical properties.
As pointed out by these authors, their association measure cannot attain the values —1 and +1. In this paper, we derive
the lower and upper bounds on this newly proposed association measure. As expected, these bounds only depend on the
respective probability masses at zero, and not on the continuous conditional distributions on Rt = (0, c0).

2. Zero-inflated distributions

Let us adopt the same notation as in Pimentel et al. (2015). In this paper, we consider non-negative random variables X
having a continuous distribution on R* with probability density function h and a positive probability mass at 0, P[X = 0] =
p1 > 0. The distribution function of X is given by

0 ifs<O
pp ifs=0

F(S) = s
F®) =p1+ (1 —p1)/ h(x)dx ifs > 0.
0

(2.1)

Recall that the generalized inverse of F is defined by F~!(«) = inf{x > O|F(x) > «}, « € [0, 1]. In our setting, it can be
explicitly expressed as

0 f0<a<p

F Y (a) = { (2.2)

F (@) ifp<a<1

where Fh_l denotes the inverse of the function F;.

3. Kendall’s tau for bivariate zero-inflated data

Let (X, Y) be a pair of random variables with joint distribution function H, i.e. H(x,y) = P[X < x,Y < y]. Suppose
further that X and Y are zero-inflated continuous and non-negative with respective distribution functions F and G, and
positive probability masses at 0. Specifically, the distribution function F of X is given in (2.1) and G is defined similarly, with
P[Y = 0] = G(0) = p, > Oand

S
Gh(s) =p2+ (1 —pz)/ k(x)dx fors > 0,
0

where k is the probability density function of Y givenY > 0.

Let (X1, Y1) and (X3, Y>) be independent and identically distributed random pairs, each with joint distribution function H.
The population version of Kendall’s tau corresponding to H, denoted as 7y, is then defined as the probability of concordance
minus the probability of discordance, i.e. 7y = P[(X; —X3) (Y1 — Y3) > 0] —P[(X; —X2)(Y1 — Y3) < 0]. Denuit and Lambert
(2005) and Mesfioui and Tajar (2005) studied general versions of the population Kendall’s tau. In the context of zero-inflated
continuous and non-negative random pairs (X, Y), Pimentel et al. (2015) have established an interesting and useful formula
of the population Kendall’s tau that is recalled next. Let us denote as X;¢ a random variable distributed as X given thatY = 0,
as X117 arandom variable distributed as X given that Y > 0, as Yy; a random variable distributed as Y given that X = 0, as
Y11 a random variable distributed as Y given that X > 0, as X; a random variable distributed as X given X > 0,and as Y; a
random variable distributed as Y given Y > 0. Now, define popo = P[X = 0,Y = 0], p1o = P[X > 0,Y = 0], pop1 = P[X =
0,Y > 0],p11 = PIX > 0,Y > 0], p; = P[Xj0 > X111, p5 = P[Yo1 > Y11], and denote as 7q; Kendall’s tau of (Xi, Y7). The
association measure studied in Pimentel et al. (2015) is then given by

T = P11 + 2 (PooP11 — Po1P10) + 2P11(P1o(1 — 2pF) + por(1 — 2p3)). (3.1)
An estimator for (3.1) has also been proposed in Pimentel et al. (2015), replacing all probabilities involved in (3.1) by the
corresponding relative frequencies and computing 7;; on data points with both components positive.

4. Bounds on the association measure (3.1)

As pointed out by Pimentel et al. (2015), the association measure (3.1) cannot reach the values +1whenp; > Oorp, > 0.
Our aim is to derive the range of admissible values for the association measure (3.1) in terms of the marginal distributions of
X and Y. This can be done by using the property of monotonicity of Kendall’s tau with respect to the concordance order; see
e.g. Mesfioui and Tajar (2005) and Denuit and Lambert (2005). This means that if H; and H, are two bivariate distribution
functions such that Hi(x, y) < H,(x, y) for allxand y, then 7y, < ty,. Hence, the sharp lower and upper bounds of Kendall’s
tau can be derived using Fréchet-Hoeffding bounds. In other words, the desired lower bound 7.,;, and upper bound 7«
on (3.1) can be computed by using the fact that .y, = Tw and tmax = v Where W and M denote the Fréchet-Hoeffding
bounds defined by W(x,y) = max{F(x) + G(y) — 1,0} and M(x,y) = min{F(x), G(y)}. The next result establishes the
expression of these bounds in terms of the probabilities p; and p,.
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Proposition 4.1. The lower and upper bounds on the association measure (3.1) are given by
Tmax = 1 — max{p7, p3} and Tmin = (1 —p1 — p2)5 — 2(1 — p))(1 — p2)
where x; = max{x, 0}.
Proof. We know from Proposition 2.3 in Mesfioui and Tajar (2005) that the upper bound 7,4 on (3.1) is obtained when the

random pair (X, Y) obeys the upper Fréchet-Hoeffding bound, that is, when X = F~'(U) and Y = G~'(U), where U is a
random variable uniformly distributed over the unit interval [0, 1]. Clearly, (2.2) shows that

X=F'U)=F'UWIip; <U<1] and Y=G"'U) =G ' (UIp, <U <1],

where I[A] is the indicator of the event A, equal to 1 when A is realized and to 0 otherwise. Suppose without loss of generality
that p; < p, holds. Then,

Poo =P[X =0,Y =0] =P[U < p1] =pq

po=PX>0,Y=0]=P[py <U <p2]l=p2—p1

Po1 =PX=0,Y>0]=0

pi1=PX>0,Y >0]=P[U > p] =1—py.
It remains to calculate p7. To this end, we first derive the distribution function of the random variable X;1: X1; has no
probability mass at zero as P[X;; = 0] = P[X = 0]Y > 0] = 0 and
PIX <x,Y > 0]

1—ps

PIX <x,Y>0]=PX <x,U>p,]= P[Fh_](U) <x,U>p] =Plp, <U < ()]

Fx,,(®¥) =P[X <x|Y > 0] =

so that

0 ifx <F '(p2)

Fx,;(X) = § Fy(x) —
Xn( ) h( ) p2 le > F{l(pz),
1—py
Therefore, the quantile function of X;; is

Fy (@) =F, (1 —p)a+py), «€l0,1]. (4.1)
Similar arguments imply that the distribution function and the quantile function of X4 are respectively given by
0 ifx<0O

Fy(x
() if0 < x < F,'(p2)

FX]Q(X) =
1 ifx> F, '(py)

and

0 ifae [O, p1:|
Fra(@) = .

. (4.2)
F ' apy) ifa e [1, 1].
D2

We see from (4.1) and (4.2) that Fy ! (@) < Fy!(e) forall« € [0, 1], so that p; = P [FX’];(U) > FX’I}(U)] = 0. Moreover,
711 = 1 when the random variables X and Y are perfectly positively dependent. We then get from (3.1) that

Tmax = P31 + 2PooP11 + 2p1iPio = (1 — p2)® + 2p1(1 — p2) + 2(1 — p2)(p2 — p1)
=1-p3,

as announced.

Let us now establish the expression for the lower bound t,;,. To that end, we first calculate the probabilities pqg, P10, Po1
and p;; when X and Y obey the lower Fréchet-Hoeffding bound, that is, X = F~'(U) and Y = G~ !(1 — U) where U is
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uniformly distributed over the unit interval [0, 1]. We distinguish two cases: Either 1 — p; — p, < 0 < p; + p, > 1sothat
poozP[XZO,YZO]ZP[U <p1,1-U=<ps]
P[1—pp<U=<pil=p1+p2—1
p1o =P[X >0, Y—O]—P[U>P1,1—U§P2]
=PlU>pil=1-—p
Po1 =PX=0,Y >0]=P[U <p1,1-U > p;]
=PU<1-pl=1-p,
p11=PX>0,Y>0]=P[U>p;,1-U=>p]=0
and it follows from (3.1) that
Tmin = —2Po1P10 = —2(1 — p1)(1 — p2). (43)
Or1—p; —pz > 0so that
Poo=PX=0,Y=0]=0
po=PX>0,Y=0]=p;
Po1 =P[X=0,Y > 0] =p,
p11=PX>0,Y>0]=1—p; —p>.
It remains to calculate p} and p;. To do so, let us derive the distribution of X; as follows:
Fx,,(x) =P[X <x|]Y =0] = w
D2
PX <x,Y=0]=PX <x,1—-U <p,]
=PX <x,U>1-p,]
=P[F,'(U) <x,U=1—p]
=PlU = Fy(x),U > 1—ps]
so that
0 ifx<F '(1-py)

Fx,,(X) = { Fu(x -1
Xo@ =B TP Ty g )

D2
and
Xm(a) = F,1 (P +1—py), «o€l0,1]. (4.4)
Likewise, the distribution of X1 is given by
PIX <x,Y > 0]
Fx,;(X) =PX <X|Y >0 = ————
1—p>
with
PIX<x,Y>0]=PX<x,1—U > p;]
=PX<x,U<1-—py]
= P[U < p1] +PlU < Fi(x),p1 <U < 1—py]
so that
0 ifx<O
Fn(x
Fy,, (x) = 0 it <x<F'(1-po)
1—p>
1 ifx>F'(1—py)
and
0 ifae[o,lp1 ]
Fyl(a) = b2 (4.5)

F'(a(1 - p2)) ifoze[ b1 ,1}.
1—p>
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Fig. 4.1. Lower bound (left panel) and upper bound (right panel) on (3.1) in terms of (py, p,) € [0, 1]%.

From (4.4) and (45), we see that Fy (@) < Fg)(@) forall @ € [0, 1). Thus, p} = P[F)(U) > Fy!(W)] = 1. Similar
arguments lead to p5 = 1. Also, 111 = —1 when X and Y are perfectly negatively dependent. It then follows from (3.1) that

Tmin = —P1; — 2Po1P10 — 2P11 (P10 + Po1)
= —(1=p1 = p2)* = 2p1p2 — 2(1 — p1 — p2) (p1 + p2)
=pi+p5—1

= (1—p1—p2)*> —2(1 —p1)(1 —py). (4.6)
Finally, from (4.3) and (4.6), one deduces that

S —2(1—p)(1—py2) if1l=p1—p2<0
™11 =p1—p2)* —2(1—p)(1—py) if1—p;—p,>0

which can be reduced to i, = (1 — p; — pz)?F —2(1 = p1)(1 — py), and ends the proof. O

Fig. 4.1 displays the lower and upper bounds on (3.1) in terms of the probabilities p; and p,. We see there that the lower
bound increases in terms of p; and p,. It reaches its minimum value —1 at (pq, p») = (0, 0) and its maximum value 0 when
p1 = 1or p, = 1. The upper bound decreases in terms p; and p,. It achieves its maximum value 1 at (pq, p2) = (0, 0) and
its minimum value O when p; = 1 or p, = 1. In addition, Fig. 4.2 displays the corresponding contour plots. We can clearly
see there the different behavior of the lower and upper bounds as functions of p; and p;.

5. Numerical illustration

Considering Proposition 4.1, the measure of association (3.1) can be compared to the lower and upper bounds 7, and
Tmax SO that the analyst can properly interpret the values obtained from a given data sample. The following example based
on Danish fire losses data available from the R package fitdistrplus illustrates what can be learned in this way.

These data were collected at Copenhagen Reinsurance and comprise 2167 fire losses over the period 1980 to 1990,
adjusted for inflation. Here, we consider the pair with loss of contents and loss of profits (we do not include the building loss
because there are only few zero values in this case). The estimated Kendall tau proposed by Pimentel et al. (2015) is equal to
0.262483 whereas the lower and upper bounds obtained in this paper are equal to —0.437009 and 0.487722. The estimated
dependence measure should therefore not be compared to 1 but only to about 0.5.
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Fig.4.2. Contour plots of the lower bound (left panel) and the upper bound (right panel) in terms of (p, p;) € [0, 1]%.
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